
Chapter 12
The Importance of Phase-Locking in Nonlinear Modal Interactions

T.L. Hill, A. Cammarano, S.A. Neild, and D.J. Wagg

Abstract In nonlinear systems the constituent linear modes may interact due to internal resonance. In this paper we classify
two distinct classes of modal interactions: phase-locked interactions, in which there is a specific phase between the interacting
modes; and phase-unlocked interactions, in which the modes may interact regardless of their phase. This discussion is
accompanied by the study of an example structure in which both classes of interaction may be observed. The structure is
used to demonstrate the differences between phase-locked and phase-unlocked interactions, both in terms of their individual
influence on the response, and in terms of their influence on each other when both classes of interactions are present.

Keywords Backbone curves • Second-order normal forms • Modal analysis • Modal interaction • Phase locking

12.1 Introduction

Nonlinear dynamic behaviour poses a significant challenge in the modelling, design and optimisation of engineering
structures. This is due to the complexity of such behaviours, in terms of both the wide variety of phenomena a structure
may exhibit, and the number of degrees-of-freedom than may interact to produce these phenomena. One phenomenon that is
of particular importance is internal resonance, where coupling within the system is achieved at resonance. This phenomenon
is unique to nonlinear interactions, and is seen in a variety of physical structures [1, 2].

Typically, the design of engineering structures requires an understanding of the forced responses. However, when these
responses exhibit nonlinear behaviour they can be highly complex to compute and interpret. As a result, many approaches to
nonlinear analysis begin by modelling the responses of the underlying conservative systems; for example nonlinear normal
modes [3] and backbone curves [4] (note that the study of nonlinear normal modes has also been extended to nonconservative
systems [5, 6], and it has been shown that backbone curves can be used to directly interpret the forced responses [7]). Both
backbone curves and nonlinear normal modes provide a useful tool for understanding the underlying behaviour of forced
responses, and can be used to predict the existence of internal resonances [8, 9]. However, the relative importance of different
backbone curves can vary, as the underlying behaviours they describe may not always manifest themselves in the forced
responses; for example, if the forcing amplitude is insufficient to reach a backbone curve, the influence of that backbone
curve will not be observed [7].

In this paper we investigate the significance of phase-locking in backbone curve models. Phase-locking is defined as a
condition imposed upon the phase relationship between the underlying linear modes of a system. Although the backbone
curves may exhibit a variety of different phase relationships [8], these relationships are typically fixed for all responses
represented by the backbone curves. However, as will be shown here, there also exist phase-unlocked backbone curves,
where the modes may exhibit any phase relationship. To demonstrate this, we consider a pinned-pinned beam that with a
geometric nonlinearity, as considered in [10].

Two separate configurations of this beam are considered: one with an additional rotational stiffness at one end, leading to
an asymmetry in the beam; and one without any additional rotational stiffness, and hence with a symmetric structure. The
backbone curves of this beam are found using the second-order normal form technique [11, 12], and it is shown that the
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asymmetric case has phase-locked backbone curves, whilst the symmetric case only has phase-unlocked backbone curves.
By examining the forced responses of the beam it is shown that the behaviour described by the phase-locked backbone
curves leads to internal resonance in the forced responses, whilst the phase-unlocked backbone curves do not lead to internal
resonance. Finally, it is demonstrated that, whilst the phase-unlocked backbone curves do not predict the existence of internal
resonance, they do still describe fundamental behaviours of the system when the system is subjected to particular forcing
configurations. These observations indicate an important difference between these two classes of behaviour.

