Chapter 6
Analysis of Positive Definite Iterations

Abstract This chapter gathers convergence statements about iterations satisfying
suitable requirements connected with positive definiteness. Section 6.1 enumerates
six cases which are analysed in Section 6.2. In several cases, convergence holds
for a suitably damped version of the iteration. Of particular interest are symmetric
and positive definite iterations constructed in the previous chapter. In Section 6.3
we analyse traditional symmetric iterative methods: the symmetric Gauss—Seidel
iteration and the symmetric SOR method, abbreviated by SSOR. The conver-
gence properties of SSOR are investigated in §§6.3.1-6.3.2, while modifications are
described in §§6.3.3-6.3.4. Finally, in §6.3.5, numerical examples illustrate the
convergence behaviour.

6.1 Different Cases of Positivity

We distinguish six cases of positivity. Consider any ¢ € £ and denote the corre-
sponding matrices by

M = M[4], N =NI[4], W=WI[A].
e Case 1: positive spectrum of NA.

The weakest condition considered in this chapter is a positive spectrum of NA:
a(NA) C (0,00). (6.1a)

e Case 2: directly positive definite iterations @ € L.

Positive definiteness appears in two versions. For directly positive definite itera-
tions (cf. Definition 5.14) we have

NA>0. (6.1b)

Note that in this case no conditions on A are required except for regularity.
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124 6 Analysis of Positive Definite Iterations

o Case 3: positive definite iterations @ € L.

The standard situation is the case of an positive definite iteration (cf. Definition
5.8). Application to a positive definite matrix A yields

A>0, N >0, W > 0. (6.1¢)

Simple conclusions concerning the iteration matrix M are gathered in the next
remark.

Remark 6.1. (a) Each condition in (6.1a—c) implies that o (M) C (—o0,1).
(b) In the case of (6.1b), M is Hermitian and satisfies M < I.

The positive definite matrices in (6.1b,c) induce the corresponding vector and
matrix norms |||, for X € {NA, A, N, W} as defined in (C.5a,d).

Remark 6.2. Assume that convergence holds. (a) Then each of the conditions
(6.1a—c) implies o(M) C (—1,1).

(b) In the case of (6.1b), the convergence is monotone with respect to the Euclidean
norm ||-|| and the norms ||-[| 4 and |[-[| y.4)-:- The identities o(M) = [[M| =

||M||NA = ||MH(NA)—1 hold.

(c) In the case of (6.1c), the convergence is monotone with respect to the norms
[l 4 and |[-[}yy» and o(M) = [[M][ 4 = [|M]]y;, holds.

Exercise 6.3. Assume (6.1¢). The energy scalar product (-, -) 4 is defined in (C.5b).

Prove that M is symmetric with respect to (-, -),, i.e., (Mz,y), = (x, My),, and
that this statement is equivalent to M = A~'MHA.

Let A > 0. The symmetry with respect to (-,-), can be transferred to the usual
symmetry by the following similarity transformation: M = M" holds for

M= AYV2PMAY2 = [ — AV2NAY?2 = [ — AYV2 w1412, (6.22)
Similarly, W > 0 induces the similarity transformation
M =WYVMW 2= W 12AW Y2 =1 - NY2ANY2.  (6.2b)

The statement of Remark 6.2c can be expressed by

(M) =||M|ls = ||M||a, (6.2¢)

p
p(M) = || M|z = || M]|w. (6.2d)

The proof follows from (A.6¢) and (B.21b).
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e Case 4: positive definite W + WH.
The positive definiteness of W can be generalised to

W+wH>A>o0.

The weaker condition
W4+wH>o0

will also be discussed, i.e., the Hermitian part of IV is positive definite. An equiva-

lent condition is
N+ N >o.

o Case 5: symmetrised iteration @Y™ € Lgyp,.
We recall the construction of a symmetric iteration @Y™ = &* o @ described in
§5.4.2. Theorem 5.29 states that A = A" leads to the matrices
M»™ = (I — NUA)(I — NA) =1 — N¥™A4,
Nv® = N+ N - NHAN, (6.3)
W™ = W(W 4+ WH — )~ twH
with N and W belonging to @, while the Hermitian matrices MY™, N%™ and
WSY™ are associated with @ 5Y™.
e Case 6: perturbed positive definite A.

