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Ergodicity and Central Limit Theorems for Markov
Processes
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6.1 Introduction

There are several contexts in the theory of Markov processes in which the term ergodicity
is used, but in all of these, assertions of the form

l n
lim — h(Xy) = fhdﬂ', (6.1)
n—oo
k=1
or in continuous time,
1 3
tlim " h(X(s))ds = f/’ldﬂ, (6.2)
—00 0

for some probability measure, 7, appear. Limits of this form are essentially laws of large
numbers, and given such a limit, it is natural to ask about rates of convergence or fluctua-
tions, in particular, to explore the behavior of the rescaled deviations,

\/E[EZh(Xk)—fhdn) or \/;(l fth(X(S))dS—fhd”)-
n & r Jo
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138 T.G. Kurtz

Many times during his career, Rabi has studied problems of this form. The goal of these
brief comments is to review some of his results and provide some of the background
needed to read his papers.

All processes we consider will take values in a complete separable metric space (E, r).
They will be temporally homogeneous and Markov in discrete or continuous time. In dis-
crete time, the transition function will be denoted by P(x, I'), that is, there is a filtration
{F«} such that the process of interest X = {X;,k =0, 1, ...} satisfies

P{Xy1 € INFi} = PXp, 1), k=0,1,...,I" € B(E), (6.3)

where B(FE) denotes the Borel subsets of E. The filtration may be larger than the filtration
generated by {X;}. When X and {F;} satisfy (6.3), we will say that X is {F;}-Markov with
transition function P.

In continuous time, the transition function will be denoted by P(t, x, I") and there will
be a filtration {F;} such that the process {X(¢), t > 0} satisfies

P{X(s+1t) e IF;} = P(t,X(s), I, s,t>0,I € BE). (6.4)
Setting

T(t)f(x)=fEf(y)P(t,x,dy), f € B(E),

where B(E) is the space of bounded, Borel measurable functions on E, the Markov prop-
erty implies {T'(t)} is a semigroup, that is

T(TWOf = T(s+Df.

The semigroup can (and will be) defined for larger classes of functions as is convenient.
The notion of an operator A being a generator for a Markov process can be defined in
a variety of ways, but essentially always implies

T(f = f+ f T(s)Afds,
0

which in turn implies
f(X(t))—f(X(O))—foAf(X(S))ds (6.5)

is a martingale for any filtration satisfying (6.4).
The analog in discrete time to the continuous-time semigroup is obtained by defining
the linear operator

Pf(x) = j; JP(x,dy)
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and observing that

E[fXisn)IFi] = P" f(Xp),
and that

n—1

My = f(X,) = F(Xo) = D (PF(Xe) = f(Xe) (6.6)
k=0

is a martingale for every f € B(E). Consequently,
A=P-1

in discrete time plays the role of the generator in continuous time. The martingale proper-
ties (6.5) and (6.6) are central to the study of Markov processes and are the basis for the
central limit theorems that Rabi and others have given.

By the initial distribution of a Markov process, we mean the distribution of X in the
discrete case and of X(0) in the continuous-time case. The finite dimensional distributions
of a Markov process are determined by its initial distribution and its transition function. If
we want to emphasize the initial distribution u of the process, we will write {Xf: }or {X*(¢)}.

The following lemma will prove useful in studying discrete time Markov processes.

Lemma 1. Let P(x,I") be a transition function on E. There exists a measurable space
(U, U), a measurable mapping a : U X E — E, and a probability distribution v on (U, U)
such that if & has distribution v, then a(¢, x) has distribution P(x, -).

Consequently, if Xy has distribution u € P(E) and &,&,,. .. is a sequence of inde-
pendent, v-distributed, U-valued random variables that is independent of X, then for
Fr = 0(Xo, &1, . - ., ), {Xi) defined recursively by

Xir1 = a(€pe1, X)), k=0,1,...,
is a {Fr}-Markov process with initial distribution u and transition function P(x,I’).

Proof. The construction in [8] gives « for & uniformly distributed on [0, 1]x [0, 1]. A slight
modification allows ¢ to be uniform on [0, 1].