12.2 The Second-Order Normal Form Technique

12.2.1 The Example System

In this paper we consider the pinned-pinned beam with an additional rotational stiffness at one end, as shown in Fig. 12.1.
Two specific cases are considered here: one in which the additional rotational stiffness, k, is zero (such that the beam is
symmetric); and one in which k D 10 N m rad�1, such that the beam is asymmetric. In both cases, the beam has dimensions
L D 500 mm, w D 30 mm and h D 1 mm. Additionally, the beam has a density and Young’s modulus of � D 7800 kg m�3,
E D 200 � 109 N m�2 respectively. A similar configuration of a beam has previously discussed in [10], where it is shown that
the unforced and undamped behaviour of the beam may be modelled using the first two linear modes, using the equations of
motion, written

Rq1 C !2
n1q1 C �2

�
�11q2

1 C 2�12q1q2 C �22q2
2

�
.�11q1 C �12q2/ D 0 ; (12.1a)

Rq2 C !2
n2q2 C �2

�
�11q2

1 C 2�12q1q2 C �22q2
2

�
.�12q1 C �22q2/ D 0 ; (12.1b)

where: qi represents the displacement of the ith linear mode; !ni represents ith linear natural frequency; and �, �11, �12 and
�22 are nonlinear parameters. These expressions may be written in the form

Rq C ƒq C Nq .q/ D 0 ; (12.2)

where: q is a vector of modal displacements, in which the ith element in q is qi; ƒ is a diagonal matrix whose ith leading
diagonal element is the square of the ith linear natural frequency, !2

ni; and Nq is a vector of nonlinear terms, written

Nq .q/ D
�

˛1q3
1 C 3˛2q2

1q2 C ˛3q1q2
2 C ˛4q3

2

˛2q3
1 C ˛3q2

1q2 C 3˛4q1q2
2 C ˛5q3

2

�
; (12.3)

where

˛1 D �2�2
11 ; ˛2 D �2�11�12 ; ˛3 D �2

�
�11�22 C 2�2

12

�
;

˛4 D �2�12�22 ; ˛5 D �2�2
22 : (12.4)
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Fig. 12.1 Schematic of a pinned-pinned beam with a rotational constraint at one end
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Table 12.1 The linear natural frequencies and nonlinear parameters for the two different
configurations of the beam

!n1 !n2 ˛1 ˛2 ˛3 ˛4 ˛5

(rad s�1) .�1010/

Symmetric case .k D 0/ 57.71 230.83 2.00 0 8.00 0 31.98

Asymmetric case .k D 10/ 125.91 418.41 8.81 �1.31 34.7 �5.12 133.63

From [10], it is found that, for the two different cases considered here (i.e. when the beam is symmetric, and when the
beam is asymmetric) the linear natural frequencies and nonlinear parameters have the values given in Table 12.1. It can be
seen that, when the beam is symmetric, i.e. when k D 0, then ˛2 D ˛4 D 0.

12.2.2 Applying the Second-Order Normal Form Technique to the Example System

The backbone curves of a system describe the loci of unforced, undamped dynamic responses of a system. In order to find the
backbone curves of the example system considered here, we apply the second-order normal form technique to the unforced,
undamped equations of motion, Eq. (12.2). This technique is detailed in [11], and it was first demonstrated how the technique
may be used to find the backbone curves of nonlinear systems in [4].

The second-order normal form technique typically consists of three steps: the linear modal transform, which transforms
the equations of motion from physical into linear modal coordinates; the forcing transform, which removes any non-resonant
forcing terms from the equations of motion; and the nonlinear near-identity transform, which removes any non-resonant
(i.e. harmonic) terms from the equations of motion. This results in a set of approximate, analytical expressions containing
only the resonant components of the motion, which may then be solved using an assumed solution. For the case considered
here, the equations of motion, Eq. (12.2), are expressed in terms of the linear modal coordinates and therefore the linear
modal transform is not necessary. Additionally, the system is unforced (as we are considering the backbone curves) and
hence the forcing transform is also not needed. Thus, in this case, the second-order normal form technique consists only of
the nonlinear near-identity transform, applied directly to Eq. (12.2).

