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Preface

Dynamics of Smart Systems and Structures presents a general overview of smart
material systems and structures. This book represents an effort related to the First
School of Smart Structures in Engineering that was held at UNESP/Ilha Solteira—
SP, Brazil, November 9—-13, 2014. The event was an initiative of the Committee of
Smart Materials and Structures of the Brazilian Society of Mechanical Sciences
and Engineering (ABCM).

The subject of Smart Materials and Structures in Brazil was related to several
disconnected groups. However, in 2008, Brazilian government decided to sponsor
thematic projects that would be organized to form National Institutes of Science
and Technology. One of these projects is the National Institute for Smart Structures
in Engineering (INCT-EIE) that represents a network that puts together a number of
scientists, engineers, and students working collaboratively on a number of topics
related to smart structures in cooperation with international groups. This initiative
changed the scenario of Smart Structures in Brazil.

Several projects were developed since the beginning of the INCT-EIE activities.
This book is one of them, being prepared thinking on the beginner students and
engineers interested on Smart Material Systems and Structures. The authors hope
that this introductory text may encourage, motivate, and help readers to explore this
challenging interdisciplinary area.

Ilha Solteira, SP, Brazil Vicente Lopes Jr.
Uberlandia, MG, Brazil Valder Steffen Jr.
Rio de Janeiro, RJ, Brazil Marcelo Amorim Savi
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Introduction

Vicente Lopes Jr., Valder Steffen Jr., and Marcelo A. Savi

Nature should be the essential inspiration for researchers and engineers that try to
develop systems and structures. The main inspirational point is certainly the
adaptive behavior that provides the self-regulation ability. Through the history,
human technology is always related to different materials and it is possible to
recognize ages defined by some material invention: stone and metal, for instance.
Recently, smart materials should be identified as the stimulus of a new age.
Basically, smart materials have a coupling between mechanical and nonmechanical
fields that confers the material a special kind of behavior. In this regard, it is
possible to imagine numerous applications due to the coupling of fields that usually
are not connected. The smart material age tries to exploit the idea to construct
systems and structures with adaptive behavior that have the ability to change
properties due to environmental changes and repairing themselves when necessary
(Oliveira and Savi 2013).

Besides the term smart materials, it is also usually employed intelligent, adap-
tive, multifunctional, or active materials. Lagoudas (2008) defined active materials
as a subgroup of multifunctional materials exhibiting sensing and actuation
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capabilities. However, in general, it is possible to use the term smart or intelligent
materials in order to express the materials that present couplings among different
physical fields, and therefore, have adaptive characteristics that can be employed to
adequate themselves to environmental changes.

Nowadays, the most used smart materials are the shape memory alloys, the
piezoelectric materials, the magnetostrictive materials, and the electro- and
magneto-rheological fluids (Oliveira and Savi 2013). These materials have the
ability of changing their shape, stiffness, among other properties, through the
imposition of electrical, electromagnetic, temperature, or stress fields. Variations
of this kind of materials have been created, increasing even more the applicability
of smart materials. In this regard, one could mention the ferromagnetic shape
memory alloys, shape memory polymers, optical activated polymers, and optical
fibers. Besides, it should be highlighted the combination of different kinds of
materials in hybrid composites, promoting a synergistic use of smart materials.
Recently, there is a tendency for the reduction of smart devices to micro- and
nanoscales with the so-called MEMS and NEMS (micro-nano-electronic mechan-
ical systems).

Smart materials are usually employed as sensors and actuators in smart struc-
tures. The choice of proper material for each application depends on many factors
and two design drivers need to be highlighted (Lagoudas 2008): the actuation
energy density and the actuation frequency of the material. In addition, smart
materials can allow systems and structures to monitor their own integrity while
in operation and throughout their lives, in the context of structural health
monitoring—SHM—techniques (Park and Inman 2005).

Shape memory alloys (SMAs) present a mechanical-temperature coupling in
such a way that they have the ability of recover a shape previously defined, when
subjected to an appropriated thermomechanical loading process. When there is a
restriction to the shape recovery, these alloys promote high restitution forces. The
remarkable properties of SMAs are associated with phase transformations respon-
sible for different thermomechanical behaviors of these alloys. Two different
phases are possible in SMAs, namely austenite and martensite. Austenitic phase
is stable at high temperatures and stress-free state presenting a single variant. On the
other hand, martensitic phase is stable at low temperature in a stress-free state,
being related to numerous variants. Phase transformation may be induced either by
stress or by temperature.

Piezoelectric materials present a reciprocal electromechanical coupling and,
once an electrical field is applied, the material exhibits a mechanical deformation;
on the other hand, when the material undergoes a mechanical load, an electrical
potential is generated. This reciprocity enables this kind of material to be used
either as sensors or actuators in smart structures.

Magnetostrictive materials present a coupling between mechanical and magnetic
fields. They can be defined as materials that present a shape change due to an
application of a magnetic field. Magnetostriction was originally identified as a
length change in an iron sample subjected to a magnetic field. This effect became
known as Joule effect, being the most common mechanism employed in
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magnetostrictive actuators. The reverse effect, when a mechanical field causes the
sample magnetization, is known as Villari effect, being usually employed for
Sensors.

Electro-rheological (ER) and magneto-rheological (MR) fluids are known as
controllable fluids. They present a coupling between mechanical and electro or
magneto fields. Therefore, a change in an electro-magneto field causes a change in
mechanical rheological behavior. An ER-MR fluid is a solid suspension that pre-
sents drastic changes in rheological properties due to structural arrangements in the
suspension. Before the application of the electromagnetic field, particles are dis-
tributed in a random way, presenting a Newtonian behavior. The application of the
electromagnetic field causes an orientation of the particles that changes the fluid
viscosity, presenting a nonlinear response.

Dynamics of Smart Systems and Structures presents a general overview of smart
material systems and structures. It is split in three parts: —Fundamentals; 11—
Smart Materials; [II—Applications. In Part —Fundamentals, several concepts of
smart materials are presented. Continuum Mechanics, Wave Motion in Elastic
Structures, Passive and Active Structural Vibration Control, and Nonlinear Dynam-
ics and Chaos are the main subjects presented in the first part of the book. Part II
presents the Smart Materials: Piezoelectric Materials; Shape Memory Alloys;
Electro-Magneto Rheological Materials; and Composite Materials. Part III dis-
cusses some applications. It is discussed Piezoelectric Energy Harvesting;
Impedance-Based Structural Health Monitoring; and Damage Monitoring in
Aircrafts.

This book represents an effort related to the First School of Smart Structures
Engineering that was held in UNESP/Ilha Solteira — SP, Brazil, November 9-13,
2014. All the contributions were prepared thinking on the beginner students and
engineers interested on Smart Material Systems and Structures. The authors hope
that this introductory text may encourage, motivate and help readers to explore the
interdisciplinary area of Smart Material Systems and Structures.
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Continuum Mechanics

Marcelo A. Savi

Abstract This chapter presents an introduction of the fundamentals of continuum
mechanics. It starts with a revision of tensor analysis that discusses the definition of
tensor and coordinate transformations. In the sequence, continuum motion is treated
discussing the kinematics or the geometry of motion. Definitions of strain tensors
are of concern. Material derivative and Reynolds transport theorem is also treated.
Afterward, a discussion about stress is presented presenting the Cauchy principle.
The definition of stress tensors is established presenting Cauchy and Piola-
Kirchhoff tensors. Conservation principles are then analyzed: linear and angular
momentum; mass; and energy. The principle of entropy is also treated. After these
definitions, it is presented a summary of fundamental equations of mechanics,
discussing the importance of constitutive equations. The generalized standard
material approach is discussed as a framework to elaborate constitutive equations
that respect the thermodynamical principles. As examples, it is discussed the
elasticity, elastoplasticity, and also smart materials phenomena as piezoelectricity,
pseudoelasticity, and shape memory effect.

Keywords Continuum mechanics ¢ Tensor analysis ¢ Indicial notation
Thermodynamics ¢ Conservation principle ¢ Constitutive models ¢ Elasticity

1 Introduction

Mechanics is the science that treats motions and forces, establishing the relations
between them. In brief, it is possible to imagine that a body is subjected to external
effects that can arise from different sources as forces, movements, interactions with
other bodies, gravitational forces, chemical interactions, electromagnetic effects,
thermal changes, among other possibilities.
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Molecules and atoms compose the matter structure and the description of the
interactions among them can define the mechanical description of motions and
forces. Although appropriate, this point of view has the inconvenience of the huge
number of equations to be treated. An alternative approach is to discard the
atomistic structure of the matter, representing the physical phenomena by using a
macroscopic point of view. This is the main idea of continuum mechanics that is
limited to situations where the smallest characteristic length is much larger than the
size of an atom.

The study of continuum mechanics implies the use of tensor quantities and,
because of that, it is important to have a background in tensor analysis. Continuum
mechanics can be presented by introducing motion, treating the geometry of the
movement, and forces that causes this motion. The conservation principles are the
essential part of the mechanics defining the laws of nature. The mechanical problem
is a well-posed system if constitutive equations are stated. They are built upon the
main features of material behavior, establishing a connection among mechanical
quantities based on experimental macroscopic observations.

This chapter presents a general overview of the fundamentals of continuum
mechanics. The following references are employed: Borisneko and Tarapov (1968),
Crandall et al. (1978), Currie (1974), Ertuk and Inman (2011), Eringen (1967),
Fung (1965, 1969), Germain (1962), Gurtin (1981), Malvern (1969), Mase (1970),
Reddy (2013), Shames (1992), Sokolnikoff (1956, 1964), Timoshenko and Goodier
(1970), Valanis (1972), Ziegler (1977). Initially, it presents a brief overview of
tensor analysis, presenting the index notation. The basic notion of motion is then
presented, introducing the idea of deformation and strain tensors, material deriva-
tive and Reynolds transport theorem. Afterward, the influence of external forces is
discussed introducing the concept of stress, presenting different representations.
The conservation principles of mechanics are then discussed: linear and angular
momenta, mass and energy conservations. The entropy principle is also discussed
presenting the second law of thermodynamics. The necessity of the use of consti-
tutive equations is presented and an approach to obtain these equations is shown.
Some examples of constitutive models are treated: elasticity, elastoplasticity, pie-
zoelectricity, pseudoelasticity and shape memory effect.

2 Tensor Analysis

Physical entities have different aspects and their mathematical representation needs
to reflect their main characteristics. In this regard, an observation of some common
mechanical systems allows one to identify scalar and vector quantities. Mass and
temperature are typical scalar quantities while force and velocity are typical vector
quantities. Observing carefully, it is possible to find other quantities that need a
more complex representation. A generalization of physical quantities representa-
tion involves the definition of tensors. This generalization defines scalars as zero-
order tensors, an entity that needs 1 = 3° components to be represented; vectors are
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Fig. 1 Cartesian frame

X3

first-order tensors, an entity that needs 3 = 3! components to be represented; and so
on. Hence, an N-order tensor is an entity that needs 3" components to be
represented. Tensor may be understood as a mathematical entity that represents
all kinds of physical quantities. In mathematical point of view, its definition is
related to the algebra that represents a generalization of scalar and vector algebra.

The nature description usually needs the definition of a coordinate system in a
chosen frame. Besides, nature laws should be independent of the choice of a
coordinate system. Cartesian coordinate frame is probably the most common
reference frame, being close related to our physical intuition. The main idea is to
represent a point in an N-dimensional space by a set of N numbers. In the usual 3D
(3-dimensional) space, the representation corresponds to (xy, X, x3). This represen-
tation is similar to consider a position vector, X, that can be described by using a
Cartesian basis (Fig. 1):

X = (Xl,XZ,X3) = X1€1 + x2€2 + x3€3 (1)

where e, e,, and e; are the basis vectors.

This equation suggests different ways to represent a tensor quantity. Symbolic
representation is related to symbols that describe the tensor and all its operations. In
this example, x is a symbolic representation of the vector. On the other hand, it is
possible to represent the vector by its components, x;. In this case, it is implicit that
index i varies from 2.1 to 2.3.

Index notation establishes a compact way to deal with tensor calculus. Summa-
tion convention is a usual way to facilitate the representation of all tensor opera-
tions. Essentially, this convention establishes that the repetition of an index denotes
a summation with respect to that index over its range (1, 2, 3 in 3D space). An index
that is summed is called dummy index. The one that is not summed is called free
index. Under this assumption, the vector representation is the following:

X = Xx;€; (2)

.. . 3
Note that this is equivalent to: x;e; = Zii | Xiei.
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Since a dummy index just indicates summation, it does not matter what symbol
is used. Therefore,

X = Xi€ = X; € = Xj€; (3)

An important point should be highlighted in terms of summation convention. It
is not possible to use more than two dummy indexes since it implies an inconsistent
representation.

An N-order tensor can be represented as A in symbolic notation or as follows,
using N indexes:

A=Ay 4)

It should be pointed out that a tensor is an abstract object whose properties are
independent of reference frame used to describe the object. A tensor is represented
by its components and therefore, there is a transformation law that connects
different frames.

All tensors operations can be represented by the use of index notation. Never-
theless, it is important to define some tensors that help this representation.

2.1 Kronecker Delta Tensor

Kronecker delta is a second-order tensor equivalent to the identity matrix, being
defined as follows:

L ifi=;

51?1’{0, it 127 ®)

An important characteristic of the Kronecker delta is to represent the scalar
product of a Cartesian basis vectors:

€ e =0 (6)

In this regard, observe that the scalar product between two vectors is given by:

u-v=ue;- vjej = U;vj (e,» . e,) = M,‘VJ‘(S,:,‘ = U;Vv; (7)

Here it is important to highlight a special characteristic of the Kronecker delta
tensor—the index change. Since when i#j its value vanishes, it is possible to
neglect all possibilities different from i = in the summation. This is equivalent to
change the index.
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2.2 Permutation Tensor

Permutation tensor is a third-order tensor defined as follows:

0, if there are any equal indexes (112, 121, 233, ...)
& = § +1, foreven permutation (123, 312, 231, ...) (8)
—1, for odd permutation (132, 321, 213, ...)

An important characteristic of the permutation tensor is to represent the vector
product of Cartesian basis vectors:

€ X e = flj/kek (9>
In this regard, observe that the vector product between two vectors is given by:
U XV=ue Xve = u,-vj(ei X ej) = §,jkuivjek (10)

The £-0 identity establishes a relationship between the permutation symbol and
the Kronecker delta:

Emigbitg = Omidik — Omidij (11)

2.3 Coordinate Transformations

Since a physical quantity, as a velocity, is an intrinsic property of the body, it needs
to present an invariance related to reference frame. Nevertheless, its representation
is dependent of this frame. Therefore, it is important to map the variation between
them, defining a proper relationship. In this regard, consider a vector quantity
represented by v=v;. Two different frames are employed to describe this vector:
original, X;, and new, x;. Figure 2 shows this situation presenting a vector v and two
reference frames.
The representation of the vector can be done as follows:

v = V,E; (original frame) (12)
v =v,e; (new frame) (13)
Since the vector is the same, it is possible to write

V= V,'Ei = V;€; (14)
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Fig. 2 Vector
representation in different
frames

X
e
X; X3
Performing a scalar product with E;:
VE;-E; =v;e; - E; (15)
Since the following expressions are valid,
E -E =4 (16)
e-E; =0, = cos (e, E;) (17)
the transformation from the new to the original frame is given by
V= Q,vi (18)

The inverse transformation, from the original to the new frame, can be obtained
in an analogous way by performing the scalar product of e;:

VE: - e = vie; - ¢ (19)
since,
€ -e =0 (20)
E; e = cos (E;,¢) = 0; (21)
the transformation is given by
vi =0V (22)

Note that, transformation matrices define both operations, being formed by the
angles between both frames. Since orthogonal systems are adopted, the inverse is
related to the transpose of the transformation matrices. Figure 3 illustrates the
transformation between two reference frames.
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v;=0;V,
v=QV

v=Q'v
V/.=Q..V.

i

Fig. 3 Transformation between two reference frames

Similar transformations can be defined for higher order tensors. By considering
that a second-order tensor is built from vectors, it is possible to write:

C,‘j = A,'Bj = al-bj (23)

Since,

A; = 0y,
Bj Qmjbm

the transformation of the second-order tensor is then given by:
Cyj= (Qkiak)(Qmjbm) = QkiQmj(akbm) = Qk;Qijkm (25)
The generalization for a N-order tensor is automatic:

Cljk = Qijan()k -+ Cono.. (26)

3 Motion

The kinematics analysis is related to the geometry of the motion being an essential
part of the mechanical modeling. In this regard, consider a continuum body that
evolves from an original, initial, or reference configuration to new positions due to
the action of some external stimulus. This stimulus does not matter in the geomet-
rical analysis. In order to map the continuum evolution, it is necessary to establish
the relationship between its initial and subsequent states. Two frames are consid-
ered for this aim (Fig. 4): original or initial and deformed configurations.

In general, the motion can be split into rigid body (translation and rotation) and
local strain that represent the relative motion. In order to map the body evolution,
consider the position of two points in the original configuration at 3, A and B, that
evolves to the deformed configuration at instant 7, being represented by A’ and B'.
It should be pointed out that reference frame has an important aspect in the
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X

X;
3 t=t, t=1

Fig. 4 Continuum motion

description. It is possible to use either original (X;) or deformed (x;) frames to
describe each quantity involved. Besides, two descriptions are possible: material or
Lagrangian description; and spatial or Eulerian description.

Material or Lagrangian description is essentially based on material points and
therefore assumes that initial state is known. The idea is to map a general position of
a specific material point from its initial position:

X :X,'(X,',l) (27)

On the other hand, spatial or Eulerian description is essentially based on a
specific location. Hence, a position is known, and one needs to map the initial
configuration of this spatial point. Note that the spatial description is, in general,
related to different material points at different times.

X; ZX,'(X,',I) (28)

Motion analysis maps the deformed configuration from the original one (or vice-
versa) and the description of the segments dX; and dx; allows one to evaluate how
the motion evolves. The evaluation of this evolution implies the definition of the
material deformation gradient, F .

_

dx,‘ = aXdX, = F,:,‘de (29)
J
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Similar definition is established for the spatial deformation gradient, Hj:

0X;
dX; = = —dx; = Hydx; (30)
J

Note that these tensors define the mapping between the two configurations, and
therefore one is the inverse of the other:

8x,~ an o

FyHy; :a_xkﬁ_ ij
j

(31)

The Jacobian of the transformation is defined as the determinant of the material
deformation gradient, Fj:

8x1 aXQ 8x3

(32)

The Jacobian establishes a relationship between original and deformed volumes.
dv=Jdv (33)

Based on these definitions, it is possible to establish a proper motion description
and the definition of deformation and strain are essential. A metric should be used
for this aim. Here, two possible situations are treated and each one of them can be
described using either the original or the deformed frame. Another important aspect
related to the motion description is the definition of the displacement vector:

Uy = X; — X,’ (34)
The definitions of the displacement gradients are given by the following

expressions, being respectively presented with respect to original and deformed
configurations:

au,- o aX,‘ 5X, o
vxll:aixjfaxj*aixj*FU*(SU (35)
v au[ o 5xi 8X,» _ 51:/ —H,‘j (36)

W= 90X, T ox, T ox,

3.1 Deformation Tensors

Deformation tensors can be defined from a specific metric. In essence, consider the
vector dX; and dx; that has, respectively, the magnitudes dS and ds. It is convenient
to establish the following definitions:
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dS* = dXpdXy = HuHdxidx; = cdxidx; (37)
ds* = dxydx; = FFidX;dX; = CydXdX; (38)
Based on these metrics, two deformation tensors are defined:
Cij = FiFy; Green’s deformation tensor (39)
cij = HiHy;  Cauchy’s deformation tensor (40)

The displacement vector can be employed to rewrite these tensors as follows:

R Ouy _ Ouy _ ~ Ou;  Ouj  Oug Ouy )
o rur= (G o) (550 00) =55+ o o ot @0

cij = Huly = <5ki - %) (5 %> =8 — Q9 | O O (42)

ax,- ki an an axi ax,- 5—xj

3.2 Strain Tensors

In an analogous way, strain tensors can be defined by using a different metric.
ds* — dS* = dx;dx; — dX;dX; = (Cyj — 8;)dX;dX; = 2E;dX;dX; ~ (43)
ds* — dS* = dxidx; — dX;dX; = (8; — c;j)dxidx; = 2e;dx;dx; (44)
Based on these metrics, two strain tensors are defined:
2E; = Cjj — 6; Lagrange’s strain tensor (45)
2e;; = 6; — ¢;j Euler’s deformation tensor (46)

Once again, the displacement vector can be employed to rewrite the strain
tensors as follows:

1 (Ou; | Ouj = Ouy Ouy
Ei=3 (axj ax T ax, a_x> (47)

. _1 aui auj auk 8uk
i = E <5xj + ax,- B ax,- 5—xj> (48)
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3.3 Infinitesimal Strain Tensors

A usual approximation in terms of strain description is the infinitesimal strains.
Basically, two essential simplifications are adopted for this aim. The first one is
related to the fact that both configurations (original and deformed) are the same.
Hence, X; and x; are the same, being represented by x;. Besides, the nonlinear terms
of the strain definitions are neglected. Hence, the following definitions can be
presented for the infinitesimal Lagrange-Euler tensor:

& A 1 au,’ auj
E,‘j = e,-j = 5 (a—xj + a—XI) (49)

While the infinitesimal Green and Cauchy’s tensors are given by:

~ au,‘ au]

Cij= _an + —aXi + 6 (50)
A 5u,~ auj

G =0~ e T (51)

An intuitive form of understanding the consequences of the infinitesimal strain
simplification is observing that the displacement gradient, a second-order tensor,
can be written as a combination of a symmetric and an anti-symmetric tensor:

Ouj 1 (0u; Ou; 1 /(Ou Ow\ . .
oy 2 (ax_/‘ i ax,») "2 (ax_/ - 5)@) ~ Bt 52)

where @;; is an anti-symmetric tensor related to rotation. Since,

ou, - )
a—; = Eijj — @ (53)

the Lagrange’s strain tensor can be written in terms of the infinitesimal strains as
follows:

1. . . .
Eyj =5 [(Ey + o) + (B — ) + (i + ) (B + dy)] (54)
which results to,
AR I .
Eyj = Ej + 3 [Eubly + Bt + By + dudy] (55)

Based on that, E;; = E; if there are infinitesimal strains and rotations.



18 M.A. Savi
3.4 Principal Strains

All tensors obey the coordinate transformation defined in the previous section. Since
strain tensors are second-order tensors, their transformation are represented by:

&5 = QuQjnim (56)

where the symbol s;j represents any strain or deformation tensor at a general

configuration while g, is the same tensor in the initial configuration. There is a
special transformation that has as characteristic that the strain vector is aligned with
the normal vector. This situation is investigated from the eigenvalue problem.
Figure 5 shows a geometrical interpretation of an eigenvalue problem that governs
this situation. Note that in 2D space, there are two possible situations for the
alignment state.

(€5 — Ai)nj =0 (57)
The eigenvalue problem is a search for non-trivial situations, established by:
det(s,jf - /16,3) =0
This situation establishes the characteristic polynomial:
B I +1.4—1I, =0 (58)

where I, I, IIl,. are the tensor invariants that are unchanged under coordinate
transformation, defined as follows:

Fig. 5 Geometrical
interpretation of the
eigenvalue problem
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I, =g

e = E(e,-,-e,-,- — €j€ji) (59)
11, = §jerierjes = det(e)

3.5 Material Derivative and Reynolds Transport Theorem

The physical definition of time derivative is essentially related to the material or
Lagrangian description since the time limit of a certain quantity is evaluated at a
specific X, being related to the same material point. This is different to evaluate the
limit at a spatial point x, since distinct material points are at this point at different
times. In this regard, it is essential to establish a proper definition of time derivative
that is called material derivative. Let ¢ = ¢(f) be a function of time. Its time
derivative is, by definition:

Dy Q¢

Dt Ot (60)

X

which is essentially related to a material description. Nevertheless, by considering
spatial description, the time derivative consists of two parts: the local change and
the change due to the particle motion. This can be evaluated by considering the
chain rule as follows:

Dy O¢ Jp Ox; _Op  Og
TR R T T TR T (61)

Note that the first term is a local or spatial derivative while the second term is the
convective derivative, since v; = 0x;/0t is the velocity. This term allows one to
follow the particle, establishing a proper definition of the time derivative.

Consider a quantity @ that is represented by its specific value ¢ in such a way
that:

D= J pdv (62)
14
The material derivative of this quantity is given by:
Do D D Dy = DJ
—— = dv | = — JdV ) = —J+—¢|dV 63
Dt Dt <Jv(p U> Dt (J\/(p ) Jv(Dt "D (p) (©)

v the following expression is obtained, being known as the Reynolds

since 7y = J o

transport theorem:
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D B Do ov;
Di (quadu) = JV (E + @ axf) do (64)

By using the definition of material derivative, it is possible to rewrite this

equation as follows:
D B op 0O
pi o) =], (G gt o )

4 Stress

The geometry of the continuum motion was mainly discussed until this moment.
Now, a different perspective is investigated incorporating the forces that are
causing this motion. Basically, contact and body forces can be imagined. Consider
a continuum subjected to external forces, f*” (Fig. 6). It is important to consider a
portion of the continuum body, defined by an arbitrary volume V, surrounded by an
area A. As a consequence, forces are transmitted from one portion to another
establishing an interaction between internal and external portions.

Hence, consider an arbitrary area that defines two portions. The interaction
between them occurs at area A, defined by the unit normal vector, n;. Then, a
generic point P of an area element AA of A is subjected to a resultant force Af;. The
average of the force per unit of area is given by Af;/AA. The Cauchy’s stress
principle establishes that this average tends to a value at P when the area AA tends
to zero. Based on that, the stress vector #; at P is defined as follows:

Y

t; = lim
AA—0 AA

(66)

At point P, there is a vector ¢; associated with a normal vector n;, t; = t;(n;). Since
there are an infinite number of possibilities of the normal vector, there are an infinite

‘”

£

@
@ f

Fig. 6 Continuum media subjected to external forces
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Fig. 8 State of stress

number of stress vector at this point. The totality of possibilities defines a stress
state that can be completely defined by three normal vectors, evaluated in linear
independent directions (Fig. 7). This is equivalent to enclose the point P inside a
cubic element (Fig. 8). The projections of each stress vector define the Cauchy’s
stress tensor.

oij = ti(e)e; (67)

4.1 Coordinate Transformations

Once the stress state is defined from three different stress vectors, any vector is
known by considering coordinate transformations. Hence, consider an arbitrary
area, expressed by a normal vector, which defines a tetrahedron that encloses the
specific point where the stress state is considered (Fig. 9). By performing the
summation of each direction yields to:
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Fig. 9 Arbitrary stress N
2
vector
t
033
031
o3 n
032
On o
23
Oi2 / X
031
O
X3
t;idA = GjidAj (68)

since dA; = n;dAit is possible to establish a relationship between the stress vector at
an arbitrary area and the stress tensor, known as Cauchy’s stress formula:

li = ojin; (69)

4.2 Principal Stress

Since the stress tensor is a second-order tensor, its coordinate change is similar to
the one presented for strain tensor. Therefore, similar analysis can be done in terms
of principal stress that are defined by the eigenvalue problem,

((FU — /15,1) nj = 0 (70)
which establishes the characteristic polynomial,

P =122+ 1,41, =0 (71)

where 1,11, 111, are the stress invariants.

4.3 Piola-Kirchhoff Tensors

The Cauchy’s stress tensor treated until now considers that both the normal vector
and the area are evaluated in the deformed configuration. This is a particular
situation that can be conveniently changed when necessary. Hence, consider a
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Fig. 10 Different representations of the stress vector

force f; that can be expressed in terms of the stress vector either of the deformed
configuration or of the undeformed configuration. Figure 10 shows this idea con-
sidering two different configurations and the definition of stress vectors at both
configurations.

Based on that, it is possible to write:

fi=tda=TdA (72)

Each of the stress vectors can be related to stress tensors as follows:
1 = ojin; (73)
T; = S;N; (74)

where a new stress tensor S_Aji, known as the first Piola-Kirchhoff tensor, is defined
from the normal vector at the undeformed configuration. On this basis, it is possible
to write:

Gﬁl’ljd(l = S,'ijdA (75)

Since the relation between areas is given by: njda = JH;jNdA
It follows that:

(0jil Hy; — Sijdi;)NkdA = 0 (76)
and the first Piola-Kirchhoff stress tensor is given by

S =JouHj (77)



24 M.A. Savi

Hence, this tensor is defined at the undeformed configuration from a force at the
deformed configuration, having mixture characteristics. In order to use a force at the
undeformed configuration, an extra coordinate transformation can be done, defining
the second Piola-Kirchhoff stress tensor,

St = HpiSti = JH yioiH (78)

5 Conservation Principles

The conservation principles of mechanics involve laws that govern the general
interaction between forces and motions, representing the nature laws. In essence,
these principles are:

. Conservation of linear momentum

. Conservation of angular momentum
. Conservation of mass

. Conservation of energy

B W N —

The conservation of linear momentum is the Newton’s second law while the
conservation of energy is the first law of thermodynamics. To these principles, it is
important to add the principle of entropy, associated with the second law of
thermodynamics, in order to obtain a proper description of mechanical processes.
The following sections present these conservation laws.

5.1 Conservation of Linear Momentum

The conservation of linear momentum establishes the balance between linear
momentum and external forces acting in a body represented by surface, ¢;, and
body, b;, forces. The Newton'’s second law can be written as follows:

D
E(Gi) =T;+B,; (79)

where

G; = J pvido Linear momentum
v

T; :J t;da Surface force
A
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B; :J bidv Body forces
v
Using the integral form, the Newton’s second law is written as follows:
D
— | pvidv = | tida+ | bidv (80)
Dt )y A v

The divergence theorem can be evoked in order to transform the area integral
into volume integral,

00
tida = J oinida = J ! dv 81
J ida = | cmaa= | 52 (81)

Based on that, the conservation principle is given by:

aﬁji .. -
Jv [ o +b; — pu,-] dv=0 (82)

The local form of the linear momentum conservation establishes that the prin-
ciple is valid for arbitrarily small neighborhood, being written as follows:

anl‘

5xj

+ b — pll;li =0 (83)

5.2 Conservation of Angular Momentum

The conservation of angular momentum establishes the balance between angular
momentum and external moments acting in a body. From the second Newton’s law,
it is possible to write the following equation where p is the position vector with
respect to a specific point O.

D
pr(G):pr—i—pr (84)
In this regard, it is important to define the angular momentum as follows:

E? = J plixivido = J p X pvdv Angular momentum
v 4
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The balance of angular momentum and external forces are given by:
|, apiao = | gunnda + | gosbudo (85)
14 A 14

The divergence theorem is evoked in order to transform the area integral into
volume integral:

0
J .fljkxjtkda = J Zj,-jkxjamknmda = J I (El:/kxjamk)du
A A v OXpy

(86)
Ox; 80,,,k a‘7mk
= J e om S ao= [ on + i o
Based on that, the conservation principle is given by:
aG,nk .
SOt + EinX; I b — piiy | |do =0 (87)
Vv Xm

This equation contains the conservation of linear momentum. Therefore, the
conservation of angular momentum establishes the balance of moments:

J éijko-jk dv = 0 (88)
|4

The local form of the conservation of angular momentum establishes that:
Siwojk =0 (89)
which means that the Cauchy’s tensor is symmetric:
Cj = Oy (90)
Note that other stress tensors cannot be considered symmetric by definition. By

observing the Piola-Kirchhoff tensors, for instance, it is possible to observe that the
second tensor is symmetric but the first is not.

5.3 Conservation of Mass

The conservation of mass establishes that the mass of a body, m, is unchanged
during the motion. This principle may be expressed by the material derivative as
follows:

o (m) =0 (91)
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where the mass is defined from the material density:

m= J pdv
14
Using an integral equation,
D
— | pdo=0
Dt J S

This implies a direct application of the Reynolds transport theorem,

2() - o

The local form of the mass conservation establishes that:

op 0

E‘i‘ ox; (pvi) =0

5.4 Conservation of Energy

27

(94)

The energy conservation is related to the first law of thermodynamics that estab-
lishes that the rate of change of body energy needs to balance with the rate of
external work and all other energies that enter or leave the body. In general,
assuming that K is the kinetic energy, U is the internal energy, W is the rate of
work (power) of external forces, QO is the heat flux, and R is the rate of heat

generation, the following balance should be established:

D

K+U)=W R
oy K+U)=W+0+

By defining the energy quantities as integral expressions,

K = J Ev,-v,-dv Kinetic energy
v2

U= J pddv Internal energy
14

w :J tivida —|—J bividv Power of external forces
A 14

(95)

©7)

(98)
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0= —J gnida Heat flux (99)
A

R = J prdv Heat generation (100)
v

Using these expressions on the first law of thermodynamics,

D iVi
7J p(vV + S)dv = —J gnida +J t;vidaj bivivarJ prdv (101)
Dt], \ 2 A N y ¥

The left hand of the equation implies the use of the Reynolds transport theorem:

%va(v’; n g)du _ JV { g(vizw n &) + (vizw + 8) (% +p g;)} dv (102)

Since the last term is related to the conservation of mass (needs to vanish), this
equation is reduced to:

l%L/p(%—F&)dU = vag (%4‘19)!11) (103)

The area integrals need to be transformed into volume integrals with the aid of
the divergence theorem. Hence,

0q;

— s da = — tdo 104
JAq Jv 0x; ( )

a ivVi
J tivida = J Uj,‘l’l,‘V,‘dCl = J (O'/ )dl) (105)

A A v 0x;

The energy conservation is then rewritten as:

D /vy 0q; 0 (ajvj)
— (M 19) Sy — =T el dp =0 106
JV |:pr< 2 + + 8xl~ i ax,‘ p’:l v ( )

The local form of the conservation of energy is then given by:

aql‘
ax,-

D v Vi
Po; (%—!-19) +=——byvi——5———pr=0 (107)
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Since,
D /v, D3 Dv;
o (Y &) i il 108
th<2+ th+‘0<v Dt> (108)
5 (oj,-vj) aaj,- an
= ot 109
Ox; o0x; Vit i Ox; (109)

the equation can be rewritten and, using the conservation of linear momentum, the
new version of the local form of the energy equation is obtained:

D3 0q; ov;
- __% i . 110
P Dt 5x,~ + oy 8x,~ o ( )

The second-order tensor related to the velocity gradient may be written as a
combination of a symmetric and an anti-symmetric tensors:

aV,'
—=D;;+ ;=0 111
=Dyt 2y (1)
where
1/0v; Ov;
D, = L%, % 12
T2 <axj " 8x,-> (112)
1 /0v; Ov;
Q= (202l 113
J 2 <8xj ax,-) ( )
Under this assumption,
ov;
oji = a—x] = 0jiDji + 0;i2j; = 0D (114)

since 6;;£2;; = 0 due to the fact that it represents a product between a symmetric and
an anti-symmetric tensors.

Hence, the conservation of energy or the first law of thermodynamics has the
following form:

Dd _ %4

,OE = "3 +o;iDj; + pr (115)
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5.5 Principle of Entropy

The principle of entropy introduces the idea of the irreversibility of thermodynam-
ical processes. This is established by the second law of thermodynamics with the
objective to properly describe the natural processes that obey the first law, but do
not occur in nature. In essence, the second law of thermodynamics states that
entropy is always greater than or equal to zero. This is expressed by an expression
that computes the variation of entropy and the interactions with the neighborhood.
The sum of all terms should be always greater than or equal to zero:

D

58 +E>0 (116)

where S is the entropy and Z is the entropy input rate that defines the interactions
with the neighborhood. The description of this law implies the following
definitions:

S = J psdv  Entropy
4

g = J 'ﬂdv f‘[ &n,-da Entropy input rate
v T aT

Using these expressions, an integral expression is obtained:

D

a; pr
— dv— | —=nd —dv >0 117
DlvaS ! LTn a+JvT = (17)

Using the Reynolds transport theorem in the first integral together with the mass

conservation:
D D(ps) ov;
- dv =
Dt vas v JV |: Dt * ps axl‘

The divergence theorem is applied in the second integral, transforming area into
volume integral:

Ds
}dv—‘[‘/padu (118)

4% . _ [ 9 (4
L;n,da = JV X, (T>du (119)

Under these considerations, an expression for the second law of thermodynamics
is obtained:
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Ds 0 (q)\ pr
JV [”E ta(F) - ?} dv 20 (120)

The local form of the second law of thermodynamics is known as the Clausius-
Duhem inequality:

Ds 0 gy pr
—+—(Z)-%=>0 121
th+axi<T) T (121)
By considering that:
0 (q,-) ~10q; 1 0T 1 [0g, (122)
o \T) “Tox, 1770w T\oxn U8
where g, = —4 2L
8 = 7T o
It follows that:
Ds  0g;
PT = = 48 —pr=0 (123)

Since the first law of thermodynamics is given by:

0q; 0
o T —/)E‘f“’ijDij (124)
The second law is rewritten as follows:
UUD,/+/)(TY 719) *q,g,ZO (125)

By defining the Helmholtz free energy density, ¥ = & — T, the second law is
rewritten as

6;iDji +p(¥ +Ts) —qg; >0 (126)

Similar consideration can be done by the definition of the Gibbs free energy
density, I’ =39 — /l)a,-je,-j — pT, resulting in the following form of the inequality:

O.'ijf',:,‘—p(f‘ +ST) — 4q;8; >0 (127)
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5.6 Summary of the Fundamental Equations

Based on the presentation of the conservation principles, it is possible to present the
following summary of the essential laws of mechanics.

Conservation of linear momentum: % + b; — pit; =0
]

Conservation of angular momentum: o, = oy;
Conservation of mass: % 4 % (pvi) =0
Conservation of energy: p%—f = — % + 0Dy + pr

Second law of thermodynamics: ¢;;D;; + p(Ts' = 19) —-q,8 >0

The external forces that cause the motion of a continuum body are related to
several sources. They can be mechanical, electrical, magnetic, among other possi-
bilities. Therefore, it is important to understand that the conservation principles
have multiphysic characteristics. In this regard, some couplings between usually
independent fields are necessary for a general description. Additional conservation
laws should also be necessary in these cases. The conservation of electrical charge
is an illustrative example. This is of special interest in terms of smart materials that
have as an essential property the coupling between different fields.

Note that the fundamental principles furnish a set of 11 equations and 1 inequal-
ity that are related to 21 unknown variables. Therefore, there is a need of six extra
equations in order to have a well-posed system. This is furnished by constitutive
equations that establish a connection between unknown variables of the mechanical
problem.

6 Constitutive Equations

Constitutive equations are mathematical models that describe the main features of
the material behavior, establishing a connection among mechanical quantities. In
general, they are idealized models based on experimental macroscopic observa-
tions. The formulation of constitutive equations should follow some cares in order
to avoid inconsistent description. Admissibility and objectivity are some special
aspects that need to be observed. Admissibility establishes that constitutive equa-
tions must be consistent with fundamental principles. Objectivity defines conditions
where the equations must be invariant through rigid motion of the reference frame.

The elaboration of constitutive equations should follow a proper formalism
avoiding inconsistent equations that, for instances, disrespect the fundamental
principles of mechanics. An interesting procedure is the framework of continuum
mechanics employing the generalized standard material approach (Lemaitre and
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Chaboche 1990). On this basis, the thermomechanical behavior of a continuum may
be modeled from a free energy density (Helmholtz free energy, ¥, or Gibbs free
energy, I') and the pseudo-potential of dissipation, @, in order to satisfy the second
law of thermodynamics. A brief discussion about this procedure is now presented.
Consider the Clausius-Duhem inequality, assuming that D;; = &;:

Gil'éfj —p(y.’ +ST) — 4;8; >0 (128)

Stress and strain tensors should be energetically conjugated, meaning that their
product defines energy. Hence, it is convenient to use description in the same frame.

As a first hypothesis concerning the constitutive modeling, it is assumed that the
Helmbholtz free energy density is a function of a finite set of variables:

¥ =¥(e;,T,B) (129)
where f represents a set of internal variables. Since ¥ = aé ¥ ¢ i +2 aT T + %—’g ﬂ , the
Clausius-Duhem inequality is rewritten as follows:

o¥ oV .. oY .
(‘71/ Pa > (S‘f'ﬁ)T _Pa_ﬂﬂ -8 =0 (130)

This form motivates the following definitions of the thermodynamical forces:
(131)

In order to describe irreversible processes, complementary laws are defined from
a pseudo-potential of dissipation that is a function of internal variables:

The thermodynamical formalism establishes thermodynamics fluxes as follows
(Lemaitre and Chaboche 1990):

_ 0 0, 0 00

oy = a—SU, :ﬁy S :_a_T.; gi__a_q,- (133)

Alternatively, these thermodynamic fluxes may be obtained from the dual of the
potential of dissipation <15*(0 B, g;) allowing the definitions:
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0" 0P 0"
S - . g =_— 134
811 aalll ’ ﬂ aB 5 di agl ( )
where e{/ is the inelastic strain.
On this basis, a complete set of constitutive equations is defined:
oY 09
6i= po—+——o 135
7 P agii aeii ( )
oY oo
B=—p=—=— 136
Ty (136)
oY 0o
S=—5——— 137
oD
gi=—= 138
0q; (138)

In general, if the pseudo-potential @ is a positive convex function that vanishes
at the origin, the Clausius-Duhem inequality is automatically satisfied.

The description of thermomechanical couplings must consider the energy con-
servation equation given by the first law of thermodynamics:

. g, .
pY =0 — o4 _ pTs — pTs (139)
ij€i axi
By considering a single point description, spatial variations are neglected.
Besides, a convection boundary condition is assumed. Therefore, the first law of
thermodynamics has the following form:

. . [0y
pe,T = —h(T — To) + o + Bf + T[ﬂ (eJ i ’)

OB ;
(i) 58| w0

T

where ¢, is the specific heat at constant pressure, / is the convection coefficient, and
T » is the environmental temperature. The first term on the equation right side is the
convection term whereas the others are associated with the thermomechanical
couplings.

The following sections present basic examples of constitutive equations:
elasticity and elastoplasticity. Afterward, piezoelectricity and pseudoelasticity are
treated showing examples of smart materials constitutive relations.
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6.1 Elasticity

Elastic materials are characterized by reversibility where all effects finish when the
stimulus is over. In general, elasticity may have linear or nonlinear behaviors. The
general linear constitutive equation for the three-dimensional media establishes that
stress components are built from a linear combination of strain components. This is
equivalent to consider a quadratic energy function, ¥ = %E,-jk,sijsk,, and the pseudo-
potential of dissipation @ vanishes. Therefore,

cij = Ejuey (141)
or in the inverse form,
i = Sijuow (142)

where E;j; is the elastic tensor while S, is the compliance tensor. They are fourth-
order tensors that have 81 components. Due to symmetry reasons, it is possible to
conclude that only 36 components are independent. Therefore, it is possible to
rewrite the equation as follows:

(o) :EU8] (143)
or
Oy En Epn Es Eu Eis Eg €y
oy Ey Exn Ex Ey Ex Ex &y
o: \ _ |Esn Exn Esz En Ess Es € (144)
Tyx Ey Ex Es3 Ey Ess Eg Eyx
Tyx Esy Esy Es3 Esq Ess Esg| | €x
Tyy E¢1 Eeo Ee3 Eea Ees Ees | | €xy

where the indexes are replaced as presented in Table 1.
Since this elastic matrix is symmetric, there are actually 21 independent com-
ponents. This general behavior establishes that normal stress causes normal and

Table 1 Index conversion

11
22
33
23
13
12

NN AW N =~




36 M.A. Savi

shear strains. This is a typical anisotropic behavior where the material presents
different properties for different directions.

By assuming that all material behaviors are the same for all directions, this
general anisotropic behavior is reduced to simpler situations. The simplest case is
the isotropic media where the stress—strain relation is given by:

Ojj = 2/,481:]' + 15,:,'8](1( (145)

where p and A are the Lamé coefficients. Note that there are only two independent
coefficients. The inverse equation is given by

d+y) v

E 0',‘1 Eéijakk (146)

8,'1‘ =

where E and v are the engineering constants, together with G, defined as follows:

E
G =53010 (147)

The relation between the Lamé and engineering coefficients are given by:

_ vE
S (1+y)(1-2w)
E

Note that, the use of elastic constitutive equations together with the fundamental
principles allows one to completely describe an elastic material system.

6.2 Elastoplasticity

Elastoplastic behavior is an inelastic irreversible process promoted by the discor-
dances movements. This kind of behavior occurs for stress levels over critical
values that define the yield surface. There are several idealizations to establish
elastoplastic models. Ideal plasticity is the simplest model where yield stress is the
maximum limit. A more sophisticate model considers hardening effect, meaning
that plastic strains influence the yield surface. The three-dimensional description
usually considers an equivalent stress employed to compare the three-dimensional
state with an equivalent one-dimensional case, obtained from experimental tests. A
one-dimensional version is discussed here.

The elastoplastic model with kinematic and isotropic hardening can be
represented by the model presented in Fig. 11. Kinematic hardening is related to
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Fig. 11 Elastoplastic
model with hardening

the translation of yield surface while isotropic hardening defines the expansion of
this surface due to plastic strains.

A simple one-dimensional constitutive model to describe this behavior is written
considering the following variables: total strain, €, and plastic strain, &P, isotropic
hardening, a, and kinematic hardening, . Hence, the stress—strain relationship is
given by:

c=E(e—¢€") (149)

The evolution equations are described by the following equations:

éP = ysign(o — p) (150)
a = |éP| (151)
p = HéP (152)

where H is a parameter and y represents plastic strain rate.
The yield surface is defined by the function,

h(o,a,p) = |o — p| — (ox + Ka) (153)

where K is the plastic parameter. The irreversibility of the plastic flux is represented
by the constraints,
r=0
vh(o,a,p) =0 (154)
rh(o,a,f) =0 if h(c,a,p) =0

6.3 Piezoelectricity

Piezoelectric materials have a reciprocal electro-mechanical coupling. Hence, once
an electrical field is applied, the material exhibits a mechanical deformation; on the
other hand, when the material undergoes a mechanical load, an electrical potential
is generated.
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The description of the three-dimensional behavior of piezoelectric materials
involves the connection of both electrical and mechanical quantities. Hence,
besides the strain, ¢;, and the stress o, it is necessary to consider the electric
displacement, D;, and the applied field, V;. Therefore, the 3D linear constitutive
equation to describe the direct effect, where mechanical loads generates electrical
field, is given by:

DM = dM[tT[ + EMKV]( (155)

The inverse effect converts electrical field into mechanical energy being
described as follows:

e = Syoy +duiVu (156)

where d;; is the piezoelectric coupling tensor and ¢;; is the permittivity tensor. It is
essential for a proper description to identify the poling direction, perpendicular to
directions 1 and 2. On the other hand, the shear planes are indicated by the
subscripts 4, 5, and 6.

6.4 Pseudoelasticity and Shape Memory Effect

Shape memory alloys (SMAs) present a mechanical-temperature coupling moti-
vated by solid phase transformations. These materials have the ability to recover a
shape previously defined, when subjected to an appropriate thermomechanical
loading process. Besides, they present other phenomena as pseudoelasticity.

The constitutive modeling of SMAs is very complex due to several thermome-
chanical phenomena involved. Among many alternatives, there is a class known as
models with assumed phase transformation kinetics that are popular in the literature
(Lagoudas 2008; Paiva and Savi 2006). The main idea related to these models is to
consider pre-established mathematical functions to describe the phase transforma-
tion kinetics. Here, a one-dimensional version is presented. In this regard, besides
strain, &, and temperature, 7, an internal variable, , is used to represent the
martensitic volume fraction. The constitutive relation between stress and state
variables is considered in the rate form as follows:

6 =Eé —afp — QT (157)

where E represents the elastic modulus, « corresponds to the phase transformation
parameter, and €2 is associated with the thermoelastic expansion. Due to martensitic
transformation non-diffusive nature, the martensitic volume fraction can be
expressed as function of current values of stress and temperature f= f(o,T).
Brinson (1993) proposed a split of this volume fraction into two distinct martensitic
fractions: temperature induced, fr, and stress induced, fis, in such a way that



Continuum Mechanics 39

p = pr+Ps. Moreover, different elastic moduli for austenite, £, and martensite,
E\;, are considered being given by a linear combination such that: E(f)=
Ep+p(Ev — ER).

The kinetics of the Brinson’s model considers that the martensitic transformation
evolution is expressed by:

- .
Bs = % cos {GCRITiO.fCRIT[G — R _ (T _Ms)]} N ZﬁSU
b,
ﬂT_ﬂTg liﬂS(J(ﬁS ﬁSO)
(158)

Both equations hold for: 6SRT + Cy(T — M) < 6 < of®T + Cu(T — M) and
T>M,.
For T < M, and GSCRIT <o < O'fCRIT, the martensitic transformation is given by

1 —ps 4 CRIT 1+ fs
ﬁS = ) - cos |:6CRIT _ CRIT (6 — O¢ ) + 2 .
s f (159)

Pr = Pr, — 1 [jT;S (Bs — Bs,) + At

else : 0
The reverse transformation holds for Ca (T — A¢) < 0 < Cao(T — As) and T > A,

being defined as:
Bs —%{cos {aA(T—AS _Ci>] + 1}
A (160)

ﬂT:%{COS {aA(T—AS—Ci[)] —|—1}

where ay and a, are material coefficients. g, and fiy, represent, respectively, the
stress induced and the temperature induced martensitic volume fractions immedi-
ately before transformations begin.

-5 .
where A1 = {Tn‘{cos[aM(T—Mf)]—i—l} if Mi<T <M and T <To
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Wave Motion in Elastic Structures

M.J. Brennan, B. Tang, and F.C.L. Almeida

Abstract Describing the dynamic behaviour of structures in terms of waves is
particularly useful when high frequency vibration is of interest. This is the case in
active and passive vibration control, and in structural health monitoring. In this
chapter, the concept of wave motion is introduced and different types of waves are
discussed, namely waves in a string, a rod and a beam. Using the wavenumber, the
phenomenon of dispersion is introduced as is phase and group velocity, and cut-off.
The emphasis is on the physical concepts rather than mathematics, and to this end,
the majority of the chapter concentrates on one-dimensional uniform structures.

Keywords Wave motion ¢ Strings ¢ Rods * Beams ¢ Wavenumber ¢ Phase
velocity ¢ Group velocity » Cut-off frequency « Dispersion

1 Introduction

Although many mechanical engineers are familiar with the concept of natural
frequencies and mode-shapes of structures, very few are familiar with the basic
concepts of wave motion. This is probably because most mechanical engineering
courses start with static analysis and then move on to dynamic analysis, which leads
on naturally to the concept of a finite number of natural frequencies and accompa-
nying mode-shapes. At a high frequency, which is when the dimension of a
structure, or part of a structure, is smaller than a structural wavelength, then it
can be helpful to think about the structure in terms of waves rather than modes.
Indeed, in a structure it is a wave that propagates vibrational energy from one part
of a structure to another.
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This chapter aims to give an overview of some of the important aspects of
structural wave motion. It is not possible in one chapter to give a comprehensive
treatment of all types of wave motion, which may be found in complete books on
the subject, for example Cremer et al. (2005), Graff (1975), and Hagedorn and
DasGupta (2007), so the authors restrict their attention to some basic physics. The
notion of a wave is first discussed before specific structural wave-types are exam-
ined. To facilitate physical insight without unnecessary mathematical complexity,
the focus is on one-dimensional structures, in which three different physical
quantities have a dominant influence, namely, tension (as in a string), in-plane
compression (as in a rod) and bending (as in a beam). Time harmonic behaviour at
low and high frequencies is considered.

2 Some Features of Harmonic Wave Motion

The waves considered in this chapter exist in homogeneous uniform structures
(rods, beams, plates, for example), and have displacement v either in-plane or out-
of-plane (or both), and the wave (or vibrational energy) propagates in the in-plane
direction, x. Examples of waves in a one-dimensional structure are illustrated in
Fig. 1. The longitudinal wave is an in-plane wave, but, as shown in the figure, there
is some out-of-plane displacement due to the Poisson ratio effect. Shear and
bending waves are examples of out-of-plane waves. These waves are discussed
later in this chapter.

Direction of wave propagation

Longitudinal

Fig. 1 Illustrations of different types of wave motion in one-dimensional structures. Note that for
longitudinal motion, the displacement orthogonal to the direction of wave propagation is exag-
gerated for clarity
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A propagating wave that is harmonic in time and space, can be represented by
v(x,t) = Vsin (wt & kx) (1a)

or
v(x,t) = Vcos (wf £ kx) (1b)

where V is the amplitude of the wave, w is the angular (or temporal) frequency and
k is the wavenumber (or spatial frequency). Note that —kx denotes a wave
propagating in the positive x direction and +kx denotes a wave propagating in
the negative x direction. Knowing what the wavenumber represents is vital to the
understanding of harmonic wave motion. Physically, it is the spatial phase change
per unit distance, and is analogous to angular frequency which is the temporal
change of phase per unit time. It is related to the wavelength 4, and the spatial phase
velocity ¢, by k =2x/1 = w/c.

To emphasise the physical meaning of the wavenumber, illustrations of a
waveform as a function of time and space are given in Fig. 2.

Rather than using trigonometric functions, it is often preferable to use exponen-
tial functions by noting that v(x,#) = VIm{e/@*)} or v(x,r) = VRe{e/(»*)}
corresponding to Egs. (1a) and (1b) respectively. Neglecting Re and Im for sim-
plicity (which can be done because the systems considered in this chapter are linear
and so the superposition principle applies), the wave motion given in Egs. (1a) and
(1b) can be written as

v(x, 1) = Vet 2)
time distance
T A
< > < >
w=2" -2 _o
T 7 c
Temporal frequency Spatial frequency
(wavenumber)

Fig. 2 The analogy between temporal frequency and the wavenumber (spatial frequency)
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Fig. 3 An illustration of Direction of wave propagation
physical meaning of spatial —_—)
phase ¢ V L)

> X
\X«v(x) =Ve /™

where it can be seen that the spatial and temporal variables are separated as v(x) =
Ve and v(f) = e/, so that v(x,¢) = v(x)v(t). The concept of spatial phase is
shown in Fig. 3, where only the spatial variable is considered, and a snapshot of a
right-going propagating wave is shown at two distinct times. It can be seen that the
distance the wave has travelled between the two snapshots is ¢/k.

.

2.1 Interference of Waves

Waves can combine by propagating in the same direction or in opposite directions,
both of which are considered in this section. For ease of interpretation, it is
convenient here to use trigonometric rather than exponential notation.

2.1.1 Waves Propagating in the Same Direction

Consider two right-going waves propagating at different speeds (consequently with
two different wavenumbers). They can be described by

vi(x,t) = Vsin (w1t — ki x) (3a)
and
va(x, ) = Vsin (wat — kpx) (3b)

These can be summed because of the principle of superposition to give

v(x,) = Vsin <<w1 ;w2>t - <kl erk2>x> (4)

where V = 2V cos ((“5%2)r — (k552) ).
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a L .
Direction of wave propagation

3

2 2

b Direction of wave propagation

—>

g

Standing wave

.k

Fig. 4 TIllustration of wave interference. (a) The summation of waves propagating in the same
direction. (b) The summation of waves propagating in opposite directions to give a standing wave

The waves described in Egs. (3a), (3b) and (4) are shown in Fig. 4a, where the
frequency w; = l.1w; and kp, = 1.1k;. Now, the phase velocity of the two
individual waves is ¢; = w;/k; and c¢; = w,/k,, respectively, and the phase
velocity cp of the combined wave, which has a mean frequency of (w; + w;)/2
and a mean wavenumber of (k; + k7)/2, is

_a)1 +(02

p= LT D2 5
P T ke (5a)
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The envelope of the combined waves V does not propagate at the phase velocity.
It propagates at the group velocity, which is the velocity at which the energy in the
combined wave is transported (Cremer et al. 2005). It is given by

o —w; Aw

- L 5b
ki —ky Ak (56)

g¢}

In the limiting case, where the frequencies are arbitrarily close to each other,
Eq. (5b) becomes c¢g = dw/dk, i.e. the group velocity is the rate of change of
frequency with respect to the wavenumber. If the waves have the same phase
velocity that is independent of frequency, i.e. they are non-dispersive (such as
tension waves in strings and compressional waves in rods (Cremer et al. 2005;
Graff 1975; Hagedorn and DasGupta 2007; Kinsler et al. 1982)), then the
wavenumbers are proportional to frequency, so that cg =cp=c; =c;. If
the waves have a phase velocity that is dependent on frequency, i.e. they are
dispersive (such as bending waves in beams and plates), then this is not the case.
In the particular case of bending waves, the wavenumbers are proportional to the
square root of frequency. The group velocity is then related to the phase velocity by
cg = 2cp. The terms dispersive/non-dispersive have physical significance. If a
structural wave is non-dispersive, then a pulse of vibration generated at a point in
the structure will propagate through the structure without distortion. On the con-
trary, if a wave is dispersive then the pulse changes shape as it propagates through
the structure.