Remark 1. If the mapping x € E — P(x,-) € P(E) is continuous taking the weak topology
on P(E), then a given by the Blackwell and Dubins construction has the property that for
each xy € E, the mapping x € E — a(x, £) is almost surely continuous at xy.

The next section reviews ideas of ergodicity of Markov processes and gives some of
the basic results. The final section considers central limit theorems exploiting the martin-
gale properties mentioned above. We assume that all continuous-time Markov processes
considered are cadlag.



140 T.G. Kurtz

6.2 Ergodicity for Markov Processes

Ideas of ergodicity for Markov processes all relate to the existence of stationary distribu-
tions for the processes. In discrete time, 7 € P(E) is a stationary distribution if

fP(x, Dn(dx) =n(), I € B(E),
E

and in continuous time, if
fT(t)f(x)ﬂ(dx) = ff(x)ﬂ(dx), feB(E),t>0,
E E

which is equivalent to requiring

fAf(x)ﬂ(dx) =0
E
for a sufficiently large class of f.

If 7 is a stationary distribution and we take 7 to be the initial distribution for the process,
then {X7} (or {X"(¢)}) will be a stationary process. If {X7} is ergodic as defined generally
for stationary processes, that is, the tail o-field

T =N,0(X7,k>n)

only contains events of probability zero or one, we will say that 7 is an ergodic stationary
distribution. If there is only one stationary distribution, it must be ergodic. If  is an ergodic
stationary distribution, then taking X = X", (6.1) or (6.2) hold for all 2 € B(E), or more
generally, for all 1 € L'(n).

The questions of existence and uniqueness of stationary distributions are among the
fundamental questions in the study of Markov processes. If, as is typically the case,

P: Cy(E) — Cy(E), 6.1)
or
T(t) : Co(E) = Co(E), 120, (6.2)

where Cp(E)is the space of bounded continuous functions on E, proof of existence of a
stationary distribution can be reduced to the proof of relative compactness of a sequence
of probability measures.

Theorem 1. Assume that {T(t)} satisfies (6.2) and for a corresponding Markov process
{XH (1)}, define a family of probability measures {v;} by

1 [ 1
th=E[;j(;f(X(S))dS] ;](;E[f(X(S))]dS

1 f f T(s)fduds, f € B(E). (6.3)
t Jo JE

Then as t — oo, any weak limit point of {v} is a stationary distribution for {T (t)}.
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Similarly, in the discrete-time case, if P satisfies (6.1), any weak limit point of {v,}
defined by
n—1

1
vf =~ ; ELf(X)] (6.4)

is a stationary distribution for P.

Proof. Suppose t, — oo and {v; } converges weakly to . Observe that for each f € C,(E)
and t > 0,

1 1+1,
- f ELf(X(s)]ds = v, T()f

n

has the same limit as v;, f. Consequently, 7 f = n7T(f)f, and 7 is a stationary distribution.
The proof in the discrete case is essentially the same.

The natural approach to proving the existence of the sequence {v; } is to prove relative
compactness for {v;}. Since relative compactness in P(E) is equivalent to tightness, we
have the following.

Corollary 1. Let E be compact. If {T(t)} satisfies (6.2), then there exists at least one sta-
tionary distribution for {T (¢)}. Similarly, if P satisfies (6.1), then there exists at least one
stationary distribution for P.

More generally, relative compactness is usually proved by obtaining a Lyapunov func-
tion for the process. In particular, we want to find a function ¢ : E — [0, co) such that for
each a > 0, the level set

I',={x€E:yx) <a}

is compact and for some initial distribution g,

K = sup E[y(X*(1))] < co.

>0

It follows that

PAXH(r) & I} = PlY(XH(0) > a} <

QX

and that

s

. K
wrey <2 &
a a

so {v,} is tight and hence relatively compact.

The notion of a stochastic Lyapunov functions was developed in [14] and reflects ideas
dating back to [10] and [13]. There is a large literature on constructing such functions. In
discrete time, we have the following simple condition.

