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Emre Taş and Tuğba Yurdakadim

27 Generalized Iterated Fractional Representation Formulae
and Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373
George A. Anastassiou





List of Contributors

Hande Günay Akdemir Department of Mathematics, Giresun University,
Turkey

Suad A. Alhihi Department of Mathematics, Al-Balqa Applied University, Alsalt,
Jordan

Gökalp Alpan Department of Mathematics, Bilkent University, Ankara, Turkey

Birol Altın Department of Mathematics, Faculty of Science, Gazi University,
Ankara, Turkey
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Chapter 1
Bivariate Left Fractional Pseudo-Polynomial
Monotone Approximation

George A. Anastassiou

Abstract In this article we deal with the following general two-dimensional
problem: Let f be a two variable continuously differentiable real-valued function
of a given order, let L� be a linear left fractional mixed partial differential operator
and suppose that L� .f / � 0 on a critical region. Then for sufficiently large n;m 2 N,
we can find a sequence of pseudo-polynomials Q�

n;m in two variables with the
property L� �Q�

n;m

� � 0 on this critical region such that f is approximated with rates
fractionally and simultaneously by Q�

n;m in the uniform norm on the whole domain
of f . This restricted approximation is given via inequalities involving the mixed
modulus of smoothness !s;q, s; q 2 N, of highest order integer partial derivative
of f .

1.1 Introduction

The topic of monotone approximation started in [10] has become a major trend in
approximation theory. A typical problem in this subject is: given a positive integer
k, approximate a given function whose kth derivative is � 0 by polynomials having
this property.

In [3] the authors replaced the kth derivative with a linear differential operator of
order k. We mention this motivating result.

Theorem 1.1. Let h; k; p be integers, 0 � h � k � p and let f be a real function,
f .p/ continuous in Œ�1; 1� with modulus of continuity !1

�
f .p/; x

�
there. Let aj .x/,

j D h; h C 1; : : : ; k be real functions, defined and bounded on Œ�1; 1� and assume
ah .x/ is either � some number ˛ > 0 or � some number ˇ < 0 throughout Œ�1; 1�.
Consider the operator

L D
kX

jDh

aj .x/

�
dj

dxj

�
(1.1)

G.A. Anastassiou (�)
Department of Mathematical Sciences, University of Memphis, TN 38152, USA
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2 G.A. Anastassiou

and suppose, throughout Œ�1; 1�,
L .f / � 0: (1.2)

Then, for every integer n � 1, there is a real polynomial Qn .x/ of degree � n
such that

L .Qn/ � 0 throughout Œ�1; 1� (1.3)

and

max�1�x�1 jf .x/ � Qn .x/j � Cnk�p!1

�
f .p/;

1

n

�
; (1.4)

where C is independent of n or f .

Next let n;m 2 ZC, P� denote the space of algebraic polynomials of degree � � .
Consider the tensor product spaces Pn˝C .Œ�1; 1�/, C .Œ�1; 1�/˝Pm and their sum
Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm, that is

Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm

D
8
<

:

nX

iD0
xiAi .y/C

mX

jD0
Bj .x/ yjI Ai;Bj 2 C .Œ�1; 1�/ ; x; y 2 Œ�1; 1�

9
=

;
:

(1.5)

This is the space of pseudo-polynomials of degree � .n;m/, first introduced by

A. Marchaud in 1924–1927 (see [7, 8]). Here f .k;l/ denotes @kClf
@xk@yl , the .k; l/-partial

derivative of f .

In this section we consider the space Cr;p
�
Œ�1; 1�2

	
D ff W Œ�1; 1�2 ! R; f .k;l/

is continuous for 0 � k � r, 0 � l � pg. Let f 2 C
�
Œ�1; 1�2

	
; for ı1; ı2 � 0, define

the mixed modulus of smoothness of order .s; q/, s; q 2 N (see [9, pp. 516–517]) by

!s;q .f I ı1; ı2/ � sup
˚ˇ̌

x�
s
h1 ıy �

q
h2

f .x; y/
ˇ̌ W .x; y/ ;

.xC sh1; yC qh2/ 2 Œ�1; 1�2 ; jhij � ıi, i D 1; 2
o
: (1.6)

Here

x�
s
h1 ıy �

q
h2

f .x; y/

�
sX

�D0

qX

�D0
.�1/sCq����

�
s
�

��
q
�

�
f .xC �h1; yC �h2/ (1.7)

is a mixed difference of order .s; q/.
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We mention

Theorem 1.2 (Gonska [4]). Let r; p 2 ZC, s; q 2 N, and f 2 Cr;p
�
Œ�1; 1�2

	
. Let

n;m 2 N with n � max f4 .rC 1/ ; rC sg and m � max f4 .pC 1/ ; pC qg. Then

there exists a linear operator Qn;m from Cr;p
�
Œ�1; 1�2

	
into the space of pseudo-

polynomials .Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm/ such that
ˇ̌
ˇ.f � Qn;m .f //

.k;l/ .x; y/
ˇ̌
ˇ

� Mr;s �Mp;q .�n .x//
r�k � .�m .y//

p�l � !s;q

�
f .r;p/I�n .x/ ;�m .y/

	
; (1.8)

for all .0; 0/ � .k; l/ � .r; p/, x; y 2 Œ�1; 1�, where

�� .z/ D
p
1 � z2

�
C 1

�2
; � D n;mI z D x; y 2 Œ�1; 1� : (1.9)

The constants Mr;s, Mp;q are independent of f , .x; y/ and .n;m/; they depend only on
.r; s/, .p; q/, respectively.

See also [5], saying that Q.r;p/
n;m .f / is continuous on Œ�1; 1�2.

We need the following result which is an easy consequence of the last theorem
(see [9, p. 517]).

Corollary 1.3. Let r; p 2 ZC, s; q 2 N, and f 2 Cr;p
�
Œ�1; 1�2

	
. Let n;m 2 N with

n � max f4 .rC 1/ ; rC sg and m � max f4 .pC 1/ ; pC qg. Then there exists a
pseudo-polynomial Qn;m � Qn;m .f / 2 .Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm/ such
that




f .k;l/ � Q.k;l/
n;m




1 �
�

C

nr�kmp�l
� !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.10)

for all .0; 0/ � .k; l/ � .r; p/. Here the constant
�

C depends only on r; p; s; q.

Corollary 1.3 was used in the proof of the main motivational result that follows.

Theorem 1.4 ([1]). Let h1; h2; v1; v2; r; p be integers, 0 � h1 � v1 � r, 0 � h2 �
v2 � p and let f 2 Cr;p

�
Œ�1; 1�2

	
, with f .r;p/ having a mixed modulus of smoothness

!s;q
�
f .r;p/I x; y� there, s; q 2 N. Let ˛i;j .x; y/, i D h1; h1 C 1; : : : ; v1I j D h2; h2 C

1; : : : ; v2 be real-valued functions, defined and bounded in Œ�1; 1�2 and suppose
˛h1h2 is either � ˛ > 0 or � ˇ < 0 throughout Œ�1; 1�2. Take the operator

L D
v1X

iDh1

v2X

jDh2

˛ij .x; y/
@iCj

@xi@yj
(1.11)

and assume, throughout Œ�1; 1�2, that

L .f / � 0. (1.12)
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Then for any integers n;m with n � max f4 .rC 1/ ; rC sg, m � maxf4 .pC 1/,
pC qg, there exists a pseudo-polynomial

Qn;m 2 .Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm/

such that L .Qm;n/ � 0 throughout Œ�1; 1�2 and




f .k;l/ � Q.k;l/
n;m




1 �
C

nr�v1mp�v2 � !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.13)

for all .0; 0/ � .k; l/ � .h1; h2/. Moreover we get





f .k;l/ � Q.k;l/

n;m





1 �

C

nr�kmp�l
� !s;q

�
f .r;p/I 1

n
;
1

m

�
;

for all .h1 C 1; h2 C 1/ � .k; l/ � .r; p/. Also (1.13) is valid whenever 0 � k � h1,
h2 C 1 � l � p or h1 C 1 � k � r, 0 � l � h2. Here C is a constant independent of
f and n;m. It depends only on r; p; s; q;L.

We are also motivated by Anastassiou [2].
We need

Definition 1.5 (See [6]). Let Œ�1; 1�2 I ˛1; ˛2 > 0I ˛ D .˛1; ˛2/, f 2 C
�
Œ�1; 1�2

	
,

x D .x1; x2/, t D .t1; t2/ 2 Œ�1; 1�2. We define the left mixed Riemann–Liouville
fractional two dimensional integral of order ˛

�
I˛�1Cf

�
.x/

WD 1

� .˛1/ � .˛2/

x1Z

�1

x2Z

�1
.x1 � t1/

˛1�1 .x2 � t2/
˛2�1 f .t1; t2/ dt1dt2; (1.14)

with x1; x2 > �1.
Notice here that I˛�1C .jf j/ <1.

Definition 1.6. Let ˛1; ˛2 > 0 with d˛1e D m1, d˛2e D m2, (d�e ceiling of the

number). Let here f 2 Cm1;m2
�
Œ�1; 1�2

	
. We consider the left Caputo type fractional

partial derivative:

D.˛1;˛2/

�.�1/ f .x/ W D 1

� .m1 � ˛1/ � .m2 � ˛2/

�
x1Z

�1

x2Z

�1
.x1 � t1/

m1�˛1�1 .x2 � t2/
m2�˛2�1 @

m1Cm2 f .t1; t2/

@tm1
1 @tm2

2

dt1dt2;

(1.15)
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8 x D .x1; x2/ 2 Œ�1; 1�2, where � is the gamma function

� .�/ D
Z 1

0

e�tt��1dt; � > 0: (1.16)

We set

D.0;0/

�.�1/f .x/ WD f .x/ ; 8 x 2 Œ�1; 1�2 I (1.17)

D.m1;m2/
�.�1/ f .x/ WD @m1Cm2 f .x/

@xm1
1 @xm2

2

, 8 x 2 Œ�1; 1�2 : (1.18)

Definition 1.7. We also set

D.0;˛2/

�.�1/f .x/

WD 1

� .m2 � ˛2/

x2Z

�1
.x2 � t2/

m2�˛2�1 @
m2 f .x1; t2/

@tm2
2

dt2; (1.19)

D.˛1;0/

�.�1/f .x/

WD 1

� .m1 � ˛1/

x1Z

�1
.x1 � t1/

m1�˛1�1 @
m1 f .t1; x2/

@tm1
1

dt1; (1.20)

and

D.m;˛2/
�.�1/ f .x/

WD 1

� .m2 � ˛2/
Z x2

�1
.x2 � t2/

m2�˛2�1 @
m1Cm2 f .x1; t2/

@xm1
1 @tm2

2

dt2; (1.21)

D.˛1;m2/
�.�1/ f .x/

WD 1

� .m1 � ˛1/

x1Z

�1
.x1 � t1/

m1�˛1�1 @
m1Cm2 f .t1; x2/

@tm1
1 @xm2

2

dt1: (1.22)

In this article we extend Theorem 1.4 to the fractional level. Indeed here L is
replaced by L�, a linear left Caputo fractional mixed partial differential operator.
Now the monotonicity property holds true only on the critical square of Œ0; 1�2.
Simultaneously fractional convergence remains true on all of Œ�1; 1�2.
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1.2 Main Result

We present

Theorem 1.8. Let h1; h2; v1; v2; r; p be integers, 0 � h1 � v1 � r, 0 � h2 � v2 �
p and let f 2 Cr;p

�
Œ�1; 1�2

	
, with f .r;p/ having a mixed modulus of smoothness

!s;q
�
f .r;p/I x; y� there, s; q 2 N. Let ˛ij .x; y/, i D h1; h1 C 1; : : : ; v1I j D h2; h2 C

1; : : : ; v2 be real-valued functions, defined and bounded in Œ�1; 1�2 and suppose
˛h1h2 is either � ˛ > 0 or � ˇ < 0 throughout Œ0; 1�2. Here n;m 2 N W n �
max f4 .rC 1/ ; rC sg, m � max f4 .pC 1/ ; pC q/g. Set

lij WD sup
.x;y/2Œ�1;1�2

ˇ̌
˛�1

h1h2 .x; y/ ˛ij .x; y/
ˇ̌
<1 (1.23)

for all h1 � i � v1, h2 � j � v2. Let ˛1i; ˛2j � 0 with d˛1ie D i,
˙
˛2j
� D j,

i D 0; 1; : : : ; rI j D 0; 1; : : : ; p, (d�e ceiling of the number), ˛10 D 0, ˛20 D 0.
Consider the left fractional bivariate differential operator

L� WD
v1X

iDh1

v2X

jDh2

˛ij .x; y/D
.˛1i;˛2j/
�.�1/ : (1.24)

Assume L�f .x; y/ � 0, on Œ0; 1�2. Then there exists

Q�
n;m � Q�

n;m .f / 2 .Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm/

such that L�Q�
n;m .x; y/ � 0, on Œ0; 1�2. Furthermore it holds:

(1)






D
.˛1i;˛2j/
�.�1/ .f / � D

.˛11;˛2j/
�.�1/ Q�

n;m






1;Œ�1;1�2

�
�

C2.iCj/�.˛1iC˛2j/

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�
nr�imp�j

� !s;q

�
f .r;p/I 1

n
;
1

m

�
;

(1.25)

where
�

C is a constant that depends only on r; p; s; qI .h1 C 1; h2 C 1/ � .i; j/ �
.r; p/, or 0 � i � h1, h2 C 1 � j � p, or h1 C 1 � i � r, 0 � j � h2,

(2)






D
.˛1i;˛2j/
�.�1/ .f / � D

.˛1i ;˛2j/
�.�1/ Q�

n;m






1;Œ�1;1�2

� cij

nr�v1mp�v2 � !s;q

�
f .r;p/I 1

n
;
1

m

�
(1.26)
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for .1; 1/ � .i; j/ � .h1; h2/, where cij D
�

CAij, with

Aij WD
8
<

:

2

4
v1X

	Dh1

v2X

�Dh2

l	�2
.	C�/�.˛1	C˛2�/

� .	 � a1	 C 1/ �
�
� � ˛2� C 1

�

3

5

�
 

h1�iX

kD0

2h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

! 
h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C 2.iCj/�.˛1iC˛2j/

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�

)

(1.27)

(3)




f � Q�

n;m




1;Œ�1;1�2 �

c00
nr�v1mp�v2 � !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.28)

where c00 WD
�

CA00, with

A00 WD 1

h1Šh2Š

0

@
v1X

	Dh1

v2X

�Dh2

l	�
2.	C�/�.˛1	C˛2�/

� .	 � a1	 C 1/ �
�
� � ˛2� C 1

�

1

AC 1;

(4)






D
.0;˛2j/
�.�1/ .f / � D

.0;˛2j/
�.�1/ Q�

n;m






1;Œ�1;1�2

� c0j

nr�v1mp�v2 � !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.29)

where c0j D
�

CA0j, j D 1; : : : ; h2, with

A0j WD
2

4 1

h1Š

0

@
v1X

	Dh1

v2X

�Dh2

l	�
2.	C�/�.˛1	C˛2�/

� .	 � a1	 C 1/ �
�
� � ˛2� C 1

�

1

A

�
 

h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C 2j�˛2j

�
�
j � ˛2j C 1

�

#

; (1.30)
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(5)




D.˛1i;0/

�.�1/ .f / � D.˛1i;0/

�.�1/Q
�
n;m




1;Œ�1;1�2

� ci0

nr�v1mp�v2 � !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.31)

where ci0 D
�

CAi0, i D i; : : : ; h1, with

Ai0 WD
2

4 1

h2Š

0

@
v1X

	Dh1

v2X

�Dh2

l	�
2.	C�/�.˛1	C˛2�/

� .	 � a1	 C 1/ �
�
� � ˛2� C 1

�

1

A

�
 

h1�iX

kD0

2h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

!

C 2i�˛1i

� .i � ˛1i C 1/

#

: (1.32)

Proof. By Corollary 1.3 there exists

Qn;m � Qn;m .f / 2 .Pn ˝ C .Œ�1; 1�/C C .Œ�1; 1�/˝ Pm/

such that




f .i;j/ � Q.i;j/
n;m




1 �
�

C

nr�imp�j
� !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.33)

for all .0; 0/ � .i; j/ � .r; p/, while Qn;m 2 Cr;p .Œ�1; 1�/2. Here
�

C depends only on
r; p; s; q, where n � max f4 .rC 1/ ; rC sg and m � max f4 .pC 1/ ; pC qg, with

r; p 2 ZC, s; q 2 N, f 2 Cr;p
�
Œ�1; 1�2

	
.

Indeed by [5] we have that Q.r;p/
n;m is continuous on Œ�1; 1�2.

We observe the following (i D 0; 1; : : : ; rI j D 0; 1; : : : ; p)

ˇ̌
ˇ̌D.

˛1i;˛2j/
�.�1/ f .x1; x2/ � D

.˛1i;˛2j/
�.�1/ Qn;m .x1; x2/

ˇ̌
ˇ̌

D 1

� .i � ˛1i/ �
�
j � ˛2j

�

ˇ
ˇ̌
ˇ̌
ˇ

x1Z

�1

x2Z

�1
.x1 � t1/

i�˛1i�1 .x2 � t2/
j�˛2j�1

�
 
@iCjf .t1; t2/

@ti
1@tj

2

� @
iCjQn;m .t1; t2/

@ti
1@tj

2

!

dt1dt2

ˇ
ˇ̌
ˇ̌ (1.34)
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� 1

� .i � ˛1i/ �
�
j � ˛2j

�

x1Z

�1

x2Z

�1
.x1 � t1/

i�˛1i�1 .x2 � t2/
j�˛2j�1

�
ˇ̌
ˇ̌
ˇ
@iCjf .t1; t2/

@ti
1@tj

2

� @
iCjQn;m .t1; t2/

@ti
1@tj

2

ˇ̌
ˇ̌
ˇ
dt1dt2 (1.35)

� 1

� .i � ˛1i/ �
�
j � ˛2j

�

�
0

@
x1Z

�1

x2Z

�1
.x1 � t1/

i�˛1i�1 .x2 � t2/
j�˛2j�1 dt1dt2

1

A (1.36)

�
�

C

nr�imp�j
� !s;q

�
f .r;p/I 1

n
;
1

m

�

D 1

� .i � ˛1i/ �
�
j � ˛2j

�
.x1 C 1/i�˛1i

i � ˛1i

.x2 C 1/j�˛2j

j � ˛2j

�
C

nr�imp�j

� !s;q

�
f .r;p/I 1

n
;
1

m

�
(1.37)

D .x1 C 1/i�˛1i

� .i � ˛1i C 1/
.x2 C 1/j�˛2j

�
�
j � ˛2j C 1

�

�
C

nr�imp�j
!s;q

�
f .r;p/I 1

n
;
1

m

�

That is, there exists Qn;m:

ˇ̌
ˇ̌D.

˛1i;˛2j/
�.�1/ f .x1; x2/ � D

.˛1i;˛2j/
�.�1/ Qn;m .x1; x2/

ˇ̌
ˇ̌ (1.38)

� .x1 C 1/i�˛1i .x2 C 1/j�˛2j

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�

�
C

nr�imp�j
� !s;q

�
f .r;p/I 1

n
;
1

m

�
;

i D 0; 1; : : : ; r, j D 0; 1; : : : ; p, 8 .x1; x2/ 2 Œ�1; 1�2.
We proved there exists Qn;m such that





D
.˛1i;˛2j/
�.�1/ .f / � D

.˛1i;˛2j/
�.�1/ Q�

n;m





1

� 2.iCj/�.˛1iC˛2j/
�

C

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�
nr�imp�j

� !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.39)

i D 0; 1; : : : ; r, j D 0; 1; : : : ; p.
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Define

�n;m �
�

C!s;q

�
f .r;p/I 1

n
;
1

m

�

�
2

4
v1X

iDh1

v2X

jDh2

 

lij
2.iCj/�.˛1iC˛2j/

� .i � a1i C 1/ �
�
j � ˛2j C 1

�ni�rmj�p

!3

5 (1.40)

I. Suppose, throughout Œ0; 1�2, ˛h1h2 .x; y/ � ˛ > 0. Let Q�
n;m .x; y/, .x; y/ 2

Œ�1; 1�2, as in (1.39), so that





D
.˛1i;˛2j/
�.�1/

�
f .x; y/C �n;m

xh1

h1Š

yh2

h2Š

�
� D

.˛1i;˛2j/
�.�1/ Q�

n;m .x; y/





1

� 2.iCj/�.˛1iC˛2j/
�

C

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�
nr�imp�j

!s;q

�
f .r;p/I 1

n
;
1

m

�
DW Tij; (1.41)

i D 0; 1; : : : ; r; j D 0; 1; : : : ; p.

If .h1 C 1; h2 C 1/ � .i; j/ � .r; p/, or 0 � i � h1, h2 C 1 � j � p, or h1 C 1 �
i � r, 0 � j � h2, we get from the last





D
.˛1i;˛2j/
�.�1/ .f / � D

.˛1i;˛2j/
�.�1/ Q�

n;m





1

� 2.iCj/�.˛1iC˛2j/
�

C

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�
nr�imp�j

� !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.42)

proving (1.25).
If .0; 0/ � .i; j/ � .h1; h2/, we get






D
.˛1i;˛2j/
�.�1/ f .x; y/C �n;mD˛1i

�.�1/
�

xh1

h1Š

�
D
˛2j

�.�1/
�

yh2

h2Š

�

�D
.˛1i;˛2j/
�.�1/ Q�

n;m .x; y/





1
� Tij: (1.43)

That is, for i D 1; : : : ; h1; j D 1; : : : ; h2, we obtain







D
.˛1i;˛2j/
�.�1/ f .x; y/C �n;m

 
h1�iX

kD0

.�1/k .xC 1/h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

!
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�
 

h2�jX


D0

.�1/
 .yC 1/h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

� D
.˛1i;˛2j/
�.�1/ Q�

n;m .x; y/







1

� Tij: (1.44)

Hence for .1; 1/ � .i; j/ � .h1; h2/, we have





D
.˛1i;˛2j/
�.�1/ f � D

.˛1i;˛2j/
�.�1/ Q�

n;m





1

� �n;m

 
h1�iX

kD0

2h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

! 
h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C Tij

(1.45)

D �
C!s;q

�
f .r;p/I 1

n
;
1

m

�

�
2

4
v1X

iDh1

v2X

jDh2

lij
2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

�
1

nr�i

1

mp�j

3

5

�
 

h1�iX

kD0

2h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

! 
h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

(1.46)

C 2.iCj/�.˛1iC˛2j/
�

C!s;q
�
f .r;p/I 1n ; 1m

�

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�
nr�imp�j

� �
C!s;q

�
f .r;p/I 1

n
;
1

m

�
1

nr�v1mp�v2 Aij; (1.47)

where

Aij W D
8
<

:

2

4
v1X

iDh1

v2X

jDh2

lij
2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

�

3

5

�
 

h1�iX

kD0

2h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

! 
h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C 2.iCj/�.˛1iC˛2j/

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�

)

: (1.48)

(Set cij WD
�

CAij)
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We proved, for .1; 1/ � .i; j/ � .h1; h2/, that






D
.˛1i;˛2j/
�.�1/ f � D

.˛1i;˛2j/
�.�1/ Q�

n;m






1
� cij

nr�v1mp�v2 !s;q

�
f .r;p/I 1

n
;
1

m

�
: (1.49)

So that (1.26) is established.
When i D j D 0 from (1.41) we obtain





f .x; y/C �n;m
xh1

h1Š

yh2

h2Š
� Q�

n;m .x; y/





1
�

�
C

nrmp
!s;q

�
f .r;p/I 1

n
;
1

m

�
: (1.50)

Hence



f � Q�
n;m



1 �
�n;m

h1Šh2Š
C

�
C

nrmp
!s;q

�
f .r;p/I 1

n
;
1

m

�
(1.51)

D
�

C

h1Šh2Š
!s;q

�
f .r;p/I 1

n
;
1

m

�

�
2

4
v1X

iDh1

v2X

jDh2

lij
2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

�
1

nr�i

1

mp�j

3

5

C
�

C

nrmp
!s;q

�
f .r;p/I 1

n
;
1

m

�
(1.52)

�
�

C!s;q
�
f .r;p/I 1n ; 1m

�

nr�v1mp�v2 A00; (1.53)

where

A00 WD
2

4 1

h1Šh2Š

v1X

iDh1

v2X

jDh2

lij2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

� C 1
3

5 : (1.54)

(Set c00 D
�

CA00).
Then



f � Q�
n;m



1 �
c00

nr�v1mp�v2 !s;q

�
f .r;p/I 1

n
;
1

m

�
: (1.55)

So that (1.28) is established.
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Next case of i D 0, j D 1; : : : ; h2, from (1.41) we get









D
.0;˛2j/
�.�1/ f .x; y/C �n;m

xh1

h1Š

 
h2�jX


D0

.�1/
 .yC 1/h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

�D
.0;˛2j/
�.�1/ Q�

n;m .x; y/





1
� T0j: (1.56)

Then





D
.0;˛2j/
�.�1/ f � D

.0;˛2j/
�.�1/ Q�

n;m






1

� �n;m

h1Š

 
h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C T0j (1.57)

D
�

C

h1Š
!s;q

�
f .r;p/I 1

n
;
1

m

�

�
2

4
v1X

iDh1

v2X

jDh2

lij
2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

�
1

nr�i

1

mp�j

3

5 (1.58)

�
 

h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C 2j�˛2j
�

C

�
�
j � ˛2j C 1

�
nrmp�j

!s;q

�
f .r;p/I 1

n
;
1

m

�

�
�

C!s;q
�
f .r;p/I 1n ; 1m

�

nr�v1mp�v2 A0j; (1.59)

where

A0j WD
2

4 1

h1Š

0

@
v1X

iDh1

v2X

jDh2

lij
2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

�

1

A

�
 

h2�jX


D0

2h2�˛2j�



Š�
�
h2 � ˛2j � 
C 1

�

!

C 2j�˛2j

�
�
j � ˛2j C 1

�

#

: (1.60)

(Set c0j WD
�

CA0j)
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We proved that (case of i D 0, j D 1; : : : ; h2)





D
.0;˛2j/
�.�1/ f � D

.0;˛2j/
�.�1/ Q�

n;m






1
� c0j

nr�v1mp�v2 !s;q

�
f .r;p/I 1

n
;
1

m

�
: (1.61)

establishing (1.29).
Similarly we get for i D 1; : : : ; h1, j D 0, that




D.˛1i;0/

�.�1/ f � D.˛1i;0/

�.�1/Q
�
n;m




1 �
ci0

nr�v1mp�v2 !s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.62)

where ci0 WD
�

CAi0, with

Ai0 WD
2

4 1

h2Š

0

@
v1X

iDh1

v2X

jDh2

lij
2
.iCj/�

�
˛1iC˛2j

	

�
�
i � ˛1i C 1

�
�
�
j � ˛2j C 1

�

1

A

�
 

h1�iX

kD0

2h1�˛1i�k

kŠ� .h1 � ˛1i � kC 1/

!