A non-Hermitian matrix A may be splitinto A = Ag-+iA; with positive definite
Ay = %(A + AH) (cf. (3.27)). If A, is small in a suitable sense, A can be regarded
as a perturbation of the positive definite matrix Ag.

6.2 Convergence Analysis

6.2.1 Case 1: Positive Spectrum

We assume (6.1a): 0(NA) C (0, 00). Sufficient conditions for (6.1a) are given in
Lemma 5.18.

In §3.5.1, convergence of the Richardson iteration is investigated under the
condition o(A) C (0,00). Using Proposition 5.44, we can transfer the results in
§3.5.1 to NA. The quantities © and A in Lemma 3.21 and in Theorems 3.22, 3.23
have to be replaced with ¥ and NA. The matrices corresponding to the damped
iteration @y are denoted by My = I — YNA, Ny =9IN, and Wy = N;l.

Lemma 6.4. Assume that c(NA) C R and denote the extreme eigenvalues of NA
by Amin and Amax. Then the spectrum of the iteration matrix My is real for any
9 € R, ie, o0(My) CR. The spectral radius is characterised by

p(My) = max{|1 — I\min|, |1 — PAmax|} forall ¥ € R. (6.4)
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Exercise 6.5. Characterise p(M;) under the above assumptions for complex .

Theorem 6.6. Assume that condition (6.1a) holds and let \pax(NA) be the
maximal eigenvalue of NA. Then, for real ¥, the damped iteration @y converges
if and only if

0 < ¥ <2/ Anax(NA). (6.5)

The convergence rate is described by (6.4).

Theorem 6.7 (optimal ). Under the assumptions of Theorem 6.6, the optimal
convergence rate of Dy is attained for

2 Amax — Amin _ H(NA) -1

_ ith M, = = . (6.6
)\max T )\min wi p( ﬂopt) )\111;1)( + >\min KZ(NA) + 1 ( a)

ﬁopt =
K(NA) = Amax/Amin i the spectral condition number of NA (cf. (B.13)). For
large kK(INA) > 1, the asymptotic behaviour is

K(NA)—1 ) 2
K(NA)+1 = k(NA)

+ O (k(NA)?). (6.6b)

The expression 1—2/x has to be compared with the rate 1 — 1/« for iterations
with o(M) C [0,1).
Remark 6.8. Assume (6.1a) and o(M) C [0,00). The optimal scaling factor o
satisfying o(My) C [0,1) is ¥4 = 1/Amax. The corresponding rateis p(My, ) =
1
1- k(NA) "
For a complex spectrum of NA, compare with Exercise 3.26 and Theorem 3.27.

6.2.2 Case 2: Positive Definite N A

Theorem 6.9. Assume NA > 0 and ¥ € R. Then iteration (5.8) converges if and
only if
0 < ¥ <2/||NA|,.

The convergence is monotone with respect to the Euclidean norm ||-||, and the
energy norm ||-|| y o. Furthermore, the convergence rate and the contraction number
coincide:

p(My) = [[My|[2 = | Myl na-

The optimal convergence rate (6.6a) can be expressed as a function of the condition
number k(NA) = condy(NA):

(NA) — 1 B 2
for Dopt = Amax (NA) + Amin (NA)

K
p(My,,,) =

= (VA 1 ©.7)

Proof. Use the results in §6.2.1, Apax(NA) = || NA||, , and Remark 6.2b. O
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6.2.3 Case 3: Positive Definite Iteration

Now we assume (6.1c). This case is already treated by Theorem 3.34. Since the
proof is still missing, we repeat the statements in short. Note that (6.8a) describes a
sufficient and necessary condition for convergence.

Theorem 6.10. Let (6.1c) be valid. Then, for 0 < A < A, the following equivalence
relations hold:

2W >A>0 < pM)<l1, (6.8a)
0<AW <A<AW <= o(M)cC[l—A1-=)], (6.8b)
0<SAMW <A< AW = oM)c(1-41-N), (6.8¢)
W>A>0 <« o(M)cC]0,1). (6.8d)

Proof. Using the matrix M in (6.2a), o(M) = o(M) allows us to reformulate
o(M)C1—A4,1—)}] as

(1-MI<M=TI-AY2NAY2<(1-N\)T
(cf. (C.3e)). Applying (C.3b") with C' := A~1/2, we get the equivalent inequalities
1-MNA <A T -_N<(1-NA
The left inequality yields —AA~! < —N < AA~! > N. Applying (C.3g), we
arrive at %A < N1 =W, ie., A< AW. The proof of AW < A is analogous.