2.1.2 Waves Propagating in Opposite Directions

If two waves, with the same amplitude, frequency and wavenumber, are propagat-
ing in opposite directions, they can be described by

vi(x, 1) = Vsin (ot — kx) (6a)
and
va(x,t) = Vsin (wtf + kx) (6b)
They sum to give a standing wave, given by
V(x,t) = 2A sin (wt) cos (kx) (7)

in which it can be seen that there is no propagation of energy in either direction. The
formation of a standing wave is illustrated in Fig. 4b. An example of a standing
wave occurs when a structure vibrates freely at its natural frequency. All points on
the structure vibrate either in-phase or in anti-phase with each other. With this kind
of wave-field, there are points on the structure that do not vibrate which are called
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nodes, and there are points on the structure that vibrate the most, which are called
antinodes. If two waves, which are propagating in opposite directions in a structure,
have different amplitudes, then the wave-field will consist of both a propagating
wave and a standing wave.

3 Basic Wave-Types in One-Dimensional Structures

In this section, three types of waves are considered. These commonly occur in
structures and are of fundamental importance in the study of wave propagation in
any structure. The equations of motion are derived, as is the impedance of the
structures when excited by a force. Note that the equations of motion, which are
called wave equations, involve partial differentials in both space and time. This is
because the structures are described in terms of distributed mass and stiffness.

3.1 Transverse Waves in a String

Perhaps the simplest structure in which to commence the study of wave propagation
is a string. This is an idealised structure in which the bending stiffness is considered
to be negligible, so that the elastic force is due only to the tension in the string.
To determine the wave equation for this structure, a section of the string of length
dx with an in-plane tension T, such as that shown in Fig. 5a, is considered. Summing
forces in the y direction gives

df, = (Tsin@), , — (Tsin@), (8)
Applying the Taylor series expansion f(x + dx) = f(x) + (%) dx + -+ results in

0(Tsin0)

df, = |(Tsin®), + 3

dx} — (Tsin#), (9)

If § < 1, then sinf =~ @ = Ow/0x and Eq. (9) reduces to

0%w

which is the stiffness force (or the restoring force). This is equal to the inertia
force, which is the product of the mass and the acceleration in the y direction, and is
given by
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a
C
oy T
+—dx f-=--=-=-=----
4 ox
String
dy segment
Y or- _/I ________ 1
I |
I 1
T | :
1 I
1 1 >
X X+ dx
b v
=T
7.() .

Fig. 5 Vibration of a string in tension. (a) Free vibration of a string. (b) Semi-infinite string
excited by a harmonic force

0w
dfy:pdeW (11)

where pp is the mass per unit length. Setting Eq. (10) to be equal to Eq. (11)
results in

2 2
w1 T, .
ox2 ¢} o
where ¢ = /T /py is the phase velocity. Equation (12) is the wave equation for a
string. Note that the phase velocity is independent of frequency, so that a wave in a
string is non-dispersive which means that the group velocity is equal to the phase
velocity.

To determine the free-wave behaviour, time harmonic motion of the form w =
w(x)e/ is assumed, and the partial differential equation given in Eq. (12) becomes
an ordinary differential equation, given by



Wave Motion in Elastic Structures 49

d*w(x)
dx?

+ Kw(x) =0 (13)

where ks = w/cs is the wavenumber. Equation (13) is a second-order ordinary
differential equation, the solution of which is w(x) = Ae /** 4 Be/*s*, Thus, the
solution to Eq. (12) is

w(x, 1) = (Ae’jks"' + Bejk”)ej"” (14)

Note the similarity between the form of this equation and Eq. (2). There are two
propagating waves which are harmonic in space and time, where Ae /*s*e/*' is a
right-going propagating wave with amplitude A, and Be/*s*e/® is a left-going
propagating wave with amplitude B.

One important quantity of interest in the study of wave motion is the mechanical
impedance of the structure. One reason for this is that when a wave is incident on a
discontinuity, it is the impedance of the discontinuity compared to the impedance of
the structure that governs the way in which the wave is reflected and/or transmitted
(Fahy and Gardonio 2007).

To determine the impedance of a string, consider the semi-infinite string shown
in Fig. 5b. It is excited by the force f(t) = F e/ at the end of the string, which
generates a right-going wave, so that

w(x, 1) = Ae/(@ks¥) (15)

Differentiating with respect to space and time, respectively, results in

wa(jcc, ) iksAel@ks), (16a)
a t . .
wz(;tc, ) jwAei@ ks (16b)

Now, the excitation force is f,(r) = —Tsin6(r) =~ —T0y(0,r)/0x. So, from
Eq. (16a), f,(t) = jTksAe" and thus F\, = jTksA. From Eq. (16b), the velocity
in the y direction at x = 0 can be written as v(0,7) = V(0)e/, where V(0) = jowA.
The driving point impedance is the ratio of the applied force to the resulting velocity
at the point of excitation, and is a frequency domain quantity. It is thus given by

Fy  jTksA
V(0) joA

Zs =

(17)

Noting that ks = w/cs and ¢s = /T /py, Eq. (17) becomes
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Zs =pres =/ Tpp (18)

It can be seen that the impedance is a real quantity that does not vary with
frequency, which is the characteristic of a viscous damper (Gardonio and Brennan
2004). This means that, as seen by the excitation force, a semi-infinite string
behaves as a viscous damper.

3.2 Longitudinal Waves in a Rod

The procedure to derive the wave equation and the wavenumber for a rod is similar
to that for a string, in that the inertia force and the stiffness force for a small section
are determined and then set to be equal to each other. Consider a section of rod, as
shown in Fig. 6. Applying Hooke’s law results in

é:Eau

S R (19)

where E and S are the Young’s modulus and cross-sectional area of the rod,
respectively. Now, the net force on the element (stiffness force) is given by

) 0
df, = (fx —&—a—}:’c‘dx) ~f. :a—é‘dx (20)

Substituting for f, from Eq. (19) into Eq. (20) gives the stiffness force

2

0°u

Setting this equal to the inertia force given by pSdx0’u/df, in which p is the
density of the rod, results in

’u 1 0%u

g’ #2)

u

_—

. of. Rod element of

fx(_k\\\ —>/, * g df. area Sand density p
X x+dx

Fig. 6 Free vibration of a rod
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where cg = /E/p is the phase velocity. Equation (22) is the wave equation for a
rod. Note the similarity between this and the wave equation for a string. The phase
velocity is also independent of frequency, so that a wave in a rod is also
non-dispersive. Two waves that are harmonic in space and time can exist in the
rod, so that the solution to Eq. (22) is

u(x,r) = (Ae’«fkR“ + Bejk”x)e-i“” (23)

in whichkr = w/cg. For a plate, the phase velocity for an in-plane wave is given by
cp = \/E/(p(1 —1?)), and for a three-dimensional solid the phase velocity of a

compressional wave is given by c3p = v/E(1 —12)/(p(1 +v)(1 — 2v)) in which v
is Poisson’s ratio (Fahy and Gardonio 2007). Note that the phase velocity is greatest
in the three-dimensional solid and slowest in the rod, with the phase velocity in the
plate being in between the two. The reason for this phenomenon is that the motion
orthogonal to the direction of the wave propagation (which is evident in the
longitudinal wave shown in Fig. 1) tends to slow down the wave in the in-plane
direction. In a three-dimensional solid, there is no motion orthogonal to the
direction of wave propagation, so the wave is not slowed by this effect (note that
this wave is generally called a compressive wave and has pure longitudinal motion).
In the plate, there is out-of-plane motion in one direction only, and in the rod there
is out-of-plane motion in two directions, which explains why the wave becomes
progressively slower in these two cases.

The impedance for a force-excited rod can be calculated in the same way as that
for the string (and so is left as an exercise for the reader). It is given by

Zg = pcr = S\/Ep (24)

Note that, as with the string, the impedance is a real quantity which does not vary
with frequency, Hence, as seen by the excitation force, a semi-infinite rod also acts
as a viscous damper.

3.3 Flexural (Bending) Waves
3.3.1 Beam

In this section, flexural waves in a beam are considered. The behaviour of a beam is
much more complicated than the previous cases discussed so far in this chapter. As
shown in Fig. 1 there are two types of out-of-plane motion in a beam, one is shear
wave motion and the other is bending wave motion. With shear motion, sections of
the beam vibrate in the direction of the out-of-plane motion without rotation, as can
be seen in the figure. This type of vibration is not discussed in this section, but is
discussed in Sect. 5. Of interest here is bending vibration, where sections of beam
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a
N
v Pw
Ll'- Beam segment of length dx
m ( m+dm  cross-sectional area S
5 e,
> X
b
"1,
X
| —> 00 Beam of area S
Y and density p
yAQ)

Fig. 7 Vibration of an Euler—Bernoulli beam. (a) Free vibration of an Euler—Bernoulli beam. (b)
Forced vibration of a semi-infinite beam

are orthogonal to the neutral axis as can be seen in Fig. 1. They experience both
translational displacement and rotation. The reason why this type of vibration is
more complicated than longitudinal vibration in a rod, for example, is that both the
bending moment and the shear force govern the deformation of the beam and hence
the vibration.

Consider a small beam element of length dx as shown in Fig. 7a. The net shear
force acting on the element (stiffness force) is given by

of, d
df, = f, - (fy +af;dx) - —%dx (25)

Note the similarity between this and Eq. (20). Setting this equal to the inertia
force given by dexazw/ 072, in which p is the density of the beam, results in

of, *w
Y e 26
ox - P (26)
Summing the moments about the right-hand edge of the element gives
om
dm = m—i-gdx —m—f,dx (27)

The Euler—Bernoulli assumption is that the rotary inertia is relatively small and
can be neglected, which means that dm = 0. From Eq. (27) this results in
f, = 0m/0x. Combining this with Eq. (26) gives
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0’m 0w

Now, from basic static beam theory, for example (Hearn 1985), m = EI %, in
which / is the second moment of area about the neutral axis. This can be combined
with Eq. (28) to give

o*w *w
El=—+pS—=5=0 29
ot TP e (29)
which is the Euler-Bernoulli equation for a beam. Note that this involves a fourth-
order spatial derivative rather than a second-order spatial derivative, which is the
case for the spring and the rod. If time harmonic motion of the form w(#) = w(x)
e/ is assumed, then Eq. (29) becomes

d*w(x)
dx*

+ kgw(x) =0 (30)

where kg = (pS/(EI ))%w% is the wavenumber for the beam. Now, the wavenumber

is related to the phase velocity cg by kg = w/cg, so thatcg = (EI/(pS ))%w%. Thus, it
can be seen that a flexural wave is dispersive. A flexural vibration pulse in a
structure will consist of several frequency components, and the higher frequency
components will propagate at a higher speed than the lower frequency components,
with the results that the pulse spreads (or disperses) as it propagates.

Now, Eq. (30) is a fourth-order equation, which means that there are two other
solutions in addition to the propagating waves in the left- and right-hand directions.
These are nearfield or evanescent waves and are found close to discontinuities.
Thus the solution to Eq. (30) is given by

w(x, 1) = (Are® + A ™" 4 Aze/lrr + A4e_fk3"')ej“” (31)

where the A;’s are the wave amplitudes and A,e*®* and A,e*s* are the evanescent
waves decaying in the left- and right-going directions, respectively. Note that the
evanescent waves do not propagate energy unless they interact with each other
(Bobrovnitskii 1992). In the majority of textbooks, Eq. (31) is often written in terms
of hyperbolic and trigonometric functions. Although this is convenient from the
mathematical point of view, it is not so helpful in terms of understanding the
physical behaviour, whereas the physical significance of the terms in Eq. (31) is
clear.

To determine the impedance of the beam, consider the semi-infinite beam in
Fig. 7b, excited by a harmonic force f(r) = Fye/”" at the end, which generates
right-going evanescent and propagating waves, so that
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w(x, 1) = (Are ™" 4 Age /e¥)e/ (32)

Now, the two boundary conditions at the end of the beam are (a) that the bending
moment is zero, so that E/ 82w(07 t)/0x* = 0 and (b) the shear force is equal to the
applied force, so that EI 53w(0, 1)/ 0x> = Fe/”. Applying boundary condition
(a) results in A, = Ay, so that Eq. (32) becomes

w(x, t) = (e_kﬁx + e—jkBX>A4ejwz (33)

from which the velocity at x = 0 can be calculated. It is given by v(x, t) = V(0)e/*,
where  V(0) = jw2A4. Applying boundary condition (b) results in F, =
(-1+ j)EIk%A4. The driving point impedance is the ratio of the applied force to
the resulting velocity at the point of excitation, and is thus given by

Fy (=14 ))EIKiAs ElkG(1+))

Iy === 34
B = V(0) jw2A, 20 (342)
Noting that kg = (pS/(EI ))ia)%, Eq. (34a) can be written as
ENVA( 553/
2y = EDZ0S)T ;ps) ®"2(1 +) (34b)

This can be interpreted as a frequency dependent damper (related to the real part of
the impedance) where the damping coefficient is given by (EI)"*(p$)**»'?/2, in
parallel with a frequency dependent mass (related to the imaginary part of the
impedance which is positive), where the mass is given by (EI)”4QOS)3/4/(20)1/2)
(Gardonio and Brennan 2004). Note that this is different from the string and the rod,
where the impedance is damping-like only. The additional mass-like impedance is
because the beam has an evanescent wave as well as a propagating wave at the end
of the beam.

3.3.2 Plate

The physics governing flexural waves in a uniform flat plate are similar to that
in a beam (Cremer et al. 2005). Therefore they are not covered in detail here.
The partial differential equation describing the flexural vibration is given by
Cremer et al. (2005),

%w
DV‘W—i—phW: 0 (35)
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3

where D = #’;2), V= % + #;yz + aaTA“ and /4 is the thickness of the plate. Note
the similarity between Eqgs. (29) and (35). Assuming time harmonic motion of the
form w(t) = w(x)e/”, Eq. (35) becomes

VHw(x) + kppw(x) = 0 (36)

where kp; is the wavenumber given by kp = (p(1 —12)/(Eh?) )Zw%. Note that for a

rectangular beam the wavenumber is given by kg = (/)/ (Ehz))%a)%. It can thus be
seen that the plate has a slightly higher bending stiffness compared to a beam due to
the Poisson ratio effect, and hence the phase velocity is slightly higher for a given
frequency.

4 Dispersion

The aim of this section is to give a physical explanation as to why some waves
are non-dispersive and others are dispersive. Two examples are given. First,
consider the phase velocity for a rod, which is given by cr = \/E/p. This can
also be written as

- (ES/R), @y
CR =\ 77, MR

i R T R (37)

_ stiffness of one wavelength of the structure .
where W) = 2”\/ mass of one wavelength of the structure ’ and lR is the Wavelength of a

longitudinal wave. In this case, the way in which the stiffness in one wavelength
changes with frequency, is inversely proportional to the way in which the mass in
one wavelength changes with frequency. Note that Eq. (37) can also be interpreted

stiffness it length . . . . . .
as cg = 4 /oS PEUML ST which in this case is constant. In general, if the ratio
mass per unit length

of the Stiffness per unit length 3,0 1o change with frequency, then the phase velocity is
mass per unit length
a constant and is hence non-dispersive.

Consider now a flexural or bending wave in which the phase velocity is given by
cg = (EI/(pS ))%a)%. Noting thatw = kgcp and thatkg = 27/ Ag, this can be written as

El2rx

— 38

CB =
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where Ap is the wavelength of a flexural wave. Equation (38) can be further written as

(4n2El/ %) wp
_ &), @s 39
B oSiy BT 2B (39)

where 47°El/3, is the bending stiffness of a flexural wavelength of the structure and
pS2g is the mass of one wavelength of the structure. It can be seen in this case that
the stiffness per unit wavelength and mass per unit wavelength are not inversely
related as frequency changes. For example, if the wavelength reduces by a factor of
2 (as frequency increases), the stiffness increases by a factor of 8, but the mass only
reduces by a factor of 2. Hence wg increases by a factor of 4 and the phase velocity
increases by a factor of 2. Thus, the wave is dispersive.

In general, if the product of the stiffness per unit wavelength and the mass per
unit wavelength is independent of frequency, then the phase velocity is constant,
and the wave is non-dispersive. If this is not the case, then the wave is dispersive.

5 Flexural Beam Vibration at High Frequencies

5.1 Wavenumbers

Two fundamental assumptions in Euler-Bernoulli beam theory are (a) that the
rotary inertia of the beam can be neglected, and (b) that the shear stiffness is infinite.
These assumptions are generally valid for a rectangular beam when Ag >
10 x depth of the beam. When this is not the case, Timoshenko beam theory has to
be used to describe the vibration (Graff 1975; Hagedorn and DasGupta 2007).
Consider a small beam element of length dx as shown in Fig. 8. Note that the
element is distorted because of the finite shear stiffness, and that it has a mass
moment of inertiaJ = pldx. The net shear force acting on the element is equal to the
inertia force so that Eq. (26) still holds, which is repeated here for convenience

Beam segment of length dx
¥ 1‘ w cross-sectional area S
m ( N x ) m+ dm
% 1,
> X

Fig. 8 Free vibration of a Timoshenko beam
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of, 0?
T (40)

Summing the moments about the right-hand edge also results in the same equation
as for the Euler—Bernoulli beam, which is given in Eq. (27). However, it is not now
set to zero, but is equal to the inertia moment, so that

om %y
=5 =Pl (41)

where y is the angular rotation of the element due to the finite shear stiffness.
The Hooke’s law relationships for the shear force and moment are given by
(Graff 1975)

0
fy = -GS« (5—2} — 1//) (42a)
and
_ o Ow
m=El=" (42b)

where G is the shear modulus and « is the Timoshenko shear shape factor.
Substituting for f;, and m from Egs. (42a) and (42b) into Egs. (40) and (41) gives

oy O*w 0*w
ow %y o
GSk <E - l//) + E[—ax2 — pl—atz =0 (43b)

Now, Eq. (43a) can be written as

oy P*w  p O'w

_—— 44
Ox 0x2 Gk 0 (44)
which can be differentiated twice with respect to x to give
0’ o* o*
y_o¢w ¢, oW (45)

03 Ot Gk 0x20P2

or differentiated twice with respect to ¢ to give
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O’y 0w p O'w

= £ ZZ 46
0x0f* 0x?20 Gk o (46)
Differentiating Eq. (43b) with respect to x gives
*w Oy O’y 'y
GSk| =5 — = El =——pl=—==0 47
"(axz ox ) T e TP awar 47)

Substituting Eqs. (44), (45) and (46) into Eq. (47) gives the Timsohenko beam
equation, written as

o'w o*w o'w El 0'w °1 0
El—+pS— — pl—5—~ - a a2 z _i/ =
Ox ot Ox"Ot Gk ox“ot Gk ot (48)
Euler-Bernoulli equation rotary shear rotary inertia and
inertia stiffness shear stiffness

where the physical significance is given below each term in the equation. Note that
if the shear stiffness is set to be infinite and the rotary inertia is set to zero, then
Eq. (48) reduces to the Euler—Bernoulli equation given by Eq. (29). Dividing
Eq. (48) by EI and assuming a time harmonic response of w() = w(x)e/*" as before
result in the ordinary differential equation

d*w(x kgy\ d*w(x krks
0 B (¢ e

where kg = (pS/ (EI))%a)% is the wavenumber for the Euler—Bernoulli beam,

kr = \/p/Ew is the wavenumber for the longitudinal wave, and kg, = \/p/Gw
is the wavenumber for a shear wave (note that this is similar to the longitudinal
wavenumber, but is a function of the shear modulus rather than the Young’s
modulus).

Assuming spatial harmonic dependence of the form w(x) = We/*, Eq. (49)
reduces to the dispersion equation given by

i o
K — (kﬁ +%) K- (kﬁ - %) =0 (50)

This equation is quadratic in &%, so the solution for k is given by

1 (K2 1 (i3 ?
k=4 §<%+k§>i\/kg+1<%—k§) (51)

At low frequencies, k » ~ %jkg and k3 4 ~ *kg as a consequence of the rotary
inertia being small and the shear stiffness being very large. At high frequencies,
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ki~ +kg and k34 =~ +ksn/\/k. Noting that k2, /ka = E/G =2(1+v) and
kb kg = 1/47*(r/Ag)*, where r=./I/S is the radius of gyration and
Ar = 2z /kr, Eq. (51) can be written in non-dimensional form by dividing by kg
to give

) s () @

Note that the wavenumbers are dependent on frequency because they are a
function of Ag. It can also been seen that they are dependent on the Timoshenko
shear coefficient and Poisson’s ratio. To gain physical insight into the wave
behaviour at high and low frequencies, the asymptotes of Eq. (52) are examined.
At low frequencies when Ag > 1, the wavenumbers approximate to

~ ] 1

k 1,2 ~ :I:J m (533)

SR - 53b
4 27(r/2R) (53b)

which correspond to normalised Euler—Bernoulli beam wavenumbers. Note that it

and

was assumed that w(x) = We/k so k 1,2 corresponds to evanescent waves and 133,4
corresponds to propagating waves. At high frequencies, Eq. (52) approximates to

K 2 K L)2<2(1+y) _ 1>2
AR K
(54)
which simplifies to
. 1
k1,2 ~+|1-— (553)

2
()

and
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N 2(1+v 1
ksa~ =+ ( ) + 5
)

At very high frequencies, these approximate to k 1,2 = =1 (a longitudinal wave)

and 1}3,4 = ++1/2(1 + v)/x (a shear wave). Note that they are both real and hence
they correspond to propagating waves. The frequency at which the wavenumbers
that correspond to the nearfield waves become real (which is called the cut-off
frequency), and hence the waves start to propagate, can be determined from

Eq. (52) by setting (2(1 +v)/k+1) — \/1/712(1‘//1}1)2 + 21 +v)/k—1)* =0,
which results in

(55b)

1 K
= | 56
cut-off 2r 2(1 + U) ( )

r

P

In dimensional form, this reduces to @ey.oft = v/ GSk/pl, which is the square
root of the shear stiffness per unit length divided by the rotational inertia per unit
length. This can be seen as a type of resonance frequency, in which the rotational
stiffness and the rotary inertia interact. Below this frequency the shear stiffness
stops the wave from propagating, and above this frequency the rotational inertia
overcomes the shear stiffness, allowing the wave to propagate. To illustrate the
behaviour of the wavenumbers, the modulus of Eq. (52) is plotted in Fig. 9.

Also plotted are the low and high frequency asymptotes. It can be seen that at low
frequencies when r /g < 1, then the beam behaves as an Euler-Bernoulli beam, in
which there are two evanescent waves and two propagating waves. As frequency
increases, the dispersive propagating bending wave changes to a non-dispersive
shear wave. The wavenumber corresponding to the evanescent wave becomes
smaller (which means that the phase velocity increases) until it reaches zero at the
cut-off frequency. At this frequency, the phase velocity is infinite, which means that
the group velocity is zero. Physically, this means that for this wave, every point on
the beam is in phase, so there is no phase shift between any points. Above the cut-off
frequency, the imaginary wavenumber that corresponds to the evanescent wave
below the cut-off frequency, becomes real and hence starts to propagate. Note that
above the cut-off frequency, as frequency increases this wavenumber also increases,
which means that the phase velocity decreases until it reaches a constant value
corresponding to the phase velocity of a longitudinal wave.

It should be noted that, just in the same way that the Euler—Bernoulli beam
theory has limitations as frequency increases, so Timoshenko beam theory
discussed in this section also has limitations as frequency increases. For very
high frequencies, where r/Ag >> 1, then Lamb wave theory has to be used to give
an adequate description of the wave behaviour (Doyle 1997). Of course, as the
theory takes into account more dynamic features then the mathematical model
becomes more complex with a consequent loss of physical insight.
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Fig. 9 Normalised wavenumbers for a Timoshenko beam. The shear coefficient is set to 0.833 and
Poisson’s ratio is set to 0.33. The solid red line is for 121,2 and the dashed blue line is for 123,4.

Below the cut-off frequency I}l,z is imaginary and above the cut-off frequency 1}1’2 is real. The
dotted line is for the normalised Euler—Bernoulli wavenumber, the thin dashed green line is for the

longitudinal wavenumber (121,2 = +1), and the thin black line is for the modified shear

wavenumber (k3.4 = +1/2(1 + v)/x)

5.2 Wave Mode-Shapes

To gain more information about the waves that propagate at high frequencies, the

shape of the wave, which is also called the wave mode-shape, can be determined.

To do this, consider Egs. (43a) and (43b), the solutions of which are given by
w(x,1) = B1e/ ) and y(x,t) = Bye/ @) (57)

Substituting these equations into Egs. (43a) and (43b) gives

GSkk> — pSw? —jGSkk Bi|_ [0 (58)
—jGSkk plw* — GSk — EIK* | | B2 0

From Eq. (58), the ratio of the two amplitudes can be written as
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Fig. 10 One of the wave mode-shapes (longitudinal) of a Timoshenko beam at high frequencies

By  .pSa’ — GSkk> . GSxk
B, ' Gk ple? —GSk— EIRC

(59)

which can be written in non-dimensional form as

Substituting fork = +1 from Eq. (55a) results in the mode-shape for the wave that
propagates at the phase velocity of a longitudinal wave, which is given by

32}”

1 61
Bl > (61)

Long

Substituting for k = ++/2(1 +v)/k results in the mode-shape for the wave
governed by the shear phase velocity, which is given by

le’

5. =0 (62)

Shear

Note, that in Eq. (61), the lateral displacement tends to zero, and this corresponds to
a rotational wave, which is shown in Fig. 10. In Eq. (62) the rotation tends to zero,
and this corresponds to a shear wave.
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Passive and Active Structural Vibration
Control

Marcelo A. Trindade

Abstract The objective of this chapter is to provide some basic concepts of
structural vibration, such as natural frequencies, vibration modes, damping factor,
frequency response, among others, and, then, extend these concepts to the design of
passive and active vibration control solutions. Well-known passive vibration con-
trol solutions such as vibration dampers and absorbers are discussed. Some funda-
mental aspects related to control theory such as feedforward and feedback strategies
and simple control laws well adapted for structural control are also presented and
the important effect of sensors and actuators positioning is discussed.

Keywords Structural vibration ¢ Active control ¢ Passive control « Positioning of
sensors and actuators

1 Fundamentals of Structural Vibrations

Most mechanical structures are subjected to vibrations coming from different
sources. Excessive levels of vibration amplitude may lead to a number of problems
such as structural fatigue damage and noise radiation. Therefore, there is great
interest in potential solutions that could allow to reduce vibration amplitudes in
existing structures.

This chapter aims to present some of these potential solutions involving passive
and active strategies. Other textbooks discussing some of the topics presented in
this chapter can be recommended (Nashif et al. 1985; Mead 1999; Meirovitch 1990;
Miu 1992; Inman 1996; Preumont 1997). The objective of this chapter is to provide
some basic concepts of structural vibration, such as natural frequencies, vibration
modes, damping factor, frequency response, among others, and, then, extend these
concepts to the design of passive and active vibration control solutions. Well-
known passive vibration control solutions such as vibration dampers and absorbers
are discussed. Some fundamental aspects related to control theory such as
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feedforward and feedback strategies and simple control laws well adapted for
structural control are also presented and the important effect of sensors and
actuators positioning is discussed.

1.1 Basic Concepts on Structural Vibration and Potential
Mitigation Solutions

Let us start with a general linear model for a vibrating structure that can be
represented by the following system of linear ordinary differential equations

Mii + Di + Ku = F, (1)

where M, D and K are matrices representing inertia (mass), damping and stiffness
of the structure. u is a vector of generalized displacements (or the degrees of
freedom of the system) and F is a vector representing all external forces applied
to the structure (that is, the applied forces that perturb the structure and thus induce
its vibration). Within this general framework, the objective of a structural vibration
control solution would be to reduce the vibration amplitude of the structure given its
properties (that is, M, D and K) and the external perturbation (that is, F).

There is a number of possible solutions for such a problem but it will be chosen
to classify them in two categories: passive and active solutions. Passive vibration
control solutions are those in which a modification of the structure’s dynamics is
possible without an external power source. Active vibration control solutions, on
the other hand, require an external power source to modify the structure’s dynam-
ics. As it will be emphasized along this chapter, there is no unique solution for a
given problem and it is generally necessary to make an analysis in terms of trade-
offs to decide on an optimal solution.

For instance, in many practical cases of structural dynamics, an effective vibra-
tion control solution is required only within a given frequency range. Therefore, an
analysis in the frequency domain usually applies and, hence, the basic concepts of
natural frequencies, vibration modes, modal damping factors and frequency
response functions are prerequisites for the design of a control solution.

1.2 Natural Frequencies, Vibration Modes
and Damping Factors

Let us consider the free response of an equivalent undamped structure represented
by Eq. (1) with D = 0 and F = 0. A harmonic solution of the form u(¢) = ¢jei“’ff is
obtained provided that the following generalized eigenvalue problem is satisfied
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(—w}M + K)qu —0. 2)

The solution of this eigenvalue problem yields the undamped natural frequencies
w; and vibration modes ¢); of the structure. In practice, however, various dissipation
mechanisms lead to damped structural responses. The modal damping factor &;
associated with each vibration mode can be represented considering a proportional
Rayleigh damping, D = ;M + p,K, such that

1
55 (L p) o)

wj

1.3 Principle of Modal Superposition

The generalized displacements vector can then be rewritten as the sum of the
harmonic responses such that

u(t) = 3" dya(1) = als), )

and the system matrices can be projected into the modal basis leading to
®'M® = diag (1), D'D® = diag (25,@;) and SKP = diag (@? ). The equations

of motion are then rewritten as

& + 25w + @l = f,
y=> ey, (5)
7

where f; and c,; provide, respectively, measures of how well the jth vibration mode
is excited by the input perturbation force and observed by the output sensor,
such that

[i=dF, coj=cd, (6)

1.4 Frequency Response Functions and Transfer Functions

A systemic way of analyzing the structure’s dynamical response is to evaluate its
transfer function H(s) or frequency response function H(iw) which are defined as
the ratio between an output signal y of the structure and an input signal p either in
the Laplace domain or frequency domain, respectively. Then, the input—output
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Fig. 1 Structure
represented by a single Perturbation, p Sensor output, y
input single output (SISO) —> H(s) >

linear system

Structure

relationship of the structure can be schematically represented as in Fig. 1. For that,
the applied force vector F is written in terms of the input signal p and the output
signal is constructed in terms of the structure’s generalized displacements,

F=bypy, y=cu (7)

The response of the structure in frequency domain can be obtained considering a
harmonic excitation p = pe’, such that u = e and y = ye“. Then, the
frequency response function H(iw) is defined as

H(iw) =% = ¢,(~0*M + iwD + K) 'b,. (8)

SN

In the modal basis, the frequency response function reads

Hiw) = 3 ——Cub 9)

7 —? + wf + 28w

A reduced model could be constructed by retaining the contribution of only a
few N, vibration modes (modal truncation). The contribution of the remaining
N — N, vibration modes to the FRF is then neglected entirely. Alternatively, only
the static contribution of these remaining modes could be accounted for, leading to

N, N
r c b . c b .
H(la)) ~ )’é Pl . + ) 217]' (10)
,-:ZI —0 + wf + 2w ,-:;.H @

In the Laplace domain, a transfer function H(s) is defined as
= ¢,(*M+sD+K) by, (11)

or, in modal form,

His) =3 _ Cby (12)

— 5% + 2505 + @
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It is worthwhile to rewrite the transfer function as the ratio of two functions
such that

H(s) = % (13)
with
N(s) = ¢yadj ("M + sD + K)b,, D(s) = det ("M +sD + K). (14)

In system and control theories, a transfer function can be also represented by
its poles and zeros. The poles are the roots of D(s) = l_lj(s - p_,-) =0, that is

1/2
pj = —¢w; + w; (5,2 — 1) , which for low values of ¢ (éj < 0.5) corresponds to

resonance peaks in the FRF (at resonance frequencies). The zeros are the roots of

N(s) = ITi(s — z;) = 0, which could also be written in the form z; = —§;0; + ;

12
(éf — 1) such that for low values of & (& < 0.5) corresponds to the anti-

resonances in the FRF (at anti-resonance frequencies).

1.5 Analysis of Poles and Zeros for a Simple Spring—Mass
Example

Let us consider a simple three degree-of-freedom system composed of lumped
masses interconnected by linear springs (Fig. 2). All dissipation mechanisms are
represented by a modal damping factor of 0.5 %. Since this is a discrete system,
both excitation (input) and measurement (output) can only be done in one of the
three lumped masses. However, for each combination of input/output, this system
will be represented by different transfer functions H(s) and, thus, will present
different responses. In Fig. 3, the pole-zero map (which shows the poles and
zeros of the system plotted in the real and imaginary plan, Fig. 3a) and frequency
response function amplitude (Fig. 3b) are shown by first considering input and
output in the first mass (that is, the excitation is done through a force applied to the

%»“1 He Ha
k
m VA — m m
O O O O O O

SITTTTT 777777777 777777777777 7777777 7777777777777 77 7777777777777 7777777777777/

Fig. 2 Schematic representation of a three degree-of-freedom spring—mass system (m = 2 kg,
k=1kN/m, £ =0.5%)
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Fig. 3 Equivalence between (a) pole-zero map and (b) frequency response function

first, left, mass and the resulting displacement of the same mass is observed, or
measured). They show that, indeed, the poles are associated to resonances while the
zeros correspond to anti-resonances of the system.

As predicted in Eq. (14), the poles (and thus resonances) only depend on the
system properties (that is, M, D and K) while the zeros (and thus anti-resonances)
depend also on the input and output position/configuration (that is, ¢, and b,,). This
can be observed in Fig. 4 that shows the frequency response functions (together
with the corresponding poles and zeros in the x-axis) for the same spring—mass
system but now with the measurement (output) in the second, center (Fig. 4a)
and third, right (Fig. 4b) masses, while the excitation (input) is kept at the first,
left, mass.

While the zeros or anti-resonances seem to be less important to the response of
the system, they will be very important in the case of feedback control. Thus, it is
worthwhile to analyze further the origin and meaning of the system zeros. Indeed, it
can be shown that the zeros of the system correspond to the poles of remaining
subsystems obtained by excluding the subsystems between the actuator (input) and
sensor (output) (Miu 1992). This is represented schematically in Fig. 5.

If the actuator and sensor are collocated, they will be in phase for all vibration
modes. In this case, the system is defined as minimum phase system. It can be also
observed that, in this case, there is an anti-resonance (or a zero) between each two
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Fig. 4 Zeros depend on actuator and sensor positioning while poles do not
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Fig. 5 Transfer function zeros correspond to poles of subsystems excluding the one between
actuator and sensor

resonances (or poles). The phase is recovered in the anti-resonances and that is why,
in this case, all vibration modes are in phase. This is shown in Fig. 6.

On the other hand, if there are flexible elements between actuator and sensor, it is
possible that they will not be in phase for a group of resonant vibration modes. The
system is then defined as non-minimum phase system. In this case, there is no
guarantee that there will be an anti-resonance (or zero) between any two resonances
(or poles) and, thus, the phase may not be recovered. This is shown in Figs. 7 and 8.
For the observation in the second mass, there is only one zero which corresponds to
a one degree-of-freedom system composed of the third mass and the two connecting

springs (leading to a resonance at w = /(2k/m)) (Fig. 7). This zero coincides with
the second resonance (pole) of the original (full) system and, thus, there is a
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Fig. 6 Collocated actuator and sensor leading to a minimum phase system
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Fig. 7 Flexible elements between actuator and sensor lead to non-minimum phase systems
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Fig. 8 Flexible elements between actuator and sensor lead to non-minimum phase systems

pole—zero cancellation. This can be also interpreted as being due to the positioning
of the sensor in a node of the second vibration mode (for which the second mass
does not move). Therefore, there is no phase recovery between first and third
resonances and, thus, these modes are out-of-phase (Fig. 7). When the sensor is
displaced to the third mass (Fig. 8), there are no longer zeros of the system (there is
no remaining resonant subsystem) and, thus, there is no phase recovery between
any of the resonances. It is worthwhile to notice, however, that the first and third
modes will be in phase (or 360° out-of-phase).

2 Passive Vibration Control

In general terms, passive vibration control can be defined as the modification of the
structure’s dynamical behavior such that the vibration amplitude is minimized
within a given frequency range and that no substantial external power is required
for this modification to occur. The most popular passive vibration control solutions
involve the inclusion of dampers and/or absorbers. They both are intended to
extract the vibration energy of the host structure leading to smaller vibration
amplitudes in the host structure. A generic vibration damper possesses some
dissipation mechanism such that when connected to the host structure and, thus,
vibrating with it, part of structure’s energy is dissipated in the damper. On the other
hand, a generic vibration absorber consists of a resonant vibrating system that is
capable of stealing the vibration energy of the primary system (that is, the host
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structure). The vibration absorber itself may present high levels of vibration
amplitude but from the host structure’s viewpoint the vibration amplitude is
reduced. The basic component for a successful solution of vibration dampers and
absorbers is the mechanical coupling with the host structure such that a significant
part of the structure’s energy can be transferred to the damper or absorber.

2.1 Passive Vibration Dampers

Vibration dampers differ basically in terms of their dissipation mechanism and their
mechanical coupling with the host structure. This section introduces the general
concept of two commonly used types of passive vibration dampers: (1) the generic
dashpot, for which the resisting force depends on the relative velocity between its
two extremities and is based on viscous friction, and (2) viscoelastic dampers,
which develop a resisting force that depends on both their mechanical strain and
strain rate. Apart from some practical aspects, such as the design of the damper
device itself, the main difference between them is that an ideal dashpot is generally
represented by its linear viscous damping coefficient whereas viscoelastic dampers
are represented by the combination of a spring and a hysteretic damper. Therefore,
the second damper type leads also to an overall increase of the stiffness of the
original system (besides the increase of damping).

Let us consider a viscous damper added to a generic 3-dof primary system,
represented by a spring-mass—damper system as shown in Fig. 9. The original
damping of the primary system is considered so that an equal modal damping of
0.5 % for all three vibration modes is obtained and, thus, it is not represented
through dashpots in Fig. 9. The other system parameters are: m = 2kg and
k = 1000N/m.

The viscous damper, although representing a localized damping, is intended to
increase the modal damping of all vibration modes. Therefore, the location should
be chosen such that the damper relative motion is non-null for all modes and
maximized for the modes of special interest. In this case, all three vibration
modes are affected by the viscous damper. Figure 10 shows the frequency response
function between displacement of the first (left) mass and force applied at the same
mass for various viscous damping coefficients considered for the added viscous
damper. One may observe that indeed all vibration modes are substantially damped.
The modal damping factors are shown in Table 1. Notice that the added viscous

u
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Fig. 9 Viscous damper added to the original structure
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Fig. 10 Example of
localized viscous damper
effect on the vibration

amplitude reduction, g
c,(Ns/m): O (solid), 5
5 (long dash), E
10 (dash-dot), g
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damping coefficient is much higher than the equivalent original one (of about
0.6 Ns/m).

Using the same original spring—mass—damper system, a second analysis is
performed considering a viscoelastic damper instead of a viscous damper. The
viscoelastic damper is represented by a spring in Fig. 11. However, as it will be
shown next, the force developed by the damper is also dependent on the relative
velocity between its extremities. Actually, when subjected to a harmonic vibration,
a viscoelastic damper presents a hysteretic behavior such that the energy dissipated
over one cycle depends on material properties and strain amplitude. One simple
way of representing this effect is to consider a complex elastic modulus for the
viscoelastic material, which in turn leads to a complex spring coefficient for the
viscoelastic damper such that

ky = ka(1 + 1), (15)
where k, represents the elastic (or storage) part of the stiffness and # is defined as
loss factor. For a 1-dof system with an added viscoelastic damper, the following
equation of motion can be written in the frequency domain

[—&’m +iwc + (k+k,)]ia =f, (16)

and, thus,

[—a’m + i(wc + kan) + (k+ ko)]it =f . (17)
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Hence, for harmonic excitation, an equivalent viscous damping coefficient
cq = kqn/w is added to the system besides the increase in the equivalent spring
coefficient from & to k + k,.

In the case of the 3-dof system presented in Fig. 11, the effect of the viscoelastic
damper in the frequency response function between displacement of the first (left)
mass and force applied at the same mass for various storage coefficients considered
for the viscoelastic damper is shown in Fig. 12. The loss factor is considered to be
equal to 1 in all cases. The results indicate that the modal damping factors of all
three vibration modes are increased substantially, but also that this is accompanied
by an increase in all resonance frequencies. The resulting modal damping factors
are shown in Table 2.

The reader should be aware that the material properties (storage modulus and
loss factor) of viscoelastic materials, and thus viscoelastic dampers, normally vary

u1
Ll m ol fabe] ]
m MW m MW m
OO O — O OO

Yz s/

Fig. 11 Viscoelastic damper added to the original structure
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Fig. 12 Example of localized viscoelastic damper effect on the vibration amplitude reduction,
kalk (%): 0 (solid), 10 (long dash), 25 (dash-dot), 50 (short dash)

Table 2 Modal damping ka/k (%) 5] (%) 52 (%) é:’; (%)
factors for various localized
. . 0 0.5 0.5 0.5
viscoelastic storage
stiffnesses 10 2.4 1.7 0.9
25 4.3 34 1.6

50 6.0 5.6 3.2




Passive and Active Structural Vibration Control 77

with frequency and temperature. Therefore, a more thorough analysis should be
carried out to quantify the performance of a viscoelastic damper. For that, the reader
may consult several textbooks in the field (Nashif et al. 1985; Mead 1999).

2.2 Passive Dynamic Vibration Absorbers

Dynamic vibration absorbers are subsystems that when connected to the original
(or primary) system may “absorb” its vibration energy. This leads to a reduction of
the vibration amplitude of the primary system accompanied by potentially high
vibration levels in the vibration absorber. This section introduces the fundamental
concept of dynamic vibration absorbers and some design criteria based on the effect
of their parameters on the vibration amplitude of the primary system.

Let us start with a general primary system represented by a spring—mass—damper
system with parameters k,, m,, and c,. The dynamic vibration absorber is consi-
dered to be another spring-mass—damper system, with parameters k,, m, and c,,
connected to the primary system through its spring and damper as shown in Fig. 13.

The equations of motion of the coupled system can be written as

m, O i cpt+cg —cq|lu ky+ky, —ki||lu f
S 114 K3 Kt 1] K3 R AR M

The frequency response function between primary system output u,, and excita-
tion input f can be written in terms of the primary system and absorber parameters
such that

u,(w . .
H(w) = fp(( )) = (fa)zm,, +iwc, + ka) {a)4mamp —ia’ [ca (m,, + m,,) + c,,m,,]
0]
— w? [cac,, + k, (m,, + m,,) + k,,ma] +iw (cak,7 + cpk,,) + k,,k,,}fl,
(19)
or, for an undamped case,
Fig. 13 Dynamic vibration Vibration absorber
absorber added to the /—/%
original structure k. —» u, k. u,
2 i > a_|

SIS S 7777777 777777777777
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Amplitude (dB)

5
Frequency (Hz)

Fig. 14 Effect of absorber mass on the vibration amplitude of the primary system compared to the
original response (solid), m./m, (%): 5 (long dash), 15 (dash-dot), 25 (short dash)

H(w) = "2(@) _ —w’my + kq 20)
f ()  @*'mgm, — ? [ka (ma + m,,) + kpma} + kakp

It is possible to observe from Egs. (19) and (20) that the response amplitude of
the primary system at resonance (that is u,) may be minimized by setting the
resonance frequency of the vibration absorber so that it coincides with the primary
system (or original) resonance frequency (wﬁ = k,/m, = k,/m,). This leads to a
simple design criteria in which the designer has to define the amount of mass that
may be considered for the absorber. Therefore, it is worthwhile to analyze the effect
of added mass on the vibration absorber performance. This may be observed in
Fig. 14, where it is possible to notice that an increase of the added mass yields
higher reduction of vibration amplitude at resonance and also wider frequency
range for which the vibration amplitude is reduced compared to the original
response (that is without the vibration absorber).

It is also clear from Eq. (19), however, that the amount of damping present in the
primary system and added through the vibration absorber does affect the reduction
in vibration amplitude. Indeed, the effect of an added localized damping (c,) is to
flatten the two resonance peaks but at cost of increasing the amplitude at anti-
resonance, leading to a loss of absorption performance in terms of reduction of
vibration amplitude at the original resonance. This effect is shown in Fig. 15. Notice
however that, in general, the designer should choose a compromise solution
between performance at resonance and robustness at frequencies apart from the
resonance.

The reader should be aware that there are a number of different techniques to
optimize the absorber parameters (m,, k, and c¢,) depending on the criteria chosen
by the designer (Den Hartog 1985).
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Fig. 15 Effect of absorber damping on the vibration amplitude of the primary system compared
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Fig. 16 (a) Open-loop a

(or original) system and

(b) closed-loop system Perturbation, p
modified by an additional

external (control) force

Sensor output, y

Structure

b
Perturbation, p

+Y_ Sensor output, y

Control, f
— ™ He(s)

3 Active Vibration Control

Active vibration control can be generally defined as the modification of the
dynamic response of the system through the inclusion of an additional external
force/input (so-called control force or control input). The response of the structure
will then be due to the combined excitations (Fig. 16). The structure’s equations of

motion are then rewritten as
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Mii + Du + Ku = b,p + bef (21)
y=-cu '
The objective of the control design would then be to find the control force f capable of
reducing the vibration amplitude (as measured by output y) according to a given set of
criteria. Control design strategies may be normally divided into two categories:

 Feedback control (Fig. 17): f = f(y)—The control force f is evaluated based on
(or as function of) the measured output y. This generally means that the closed-
loop (or controlled) performance is not dependent on the perturbation (or primary
excitation). However, in practice, the control force f will depend indirectly on the
level of excitation and, thus, the perturbation p must be accounted for.

 Feedforward control (Fig. 18): f = f(p)—The control force fis evaluated based
on (or as function of) the perturbation input p. This requires that the perturbation

Perturbation Monitoring sensor
e H(s) —»

He(s) )
Control actuator Structure Control sensor
: Gls) [
Control input Sensor output

Control Filter

Fig. 17 General active feedback control scheme: control input is dependent on control sensor
output

Perturbation Monitoring sensor
His) F—»

Y

H(s) > Sds)
Control actuator Structure Control sensor
Control input €l ~ Perturbati
ontrol inpu erturbation
V'

Control Filter

Fig. 18 General active feedforward control scheme: control input is dependent on the perturba-
tion input
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input should be known (or measured). In this case, the control force and thus
closed-loop performance must be reevaluated (or redesigned) in case of chang-
ing perturbation input. Moreover, feedforward control schemes must also
account for the measured output in order to quantify/control the performance
and, thus, depend indirectly of the output y.

3.1 Feedback Control Strategies

In order to evaluate the closed-loop performance due to a feedback control strategy,
let us consider the basic control scheme depicted in Fig. 19. The closed-loop
transfer function, denoted as H*, is then function of the designed control filter
G(s), such that

y=Hp +H[f, f=-G(s)5. (22)

Replacing f, solving for y and defining H. = N./D, the closed-loop transfer
function reads

. H N,
" 1+GH. D+GN,’

(23)

This means that, as the control gain is increased, the closed-loop poles of the
system move towards the zeros of the transfer function H. (between output y and
control input f). The path followed by the closed-loop poles, for a given open-loop
system, depends mainly on two factors: (1) the control law G(s) and (2) the control
input positioning which will affect directly the function N.(s).

In order to analyze the effect of output feedback on a vibrating structure, let us
first consider a very simple control law G(s) = g, where g is a constant control gain.
Then, it is also considered that the displacement or velocity of the structure at some
point can be measured. In the case of a direct displacement feedback,

Fig. 19 Basic feedback T — B
control scheme | !
Perturbation, p Sensor output, y
— ™ Structure >

|
|
|
| Control, f v
|
|
|
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y= cy“’ f = -8y = —gcyu, (24)
and, thus,
Mii + Dua + (K + gbye,)u = byp. (25)

This means that the effect of this control strategy is to modify the stiffness of the
structure. On the other hand, if it is considered that velocity is measured and then
fed back, defining a direct velocity feedback,

y=e¢u, f=—gy=—gcnu, (26)
and, thus,
Mii + (D + ghye,)u + Ku = byp. (27)

Thus, the damping of the structure is modified. The way the stiffness and
damping of the structure are modified, therefore, depends not only on the control
gain g but also on the input and output distribution vectors, ¢, and by, and, hence, in
the positioning of sensor and control actuator.

As an example, let us consider the previous 3-dof spring—mass system for which
both the sensor and control actuator are positioned at the first mass. Figure 20 shows

Fig. 20 Effect of a
displacement (a, control
gains: [0 500 1000] N/m)
and velocity (b, control
gains: [0 5 10] N/(m/s))
feedback on the frequency
response function

Amplitude (dB)

10 20 30 40 50 60
Frequency (rad/s)

o

Amplitude (dB)
|
(#)]
o
\l
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Frequency (rad/s)
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Fig. 21 Effect of displacement (a, control gains: [0 500 1000] N/m) and velocity (b, control gains:
[0 5 10] N/(m/s)) feedback on the pole—zero map

the frequency response function of the closed-loop system considering direct
displacement feedback (DDF, Fig. 20a) and direct velocity feedback (DVF,
Fig. 20b). It confirms that DDF only modifies structural stiffness (observed through
an increase in natural frequencies) while DVF modifies structural damping
(observed through a reduction in vibration amplitude). Alternatively, the analysis
can be performed observing the root locus (position and path of the closed-loop
poles for increasing control gain) of the system which is shown in Fig. 21a, for
DDF, and 21b, for DVF. While for DDF the closed-loop poles more or less follow a
line of constant damping factor, for DVF the damping of the closed-loop poles is
clearly augmented. It is worthwhile to zoom the root locus for DVF (Fig. 22) and
notice that, for a given control gain (¢ = 10.2Ns/m highlighted in the graph), the
amount of added damping (relative to the original damping factor of 0.5 %) is
different for each vibration mode. Indeed, in this case, the second vibration mode is
the one that is more actively damped (with a closed-loop damping factor of 4.57 %).
Since there is great interest in analyzing the effect of the DVF active control on
specific vibration modes, it is worthwhile to rewrite the closed-loop equations of
motion projected into the modal basis by considering u(¢) = ®@a(r) such that

@+ (A + gbyey)a + Qa = d'b,p, (28)

where the contribution of the velocity feedback to the modal damping factor is
mainly due to the vectors of output and input distribution projected into the modal
basis,

b¢ = @tbf, Cp = Cy@. (29)

Notice that the feedback control also couples the original vibration modes since
the closed-loop modal damping matrix is no longer diagonal. For the sake of
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Fig. 22 Effect of velocity (control gains: [0 5 10] N/(m/s)) feedback on the pole—zero map
(zoomed)

simplicity, if only the diagonal terms of the added damping matrix are considered,
the resulting closed-loop damping factor could be approximated by

A =28 w5 = 2505+ gbic; — & ~ & + (gbie;) [ (2a). (30)

In the case of the 3-dof spring—mass system, the modal matrix and input and
output distribution vectors are

—0.3536 —0.5000  0.3536 1
®=|—-05000 0.0000 —0.5000|, b;=|0|, ¢, =[100], (31)
~0.3536  0.5000  0.3536 0

which leads to the following approximations for the closed-loop damping factors
(with control gain g = 10.2 Ns/m),

bicy = 0.1250 — & ~ 4.22 %,
byc; = 0.2500 — &, ~ 4.53 %, (32)
bycs = 0.1250 — & ~ 2.04 %.
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This analysis confirms that the second vibration mode is the one that is most
affected by the feedback control and this is mainly due to the positioning of the
actuator. The analysis also provides a confirmation that for a collocated pair of sensor
and actuator, a DVF control may increase all modal damping factors simultaneously.
Notice that this is not the case for non-collocated pairs. This is illustrated here by
changing the position of the sensor and leaving the actuator at the first mass. For the
sensor at the second mass and same control gain, the closed-loop damping factors are
approximated as & = 5.77 %, & = 0.50 % and & = —1.68 %, meaning that as
expected the first mode is controlled, the second mode is not modified (since sensor is
in a second mode node) and the third mode is destabilized. Indeed, since first and
third modes are out-of-phase it is not possible to control both at the same time. For the
sensor at the third mass and same control gain, the closed-loop damping factors are
approximated as &, = 4.22 %, &, = —3.53 % and &; = 2.04 %. In this case, the first
and third modes are in-phase but the second mode is out-of-phase. Thus, first and
third modes are controlled but the second mode is destabilized.

A root locus analysis provides a more precise information about the feedback
control effect on each closed-loop pole. This is shown in Fig. 23 for the three
possible sensor positions while the actuator is kept at the first mass.

It is also possible to evaluate the natural frequency and modal damping factor of
each vibration mode for increasing DVF control gain values (Fig. 24).

3.2 Positioning of Sensors and Actuators

From the previous section, it is noticeable that the positioning of sensors and
actuators has a great importance in the performance of feedback control schemes.
It was also observed that for a simple control law, such as DVF, the projections of

Sensor at Mass #1 Sensor at Mass #2 Sensor at Mass 73
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Fig. 23 Effect of non-minimum phase on the control of first three vibration modes
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Fig. 24 Closed-loop frequency and damping due to output feedback control (collocated sensor/
actuator pair in the first mass)

the input and output distribution vectors onto the modal basis are the main perfor-
mance factors. Therefore, this information could be used to optimize the position-
ing of sensors and actuators for better control performance. One possible objective
could be to maximize b; and ¢; for a given jth vibration mode.

To this end, the Popov—Belevitch—Hautus (PBH) test could be used to choose
from a set of possible locations for sensors and actuators. For each kth mode of
interest, a matrix may be constructed considering a sensor i/ and an actuator j,
leading to

Ri(i,)) = cipp;b;. (33)

For the 3-dof spring—mass example, this leads to

[0.125 0.177 0.125 0250 0 —-0.250
R, = ]0.177 0250 0.177|, R, =10 0 0 ,

10.125 0.177 0.125 —-0.250 0 0.250

[0.125 —0.177 0.125 (34)
R; = | —0.177 0.250 —0.177

| 0.125 —-0.177 0.125

This analysis shows that the best solution to control the first and third modes is to
place actuator and sensor (collocated) in the second mass, although this leads to no
control of the second mode. On the other hand, the best solution to control the
second mode is to place actuator and sensor (collocated) in the first or third masses.
Indeed, the root locus plots of the three possible collocated solutions, using DDF or
DVF, presented in Fig. 25 show that the amount of added damping to the first and
third modes can be substantially higher placing the sensor/actuator pair in the
second mass, if compared with the added damping that can be obtained for the
sensor/actuator pair placed in the first and third masses.
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Fig. 25 Root Locus for the three possible positions of a collocated sensor/actuator pair

Mode #1
Mode #2

Mode #3
Fig. 26 Schematic representation of the vibration modes of the 3-dof spring—mass system

Notice that the PBH test also shows the combinations of non-collocated sensor
and actuator positions that may lead to destabilization. This can be observed by the
difference in sign between different modes for a given sensor/actuator pair.

