Chapter 2
Lebesgue Sequence Spaces

Abstract In this chapter, we will introduce the so-called Lebesgue sequence spaces,
in the finite and also in the infinite dimensional case. We study some properties of
the spaces, e.g., completeness, separability, duality, and embedding. We also ex-
amine the validity of Holder, Minkowski, Hardy, and Hilbert inequality which are
related to the aforementioned spaces. Although Lebesgue sequence spaces can be
obtained from Lebesgue spaces using a discrete measure, we will not follow that
approach and will prove the results in a direct manner. This will highlight some
techniques that will be used in the subsequent chapters.

2.1 Holder and Minkowski Inequalities

In this section we study the Holder and Minkowski inequality for sums. Due to their
importance in all its forms, they are sometimes called the workhorses of analysis.

Definition 2.1. The space ¢, with 1 < p < o, denotes the n-dimensional vector
space R” for which the functional

%Il = <2 xﬂ’) @.1)
i=1

is finite, where x = (x1,...,x,). In the case of p = e, we define ¢, as
X[ = sup |xi].
ie{l,...,n}
@
From Lemma 2.4 we obtain in fact that||- y defines a norm in R".
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24 2 Lebesgue Sequence Spaces

Example 2.2. Let us draw the unit ball for particular values of p for n = 2, as in
Figs.2.1,2.2, and 2.3.

Fig. 2.1 Unit ball for £3

Fig. 2.2 Unit ball for 2

Lemma 2.3 (Holder’s inequality). Let p and q be real numbers with 1 < p < oo
such that ‘% + é = 1. Then

n " e s, 1/q
Y o] < (2 |xk|1’> (2 ka|q> - (22)
k=1 k=1

k=1
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Fig. 2.3 Unit ball for ¢}

for xi, yr € R.

Proof. Let us take

NV 5h oty
(Tt ) " (T [yl fa
By Young’s inequality (1.15) we get

el [yl
B —

e | B S 273 GO S V1
(S )P (e ele) 74 T P T PP g X Dl

Termwise summation gives

z’k’:l}llxkllykl < 1,
(S0 blP) 7 (k= Iel) p

1
q

and from this we get

" " Up s, 1/q
2 [xieyie| < (2 |xk|p> (2 |yk|q> .
k=1 k=1 k=1
O

We can interpret the inequality (2.2) in the following way: If x € £} and y € £}
then x ©®y € ¢] where © stands for component-wise multiplication and moreover

1XO ¥l <Xl ¥ -
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Lemma 2.4 (Minkowski’s inequality). Let p > 1, then

" 1/p " 1/p N 1/p
(Zurmﬂﬁ s<2aﬂﬂ <+<Zywj (2.3)
k=1 k=1 k=1
for xi, ye € R.

Proof. We have

n n
kvl = i+ vl o+ vl
=1 =1

n n
< el e+ v P Y e ey P
k=1 s

By Lemma 2.3 we get

n n 1/p n 1/p ; 1/q
N e+ yil? < <2|xkp> + <Z|Ykp> <Z|Xk+yk|(pl)q> .
pa k=1 k=1

k=1

1 1
Since — + — =1, then p = (p — 1)g, from which
P q

. " 1/p " 1/p " 1/q
N e+ yil? < <Z|xkp> + <Z|Yk|p> <Z|xk+)’k|p> )
k=1 k=1

k=1 k=1

then
n 17% n I/p n 1/p
3+ vl = WAL D el ;
k=1 k=1 k=1
which entails (2.3). a

2.2 Lebesgue Sequence Spaces

We now want to extend the n-dimensional £}, space into an infinite dimensional
sequence space in a natural way.

Definition 2.5. The Lebesgue sequence space (also known as discrete Lebesgue
space) with 1 < p < oo, denoted by ¢, or sometimes also by ¢, (N), stands for the set
of all sequences of real numbers X = {x, },.x such that ¥ [x;|? < eo. We endow
the Lebesgue sequence space with the norm,

- 1/p
@—<2um> , (2.4)

k=1

[1%[le, = [1{xn }nen|

where x € /,,. %
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We leave as Problem 2.24 to show that this is indeed a norm in ¢,, therefore
(¢y,|-ll,,) is a normed space.

We will denote by R* the set of all sequences of real numbers X = {x, },.y-

Example 2.6. The Hilbert cube $) is defined as the set of all real sequences {x, }nen
such that 0 < x, < 1/n, i.e.

H={xeR”:0<x,<1/n}.