This proves (6.8b). Replacing ‘ <’ with ‘ <’, we obtain (6.8c). The implications
(6.8a,d) follow for special values of A and A. O

Denote the iteration defined by the matrices (6.1c) by @. Below we discuss the
damped iteration @y. Theorems 6.6 and 6.7 and (6.2c,d) yield the following result.

Theorem 6.11. Assume (6.1c). The damped iteration ®y defined by (5.8) converges
if and only if ¥ satisfies

0 <Y <2/Amax with

6.9
A 1= [INVZANV2]y = [AV2NAV2 |, = p(Na). &P

An equivalent formulation of condition (6.9) using W = N1 is
0 <9A < 2W.
The convergence rate (even for general ¥ € C) is
p(My) = [[My||a = [[My|w = max{|1 — IAminl, [1 — IAmax|},

where Ain is the minimal eigenvalue of NA. The optimal value of ¥ minimising
p(My) is Oopt, in (6.7).

Corollary 6.12. () If A > 0 and N < 0 (< W < 0), then &y converges if and
only if 0> 9 > 2/p(NA).
(b)If A>0, N=N" and neither N >0 nor N <0, &y diverges for all ¥ € C.
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6.2.4 Case 4: Positive Definite W +~WH or N+ NH

First, we assume
w+wH>Aa>o. (6.10)

The first part of the next theorem coincides with Theorem 3.35.

Theorem 6.13. Under condition (6.10), the iteration converges monotonically with
respect to the energy norm:

p(M)<|M|,<1 forM=1-W A,

W +WH > A is also necessary for | M|| , < 1 (but even without condition (6.10),
p(M) < 1 is possible).

Proof. Assume that W + WH — A has a nonpositive eigenvalue. Then, by (3.37),
MUM =T — AVPWHW + WH — A)W A'/? has an eigenvalue > 1 implying
[M] 4 =1, o

Next, we assume

W+WH>0 and A>0.

To regain inequality (6.10), we have to apply a suitable damping, since Py is
associated with Wy = %W For instance, the choice

Amin (W + WH)

S WY

(6.11)

ensures that Wy + WH > A > 0.

Exercise 6.14. The sharper estimate ¢ < Ay (A~Y2 (W +WH) A=1/2) also
implies Wy + W}l > A > 0.

Remark 6.15. Theorem 6.13 proves that @y with ¢ in (6.11) is convergent. The
convergence is monotone with respect to the energy norm: | My|| , = [[My|l2 =

p(MgMﬁ)l/z (My as in (6.22)).
Optimising the damping factor ©) leads us to the quadratic inequality
9 (W+WH) >9?A+ aWHAW, a=a’) > 0. (6.12)

For each sufficiently small ¥ > 0, there is a maximal «(¥) satisfying (6.12). Yop
is the maximiser of «(19).

Theorem 6.16. Let @y satisfy (6.12). Then ©y converges with the contraction

number
1My, =vV1-a.

Proof. Repeat the estimate of ]\2/1';' My in (3.37) and use (6.12). ]
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The assumption N + N" > 0 does not yield new results because of the next
lemma, but in concrete cases the matrix N + N may be easier to analyse than
W+ WH.

Lemma 6.17. N + NY > 0 and W + W™ > 0 are equivalent.

Proof. N4+ N >0 WH(N+N)W =W +WH >0 by (C.3a). O

Remark 6.18. Assume N + N" > 0. With a suitable scaling, Ny satisfies
Ny + NE > NYA Ny

which is equivalent to Wy + WﬂH > A > 0 and allows applying Theorem 6.13.
The estimate
Ny 4+ N — NYANy > aA

is equivalent to (6.12).

6.2.5 Case 5: Symmetrised Iteration Y™
Below we use the notation defined in (6.3). In particular, M*Y™ and M are the
respective iteration matrices of @™ = @*o @ and P.

Remark 6.19. Assume A > 0. Then
U(Msym) — HMSWH”Q — HMsym”A I [0700)

holds, where M®™ = AY/2prsym A=1/2 5 (). The connection to the iteration @
is given by

o) = M5 = |35 (V= AYVEMAT). (613)

If &%Y™ converges, the convergence is monotone with respect to the energy norm
|- la, and o(M®¥™) C [0,1) holds.