The nonlinear near-identity transform involves the substitution q D u C h where u and h represent the fundamental and
harmonic components of q respectively. It is assumed that the harmonics are small and, as the nonlinear terms are also
assumed to be small, the approximation Nq .q/ D Nq .u/ is made. Additionally, as non-resonant terms are removed, the
fundamental component of the response, u, is sinusoidal, and therefore the ith element of u may be written

ui D cos .!rit � �i/ ; (12.5a)

D upi C umi D Ui

2
eCj .!rit � �i/ C Ui

2
e�j .!rit � �i/ ; (12.5b)

where Ui, !ri and �i are the amplitude, response frequency and phase respectively. Note that the subscripts “p” and “m” in
Eq. (12.5b), correspond to the positive and negative, i.e. plus and minus, signs in the exponents respectively. Now, substituting
q D u into Eq. (12.3), along with the assumed solutions, Eq. (12.5b), gives

Nq .u/ D
 

˛1

�
up1 C um1

�3 C 3˛2

�
up1 C um1

�2 �
up2 C um2

�C
˛2

�
up1 C um1

�3 C ˛3

�
up1 C um1

�2 �
up2 C um2

�C (12.6)

˛3

�
up1 C um1

� �
up2 C um2

�2 C ˛4

�
up2 C um2

�3

3˛4

�
up1 C um1

� �
up2 C um2

�2 C ˛5

�
up2 C um2

�3

!

:

After expanding the terms in Eq. (12.6), Nq may be written

Nq .u/ D �
Nq
�

u� �up; um
�

; (12.7)
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where: u� is a vector containing all unique combinations of the variables upi and umi (expressed in the vectors up and um);
and

�
Nq
�

is a matrix of the coefficients corresponding to those variables. As the elements in u� are composed only of upi and
umi, the `th element of u� may be written

u�̀ D
NY

nD1

u
sp;`;n
pn u

sm;`;n
mn ; (12.8)

where N is the number of degrees-of-freedom of the system (i.e. N D 2 in the case considered here). Using Eq. (12.8), the
exponents sp;`;n and sm;`;n can be found, allowing the matrix ˇ to be defined, where element fi; `g of ˇ is given by

ˇi;` D
"

NX

nD1

�
sp;`;n � sm;`;n

�
!rn

#2

� !2
ri : (12.9)

It is the matrix ˇ which allows us to determine which nonlinear terms are resonant, and thus appear in the resonant equation
of motion. However, it can be seen from Eq. (12.9) that ˇ is dependent on the fundamental response frequencies, !ri, and
therefore the ratios between these frequencies must be known in order to determine which terms are resonant. Typically, as
discussed in [11], the ratios between the response frequencies are chosen based upon the ratios between the linear natural
frequencies, i.e. if !n1 � !n2, then it is assumed that the modes will respond at the same frequency. However, here we wish
to investigate how this ratio influences which terms are resonant, and hence it is assumed that the fundamental component of
q2 responds at r times that of q1, i.e. !r2 D r!r1. Substituting this into Eq. (12.9) allows ˇ to be defined, for this case, as

ˇ1;` D
n�

sp;`;1 � sm;`;1 C r
�
sp;`;2 � sm;`;2

��2 � 1
o

!2
r1 ; (12.10a)

ˇ2;` D
n�

sp;`;1 � sm;`;1 C r
�
sp;`;2 � sm;`;2

��2 � r2
o

!2
r1 : (12.10b)

Now, Eqs. (12.6)–(12.8) and (12.10) may be used to write
�
Nq
�
, u� and ˇ as

�
Nq
�| D

2
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ˇ| D !2
r1

2

666666
666666
66666
666666
666666
66666
666
4

8 9 � r2

0 1 � r2

0 1 � r2

8 9 � r2

.r C 1/.r C 3/ 4.1 C r/
r2 � 1 0

.r � 1/.r � 3/ 4.1 � r/

.r � 1/.r � 3/ 4.1 � r/
r2 � 1 0

.r C 1/.r C 3/ 4.1 C r/
4r.r C 1/ .3r C 1/.r C 1/

0 1 � r2

4r.r � 1/ .3r � 1/.r � 1/

4r.r � 1/ .3r � 1/.r � 1/

0 1 � r2

4r.r C 1/ .3r C 1/.r C 1/

9r2 � 1 8r2

r2 � 1 0

r2 � 1 0

9r2 � 1 8r2

3

777777
777777
77777
777777
777777
77777
777
5

: (12.11)