C 2i�˛1i

� .i � ˛1i C 1/

)#

(1.63)

deriving (1.31).
So if .x; y/ 2 Œ0; 1�2, then

˛�1
h1h2 .x; y/ L� �Q�

n;m .x; y/
�

D ˛�1
h1h2 .x; y/ L� .f .x; y//C �n;m

.xC 1/h1�˛1i

� .h1 � ˛1i C 1/
.yC 1/h2�˛2j

�
�
h2 � ˛2j C 1

�

C
v1X

iDh1

v2X

jDh2

˛�1
h1h2 .x; y/ ˛ij .x; y/

�
D
.˛1i;˛2j/
�.�1/ Q�

n;m .x; y/ � D
.˛1i;˛2j/
�.�1/ f .x; y/ � �n;mD

.˛1i;˛2j/
�.�1/

�
xh1

h1Š

yh2

h2Š

��
(1.64)

(1.41)� �n;m
.xC 1/h1�˛1i

� .h1 � ˛1i C 1/
.yC 1/h2�˛2j

�
�
h2 � ˛2j C 1

� (1.65)

�
v1X

iDh1

v2X

jDh2

lij
2.iCj/�.˛1iC˛2j/

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�

�
C

nr�imp�j
!s;q

�
f .r;p/I 1

n
;
1

m

�

D �n;m

"
.xC 1/h1�˛1i

� .h1 � ˛1i C 1/
.yC 1/h2�˛2j

�
�
h2 � ˛2j C 1

� � 1
#

(1.66)
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� �n;m

"
1

� .h1 � ˛1i C 1/ �
�
h2 � ˛2j C 1

� � 1
#

D �n;m

"
1 � � .h1 � ˛1i C 1/ �

�
h2 � ˛2j C 1

�

� .h1 � ˛1i C 1/ �
�
h2 � ˛2j C 1

�

#

� 0: (1.67)

Explanation: we have that � .1/ D 1, � .2/ D 1, and � is convex on .0;1/ and
positive there, here 0 � h1 � ˛1h1 ; h2 � ˛2h2 < 1 and 1 � h1 � ˛1h1 C 1; h2 � ˛2h2C
1 < 2. Thus 0 < � .h1 � ˛1h1 C 1/, � .h2 � ˛2h2 C 1/ � 1, and

0 � � .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/ � 1: (1.68)

And

1 � � .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/ � 0: (1.69)

Therefore it holds

L� .Qn;m .x; y// � 0; 8 .x; y/ 2 Œ0; 1�2 : (1.70)

II. Suppose, throughout Œ0; 1�2 ; ˛h1h2 .x; y/ � ˇ < 0. Let Q��
n;m .x; y/, .x; y/ 2

Œ�1; 1�2, as in (1.39), so that






D
.˛1i;˛2j/
�.�1/

�
f .x; y/ � �n;m

xh1

h1Š

yh2

h2Š

�
� D

.˛1i;˛2j/
�.�1/ Q��

n;m .x; y/






1

� 2.iCj/�.˛1iC˛2j/
�

C

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�
nr�imp�j

!s;q

�
f .r;p/I 1

n
;
1

m

�
; (1.71)

i D 0; 1; : : : ; r, j D 0; 1; : : : ; p.

As earlier we produce the same convergence inequalities (1.25), (1.26), (1.28),
(1.29), and (1.31).

So for .x; y/ 2 Œ0; 1�2 we get

˛�1
h1h2 .x; y/ L� �Q��

n;m .x; y/
�

D ˛�1
h1h2 .x; y/ L� .f .x; y//

��n;m
.xC 1/h1�˛1i

� .h1 � ˛1i C 1/
.yC 1/h2�˛2j

�
�
h2 � ˛2j C 1

� (1.72)

C
v1X

iDh1

v2X

jDh2

˛�1
h1h2 .x; y/ ˛ij .x; y/



16 G.A. Anastassiou

�
"

D
.˛1i;˛2j/
�.�1/ Q��

n;m .x; y/ � D
.˛1i;˛2j/
�.�1/ f .x; y/C �n;mD

.˛1i;˛2j/
�.�1/

 
xh1

h1Š

yh2

h2Š

!#

(1.71)� ��n;m
.xC 1/h1�˛1i

� .h1 � ˛1i C 1/
.yC 1/h2�˛2j

�
�
h2 � ˛2j C 1

�

2

4
v1X

iDh1

v2X

jDh2

lij
2.iCj/�.˛1iC˛2j/

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�

�
C

nr�imp�j!s;q

�
f .r;p/I 1

n
;
1

m

�
3

5

C�n;m

"

1 � .xC 1/h1�˛1i

� .h1 � ˛1i C 1/
.yC 1/h2�˛2j

�
�
h2 � ˛2j C 1

�

#

(1.73)

D �n;m

"
� .h1 � ˛1i C 1/ �

�
h2 � ˛2j C 1

� � .xC 1/h1�˛1i .yC 1/h2�˛2j

� .h1 � ˛1i C 1/ �
�
h2 � ˛2j C 1

�

#

� �n;m

"
1 � .xC 1/h1�˛1i .yC 1/h2�˛2j

� .h1 � ˛1i C 1/ �
�
h2 � ˛2j C 1

�

#

� 0: (1.74)

Explanation: for x; y 2 Œ0; 1� we get that x C 1, y C 1 � 1, and 0 � h1 � ˛1h1 ,
h2 � ˛2h2 < 1. Hence .xC 1/h1�˛1i , .yC 1/h2�˛2j � 1, and then

.xC 1/h1�˛1i .yC 1/h2�˛2j � 1;

so that

1 � .xC 1/h1�˛1i .yC 1/h2�˛2j � 0: (1.75)

Hence again

L� �Q��
n;m .x; y/

� � 0; for .x; y/ 2 Œ0; 1�2 : (1.76)
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Chapter 2
Bivariate Right Fractional Polynomial
Monotone Approximation

George A. Anastassiou

Abstract Let f 2 Cr;p
�
Œ0; 1�2

	
, r; p 2 N, and let L be a linear right fractional mixed

partial differential operator such that L .f / � 0, for all .x; y/ in a critical region
of Œ0; 1�2 that depends on L. Then there exists a sequence of two-dimensional
polynomials Qm1;m2 .x; y/ with L .Qm1;m2 .x; y// � 0 there, where m1;m2 2 N such
that m1 > r, m2 > p, so that f is approximated right fractionally simultaneously
and uniformly by Qm1;m2 on Œ0; 1�2. This restricted right fractional approximation
is accomplished quantitatively by the use of a suitable integer partial derivatives
two-dimensional first modulus of continuity.

2.1 Introduction

The topic of monotone approximation started in [5] has become a major trend in
approximation theory. A typical problem in this subject is: given a positive integer
k, approximate a given function whose kth derivative is �0 by polynomials having
this property.

In [2] the authors replaced the kth derivative with a linear differential operator of
order k. We mention this motivating result.

Theorem 2.1. Let h; k; p be integers, 0 � h � k � p and let f be a real function,
f .p/ continuous in Œ�1; 1� with modulus of continuity !

�
f .p/; x

�
there. Let aj .x/,

j D h; h C 1; : : : ; k be real functions, defined and bounded on Œ�1; 1� and assume
ah .x/ is either � some number ˛ > 0 or � some number ˇ < 0 throughout Œ�1; 1�.
Consider the operator

L D
kX

jDh

aj .x/

�
dj

dxj

�

and suppose, throughout Œ�1; 1�,
L .f / � 0: (2.1)

G.A. Anastassiou (�)
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Then, for every integer n � 1, there is a real polynomial Qn .x/ of degree � n such
that

L .Qn/ � 0 throughout Œ�1; 1�
and

max�1�x�1 jf .x/ � Qn .x/j � Cnk�p!

�
f .p/;

1

n

�
;

where C is independent of n or f .

We need

Definition 2.2 (D.D. Stancu [6]). Let f 2 C
�
Œ0; 1�2

	
, Œ0; 1�2 D Œ0; 1��Œ0; 1�, where

.x1; y1/, .x2; y2/ 2 Œ0; 1�2 and ı1; ı2 � 0. The first modulus of continuity of f is
defined as follows:

!1 .f ; ı1; ı2/ D sup
jx1�x2j�ı1
jy1�y2j�ı2

jf .x1; y1/ � f .x2; y2/j :

Definition 2.3. Let f be a real-valued function defined on Œ0; 1�2 and let m; n be two
positive integers. Let Bm;n be the Bernstein (polynomial) operator of order .m; n/
given by

Bm;n .f I x; y/ D
mP

iD0

nP

jD0
f

�
i

m
;

j

n

�
�
�

m
i

�
�
�

n
j

�

�xi � .1 � x/m�i � yj � .1 � y/n�j :

(2.2)

For integers r; s � 0, we denote by f .r;s/ the differential operator of order .r; s/,
given by

f .r;s/ .x; y/ D @rCsf .x; y/

@xr@ys
:

We use

Theorem 2.4 (Badea and Badea [3]). It holds that





f .k;l/ � .Bm;nf /.k;l/





1

� t .k; l/ � !1
�

f .k;l/I 1p
m � k

;
1p

n � l

�

Cmax

�
k .k � 1/

m
;

l .l � 1/
n


�



f .k;l/




1 ; (2.3)
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where m > k � 0, n > l � 0 are integers, f is a real-valued function on
Œ0; 1�2 such that f .k;l/ is continuous, and t is a positive real-valued function on
ZC D f0; 1; 2; : : :g. Here k�k1 is the supremum norm on Œ0; 1�2.

Denote Cr;p
�
Œ0; 1�2

	
WD ff W Œ0; 1�2 ! RI f .k;l/ is continuous for 0 � k � r,

0 � l � pg.
In [1] the author proved the following main motivational result.

Theorem 2.5. Let h1; h2; v1; v2; r; p be integers, 0 � h1 � v1 � r, 0 � h2 � v2 � p

and let f 2 Cr;p
�
Œ0; 1�2

	
. Let ˛i;j .x; y/, i D h1; h1C1; : : : ; v1I j D h2; h2C1; : : : ; v2

be real-valued functions, defined and bounded in Œ0; 1�2 and assume ˛h1h2 is either
� ˛ > 0 or � ˇ < 0 throughout Œ0; 1�2. Consider the operator

L D
v1X

iDh1

v2X

jDh2

˛ij .x; y/
@iCj

@xi@yj
(2.4)

and suppose that throughout Œ0; 1�2,

L .f / � 0.

Then for integers m; n with m > r, n > p, there exists a polynomial Qm;n .x; y/ of
degree .m; n/ such that L .Qm;n .x; y// � 0 throughout Œ0; 1�2 and




f .k;l/ � Q.k;l/
m;n




1 �
Pm;n .L; f /

.h1 � k/Š .h2 � l/Š
CMk;l

m;n .f / ; (2.5)

all .0; 0/ � .k; l/ � .h1; h2/. Furthermore we get



f .k;l/ � Q.k;l/

m;n




1 � Mk;l
m;n .f / ; (2.6)

for all .h1 C 1; h2 C 1/ � .k; l/ � .r; p/. Also (2.6) is true whenever 0 � k � h1,
h2 C 1 � l � p or h1 C 1 � k � r, 0 � l � h2. Here

Mk;l
m;n � Mk;l

m;n .f / � t .k; l/ � !1
�

f .k;l/I 1p
m � k

;
1p

n � l

�

Cmax

�
k .k � 1/

m
;

l .l � 1/
n


�



f .k;l/




1 (2.7)

and

Pm;n � Pm;n .L; f / �
v1X

iDh1

v2X

jDh2

lij �Mi;j
m;n; (2.8)

where t is a positive real-valued function on Z
2C and

lij � sup
.x;y/2Œ0;1�2

ˇ̌
˛�1

h1h2 .x; y/ � ˛ij .x; y/
ˇ̌
<1: (2.9)
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In this article we extend Theorem 2.5 to the right fractional level. Indeed here L
is replaced by L, a linear right Caputo fractional mixed partial differential operator.
Now the monotonicity property is only true on a critical region of Œ0; 1�2 that
depends on L parameters. Simultaneous right fractional convergence remains true
on all of Œ0; 1�2.

We need

Definition 2.6 (See [4]). Let ˛1; ˛2 > 0I ˛ D .˛1; ˛2/, f 2 C
�
Œ0; 1�2

	
and let

x D .x1; x2/, t D .t1; t2/ 2 Œ0; 1�2. We define the right mixed Riemann–Liouville
fractional two-dimensional integral of order ˛:

�
I˛1�f

�
.x/ WD 1

� .˛1/ � .˛2/

Z 1

x1

Z 1

x2

.t1 � x1/
˛1�1 .t2 � x2/

˛2�1 f .t1; t2/ dt1dt2;

with x1; x2 < 1. Here � stands for the Gamma function.
Notice here

I˛1� .jf j/ <1: (2.10)

Definition 2.7. Let ˛1; ˛2 > 0 with d˛1e D m1, d˛2e D m2, (d�e ceiling of

the number). Let here f 2 Cm1;m2
�
Œ0; 1�2

	
. We consider the right (Caputo type)

fractional partial derivative:

D.˛1;˛2/1� f .x/ W D .�1/m1Cm2

� .m1 � ˛1/ � .m2 � ˛2/

�
Z 1

x1

Z 1

x2
.J1 � x1/

m1�˛1�1 .J2 � x2/
m2�˛2�1 @m1Cm2 f .J1; J2/

@Jm1
1 @Jm2

2

dJ1dJ2;

(2.11)

8 x D .x1; x2/ 2 Œ0; 1�2.
We set

D.0;0/
1� f .x/ WD f .x/ ;

D.m1;m2/
1� f .x/ WD .�1/m1Cm2 @

m1Cm2 f .x/

@xm1
1 @xm2

2

, 8 x 2 Œ0; 1�2 : (2.12)

Definition 2.8. We also set

D.0;˛2/
1� f .x/ WD .�1/m2

� .m2 � ˛2/
Z 1

x2

.J2 � x2/
m2�˛2�1 @

m2 f .x1; J2/

@Jm2
2

dJ2; (2.13)

D.˛1;0/
1� f .x/ WD .�1/m1

� .m1 � ˛1/
Z 1

x1

.J1 � x1/
m1�˛1�1 @

m1 f .J1; x2/

@Jm1
1

dJ1; (2.14)
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and

D.m1;˛2/
1� f .x/ WD .�1/m2

� .m2 � ˛2/
Z 1

x2

.J2 � x2/
m2�˛2�1 @

m1Cm2 f .x1; J2/

@xm1
1 @Jm2

2

dJ2; (2.15)

D.˛1;m2/
1� f .x/ WD .�1/m1

� .m1 � ˛1/
Z 1

x1

.J1 � x1/
m1�˛1�1 @

m1Cm2 f .J1; x2/

@Jm1
1 @xm2

2

dJ1: (2.16)

2.2 Main Result

We present our main result

Theorem 2.9. Let h1; h2; v1; v2; r; p be integers, 0 � h1 � v1 � r, 0 � h2 � v2 � p

and let f 2 Cr;p
�
Œ0; 1�2

	
. Let ˛ij .x; y/, i D h1; h1C1; : : : ; v1I j D h2; h2C1; : : : ; v2

be real-valued functions, defined and bounded in Œ0; 1�2 and assume ˛h1h2 is either
� ˛ > 0 or � ˇ < 0 throughout Œ0; 1�2.

Let integers m1;m2 with m1 > r, m2 > p. Set

lij WD sup
.x;y/2Œ0;1�2

ˇ̌
˛�1

h1h2 .x; y/ � ˛ij .x; y/
ˇ̌
<1: (2.17)

Also set (d˛1ie D i,
˙
˛2j
� D j, d�e ceiling of number)

Mi;j
m1;m2

WD Mi;j
m1;m2

.f / WD 1

� .i � ˛1i C 1/ �
�
j � ˛2j C 1

�

�
�

t .i; j/ !1

�
f .i;j/I 1p

m1 � i
;

1p
m2 � j

�

Cmax

�
i .i � 1/

m1

;
j .j � 1/

m2


�



f .i;j/




1


; (2.18)

i D h1; : : : ; v1I j D h2; : : : ; v2.
Here t is a positive real-valued function on Z

2C, k�k1 is the supremum norm on
Œ0; 1�2. Call

Pm1;m2 WD Pm1;m2 .f / D
v1X

iDh1

v2X

jDh2

lij �Mi;j
m1;m2

: (2.19)

Let

0 � ˛1h1 � h1 < ˛11 < h1 C 1 < ˛12 < h1 C 2 < ˛13
< h1 C 3 < � � � < ˛1v1 < v1 < � � � < ˛1r < r;
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with d˛1h1e D h1;

0 � ˛2h2 � h2 < ˛21 < h2 C 1 < ˛22 < h2 C 2 < ˛23
< h2 C 3 < � � � < ˛2v2 < v2 < � � � < ˛2p < p;

with d˛2h2e D h2. Here h1 C h2 D 2m, m D 0; 1; 2; : : : .
Consider the right fractional bivariate operator

L WD
v1X

iDh1

v2X

jDh2

˛ij .x; y/D
.˛1i;˛2j/
1� : (2.20)

Then there exists a polynomial Qm1;m2 .x; y/ of degree .m1;m2/ on Œ0; 1�2 such
that




D.˛1k ;˛2l/
1� .f / � D.˛1k ;˛2l/

1� .Qm1;m2 /



1

� Pm1;m2

.h1 � k/Š .h2 � l/Š

("
h1�kX

�D0

�
h1 � k
�

�
� .h1 � k � � C 1/
� .h1 � ˛1k � � C 1/

#

2

4
h2�lX

�D0

�
h2 � l
�

�
� .h2 � l � �C 1/
� .h2 � ˛2l � �C 1/

3

5

9
=

;
CMk;l

m1;m2
; (2.21)

for .0; 0/ � .k; l/ � .h1; h2/.
If .h1 C 1; h2 C 1/ � .k; l/ � .r; p/, or 0 � k � h1, h2 C 1 � l � p, or

h1 C 1 � k � r, 0 � l � h2, then




D.˛1k ;˛2l/
1� .f / � D.˛1k ;˛2l/

1� .Qm1;m2 /



1 � Mk;l

m1;m2
: (2.22)

If L .f .0; 0// � 0, then L .Qm1;m2 .0; 0// � 0.
Let 0 < x < 1, 0 < y < 1, with ˛1h1 ¤ h1 and ˛2h2 ¤ h2, such that

1 � x � � .h1 � ˛1h1 C 1/
1

.h1�˛1h1 / ;

1 � y � � .h2 � ˛2h2 C 1/
1

.h2�˛2h2 / ;

(2.23)

equivalently,

x � 1 � � .h1 � ˛1h1 C 1/
1

.h1�˛1h1 / ;

y � 1 � � .h2 � ˛2h2 C 1/
1

.h2�˛2h2 / /;

(2.24)

and

L .f .x; y// � 0:
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Then

L .Qm1;m2 .x; y// � 0:

To prove Theorem 2.9 it takes some preparation. We need

Definition 2.10. Let f be a real-valued function defined on Œ0; 1�2 and let
m1;m2 2 N. Let Bm1;m2 be the Bernstein (polynomial) operator of order .m1;m2/

given by

Bm1;m2 .f I x1; x2/ WD
Pm1

i1D0
Pm2

i2D0 f
�

i1
m1
; i2

m2

	�m1

i1

��
m2

i2

�

xi1
1 .1 � x1/

m1�i1 xi2
2 .1 � x2/

m2�i2 :

(2.25)

We need the following simultaneous approximation result.

Theorem 2.11 (Badea and Badea [3]). It holds that




f .k1;k2/ � .Bm1;m2 f /
.k1;k2/




1

� t .k1; k2/ !1

�
f .k1;k2/I 1p

m1 � k1
;

1p
m2 � k2

�

Cmax

�
k1 .k1 � 1/

m1

;
k2 .k2 � 1/

m2


�



f .k1;k2/




1 ; (2.26)

where m1 > k1 � 0, m2 > k2 � 0 are integers, f is a real-valued function on Œ0; 1�2,
such that f .k1;k2/ is continuous, and t is a positive real-valued function on Z

2C. Here
k�k1 is the supremum norm on Œ0; 1�2.

Remark 2.12. We assume that m1 > m1 D d˛1e, m2 > m2 D d˛2e, where
˛1; ˛2 > 0.

We consider also

D.˛1;˛2/
1� .Bm1;m2 f / .x1; x2/ D

.�1/m1Cm2

� .m1 � ˛1/ � .m2 � ˛2/

�
1Z

x1

1Z

x2

.t1 � x1/
m1�˛1�1 .t2 � x2/

m2�˛2�1

@m1Cm2 .Bm1;m2 f / .t1; t2/

@tm1
1 @tm2

2

dt1dt2; (2.27)

8 .x1; x2/ 2 Œ0; 1�2.
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Proposition 2.13. Let ˛1; ˛2 > 0 with d˛1e D m1, d˛2e D m2, f 2
Cm1;m2

�
Œ0; 1�2

	
, where m1;m2 2 N W m1 > m1, m2 > m2. Then





D

.˛1;˛2/
1� f � D

.˛1;˛2/
1�

�
Bm1;m2 f

�



1

� 1

� .m1 � ˛1 C 1/ � .m2 � ˛2 C 1/

�
�

t .m1;m2/ !1

�
f .m1;m2/I 1p

m1 � m1
;

1p
m2 � m2

�

C max

�
m1 .m1 � 1/

m1
;

m2 .m2 � 1/

m2


�




f .m1;m2/







1


;

(2.28)

Proof. We observe the following:

ˇ
ˇ̌
D.˛1;˛2/
1� f .x1; x2/ � D.˛1;˛2/

1� .Bm1;m2 f / .x1; x2/
ˇ
ˇ̌

D 1

� .m1 � ˛1/ � .m2 � ˛2/

ˇ̌
ˇ̌
ˇ̌

1Z

x1

1Z

x2

.t1 � x1/
m1�˛1�1 .t2 � x2/

m2�˛2�1

�
�
@m1Cm2 f .t1; t2/

@tm1
1 @tm2

2

� @
m1Cm2 .Bm1;m2 f / .t1; t2/

@tm1
1 @tm2

2

�
dt1dt2

ˇ̌
ˇ̌ (2.29)

� 1

� .m1 � ˛1/ � .m2 � ˛2/
Z 1

x1

Z 1

x2

.t1 � x1/
m1�˛1�1 .t2 � x2/

m2�˛2�1 (2.30)

�
ˇ̌
ˇ̌@

m1Cm2 f .t1; t2/

@tm1
1 @tm2

2

� @
m1Cm2 .Bm1;m2 f / .t1; t2/

@tm1
1 @tm2

2

ˇ̌
ˇ̌ dt1dt2

(2.26)�
�

t .m1;m2/ !1

�
f .m1;m2/I 1p

m1 � m1

;
1p

m2 � m2

�

Cmax

�
m1 .m1 � 1/

m1

;
m2 .m2 � 1/

m2


�




f .m1;m2/





1


(2.31)

� 1

� .m1 � ˛1/ � .m2 � ˛2/

1Z

x1

1Z

x2

.t1 � x1/
m1�˛1�1 .t2 � x2/

m2�˛2�1 dt1dt2

D .1 � x1/
m1�˛1 .1 � x2/

m2�˛2

� .m1 � ˛1 C 1/ � .m2 � ˛2 C 1/

�
�

t .m1;m2/ !1

�
f .m1;m2/I 1p

m1 � m1

;
1p

m2 � m2

�

Cmax

�
m1 .m1 � 1/

m1

;
m2 .m2 � 1/

m2

 


f .m1;m2/



1


; (2.32)

8 .x1; x2/ 2 Œ0; 1�2.
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Proof (Proof of Theorem 2.9).

We need for .0; 0/ � .k; l/ � .h1; h2/ to calculate

D
.˛1k ;˛2l/
1�

�
xh1

h1Š

yh2

h2Š

�
D .�1/kCl

� .k � ˛1k/ � .l � ˛2l/

�
1Z

x

1Z

y

.J1 � x/k�˛1k�1 .J2 � y/l�˛2l�1
Jh1�k
1

.h1 � k/Š

Jh2�l
2

.h2 � l/Š
dJ1dJ2

(2.33)

D .�1/kCl

.h1 � k/Š .h2 � l/Š

( 
1

� .k � ˛1k/

Z 1

x
.J1 � x/k�˛1k�1 Jh1�k

1 dJ1

!

�
 

1

� .l � ˛2l/

Z 1

y
.J2 � y/l�˛2l�1 Jh2�l

2 dJ2

!)

: (2.34)

We find that

1Z

x

Jh1�k
1 .J1 � x/k�˛1k�1 dJ1

D .�1/h1�k

1Z

x

.�J1/
h1�k .J1 � x/k�˛1k�1 dJ1

D .�1/h1�k

1Z

x

..1 � J1/ � 1/h1�k .J1 � x/k�˛1k�1 dJ1

D .�1/h1�k

1Z

x

 
h1�kX

�D0

�
h1 � k
�

�
.1 � J1/

h1�k�� .�1/�
!

� .J1 � x/k�˛1k�1 dJ1 (2.35)

D
h1�kX

�D0

�
h1 � k
�

�
.�1/h1�kC�

�
1Z

x

.1 � J1/
.h1�k��C1/�1 .J1 � x/k�˛1k�1 dJ1

D
h1�kX

�D0

�
h1 � k
�

�
.�1/h1�kC�

�
�
� .h1 � k � � C 1/ � .k � ˛1k/

� .h1 � ˛1k � � C 1/ .1 � x/h1�˛1k��

: (2.36)
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Similarly we find

1Z

y

.J2 � y/l�˛2l�1 Jh2�l
2 dJ2

D
h2�lX

�D0

�
h2 � l
�

�
.�1/h2�lC�

�
�
� .h2 � l � �C 1/ � .l � ˛2l/

� .h2 � ˛2l � �C 1/ .1 � y/h2�˛2l��

: (2.37)

Therefore

D
.˛1k ;˛2l/
1�

�
xh1

h1Š

yh2

h2Š

�
D 1

.h1 � k/Š .h2 � l/Š

�
("

h1�kX

�D0

 
h1 � k
�

!