Lemma 2. Let  : E — [0, 00). Suppose that there exist a > 0 and 0 < b < 1 such that

PY(x) < a + by(x). (6.5)
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Then for each n

_ -1

1-b
and hence for u € P(E) satisfying fE Ydu < oo,

Py(x)<a

+ 0"y (x),

sup E[U(X)] < 7 + fE Yy < oo

Consequently, if y has compact level sets and P satisfies (6.1), then there exists at least
one stationary distribution for P.

The analogous result in the continuous-time case is somewhat more delicate. Rewrit-
ing (6.5) as
(P = Dyp(x) <a— (1 =b(x)

and recalling that P — I plays a role analogous to the generator A suggests looking for ¢
satisfying

AY(x) < a - ep(x),

for some positive a and €. To this point, we have only considered A to be defined so that
f and Af are in B(E). For many Markov processes, for example, diffusions, the extension
of the generator to a large class of unbounded ¥ is clear, but even in the diffusion setting
with smooth ¢, in general we can only claim that

ll’(X(t))—lﬁ(X(O))—fOAW(X(S))dS

is a local martingale, not a martingale. Note, however, that if ¢ is bounded below and Ay is
bounded above, this local martingale will also be a supermartingale. With that observation
in mind, the following lemma provides the desired extension.

The following is essentially a consequence of Fatou’s lemma.

Lemma 3. Forn=1,2,..., let f,,Af, € B(E), and

fn(X(t))_fn(X(O))_fOAﬁt(X(S))ds

be a martingale. Suppose f, > 0, sup,  Af,(x) < oo, and for each x € E, {f,(x)} and
{Af.(x)} converge. Denote the limits W and Ay. Then

lﬁ(X(t))—tﬁ(X(O))—foAlﬂ(X(S))dS (6.6)

is a supermartingale.

The supermartingale property is exactly what is needed to give the continuous-time
analog of Lemma 2.
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Lemma 4. Let measurable functions y, Ay : E — R satisfy ¢ > 0 and sup,.p Ay(x) <
oo, For u € P(E) satisfying fE Ydu < oo, assume that (6.6) with X replaced by X" is a
supermartingale. Suppose

AY(x) < a - ep(x)
Then

E[p(X"(1))] < ‘;’ v fE mn 6.7)

Consequently, if y has compact level sets and {T ()} satisfies (6.2), then there exists at least
one stationary distribution for {T (t)}.

Proof. Let Z# denote the supermartingale. Then

eTYXH (1) = Y(X*(0)) + f e“dy(XH(s)) + f e Y(XH(s))ds
0 0

t

= Y(X*(0)) + f e’ dZ"(s) +f e (e (X (s)) + AY(XH(s)))ds
0 0

< Y(X*(0)) + f e dzZF(s) + f e“ads.
0 0

Since E[ [} e“*dZ"(s)] < 0,

EW(X"(1)] < e f s+ 417,
E

and the lemma follows.

We can relax the conditions of Lemma 4 and still obtain relative compactness of {v;}
but without the moment estimate (6.7).

Lemma 5. Let measurable functions y, Ay : E — Rsatisfyy > 0and K = sup . Ag(x) <
oo. For u € P(E) satisfying fE Ydu < oo, assume that (6.6) with X replaced by X* is a su-
permartingale. Suppose that for each a > 0

I, ={x:Ay(x) = —-a}

is compact. Then {v;} defined by (6.3) is relatively compact, and if {T(t)} satisfies (6.2),
there exists at least one stationary distribution for {T (t)}.

If E is locally compact and {T (t)} satisfies (6.2), then existence of a stationary distribu-
tion holds as long as I, is compact for some a > 0.
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Remark 2. The assumption that I, is compact only for some a > 0 is, in general, not
enough to ensure relative compactness of {v,}. If, however, the process is Harris recurrent
(see Section 6.2.2), then existence of a stationary distribution implies convergence of {v,}.