Proof. Use Msym = MYM > 0 with M = AY2MA~'/2 and the similarity of
MSY™ and M3Y™, 0O

Equation (6.13) yields the following important conclusion. In general, the
condition ||[M]|a < 1 (monotone convergence with respect to the energy norm)
is only sufficient for convergence. Because of the next statement this is even a
necessary condition for @™, Therefore estimates of || M||4 become important.

Conclusion 6.20. 5™ = @* o @ converges if and only if ® is monotonically
converging with respect to the energy norm, i.e., ||Mg|la < 1.
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The construction of @™ = @* o & in §5.4.2 ensures that A > 0 im-
plies N*™ = (NsYm)H  Nsym js Hermitian, but not necessarily positive definite.
By Corollary 6.12b, convergence of the damped version of @™ requires either
N3 > 0 or N®™ < 0. The second case is completely nonstandard. Since
Nsym = N + NH — NHAN (cf. (6.3)), the condition NY™ > 0 is equivalent to
the identical conditions N + NH > NHAN and W+ WH > A > 0 in Remark
6.18. As stated in Remark 6.18, these inequalities can be guaranteed by a suitable
scaling if N + N" > 0 or equivalently W + WH" > 0.

Next, we investigate the properties of ($y)*Y™ = &} o $y. For a proof, use
Remark 6.19.

Proposition 6.21. Assume A>0. Let M, N, W and My, Ny, Wy be the matrices
associated with & and the damped iteration Dy, while M7>>™ N?Usym Jjvsym
are those of (Dy)™™ = &3 o Dy.

(a) Positive definite case N + N" > 0: For a suitable scaling factor 9 > 0,
W19+W19H > A holds and (D)™ converges. Since NV5Y™ = N —|—N§' - Nl';Aqu,
the statements of Remark 6.18 apply. In the convergent case, the transformed
iteration matrix M?y™ ;= AL/2 \[?-sym g=1/2 satisfies

0< MUY <1,

and (Dy)™™ is a positive definite iteration.
(b) Negative definite case N + N H<0:4 negative 9 leads us back to case (a).
(c) Otherwise, (Py)™¥™ diverges for any choice of .

Let ¥ be a suitable scaling of & so that Wy + Wg‘ > A holds. Rename &y,
My, Ny, Wy, (Pg)*™ by &, My, Ng, W, D™, The statements of Remark 6.19,
together with the convergence criterion Wg + Wg > A > 0, yield the next result.

Theorem 6.22. Assume that
We +WH > A > 0.
Then the symmetrised iteration @™ := @* o @ converges monotonically:
p(Mgem) = | Moy < 1. (6.14)
Moreover the spectrum is nonnegative:
o (M) C [0, p(Moposm)] € [0,1).

Proof. For the last equality combine (6.13) in the form o (Mgsym) C [0, p(Mgpsym )]
with (6.14). 0

Since o(Mgsym) C [0,1) holds, Remark 6.8 shows that the convergence rate
can be improved by damping (extrapolation).
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Concerning the contraction number with respect to the energy norm, ¢ and
@Y™ behave the same: @Y™ consists of two iteration steps and yields the same
bound ||Mg||4 as two steps of ®. However, concerning the convergence rate, the
symmetric iteration performs worse. While p(Mg) may be strictly smaller than
| M| A (cf. Remark 6.15), p(Mgsym) is equal to || Mg||?% ; i.e., the inequality

p(Mgem) > p(Mg)?

holds and may possibly be a strict inequality.

When assessing Y™ and & only with regard to convergence speed, ¢ should
be preferred. The advantage of &Y™ will be seen in connection with Krylov
methods. Another advantage is the possibility to perform @%¥™ with less cost than
two steps of @ (cf. Remark 6.27).

6.2.6 Case 6: Perturbed Positive Definite Case

The next generalisation splits A into Ag 4+ 1A; according to (3.27). The condition
A > 0 is weakened by Ag > 0.