.�1/h1C�

�
� .h1 � k � � C 1/

� .h1 � ˛1k � � C 1/
.1� x/h1�˛1k��

#

�
2

4
h2�lX

�D0

 
h2 � l

�

!

.�1/h2C�

�
� .h2 � l � �C 1/

� .h2 � ˛2l � �C 1/
.1� y/h2�˛2l��


3

5

9
=

;
:

(2.38)

Here we use a lot Proposition 2.13.

Case (i). Assume that on Œ0; 1�2, ˛h1h2 � ˛ > 0.
Call

Qm1;m2 .x; y/ WD Bm1;m2 .f I x; y/C Pm1;m2
xh1

h1Š

yh2

h2Š
: (2.39)

Then by (2.28) we get






D.˛1k ;˛2l/

1�
�

f C Pm1;m2
xh1

h1Š

yh2

h2Š

�
� D.˛1k ;˛2l/

1� .Qm1;m2 .x; y//






1
� Mk;l

m1;m2
;

(2.40)

for all 0 � k � r, 0 � l � p.

When .0; 0/ � .k; l/ � .h1; h2/, using (2.38) inequality (2.40) becomes






D.˛1k ;˛2l/

1� .f /C Pm1;m2
1

.h1 � k/Š .h2 � l/Š

�
("

h1�kX

�D0

�
h1 � k
�

�
.�1/h1C�

�
� .h1 � k � � C 1/
� .h1 � ˛1k � � C 1/ .1 � x/h1�˛1k��

#
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�
2

4
h2�lX

�D0

�
h2 � l
�

�
.�1/h2C�

�
� .h2 � l � �C 1/
� .h2 � ˛2l � �C 1/ .1 � y/h2�˛2l��


3

5

9
=

;

�D.˛1k ;˛2l/
1� .Qm1;m2 .x; y//





1 � Mk;l

m1;m2
; (2.41)

for all .0; 0/ � .k; l/ � .h1; h2/, x; y 2 Œ0; 1�.
Using (2.41) and triangle inequality we obtain for .0; 0/ � .k; l/ � .h1; h2/ that





D

.˛1k ;˛2l/
1� .f /� D

.˛1k ;˛2l/
1�

�
Qm1;m2

�





1
� Pm1;m2

.h1 � k/Š .h2 � l/Š

�
("

h1�kX

�D0

 
h1 � k

�

!�
� .h1 � k � � C 1/

� .h1 � ˛1k � � C 1/

#

�
2

4
h2�lX

�D0

 
h2 � l
�

!�
� .h2 � l � �C 1/

� .h2 � ˛2l � �C 1/


3

5

9
=

;
C Mk;l

m1;m2

(2.42)

proving (2.21).
Next if .h1 C 1; h2 C 1/ � .k; l/ � .r; p/, or 0 � k � h1, h2 C 1 � l � p, or

h1 C 1 � k � r, 0 � l � h2, we get by (2.40) that




D.˛1k ;˛2l/
1� .f / � D.˛1k ;˛2l/

1� .Qm1;m2 /



1 � Mk;l

m1;m2
; (2.43)

proving (2.22).
Furthermore, if .x; y/ in critical region, see (2.23), we get

˛�1
h1h2

.x; y/L
�
Qm1;m2 .x; y/

� D ˛�1
h1h2

.x; y/L .f .x; y//

C Pm1;m2
.1� x/h1�˛1h1 .1� y/h2�˛2h2

�
�
h1 � ˛1h1 C 1

�
�
�
h2 � ˛2h2 C 1

�

C
v1X

iDh1

v2X

jDh2

˛�1
h1h2

.x; y/ ˛ij .x; y/

�D.˛1i;˛2j/
1�

�
Qm1;m2 .x; y/� f .x; y/� Pm1;m2

xh1

h1Š

yh2

h2Š

�

(2.40)� Pm1;m2
.1� x/h1�˛1h1 .1� y/h2�˛2h2

�
�
h1 � ˛1h1 C 1

�
�
�
h2 � ˛2h2 C 1

�

�
v1X

iDh1

v2X

jDh2

lijM
i;j
m1;m2

(2.44)
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D Pm1;m2
.1� x/h1�˛1h1 .1� y/h2�˛2h2

�
�
h1 � ˛1h1 C 1

�
�
�
h2 � ˛2h2 C 1

� � Pm1;m2

D Pm1;m2

"
.1� x/h1�˛1h1 .1� y/h2�˛2h2

�
�
h1 � ˛1h1 C 1

�
�
�
h2 � ˛2h2 C 1

� � 1

#

(2.45)

D Pm1;m2

�
"
.1� x/h1�˛1h1 .1� y/h2�˛2h2 � �

�
h1 � ˛1h1 C 1

�
�
�
h2 � ˛2h2 C 1

�

�
�
h1 � ˛1h1 C 1

�
�
�
h2 � ˛2h2 C 1

�

#

DW .�/ : (2.46)

We know � .1/ D 1, � .2/ D 1, and � is convex and positive on .0;1/. Here
0 � h1 � ˛1h1 < 1 and 0 � h2 � ˛2h2 < 1, hence 1 � h1 � ˛1h1 C 1 < 2,
1 � h2 � ˛2h2 C 1 < 2. Thus 0 < � .h1 � ˛1h1 C 1/, � .h2 � ˛2h2 C 1/ � 1, and
1 � � .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/ � 0. Clearly acting as in (2.44)–(2.46),
when L .f .0; 0// � 0, we get L .Qm1;m2 .0; 0// � 0.

Also clearly here on the critical region (2.23) we have .�/ � 0. That is, there
L .Qm1;m2 .x; y// � 0.

Case (ii). Assume that throughout Œ0; 1�2, ˛h1h2 � ˇ < 0. Consider

Q�
m1;m2 .x; y/ W� Bm1;m2 .f I x; y/ � Pm1;m2

xh1

h1Š

yh2

h2Š
:

Then by (2.28) we get





D.˛1k ;˛2l/
1�

�
f � Pm1;m2

xh1

h1Š

yh2

h2Š

�
� D.˛1k ;˛2l/

1�
�
Q�

m1;m2 .x; y/
�




1
� Mk;l

m1;m2
;

(2.47)

all 0 � k � r, 0 � l � p.

Working similarly as earlier in this proof we derive again (2.21), (2.22).
Furthermore, if .x; y/ in critical region, see (2.23), we get

˛�1
h1h2 .x; y/ L

�
Q�

m1;m2 .x; y/
�

D ˛�1
h1h2 .x; y/ L .f .x; y// � Pm1;m2

.1 � x/h1�˛1h1 .1 � y/h2�˛2h2

� .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/

C
v1X

iDh1

v2X

jDh2

˛�1
h1h2 .x; y/ ˛ij .x; y/

�D.˛1i;˛2j/
1�

�
Q�

m1;m2 .x; y/ � f .x; y/C Pm1;m2
xh1

h1Š

yh2

h2Š

�
(2.48)
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(2.47)� �Pm1;m2
.1 � x/h1�˛1h1 .1 � y/h2�˛2h2

� .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/

C
v1X

iDh1

v2X

jDh2

lijM
i;j
m1;m2

(2.49)

D Pm1;m2

 

1 � .1 � x/h1�˛1h1 .1 � y/h2�˛2h2

� .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/

!

(2.50)

D Pm1;m2

�
 
� .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/ � .1 � x/h1�˛1h1 .1 � y/h2�˛2h2

� .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/

!

DW .��/ : (2.51)

We know � .1/ D 1, � .2/ D 1, and � is convex and positive on .0;1/. Here
0 � h1 � ˛1h1 < 1 and 0 � h2 � ˛2h2 < 1, hence 1 � h1 � ˛1h1 C 1 < 2,
1 � h2 � ˛2h2 C 1 < 2. Thus 0 < � .h1 � ˛1h1 C 1/, � .h2 � ˛2h2 C 1/ � 1, and

� .h1 � ˛1h1 C 1/ � .h2 � ˛2h2 C 1/ � 1 � 0:

Clearly acting as in (2.48)–(2.51), when L .f .0; 0// � 0, we get

L
�
Q�

m1;m2 .0; 0/
� � 0:

Also clearly here on the critical region (2.23) we get .��/ � 0. That is, there
L
�
Q�

m1;m2
.x; y/

� � 0.
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Chapter 3
Uniform Approximation with Rates
by Multivariate Generalized Discrete
Singular Operators

George A. Anastassiou and Merve Kester

Abstract Here we establish the uniform approximation properties of multivariate
generalized discrete versions of Picard, Gauss–Weierstrass, and Poisson–Cauchy
singular operators over R

N , N � 1. We treat both the unitary and non-unitary
cases of the operators above. We give quantitatively the pointwise and uniform
convergence of these operators to the unit operator by involving the multivariate
higher order modulus of smoothness.

3.1 Introduction

This article is motivated mainly by Favard [4], where J. Favard in 1944 introduced
the discrete version of Gauss–Weierstrass operator

.Fnf / .x/ D 1p
�n

1X

�D�1
f
��

n

	
exp

�
�n

��
n
� x

	2�
; (3.1)

n 2 N, which has the property that .Fnf / .x/ converges to f .x/ pointwise for each
x 2 R, and uniformly on any compact subinterval of R, for each continuous function
f .f 2 C.R// that fulfills jf .t/j � AeBt2 , t 2 R, where A, B are positive constants. We
are also motivated by Anastassiou [1], Anastassiou and Kester [2] and Anastassiou
and Mezei [3].

In this article, we define the multivariate generalized discrete versions of the
Picard, Gauss–Weierstrass, and Poisson–Cauchy singular operators and we study
their uniform approximation properties. We cover thoroughly the unitary and non-
unitary cases and their interconnections.
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3.2 Background

In [1], for r 2 N, m 2 ZC, the author defined

˛
Œm�
j;r WD

8
<

:

.�1/r�j �r
j

�
j�m; if j D 1; 2; : : : ; r;

1 �
rP

jD1
.�1/r�j �r

j

�
j�m; if j D 0; (3.2)

and

ı
Œm�
k;r WD

rX

jD1
˛
Œm�
j;r jk; k D 1; 2; : : : ;m 2 N. (3.3)

The author observed that
rX

jD0
˛
Œm�
j;r D 1; (3.4)

and

�
rX

jD1
.�1/r�j

 
r

j

!

D .�1/r
 

r

0

!

: (3.5)

In [1], the author let �n be a probability Borel measure on R
N , N � 1, n > 0 for

n 2 N. Then, the author defined the multiple smooth singular integral operators as

�Œm�r;n .f I x1; : : : ; xN/ WD
rP

jD0
˛
Œm�
j;r

R

RN

f .x1 C s1j; x2 C s2j; : : : ; xN C sNj/ d�n .s/ ;

(3.6)

where s WD .s1; : : : ; sN/, x WD .x1; : : : ; xN/ 2 R
N I n; r 2 Z, m 2 ZC, f W RN ! R

is a Borel measurable function, and also .n/n2N is a bounded sequence of positive
real numbers.

In [1], the author stated

Remark 3.1. The operators �Œm�r;n are not in general positive.

Furthermore, the author observed

Lemma 3.2. The operators �Œm�r;n preserve the constant functions in N variables.

In [1], the author needed

Definition 3.3. Let f 2 CB
�
R

N
�
, the space of all bounded and continuous functions

on R
N . Then, the rth multivariate modulus of smoothness of f is given by

!r .f I h/ WD supp
u21C:::Cu2N�h



�r
u1;u2;:::;uN

.f /


1 <1; h > 0; (3.7)
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where k�k1 is the sup-norm and

�r
uf .x/ WD �r

u1;u2;:::;uN
f .x1; : : : ; xN/

D
rX

jD0
.�1/r�j

 
r

j

!

f .x1 C ju1; x2 C ju2; : : : ; xN C juN/ : (3.8)

Let m 2 N and let f 2 Cm
�
R

N
�
.

Assume that all partial derivatives of f of order m are bounded, i.e.





@mf .�; �; : : : ; �/
@x˛11 : : : @x˛N

N





1
<1; (3.9)

for all ˛j 2 Z
C, j D 1; : : : ;NI

NP

jD1
˛j D m.

In [1], the author proved

Theorem 3.4. Let m 2 N, f 2 Cm
�
R

N
�
, N � 1, x 2 R

N. Assume



 @mf .�;:::;�/
@x
˛1
1 :::@x

˛N
N





1

< 1, for all ˛j 2 Z
C, j D 1; : : : ;N W j˛j WD

NP

jD1
˛j D m. Let �n be a Borel

probability measure on R
N, for n > 0, .n/n2N bounded sequence. Assume that for

all ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N, j˛j WD

NP

iD1
˛i D m, we have that

un WD
Z

RN

 
NY

iD1
jsij˛i

!�
1C ksk2

n

�r

d�n .s/ <1: (3.10)

For Qj D 1; : : : ;m, and ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N, j˛j WD

NP

iD1
˛i D Qj,

call

c˛;n WD c˛;n;Qj WD
Z

RN

NY

iD1
s˛i

i d�n .s1; : : : ; sN/ : (3.11)

Then

i) For all x 2 R
N,

EŒm�r;n .x/ WD

ˇ̌
ˇ̌
ˇ̌
ˇ̌
�Œm�r;n .f I x/ � f .x/ �

mP

QjD1
ı
Œm�
Qj;r

0

BB
@

P

˛1;:::;˛N�0W
j˛jDQj

c˛;n;Qjf˛ .x/
QN

iD1 ˛iŠ

1

CC
A

ˇ̌
ˇ̌
ˇ̌
ˇ̌

� P

˛1;:::;˛N�0
j˛jDm

.!r .f˛; n//
�

NQ

iD1
˛iŠ

�

 
R

RN

�
NQ

iD1
jsij˛i

��
1C ksk2

n

�r

d�n .s/

!

:

(3.12)
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ii)




EŒm�r;n




1 � R:H:S: (3.12): (3.13)

Given that n ! 0, as n ! 1, and un is uniformly bounded, then we obtain
that



EŒm�r;n



1 ! 0 with rates.
iii) It holds also that



�Œm�r;n .f / � f


1 �

mP

QjD1

ˇ̌
ˇıŒm�Qj;r

ˇ̌
ˇ

0

B
@

P

˛1;:::;˛N�0W
j˛jDQj

ˇ
ˇ
ˇc˛;n;Qj

ˇ
ˇ
ˇkf˛k1

NQ

iD1

˛iŠ

1

C
A

CR:H:S: (3.12);

(3.14)

given that kf˛k1 < 1, for all ˛ W j˛j D Qj, Qj D 1; : : : ;m. Furthermore, as
n ! 0 when n!1, assuming that c˛;n;Qj ! 0, while un is uniformly bounded,
we conclude that





�Œm�r;n .f / � f





1 ! 0 (3.15)

with rates.

In [1], for the case of m D 0, the author gave

Theorem 3.5. Let f 2 CB
�
R

N
�

(the space of all bounded and continuous functions
on R

N), N � 1. Then





�Œ0�r;nf � f





1 �

�Z

RN

�
1C ksk2

n

�r

d�n .s/

�
!r .f ; n/ ; (3.16)

under the assumption

˚n WD
Z

RN

�
1C ksk2

n

�r

d�n .s/ <1: (3.17)

As n!1 and n ! 0, given that ˚n are uniformly bounded, we obtain that




�Œ0�r;nf � f



1 ! 0 (3.18)

with rates.
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3.3 Main Results

Here, let �n be a Borel probability measure on R
N , N � 1, 0 < n � 1, n 2 N.

Assume that � WD .�1; : : : ; �N/, x WD .x1; : : : ; xN/ 2 R
N and f W RN ! R is a Borel

measurable function.

1. When

�n .�/ D
e

� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e�

NP

iD1
j�ij
n

, (3.19)

we define generalized multiple discrete Picard operators as:

P� Œm�
r;n .f I x1; : : : ; xN/

D

1P
�1D�1

: : :
1P

�ND�1

 
rP

jD0
˛
Œm�
j;r f .x1 C j�1; : : : ; xN C j�N/

!

e
� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij
:

(3.20)
2. When

�n .�/ D
e

� 1
n

NP

iD1

�2i

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

�2i

, (3.21)

we define generalized multiple discrete Gauss–Weierstrass operators as:

W� Œm�
r;n .f I x1; : : : ; xN/

D

1P
�1D�1

: : :
1P

�ND�1

 
rP

jD0
˛
Œm�
j;r f .x1 C j�1; : : : ; xN C j�N/

!

e
� 1
n

NP

iD1

�2i

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

�2i

:

(3.22)
3. Let Ǫ 2 N and ˇ > 1

Ǫ . When

�n .�/ D

NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

1P
�1D�1

: : :
1P

�ND�1

NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ , (3.23)
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we define the generalized multiple discrete Poisson–Cauchy operators as:

Q� Œm�
r;n .f I x1; : : : ; xN/

D

1P
�1D�1

: : :
1P

�ND�1

 
rP

jD0
˛
Œm�
j;r f .x1 C j�1; : : : ; xN C j�N/

!
NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

1P
�1D�1

: : :
1P

�N D�1

 
NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ
! :

(3.24)

4. When

�n .�/ D
e

� 1
n

NP

iD1

j�ij
�
1C 2ne� 1

n

	N , (3.25)

we define the generalized multiple discrete non-unitary Picard operators as:

PŒm�r;n .f I x1; : : : ; xN/

D

1P
�1D�1

: : :
1P

�ND�1

 
rP

jD0
˛
Œm�
j;r f .x1 C j�1; : : : ; xN C j�N/

!

e
� 1
n

NP

iD1

j�ij

�
1C 2ne� 1

n

	N :

(3.26)
5. When

�n .�/ D
e

� 1
n

NP

iD1

�2i

�p
�n

�
1 � erf

�
1p
n

		
C 1

	N , (3.27)

we define the generalized multiple discrete non-unitary Gauss–Weierstrass
operators as:

W Œm�
r;n .f I x1; : : : ; xN/

D

1P
�1D�1

: : :
1P

�ND�1

 
rP

jD0
˛
Œm�
j;r f .x1 C j�1; : : : ; xN C j�N/

!

e
� 1
n

NP

iD1

�2i

�p
�n

�
1 � erf

�
1p
n

		
C 1

	N ;

(3.28)

where erf.x/ D 2p
�

xR

0

e�t2dt with erf.1/ D 1.

Additionally, in this article we assume that 00 D 1.
We observe
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Proposition 3.6. Let ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N 2 N, j˛j WD

NP

iD1
˛i D m 2 N. Then, there exist K1 > 0 such that

u�
P;n
D

1P
�1D�1

: : :
1P

�N D�1

�
NQ

iD1
j�ij˛i

��
1C k�k2

n

�r

e
� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij
� K1 <1;

(3.29)
for all n 2 .0; 1� where n 2 N and � D .�1; : : : ; �N/.

Proof. First, we observe that

1X

�1D�1
: : :

1X

�N D�1
e

� 1
n

NP

iD1

j�ij
> 1: (3.30)

Thus, we obtain

u�
P;n
�

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
j�ij˛i

��
1C k�k2

n

�r

e
� 1
n

NP

iD1

j�ij WD R1;˛i : (3.31)

Since

k�k2 D
q
�21 C � � � C �2N �

NX

iD1
j�ij ; (3.32)

we get

R1;˛i �
1X

�1D�1
: : :

1X

�ND�1

 
NY

iD1
j�ij˛i

! 

1C 1

n

NX

iD1
j�ij
!r

e
� 1
n

NP

iD1

j�ij

D 2N
1X

�1D1
: : :

1X

�N D1

 
NY

iD1
�
˛i
i

! 

1C 1

n

NX

iD1
�i

!r

e
� 1
n

NP

iD1

�i
: (3.33)

We also observe that, for each �i � 1, we have

 

1C 1

n

NX

iD1
�i

!r

� 2r

 
1

n

NX

iD1
�i

!r

D 2r�r
n

 
NX

iD1
�i

!r

� 2r�r
n Nr

NY

iD1
�r

i � 2r�Nr
n Nr

NY

iD1
�r

i

D 2rNr
NY

iD1

�
�i

n

�r

� 2rNr
NY

iD1

�
1C �i

n

�r

: (3.34)
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Thus,

u�
P;n
� R1;˛i � 2NCrNr

1P
�1D1

: : :
1P

�ND1

�
NQ

iD1
�
˛i
i

��
NQ

iD1

�
1C �i

n

�r�
e

� 1
n

NP

iD1

�i

D 2NCrNr
1P
�1D1

: : :
1P

�ND1

�
NQ

iD1
�
˛i
i

�
1C �i

n

�r

e� �i
n

�

D 2NCrNr
NQ

kD1

1P
�kD1

�
˛k
k

�
1C �k

n

�r

e� �k
n :

(3.35)
In [2], for ˛k 2 N, the authors showed that

M1;˛k WD
1P
�kD1

�
˛k
k

�
1C �k

n

�r

e� �k
n

� 22rrŠ

�

˛k C .2˛k C 1/˛k e� .2˛kC1/

2 C .˛k/Š2
˛kC1

�
<1;

(3.36)

where


˛k WD
2˛kX

�kD1
�
˛k
k e� �k

2 <1: (3.37)

So if ˛k 2 N, by (3.35)–(3.37), we obtain

u�
P;n
� Nr22rNCNCr .rŠ/N

NQ

kD1

�

˛k C .2˛k C 1/˛k e� .2˛kC1/

2 C .˛k/Š2
˛kC1

�
<1;
(3.38)

for all n 2 .0; 1�. For ˛k D 0, we have that

M1;0 D
1P
�kD1

�
1C �k

n

�r

e� �k
n �

1P
�kD1

�k

�
1C �k

n

�r

e� �k
n D M1;1 <1; (3.39)

so that, by (3.36), we have

M1;0 <1 (3.40)

for all n 2 .0; 1�.
Thus, by (3.35), (3.38), and (3.40), we get

u�
P;n
� R1;˛i <1; (3.41)

so that the proof is complete.
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Next, we have

Proposition 3.7. Let ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N 2 N, j˛j WD

NP

iD1
˛i D m. Then, there exist K2 > 0 such that

u�
W;n
D

1P
�1D�1

: : :
1P

�N D�1

�
NQ

iD1
j�ij˛i

��
1C k�k2

n

	r
e

� 1
n

NP

iD1

�2i

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

�2i

� K2 <1;

(3.42)

for all n 2 .0; 1� where n 2 N and � D .�1; : : : ; �N/.

Proof. We observe that

1X

�1D�1
: : :

1X

�ND�1
e

� 1
n

NP

iD1

�2i
> 1: (3.43)

Thus, we obtain

u�
W;n
�

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
j�ij˛i

��
1C k�k2

n

	r
e

� 1
n

NP

iD1

�2i WD R2;˛i : (3.44)

On the other hand, we have

�2i � j�ij (3.45)

which yields that

�2i
n
� j�ij
n
� 1 (3.46)

and

e� �2i
n � e� j�ij

n ; (3.47)

for all i D 1; : : : ;N. Thus

e
� 1
n

NP

iD1

�2i D
NY

iD1
e� �2i

n �
NY

iD1
e

� j�ij
n D e

� 1
n

NP

iD1

j�ij
: (3.48)

Therefore, by (3.31), (3.44), and (3.48), we get

u�
W;n
� R2;˛i � R1;˛i : (3.49)

Hence, by Proposition 3.6, the proof is done.
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We get

Proposition 3.8. Let ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N 2 N, j˛j WD

NP

iD1
˛i D m. Then, there exist K3 > 0 such that

u�
Q;n
D

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
j�ij˛i

��
1C k�k2

n

�r � NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

� K3 <1;
(3.50)

for all n 2 .0; 1� where Ǫ , n 2 N , ˇ > max
˚
1CrC˛i
2 Ǫ ; rC2

2 Ǫ
�

for all i D 1; : : : ;N,
and � D .�1; : : : ; �N/.

Proof. First we observe that

1X

�iD�1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ � �2 Ǫˇ
n (3.51)

for all i D 1; : : : ;N. Thus, we get

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

D
NQ

iD1

1P
�iD�1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

�
NQ

iD1


�2 Ǫˇ
n D �2N Ǫˇ

n :

(3.52)

Hence, by (3.32), (3.34), and (3.52), we get

u�
Q;n
� R3;˛i

WD 2N Ǫˇ
n

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
j�ij˛i

��
1C k�k2

n

�r � NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

D 
2N Ǫˇ
n 2N

1P
�1D1

: : :
1P

�N D1

�
NQ

iD1
�
˛i
i

��
1C k�k2

n

�r � NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

� Nr
2N Ǫˇ
n 2NCr

1P
�1D1

: : :
1P

�N D1

�
NQ

iD1
�
˛i
i

�
1C �i

n

�r �
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

D Nr2r
NQ

iD1

 

2
2 Ǫˇ
n

1P
�iD1

�
˛i
i

�
1C �i

n

�r �
�2 Ǫ

i C 2 Ǫ
n

	�ˇ
!

:

(3.53)
In [1], for ˛i 2 N and ˇ > 1CrC˛i

2 Ǫ the authors proved

M2;˛i WD 22 Ǫˇ
n

1P
�iD1

�
˛i
i

�
1C �i

n

�r �
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

� 2rC1 1P
�iD1

�
1
�i

	2 Ǫˇ�˛i�r
<1;

(3.54)
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for all n 2 .0; 1�. Clearly we also have that

R3;˛i <1: (3.55)

Hence, by (3.53) and (3.54), we have

u�
Q;n
� Nr2r

NY

iD1
M2;˛i <1; (3.56)

for all n 2 .0; 1�, ˛i 2 N, ˇ > 1CrC˛i
2 Ǫ , and i D 1; : : : ;N.

For ˛i D 0, we observe that

M2;0 D 22 Ǫˇ
n

1P
�iD1

�
1C �i

n

�r �
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

� 22 Ǫˇ
n

1P
�iD1

�i

�
1C �i

n

�r �
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

D M2;1:

(3.57)

Thus, by (3.54), when ˛i D 0, we get

u�
Q;n
� Nr2r

NY

iD1
M2;1 <1; (3.58)

for all n 2 .0; 1�, and ˇ > rC2
2 Ǫ . Therefore by (3.56) and (3.58), the proof is done.