The resonant equation of motion is written

Ru C ƒu C Nu .u/ D 0 ; (12.12)

where Nu is a vector of resonant nonlinear terms, defined using

Nu .u/ D Œnu� u� �up; um
�

; (12.13)

where Œnu� is a matrix of the coefficients of the resonant nonlinear terms. The nonlinear terms represented by
�
Nq
�

are
defined as resonant if they correspond to an element in ˇ that contains a zero; hence such a term is also represented in Œnu�.
Conversely, if a term is non-resonant (i.e. it contributes to a harmonic) then the corresponding element in ˇ is non-zero, and
hence the element in Œnu� must be zero. This is expressed by the relationship defining element fi; `g of Œnu� as

Œnu�i;` D
( �

Nq
�

i;` if W ˇi;` D 0 ;

0 if W ˇi;` ¤ 0 :
(12.14)

Note that, whilst the harmonics are neglected here, they may be computed using the second-order normal form technique—
see [13] for further details.

It can be seen from Eq. (12.11) that the terms in ˇ may be separated into three categories:

• Non-resonant, which are non-zero, regardless of the value of r,
• Unconditionally-resonant, which are zero for all values of r,
• Conditionally-resonant, which are only zero for specific values of r.

Furthermore, from Eq. (12.11), it can be seen that, for this case, the conditionally-resonant terms become resonant for three
different values of r, namely r D 1=3, r D 1 and r D 3. Therefore, using Eqs. (12.11) and (12.14), the matrix of resonant
coefficients, Œnu�, may be found, from which Eq. (12.13) may be used to write
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Nu D
�

3˛1up1um1u1 C 2˛3up2um2u1

2˛3up1um1u2 C 3˛5up2um2u2

�
C ı

�
r � 1

3

	  
˛4



u3

p2 C u3
m2

�

3˛4

�
up1u2

m2 C up1u2
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�

!

C (12.15)

ı fr � 1g
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3˛2



2up1um1u2 C u2

p1um2 C u2
m1up2

�
C ˛3



um1u2

p2 C up1u2
m2

�
C 3˛4up2um2u2

3˛4



2u1up2um2 C um1u2

p2 C up1u2
m2

�
C ˛3
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p1um2 C u2
m1up2

�
C 3˛2up1um1u1

1

AC

Cı fr � 3g
0

@
3˛2



u2

m1up2 C u2
p1um2

�

˛2



u3

p1 C u3
m1

�

1

A ;

where ı represents the Dirac-delta function.

12.3 The Backbone Curves of the Example System

In order to find the backbone curves, we must solve the time-dependent resonant equations of motion, Eq. (12.12), which
first requires that the time-dependence is removed from these equations. In [8] it is shown that the ith element of the vector
of resonant nonlinear terms, Nu, may be written

Nui D NC
ui eCj!rit C N�

ui e
�j!rit ; (12.16)

therefore, substituting Eqs. (12.5) and (12.16), the resonant equation of motion, Eq. (12.12), for the ith mode may be written

��
!2

ni � !2
ri

� Ui

2
e�j�i C NC

ui


eCj!rit C

��
!2

ni � !2
ri

� Ui

2
eCj�i C N�

ui


e�j!rit D 0 ; (12.17)

where the contents of the square brackets form a complex conjugates pair. Therefore, the contents of these brackets may each
be equated to zero, i.e.