It is also worthwhile to point out that the vibration modes of the structure provide
substantial information about the optimal placement for sensors and actuators.
In the case of the spring—mass system with point sensors and actuators, the
projection of the input and output distribution vectors is proportional to
the modal displacement. Therefore, actuator and sensor should be placed where
the modal displacement is higher for the mode of interest (Fig. 26).

3.3 Simple Control Laws Using Output Feedback

Once the optimal location for sensor and actuator is found, it is possible to focus on
the design of a proper output feedback control law G(s) (see Fig. 19). First, it should
be stated that the control law design depends heavily on the practical application,
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since a number of different criteria could be used leading to different optimal
solutions. In the present analysis, it is chosen to focus on control laws that allow
to increase the structural damping of selected vibration modes.

Let us start by writing G(s) as the following transfer function

N.(s)
G(s)=¢g 35
(s) De(s) (35)
Since f = —G(s)y, the control force f(7) is to be found in real time by solution
of a differential equation that is also function of the measurement y(z),
D.(s)f = —gN(s)y, (36)

therefore, the order of G(s) should be small enough so that the control processing
unit is able to evaluate f{7) in real time.

Previously, it was stated that a velocity feedback (DVF) can be useful for
increasing structural damping. However, in some practical applications, the point
velocity may not be measured directly. In this case, even for such a simple control
law, some additional signal processing may be necessary. For instance, if only the
point displacement is available for measurement, the control unit should first
differentiate the displacement signal and then feed it back after multiplying it by
a control gain. However, if the displacement signal provided by the sensor contains
noise, it will also be differentiated. Thus, in this case, a low pass filter should be
included. In terms of the control transfer function, this could be achieved by

N N

Gls) = & = Gls) = g —.

(37)

where a is a parameter to be set depending on the frequency range to be filtered. It is
easy to see that for higher frequencies (s > a), the control signal tends to be propor-
tional to the displacement measured signal so that the high frequency noise is not
differentiated. For low frequencies (s < a), the control signal tends to be proportional
to the time derivative of the displacement measured signal. The parameter a should
be large enough in order not to interfere in the frequency range of interest. Figure 27
shows the importance of the low pass filtering for different noise-to-signal ratios.

In the case where only a point acceleration can be measured, the control unit should
integrate the acceleration signal to obtain the corresponding velocity signal to be fed
back. However, a low frequency noise or DC value should be filtered before integrat-
ing the signal. This could be achieved using the following control transfer function

1 1
G(s) = g, = Gls) = g —

(38)

which, for low frequencies (s < a), leads to the feedback of the acceleration signal
while, for higher frequencies (s> a), is equivalent to time integration. The
parameter a should be small enough in order not to interfere in the frequency
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Fig. 27 Effect of noise-to-signal ratio (a: N/S = 1/1000, b: N/S = 1/100) in a derivative feedback
control
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Fig. 28 Effect of noise-to-signal ratio (a: N/S = 1/1000, b: N/S = 1/100) in an integral feedback
control

range of interest. Figure 28 shows the importance of the high pass filtering for
different noise-to-signal ratios.

Sometimes it is interesting to increase both damping factors and natural fre-
quencies of the system. In this case, a combination of velocity and displacement
feedback could be used. When displacement is measured, this is equivalent to a PD
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(proportional-derivative) control law. This can be achieved by the following control
transfer function

G(s) =g, (39)

in which the control parameter T establishes the relative importance of displace-
ment and velocity feedback. Since there is a differentiation of a displacement
signal, this control law could also be combined to a low pass filter to minimize
noise problems, leading to

1+Ts
= 40
Gls) =g, (40)

where a should be large enough not to interfere in the control performance.
Figure 29 shows the root locus for a PD control law using a measured
displacement.
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Fig. 30 Root locus for positive position feedback (PPF) control
G(s) = —g 0}/ (s2 + 28wy + w%)

Another interesting control law that allows to focus on one specific vibration
mode is the Positive Position Feedback (PPF). The control transfer function simu-
lates a resonant system, such that

2
C()f

10 J i S —
() =8 s% + 24 wps + @

(41)

where the parameters wyand &, correspond to natural frequency and damping factor
of an attached subsystem which poles should be close to the original system poles
that one wants to modify. Figure 30 shows the root locus of PPF control strategies
focusing on each one of the vibration modes of the spring—mass system.
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Nonlinear Dynamics and Chaos

Marcelo A. Savi

Abstract This chapter presents an overview of nonlinear dynamics and chaos. It
starts with a background revision of dynamical systems. Concepts of equilibrium
points, linearization, stability, and Poincaré maps are treated. Afterward, chaotic
dynamics is explored. Horseshoe transformation is discussed in order to define the
main aspects of chaos. Fractal characteristics are presented and discussed. Routes to
chaos are investigated showing some definitions of bifurcation. Lyapunov expo-
nents are defined presenting a diagnostic tool for chaos. The main concepts and
tools are then presented by considering a case study related to a shape memory alloy
system. Single and two degrees of freedom systems are treated using a polynomial
constitutive model to describe the restitution forces.

Keywords Nonlinear dynamics ¢ Chaos ¢ Dynamical systems e Stability
« Bifurcation ¢ Horseshoe transformation ¢« Shape memory alloy

1 Introduction

Nature is essentially nonlinear and this characteristic is responsible for a great
variety of possibilities of natural systems. Natural rhythms can be understood as a
manifestation of dynamical behavior englobing all distinct aspects of system
dynamics. In brief, these rhythms could be either regular or irregular over time
and space. Each kind of dynamical behavior may be related to both normal and
pathological functioning.

Nature-inspired behavior motivates several engineering systems and instigates
researches to develop proper tools to treat nonlinear systems. Historically,
nonlinear systems were usually avoided creating a linear paradigm that limited
the comprehension of natural processes. One of these paradigms is the strict
determinism, clearly illustrated by the Laplace thinking: “If we conceive of an

M.A. Savi, Ph.D. (><)

COPPE—Department of Mechanical Engineering, Universidade Federal do
Rio de Janeiro, Center for Nonlinear Mechanics, P.O. Box 68.503,

Rio de Janeiro, RJ 21.941.972, Brazil

e-mail: savi@mecanica.uftj.br

© Springer International Publishing Switzerland 2016 93
V. Lopes Junior et al. (eds.), Dynamics of Smart Systems and Structures,
DOI 10.1007/978-3-319-29982-2_5


mailto:savi@mecanica.ufrj.br

94 M.A. Savi

intelligence which at a given instant comprehends of all the relations of the entities
of this universe, it could state the respect positions, motions, and general effects of
all these entities at any time in the past or future.”

Only in the end of the nineteenth century the linear paradigm started to be
broken. Motivated by the stability analysis of the universe, Poincaré studied the
dynamical response of the three-body problem. Poincaré presented a counterpoint
for the strict determinism of Laplace and its idea is clearly represented by its
famous phrase: “Even if the case that the natural laws had no longer secret for
us, . .. it may happen that small differences in initial conditions produce very great
ones in the final phenomena.” This is the essential characteristic of nonlinearity
meaning that small causes may generate great effects.

Nonlinear systems have a great variety of responses, and chaos is one of these
possibilities being characterized by sensitive dependence on initial conditions.
Although Poincaré has an absolutely clear vision with respect to chaos (as it is
understood nowadays), only in 1963, when Lorenz developed meteorology studies,
this idea came back to the scientific scenario again (Lorenz 1963). The Lorenz’s
analysis established the colloquial understanding that became famous as the but-
terfly effect, which means that if a butterfly flaps its wings in China it may cause a
hurricane in Brazil.

This chapter presents a general overview of the fundamentals of nonlinear
dynamics and chaos. The following references can be indicated: Hilborn (1994),
Kapitaniak (1991), Moon (1992), Monteiro (2002), Mullin (1993), Ott (1993),
Thompsom and Stewart (1986), Savi (2006) and Strogatz (1994). Initially, funda-
mental background is provided. The mathematical representation of dynamical
systems is discussed presenting concepts as state variables and phase space. Sta-
bility analysis and linearization approaches are then discussed together with some
important tools for the nonlinear analysis. The formal definition of chaos is treated
in the sequence introducing Lyapunov exponents as an important diagnostic tool of
chaos. A case study of shape memory alloy systems is presented as a general
application of the discussed background material.

2 Dynamical Systems: Background

A dynamical system may be understood as a transformation f that is imposed to a
vector field x, that represents state variables used to describe the system dynamics.
This idea represents a frame-by-frame description of reality that can be mathemat-
ically represented by a set of differential equations as follows:

i =f(x), xeR" (1)

This kind of system is called autonomous since it does not have an explicit
dependence on time. On the other hand, it is possible to consider a non-autonomous
system that has an explicit time dependence as follows:
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X =f(x, 1), xeR" (2)

The space of dependent variables, x, is called state space or phase space. It has
different topologies that characterize several aspects of system dynamics. A geomet-
rical approach to understand system dynamics is related to the investigation of how
objects in the phase space respond under transformations imposed by f. In this regard,
it is interesting to imagine an object in phase space representing a set of initial
conditions. Each one of these points is the starting point of a trajectory. After a time
interval, they form a new object and the transformation between these two objects
is imposed by f that defines the kind of behavior of the system. This geometrical
approach allows one to establish an interesting comprehension of the dynamical
behavior, being usually called fopology that studies continuous transformations.

Usually, nonlinear systems do not have analytical solution and, therefore,
different tools need to be employed. Numerical simulation is one of the most
important tools for this aim but there are also hybrid tools as perturbation methods
(Nayfeh and Mook 1979). In general, it is important to understand that dynamical
systems have trajectories that represent the system response. These trajectories are
obtained by some technique as numerical methods. In this regard, it is also
important to highlight the existence and uniqueness of the solution of the nonlinear
dynamical system.

2.1 Egquilibrium Points and Linearization

An equilibrium point (or fixed point) is a special point of the state space where the
system may stay stationary, which means that the solution does not vary with time.
Therefore, if X €R" is an equilibrium point of the system, hence f(X) = 0. Usually,
nonlinear systems have several equilibrium points and system response can visit all
of them, which confer flexibility and complexity to the system behavior.

A useful form to investigate dynamics of nonlinear system is to linearize its
response around a solution. In particular, one can consider an equilibrium point. In
this regard, consider a coordinate change of the form:

X=X+79 (3)
where 7 is perturbation of the solution. Using Taylor series,
fO) =f&+n) =f@) +Df&@n+--- 4)

Df(x) = A is the Jacobian matrix evaluated at the equilibrium point. Hence,
assuming just the linear part of the series, the dynamics around the equilibrium
point is given by:

n = An (5)
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This linear system has analytical solution and for its analysis it is convenient to
perform a coordinate change as follows:

n=1ré (6)

where " is the modal matrix, built with the eigenvectors of the Jacobian matrix.
Under this assumption, the equivalent system is defined:

£ =B¢ (7)

where B = I' A" = diag(J;), and A; are the eigenvalues of the Jacobian matrix.
Hence, the system response is given by:

< ko
& =eBg, = diag (Z E/l’k> & = diag(e”’).fo (8)
=0 "

Therefore, the dynamical characteristics of the system in the neighborhood of
the equilibrium points are defined from the eigenvalues of the Jacobian matrix A. In
this regard, stability issues can be evaluated splitting the eigenvalues in three
different groups: 8°, 9", and 8¢, respectively, representing stable, unstable, and
central sets. Each one of these groups is defined from the real part of the eigenvalues
as follows:

9% = { such that Re(1) < 0}
9" = {4 such that Re(4) > 0} 9)
8¢ = {4 such that Re(4) = 0}

The linearized system has similar response of the nonlinear system in
the neighborhood of hyperbolic equilibrium points. A hyperbolic point is
defined such that the real part of the eigenvalues of the Jacobian matrix does
not vanish (Re(4;) # 0 Vk). This conclusion is the essence of the Hartman-
Grobman theorem (Savi 2006) that establishes the relation between the
nonlinear and linearized solution of a dynamical system in the neighborhood
of an equilibrium point.

Therefore, the dynamics of the nonlinear system can be locally evaluated from
the eigenvalues of the Jacobian matrix. In order to visualize different types of
equilibrium points, it is useful to observe a two-dimensional system (2-Dim).
Figure 1 shows different types of equilibrium points for 2-Dim systems, defined
from the eigenvalues of A.
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Fig. 1 Equilibrium points for 2-Dim systems

Fig. 2 Stability

2.2 Stability

Re(4)=+b >0, Im(A)=+b,
Re(4,)=+b, >0, Im(4,)=-b,

v

Stability is an essential issue of nonlinear dynamical systems being associated with
characteristics of a solution subjected to perturbations. If a perturbation does not
affect a system response in a significant way, the system is stable. Otherwise, the
system is unstable. Figure 2 illustrates stability concept considering the movement
of a body in three distinct situations.

1. Meta-stable equilibrium—After the perturbation, the body returns to its initial
configuration. Nevertheless, there is another possible situation, more stable than
the original one. Hence, the influence depends on the perturbation level.
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2. Unstable equilibrium—After the perturbation, the body does not return to its
original configuration, assuming a new position far from the original one.

3. Stable equilibrium—After the perturbation, the body returns to its initial
configuration.

4. Neutral equilibrium—After the perturbation, the body stays at the new
configuration.

The idea of stability can be extended to dynamical behavior. The local analysis
of linearized system around equilibrium points is an example. Another possibility
is the Lyapunov criterion that analyzes the effect of a perturbation in a specific
system solution. Hence, it establishes a relationship between a specific orbit or
solution of the dynamical system and its perturbation, represented by a nearby
orbit associated with a different initial condition in the neighborhood of the
original one.

The stability concept of Lyapunov defines a stable system in such a way that
two nearby orbits remain close to each other with the evolution of time. Figure 3a
shows this behavior. On the other hand, the system is asymptotically stable if these
orbits tend to converge to each other when time tends to infinity (Fig. 3b).

\/

Fig. 3 Stability concept of Lyapunov. (a) Stable; (b) asyntoptically stable
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Fig. 4 Poincaré map

2.3 Poincaré Maps

Poincaré map constitutes a procedure employed to eliminate a dimension of the
system and, therefore, a continuous system is transformed into a discrete one. There
are many forms to define a Poincaré map, but in general, it is considered as a surface
that transversely intersects a given orbit. For systems subjected to periodic forcing,
Poincaré section may be represented by a surface that corresponds to a specific
phase of the driving force. On this basis, one has a stroboscopically sample of the
system response. Figure 4 illustrates the idea of Poincaré map showing two
different surfaces transversely crossed by a specific orbit.

3 Chaos

Nonlinear dynamical systems present a great variety of responses. This can be
understood as a system freedom, associated with alternative behaviors. Chaos is one
of these possibilities related to richness and unpredictability. In brief, chaos may be
defined as the apparent stochastic behavior of deterministic systems.

Since a dynamical system may be understood as a transformation f that is
imposed to a vector field x, it is interesting to imagine a special type of transfor-
mation characterized by a sequence of contraction—expansion-folder process. This
process represents an archetypal behavior of the system being called horseshoe
transformation. By considering a unitary square in phase space, two different
transformations can be imagined: a positive part of transformation, f, and a negative
part, /', both represented in Fig. 5. The limit as the number of interactions of these
transformations tend to infinity, the positive part of transformation tends to form a
set of vertical lines. On the other hand, the inverse function tends to form a set of
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Fig. 5 Contraction—expansion-folder transformation known as horseshoe

horizontal lines. Hence, the intersections of positive and negative parts form an
invariant set of disconnected points that have the structure of a Cantor set. This set
is closed, disconnected, and has an uncountable infinity of points. Examples of this
set are shown in Fig. 6. Basically, a line is split in three equal parts and the center
part is discarded. This process is repeated tending to infinity. An analogous situa-
tion is related to an area or to a volume. Line is a typical 1-Dim structure and the set
related to this has a fractional dimension, between 1 and 0. The area results in a
structure with dimension between 2 and 1. The cube produces a structure with
dimension between 3 and 2. Line and volume structures are shown in Fig. 6,
constructed from a repetition of a simple rule. This kind of structure has a fractal
characteristic as a reference of the non-integer, fractional nature of its dimension.

The contraction—expansion-folder process has become famous as horseshoe
transformation because of the form of the transformed square. It was originally
proposed by the mathematician Steve Smale, and because of that became known as
the Smale horseshoe. A dynamical system subjected to this kind of transformation
has some special characteristics.

A generic point of the invariant set of points constructed by the horseshoe
transformation may be identified by a sequence of 0’s and 1’s and, because of
that, it is possible to construct a structure that represents orbits of dynamical
systems from these sequences. This approach is called symbolic dynamics and
since it is based on sequences of integer numbers, it is not associated with floating
point errors, being useful in several situations. On this basis, consider two generic
points, p and p, that belong to a small neighborhood, ¢. It does not matter the
size of the neighborhood ¢, there is a number of iterations imposed by f such these
points are separated by a finite distance. Therefore, the system presents a sensitive
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-

dependence on initial condition, as shown in Fig. 7 (Wiggins 1990; Strogatz 1994).
This property characterizes the chaotic behavior of a dynamical system. This
sensitive dependence represents the butterfly effect described in Lorenz’s work.
Chaotic behavior is intrinsically related to the existence of the horseshoe trans-
formation. As a consequence, chaos is associated with nonlinear systems with, at
least, three distinct directions: one related to expansion, one related to contraction,
and a neutral one, where folder occurs. This means that a dynamical system may
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Fig. 8 Evolution of a circle
of initial conditions in a
chaotic behavior
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have at least three dimensions in order to exhibit chaotic behavior (Savi 2006;
Wiggins 1990; Guckenheimer and Holmes 1983). Many authors refer to the
horseshoe transformation as the baker transformation, as a reference of the process
of bread paste. An original paste (related to the square of initial conditions) is
prepared by a sequence of contraction—expansion-folder (Savi 2014; Gleick 1987;
Stewart 1991).

In order to illustrate the physical behavior of the horseshoe transformation,
consider an object represented by a circle of initial conditions. After some interac-
tions, it is evaluated the intersection of the orbits on a Poincaré section. If the
system presents a chaotic behavior, there is a horseshoe transformation character-
ized by expansion—contraction-folder process. Figure 8 shows the original circle
and two other instants (Savi and Braga 1993).

Another characteristic of chaos is the richness that can be associated with the
existence of an infinite number of unstable periodic orbits embedded in the chaotic
behavior. These orbits represent the essential structure of chaos conferring richness
and flexibility to this kind of behavior.

Dissipative dynamical systems are characterized by the asymptotic behavior
associated with attractors. Several types of attractors can be observed in dynamical
system. A stable equilibrium point can be understood as a 0-Dim attractor. A limit-
cycle is another possibility. Chaotic behavior is also related to an attractor that
represents a preferenced region of the phase space where orbits converge. Special
characteristics of this kind of attractor are related to the horseshoe transformation.
Usually, it has a Cantor set aspect with a fractal structure associated with a
non-integer dimension. Due to that, the name strange attractor is usually employed.
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Fig. 9 Chaotic strange 3
attractor

It represents a collection of points, organized in lamelas, with voids. Note that
this is the same structure of the invariant set described for horseshoe
transformation (Fig. 5).

The strangeness of an attractor is related to a geometrical aspect, essentially
fractal, with non-integer dimension. Chaoticity, on the other hand, is a dynamical
aspect. Therefore, although not usual, it is possible to have different situations in
dynamical systems: chaotic strange attractor; chaotic non-strange attractor; strange
non-chaotic attractor (Grebogi et al. 1984). A typical chaotic, strange attractor is
shown in Fig. 9 (Savi 2006).

3.1 Routes to Chaos

The different responses of a dynamical system are defined by parameters and initial
conditions. Each set of parameter produces a specific response. Multistability is a
nonlinear characteristic where a specific set can be associated with more than one
stable solution. In these cases, initial conditions define the system behavior.

A proper comprehension of system dynamics includes the form of how system
behavior is altered by parameter changes. In this regard, it is important to identify
qualitative changes on system behavior. Poincaré introduced the idea of qualitative
changes in solution structure using the term bifurcation.

Bifurcation analysis is useful to identify these qualitative changes, defining the
routes to chaos. In general, two types of bifurcation can be imagined: local and
global. Local bifurcations are restricted to regions of phase space. On the other
hand, global bifurcations are non-local. Local bifurcation analysis is usually
employed considering normal forms that represent prototypes of bifurcations.
Figure 10 shows some classical forms of bifurcations being related to the creation
and destruction of solutions or equilibrium points.

Global bifurcations are related to qualitative changes in global system aspects and
cannot be observed from local analysis. In essence, a parameter change can cause a
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global change in the orbit structure. This type of bifurcation can explain the birth of
chaos due to some orbit collision, for instance. For more details, see Hirsch
etal. (2004), Strogatz (1994), Wiggins (1990), and Guckenheimer and Holmes (1983).

Bifurcation diagrams constitute an important tool to identify the influence of
parameter changes in system response. It represents a stroboscopically sampled of a
system variable under the slow quasi-static change of a system parameter. A typical
bifurcation diagram is presented in Fig. 11 (Savi 2000).

3.2 Lyapunov Exponents

Chaotic behavior needs to be properly identified in dynamical systems. In this
regard, diagnostic tools are essential and system invariants are good alternative
for this aim. Attractor dimension and Lyapunov exponent are usually employed to
identify chaos.
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Fig. 12 Lyapunov exponents

Lyapunov exponent evaluates the sensitive dependence on initial conditions
estimating the exponential divergence of nearby orbits. These exponents have
been used as the most useful diagnostic tool for chaotic system analysis and can
also be used for the calculation of other invariant quantities as the attractor
dimension. The signs of these exponents provide a qualitative picture of the
system’s dynamics. The existence of positive Lyapunov exponents defines direc-
tions of local instabilities in the system dynamics and any system containing at least
one positive exponent presents chaotic behavior. A response with more than one
positive exponent is called hyperchaos (Savi and Pacheco 2002; Franca and Savi
2003; Machado et al. 2003).

In order to understand the idea related to the determination of Lyapunov
exponents consider a D-sphere of states that is transformed by the system dynamics
in a D-ellipsoid. Lyapunov exponents are related to the expanding and contracting
nature of different directions in phase space. The evaluation of the divergence of
two nearby orbits is done considering the relation between the initial D-sphere and
the D-ellipsoid (Fig. 12). This variation may be expressed by:

d(t) = dob™ (10)

where d is the diameter, b is a reference basis, and A is called Lyapunov exponent.
Hence, there is a Lyapunov spectrum given by,

= (19) o

When Lyapunov exponent is negative or vanishes, trajectories do not diverge. On
the other hand, when the exponent is positive, indicates that trajectories diverge,
characterizing chaos. In addition to the signs of the Lyapunov exponents, their
values also bring important information related to system dynamics. Since the
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exponents evaluate the average divergence of nearby orbits, dissipative systems
have a negative sum of the whole Lyapunov spectrum.

The determination of Lyapunov exponents of dynamical system with an explic-
itly mathematical model, which can be linearized, is well established from the
algorithm proposed by Wolf et al. (1985). On the other hand, the determination of
these exponents from time series is quite more complex. In essence, there are two
different classes of algorithms: Trajectories, real space or direct method; and
perturbation, tangent space or Jacobian matrix method (Wolf et al. 1985; Kantz
and Schreiber 1997; Franca and Savi 2003; Savi 2006).

In chaotic situations, there is a local exponential divergence of nearby orbits and
hence, it is necessary proper algorithms in order to evaluate Lyapunov exponents
(Wolf et al. 1985; Parker and Chua 1989). These algorithms evaluate the average of
this divergence considered in different points of the trajectory. Hence, when the
distance d(¢) becomes large, it is defined a new dy(f) in order to evaluate the
divergence, as follows:

I & d(ty)
A= tozlog” (do(fkk—l)> (12)

k=1

Lyapunov exponents can be employed to calculate other system invariants as
attractor dimension. The Kaplan—Yorke conjecture establishes a way to calculate
attractor dimension from the spectrum of Lyapunov exponents (Savi 2006).

4 Shape Memory Alloy System

The analysis of smart systems and structures involves nonlinear dynamics of multi-
degrees of freedom systems. As an illustrative example of some of the concepts
presented in this chapter, one presents the nonlinear dynamics analysis of shape
memory systems considering single and two degree of freedom oscillators. Equa-
tions of motion are formulated using polynomial constitutive model to describe the
restitution force of the oscillator. Despite the deceiving simplicity of the model, its
analysis contributes to the understanding of the nonlinear dynamics of shape
memory alloy systems. Paiva and Savi (2006) presented a general overview about
constitutive models to describe the thermomechanical behavior of SMAs. The
prospect of chaotic behavior is of concerned and the existence of hyperchaos is
an interesting characteristic of these systems.

Numerical simulations are performed employing a fourth order Runge-Kutta
method for numerical integration and time steps less than Az =2z/200w present
good results. The characterization of chaotic motion is done employing Lyapunov
exponents, and its estimation employs the algorithm proposed by Wolf et al. (1985).
A collection of results from Savi and Pacheco (2002) is presented. Savi (2015)
presented a general overview of nonlinear dynamics and chaos in system with SMA
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elements. Savi and Braga (1993) and Machado et al. (2003, 2004) discussed some
other aspects related to oscillators where the restitution force is described by the
polynomial model.

4.1 Polynomial Constitutive Model

Polynomial constitutive model is a one-dimensional model that describes the
SMA behavior considering a polynomial free energy that depends on the temper-
ature, T, and on the one-dimensional strain, £. The form of the free energy is chosen
in such a way that the minima and maxima points represent stability and instability
of each phase of the SMA. As it is usual on one-dimensional models proposed for
SMAs (Savi and Braga 1993; Paiva and Savi 2006), three phases are considered:
Austenite (A) and two variants of martensite (M+, M—). Hence, the free energy is
chosen such that for high temperatures it has only one minimum at vanishing strain,
representing the equilibrium of the austenitic phase. At low temperatures, martens-
ite is stable, and the free energy must have two minima at non-vanishing strains.
At intermediate temperatures, the free energy must have equilibrium points
corresponding to both phases. Under these assumptions, the stress—strain—temper-
ature relation is given by:

6 =a(T — Ty)E — bE® + eE® (13)

where a, b, and e are positive constants, while Ty, is the temperature below which
the martensitic phase is stable. If T is defined as the temperature above which the
austenite is stable, and the free energy has only one minimum at zero strains, it is
possible to write the following condition,

Th=Tu+,— (14)

4.2 Single Degree of Freedom System

Initially, a single degree of freedom oscillator, which consists of a mass m attached
to a shape memory element of length / and cross-sectional area A, and restitution
force F, is treated. A linear viscous damper, characterized by a viscous coefficient
¢, is also considered in order to represent dissipations. Moreover, the system is
harmonically excited by a force F(f) = F sin(wt). Figure 13 presents an oscillator
where the restitution force, F, is provided by a general SMA element.

The equation of motion of this oscillator may be formulated by considering the
balance of forces acting on the mass as follows.
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Fig. 13 Single degree of u
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where Fr = ¢A. Using the polynomial model to represent the restitution force, the
non-dimensional equations of motion are given by (Savi and Pacheco 2002):

Yo=Y
S L (16)
¥y = o sin(wt) — &y, — (6 — 1)y + Byy — &
where &, 5, and ¢ are material parameters; § and w are external force parameters;
and 0 represents non-dimensional temperature.
In all simulations one considers a unitary massand w=1,£=0.1, =13 X 103,

and e =4.7 x 10°. Note that O =1+ ﬂ—i_, and therefore, 0, = 1.9.

In order to illustrate the free response of the oscillator, a non-dissipative system
(£ =0) is considered. Results from simulations are presented in the form of phase
portraits. Figure 14 presents the free response of the system at different tempera-
tures. Figure 14a shows the case where the martensitic phase is stable (8 =0.7). In
this case, there are three equilibrium points where two are stable while the other one
is unstable. Figure 14b considers a higher temperature, where austenitic phase is
stable (6 =3.5). Under this condition, the system presents only one stable equilib-
rium point.

Forced vibrations are now in focus. In order to start the analysis, bifurcation
diagrams are presented (Fig. 15), showing the stroboscopically sampled displace-
ment values, yo, under the slow quasi-static increase of the driving force amplitude,
0, and different temperatures. Note that there are parameter values associated with a
cloud of points, which is related to chaotic motion.

Different responses are now contemplated. Assuming € =3.5 and § = 0.06, the
system presents a period-1 motion. Figure 16 shows the phase space and the
Poincaré section associated with this motion. Regarding the same forcing parameter
and a lower temperature, § = 0.7, where the martensitic phase is stable, the motion
becomes chaotic. The phase space and the Poincaré section associated with this
motion are presented in Fig. 17. Under this condition, a strange attractor is identi-
fied and Lyapunov spectrum estimated by the algorithm due to Wolf et al. (1985) is
A = (4+0.28, — 0.42), presenting one positive exponent.
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Fig. 14 Phase portrait. (a) 0=0.7; (b) 0 =3.5

4.3 Two Degree of Freedom System

A two degree of freedom SMA oscillator, depicted in Fig. 18, is now considered. It
consists of two masses, m; (i=1, 2), supported by SMA elements and linear
dampers with coefficient ¢; (i=1, 2, 3). The system is harmonically excited by
two forces F; = F; sin (Q;t) (i=1, 2).

Using the polynomial constitutive model, the non-dimensional equations of
motion is written as follows (Savi and Pacheco 2002):



110 M.A. Savi

0,06
0,04 -
0,02
0,00 4

= 002

0,041

-0,06 -

-0,08 -

T - T - T
0,00 0,02 0,04 0,06 0,08 0,10

0,001

0,000
-0,001 1
-0,002 7

-0,003 1

Yo

-0,004 7
-0,005

-0,006

-0,007 1

T T T T
0,00 0,02 0,04 0,06 0,08 0,10
5

Fig. 15 Bifurcation diagrams. (a)  =0.7; (b) 6 =3.5

Yo =M1

Yy = disin(w17) — (& + Laup)y, + Eanpys — [(01 — 1) + G0, — 1))y,
+ 0‘%1#(92 - Dy, + ﬂlyg - 51}’(5) - ﬂza%ﬂl()’z - }’0) + 520‘21#(3’2 )’0)5

y,2 =3

y3 = @38y sin (wa1) + & 01y, — (G001 + Ean1a)ys + a3 (02 — 1)y,
- [a%1(92 —1) + 03,05, (05 — 1)])’2 + $205, (92 — yo)3 — 205, (v, — )’0)5
+ B305,05,)3 — €305,0%,Y5

(17)

Again, numerical simulations are performed employing a fourth order Runge-
Kutta method for numerical integration and time steps less than At =27/200w,
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present good results. In all simulations, similar mechanical properties are regarded
for the three spring-dashpot systems. It is assumed a unitary mass and w; =w, =1,
E1=56=6=0.1, pi=pr=p3=13x10°, and &, =¢,=63=4.7x 10°. These
information allow one to conclude that &>, =@z, =u=1and 04, =04, =643 =1.9.

Since equations of motion are associated with a five-dimensional system, the
phase space is split into projections. The analysis is performed by considering two
oscillators, both with single degree of freedom, connected by a spring-dashpot
system. Under this assumption, it is possible to analyze the transmissibility of
motion between the two oscillators, constructing a phase subspace for each mass.
This transmissibility is evaluated studying different temperatures on the connection
system, which causes different patterns on each phase subspace.

Consider an excitation that causes chaotic motion on both oscillators
(6, =6,=0.06 and 0, =03 =0.7) of two uncoupled systems. Therefore, Poincaré
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Fig. 18 Two degree of freedom oscillator

sections related to mass m; (subspace yo,—y;) and m, (subspace y,—y;) present
strange attractors similar to the one presented in Fig. 17. By introducing a
connection with 6, =0.7, martensitic phase is stable and strange attractors
associated with both masses change their patterns (Fig. 19). Lyapunov spectrum
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is 4; = (+0.54, +0.17, — 0.37, — 0.92) presenting two positive exponents, char-
acterizing the hyperchaos. This means that two directions in the phase space suffer
expansion under the dynamical process. This scenario is changed if connection
temperature is in austenitic phase, 6, =3.5. Under this new condition, the
transmissibility is quite different from the previous one (Fig. 20). Now, there
are strange attractors related to both masses and Lyapunov spectrum is
A = (40.30, — 0.14, — 0.29, — 0.45), which presents only one positive exponent,
characterizing chaos.

Different subspaces can be employed for a better comprehension of these
behaviors. Hence, consider a 3D projection (yo—y;—y,) of the five-dimensional
phase space. Figure 21 shows the hyperchaotic behavior associated with the



114 M.A. Savi

-0,10 +

-0,15 T [ TR R T TV SR R el I S | R R T o] [
-0,10 -0,08 -0,06 -0,04 -0,02 0,00 0,02 0,04 006 008 0,10

b 0,15

0,10

0,05

& 0,00

-0,05

1

-0,10

-0,15 f——p—— e e
0,10 -0,08 -006 -004 -0,02 000 002 004 006 008 0,10
Ys

Fig. 20 Phase space. §; =0.06, 6, =0.06; 6, =65 =0.7; 6, =3.5



Nonlinear Dynamics and Chaos 115

0,10
0,08
0,06 -
0,04
0,02
0,00 1
-0,02
-0,04
-0,06

0,08
6,16

Yo

0,10 -0,15

Fig. 21 Poincaré section in the space yo—y;—y, for §; =, =0.06, and 8, =6, =05;=0.7

0,10

0,05

0,00

Yo

-0,05

6,16

0,10 -0,15

Fig. 22 Poincaré section in the space yo—y,—y, for §; =6, =0.06, 8, =65 =0.7, and 6, =3.5

martensitic connection. This 3D projection shows a cloud of points and allows
one to observe the phase subspace of mass m; (Fig. 19) projected on the yo—y,
plane. Note that it is not possible to see a cantor-like structure of the chaotic
attractor. The same 3D projection of the case with austenitic connection shows a
strange attractor with a typical structure (Fig. 22).
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These results show that austenitic connection, which occurs at higher
temperatures (6, =3.5, for example), tends to preserve order in contrast of the
situation where a martensitic connection is considered (6, =0.7, for example).
This conclusion passes from the understanding that there is an inherent order
associated with the pattern of the strange attractor.
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Introduction to Smart Materials
and Structures

Domingos A. Rade and Valder Steffen Jr.

Abstract This chapter first introduces the basic definitions and concepts related to
smart materials and structures. Then, the underlying physical principles and main
operational features of some of the smart materials most widely used in engineering
applications are described. The potential of the technology of smart materials and
structures for innovative solutions of practical problems is put in evidence by the
description of some relevant research studies and engineering applications, with the
support of relevant bibliographic references. The concepts introduced in this chap-
ter are further developed in the other chapters of the book.

Keywords Smart materials * Smart structures ¢ Smart material systems
« Intelligent materials « Intelligent structures

1 Introduction

Recent advances in material sciences enabled the exploration of novel types of
materials, favoring innovative solutions to a number of engineering problems.
Among these materials, the so-called smart materials have deserved a great deal
of attention. According to Leo (2006), these materials are characterized by the
existence of coupling between two or more physical domains (mechanical, electri-
cal, thermal, chemical, optical), in such a way that modifications of the state
variables related to a given domain lead to changes of the state variables related
to another domain. This coupling is illustrated in Fig. 1 considering mechanical,
electrical, and thermal domains. Also indicated are the most important effects
associated to the coupling between each pair.
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Fig. 1 Illustration of coupling of physical domains, typical of smart materials (adapted from
Leo 2006)

In the field of mechanical systems, the existence of the aforementioned coupling
has enabled the use of smart materials under the form of sensors and actuators
which, once integrated to a system, can provide unusual capabilities to it. In this
sense, smart structures or, more generally, smart material systems are understood
as engineering systems (civil engineering structures, vehicles, household appli-
ances, industrial equipment, for example), to which smart materials are integrated
aiming at improving their functionalities with respect to traditional versions.

In their more advanced conceptions, smart materials systems are designed to
mimic certain functionalities of living beings, by using sensors to detect modifica-
tions of the operational and/or environmental features, and promote, by means of
actuators, the necessary corrective actions in order to keep a satisfactory perfor-
mance of the system. This process is controlled by software running in micropro-
cessors, which are responsible for signal processing and command of the actuators.
This description makes clear that one of the main characteristics of smart material
systems is the high level of integration of sensors, actuators, and electronic pro-
cessors into them.

The relevance and maturity of the technology of smart material systems is
confirmed by the large number of existing patents and innovative products. How-
ever, the subject remains an important scientific topic as searching for improved
performance and bridging technological gaps are still necessary. Due to its nature,
the field of smart structures is inherently interdisciplinary. As a result, expertise in
numerous disciplines (e.g., material science, applied mechanics, electronics, con-
trol theory, and computer science) is necessary for the conception and design of
new solutions.

In this sense, the future evolution of this field highly depends on the education of
engineers and scientists with the necessary knowledge and skills. For this purpose,
much effort has been made to popularize this technology and provide didactic
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material for students (Banks et al. 1996; Clark et al. 1998; Srinivasan and
McFarland 2000; Leo 2006). Moreover, many review papers have been published,
which provide the reader with a sense of underlying principles, potential for
applications and research needs and perspectives (Chee et al. 1998; Frecker 2003;
Hurlebaus and Gaul 2006).

From the industrial/commercial standpoint, many companies now produce and
commercialize smart materials and appliances containing them.

In this introductory chapter the main characteristics of some of the most widely
used intelligent materials are presented. Also, their potential for the solution of
practical engineering problems is put in evidence by the description of some
relevant research studies and practical applications, with the support of some
relevant bibliographic references. In the chapters that follow, more detailed
descriptions and analyses are provided by experts, for each of those materials.

2 Piezoelectric Materials

Piezoelectricity, discovered in 1880 by French physicists Jacques and Pierre Curie,
is the property exhibited by certain natural or synthetic solids (quartz, tourmaline,
ceramics, polymers), and biological tissues (bone, skin, dentin) that cumulate
electric charge in response to the application of mechanical loads (direct piezo-
electric effect). Conversely, they undergo geometric deformations (elongations,
contractions, or distortions) when submitted to external electric fields (inverse
piezoelectric effect). The fundamentals of piezoelectricity have been presented in
a number of books (Cady 1964; Jaffe et al. 1971).

Most piezoelectric materials have crystalline structures, which means that their
atoms are arranged with a certain degree of regularity in such a way that one can
identify fundamental arrangements of atoms, called unit cells, that make up the
whole volume of the material. According to the geometric arrangement of the
atoms, the unit cells can be assimilated to electric dipoles, meaning that they
present net separations of positive and negative electric charges. This is a necessary
condition for the existence of the piezoelectric effect. A similar principle applies to
piezoelectric polymers in which the dipoles are associated to molecular chains.

Confining the focus on crystalline piezoelectric ceramics, which are widely used
in smart structure applications, Fig. 2 illustrates one of the phases of their
manufacturing process, called poling. As can be seen in Fig. 2a, within the raw
material the electric dipoles are oriented randomly. As a result, the material does
not exhibit significant piezoelectric features at the macroscopic level. After being
heated, the material is subjected to an intense electric field, in such a way that the
combination of heating and electric field enables the individual dipoles to be
reoriented in the direction of the electrical field, due to the action of electrostatic
forces (Fig. 2b). After removing the electrical field and lowering the temperature,
the electric dipoles come to a preferred orientation in the direction of the poling
field and the material exhibits macroscopic piezoelectric properties.
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Fig. 2 Illustration of the poling process of piezoelectric ceramics. (a) Randomly oriented electric
dipoles; (b) reoriented dipoles under poling electric field

When using piezoelectric materials, care should be exercised to avoid that
temperature exceeds the so-called Curie temperature, above which the material
loses its piezoelectric properties. The same happens when the material is subjected
to strong electric fields with signal opposite to that of the original poling field.

Figure 3 illustrates the direct and inverse piezoelectric effects. According to the
first, when subjected to a mechanical stress T, the material develops electric charges
that are accumulated in the metallic electrodes deposited on the surface of the
material. The surface charge density, named electric displacement, is denoted by D.
The signal of the charge depends on the signal of the applied stress (tension or
compression). As illustrated in Fig. 3a, for relatively low applied stress, the relation
between D and T is linear.

Regarding the inverse piezoelectric effect, the material presents deformations
when an electric field E is applied across the electrodes. In Fig. 3b, the deformation
is represented in terms of the strain S. For relatively low intensities of the electrical
field, a linear relation between S and E is observed.

Exploring the direct and inverse piezoelectric effects, piezoelectric materials can
be used either as sensors or actuators, respectively. In the first case, as illustrated in
Fig. 4a, a piezoelectric element is bonded to the surface of a host structure, in such a
way that, when the structure deforms, either statically or dynamically, part of the
surface strain is transmitted to the piezoelectric element. As a result, this latter
generates electric charges that, by using appropriate electronics, can be converted
into a voltage signal proportional to the strain.

In the second case (Fig. 4b), when a voltage signal is applied to the piezoelectric
element, it tends to deform; as this deformation is counteracted by the mechanical
impedance of the structure, forces are developed on the interface, which make the
structure to deform, statically or dynamically, according to the nature of the input
voltage signal.
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Piezoelectric materials have been extensively used in various engineering appli-
cations, either as sensors or actuators, based on the principles previously described.
Some of the most relevant applications, from the perspective of smart structures
technology, are exemplified next.

2.1 Active Vibration, Aeroelastic and Noise Control

In the context of active noise and vibration control of mechanical systems, the use
of piezoelectric materials provides many advantages, as compared to traditional
sensors (e.g., inertial accelerometers, inductive proximity sensors) and actuators
(e.g., electromagnetic, hydraulic, pneumatic). As a matter of fact, piezoelectric
materials can be used as distributed sensors or actuators, at moderate added weight
and can exhibit sufficient sensing capacity and control effectiveness, this latter in
terms of both force magnitude and frequency bandwidth. Moreover, piezoelectric
sensors and actuators can be arbitrarily shaped in such a way to enable full
integration to the mechanical systems.

Many applications related to the use of piezoelectric materials for active noise
and vibration control, and also for the control of aeroelastic phenomena, such as
buffeting and flutter, have been reported in the literature. For example, Giurgiutiu
(2000) provides a comprehensive review of achievements in the application of
smart materials actuation to counteract aeroelastic and vibration effects in rotary
and fixed wing aircraft. Nitzsche (2012) reports the challenging use of piezoelectric
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actuators as part of a Buffeting Loading Alleviation (BLA) system applied to the
vertical fin of a F-18 fighter. A comprehensive review of active vibration and noise
suppression of plate-like structures with piezoelectric sensors and actuators, con-
sidering various boundary conditions and controller architecture has been recently
presented by Aridogan and Basdogan (2015).

2.2 Passive Noise and Vibration Control Based on Shunted
Piezoelectric Transducers

In a pioneering research work, Forward (1979) suggested the use of piezoelectric
elements associated to electric circuits (named shunt circuits) for the purpose of
passive vibration control. The basic idea, illustrated in Fig. 5, consists in converting
the dynamic strain energy of the host structure into electric energy by exploring the
direct piezoelectric effect, and transferring this energy to the circuit of impedance
Z(w), in which it can be partially dissipated.

It is important to point out that, from the perspective of the dynamic behavior,
some types of shunt circuits exhibit close similarity to other types of vibration
control devices. Indeed, as demonstrated by Hagood and Flotow (1991), Wu
(1996), and Lesieutre (1998), if the shunt circuit is a pure resistance, R, the dynamic
behavior is similar to that exhibited by viscoelastic materials, characterized by a
frequency-dependent complex material modulus. On the other hand, if the shunt
circuit is a resistive—inductive (RL) circuit, its influence is analogous to that of a
viscously damped dynamic vibration absorber (Viana and Steffen 2006).

More recently, more sophisticated electronic circuits have been suggested for
improved performance, such as switched shunts (Richard et al. 2000; Ducarne
et al. 2010) and negative capacitance (Marneffe and Preumont 2008). A recent
study devoted to vibroacoustic control is presented by Rocha and Dias (2014).

2.3 Piezoelectric Energy Harvesting

The possibility of generating electric energy from vibratory motion by exploring
the direct piezoelectric effect has been intensively investigated lately (Erturk and
Inman 2011). This concept is known as piezoelectric energy harvesting or

Fig. 5 Scheme of a Z( )
piezoelectric element (Q) ﬁ
i(0)

connected to a shunt circuit
\\%\\\mﬂm AR, \*-%
\\\ base structure \\\
&\ R,

piezelectric element
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piezoelectric energy scavenging. It should be clear, however, that, as compared to
other traditional sources of energy, this technology is capable of producing rela-
tively small amounts of energy, which can, nonetheless, be used to feed low power
devices. As an example, some applications involve the use of piezoelectric energy
harvesting to feed remote sensing devices and wireless transmission systems (Zhou
and Zuo 2015).

Studies reported in the literature associate the concept of piezoelectric energy
harvesting with a variety of vibration sources, such as machinery and structure
vibrations (Kim 2015), ocean wave motions (Wu et al. 2015), aeroelastic oscilla-
tions (Rocha Vieira and De Marqui 2013), air flow (Zou et al. 2015), and human
motion (Shukla and Bell 2015).

2.4 Structural Health Monitoring

The technology of structural health monitoring (SHM) addresses the problem of
identifying damage by processing structural response signals, and includes the tasks
of damage detection, location, evaluation of extent, and prognosis (Inman
et al. 2005; Adams 2007; Farrar and Worden 2012). Among the different strategies
conceived for SHM, the use of piezoelectric materials has received a great deal of
attention, particularly due to the possibility of deep integration of these materials
into the monitored structures. In this context, piezoelectric transducers are used
either as sensors or actuators in the process of capturing the influence of damage on
the structural response, with the advantage that those transducers can operate in
very broad frequency bands. The operation in the high-frequency domain makes it
possible to identify the presence of incipient damage.

Examples of SHM techniques based on piezoelectric materials are those based
on electromechanical impedance (Annamdas and Soh 2010) and Lamb waves
(Raghavan and Cesnik 2005; Su et al. 2006). In the first, a single piezoelectric
transducer is bonded to the surface of the structure. Special electronics and software
are used to drive the transducer with a voltage signal which excites the structure
dynamically in a high-frequency range (of the order of tens or hundreds of kHz).
The response of the structure is measured by using the same transducer as a sensor,
in terms of the output electrical current. The ratio of the input voltage and output
current defines the electromechanical impedance function, which is a complex
function of frequency and depends on the physical features of both the monitored
structure and piezoelectric transducer. Hence, the occurrence of damage provokes
changes in the electromechanical impedance function and the observed variations
are used to infer the presence, location, and extent of damage. Since the same
transducer is used for excitation and response measurement, this technique is
classified as a pitch-echo method.

Piezoelectric transducers can also be used to generate Lamb waves, which exist
in thin plate-like components, and are guided by the parallel free boundaries. The
interesting feature of Lamb waves is that they interfere with damages, generating
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reflections that can be detected. SHM methods based on Lamb waves can be
implemented either as pulse-echo, when a single transducer is used to generate
and measure the reflected waves, or pitch-catch, when these functions is performed
by different transducers.

3 Shape Memory Alloys

Shape memory alloys (SMAs) is a class of metallic materials which exhibit the
capacity of developing and recovering large strains (of the order of 8 %), in
response to combination of thermal and mechanical activation. This behavior is
due to transformations between two solid phases: martensite, which is stable at
lower temperatures, and austenite, stable at higher temperatures. For a given alloy
composition, the temperatures of transition from one phase to the other depend on
the stress state.

Among the SMAs, Ni—Ti alloys, known commercially under the name “Nitinol,”
are the most popular.

The phenomenology of SMAs is relatively well known. Starting from the
material in the austenitic phase, free of mechanical load at high temperature,
upon cooling, a gradual transformation from austenite to martensite takes place.
In this process, different variants of martensite are obtained, which are distin-
guished from each other by the orientation of their crystallographic structures. In
this state, the martensite is called the twinned martensite. Upon heating the mar-
tensite, the reverse transformation to austenite occurs.

In these transformations, an important variable is the martensite fraction
£(0 < £ < 1), defined in such a way that £ = 1 and & = 0 correspond to the states
of full martensite and full austenite, respectively.

For a given alloy, the thermally induced transformations are characterized by
four values of temperature, namely:

e M, temperature at which the transformation from austenite to martensite starts
e My temperature at which the transformation from austenite to martensite finishes
e A temperature at which the transformation from martensite to austenite starts

» Ay temperature at which the transformation from martensite to austenite finishes

A schematic representation of the temperature-induced transformations between
the two phases is depicted in Fig. 6.

Regarding the thermomechanical behavior, SMAs exhibit two distinct phenom-
ena, namely, shape memory effect and superelastic effect. The shape memory effect
is the property by which large strains undergone by the material in response
mechanical loading can be recovered by heating above a certain temperature, as
indicated in Fig. 7a. On the other hand, the superelastic effect is the property by
which the material exhibits a very large strain upon loading, which is fully recov-
ered when the material is unloaded, without any temperature variation. In this
process, a very large hysteresis loop in the stress—strain curve takes place, as
show in Fig. 7b.
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Fig. 6 Temperature- A
induced phase é
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Fig.7 (a) Representation of the shape memory effect; (b) representation of the superelastic effect

InFig. 7a, at point A, at a sufficient low temperature, with no mechanical load, the
only phase present in the material is twinned martensite. Upon loading, detwinning
of the martensite occurs, so that, for sufficiently high load, at point C only detwinned
martensite exists in the material. Detwinning is the process of reorientation of the
martensite variants induced by the load, which is accompanied by large deformation.
Upon unloading, at point D the specimen exhibits a remaining strain. If the specimen
is heated in the load-free state, the remaining strain is fully recovered, and the
original state of detwinned martensite is obtained at point A.

Regarding Fig. 7b, for the superelastic effect to take place, at point A the
material must be fully austenitic, which means that the temperature must be
sufficiently high for this phase to be stable. As the result of mechanical loading,
the austenite ceases to be stable and is transformed to martensite, which is simul-
taneously detwinned by the load action. This process is accompanied by large
deformation (branch B—C). When the specimen is unloaded, the martensite is
transformed back to austenite, and the strain is fully recovered (path C-D-A).
It should be noticed that, as opposed to the shape memory effect, which involves
temperature increase, the superelastic effect occurs under isothermal condition.
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By exploring the shape memory effect, SMAs have been used for the conception
of thermally activated actuators (motion or force generators) in a number of
applications, among which one can mention aircraft engines (Lagoudas and Hartl
2007), medical devices (Machado and Savi 2003; Silva et al. 2013), robotics (Yan
et al. 2012), aeroelastic control (Giurgiutiu 2000, Abreu et al. 2014), and morphing
aircraft structures (Barbarino et al. 2011).

On the other hand, the superelastic effect has been explored in various applica-
tions in which large recoverable strains are required. Moreover, as the loop in the
strain—strain is associated to energy dissipation, this effect has also been explored
for increasing damping in vibratory systems, in the scope of passive vibration
control (Han et al. 2003; Song et al. 2006). Also, superelastic SMAs have found a
number of applications in medical and dental devices (Machado and Savi 2003;
Jania et al. 2014).

Very useful review papers and books devoted to the fundamentals and applica-
tions of SMA can be found in the literature (Lagoudas 2008; Jania et al. 2014).

4 Magneto-Rheological and Electro-Rheological Fluids

Magneto-rheological fluids (designated herein as MR) are those which exhibit
significant reversible modifications of their rheological properties (those related
to the flow behavior), when they are submitted to external magnetic fields. Like-
wise, electro-rheological fluids (ER) exhibit similar dependence with respect to
electric field.

Physically, MR fluids are stable suspensions of magnetically polarizable micron-
sized particles suspended in a low-volatility carrier fluid, usually a synthetic
hydrocarbon. The order of the dimension of the particles can vary from 1 to
hundreds of pm. Surfactants are added to favor the dispersion of the particles in
the fluid. As to ER fluids, the particles must be made of dielectric (insulating)
materials.

To illustrate the underlying phenomenology, Fig. 8 shows a MR fluid between
two plates which can be slipped with respect to the other, so that the fluid is
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Fig. 8 Illustration of the formation of magnetized particle clusters in a MR fluid
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deformed in shear. In the absence of magnetic field, the particles are evenly
dispersed in the volume of the fluid, which behaves essentially as a Newtonian
fluid (the shear stress is proportional to the shear strain rate). However, upon the
application of a magnetic field H, the particles become magnetically polarized and
are gathered in clusters. Under this condition, the MR fluid exhibits a yield shear
stress, which depends on the intensity of the magnetic field. As a result, there is a
minimum value of shear stress necessary for the onset of the flow.

Similar principle applies to electro-rheological fluids, for which the formation of
clusters can be interpreted as the result of electrostatic polarization.

A model often used to describe the behavior of MR fluids is the Bingham plastic
model, for which the constitutive relation is written as:

dy
TZTy—FﬂE,

where 7 is the shear stress, 7, is the yield shear stress, u is the viscosity, and dy/dt is
the shear strain rate. As discussed above, the flow does not occur as long as the
applied shear stress is smaller than the yield stress. Figure 9 illustrates the Bingham
constitutive model, compared to the Newtonian fluid model.

In most applications, the main rheological property of interest is the viscosity,
which determines the damping capacity of the fluid. Hence, in the scope of smart
structures, electro-rheological and magneto-rheological fluids have been explored
for the purpose of achieving controllable damping.

Confronting MR and ER fluids, it has been recognized that ER fluids have some
inherent drawbacks, which make MR fluids preferable in a number of applications.
Such shortcomings include the tendency of permanent polarization of the ER fluid
particles and the necessity of application of relatively high voltages.

MR fluids can currently be found in a number of commercial products, including
clutches, brakes, dampers, mounts, bushings, and haptic devices (Jolly et al. 1999).
One of the most mature fields of applications is the automotive industry, which has
explored MR fluids for the conception of semi-active dampers, integrated in car
suspensions and truck driver seats (McManus et al. 2002). Also, some promising
studies have been conducted for civil engineering structures (Dyke et al. 1998).

Fig. 9 Illustration of T
the constitutive laws

for Bingham and

Newtonian fluids

Bingham fluid

Newtonian fluid

di
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5 Electroactive Polymers

The category of electroactive polymers comprises a wide range of materials that
exhibit a variety of coupling mechanisms. Those which exhibit electromechanical
coupling are functionally similar to piezoelectric materials in that they produce
mechanical strain under the application of electric fields and produce electrical
signals when subjected to mechanical stresses. However, as opposed to piezoelec-
tric ceramics, which are characterized by small free strains and high blocked
stresses, electroactive polymers, which are very soft, can develop high strains
(on the order of 50-100 %), but have little load capacity.

Electromechanical electroactive polymers can be classified in two main types:
electronic and ionic materials. The mechanism behind the behavior of electronic
electroactive polymers is associated to polarization or electrostatic effects. The
electrical properties of these materials are very similar to those of piezoelectric
materials since they are dielectric materials that contain electric charges forming
electric dipoles. On the other hand, ionic electroactive polymers exhibit electrome-
chanical coupling due to the diffusion, or conduction, of charged species within the
polymer network, which produce the accumulation of charge within the material.

Electroactive polymers have been considered in a variety of applications, such as
artificial muscles (Shahinpoo 2003), robotics (Mutlu et al. 2014), and micropumps
(Xia et al. 2006).

In spite of being an emerging technology, electroactive polymers have been the
subject of rich literature, including books (Bar-Cohen 2004) and review papers
(Shahinpoo 2003).