Proof. The supermartingale property implies

1 d 1 1 1
- f Agdv, = -2 f AY(X(s))ds] < - f wdu — LEwx o < 2 f v,
and fora > 0,
avi(l'y) < K + ! f ydu,
t Je

giving tightness and hence relative compactness for {v,}.

The second part of the lemma follows by the observation that {v;} is relatively compact
as a probability measure on the one-point compactification of E and the compactness of
I, for some a > 0 implies that any limit point v, satisfies vo(I';) > 0 and hence v (E) >
0. Normalizing the restriction of v, to E to be a probability measure gives a stationary
distribution for {T'(¢)}. See Theorem 4.9.9 of [9].

The following lemma gives conditions which coupled with some kind of irreducibility
imply recurrence, but not necessarily positive recurrence.

Lemma 6. Let measurable functions y, Ay : E — Rsatisfyy > 0and K = sup g Ay(x) <
oo, For y € P(E) satisfying fE Ydu < oo, assume that (6.6) with X replaced by X* is a su-
permartingale. Suppose that for each a > 0,

Faz{)ﬁkb(x)ﬁa}

is compact and that there exists ay such that

sup Ay < 0.

xer,
Let to = inf{t > 0 : X*(¢) € [y, and y, = inf{t > 0 : X¥(t) ¢ I',}. Then
all_g Ply, <19} =0. (6.8)
Proof. 1t is at least not immediately obvious that y, < oo implies ¥(X*(y,)) > a, so some

randomization may be necessary for a complete proof, but assuming this inequality holds,
the supermartingale property implies

aPly, < 1o} < E[Y(X*(ya A 10))] < f Ydp,
E

and (6.8) follows.
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Example 1. In [3], Rabi gives a class of ¢ of the form (x) = F(|x — z|) for nondegenerate
diffusion processes which satisfy the conditions of Lemma 6. (Actually, in Rabi’s notation,
we need to set ¥(x) = —F(|x — z]).) The non-degeneracy assumption then ensures Harris
recurrence (see below). He also formulates similar conditions that imply transience and
gives a construction of an F such that ¥(x) = —F(|x — z|) satisfies the conditions of the
second part of Lemma 5.

A central idea in the study of uniqueness of stationary distributions is the notion of
Harris recurrence.

6.2.1 Harris Recurrence

Harris irreducibility requires the existence of a measure ¢ on B(E) such that ¢(B) > 0
implies that the Markov process visits B with positive probability, regardless of the initial
distribution. If the process visits such B infinitely often with probability one, or in the
continuous time case, the process visits B for arbitrarily large times, that is, 7, = inf{r >
n : X(t) € B} is finite almost surely for each n, the process is Harris recurrent. As long as
@ is o-finite, without loss of generality, we can and will assume ¢ is a probability measure.
In discrete time, the classical conditions for Harris recurrence can be formulated under the
assumption that there exists a function € : E — [0, 1] such that the transition function
satisfies

P(x, B) > e(x)¢(B) (6.9)

and that for each initial condition y, the Markov process satisfies

oo

P> s(Xt) = 0o} = 1. (6.10)

k=1
The following lemma illustrates the significance of these conditions.

Lemma 7. Let u € P(E), and suppose that (6.9) and (6.10) hold. Then there exists a
probability space with a process X*, a filtration {?_k” }, and a {7’](” }-stopping time ™ such
that X" is {Tkﬂ }-Markov with initial distribution u and transition function P(x,I") and the
distribution of X%, is .

pe

Proof. We enlarge the state space to be Ex{—1, 1} and define the new transition function by

O(x,0,I' x {6}) = P(x,I') — e(x)e(I')

and

O(x,0,I"' x {=0}) = e(x)p(I).