Theorem 6.23. Assume that A = Ay + 1A according to (3.27) satisfies Ag > 0.
Let W = N[A]~! > 0 hold for the matrix of the third normal form of ®(-,-, A).
The optimal constants 0 < X\ < A and 7 > 0 in

AW < Ay < AW,  —7W < A, < W (6.15)

are X = Anin(NAp), A = Aax(NAy), and 7 := p(NA;). Then the damped
iteration (5.8) converges for
2A

A+ 712

monotonically with respect to the norm ||-|| -

0<<

1
p(Mo) < |Mllw < 20(A= ) +/[L- 304+ N’ +6272 < 1.

The optimal 9 can be determined as in (3.31c).

Proof. My is similar to M := N-Y2MyNY2 = [ — 9N/2ANY2. M can
be regarded as the iteration matrix of the Richardson method for @ := ¢ and
A" := NY2AN'Y? instead of A. The spliting A = Ay + iA; induces the
splitting A" = Aj + 1A} with the Hermitian matrices

Ay =NY2A N2, AL = NY2A N2

The inequalities (3.30a,b) applied to A’ are equivalent to (6.15). The estimate
(3.31b) following from Theorem 3.30 refers to the iteration matrix M and reads
as | M[l, = [[W2MaW =125 = || Myl o
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The counterpart of Theorem 3.31 reads as follows.
Theorem 6.24. Under the assumption (3.30a,b), the estimate

p(Myg) <1y := /0272 + max {|1 — 9\, |1 — 9A[}

holds for the damped iteration (5.8) with X\ and A as in Theorem 6.23. The
convergence is ensured in the form ry < 1 if

—_ _ 24/ (A2 +72)  if T2 <\,
0<d<I with ¥ :=
" {2A/(A2+r2) if 72> M.
ry is minimal for 9 := min{#7 )\J%A} Moreover, the norm estimate (6.16)
holds:
Iy <205 (m>0). (6.16)

Exercise 6.25. Reformulate Corollary 3.32 for the damped iteration (5.8).

In the case of a matrix VA = Cj + iC; decomposed into a Hermitian part
Cp := (NA + AHN")/2 and a skew-Hermitian part C; := (NA — AFNH)/(2i),
we can apply the counterparts of Theorems 3.28, 3.30, 3.31 and Corollaries 3.32,
3.33 to get similar results as above.

6.3 Symmetric Gauss—Seidel Iteration and SSOR

The symmetric Gauss—Seidel method ¢V™GS = @GS, o ¢GS ¢ £ and the
symmetric SOR method (SSOR) @5SOR = @backwSOR o gSOR ¢ £ are
defined in §5.4.3. In 1955, the SSOR method is first described by Sheldon [339].
Since ®7OR = @GS (cf. Proposition 3.13c), the symmetric Gauss—Seidel
iteration also satisfies @YMGS = GYSOR | Therefore the symmetric Gauss—Seidel

method does not require a separate analysis.

6.3.1 The Case A > 0

Theorem 6.26. Let A be positive definite. The symmetric SOR method $>5°%
converges for 0 < w < 2 with

p(MESOR) _ ”MSORH,%X <1, where MSSOR _ MbaCkWSORMSOR

(cf. Remark 5.2 and (3.15b)). The spectrum o(MSSOR) is contained in [0,1).
P5SOR diverges for all real w ¢ (0,2). The same statements hold for the block-
SSOR version.

Proof. Combine the result of Theorem 3.41 (Ostrowski) with Theorem 6.22.
Concerning w ¢ (0,2) use p(MSSOR) = || MSOR||2 > p(MSOR)2 and (3.41). O
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The amount of work required by the symmetric SOR iteration seems to be twice
as large as that for the original SOR method, since one SSOR step consists of two
SOR steps (cf. (5.14)). However, this disadvantage can be overcome.

Remark 6.27 (Niethammer [292, 293]). The SSOR iteration requires essentially
the same amount of work as the SOR method if one tolerates additional storage
needed for an auxiliary vector. The cost factor (cf. §2.3) amounts to

Ca™ N = 3" +5/Ca=246/Ca

for an optimal implementation instead of QC’QOR = 4+ 2/Cy4 for the naive
implementation (5.14).