6 Final Remarks

Smart Materials and Structures is one of the most active and promising research
fields in Engineering, having much potential for novel solutions and incremental
improvement of existing solutions to a range of problems.

In the forthcoming years, many new achievements are expected to occur as the
result of the consolidation of research groups worldwide, the emergence of improved
materials, and the incorporation of the advances into industrial products. To sustain
this trend, it is of utmost importance to educate researchers and engineering students,
and make practitioners convinced of the potential of smart materials.
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Piezoelectric Materials

Vicente Lopes Jr. and Clayton Rodrigo Marqui

Abstract Piezoelectricity is a phenomenon in which certain crystalline substances
develop an electric field when subjected to pressure force, or conversely, exhibit a
mechanical deformation when subjected to an electric field. This reciprocal cou-
pling between mechanical and electrical energy provides useful features for these
materials. The dynamics of the piezoelectric sensor/actuator plays an increasing
importance when higher performance from closed loop systems or damage moni-
toring is required for strategic applications. This chapter focuses on the develop-
ment of the constitutive equations of smart structures. The incorporation of mass,
stiffness, and electromechanical coupling of the piezoceramic patches has a signif-
icant influence on the dynamics properties of the system.

Keywords Electromechanical coupling * Piezoelectric material « Smart structure

1 Introduction

The dynamics of the piezoelectric sensor/actuator plays an increasing importance
when higher performance from closed loop systems or damage monitoring is
required for strategic applications. For a piezoceramic, the three direction (z-axis)
is usually associated with the direction of poling and the material is approximately
isotropic in the other two directions.

Materials that become electrically polarized when they are deformed present the
direct piezoelectric effect, producing an electrical charge at the surface of the
material. The converse piezoelectric effect results in a strain in the material when
placed within an electric field. The direct and converse effects result an electrome-
chanical coupling. While piezoelectric elements exhibit nonlinear hysteresis at high
excitation levels, the response required in the current typical structural applications
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is approximately linear. The linear constitutive relations for piezoelectric materials
are given by Leo (2007):

T = [c"]{S} — [e[{E} (1)

D= [e] (S} + [*|{E} 2)

where the superscript ( )° means that the values are measured at constant strain, the
superscript ( )E means that the values are measured at constant electric field, T is the
stress tensor [N/m2], D is the electric displacement vector [C/mz], {S} is the strain
tensor [m/m], {E} is the electric field [V/m = N/C], [cF] is the elasticity tensor at
constant electric field [N/mz], [e] is the dielectric permittivity tensor [N m/V m?=
C/m?], and is the dielectric tensor at constant mechanical strain (permittivity
matrix) [N m/V? m]. The letters in brackets indicate the units of the variables
(in the SI system of units) with N, m, V, and C denoting Newton, meter, Volts, and
Coulomb, respectively.
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If each element of the matrix of piezoelectric material constant, [e], is designed
by e;; where i corresponds to the row and j corresponds to the column of the matrix,
then e;; corresponds to the stress developed in the jth direction due to an electric
field applied in the ith direction. The piezoelectric strain constants d;;, relating the
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voltage applied in the ith direction to a strain developed in jth direction, are
provided more often than the stress constants. However, the piezoelectric stress
constants can be obtained from the strain constants since the constitutive equation
can also be written as:

S = [s°[{T} + [d}{E} 3)
D = [d]'{T} + [¢"]{E} (4)
where €7 is the dielectric tensor at constant stress. The relative dielectric constant,

KT, is the ratio of the permittivity of the material, eT, to the permittivity of the free
space, &g, (€9=8.9 X 1072 F/m or A s/V m). Then,

T
6] = [e"] — [aI" [c"][a); KT ==
0
with
0 ds;
0 d3
d =10 ds3
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0 0 dis

2 Finite Element Formulation of Electromechanical
Systems

Finite Element Method (FEM) is widely used in engineering problems allowing to
obtain approximate solutions to differential equations that describe the dynamics of
a system. Other methods for obtaining electromechanical models may be used as
the assumed modes method. However, the biggest advantage of FEM is to model
structures with complex geometry. The basic idea is to divide the region into a finite
number of elements and assume that these elements are interconnected by nodes
(Bathe and Wilson 1976).

The pioneers in the development of dynamic models for smart structures are the
work Allik and Hughes (1970). They use the mechanical stress induced by the
piezoelectric to contribute with the total mechanical stress of the host structure.
However, the first research work that has developed a rigorous system for the
design of electromechanical coupled structure was presented by Hagood
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et al. (1990), who applied the generalized Hamilton’s principle, also known as
variational principle applied to piezoelectric systems (Allik and Hughes 1970). The
great contribution of Hagood et al. (1990) was formulated more clearly the elec-
tromechanical coupling.

The FEM is a method of transformation and approximation of an integral
formulation, by an approximation linear algebraic formulation, where the coeffi-
cients are integral evaluations on the subarea of the area of resolution. The
Rayleigh—Ritz formulation is used to derive the equations of motion of the
electroelastic beam. The assumed displacement field shapes within the elastic
body and electric potential field shapes will be combined through the piezoelectric
properties to form a set of coupled electromechanical equations of motion. The
generalized form of Hamilton’s principle for a coupled electromechanical system is
(Hagood et al. 1990)

5]
J[é(T— U+ We — W) + Wt = 0 (5)
n

where ¢, and 7, are two arbitrary instants, T is the Kinetic energy, U is the potential

energy, W, is the work done by electrical energy, and W, is the work done by
magnetic energy, which is negligible for piezoceramic material.

1 1
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1 T
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where p is the mass density and the subscript s and p refer to the structure and
piezoelectric material, respectively. The virtual work, 6W, done by external forces
and the prescribed surface charge, Q, is,

oW = J su'PydV + J(SuTPS dss +8u"P¢c — J&DstP (9)

Vs Ss Sp

where Py, is the body force, Pg is the surface force, Pc is the concentrated load, and
Q is the surface charge. To formulate the matrix of the electromechanical coupling
using FEM, the displacement vector, u, and the electric potential, ¢, must be
expressed in terms of nodal value, i, via the interpolation function
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u(x) = [NyJ{u;} (10)
®(x) = [Ny]{¢:} (11)
Substituting Eq. (10) into Eq. (6) yields
e o
Vs p

The potential energy is the sum of the potential energy of the structure and of the
piezoelectric material. The constitutive relation of the structure in matrix form is
given by:

T,=GS and G

rM—-—o v v 0 0 0 7
v 1—0v o 0 0 0
v v 1—-v O 0 0
1-2
__E o 0 0 Y0 0 (13)
(1+0)(1 —2v) 2
1—-20
0 0 0 0 0
2
1-20
0 0 0 0 0
L 2

G, is the matrix containing the elastic coefficients of the material. E is the
Young’s modulus and v is the Poisson ratio. The strain can be represented in
matrix form by:

o _
a 0 0
0
’ — 0
N z
ST 0 0 % Uy
S=L,u 5 =13 E uy 03 S=LNyu; (14)
S, Jdy Ox U
0 0
S,. el el
’ 7z Y &
0 0
e
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or
S =B,u (15)
and
B, = LN, (16)

Substituting (15) in (13), one obtains the stress tensor in the host structure

T, = GsS = GsBuui (17)

Solving (7) in the structural domain, V, yields

(1
U = M 5ufBJ GB,u,dV; (18)

VS

Similarly from the mechanical strain, the electric field is described by

E=L,® (19)
or
E = L,Ny¢; = By, (20)
where
By = LyNy (21)

and L is the matrix containing the differential operators. Substituting (1) into (7)
and using (20), the potential energy in the piezoelectric domain, V,, yields

1 1
U, = m 3 u/B) " B, u;dV, — m Euf B eB, ¢, dV, (22)

Vo Vo

The potential energy of the piezostructure is obtained by adding (18) and (22)

1 1 |
U= JJJ Euz‘TBJGSBuuidvs + JJJ ElliTB;rCE B,u;dV, — JJ] EuiTB;reBtﬁqside

s P P

(23)
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The work done by electrical energy is

W, = m %ET D dVp (24)

Vo

Using the constitutive relations yields

1 1
W, = ”J Eqf;,.T B, e" B,udVp + m 54)33; By, dVp (25)
Vp Vp
At this point, the coupled electromechanical system equation can be derived
from the generalized form of Hamilton’s principle. Allowing arbitrary variations of

{u;} and {®;}, two equilibrium matrix equations, in generalized coordinates, are
obtained.

([Mg] + [M3]){ui} + ([Ks] + [Kg]){ui} — [Kjtp}{qﬁ,-} = {F°} (26)
(K5, ) — [k, ] {0 = 107} 1)

where Mg and M; are the local matrix of mass for the host structure and the PZT,

respectively:
M; = m NNV (28)
Vs
M; = m PpNINudV, (29)
VP

and Kg and K; are the local matrix of stiffness for the host structure and the PZT,

respectively:
K = m B/GB,dV, (30)
Vs
K = J J B!c"B,av, (31)

Vo

The electromechanical coupling matrix, K{,, and the piezoelectric capacitance
matrix, K; > are
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K, = m B, e Bydv, (32)
VP

KS, = J J B B,dVp (33)
Ve

T
with [K;u] = [Klf¢] . The force vectors are given by:

() = [ padavs + [T (ps)as.+ TR (4)
Vs Ss
{0°} = —J [Ny]" 0 dsSe (35)
Sp

For the entire structure, using the standard assembly technique for the FEM, we
obtain the complete equation for a coupled electromechanical system as

u u F
. oot = (36)
& o Q

where the global matrices are defined by

M = Z ), + Z} (M;)j (37)

Kuu Ku¢

Kpu  Kgp

M 0
0 0

np

Ku —Z (K¢), +Z<K€)j (38)

Ku =Kj, = > (Kf¢>j (39)

np

Kpyp= - (K;¢)j (40)

J=1

where ne is the number of structural elements and 7p is the number of piezoelectric
patches in the structure. The symbol summation, in the above equations, means
finite element assembling matrices. At this point, it is important to note that the
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mass and stiffness matrices for a finite element and therefore for the complete
structure are not positive definite.
The sensor equation is:

Kgpuu +Kyp @5 =Q (41)

Making the electric charge Q to zero since there is no electric potential applied to
the sensor, yields

b, = —Kq;;S Kyuu (42)

To find the force generated in the actuator, one must consider the charge
0 nonzero, then we can rewrite equation (41) as follows:

Kpuu+Kyp @, =Q (43)
or
@, =K, (Q — Kpuu) (44)

Replacing the electric potential (44) in the global equation (36) yields

Mii + Ku = F + Fy (45)

where
K = Ku — Ky K, Ky (46)
Fa=-KyK,,Q (47)

where F., is the electric force generated in the actuator by applying an electrical
charge.

The term K,,;® can be divided in two parts dependent on the electric potential,
one referring to the piezoelectric material used as sensor and the other for the
piezoelectric material used as actuator.

Kuqb(b = Kud) ®s + Ku¢ ®a (48)
Substituting in the motion equation (36)
Mii + K, u + K,y (—K;; K u) —F - K,y @, (49)

or

Mii + Ku = F — K,,®, (50)
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where
K=K, Ky K(;; Kpu (51)

Every structure has some damping effect. Usually, this value is difficult to be
defined precisely, but can be predicted. A practical approach is considering pro-
portional damping, to the mass and stiffness.

D, =aM + K (52)
The global equation of motion, considering damping matrix, is given by

Mii + Dau + Ku = F— K,y de(;Q (53)

where M, D,, and K are the global matrices of mass, damping, and stiffness,
respectively.

3 Eigenvalue Problem for the Short Circuit Case

Natural frequencies and mode shapes can be obtained by reducing the assembled
global matrices to a standard eigenvalue form. It can be done by suitable grounding
the structure by specifying one or more nodal value of electrical potential. Then the
new piezoelectric capacitance matrix, K ; » is non-singular and the eigenvalue

problem, for the undamped homogeneous system, can be written as (Lopes Jr.
et al. 2000)

(K] - o*[M]){u} = {0} (54)

where
M] = [M,,] (55)
K] = (K]~ [Kug) [K5,] (K] (56)

and [ o ]_1 indicates the inverse of the matrix.
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Fig. 1 Displacement of a point P at a distance z from the median line of the beam
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4 Application: Clamped-Free Beam with Bonded PZT

The general equations from the previous section will be applied for the case of a
clamped-free beam with a pair of bonded PZT (bimorph case). Different numbers
and locations of PZTs can be considered.

The poling of the piezoelectric is in the z-direction. Figure 1 shows an Euler—
Bernoulli beam, where the displacement of a point on a normal plane of the beam at

73] [Tt}

a distance “z” from the median line in the direction “x” is

ou,
Uy = —21gp = —Z (57)
The state of plane strain is given by
Ouy 0%u,
Sy = = —z—=— 58
0x o (58)
Equation (14) can be rewritten as
S =Lyu. (59)
where
22

The stress is also rewritten as
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Fig. 2 Structural element with electromechanical coupling

T, = E,S, (61)

Considering that the piezoelectric material is being modeled as Euler—Bernoulli
beam element, their constitutive relations can be summarized as:

D3 = e3151 + 83S3E3 sensor equation (62)

T = CFIS“ — e31E3  actuator equation (63)

The goal is to obtain the interpolation function on the basis of generalized
coordinates for the degrees of freedom of displacement and electrical potential.
With these functions, one can determine the elementary matrices of electromechan-
ical coupled system. Initially, it is considered the electromechanical coupling
between the host structure and the piezo element, as shown in Fig. 2.

The element is composed by two nodes, with two structural degrees of freedom
per node, translation denoted by “u.;” in direction “z”” and rotation in the plane “yz”
denoted by “6,;,” and one electric potential degree of freedom per node “¢;.”
Considering x; the point localized in the node i and ¢ the generalized coordinate

in function of x, as

One can rewrite the displacement vector of the ith element as

=l Oy wun Op] (65)
and the electric potential is
@ =g ¢ (66)
or
(&) = Nu (O)iezr + Nia(§)0y1 + Nua (&)t + Nua(€)6)2 (67)

and
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(&) = Ng1 ()¢ + Nya($)ehs (68)

Initially, one can find the interpolation functions of the mechanical displace-
ments. For this, it is observed that the element is analyzed in only one dimension (£)
and has four degrees of freedom. Therefore, one obtains the following interpolating
function for displacement in the z-direction.

u:(8) = a1 + mé + a8 + aud (69)
or
u=Pa (70)
where
P=[1 ¢ & ¢&] (71)
a=[a, @ a3 ay] (72)

Considering small angles

6,(8) = ——=7 = —m — 2a3¢ — 3 (73)

The values of the generalized coordinates for each element node can be obtained
in matrix form as Eq. (74). The columns of the inverse matrix Pn contain the
interpolation functions. The values of the generalized coordinates for node 1 (£ =0)
and node 2 (£=1) yield

Uzl 1 O 0 0 aq
0 0 -1 0 0 a
i 2 (74)
uz; 1 1 as
O 0o -1 -2 -3 ay
or
§=Pna (75)
and,
a=[Pn" s (76)

One can also write
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_ au;_ auzag _1 —
=" _‘(ag a) =g o=

ou, __ 06 _ 1
where = —6, and n=% then

Uz 1 0 0O U1
O 0 0 0 01
unr [ 10 1 0f) ux
qu 0 0 a 6’y2
or
6:Zu,-

Substituting equation (79) into (76) and after that into (70) yields
u = P[Pn| ' Zu;

One knows that u = Nu;, then
N, = P[Pn]'Z

and

1-32+28 "

—aé + 2a8* — a8
38 — 28

a§2 — a§3

N, =

In order to find the matrix B, one considers
z 0?
Lu = —;a—éz

T z O°NT

_ u

u __; 862

then

and

(77)

(82)

(84)
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—6+12671"
da — 6
B,— — ¢ (85)
a? | 6—12¢
2a — 6aé

Similarly, one can find the interpolation functions of the electric potential. The
element has one dimension (£) and two electric degrees of freedom, thus one
obtains the following polynomial basis to obtain the interpolation functions.

P=[1 ¢&] (86)

The values of the generalized coordinates for each element node, Pn, are given
in equation (87). The columns of the inverse matrix Pn contain the indices of the
interpolation functions. The values of the generalized coordinate for the node
1 (¢6=0) and node 2 (£=1) yield

Pn— “ ﬂ (87)
and
=Y (58)

The interpolation functions are given by multiplying equations (86) and (88)

Ny =P[Pn] ' = [1 gfr (89)

Whereas the electric field can be written directly proportional to the difference of
the electric potential and inversely proportional to the distance of these potentials,
then

do
®=E5 - E=— 90

where & is the distance between the potentials, so ¢ = ¢(x) — & = 5(x), then

o

Rewritten in the matrix form
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0
E(x) = [a] D(x) (92)
Comparing (92) with (19)
0
Lo= |5 93)

S . . X
Considering the generalized coordinate ¢ == — Ox =a0¢, one can
a

rewrite (93) as

10
then,
r_ |1ONg
By =1 %¢ (95)
17-11"
Bo=3 |7 (96)

The interpolation functions of the mechanical displacement and electric poten-
tial can now be used in equations from (28) to (33) in order to find the electrome-
chanical coupled elementary matrices. The differential volume of the host structure
element is

dVs =dzdxdy (97)

Considering the generalized coordinates n = 7, one can write the differential

volume as
dVs =dzab dédn (98)

Substituting (98), equations (28) and (29) are rewritten as:

el g
M :J J J dzp, ab NN, dédn (99)
0Jo J-r,

where a is the length, b the width, and ¢, the thickness of the element. Integrating in
z- and n-directions yields
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1
M = p,tiab J NIN,d¢ (100)
0
similarly,
! T
M = ptpab L NN, a¢ (101)

The local matrix of stiffness for the host structure and the PZT, Egs. (30) and
(31), are obtained by substituting the differential volume

Estb (!
KE=—"25 BB 102
- | mima (102)
.E 3 1
cntpr -
K¢ = B'B 1
P 12a3 0 u Mdé: ( 03)

The electromechanical coupling matrix and the piezoelectric capacitance matrix,
Egs. (32) and (33), are

R €31 2ab (!
K;, = 2" L BB, d¢ (104)
and
1
K§, = &3 tpab L BB, d¢ (105)

where [K;A ' =Ky,

The general equations from the previous sections are applied for the case of an
aluminum clamped-free beam, as shown in Fig. 3. The beam is modeled with
20 elements with 2 mechanical and 1 electrical DOF per node. Different numbers
and locations of PZTs can be considered. The poling of the piezoelectric patches is
in the z-direction. The geometrics and physics features of the beam are Young

,,a:_llllllllllllll —_—
5 - = -

cross section

Fig. 3 Schematic drawing of the beam with PZT patches
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Table 1 Six first natural frequencies for the aluminum clamped-free beam

Modes Analytics f,, (Hz) SMARTSYS f,, (Hz) Difference (%)
1 15.47 15.39 0.52
2 96.98 96.47 0.52
3 271.56 270.13 0.53
4 532.14 529.36 0.52
5 879.67 875.17 0.51
6 1314.07 1307.62 0.49

1 mode 2™ mode

3" mode Esiide

Fig. 4 Four first vibration modes for the electromechanical-coupled beam

modulus 70 GPa; Poisson coefficient 0.31; mass density 2710 kg/m3; length
400 mm; width 20 mm; and thickness 3 mm.

A finite element code was developed using the previous equations, called
SmartSys. Table 1 shows the six first natural frequencies obtained with the
SmartSys code and analytically (INMAN 2013) for the case without PZT patches.

The incorporation of mass, stiffness, capacitance, and coupling matrix of the
piezoelectric patch has a significant influence on the dynamic properties of the
system. The disregarding of these terms may cause errors in many applications. In
order to verify the influence of the electromechanical coupling, four pairs of PZT
patches were bonded on both sides of the beam, as shown in Fig. 3. The beam is
discretized with 20 beam elements, 21 nodes with two mechanical and 1 electrical
DOF per node. The geometrics and physics features of the PZT patches are Young
modulus 62 GPa; mass density 7500 kg/m?; length of each PZT patch 20 mm; width
20 mm; thickness 3 mm,; strain constant dz; 320e — 12; dielectric tensor at constant
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Fig. 5 FRF of the beam; (a) without PZTs and, (b) four pairs of PZT patches as shown in Fig. 3

Table 2 .Five first natural Case () Case (b)
gfgﬁ‘f;zs;‘;ﬁ‘ﬁ gﬁgm Modes | f, (Hz) f,(Hz) | Difference (%)
for the beam with four pairs 1 15.39 18.45 19.88
of PZT patches 2 96.47 101.02 4.72

3 270.13 274.18 1.50

4 529.36 550.53 4.00

5 875.17 927.39 5.97

mechanical strain e§3 3.363e — 8 F/m; elasticity constant ¢y 92.3e9 N/mz; and
dielectric permittivity es; 16.27 C/m?

Figure 4 shows the four first vibration modes for the electromechanical-coupled
beam.

Figure 5 shows the Frequency Response Functions, FRF, for an impulsive
excitation (F =1 N) in node 2 and response in the free end of the beam, node 21.
There were considered two cases: (a) beam without PZT patch, and (b) beam with
four pairs of PZT patches as shown in Fig. 3.

The five first natural frequencies are shown in Table 2 for both cases, beam
without PZT patch and beam with four pairs of PZT patches

The analytical model of a beam with piezoelectric material coupling the elec-
trical and mechanical coordinates was derived using a generalized Hamilton’s
principle. It was found that the incorporation of mass, stiffness, capacitance, and
coupling matrix of the piezoelectric patch has a significant influence on the
dynamic properties of the system. This model of smart structure contains additional
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degrees of freedom at each node, the electrical potential, and it makes the global
mass and stiffness matrices non-positive definite, which require special numerical
preparation to solve the eigenvalue problem.
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Shape Memory Alloys

Marcelo A. Savi, Alberto Paiva, Carlos J. de Araujo, and Aline S. de Paula

Abstract This chapter presents a general overview of shape memory alloys
(SMAs). A discussion about thermomechanical behaviors is carried out establishing
the most important characteristics of these alloys. Applications of SMAs in differ-
ent areas of human knowledge are explained. Thermomechanical characterization
is discussed considering different experimental procedures. Afterward, a brief
review of constitutive models is presented. A model with assumed transformation
kinetics is explored showing some numerical simulations.

Keywords Shape memory alloys * Pseudoelasticity ¢« Shape memory effect
« Characterization  Constitutive models * Numerical simulations

1 Introduction

Shape Memory Alloys (SMAs) belong to smart materials class, presenting
thermomechanical coupling associated with solid phase transformations. SMA
undergoes a reversible phase transformation in the solid state, assuming different
crystalline structures at different temperatures. This phase transformation is similar
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to that observed in the carbon steels, also being called the martensitic transforma-
tion. The main difference is that SMA transformation is reversible, with
thermoelastic characteristics. Besides, phase transformation can be induced either
by temperature or by stress. The unique characteristics of SMAs motivate several
applications in different areas of the human knowledge, such as robotics, acrospace,
biomedical, shape, and vibration control (Lagoudas 2008; Machado and Savi 2002,
2003; Paiva and Savi 2006).

The main phenomena responsible for the cited characteristics are the typical
SMAs thermomechanical behaviors: pseudoelasticity or superelasticity, shape
memory effect (SME) (one-way and two-way), and phase transformation due to
temperature variation. In order to introduce these behaviors, it is worthwhile to
define some characteristic temperatures of SMAs. Essentially, two different phases
are possible: austenite and martensite. Martensitic phase has several variants while
austenite has only one. Considering a stress-free state, A, and A¢ are the starting and
finishing temperatures for austenite formation, respectively, while M, and M; are
the starting and finishing temperatures for martensite formation, respectively.
Therefore, if a stress-free sample is subjected to temperature variations, phase
transformations occur defined by these temperatures. Figure 1 presents a typical
curve in a strain—temperature space (¢ x T). For low temperatures, below Mg, the
sample is at martensitic state, actually, twinned martensite, composed by several
variants. By increasing the temperature, martensite = austenite phase transforma-
tion begins to take place at A, point A, finishing at A¢, point B. By decreasing the
temperature, the reverse transformation takes place, starting at M, point C, and
finishing at My, point D. Since phase transformation temperatures for each phase
have different values, the sample presents a dissipative hysteretic behavior.

Pseudoelasticity or superelasticity happens whenever an SMA sample is in a
temperature above A¢, which is considered a high temperature. In this situation,
under a constant temperature, Fig. 2a shows the typical stress—strain curve (o—¢),
expressing the macroscopic behavior of SMAs. A mechanical loading causes an
elastic response until a critical value is reached, point A, when the martensitic
transformation (austenite = martensite) arises, finishing at point B. At this point,
the crystal structure of the sample is totally composed of detwinned (single variant)
martensite. For higher stress values, SMA presents a linear elastic response.
During unloading process, the sample presents an elastic recovery (B = C). From

Fig. 1 Phase
transformation due to
temperature variation
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Fig. 3 Shape memory effect

point C to D, one can note the reverse martensitic transformation (martensi-
te = austenite). After that, the sample presents an elastic behavior during discharge.
When the loading—unloading process is finished, SMA has no residual strain.
However, since the path of the forward martensitic transformation does not coin-
cide with the reverse transformation path, there is a hysteresis loop associated with
energy dissipation. Another way to observe pseudoelastic effect is pointed out in
Fig. 2b. At first, considering a temperature above Ay, there is only one phase:
austenite . Under a constant temperature, a mechanical loading is applied pro-
moting the appearance of the detwinned martensite, @. During unloading process,
reverse transformation takes place (detwinned martensite = austenite) and when
load vanishes, (3), the sample presents no residual strain.

The SME happens at temperatures below A;. The typical macroscopic behavior
of SMAs during SME can be observed in the stress—strain curve (o—¢) presented in
Fig. 3a, for T < M. When the sample is subjected to a mechanical loading, the stress
reaches a critical value, point A, starting the reorientation process from twinned
martensite to the detwinned martensite, ending at point B. When the mechanical
loading—unloading process is finished, SMA sample presents a residual strain (point
C). This residual strain can be recovered through a sample’s heating, which induces
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the reverse phase transformation (detwinned martensite = austenite). This is the
SME, also known as one-way SME. This phenomenon can be understood from a
motion of the hysteresis loop shown on the stress—strain curve of Fig. 2a. Since the
temperature goes down, the hysteresis loop moves down as well. Figure 3b presents
an alternative way to observe SME. At first, the SMA sample is at a temperature
above A;, @. At this temperature, the sample has only the austenitic phase. When
the temperature of SMA sample goes down and crosses the line related to M, the
phase transformation begins to take place and the twinned martensite replaces the
austenite. This transformation is concluded when the sample temperature is below
M;, @. Under a constant temperature, a mechanical loading is applied (2 — (®)),
promoting the appearance of detwinned martensite. When this load vanishes, the
sample presents a residual strain, (3). The former shape of the sample can be
recovered through a heating process () — (4)), which causes the reverse martens-
itic transformation (detwinned martensite =- austenite).

The two-way SME is obtained after a training process that makes the sample has
a shape in the austenitic state and another in the martensitic state. The change of
temperature produces a change in the sample shape without any mechanical
loading. Typically, there are two training procedures (Zhang et al. 1991): SME
cycling (cycles of SME) and the training through the appearance of the detwinned
martensite, the stress-induced martensite training, or SIM training. Both of them
induce considerable plastic strains.

This chapter presents a general overview of SMAs. Initially, applications are
discussed, showing the great potential of these alloys in distinct areas. The charac-
terization of SMAs is then discussed, presenting some basic procedures to exper-
imentally characterize the thermomechanical behavior of these alloys. Finally, the
constitutive modeling is discussed. Specifically, the model proposed by Brinson
(1993) is presented together with some numerical results. It is important to mention
that constitutive modeling and thermomechanical characterization are essential
tools for the design of SMA devices.

2 Applications

The remarkable properties of SMAs are attracting significant technological interest
in several fields of sciences and engineering, from biomedical to aerospace
applications.

Biomedical applications with SMAs have become successful due to the charac-
teristic of noninvasive devices and also due to its excellent biocompatibility. SMAs
are usually used in surgical instruments, cardiovascular mechanisms, orthopedic
and orthodontic appliances, among other applications. Self-erectable structures are
typical applications of SMA devices and biomedical devices also exploit this aspect
in different ways. Simon filter has as main function to filter blood clots that exist in
the bloodstream (Duerig et al. 1990). Self-expandable stents (Ahlhelm et al. 2009) have
the main function of supporting any tubular passage as, for example, blood vessels.
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Fig. 4 Medical components manufactured with SMA. (a) Nitinol Simon filter (taken from http://
www.whichmedicaldevice.com); (b, ¢) shape memory self-expanding stents (Ahlhelm et al. 2009)

Fig. 5 SMA multi-actuated hydrofoil prototype (Rediniotis et al. 2002)

Both applications can be observed in Fig. 4. Duerig et al. (1999), Reynaerls
et al. (1997) and Machado and Savi (2002, 2003) discussed different biomedical
applications that include orthopedic and orthodontics ones.

Besides medical applications, SMAs are widely exploited in engineering fields.
In this regard, references related to applications of SMAs in naval industry,
vibration control, robotics, and aerospace engineering are discussed in this text.
Coupling and joints of pipes and the use of SMAs as sensor and/or actuators are also
treated. It is important to mention that a limiting factor to the design of new
applications is SMA’s slow rate of response—their main drawback.

The use of SMAs to promote movement to intelligent structures has a great
potential. Naval industry is one of the areas that is investing in the development of
this kind of system. As an illustrative example, one can cite an SMA multi-actuated
flexible hydrofoil prototype, which simulates fishtail swimming dynamics, through
hydrodynamic propulsion study (Rediniotis et al. 2002). The SMA wires are
externally actuated by electrical heating source. Figure 5 presents a picture of the
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hydrofoil prototype in a water tunnel. A hydrostatic robot is another application of
SMAs in the naval industry, reported by Vaidyanathan et al. (2000). The use of
SMA springs in the robot provides a waving motion that makes it able to overlap
obstacles under high depth pressures.

Vibration control is an important field within mechanical engineering. SMAs are
employed for the passive control of structures due to their high dissipation capacity,
which is related to their hysteretic behavior. The great advantage concerning this
type of behavior is that the higher the vibration amplitude, the higher the dissipation
is (Savi et al. 2011; van Humbeeck 1999). An alternative for vibration control is the
use of SMA wires embedded in composite matrices that modify the mechanical
properties of slender structures (Birman 1997; Rogers 1995). Sitnikova
et al. (2009), Savi et al. (2011), McCormick et al. (2006), Tuissi et al. (2009) and
Oberaigner et al. (2002) also deal with vibration reduction using SMA elements.

A classical passive control device is known as Tuned Vibration Absorber—
TVA, which consists of a secondary oscillator connected to a primary system. By
adjusting the TVA’s natural frequency to the primary system excitation frequency,
it is possible to attenuate primary system vibrations. Williams et al. (2002, 2005)
and Tiseo et al. (2010) present an adaptive TVA (ATVA) device using SMA
elements. This type of control is suitable for systems where frequencies vary or
are unknown. SMA ATVAs are able to adjust their stiffness according to SMA
temperature (Savi et al. 2011; Aguiar et al. 2013). This feature allows SMA ATV As
to attenuate primary system vibrations within a given frequency range. The ATVA
design proposed by Tiseo et al. (2010) is presented in Fig. 6. The adaptive absorber
consists of a pre-stressed Ni-Ti wire, clamped at the edges, with a concentrated
mass placed in its geometric center. It is heated by an electrical current (Joule
effect), so that the internal stress field is forced to change (strain is inhibited),
attaining a large controlled eigenfrequency shift. A sustaining frame that hosts the
wire completes the assembling design.

Fig. 6 SMA adaptive tuned
vibration absorber (Tiseo
et al. 2010)
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Robotics is another area where SMA applications find a great potential. Basi-
cally, it can be used as an actuator, trying to mimic the muscles actuation. Many
efforts have been made to reproduce the natural movement of the muscles of
animals in robots using characteristics of locomotion in rugged environments or
difficult to access, such as at the bottom of rivers and oceans (Safak et al. 2002).
Choi et al. (2001) presented a flexible claw that consists of two flexible beams
connected to a gripper base. Each beam is connected to two springs. An SMA
spring is used as an actuator, while a conventional spring is responsible for the
beam position restoring. There is also a coil spring linking the two beams’ free
edges. Strain gages are responsible for monitoring the beams’ deflection. The SMA
springs should be externally actuated.

In many situations, humans need to rely on the aid of autonomous systems to
perform risky activities and thus many researches have been conducted to develop
robots that combine mobility and accuracy in operations such as, for example,
disabling bombs and landmines. Dilibal and Dilibal (2002) present a prototype of a
robot hand, ITU Hand, composed of shape memory material in the region of the
fingers coupled to a flexible tube through which passes a fluid. The actuator uses
the reversible SME and the finger movement is controlled by the temperature of the
fluid that heats or cools the SMA. The major advantages of this system compared to
pneumatic and hydraulic systems are greater control of the force applied to the hand
reducing the risks in their use and a decrease in the total weight of the equipment
making it more versatile.

Figure 7 shows a robot composed of eight legs, with three degrees of freedom
per leg and a set of SMA actuators that are activated by the passage of electric
current and make use of the SME to promote the rotational motion of the joints of
the robot (Safak et al. 2002).

The use of SMAs in aerospace applications covers fixed-wing aircraft, space-
craft, and solar panels, among others. Researches are conducted to implement
active materials in the optimization of lifting performance of rigid bodies. This
represents an important step in the development and application of smart materials
and active control technologies.

Fig. 7 Lobster Robot (Safak et al. 2002)



162 M.A. Savi et al.

Fig. 8 Installation of chevrons in the output of the turbines (Hartl and Lagoudas 2007)

One of the most popular programs was the “Smart Wing Program” conducted by
a research group, with support from NASA, AFOSR, and AFRC. The goal was the
development of smart technologies to improve the aerodynamic performance of
military aircraft. The work team developed an adaptive wing with integrated
actuation mechanisms to adjust the standard surface of the wing and provide an
aerodynamic shape for a great variety of flight regimes (Kudva et al. 1999). The
model of smart wing incorporated hinged flap and aileron format using SMA
cables. With these improvements, a control surface deflection by 10° was obtained.
With the use of torque tubes, the wing structure enabled a twist of 5° improving the
performance of 8-12 % compared to conventional wing surface (Hartl and
Lagoudas 2007).

The worldwide increase in the flow of aircraft and the proximity of airports with
major urban centers has created a new challenge to be solved by engineering: the
reduction of airport noise. The permissible level of noise during takeoff and landing
has been increasingly controlled in all countries. SMAs provide an alternative
solution to reduce this noise. Chevrons are installed with SMA elements in the
outputs of the turbines to mix the flow of exhaust gases and reduce noise generated
(Fig. 8). SMA bars bend chevrons on the flow of combustion gases during flight at
low altitude or at low speeds, increasing the mixture of gases and thus reducing the
noise generated. In the case of aircraft being under high speed or high altitude, SMA
bars are cooled and returned to the martensitic phase. This phase transformation
changes the shape of chevrons, increasing the performance of the turbine. The
phase transformation is given by the electrical system that, passing an electric
current in SMAs, promotes the phase transformation induced by temperature.

Another SMA use is the spatial actuating in solar panels. These devices are used
as thin strips of SMA elements such as hinges to open the panels when heated by
electrical stimulus. The use of SMAs is interesting due to less weight than the set
that are used in conventional hinges, favoring the power to weight ratio (Carpenter
and Lyons 2001).

A device successfully employed by the U.S. Air Force in an F-14 chaser (used
for the first time in the 1970s) motivates other interesting application of SMAs
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Fig. 9 CryOfit SMA coupling (Hodgson and Brown 2000)

related to pipes assemblage. This device is known as CryOfit, being developed by
Raychem (2001) (Fig. 9). In order to assemble the two parts, the SMA coupling
should be immersed in a liquid Nitrogen bath (=2—196 °C). Afterward, its diameter
is mechanically enlarged and remains immersed in the Nitrogen bath. After being
removed from bath, it is quickly assembled to the two pipes to be connected. As the
SMA coupling returns to room temperature, it assumes its former contracted shape,
connecting the pipes. In some cases, the adhesion is better than the one obtained by
welded joints, without the inconvenience of the inherent residual stress (Hodgson
and Brown 2000).

Similar situation can be found in the coupling and joints often employed in oil
industry, where an SMA device is employed in pipe flanges (SINTEF 2002). A
pre-compressed cylindrical SMA washer is placed between the flange and the nut.
When it is heated, it returns to its former shape and promotes an axial restitution
force on the bolt, connecting the two parts. This procedure avoids the application of
torques, which induces shear stress on the bolt. La Cava et al. (2000) present
modeling and simulations related to this device and conclude that this form of
assembling offers about 20 % of equivalent stress reduction on the bolt as compared
to the traditional procedure.

The last category of SMAs applications cited in this chapter is its use as sensors
and/or actuators. In this regard, the device developed by Nagnuma et al. (1998),
presented in Fig. 10, uses SMA as both sensor and actuator in a hydrothermal fluid
sampler. The sampler senses hot fluid and generates pumping power from the heat
energy of the fluid. The functioning is explained as follows. Initially, the SMA
suction spring is first compressed at low temperature (point A). At this point, the
suction force is smaller than the friction force due to push the piston. Exposed to hot
fluid the suction spring immediately extends and generates larger force, enough to
intake the fluid (point B). The suction force decreases with the increase of the spring
length, and the suction stops at the end of the stroke (point C). The SMA spring is
cooled, and suction does not occur (point D). The idea of this device can be
employed in different situations related to deployment. Solar panels and fire
systems are some examples.

Jun et al. (2007) presented an analysis of a fuel-powered shape memory alloy
actuator system (FPSMAAS) that uses fuels with high energy densities, such as
propane, as its energy source. The benefits of this high energy density are evident in
the efficiency activation cycles (heating and cooling). The heat generated by the
combustion can be controlled by forced convection transferred to a fluid and,
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thereafter, to the element of shape memory actuator, until it reaches the temperature
phase transformation. With the high speed which the fluid temperature can reach
and a relatively large surface area of the actuator element, the process activation can
be obtained rapidly. The cycle ends with the process of cooling also using forced
convection, which prevents overheating the element, a common occurrence in
actuators that use electricity as an activation mechanism, which may result in the
loss of ability to performance. In the analyzed FPSMAAS, the main component of
the actuator, an SMA element, operates as a heat engine and converts the thermal
energy of fuel combustion into mechanical energy. Due to the relatively high
recovery stress and strain of SMAs, the compact actuator can provide significant
force and stroke. Convection heating and cooling of the SMA also results in
relatively high actuation frequencies.

SMA actuators for automotive applications are also considering the use of SMAs
for different purposes. Czechowicz (2013) pointed out the main reason for appli-
cation of SMA actuators in automotive systems: its high working capacity with a
force range up to 80 N and a stroke range up to 30 mm; the possibility of weight,
cost and complexity reduction once the number of actuator parts decreases and
external sensors can be eliminated as they can be replaced by a single SMA wire;
SMA actuators are corrosion resistant; additionally, SMA actuator presents noise-
less actuation. Based on these points, three conceptual adaptive SMA actuators are
proposed by Czechowicz (2013) and the most promising concept is experimentally
validated. The actuator works against a conventional spring, which is attached
in parallel to a pseudoelastic device. This additional pseudoelastic element is
responsible for an additional mechanical stress at varying ambient temperatures.
Two SMA elements are used, one as actuator and the other one as the pseudoelastic
device.

Fig. 10 Tube sampler hydrothermal



Shape Memory Alloys 165

An alternative for shape memory actuators where there is a need for a large
actuation force is to use a set of wires attached to a device type tendon. The use of
this device was developed by Mosley et al. (1999) that present the design, the
constructed prototype, and the experimental evaluation of the dynamic character-
istics of an SMA actuator, which is composed of 48 SMA wires mechanically
bundled in parallel forming one powerful muscle. The actuator is able to lift 100 Ib,
which is approximately 300 times its weight. The aim of the authors is to develop a
new generation of large-scale robotic manipulators that are lightweight, compact,
dexterous and able to produce high actuation forces.

Recently, shape memory thin films have been recognized as a great promise for
high-performance materials in the application of micro-electro-mechanical MEMS
(Micro-Electro-Mechanic Systems) by standardizing fabrication processes by
lithography. They possess small quantities of mass for heating or cooling, resulting
in rapid responses in the cycles of activation. The work (energy) per unit volume of
these devices overcomes any other device performance. The application of these
films allows further simplification of the mechanisms with a great flexibility of
design and production of friction-free movement and vibration. The phase trans-
formation that occurs in the SMA thin film substantially modifies the mechanical,
physical, chemical, electrical, and optical properties such as yield stress, elastic
modulus, hardness, electrical resistivity and conductivity, thermal expansion coef-
ficient, among other properties. Such changes can be used to create a sensor or
actuator different characteristics. These devices can be applied in severe environ-
ments such as radioactive, corrosive, or aerospatial, which require large actuation
force, low operating voltage, and resistance. An example of this kind of application
can be found in Nakatani et al. (2003), which present the development of a 3D
display created from small shape memory actuators.

3 Thermomechanical Characterization

This section presents an explanation about how to characterize some quasi-static
thermomechanical behaviors of SMAs through experimental procedures. The
presented procedures are stress-free thermal analysis; isothermal stress—strain
test; and isobaric strain—temperature test.

3.1 Stress-Free Thermal Analysis

Temperature plays an essential role in the thermoelastic martensitic phase trans-
formation experienced by SMA. Therefore, most of the physical properties, such as
the electrical resistivity and elastic modulus, change with temperature. This change
is commonly used to determine the temperatures of phase transformation and
thermal hysteresis of SMAs. The determination of these specific thermal properties
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is fundamental to the design of actuators based on SMAs, targeting advanced
applications.

The two main techniques for determining transformation temperatures and
thermal hysteresis in SMA are differential scanning calorimetry (DSC) and the
electrical resistance measured as a function of temperature (ERT). In both tech-
niques, there is no need for the application of mechanical loading. While DSC is
popular with several commercial calorimeters available for this aim, ERT is simple
to be implemented without the need of sophisticated equipment.

3.1.1 DSC Analysis

Figure 11 shows a typical DSC calorimeter for stress-free thermal analysis of SMA,
as well as the arrangement of samples in the equipment. In the DSC test, the
temperature of SMA sample is continuously varied with a constant heating and
cooling rate. In general, for SMA, rates of 5 or 10 °C/min are used for thermal
characterization. The SMA sample is placed in a small pot, while another sample is
used as a reference in the second pot. The second reference sample can be a stable
metal without phase transformation in the temperature range examined. The calo-
rimeter is microcontrolled and makes automated measurements of temperature and
energy occurring in the furnace containing the two samples. If the equipment allows
the use of liquid nitrogen for helping cooling and the sample pans are in aluminum,
tests between —150 and 500 °C can be achieved.

Figure 12 shows a typical result of an SMA DSC analysis. In general, there are
peaks related to phase transformations. During cooling, there is a sample energy
release that corresponds to thermoelastic transformation from austenite, at high
temperature, to twinned martensite, at low temperature. Applying tangent lines to
the peak region, it is possible to determine the start and finish temperatures of
martensite phase formation, M, and My, respectively. Typically, the DSC has a
software that automatically determines these temperatures. This peak is the energy

Fig. 11 Stress-free thermal analysis by DSC. (a) DSC apparatus from TA Instruments (model
Q20). (b) NiTi SMA sample into DSC furnace
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released for this phase change, which corresponds to an exothermic reaction. Once
achieved the lowest temperature programmed for cooling, the reverse phase trans-
formation, from twinned martensite to austenite, is performed during heating. At
this stage, a peak corresponding to the reverse transformation appears in the DSC
curve. Now, the peak is the energy absorption by the material for this phase change,
which corresponds to an endothermic reaction. Once again, the tangent procedure
allows one to determine the start and finish temperatures of reverse transformation
from austenite to twinned martensite, A; and Ay, respectively.

From a typical SMA DSC curve, as the one presented in Fig. 12, it is also
possible to determine the thermal hysteresis (Ht) of the phase transformation,
defined as the difference between the temperature peaks of phase transformations:
forward, during cooling (M,,); and reverse, during heating (A,). In addition to these
thermal properties related to the phase transformation temperatures, DSC apparatus
are also used to determine the enthalpies of transformation (AH) through the peak
area of forward transformation (austenite—martensite, AH s_y;) during cooling, and
reverse (martensite—austenite, AHy;_») during heating.

It is noteworthy to observe the possibility to appear extra peaks in an SMA DSC
test, during either cooling or heating. In case of Nickel-Titanium (NiTi) alloys, it is
very common to detect a phase transformation occurring in two stages during
cooling. First, the austenite transforms to a twinned martensite with a rhombohedral
structure, known as R-phase and, afterward, this first martensite transforms into a
second martensite, which has a monoclinic structure. Figure 13 shows a DSC result
considering this behavior in a NiTi SMA. In this case, two new temperatures are
defined, indicating the start and finish of R-phase formation from austenite during
cooling, called R, and Ry, respectively. Similarly, it may be also established a new
hysteresis in temperature corresponding to the temperature difference between the
peaks of the austenite phase (A,) and R-phase (R,,).
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As previously mentioned, the phase transformation temperatures of SMA can
also be determined by techniques that are not commercially available. In this case,
the most frequently used method consists of monitoring the change in electrical
resistance (ER) of SMA as a function of temperature.

3.1.2 ERT Analysis

Basically, the technique of measuring the electrical resistance as a function of
temperature (ERT) to monitor the reversible phase transformation in SMA consists
of attaching four electrical terminals in a sample (two external and two inner
positions). This technique is known as the 4-wire method, as shown in Fig. 14.
The SMA sample is immersed in an environment where it can be continuously
cooled and heated. The thermo-controlled environment can be provided by a
thermal bath, Peltier cell, or liquid nitrogen with heating system. This type of
environment defines the temperature range of heating and cooling, which is usually
between —100 and 200 °C. A power supply allows one to select and maintain a
constant electrical current passing through the SMA sample. Then, a constant
electrical current is passed through the two external terminals, while the voltage
drop is monitored in the inner terminals. The corresponding voltage drop and the
temperature values, which are measured using a micro thermocouple attached to the
SMA sample, are obtained and stored by a data acquisition system connected to a
computer.

Figure 15 shows some typical results of an ERT analysis in a NiTi SMA with the
system of Fig. 14. In general, for conventional stable metals, there is a linear
relationship between electrical resistance and temperature, and hysteresis is not
observed. In the case of SMA:s, this linear relationship exists only in the tempera-
ture ranges at which the phases, martensite and austenite, are stable. In the temper-
ature range of phase transformation region, during cooling and heating, there is an
increase and decrease of electrical resistance, which causes a hysteretic behavior of
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Fig. 14 Schematic picture of an ERT measurement system using the 4-wire method. The depicted
photo shows a typical NiTi SMA sample with welded thermocouple
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Fig. 15 ERT results for some SMA. (a) NiTiCu. (b) NiTi

ERT, as shown in Fig. 15a. Similarly to the case of DSC, the temperatures of phase
transformation from ERT curves are measured by the method of tangent lines, as
shown in Fig. 15. The tangents are applied to straight sections of ERT curves, so
that each transformation temperature is defined by the intersection of these lines at
inflection points for cooling and heating, respectively.
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Specifically for the binary NiTi SMA, the presence of a two-stage phase trans-
formation alters the behavior of ERT curve with respect to that shown in Fig. 15a.
Figure 15b shows that the cooling from austenite transforms, firstly, into a rhom-
bohedral twinned martensite (R-phase, in the range of temperatures R and Ry) and,
then, transforms to monoclinic martensite (between M, and My). The result of this
phenomenon is the formation of a peak of ERT in the range of temperature
corresponding to this double phase transformation. In many cases, this peak is
sharp because the temperatures M and R; are coincident, as shown in Fig. 15b.
During heating, all the formed martensite reverts to austenite causing a deviation
from linearity that determines the A and Ay temperatures, previously defined.

The major advantage of this ERT technique, compared to other methods of
commercial thermal analysis, is that it can be directly applied to measure phase
transformation temperatures of mechanical elements made from SMA, such as coil
springs, pins, screws, and several others.

3.2 Isothermal Stress—Strain Tests

The thermomechanical characterization of SMAs passes through a proper compre-
hension of pseudoelasticity, defined in section 1 (Fig. 2). Therefore, an experimen-
tal infrastructure for applying controlled mechanical loading and unloading at
different levels of constant temperature (isothermal) is required. Figure 16 shows
a universal testing machine with a heating chamber used in LaMMEA/UFCG
(Brazil) for thermomechanical characterization of SMA in pseudoelastic regime.

An important issue related to the SMA characterization is the Clausius—
Clapeyron law, established by the following equation:

a

Fig. 16 Experimental test bench to evaluate the pseudoelastic behavior of a NiTi SMA wire. (a)
Instron 5582 universal testing machine. (b) NiTi SMA wire installed in the grips
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Fig. 17 Experimental pseudoelastic behavior of a NiTi SMA wire. (a) Behavior in the stress—
strain plane for four different temperatures. (b) Three-dimensional stress—strain—temperature
behavior between 30 and 90 °C
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where do/dT may be used as the coefficient C?M, Ty can be calculated as
(My+Ay)/2, &, is the SIM strain, and AH*™ is the enthalpy change of the phase
transformation. Thus, the enthalpy of phase transformation (AH*™), typically
determined by DSC analysis, can also be estimated by thermomechanical charac-
terization in pseudoelastic regime.

Figure 17 shows a series of stress—strain curves for different temperatures during
loading and unloading until a maximum strain of 5 % in a pseudoelastic NiTi SMA
wire. The yellow line in Fig. 17b shows that the maximum stresses (at 5 % of strain)
have a linear increase with temperature, following the Clausius—Clapeyron law for
SMAs.

The critical stresses for formation and reversion of the stress-induced martensite
(SIM, detwinned martensite) can be determined, again, by applying tangent lines in
the stress—strain curves of Fig. 17. Figure 18a illustrates the determination of these
critical stresses for start and finish of SIM during mechanical loading, o\ and o,
respectively. During mechanical unloading, it is possible to determine the critical
stresses for start and finish for reversal SIM, which are o, and oy, respectively. If
these critical stresses are plotted as a function of temperature, a linear behavior
arises as shown in Fig. 18b, confirming the Clausius—Clapeyron behavior.

The mechanical characterization can be defined from the treatment of the data
shown in Fig. 18b. Based on that, the following slopes for the C*™ and CM#
coefficients are determined: CM = do/M; = 4.6MPa/°C, CM = do/M; =
3.8MPa/°C, CMA =ds/A; = 5.0MPa/°C, and CM* = do/A; = 3.0MPa/°C.
Some theoretical models consider the parallelism between these coefficients
(C2M, CAM and CMA, CMA). However, experimental results rarely confirm this
hypothesis, as revealed in Fig. 18b.
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Fig. 18 Ceritical stresses for SIM. (a) Identification and definition of stresses from a superelastic
loop. (b) Relationship between critical stresses and test temperatures

The hysteretic behavior of pseudoelastic stress—strain curves indicates that the
SMA can dissipate energy during the stress-induced phase transformation. This
behavior can be interesting for the development of applications for mitigation and
control of mechanical vibrations. The dissipated energy per unity volume (Ep), in
J/m?, corresponds to the area inside the stress—strain loop, calculated by Eq. (2).

Ep = #ade (2)

For a first cycle reaching maximum strains of the order of 10 %, without
considering the effects of fatigue, this dissipated energy can reach values as high
as 24 MJ/m’.

3.3 Isobaric Strain—-Temperature Tests

Another way to carry out the thermomechanical characterization of SMA is to
perform cycles of SME under constant load. Figure 19 shows a schematic picture of
an experimental apparatus designed in LaMMEA laboratory from UFCG (Brazil)
especially to apply a constant load (using a dead weight) in SMA wires and strips
and carry out controlled heating and cooling of the material, monitoring the
temperature and strain during thermal cycling under constant stress (isobaric).
This apparatus is basically composed of a mechanical structure composed by a
drawbar with mobile and fixed clamps to hold the SMA sample and apply the
desired constant load. This structure is immersed in a thermal bath that can
continuously vary temperature between —80 and 200 °C by using special silicone
oil. A micro thermocouple (100 pm in diameter) of K-type is attached to the SMA
sample, while an LVDT displacement sensor is installed on the draw bar to measure
the displacement during heating and cooling. A data acquisition system connected
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to a computer stores the values of temperature and displacement for further
analysis.

Figure 20 shows a series of strain—temperature curves for various levels of
applied stress in a NiTi SMA wire with 1.5 mm in diameter. Qualitatively, results
show that the transformation temperatures and strain increase with the applied
stress. It is also observed that for limited stresses, up to 100 MPa, strain—temper-
ature loops are closed, without any residual strain under load at the end of heating
(120 °C). Note that it is possible to obtain the four characteristic phase transforma-
tion temperatures as a function of applied load. Figure 21 illustrates this determi-
nation for each value of stress by applying the method of tangent lines.
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Fig. 21 Strain—temperature curves for four levels of constant applied stress on a NiTi SMA wire
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Figures 20 and 21 show that the strains related to the SME after heating vary
from 3 to 7.5 % for applied stress levels between 50 and 250 MPa, with residual
strains limited to less than 1.5 %.

If the temperatures obtained from Fig. 21 are plotted as functions of applied
stress, we can also get the linear coefficients (C =do/dT) corresponding to the
Clausius—Clapeyron law for SMA discussed in the previous section. Figure 22
shows this result for M and A temperatures. The values of M, and A, extrapolated
to zero-stress case are similar to those obtained by DSC for Ni—Ti, with differences
generally limited to +10 °C.
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3.4 Final Remarks

In this section, the most important procedures for thermomechanical characteriza-
tion of SMAs are presented considering an experimental approach. Characteriza-
tion techniques consider methods that do not use commercial devices.

Two alternatives are presented for determining transformation temperatures in
stress-free situations: electrical resistance versus temperature (ERT) and DSC
analysis. Contrary to DSC, the ERT technique is cheaper and can be applied to
various mechanical components made of SMA, such as coil springs; pins; screws;
and others.

Tests with application of mechanical loading, isothermal (pseudoelasticity), or
isobaric (SME under constant load) lead to the coefficients of stress increase with
temperature (C = do/dT) that allows one to obtain transformation temperatures by
extrapolation to zero stress, as well as the enthalpy of transformation via the
Clausius—Clapeyron law.

All these experimental thermomechanical characteristics are very important for
the development of applications for SMA, as well as for modeling and simulation of
the behavior of these smart materials.

4 Constitutive Modeling

The mathematical modeling of SMAs is essential for the proper development of
SMA applications. Constitutive models are, usually, based on macroscopic features
and the standard generalized material approach is a suitable choice for their
formulation. Accordingly, the thermodynamic state of a given continuum in a
specific position at a certain time may be completely defined if a finite number of
variables are known. These variables are called state variables and may be classified
into observable and internal variables. For typical material’s behavior, the observ-
able variables are the absolute scalar temperature (7') and the strain tensor (g;)
(Eringen 1967; Mase and Mase 1999; Gurtin et al. 2010). For reversible phenom-
ena, the material thermodynamic state depends sole upon observable variables; on
the other hand, if any dissipation mechanism is present, internal variables are
required to help describing these irreversible processes evolution, which may
depend on variables time rate.

SMAs behavior is intrinsically non-diffusive, nonlinear, and dissipative. There
are several attempts towards SMA thermomechanical constitutive modeling (Paiva
and Savi 2006; Lagoudas 2008). The macroscopic theories may be classified based
on the original concept they are built upon. Some examples are plasticity-based
models, internal restrictions models, assumed transformation kinetics, among
others.