146 T.G. Kurtz

If (X¥, ©) is a Markov process with this transition function such that Xg has distribution g,
then X* is a Markov process with transition function P(x, I") and initial distribution y, and
the desired stopping time is 7 = min{k : 6; # 6;—;}. Note that

n—1

P > n = E[[ [ - ex;)]
k=0

and (6.10) implies P{t* < oo} = 1.
Much of the work on Harris recurrence is done under weaker conditions of the form

oo

D anP" (x5 1) 2 s(x)e(D),

n=1

where a,(x) > 0, 3,7, a,(x) = 1, or in continuous time,

f“’ P(t, x, Na,(dt) > e(x)p(I),
0

where a, is a probability distribution on (0, o), and typically, £(x) has the form &l¢(x) for
some constant £ > 0 and C € B(E). The analog of Lemma 7 holds under these conditions,
at least if (6.10) is replaced by

00

P> e(Xt)? = 0o} = L or P{fo &(X*(s))’ds = oo} = 1.

k=1

The existence of these stopping times implies the desired uniqueness of the stationary
distribution and convergence in total variation of v,, and v,.

Lemma 8. Let ¢ € P(E). Suppose that for each u € P(E), on some probability space,
there exists a process X* a filtration {7",5}, and a {Tk”}-stopping time ™ such that X* is
{ﬁl}-Markov with initial distribution p and transition function P and X%, has distribution
. Then there is at most one stationary distribution for P.

If there is a stationary distribution r, then for each initial distribution u € P(E), {v,}
defined by (6.4) converges in total variation to 7.

The analogous result holds in continuous time.

Proof. Suppose m; and m, are stationary distributions for P. Let X™ and X™ satisfy the
hypotheses of the lemma. By the ergodic theorem, for each i € B(E), we can define

1 n—1 1‘r”i+n—l 1 n—1
h _ q: - TN 13 - TN 18 - d
Hy = i o 200 = fim S 3, MG = Jim 2 ) HOK )
= =17 =

By the strong Markov property, H,’rl] and H,’;Z must have the same distribution. Since m;h =
E[Hﬁ’_], Ty = 7).
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Under the hypotheses of the lemma, for # € B(E) and u € P(E),

19 19 2%k
|E[- > h(X})]-E[- Zh(X,f)]I] < AP > k) + —),
= = n
and hence
18 4k
|E[— Z h(Xf;)] —rh| < ||hI(P{T > k} + P{T" > k} + —), (6.11)
n n

and taking the sup over i € B(E) with ||h|| < 1 gives the convergence in total variation.

If 7¢ satisfies 0 < E[7¥] < oo, then 71 = 0 and 7, = 7% provide an example of 7; and 1,
in the following lemma.

Lemma 9. Let X be {F}.}-Markov with transition function P, and let T\ and T, be stopping
times satisfying 1 < 7 and 0 < E[1y, — 71] < oo such that X, and X., have the same
distribution. Then &t defined by

EIZE, A

h =
E[ry -]
is a stationary distribution for P.
In continuous time,
EL[" h(X(s))ds]
th= ———
Elry - 71]

Remark 3. In the case 0 < E[1¥] < oo, this observation is essentially the renewal argument
of [1] and [16].

Proof. Since
n—-1

My, = h(X,) = h(Xo) = > (Ph(X) = h(X,))
k=0

is a martingale,

Tz—l

0 = E[h(Xr,) — h(Xz)] = E[Z(Ph(Xk) — h(X1)),

k=T]

and hence,
nPh = mh,

so rr is a stationary distribution for P.



148 T.G. Kurtz
Example 2. In [6], Rabi and Mukul Majumdar consider processes in E = (0, 1) of the form
Xn+l = §n+1Xn(1 - Xn)a

where the {&;} are iid with values in (0, 4). Clearly, this process satisfies (6.1). Under the
assumption that the distribution of & has an absolutely continuous part with a density that
is strictly positive on some interval, they give conditions for Harris recurrence.

Example 3. The inequality in (6.11) and the analogous inequality in continuous time,
1 4r
|E[; X (s))ds] — mh| < ||A(P{T" > r} + P{T" > r} + 7), (6.12)
0

actually give rates of convergence. Under aperiodicity assumptions, one can replace the
average by E[h(X*(t))] and eliminate the O(t"") term. In [7], Rabi and Aramian Wasielak
give conditions under which this can be done for a class of diffusion processes.