Proof. The first SSOR half-step 2™ — 2+1/2 can be rewritten as
T2 = (Lxm+1/2 — "+ Ux™ + D_lb) (6.17a)
(cf. (3.15%)). The second backward SOR step
gt = g2 (Uxm+1 — gMFY2  Lamtl/2 D_lb) (6.17b)

contains the term Lx™t1/2 which is already evaluated in (6.17a). Analogously,

the term Ux™*! computed in (6.17b) can be used in the following half-step:
xm+3/2 _ l,m+l +w (L.’Em+3/2 _ l'erl + Ul,m+1 + Dflb)'
On the average, one SSOR step requires one evaluation of Lz and Uz . O

The statements of Theorem 3.44 can be translated into the following statement
about the SSOR method.

Theorem 6.28. Let A = D—E—FEY > 0 and 0 < w < 2. Furthermore, assume
that there are constants v > 0 and I' with (6.18a,b) (cf. (3.46a,b)):

0<yD <A, (6.182)
1D —E) D! 1D —EM) < 1FA (6.18b)
2 2 — 4 ’ ’
Then the following estimate holds:

202 2—w
p(MESOR) = | MESOR|| 4 <1 — o with 2:= “—_ (6.18¢)
o5t 2+ 7 2w

For w' =2/(1 4+ +/~T"), the bound in (6.18¢c) becomes a minimum:

SSOR \/f_\ﬁ_ L— /I
p(M, )Sﬁ+ﬁ_1+\/w/7'

Proof. Combine (6.14) with Theorem 3.44. O
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The following statement is analogous to Conclusion 3.46.

Conclusion 6.29 (order improvement). In the case of p(D"'ED~'E") < 1/4
(or < 1/4+ O(1—p(M729))), the choice w = W' enables an order improvement.
If T is the order of the Jacobi (and of the symmetric Gauss—Seidel) method, then
7/2 is the order of the SSOR method with w = w'.

The condition p(D~'ED~'EM) < 1/4 is essential. This inequality does not
hold for the model problem with chequer-board ordering. Then, as we shall see in
§6.3.4, no order improvement is possible.

For completeness, we repeat the properties of the symmetric Gauss—Seidel
iteration.

Proposition 6.30. (a) The iteration matrix of the symmetric Gauss—Seidel iteration
and the matrices of the second and third normal forms are

MG = (D - F)"'E(D — E)"'F,

NmGS — (D py"Ip(D - E)7,

WwmSS — (D - E)DY(D - F) = A+ ED'F.

(b) The symmetric Gauss—Seidel iteration is a symmetric iteration in the sense of
Definition 5.3, provided that D € R

(c)If A >0, the matrix W¥™GS of the third normal form is also positive definite,
so that the symmetric Gauss—Seidel iteration is a positive definite iteration.

(d) The symmetric Gauss—Seidel iteration converges and the spectrum of the
iteration matrix is nonnegative:

O'(MsymGS) C [0’ 1) )

6.3.2 SSOR in the 2-Cyclic Case

In the 2-cyclic case, we can rewrite the backward SOR iteration as @PackwSOR —

455)1) ogl’)f) with the partial steps defined in (6.19a,b). Therefore, the symmetric SOR
iteration takes the form

QESOR _ @&1) o @fuz) o @&2) o @S) € Loym.

Exercise 6.31. Prove: (a) The SSOR iteration matrix M55SR = MM P Y
leads to the rate

p(MIOME NP D) = p(ME M MO D),

) MM M = M5 and MPMEP = MP hold with o' == w(2 — w).
(©) 0 < w < 2 implies 0 < w’ < 1. w’ =1 is only achieved for w = 1.
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Exercise 6.31 entails the following negative conclusion.

Conclusion 6.32. In the 2-cyclic case, p(MS5OR) = p(MSPR) holds with &' :=
w(2—-w) <1 forall 0 < w < 2. According to Theorem 4.27, underrelaxation
(w' < 1) is always slower than the Gauss—Seidel iteration (W' =1). Hence, w=1 is
the optimal parameter and SSOR simplifies to the symmetric Gauss—Seidel iteration

(cf. Alefeld [2]).

The reason for the missing order improvement is that, differently from the
situation discussed in Remark 6.29, the condition p(D~*ED~'E") < 1 is not
satisfied. In the 2-cyclic case, we have p(D'ED~'EH) = p(D;*A; Dy As) =
p(MES) 2 1 (cf. Theorem 4.20).