We need

Definition 3.9. We define

c˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij

D

1P
�1D�1

: : :
1P

�ND�1

�
QN

iD1 �
˛i
i e� j�ij

n

�

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
e� j�ij

n

� D
NQ

iD1

0

B
B
@

1P
�iD�1

�
˛i
i e� j�ij

n

1P
�iD�1

e� j�ij
n

1

C
C
A ;

(3.59)
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p˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

�2i

1P
�1D�1

: : :
1P

�N D�1
e

� 1
n

NP

iD1

�2i

D
1P

�1D�1
:::

1P

�N D�1

0

@
NQ

iD1

�
˛i
i e

�
�2i
n

1

A

1P

�1D�1
:::

1P

�N D�1

0

@
NQ

iD1

e
�
�2i
n

1

A

D
NQ

iD1

0

BB
@

1P

�iD�1
�
˛i
i e

�
�2i
n

1P

�iD�1
e

�
�2i
n

1

CC
A ;

(3.60)

and

q˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
�
˛i
i

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�

1P
�1D�1

: : :
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�ND�1

NQ
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�2 Ǫ
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n

	�ˇ

D
NQ

iD1

0

B
B
@
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�
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i

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

1P
�iD�1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

1

C
C
A :

(3.61)

We will use

Lemma 3.10. For Qj D 1; : : : ;m, and ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N,

j˛j WD
NP

iD1
˛i D Qj, we have that

c˛;n WD c˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij
<1: (3.62)

for all n 2 .0; 1�. Additionally, let ˛i 2 N, then as n ! 0 when n ! 1, we get
c˛;n;Qj ! 0.

Proof. Let ˛i 2 N. In [2], the authors showed that

1P
�iD�1

�
˛i
i e� j�ij

n

1P
�iD�1

e� j�ij
n

<1; (3.63)
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for each i D 1; : : : ;N 2 N, and for all n 2 .0; 1�. Then by (3.59) and (3.63), we get

c˛;n;Qj D
NY

iD1

0

BB
@

1P
�iD�1

�
˛i
i e� j�ij

n

1P
�iD�1

e� j�ij
n

1

CC
A <1; (3.64)

for all n 2 .0; 1�. Moreover, by (3.31) and (3.41), we observe that

0 � c˛;n;Qj �
1P

�1D�1
: : :

1P
�ND�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

j�ij � R1;˛i <1: (3.65)

Additionally, we observe that

1P
�1D�1

: : :
1P

�N D�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

j�ij

D

8
<̂

:̂

0 if ˛i is odd,

2N
1P
�1D1

: : :
1P

�N D1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

�i
if ˛i is even,

(3.66)

see also [2].
Assume that ˛i is even. Therefore,

K1
n;�i
WD 2N

1P
�1D1

: : :
1P

�N D1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

�i D 2N
NQ

iD1

 
1P
�iD1

�
˛i
i e� �i

n

!

: (3.67)

Observe that the function f .x/ D x˛i e� x
n is positive, continuous, and decreasing on

Œ1;1/. Hence, by Smarandache [5], we obtain

1P
�iD1

�
˛i
i e� �i

n � f .1/C
1R

1

�
˛i
i e� �i

n d�i

D e� 1
n C

1R

1

�
˛i
i e� �i

n d�i:

(3.68)

By the integral calculation in [3, p. 86], it is easy to see that

1R

1

�
˛i
i e� �i

n d�i �
1R

0

�
˛i
i e� �i

n d�i

D ˛iŠ
˛iC1
n : (3.69)
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Hence, by (3.67)–(3.69), we get

K1
n;�i
� e� 1

n C ˛iŠ
˛iC1
n ! 0; as n ! 0: (3.70)

Thus, by (3.65), and (3.70) we have as n ! 0 when n!1, c˛;n;Qj ! 0.

Now, let ˛i D 0. For each �i, we have

� 1P
nD1

1
n2
D �2

6
, Euler 1741

�

1P
�iD�1

e� j�ij
n D 1C 2

1P
�iD1

e� �i
n

� 1C 2
1P

iD1
1

�2i
D 1C �2

3
<1: (3.71)

Thus,
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@
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e� j�ij
n

1P
�iD�1

e� j�ij
n

1

CC
A D 1 <1:

(3.72)

Next, we give our results for P� Œm�
r;n

Theorem 3.11. Let m 2 N, f 2 Cm
�
R

N
�
, N � 1, x 2 R

N. Assume



 @mf .�;:::;�/
@x
˛1
1 :::@x

˛N
N





1

< 1, for all ˛j 2 Z
C, j D 1; : : : ;N W j˛j WD

NP

jD1
˛j D m. Let �n be a Borel

probability measure on R
N defined as in (3.19), for n 2 .0; 1�. Then for all x 2 R

N,
we have

i)

ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

P� Œm�
r;n .f I x/ � f .x/ �

mP

QjD1
ı
Œm�
Qj;r

0

B
B
@

P

˛1;:::;˛N �0W
j˛jDQj

c˛;n;Qjf˛.x/
NQ

iD1

˛iŠ

1

C
C
A

ˇ̌
ˇ
ˇ
ˇ
ˇ̌
ˇ

� P

˛1;:::;˛N �0W
j˛jDQj

.!r .f˛; n//�QN
iD1 ˛iŠ

	 u�
P;n

;

(3.73)

ii)











P� Œm�
r;n .f / � f �

mP

QjD1
ı
Œm�
Qj;r

0

B
@

P

˛1;:::;˛N�0W
j˛jDQj

c˛;n;Qjf˛
NQ
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˛iŠ

1

C
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1

� R:H:S: (3.73): (3.74)
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When n ! 0, as n!1, we obtain that












P� Œm�
r;n .f / � f �

mX

QjD1
ı
Œm�
Qj;r

0
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B
@

X

˛1;:::;˛N �0W
j˛jDQj

c˛;n;Qjf˛
NQ

iD1
˛iŠ

1
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C
A











1

! 0

with rates,
iii) it holds also that





P� Œm�

r;n .f / � f




1 �

mP

QjD1

ˇ
ˇ̌
ı
Œm�
Qj;r
ˇ
ˇ̌

0

B
@

P

˛1;:::;˛N�0W
j˛jDQj

ˇ
ˇ
ˇc˛;n;Qj

ˇ
ˇ
ˇkf˛k1

NQ

iD1

˛iŠ

1

C
AC R:H:S: (3.73);

(3.75)

given that kf˛k1 < 1, for all ˛ W j˛j D Qj, Qj D 1; : : : ;m. Furthermore, for
˛j 2 N, as n ! 0 when n ! 1, c˛;n;Qj ! 0, and u�

P;n
is uniformly bounded,

we conclude that


P� Œm�

r;n .f / � f


1 ! 0 (3.76)

with rates.

Proof. By Theorem 3.4, Proposition 3.6, and Lemma 3.10.

For the case of m D 0, we have

Theorem 3.12. Let f 2 CB
�
R

N
�
, N � 1. Then




P� Œ0�

r;n .f / � f



1 � ˚�

P;n
!r.f ; n/; (3.77)

where

˚�
P;n
WD

1P
�1D�1

: : :
1P

�ND�1

�
1C k�k2

n

	r
e

� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij
(3.78)

is uniformly bounded for all n 2 .0; 1�.
Proof. We observe

1X

�1D�1
: : :

1X

�N D�1

�
1C k�k2

n

�r

e
� 1
n

NP

iD1

j�ij � R1;1 <1: (3.79)

Thus, by Theorem 3.5 and (3.41), the proof is done.
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Next we show

Lemma 3.13. For Qj D 1; : : : ;m, and ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N,

j˛j WD
NP

iD1
˛i D Qj, we have that

p˛;n WD p˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�QN
iD1 �

˛i
i

	
e

� 1
n

NP

iD1

�2i

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

�2i

<1: (3.80)

for all n 2 .0; 1�. Additionally, let ˛i 2 N, then as n ! 0 when n ! 1, we get
p˛;n;Qj ! 0.

Proof. Let ˛i 2 N for i D 1; 2; : : : ;N 2 N. In [2], the authors showed that

1P
�D�1

�
˛i
i e

��2i
n

1P
�D�1

e
��2i
n

<1; (3.81)

for all n 2 .0; 1�. Therefore, by (3.60) and (3.81), we obtain

p˛;n;Qj <1; (3.82)

for all n 2 .0; 1�.
Additionally, when ˛i 2 N, by (3.48), (3.67), and (3.70), we have

0 � p˛;n;Qj �
1P

�1D�1
: : :

1P
�ND�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

�2i WD K2
n;�i
� K1

n;�i
: (3.83)

see also [2].
Thus, we have as n ! 0 when n!1, p˛;n;Qj ! 0.

Now, let ˛i D 0. For each �i, we have

� 1P
nD1

1
n2
D �2

6
, Euler 1741

�

1P
�iD�1

e� �2i
n D 1C 2

1P
�iD1

e� �2i
n � 1C 2

1P
iD1

1

�2i
D 1C �2

3
<1: (3.84)

Thus,

p˛;n;Qj WD
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�1D�1
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�N D�1
e

� 1
n

NP

iD1

�2i

1P
�1D�1
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n
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�2i
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0
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B
@
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�iD�1

e� �2i
n
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�iD�1

e� �2i
n

1

CC
C
A
D 1 <1: (3.85)

Next, we state our results for the operators W�Œm�
r;n
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Theorem 3.14. Let m 2 N, f 2 Cm
�
R

N
�
, N � 1, x 2 R

N. Assume
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1

< 1, for all ˛j 2 Z
C, j D 1; : : : ;N W j˛j WD

NP

jD1
˛j D m. Let �n be a Borel

probability measure on R
N defined as in (3.21), for n 2 .0; 1�. Then for all x 2 R

N,
we have

i)

ˇ̌
ˇ̌
ˇ
ˇ̌
W� Œm�

r;n .f I x/ � f .x/ �
mP

QjD1
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.!r .f˛; n//�QN
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;

(3.86)

ii)
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� R:H:S: (3.86): (3.87)

When n ! 0, as n!1, we obtain that
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! 0

with rates,
iii) it holds also that




W� Œm�
r;n .f / � f




1 �
mP

QjD1

ˇ̌
ˇıŒm�Qj;r

ˇ̌
ˇ
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@
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˛1;:::;˛N�0W
j˛jDQj

ˇ
ˇ
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ˇ
ˇ
ˇkf˛k1

NQ

iD1

˛iŠ

1

C
AC R:H:S: (3.86);

(3.88)

given that kf˛k1 < 1, for all ˛ W j˛j D Qj, Qj D 1; : : : ;m. Furthermore, for
˛j 2 N, as n ! 0 when n ! 1, p˛;n;Qj ! 0, and u�

W;n
is uniformly bounded,

we conclude that




W� Œm�

r;n .f / � f



1 ! 0 (3.89)

with rates.
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Proof. By Theorem 3.4, Proposition 3.7, and Lemma 3.13.

For the case of m D 0, we have

Theorem 3.15. Let f 2 CB
�
R

N
�
, N � 1. Then



W� Œ0�
r;n .f / � f



1 � ˚�
W;n

!r.f ; n/; (3.90)

where

˚�
W;n
WD

1P
�1D�1

: : :
1P

�ND�1

�
1C k�k2

n

	r
e

� 1
n

NP

iD1

�2i

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

�2i

(3.91)

is uniformly bounded for all n 2 .0; 1�.
Proof. We observe

1X

�1D�1
: : :

1X

�ND�1

�
1C k�k2

n

�r

e
� 1
n

NP

iD1

�2i � R2;1 <1: (3.92)

Thus, by Theorem 3.5 and (3.49), the proof is done.

We also need

Lemma 3.16. For Qj D 1; : : : ;m, and ˛ WD .˛1; : : : ; ˛N/, ˛i 2 Z
C, i D 1; : : : ;N,

j˛j WD
NP

iD1
˛i D Qj, we have that

q˛;n WD q˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
�
˛i
i

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ�
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�1D�1
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�ND�1

NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ <1: (3.93)

for all n 2 .0; 1� where Ǫ 2 N and ˇ > ˛iCrC1
2 Ǫ . Additionally, let ˛i 2 N, then as

n ! 0 when n!1, we get q˛;n;Qj ! 0.

Proof. Let ˛i 2 N for i D 1; 2; : : : ;N 2 N. In [2], the authors showed that

1P
�iD�1

�
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	�ˇ
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�
�2 Ǫ
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	�ˇ <1; (3.94)
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for all n 2 .0; 1� where Ǫ 2 N and ˇ > ˛iCrC1
2 Ǫ . Therefore, by (3.61) and (3.94), we

obtain

q˛;n;Qj <1; (3.95)

for all n 2 .0; 1� where Ǫ 2 N and ˇ > ˛iCrC1
2 Ǫ .

Moreover, we observe that when ˛i 2 N, by the proof of Proposition 3.8, we have

0 � q˛;n;Qj � 2N Ǫˇ
n
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n

	�ˇ
!
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We observe that
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0; if ˛i is odd,
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; if ˛i is even.

see also [2].
Assume that ˛i is even. We observe that

�
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	�ˇ � ��2 Ǫˇ
i : (3.98)

Then
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for all �i when ˇ > ˛iC1
2 Ǫ . Thus, we have

K3
n;�i

<1: (3.99)

Hence, by (3.97)–(3.99), we get

2N Ǫˇ
n K3

n;�i
! 0; as n ! 0: (3.100)

Thus, by (3.96) and (3.100), for Ǫ 2 N and ˇ > ˛iC1
2 Ǫ , we have as n ! 0 when

n!1, q˛;n;Qj ! 0.
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Now, let ˛i D 0. We observe that
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i C 2 Ǫ
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Next, we state our results for the operators Q�Œm�
r;n

Theorem 3.17. Let m 2 N, f 2 Cm
�
R

N
�
, N � 1, where Ǫ , n 2 N, ˇ >

max
˚
1CrC˛i
2 Ǫ ; rC2

2 Ǫ
�
, and x 2 R

N. Assume
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When n ! 0, as n!1, we obtain that
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with rates,
iii) it holds also that
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j˛jDQj

ˇ
ˇ
ˇq˛;n;Qj

ˇ
ˇ
ˇkf˛k1

NQ

iD1

˛iŠ

1

C
AC R:H:S: (3.102);

(3.104)

given that kf˛k1 < 1, for all ˛ W j˛j D Qj, Qj D 1; : : : ;m. Furthermore, for
˛j 2 N, as n ! 0 when n ! 1, q˛;n;Qj ! 0, and u�

Q;n
is uniformly bounded,

we conclude that



Q� Œm�
r;n .f / � f



1 ! 0 (3.105)

with rates.

Proof. By Theorem 3.4, Proposition 3.8 ,and Lemma 3.16.

For the case of m D 0, we have

Theorem 3.18. Let f 2 CB
�
R

N
�
, Ǫ ;N 2 N , ˇ > rC2

2 Ǫ . Then



Q� Œ0�
r;n .f / � f



1 � ˚�
Q;n
!r.f ; n/; (3.106)

where

˚�
Q;n
WD

1P
�1D�1

: : :
1P

�N D�1

�
1C k�k2

n

	r NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ

1P
�1D�1

: : :
1P

�ND�1

NQ

iD1

�
�2 Ǫ

i C 2 Ǫ
n

	�ˇ (3.107)

is uniformly bounded for all n 2 .0; 1�.
Proof. We observe that

˚�
Q;n
� R3;1 <1; (3.108)

when ˇ > rC2
2 Ǫ . Thus, by Theorem 3.5, the proof is done.
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Our final result for unitary case is the following:

Remark 3.19. The operators P� Œm�
r;n , W� Œm�

r;n , and Q� Œm�
r;n are not in general positive.

For instance, consider the function g .x1; : : : ; xN/ D
NP

iD1
x2i and also take r D 2,

m D 3. Observe that g � 0, however

P� Œm�
r;n .gI 0; : : : ; 0/ D

1P
�1D�1

: : :
1P

�ND�1

 
2P

jD0
j2˛Œ3�j;2

�
NP

iD1
�2i

�!

e
� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij
:

(3.109)
We have that

2X

jD0
˛
Œ3�
j;2 j2 D ˛Œ3�1;2 C 4˛Œ3�2;2 D �2C

1

2
D �3

2
: (3.110)

Therefore, we obtain

P� Œm�
r;n .gI 0; : : : ; 0/ D � 3

2
:

0

BBBB
@

1P
�1D�1

: : :
1P

�ND�1

�
NP

iD1
�2i

�
e

� 1
n

NP

iD1

j�ij

1P
�1D�1

: : :
1P

�ND�1
e

� 1
n

NP

iD1

j�ij

1

CCCC
A
< 0:

(3.111)
Similarly, we can show the same result for W� Œm�

r;n and Q� Œm�
r;n .

Now, we give our results for the non-unitary operators P Œm�
r;n and W Œm�

r;n . We
start with

Definition 3.20. We define the following error quantities:

EŒ0�n;P.f I x/ WD P Œ0�
r;n .f I x/ � f .x/ (3.112)

and

EŒ0�n;W.f I x/ WD W Œ0�
r;n .f I x/ � f .x/: (3.113)

Additionally we introduce the errors

EŒm�n;P.f I x/ WD P Œm�
r;n .f I x/ � f .x/ �

mP

QjD1
ı
Œm�
Qj;r

0

BB
B
@

P

˛1;:::;˛N�0W
j˛jDQj

Qc˛;n;Qjf˛ .x/
NQ

iD1
˛iŠ

1

CC
C
A

(3.114)
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and

EŒm�n;W.f I x/ WD W Œm�
r;n .f I x/ � f .x/ �

mP

QjD1
ı
Œm�
Qj;r

0

B
@

P

˛1;:::;˛N �0W
j˛jDQj

Qp˛;n;Qjf˛.x/
NQ

iD1

˛iŠ

1

C
A ; (3.115)

where

Qc˛;n;Qj WD

1P
�1D�1

: : :
1P

�N D�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

j�ij

�
1C 2ne� 1

n

	N (3.116)

and

Qp˛;n;Qj WD

1P
�1D�1

: : :
1P

�ND�1

�
NQ

iD1
�
˛i
i

�
e

� 1
n

NP

iD1

�2i

�p
�n

�
1 � erf

�
1p
n

		
C 1

	N : (3.117)

We observe

Remark 3.21. Let

mn;P WD
P1

�1D�1 : : :
P1

�N D�1 e�
PN

iD1j�ij
n

�
1C 2ne� 1

n

	N (3.118)

and

mn;W WD

1P
�1D�1

: : :
1P

�N D�1
e

� 1
n

NP

iD1

�2i

�p
�n

�
1 � erf

�
1p
n

		
C 1

	N : (3.119)

In [2], the authors showed that

1P
�iD�1

e� j�ij
n

1C 2ne� 1
n

! 1 as n ! 0C; (3.120)

and

1P
�iD�1

e� �2i


1Cp�n

�
1 � erf

�
1p
n

		 ! 1 as n ! 0C:
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Therefore, we have

mn;P D
NY

iD1

0

@
P1

�iD�1 e� j�ij
n

1C 2ne� 1
n

1

A! 1 as n ! 0C; (3.121)

and

mn;W D
NY

iD1

0

B
BB
@

1P
�iD�1

e� �2i


1Cp�n

�
1 � erf

�
1p
n

		

1

C
CC
A
! 1 as n ! 0C: (3.122)

Furthermore, we observe that

EŒ0�n;P.f I x/ WD P Œ0�
r;n .f I x/ � f .x/ � f .x/mn;P C f .x/mn;P

D mn;P

 
P Œ0�

r;n .f I x/
mn;P

� f .x/

!

C f .x/.mn;P � 1/:
(3.123)

Since

P Œ0�
r;n .f I x/
mn;P

D P�Œ0�
r;n .f I x/; (3.124)

we get

ˇ̌
ˇEŒ0�n;P.f I x/

ˇ̌
ˇ � mn;P

ˇ̌
P�Œ0�

r;n .f I x/ � f .x/
ˇ̌C jf .x/j ˇ̌mn;P � 1

ˇ̌
: (3.125)

Similarly we obtain the inequalities

ˇ̌
ˇEŒ0�n;W.f I x/

ˇ̌
ˇ � mn;W

ˇ
ˇW�Œ0�

r;n .f I x/ � f .x/
ˇ
ˇC jf .x/j ˇˇmn;W � 1

ˇ
ˇ ; (3.126)

ˇ
ˇ̌
EŒm�n;P.f I x/

ˇ
ˇ̌ � m

n ;P

ˇ̌
ˇ̌
ˇ
P� Œm�

r;n .f I x/ � f .x/ �
mP

QjD1
ı
Œm�
Qj;r

�

0

BB
@

P

˛1;:::;˛N�0W
j˛jDQj

c˛;n;Qjf˛.x/
NQ

iD1

˛iŠ

1

CC
A

ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ

C jf .x/j ˇ̌mn;P � 1
ˇ̌
;

(3.127)
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and

ˇ̌
ˇEŒm�n;W.f I x/

ˇ̌
ˇ � mn;W

ˇ
ˇ̌
ˇ̌W �Œm�

r;n .f I x/ � f .x/ �
mP

QjD1
ı
Œm�
Qj;r

�

0

B
@

P

˛1;:::;˛N �0W
j˛jDQj

p˛;n;Qj f˛.x/
NQ

iD1

˛iŠ

1

C
A

ˇ̌
ˇ̌
ˇ̌
ˇ
C jf .x/j ˇˇmn;W � 1

ˇ
ˇ : (3.128)

Thus, we derive

Theorem 3.22. Let m 2 N, f 2 Cm
�
R

N
�
, N � 1, x 2 R

N. Assume




 @mf .�;:::;�/
@x
˛1
1 :::@x

˛N
N







1
<1, for all ˛j 2 Z

C, j D 1; : : : ;N W j˛j WD
NP

jD1
˛j D m. Let �n be a Borel measure

on R
N defined as in (3.25), for n 2 .0; 1�. Then for all x 2 R

N, we have

i)

ˇ̌
ˇEŒm�n;P.f I x/

ˇ̌
ˇ � mn;P

P

˛1;:::;˛N�0
j˛jDm

!r .f˛; n/
�

NQ

iD1
˛iŠ

� u�
P;n
C jf .x/j ˇ̌mn;P � 1

ˇ̌
:

(3.129)

ii)





EŒm�n;P.f /





1 � mn;P

P

˛1;:::;˛N�0
j˛jDm

!r .f˛; n/
�

NQ

iD1
˛iŠ

� u�
P;n
C kfk1

ˇ
ˇmn;P � 1

ˇ
ˇ :

(3.130)

When n ! 0, as n!1, we obtain that



EŒm�n;P.f I x/




1 ! 0 with rates.

Proof. By Theorem 3.11 and (3.127).

For the case of m D 0, we have

Theorem 3.23. Let f 2 CB
�
R

N
�
, N � 1. Then




EŒ0�n;P.f /



1 � mn;P˚

�
P;n
!r.f ; n/C kfk1

ˇ̌
mn;P � 1

ˇ̌
: (3.131)

Proof. By Theorem 3.12 and (3.125).
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We demonstrate also

Theorem 3.24. Let m 2 N, f 2 Cm
�
R

N
�
, N � 1, x 2 R

N. Assume



 @mf .�;:::;�/
@x
˛1
1 :::@x

˛N
N





1

<1, for all ˛j 2 Z
C, j D 1; : : : ;N W j˛j WD

NP

jD1
˛j D m. Let �n be a Borel measure

on R
N defined as in (3.27), for n 2 .0; 1�. Then for all x 2 R

N, we have

i)

ˇ̌
ˇEŒm�n;W.f I x/

ˇ̌
ˇ � mn;W

P

˛1;:::;˛N�0
j˛jDm

!r .f˛; n/
�

NQ

iD1
˛iŠ

� u�
W;n
C jf .x/j ˇ̌mn;W � 1

ˇ̌
:

(3.132)
ii)




EŒm�n;W.f /



1 � mn;W

P

˛1;:::;˛N �0
j˛jDm

!r .f˛; n/
�

NQ

iD1
˛iŠ

� u�
W;n
C kfk1

ˇ̌
mn;W � 1

ˇ̌
:

(3.133)

When n ! 0, as n!1, we obtain that



EŒm�n;W.f /




1 ! 0 with rates.

Proof. By Theorem 3.14 and (3.128).

Our final result is for the case of m D 0
Theorem 3.25. Let f 2 CB

�
R

N
�
, N � 1. Then




EŒ0�n;W.f I x/



1 � mn;W˚

�
W;n

!r.f ; n/C kfk1
ˇ̌
mn;W � 1

ˇ̌
:

Proof. By Theorem 3.15 and (3.126).
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Chapter 4
Summation Process by Max-Product Operators

Türkan Yeliz Gökçer and Oktay Duman

Abstract In this study, we focus on the approximation to continuous functions
by max-product operators in the sense of summation process. We also study
error estimation corresponding to this approximation. At the end, we present an
application to max-product Bernstein operators.

4.1 Introduction

In the 1950s, the approximation to continuous function by positive linear operators
has been examined by Korovkin [16] (see also [1, 3]). Under a weaker linearity
condition, Bede et.al. studied some approximating operators, the so-called max-
product operators (see [4–12]). Later this non-linear approximation process has
been studied by Duman [14] via the concept of statistical convergence in order
to overcome the lack of the classical convergence. More detailed results on the
statistical approximation theory may be found in the monograph book [2]. In the
present paper, motivating the results in [14] and also using a general summability
process given by Bell [13] we obtain some new approximation results for these
max-product operators. We also compute its error estimation by using the classical
modulus of continuity. We should remark that our results are not only different from
the ones in [14] but also include many approximation process, such as ordinary
convergence, arithmetic mean convergence, and almost convergence. An application
presented at the end of this paper clearly explains why we really need such a
summability process in the approximation.

We first remind the concept of summation process.
Let A D fAvg D fŒavjn�g .j; n; � 2 N/ be the sequence of infinite matrices, i.e.,

for each fixed v 2 N, we have an infinite matrix Av . Then, we say that a sequence
x WD .xn/ is A -summable to a number L if

lim
j!1

1X

nD1
avjnxn; uniformly in v;

T.Y. Gökçer (�) • O. Duman
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where we assume that the series
P1

nD1 avjnxn is convergent for each n; v 2 N. This
limit is denoted by

A � lim
j!1 xj D L:

Also we say that A is regular if it preserves both convergence and the limit value.
For the regularity of A , Bell [13] proved the following useful characterization
which is similar to the well-known Silverman–Toeplitz conditions:

• 8n 2 N, lim
j!1 avjn D 0, uniformly in �I

• lim
j!1

1P
nD1

avjn D 1 uniformly in �;

• there are positive integers N, M such that 8j; � 2 N,
1P

nD1

ˇ̌
ˇa�jn

ˇ̌
ˇ <1, and for j � N

and 8� 2 N,
1P

nD1

ˇ̌
ˇavjn

ˇ̌
ˇ � M.