The assumed Phase Transformation Kinetics (PTK) approach considers
preestablished mathematical functions to describe the phase transformation.
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This theory is widely explored in the literature due to its simplicity and, therefore,
presents plenty of experimental verification. The first attempt to use this concept to
model the SMA behavior was proposed by Tanaka and Nagaki (1982), by intro-
ducing algebraic exponential equations to describe martensitic and reverse trans-
formations. The original model considered two volume fractions as internal
variables, associated with the austenite (A) and detwinned martensite (M+) and,
thus, was neither able to capture the reorientation process, nor to represent the
compressive behavior. This work motivated other researchers (Liang and Rogers
1990; Brinson 1993; Boyd and Lagoudas 1996, among others) that used the same
constitutive formulation except for the evolution equations adopted for the internal
variables. Liang and Rogers (1990) proposed a cossenoidal evolution law, which
was able to better-fit experimental results. These cossenoidal equations were refined
by Brinson (1993) to take into account a new volume fraction associated with the
twinned martensite (M) but still did not capture the compressive behavior. For
further details about PTK formulation, please see the aforementioned references.

In general, the PTK models consider the following constitutive equation,
expressed in terms of time rate of the involved variables:

6ij=Ejuéu—ajp —06;T (3)

where ¢;; is the stress tensor; € is the strain tensor; and T is the scalar absolute
temperature. Concerning the material properties, E;j; is the elastic tensor; a;; is the
phase transformation tensor; and @;; is associated with thermal dilatation/contrac-
tion. Along this work, all parameters are considered constants.

The model proposed by Brinson (1993) is reduced to one-dimensional context,
where the stress tensor becomes the axial stress o; the strain tensor becomes the
axial strain & f and T remains scalars, the elastic tensor becomes the Young
modulus (E), the phase transformation tensor becomes the scalar parameter « that
controls the vertical size of the hysteresis loop, while the thermal tensor becomes
the scalar thermal expansion coefficient (0). Integrating Eq. (3), admitting constant
material properties, the one-dimensional constitutive relation remains:

o —o9=E(e—e) +alf—py) — 6T —To) (4)

where the quantities ( )o may be understood either as the initial conditions or the
past instant values of the respective quantities.

Brinson’s model splits the volume fraction f into two new internal variables,
being one of them related to twinned martensite (M) named St and the other one
associated with detwinned martensite (M+), fs, such that # = 5 + f1. Considering
the non-diffusive characteristic of the martensitic transformation, the volume
fractions fBs and S are considered to depend on the instantaneous values of stress
and temperature: S5 1 = fs 1(0,T). In addition to that, the elastic modulus, during
phase transformations, may be assumed as a linear combination of the austenitic
elastic modulus (E,) and the martensitic elastic modulus (Ey), varying linearly
with the total volume fraction f, such that E(f) = Ea + B(Em — Ea).
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As an extra consideration, regarding the maximum residual strain, namely &g,
is defined as the accumulated deformation after being mechanically loaded until
complete phase transformation is reached and, subsequently, unloaded for a
constant temperature. Admitting as initial conditions: 69 =¢) = f; =0; as
final conditions: ¢ =0; € =¢r; f=1; constant temperature 7 <Ag and
substituting these information into Eq. (4), result in @ = —egE. As a conse-
quence, the parameter a, from now on, is a linear implicit function of f. After
these considerations, it is possible to rewrite the constitutive relation in its final
form as:

o — oo = E(p)e — E(By)eo + a(p)fs — a(py)fs, — O(T — To) (5)

The model evolution laws are set to be cossenoidal equations for both internal
variables fs and ft. For T > Ms, the direct martensitic transformation (A = >M+)
is given by:

- |
Ps= Zﬁs0 cos {6 CRIT i & CRIT [0 — o™ — Cm(T — Ms)] } + +Tﬂso
N f
p (6)
Pr=Pr, — _T;S (Bs — Ps,)

Equation (6) must be applied when: o{RT + Cy(T — Ms) < 6 < o R+
Cm(T — Ms), where, for cyclic tests, s, f,, and f§, correspond to stress-induced,
temperature-induced and total martensitic volume fractions’ amount prior to the
present transformation (remaining from previous transformations), respectively, in
order to adequately describe the subloops due to incomplete phase transformations.
oSRIT and ofRIT represent the critical stresses for beginning and finishing direct
martensitic phase transformations, respectively. In this model, according to Fig. 23,
for T < Mg, these stress levels remain constant, while the material parameter Cyy
corresponds to the slope of the straight line, representing the linear critical stress
increasing for martensitic transformation for 7> M.

Fig. 23 Temperature CRIT
dependence of phase A
transformation critical
stress (Brinson 1993) | |

C
Q?CRIT l l M CA
OTgCRIT
| |
FE 57
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For T < Ms, the following equations hold:

1-p 7 1+p
Bs = % cos R ——erm(@ —or ) |+ -
2 og" —og 2
5 ™)
Pr=Pr, — 7= 5= (Bs = Bs,) + 4
1= s,
Equation (7) must be applied when: 6T < 6 < 6RIT, where:
_1=py -
ATfT{cos[AM(Tfo)]Jrl} if Mi <T<Ms and T < T (®)
Ar=0 else

where Ay is a material parameter obtained by: Ay = n/M; — M.
The reverse transformation M+ = A is given by:

ﬁS:'BZSO{cos [AA<T—AS—(;1>] +1}
ﬁTz%{cos {AA(T—AS—CLAH +1}

Equations (9) hold for: T>Ag and Ca(T — Af) < 0 < Ca(T — As), where,
according to Fig. 23, C, corresponds to the slope of the straight line, representing
the linear critical stress increasing for reverse transformation for 7> Agand A, is a
material parameter obtained by: Ax = 7/A; — As.

From the numerical point of view, the implementation is quite simple, since all
equations (not only the constitutive one but also the evolution laws) are algebraic.
The evolution laws are stress-dependent; therefore, for the sake of simplicity, the
algorithm considers prescribed stress. Concerning the compressive behavior inclu-
sion in the original Brinson’s model, the stress-induced volume fraction originally
varies in the interval [0,1]. Instead of that, it may now vary from [—1,1]; thus, all the
limit conditions to apply the evolution laws should be redefined as their modulus.
Besides that, in every step, it is necessary to evaluate the sign of stress rate (¢ ) to
verify whether the prescription is a tensile loading or a compressive loading. While
conceiving the algorithm, special attention should be devoted for stress-free ther-
mal tests.

©)

4.1 Numerical Simulations

This section presents numerical simulations obtained by the modified algorithm
based on Brinson’s (1993) model. Initially, the comparison between numerical and
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Table 1 SMA properties and parameters identified for Brinson (1993) constitutive model through
comparison with the experimental results obtained by Tobushi et al. (1991)

Material properties Transformation temperatures Model parameters
Ex=57 GPa M;=285K Cv =9 MPa/K
Env =42 GPa M;=295K Ca=28.5 MPa/K
0 =0.55 MPa/K A;=320K oSBT = 90 MPa
eg = 0.0555 Ar=333 K o X = 170 MPa

experimental results found in the literature enables the model parameters’ identifi-
cation. Then, qualitative results are presented for different typical SMA tests,
including internal subloops due to incomplete phase transformation.

4.1.1 Model Calibration

This subsection presents the comparison between the numerical results obtained
by the implemented constitutive model and experimental results obtained by
Tobushi et al. (1991) for one-dimensional, isothermal, pseudoelastic tests for
three different temperatures, aiming the identification of the model parameters
presented in Table 1.

In Fig. 24, the experimental results are monotonic and, thus, exhibit a residual
strain after unloading due to the Transformation Induced Plasticity (TRIP) effect
that is out of this model’s scope. It is worthwhile to distinguish that, after a
“training” cyclic process, this effect becomes saturated (resulting in a complete
residual strain recovery) and, therefore, the present model is able to capture the
correct pseudoelastic behavior. The numerical results are in good agreement with
the experimental results, except for 7=333 K (Fig. 24a); nevertheless, the exper-
imental result does not present a complete phase transformation, which may justify
the softening effect at the end of the direct transformation A = M+, where the
numerical result deviates from the experimental result.

4.1.2 Qualitative Results

This subsection presents some qualitative results that attest the model capability to
describe the temperature-induced phase transformation, the pseudoelastic behavior,
and the SME.

Figure 25 illustrates the phase transformation phenomenon due to temperature
variation for a free-stress state. Figure 25a presents the thermomechanical time
prescriptions; Fig. 25b shows the volume fractions’ time evolution; and Fig. 25¢
exhibits the temperature—strain diagram.

In Fig. 25a, for a free-stress (¢ = 0), the thermal loading involves two-and-a-half
heating/cooling cycles, being the first cycle (0 s <t <4 s) such that the maximum/
minimum temperature levels overlap the limiting transformation temperatures A¢
and My, inducing complete phase transformations. The other one cycle and a half
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Fig. 24 Comparison between numerical results obtained by the Brinson (1993) constitutive model
and experimental results obtained by Tobushi et al. (1991) for different temperature pseudoelastic
tensile tests. (a) T=333 K; (b) T=353K; (¢c) T=373 K

(4 s <t< 10 s) have maximum/minimum temperature levels within the transfor-
mation temperatures’ range, inducing subloops.

Considering Fig. 25b, initially, at a low temperature (T < M), twinned martens-
ite is the stable phase, thus ft = 1. While heating the material (0 s <t <2 s) above
Ay, a complete M = A austenitic transformation takes place and St becomes null.
When the material is cooled back to a low temperature (2 s <t<4s), an A =M
martensitic transformation occurs and, as a consequence, fr =1 again. This first
cycle is responsible for the external (envelope) thermal loop in Fig. 25c. Then, the
subsequent partial heating below Ay (4 s <t < 6 s) reduces fr, inducing a partial
austenitic transformation (between points A and B). The next partial cooling above
M; (6 s<t<8 s) increases pr, inducing a partial martensitic transformation
(between points C and D). At last, another heating process (6 s < ¢ < 8 s), but this
time above Ay, reduces fr, inducing a complete austenitic transformation (between
points E and F). The resulting structure, after the test, is fully austenitic with St =0.
The intermediate plateaus for 0 < fr <1 (between points B and C and points
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Fig. 25 Free-stress phase transformation due to temperature variation. (a) Thermomechanical
loading; (b) volume fractions’ evolution; (¢) temperature—strain diagram

D and E in Fig. 25b, are associated to linear thermal contraction/expansion paths in
Fig. 25c, respectively.

In Fig. 25c, it is possible to observe the thermal subloops due to incomplete
phase transformations, together with the characteristic transformation tempera-
tures: My =285 K; M;=295K; A,=320 K; and A;=333 K.

Figure 26 presents the isothermal tensile response for five different tempera-
tures. Each temperature considered is within one specific temperature range,
according to Fig. 25c¢; ie., T=335 K>Ap A;>T=327 K>Ag A >T=
310 K>Mg My >T=290 K> Mg T=280 K <M.

In Fig. 26, for T=335 K> Ay, it is possible to identify the pseudoelastic
behavior. The original free-stress stable phase is austenite. During mechanical
loading, there is an A = M+ transformation, while, during unloading, a reverse
transformation M+ = A takes place, since M+ becomes an unstable phase for low
stress levels, such that: ¢ < Co(T — Ag). In this case, after the test, the sample
completely recovers its original austenitic shape.

In Fig. 26, for Ay>T =327 K > A, the original free-stress stable phase is, again,
austenite. During mechanical loading, there is an A = M+ transformation, as well as
for T=335 K> A;. Nevertheless, during unloading, the reverse transformation
M+ = A is partial, since A¢>T > A,. As a consequence, a partial residual strain
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Fig. 26 Isothermal Tensile tests for different temperatures

(er =2 0.025) remains and the sample does not completely recover its former shape.
After the test is complete, a mixed resulting structure takes place, where phases
A and M+ coexist.

In Fig. 26, for A, > T =310 K > Mj, the original free-stress stable phase is, still,
austenite. During mechanical loading, there is an A = M+ transformation, as well as
for the two previous cases. This time, during unloading, only an elastic recovery
with no reverse transformation takes place and the maximum residual strain
(er = 0.0555) arises. The resulting structure, for this test, is fully M+.

In Fig. 26, for M, >T =290 K > M, the original free-stress stable phase is a
mixture of austenite (A) and twinned martensite (M ). During mechanical loading,
there are two simultaneous processes as follows: the austenitic fraction experiments
a phase transformation into detwinned martensite M+, while the twinned martensite
(M) fraction undergoes a reorientation (detwinning) process, converting M into
M +. Therefore, after complete loading, the uniform resulting structure is fully M+.
During unloading, again, as in the previous case for A; > T =310 K > M, there is
only an elastic recovery with no reverse transformation. After that, detwinned
martensite M+ remains stable, accompanied with the maximum residual strain
(er =0.0555).

In Fig. 26, for T=280 K < My, the original free-stress stable phase is fully
twinned martensite (M). During mechanical loading, a reorientation process
M = M+ occurs. During unloading, again, as in the two previous situations, there
is only an elastic recovery with no reverse transformation. Thus, after the test,
detwinned martensite M+ remains stable, accompanied with the maximum residual
strain (e = 0.0555).
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Fig. 27 Tension-compression isothermal pseudoelastic test with subloops for =373 K > Ay.
(a) Thermomechanical loading; (b) volume fractions’ evolution; (c¢) stress—strain diagram

Observing Fig. 26, it is possible to take some conclusions as follows:

» For isothermal tensile tests, as the temperature is lowered, the hysteresis loop is
shifted downward; i.e., all critical stresses for beginning and finishing trans-
formations are reduced

¢ A necessary condition for the complete reverse transformation requires that the
test should be performed at a temperature T > A;. For A¢>T > A, the reverse
transformation is partial, while, for T < A, there is no reverse transformation

e For T < M, the critical stresses for beginning and finishing transformations are
always the same

Figure 27 considers the pseudoelastic behavior. Figure 27a presents the
thermomechanical time prescription for this test; Fig. 27b shows the volume
fractions’ time evolution; and Fig. 27c exhibits the stress—strain diagram.

Observing Fig. 27a, there is no temperature variation, while the mechanical
loading is composed of a loading/unloading tensile cycle (0 s < ¢ <4 s), where the
maximum stress level during loading overlaps the critical stress for finishing
martensitic transformation, inducing complete transformation. After that, a similar
compressive cycle is imposed (4 s < ¢ < 8 s). Then, two subsequent partial loading/
unloading tensile mechanical cycles are imposed (8 s<¢< 16 s), inducing
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subloops. Finally, two analogous compressive partial cycles are performed
(16 s<t<245s).

Concerning Fig. 27b, this test is performed at a constant high temperature
(T=373 K > Ay), therefore, fr =0 during all the test (since, at no time, there will
be temperature-induced martensite M). At first, the fully austenitic phase is stable
(Bs=0). Along with the applied tensile loading (0 s <t <2 s), an A = M+ trans-
formation takes place (0 < fis < +1). After unloading ( =4 s), the structure returns
back to the austenitic phase (fs=0). When a compressive loading is applied, an
A = M— transformation occurs (0 < fig <—1). These loading/unloading processes
for tensile (0 s <7< 4 s) and compressive stress (4 s <t< 8 s) induce complete
phase transformations that are responsible for the external (envelope) loops in
Fig. 27c. Then, the subsequent partial loading (8 s <#< 10 s) induces fs. Before
the martensitic transformation finishes, the sample is unloaded, reducing fs, induc-
ing a partial reverse transformation (between points B and C). The next partial
loading (12 s <t < 14 s) increases fs, inducing a partial martensitic transformation
(between points D and E). At last, a complete mechanical unloading (14 s <7< 16s)
turns fs null, inducing a complete reverse transformation (between points F and G).
The resulting structure, after the test, is fully austenitic with g =0. The interme-
diate plateaus for 0 < 5 < +1 (between points A and B, points C and D, and points
E and F in Fig. 27b) are associated to linear elastic behavior in Fig. 27c. An
analogous process occurs for the compressive behavior.

Figure 27c exhibits the stress—strain diagram for a high temperature T > Ay,
where the austenite is the stable phase for a stress-free state. This result also
demonstrates the model capability to describe both tensile and compressive
subloops due to incomplete phase transformations.

Figure 28 presents the SME effect for a low-temperature situation
(T =280 K < My). Figure 28a shows the thermomechanical time prescription for
this test; Fig. 28b exhibits the volume fractions’ time evolution; and Fig. 28c shows
the stress—strain—temperature diagram.

According to Fig. 28a, initially, a loading/unloading isothermal mechanical
tensile cycle is imposed (0 s <t <4 s). Then, for a free-stress condition (¢ =0), a
subsequent heating/cooling thermal cycle, from T < My to T > Ay and vice versa,
is imposed (4 s<t<8 s), bringing the structure back to its initial twinned
martensitic stable state. Then, the same procedure is conducted for compressive
behavior.

In Fig. 28D, firstly, twinned martensite is the only stable phase (=1 at point
A). During the first isothermal mechanical tensile loading (0 s < ¢ < 2 s), the sample
exhibits an elastic behavior (between points A and B), until a martensitic
reorientation process M = M+ occurs (between points B and C), converting fr
into fs. After the martensitic transformation finishes (point C), the sample behaves
elastically again until the maximum prescribed stress (point D). Then, the sample is
unloaded (2 s < t < 4 s), presenting an elastic recovery with no reverse transforma-
tion (between points D and E); thus, s = +1 (at point £) and the maximum residual
strain (eg = 0.0555) remains. From this point on, the sample is heated (4 s <t < 6s)
such that 7 > Ay. There is a linear thermal expansion (between points E and F'), until
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Fig. 28 Shape memory effect for T=280 K < M;. (a) Thermomechanical loading; (b) volume
fractions’ evolution; (c¢) stress—strain—temperature diagram

the material reaches T=A; (point F). After that, an austenitic transformation
M+ =- A is responsible for the complete residual strain (eg) recovery (between
points F and G). After the transformation is complete, the continuous heating
induces a new linear thermal expansion (between points G and H), but this time,
as an austenitic phase. The subsequent cooling process (6 s <t <8 s) brings the
sample back to the former temperature (7'=280 K < My). During cooling, the
material, initially, exhibits a linear austenitic thermal contraction, until it reaches
T =M, (point I). Then, it undergoes a martensitic transformation A = M (that lasts
from point / to point J depicted in the detail of Fig. 28c, finally inducing the original
phase of the test: twinned martensite (fr=1 for T=285 K = M; at point J). The
material exhibits a linear martensitic thermal contraction, until it recovers its
original shape at T=280 K (point A’). An analogous process occurs for the
compressive behavior.

Figure 28c presents the stress—strain—temperature diagram, demonstrating the
model capability for describing the SME.
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4.2 Final Remarks

This section discussed the constitutive modeling of SMAs based on macroscopic
thermomechanical behavior. After a brief revision about the main constitutive
models of the literature, the model due to Brinson (1993) is discussed. Some
numerical simulations are carried out showing its general capability to describe
the general thermomechanical behavior of SMAs.
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Abstract Novel materials suitable for engineering applications are under
development in a number of research centers. Among them, fluids and gels that
can change their rheological properties start to grow in importance for smart
structures applications. Such materials usually present changes in their properties
due to action of an external field, such as electric or magnetic. It has been observed
that changes may occur very fast, allowing applications in active control, for
instance. There are two main classes of the so-called smart fluids, one exploiting
the electro-rheological (ER) effect, and the other exploiting the magneto-
rheological (MR) effect. These variable rheology fluids can have their mechanical
properties modeled in terms of different behaviors of the field-dependent stress—
strain curve. For the pre-yield region of the stress—strain curve the fluid behaves like
a viscoelastic material, then as plastic in the post-yield region, and as viscoelastic-
plastic in the transition through yield region. Considering that smart fluids exhibit
linear shear behavior at small strain levels, similar to many viscoelastic materials, it
is convenient to model variable rheology fluids with the same approaches devel-
oped for viscoelastically damped structures. As a study case, a sandwich beam with
ER fluid core is modeled with finite element method. The dynamical behavior is
assessed with the Golla-Hughes-McTavish (GHM) method to incorporate the
frequency dependence properties of the ER fluid in a structural time domain
model, admitting its behavior as viscoelastic and dependent on an electric field.
The results are compared with analytical models and experimental data available in
literature, aiming to illustrate the potential of variable rheology fluids in further
smart structures concepts.
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1 Introduction

To keep the dynamical responses of structures in acceptable levels some possible
strategies can be used, such as adopting new materials, passive and active control
techniques, and advanced design methods. Vibration suppression has been recently
assessed by using the so-called concept of smart structures. This approach com-
bines active materials and controllers to the structure, and it has been mainly related
to advanced materials with increasing developments since the 1980s. Shape mem-
ory alloys, piezoelectric, electro- and magnetostrictive materials, optic fiber, and
variable rheology fluids/gels are successful examples that have furnished reason-
able results in a broad range of engineering applications.

The aforementioned variable rheology fluids are those that can change their
rheological properties with growing importance for active control applications.
Such materials present changes in their properties due to the action of an external
field, for instance, electric or magnetic. It has been observed that these changes may
occur very fast, thereby allowing applications to control systems. There are two
main classes of variable rheology fluids, that is, those exploiting the electro-
rheological (ER) effect, and the others exploiting the magneto-rheological
(MR) effect. ER or MR fluids provide three possible arrangements: (1) flow
mode, (2) shear mode, and (3) squeeze flow mode (Sims et al. 2000), although
most of the demands for variable rheology fluids adopt the flow mode. This
approach is particularly used for semi-active suspensions. The shear mode is
more indicated to use in smart structures because it is easily integrated into the
structural elements and being lesser intrusive. A natural design to get the benefits of
ER/MR fluids in shear mode is employing the concept of sandwich structural
elements (e.g., beam, shell, and plates). Therefore, this technique can admit
ER/MR fluids restrained by layers of another elastic material (e.g., metals), which
results in a more compact structural element.

The aim of this chapter is to present the basics of variable rheology materials, in
particular, to the electro-rheological and magneto-rheological fluids. To extend the
possibilities of such fluids in smart structures applications, a model of sandwich
beam composed of two layers of isotropic material confining an ER/MR fluid is
presented. The finite element method is used to develop the beam element, while
the behavior of the ER/MR fluid is supposed to have equivalent properties of a
viscoelastic material and modeled by Golla-Hughes-McTavish (GHM) approach.
A study of MR elastomer characterization is also presented.
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1.1 Variable Rheology Fluids

The electro- and magneto-rheological fluids are those that change their primary
rheological properties and their characteristics, such as viscosity, elasticity, and
plasticity, due to an electric and magnetic field applied, respectively. These mate-
rials consist of a compound of sensitive particles dispersed in a fluid (or gel) inert to
the applied field. Under the application of a field (electric or magnetic), the
dispersed particles align in the direction of the field, creating chains with the
strength proportional to the intensity of the applied field. Those chain arrangements
handle changing the material rheological properties. Figure 1 illustrates the changes
in the material components due to changes in electric field.

The MR fluid was discovered in 1951 by Rabinow and consists of magnetic
particles dispersed in a non-magnetic liquid. There are a wide variety of materials
that may be used as the base for MR fluids, the most popular being water, silicone
oil, and hydrocarbon oils. The magnetic particles are usually derived from metals
like iron (Yalcintas and Dai 1999; Lord Corporation 2001).

|
E=0 E =03 kV/mm 400 pm

d

v}

E =0,5 kV/mm E = 3,0 kV/mm 400 pm

Fig. 1 Chain arrangements due to changes in electric field (Conrad et al. 1987)
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ER fluids are analogous to the MR ones being first observed in 1949 by Winslow.
The ER fluid comprises dielectric particles suspended in a liquid with low dielectric
constant and non-conductive. These particles may be graphite, limestone, iron
fillings, silica gel, and alumina, among others. The liquid base may also be a
mineral oil, e.g., silicone, kerosene, and castor oil, among others (Yalcintas and
Dai 1999; Li et al. 1999; Chen and Liu 1999; Vieira 1996).

Both ER/MR fluids are very similar. However, the MR fluid generates a max-
imum shear 20-50 times greater than ER fluids. MR fluids are also able to operate
directly with small power sources, and are less sensitive to contaminants and
temperature extremes. In contrast, the ER fluids have high response speed and
fast relaxation (since there is residual magnetization in MR fluids). In addition to all
the equipment needed for the generation of the electric field for ER applications are
smaller and lighter than those used to generate the magnetic field (Lord Corporation
2001; Vieira 1996).

In the absence of a field, ER and MR fluids behave initially as liquids. When
subjected to a field, both resemble as a gel. During this transformation, rheological
properties also vary. ER and MR materials have different levels of stresses and
deformations in particular response to various levels of electric or magnetic fields
applied. These fluids follow the same type of pattern in their rheological behavior
(Yalcintas and Dai 1999). Figure 2 depicts in the stress—strain plot, how typical
ER/MR fluids behave with respect to the applied field. Three different types of
behavior with increasing deformation of the material are: (1) the pre-yield region,
(2) the yield region, and (3) the post-yield region. From the first region, it is that
small deformations lead to some elasticity.

To achieve an ER/MR fluid, the first item to be considered is the type of base to
be used (water, hydrocarbon oils, silicone oil, for example). If the fluid operates in a
sealed environment, water is recommended, beyond what it can be doped with a
variety of semiconductor particles. If the system is not sealed, and the evaporation
of the liquid may be a problem, hydrocarbon oil is an adequate solution. Moreover,
such oils are not hazardous materials, but they are not easy to handle. If the
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Fig. 2 Stress—strain behavior of ER/MR fluids with an applied field
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operating temperature is below 40 °C and above 100 °C, the use of silicone-based
fluid is indicated. However, this type of liquid is difficult to seal. The silicone-based
oil operates in a temperature range between —40 and 150 °C, whereas water has an
operating range between 0 and 70 °C. Also common is the use of substances
surfactants to allow greater variations in the rheological properties, as well as to
stabilize the material minimizing sedimentation. Typically, slightly soluble non-
ionic surfactants are used (Lord Corporation 2001).

According to Leng and Asundi (1999), ER/MR can be manufactured in a variety
of mixtures (fluids and solids). The following characteristics are ideally expected:
(a) high boiling point, low freezing point; (b) low viscosity to maintain the fluidity
when solid particles are added; (c) high dielectric constant to reduce the loss of
power; (d) the overall density should be similar to the density of the particles;
(e) suitable chemical stability, and cannot decompose under the conditions of
operation; (f) nontoxic; (g) high point of combustion; (h) low power required;
(i) non-corrosive; (j) nonabrasive; and (k) low cost.

There are three ways of applying the ER/MR fluids, as illustrated in Fig. 3. The
first and most common is the flow mode, in which the working fluid flows through
two stationary electrodes. Among possible applications using flow mode are shock
absorbers, brakes, and hydraulic systems. Another way to use is known as squeeze
flow, where the electrodes are free to move in the direction of the applied field. In
this case, the fluid is subjected to tension and compression, with small displace-
ments and large forces in a tiny space. The squeeze flow arrangement has a potential
application in vibration isolation. The latter method is called as shear mode
operation where a relative motion between the electrodes (translation or rotation)
is allowed, which generates shear in the ER/MR fluid. An adequate application of
this type of operation arrangement is a sandwich structure, where ER/MR fluid
could be restricted by two elastic layers (Sims et al. 2000).

Research involving variable rheology fluids began to attract attention from the
second half of the 1980s and early 1990s. Initially, these studies were based on
modeling of rheological properties, characterization of new compounds, and seek-
ing for materials with stable and sufficiently powerful rheological fluid properties.
There have also been studies to identify applications, such as brakes, clutches,
shock absorbers, and dampers. Much of the research involving ER/MR fluids has
focused on active dampers (Wu and Griffin 1997; Sims et al. 2000; Choi and Kim

Flow Squeeze-Flow
. V. Applied force
Static «— ER/MR ER/MR fluid —¢
electrodes % fluid Static >
“ electrode 7 Moving
electrode
Static Shear

electrodes Applied force
\% ER/MR fluid
4

Fig. 3 Operating arrangements for ER/MR fluids
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2000; Yao et al. 1999; Chen and Liu 1999; Wang et al. 1994), with some studies on
beams for active control (Yalcintas and Dai 1999; Aboudi 1999; Leng and Asundi
1999; Yalcintas et al. 1995; Yalcintas and Coulter 1998; Leng et al. 1997; Choi
et al. 1995; Rahn and Joshi 1998). Although admitting similar principles, these two
study trends require different mathematical models, which implies the proper
characterization of the materials used in each case.

ER/MR fluids are a good alternative when the question concerns actuators. Their
employment as sensors proves to be impracticable, only possible by applying the
joint use of other active elements such as PVDF films or optical fibers. From the
evidence shown in the applications in dampers and active beams, the ER/MR fluids
can be used to control the structural response by varying the respective field
(electric or magnetic).

1.2 Sandwich Beams of ER/MR Fluids

Sandwich beams comprise layers of different materials. The most typical sandwich
arrangement is done by two external layers of elastic materials with a core of
viscoelastic material in between. The use of these devices in structural systems to
reduce the effects of vibration and noise is well known and its mechanism of
attenuation is based on energy dissipation by cyclic shear in the core layer. The
great benefit of these beams is to reduce the resonance peaks (damping effect)
without significantly altering the mass or structural rigidity (Balamurugan and
Narayanan 2002).

In the late 1980s and early 1990s research began to emerge suggesting the use of
sandwich beams with ER fluids in the core (Gandhi et al. 1989; Coulter and Duclos
1989; Choi et al. 1990, 1992). These early studies attempted to demonstrate with
experiments that by changing the applied electric field, a change in the structural
damping and natural frequencies is observed. In these experiments, a number of ER
fluids, beam geometries, and excitation conditions were tried, and the effect of
varying field on the beams dynamics were confirmed.

Earlier investigated as a passive solution in reducing the vibrational response of
structures, the sandwich beams were first studied in the 1950s. These studies
resulted in an analytical model that became known as RKU model (as a reference
for the developers Ross-Kerwin-Ungar) (Kerwin 1959; Ross et al. 1959; Ungar and
Kerwin 1962). This model considers a simply supported beam with its intermediate
layer having a negligible stiffness compared to the outer layers and damping due to
shear in this core layer. This modeling involves fourth-order differential equations
for a simple Euler-Bernoulli beam and introduces the concept of complex damped
flexural modulus for composite structures. Later, Ditaranto (1965) has extended the
RKU model for various boundary conditions for free vibrations. Mead and Markus
(1969) have presented a new development for the RKU model, where a sixth-order
differential equation was admitted to encompass the vibration analysis for various
boundary conditions. The work by Mead and Markus (1969) has served as the
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starting point for the mathematical modeling of fluid sandwich beams with ER/MR
fluid core conducted by Yalcintas et al. (1995) and Yalcintas and Coulter (1998).
Another way of expressing the dynamic behavior of sandwich beams is using the
energy method based on the principle of Hamilton. This type of modeling can be
found in works by Rahn and Joshi (1998) and Yalcintas and Dai (1999). Nonethe-
less, these sandwich beam models are not able to incorporate the dependency of the
ER/MR materials to the frequency, temperature, amplitude, and excitation type. In
the works by Lee (1995) and Lee and Cheng (1998), the dependence of the
amplitude has been incorporated to the sandwich beams with ER/MR fluid core.

Some other works present frequency dependence. However, these do not allow
the modeling of more complex dynamic behaviors. The need for models that
incorporate viscoelastic hysteresis or frequency dependence have motivated a
considerable number of research work. The first works presented in the 1980s
bring the idea of a complex modulus. Previous approaches consider only the real
part as variable, and then the investigations extended to both varying real and
imaginary parts (storage modulus and dissipation module, respectively). The com-
plex modulus is associated with the concept of Modal Strain Energy (MSE)
establishing the mode to mode dissipation factors approach. This method is well
known for acceptable approximation of small viscoelastic damping (Trindade and
Benjeddou 2002).

Several ways in the time domain have been explored to represent the frequency
dependence of the linear viscoelastic theory. Lesieutre and colleagues (Lesieutre
1992; Lesieutre and Mingori 1990) have proposed a method denoted as
Augmenting Thermodynamic Fields (ATF) that have introduced dissipation coor-
dinates. Initially limited to one-dimensional case, the approach has been extended
to the three-dimensional case (Lesieutre and Bianchini 1995; Lesieutre and Lee
1996) which has been named Anelastic Displacement Field (ADF) method.

Another method developed with very similar characteristics to the ADF model is
the so-called Golla-Hughes-McTavish (GHM) model (Golla and Hughes 1985;
McTavish and Hughes 1993) which also uses dissipative coordinates.

Both the GHM and the ATF/ADF models have advantages over the MSE model
since they are in the time domain formulation. For them, the elastic and dissipative
structural behaviors are represented in a system of fixed matrices. Damping factors
are calculated with modal frequencies without iteration, and the resulting modes
reflect the relative phase at various points. The modal orthogonality is preserved
(Lesieutre and Bianchini 1995). Therefore, these models may allow accurate
modeling of a structure with viscoelastic behavior, such as the ER/MR materials.
Other studies on the identification of viscoelastic characteristics that can be used to
ER/MR fluids modeling are referred to Mahjoob et al. (1995). They have used an
analysis of the inverse problem. Choi and Park (1994) and Phani and Venkatraman
(2003) have designed controllers based on experimental data within the same
context.
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2 Mathematical Model

The mathematical modeling of a sandwich beam with an ER fluid core via the finite
element method is considered. As a starting point the following assumptions are
considered: (1) the beam geometry is constant along the length of the beam, (2) the
core material is isotropic and of much greater thickness than the face sheets, (3) the
shear strain is constant through the core and negligible in the face sheets, (4) the
longitudinal displacements of the face sheets are uniform through the thickness of
the face sheets, and (5) the transverse displacement does not vary through the
thickness of core material and is small relative to the beam length.
Admitting the application of the principle of Hamilton, that is,

5]2(T—V)dt+]26Wdt:0, (1)

n lal

where T, V, and 6W are, respectively, the kinetic, potential (electro-mechanical
coupling) energies and the virtual work of non-conservative loads.
The kinetic energy T for a beam can be expressed as:

1 . . .
T= EJ {(p1A1 + prAs + psA3)W? + piArii | + p3Asii ] Hdx, (2)
i

where the subscript indicates the layer, p is mass density, w is the transverse
displacement along the y-axis, and u is the translation of the neutral axis along
the x-axis direction.

The potential energy formulation includes the bending in the faces, the shear in
the ER material, and the extensional energy.

L 2

1 02
Vy =5 By +E3I3)J (a—xf> dx, 3)
0
L L
. 1 aul 2 1 aMS 2

Va = EEIAIJ (E) dx + §E3A3J (E) dx7 (4)

0 0

L
1 .
Vi==G AZJyzdxv (5)
0
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where E, G*, 7, I, and A are, respectively, the Young’s modulus of the face sheets,
the shear modulus of the ER material, the shear strain of the viscoelastic shear layer,
the moment of inertia, and the area of the cross section.

Axial displacements are assumed to be linear through the thickness, whereas
transverse ones are supposed constant. The geometry and deformation of the
sandwich beam are shown in Figs. 4 and 5.

The relation for the shear strain is based on the axial and transverse displace-

ments, that is,
1 hy +2hy + h3\ ow
= — — - @z @ ) — 6
4 h;[“l ”3+< 2 >ax’ (©6)

where £; is the thickness of the ith layer.

2.1 Finite Element Discretization

The finite element (FE) method is essentially a process through which a continuum
with infinite degrees of freedom can be approximated by an assemblage of sub-
regions (or elements) each with a specified but now finite number of unknowns.
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Further, each such element interconnects with others in a way familiar to engineers
dealing with discrete structural or electrical assemblies. The assumed mechanical
degrees of freedom [u;usw 0]" are, respectively, the axial and vertical displace-
ments, and the rotation around the y-axis. The model developed here is based on
Nagamine et al. (2005) and Nagamine (2006).

For the kth element the corresponding generalized displacement vector {q;} can
be assembled, which allows the determination of the discrete form of the displace-
ments and rotation at the node i and j, that is:

q =[ui wi w6 w; uy w 6] (7)

This discretization procedure is achieved by using the shape functions N, , Ny,
N,,, and B,,, which relates the continuum displacements to discrete ones

uli - Nulqi

usz; = Nu3qi

w; = Nqu (8)
dw; dN,

01' == == = BW i
dc  dr 4

Taking into account the Lagrange linear shape functions for the axial displace-
ment and a cubic Hermitian functions for the transverse displacement, then,

N, =[l=-x/L 0 0 0 x/L 0 0 0], 9)
N,=[0 1—x/L 0 0 0 x/L 0 0], (10)

o 32 2x° N2 X2 2x\ x% /x
M=o 0 - 3eRE ot 0 0 B(-T) TG0

Rewriting Egs. (2), (3), (4), and (5) into variational formulation and taking into
account the generalized coordinate shown in Eq. (8) and a relation for y in Eq. (6):

L L
O = pi s [6" N "Noniidr + s [ 6 N Noniidap + ..
0 0

L
+(piA1 + poAs + p3A3)J6ijTNWTNW('jdx,
0

L
8V = (Eily + E3I3)J 5q"B, "B, qdx, (13)
0
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L L
8V =E\A J 5q"B,, "B, qdx + E3A3J 59"B.;"B, ;qdx, (14)
0 0
L
8V, = G*AzjﬁqTB’yTB;qu. (15)

0
The kinetic energy in a variational form can be written as:
8T = 54" (M + M,)§, (16)

where M is the mass matrix and the subscripts @ and b are related to a axial and
transverse movement, respectively,

L L
M, = pids | N "Nard 4 st | Na"Noad (17)
0 0
L
M, = (pA1 + prAs + p3A3)JNWTNde. (18)
0

Similarly the potential energy can be expressed in a variational form like,
8V =46q" (K, + K, + K))gq, (19)

where K is the stiffness matrix, and the subscript s is related to shear energy, that is,

L
K, = (E\l, + E3I3)J B, B, dx, (20)
0
L L
K, = ElAIJB;ITB;Idx + E3A3JB;3TB’M3dx, (21)
0 0

L
K, = G*AZJB;TB’de. (22)
0
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Fig. 6 Mini-oscillator

2.2 The GHM Model of Material Properties

In the theory of linear viscoelasticity for one-dimensional structures the constitutive
relation stress—strain can be represented by:

de(7)
dr

dr, (23)

where G(?) is the relaxation function of the viscoelastic material (the stress response
to a unit step input).

This stress relaxation related to G(¢) represents the energy loss from the material.
Hence it is associated with damping (Balamurugan and Narayanan 2002).

The Golla-Hughes-McTavish (GHM) method (McTavish and Hughes 1993;
Golla and Hughes 1985) represents the material modulus as a series of mini-
oscillator terms or internal variables as illustrated in Fig. 6.

The GHM method was developed to allow its incorporation into the finite
element representation. The material complex modulus can be written in the
Laplace domain in the form,

2 > A
~ 2
sG(s) = G™ 1+Zak o —’: ?kwksd ,
T~ 2 +200s+

(24)

where the factor G* corresponds to the equilibrium value of the modulus (the final
value of the relaxation function G(t)), each mini-oscillator term is a second-order
rational function involving three positive constants (ay, é’ b D)

These constants govern the shape of the modulus function over the complex
s-plane. Depending on the nature of the material modulus function and the range of
s over which it is to be modeled, any number of mini-oscillator terms may be used
in the GHM expression. Considering the elementary mass-spring system with an
applied force, with an elastic spring the motion of the system is described by the
second-order equation of motion,

mq(t) + kq(1) = £ (1). (25)



Electro- and Magneto-Rheological Materials 201

Now, if the spring behaves as viscoelastic, described by relaxation function (), then,
mi(e) + Jk(; 2 (1)dz = £(1). (26)

Initial conditions have been assumed to be zero for convenience. The material
modulus function of k(#) is now modeled by a single-term GHM expression,
leading to,

2 +2l@s
l+0——F—""— —
2 +20s+ @

Smii(s) + k a(s) = 7(s): (27)

Now, an auxiliary coordinate z is introduced, so that,

.2
- @ ~
) i Fas a2l (28)

Using this new dissipation coordinate, the Laplace transformed equation of
motion may be written as two coupled second-order equations:

s2mg + (k + ak)q — akz = f

R (29)
24+ 20 st —aki —wq+ w2 =0.

2.3 GHM Viscoelastic Finite Element Matrices

Multiplying the second equation from Eq. (29) by ak/ @?, the resulting system of
equations has a symmetric matrix second-order time-domain realization, that is,

ol [ )= 1]

(30)

0 2({;2 q
0 aA—K 5
w

z

i

z

+

Since the elastic element stiffness matrix K is usually positive semi-definite (one
or more eigenvalues representing rigid body motion), the mass matrix in this
formulation will not usually be positive definite. To overcome this situation,
spectral decomposition of the elastic stiffness matrix K is used, therefore,

K=G"K=G"RAR, (31)
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where A is a diagonal matrix of the nonzero (necessarily positive) eigenvalues &,
and the corresponding orthonormalized eigenvectors r, form the columns of the
matrix R, therefore,

A= diag{kp}, R= row(rp), R R=1, (32)
such that,
Kr, = ryk,, &, > 0. (33)

To achieve the objective of fewest dissipation coordinates as possible and a
positive definite viscoelastic mass matrix, the equilibrium modulus G can be
associated into the diagonal eigenvalue matrix A, ie., A = G®A, which results in,

z=R"2 and R =RA. (34)

The final set of equations of motion results in,

.. f
Mv fl + Dv + K + Kv il‘| - [ ] s (35)
z 0
where the viscoelastic matrices are
M 0 0 0
N K(l+a) —oR

M, = 1 D, = K, = . (36
0 aé)zl\ 0 aZFA [ —aR aA} (36)

These finite element matrices have the symmetry and definiteness properties
desired for a standard second-order structural dynamics model,

M'=M,>0, D'=D, K'=K,. (37)

v

3 GHM Fe Model of a Sandwich Beam

To verify the performance of the GHM FE model for a sandwich beam with ER
fluid, comparisons with experimental and numerical results fond in the literature are
presented. The first verification has been carried out in terms of verifying the
current/GHM FE model for the case of a free rod in a longitudinal vibration and a
cantilever rod according to Golla and Hughes (1985). The viscoelastic properties of
the rod have been modeled with four mini-oscillator, and the non-dimensionalized
parameters are presented in Table 1 and the results obtained for a longitudinal
vibration in Table 2 and for transverse vibration in Table 3.
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Table 1 Mini-oscillator

. . . Mini oscillator a 25’&1 »?
non-dimensionalized — — —
properties 1 3.0x 10 4.16 x 10 3.16 x 10

2 3.0x 1072 |4.16 3.16
3 3.0x1072 | 4.16 x 10 3.16 x 10?
4 3.0x1072 | 4.16 x 10? 3.16 x 10*

Table 2 Non-dimensionalized frequency and damping for elastic and viscoelastic FEM in a
longitudinal vibration

Viscoelastic FEM

Elastic PDE | Elastic FEM | Frequency Damping Frequency | Damping

(Golla and (Golla and (Golla and (Golla and

Hughes Hughes Hughes Hughes
Mode | 1985) 1985) 1985) 1985) Present Present
1 0 0 0 0 0 0
2 3.14 3.22 3.33 8.55x 107 [3.33 8.55x 1073
3 6.28 6.93 7.19 1.01x 107 |7.19 1.01 x 1072
4 9.42 11.26 11.73 1.02x 1072 |11.73 1.02x 1072
5 12.57 13.85 14.46 971 x107° | 14.46 9.71 x 1073

Table 3 Non-dimensionalized frequency and damping for elastic and viscoelastic FEM in a
transverse vibration

Viscoelastic FEM

Elastic PDE | Elastic FEM | Frequency Damping Frequency | Damping
(Golla and (Golla and (Golla and (Golla and
Hughes Hughes Hughes Hughes

Mode | 1985) 1985) 1985) 1985) Present Present

1 3.52 3.52 3.63 8.60x 107> |3.63 8.60 x 10~°

220x 10" [221x10" |231x10" |827x107* [231x10" [827x1073
6.17x 10" [622x10" |6.53x10" |842x107° [6.53x 10" [8.42x 1073
121 x 10> |123x10*> |130x10*> |746x107° |1.30x10% |7.46x 1073
200x 10> [228x 10> |242x10*> [394x 107> [2.42x10% [3.94x 1073

(S RIS R )

A second verification has been performed based on experimental results
published by Lam (1997). In this experiment a free-free sandwich beam with
aluminum face sheets constraining the core of ISD 112 viscoelastic material. Sheets
have dimensions of 0.381 m in length, 0.0381 m in wide, and 0.0032 m in thick. The
physical properties are assumed as 70 GPa for stiffness and 2700 kg/m’ for mass
density. The core is made from the viscoelastic ISD 112 10 mil
(0381 x 0.0381 x 0.000254 m and G =35 x 10%), which leads to GHM model
parameters as those in Table 4.

The sandwich beam dynamics is assessed through an impact hammer and
accelerometer. The measurement and impact points are located at the beam.
Figure 7 presents an illustration of the test performed by Lam (1997).
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Table 4 Parameters for ISD Mini oscillator & R o
112 GHM FE model -
1 9.6 73.4 1x 10
2 99.1 1.1 5x10*
3 26.2 3.28 0.5 x 10*

Impact Hammer |;

Sandwich
Beam i

Accelerometer

/\ E Signal
=:°| Conditioning

Spectral Analyzer

0o ()

Signal

Conditioning |==3

Fig. 7 Setup for the experiment (Lam 1997)
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Fig. 8 Lam (1997) experiment (solid line) and the present GHM FE model (dashed line)

Lam (1997) experimental results comprise frequency response functions. The
present GHM FE model has been used to predict the frequency response function
(FRF) in the same conditions as in the work by Lam (1997). Figure 8 shows a
comparison between Lam (1997) and the present GHM FE model FRFs. The result
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Fig. 9 Experimental setup 115 mm

for sandwiched beam with

ER fluid core (Yalcintas and Applied force
Dai 1999) ﬂ

; —

Measured

231 mm displacement

»

A

indicates how adequate is the current GHM FE model in assessing the dynamic
characteristics of the sandwich beam. The measurement and excitation points are in
a modal node of the beam. Therefore the even modes have been lost from both
experimental and numerical prediction.

After verifying the effectiveness of the GHM FE model for typical sandwich
beam with conventional viscoelastic cores, now a sandwich beam with an ER fluid
is considered. The experimental data from Yalcintas and Dai (1999) has been used
to verify the GHM FE model. Figure 9 depicts the experimental setup under
consideration. The test sandwich beam has 38/ mm in length and 25.4 mm in
width and mass density of 2700 kg m™> and stiffness of 70 GPa. The elastic
upper and lower plate material is aluminum at a thickness of 0.79 mm and the ER
fluid layer has been confined to a 0.50 mm thickness, with mass density of
1700 kg m™. The test has been done using a simple support configuration and
applied voltage of 3.5 kV mm ™. The excitation force is applied at /15 mm from a
reference support, and the transverse vibration response is measured at 23/ mm
from the same reference. The GHM FE model has the following parameters: a =1,
£ =5000, & =4, and G =04 x 10°.

The results have been obtained using ten elements, four physical variables, and
three dissipation coordinates per node. Figure 10 presents the comparison between
FRFs from experimental and GHM FE model. They present adequate agreement,
which allows inferring that the numerical model represents a real potential to model
sandwich beams with variable rheology fluids core. This result has been carried out
considering only one mini-oscillator for the GHM FE model, which is a good
feature towards a reduced number of extra dissipation coordinates. Modeling with
GHM FE still needs better representation of the ER/MR fluids behavior. This issue
is one of the major challenges in the development of this kind of active material.

4 Variable Magnetorheological Elastomers: Application
and Characterization

Magnetorheological materials (MR) are smart materials that consist of micron-
sized or nano-sized magnetizable particles embedded in a non-magnetic medium.
Furthermore, different types of MRs are available, such as fluids, elastomers, foam,
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Fig. 10 Yalcintas and Dai (1999) experiment (solid line) and the GHM FE model (dashed line)
FRFs comparison

and gel. An introduction to magnetorheological fluids (MRF) was covered in the
previous sections. However, in this section a brief introduction to magnetor-
heological elastomers (MRE) and its application will be made. Although the
modeling approach is not concerned in this section, information about this topic
can be found in Jolly et al. (1996), Davis (1999), and Li and Sun (2014).
Magnetorheological elastomers (MRE) are a type of smart materials that consist
of a non-magnetic elastomer matrix, such as rubber, mixed with micron-sized or
nano-sized magnetizable particles. The elastomer is cured in a magnetic field
causing the magnetic particles to align in chains and remain aligned after the
magnetic field is removed. A continuous and reversible change of the mechanical
properties of the elastomer can be achieved by applying an external magnetic field
(Carlson and Jolly 2000; Shiga et al. 1995; Fuchs et al. 2004). These materials have
been developed from magneto-rheological fluids (MRF) that were initially devel-
oped by Jacob Rabinow (Carlson and Jolly 2000) in the 1940s. Although MRFs
have been used in several application including clutches, dampers, and vibration
absorbers (Li and Du 2003; Jung et al. 2003; Brigley et al. 2007; Hirunyapruk
et al. 2010), they have some disadvantages in that the particles in the fluid tend to
collect as sediment, which means that the fluids require agitation to prevent this
phenomenon. Moreover, the MRFs need to be storage and well sealed to avoid
leakage, so that the effectiveness of the device is not affected by its application
(Behrooz et al. 2014). MREs do not suffer from these problems as the magnetizable
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particles are fixed within a solid non-magnetic matrix (elastomer). These materials
can be anisotropic or isotropic, depending on whether the iron particles within the
rubber have been aligned by a magnetic field during vulcanization. Although
anisotropic MREs usually display higher MR effects, they are more difficult and
expensive to manufacture (Fuchs et al. 2004).

MREs are useful as vibration control elements as they have a variable stiffness
that can be changed in real time. There are two main applications in this field that is
the adaptive tuned vibration absorbers (TVAs), and the stiffness tuneable mounts or
suspensions (Ginder et al. 2001; Albanese and Cunefare 2003; Deng et al. 2006;
Sun et al. 2007; Hoang et al. 2009). Silicon and rubber are used as a matrix for
MREs. However, the mechanical properties of silicon are affected by heat and are
approximately one-tenth of those of natural rubber (Jeong et al. 2013). Hence,
rubber-based RMEs are extensively used in mechanical applications, such as
automotive industry, where the temperature is an issue of concern. In this field,
Jeong et al. (2013) developed a magnetorheological elastomer-based stiffness-
variable differential mount to reduce the vibration propagated from the engine to
the body of the car via the propeller shaft. Hoang et al. (2009) developed a torsional
adaptive tunable vibration absorber (ATVA) using MRE for vibration attenuation
of a power train test rig. Lee (2014) designed and developed an active damping
system based on MRE for reducing vibration and noise in washing machines.

As observed MREs have been applied to some practical problems in the engi-
neering field. However, before using such materials in practice, they have to be
developed and characterized first. This procedure ensures that MREs can achieve
required characteristics, for instance, the amount of change in the mechanical
properties when an external magnetic field is applied to it. The manufacturing
process together with how the mechanical and dynamic properties can be measured
will be covered in the next two sections.

4.1 Morphological Magnetic and Mechanical
Characterizations of Magnetic Particles and MRE

Magnetic materials are widely used in the industrial sector. The aims are innovative
applications (e.g., magnetic composites based on natural rubber), and also the
enhancement of already consolidated applications (e.g., the use of magnetic parti-
cles in cores of transformers and electronic devices). The preparation of structured
materials, powders, and ceramic particles in micrometric and nanometric scales
needs refined forms of processing to obtain materials on an adequate dimensional
scale and desired magnetic properties. Currently, it is known that it is possible to
architect, design, estimate, and add specific characteristics or properties to materials
through the use of specific preparation routes. The preparation methods of magnetic
ceramic materials are classified in physical and chemical routes.
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==
56 nm

Fig. 11 Ni-Zn ferrite nanoparticles calcined at 450 °C viewing from AFM photomicrograph. On
the right-hand side, details about the geometry and profile of the nanoparticles

In the context of magnetic ceramics, Ni-Zn ferrite (NZF) awakens much interest
of the scientific community for its high permeability and high resistivity. Figure 11
shows the morphological characterization of the Ni-Zn ferrite nanopowders, cal-
cined at 450 °C, by Atomic Force Microscopy (AFM). From AFM photograph, the
geometry of primary particles is approximately spherical due to the growth mech-
anism, in this case, nucleation and coalescence to reach a minimum in the surface
energy. The average particle size for the KSN is close to 30 nm while the size of
aggregates is at around 100 nm. The formation of small aggregates of nanoparticles
is typical for material processing by chemical routes.

About the magnetic characterization of the nanoparticles and nanocomposites,
the Vibrating Sample Magnetometry (VSM) is a very versatile and widely used
technique. This approach provides the main magnetic properties and relevant
magnetic parameters of the sample with acceptable accuracy in a relatively fast
way. The hysteresis loop between £15 kOe at room temperature, details of the low
magnetic field region between +1 kOe and the main magnetic parameters like Mg,
Mg, Hc, and y; for Ni-Zn ferrite nanopowders and magnetic nanocomposite with
50 phr of nanoparticles are shown in Fig. 12.

As it can be seen in Fig. 12, both hysteresis loops exhibit a characteristic profile
of soft magnetic material at temperatures above the blocking temperature. Soft
magnetic materials or materials with low coercivity are systems used in technolog-
ical applications whose magnetization/demagnetizing process should be easy. For
example, in transformer and motor cores to minimize the energy dissipation with
the alternating fields and vibration absorption systems that use alternating magnetic
field.

As a form to aggregate economic value to the polymeric and ceramic materials,
composites and nanocomposites formed by inserting particles or magnetic
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Fig. 12 Hysteresis loop at room temperature for Ni-Zinc ferrite nanopowders with calcined at
450 °C (a) and for the magnetic nanocomposites NR/NZF with a concentration of 50 phr of
nanoparticles. In more detail, the region of low magnetic fields and indications of Mg, My, Hc,

and u;
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nanoparticles in a matrix of vulcanized natural rubber can be used in intelligent,
high-performance systems for the absorption or damping of impacts, by having the
ability to amplify or reduce the mechanical response of the system when subjected
to a magnetic field. Such variations are proportional to the amount of magnetic
material inserted in natural rubber and the intensity of externally applied magnetic
field. Technological applications as more efficient damping systems for footwear
and high-performance damping systems for intensive vehicles already have the
potential for industrial use.

To illustrate this type of utilization, compression tests between 0 and 75 %
assisted by magnetic field in accordance with international standard ISO
7743:1989 were performed in vulcanized natural rubber nanocomposites with ferrite
magnetic nanoparticles (NR/NZF). The qualitative results are shown in Fig. 13.

In according to Fig. 13, the adding of magnetic nanoparticles in the polymeric
matrix in the presence of the magnetic field alters the values of the compression
module in up to 40 %. For all investigated samples, depending on the concentration
of NZF nanoparticles, compression amount, and presence of a constant magnetic
field, it is possible to module the values of resistance to compression. Hence, with
proper manipulation of the composition of the magnetic composites and the mag-
netic field applied, it is possible to modulate the mechanical response of the system
conveniently.

4.2 Measuring the Dynamic Properties of MREs

Young’s and Shear Modulus are the mechanical properties of MREs measured as a
function of the magnetic field. This feature allows determining how much these
properties can change when the material is subject to a magnetic field. Some
rubber-based MREs can change their Young’s modulus by up to 60 % (Gong
et al. 2005). In vibrating systems, it is more convenient to measure the dynamic
stiffness instead. The dynamic stiffness is the frequency-dependent ratio between
an input force and the output displacement under dynamic conditions. There are
many methods to measure dynamic stiffness, and more information can be found in
BS ISO 10446. The dynamic driving point stiffness k4 and the dynamic transfer
stiffness k; are the methods presented here to measure the dynamic stiffness. This
fact justifies why these methods are widely used in mounts characterization.
Figure 14a, b shows a schematic of the setup used to measure dynamic stiffness
by using driving point and transfer stiffness methods, respectively. Figure 14c
shows the equivalent system for these methods, where m is the mass, c is the
damping, £ is the stiffness, x is the displacement, f is force applied to the system,
and f; is the so-called blocked force.