By the hyper-harmonic series we have that the Hilbert cube is not contained in ¢,
but is contained in all £, with p > 1. ©

Let us show that ¢, is a subspace of the space R”. Let x and y be elements of ¢,
and o, B be real numbers. By Lemma 2.4 we have that

n 1/p " 1/p " 1/p
(Z Iaxk+ﬁykp> <|e (Z |xklp) +1BI (Z |yk|”> . @)
k=1 k=1 k=1

Taking limits in (2.5), first to the right-hand side and after to the left-hand side,
we arrive at

- 1/p - 1/p - 1/p
(Z Ian+ﬁyk”> <laf (Z ka|”) +1B| (Z ka|”> , (2.6)
k=1

k=1 k=1

and this shows that ax+ By is an element of £, and therefore £, is a subspace of R™.

The Lebesgue sequence space £, is a complete normed space for all 1 < p < oo,
We first prove for the case of finite exponent and for the case of p = oo it will be
shown in Theorem 2.11.

Theorem 2.7. The space £,(N) is a Banach space when 1 < p < oo,

Proof. Let {X,}.cn be a Cauchy sequence in £,(N), where we take the sequence
(m) ()

X, as X, = (x] ,%, ,...). Then for any & > 0 there exists an ny € N such that if
n, m > no, then ||x, —X,,[|¢, <&, i.e.
1/p
Sl <, 2.7)
j=1

whenever n, m > ny. From (2.7) it is immediate that for all j = 1,2,3,...

| x(.ﬂ)

x| <, 2.8)

whenever n, m > ny. Taking a fixed j from (2.8) we see that (x_(jl),x‘(jz)7 e

Cauchy sequence in R, therefore there exists x; € R such that lim,,,_,.. xﬁm =Xx;.



28 2 Lebesgue Sequence Spaces

Let us define X = (x,x2,...) and show that X is in ¢, and lim, .. X, = X.
From (2.7) we have that for all n, m > ng

k
Sl e <er k=123,
j=1

from which

k k
=2l = | fim " -2 <
J= J=

whenever n > ng, This shows that x —x, € £, and we also deduce that lim,_,.. X, = X.
Finally in virtue of the Minkowski inequality we have

1/p 1/p
p o (n) o (n) P
2|xj| = Z‘xj +TXj—x; |
=1 =1
1/p 1/p
<\ W) ()
=1 =1
which shows that x is in £,(N) and this completes the proof. O

The next result shows that the Lebesgue sequence spaces are separable when the
exponent p is finite, i.e., the space £, admits an enumerable dense subset.

Theorem 2.8. The space £,(N) is separable whenever 1 < p < oo,

Proof. Let M be the set of all sequences of the form q = (¢1,42,-..,¢,,0,0,...)
where n € N and g, € Q. We will show that M is dense in £,,. Let X = {x; } e be an
arbitrary element of £,,, then for £ > 0 there exists n which depends on € such that

oo

3 ulr <2

k=n+1

Now, since Q = R, we have that for each x; there exists a rational qr such that

€
X — qi| < ,,7\/27,

then

n

z |)Ck 7qk|p < EP/Z,
k=1

which entails

n S

Ix—qll] =X w—al+ X |ul”<e”,
k=1 k=n+1

and we arrive at ||x —q||¢, < €. This shows that M is dense in /,,, implying that ¢, is
separable since M is enumerable. a
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With the notion of Schauder basis (recall the definition of Schauder basis in Def-
inition B.3), we now study the problem of duality for the Lebesgue sequence space.

Theorem 2.9. Let 1 < p < eo. The dual space of £,(N) is £,(N) where % + é =1

Proof. A Schauder basis of ¢, is ex = {6;} ey Where k € N and &; stands for the
Kronecker delta, i.e., &; = 1 if k = j and 0 otherwise. If f € (¢,)*, then f(x) =
Sien 0 f(er), x = {0 pren. We define T(f) = {f(ex) }ren- We want to show that
the image of T is in /,, for that we define for each n, the sequence x" = (é,f">)°°:
with

() el 3¢ g < nand f(ey) #
& =9

0 if k>norf(e) 0
Then .
= & fle) = If (el
keN k=1
Moreover
F&) < A=l
= I (2 |&£”>|ﬁ)
k=1
=1l (Z |f(ex)|*"™ ”)
k=1
=1l ( If(ek)l"> :
k=1
from which

mw@'F(imm@q
1 k=1

<71
;

M=

;

Taking n — oo, we obtain

1
q

If(ek)l"> <l

M s

where {f(ex) hren € 4.
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Now, we affirm that:

(i) T is onto. In effect given b = (B )ken € ¢, We can associate a bounded linear
functional g € (¢,)*, given by g(x) = ¥, oufx with X = (0t )ken € £, (the
boundedness is deduced by Holder’s inequality). Then g € (£,,)*.