This general summation process includes many well-known (regular) summa-
bility methods as follows:

• If, for each v 2 N, we take Av D I, the identity matrix, then A -summability
method reduces to classical convergence;

• For each v 2 N, taking Av D C1 D Œcjn�, the Cesàro matrix given by
cjn D 1=j if n D 1; 2; : : : ; jI and cjn D 0 otherwise, then we immediately get
Cesàro (arithmetic) mean convergence.

• Assume that A� D F� D Œcvjn�, where

cvjn WD
�
1=j; if v � j � jC v � 1
0; otherwise.

In this case, A -summability method coincides with the almost convergence
introduced by Lorentz [17].

Finally, we should remark that a summability process and the concept of
statistical convergence introduced by Fast [15] cannot be comparable with each
other.

4.2 Approximation in Sense of Summation Process

In this section, with the help of a general summability process given in the first
section, we obtain approximation results by means of max-product operators. Now
we consider the following operators:
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Let .X; d/ be an arbitrary compact metric space; and let C.X; Œ0;1// denote the
space of all non-negative continuous functions on X. Then we consider the following
max-product operators which are defined by

Ln.f I x/ WD
n_

kD0
Kn;k.x/ � f .xn;k/; (4.1)

where x 2 X, n 2 N, xn;k 2 X .k D 0; 1; : : : ; n/, f 2 C.X; Œ0;1//, and Kn;k.:/ is a
non-negative continuous function on X. Here the symbol

W
represents the maximum

operation. The max-product operators in (4.1) are first introduced in the paper [5].
The operators are positive but do not to be linear. Actually they obey the property
of the pseudo-linearity as follows:

Ln.˛ � f
_
ˇ � g/ D ˛Ln.f /

_
ˇLn.g/

holds for all f ; g 2 C.X; Œ0;1// and for any non-negative numbers ˛; ˇ (see [5]).
The following lemma is useful for us to prove our main results.

Lemma 4.1 (See [5]). For any ak; bk 2 Œ0;1/, k D 0; 1; : : : ; n, we have
ˇ̌
ˇ̌
ˇ

n_

kD0
ak �

n_

kD0
bk

ˇ̌
ˇ̌
ˇ
�

n_

kD0
jak � bkj :

Throughout the paper, we consider a non-negative regular summability method

A DfA�g D ˚
Œa�nk�

�
such that the transformed operator

1P
nD1

a�jnLn is acting from

C.X; Œ0;1// into itself.
Now, for y 2 Y , consider the test function e0.y/ WD 1 and the moment function

'x.y/ WD d2.y; x/ for each fixed x 2 X. Then, we get the next approximation result.

Theorem 4.2. LetA DfA�g D ˚
Œa�nk�

�
be a non-negative regular summability

method. If the operators Ln given by (4.1) satisfy the following conditions

lim
j!1









1X

nD1
a�jnLn.e0/ � e0








D 0; uniformly in � (4.2)

and

lim
j!1









1X

nD1
a�jnLn.'x/








D 0; uniformly in �; (4.3)

then, for all f 2 C.X; Œ0;1//, we have

lim
j!1









1X

nD1
a�jnLn.f / � f








D 0; uniformly in �;

i.e., in other words, the sequence fLn.f /g is (uniformly) A -summable to f on X.
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Proof. Let x 2 X and f 2 C.X; Œ0;1// be given. By definition of the operators and
using Lemma 4.1, we may write that, for all j, � 2 N,

ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.f I x/ � f .x/

ˇ̌
ˇ̌
ˇ
D

1X

nD1
a�jn

ˇ̌
ˇ̌
ˇ

n_

kD0
Kn;k.x/ � f .xn;k/ �

n_

kD0
Kn;k.x/ � f .x/

ˇ̌
ˇ̌
ˇ

Cjf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jn

n_

kD0
Kn;k.x/ � 1

ˇ̌
ˇ̌
ˇ

�
1X

nD1
a�jn

n_

kD0
Kn;k.x/ � jf .xn;k/ � f .x/j

C jf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ
:

By the uniform continuity of f on the compact set X, for a given " > 0, one can find
a ı > 0 such that the following inequality

jf .xn;k/ � f .x/j � "C 2 kfk
ı2

'x.xn;k/:

holds for all x; xn;k 2 X. Then, we get
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.f I x/ � f .x/

ˇ̌
ˇ̌
ˇ
� "

1X

nD1
a�jnLn.e0I x/C 2 kfk

ı2

1X

nD1
a�jnLn.'xI x/

Cjf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ

� "C ."C kfk/
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ

C2 kfk
ı2

ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.'xI x/

ˇ̌
ˇ̌
ˇ
:

Now, taking supremum over x 2 X on the both sides of the last inequality, we
see that









1X

nD1
a�jnLn.f / � f








� "C ."C kfk/









1X

nD1
a�jnLn.e0/ � e0









C2 kfk
ı2









1X

nD1
a�jnLn.'x/









Finally, taking limit as j ! 1 (uniformly in �) and also using (4.2) and (4.3),
the proof is completed.
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4.3 Error Estimation in the Approximation

This section is devoted to obtain the error estimation of the summation process in
Theorem 4.2. We first need the following lemma.

Lemma 4.3 (See [14]). For every ak;bk � 0 .k D 0; 1; : : : ; n/, we have

n_

kD0
akbk �

vuut
n_

kD0
a2k

vuut
n_

kD0
b2k :

For the classical modulus of continuity it is well known that !.f ; 
ı/ � .
C 1/
!.f ; ı/ for any 
; ı 2 Œ0;1/. Then we obtain the next result.

Theorem 4.4. Let A DfA�g D ˚
.a�nk/

�
be a non-negative regular summability

method. Then, for all f 2 C.X; Œ0;1//, we have








1X

nD1
a�jnLn.f / � f







� !.f ; ı�j /








1X

nD1
a�jnLn.e0/








C!.f ; ı�j /
vuu
t








1X

nD1
a�jnLn.e0/









Ckfk








1X

nD1
a�jnLn.e0/ � e0









where

ı�j WD
vuut








1X

nD1
a�jnLn.'x/








.j; v 2 N/:

Proof. Let x 2 X and f 2 C.X; Œ0;1// be given. Then, as in proof of Theorem 4.2,
we obtain that, for any ı > 0,

ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.f I x/ � f .x/

ˇ̌
ˇ̌
ˇ
�

1X

nD1
a�jn

n_

kD0
Kn;k.x/ � jf .xn;k/ � f .x/j

C jf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ
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� !.f ; ı/
1X

nD1
a�jn

n_

kD0
Kn;k.x/

�
1C d.xn;k; x/

ı

�

Cjf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ
:

Then we get

ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.f I x/ � f .x/

ˇ̌
ˇ̌
ˇ
� !.f ; ı/

1X

nD1
a�jnLn.e0I x/

C!.f ; ı/
ı

1X

nD1
a�jn

n_

kD0
Kn;k.x/ � d.xn;k; x/

Cjf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ
:

If we use Lemma 4.3, then we have

ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.f I x/ � f .x/

ˇ̌
ˇ̌
ˇ
� !.f ; ı/

1X

nD1
a�jnLn.e0I x/

C!.f ; ı/
ı

1X

nD1
a�jn
p

Ln.e0I x/
p

Ln.'xI x/

Cjf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ
:

Now applying again the Cauchy–Schwarz inequality on the summation, we obtain
that

ˇ̌
ˇ
ˇ̌

1X

nD1
a�jnLn.f I x/ � f .x/

ˇ̌
ˇ
ˇ̌ � !.f ; ı/

1X

nD1
a�jnLn.e0I x/

C!.f ; ı/
ı

vuut
1X

nD1
a�jnLn.e0I x/

vuut
1X

nD1
a�jnLn.'xI x/

Cjf .x/j
ˇ̌
ˇ̌
ˇ

1X

nD1
a�jnLn.e0I x/ � e0.x/

ˇ̌
ˇ̌
ˇ
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Letting supremum over x 2 X and also taking ı WD ı�j D
s






1P
nD1

a�jnLn.'x/






 we get









1X

nD1
a�jnLn.f / � f








� !.f ; ı�j /









1X

nD1
a�jnLn.e0/









C!.f ; ı�j /
vuut








1X

nD1
a�jnLn.e0/









Ckfk








1X

nD1
a�jnLn.e0/ � e0









which completes the proof.

4.4 An Application to Max-Product Bernstein Operators

Define the sequence .un/ by

un WD
�
0; if n is odd
2; if n is even.

(4.4)

Then observe that .un/ is Cesàro mean convergent to 1 (denote this by
C1 � lim

n
un D 1); however, it is non-convergent in the usual sense.

Now take X D Œ0; 1�, n 2 N, xn;k D k
n 2 Œ0; 1�.k D 0; 1; : : : ; n/, and

Kn;k.x/ WD

 
n

k

!

xk.1 � x/n�k

nW

mD0

 
n

m

!

xm.1 � x/n�m

: (4.5)

Using (4.5), Bede and Gal (see [4]) introduced the max-product Bernstein operators
as follows:

B.M/n .f I x/ WD
n_

kD0
Kn;k.x/:f .

k

n
/ D

nW

kD0

 
n

k

!

xk.1 � x/n�kf . k
n /

nW

mD0

 
n

m

!

xm.1 � x/n�m

: (4.6)
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We know from [4] that

lim
n!1



B.M/n .f / � f


 D 0: (4.7)

Now using (4.4) and (4.6) we consider the following operators:

Ln.f I x/ WD unB.M/n .f I x/: (4.8)

Then, observe that it is impossible to approximate f by means of Ln.f / since .un/ is a
non-convergent sequence in the ordinary sense. However, in the summation process,
if we take Cesàro matrix C1 instead of A , we claim that Ln.f / given by (4.8) is
Cesàro mean convergent to f on Œ0; 1�.

Indeed, for any f 2 C .Œ0; 1�; Œ0;1// we may write that








1

j

jX

nD1
Ln.f / � f








D







1

j

jX

nD1
unB.M/n .f / � f









� 1

j

jX

nD1
junj



B.M/n .f / � f


C kfk

ˇ̌
ˇ̌
ˇ
1

j

jX

nD1
un � 1

ˇ̌
ˇ̌
ˇ

� 2

j

jX

nD1



B.M/n .f / � f


C kfk

ˇ̌
ˇ̌
ˇ
1

j

jX

nD1
un � 1

ˇ̌
ˇ̌
ˇ

Finally, letting j!1 and also using the regularity of C1, we get








1

j

jX

nD1
Ln.f / � f








! 0 (as j!1)

which corrects our claim.
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Chapter 5
Fixed Point in a Non-metrizable Space

Abdalla Tallafha and Suad A. Alhihi

Abstract In this paper, we shall define Lipschitz condition for functions and
contraction functions on non-metrizable spaces. Finally, we ask the natural question:
“Does every contraction have a unique fixed point?”.

5.1 Introduction

A uniform space is a set with a uniform structure. Uniform spaces are topological
spaces with additional structure that is used to define uniform properties such as
completeness, uniform continuity and uniform convergence.

The notion of uniformity has been investigated by several mathematicians such
as Weil [10–12], Cohen [3, 4] and Graves [6]. The theory of uniform spaces was
given by Bourbaki in [2]. Also Weil’s booklet [12] defines uniformly continuous
mapping.

Contraction functions on complete metric spaces played an important role in
the theory of fixed point (Banach fixed point theory). Lipschitz condition and
contractions are usually discussed in metric and normed spaces, and have never been
studied in a non-metrizable space. The object of this paper is to define Lipschitz
condition, and contraction mapping on semi-linear uniform spaces, which enables
us to study fixed point for such functions. We believe that the structure of semi-
linear uniform spaces is very rich, and all the known results on fixed point theory
can be generalized.

Let X be a non-empty set and DX be a collection of all subsets of X�X, such that
each element V of DX contains the diagonal � D f.x; x/ W x 2 Xgand V D V �1 D
f.y; x/ W .x; y/ 2 Vg for all V 2 DX . DX is called the family of all entourages of the
diagonal. Let � be a sub-collection of DX . Then we have the following definition.
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Definition 5.1 ([2]). The pair .X; � / is called a uniform space if

(i) V1 \ V2 2 � for all V1;V2 in � .
(ii) For every V 2 � , there exists U 2 � such that U ı U 	 V .

(iii)
T fV W V 2 � g D �.

(iv) If V 2 � and V 
 W 2 DX , then W 2 � .

If the condition V D V �1 is omitted, then the space is quasiuniform.

5.2 Semi-linear Uniform Spaces

In [9] Tallafha and Khalil define a new type of uniform space, namely, semi-linear
uniform space.

Definition 5.2 (See [9]). Let � be a sub-collection of DX . Then, the pair .X; � / is
called a semi-linear uniform space if

(i) � is a chain,
(ii) for every V 2 � , there exists U 2 � such that U ı U 
 V ,

(iii)
T

V2�
V D �,

(iv)
S

V2�
V D X � X.

Definition 5.3 (See [9]). Let .X ; � / be a semi-linear uniform space, for .x; y/ 2
X � X, and let �.x;y/ D fV 2 � W .x; y/ 2 Vg. Then, the set valued map � on
X � X is defined by �.x; y/ DT˚

V W V 2 �.x;y/
�
.

Semi-linear uniform spaces are stronger than topological spaces.
If .X ; � / is a semi-linear uniform space, then we have

Definition 5.4 (See [5]). For x 2 X and V 2 � . The open ball of center x and radius
V is defined by B.x;V/ D fy W �.x; y/ 
 Vg.

Clearly, from the properties of � , if y 2 B.x;V/, then there is a W 2 � such that
B.y;W/ 
 B.x;V/.

The family

	 D fG 
 X W for every x 2 G there is a V 2 � such that B .x;V/ 
 Gg

is a topology on X. That is, a set G is open if for every point x in G, there exist
V 2 � such that B.x;V/ 
 G. Also, metric spaces are stronger than semi-linear
uniform spaces (see Theorem 5.24).

In [9], it was shown that open balls separate points, so if X is finite, then we have
the discrete topology; therefore, interesting examples are given when X is infinite.
Also, if X is infinite, then � should be infinite; otherwise, � 2 � , which implies
that the topology is the discrete one. The elements of � may be assumed to be open
in the topology on X � X (see [5, 7]).
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Clearly, from Definition 5.3, for all .x; y/ 2 X�X; we have �.x; y/ D �.y; x/ and
� 
 �.x; y/. In [8], Tallafha defines a new set valued ı. Let

� n�.x;y/ D
�
�.x;y/

�c D fV 2 � W .x; y/ … Vg;

from now on, we shall denote � n�.x;y/ by �
c

.x;y/.

Definition 5.5 (See [8]). Let .X; � / be a semi-linear uniform space. Then, the set
valued map ı on X � X is defined by

ı.x; y/ D
( SfV W V 2 � c

.x;y/g; if x ¤ y

�; if x D y:

In [8], Tallafha gave some important properties of semi-linear uniform spaces,
using the set valued map � and ı. And he showed that if .X; � / is a semi-linear
uniform space, then .X; ı/, .X;�/ and .X; � [�[ı/ are semi-linear uniform spaces,
where

ı D fı .x; y/ W .x; y/ 2 X � Xg ;
� D f� .x; y/ W .x; y/ 2 X � Xg :

Also Alhihi in [1] gave more properties of semi-linear uniform spaces. Now,
we shall give new properties of semi-linear uniform spaces used in the following
definitions.

Proposition 5.6. Let .X; � / be a semi-linear uniform space. If� is a sub-collection
of � such that

T

V2�
V ¤ �, then there exists U 2 � such that U ¤

T

V2�
V.

Proof. Since
T

V2�
V ¤ �, there exists a point .x; y/ 2 T

V2�
V such that x ¤ y. Let

U 2 � be such that .x; y/ … U. Clearly since � is a chain, U is the required set.

The following is an immediate consequence of Proposition 5.6 and Proposition
3:2 in [9].

Corollary 5.7. Let .X; � / be a semi-linear uniform space. If �.x; y/ ¤ �, then,

1. there exist U 2 � such that U ¤ �.x; y/,
2. U 
 ı.x; y/.

Let .X; � / be a semi-linear uniform space. If V 2 � , then, for all n 2 N, by nV ,
we mean V ı V ı : : : ı V .n-times/.

Proposition 5.8. Let .X; � / be a semi-linear uniform space. If x ¤ y, then
nı.x; y/ D S

V2� c
.x;y/

nV.
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Proof. Clearly nı.x; y/ 
 n
S

V2� c
.x;y/

V . Let .s0; sn/ 2 nı.x; y/, then there exist

s1; : : : ; sn�1 such that .si; siC1/ 2 ı.x; y/, i D 1; : : : ; n � 1. So there exist
U1;U2; : : : ;Un 2 �

c

.x;y/ such that .si�1; si/ 2 Ui. Since � is a chain, there
exist U 2 � such that U1 ı U2 ı : : : ı Un 
 U ı : : : ı U D nU. So

.s0; sn/ 2 U1 ı U2 ı : : : ı Un 

[

U2� c
.x;y/

U ı : : : ı U D
[

V2� c
.x;y/

nV:

By a similar idea one can prove the following proposition.

Proposition 5.9. Let .X; � / be a semi-linear uniform space. If � is a sub-
collection of � , then

S

V2�
nV D n

S

V2�
V.

Proposition 5.8 is one of the important properties of ı. Now the question is
whether � satisfies a similar property or not. It is clear that n�.x; y/ 
 T

V2�.x;y/
nV , so

we ask the following question.

Question.
T

V2�.x;y/
nV 
 n�.x; y/?

Using the definition of ı, �, one can note that, for .x; y/ 2 X � X, if �.x; y/ ¤ �,
then for all r; n 2 N, r � n, we have

1. r�.x; y/ 
 n�.x; y/,
2. rı.x; y/ 
 nı.x; y/.

5.3 Topological Properties of Uniform Spaces

Uniform spaces are stronger than topological spaces.
If .X ;U/ is a uniform space, then we have

Definition 5.10 (See [4]). For x 2 X and u 2 U, the open ball of center x and radius
u is defined by B.x; u/ D fy W .x; y/ 
 ug.

The family

	 D fG 
 X W for every x 2 G; 9 u 2 U such that B .x; u/ 
 Gg ;
is a topology on X. That is, a set G is open if for every point x in G, there exists
u 2 U such that B.x; u/ 
 G. Also, metric spaces are stronger than uniform spaces.
If .X; 	/ is a topological space induced by a metric d on X, then

U D fu2 W2> 0g ; u2 D f.x; y/ W d .x; y/ <2g
is a uniform structure on X and the topology induced by U on X is 	 .
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Definition 5.11 (See [5]). A topological space is called uniformizable if there is a
uniform structure compatible with the topology.

Theorem 5.12 (See [5]).

1. Every uniformizable space is a completely regular topological space,
2. For a uniformizable space X, the following are equivalent:

• X is a Kolmogorov space,
• X is a Hausdorff space,
• X is a Tychonoff space.

Definition 5.13 (See [5]). Let .X;UX/; .Y;UY/ be two uniform spaces and f W
.X;UX/ ! .Y;UY/. Then f is uniformly continuous if 8u 2 UY , 9v 2 UX such
that, for all x; y 2 X, if �X .x; y/ 
 v, then �Y .f .x/ ; f .y// 
 u.

Also it is known that, for any compatible uniform structure, the intersection of
all entourages f.x; x/ W x 2 Xg D �. Some authors (see, for instance, [5]) add this
last condition directly in the definition of a uniformizable space.

Conversely, each completely regular space is uniformizable. A uniformity
compatible with the topology of a completely regular space X can be defined as the
coarsest uniformity that makes all continuous real-valued functions on X uniformly
continuous. A fundamental system of entourages for this uniformity is provided
by all finite intersections of sets .f � f /�1.V/, where f is a continuous real-valued
function on X and V is an entourage of the uniform space X. This uniformity defines
a topology, which is coincides with the original topology (hence coincides with it)
is a simple consequence of complete regularity: for any x 2 X and a neighborhood
V of x, there is a continuous real-valued function f W X ! R with f .x/ D 0 and
f .vc/ D 1, where vc is the complement of v.

In particular, a compact Hausdorff space is uniformizable. In fact, for a compact
Hausdorff space X, the set of all neighborhoods of the diagonal in X � X form the
unique uniformity compatible with the topology.

A Hausdorff uniform space is metrizable if its uniformity can be defined by a
countable family of pseudometrics. Indeed, as discussed above, such a uniformity
can be defined by a single pseudometric, which is necessarily a metric if the space is
Hausdorff. In particular, if the topology of a vector space is Hausdorff and definable
by a countable family of seminorms, it is metrizable.

Similar to continuous functions between topological spaces, “which preserve
topological properties”, are the uniform continuous functions between uniform
spaces, which preserve uniform properties. Uniform spaces with uniform maps
form a category. An isomorphism between uniform spaces is called a uniform
isomorphism.

All uniformly continuous functions are continuous with respect to the induced
topologies. Generalizing the notion of complete metric space, one can also define
completeness for uniform spaces. Instead of working with Cauchy sequences, one
works with Cauchy filters (or Cauchy nets).
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A Cauchy filter F on a uniform space X is a filter F such that for every entourage
u, there exists o 2 F with o � o 
 u. In other words, a filter is Cauchy if it contains
“arbitrarily small” sets. It follows from the definitions that each filter that converges
(with respect to the topology defined by the uniform structure) is a Cauchy filter.
A Cauchy filter is called minimal if it contains no smaller (i.e., coarser) Cauchy
filter (other than itself). It can be shown that every Cauchy filter contains a unique
minimal Cauchy filter. The neighborhood filter of each point (the filter consisting of
all neighborhoods of the point) is a minimal Cauchy filter.

Conversely, a uniform space is called complete if every Cauchy filter converges.
Any compact Hausdorff space is a complete uniform space with respect to the
unique uniformity compatible with the topology.

Theorem 5.14 (See [5]). Let X be a uniform space and let f W A ! Y be a
uniformly continuous function from a dense subset A of X into a complete uniform
space Y. Then f can be extended (uniquely) into a uniformly continuous function on
all of X.

Definition 5.15 (See [5]). A topological space that can be made into a complete
uniform space, whose uniformity induces the original topology, is called a com-
pletely uniformizable space.

Theorem 5.16 (See [5]). Every uniform space X has a Hausdorff completion; that
is, there exist a complete Hausdorff uniform space Y and a uniformly continuous
map i W X ! Y with the following property: for any uniformly continuous mapping
f of X into a complete Hausdorff uniform space Z, there is a unique uniformly
continuous map g W Y ! Z such that f D g ı i.

The Hausdorff completion Y is unique up to isomorphism. As a set, Y can be
taken to consist of the minimal Cauchy filters on X. As the neighborhood filter B.x/
of each point x 2 X is a minimal Cauchy filter, the map i can be defined by mapping
x to B.x/.

In the definition of semi-linear uniform spaces condition .i/ is stronger than
condition .i/ and condition .iv/ is weaker than condition .iv/ in the definition of
uniform spaces, so we have the following question.

Question. Which of the above topological properties are satisfied in semi-linear
uniform spaces?

5.4 Contractions

The following definitions are given in [5]. In [9] the authors modified the definitions
of semi-linear uniform spaces.

Definition 5.17. Let .X; � / be a semi-linear uniform space. A sequence .xn/ in X
converges to x 2 X, if for all V 2 � , there exists N: 2 N such that .xn; x/ 2 V for
all n � N.
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Definition 5.18. Let .X; � / be a semi-linear uniform space. A sequence .xn/ in X is
Cauchy, if for all V 2 � , there exist N 2 N such that .xn; xm/ 2 V for all n;m � N.

The concept of uniform continuity is given by Weil [12]. Now, we shall rewrite
the definition using our notation for semi-linear uniform spaces.

Definition 5.19. Let .X; �X/, .Y; �Y/ be two semi-linear uniform spaces and let
f W .X; �X/ ! .Y; �Y/ be any function. Then, f is called uniformly continuous,
if 8U 2 �Y , 9V 2 �X such that, for all x; y 2 X, if �X .x; y/ 
 V , then
�Y .f .x/ ; f .y// 
 U.

The following Proposition shows that we may replace � by ı in Definition 5.19.

Proposition 5.20. Let f W .X; �X/ ! .Y; �Y/. Then, f is uniformly continuous if
and only if 8U 2 �Y , 9V 2 �X such that, for all x; y 2 X, if ıX .x; y/ 
 V, then
ıY .f .x/ ; f .y// 
 U.

Proof. Let f W .X; �X/ ! .Y; �Y/ be uniformly continuous. Let U 2 �Y , then
9W 2 �X such that, if �X .x; y/ 
 W, then �Y .f .x/ ; f .y// 
 U. Let V be a proper
subset of W. We want to show that V is the required set. Let x; y be such that
ıX .x; y/ 
 V . Then, ıX .x; y/ ¤ W. So, by Proposition 3:2 .ii/ in [9], �X .x; y/ 
 W,
and so ı.f .x/ ; f .y// 
 �Y .f .x/ ; f .y// 
 W.

Conversely, let U 2 �Y . Choose W a proper subset of U, by assumption 9V 2 �X

such that for all x; y 2 X, if ıX .x; y/ 
 V , then ıY .f .x/ ; f .y// 
 W ¤ U. Also by
Proposition 3.2 .ii/ in [9], ıY .f .x/ ; f .y// ¤ U, therefore �Y .f .x/ ; f .y// 
 U.

In [9], Tallafha gave the following example of a space which is semi-linear
uniform spaces, but not metrizable.

Example 5.21. Let X D R, � D fUt W 0 < t <1g where

Ut D f.x; y/ W x2 C y2 < t; g [ f.x; x/ W x 2 Rg :

Till now, to define a function f that satisfies Lipschitz condition, or to be a
contraction, it should be defined on a metric space to another metric space. The
main idea of this paper is to define such concepts without metric spaces, just we
need a semi-linear uniform space, which is weaker as we mentioned before.

Definition 5.22. Let f W .X; � / ! .X; � /. Then, f satisfied Lipschitz condition
if there exist m; n 2 N such that mı.f .x/ ; f .y// 
 nı.x; y/. Moreover, if m > n,
then we call f a contraction.

Remark 5.23. One may use the set valued function �, instead of ı in the above
definition. But we use ı, since ı satisfies Proposition 5.8.

It is known that, every topological space .X; 	/, whose topology induced by a
metric or a norm on X, can be generated by a uniform space. In the following
theorem we shall show that .X; 	/ can be generated also by a semi-linear uniform
space.
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Theorem 5.24. Every topological space whose topology induced by a metric or a
norm on X can be generated by a semi-linear uniform space.