Observing Fig. 14c the dynamic driving point stiffness can be used to represent
the vibratory response of a single degree of freedom (SDOF) system. Considering a
hysteretic damping, the vibratory response of the MRE shown in Fig. 14a can be
given as
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50 phr of nanoparticles. (a) Tests carried out without magnetic field. (b) Test carried out with a
constant magnetic field

=ky = (-mo* + k), (38)

where k' = k(1 +jn) is the complex stiffness, # = ¢/k is the loss factor of the
system, F is the frequency-dependent force applied to the system, X is the
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Fig. 14 Schematic of how to measure the dynamic stiffness using: (a) dynamic driving point
stiffness method; (b) dynamic transfer stiffness method. (¢) Schematic of the equivalent system for
the dynamic driving point stiffness and dynamic transfer stiffness methods
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Fig. 15 Schematic of a rig used to measure the dynamic stiffness by using the dynamic transfer
stiffness method

frequency-dependent output displacement, and j = v/—1. For the transfer stiffness
method shown in Fig. 14b, the dynamic stiffness is given by

L k=K = k(1 o) (39)
where F, is the frequency-dependent blocked force. The advantage of using the
transfer stiffness method is that the mass of the MRE sample is not taking into
account, so that the complex stiffness can be calculated directly. However, in some
practical situations it is not easy to obtain a rigid base (blocked force) or to attach
the force gauge underneath the MRE, such as mounts supporting a car engine.
Despite that, in controlled situations the transfer stiffness method (cf. Eq. (39)) is
applied. In this case, the stiffness and the loss factor are given by the real part Re
{k.} and the phase Im{k.}/Re{k;} of the dynamic stiffness, respectively. Figure 15
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shows a schematic rig used to measure the dynamic stiffness by applying the
transfer stiffness method.

The signal generator is the device that provides a certain type of signal to the
shaker, which is an electro-mechanical actuator responsible for delivering the
excitation to the MRE. The two coils located on the side of the MRE samples are
responsible for supplying a tunable magnetic field. Hence, the input displacement
and the output force (blocked force) can be measured, so that the dynamic stiffness
can be estimated as a function of the supplied magnetic field.
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Composite Structures Design and Analysis

Volnei Tita

Abstract Recent improvements in manufacturing processes and materials
properties associated with excellent mechanical characteristics and low weight
have become composite materials very attractive for application on different
types of structures. However, even new designs are still very conservative, because
the composite structure failure phenomena are very complex. This chapter shows
the principal fundamentals to design and analyze composite structures. In the
introduction, there is a definition and a classification of composite materials, as
well as motivation, considering advantages and challenges to design by using this
type of material. Thus, it is presented a methodology to design composite structures
in order to overcome the main challenges related to this task. In this methodology, it
is found three important analyses: micromechanical, macromechanical, and failure
analyses. In order to perform micromechanical analysis, it is necessary to know
more about matrix, reinforcements, and interfaces. For example, in this chapter, it is
addressed only polymeric matrix and long fibers as reinforcements, which are
combined to create an orthotropic ply. Then, different plies can stack with fibers
oriented in different directions, creating an anisotropic or orthotropic laminate. The
material properties of the ply can be obtained by Rule of Mixture or via mechanical
testing. Hence, it is commented some difficulties to carry out experiments on
composite materials and how is complicated to obtain allowable values for lami-
nates. Based on the material properties, it is possible to calculate strain in the
laminate, as well as strain and stress distribution in each ply. To perform the
macromechanical analysis, it is possible to use Classical Laminate Theory (CLT).
Thus, it is shown all hypothesis adopted for that theory and the implications
generated by these ones. Finally, based on the actuating stress or strain values in
each ply and allowable values of the used composite material, it is calculated the
margin of safety for the plies by applying a failure criterion. In fact, for laminate
structures, failure phenomena include intralaminar damages and interlaminar fail-
ures (delaminations), which are very complicated to be predicted via any failure
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theory. Therefore, even nowadays, many researchers have developed different
failure theories to improve the design and analysis of composite structures.

Keywords Composite materials + Composite structures ¢ Composite design ¢
Composite analysis ¢ Design methodology

1 Introduction

The usage of composite materials is a reality nowadays, mainly in the aeronautical
and aerospace engineering. During several years, it has been observed different
designs, which were developed considering high performance provided by this type
of material, such as F-111, Vought A-7, F-18, F-22, Lockheed L-1011, Rutan
Voyager, Boeing 777, Airbus 380, Boeing 787, and others. A composite can be
defined as a multiphase material, which has properties better than if each phase
were used alone (Callister 1985).

According to this synergistic effect in composite materials, the engineers have
tried to design very carefully the combination of the phases in order to obtain
materials with very high performance. The phases, which form the composite
material, can be classified as matrix, reinforcements, and interface. The matrix
has the function to maintain the reinforcements together, transmitting the loadings
applied on the structure by the interface. Then the reinforcements have the function
to support these loadings (Matthews and Rawlings 1994). Due to the different types
of composite materials, Callister (1985) classified them as composite reinforced by
particles; composite reinforced by fibers; and structural composites. In this chapter,
it will be addressed the laminate composite materials, which has polymer matrix
and long fibers as reinforcements stacked in plies. Each ply has fibers in one specific
direction and the stacked plies generate a composite structure as shown by Fig. 1a.

The natural anisotropy related to the laminate composite materials provides a
unique way to design the material properties with the geometric characteristics in
order to reach the performance required by the project. The combination of high

a : b

Fig. 1 Composite material: (a) fuselage made of laminate composite; (b) damage and failure in
laminate composite materials
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strength and stiffness, as well as the low volumetric mass density, become the
composite materials very strategic for structural applications, mainly in aeronauti-
cal and aerospace designs. Regarding the strength and the stiffness of the structure,
it is possible to design both characteristics, considering the project requirements. In
other words, the material can be developed in function of the loadings, which
actuate in the structure. In fact, the stiffness and strength can be improved without
increasing weight of the structure. Thus, for automobiles and airplanes, the perfor-
mance of the product can be improved, reducing the fuel usage. In addition, the
ratio between weight of green material and weight of the final product is very low
for composites (1.2—1.3) compared to metals (15-25) (Jones 1999). This shows that
manufacturing processes for composite structures are more efficient than
manufacturing processes for metals.

However, the anisotropy and heterogeneity in the composite structures could be
seen as a positive or a negative aspect. By one side, it is feasible not only to select
the materials of the phases, but also to select the orientation of the fibers in each ply.
By the other side, it is very complicated to predict the failure modes in the structure
(Fig. 1b). This challenge is related directly to the reliability of the structure and this
is more critical for products, which suffer fatigue or damage by impact loadings.
Thus, it is necessary to apply high safety factors during the design process, which
reduce the potentialities of composite materials and increase the cost of the final
product (Tita 2003). Therefore, this scenario motivates to understand better how to
design and to analyze with more accuracy composite structures.

1.1 Composite Materials: Definition and Classification

As commented earlier, a composite can be defined as a multiphase material, which
has properties better than if each phase were used alone (Callister 1985). And, the
phases, which form the composite material, can be classified as matrix, reinforce-
ments, and interface. According to Vinson and Sierakowski (1986), the laminate
composite can be addressed by two different analyses: micromechanics and
macromechanics approaches (Fig. 2).

In the micromechanics approach, it is considered each phase in the analysis.
Although the phases are frequently heterogeneous and non-isotropic, it is normally
assumed the hypotheses of isotropy and homogeneity. This approach can be used to
determine the elastic properties of the ply or to estimate the local damage in each
phase when the ply is loaded.

In the macromechanics approach, it is considered that each ply is homogenous,
and the orientation of the fibers in the plies is very important in the analysis, as well.
In addition, the plies are frequently non-isotropic, so they are assumed to be
orthotropic. This approach can be used to predict the stiffness of the laminate, as
well as its mechanical behavior when the laminate structure is loaded.

Nowadays, many researchers have combined both approaches in order to ana-
lyze the composite structures, and this new approach is called multi-scale analysis.
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Fig. 2 Micro and macromechanics approaches (Vinson and Sierakowski 1986)

1.2 Motivation: Advantages and Challenges

For a long time, the man has combined different materials in order to obtain other
materials. For example, in 4000 BC, Sumerians added straw in the mud in order to
built better bricks. Although the benefits of composite materials are known for a
long time, only recently, there was the development of manufacturing processes,
which produce structures with high quality and high structural efficiency.

The structural efficiency is associated directly to the material used in the
manufacturing process. This parameter is high when strength/density or stiffness/
density is high and vice-versa. According to the literature, composite materials with
70 % of epoxy volume fraction and 30 % of carbon fiber volume fraction, or 40 % of
epoxy volume fraction and 60 % of glass fiber volume fraction show stiffness close
to aluminum, which is more density than both composite materials. In the same
way, a composite with 40 % of epoxy volume fraction and 60 % of carbon fiber
volume fraction shows stiffness close to steel (Magagnin Filho 1996) (Fig. 3).

Beyond high specific strength (strength/density), composite materials show good
performance under dynamic loadings (Tita 1999). For example, in some products, it
is necessary to avoid damage caused by vibrations. Thus, the plies can be stacked in
order to obtain a laminate with natural frequencies different to the excitation
frequencies (Tita et al. 2001). In the last years, the composite materials are not
only used to guarantee high structural efficiency, but also the safety of passenger
under impact loadings. Thus, the laminate is designed in order to absorb the
maximum impact energy, controlling the collapse of the structure and reducing
the accelerations after impact.
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Fig. 3 Stress—strain curves: metals vs. composite materials (Adapted from Magagnin Filho 1996)

As commented earlier, the anisotropy related to the laminate composite mate-
rials provides a unique way to design the material properties with the geometric
characteristics in order to reach the performance required. However, this inherent
anisotropy and heterogeneity of the composite materials promote complex failure
modes in the structures, which are very complicated to predict. Then, in the next
section, it is shown a methodology to design composite structures in order to help
engineers to overcome this challenge.

1.3 Methodology to Design Composite Structures

Figure 4 shows a procedure proposal to design laminate composite structures. It is
verified that the procedure starts with the selection of the type of fibers and polymer
matrix. Normally, the manufacturers of the fibers and the polymer provide the data
sheet for each material. Then, by using the Rule of Mixture, which is based on
Micromechanics Analysis, mechanical properties of each ply can be evaluated.
However, it is recommended to perform experimental tests for determining not
only the elastic properties of the plies, but also the allowable values (strength and
strain limits) and the damage/failure modes of the composite material. In fact, the
mechanical tests are very important, because the mechanical behavior of the real
ply, which was manufactured by using specific values for process parameters
(pressure, temperature, and time), can be investigated in details.
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Fig. 4 Procedure proposal to design and analyze composite structures

Based on the elastic properties of each ply, it can be calculated the stiffness of
the laminate via Classical Laminate Theory (CLT), for example. By using the
stiffness and the external loadings applied in the laminate, it is calculated the strain
components and curvatures for the Global Coordinate System for the laminate. This
calculus can be named as Macromechanics Analysis, and based on the constitutive
relations, the stress components for each ply for the Global Coordinate System can
be determined. By using the transformation of coordinate systems, it is calculated
not only the strain components, but also the stress components for the Local
Coordinate System.

The next step in the procedure consists on carrying out Failure Analysis. Hence,
the values of the strain or stress components for the Local Coordinate System and
the allowable values determined via mechanical testing are used in the failure
criterion, which is selected considering the mechanical behavior of the composite
material shown during the tests. In case of failure, it is necessary to redesign the
composite structure. Thus, there are many options to do this, such as changing
the stacking sequence of the plies; changing the fibers and/or the polymer matrix;
and increasing the fiber volume fraction. Finally, if the composite structure does not
fail, then it can be manufactured.
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2 Micromechanical Analysis and Testing

Micromechanical analysis can be used for evaluating the mechanical properties for
“one single ply” (stacked plies with the same fiber orientations), which is formed by
the reinforcements (fibers), matrix (polymeric resin), and interface fiber-matrix.

2.1 Matrix, Reinforcements, and Interfaces

The matrix is the first phase in the composition of the composite materials. One of
the most important functions of the matrix is to join the reinforcements. This
guarantees the adequate position and orientation of the fibers such as the loads in
the structure can be transferred to the reinforcements. Moreover, the matrix protects
the fibers against environment effects and damages caused by hand contacts. In
some cases, greater values of flexibility and damping can be obtained due to the
polymeric resin. Then, this is good for attenuation of mechanical vibrations
amplitudes.

The reinforcements are the second phase in the composition of the composite
materials. They have an important mission, which consists on supporting the loads
transferred by the matrix. In the case of long fibers, it is very important the
orientation of the fibers in relation to applied design loadings. The final mechanical
properties of the ply strongly depend on the fiber volume fraction and the polymer
matrix processing, i.e., temperature, time, and pressures used during the
manufacturing process of the composite material. Besides, it must consider the
type of the fibers such as continuous (long) or discontinuous (short) and oriented or
random.

The interface fiber-matrix is the third phase in the composition of the composite
material. This phase is produced during the composite material processing and it is
very important, because it quantifies the degree of interaction between reinforce-
ments and matrix. Thus, in order to have a satisfactory performance by the
composite material, it is necessary that there is a strong adhesion between fibers
and matrix. According to Callister (1985), it is essential to have adhesive forces in
the interface fiber-matrix, because the strength of the composite depends on these
forces, as well.

2.1.1 Polymeric Matrix

Physics and chemical properties of the polymers influence a lot on the properties of
the composite materials. For example, the maximum temperature in service of the
composite material depends on the polymer used as matrix. Therefore, variations in
the chemical formulations can affect the performance of the final composite
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Table 1 Comparison between properties of thermoset and thermoplastic polymers

Property Thermosetting polymer Thermoplastic polymer
Young’s modulus (GPa) 1.3-6.0 1.04.8

Tensile strength value (GPa) 0.02-0.18 0.04-0.19

Maximum temperature in service (°C) 50450 25-230
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Fig. 5 Types of reinforcements

material. It is important to be careful to keep polymers, avoiding, for example,
exposition to UV light.

In general, polymers can be classified as thermosetting or thermoplastic. In fact,
one of the most important differences between both polymers consists on showing
different behavior under heating. Thermoplastic polymers, such as PE, PP, and
nylon, can suffer fusion (physic process) under heating, and the composite structure
can be molded and solidified in a required geometry. Thermosetting polymers, such
as epoxy and phenol resins, suffer cure (chemical process), creating cross-link
between the polymer chains. Table 1 shows a comparison between properties of
thermosetting and thermoplastic polymers.

Nowadays, thermosetting polymers are often applied on composite structures.
However, due to reduced time to manufacture, the usage of thermoplastic polymers
has been increased.

2.1.2 Reinforcements

Figure 5 shows different forms that can be used for reinforcements in the composite
materials. In general, it is verified two relevant categories: fibers and particles.
However, as commented earlier, this chapter is focused on the unidirectional (ply)
and multidirectional (laminate) composite material.
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Fig. 6 (a) Unidirectional fibers: orthotropic material (ply); (b) multidirectional fibers: anisotropic
material (laminate)

Table 2 Mechanical properties of fibers

Fiber Density [106 g/m3] Young’s modulus [GPa] Tensile strength [MPa]
E-glass 2.54 70 2200
Kevlar 49 1.45 130 2900
SiC 2.60 250 2200
Alumina 3.90 380 1400
Boron 2.65 420 3500
Carbon 1.86 380 2700

In Fig. 6a, the unidirectional arrangement creates 3 (three) planes of symmetry,
which are orthogonal each other (planes 1-2, 1-3, and 2-3). Hence, in this case (for
the ply), it is assumed to have an orthotropic material. By other side, in Fig. 6b, it is
observed multidirectional arrangement, which does not create any plane of sym-
metry. Thus, in this case (for the laminate), it is assumed to have an anisotropic
material in the most of cases.

Table 2 shows some typical data about fibers, which can be found in the
literature and data sheet of fiber manufacturers.

2.2 Rule of Mixture

The mechanical properties of the composite materials strongly depend on the
properties and proportions of the 3 (three) phases (fiber, matrix, and interface) as
well as the conditions of the manufacturing process (temperature, pressure, and
time). The principal objective of the Rule of Mixture is the determination of the
mechanical or thermal properties of the composite material by using
micromechanical analysis. Indeed, this is the simplest analytical approach to
homogenize a ply, which is formed by the 3 (three) phases as shown by Fig. 7a.
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And, this homogenized ply is assumed to be an orthotropic material with 3 (three)
planes of symmetry as shown by Fig. 7b.

As the ply is assumed to be an orthotropic material, then it is necessary to
determine 9 (nine) elastic constants:

e FE;;=Young’s modulus in the longitudinal direction

* FE5,=Young’s modulus in the transversal direction (in-plane of the ply)

e E33;=Young’s modulus in the transversal direction (out-of-plane of the ply)
¢ Gpp =shear modulus in plane 1-2

¢ G3 =shear modulus in plane 1-3

¢ G,;3 =shear modulus in plane 2-3

e vy, =Poisson’s ratio in plane 1-2

* vy3=Poisson’s ratio in plane 1-3

e 1,3 =Poisson’s ratio in plane 2-3
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However, the orthotropic unidirectional ply is also transversely isotropic in the
plane 2-3, so: E»y = E33; G =Gy3; and vy, =vq3. Thus, now, it is necessary to
determine 6 (six) elastic constants.

The elastic properties obtained via Rule of Mixture are calculated in function of
the fiber and matrix properties as well as their respective volume fractions and
considering following hypotheses:

» The response of ply is linear elastic and there are not residual and thermal
internal stresses.

« Fibers are uniform, homogenous, same diameter, continuous, parallels, and
regularly spaced.

¢ The matrix is homogenous, isotropic, showing linear elastic response.

» There is a perfect interface fiber-matrix and there are not voids in the material.

e The interface is infinitely fine, being disregard in the calculus.

Considering the volume of the composite V, and mass of the composite M, with
fiber volume V; and fiber mass M;, matrix volume V., and matrix mass M,,, and
voids volume V,, it is written:

M. =Mi+ My, (1)

Ve=Vi+Va+V, (2)

Dividing Egs. (1) and (2) by M. and V., respectively:

My My
1] =— 3
A 3)
Vi Vm V,
l=—+—4+— 4
VCJFVC V. “)

The mass and volume fraction can be defined as:

m—z;%—m (5)
Vs Vi Vy

= — mzi; v — 6

Vi v v 7 V 7 (6)

Thus, rewriting (3) and (4):

mi+my=1 or =—=

Vi+Vm+vw=1 or =
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In order to calculate the mass and volume fractions, it is necessary to determine
the composite density p.. Based in the Eq. (1) or in the Eq. (2), it is written:

M, 1 1
pC:V_C_V_C Vi V. V,
M. M,
(8)
1 1

Pe = M; N M, N vy My mm+vv
M. paM.  pVe Pt Pm Pc

or:

_ M Mi+Mn _ piViAt PV
Ve Ve Ve (9)

Pe
Pe = PrVE+ PrVm
The voids volume fraction v, is given by:
vw=1—(ve+vn) (10)

or, by using Eq. (8), it is obtained:

ms m
vw=1-— (p—f + i) Pc (experimental) <1 l>

Besides, the theoretical density is calculated via:

1
Pc (theoretical) = mr | g (12)
o
Therefore, Eq. (12) can be written as:
vo=1-— Pc (experimental) (13)

Pc (theoretical)

After determining the matrix and fiber volume fractions, it is necessary to have
the matrix and fiber properties, such as Young’s moduli of the matrix (E,,) and fiber
(E¢), Poisson’s ratios of the matrix (v,) and the fiber (v5). Frequently, these
properties are provided by the manufacturers of the polymers and fibers. Otherwise,
it should be carried out experimental tests in order to obtain these data.
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2.2.1 Longitudinal Young’s Modulus

229

Considering a loading P. applied in the direction of the fiber, the strains in the

fibers, matrix, and composite are assumed to be equals (Fig. 8):

Ec = &f = &y

Considering elastic response, stresses can be calculated by Hooke’s Law:

or = Eres and oy = Eném

(14)

(15)

Stresses of and oy, actuate on the Ar and A,,,, respectively. Based on Fig. 8, the

loading P, can be calculated as follows:
P.=P¢+ Py
Moreover:
Py = 0tA; = ErefAy and Py = 6mAm = EmémAnm
Applying (17) into (16):

A A
P. =0 A. = 0fAt + 60Anm Or o. = Uf—f + op—2
Ac Ac

The volume of the fiber can be calculated as follows:

Vi = ArLy

(16)

(19)
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By using the same way, it is calculated matrix and composite volume. Thus,
based on Fig. 8:

Ly=L,=L. (20)
Replacing (19) into (18) and considering (20):
6. = OrVf + OmVm (21)
Since the ply has an elastic behavior, then 6. = E €. and €. = & = &, SO:

o. = E.ec = Evepve + Epnenvm
(22)
Ec = Efo + Emvm or E11 = Efo + Emvm

Finally, Egs. (21) and (22) can be rewritten:
o011 = ZUI'V,' and E]l = ZE,’V,’ (23)
i=1 i=1

It is important to notice that the Rule of Mixture calculates de elastic properties
of the ply by using the weighted average of the volume fractions for » constituents
of the composite material.

2.2.2 Transversal Young’s Modulus

Considering the hypotheses used by Rule of Mixture, if a transversal loading P, is
applied in the transversal direction, then the actuating stresses in the fibers, matrix,
and composite are assumed to be the same in this direction (Fig. 9):

0. = 0f = Op (24)

Thus, the transversal elongation in the ply §. is given by the sum of elongations
of the fibers §; and the matrix &,,:

Fig. 9 Ply loaded in the o

transversal direction ¢ I I I
Matrix
Fiber
Matrix

Lole
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6c = 6¢ + O (25)
As e = §/t, where ¢ is thickness of the phase or the composite, then:
Ecle = Eptf + Emlm (26)

Since the matrix and fibers volume fraction can be written as:
Ve = and vy =— (27)

Replacing (27) into (26):
€ = EVE + EmVim (28)

As the actuating transversal stresses in the fibers are equal in the matrix, then:

Oc Oc

eg=— and e =— (29)
f m
Replacing (29) into (28):
1 1 1
=y —vy 30
EE"TE, (30)
Finally, Egs. (28) and (30) can be rewritten:
d 1
&y = ZS,‘V,’ and E22 = T (31)

i=1 —
- i
-1 E,

Due to the transversal isotropy of the ply, the Transversal Young Modulus in
the ply plane (E,,) is equal to the Transversal Young Modulus out of the ply
plane (E33).

2.2.3 Shear Modulus

For the determination of the shear modulus of the ply, it is assumed that the shear
strains are linear and the actuating stresses are the same in the fibers and matrix
(Fig. 10).

The total displacement of the ply u. is calculated by the sum of the displacements
of the fibers u; and the matrix u,,, thus:

Ue = Us + Uy O Ue = t¥s + tm¥im (32)
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Fig. 10 Ply deformed due T ]
to shear loading t Matrix “—| Ym

te Fiber

u,

“«—n
Matrix /mé

um/
2

where y; is the angle for fibers and y,, is the angle for the matrix. Applying (27)
into (32):

Ue = VeteYy + VitV m (33)

712 for the ply can be calculated as follows:

Uc

2= (34)
Applying (34) into (33):
Y12 = Vi¥e T Vm¥m (35)
Based on the linear hypotheses, then:
Tf Tm 712
= -, ‘m = — d = — 36
Tt G: 14 G and ¥y G (36)

Considering that the actuating shear stresses in the fibers, matrix, and composite
are equal and replacing Eq. (36) into Eq. (35), it is calculated the shear modulus of
the ply in the plane 1-2:

I 1 1 &y
SLEDENL SN S S 37
Gn =G TG, = 26, (37)

Due to the transversal isotropy of the ply, it is assumed that G, is equal to G 3
(shear modulus of the ply in the plane 1-3). However, G,3 (shear modulus of the ply
in the plane 2-3) is much more complicated to calculate, and, normally, it is
required experimental tests.
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Fig. 11 Poisson’s effect 2
in the ply
1

T T Marix N
Oc Fiber O
— s
S I 7175 S y

)/ A

2.2.4 Poisson’s Coefficient

If a normal stress o, is applied in the longitudinal direction of the fibers, there
will be a contraction of the ply in the transversal direction (Fig. 11), which is
calculated by:

us = uy +uy (38)

Contractions of the fibers and matrix can be calculated via Poisson’s ratios:

m m
€ u/t
_ 2 2 m m __ m
Um = —8—m = — om or u, = —Umé€ Im
1 1
o &
& uy /1 f f
e or u, = —vr€ |ty
& &
1 1

where v,,, and v¢ are Poisson’s ratio for fibers and matrix, respectively. And, f;and ¢,
are thickness of the fibers and matrix, respectively.
Replacing (39) into (38):

U5 = —vpmu)" — I/fulf = —(I/melmtm + ufelftf) (40)
Considering that the strains in the fibers, matrix, and composite are equal, then:
£

g{n :gl :8;: :gll (41)

Applying (41) into (40) and operating ., (thickness of the ply) in the both sides of
the equation:

tcuzc = —(l/m[m =+ IJf[f)tCS]] (42)

or:
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Since the fiber and matrix volume fraction can be written as:

1 t,
Ve = T and Vi = — (44)

C tC

Thus, Eq. (43) can be rewritten:

c
1/;—2 = —(l/me =+ l/fo)€11 = & (45)

The Poisson’s ratio vy, calculated in the ply plane (plane 1-2) is given by:

n
P2
Uiy = —8—2? = UmVm + vfve = Z Uivi (46)

1 i=1

Due to the transversal isotropy of the ply, it is assumed that v, is equal to v3
(Poisson’s ratio of the ply in the plane 1-3). However, v,3 (Poisson’s ratio of the ply
in the plane 2-3) is much more complicated to calculate, and, normally, it is
required experimental tests.

2.3 Mechanical Testing

Regarding the hypothesis used in the Rule of Mixture, sometimes, the values of
mechanical properties obtained by this approach are very different when compared
to the experimental values. This occurs because different effects influence on the
final properties of composite materials. For example, parameters of material
processing (time, pressure and temperature) are very important, because, a com-
posite plate made of a kind of fiber, matrix, and volume fractions can show totally
different properties than other composite plate with the same fiber, matrix, and
volume fractions of phases manufactured on different conditions. Therefore, it is
almost impossible to avoid experimental tests for determination of elastic proper-
ties, strength and strain limit values of composite materials.

For an isotropic material, a tensile test in one direction can provide: Young
Modulus, Poisson’s ratio, strength values, and strain limits. However, for
orthotropic materials, it is necessary 6 (six) experimental tests as shown by Table 3.

Moreover, the experimental tests provide the stress—strain curves, which helps to
identify different mechanisms in the ply, such as micro-damages or macro-failures
(delamination). This will be very important to select a failure criterion for designing
a composite structure. However, to carry out experimental tests on composite
materials is a hard task, because there are many particularities:

1. The experimental tests are based on the concepts of the basic mechanic theory,
which are applied for isotropic, elastic, homogeneous materials. However,
composite materials are anisotropic, heterogeneous, and inelastic. Thus, the
application of these concepts is not direct.
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Table 3 Experimental testing for orthotropic materials
Elastic Strength | Strain
Mechanical testing properties value limit
(1) Tension 0°: tension in the longitudinal direction Ei; v (=r13) | Xt XT
(2) Tension 90°: tension in the normal direction. E» (=E33) Yr )/T
(3) Compression 0°: compression in the longitudinal - Xc XJC
direction
(4) Compression 90°: compression in the normal - Yc )/C
direction
(5) Shear in plane 1-2: shear loading in the plane 1-2 G5 (=Gy3) Sin 3’12
(6) Shear in plane 2-3: shear loading in the plane 2-3 Gos - -

2. During the tests, many difficulties can take place, such as:

— Influence of end-effects, which produces regions with stress concentration

close to the edges of the specimen

— How to apply acceptable load levels without creating premature fails in the

material

— How to determine the correct dimensions of the specimen (mainly thickness),

regarding the heterogeneity

3. Problems caused by the anisotropy:

— Increase the problem related to the end-effects
— Promote premature fails in regions close to the clamps

— Promote premature delaminations close to the edge of the specimen

4. Experimental tests of composite materials are expensive and take long time,

mainly the manufacturing of the specimens.

5. For some cases, traditional standards (ASTM, ISO, DIN, etc.) work, but for
others, these standards are completely inappropriate.

In fact, in the literature, different standards to perform experimental tests in
composite materials can be found (Whitney et al. 1984). However, it is better to use
these standards as a guide to carry out the tests, because, for some composite
materials, it is necessary to change some parameters specified in the standard,

such as the dimensions and/or test speed.

3 Macromechanical Analysis

In the macromechanical analysis, it is considered not only the ply properties, but

also the stacking sequence of the laminate.
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3.1 Classical Laminate Theory

First, it is important to assume a code to identify the stacking sequence used in the
laminate. In this chapter, it is used the SLC (Standard Laminate Code), which
requires:

< Orientation of each ply, considering the global coordinate system (x—y—z).
* Number of the plies for a given orientation.
« Stacking sequence of the plies to obtain the laminate.

For example, a laminate with orientation angles for fibers equal 0°, 90°, 90°,
and 0° can be represented by different ways: [0/90/90/0]; [0/90,/0]; [0/90];
[0/90/90/0]1. The subscripts of the angles specify the number of the plies with
fibers oriented in that direction. The subscript S indicates symmetry of the laminate,
and T shows that the laminate has the total number of the plies used to manufacture
the structure.

The composite structure [0/90/90/0] is a symmetric laminate, because the plane,
which split the thickness in two parts is like a mirror, i.e., the laminate is symmetric
in relation to its medium plane. Other example is the laminate in Fig. 12, which is
represented by [03/90,/45/—453/—453/45/90,/05]1 or [03/90,/45/—45;];.

Beyond symmetric laminates, there are the antisymmetric laminates and the
asymmetric laminates. However, in the literature, it can be found a large number of
classifications for laminates. Regarding antisymmetric laminates, the plies are
stacked in order to create antisymmetry in relation of medium plane. By one side,
a laminate with orientation angles of fibers in 0°, 90°, 0°, and 90° can be considered
antisymmetric. By the other side, an asymmetric laminate has a random stacking
sequence, and there is none rule of stacking related to the medium plane.

At this moment, there is a question: How to determine the laminate stiffness
considering the plies stacked in different directions?

One approach to do this consists on using the CLT, which is based on Theory of
Elasticity. Therefore, considering a solid (continuous media) loaded, this body
produces internal stresses in order to equilibrate the applied loadings (Fig. 13).

A point in the body has the 3D stress state represented by the following stress
tensor:

Fig. 12 Symmetric Top
laminate

V77, /7/// 45°
) \\\\\\\\\\\“\ -45°
Medium Plane \\m S 45
___________ NN 450
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Tay [T

o ¥

Fig. 13 (a) Solid loaded; (b) 3D stress state

O Ty Ta:
0= | Ty Oy Ty (47)
Tox  Tzy Oz
By using the equilibrium equations of momentum, it is obtained:

Ty =Ty and 7, =1, and 7, =1, (48)

Thus, the stress tensor is symmetric and it can be represented mathematically by
a vector with 6 (six) positions:

Oy 01 (23]
Oy 0) (29)
O 03 03
6= or o= or o= (49)
Tyz 023 04
Tox 031 (25
Txy o2 06

@ Vxz
v
Vyx Vyz
€= % £yy % (50)
7zx @
2 2 =

Thus, the strain tensor is also symmetric and it can be represented mathemati-
cally by a vector with 6 (six) positions:
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Vy:/2
Vae/2
L yxy/z i

or

Ex
€y
E;
&y:

Exx

ZA

L €xy |

or

€1

&

€3

€23

€3]

€12

or

€
)
€3
&4
€5

€6

V. Tita

(51)

The constitutive equation relates the stress and strain vectors. For anisotropic
materials, this relation is given by the Hooke’s Law Generalized as follows (for
index notation):

O = Dijgj

ij=12...,6

For matrix notation, it is observed the constitutive tensor D with 36 (thirty six)

components:

o1 Dy Dy D3 Dy Dis Dig| | &
1) Dy1 Dy Dy Dy Diys Dy | | &
03| _ |Da D3 D33 Dis D3zs Dis| | &3 (52)
04 D4yt Dsy D4z Dss Diss Das | |74
05 Dsy Ds; Dsz Dsy Dss Dsg | |7s
C6 D¢i Dex De3 Des Dss Des | | 76

However, it is shown that the constitutive tensor D is symmetric (D; = Dj;) and,

in fact, the number of components is equal to 21 (twenty-one). Moreover,
D represents the stiffness of the material and D' represents the compliance.
Thus, D can be written in function of the material properties of composite phases
(matrix, reinforcements, and interface).

As commented earlier, a ply of the laminate is assumed to be orthotropic
material. Then, this ply has 3 (three) planes of symmetry. Also, an orthotropic
material does not show coupling between normal stresses and shear strains (y), as
well as between shear stresses and normal strains (¢). Thus, the tensor D for this
type of material has only 9 (nine) components:

Dy

D,
Dy
Dy3

D3
Dy3
D33

Dy
0

S O O

Dss
0

S O©O o O

D |
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By analogy, the tensor C has 9 (nine) components:

£ Cui Cnp Ciz O 0 0 ol
& Cy Cxp Cyn 0 0 0 o)
&3 _ C31 C32 C33 0 0 0 03 (54)
Ya 0 0 0 C44 0 0 04
Y5 0 0 0 0 C55 0 [
Ye 0 0 0 0 0 C66 O¢
1 -2 —13
C = —_; = ; C =
"TE, "TUE TR,
Cry = 1231 Cor = RS Cay = Y23
Ey '’ Ey’ Ey
Coo W o TP, 1
13 = ; 23 = ; ==
Es;3 Es; Es;3
1 1 1
Cyy=—; Cs5=—; Cgq=—
“=c 55 Gur Cn
Considering the symmetry of the tensor C, then:
Vij _ Vi
Yy _ Gt 55

The matrix inverse of compliance is the stiffness, and for composites, this matrix
will be named by Q:

o1 Oy On 03 O 0 0 €
62 0y 0On Oxn O 0 0 )
o3| _|Qu QOn O3 0 0 0 €3 (56)
04 0 0 0 Ou O 0 Y4
o5 0 0 0 0 0s 0|7
06 0 0 0 0 0 Q] L7

where:



240 V. Tita

Fig. 14 Thin ply of o,
composite material: plane T Oyx
stress state. Local " 1
coordinate system (1-2) and
Global coordinate system r
(x=y) * > o,
d, Y
Ox
y e >
| X
Oy
6V
0 = Eyi (1 — vasva)
1= A ~ En(vn +vaivn)  Exn(vi +vsvis)
2= =
0 _ Exn(l —w31v13) 4 A
n=
A 0, Ey(vs1 +vawsn)  Exn(vis +viovns)
_ Es(1 —vppvn) 13 A A
Q33 - f
_ Exn(vn +viovs)  Es(vas +vaivis)
Oy = G23 Oy = A = n
Oss = G13
3 A =1—vpry —va3vs — 131013 — 21013013
Qe = G2

However, for a ply reinforced by fibers in one direction, it is considered a
transversally isotropic material, so: E,, = E33; G13 =G5 and vy, = v 3. Besides,
the thickness of the ply is very thin compared to the length and the width, then it is
assumed plane stress state (Fig. 14).

Thus, the Hooke’s Law can be written by using the Reduced Stiffness Stress:

o O, 0Op O €1
62| =0y Opn O & (57)
06 0 0 O] L7
where
Ey E
On = = vi2E» vioEn1Ex
l—viovy En—vhEn Q=0 = 1= vpvs1  Evy — En
_ Exn  EuExn 2
On = = 2 b _ b
1 —vipvar En —vipExn Ei  Ex
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Considering the axes 1 and 2 and that 1 is aligned to the fibers and 2 is normal to
the fibers, it can be used the transformation matrix of coordinates in order to write
the stress components in Local or Global coordinate systems:

01 Oy Oy (]
62 =[T]| oy or | oy =1 o (58)
012 | Local Oxy | Global Oxy | Global 012 | Local
where:
m? n? 2mn
Tl=| n* m> —2mn |; m=cos(d) and n=sin(0)

—mn mn (m* —n?)

By analogy, the strain relations can be given by:

€1 Ey Ex €]
& =[T]| & or &y =1 & (59a)
" 1 Locan " 1 Global " 1 Global "h | Local

Replacing (58) and (59a) into (57), it is obtained the constitutive equation for the
Global coordinate system by using the Transformed Reduced Stiffness Matrix:

Ox On Qn O [ &
Oy =10n On Ox||& (59b)
Oxy | Global 016 02 Ossd L7 ] Gioba
or:
0 On 0O 01 On 0O
@12 622 st = [T] - Q1 0n 0O |IT] (59¢)
016 0% Qs Ois O Ces

Thus, the matrix components [Q] are given by:

0y = Qym* +2m*n* (01 + 2044) + Oport*

012 = (Q11 + 0 — 4Q¢s)0%m* + Oy (n* + m*)

0y = 01* +2(015 + 2Q¢6)7°m* + Qyom®

016 = (Q11 — Qpo)nm’ + (Q1p — Qpp)’m — 2mn(m* — n*)Qgq
035 = (011 — Qu2)’m + (Q1p — Q) + 2mn(m* — n*) Qg
Qg5 = (Q11 + 02 — 201, — 20¢6)0°m* + Qgg(n* + m*)

(60)
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Fig. 15 Influence of the fiber orientation: (a) in the elastic properties (Jang 1994); (b) in the ply
stiffness (Hull 1981)

h/2 Ny, Y My
[Ny 2
X N

Fig. 16 (a) Laminate structure; (b) membrane loadings, shear forces, and bending moments

Therefore, Q has the influence of the orientation of the fiber in the ply (Fig. 15).
It is verified that the orientation of the fiber influences in the mechanical properties
and, consequently, in the ply stiffness, which will influence in the laminate stiffness.

Considering a laminate with /4 thickness and N plies, where the top of each k ply
is distant /; from the medium plane of the laminate as show by Fig. 16a, it will be
calculated its stiffness by using CLT.

In this laminate, Membrane Loadings (NV,; Ny; and N,,), Shear Forces (Q, and
0,), Bending Moments (M, and M,), and Torsion Moments (M,,) can actuate as
shown by Fig. 16b. These loadings can be calculated in function of the intern
stresses of the laminate as follows:

N, o
Ny h/2 Oy
N, | = J 6y | dz[N/m] (61)
Qx —h/2 Oy
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M, h/2 Ox
M, | = J 6y |zdz[Nm/m] (62)
Mxy —h/2 Oy

Therefore, it is necessary to obtain the intern stresses of the laminate, which can
be calculated by using CLT. And, this theory is based on the Kirchhoff’s and other
hypotheses, as well.

e The laminate is considered plane (as a plate) and the medium plane (medium
surface), which split the laminate, is in the middle of the laminate and contains
the plane x—y.

¢ The plies are perfectly linked and there is not relative displacement between
plies, so the displacements are continuous.

¢ The matrix, which is between two plies, is very thin and it is not deformed by
shear stress.

e The laminate is thin and Kirchhoff’s kinematic hypotheses are applied. There-
fore, these promotes &,. =¢,,=¢. =0 and oy, 0., 0. < < 0y, Oy, O,.

It is important to highlight that the Kirchhoff’s kinematic hypotheses do not
make account the transversal shear stress (Fig. 17). Hence, the transversal sections
of the medium plane, which were plane and normal to the medium plane, remain
plane and normal to the medium plane after the applied loading. Therefore:

1

!
Iw

A

J

/‘/'

L _

! -

Fig. 17 Kirchhoff’s kinematic hypotheses (Keunings 1992)

on

%
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e, =¢€,,=¢&.=0. However, the stresses o,;, 0y, and ¢, are very important for
delamination analyses. Moreover, if the structure is thick, the structural analyses
should be affected in case of the transversal shears are not considered. Thus, for
thick laminates or delamination analyses, it is necessary to use other kinematic
hypotheses such as Mindlin-Reissner or Higher-order Shear deformation Theory—
HST. However, in this chapter, it is considered mainly thin laminates, i.e., the
relation length (or width) per thickness is minimum higher than 10.

Considering Fig. 17, for the point C with distance equal to z, from the medium
plane, the displacement u, in the x direction is given by:

Ue =y — zefp (63)
Thus:

. aW()

b= (64)

Therefore, the displacements u and v in the directions x and y, respectively, are
given by:

e 3.7) = () — 220 (63
Vi 2) = ) — 52002 (66)

where:

u, and v, are displacements measured in the medium plane.
w is the displacement in z direction:

W(X,y,Z) = W()(X,y) (67)
Thus, the strain for £ ply can be calculated as follows:

Ouyg 0*wo
exvy,2) = 5= —255 = 0+ 2Ks (68)

aV() 82w0

ey(x,,2) :Ty*ZTyzzeyo+zKy (69)
auo 6v0 asz
28«‘)’(an7 Z) = a— + E - sz = 28Xy0 + 2K,y (70)

or yxy = }/xyO + ZKX}’

where:
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Exo» Ey0, aNd &y, are strains related to extensional and distortional deformation in
plane x—y.

It is observed that Kirchhoff’s kinematic hypotheses results on a linear variation
of the displacements and strains along the thickness. Hence, for a laminate, the
strain vector can be written for the Global Coordinate System (x—y) as follows:

(€] Global = [€0]Gioba T Z[K] Globar (71)

Therefore, the stress distribution varies from one ply to another along the
thickness. Replacing (71) into (59b), it is calculated the stress vector for each
k ply for the Global Coordinate System:

k T T — = = Sk
Ox On Qi O €x0 On On Ok Ky
Oy =10n 0n 0 €0 +2|0n 0n 0 K,
Oxy 1 Global 015 0x Oss Y20 1 Goal 015 O O Koy | Globar
(72)
Considering the compact form:
k — k
[G]Global = [Q] Global HEO]Global + Z[K]Global] (73)
where:
[e,] = strains
[K] = curvatures
k =ply in the k position.
Replacing (73) into (61) and into (62):
Nx n hi Ex0 ke K,
Ny | =) J (0], | &0 |dz +J (0], | Ky |zdz (74)
NXY K=1 b }/xyO I ny
My n I £x0 hi K,
My | = Z J O], | &0 ZdZ+J O] | Ky 2dz (75)
Mxy k=1 | Mhet Yxy0 i Ky

The matrix [Q] remains constant for each ply, because it is only function of the
elastic properties of plies and fiber orientation in each ply. The strain components
[e,] and the curvature [K] of the laminate remains constant for each ply, also.
Therefore, Eqs. (74) and (75) can be written as follows:



246 V. Tita

IN] = [A]leo] + [B][K] (76a)
[M] = [Bl[eo] + [D][K] (76b)
where:
[A] = [ [0] dz=membrane stiffness matrix.
k=1 Jhg1 K
n hg
[B] = [@] zdz = coupling stiffness matrix.
k=1 Jhg1 K
D] = - (" (0] 7°dz=bending/torsion stiffness matrix.
k=1 Jhg-1 K
][l 8] [l -
(M] 8] [D]] | K]

If the coupling matrix [B] is not null, then membrane loadings can cause not only
normal and shear strains, but also curvatures K, K,, and K,. By analogy, moments
loadings can cause not only curvatures K, K, and K, but also normal and shear
strains. By the other side, if the coupling matrix [B] is null, these effects cannot
occur. In fact, matrix [B] is null for symmetric laminates, and this is easily proved
by verifying that stiffness part related to z positive values are canceled by stiffness
part related to z negative values.

In case of thick laminate analysis, it is necessary to consider the shear forces (Q,
and Q,). Thus, one simple approach consists on assuming parabolic distribution
along of the laminate thickness:

Integrating this equation, it is obtained:

Qx = (A55yxz +A45yyz) (79)

Qy = (A45}/xz + A44}/yz) (80)

where:
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Therefore:
[ Ny [Ain A A Bui Bin Bis| [ &y ]
N, A Ap Ax Bip Bxn By &y,
No | |Ae Ax Aes Bis Bix Bes | |7y, (81)
M, Byy Bix Bis Dii Dy Dy K,
M, Biy By By Din Dn Dyl | K,
| M,y | |Bi¢ B Bes Dis Dz Des | LKy |
0, Agg Ass | |7y
= - 82
|:Qx A45 ASS Yz ( )

It is concluded that for thin laminates, it should be used only Eq. (81), and, for
thick laminates, it is necessary to use at least Eq. (82), as well.

In terms of design, the equations above should be written in inverse format,
because, normally, the loadings are provided and it is required to calculate the
strains and curvatures. However, these values are obtained for each ply, considering
the Global Coordinate System, and, now, it is necessary to calculate these values for
Local Coordinate System.

3.2 Strain and Stress Analyses in the Ply

The determination of stress and strain components for each ply for the Local
Coordinate System is very important to evaluate the failure or not of a laminate,
considering a load case.

The failure mechanisms and failure criteria will be addressed in the next section,
but the criteria are normally verified in each ply of the laminate considering the
stress and strain components for the Local Coordinate System (1-2). Thus, in order
to obtain these values, it is initially written Eq. (76a) in the following format:

[eo] = [A]7'[V] — [A]”'[BI[K] (83)

Replacing (83) into (76b), there is:

il -lie] @1]li) 5
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Thus, Egs. (83) and (84) can be written as follows:

[eo] = [A"] V] + [B] [K] (86)

M) = [C][N] + D] [K] (87)

Replacing Eq. (88) into (86):

leo) = {[4] = [B'][D"] [T} + (B[] i) (89)
Combining Egs. (88) and (89), it is obtained the system of equation completely
inverted:
leo] | _ l[A’] B | | [V] (%)
K] (€] D] [ [M]
where:
)= [a"] - [B][p") ' [C"] = (4] + [B'] (D] ' [B')
B1=[B][D7]"
€)= -[p]'[c] = B = [B]
D) = [D*rl

Hence, it is calculated the strain components [¢,] and the curvatures [K] of the
laminate for the Global Coordinate System, considering a loading state. Based on
these values, it is calculated the stress components for each k ply for the Global
Coordinate System (Fig. 18):
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Fig. 18 Distribution of stress along of thickness

[a]élobal = [@] élobal Heo]Global +z [K]Global] (91)

By using the equations for coordinate transformation, it is determined the stress
and strain components for the Local Coordinate System:

K k k k
o1 Oy €1 Ex
02 =[T]| oy and € =[T]| & (92)
012 Local Oxy Global },6/ 2 Local y-"'y/ 2 Global
where:
m> n? 2mn
T)=1| n* m* —2mn |; m=cos(d) and n=sen(0)

—mn mn (m*—n?)
Hence, the calculation of the stress and strain components for the Local Coor-
dinate System can be summarized in 7 (seven) steps:
Step I: Determine the elastic properties of each ply (E1; Exn; Giz; and vy5).

Step 2: Calculate the Reduced Stiffness Matrix for each ply in relation of Local
Coordinate System.

On Op O
[Q]Local =10 O»n 0
0 0 O

where:
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Step 3: Calculate the Transformed Reduced Stiffness Matrix for each ply in relation
of Local Coordinate System.

0, On @16
@] kT @12 @22 @26
@16 [y @66

where:

011 = Qum* +2m*n*(Qy; + 20¢6) + Opont*

012 = (Q11 + Op — 4Qg5)°m* + Q1 (n* + m*)

0x = 01* +2(Q5 + 2Q¢6)0°m* + Qyomi®

016 = (Q11 — Quu)nm’ + (Q1p — Op)n’m — 2mn(m* — n*) Qg6
036 = (011 = Q)’m + (Q1y — O )’ + 2mn(m* — n*) Qg4
06 = (Q11 + Q20 — 201, — 206)0°m* + Qgs(n* + m*)

m= cos (#) and n=sen(0)

Step 4: Calculate matrixes A, B, and D in relation of Global Coordinate System.

A= 3" [0), 0 — )
k=1
=53 0,02 - 2.

Dl =3 (0,01~ 1)
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Step 5: Calculate the strain components [¢,] and the curvatures [K] of the laminate
for the Global Coordinate System.

where:

Step 6: Calculate the stress components for each k ply for the Global Coordinate
System.

[G]élobal = (0] dlobal [[£0]Globar + Z[K] Giobal)

Step 7: Calculate the stress components for each k ply for the Local Coordinate

System.
(23] Oy
02 =[T]| oy
012 ] Local Oxy | Global
where:
m? n? 2mn
T)=| n* m? —2mn

—mn mn (m*— n?)
These stress or strain components will be used in the Failure Criteria, and the

engineer will be able to evaluate if the composite structure will fail or not under a
specific load case.

4 Failure Analysis

Based on the stress or strain components values for each ply for the Local Coordi-
nate System, it is carried out the failure analysis of the laminate. However, it is
necessary to know previously the different failure modes, which can be found in the
composite structures. Thus, based on the failure modes, which can occur, the failure
criterion should be selected.
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Fig. 19 Damage and failure mechanisms

4.1 Laminate Failure Modes

In this chapter, the failure/damage mechanisms are classified in two types:

e Intralaminar damage: occur inside the ply;
o Interlaminar failure: occur between plies.

The intralaminar damages correspond to the damage in the matrix, fibers, or
interface fiber-matrix. The interlaminar failures correspond to the delaminations
between plies, which consists on the separation of plies (Fig. 19).

4.1.1 Intralaminar Damage

The intralaminar damages can be divided in three different mechanisms:

¢ Mechanism of fiber damage.
¢ Mechanism of damage damage.
* Mechanism of interface matrix-fiber damage.

The mechanism of fiber damage depends on different aspects, such as diameter
and length of fibers, volume fraction of fibers, and orientation of fibers. However,
the damage modes are also related to the applied loadings. For examples, compres-
sion loading can produce fails in the fibers through micro-buckling or shearing
(Fig. 20).

Tension loading can promote the rupture of the fibers and depends on the level of
the adhesion between fibers and polymer matrix. In other words, if the loading,
which acts in the matrix, is transferred to the fibers in an efficient way, then the
fibers can fracture, depending on the level of load.

The matrix damage modes depend on the physic-chemical properties of the
polymer, which can be fragile or ductile and have linear elastic or viscoelastic
response. Moreover, this behavior depends on the environment temperature. How-
ever, in general way, the rupture of the matrix occurs close to a fractured fiber or
close to a void created during the material processing. These regions show stress
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Fig. 20 Fiber damage mode under compression: (a) micro-buckling (Agarwal and Broutman
1990); (b) shearing (Adapted from Agarwal and Broutman 1990)
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Fig. 21 Damage process in the matrix: (a) under tension; (b) under compression (adapted from
Agarwal and Broutman 1990)

concentration, which causes failure of the matrix. Therefore, under tension loading,
the damage process in the matrix, as shown by Fig. 21a, starts close to micro-
failures (1), then propagates (2) and, finally, coalesces (3) until creating a cata-
strophic macro-failure (4). By the other side, under compression loading, the matrix
can fail by shearing (Fig. 21b).

For the ply under shear loading, the damage mode will occur as shown by
Fig. 22a. As it is observed, this damage mode depends mainly on the polymer
matrix behavior, which can be non-linear due to inelastic strains.

The damage process of the ply is strongly influenced by the orientation of the
fibers. For example, the ply can show a linear response when the loading is applied
in the direction 1 (0°) or in the direction 2 (90°) due to the relevance of normal
stresses. However, for the loadings applied close to the angle 15°, it is observed a
non-linear response, because there is an important contribution of the shear stresses
as shown by Fig. 22b.

Regarding the damage modes of the interface, it is confirmed that these modes
depend on physic-chemical interaction between fiber and matrix. In fact, the quality
of the interface is a parameter that it is used to evaluate the toughness of the
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Fig. 22 (a) Damage of matrix under shear loadings (adapted from Agarwal and Broutman 1990);
(b) influence of the fiber orientation in the damage process (Hahn and Tsai 1973)

Fig. 23 (a) Debonding due to weak interface; (b) damage mechanisms in the ply (Anderson 1995)

composite material. Thus, if there is a weak interaction between fiber and matrix,
then it occurs “debonding” as shown by Fig. 23a.

Figure 23b shows different damage mechanisms in the ply. If there is a weak
interface, after the fiber failure, “Pull-Out” (mechanism 1) can take place. Before
this mechanism, it is possible to occur “Fiber Bridging” (mechanism 2), since the
composite has fragile fibers, ductile matrix, and strong interface. Thus, the crack
propagation creates like bridges by using the fibers. As commented earlier, if the
interface is weak, then “debonding” (mechanism 3) can occur. By the other side, if
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the interface is strong, then facture of the fiber (mechanism 4) and the damage
process of the matrix (mechanism 5) are verified. However, these all damage
mechanisms are random and depend on several aspects:

» Physic-chemical properties of the fibers and polymer matrix.
« Alignment and strength of the fibers.

* Orientation and volume fraction of the fibers.

¢ Type of loading: tension, compression, shear, or combined.
« Environment effects: temperature, humidity, corrosion, etc.

4.1.2 Interlaminar Failure (Delaminations)

In composite materials, the failure starts with micromechanisms (intralaminar
damages) and, after that, it is observed the macromechanisms like delaminations.
In general, the damage evolution starts in the plies with fiber orientation close to 90°
in relation to the loading. After the first damage, stresses are redistributed in the
laminated and new failure mechanisms can occur in the same ply or in other plies.
This failure process evolutes until the damage to reach the interface between two
plies, creating a discrete crack. In fact, the frontiers of the cracks, which were
created in one ply, propagate until to find adjacent ply with fiber oriented in other
direction (Fig. 24a). At this moment, the interlaminar shear stresses increase
abruptly and the laminate suffers the delamination as shown by Fig. 24b. Consid-
ering the increment of the loadings, the delaminations increase (initiation) and
evolve (propagation).

Researchers proved that the interlaminar failure is promoted by the interlaminar
shear stress and normal stress in direction z as shown by Fig. 25a.

Fig. 24 Mechanisms of damage and failure in the plies: (a) evolution of the failure process (Hull
1981); (b) laminate with delaminations
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Fig. 25 (a) Delamination: interlaminar shear stress and normal stress; (b) modes of delamination
(adapted from Magagnin Filho 1996)
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Fig. 26 (a) candidate regions of delamination (adapted from Jang 1994). (b) stress distribution
along the ply length—edge effects (Keunings 1992)

According to the Fracture Mechanics, laminate material composites, normally,
show two classic modes of delamination: Mode I and Mode II (Fig. 25b). The Mode
I is created by tension loadings and Mode II is created by shear loadings. Thus,
during the delamination process is common to observe the Mixed Mode, i.e., Mode
I and Mode II are coupled.

In practical terms, the engineer should be pay attention, mainly in the geomet-
rical discontinuities in the composite structures, such as holes and ply drop. In these
regions, there is a 3D stress state, which promotes delamination (Fig. 26a). Another
important region consists of the edge of the laminate. In fact, in this portion of the
laminate, edge-effects can increase the transversal shear stress close to the edges
(Fig. 26b).
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4.2 Procedure to Analyze Failure in Laminates

It is considered that a structure fails when this one cannot satisfy the design criteria.
Thus, failure criterion goals to provide an interpretation of the damages promoted
by the loadings, showing if there is a local or a global failure in the structure.
However, for laminate composite structures, there is a large number of damage and
failure mechanisms, which occur in a random way. Thus, different approaches can
be applied to design composite structures. One approach consists on carrying out
micromechanics analyses in order to identify the local failure of fibers, matrix, or
interface. By the other side, there is the macromechanics analysis, which consists
on using a failure criterion in order to identify the failure of the ply.

The failure criterion can be written by using mathematical expressions (the
criterion function), considering the stress or strain components for the Local
Coordinate System (1-2) and allowable values for the ply:

If f(o1,02,03) >0 then the ply fails.