(ii) T is 1-1. This is almost straightforward to check.

(iii) T is an isometry. We see that the norm of f is the £, norm of T' f

fx)| =Y owf(ex)

keN

< (z |ak|P> p (2 |f(ek)|q>q
keN keN

1

— x| (2 f(ek>|Q> y

keN

Taking the supremum over all x of norm 1, we have that

1

TE (2 f(ek>|q> B

keN

Since the other inequality is also true, we can deduce the equality

1l = (Z f<ek>|q>

keN

with which we establish the desired isomorphism f — {f(ex) hren-
O

The ¢, spaces satisty an embedding property, forming a nested sequence of
Lebesgue sequences spaces.

Theorem 2.10. If0 < p < g < oo, then £,(N) C £,(N).

Proof. Let x € £, then ¥, |x,|” < oo. Therefore there exists ny € N such that if
n > ny, then |x,| < 1. Now, since 0 < p < ¢, then 0 < g— p and |x,|9? < 1 if n > ny,
by which |x,|? < |x,|? if n > ng. Let M = max{|x; |97, |x|777,...,|xs|9 7, 1}, then

z X, |7 = Z P |30 |7 < MZ x| < oo,

n=1 n=1 n=1

implying that x € /.
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To show that ¢,(N) # £,(N), we take the following sequence x, = n~'/? for all
n € Nwith 1 < p < g <o, and since p < ¢, then 4 > 1. Now we have
p

1

2|xn - 2;1‘1/17 <

The last series is convergent since it is a hyper-harmonic series with exponent bigger
than 1, therefore x € £,(N). On the other hand

and we get the harmonic series, which entails that x ¢ £, (N). O

2.3 Space of Bounded Sequences

The space of bounded sequences, denoted by /.. or sometimes £..(N), is the set of
all real bounded sequences {x, }nen (it is clear that £ is a vector space). We will
take the norm in this space as

X[l = [Ixl[r. = suplxal, (2.9)

neN

where X = (x1,%2,...,X,,...). The verification that (2.9) is indeed a norm is left to
the reader.

An almost immediate property of the {..-space is its completeness, inheriting this
property from the completeness of the real line.

Theorem 2.11. The space (.. is a Banach space.

Proof. Let {x,},en be a Cauchy sequence in 4., where x,, = (xg'”, xg"), ...). Then
for any € > 0 there exists ny > 0 such that if m,n > ny then

(1% — X || < €.
Therefore for fixed j we have that if m,n > ng, then

) < e (2.10)

resulting that for all fixed j the sequence (x (1) (2 ..) is a Cauchy sequence in R,

jo%i
and this implies that there exists x; € R such that lim,, .. xi-m) = Xj.
Let us define x = (x1,x2,...). Now we want to show that x € £. and

lim, .. X, =X.



32 2 Lebesgue Sequence Spaces

From (2.10) we have that for n > ny, then

-

lim x\™ —xﬁ")’ <e, (2.11)

n—yoo J

since X, = {xﬁ")} jeN € Lo, there exists a real number M, such that ‘x(»")

i <M, for

all j.
By the triangle inequality, we have

o] < ‘xj'*x;m‘ * ’xﬁ-")‘ <e+M,

whenever n > ny, this inequality being true for any j. Moreover, since the right-hand
side does not depend on j, therefore {x j} jen is a sequence of bounded real numbers,
this implies that x = {x;} jen € L.

From (2.11) we also obtain

(n)

J

lIx, — x|l =sup|x;”’ —x;| <e&.
jeN

whenever n > ngy. From this we conclude that lim,_...X,, = X and therefore /., is
complete. a

The following result shows a “natural” way to introduce the norm in the ¢, space
via a limiting process.

Theorem 2.12. Taking the norm of Lebesgue sequence space as in (2.4) we have
that lim, . || X 6, = [Ix]]e...