Proof. Let .X; 	/ be a topological space whose topology induced by a metric or a
norm on X. Let

� D
(

V2;2> 0 W V2 D
[

x2X

fxg � B .x;2/
)

:

Clearly, � is a chain and, since B .x;V2/ D B .x;2/, the topology induced by � on
X is 	 . Moreover, we have

1. � 
 V2, for all 2> 0,
2. if .s; t/ 2 V2, then .s; t/ 2 fsg � B .s;2/, hence .t; s/ 2 ftg � B .t;2/ 
 V2,
3. V 2

2
ı V 2

2

 V2,

4.
T

V2�
V D T

2>0
V2 D �,

5. for all 2> 0,
1S

nD1
nV2 D

1S
nD1

Vn 2 D X � X.

Let .X; d/! .Y; ı/ metric spaces, and f W .X; d/! .Y; ı/. It is known that

1. if f is continuous at x and xn ! x, then f .xn/! f .x/,
2. if f is uniformly continuous, f maps Cauchy sequences to Cauchy sequences.

Now we shall show that these statements are still valid if the metric spaces
.X; d/; .Y; ı/ are replaced by a semi-linear uniform space .X; �X/, .Y; �Y/.

Theorem 5.25. Let .X; �X/; .Y; �Y/ be two semi-linear uniform spaces, and f W
.X; �X/! .Y; �Y/. Then:

1. if f is continuous at x, then xn ! x implies f .xn/! f .x/ I
2. if f is uniformly continuous, then f maps Cauchy sequences to Cauchy sequences.

Proof. 1. Let f W .X; �X/ ! .Y; �Y/ be continuous, and xn ! x. Let U 2 �Y , so
9V 2 �X such that, for all x; y 2 X, if �X .x; y/ 
 V , then �Y .f .x/ ; f .y// 
 U.
Now since xn ! x, there exists k such that .xn; x/ 2 V for every n � k, which
implies that .f .xn/ ; f .x// 2 U for every n � k.

2. Let f W .X; �X/ ! .Y; �Y/ be uniformly continuous, and xn is Cauchy. Let U 2
�Y , by uniformly continuity 9V 2 �X , such that for all x; y 2 X, if �X .x; y/ 

V , then �Y .f .x/ ; f .y// 
 U. Now since xn is Cauchy, there exists k such that
.xn; xm/ 2 V for every m; n � k, which implies that .f .xn/ ; f .xm// 2 U, for
every n;m � k.

In metric spaces the converse of part .1/ is true, so is it still true in semi-linear
uniform spaces?

Question. Let .X; �X/; .Y; �Y/ be two semi-linear uniform spaces, and f W
.X; �X/ ! .Y; �Y/. If f .xn/ ! f .x/ in .Y; �Y/, for all xn ! x in .X; �X/, is f
continuous?
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Let .X;U/, .Y;V/ be any two uniform spaces and f W .X;U/! .Y;V/. We know
that if f is uniformly continuous, then f is continuous [5].

Also, if the uniform spaces .X;U/, .Y;V/ are replaced by the metric spaces
.X; d/, .Y; ı/ and if f W .X; d/! .Y; ı/, then we have

1. if f is a contraction, the f satisfied Lipschitz condition;
2. if f satisfied Lipschitz condition, then f is uniformly continuous;
3. if f is uniformly continuous, then f is continuous.

Now we shall show that these statements are still valid if the metric spaces .X; d/,
.Y; ı/ are replaced by semi-linear uniform spaces .X; �X/, .Y; �Y/.

Theorem 5.26. Let .X; �X/ be any semi-linear uniform space, and f W .X; � / !
.X; � /. Then:

1. if f is a contraction, then it satisfies Lipschitz condition;
2. if f satisfy Lipschitz condition, then it is uniformly continuous.

Proof. Since .1/ is trivial, we shall prove .2/. Let f W .X; � / ! .X; � / satisfies
Lipschitz condition. Then there exist m; n 2 N such that mı.f .x/ ; f .y// 
 nı.x; y/.
Let U 2 � . Since 9V 2 � such that nV 
 UI for x; y 2 X, if ı.x; y/ 
 V , then

ı.f .x/ ; f .y// 
 mı.f .x/ ; f .y// 
 nı.x; y/ 
 nV 
 U:

By Proposition 5.20, the result follows.

Definition 5.27 (See [9]). A semi-linear uniform space .X; � / is called complete,
if every Cauchy sequence is convergent.

Fixed point theorems are well-known results in mathematics, and have useful
applications in many applied fields such as game theory, mathematical economics,
and the theory of quasi-variational inequalities. It states that every contraction from
a complete metric space to itself has a unique fixed point. So the following question
is natural.

Question. Let .X; � / be a complete semi-linear uniform space, and f W .X; � / !
.X; � / be a contraction. Does f have a unique fixed point?

Remark 5.28. All the results which were obtained using contraction on metric
spaces can be considered as open questions in semi-linear uniform spaces.
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Chapter 6
Second Hankel Determinant for New Subclass
Defined by a Linear Operator

Aisha Ahmed Amer

Abstract In Amer and Darus (Missouri J Math Sci, to appear; Int J Math Anal
6(12):591–597, 2012), the author introduced and studied a linear operator defined
on the class of normalized analytic function in the unit disk. This operator is
motivated by many researchers. With this operator sharp bound for the nonlinear
functional for the class of analytic functions in the open unit disk is obtained. In
this paper we discuss sharp bound for the nonlinear functional for the class of
analytic functions defined by a linear operator has been considered. Several other
results are also considered. There are interesting properties of normalized function
in the unit disk for sharp sconced hankel for linear operator. In addition, various
other known results are also pointed out. We also find some interesting corollaries
on the class of normalized analytic functions in the open unit disk. Our results
certainly generalized several results obtained earlier. Therefore, many interesting
results could be obtained and we also derive some interesting corollaries of this
class. The operator defined can be extended and can solve many new results and
properties.

6.1 Introduction

In 1976, Noonan and Thomas [16] defined the qth Hankel determinant of the
function f for given by (6.1) and q 2 N D f1; 2; 3; : : :g, by

Hq.k/ D

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

ak akC1 � � � akCq�1
akC1 akC2 � � � akCq
:::

::: � � � :::

akCq�1 akCq � � � akC2q�2

ˇ̌
ˇ̌
ˇ̌
ˇ̌
ˇ

:
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Further, Fekete–Szegö [7] considered the Hankel determinant of f 2 A for q D 2
and n D 1, H2.1/ D

ˇ
ˇ̌
ˇ
a1 a2
a2 a3

ˇ
ˇ̌
ˇ. They made an early study for the estimates of

ja2a4 � a23j, when a1 D 1 with � real. The well-known result due to them states
that if f 2 A , then

ja3 � �a22j �

8
<̂

:̂

4� � 3; if � � 1;
1C 2 exp

��2�
1��

�
; if 0 � � � 1;

3 � 4�; if � � 0:
Furthermore, Hummel [8, 9] obtained sharp estimates for ja3��a22jwhen f is convex
function and also Keogh and Merkes [11] obtained sharp estimates for ja3 � �a22j
when f is close-to-convex, starlike, and convex in U. Here we consider the Hankel
determinant of f 2 A for q D 2 and n D 2,

H2.2/ D
ˇ̌
ˇ̌ a2 a3
a3 a4

ˇ̌
ˇ̌ :

In this article, by making use of the operator Dm;

l .a; b/f .z/ defined recently by

the author, a class of analytic functions R�.
1; 
2; l; n; ˛/ of A is introduced. The
sharp upper bound for the nonlinear functional ja2a4 � a23j is obtained. The rest of
the article is organized as follows. In Sect. 6.2, we introduce some definitions and
results that we use in our proofs. Section 6.3 contains the main results. The last
section is devoted to several previous known results as special cases.

6.2 Background

As usual, in this section we introduce some notations, definitions, and lemmas which
will be needed later.

Definition 6.1. The class of functions of the form

f .z/ D zC
1X

kD2
akzk; .z 2 U/; (6.1)

which are analytic in the open unit disc U D fz W jzj < 1g on the complex plane C

will be denoted by A .

Definition 6.2. In particular, let P be the family of all functions p analytic in U for
which <fp.z/g > 0 and

p.z/ D 1C
1X

kD1
ckzk; .z 2 U/: (6.2)

In particular, for f 2 A and .z 2 U; b ¤ 0;�1;�2;�3; : : :/; 
 � 0;m 2 Z; l � 0,
the authors (cf., [2, 3]) introduced the following linear operator:
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Definition 6.3. For f 2 A the operator Dm;

l .a; b/f .z/ is defined by Dm;


l .a; b/f .z/ W
A ! A and let

�.z/ WD 1C l � 

1C l

z

1 � z
C 


1C l

z

.1 � z/2
;

and

Dm;

l .a; b/f .z/ D �.z/ � � � � � �.z/

„ ƒ‚ …
.m/-times

�zF.a; 1I bI z/ � f .z/;

if m D 0; 1; 2; : : : I and

Dm;

l .a; b/f .z/ D �.z/ � � � � � �.z/

„ ƒ‚ …
.�m/-times

�zF.a; 1I bI z/ � f .z/;

if .m D �1;�2; : : :/. Thus we have

Dm;

l .a; b/f .z/ WD zC

1X

kD2

�
1C 
.k � 1/C l

1C l

�m
.a/k�1
.b/k�1

akzk;

where f 2 A and .z 2 U; b ¤ 0;�1;�2;�3; : : :/; 
 � 0;m 2 Z; l � 0.

This linear operator is the generalized form of the following operators:

• Dm;0
0 .a; b/f .z/ D D0;


l .a; b/f .z/ D L.a; b/f .z/ (see [4]).
• D0;0

0 .ˇ C 1; 1/f .z/ D Dˇf .z/Iˇ � �1 (see [18]).
• Dm;1

0 .1; 1/f .z/, m 2 N (see [19]).
• Dm;


0 .1; 1/f .z/, m 2 N (see [1]).
• Dm;


l .1; 1/f .z/ D Dm;

l (see [5]).

• D0;0
0 .2; 2��/f .z/ D ˝� f .z/ D � .2��/z�D�

z f .z/, where D�
z f .z/ is the fractional

derivative of f of order � I � ¤ 2; 3; 4; : : : (see [17]).

Definition 6.4. We consider the following subclass R�.
; ; l;m; a; ˛/ of A :

R�.
; ; l;m; a; ˛/ D
(

f W <
(

.1 � ˛/Dm;

l .a; b/f .z/

z
C ˛.Dm;


l .a; b/f .z//0
)

> 0

)

;

where

.z 2 U; b ¤ 0;�1;�2;�3; : : :/; 
 � 0; m 2 Z; l � 0:

Remark 6.5. The subclass R�.0; 0; 0; 1; 1/ D R was studied systematically by
MacGregor [14] who indeed referred to numerous earlier investigations involving
functions whose derivative has a positive real part.
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Lemma 6.6 (See [6]). If p 2P , then jckj � 2 for all k.

Lemma 6.7 ([13], See Also [12]). Let the function p 2 P be given by the power
series (6.2). Then,

2c2 D c21 C x.4 � c2/;

for some x, jxj � 1, and

4c3 D c31 C 2.4 � c21/c1x � c1.4 � c21/x
2 C 2.4 � c21/2.1 � jxj2/z;

for some z, jzj � 1.

Now, we will obtain sharp upper bound for the functional ja2a4 � a23j, of
f 2 R�.
; ; l;m; a; ˛/.

6.3 Main Results

In this section, we present and prove our main results.
Using the techniques of Libera and Zlotkiewicz [12, 13], we now prove the
following theorem.

Theorem 6.8. Let ˛ > 0. If f 2 R�.
; ; l;m; a; ˛/, then

ˇ̌
a2a4 � a23

ˇ̌ � 16.1C l/2.m�1/

.1C 2˛/2.1C 2
C l/2.m�1/a2.aC 1/2 :

The result is sharp.

Proof. Since f 2 R�.
; ; l;m; a; ˛/

.1 � ˛/Dm;

l .a; b/f .z/

z
C ˛.Dm;


l .a; b/f .z//0 D p.z/; (6.3)

for some p 2P . Equating coefficients in (6.3), we have

8
ˆ̂̂
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂̂
ˆ̂
:

a2 D c1.1C l/m�1

.1C ˛/.1C 
C l/m�1a
;

a3 D 2c2.1C l/m�1

.1C 2˛/.1C 2
C l/m�1a.aC 1/ ;

a4 D 6c3.1C l/m�1

.1C 3˛/.1C 3
C l/m�1a.aC 1/.aC 2/ :

(6.4)
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From (6.4), it can be established that

ˇ̌
a2a4 � a23

ˇ̌ D
ˇ̌
ˇ̌ 6c1c3.1C l/2.m�1/

.1C ˛/.1C 3˛/.1C 
C l/m�1.1C 3
C l/m�1a2.aC 1/.aC 2/

� 4c22.1C l/2.m�1/

.1C 2˛/2.1C 2
C l/2.m�1/a2.aC 1/2
ˇ̌
ˇ̌ :

Now assume that

X1 D .1C 
C l/m�1a
.1C l/m�1 ; X2 D .1C 2
C l/m�1a.aC 1/.aC 2/

2.1C l/m�1 ;

and

X3 D .1C 3
C l/m�1a.aC 1/.aC 2/
.1C l/m�1 :

Also, let c1 D c .0 � c � 2/, and making use of Lemma 6.7 we have
ˇ̌
a2a4 � a23

ˇ̌

D

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂<

ˆ̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂
:̂

ˇ̌
ˇ̌ .c

4 C 4˛c4/.X22 � X1X3/C .4˛2c4X22 � 3˛2c4X1X3/
4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C Œ.2c2 C 8˛c2/.X22 � X1X3/C .8˛2c2X22 � 6˛2c2X1X3/�x.4 � c2/

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

� x2.4�c2/Œ.c2C4˛c2/.X22�X1X3/C.4˛2c2X22�3˛2c2X1X3/C4X1X3C16˛X1X3C12˛2X1X3�
4.1C˛/.1C2˛/2.1C3˛/X1X22X3

C c.4 � c2/.1 � jxj2/z
2.1C ˛/.1C 3˛/X1X3

ˇ
ˇ̌
ˇ :

An application of triangle inequality and replacement of jxj by � is given by
ˇ̌
a2a4 � a23

ˇ̌

�

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂
<̂

ˆ̂̂
ˆ̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂
ˆ̂:

.c4 C 4˛c4/.X22 � X1X3/C .4˛2c4X22 � 3˛2c4X1X3/
4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C Œ.c
2 C 8˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/��.4 � c2/

2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C�
2.4 � c2/

�
.c2 C 4˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/

�

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C�
2.4 � c2/

�
4X1X3 C 16˛X1X3 C 12˛2X1X3 � 2cX22.1C 2˛/2

�

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C c.4 � c2/

2.1C ˛/.1C 3˛/X1X3
D F.�/; (6.5)
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with z D jxj � 1 and ˛ > 0. We assume that the upper bound for (6.5) is attained at
an interior point of the set f.�; c/ W � 2 Œ0; 1�, c 2 Œ0; 2�g, then

@F

@�
D Œ.c2 C 4˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/�.4 � c2/

2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C�.4 � c2/
�
.c2 C 4˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/

�

2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C�.4 � c2/
�
4X1X3 C 16˛X1X3 C 12˛2X1X3 � 2cX22.1C 2˛/2

�

2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3
: (6.6)

We note that F0.�/ > 0 and consequently F is increasing and max.0���1/ F.�/ D
F.1/, which contradicts with our assumption of having the maximum value at the
interior of � 2 Œ0; 1�. Now let

G.c/ D F.1/

D

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂
ˆ̂̂
ˆ̂̂
:̂

.c4 C 4˛c4/.X22 � X1X3/C .4˛2c4X22 � 3˛2c4X1X3/
4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C Œ.c
2 C 8˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/�.4 � c2/

2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C .4 � c2/
�
.c2 C 4˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/

�

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C .4 � c2/
�
4X1X3 C 16˛X1X3 C 12˛2X1X3 � 2cX22.1C 2˛/2

�

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C c.4 � c2/

2.1C ˛/.1C 3˛/X1X3 ;

then,

G0.c/ D

8
ˆ̂̂
ˆ̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
ˆ̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂
ˆ̂̂
ˆ̂̂
:

.4c3 C 16˛c3/.X22 � X1X3/C .16˛2c3X22 � 12˛2c3X1X3/
4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C Œ.2cC 16˛c/.X22 � X1X3/C .8˛2cX22 � 6˛2cX1X3/�.4 � c2/

2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

�2cŒ.c2 C 8˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/�
2.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C .4�c2/Œ.2cC8˛c/.X22�X1X3/C.8˛2cX22�6˛2cX1X3/�2X22 .1C2˛/2�
4.1C˛/.1C2˛/2.1C3˛/X1X22X3

�2c
�
.c2 C 4˛c2/.X22 � X1X3/C .4˛2c2X22 � 3˛2c2X1X3/

�

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

�2c
�
4X1X3 C 16˛X1X3 C 12˛2X1X3 � 2cX22.1C 2˛/2

�

4.1C ˛/.1C 2˛/2.1C 3˛/X1X22X3

C 4 � 3c2

2.1C ˛/.1C 3˛/X1X3 :
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Therefore the last equality implies c D 0, which is a contradiction. Thus any
maximum points of G must be on the boundary of c 2 Œ0; 2�: However, G.c/ � G.2/
and thus G has maximum value at c D 0. The upper bound for (6.5) corresponds to
� D 1 and c D 0, in which case

ˇ
ˇ̌
ˇ

6c1c3.1C l/2.m�1/

.1C ˛/.1C 3˛/.1C 
C l/m�1.1C 3
C l/m�1a2.aC 1/.aC 2/

� 4c22.1C l/2.m�1/

.1C 2˛/2.1C 2
C l/2.m�1/a2.aC 1/2
ˇ̌
ˇ̌

� 16.1C l/2.m�1/

.1C 2˛/2.1C 2
C l/2.m�1/a2.aC 1/2 :

This completes the proof of Theorem 6.8.

6.4 Conclusions

Remark 6.9. If ˛ > 0, then we get the corresponding functional ja2a4 � a23j, for the
class f 2 R�.0; 0; 0; 0; ˛/ D R.˛/, studied in [15] as in the following corollary.

Corollary 6.10. If f 2 R.˛/, then

ja2a4 � a23j �
4

.1C 2˛/2 ;

the result is sharp.

Remark 6.11. If ˛ D 1, then we get the corresponding functional ja2a4 � a23j, for
the class f 2 R�.0; 0; 0; 0; 1/ D R, studied in [10] as in the following corollary.

Corollary 6.12. If f 2 R, then

ja2a4 � a23j �
4

9
;

the result is sharp.
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Chapter 7
Some Asymptotics for Extremal Polynomials

Gökalp Alpan, Alexander Goncharov, and Burak Hatinoğlu

Abstract We review some asymptotics for Chebyshev polynomials and orthogonal
polynomials. Our main interest is in the behaviour of Widom factors for the
Chebyshev and the Hilbert norms on small sets such as generalized Julia sets.

7.1 Introduction

Let K 	 C be a compact set containing an infinite number of points and Cap.K/
stand for the logarithmic capacity of K. Given n 2 N, by Mn we denote the set of
all monic polynomials of degree at most n.

Given probability measure � with supp.�/ D K and 1 � p � 1, we define the
nth Widom factor associated with � as Wp

n .�/ D infQ2Mn jjQjjp
.Cap.K//n where jj � jjp is taken

in the space Lp.�/. If K is polar, then let Wp
n .�/ WD 1. Clearly, Wp

n .�/ � Wr
n.�/

for 1 � p � r � 1; Wp
n is invariant under dilation and translation of �.

We omit the upper index for the case p D1. Here the values Wn.K/ D jjTn;K jj1
.Cap.K//n

provide us with information about behaviour of the Chebyshev polynomials Tn;K

on K. In Sect. 7.2 we review some results in this direction.
Another important case is p D 2, where infMn jjQjj2 is realized on the monic

orthogonal polynomial with respect to �. The sequence .W2
n .�//

1
nD1 is rather

convenient to describe measures that are regular in the Stahl–Totik sense and the
Szegő class that provides the strong asymptotics of general orthogonal polynomials.
In Sect. 7.3 we recall basic concepts of the theory, in Sect. 7.4 model examples
of W2

n .�/ are considered. The next sections are related to the results of the first
two authors about orthogonal polynomials with respect to equilibrium measures
on generalized Julia sets. All results of the authors mentioned in this review were
recently published or submitted except Theorem 7.1, which is new.
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Texas A&M University, College Station, TX, USA
e-mail: burakhatinoglu@mail.math.tamu.edu

© Springer International Publishing Switzerland 2016
G.A. Anastassiou, O. Duman (eds.), Computational Analysis, Springer Proceedings
in Mathematics & Statistics 155, DOI 10.1007/978-3-319-28443-9_7

87

mailto:gokalp@fen.bilkent.edu.tr
mailto:goncha@fen.bilkent.edu.tr
mailto:burakhatinoglu@mail.math.tamu.edu


88 G. Alpan et al.

We suggest the name Widom factor for Wp
n .�/ because of the fundamental paper

[42], where Widom systematically considered the corresponding ratios for finite
unions of smooth Jordan curves and arcs.

For basic notions of logarithmic potential theory we refer the reader to [30], log
denotes the natural logarithm, �K is the equilibrium measure of K. Introduction
to the theory of general orthogonal polynomials can be found in [33, 34, 37, 40],
see [27] for basic concepts of complex dynamics and [13] for a generalization of
Julia sets. The symbol � denotes the strong equivalence: an � bn means that an D
bn.1C o.1// for n!1.

7.2 Widom Factors for the Sup-Norm

Given K as above, by Tn;K we denote the nth Chebyshev polynomial and by tn.K/
the corresponding Chebyshev number tn.K/ WD jjTn;K jj1. By M. Fekete and G.
Szegő we have tn.K/

1
n ! Cap.K/ as n!1. Bernstein–Walsh inequality (see, e.g.,

Theorem 5.5.7 in [30]) implies that tn.K/ � .Cap.K//n for all n. Thus, Wn.K/ � 1
and .Wn.K//1nD1 have subexponential growth (that is, log Wn=n ! 0). We mention
two important cases: Wn.@D/ D 1 and Wn.Œ�1; 1�/ D 2 for all n 2 N.

If K is a subarc of the unit circle with angle 2˛, then Wn.K/ � 2 cos2.˛=4/ (see,
e.g., p. 779 in [36]). The circle and the interval can be considered now as limit cases
with ˛ ! � and ˛ ! 0.

By Schiefermayr [31], Wn.K/ � 2 if K lies on the real line.
The behaviour of .Wn.K//1nD1 may be rather irregular, even for simple compact

sets. Achieser considered in [1, 2] the set K D Œa; b� [ Œc; d� and showed that
.Wn.K//1nD1 has a finite number of accumulation points from which the smallest is
2 provided K is a polynomial preimage of an interval. Otherwise, the accumulation
points of .Wn.K//1nD1 fill out an entire interval of which the left endpoint is 2.

In the generalization of this result the concept of Parreau–Widom sets is
important. Let K 	 R be regular with respect to the Dirichlet problem. Then the
Green function gCnK of C n K with pole at infinity is continuous throughout C: By
C we denote the set of critical points of gCnK , where its derivative vanishes. Clearly,
C is at most countable. Then K is called a Parreau–Widom set if

PW.K/ WD
X

z2C
gCnK.z/ <1:

It was shown recently in [18] that Wn.K/ � 2 exp.PW.K// for a Parreau–Widom
set K.

In extension of Widom’s theory, Totik and Yuditskii considered in [39] the
case when K D [p

jD1Kj is a union of p disjoint C2C Jordan curves which are
symmetric with respect to the real line. They showed that the accumulation points
of .Wn.K//1nD1 lie in Œ1; exp.PW.K//�. Moreover, if the values .�K.Kj//

p
jD1 are
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rationally independent, then the limit points of Wn.K/ fill out the whole interval
above. We recall that .xj/

n
jD1 	 R are rationally independent if

Pn
jD1 ˛jxj D 0 with

aj 2 Z implies that aj D 0 for all j.
There are also new results [8, 38] for the case when K D [p

jD1Kj is a union of p
disjoint Jordan curves or arcs (not necessarily smooth), where quasi-smoothness or
Dini-smoothness is required instead of smoothness.

Parreau–Widom sets have positive Lebesgue measure (see, e.g., [14] for a proof).
All finite gap sets (see, e.g., [15, 17]) and symmetric Cantor sets with positive length
(see, e.g., [29]) are Parreau–Widom sets. Hence, in all cases considered above the
sequence of Widom factors is bounded. The second and the third authors showed
that any subexponential growth of .Wn.K//1nD1 can be achieved and presented a
Cantor-type set with highly irregular behaviour of Widom factors, namely [21],

1. For each .Mn/ of subexponential growth there is K with Wn.K/ � Mn for all n.
2. Given �n & 0 and Mn ! 1 (of subexponential growth), there is K such that

Wnj.K/ < 2.1C �nj/ and Wmj.K/ > Mmj for some subsequences .nj/ and .mj/.

In the last section, we consider non-Parreau–Widom sets with slow growth of
Widom factors.

7.3 General Orthogonal Polynomials

Given � as above, the Gram–Schmidt process in L2.�/ defines orthonormal
polynomials pn.z; �/ D �nzn C � � � with �n > 0. Let qn D ��1

n pn. Then jjqnjj2 D
��1

n D infQ2Mn jjQjj2. If K 	 R, then a three-term recurrence relation

x qn.x/ D qnC1.x/C bn qn.x/C a2n�1 qn�1.x/

is valid with the Jacobi parameters an D �n=�nC1 and bn D
R

x p2n.x/ d�.x/. Since
�.R/ D 1, we have p0 D q0 � 1, so �0 D 1 and a0a1 � � � an�1 D ��1

n .
Thus, W2

n .�/ D .�n � Capn.K//�1 and, in particular, for K D Œ�1; 1� we have
W2

n .�/ D a0a1 � � � an�1 � 2n.
For example, the equilibrium measure d�Œ�1;1� D dx

�
p
1�x2

generates the Cheby-

shev polynomials of the first kind with W2
n .�Œ�1;1�/ D

p
2 for all n, whereas for the

Chebyshev polynomials of the second kind d� D 2
�

p
1 � x2 dx and W2

n .�/ D 1.
The Jacobi parameters generate the matrix

J D

0

BBBBB
@

b0 a0 0 0 : : :

a0 b1 a1 0 : : :
0 a1 b2 a2 : : :
:::
:::
:::
:::
: : :

1

CCCCC
A
;
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where � is the spectral measure for the unit vector ı1 and the self-adjoint operator
J on l2.ZC/, which is defined by this matrix.