6.2.2 Conditions without Harris Recurrence

Harris recurrence is very useful when it holds, or perhaps more to the point, when it can be
shown that it holds. In general, it does not hold, even in relatively simple settings. Perhaps
the best known example is the “Markov process” in [0, 1) given by the recursion

X411 =X, +zmod 1,

for some irrational z.
For an example with more interesting probabilistic structure, let E = {—1, 1}, and
consider a generator of the form

AF) = D A Fpx) = f(), (6.13)
k=1

where Ay > 0, >; ¢ < co, and n;.x is obtained by replacing x; by —x;. If x,y € E differ on
infinitely many components, then P(t, x, -) and P(¢,y, -) are mutually singular for all ¢, but
for all x € E, P(t, x,-) converges weakly to the distribution under which the components
are independent symmetric Bernoulli.

In general, infinite dimensional processes provide a source of examples that are not
Harris recurrent even if ergodic. We will not address any more examples of this type, but
see [11] for recent work in this direction.

There is a need for techniques for studying ergodicity for processes that are not Harris
recurrent. One approach that appears frequently in Rabi’s work involves the notion of
splitting and is discussed in the paper by Ed Waymire in this volume. A second approach
considered by Rabi and Gopal Basak in [2] is by verifying asymptotical flatness, that is,
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by showing that X* and X” can be coupled in such a way that for each compact K ¢ E and
>0,
lim sup P{|X*(t) — X’ (¢)| > ¢} = 0.

12 x veK

For example, if one rewrites the generator in (6.13) as
areo = 2 ko + o - s 6.149)
k=1 ST 27 ’ -

where n,‘(x is obtained from x by replacing x; by 1 and n,:'x is obtained by replacing x; by
—1, then the coupling can be obtained using independent Poisson processes {Ny}, N, with
intensity 24y, and at the /th jump of N replacing x; by &;, where the {&;;} are independent
symmetric Bernoulli.

Example 4. In [2], Rabi and Gopal Basak consider diffusions of the form

Xx(t)=x+f BXx(s)ds+f o (X*(5)dW(s).
0 0

One has a natural coupling simply by using the same Brownian motion W for both X* and
XY. Lyapunov-type arguments are again employed but with analytic estimates rather than
simply compactness arguments. In particular, the arguments employ ¢ (v in the notation
of the paper) of the form

Yx) = (x-Cn)'™,

for appropriately chosen positive definite C and & € [0, 1). Different choices of C are
applied to Y/(X*(¢)) to ensure the existence of a stationary distribution and to Y/(X*(¢#)—X>(¢))
to give the asymptotic flatness.

6.3 Central Limit Theorems

There are many version of the martingale central limit theorem. See, for example, [15, 17,
12]. The following version is from Theorem 7.1.4 of [9].

Theorem 2. Let {M,,} be a sequence of cadlag, R-valued martingales, with M, (0) = 0,
and let A,, = [M,] be the matrix of covariations, that is,

Al(r) = ML, M),

n’

Suppose that for each t > 0,

lim E[sup M, (s) — M,(s—)|]] =0

n—oo s<t
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and

lim A,(f) = A(t),
n—oo

where A is deterministic and continuous. Then {M,} converges in distribution to a Gaus-
sian process M such that M has independent increments, E[{M(t)] = 0, and [Mi, M), =
E[M{(HM/(t)] = AY(¢).

If

Al = f o (s)o(s) ds,
0

for some d X m-matrix-valued function o, then we can write

M(t):fa(s)dW(s),
0

where W is an R™-valued standard Brownian motion.