�
!2

ni � !2
ri

�
Ui C 2NC

ui eCj�i D 0 ; (12.18)

where it can be seen that Eq. (12.18) is independent of time.
Now, substituting Eq. (12.5) into Eq. (12.15) allows the complex components NC

ui to be identified. These may then be
substituted into Eq. (12.18) to give

4
�
!2

n1 � !2
r1

�
U1 C 3˛1U3

1 C 2˛3U1U2
2 C ı1=3˛4U3

2eCj�d1;3 C ı33˛2U2
1U2eCj�d3;1

Cı1

�
3˛2U2

1U2

�
2 C e�j2�d1;1

�C ˛3U1U2
2eCj�d1;1 C 3˛4U3

2

�
eCj�d1;1 D 0 ; (12.19a)

4
�
!2

n2 � r2!2
r1

�
U2 C 2˛3U2

1U2 C 3˛5U3
2 C ı1=33˛4U1U2

2e�j�d1;3 C ı3˛2U3
1e�j�d3;1

Cı1

�
3˛2U3

1 C ˛3U2
1U2e�j�d1;1 C 3˛4U1U2

2

�
2 C eCj2�d1;1

��
e�j�d1;1 D 0 ; (12.19b)

where the phase difference, �di;j, is defined as �di;j D i�1 � j�2, and the Dirac-delta function is denoted ık D ı fr � kg. Note
that !r2 D r!r1 has been used.

Equation (12.19) demonstrate that some terms are a function of the phase difference between the two modes (where
the phase difference is dependent on r). As will be shown in the following sections, such terms enforce a specific phase-
relationship for resonant responses described by the backbone curve, known as phase-locking. It therefore follows that
backbone curves that are described by expressions which are not a function of the phase difference do not have a specific
phase-relationship, and the responses they describe may therefore exhibit any phase value between the modes. Furthermore,
it can be seen in Eq. (12.19) that the terms which exhibit a phase-dependence are also those that are dependent on r i.e. are
conditionally resonant terms, suggesting a relationship between conditional resonance and phase-locking.
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12.3.1 The Backbone Curves of the Asymmetric Case

From Table 12.1 it can be seen that, for the asymmetric case, all nonlinear parameters, ˛i, are non-zero. Additionally, the
ratio between the linear natural frequencies, !n1W!n2, is approximately 1:3 . Therefore, it seems likely that a similar ratio
will exist between the response frequencies, and hence the case where r D 3 is considered. From Eq. (12.19) this leads to

4
�
!2

n1 � !2
r1

�
U1 C 3˛1U3

1 C 2˛3U1U2
2 C 3˛2U2

1U2eCj .3�1 � �2/ D 0 ; (12.20a)

4
�
!2

n2 � 9!2
r1

�
U2 C 2˛3U2

1U2 C 3˛5U3
2 C ˛2U3

1e�j .3�1 � �2/ D 0 : (12.20b)

As we are concerned with the phase difference between the modes, we consider the case where both modal amplitudes are
non-zero. Therefore, the imaginary components of Eq. (12.20) both lead to sin .3�1 � �2/ D 0, which may be satisfied by
3�1 � �2 D 0; �; : : :, thus enforcing phase-locking between the modes. The real components of Eq. (12.20) may then be
written

4
�
!2

n1 � !2
r1

�C 3˛1U2
1 C 2˛3U2

2 C p3˛2U1U2 D 0 ; (12.21a)

4
�
!2

n2 � 9!2
r1

�
U2 C 2˛3U2

1U2 C 3˛5U3
2 C p˛2U3

1 D 0 ; (12.21b)

where

p D
� C1 when W 3�1 � �2 D 0 ;

�1 when W 3�1 � �2 D � :
(12.22)

Here, the backbone curves associated with the solutions to the p D C1 case (i.e. where the linear modes are in-phase) are
denoted S C

1 , and the solutions to the p D �1 case (i.e. where the linear modes are in anti-phase) are denoted S �
1 .