Both .an/ and .bn/ are bounded sequences. Conversely, if we are given bounded
sequences .an/ and .bn/ with an > 0 and bn 2 R, then, as a result of the spectral
theorem, there is a unique probability measure � such that the associated recurrence
coefficients are .an; bn/

1
nD0.

For a wide class of measures the polynomials pn D pn.�; �/ enjoy regular limit
behaviour. Let ˝ D C n K and �pn be the counting measure on the zeros of pn.
Suppose the set K is not polar. Let us consider the asymptotics:

1. �1=n
n ! Cap.K/�1

2. jpnj1=n � exp g˝ (locally uniformly on C n Conv:hull.K//
3. lim sup jpn.z/j1=n q:e:D 1 on @˝

4. 1
n�pn

w�

! �K .

By Theorem 3.1.1 in [34], the conditions (1)–(3) are pairwise equivalent. If, in
addition, K 	 @˝ and the minimal carrier capacity of � is positive, then (1) is
equivalent to (4).

A measure � with support K is called regular in the Stahl–Totik sense (� 2 Reg)
if (1) is valid. This definition allows measures with polar support. In this case the
equivalence of (1)–(3) is still valid if we take g˝ �1 in (2).

Till now there is no complete description of regularity in terms of the size of �.
We will use the generalized version of the Erdös–Turán criterion for K 	 R ([34],
Theorem 4.1.1): � 2 Reg provided d�=d�K > 0; �K � a:e. Thus (see also [41]
and [32]), equilibrium measures are regular in the Stahl–Totik sense.

We see that � 2 Reg if and only if .W2
n .�//

1
nD1 has subexponential growth.

7.4 Strong Asymptotics

The conditions (1)–(4) from the previous section can be considered as weak
asymptotics. For measures from the Szegő class stronger asymptotics are valid for
the corresponding orthogonal polynomials.

Suppose d� D !.x/dx on K D Œ�1; 1�. Then we say that � is in the Szegő class
(� 2 SzŒ�1; 1�) if

I.!/ WD
Z 1

�1
log!.x/

�
p
1 � x2

dx D
Z

log!.x/ d�K.x/ > �1;

which means that the integral converges for it cannot be C1. For such measures
[35, p. 297]

pn.z; �/ D �nzn C � � � D .1C o.1// .zC
p

z2 � 1/n 1p
2�

D�1
� .z/;
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where the Szegő function

D�.z/ D exp

 
1

2

p
z2 � 1

Z
logŒ!.x/

p
1 � x2�

z � x
d�K.x/

!

is a certain outer function in the Hardy space on C n Œ�1; 1�. Here the square rootp
z2 � 1 is taken such that jzCpz2 � 1j > 1 at z … K.
Now z ! 1 implies not only that �1=n

n ! 2, so � 2 Reg, but also the
existence of

lim
n

W2
n .�/ D

p
� exp.I.!/=2/

((12.7.2) in [35]), which is essentially stronger than the fact of subexponential
growth of the sequence.

The inverse implication is also valid: if limn W2
n .�/ exists in .0;1/, then we

have � 2 SzŒ�1; 1� (see, e.g., T.2.4 in [16]).
The Szegő theory was extended first to the case of measures that generate a finite

gap Jacobi matrix (see, e.g., [9, 16, 28, 42]) and then for measures on R such that
the essential support of � is a Parreau–Widom set.

Let fyjgj be the set of all isolated points of the support of � and K D ess supp.�/,
so supp.�/ D K [ fyjgj. Suppose that K is a Parreau–Widom set, so it has positive
Lebesgue measure. Let !.x/ dx be the absolutely continuous part of d� in its
Lebesgue decomposition. In addition, let

P
gCnK.yj/ <1. Then, in our terms (see,

e.g., Theorem 2 in [14]),

Z
log!.x/d�K.x/ > �1 ” lim sup

n!1
W2

n .�/ > 0: (7.1)

Moreover, if one of the conditions above holds, then there is a positive number M
such that

1

M
< W2

n .�/ < M;

holds for all n. Thus, any of the conditions in (7.1) implies regularity of the
corresponding measure.

We write � 2 Sz.K/ if the Szegő condition on the left-hand side of (7.1) is valid.
We see that this definition can be applied only to measures that have nontrivial
absolutely continuous part. On the other hand, the Widom condition (on the right
side) is applicable to any measure.

For each Parreau–Widom set K, its equilibrium measure �K belongs to Sz.K/
[14] and the sequence .W2

n .�K// is bounded above [18]. In [5, 7] the first two authors
presented non-polar sets with unbounded above sequence .W2

n .�K//.
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The Widom condition is the main candidate to characterize the Szegő class in the
general case. In [5] it was conjectured that the equilibrium measure always is in the
Szegő class and the following form of the Szegő condition was suggested

Z
log.d�=d�K/d�K.t/ > �1

that can be used for all non-polar sets.

7.5 Widom Factors for the Hilbert Norm

Here we consider some model examples of Widom–Hilbert factors (see [7] for more
details).

1. Jacobi weight. For �1 < ˛; ˇ <1 let

d�˛;ˇ D C�1
˛;ˇ.1 � x/˛.1C x/ˇdx

with

C˛;ˇ D
Z 1

�1
.1 � x/˛.1C x/ˇ dx:

Set W˛;ˇ WD
r

�

2˛Cˇ C˛;ˇ
. Then W2

n .�˛;ˇ/ ! W˛;ˇ . Here, W˛;ˇ ! 0 as .˛; ˇ/

approaches the boundary of the domain .�1;1/2 and

sup
�1<˛;ˇ<1

W˛;ˇ D W�1=2;�1=2 D
p
2:

We see that, in the class of Jacobi polynomials, the maximal value of I.!/ is
attained on the equilibrium measure. By Jensen’s inequality, �Œ�1;1� gives the
maximum of the Szegő integral in the whole class SzŒ�1; 1�. Indeed,

Z
log.!=!e/ d�Œ�1;1� � log

Z
!=!e d�Œ�1;1� D log

Z 1

�1
!.x/ dx D 0;

where � 2 SzŒ�1; 1� with d� D !.x/dx and !e.x/ D 1

�
p
1 � x2

.

2. Regular measure beyond the Szegő class. A typical example of such measure is
given by the density

!.x/ D 1C a

2�
exp.�2 t � arcsin x/ � j� .1=2C i t/ j2
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with t D axC b

2
p
1 � x2

, where a; b 2 R, a � jbj, aCjbj > 0. The measure generates

the Pollaczek polynomials. Here, � is regular, as ! > 0 for jxj < 1, but since
! ! 0 exponentially fast near ˙1, the integral I.!/ diverges, so � … SzŒ�1; 1�.
In this case,

lim
n

W2
n .�/ � na=2 D �

�
aC 1
2

�
;

so the Widom factors go to zero but not very fast.
3. � … Reg. Using techniques from [34], one can show that any rate of decrease,

as fast as we wish, can be achieved for the sequence .W2
n .�//. Namely, ([7],

Example 5) for each sequence �n & 0 there exists a measure � such that
W2

n .�/ < �n for all n. Here, Cap.supp.�// does not coincide with the minimal
carrier capacity of �.

4. Jacobi matrix with periodic coefficients .an/ and zero (or slowly oscillating) main
diagonal. The periodic coefficients give a Jacobi matrix in the Szegő class. We
follow [26] here.
Let a2n�1 D a; a2n D b for n 2 N with b > 0 and a D bC 2. These values with
bn D 0 define a Jacobi matrix B0 with spectrum

�.B0/ D Œ�b � a; b � a� [ Œa � b; aC b�:

The same values .an/
1
nD1 with bn D sin n� for 0 < � < 1 give a matrix B with

�.B/ D Œ�b � a � 1; b � aC 1� [ Œa � b � 1; aC bC 1�:

Then Cap.�.B0// D
p

ab; Cap.�.B// D p
a.bC 1/. Let �0 and � be spectral

measures for B0 and B correspondingly. Then W2
2n.�0/ D 1 and W2

2n�1.�0/ Dp
a=b. Hence, �0 2 Sz.�.B0//, as we expected. On the other hand,

W2
2n.�/ D

�
b

bC 1
�n

and

W2
2nC1.�/ D

�
b

bC 1
�nr a

bC 1 :

Thus, W2
n .�/! 0 as n!1; � … Sz.�.B// and, moreover, � … Reg.

5. Julia sets generated by T.z/ D z3 � 
 z with 
 > 3 [11].
Iterations T0 D z, Tn D Tn�1.T/ define a Cantor-type Julia set J D supp.�J/.

Let Wk WD W2
k .�J/. Then W3n D 1, whereas W3n�1 !1. Also,

W3nC1 !
p
2
=3; W3nC2 !

p
2 
=3; etc.
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7.6 Weakly Equilibrium Cantor Sets

The theory of orthogonal polynomials is well developed for measures that are
absolutely continuous with respect to the Lebesgue measure (� D �a), at least for
the finite gap case. There are also numerous results for measures ( � D �a C �p)
that allow nontrivial point spectrum. Here in the description of the Szegő class
a condition of Blaschke-type is added. But there are only a few results for
concrete singular continuous measures, mainly they are concerned with orthogonal
polynomials for equilibrium measures on Julia sets. As we mentioned above,
Parreau–Widom sets (in particular homogeneous sets in the sense of Carleson) may
have Cantor structure, but their Lebesgue measure is positive.

There are only particular results for a prescribed measure � supported on a
Cantor set with zero Lebesgue measure. For example, if � is the Cantor–Lebesgue
measure or the equilibrium measure on the Cantor ternary set K0, then a little is
known except some conjectures depending on numerical results. For this case and
other attractors of iterated function systems, we refer the reader to [22, 23, 25].

The first two authors found in [5] a new family of orthogonal polynomials with
respect to the equilibrium measure on the so-called weakly equilibrium Cantor sets,
that were suggested in [20]. Here we recall the construction. Given � D .�s/

1
sD1

with 0 < �s <
1
4
, let r0 D 1 and rs D �sr2s�1. We define recursively polynomials

P2.x/ D x.x � 1/

and

P2sC1 D P2s � .P2s C rs/:

We consider the complex level domains

Ds D fz 2 C W jP2s.z/C rs=2j < rs=2g

with Ds &, which allows, by the Harnack Principle, to get a good representation of
the Green function for the intersection of domains, and

Es WD fx 2 R W jP2s.x/C rs=2j � rs=2g D [2s

jD1Ij;s:

Then the set

K.�/ WD
1\

sD1
Ds D

1\

sD1
Es D

1\

sD1

�
2

rs
P2s C 1

��1
.Œ�1; 1�/

is an intersection of polynomial preimages that provides some additional useful
features. In particular, P2s C rs=2 is the 2sth Chebyshev polynomial on K.�/.
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At least for small � , the set K.�/ is weakly equilibrium in the following sense.
Let us distribute uniformly the mass 2�s on each Ij;s for 1 � j � 2s. This defines

a measure 
s supported on Es with d
s D .2slj;s/�1dt on Ij;s. Then 
s
�! �K.�/

provided �n � 1=32 and K.�/ is not polar.
In [21] the Widom–Chebyshev factors for K.�/ were calculated and the result

mentioned in Sect. 7.2 was obtained.
In [4] it was shown that, provided some restriction on the sequence � , the equi-

librium measure on K.�/ and the corresponding Hausdorff measure are mutually
absolutely continuous. This is not valid for geometrically symmetric Cantor-type
sets, where these measures are essentially different. Makarov and Volberg proved
in [24] a surprising result: the equilibrium measure for the classical Cantor set is
supported by a set whose Hausdorff dimension is strictly smaller than log 2= log 3.
Therefore, �K0 is mutually singular with the Hausdorff measure of the set. Later this
was generalized to Cantor-type sets of higher dimension and to Cantor repellers that
appear in complex dynamics.

The set K.�/ has positive Lebesgue measure if �s are rather closed to 1
4
.

Moreover, in the limit case �s D 1
4

for all s we have K.�/ D Œ0; 1�.

7.7 Orthogonal Polynomials on K.�/

The set K.�/ is non-polar if and only if

1X

nD1
2�n log

1

�n
<1;

where the series represents the Robin constant of the set. Orthogonal polynomials
with respect to the equilibrium measure on non-polar K.�/ were considered in [5].
It is proven that the monic orthogonal polynomials Q2s coincide with the Chebyshev
polynomials of the set. Procedures were suggested to find orthogonal polynomials
Qn of all degrees and to calculate the corresponding Jacobi parameters. In addition,
it was shown that the sequence of Widom factors is bounded below by a positive
number (in confirmation of our hypothesis that equilibrium measures always belong
to the Szegő class in its Widom characterization).

First the authors used a technique of decomposition of zeros of P2s C rs=2 into
certain groups and the approximation of the equilibrium measure �K.�/ by the
normalized counting measure at zeros of the Chebyshev polynomials of the set.
Namely, let �s D 2�s

P2s

kD1 ıxk , where .xk/
2s

kD1 are the zeros of P2s C rs=2 (they are
simple and real). Then for s > m it is possible to decompose all zeros .xk/

2s

kD1 into
2s�m�1 groups, on which we can control the value of P2m C rm=2. This allows to
show that

Z �
P2m C rm

2

	
d�s D 0:
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Since �s ! �K.�/ in the weak-star topology, we have that the integral

Z �
P2m C rm

2

	
d�K.�/

also is zero.
Similarly it was shown that

Z �
P2i1 C ri1

2

	 �
P2i2 C ri2

2

	
: : :
�

P2in C rin

2

	
d�s D 0

for 0 � i1 < i2 < � � � < in < s. Each polynomial P of degree less than 2s is a linear
combination of polynomials of the type

�
P2s�1 C rs�1

2

	ns�1

: : :
�

P2 C r1
2

	n1
�

x � 1
2

�n0

;

with ni 2 f0; 1g. Therefore, Q2s coincides with P2s C rs=2. In addition, the norm
jjQ2s jj2 has a simple representation in terms of .�k/

sC1
kD1 ((3.1) in [5]).

In the next step, A-type and B-type polynomials were introduced. In particular,
for 2m � n < 2mC1 with the binary representation n D im 2m C � � � C i0, the second
polynomial is

Bn D .Q2m/im.Q2m�1 /im�1 : : : .Q1/
i1 :

The polynomials B.2kC1/�2s and B.2jC1/�2m are orthogonal for all j; k;m; s 2 ZC with
s ¤ m. They can be considered as a basis in the set of polynomials: for each n 2 N

with n D 2s.2k C 1/, the polynomial Qn has a unique representation as a linear
combination of

B2s ;B3�2s ;B5�2s : : : ;B.2k�1/�2s ;B.2kC1/�2s :

This allows to present formulas to express coefficients of each Qn and the cor-
responding Jacobi parameters in terms of .�k/

1
kD1. Some asymptotics of Jacobi

parameters were presented in Theorem 4.7 in [5]: Let �s � 1=6 for all s. Then
lim

s!1 aj�2sCn D an for j 2 N and n 2 ZC. Here, a0 WD 0. In particular, lim inf an D 0.

In the last section the Widom factors for �K.�/ were evaluated. If �k � 1
6

for all
k, then

lim inf
n!1 Wn D lim inf

s!1 W2s � p2

and

lim sup
n!1

Wn D1:



7 Some Asymptotics for Extremal Polynomials 97

The following examples illustrate the behaviour of Widom factors:

1. If �n ! 0, then W2s !1. Therefore Wn !1.
2. There exists �n ¹ 0 with Wn !1. One can take �2k D 1=6; �2k�1 D 1=k.
3. If �n � c > 0 for all n, then lim infn!1 Wn � 1=2c.
4. There exists � with inf �n D 0 and lim infn!1 Wn < 1. Here we can take
�n D 1=6 for n ¤ nk and �nk D 1=k for a sparse sequence .nk/

1
kD1. Then

.W2nk /1kD1 is bounded.

Later, in [6], it was shown that K.�/ is a Parreau–Widom set if and only if

1X

nD1

r
1

4
� �n <1:

7.8 Generalized Julia Sets

In [6] the first two authors generalized some of the results [10–12] by Barnsley
et al. obtained for autonomous Julia sets to more general class of sets. Also, [6]
is a generalization of Alpan and Goncharov [5] as K.�/ can be considered as a
generalized Julia set.

We recall some basic definitions.
Let .fn.z//1nD1 be a sequence of rational functions with deg fn � 2. in C. Let us

define Fn.z/ WD fn ı Fn�1.z/ recursively for n � 1 and F0.z/ D z. Then domain
of normality for .Fn/

1
nD1 in the sense of Montel is called the Fatou set for .fn/. The

complement of the Fatou set in C is called the Julia set for .fn/. We denote them by
F.fn/ and J.fn/, respectively. In particular, if fn D f for some fixed rational f for all
n, then we use the notations F.f / and J.f /. To distinguish this last case, the word
autonomous is used.

We consider only polynomial Julia sets. In order to have an appropriate Julia
set in terms of orthogonal polynomials and potential theory, we need to put some
restrictions on the given polynomials. Let fn.z/ D Pdn

jD0 an;j � zj where dn � 2 and
an;dn ¤ 0 for all n 2 N. Following [13], we say that .fn/ is a regular polynomial
sequence if the following properties are satisfied:

• There exists a real number A1 > 0 such that jan;dn j � A1, for all n 2 N.
• There exists a real number A2 � 0 such that jan;jj � A2jan;dn j for j D
0; 1; : : : ; dn � 1 and n 2 N.

• There exists a real number A3 such that

log jan;dn j � A3 � dn;

for all n 2 N.



98 G. Alpan et al.

If .fn/ is a regular polynomial sequence, then we write .fn/ 2 R. If this is the
case then, by Brück and Büger [13], J.fn/ is a compact subset of C that is regular
with respect to the Dirichlet problem. Thus, Cap.J.fn// > 0. Moreover, J.fn/ is just
the boundary of

A.fn/.1/ WD fz 2 C W .Fn.z//
1
nD1 goes locally uniformly to1g:

Let K D J.fn/ with .fn/ 2 R. In [6], it was shown that, for each integer n, the
monic orthogonal polynomial associated with �K of degree d1 � � � dn can be written
explicitly in terms of Fn. In [3], it was proven that the Chebyshev polynomials of
degree d1 � � � dn on K are same up to constant terms with the orthogonal polynomials
for �K .

In some cases the set J.fn/ is real. For example, this is valid for admissible
(in the sense of Geronimo and Van Assche [19]) polynomials. Then a three-term
recurrence relation is valid for orthogonal polynomials and the corresponding Jacobi
coefficients can be found by a recursive procedure that is depicted.

Let a sequence � be the same as in Sect. 7.6. If we take

fn.z/ D 1

2�n
.z2 � 1/C 1

for all n, then K1.�/ WD J.fn/ is a stretched version of the set K.�/. Let "k D 1

4
� �k.

By Theorem 8 in [6], the Green function gCnK1.�/ has optimal smoothness (is

Hölder continuous with the exponent 1=2) if and only if
1P

kD1
"k <1. This completes

the analysis of smoothness of gCnK.�/ for the case of small � in [20].

By Theorem 9 in [6], K1.�/ is a Parreau–Widom set if and only if
1P

kD1
p
"k <1.

It is interesting to analyse the character of growth of Widom’s factor for non-
Parreau–Widom sets.

7.9 Widom’s Factor for Non-Parreau–Widom Sets

Here we return to Widom factors for the Chebyshev norm on K.�/. As above, let

"k D 1

4
� �k. Clearly, 0 < 1 � 4"k < 1. Suppose

1X

kD1
"k <1 but

1X

kD1

p
"k D1: (7.2)

By C we denote the product 2
1Q

kD1
.1 � 4"k/

�1, which is finite by (7.2). Also this

condition implies that the set K.�/ is not polar and is not Parreau–Widom.



7 Some Asymptotics for Extremal Polynomials 99

Theorem 7.1. Let � D .�k/
1
kD1 be a monotone sequence satisfying (7.2). Then the

bound Wn.K.�// � Cn holds for all n 2 N.

Proof. By [21], for all s 2 ZC we have

W2s.K.�// D 1

2
exp

 

2s
1X

kDsC1
2�k log

1

�k

!

:

Since .�k/
1
kD1 monotonically increases, we get the inequality

W2s.K.�// � 1

2�sC1
D 2

1 � 4"sC1
: (7.3)

Given n 2 N, take s 2 ZC with 2s � n < 2sC1. If n D 2s then, by (7.3),

Wn.K.�// � 2

1 � 4"sC1
< C:

If n ¤ 2s, then there are integer numbers 0 � p1 < p2 < � � � < pm � s � 1 with
m � s such that n D 2sC2pmC� � �C2p1 . Widom factors are logarithmic subadditive,
that is WnCr.K/ � Wn.K/ �Wr.K/. Therefore,

Wn.K.�// � W2s.K.�// �W2pm .K.�// � � �W2p1 .K.�//:

By (7.3) we see that

Wn.K.�// � 2

1 � 4"sC1
2

1 � 4"pmC1
� � � 2

1 � 4"p1C1
� 2sC1C=2 < n C:

This completes the proof.
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Chapter 8
Some Differential Subordinations Using
Ruscheweyh Derivative and a Multiplier
Transformation

Alina Alb Lupaş

Abstract In this paper the author derives several interesting differential subordina-
tion results. These subordinations are established by means of a differential operator
obtained using Ruscheweyh derivative Rmf .z/ and the multiplier transformations
I .m; 
; l/ f .z/, namely RI˛m;
;l the operator given by

RI˛m;
;l W A ! A ;

RI˛m;
;lf .z/ D .1 � ˛/Rmf .z/C ˛I .m; 
; l/ f .z/;

for z 2 U, m 2 N, 
; l � 0 and

An D ff 2H .U/ W f .z/ D zC anC1znC1 C � � � ; z 2 Ug;

with A1 D A . A number of interesting consequences of some of these subordina-
tion results are discussed. Relevant connections of some of the new results obtained
in this paper with those in earlier works are also provided.

8.1 Introduction

Denote by U the unit disc of the complex plane,

U D fz 2 C W jzj < 1g

and H .U/ the space of holomorphic functions in U.
Let

An D ff 2H .U/ W f .z/ D zC anC1znC1 C � � � ; z 2 Ug
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with A1 D A ; and let

H Œa; n� D ff 2H .U/ W f .z/ D aC anzn C anC1znC1 C � � � ; z 2 Ug

for a 2 C and n 2 N.
Denote by

K D
�

f 2 A W Re
zf 00.z/
f 0.z/

C 1 > 0; z 2 U


;

the class of normalized convex functions in U.
If f and g are analytic functions in U, we say that f is subordinate to g, written

f � g, if there is a function w analytic in U, with w.0/ D 0, jw.z/j < 1, for all
z 2 U, such that f .z/ D g.w.z// for all z 2 U. If g is univalent, then f � g if and
only if f .0/ D g.0/ and f .U/ 
 g.U/.

Let  W C3 � U ! C and h an univalent function in U. If p is analytic in U and
satisfies the (second-order) differential subordination

 .p.z/; zp0.z/; z2p00.z/I z/ � h.z/; z 2 U; (8.1)

then p is called a solution of the differential subordination. The univalent function
q is called a dominant of the solutions of the differential subordination, or more
simply a dominant, if p � q for all p satisfying (8.1).

A dominant Qq that satisfies Qq � q for all dominants q of (8.1) is said to be the
best dominant of (8.1). The best dominant is unique up to a rotation of U.

Definition 8.1 (See Ruscheweyh [13]). For f 2 A , m 2 N, the operator Rm is
defined by Rm W A ! A ,

R0f .z/ D f .z/ ; R1f .z/ D zf 0 .z/ ; : : :

.mC 1/RmC1f .z/ D z .Rmf .z//0 C mRmf .z/ , z 2 U:

Remark 8.2. If f 2 A , f .z/ D zCP1
jD2 ajzj, then

Rmf .z/ D zC
1X

jD2

.nC j � 1/Š
nŠ .j � 1/Š ajz

j; z 2 U:

Definition 8.3 (See [4]). For f 2 A , m 2 N, 
; l � 0, the operator I .m; 
; l/ f .z/
is defined by the following infinite series

I .m; 
; l/ f .z/ D zC
1X

jD2

�

 .j � 1/C lC 1

lC 1
�m

ajz
j:
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Remark 8.4. It follows from the above definition that

I .0; 
; l/ f .z/ D f .z/;

.lC 1/ I .mC 1; 
; l/ f .z/ D .lC 1 � 
/ I .m; 
; l/ f .z/C 
z .I .m; 
; l/ f .z//0

.z 2 U/:

Remark 8.5. For l D 0, 
 � 0, the operator Dm

 D I .m; 
; 0/ was introduced and

studied by Al-Oboudi [10], which is reduced to the Sălăgean differential operator
[14] for 
 D 1.

Definition 8.6 (See [3]). Let ˛; 
; l � 0, m 2 N. Denote by RI˛m;
;l the operator
given by RI˛m;
;l W A ! A ,

RI˛m;
;lf .z/ D .1 � ˛/Rmf .z/C ˛I .m; 
; l/ f .z/; z 2 U:

Remark 8.7. If f 2 A , f .z/ D zCP1
jD2 ajzj, then

RI˛m;
;lf .z/ D zC
1X

jD2

(
˛
�
1C
.j�1/Cl

lC1
	m

C .1 � ˛/ .nCj�1/Š
nŠ.j�1/Š

)

ajz
j

for z 2 U.

Remark 8.8. For ˛ D 0, RI0m;
;lf .z/ D Rmf .z/, where z 2 U and for ˛ D 1,
RI1m;
;lf .z/ D I .m; 
; l/ f .z/, where z 2 U, which was studied in [2, 9].

For l D 0, we obtain RI˛m;
;0f .z/ D RDm

;˛f .z/ which was studied in [5–7, 11]

and for l D 0 and 
 D 1, we obtain RI˛m;1;0f .z/ D Lm
˛ f .z/ which was studied

in [1, 8].
For n D 0,

RI˛0;
;lf .z/ D .1 � ˛/R0f .z/C ˛I .0; 
; l/ f .z/

D f .z/ D R0f .z/ D I .0; 
; l/ f .z/ ;

where z 2 U.