Example 5. Let m be an ergodic stationary distribution for a Markov semigroup {7'(¢)}.
Then {T ()} extends to L*(rr) and is strongly continuous on L?(rr). Let A be the Hille-Yosida
generator for the semigroup on L2(x). Then for each f € D(A), the domain of A,

!
M (1) = f(X"(1) - f(X(0)) - f Af(X"(s)ds
0
is a square integrable martingale.
Then, for h € L*(rr), ergodicity implies
nt

lim l WX"(s))ds = rht,
0

n—oo n

and Theorem 2.1 of [4] gives the functional central limit theorem for the scaled deviations,

') = % fo " (h(X"(s)) — wh)ds.
The key assumption is that there exists f € D(A) such that Af = h — wh. Then
1 1 .
Zh - s — (X" N VA .
(1) \/ﬁ(f(X (n1)) = f(X"(0))) \/ﬁM (nt)

Consequently, we have the functional central limit theorem for {Z,’,’} provided we can prove
the functional central limit theorem for {‘/LﬁMf (n-)}. Observe that the quadratic variation

of %Mf(n-) is the same as the quadratic variation for U,(f) = \/Lﬁf(X”(m)) and that by
1t6’s formula,
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1 !
(Ul = Un(t) - ;f) 2f(X"(ns=))df(X"(ns)) (6.1)
(

UM—% f 2f(X"(ns—)dM’ (ns) — f 2f(X"(ns)Af(X"(ns))ds
0 0
- —tf2f(x)Af(x)7r(dx).

E

By Theorem 2, the convergence of Z" follows. Of course, under the assumptions of
Lemma 8, the same result will hold for X* for all u € P(E).
If f is smooth and X™ is an R¢-valued diffusion,

X”(t)zX”(O)+fO'(X(s))dW(s)+fb(X(s))ds,
0 0
then
FX" (1) = f(X"(0)) + fo VX (s) (X" ()dW(s) + R(?),

where R is continuous with finite variation, so we can also write
1 nt
(U], = p j; VFX () (X () (X (s)V f (X" (s))ds (6.2)
- f VI oo ()" Vfom(dx).
Rd

Example 6. In [5], Rabi considers diffusions in R¢ of the form

!

X(t):X(O)+f uob(X(s))ds+fO'(X(s))dW(s),
0 0

under the assumption that o is the square root of a positive definite matrix and o and b are
periodic in the sense that

oc(x+z)=c(x)and b(x +2) = b(x) zeZ%

At least under additional regularity assumptions on o and b, Y(f) = X(¢) mod 1, 1 € Z¢, the
vector with each component 1, is a Markov process in [0, 1)¢ which has a unique, ergodic
stationary distribution x. Then

1 1 nt 1 nt _

lim —X(nt) = lim — upb(X(s))ds = lim — f uob(Y(s))ds = ugbt,

n—oo n t—oon 0 n—oo N 0

where b = mb. Rabi gives the corresponding central limit theorem showing the conver-

gence of

1 )
V(0 = %(X(nt) — nugbt).
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For simplicity, assume X(0) = 0. Setting

nt

M) = %(xmr)— fo " dob(¥(s))ds) = % fo (V()AW(s),

the convergence of M] follows from Theorem 2 and the ergodicity of Y.
Note that V,, = M} + Z", where

YAGE %uo Afo‘n (b(Y(5)) — b)ds.

Then Z" is of the form treated in [4], Example 5. Let A denote the generator for Y, which
will satisfy A f(x mod 1) = Af(x), if f extends periodically to an element in the domain of
A. Rabi shows the existence of a twice continuously differentiable g satisfying

Ag(y) = b(y) - b,
and setting

M) = 2 (g(¥ (1)) — g(0) - f (b(Y(5)) - b)ds),
Vn 0

we have
1204]

Va(0) = M (1) — M3(1) + Vi

(g(Y(n1)) — g(0)).
Since
M5(1) = = f ' Vg(X(5))" o(X()dW(s) + Ry (),
Vi Jo
where R, is continuous with finite variation,
1 nt
(M} - M3, = " f (I = uVeX (NN (X ()X () (I — ugVg(X(s)))ds.
0

Setting a = oo’

D= \f[;)l)d(l - MQVg(y)T)a(y)(I — uoVg)r(dy),

and V,, converges in distribution to a mean zero Brownian motion with covariance matrix
D. The form of D derived here differs from the form in [5], but compare (6.1) and (6.2).
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