The backbone curves S C
1 and S �

1 , found using Eq. (12.21) are shown in Fig. 12.2, along with the response of the system
when subject to forcing in the first linear mode (i.e. the second mode is unforced). A linear, proportional damping model is
used for this forcing case, i.e. the damping term in the ith linear equation of motion is 2�!ni Pqi, where � is the modal damping
ratio, which is equal for both modes. The forcing applied to the first linear mode is sinusoidal, at amplitude P1. In the case

U1 (×10−4 )

U
2
(×

10
−5

)

0 0.5 1 1.5 2 2.5 3 3.5
0

1

2

3

4

S+
1

S−
1

Forced response

Fig. 12.2 The backbone curves and a forced response of the asymmetric beam. This is shown in the projection of the amplitude of the fundamental
component of first linear mode, U1, against that of the second linear mode, U2. The backbone curves S C

1 and S �

1 are represented by a grey line
and a red line respectively, whilst the forced response is represented by a blue line
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shown in Fig. 12.2, the modal damping ratio is � D 0:1 %, and the forcing amplitude is P1 D 0:0175. These forced responses
have been computed using the numerical continuation software AUTO-07p [14].

Figure 12.2 shows that, whilst the forcing is applied directly to the first linear mode, the second mode also exhibits
a response, due to internal resonance. Furthermore it can be seen that the forced response branch closely follows the
backbone curves; although some deviation can be seen, due to both the approximate nature of the analytical descriptions
of the backbone curves, and due to the internal energy transfer required to balance the energy lost through damping, as
discussed in [7].

12.3.2 The Backbone Curves of the Symmetric Case

We now consider the symmetric case, where the rotational stiffness at the end of the beam, k, is zero. From Table 12.1, the
nonlinear parameters ˛2 and ˛4 are zero; hence Eq. (12.19) are simplified to

4
�
!2

n1 � !2
r1

�
U1 C 3˛1U3

1 C 2˛3U1U2
2 C ı1˛3U1U2

2e�j2 .�1 � �2/ D 0 ; (12.23a)

4
�
!2

n2 � r2!2
r1

�
U2 C 2˛3U2

1U2 C 3˛5U3
2 C ı1˛3U2

1U2e�j2 .�1 � �2/ D 0 : (12.23b)

Equation (12.23) show that the phase-locking only occurs in the symmetric system when r D 1; however, it is found that
substituting r D 1 into Eq. (12.23) does not lead to any valid solutions. This suggests that phase-locking is not possible in
the symmetric case.

In [10], a similar case is also discussed (although the phase is not considered) and it is assumed that, as the ratio between
the linear natural frequencies is close to 1:3, the response frequencies will also exhibit a 1:3 ratio. Therefore, substituting
r D 3 into Eq. (12.23) gives

�
4
�
!2

n1 � !2
r1

�C 3˛1U2
1 C 2˛3U2

2

�
U1 D 0 ; (12.24a)

�
4
�
!2

n2 � 9!2
r1

�C 2˛3U2
1 C 3˛5U2

2

�
U2 D 0 : (12.24b)

It can be seen from Eq. (12.24) that two single-mode solutions exist: one in which U2 D 0, denoted S1; and another in which
U1 D 0, denoted S2. Additionally a mixed-mode solution exists, in which U1 ¤ 0 and U2 ¤ 0, denoted S3. However, unlike
the mixed-mode solutions in the asymmetric case, this has no phase-locking. Therefore, whilst the S C

1 and S �
1 backbone

curves of the asymmetric case have specific phase relationships, it appears that the mixed-mode backbone curves described
by Eq. (12.24) may exist for any phase difference between the modes.

The backbone curves S1 and S3 are shown in Fig. 12.3, along with the response of the system when forced in the shape
of the first linear mode. As with Fig. 12.2, a linear proportional damping model is used; however the modal damping ratio is
higher, at � D 0:5 %. The first linear mode is subjected to a sinusoidal forcing at amplitude P1 D 0:035, whilst the second
mode is unforced. As in the previous example, this forced response has been computed using numerical continuation, whilst
the backbone curves have been calculated using the analytical expressions Eq. (12.24).