Exercise 6.33. Let (A, D) be 2-cyclic. Prove that

0 —D;'AD; AsDM A,y
0 Dy YA, DAy

is the iteration matrix of the symmetric Gauss—Seidel method and that

p(MsymGS) _ p(MGS)

MsymGS —

6.3.3 Modified SOR

In the 2-cyclic case, we can regard the SOR method as a product iteration @5OF =
45502) o @&1) (cf. §5.4), where @&1) involves only the first block of the vector and
(15&2) only the second one:

() (x,b) = (ﬁ; ~wlet =Dt (it 0] ) (6.192)
1
@&2)(1"()) = (iQ —w I:x2 _ D;l (AQ{El _ b2)] ) (619b)

where z = [i;], b= [2:], and A is split as in (4.3). The corresponding iteration

matrices are

(1) _ (17&1)] le_lAl (2) _ I 0
M, _[0 I M7= wD; 'y (1—w)I|”

Thus we have MSOR = MU(JQ)MS). The modified SOR iteration (MSOR)
makes use of different relaxation parameters w and w’ in both of the half-steps:

Pmod SOR _ % o 3.

Again the comment in Remark 3.6 about multiple parameters applies. Concerning
convergence analysis and optimal parameters, we refer to Young [412, §8] and
Hadjidimos [211, §3].
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6.3.4 Unsymmetric SOR Method

The only reason for mentioning the unsymmetric SOR method is that it is con-
structed in analogy to the modified Gauss—Seidel method in §6.3.3. The SSOR
method @SSOR = @backwSOR o GSOR (¢ (5.15)) can be modified by choosing
different parameters w, w’ in both factors. Accordingly, the unsymmetric SOR

1 mSOR wSOR SOR
@ll sy @b;}ck S O@

Again, this method is not notably better than the SSOR method. For more details
and further references, see Hadjidimos [211, §4.1].

6.3.5 Numerical Results for the SSOR Iteration

For methods with an iteration matrix satisfying 0 < AY2MA~1/2 < p(M)I,
Remark 2.22d is applicable: the quotients || |4/|[e™ ][4 converge monoton-
ically to p(M). Since M = MS5OR satisfies this assumption, we observe
this monotone behaviour for the SSOR iteration and the symmetric Gauss—Seidel
method (w = 1). Table 6.1 (left) contains the results of the SSOR method with
lexicographical ordering. For the Poisson model problem with step size h = 1/32,
we obtain the convergence rate 0.98092. According to Table 3.2, w = w’ = 1.8213
is the optimal value for the bound (3.55c), which becomes || MSSOR|| 4, < 0.9065.
Table 6.1 shows the convergence rates for different w. Obviously, p(MSSOR)
attains its minimum not at w = w’ but for wep, € [1.845,1.846]. The values
of Table 6.1 demonstrate that, differently from the SOR method (cf. Fig. 4.1),
the convergence rate has a flat minimum. Small errors in the choice of w = wqpt
deteriorate the convergence rate only insignificantly. In this respect, the choice
w = ' is sufficiently good.

symmetric Gauss—SeT:idel iterati(T)nn SSOR with w :11 .8213 w p(MSSOR)
m_ e llodle™ | apaiz= pamti-|lle™lla pemit- T 0.98092
1148 202 079011 0579572(2310402 0.67588 1.8 0.88376
2135 159 091627 0.790646 |1.610+02  0.71534 1.81  0.88163
3127 137 094025 0.858495 (1210402  0.72622 1.8213  0.87962
4120 122 094528 0.891046 (9.010401  0.73679 1.83  0.87845
5114 111 094734 0910237 (6710401  0.74876 1.84  0.87765
94 0.158 112 098074 0.980884 |3.410-04 0.87961 1.8450 0.877529
950.155 11.0 0.98075 0.980891 [2.810-04 0.87961 1.8455 0.877528
96 0.152 10.8 0.98075 0.980897 [2.510-04  0.87961 1.8460 0.877528
97 0.149 10.6 0.98076 0.980903 [2.210-04  0.87961 1.847  0.877528
98 0.146 104 0.98076 0.980909 [1.910-04 0.87961 1.85  0.87762
99 0.144 102 0.98077 0.980914|1.710-04 0.87961 186 0.87855
100 0.141 10.0  0.98077 0.980919 |1.510-04  0.87961 1.87  0.88066

Table 6.1 Left: Symmetric Gauss—Seidel iteration and SSOR for h = 1/32. Right: Convergence
rates of the SSOR method for h = 1/32 and different w.
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