1
Proof. Observe that |x| < (X} |x|?) 7, therefore |x| < [|x||¢, fork=1,2,3,...,n,
from which
sup |xe| < [x]le,,
1<k<n

whence
[Ix|le. <liminf|x][,. (2.12)
p—roo

On the other hand, note that

1

. 1

n F n P ’ 1

Z x|? | < 2 sup | x| <nr
k=1 k=1 \I<k<n

then for all € > 0, there exists N such that

X”(mv

1 1

P

N » 1
» )
z,,s<2|xk|"+e> < (IxIz.N+e)” < e <N+|X”p> ,
le

k=1

Ix

therefore
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timsup |||, < [x]_. (2.13)

P —
preo

Combining (2.12) and (2.13) results

[1x[[r. <liminf[x|[;, <Timsup||x[|s, <||x]|c.,
p—re° p—roo

and from this we conclude that lim,, .. [|x||,, = [|x]|.. . O
Now we study the dual space of ¢; which is /...

Theorem 2.13. The dual space of £y is {...

oo

7=y forms a

Proof. For all x € {,, we can write X = Y, oxex, where e, = (J;)
Schauder basis in ¢y, since

n
X—Zockek: (07...,07Otn+17...)
k=1 SN——

n
and

—0
0

= 2 Oyex

k=n+1

X— i Oy €
k=1

since the series Y,;_; Oxey is convergent.

Let us define 7(f) = {f(ex) }xen, for all f € (¢1)*. Since f(x) = Yren O f(ex),
then | f(ex) < ||f]], since ||ex]|s, = 1. In consequence, sup,y | f(ex)| < || f], therefore

{f(ex) bren € Lo
We affirm that:

0

(i) T is onto. In fact, for all b = {Pi }ren € e, let us define g : £; — R as g(x) =
S weny 0B if X = {0 }ren € Lo. The functional g is bounded and linear since

lg(x)| < D lowBil <sup Bl Y lox| = [1x|s, - sup | Bel,
keN keN keN keN

then g € (£;)*. Moreover, since g(ex) = X jen 6, B;s

T(g) = {g(ex) tken = { B }xen = b.

(ii)) T is 1-1. If Tf; = Tf>, then fi(ex) = fa(ex), for all k. Since we have
J1(X) = Zren 0k f1(ex) and fo(x) = Xyen 0 fo(ex), then fi = fo.

(iii) T is an isometry. In fact,

1T fle = sup |/ (ex)] < [|£] (2.14)
keN
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and

fx) =Y onfle)

< sup | f(ex)]
keN eN

J

Y loul = [[x]|e, sup | f(ex)]-
keN

keN

Then
[I£1l < sup|f(ex)| = [T fll- (2.15)
keN

Combining (2.14) and (2.15) we get that ||T f||.. = || f||. We thus showed that
the spaces (¢;)* and /.. are isometric.
O

One of the main difference between ¢, and {.. spaces is the separability issue. The
space of bounded sequence /.. is not separable, contrasting with the separability of
the £, spaces whenever 1 < p < oo, see Theorem 2.8.

Theorem 2.14. The space L., is not separable.

Proof. Let us take any enumerable sequence of elements of /.., namely {X,},cx,
where we take the sequences in the form

1= (50800, 0
Xy = (x<12>,x§2>,x52),. ,x,(cz), )
o= (302, )

We now show that there exists an element in /.. which is at a distance bigger than
1 for all elements of {x,},.y, showing the non-separability nature of the (.. space.
Let us take X = {x, }ne as

0, if [ > 1
In = (n) o1 ()
Xo=xn +1, if 7] < 1.

It is clear that x € /., and ||x —x,||,_ > 1 for all n € N, which entails that /., is not
separable. O

We now define some subspaces of /.., which are widely used in functional anal-
ysis, for example, to construct counter-examples.

Definition 2.15. Let x = (x1,x,...).
By ¢ we denote the subspace of /.. such that lim,,_,., x,, exists and is finite.
By ¢y we denote the subspace of /.., such that lim,,_,..x, = 0.
By coo we denote the subspace of /.. such that supp(x) is finite. @
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These newly introduced spaces enjoy some interesting properties, €.g., g is the
closure of ¢y in /... For more properties, see Problem 2.20.

2.4 Hardy and Hilbert Inequalities

We now deal with the discrete version of the well-known Hardy inequality.