93
If f(61,02,03) <0 then the ply does not fail 53)
Associated to the failure criterion, there are two methods of approaching the
problem:

e FPF Method (First Ply Failure): the laminate fails when the first ply fails.
e LPF Method (Last Ply Failure): the laminate fails when the last ply fails.

LPF Method can be summarized in 9 (nine) steps (Fig. 27):

. Stress analyses: calculate the stress components in each ply.

. Failure criterion selection: select the most adequate criterion, considering the
failure modes observed during the experimental tests for determination of
allowable values and elastic properties.

3. Calculate the criterion function: use the stress components and allowable values

to calculate the value for the criterion function.

4. Verify the failure plies: identify the plies, which fail.

5. If there is not failure—increase the loading: increase the loading in order to

re-calculate the stress components in each ply.

6. If there is failure—reduce the mechanical properties: before increasing the

loading, the mechanical properties of the plies, which failed, should be reduced.

7. Total failure?: check if all plies fail.

8. If there is not total failure—re-calculate the stress distribution: re-calculate the

stress components in each ply, considering the reduction of laminate stiffness.

9. If there is total failure—THE END: finalize the analyses.

DN =

The FPF Method is strongly safety, because the failure of only single ply implies
in the failure of the entire laminate. By the other side, the LPF Method over-
estimates the strength of the laminate. Therefore, the engineer must be careful
when choosing the method, mainly the failure criterion. However, due to the
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Fig. 27 Procedure to perform failure analyses by using Last Ply Failure Method

complexity to predict the failure mechanisms on composite structures, there is a
large number of failure criteria to address this problem. In the next sub-items, it will
be shown 3 (three) different failure criteria.

4.2.1 Maximum Stress Criterion

This failure criterion consists of 5 (five) sub-criteria and each one corresponds to
the 5 (five) fundamental damage mode of the ply. If, at least, one allowable stress
limit is exceeded, then the ply fails:

O']ZXT or O']S—XC or OQZYT or O'zS—YC or ‘(712|2512
(94)

where:

o1: normal stress component in direction 1.

05: normal stress component in direction 2.

015: shear stress component in the plane 1-2.

Xt c: strength value for tension or compression in direction 1.
Y1 c: strength value for tension or compression in direction 2.
S1,: strength value for shear in plane 1-2.
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The failure surface for this criterion is a parallelepiped in the space of stresses
(Fig. 28). Due to the difference between strength values for tension and compres-
sion, the geometric center of the parallelepiped does not coincide to the origin of
space of stresses.

4.2.2 Maximum Strain Criterion

This failure criterion also consists of 5 (five) sub-criteria and each one corresponds
to the 5 (five) fundamental damage mode of the ply. However, in this case, the
criterion is written in terms of strains. Thus, if, at least, one allowable strain limit is
exceeded, then the ply fails:

eIZX,T or slg—X,C or 522Y,T or szg—Y,C or |}/12|25/12 (95)

where:

&1 =normal strain component in direction 1.

&, =normal strain component in direction 2.

€1, = shear strain component in plane 1-2.

XT@ = strain limit value for tension or compression in direction 1.

Y1 ¢ = strain limit value for tension or compression in direction 2.

S’12 = strain limit value for shear in plane 1-2.

In general, the Maximum Stress Criterion and Maximum Strain Criterion pro-
vide similar predictions, but when the composite material shows non-linear behav-
ior, it is better to use the second one. Also, these criteria are not interactive, i.e., the
stress component in one direction does not influence the failure mode caused by a
stress component in other direction and vice-versa, but the mode failure of the ply
can be identified.
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4.2.3 TSAI-HILL Criterion

Based on HILL criterion, Tsai proposed a failure criterion for composite materials,
especially for laminates with orthotropic plies. Thus, TSAI-HILL criterion for
plane stress state can be written as follows:

=G @ - (GE) ) = e

where o1 and o, are the normal stress components in the ply. Besides, in this
criterion, it is necessary to use different values for compression and tension, not
only for actuating stresses, but also for allowable values. Thus, re-organizing
the equation above, it is obtained 4 (four) different equations in the space of stresses

(o1 — 02):

1. For the First Quadrant (¢1,06, > 0):

2 2 2
6] 62 01072 6]2
SLy 12y %1 96a
xn ks (96a)

2. For the Second Quadrant (67 < 0, 65 > 0):

2 2 2

o] 05 01072 (D)
Ly 24 =112 96b
Xt YR X% s2, (96b)

3. For the Third Quadrant (1,02 < 0):

9,0 oo op (96¢)
Xe Y& XE St
4. For the Fourth Quadrant (6, > 0, 6, < 0):
2 2 2
o7 (253 010? (2}
St gt =1-5 (96d)
Xt Ye o Xi St

Based on the equations above, it is obtained the failure surface for TSAI-HILL
criterion as shown by Fig. 29. It is verified that the increase of shear stress causes
the contraction of the failure surface, becoming the failure process easier to occur
for lower values of normal stresses.

In practical, it is used the definitions of Factor of Safety (FS) and Margin of
Safety (MS) to determine if a ply fails or not by using TSAI-HILL criterion:
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If MS is lower than zero then the ply fails. By the other side, if the MS is much
greater than zero, then it is concluded that the laminate should be optimized. This
criterion is used a lot by the engineers, but it is important to highlight that it is not
recommended for laminates with non-linear behavior. However, it is an interactive
criterion; so a stress component in one direction can influence the failure mode
caused by a stress component in other direction and vice-versa, but it is not possible
to identify the failure mode for the ply.

In fact, advances in procedure to analyze failure in laminates have been
performed by different research groups in the World for a long time. The research
group coordinate by Professor Volnei Tita at University of Sao Paulo has worked in
this way, as well. Therefore, some scientific contributions can be found in the
literature, such as Tita and Carvalho (2001), Tita et al. (2002, 2008, 2012), Angelo
et al. (2012, 2015), Sartorato et al. (2012), and Ribeiro et al. (2012a, b, 2013a, b,
2015).

Finally, if a failure occurs, then the engineer can redesign the laminate compos-
ite structure as shown by Fig. 4. Thus, the stacking sequence of the laminate should
be modified in order to change the stiffness, or it is necessary to change the type of
polymer matrix or the fibers, or to increase the volume fraction of the fibers.
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Piezoelectric Energy Harvesting

Carlos De Marqui Jr.

Abstract This chapter reports on the modeling of electromechanically coupled
beams with uniform and varying cross-sectional areas for energy harvesting. The
governing equations are formulated by using the Rayleigh-Ritz method and Euler-
Bernoulli assumptions. A resistive electrical load is considered in the electrical
domain. Electromechanic frequency response functions (FRFs) are presented and
the electroelastic behavior is discussed for a wide range of load resistances. The
model is verified against the experimental results of a tapered bimorph with tip
mass and issues related to the determination of the optimum load resistance for
maximum power output is also addressed.

Keywords Piezoelectricity ¢« Energy harvesting « Electroelastic behavior

1 Introduction

The research interest in converting ambient vibration energy to usable electrical
energy has increased in the last years (Sodano et al. 2004a, b; Beeby et al. 2006;
Priya 2007; Anton and Sodano 2007; Cook-Chennault et al. 2008). The concept of
energy harvesting is particularly useful for wireless sensors powered by batteries
and remotely operated systems with limited energy source. Different transduction
mechanisms such as the piezoelectric one (Roundy et al. 2003; Sodano et al. 2004a,
b; Du Toit and Wardle 2007; Erturk et al. 2008), the electromagnetic (Williams and
Yates 1996; Arnold 2007; Glynne-Jones et al. 2004; Beeby et al. 2007; Manna and
Sims 2009), and the electrostatic (Roundy et al. 2002; Mitcheson et al. 2004) can be
used for converting vibrations to electricity. However, the recent literature shows
that piezoelectric transduction has received the most attention for vibration-based
energy harvesting and several review articles directly focusing on piezoelectric
energy harvesting can be found in the literature (Sodano et al. 2004a, b; Priya 2007,
Anton and Sodano 2007; Cook-Chennault et al. 2008).
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Piezoelectric power generators can harvest electrical energy from mechanical
vibrations based on the direct piezoelectric effect. These generators have been
extensively studied as a low-cost and efficient alternative for low-level energy
harvesting. Researchers have proposed various models to represent the electrome-
chanical behavior of piezoelectric energy harvesters, which range from lumped
parameter models (Roundy et al. 2003; Du Toit et al. 2005) to Rayleigh-Ritz type
approximate distributed parameter models (Sodano et al. 2004a, b; Du Toit and
Wardle 2007; Du Toit et al. 2005) as well as analytical distributed parameter
solution attempts (Chen et al. 2006; Lin et al. 2007). Recently, certain issues
observed in some lumped parameter and distributed parameter piezoelectric energy
harvester models have been clarified in the literature (Erturk and Inman 2008a, b).
More recently, the analytical distributed parameter solutions for unimorph (Erturk
and Inman 2008a, b; Erturk et al. 2008) and bimorph (Erturk and Inman 2009)
piezoelectric energy harvester configurations with closed-form expressions have
been presented. Convergence of the Rayleigh-Ritz type electromechanical solution
(Sodano et al. 2004a, b; Du Toit and Wardle 2007; Du Toit et al. 2005) to the
analytical solution given by Erturk and Inman (2008a, b) was observed by Elvin and
Elvin (2009) when sufficient number of admissible functions were used. The
lumped parameter solution (Du Toit et al. 2005) has been found useful for a
fundamental understanding of the problem and to investigate the optimization of
system parameters for better electrical outputs (Stephen 2006; Renno et al. 2009).
However, accurate prediction of the electromechanical behavior of piezoelectric
energy harvesters requires using distributed parameter solutions. Experimental
verifications and validations were also reported for the approximate (Erturk
et al. 2008) and analytical (Erturk et al. 2008; Erturk and Inman 2009) (beam-
type) distributed parameter electromechanical solutions.

The investigation into alternative configurations of electromechanically beans
has also been reported in the literature. (Erturk et al. 2009) presented a linear
distributed parameter model for predicting the electromechanical behavior of an
L-shaped piezoelectric energy harvester configuration. A broadband harvester can
be obtained when the first two natural frequencies of the L-shaped are properly
tuned. The use of tapered cantilevers in order to improve the electromechanical
behavior of piezoelectric energy harvesters has also been investigated (Matova
et al. 2013; Roundy et al. 2005; Goldschmidtboeing and Woias 2008; Mateu and
Moll 2005; Benasciutti et al. 2010; Dietl and Garcia 2010; Lu et al. 2004). The
shape is changed from the basic rectangular configuration towards a tapered or
reversed tapered geometry and the main motivation is to increase the electrical
power output. The modeling of electromechanically coupled beams with
non-uniform width is presented in Dietl and Garcia (2010). An optimal beam
shape is determined by an optimization code. In the cited paper (Dietl and Garcia
2010), the expression 1/wC,, (where w is the excitation frequency and Cj, is the
equivalent capacitance of piezoceramic layers) is employed for the optimum load
resistance (which gives maximum power output) of a piezoelectric energy har-
vester. In general, the authors approximate the eigenvalues and eigenvector of
electromechanically coupled beams with non-uniform width to the ones
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corresponding to rectangular shape beams (Goldschmidtboeing and Woias 2008;
Mateu and Moll 2005; Benasciutti et al. 2010). Recently, the solution of eigenvalue
problem of non-uniform width beams by using the differential quadrature method
has been presented and the effects of beam shape on the structural natural frequen-
cies and mode shapes are discussed (Ayed et al. 2014). An important aspect, the
effect of load resistance on the electroelastic behavior of variable-shaped har-
vesters, is only considered in Ayed et al. (2014).

This chapter reports on the modeling of electromechanically coupled beams for
energy harvesting. The governing equations are formulated by the Rayleigh-Ritz
method and Euler-Bernoulli assumptions. A resistive electrical load is considered
in the electrical domain, in agreement with the simplified analyses followed by
others (Roundy et al. 2003; Sodano et al. 2004a, b; Du Toit and Wardle 2007;
Erturk et al. 2008; Du Toit et al. 2005; Chen et al. 2006; Lin et al. 2007; Elvin and
Elvin 2009). Electrical circuitry-based work dealing with AC-to-DC (alternating
current-to-direct current) converters can be found in the literature (Ottman
et al. 2002; Guyomar et al. 2005; Shu and Lien 2006; Guan and Liao 2007).
Voltage, current, power, and relative tip motion frequency response functions
(FRFs) are presented for a wide range of load resistance, and the electroelastic
behavior discussed.

2 Approximate Distributed Parameter Model
of a Piezoelectric Energy Harvester

2.1 Generalized Hamilton’s Principle for a Piezoelectric
Energy Harvester

In the absence of magnetic effects, the generalized Hamilton’s principle for an
electroelastic body is (Crandall et al. 1968)

r 8T = U +W,) +6W]dt = 0 (1)

141

where the total kinetic energy (T'), the total potential energy (U), and the electrical
energy (W,) terms are defined as

| |
T = J ﬁpsutu dv + vaippu‘u dv, (2a)

1 1
U= J 5STAV, + J 5S'Tav, (2b)
Vs VP
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We=| 5 EDdv, (20)
Vp

where u is the vector of mechanical displacements, S is the vector of mechanical
strain components, T is the vector of mechanical stress components, D is the vector
of electric displacement components, E is the vector of electric field components, p
is the mass density, V is the volume, t denotes transpose when it is used as a
superscript (otherwise it stands for the time), and an over-dot represents differen-
tiation with respect to time. Here and hereafter, subscripts s and p stand for the
substructure and piezoceramic layers, respectively.

For a set of discrete mechanical forces f applied at locations (x;, y;) and for a set
of discrete electric charge outputs ¢ extracted at locations (x;, y;), one can express
the variation of the mechanically applied and electrically extracted work as
follows:

nf

nq
oW = Z(SU(xiayi?t) 'f(xhyi?t) + Z(Sq)(xj’yj’ [)Q(Xj,yj,f) (3)

i=1 j=1

where nf is the number of discrete mechanical forces, ¢; is the scalar electrical
potential, and nq is the number of discrete electrode pairs.

The generalized Hamilton’s principle for electroelastic bodies (Crandall
et al. 1968) described by the foregoing equations was previously employed by
Hagood et al. (1990) where they combined the Rayleigh-Ritz method and Euler-
Bernoulli beam theory for active structural control. The Rayleigh-Ritz formulation
given by Hagood et al. (1990) was also implemented by Sodano et al. (2004a, b), Du
Toit and Wardle (2007), and Du Toit et al. (2005) for predicting the electrical power
output of cantilevered Euler-Bernoulli beams in energy harvesting. It should be
mentioned that, as oppose to the energy harvesting problem, the electric charge is
the input in the structural actuation problem, and therefore the second term in
Eq. (3) has a minus sign in Hagood et al. (1990). Note that the energy dissipation
due to mechanical damping is excluded at this point and it will be introduced later
in the form of proportional damping.

The linear-elastic constitutive relation for the substructure material can be
written as

T =¢S (4a)

and the linear electroelastic constitutive relation for the piezoceramic material is
(IEEE Standard on Piezoelectricity 1978)

G-19 S 2
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where c is the elastic stiffness matrix, e is the matrix of piezoelectric constants, € is
the matrix of permittivity components, superscript E and S denote that the param-
eters are measured at constant electric field and constant strain, respectively. The
expanded form of Eq. (4b) is

S (sh s s 0 0 0 0 0 dy] (T
hY) s sE s 0 0 0 0 0 dy T
S3 sk os5 0 0 0 0 0 di Ts
S4 0 0 0 s£& 0 0 0 ds5 0 Ty
Ss =10 0 0 0 s& 0 ds 0 0 Ts (3)
Se 0 0 0 0 0 s& 0 0 O Ts
D, 0 0 0 0 0 0 & 0 O D,
D, 0 0 0 0 0 0 0 &b O D,
Ds ldyy dyn diz 0 0 0 0 0 eL]\Ds

which is the reduced (2D) form of Eq. (4b). Note that the elastic, piezoelectric, and
dielectric components in Eq. (25) are given in the contracted notation (i.e., Voigt’s
notation: 11 — 1, 22 -2, 33 — 3, 23 — 4, 31 — 5, and 12 — 6) where 1, 2,
and 3 directions are coincident with x, y, and z directions.

If the behavior of the piezoceramic is to be as a thin beam (the case of this
chapter) based on Euler-Bernoulli beam theory, the non-zero stress component is
T,. Assuming that an electrode pair is covering the faces perpendicular to three
direction, Eq. (5) is simplified to

Sl . SlEI d31 T1 6
D3 N d31 83T3 E3 ()

which can be written in the stress-electric displacement form for a thin beam

T, Eﬁ —e3 S
ot =15 S %

and the overbar denotes a constant in the reduced form for a plane-stress condition,

2

e _ 1 dn s r dy (8)
Cll_YE’ e31_vE’ €33 = €33 JE
S11 S11 S11

where superscript S denotes a constant evaluated at constant strain. One should note
that different non-zero stress components will be obtained when the piezoceramic is
modeled based on Timoshenko beam theory or plate theory and, therefore, different
expressions for the reduced elastic, piezoelectric, and permittivity constants.
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Using the constitutive relations given by Egs. (4a) and (4b) (or a simplified
version) in Eq. (1), the generalized Hamilton’s principle for a piezoelectric energy
harvester becomes

5]
J J psoutudvy +J ppouudV, — J 5S'e, SV — J 5S'c; Sdv,
n |Jv; v, 8 Vo

+J 5s‘e‘Edvp+J
v,

5E‘eSdVP+J SE'EdV, (9)
P Vp

Vo

n

nf q
+ ) su(xi,y, 1) Ry, 1) + Y g (X,f,y_;, t)q<xj,y_;, t)] dt=0
i=1

J=1

2.2  Mathematical Model of a Piezoelectric Energy Harvester

The derivation provided in this section is for a bimorph piezoelectric beam of
uniform width along its length (rectangular) or non-uniform width along its length
(tapered or reversed tapered). The bimorph harvester has a brass substructure
bracketed by two piezoceramic layers as shown in Fig. 1 (for the rectangular
beam). Each piezoelectric layer is covered by continuous conductive electrodes
that can be connected either in series (when piezoceramic layers are poled in the
opposite direction) or in parallel (poled in the same direction) to an external load
resistance. In this work, the pairs of electrodes covering each piezoceramic layer
are connected in series. In Fig. 1, R is the resistive load, w(x) is the width of the
beam along the length (x), and M, is the tip mass attached to the free end of the
harvester.

The combination of Hamilton’s principle (Crandall et al. 1968) and the
Rayleigh-Ritz method based on the Euler-Bernoulli beam assumptions are used in

Fig. 1 A bimorph
piezoelectric energy
harvester with tip mass
under clamped-free
boundary conditions
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the modeling approach of this paper. The generalized Hamilton’s principle was
applied by Hagood et al. (1990), who combined the Rayleigh-Ritz method to the
Euler-Bernoulli beam theory for active structural control. The Rayleigh-Ritz for-
mulation used by Hagood et al. (1990) was also implemented by Du Toit and
Wardle (2007) and Sodano et al. (2004a, b) for predicting the electric power output
of electromechanically coupled Euler-Bernoulli beams in energy harvesting prob-
lems. Dietl and Garcia (2010) combined the Rayleigh-Ritz method with the Euler-
Bernoulli beam theory to model electromechanically coupled beams with a varying
cross-sectional area in energy harvesting problems.

In the Euler-Bernoulli beam theory the motion is restricted to the transverse
direction and the only non-zero component of the displacement field u is y(x, 7).
Furthermore, the beam strain is given by y(x, ) and its partial derivatives. In the
Rayleigh-Ritz procedure the displacement y(x, f) of the beam can be written as the
summation of the modes and the temporal coordinate of the displacement as

y(x,1) = @) (1) (10)

where ®(x) is a matrix of assumed mode shapes and r(#) is the temporal coordinate
of displacement. Here, the mode shapes are assumed to be an acceptable solution to
an Euler-Bernoulli beam under a clamped-free condition,

@ (x) = cos /Ik% - coshﬂk% - ok(sin /1,% — sinhik%> (11)

where L is the length of the beam and 4, is the natural frequency of the kth mode
obtained from the equation given by

1
—(cos Acoshd + 1) 4+ A(cos AsinhA — sin Acoshd) =0 (12)
a

where a is the ratio of the tip mass to the mass of the beam (substructure and
piezoceramic layers) and o, is expressed as

sin A4 — sinh Ay + Axr( cos 4 — cosh d;) (13)
o) =
T cos Ak + cosh Ay — Agr(sin A, — sinh ;)

the general form for the kth mode shape must satisfy the following equation
L
|| ommiiax+ mrgi ) =1 (14)
0

where p; is the equivalent mass density given by

p1 = pshs +2p,hy (15)
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where p is the mass density, 4 is the thickness of the layer, and the subscripts s and p
represent, respectively, the substructure and the piezoceramic layers. The mode
shape is obtained as

$i(x) =

(16)

¢L&ﬂﬁw+wﬁm

and since piezoceramic layers are poled in the thickness direction, the non-zero
electric field component (E), which is assumed to be uniform along the thickness
direction, is expressed as

oy VvV

E=-__
0z 2h,

(17)

where the electric potential () is assumed to vary linearly across the electrodes and
V is the voltage across the electrodes.

The previous definitions for mechanical and electrical variables should be used
to define the terms in Hamilton’s principle (please check Dietl and Garcia 2010 and
De Marqui et al. 2009) for details) to provide the electromechanically coupled
equations governing the beam,

Mi(¢) + Cr () + Kr(r) — OV () = F (18)
GV (1) +$+@Tr' (H)=0 (19)

where M is the mass matrix, C is the damping matrix, K is the stiffness matrix, ® is
the electromechanical coupling matrix, F is the vector of mechanical forces (where
F = m*ay(¢), where ay(f) is the base acceleration in function of time and m * is the
input matrix to be defined later), T represents the matrix transpose when
superscripted, an over-dot represents the time derivative, R is the load resistance,
q is the vector of modal mechanical displacements, V(¢) is the voltage in function of
the time, and Cj, is the effective capacitance.
The mass matrix is defined as

L
szwmwwVMM+mme@ (20)

0

and the stiffness matrix is defined as

L
K= || wow et (1)
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where sg is the compliance measured in a constant electric field, (") represents the
space derivative, and [/ is given by

(22)

where /.(x) is the moment of inertia.
The damping matrix is assumed to be proportional to the mass and stiffness
matrices

C=aM + K (23)

where a and f are the constants of proportionality.
The capacitance for a bimorph harvester in series connection case is given by

gég% g
Cp 2y Jo w(x) (24)

where &}, is the dielectric constant evaluated at constant strain for an Euler-
Bernoulli beam as

d
S, = 1730& — % (25)

p

and g is the permittivity in free space, ds; is the piezoelectric coupling coefficient,
and E,, is the Young’s modulus of the piezoceramic.
The electromechanical coupling matrix is given as

ds L "
0=- (hshp + hi)Zs}f " JO w(x)” (x)dx (26)

and the input matrix is

m' = j pw()@(x)dx + Mrq(L) (27)

Expressions for the electromechanical FRFs, voltage across the resistive load,
current passing through the resistive load, electrical power output, and relative tip
motion can be obtained from the equations of motion (Egs. (9) and (10)).
The excitation is due to the harmonic motion of the base in the transverse direction,
wg = Yoe/”" (where wg(?) is the base displacement, Y, is its amplitude, o is the
excitation frequency, and j is the unit imaginary number), and the voltage output-to-
base acceleration FRF can be obtained from Eqs. (9) and (10) as
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vy vy (1. !
m = Yo =jw <R +]pr> er
—1 (28)

1 ~1
X l—aﬂM + joC + K + jw <I_€ —|—ja)Cp> 0’| p*

the electric current FRF is obtained by dividing the voltage FRF by the load
resistance of the electrical circuit and the electrical peak power FRF (since the
voltage FRF is the peak voltage FRF) is the product of the voltage and
current FRFs.

The relative tip motion FRF is defined as the ratio of the amplitude of the
displacement at the tip of the beam (relative to the base) to the amplitude of
the base displacement input and it is obtained from Eqgs. (9) and (10) as

~1
p* (29)

1
00’

Wl 9 2 . . 1 .
Yoein 0] l—w M + joC + K + jo (I_? —|—]pr)

The tip velocity FRF is defined as the ratio of the amplitude of velocity at the tip
of the beam (relative to the fixed frame) to the gravitational acceleration. This FRF
is easily obtained from the expression of the relative tip motion FRF by using

j Wrel(L, t
=g (1Y) )

where g is the gravitational acceleration.

3 Theoretical Case Study

This section presents theoretical case studies using the linear model described in
this chapter. The electroelastic behavior of a bimorph harvester with tip mass under
harmonic base excitation is discussed for a set of load resistances ranging from
open circuit condition to short circuit condition (1, 6.7, 11.8, 22, 33, 47, 100,
470 kQ). The previously presented expressions for the electromechanical FRFs
(voltage, current, and power output FRFs as well as tip velocity FRF) are employed.
The bimorph harvester configuration has a brass substructure bracketed by two
PZT-5A layers. The piezoceramic layers are poled in the opposite directions and
therefore the combination of the layers to the electrical load results in the series
connection case. The numerical input data of the bimorph is shown in Table 1.
The voltage FRF is defined here as the voltage output per gravitational acceler-
ation (g = 9.81m/s?). Equation (19) is easily modified to provide voltage output
per g. The modulus of the voltage FRF for a range of excitation frequencies around
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Table 1 Geometric and
material properties of the
bimorph harvester
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Length of the beam (mm) 50.8
Width of the beam on the clamped end (mm) | 31.8
Thickness of the substructure (mm) 0.14 (each)
Thickness of the PZT (mm) 0.26 (each)

Young’s modulus of the substructure (GPa) | 105
Young’s modulus of the PZT-5A (GPa) 66

Mass density of the substructure (kg/m") 9000
Mass density of the PZT (kg/m3 ) 7800
Tip mass (kg) 0.012
Proportional constant a (rad/s) 14.65
Proportional constant  (s/rad) 1073
Piezoelectric coupling coefficient d3; (pm/V) | —190
Permittivity of free space (pF/m) 8.854
T T T T
ok 0y =48I Hz — )
R increases
& — S
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Fig. 2 Voltage FRFs for eight different values of load resistance

the first mode of the bimorph harvester is displayed in Fig. 2 for eight different
values of load resistance (1, 6.7, 11.8, 22, 33, 47, 100, 470 kQ). The voltage output
increases monotonically with increasing load resistance for all excitation frequen-
cies. One should note that the compliance of the piezoelectric material decreases
from short circuit condition to open circuit condition. Therefore, a short circuit
resonance frequency and an open circuit resonance frequency can be defined for the
electromechanically coupled system. This way, the resonance frequency of the first
mode of the bimorph harvester (Fig. 2) increases from the short circuit resonance
frequency (ws. = 45.6Hz) to the open circuit resonance frequency (wo,. = 48.1Hz)
with increasing load resistance.

The variation of voltage output with increasing load resistance when the
bimorph harvester is excited at the short circuit resonance frequency and at the
open circuit resonance frequency is shown in Fig. 3. In both cases, voltage increases
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Fig.3 Voltage output with increasing load resistance for excitations at the short circuit resonance
frequency and open circuit resonance frequency

with increasing load resistance and is less sensitive to the variation of load resis-
tance around the open circuit condition. For load resistances smaller than 79 kQ
(intersection of short circuit and open circuit curves) the voltage output at the short
circuit resonance frequency is higher than at the open circuit resonance frequency.
For load resistances larger than the intersection point, the voltage output at the
open circuit resonance frequency is higher than the voltage output obtained from
the system excited at the short circuit resonance frequency. Larger voltages are
obtained when the system is excited at the short circuit resonance frequency and the
load resistances are smaller than one of the intersection points.

The modulus of the electric current FRF is displayed in Fig. 2 for the same set of
load resistances. The electric current FRF is obtained by dividing the voltage FRF
to the load resistance of the energy harvesting circuit. Electric current decreases
monotonically with increasing load resistance for all excitation frequencies. The
resonance frequency of the first mode of the bimorph harvester (Fig. 4) increases
from the short circuit resonance frequency of 45.6 Hz to the open circuit resonance
frequency of 48.1 Hz with increasing load resistance.

The variation of electric current with load resistance when the bimorph harvester
is excited at the short circuit resonance frequency and at the open circuit resonance
frequency is shown in Fig. 5. Electric current is insensitive to the variation of load
resistance around the short circuit condition. For load resistances smaller than 79 k
Q (intersection point) the current at the short circuit resonance frequency is higher
than at the open circuit resonance frequency. For load resistances larger than the
intersection point the current at the open circuit resonance frequency is higher than
at short circuit resonance frequency since the electromechanical systems is close to
open circuit condition.
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Fig. 4 Current FRFs for eight different values of load resistance

-3

(?Y,) [Ampere/g]

_5 | 1
? 10° 10" 10° 10

Resistance [Q]

Fig.5 Electric current with increasing load resistance for excitations at the short circuit resonance
frequency and open circuit resonance frequency

The electrical power FRF is the product of voltage and current FRFs and it is
defined as the ratio of electrical power output to square of the base acceleration.
Note that the modulus form of Eq. (19) is the peak voltage FRF. As previously
discussed, the voltage FRF has a monotonic behavior with increasing load resis-
tance for every excitation frequency since the voltage across the resistive load
increases with increasing load resistance and the frequency of maximum voltage
output moves from short circuit to open circuit resonance frequency. The electrical
current FRF exhibits an opposite behavior since current passing through the elec-
trical load decreases with increasing load resistance for every excitation frequency
(Erturk and Inman 2008a, b). Since the product of these two FRFs gives the
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Fig. 6 Power FRFs for eight different values of load resistance

electrical power FRF, Fig. 6 shows intersections between the power curves of
different electrical load resistances. Therefore, at a fixed frequency, the variation
of peak power output with load resistance is not monotonic as can be seen for
the first mode of the electromechanically coupled beam plotted in Fig. 6. Conse-
quently the short circuit resonance frequency (45.6 Hz) and the open circuit
resonance frequency (48.1 Hz) have considerably different optimum load values
(Erturk and Inman 2008a, b) although the difference between these two frequencies
is small (2.5 Hz).

The variation of power output with load resistance when the bimorph harvester
is excited at the short circuit resonance frequency of the first mode and at the open
circuit resonance frequency of the first mode is shown in Fig. 5. The intersection
point is again verified around the load resistance of 79 k€. The power output at the
short circuit resonance frequency is higher than the power output at the open circuit
resonance frequency for load resistances smaller than the value of load resistance at
the intersection point after which the opposite is valid. Each power curve of Fig. 7
has peak values corresponding to the optimum load resistance at each resonance
frequency (short and open circuit). Although different optimum load resistances are
observed for each electrical boundary condition, both of them deliver the same
power output. One should note that voltage and current are not identical at the
optimum load resistance of for the short circuit and open circuit resonance frequen-
cies. However, the products of voltage and current are the same for both cases.

The mechanical vibration FRFs of the bimorph piezoelectric energy harvester
are presented in Fig. 8. The tip velocity FRF is defined as the ratio of the amplitude
of velocity at the tip of the beam (relative to the fixed frame) to the gravitational
acceleration. The vibration amplitude at the short circuit resonance frequency is
attenuated as the load resistance is increased up to 100 kQ. Approximately after this
value of load resistance, increasing load resistance amplifies the vibration
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Fig.7 Variation of power output with increasing load resistance for excitations at the short circuit
resonance frequency and open circuit resonance frequency
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Fig. 8 Power FRFs for eight different values of load resistance

amplitude at the open circuit resonance frequency and the vibration amplitude at the
short circuit resonance frequency is no longer attenuated.

Figure 9 shows the variation of relative tip displacement amplitude with load
resistance. The relative tip vibration is insensitive to variations of load resistance
for low values of load resistance. The vibration amplitude at the short circuit
resonance frequency is higher than at open circuit resonance frequency for this
same region. As the load resistance is further increased the vibration amplitude at
the short circuit resonance frequency is attenuated. This is the expected behavior
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Fig. 9 Variation of tip velocity with increasing load resistance for excitations at the short circuit
resonance frequency and open circuit resonance frequency

since in Fig. 8 the peak moves from the short circuit resonance frequency to the
open circuit resonance frequency. Therefore, in this case, the attenuation is more
related to stiffness variation than to damping. As the load resistance is increased,
the tip velocity at the open circuit resonance frequency also increases (since the
electromechanical system is excited at its resonance frequency).

4 Numerical and Experimental Results for a Tapered
Bimorph with Tip Mass

In this second case study, the results from our approximate model for a tapered
piezoelectric energy harvester are verified against experimental results. The
bimorph harvester configuration has a brass substructure bracketed by two
PZT-5A layers. The piezoceramic layers are poled in the opposite directions and
therefore the series connection case is studied. The geometric and material proper-
ties for the tapered beam are given in Table 2. The width of the beam at the clamped
end is larger than the width at the free end as well as it is assumed to vary linearly
along the length of the harvester.

Small magnets were attached at the free end of the tapered harvester as a tip mass
in the experiments. The base acceleration was measured at the clamped end
(Accelerometer Model 352C22—PCB Piezotronics), which is connected to a
shaker (Model 4810—Briiel & Kjar). A digital laser vibrometer (Model
PDV-100—Polytec) measures the tip velocity at the free end. The electromechan-
ical behavior is investigated by using three different resistive loads (1 k€, 50 k2,
and 1 MQ) and the electromechanical FRF were acquired through a Data
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Table. 2 Geome.:tric and Length of the beam (mm) 50.8
g;?;i?gl}l l;g;szzttzs of the Width of the beam on the clamped end (mm) 31.8
Width of the beam at the free end (mm) 7.25
Thickness of the substructure (mm) 0.14 (each)
Thickness of the PZT (mm) 0.26 (each)
Young’s modulus of the substructure (GPa) 105
Young’s modulus of the PZT-5A (GPa) 66
Mass density of the substructure (kg/m?) 9000
Mass density of the PZT (kg/m?) 7800
Tip mass (kg) 0.012
Proportional constant a (rad/s) 8.79
Proportional constant f (s/rad) 6x107°
Piezoelectric coupling coefficient d3; (pm/V) —190
Permittivity of free space (pF/m) 8.854

Bimorph, shaker,

and low mass

accelerometer
Laser )
vibrometer
Signal
conditioner
Data
acquisition
system

Fig. 10 Experimental setup used for the verification of relations for a tapered beam

Acquisition System (Photon IT All in One System—LDS Dactron). Figure 10 shows
the experimental setup.

The voltage FRFs for the first mode of the tapered harvester obtained from our
model and the experimental results are plotted in Fig. 11a. The experimental short
circuit and open circuit resonance frequencies for the tapered harvester are 179.1
and 189.1 Hz, respectively. The present model has predicted such frequencies as
178.8 and 188.9 Hz, respectively. The tip velocity FRFs are in agreement with those
of the experimental results, as shown in Fig. 11b. The electromechanical vibration
and voltage FRFs obtained from the presented model for a tapered electromechan-
ically coupled beam are in very good agreement with those obtained from the
experiments.
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Fig. 11 Model and experimental voltage FRFs (a) and tip velocity FRFs (b) for three values of
load resistance

The expression 1/wC, (where o is the excitation frequency and C, is the
equivalent capacitance of piezoceramic layers) is usually employed by some
authors in order to calculate the optimum load resistance (which gives maximum
power output, as discussed in the previous section) of a piezoelectric energy
harvester. An issue related to the estimate of the optimum load from the equation
1/wC,, was previously discussed (Erturk 2009) for a rectangular (or squared) energy
harvester configuration. The piezoceramic layer of a piezoelectric energy harvester
can be represented as a current source in parallel with its internal capacitance
(Norton representation) or as a voltage source in series with its internal capacitance
(Thévenin representation). In Norton representation Ropy = 1 / wCp, is obtained only
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if a constant current amplitude oscillating at a frequency w is assumed. However,
regarding the electromechanical behavior of a piezoelectric energy harvesting
discussed in the previous section of this chapter, the current source in Norton
representation is not constant, but it depends on the load resistance since the
vibration response also depends on the load resistance. The expression Rop = 1/w
Cp could be obtained from the coupled equations that govern a piezoelectric energy
harvester only if the electromechanical coupling term were artificially removed
from the mechanical equation (Erturk 2009).

By considering the electromechanically coupled equations (Egs. (18) and (19))
one should obtain the expression for the optimum load as (Erturk 2009),

1
w;Cp [1 + (;&)2]

and w, are the short-circuit resonance frequency of the desired

Ropt =

(31)

O
C, p@k

where y;, =

mode, { is the damping ratio of the same mode, and ©, is the modal electrome-
chanical coupling of the mode. The optimum load resistance can also be searched
by the calculation of the power output for a wide range of load resistance until the
optimal one is reached when the system is excited at a target frequency.

Figure 12 shows the variation of the optimum load resistance for several
different tip widths (the width at the tip is w(L) = Pw(0) and the width along the
body is assumed linearly modified along the spam) for a piezoelectric energy
harvester with tip mass (basic data given in Table 2) excited at the short circuit
resonance frequency. The same load resistance is obtained by searching for the
optimum one and by using Eq. (23). However, inaccurate predictions are obtained
from Eq. (31).
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Fig. 12 Variation of optimum load resistance with parameter P
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S Summary

The modeling of electromechanically coupled beams with uniform and varying
cross-sectional areas was reported for energy harvesting. The combination of
Hamilton’s principle and the Rayleigh-Ritz method based on the Euler-Bernoulli
beam assumptions was used in the modeling approach. The model accounts for the
presence of a pair of conductive electrodes covering the entire piezoceramic layer
and a resistive electrical load was considered in the electrical domain of the
problem. Derivations are given for predicting the coupled mechanical vibration
and electrical response of the birmorph harvester beam with tip mass due to base
excitation.

Frequency domain electroelastic analysis of the rectangular bimorph harvester
was presented. Electromechanically coupled FRFs were defined and the magnitude
of the electrical outputs (voltage, current, and power) and the magnitude of
mechanical variables could be investigated at different electrical conditions (a set
of load resistances ranging from short circuit to open circuit condition). Moreover,
the behavior of the electroelastic beam with varying load resistance at two excita-
tion frequencies (short circuit resonance frequency and open circuit resonance
circuit) was discussed. In the second study case, the model was successfully verified
against the experimental results of a tapered bimorph with tip mass. Issues related to
the determination of the optimum load resistance have also been addressed.
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Piezoelectric Structural Vibration Control

Marcelo A. Trindade

Abstract Over the last two decades, piezoelectric materials have been extensively
used as components in active and passive structural vibration control solutions. The
most frequent applications consider piezoceramic thin patches bonded to thin
structures subjected to bending. For active vibration control solutions, the
piezoceramic patches can be used as strain sensors and/or bending actuators when
connected to properly designed signal conditioning, processing, and amplification.
For passive vibration control solutions, they can be used as vibration dampers
and/or absorbers when connected to properly designed electronic shunt circuits.
The objective of this chapter is to present some examples of the use of piezoelectric
materials, as distributed sensors and actuators, for the development and implemen-
tation of passive and active vibration control solutions.

Keywords Piezoelectric structures ¢ Electromechanical coupling ¢ Piezoelectric
sensors and actuators ¢ Piezoelectric shunted damping « Piezoelectric active control

1 Introduction

Over the last two decades, piezoelectric materials have been extensively used as
components in active and passive structural vibration control solutions. The most
frequent applications consider piezoceramic thin patches bonded to thin structures
subjected to bending. For active vibration control solutions, the piezoceramic
patches can be used as strain sensors and/or bending actuators when connected to
properly designed signal conditioning, processing, and amplification. For passive
vibration control solutions, they can be used as vibration dampers and/or absorbers
when connected to properly designed electronic shunt circuits. The objective of this
chapter is to present some examples of the use of piezoelectric materials,
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as distributed sensors and actuators, for the development and implementation of
passive and active vibration control solutions. Other textbooks discussing some of
the topics presented in this chapter can be recommended (Meirovitch 1990;
Preumont 1997, 2006; Reza Moheimani and Fleming 2006; Leo 2007).

2 Passive Vibration Control Using Piezoelectric Materials

For thin flexible structures, such as beams, plates, shells, and panels, most part of
the vibrating energy is in bending motion and, thus, it seems worthwhile to make
use of patches and/or layers of functional materials that can bend (deform) together
with the structure and are capable of extracting (converting) this deformation
energy from the host structure. To this end, piezoelectric materials are an interest-
ing choice since they are quite effective in converting deformation energy into
electrical energy. If connected to properly designed electric circuits, this electrical
energy could then be extracted from the piezoelectric material. The seminal work of
Hagood and von Flotow (1991) proposed the use of piezoelectric patches connected
to resistive shunt circuits, leading to an equivalent vibration damper (in which the
electrical energy is dissipated in the circuit resistance), or to resonant (resistive-
inductive) shunt circuits, leading to an equivalent vibration absorber (in which the
electrical energy is absorbed by the circuit within a narrow frequency range).

Later, studies focused mainly on the optimization of the shunt circuits by
including resistances, inductances, capacitances, and switches in series and/or
parallel (Lesieutre 1998; Clark 2000; Reza Moheimani 2003; Viana and
Steffen 2006; Lallart et al. 2008). Other studies focused on the optimization of
the electromechanical coupling between the piezoelectric materials and host
structure (Trindade and Maio 2008; Trindade and Benjeddou 2009; Godoy and
Trindade 2011).

2.1 Coupled Formulation for Structure, Piezoelectric
Patches, and Shunt Circuits

In this section, a general methodology for the variational formulation of coupled
equations of motion for structures with piezoelectric materials is presented. Equa-
tions are written in terms of both electric potential and electric charge in the
piezoelectric elements. Equipotentiality over each piezoelectric element electrodes
is accounted for in both formulations. Finally, a methodology for coupling the
piezoelectric elements with electric circuits is presented.
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2.1.1 Electric Potential Formulation

First, a formulation considering structure’s generalized displacements and electric
potential in the piezoelectric elements as variables is proposed. The virtual work
done by internal forces can be found from the virtual variation of the electrome-
chanical potential energy. In this first formulation, it is chosen to write the potential
energy as the electric Gibbs energy, written in terms of mechanical strains £ and
electric fields E, such that its variation reads

sU(e,E) = J (e'cfe — 5¢'eE — SE'e'e — SE'e°E)dQ, (1)
o

where ¢f , €, and £° are the matrices of elastic (for constant electric field), piezo-

electric, and dielectric (for constant mechanical strain) constants of the material.
Using appropriate kinematic assumptions for the piezoelectric structure to be

studied and performing any form of spatial discretization, the coupled equations of

motion can be derived in the form
u Fo
P— y 2

gE

where M and K, are the mass and elastic stiffness matrices of the structure
(without piezoelectric elements) and M, and Kfp are the mass and elastic (for

M,+M, 0
0 0

Kus + Kfp _Kuv
-K|, -K,

constant electric fields) stiffness matrices of the piezoelectric elements. K, and K,
are the piezoelectric and dielectric stiffnesses of the piezoelectric elements. F,,, is a
vector of the mechanical loads applied to the structure. The degrees of freedom
(dofs) u are the generalized displacements and V are the generalized differences of
electric potentials (voltages) on the piezoelectric material.

To account for the equipotential condition on the electrodes of each piezoelectric
element, let us define the vectors of differences of electric potentials V, induced or
applied to the electrodes of the piezoelectric elements, such that

V=LV, (3)

The boolean matrix L, has dimension N x N, where N is the number of spatial
(nodal) points and N, is the number of independent piezoelectric elements. L
allows to set an equal value to selected nodal differences of electric potentials.

Substituting Eq. (3) into Eq. (2) and pre-multiplying the second line of the

resulting equation by L; leads to
u Fin
P 0

)

MS + Mp 0 Kus + KuEp _Kuv

0 0

el

-K uv *Kv
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where

K. =KL, K, =LKL, (5)

2.1.2 Electric Charge Formulation

An electric charge formulation can be obtained by using the Helmholz free energy,
written in terms of mechanical strains € and electric displacements D, as potential
energy instead of the electric Gibbs energy, such that the virtual variation of the
potential energy is

oU(e,D) = J (d€'c”e — 5e'hD — sD'h'e + SD'B°D)dQ, (6)
Q

where ¢” , h, and ¢ are the matrices of elastic (for constant electric displacement),
piezoelectric, and dielectric (for constant mechanical strain) constants of the
material.

In this case, the equations of motion are now written in terms of the generalized
displacements u and electric displacements D,,, such that

Mo +Mp 016, [Ku+Kj —Kulful_[Ful o
0 o\b,f "k,  Ki |ID 0

where, as in the previous case, M and K, are the mass and elastic stiffness
matrices of the structure (without piezoelectric elements) and M, and K’u)p are the
mass and elastic (for constant electric displacements) stiffness matrices of the
piezoelectric elements. K4 and Ky are the piezoelectric and dielectric stiffnesses
of the piezoelectric elements.

To account for the equipotential condition on the electrodes of each piezoelectric
element, let us define the vectors of electric charges q, on the electrodes of
piezoelectric elements (with uniform and equal material properties and thickness),
such that

D, =Byq, B, =LA " (8)

The boolean matrix L, has dimension N x N, where N is the number of spatial
(nodal) points and N, is the number of independent piezoelectric elements. L
allows to set an equal value to selected nodal electric displacements. A, is a
diagonal matrix with the surface area of the electrodes of the piezoelectric
elements.

Substituting Eq. (8) in Eq. (7) and pre-multiplying the second line of the
resulting equation by B; leads to
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M;+M, O] i Ky +K) —Kyl|[u Fi o)
.. + )

0 0|4 K, K, q, 0

K. = KBy, K, = B/KB,. (10)

where

2.2 Connection to Electric Circuits

It is worthwhile to analyze the connection of piezoelectric elements to electric
circuits, specially when shunt circuits are considered for passive vibration control.
To this end, it seems that an electric charge formulation is more appropriate since it
is possible to relate the electric charges flowing between the piezoelectric elements
electrodes with the electric charges flowing through the electric circuit. First, let us
consider a set of simple but quite general electric circuits composed of an inductor,
a resistor, and a voltage source. The equations of motion for such circuits can be
found using d’Alembert’s principle, such that the virtual work done by the inductors
6Ty, resistors, 6Wpg;, and voltage sources, Wy, of the j-th electric circuit are

(5TLJ' = _6QLjLC:fé(:j7 5WRj = —5chchC]qa 5WVJ‘ = 5%7 Vq‘, (11)

where L., R, and V; are the inductance, resistance, and applied voltage of the j-th
electric circuit. ¢q,; is the electric charge flowing through the j-th electric circuit.
Combining the virtual work done by all circuits leads to

8T, =Y 0Ty = —6q!Lel., Wg=> Wg = —5qReq,,
J J

(12)
SWy =Y Wy; = 8q.V.,
J

where (. is the vector of electric charges, L. and R,. are diagonal matrices with the
inductances and resistances of each circuit, and V. is the vector of applied voltages.

Adding these virtual works to the electromechanical virtual works of previous
section, such that

ST — 8U + W + 6T, + sWg + Wy = 0, (13)

or, in terms of the generalized displacements,
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sut [(MS +M,)ii + (Kus + Kfl;)u ~ Ky — i
(14)
+ a5 (—Kiu+Keqy ) + 50! (Lo, + Red, — Vo) = 0.

Then, the connection between each piezoelectric element and a corresponding
electric circuit is done by stating that the electric charges flowing from the piezo-
electric element enter the circuit and vice-versa, such that

q. =gy (15)
Thus, replacing q. by qp in Eq. (14) leads to the following coupled equations of
motion
M;+M, O u 0 0 u
el el

Kus—i-Kfp Ky {u} {Fm}
. = .

-Ky, Kq 9 Ve
In this case, the solution for u and q, must be simultaneous, that is accounting for
the electromechanical and circuit equations of motion. Notice that the passive
components of the electric circuit L. and R, affect the equivalent piezoelectric
force applied to the structure when an actuator with applied voltage is considered.
For a simple actuator with applied voltage, that is with only a voltage source in

the circuit (L, = R. = 0), the second equation in Eq. (16) can be solved for qp
leading to

q, =K'V, + K 'K} u, (17)
which can be substituted in Eq. (16) such that it reduces to
(M, +M,)ii + Ky + (K5 — Kug K, 'Kl ) Ju=Fo +F,,  (18)

where the equivalent piezoelectric force F,, applied to the structure by the piezo-
electric actuators is

F, = Kqu;‘VC. (19)

From Eq. (18), the generalized displacements u induced by mechanical and
piezoelectric equivalent forces can be evaluated. Then, the electric charges gy
flowing between electrodes of the piezoelectric elements can be found using
Eq. (17).
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2.3 Design of Passive Resistive Shunt Circuits

In this section, the equations of motion (16) are reduced to the case of purely resistive
shunt circuit by considering L, =0 and V. = 0. It is then desired to use these
equations to properly tune the values of electric resistance of the shunt circuits in
order to maximize the added damping provided to a given vibration mode of interest.

For the sake of simplicity, only one piezoelectric patch connected to one
resistive shunt circuit is considered. The structural response is represented only
by the contribution of the vibration mode of interest, such that

u(t) = ¢naﬂ(t>7 (20)

where ¢, is the n-th structural vibration mode, mass normalized, and «,, is the
corresponding modal displacement. Then, the equations of motion (16) can be
rewritten as

5{,,—|—a)ian—kpq:Fn, (21)

Req + keq — kpa, = 0, (22)

where k, = ¢, Kuq, k. = K, and F,, = ¢, F,,. It is interesting to notice that o, is
the n-th natural frequency for the structure considering an open circuit electric
boundary condition for the piezoelectric patch (R, — 00).

The computation of R, is performed considering that the resistive shunt circuit
behaves as a simple energy dissipation element and, thus, may modify (increase)
the structural damping factor. Therefore, let us consider the free vibration case
(Fy, = 0) and quantify the effect of the shunt circuit on the dynamic behavior of the
structure. Supposing a harmonic response a, = @,e’*’ and ¢ = g/,

(0 + @) a, — kg =0, (23)
(joR: + ke)q — kpit, = 0. (24)

Solving Eq. (24) for ¢ and substituting in Eq. (23) yields

k2
—w? 2_ P

Hence, the resistive shunt circuit leads to a complex natural frequency w}
defined by

&, =0. (25)

kZ

*2 2 p
= _—_ 26
w, o ijrw+ke ( )
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From this equation, it is possible to obtain relevant information about the
electromechanical coupling and its effects. For instance, it is clear that the larger
the electromechanical coupling coefficient (EMCC) between patch and structure
for the vibration mode of interest, represented by &, the larger is the effect of the
circuit on the structure. Besides, the cases of open circuit (oc) and short-circuit
(sc) may be derived such that

oc2 _ 1; ¥ 2
0y = lim o,” = w,,
R.—
2 #2 2 kﬁ (27)
wy* = lim w,” =w, ——,
R.—0 k.

where the effect of stiffness increase due to the induced potential is clear. One may
also derive the following expression for the effective EMCC using

[0} [0}
K> = n— ) 28
n wgcz w%ke ( )

oc?2 sc2 2
_ kp

Introducing the nondimensional frequency p, it is possible to obtain

R.w
ke

=R.oC,. (29)

where C7 is the piezoelectric patch electric capacitance for constant strain. Then,

the complex natural frequency ®; may be rewritten as function of the EMCC K%
and nondimensional natural frequency p as

. K2
0)112 = wi <1 - —n> 3 (30)
L+jp

which, after some algebraic manipulations, may be written as
) .
a)n - wnr(l +.]r]n)7 (31)

where w,, and 7, are defined as the real part of the natural frequency and the loss
factor, respectively, which are

KZ
o = 1 ——" ], (32)
1+p?

_ Pk,
My, = (1 _Ki) +,02. (33)
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Notice that the loss factor and the real part of the complex natural frequency are
functions of the nondimensional frequency p. Therefore, it is desired to search for
the value p,, that maximizes #,. Making dz,/dp = 0, the following solution is

obtained
Pop = \/ 1 —Kﬁ, (34)

such that the maximum loss factor is given by

KZ
max __ n ) (35)

’7}1 -
24/1-K?

Combining Egs. (29) and (34), an expression for the value of the electric
resistance R, that maximizes the loss factor at the natural frequency w, reads

ker/1 - K2
Rop = ———". (36)

Figure 1 shows theoretically attainable levels of material loss factor for standard
piezoceramic materials in operation modes k33, k5, and k5.

0.45 .

Material Loss Factor (n)

10 10° 10
Non-dimensional Frequency (p)

Fig. 1 Loss factor for standard piezoceramic materials using operation modes k33, k15, and k3,
combined to resistive shunt circuits
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2.4 Design of Passive Resonant Shunt Circuits

In the case of piezoelectric patches connected to resonant, or resistive-inductive
(RL), shunt circuits, the circuit is no longer a simple energy dissipation element
since the combination of circuit inductance and piezoelectric patch capacitance
leads to an electrical resonance. On the other hand, this fact may be used in such a
way that the circuit may absorb part of the energy generated by the piezoelectric
material and, thus, behave as a dynamic vibration absorber. Therefore, the theory of
dynamic vibration absorbers (Den Hartog 1985) is used.

To this end, the equations of motion (16) could be reduced to two degrees-of-
freedom, one mechanical and one electrical. Thus, as in the previous section, the
structural response is approximated by only the contribution of the vibration mode
of interest. In the present case, the decomposition Eq. (20) is applied to Eq. (16) but
maintaining both passive circuit elements (R, # 0 and L. # 0) while the voltage
source is removed (V = 0). The equations of motion (16) are then reduced to

&y + e, — kpg = bup, (37)
Leg+Reg + koq — kpa, = 0. (38)

The design of L. and R, aims to minimize the structure’s frequency response
amplitude. For that, let us suppose a mechanical excitation p = p e/, such that a,
= a&,e/ and g = ge/™. It is also considered that the structural response will be
measured by a displacement sensor that provides the output y = ¢,u, where ¢, is a
vector that describes the output in terms of the contributions of the mechanical dof
u. Due to the harmonic excitation, the output is also in the form y = ye/®, with
Yy = ¢y, and ¢, = ¢,,. The equations of motion (37) and (38) may be written as

(wi - 0)2)5{” - pq( b f7 (39)
(—@’Lc + joR, + ke) g — kpity = 0. (40)

Solving Eq. (40) for g, it is possible to write a, and, thus y, as functions of the
excitation amplitude f, where = H(w)f,

—@*L. + k, + joR.

H(w) = cpby 41
(@) o*L, — w? (kg + a)ﬁL(,) + w2k, — k2 + joR, ( — a)z) (41)
The frequency response amplitude is defined as
(—a’L. + k(,)2 + (wR,)*
|H(w)| = Cpby 172"

[a)“LC —w? (kg + a)ﬁL) + w2k, — kz] + wR, ( — wz)}z}
(42)
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and, for limited values of R, there is an anti-resonance at a frequency that is equal

to the one of the electric circuit resonances, defined as w, = (k. /LC)I/ 2. One of the
possible strategies to minimize the structural response amplitude at one of its
resonance frequencies consists of designing the resonance frequency of the
sub-system so that it coincides with the structure’s resonance frequency of interest.