Figure 12.3 clearly shows that the forced response follows the backbone curve S1 (which is composed of only the first
mode). The S3 backbone curve does not appear to influence this forced branch and inspection of the U2 component reveals
that there is no response in the second mode. Additionally, stability analysis of the forced branch reveals that there is no
loss of stability in the region surrounding the bifurcation from S1 onto S3. Typically, such bifurcations are associated with
internally resonant behaviour [15] and lead to bifurcations in the forced branches, along with a loss of stability. Therefore,
the backbone curve bifurcation, seen in Fig. 12.3, appears to reveal a special case. This highlights an important difference
between the behaviour of phase-locked backbone curves, such as those shown in Fig. 12.2 which exhibit internal resonance,
and phase-unlocked backbone curves, such as S3 in Fig. 12.3 which does not lead to internal resonance.

Although phase-unlocked backbone curves do not lead to internally-resonant behaviour, they may still be used to represent
fundamental behaviours in the forced responses. This is demonstrated in Fig. 12.4, where the symmetric case shown in
Fig. 12.3 (i.e. with modal damping ratio � D 0:5 % and a forcing amplitude P1 D 0:035 applied to first mode) is reconsidered.
However, in this case, a forcing is also applied to the second linear mode, with amplitude P2, and with a frequency that is
three times that of the first. As internal resonance is not exhibited by this system, this forcing configuration enforces a 1:3
response ratio, as assumed in the derivation of the backbone curve expressions.
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Fig. 12.3 The backbone curves S1 and S3, along with a forced response curve of the symmetric beam. This is shown in the projection of the
fundamental response frequency of the first linear mode, !r1, against the fundamental response amplitude of the first linear mode, U1. Note that
it is assumed that !r1 is equal to the forcing frequency. The backbone curves S1 and S3 are represented by grey lines, and a grey dot shows the
bifurcation between these two backbone curves. The forced response curve is represented by a blue line
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Fig. 12.4 The backbone curves and forced response curves of the symmetric beam when subjected to first and second linear modal forcing. The
forcing applied to the second mode is at three times the frequency of the first, and three different forcing amplitudes are used—as shown in the
legend in panel (a). Panel (a) is shown in the projection of the fundamental response frequency of the first linear mode, !r1, against the fundamental
response amplitude of the first linear mode, U1, whilst panel (b) is shown in the projection of !r1 against U2. The backbone curves are represented
by grey lines, and a grey dot shows the bifurcation between these two backbone curves
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Figure 12.4 shows that, when a 1:3 response ratio is enforced via external forcing, the forced response branches follow
the phase-unlocked backbone curve. It has also been confirmed that, as these backbone curves represent responses that
may exhibit any phase between the modes, altering the phase between the external forcing does not lead to any significant
changes in the forced responses. This demonstrates that such backbone curves represent fundamental underlying behaviours;
however, they do not appear to predict internal resonance. As such, it appears that external forcing, or interactions with other
modes, is required for the behaviour represented by phase-unlocked backbone curves to manifest.

12.4 Conclusions

In this paper we have demonstrated the difference between phase-locked and phase-unlocked backbone curves. It has been
seen that a symmetric beam with nonlinear behaviour, does not have any phase-locked backbone curves. Therefore, the
backbone curve of this system describing the 1:3 resonant interaction between the modes, previously discussed in [10], does
not exhibit phase-locking. It has been demonstrated that this backbone curve does not lead to internal resonance when the
system is forced in only one mode. This is compared to the phase-locked backbone curves of the asymmetric case, where
both modes exhibit a response when only one mode is directly forced. This suggests phase-unlocked backbone curves do not
describe internally-resonant behaviour, indicating an important difference between these two classes of backbone curves.

It has also been demonstrated that the presence of phase-locking terms may be predicted if the general form of the
backbone curves is derived, without the need to assume a specific ratio between the response frequencies. This enables
the prediction of those ratios that will lead to phase-locked backbone curves, and those that will not. This feature of the
second-order normal form technique represents a significant advantage when compared to analytical techniques that require
the response frequency ratio to be selected before such information is known.
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