Theorem 2.16 (Hardy’s inequality). Let {a,},cn be a sequence of real positive
numbers such that 3, al < oo. Then

oo 1 & P p P o
— < [ 4= P
2<2> <(557) 2

Proof. Let o, = % where A, =a;+a,+---+a,, ie., A, = na,, then
ai+a+---+a, =noy, (2.16)

from which we get that a, = noy, — (n — 1) og,—1. Let us consider now

P, P
o= o = o= Ty o= (= oy
pn , pin—1)
= = ooy Ly ST o

In virtue of Corollary 1.10 we have

~1
P=1) ot o P=D e, p=) e
p—1 """ T p—1 p p—1 ¢
:n—lap +p(n71) 1_1 o
p—l n—1 -1 n
n—1
= _106'11)714»(”71)&5’
therefore
)4 _ pn , n—1
oc,{’——p_la,f 1a,,§oc,’j——p_la,§+p—_1a,’,’,1+(n—1)a,f
7pa,ﬁ’—af—pna,{’+(n—l)a5_1+(p—1)(n—1)065
B p—1 p—1
_ pof —of —pnof +(n— 1oy +(pn—p—n+1)af
- i
1
— ]fl [(n— 1)06571 —nOC,’,’] ,
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from which

N p N 1 N
Sof— LY arta, < LS [n-1)ef ,—nag]
n=1 -

n=1 n=1

:—l[—a{’+a{’—2a§’+~--—Na,’;]
P
:_NaN <0
p—1-
Then
N PR
Yoar<——% ala,
n=1 p_ln:l

M
8
3%
IA
~
|
S
T
N——— N—
| ~|
=
M
R
=
L
~
Q-

then

S
i yok
R
N——
-
IA
<
(IS
-
—
1P
Q
s
N———
ST

and this implies

a

We now want to study the so-called Hilbert inequality. We need to remember
some basic facts about complex analysis, namely

T 1

= 1
sin(mz) :E+,§’1(_1) <z+n+z—n)' @17

Let us consider the function

1
Vz(z+1)

defined in the region D; = {z € C: 0 < |z| < 1}. We want to obtain the Laurent
expansion. In fact, if |z| < 1, then

fl@)= (p>1)
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1 1 > 0 > v
14z 1—(—2)_;’)(_2) _Z{)( D',
therefore _
f@) =3 (-1 . 2.18)
n=0

By the same reasoning, let us consider

g(2) = m

lil - 1—(1—1) -3 <1>n— NSRS

n=0
Therefore

g) =Y (=12 " n. (2.19)

We now obtain some auxiliary inequality before showing the validity of the
Hilbert inequality (2.20).

Theorem 2.17 For each positive number m and for all real p > 1 we have

By (2.18) and (2.19) we deduce that

rgln%(m_’_n) < J (%(—1)"Z”—ﬂ> dz—|—l/ (%(—1)”1_”— —p) dz
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=)

1
:Z(—l)"/znﬁ dz+z / 1oy dg
0

I
M
—~
|
=
S
+
DM
_/-\
|
=

il
S
|

Il

gk
—~

I
—
~—
=
8

I
[
~—
=

3
Il

This last one is obtained by (2.17) with z = %. a

Remark 2.18. In fact the proof of Theorem 2.17 is a two line proof if we remember

that N
0
)=

and the fact that B(1 — o/, o 0 < o < 1, see Appendix C. @

unna’

Before stating and proving the Hilbert inequality we need to digress into the
concept of double series. Let {xk_ j}j,k cy be a double sequence, viz. a real-valued
function x : N x N — R. We say that a number L is the limit of the double sequence,
denoted by

lim Xk.j = L
ke

if, for all € > 0 there exists n = n(€) such that
|XkJ‘—>l4 <€

whenever k > n and j > n. We can now introduce the notion of double series using
the known construction for the series, namely

:E: xk7j =X
k,j=1
if there exists the double limit

11n1 Z%j =X

k,j—eo
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where % ; is the rectangular partial sum given by

k=1 \ j=1 j=1 \k=1

We can visualize the iterated series in the following way. We first represent the
double sequence as numbers in an infinite rectangular array and then sum by lines
and by columns in the following way:

X1,1 X1.2 X13 = XX =

X2.1 X22 X213 e — 27,:1 X2,j = L2

X3.1 X32 X33 = Y=L
\ 1 \

Cri=Y X1 Coi=20  xk2 C3i= X207 X3

and now the iterated series are given by 37 C; and 3,7 Ly.

It is necessary some caution when dealing with iterated series since the equality
2721 Cj =i Li is in general not true even if the series converges, as the following
example shows

-0 0 0 =0
03 -320 020
00 -2 0 =0
00 0 2-£-->0
Ll
i1 1 1 1
2 4 8 16 32

and clearly the obtained series are different. Fortunately we have a Fubini type the-
orem for series which states that when a double series is absolutely convergent then
the double series and the iterated series are the same, i.e.