In this case, although both &, and L. may be designed, &, is considered as a fixed
parameter since it depends on physical and geometric properties of the piezoelectric
patch. Therefore, it is desired to design a circuit that minimizes the structural
response. This can be achieved by considering o, = w,, that allows us to compute
the circuit inductance directly by

The anti-resonance placed at w,, is accompanied by two resonances, before and
after w,, that must have their amplitudes controlled in order to minimize the
amplification of the structural response in the case of frequency detuning. This
can be achieved using the shunt circuit resistance to provide an equivalent damping
to the two resonances. One possible methodology is to search for the resistance
value that makes the amplitude at anti-resonance to be approximately equal to the
one at two invariant frequencies, for which the amplitude is limited and indepen-
dent on the resistance (Den Hartog 1985). These invariant frequencies can be
evaluated through the following expression

: 2 13 2
Jim [H(@)P = lim [H (o), (44)

which, by substituting Eq. (42), leads to

=3 {wg +olt \/ (@2 — a2)” + 202 (kﬁ/ke)] : (45)

The response amplitude at these invariant frequencies @, and @, and at the anti-
resonance frequency w,, are

20)3 Zke
[Hon)f ==5* and [Hn) = 55 (46)
p pn

By equalizing the two amplitudes, it is possible to find an expression for the
shunt circuit resistance, such that

kp /2K,

R. =
2
wn

(47)

Notice that it is written in terms of the equivalent coupling stiffness &, equiv-
alent dielectric stiffness k,, and structure’s resonance frequency of interest w,,.
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2.5 Piezoelectric Shunted Damping Example

In this section, a case study of passive vibration control using piezoelectric patches
connected to resistive and resonant shunt circuits is presented. The host structure is
an Aluminum cantilever beam as shown in Fig. 2. The beam is lightly damped and
this is accounted for using a constant modal damping factor of 0.5 %. The material
properties of the Aluminum are: Young’s modulus 70 GPa, Poisson ratio 0.35, and
mass density 2700 kg m . It is then desired to increase the structural damping of
the host structure by using a passive control solution. Two piezoceramic patches
(PZT5A) perfectly bonded to the host structure are connected to a shunt circuit,
consisting of a resistance and an inductance. The width of both host structure and
piezoceramic patches, not shown in the figure, is 25 mm. The material properties
of the PZTSA piezoceramic are: EIDI = CZDZ =96.39GPa, ¢, =51.22GPa,
ch = el =39.63GPa, ChL =22.57GPa, 3y =hy =—1.677 x 10°NC™!,
By = 1045 x 10°mF~!, and pP* = 7750kgm—>. The piezoceramic patches are
fully covered by electrodes on the upper and lower surfaces. Electrodes at the
interface with the host structure are considered to be grounded.

Figures 3 and 4 show the frequency response of the structure (between tip
velocity and tip force) for three cases depending on the connection of the piezo-
electric patches: (i) open-circuit, (ii) resistive shunt, (iii) resonant (resistive-
inductive) shunt. The optimal value for the resistance in the resistive circuit was
obtained using Eq. (36) leading to R, = 103k€Q. In the case of the resonant circuit,
the optimal values for resistance and inductance were obtained using Eqs. (47) and
(43), respectively, leading to R, = 18k€Q and L. = 514 H. Notice that the resistance
values were rounded in kQ and the inductance value was manually fine tuned from
514 to 503 H.

It is possible to observe in Fig. 3 that both resistive and resonant shunt circuits
allow to reduce the vibration amplitude only around a single resonance frequency
with no modification of other resonances. In terms of vibration amplitude reduction
performance, it is clear from Fig. 4 that the resonant shunt circuit, which may
reduce the vibration amplitude in about 20 dB, is much more effective than the
resistive one, which reduces amplitude in about 5 dB.

Shunt Circuit

-

1<

= Output 05

I

0 Aluminum 3.0

: g 0.5
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5, 50
[Rle——— 300 1
< gl

Fig. 2 Schematic representation of a cantilever beam with two piezoelectric patches connected to
a resonant shunt circuit (dimensions in mm)
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Fig. 3 Frequency response (dashed: open-circuit, dash-dotted: R shunt, solid: RL shunt) of the
cantilever beam with piezoceramic patches connected to shunt circuit
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Fig. 4 Frequency response (dashed: open-circuit, dash-dotted: R shunt, solid: RL shunt) of

the cantilever beam with piezoceramic patches connected to shunt circuit zoomed at the first

resonance
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3 Active Vibration Control Using Piezoelectric Materials

Since the mid-1980s, several studies focused on the use of distributed piezoelectric
patches for the active vibration and noise control of thin plate-like structures
(Bailey and Hubbard 1985). The main goal was to obtain a so-called adaptive
structure with very integrated sensors and actuators so that adaptive/reconfigurable
vibration mitigation solutions could be part of the structural design phase. Since
then, several advances were observed in terms of predictive models, control design
and optimization, experimental implementation and required power reduction with
main focus on aeronautic and aerospace applications (Ahmadian and DeGuilio
2001; Reza Moheimani and Fleming 2006; Leo 2007). Some researchers also
proposed combined active-passive vibration control strategies using piezoelectric
patches (Tang et al. 2000; Santos and Trindade 2011).

In this section, a case study of active vibration control using piezoelectric
patches as sensors and actuators is presented. The host structure is an Aluminum
cantilever beam as shown in Fig. 5. The beam is lightly damped and this is
accounted for using a constant modal damping factor of 0.5 %. The material
properties of the Aluminum are: Young’s modulus 70 GPa, Poisson ratio 0.35,
and mass density 2700 kg m>. It is then desired to increase the structural damping
of the host structure by using an active control solution. Two piezoceramic patches
(PZT5A) perfectly bonded to the host structure are considered as sensor and
actuator and these are connected by an active controller, consisting of a control
unit and a power amplifier. The width of both host structure and piezoceramic
patches, not shown in the figure, is 25 mm. The material properties of the PZT5A
piezoceramic are: ¢} = ¢ = 96.39GPa,c? = 51.22GPa,c;, = ¢ = 39.63GPa,
Ch =22.57GPa, h3; = hyy = —1.677 x 10°NC™!, B5; = 104.5 x 10°mF !, and
pP? = 7750kgm 3. The piezoceramic patches are fully covered by electrodes on
the upper and lower surfaces. Electrodes at the interface with the host structure are
considered to be grounded. The piezoceramic sensor is considered to be connected
to the control unit through a high impedance input such that it provides a voltage
(electric potential) signal. The control voltage is imposed to the upper electrode of
the piezoceramic actuator.

Voltage
source
Control Input ontputl
i 0.5
Controller Aluminum 3.0
G(s)
N o 2 Tos
L External Input

(%]

50
300

Fy

Fig. 5 Schematic representation of a cantilever beam with two piezoelectric patches serving as
sensor and actuator connected to an active controller (dimensions in mm)
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A coupled second-order model is constructed for the host structure with piezo-
electric patches using the finite element method leading to

Mt 0 0 ll Kus + KuEps + KuEpa _Kuvs _Kuva u Fm

0 0 0 Vip+|-K, K, 0 Vis =40

0 0 0]V, K., 0 K, | W 0
(48)

The control voltage applied to the actuator V, is prescribed and thus the third line
of Eq. (48) is automatically satisfied and the terms containing V/, in the first line can
be moved to the right side. As for the sensor voltage Vi, it may be written in terms of
the structure’s displacements vector as

Ve =—K, 'Ky, (49)
and then substituted in the first equation such that

M;ii + Du + Kyu = Fp, + Ky Va, (50)

where K, = K, + KE +KE +KUVSK;SIK:WS and a damping matrix D is

ups upa
included a posteriori.

Applying the methodology presented previously, the mechanical force is con-
sidered as a perturbation input such that F; = bpyp, the voltage induced in the

piezoceramic sensor is considered as the measurement output such that

y =V, =cu, with ¢, = K, K.

uvs?

and the voltage applied to the piezoceramic
actuator V, is considered as the control input, such that by = Kuva.
In order to simplify the control design, a model reduction is performed using

projection onto a reduced undamped modal basis, truncated to the vibration modes
of interest ¢;, solution of (—w}M, + Kut)dyj = (. As discussed previously, it is

very important to well represent the anti-resonance frequencies (or system zeros) in
the control design. The low-frequency response of the neglected higher-frequencies
vibration modes may have an important contribution to the location of the system
zeros. Therefore, it is advisable to keep some vibration modes outside the frequency
range of interest. The modal basis can also be enriched using the static contribution
of the neglected vibration modes ¢p; = K;liwa. The structure’s displacements are

then approximated as u = Z ¢;a; and, thus, the reduced equations of motion are
J
written as

{ i@+ Ad + Q%a = ®'F,, + ®K,,,V,, (51)

N —
Vy=-K, K, ®a.
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For the sake of simplicity, in the present case, only the first six vibration modes
(bending modes for all but the third and fifth ones that correspond to torsion modes)
are kept in the reduced-order model.

Then, in order to make use of standard control system tools, the second-order
reduced system Eq. (51) is rewritten in the following state-space form

Z =Az+Byp +B.V,,
P ! (52)
Vs = Cyz,
where
o 0 | 0 0
7= N A = 5 Bp - s B(' == _ )
@ Q7 -A @'b, DKy | (53)
C, = [-K,/K, @ 0

Then, the transfer function between sensor and actuator used in the control
system reads H.(s) = C,(sI — A)"'B.. In what follows, two simple control laws
are designed based on this information: (i) Direct Velocity Feedback (DVF) and
(i) Positive Position Feedback (PPF). The control design is performed here with the
aid of rltool Graphical User Interface of Control System Toolbox of MATLAB(R).
For the DVF control, a real zero at s = 0 is added leading to a simple differentiator.
For the PPF control, two complex conjugate poles near the open-loop poles
corresponding to the vibration mode to be controlled are added.

Figure 6a shows the root locus of the closed-loop system. From the root locus,
one may conclude that very large damping values could be obtained, in particular
for the second and fourth modes (which are the second and third bending modes).
However, it is important to notice that large values of control gains may not be
realistic since they would require large control voltages that may not be feasible due
to the maximum electric field supported by the piezoelectric patches and also the
voltage and power demanded to the power amplifier (Trindade, Benjeddou, and
Ohayon 2001). In the present case, it is assumed that the control voltage should not
exceed 250 V (which leads to an applied electric field of 500 V/mm in the 0.5 mm
thick piezoelectric patches). Commercial power amplifiers allow the application of
such voltages for a limited frequency range and patches capacitance. For some
applications, the energy consumption could also be used to design and analysis of
control strategies (Wang and Inman 2011). There are also alternatives to reduce the
maximum voltage required for a given performance (Tang et al. 2000; Sirohi and
Chopra 2001; Santos and Trindade 2011).

Considering the maximum voltage limitation, the maximum feasible control
gain is approximately ¢ = 5000 Vs/V. Then, the control performance is much
weaker than the ones allowed by the control law alone. Nevertheless, a feasible
DVF control still yields reasonable performance in terms of added structural
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Fig. 6 (a) Root locus and (b) frequency response (solid: open loop, dashed: closed-loop) of the
cantilever beam with piezoceramic patches and DVF control law

damping. Indeed, the modal damping factors of first three bending modes are
increased from 0.5 to 1.2 %, 3.3 %, and 3.4 %, respectively. This also leads to a
reduction in the vibration amplitude as shown in Fig. 6b.

Figure 7a, b shows, respectively, the impulsive time responses of the open-loop
and closed-loop sensor voltages and the control voltage applied to the actuator.

As discussed previously a simple output feedback law, as DVF, is not able to
focus on given vibration modes. The selection/prioritization of the modes that are
better controlled depends mainly on the positioning of sensor and actuator and its
relation with the mode shapes. This is one of the reasons why the Positive Position
Feedback (PPF) may be very useful for structural vibration control. Provided that
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the natural frequencies (in fact, the open-loop poles) are known and available for
proper tuning of the control parameters @, and & the PPF control should allow to
focus on a given vibration mode and, thus, to minimize the modification of other
modes and optimize the use of the control energy.

As an example, a PPF control law focusing on the first vibration mode is
considered for the cantilever beam with piezoelectric patches. The first vibration
mode natural frequency is approximately 32 Hz (201 rad/s). Based on this infor-
mation and with the aid of simulations in r/tool, the PPF parameters are set to wy
= 205rad/s and & = 0.2. Figure 8a shows the root locus of the closed-loop system
in which it is possible to notice that the PPF does allow to completely modify the
path of the closed-loop poles such that the first vibration mode can now be
substantially damped while the second and third bending modes are much less
modified. For a PPF control gain of g = 38 V/V, the vibration amplitude at the first
natural frequency is greatly reduced as shown in Fig. 8b.
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Fig. 8 (a) Root locus and (b) frequency response (solid: open loop, dashed: closed-loop) of the
cantilever beam with piezoceramic patches and PPF control law

It is possible to observe in Fig. 9a, however, that the overshoot of the impulsive
time response is increased in closed-loop although the settling time is reduced.
Figure 9b also shows the control voltage required for such performance.

It is worthwhile to notice that, as discussed briefly in previous section, the
obtained closed-loop control performance for both DVF and PPF control laws
depend on the perturbation level of the system. Although theoretically these control
performances are attainable, for higher excitation levels, the sensor output is also
increased and so is the control voltage required to achieve such performances. In the
present case, a perturbation force leading to a displacement amplitude of the order
of the host structure thickness was used. To avoid saturation of the control voltage
and its unpredictable effects, the control gain should be diminished as the pertur-
bation level increases, leading to less performing vibration control.
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Impedance-Based Structural Health
Monitoring

Valder Steffen Jr. and Domingos Alves Rade

Abstract Structural Health Monitoring—SHM—is known as the nondestructive
process of online, in service, allowing the systems and structures to monitor their
own integrity all along their useful lives. The most important goals in this context
are to prevent failures, to increase security, and to reduce maintenance costs. One
of the most important available techniques is the so-called impedance-based
structural health monitoring, which is the focus of the present chapter. Practical
implementations of the technique are described for illustration purposes.

Keywords Structural health monitoring <« Impedance-based technique
* Electromechanical coupling « Smart material » Piezoceramic material

1 Introduction

Failures occurring in industrial equipment and structures in general are mostly associ-
ated to friction, fatigue, impact, corrosion, and crack growth. For an appropriate
functioning of the system, failure should be localized and repaired timely. In general
terms, the problem of damage monitoring consists in localizing and measuring the fault
and estimating the remaining life of the system (damage prognosis). One of the most
important ambitions of modern engineering is to perform structural health monitoring
in real time of structural components of high cost and considerable responsibility.
Thus, the creation or improvement of techniques that enhance the accuracy and
reliability of the damage tracking process is highly desirable and is the subject of
several studies both in industry and academic environments (Farrar et al. 2005).
There are several techniques for monitoring the occurrence and propagation of
structural damage. One of these techniques is the so-called impedance-based
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structural health monitoring (Park and Inman 2005). This technique is based on the
electromechanical coupling that results from a piezoelectric transducer installed on
the monitored structure (bonded on or incorporated into). Then, by measuring the
electrical impedance, which depends on both the electrical characteristics of the
transducer and the physical or mechanical characteristics of the structure (Liang
et al. 1994), incipient damage can be detected from the variations found in the
impedance curves (impedance signatures). Specific damage metrics can be used to
quantify the damage. These damage metrics are calculated from the measurement
comparisons between the cases without damage (healthy) and with damage, by
using numerical and statistical tools as described in the literature (Palomino and
Steffen 2009). In many applications, particularly those related to aeronautical
structures, detecting incipient damage is an important issue, both from maintenance
and security viewpoints. Another important point is that the use of statistical pattern
recognition techniques to different problems of structural health monitoring (SHM)
represents the best alternative available (Farrar and Worden 2013).

The determination of mechanical properties of materials is made by performing
various tests, which are usually destructive. The most widely performed tests are
the following: tensile tests, bending tests, torsion tests, fatigue tests, impact tests,
and compression tests. The tensile test consists of subjecting the specimen to a
stretching effort, while the fatigue test is an experimental procedure that produces a
permanent, progressive, and localized structural change. Fatigue test process occurs
while the material is subjected to conditions that produce dynamic tensions in one
or more points that can form cracks or, in some cases, cause complete failure after a
sufficient number of load cycles (Branco 1994). In order to evaluate the sensitivity
of the impedance-based structural health monitoring method, impedance signals
were measured along tensile and fatigue testing. The impedance signatures were
used to create meta-models designed to predict the state of the structure (Palomino
etal. 2011). It is worth mentioning that fatigue tests have a major importance in the
aerospace industry. The life of components together with the life of the entire
aircraft structure is of great importance for design and operation processes.

2 Impedance-Based Structural Health Monitoring:
A Review

The technique known as impedance-based structural health monitoring utilizes the
piezoelectric properties of the PZT patch (PZT stands for lead—zirconate—titanate,
an intermetallic inorganic compound) that is installed in the structure being tested
and is considered as a nondestructive damage evaluation method (Park et al. 2003).
The basic idea behind this technique is monitoring the changes in the structure’s
mechanical impedance as caused by the presence of damage. Since the direct
measurement of the mechanical impedance of the structure is a difficult task, the
method uses piezoelectric materials (PZT) bonded to or incorporated into the
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structure, allowing the measurement of the electrical impedance. This measure is
related to the structure mechanical impedance, which is affected by the presence of
damage. Evidently, it is considered that the piezoelectric sensor—actuator used in
the monitoring procedure remains intact along the test. The PZT patches use a low
voltage (< 1 V) and generate high frequency excitation at given points along the
structure (Park et al. 2003).

The impedance-based SHM technique was first proposed by Liang et al. (1994)
and, subsequently, the method was extended by Chaudhry et al. (1995, 1996), Sun
et al. (1995), Park et al. (1999, 2000, 2001, 2003), Giurgiutiu and Zagrai (2000),
Giurgiutiu et al. (2000, 2002), Soh et al. (2000), Bhalla et al. (2002), Moura and
Steffen (2004, 2006), Peairs et al. (2004), and Palomino and Steffen (2009). As
mentioned above, this health monitoring technique utilizes impedance sensors to
monitor changes in the structural stiffness, damping, and mass. The impedance
sensors consist of small piezoelectric patches, usually smaller than
25 x 25 x 0.1 mm, which are used to measure directly the local dynamic response.

The piezoelectric material acts directly producing an electric voltage when a
mechanical stress is applied on the material. Conversely, mechanical strains are
produced when an electric field is applied. The impedance-based monitoring
method uses simultaneously both versions, direct and inverse, of the piezoelectric
effect (Park et al. 2003).

When the PZT patch is bonded to the structure and a very low electric voltage is
applied, generally 1 V (Raju 1997), a strain is produced in the PZT patch. Using a
high frequency of excitation (in terms of typical modal analysis testing), the
dynamic response of the structure represents only the local area of the sensor and
is not affected by the boundary conditions. Then, the response of the mechanical
vibrations is transmitted to the sensor in the form of an electrical response. When an
incipient damage leads to changes in the dynamic response (given by the imped-
ance signal), this is observed in the electric response of the PZT patch.

The electromechanical model that quantifies and describes the measurement
process is illustrated in Fig. 1 for a single-degree-of-freedom system.

For this 1 d.o.f. system, Liang et al. (1994) demonstrated that the admittance,
Y(w), of the PZT patch can be written as a function of the combined actuator PZT’s
and structure’s mechanical impedance, as given by Eq. (1):

<1
K
A / r
~ —1{ M || PZTPatch 'SV
Lr L~
1\ C e
~
Structure

Fig. 1 Model used to represent a 1 d.o.f. PZT-driven dynamic structural system (Liang
et al. 1994)
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where Y(w) is the electrical admittance (inverse of the impedance), Z,(®) and Zy(w)

are the PZT’s and structure’s mechanical impedances, respectively. ffi is the
complex Young’s modulus of the PZT at zero electric field, d3, is the piezoelectric
coupling constant in the arbitrary x direction at zero electric field, £337 is the
dielectric constant at zero stress, ¢ is the dielectric loss tangent of the PZT, and a is a
geometric constant of the PZT. Assuming that the mechanical properties of the PZT
do not vary over time used for monitoring, Eq. (2) shows that the electrical
impedance of the PZT patch is directly related to the structure’s impedance.
Damage causes changes in the structure’s mechanical impedance, thus changing
local dynamic features. Hence, the electrical impedance is used to monitor the
structure health as represented by the structure’s mechanical impedance.
Impedance is a complex quantity represented by Eq. (2), given in ohm. In
general, the real part of the impedance is used for structural health monitoring
purposes since it is less sensitive to temperature variation. However, the imaginary
part and the magnitude values of the impedance are used in various applications.

Z=R+X (2)

where R is the resistance and X is the reactance.

The sensitivity of the technique to detect structural damage is related to the
frequency range selected. A very small damage in the structure does not cause
significant change in the structure’s stiffness, mass, and damping properties. Hence,
it is necessary for the excitation wavelength to be smaller than the characteristic
length of the damage to be detected. According to the literature, the frequency range
typically used in the impedance-based method is 30—250 kHz. The range for a given
structure is usually determined by trial and error methods. However, Moura and
Steffen (2004) presented a statistical procedure that can be used to obtain the best
settings for tests of electromechanical impedance; however, the proposed procedure
is rather time-consuming. In the impedance-based method, frequency ranges that
contain 20-30 peaks are usually chosen, because the higher number of peaks
provides a better dynamic response over the frequency range. A band around a
high frequency (150 kHz) is favorable to detect the location, while a lower range,
around 70 kHz, covers more sensing areas (Sun et al. 1995). In relation to the
sensitive region to identify changes, Park et al. (2003) claim that for a single PZT
patch damage located at a radial distance of up to 0.4 m can be identified in
composite materials, and up to 2 m in bars consisting of a single metal.

Figure 2 presents an example of a simple riveted beam-like structure (Fig. 2a) for
which the impedance responses are shown for two different conditions, namely the
pristine condition (blue), and the case in which the rivet was lost, i.e., the damaged
condition (red). The tests were performed by using the Agilent 4294A impedance
analyzer shown in Fig. 3. It can be easily observed that the impedance curves are
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Measurement performed using the HP 4194A
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Fig. 2 Impedance-based structural health monitoring. (a) Riveted beam-like structure, (b) imped-
ance responses

Fig. 3 Agilent 4294A Impedance Analyzer

qualitatively different. However, for making the analysis easier, it is more appro-
priate to quantify the influence of damage, which can be performed by the so-called
damage metrics.

As mentioned above, the frequency ranges containing about 20-30 peaks are
chosen, since that high number of peaks is related to rich dynamic responses. As an
example, Fig. 4 shows the dynamic response between 10 and 250 kHz of an Al
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Fig. 4 Frequency ranges of interest

beam, in which two frequency ranges are highlighted, namely 10-45 kHz and
100-175 kHz.

In addition, it has been observed that the influence of the initial conditions is
minimal since the PZT patch will excite the structure locally along the frequency
test band.

2.1 Damage Metrics

To establish a methodology able to quantify structural changes, a reference to the
damage metric (baseline) should be defined, corresponding to the structure without
damage. Thus, comparisons can be made involving the metric values of the pristine
condition and the damaged structure. These comparisons should be able to indicate
the presence of damage in the structure. Palomino and Steffen (2009) studied the
most significant damage metrics found in the literature. These damage metrics are
briefly reviewed in the following.

The most used statistical model in the literature is the root mean square deviation
(RMSD) as given by Eq. (3)
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i=1 n

RMSD = |3 ((Re(zl,i) - Re(Zz,i))2> )

where Re(Z, ;) is the impedance of the PZT measured under healthy condition, Re
(Z,;) is the impedance for the comparison with the baseline measurement at
frequency interval 7, and # is the total number of frequency points adopted. This
calculation is done within a predefined frequency range.

As a first alternative to this metrics, it is proposed to replace the denominator by
the impedance measured under healthy condition (baseline) (Grisso 2005; Peairs
2006).

& [(Re(Z1) — Re(Z,))?
RMSDI = 2( ReZ, )’ ) (4)

The root mean square deviation defined by Eq. (4) is called RMSDI. In this case,
the level of impedance measurement does not affect qualitatively the damage
metrics, although the points taken in the comparison change the result obtained.

Giurgiutiu and Rogers (1998) describe another definition of the root mean square
deviation, RMSD2, as represented by Eq. (5). It is possible to observe in this
equation that the sum is made independently in the numerator and the denominator.

> (Re(Z1) — Re(Za,))°
RMSD2 = | = (5)

- 2
ZRC(ZL:')
i=1

The damage metric described by Eq. (5) was used in other studies where
comparisons were made between different metrics (Tseng and Naidu 2002;
Giurgiutiu and Zagrai 2005).

Another possibility to use the root mean square deviation, RMSD3, is provided
by Park et al. (2003).

n ) — Re ; 2

In Eq. (6) the sum is outside the root mean square sign, unlike the definitions
previously given.

Peairs (2006) presents yet another change in the root mean square deviation,
RMSD4, as shown by the following equation:
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i=1 n

= = \\)2
RMSDA — z": <((Re(Z1,i) —Re(Z))) — (Re(Z,,;) —Re(Z2))) ) )
where Re (Z 1) and Re (Zz) are the averages of measurements for the two conditions
analyzed. These averages are included in Eq. (7) to minimize the effect of small
variations on the metric value, resulting from possible changes in temperature or
electrical resistance of the cables connecting the sensor to the impedance analyzer.
The variations mentioned above appear quite frequently. Then, to determine the
baseline, the average of several measurements for the structure in healthy state
should be used.
Using the mean value and the standard deviation calculated for each point,
Peairs (2006) presents Eq. (8) as a new definition of the root mean square deviation:

<Re(Zl,I-)Re(Zz,i)>2
n Sz,,i
RMSD5 = [ :

(8)

where the standard deviation of each point of the baseline, Sz, ;, is included in order
to make the metric less sensitive to changes in the impedance signal due to changes
in the environment (not linked to any damage in the structure).

Another alternative is the correlation coefficient deviation damage metric, which
is used to quantify and interpret information from two data sets. The mathematical
formulation, Eq. (9), involves the difference between one and the correlation
coefficient between the measurement and the reference (Giurgiutiu and Zagrai
2005).

CCD =1 - CC (9)

where CCD is the correlation coefficient deviation and CC is the correlation
coefficient that it is given by Eq. (10).

1 Z": (Re(Z1,;) — Re(Z))) (Re(Z2,:) — Re(Z2))

CC =-—
n SZISZZ

(10)

i=1

where S, is the standard deviation of the baseline and S, is the standard deviation
of the impedance signal to be compared. When the correlation coefficient is equal to
one, it means that the signals are fully correlated. When the difference between the
signals is large the CC value is small. The CC value is also used to compare and
quantify the admittance signals (Naidu and Soh 2004).
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The average square difference is another metric used by the electromechanical
impedance method to quantify the damage (Raju 1997), and its mathematical
formulation is given by Eq. (11):

ASD = Z [Re(Z1.;) — (Re(Zy) — 8))2 (11)
i=1

where 6 is the difference of the averages of each signal, as represented by Eq. (12)
5:Re(71) —Re(Zz) (12)

This damage metric is also used to remove the effect of variations in the
amplitude due to changes in the environment.

Another metric used by the electromechanical impedance method is the
so-called mean absolute percentage deviation (Tseng and Naidu 2002):

(Re(Z;,;) —Re(Zy,i))
RC(ZI,I‘)

MAPD = Z (13)

i=1

It is observed that the MAPD, Eq. (13), is similar to the root mean square
deviation defined by RMSD3, (Eq. (5)).

Finally, one has the metric given by the simple sum of the average difference
between the signals (Peairs 2002). This damage metric does not use any relation
between the values considered and is calculated as shown by Eq. (14):

M= Z (Re(Z1.;) — Re(Z2.1))* (14)

2.2 Environmental Influence on Impedance-Based SHM

For the success of the monitoring procedure, the measurement system should be
robust enough with respect to environmental influences from different sources, in
such a way that correct and reliable decisions can be made from the measurements.
The environmental influences become more critical under certain circumstances,
especially in aerospace applications, in which extreme conditions are frequently
encountered. Palomino et al. (2012) examined the influence of electromagnetic
radiation, temperature and pressure variations, and ionic environment under labo-
ratory conditions. In this context, the major concern was to determine if the
impedance responses are affected by these influences. In addition, the sensitivity
of the method with respect to the shape of the PZT patches was also evaluated. For
this aim, two shapes of piezoelectric patches of the same size, namely circular and
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Table 1 Sensor shape and environmental influences

SensorGeometry lonic Environment
Squared PZTPatch Circular PZTPatch Without shielded PZT With shielded PZT
patch patch
) = E ey
o L Y E S T
Electromagnetic Temperature Pressure
Radiation
High
=\ F. A
L e A
NY NO) YES NOY

squared, have been tested in the laboratory. They were bonded to two different
types of structures, namely a plate and a beam, so that the impedance response was
measured both for pristine and damaged conditions. Similar results were obtained
for the two shapes of PZT patches tested. The results are summarized in Table 1, in
which it can be observed that temperature is a major environment issue in the
context of impedance-based SHM.

3 Case Studies

To illustrate the application of the impedance-based structural health monitoring
technique, two case studies are presented. The first is dedicated to a beam-like
structure in which both the influence of the position of a small mass (representing a
structural modification) and the influence of the size of holes in the structure are
evaluated. The second case study is related to the influence of cumulative damage
on the impedance responses in a typical fatigue test.

3.1 Impedance-Based SHM Applied to a Beam-Like
Structure

Figure 5 shows a schematic representation of a cantilever Al beam to which a PZT
patch was bonded to, aiming at monitoring structural changes that have been
introduced to the system through the addition of a small mass, so that a structural
modification results. The structural modifications obtained intend to represent
damage.
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Fig. 6 Case A: (a) “damage” position; (b) impedance responses

The thickness of the beam is 1.5 mm and the thickness of the PZT patch is
0.01 mm. For the pristine condition, the baseline is shown in Fig. 6. Two frequency
bands have been selected for the analysis, namely 15.5-23.5 kHZ and
108-116 kHZ. At this point a mass of 8.5 g was added to the system at different
locations as explained in the following:

» Case A: the mass is placed 245 mm from the PZT patch (at the right end of
the beam).
Figure 6 shows the position of the mass (a) and the impedance response in the
frequency band of 15.5-23.5 kHz.
e Case B: the same mass is placed at a position 195 mm from the PZT patch.
Figure 7 shows the position of the mass (a) and the impedance responses
(b) obtained.
o Similar tests were made by changing the distance of the mass (8.5 g), as follows:
Case C (distance =195 mm); Case D (distance =145 mm); Case E
(distance =95 mm). Following, a second frequency band was investigated
(108-116 kHZ).
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Fig. 7 Case B: (a) “damage” position; (b) impedance responses
Table 2 Damage metrics

15.5-23.5 kHz 108-116 kHz
Test cases My M, M My M, M,
A 495.23 137.35 95.83 81.03 72.76 30.60
B 503.32 146.98 102.72 102.09 89.94 56.11
C 515.77 146.98 103.01 157.7 133.34 81.30
D 535.48 161.37 106.23 220.17 163.77 39.54
E 466.28 161.59 100.14 268.09 237.72 98.95

Then, the damage matrix was calculated as based on Eq. (3), namely the
RMSDI1. As impedance is a complex quantity, three different metrics were deter-
mined, as follows: by taking into account the real part of the impedance (resis-
tance); by taking into account the imaginary part of the impedance (reactance); and
by taking into account the magnitude of the impedance. The corresponding expres-
sions are given by Eq. (15).

~Re(z)] ) m(z0)
X s e -
N M
M= 2 ap

Table 2 presents the results for the test cases above.

For illustration purposes, the damage metrics given by My are shown in Fig. 8
for the frequency band of 108—116 kHz. It can be observed that the closer the added
mass, the larger the damage metrics. The same trend is kept for the other damage
metrics.

Next, different masses were added to the beam at the same position. The goal is
to observe the variation of the damage metrics when increasing the mass, keeping
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however the same position along the beam (195 mm from the PZT patch), for the
two frequency bands considered. The following masses were considered sequen-
tially: A—1.76 g; B—3.45 g; C—5.16 g. Figure 9 shows the damage metric My for
the frequency band given by 108—116 kHZ. It can be observed that the larger the
added mass, the larger the damage metrics. The same trend is kept for the other
damage metrics. Similar results are obtained for the lower frequency band.
Finally, holes with different diameters were made sequentially in the beam, all at
the same position. The goal is to observe the variation of the damage metrics when
increasing the diameter, keeping however the same position of the center of the
holes along the beam (195 mm from the PZT patch), for the two frequency bands
considered. The following diameters were considered sequentially: A—1.0 mm;
B—2.0 mm; C—4.0 mm; D—38.0 mm. Figure 10 shows the damage metric My for
the frequency band represented by 108—116 kHZ. It can be observed that the larger
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Fig. 10 Damage metric My
(108-116 kHZ)
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Fig. 11 PZT patches bonded on the surface of the test sample

the diameter, the larger the damage metrics. The same trend is kept for the other
damage metrics. Similar results are obtained for the lower frequency band
considered.

3.2 Fatigue Test

To determine the value of the stress amplitude that should be applied in the fatigue
test so that no plastic deformation results, preliminary tensile tests were performed
to obtain the stress—strain curve for the material used (Al). After determining the
stress amplitude (corresponding to a force peak value of 9324 N), defining the
frequency to be used in the fatigue tests (10 Hz) and selecting the number of cycles,
two 10 x 10 x 0.1 mm PZT patches were bonded to the test sample. The PZT
patches were bonded outside the area of critical stress concentration, as shown in
Fig. 11.

The test sample presented a visible crack after 50,636 cycles. Six impedance
measurements were taken at each 8000 cycles until reaching 48,000 cycles.
One additional measurement was taken after the crack became visible—50,636
cycles—shown in Fig. 12.
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Fig. 12 Crack in the test sample (fatigue testing for the impedance-based technique)

In summary, the procedure was the following (as illustrated in Fig. 13):

(a) First, measurements were taken to determine the soundness state of the
structure (before starting the fatigue test);

(b) Then, the test sample was placed in the fatigue testing machine and 8000 force
cycles were performed,;

(c) Impedance measurements were made;

(d) Another 8000 cycles were applied to the specimen;

(e) The sequence above was repeated until the specimen exhibited a visible crack.

As the frequency range of 30-50 kHz is commonly used for the electrome-
chanical impedance method (Moura, 2008), the range used in the present case was
39-46 kHz. The real part of the impedance was measured for the PZT1 and PZT2
patches as shown in Fig. 14. In this figure it is possible to observe how the
impedance responses change after a given number of cycles, demonstrating that
the technique is sensitive to the damage accumulation associated with the cyclic
load. This means that a clear correlation exists between the number of cycles
applied to the test samples and the impedance signals. It is worth mentioning
that the experimental procedure can be simplified by using a portable impedance
meter.



326 V. Steffen Jr. and D.A. Rade

Fatigue Tests Impedance Measurement

After 8,000 cycles

A J
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Fig. 13 The fatigue test procedure
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Fig. 14 Impedance signatures for the fatigue tests. (a) Signatures of the PZT patch #1; (b)
signatures of the PZT patch #2

4 Conclusion

The basic aspects of impedance-based structural health monitoring have been
presented in this chapter. We have also included two case studies to illustrate the
application of the technique conveyed.

It is worth mentioning that for many applications the use of a commercial
impedance analyzer is not appropriate due to its weight and cost. It is well known
that on board real time monitoring requires low weight, high performance equip-
ment, particularly for aerospace applications. Consequently, different groups on
SHM research around the world have designed low weight/low cost impedance
analyzers even for the case in which several monitoring channels are necessary.

Another important point is temperature compensation. Impedance-based struc-
tural health monitoring is sensitive to temperature. In general, the compensation is
done in the software used to manage the impedance responses.
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Finally, damage classification is an issue to be taken into account. In the same
structure various types of damage may occur simultaneously: corrosion, rivet loss,
cracks. Additionally, in the case of composite structures, delamination should be
carefully monitored. For damage classification purposes a number of artificial
intelligence methods are available.

All the points above will be addressed in further developments.
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Damage Detection Systems for Commercial
Aviation

Ricardo Pinheiro Rulli, Camila Gianini Gonsalez Bueno, Fernando Dotta,
and Paulo Anchieta da Silva

Abstract Damage detection systems based on various technologies—such as
Comparative Vacuum Monitoring, Electro-Mechanical Impedance, Acoustic Emis-
sion, and Lamb Waves—have been investigated by the major aircraft manufac-
turers over the last decade. The main focus of the investigations is to determine the
possible application scenarios for these technologies, anticipating potential benefits
for the commercial aircraft scheduled maintenance programs. Structural Health
Monitoring (SHM) damage detection solutions have the potential to reduce aircraft
operators direct maintenance costs and fleet downtime. In order to provide a
common understanding, scope, and key elements for SHM it was produced by an
SAE technical committee the ARP6461 document, encompassing guidelines for the
implementation of Structural Health Monitoring for civil aviation. The document
includes guidelines for development, validation, verification, and certification of
damage detection systems. Although not being implemented as current inspection
tools, the SHM damage detection systems have demonstrated progress for finding
damages in different types of structures. Embraer is one of these major commercial
aircraft manufacturers which have extensively tested different technologies, from
coupons to aircraft test beds.

Keywords Structural health monitoring « SHM ¢ Damage detection systems
» Commercial aviation * Aircraft manufacturers » MSG-3 « ARP6461

1 Introduction

Over the years, aircraft manufacturers have investigated damage detection systems
applied to aeronautical structures for commercial, executive, and defense aviation
fleets. This concern is directly related to opportunities to reduce maintenance
costs for customers, to increase competitiveness, and to improve the safety of
airplanes—because automated inspections can minimize the risks associated to
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“human-factors”—and also to reduce redundancy in metallic structures designs
(Schmidt et al. 2004).

Regarding the benefits of introducing Structural Health Monitoring (SHM) into
commercial aviation, Kent and Murphy (2000) provided cost benefit analysis for
three different structures (trailing edge, vertical stabilizer, and engine mount)
showing that a significant reduction in the life-cycle costs could result in a realistic
return on investments. According to this study, considering a replacement of
30-40 % of traditional maintenance requirements by SHM solutions, the time to
recover the cost of the initial investment for both the engine mount and the trailing
edge structure would be 2 to 3 years (Santos 2013).

Various initiatives of system’s development and for the construction of a robust
implementation process are in progress, but with no application into an aircraft
maintenance program so far—something that can be changed in the near future.
This scenario shows that some additional understanding about this type of solutions
is still required, such as determining implications derived from changes related to
damage detection systems in Airlines for America (A4A) Maintenance Steering
Group 3 (MSG-3) methodology that is used for the development of aircraft sched-
uled maintenance programs; and, exploring the potential effects on the maintenance
review board process, on the aircraft maintenance manuals and on the operators
maintenance programs (Santos 2011).

2 Maintenance of Commercial Aircraft

A4A Maintenance Steering Group 3 (MSG-3) is the pillar methodology for all
structural scheduled inspections that assure the continued airworthiness of an
aircraft. The process starts much before an aircraft goes into service. The aircraft
manufacturers (such as Embraer, Boeing, and Airbus), operators (Airlines), and
Regulatory Agencies (ANAC—Brazilian National Civil Aviation Agency, FAA—
United States Federal Aviation Administration, EASA—FEuropean Aviation Safety
Agency, and others) allocate a lot of efforts on A4A MSG-3 in almost the entire
development of a new aircraft and further after the aircraft starts to operate.

This is the method used by aircraft manufacturers, operators, and regulatory
agencies to develop the initial maintenance schedule, as part of the work towards
aircraft certification. It is often a multi-year process, involving the application of
rigorous logic (process), the analysis of lots of data, and the interaction of multiple
administrative bodies (Adams 2009).

According to the MSG-3 methodology (A4A/ATA MSG-3 2009), which con-
tinues to stand the test of time for almost 40 years past, the aircraft maintenance
programs are defined by air carriers in accordance with the Aviation Regulations
from a number of source documents. These documents include the manufacturer’s
Maintenance Review Board Report (MRBR), the Certification Maintenance
Requirements (CMR), the Airworthiness Limitations Items (ALI), the
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manufacturer’s Maintenance Planning Document (MPD), unique national regula-
tory requirements, and others (Wenk 2010).

The final output of the Industry Steering Committee for a new aircraft is the
Maintenance Review Board Report (MRBR), which outlines the recommended
minimum initial maintenance requirements. This document is then, for instance,
approved by the FAA, as the MRB chairman (considering an US aircraft). The
MSG-3 process provides tasks, such as lubrication, visual inspections, operational
or functional checks, restoration, and discard (Adams 2009).

2.1 Economics in Aircraft Maintenance

Nowadays, a large portion of an aircraft operation cost is in the maintenance
program and economics is an important consideration in the aircraft design.

In the A4A MSG-3 approach the sequence of intervention follows an order from
the least to the most expensive in order to minimize the costs without affecting
safety. An example of this methodology is a structural inspection task analysis that
starts with a visual inspection as the first choice to be considered, followed by a
detailed inspection and then by Special Detailed Inspection/Non-destructive
Inspection.

2.2 Changes in MSG-3 and SHM

The MSG-3 methodology (A4A/ATA MSG-3 2009) has been adapted to new
technologies such as Structural Health Monitoring (SHM) and continues to produce
safe, reliable, predictable, and cost-effective aircraft maintenance task/interval
packages (Wenk 2010).

Maintenance guidelines for creation of aircraft scheduled maintenance programs
contained in the A4A MSG-3 document (A4A/ATA MSG-3 2009) have been
updated to allow for the use of SHM. The 2009 revision of MSG-3 document
introduced the definition of Scheduled Structural Health Monitoring (S-SHM) that
means the act to use/run/read out a SHM device at an interval set at a fixed schedule
(Wenk 2010).

SHM application will play a significant role in the future of aircraft maintenance.
SHM may allow damage detection in areas with restricted access, where current
visual and non-destructive testing (NDT) technique inspections are difficult or can
not be performed, avoiding the disassembly processes (which may undesirably
cause damages to the structure). Less time-consuming and less complex procedures
enabled by SHM (compared to current NDT techniques) will lead to reduction of
inspection time and burden, and as a consequence SHM can minimize ‘“human-
factor” effects (for instance, automated data analysis has the potential to reduce
human errors induced by fatigue and repetitive tasks). Another potential benefit is



332 R.P. Rulli et al.

the early detection of structural damages, which can aid the implementation of less
costly repairs.

In addition, avoiding disassembly processes and promoting less time-consuming
inspections, allied to the labor costs reduction (less complex procedures), indicate
that SHM damage detection systems have a strong potential to reduce aircraft
structures operating and maintenance costs.

In the future, SHM damage detection systems will be capable of providing
means for the replacement of the current time-based maintenance practices by the
so-called Condition-Based Maintenance (CBM) philosophy. A first step towards
CBM has already been performed in the scope of the A4A MSG-3 methodology
(A4A/ATA MSG-3 2009). During the International Maintenance Review Board
Policy Board (IMRBPB) meeting held in Singapore in April 2010, the Automated
Structural Health Monitoring (A-SHM) concept was accepted by the members
(including the Aviation Regulation Authorities) to become a new Issue Paper for
future revision of the MSG-3 document. The A-SHM concept focuses on SHM
technology that relies on a system to inform maintenance personnel that an action
must take place—there is no pre-determined interval at which the action must be
performed (Wenk 2010).

3 Commercial Aviation Efforts

Over the last years, the major aircraft manufacturers and some commercial aircraft
operators have investigated various technologies for structural damage detection.
Progress has been made in the development of such technologies. Questions related
to reliability, the accurate operation of those systems, and about the ability of
components to survive during regular aircraft operation—and operational environ-
ment—have begun to get answers after the installation of sensors on-board aircraft
for testing.

Seeking for potential benefits, such as the implementation of less time-
consuming and less complex aircraft maintenance procedures, and for the reduction
of aircraft structural maintenance costs, the commercial aviation industry demon-
strated interest in SHM damage detection systems proposing developments with
different technologies. The most common technologies that can be identified in
those developments are Comparative Vacuum Monitoring, Electro-Mechanical
Impedance, Acoustic Emission, and Lamb Waves. However, many others can be
found: Fiber Bragg Gratings, Meandering Winding Magnetometer, Advanced
Phased Array, and others.

Each of the technologies has its own particular characteristics and may have a
preferred application. The commercial aviation industry is seeking for solutions to
detect damages in metallic and composite structures, with an application cost that
could justify the investments.
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3.1 Comparative Vacuum Monitoring

One of the promising technologies for inspecting metallic material parts is the
so-called Comparative Vacuum Monitoring (CVM '), from Structural Monitoring
Systems plc. It is based on the principle that vacuum maintained inside a small
constant volume is extremely sensitive to any leakage (Doherty et al. 2003). The
system designed for metallic structures uses elastomeric polymer sensors that are
self-adhesive, passive, inert, and lightweight, and can conform to the material
surface contours. When those sensors are adhered to the monitored structure, fine
channels on the adhesive face of the sensor form a manifold of galleries with the
structure itself. The galleries alternate, one containing the steady state vacuum and
the other having air at atmospheric pressure (Fig. 1).

If a surface crack develops, it will form a leakage path, air will flow through the
passage created from the atmospheric to the vacuum galleries, the vacuum level in
the sensors will decrease, indicating the presence of damage. CVM"" offers an easy
way to monitor “hot spot” areas.

Among the many efforts for developing damage detection technologies, it is
worth mentioning Boeing’s agreement to include Comparative Vacuum Monitoring
crack-detection technology in its Common Methods Non-destructive Inspection
manual after completing laboratory tests with CVM' sensors and flight tests in
commercial aircraft, in 2005 (Flightglobal News Website 2005). This test valida-
tion program was conducted by Sandia National Laboratories in cooperation with
the Federal Aviation Administration (FAA) (Roach et al. 2006).

Airbus, another major aircraft manufacturer, has also investigated CVM. Vari-
ous tests were performed, including those with sensors installed in coupons and in a
barrel test (full-scale) (Stehmeier and Speckmann 2004). Among the variety of
tests, it is important to highlight that Airbus has tested Comparative Vacuum
Monitoring in its A380 Full-Scale Fatigue Test (Berger 2012; Paget et al. 2009).

Vacuum Galleries Air Galleries

PRSZCAN

Crack

Fig. 1 Schematic of an installed CVM" sensor
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Fig. 2 Crack detected by a CVM"™" sensor in a metallic barrel test. (a) CVM™ sensors installed
around rivets; (b) one of the sensors was removed and dye penetrant testing confirmed the presence
of a crack

Fig. 3 CVM™ sensors in different regions of the E-Jets Full-Scale Fatigue Test

Embraer has performed laboratory tests with CVM" ", applying the technology in
ametallic barrel test and in its E-Jets Full-Scale Fatigue Test (Rulli and Silva 2011).
An example of a crack detected in a metallic barrel test is shown in Fig. 2.

In parallel, Embraer installed more than 250 CVM'" sensors in the Full-Scale
Fatigue Test of the company’s E-Jets aircraft in 2008. Figure 3 shows examples of
CVM"™ sensors installed in the Full-Scale Fatigue Test where different regions and
components—such as shear clips, splice joints, windows frames, and joint holes—
have been periodically monitored.

Another test performed by Embraer is related to the installation of CVM'
sensors in a flight test aircraft in order to verify if the technology was capable of
withstanding the real aircraft in-flight conditions, shown by Fig. 4. Since 2010,
the company has performed periodic monitoring of these on-board sensors using
CVM"™ ground equipment.

Bombardier has studied Comparative Vacuum Monitoring in conjunction with
the Airworthiness Assurance Nondestructive Inspection Center at Sandia National
Labs for crack detection on its aircraft (Roach and Pinsonnault 2009).
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Fig. 4 CVM"™ sensors installed on-board a flight test aircraft

Delta Air Lines has partnered with Sandia National Labs, FAA, Boeing,
Anodyne Electronics Manufacturing Corp., and Structural Monitoring Systems,
on a program applying CVM'" sensors to seven B737-700s. The objective is to
produce the data package within 12—18 months of monitoring, consisting of peri-
odic data acquisition. Some of the program’s main goals are to determine obstacles,
solutions, and new processes for wide-spread industry adoption of SHM
(Piotrowski et al. 2015).

3.2 Electro-Mechanical Impedance

Electro-Mechanical Impedance (EMI) is another technology considered by the
commercial aviation players. It has been shown that the electrical impedance
from patches of Piezoelectric materials (PZT) can be directly associated with the
mechanical impedance of the structure to which the PZT is attached (Park
et al. 2003). By using the same piezoelectric element for both actuation and sensing,
results in a simpler testing device containing a smaller number of components and
cables, when compared with techniques using transducers functions separated. The
impedance-based method uses high-frequencies excitations that are applied to the
PZT transducer attached to the surface of the structure and consider an auxiliary
circuit to obtain the EMI curves. In other words, the PZT patches generate high
frequency excitation at given points of the structure (Moura and Steffen 2005).
Basically the EMI curves are frequency response functions of the structure. A
modification in the EMI curves would indicate the presence of damage.

The EMI method begins with the work of Liang (Liang and Rogers 1994) not
applied to SHM but after this study several authors reported the use of EMI method
for SHM. In Brazil, the technique has been studied and developed by Federal
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Fig. 5 Aluminum panels tested; (a) aircraft window panel; (b) details of a removed rivet
simulating the damage

University of Uberlandia and Sao Paulo State University (UNESP—Ilha Solteira)
in a partnership with Embraer (Rulli and Silva 2010). Figure 5 presents some
example of aircraft structures using EMI to detect damage. The panel showed in
Fig. 5b had a rivet removed in order to simulate damage. The results demonstrated
that the system is sensitive enough to detect the absence of the rivet (Aeronautical
Structures Tests Report 2009).

In fact, the EMI technique is useful to detect incipient damages present in
monitored structures (Jalloh 2004) and is a promising technique to be applied for
improving commercial aviation maintenance. In the other hand, as showed by
Jalloh (2004) there are several factors that could affect the performance of the
PZT transducers, among them the quality of the bond between the sensor and the
host structure, sensor geometry and the characteristics of the structure monitored
(such as its geometry and material properties).

Currently, the EMI technique has been studied for self-diagnosis of piezoelectric
transducers. Airbus investigated Electro-Mechanical Impedance for self-diagnosis
of piezoelectric transducers (Bach et al. 2007), focusing on the ability to detect
degraded bond-lines as well as degraded sensors. According to the results, the
company considered EMI a practicable technology for self-testing PZT sensors.

3.3 Lamb Waves

Airbus, Boeing, and Embraer have extensively investigated another promising
technology for damage detection called Lamb Waves (LW). Lamb Waves repre-
sents two-dimensional wave propagation in thin plates, shells, or membranes,
which are described by known mathematical equations originally formulated by
Horace Lamb in 1917 (Viktrov 1967).
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Symmetric mode

Fig. 6 Wave modes: (a) anti-symmetric, where a peak at one surface corresponds to a trough at
the other surface; (b) symmetric, where the wave peaks or troughs occur simultaneously at the
same in-plane location

The LW approach for damage detection uses the changes in the structural
dynamic responses (acoustics) between the undamaged and damaged condition
for the same structure. The fundamental of this technique is based on the assump-
tion that structural damage changes the physical dynamic response of the structure,
such as natural frequencies, mode shapes and damping, and frequency response
(Doebling et al. 1996). However, a structure with a damage like fatigue crack or
thickness reduction (corrosion) exhibits non-linear vibrations due to the stiffness
change under load variation (Matveev and Bovsunovsky 2002). The accuracy of
relating changes in modal parameters to flaws such as cracks becomes quite poor
when the aspect ratio between the size of the structure and the size of the flaw is
larger than ten (Matveev and Bovsunovsky 2002; IThn and Chang 2004).

There are two groups of LW propagation, the symmetric waves and the anti-
symmetric waves that satisfy the wave equation and the boundary conditions. The
general solutions can then be split into two modes: symmetric (S;) and anti-
symmetric (A;) (Giurgiutiu 2005). For symmetric wave modes, each plate surface
has a peak or trough at the same in-plane location. For anti-symmetric wave modes,
a peak at one surface corresponds to a trough at the other surface, as shown in Fig. 6.
The Lamb wave modes are considered to be sensitive to cracks. The presence of
damages can be verified by comparing the changes in the signal to a baseline.

Embraer evaluated Lamb Waves technology for detecting damages—such as
cracks and corrosion in metallic materials, and delamination in composite materials
(2008)—obtaining valuable results (Dotta et al. 2011; Rulli et al. 2013). The
company has performed laboratory tests with LW applying it in a wide range of
specimens, such as coupons, Full-Scale Fatigue Test, barrel tests, and others.
Figure 7 shows two examples of the tests performed.

Besides the laboratory tests, Lamb Waves sensors were installed in the Embraer-
190 flight test aircraft (Fig. 8) in 2010. In this study, only the sensors (Fig. 9) and the
cables were installed in the aircraft and the inspections were performed periodically
using a ground support equipment (Rulli et al. 2013).

Airbus has been involved with Acellent Technologies Inc. in a joint develop-
ment about Lamb Waves for several years (Zhang et al. 2011; Eckstein et al. 2013).
One of the tests performed was related to the installation of sensors on a Carbon



Fig. 7 Tests performed in different coupons: (a) thickness reduction in aeronautical aluminum;
(b) delamination detection in carbon fiber reinforced polymer
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Fig. 9 LW sensors applied to the Embraer-190 flight test aircraft
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Fiber Reinforced Plastics (CFRP) fuselage panel (about 15 m? size) in 2010. This
panel was inserted in the fuselage of an A340 flight test aircraft. Data has been
obtained periodically when the aircraft is on ground.

Boeing Research and Technology investigated techniques that use elastic waves
in various structural configurations, including a composite wing structure (Brown
et al. 2009) and a metallic lug component (utilizing a SHM system design frame-
work developed by Boeing and Air Force Research Laboratory) (Ihn et al. 2011).

3.4 Acoustic Emission

Commercial Aviation has also demonstrated interest on another SHM damage
detection technology known as Acoustic Emission (AE). Acoustic Emission
based structural health monitoring is one of the methods which originally began
as a non-destructive testing technique. In the AE method a solid structure begins to
deform elastically when a load is applied to it (for instance, by internal pressure or
by external mechanical means) (Boller et al. 2009). Changes in the structure’s stress
distribution and storage of elastic strain energy are associated with this elastic
deformation. Some permanent deformation and cracking may occur during the
load increment, which is accompanied by a release of stored energy. Part of the
stored energy that was released is in the form of propagating elastic waves termed
Acoustic Emissions. Emissions are detected by sensitive piezoelectric transducers
attached to the surface of the monitored structure and, above a certain threshold
level, are converted and saved as an event.

Airbus developed tests with Acoustic Emission for both metallic and composite
structures. Composite plates were used for the development of an analytical
triangulation algorithm to determine damage location (Paget et al. 2003).
Investigations were performed with AE in a full-scale metal wing loaded in
fatigue. Airbus reported that the system located all simulated and artificial damages
placed in the wing and, in addition, it was capable to locate real damage
(Paget et al. 2004).

Acoustic Emission systems have been tested by Embraer in test specimens and
in the Full-Scale Fatigue Test of the E-Jets aircraft. These tests have the objective to
provide enough information about Acoustic Emission technology regarding capa-
bilities, installation, operation and maintenance of sensors and systems (Rulli and
Silva 2010). Damages, including simulated and real, were satisfactorily detected by
the AE systems in different test articles (Figs. 10 and 11).

3.5 Guidelines for SHM

In addition to the SHM damage detection systems initiatives around the world,
Society of Automotive Engineers (SAE International) has created the document
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Fig. 11 Examples of acoustic emission monitoring: (a) Barrel test; (b) Coupon test

Aerospace Recommended Practice “ARP6461: Guidelines for Implementation
of Structural Health Monitoring on Fixed Wing Aircraft” focusing on the commer-
cial aviation (SAE International 2013). The document was published in
September 2013.

Launched by the Aerospace Industry Steering Committee for SHM, the docu-
ment was generated by an SAE technical committee (encompassing the world’s
leading aircraft manufacturers, systems and equipment integrators, Regulatory
Agencies, and technical experts) (SAE International 2013).
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These guidelines present details related to the application of sensors for moni-
toring aircraft operational conditions, and also for determining the occurrence and
the extent of a structural damage. The purpose of ARP6461 is to establish the basics
of SHM for commercial aviation maintenance applications, including its scope and
its essential elements, discussing about requirements and describing approaches for
SHM systems verification, validation, and qualification.
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