=3

IETEDH DIETEEDY X

kj=1 k=1 \ j=1 j=1 \k=

Not only that, it is also possible to show a stronger result, that if the terms of an
absolutely convergent double series are permuted in any order as a simple series,
their sum tends to the same limit.
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Theorem 2.19 (Hilbert’s inequality). Let p,q > 1 be such that %‘Fé =1 and
{an}nen, {bn}nen be sequences of nonnegative numbers such that Y n_, ab, and
S bi are convergent. Then

y b T <iaf,;> ,, (ibg)q. (2.20)

el MR i (%)

Proof. Using Holder’s inequality and Proposition 2.17 we get

oo

amby
m,n=1 m+n

1 1
mri a, nr b,
T T T T
mp=1 11 (m~+n)r mri (m+n)a

IN
— {\
ng
7N
N
ENE}
Tl
S
~—
Q
SRS
~ — I

IN

which shows the result. O

2.5 Problems

2.20. Prove the following properties of the subspaces of /.. introduced in Defini-
tion 2.15

(a) The space ¢y is the closure of ¢y in ...
(b) The space c and ¢y are Banach spaces.
(c) The space cqp is not complete.
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2.21. Show that (s, p) is a complete metric space, where s is the set of all sequences
X = (x1,Xx2,...) and p is given by

i 1 o=
S22 1+ I —yk|
2.22. Let £,(w), p > 1 be the set of all real sequences X = (x1,X»,...) such that
Z |k [Py < oo
k=1

where w = (wy,wy,...) and wy > 0. Does 4" : £,(w) — R given by

N(X):= (i |Xk|ka> ”

k=1
defines a norm in £, (w)?

2.23. As in the case of Example 2.2, draw the unit ball for £3, £2, and 3.
2.24. Prove that (2.4) defines a norm in the space £,(N).

2.25. Prove the Cauchy-Bunyakovsky-Schwarz inequality

(8) <(2) (5)

without using Jensen’s inequality. This inequality is sometimes called Cauchy,
Cauchy-Schwarz or Cauchy-Bunyakovsky.

Hint: Analyze the quadratic form Y/, (xju—+yiv)> = u? 37 52 + 2uv Y xiy; +
VLT

2.26. Let {ay, }nez and {b, },cz be sequences of real numbers such that

oo

k= i |y <o and Y |by|P < oo

n—=—oco m=—oo

where p > 1. LetC, =3

= oo An—mby. Prove that

@) Gl <KV (S5 ltnom|[bn]?)"” where L+ 1 =1,
1 1

) (S 1) <k (3 |bal?)"”.

2.27.Ifa, >0forn=1,2,3,... show that

oo

2 ” aya - eZan.

n=1
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Ifaj>a;>--->a > >a,>0and o > B > 0. Demonstrate that

" 1/o " 1/B
(80)"<(54)"
k=1 k=1

2.28. Use Theorem 10.5 to show the Theorem 2.16.
Hint: Choose a sequence {ay, },en of positive numbers such that a,1 > a, Vn € N.
Consider Ay = Y, a, and define f = 37| apX(n1.,)-

n=1
2.29. Demonstrate that ¢; is not the dual space of /...

2.30. Show that

[IxIl,, <IIxl,, (2.21)

whenever 1 < p < g < oo,
Hint: First, show the inequality (2.21) when ||x|| ¢, < 1. Use that result and the ho-
mogeneity of the norm to get the general case.

2.6 Notes and Bibliographic References

The history of Holder’s inequality can be traced back to Holder [32] but the paper of
Rogers [61] preceded the one from Holder just by one year, for the complete history
see Maligranda [48].

The Minkowski inequality is due to Minkowski [51] but it seems that the classical
approach to the Minkowski inequality via Holder’s inequality is due to Riesz [58].

The Hardy inequality (Theorem 2.16) appeared in Hardy [26] as a generalization
of a tool to prove a certain theorem of Hilbert.

According to Hardy, Littlewood, and Pélya [30], the Hilbert inequality (Theo-
rem 2.19) was included by Hilbert for p = 2 in his lectures, and it was published by
Weyl [82], the general case p > 1 appeared in Hardy [27].

The Cauchy-Bunyakovsky-Schwarz inequality, which appears in Problem 2.25,
was first proved by Cauchy [6].
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