Lemma 8.9 (See Miller and Mocanu [12]). Let g be a convex function in U and
let h.z/ D g.z/C n˛zg0.z/, for z 2 U, where ˛ > 0 and n is a positive integer. If

p.z/ D g.0/C pnzn C pnC1znC1 C � � � ; z 2 U;

is holomorphic in U and

p.z/C ˛zp0.z/ � h.z/; z 2 U;

then p.z/ � g.z/, z 2 U, and this result is sharp.
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Lemma 8.10 (See Hallenbeck and Ruscheweyh [12, Theorem 3.1.6, p. 71]). Let
h be a convex function with h.0/ D a, and let � 2 Cnf0g be a complex number with
Re � � 0. If p 2H Œa; n� and

p.z/C 1

�
zp0.z/ � h.z/; z 2 U;

then

p.z/ � g.z/ � h.z/; z 2 U;

where

g.z/ D �

nz�=n

zZ

0

h.t/t�=n�1dt; z 2 U:

8.2 Main Results

Theorem 8.11. Let g be a convex function, g.0/ D 1 and let h be the function

h.z/ D g.z/C z

ı
g0.z/; z 2 U:

If ˛; 
; l; ı � 0, m 2 N, f 2 A and satisfies the differential subordination

�
RI˛m;
;lf .z/

z

�ı�1 �
RI˛m;
;lf .z/

�0 � h.z/; z 2 U; (8.2)

then
�

RI˛m;
;lf .z/

z

�ı
� g.z/; z 2 U;

and this result is sharp.

Proof. Consider

p.z/ D
�

RI˛m;
;lf .z/

z

�ı

D
0

@
zCP1

jD2
n
˛
�
1C
.j�1/Cl

lC1
	m C .1 � ˛/ .nCj�1/Š

nŠ.j�1/Š
o

ajzj

z

1

A

ı

D 1C p1zC p2z
2 C � � � ; z 2 U:
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We deduce that p 2H Œ1; 1�. Differentiating we obtain

�
RI˛m;
;lf .z/

z

�ı�1 �
RI˛m;
;lf .z/

�0 D p.z/C 1

ı
zp0.z/; z 2 U:

Then (8.2) becomes

p.z/C 1

ı
zp0.z/ � h.z/ D g.z/C z

ı
g0.z/; z 2 U:

By using Lemma 8.9, we have

p.z/ � g.z/; z 2 U; i.e.,

�
RI˛m;
;lf .z/

z

�ı
� g.z/; z 2 U:

Theorem 8.12. Let h be a holomorphic function which satisfies the inequality

Re

�
1C zh00.z/

h0.z/

�
> �1

2
; z 2 U;

and h.0/ D 1. If ˛; 
; l; ı � 0, m 2 N, f 2 A and satisfies the differential
subordination

�
RI˛m;
;lf .z/

z

�ı�1 �
RI˛m;
;lf .z/

�0 � h.z/; z 2 U; (8.3)

then
�

RI˛m;
;lf .z/

z

�ı
� q.z/; z 2 U;

where q.z/ D ı

zı

zR

0

h.t/tı�1dt.

Proof. Let

p.z/ D
�

RI˛m;
;lf .z/

z

�ı

D
0

@
zCP1

jD2
n
˛
�
1C
.j�1/Cl

lC1
	m C .1 � ˛/ .nCj�1/Š

nŠ.j�1/Š
o

ajzj

z

1

A

ı

D
0

@1C
1X

jD2

�
˛

�
1C 
 .j � 1/C l

lC 1
�m

C .1 � ˛/ .nC j � 1/Š
nŠ .j � 1/Š


ajz

j�1
1

A

ı

D 1C
1X

jD2
pjz

j�1
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for z 2 U, p 2H Œ1; 1�. Differentiating, we obtain

�
RI˛m;
;lf .z/

z

�ı�1 �
RI˛m;
;lf .z/

�0 D p.z/C 1

ı
zp0.z/; z 2 U;

and (8.3) becomes

p.z/C 1

ı
zp0.z/ � h.z/; z 2 U:

Using Lemma 8.10, we have

p.z/ � q.z/; z 2 U; i.e.

i.e.,

�
RI˛m;
;lf .z/

z

�ı
� q.z/ D ı

zı

zZ

0

h.t/tı�1dt, z 2 U;

and q is the best dominant.

Corollary 8.13. Let

h.z/ D 1C .2ˇ � 1/z
1C z

be a convex function in U, where 0 � ˇ < 1. If ˛; ı; l; 
 � 0, m 2 N, f 2 A and
satisfies the differential subordination

�
RI˛m;
;lf .z/

z

�ı�1 �
RI˛m;
;lf .z/

�0 � h.z/; z 2 U; (8.4)

then

�
RI˛m;
;lf .z/

z

�ı
� q.z/; z 2 U;

where q is given by

q.z/ D .2ˇ � 1/C 2 .1 � ˇ/ ı
zı

zZ

0

tı�1

1C t
dt; z 2 U:

The function q is convex and it is the best dominant.
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Proof. Following the same steps as in the proof of Theorem 8.12 and considering

p.z/ D
�

RI˛m;
;lf .z/

z

�ı
;

the differential subordination (8.4) becomes

p.z/C z

ı
p0.z/ � h.z/ D 1C .2ˇ � 1/z

1C z
; z 2 U:

By using Lemma 8.10 for � D ı, we have p.z/ � q.z/, i.e.

�
RI˛m;
;lf .z/

z

�ı
� q.z/ D ı

zı

zZ

0

h.t/tı�1dt

D ı

zı

zZ

0

tı�1
1C .2ˇ � 1/t

1C t
dt

D ı

zı

zZ

0

�
.2ˇ � 1/ tı�1 C 2 .1 � ˇ/ tı�1

1C t

�
dt

D .2ˇ � 1/C 2 .1 � ˇ/ ı
zı

Z z

0

tı�1

1C t
dt;

for z 2 U.

Theorem 8.14. Let g be a convex function such that g .0/ D 1 and let h be the
function

h .z/ D g .z/C z

ı
g0 .z/ ; z 2 U:

If ˛; 
; l; ı � 0, m 2 N, f 2 A and the differential subordination

z
ı C 1
ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2

C z2

ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2

2

6
4

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� 2

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/

3

7
5

� h .z/ , (8.5)
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z 2 U, holds, then

z
RI˛m;
;lf .z/

�
RI˛mC1;
;lf .z/

	2 � g .z/ , z 2 U;

and this result is sharp.

Proof. Consider

p.z/ D z
RI˛m;
;lf .z/

�
RI˛mC1;
;lf .z/

	2

and we obtain

p .z/C z

ı
p0 .z/ D z

ı C 1
ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2 C

z2

ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2

�

2

6
4

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� 2

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/

3

7
5 :

Relation (8.5) becomes

p.z/C z

ı
p0.z/ � h.z/ D g.z/C z

ı
g0.z/; z 2 U:

By using Lemma 8.9, we have

p.z/ � g.z/; z 2 U;

i.e.,

z
RI˛m;
;lf .z/

�
RI˛mC1;
;lf .z/

	2 � g.z/; z 2 U:

Theorem 8.15. Let h be a holomorphic function which satisfies the inequality

Re

�
1C zh00.z/

h0.z/

�
> �1

2
; z 2 U;

and h.0/ D 1. If ˛; 
; l; ı � 0, m 2 N, f 2 A and satisfies the differential
subordination
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z
ı C 1
ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2

C z2

ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2

2

6
4

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� 2

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/

3

7
5

� h.z/; (8.6)

z 2 U, then

z
RI˛m;
;lf .z/

�
RI˛mC1;
;lf .z/

	2 � q.z/; z 2 U;

where q.z/ D ı

zı

zR

0

h.t/tı�1dt.

Proof. Let

p.z/ D z
RI˛m;
;lf .z/

�
RI˛mC1;
;lf .z/

	2 ; z 2 U; p 2H Œ1; 1�:

Differentiating, we obtain

p .z/C z

ı
p0 .z/ D z

ı C 1
ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2 C

z2

ı

RI˛m;
;lf .z/
�

RI˛mC1;
;lf .z/
	2

�

2

6
4

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� 2

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/

3

7
5 ;

z 2 U, and (8.6) becomes

p.z/C z

ı
p0.z/ � h.z/; z 2 U:

Using Lemma 8.10, we have

p.z/ � q.z/; z 2 U;

i.e.,

z
RI˛m;
;lf .z/

�
RI˛mC1;
;lf .z/

	2 � q.z/ D ı

zı

zZ

0

h.t/tı�1dt, z 2 U;

and q is the best dominant.
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Theorem 8.16. Let g be a convex function such that g.0/ D 0 and let h be the
function

h.z/ D g.z/C z

ı
g0.z/; z 2 U:

If ˛; 
; l; ı � 0, m 2 N, f 2 A and the differential subordination

z2
ı C 2
ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

C z3

ı

2

6
4

�
RI˛m;
;lf .z/

	00

RI˛m;
;lf .z/
�

0

B
@

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

23

7
5

� h.z/; z 2 U; (8.7)

holds, then

z2

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� g.z/; z 2 U:

This result is sharp.

Proof. Let

p.z/ D z2

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
:

We deduce that p 2H Œ0; 1�. Differentiating, we obtain

p .z/C z

ı
p0 .z/ D z2

ı C 2
ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

C z3

ı

2

6
4

�
RI˛m;
;lf .z/

	00

RI˛m;
;lf .z/
�

0

B
@

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

23

7
5 ;

z 2 U. Using the notation in (8.7), the differential subordination becomes

p.z/C 1

ı
zp0.z/ � h.z/ D g.z/C z

ı
g0.z/:

By using Lemma 8.9, we have

p.z/ � g.z/; z 2 U;
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i.e.,

z2

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� g.z/; z 2 U;

and this result is sharp.

Theorem 8.17. Let h be a holomorphic function which satisfies the inequality

Re

�
1C zh00.z/

h0.z/

�
> �1

2
; z 2 U;

and h.0/ D 0. If ˛; 
; l; ı � 0, m 2 N, f 2 A and satisfies the differential
subordination

z2
ı C 2
ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

C z3

ı

2

6
4

�
RI˛m;
;lf .z/

	00

RI˛m;
;lf .z/
�

0

B
@

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

23

7
5

� h.z/; z 2 U; (8.8)

then

z2

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� q.z/; z 2 U;

where q.z/ D ı

zı

zR

0

h.t/tı�1dt.

Proof. Let

p.z/ D z2

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
; z 2 U; p 2H Œ0; 1�:

Differentiating, we obtain

p .z/C z

ı
p0 .z/ D z2

ı C 2
ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

C z3

ı

2

6
4

�
RI˛m;
;lf .z/

	00

RI˛m;
;lf .z/
�

0

B
@

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

23

7
5 ;
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z 2 U, and (8.8) becomes

p.z/C 1

ı
zp0.z/ � h.z/; z 2 U:

Using Lemma 8.10, we have

p.z/ � q.z/; z 2 U;

i.e.,

z2

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/
� q.z/ D ı

zı

zZ

0

h.t/tı�1dt, z 2 U;

and q is the best dominant.

Theorem 8.18. Let g be a convex function such that g.0/ D 1 and let h be the
function

h.z/ D g.z/C zg0.z/; z 2 U:

If ˛; 
; l � 0, m 2 N, f 2 A and the differential subordination

1 �
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	00

��
RI˛m;
;lf .z/

	0�2 � h.z/; z 2 U (8.9)

holds, then

RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 � g.z/; z 2 U:

This result is sharp.

Proof. Let

p.z/ D RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 :

We deduce that p 2H Œ1; 1�. Differentiating, we obtain

1 �
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	00

��
RI˛m;
;lf .z/

	0�2 D p .z/C zp0 .z/ ; z 2 U:
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Using the notation in (8.9), the differential subordination becomes

p.z/C zp0.z/ � h.z/ D g.z/C zg0.z/:

By using Lemma 8.9, we have

p.z/ � g.z/; z 2 U;

i.e.,

RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 � g.z/; z 2 U;

and this result is sharp.

Theorem 8.19. Let h be a holomorphic function which satisfies the inequality

Re

�
1C zh00.z/

h0.z/

�
> �1

2
; z 2 U;

and h.0/ D 1. If ˛; 
; l � 0, m 2 N, f 2 A and satisfies the differential
subordination

1 �
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	00

��
RI˛m;
;lf .z/

	0�2 � h.z/; z 2 U; (8.10)

then

RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 � q.z/; z 2 U;

where q.z/ D 1
z

zR

0

h.t/dt.

Proof. Let

p.z/ D RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 ; z 2 U; p 2H Œ1; 1�:

Differentiating, we obtain

1 �
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	00

��
RI˛m;
;lf .z/

	0�2 D p .z/C zp0 .z/ ; z 2 U;
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and (8.10) becomes

p.z/C zp0.z/ � h.z/; z 2 U:

Using Lemma 8.10, we have

p.z/ � q.z/; z 2 U;

i.e.,

RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 � q.z/ D 1

z

zZ

0

h.t/dt, z 2 U;

and q is the best dominant.

Corollary 8.20. Let

h.z/ D 1C .2ˇ � 1/z
1C z

be a convex function in U, where 0 � ˇ < 1. If ˛; 
; l � 0, m 2 N, f 2 A and
satisfies the differential subordination

1 �
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	00

��
RI˛m;
;lf .z/

	0�2 � h.z/; z 2 U; (8.11)

then

RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 � q.z/; z 2 U;

where q is given by

q.z/ D .2ˇ � 1/C 2 .1 � ˇ/ ln .1C z/

z
; z 2 U:

The function q is convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 8.19 and considering

p.z/ D RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 ;

the differential subordination (8.11) becomes

p.z/C zp0.z/ � h.z/ D 1C .2ˇ � 1/z
1C z

; z 2 U:
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By using Lemma 8.10 for � D 1, we have p.z/ � q.z/, i.e.

RI˛m;
;lf .z/

z
�

RI˛m;
;lf .z/
	0 � q.z/ D 1

z

zZ

0

h.t/dt

D 1

z

zZ

0

1C .2ˇ � 1/t
1C t

dt

D 1

z

zZ

0

�
.2ˇ � 1/C 2 .1 � ˇ/

1C t

�
dt

D .2ˇ � 1/C 2 .1 � ˇ/ ln .1C z/

z

for z 2 U.

Example 8.21. Let h .z/ D 1 � z

1C z
a convex function in U with h .0/ D 1 and

Re

�
zh00 .z/
h0 .z/

C 1
�
> �1

2
:

Let f .z/ D zC z2, z 2 U. For n D 1, m D 1, l D 2, 
 D 1, ˛ D 1
2
, we obtain

RI
1
2

1;1;2f .z/ D
1

2
R1f .z/C 1

2
I .1; 1; 2/ f .z/

D 1

3
f .z/C 2

3
zf 0 .z/

D zC 5

3
z2; z 2 U:

Then

�
RI

1
2

1;1;2f .z/

�0
D 1C 10

3
z

and

�
RI

1
2

1;1;2f .z/

�00
D 10

3
;

RI
1
2

1;1;2f .z/

z

�
RI

1
2

1;1;2f .z/

�0 D
zC 5

3
z2

z
�
1C 10

3
z
� D 3C 5z

3C 10z
;
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1 �
RI

1
2

1;1;2f .z/ �
�

RI
1
2

1;1;2f .z/

�00

��
RI

1
2

1;1;2f .z/

�0�2 D 1 �
�
zC 5

3
z2
� � 10

3�
1C 10

3
z
�2

D 50z2 C 30zC 9
.3C 10z/2

:

We have

q .z/ D 1

z

Z z

0

1 � t

1C t
dt D �1C 2 ln .1C z/

z
:

By using Theorem 8.19 we obtain

50z2 C 30zC 9
.3C 10z/2

� 1 � z

1C z
; z 2 U;

induce

3C 5z

3C 10z
� �1C 2 ln .1C z/

z
; z 2 U:

Theorem 8.22. Let g be a convex function such that g.0/ D 1 and let h be the
function

h.z/ D g.z/C zg0.z/; z 2 U:

If ˛; 
; l � 0, m 2 N, f 2 A and the differential subordination

h�
RI˛m;
;lf .z/

�0i2 C RI˛m;
;lf .z/ �
�
RI˛m;
;lf .z/

�00 � h.z/; z 2 U (8.12)

holds, then

RI˛m;
;lf .z/ �
�

RI˛m;
;lf .z/
	0

z
� g.z/; z 2 U:

This result is sharp.

Proof. Let

p.z/ D
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	0

z
:

We deduce that p 2H Œ1; 1�. Differentiating, we obtain
h�

RI˛m;
;lf .z/
�0i2 C RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

�00 D p .z/C zp0 .z/ ; z 2 U:
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Using the notation in (8.12), the differential subordination becomes

p.z/C zp0.z/ � h.z/ D g.z/C zg0.z/:

By using Lemma 8.9, we have

p.z/ � g.z/; z 2 U;

i.e.,

RI˛m;
;lf .z/ �
�

RI˛m;
;lf .z/
	0

z
� g.z/; z 2 U;

and this result is sharp.

Theorem 8.23. Let h be a holomorphic function which satisfies the inequality

Re

�
1C zh00.z/

h0.z/

�
> �1

2
; z 2 U;

and h.0/ D 1. If ˛; 
; l � 0, m 2 N, f 2 A and satisfies the differential
subordination

h�
RI˛m;
;lf .z/

�0i2 C RI˛m;
;lf .z/ �
�
RI˛m;
;lf .z/

�00 � h.z/; z 2 U; (8.13)

then

RI˛m;
;lf .z/ �
�

RI˛m;
;lf .z/
	0

z
� q.z/; z 2 U;

where q.z/ D 1

z

zR

0

h.t/dt.

Proof. Let

p.z/ D
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	0

z
; z 2 U; p 2H Œ1; 1�:

Differentiating, we obtain

h�
RI˛m;
;lf .z/

�0i2 C RI˛m;
;lf .z/ �
�
RI˛m;
;lf .z/

�00 D p .z/C zp0 .z/ ;

z 2 U, and (8.13) becomes

p.z/C zp0.z/ � h.z/; z 2 U:
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Using Lemma 8.10, we have

p.z/ � q.z/; z 2 U;

i.e.,

RI˛m;
;lf .z/ �
�

RI˛m;
;lf .z/
	0

z
� q.z/ D 1

z

zZ

0

h.t/dt, z 2 U;

and q is the best dominant.

Corollary 8.24. Let

h.z/ D 1C .2ˇ � 1/z
1C z

be a convex function in U, where 0 � ˇ < 1. If ˛; 
; l � 0, m 2 N, f 2 A and
satisfies the differential subordination

h�
RI˛m;
;lf .z/

�0i2 C RI˛m;
;lf .z/ �
�
RI˛m;
;lf .z/

�00 � h.z/; z 2 U; (8.14)

then

RI˛m;
;lf .z/ �
�

RI˛m;
;lf .z/
	0

z
� q.z/; z 2 U;

where q is given by

q.z/ D .2ˇ � 1/C 2 .1 � ˇ/ ln .1C z/

z
; z 2 U:

The function q is convex and it is the best dominant.

Proof. Following the same steps as in the proof of Theorem 8.23 and considering

p.z/ D
RI˛m;
;lf .z/ �

�
RI˛m;
;lf .z/

	0

z
;

the differential subordination (8.14) becomes

p.z/C zp0.z/ � h.z/ D 1C .2ˇ � 1/z
1C z

; z 2 U:

By using Lemma 8.10 for � D 1, we have p.z/ � q.z/, i.e.
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RI˛m;
;lf .z/ �
�

RI˛m;
;lf .z/
	0

z
� q.z/ D 1

z

zZ

0

h.t/dt

D 1

z

zZ

0

1C .2ˇ � 1/t
1C t

dt

D 1

z

zZ

0

�
.2ˇ � 1/C 2 .1 � ˇ/

1C t

�
dt

D .2ˇ � 1/C 2 .1 � ˇ/ ln .1C z/

z
; z 2 U:

Example 8.25. Let h .z/ D 1 � z

1C z
a convex function in U with h .0/ D 1 and

Re

�
zh00 .z/
h0 .z/

C 1
�
> �1

2
:

Let f .z/ D zC z2, z 2 U. For n D 1, m D 1, l D 2, 
 D 1, ˛ D 1
2
, we obtain

RI
1
2

1;1;2f .z/ D
1

2
R1f .z/C 1

2
I .1; 1; 2/ f .z/

D 1

3
f .z/C 2

3
zf 0 .z/ D zC 5

3
z2; z 2 U:

Then

�
RI

1
2

1;1;2f .z/

�0
D 1C 10

3
z;

�
RI

1
2

1;1;2f .z/

�00

D 10

3
;

RI
1
2

1;1;2f .z/ �
�

RI
1
2

1;1;2f .z/

�0

z

D
�
zC 5

3
z2
� �
1C 10

3
z
�

z

D 50

9
z2 C 5zC 1;

��
RI

1
2

1;1;2f .z/

�0�2
C RI

1
2

1;1;2f .z/ �
�

RI
1
2

1;1;2f .z/

�00

D
�
1C 10

3
z

�2
C
�

zC 5

3
z2
�
� 10
3

D 50

3
z2 C 10zC 1:
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We have

q .z/ D 1

z

zZ

0

1 � t

1C t
dt D �1C 2 ln .1C z/

z
:

By using Theorem 8.23 we obtain

50

3
z2 C 10zC 1 � 1 � z

1C z
; z 2 U;

induce

50

9
z2 C 5zC 1 � �1C 2 ln .1C z/

z
; z 2 U:

Theorem 8.26. Let g be a convex function such that g.0/ D 1 and let h be the
function

h.z/ D g.z/C z

1 � ı g0.z/; z 2 U:

If ˛; 
; l � 0, ı 2 .0; 1/, m 2 N, f 2 A and the differential subordination

 
z

RI˛m;
;lf .z/

!ı
RI˛mC1;
;lf .z/

1 � ı

0

B
@

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/
� ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

� h.z/; z 2 U (8.15)

holds, then

RI˛mC1;
;lf .z/
z

�
 

z

RI˛m;
;lf .z/

!ı
� g.z/; z 2 U:

This result is sharp.

Proof. Let

p.z/ D RI˛mC1;
;lf .z/
z

�
 

z

RI˛m;
;lf .z/

!ı
:

We deduce that p 2H Œ1; 1�. Differentiating, we obtain

 
z

RI˛m;
;lf .z/

!ı
RI˛mC1;
;lf .z/

1 � ı

0

B
@

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/
� ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

D p .z/C 1

1 � ı zp0 .z/ ; z 2 U:
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Using the notation in (8.15), the differential subordination becomes

p.z/C 1

1 � ı zp0.z/ � h.z/ D g.z/C z

1 � ı g0.z/:

By using Lemma 8.9, we have

p.z/ � g.z/; z 2 U;

i.e.,

RI˛mC1;
;lf .z/
z

�
 

z

RI˛m;
;lf .z/

!ı
� g.z/; z 2 U;

and this result is sharp.

Theorem 8.27. Let h be a holomorphic function which satisfies the inequality

Re

�
1C zh00.z/

h0.z/

�
> �1

2
, z 2 U, and h.0/ D 1. If ˛; 
; l � 0, ı 2 .0; 1/, m 2 N,

f 2 A and satisfies the differential subordination

 
z

RI˛m;
;lf .z/

!ı
RI˛mC1;
;lf .z/

1 � ı

0

B
@

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/
� ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

� h.z/; z 2 U; (8.16)

then

RI˛mC1;
;lf .z/
z

�
 

z

RI˛m;
;lf .z/

!ı
� q.z/; z 2 U;

where q.z/ D 1 � ı
z1�ı

zR

0

h.t/t�ıdt.

Proof. Let

p.z/ D RI˛mC1;
;lf .z/
z

�
 

z

RI˛m;
;lf .z/

!ı
; z 2 U; p 2H Œ1; 1�:

Differentiating, we obtain

 
z

RI˛m;
;lf .z/

!ı
RI˛mC1;
;lf .z/

1 � ı

0

B
@

�
RI˛mC1;
;lf .z/

	0

RI˛mC1;
;lf .z/
� ı

�
RI˛m;
;lf .z/

	0

RI˛m;
;lf .z/

1

C
A

D p .z/C 1

1 � ı zp0 .z/ ; z 2 U;
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and (8.16) becomes

p.z/C 1

1 � ı zp0.z/ � h.z/; z 2 U:

Using Lemma 8.10, we have

p.z/ � q.z/; z 2 U;

i.e.,

RI˛mC1;
;lf .z/
z

�
 

z

RI˛m;
;lf .z/

!ı
� q.z/ D 1 � ı

z1�ı

zZ

0

h.t/t�ıdt, z 2 U;

and q is the best dominant.
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14. G.St. Sălăgean, Subclasses of Univalent Functions. Lecture Notes in Mathematics, vol. 1013
(Springer, Berlin, 1983), pp. 362–372



Chapter 9
Some Results on the Bivariate Laguerre
Polynomials

Mehmet Ali Özarslan and Cemaliye Kürt

Abstract In this paper, we consider the general class of bivariate Laguerre
polynomials introduced in Ozarslan and Kürt (On a double integral equation
including a set of two variables polynomials suggested by Laguerre polynomials.
In: Proceedings of international conference on recent advances in pure and applied
mathematics (ICRAPAM 2014), 2014). We first obtain linear and mixed multilateral
generating functions for the above-mentioned classes. We further derive a finite
summation formula for our polynomials: Finally, by using the fractional derivative
operator, we give a series relation between the bivariate Laguerre polynomials and
a product of confluent hypergeometric functions.

9.1 Introduction

Recently, a class of polynomials Z.˛/n1;:::;nj

�
x1; : : : ; xjI �1; : : : ; �j

�
(see [5]) suggested

by the multivariate Laguerre polynomials were introduced as

Z.˛/n1;:::;nj

�
x1; : : : ; xjI �1; : : : ; �j

�

D �
�
�1n1 C � � � C �jnj C ˛ C 1

�

n1Š : : : njŠ

�
n1;:::;njX

k1;:::;kjD0

.�n1/k1 : : :
��nj

�
kj

x�1k1
1 : : : x

�jkj

j

�
�
�1k1 C � � � C �jkj C ˛ C 1

�
k1Š : : : kjŠ

: (9.1)

.˛; �1; : : : ; �j 2 C; Re.�i/ > 0, i D 1; : : : ; j/

and investigated by the first author.
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Obviously Z.˛/n1;:::;nj

�
x1; : : : ; xjI �1; : : : ; �j

�
gives L.˛/n1;:::;nj

�
x1; : : : ; xj

�
when �1 D

� � � D �j D 1, where

L.˛/n1;:::;nj

�
x1; : : : ; xj

� D �
�
n1 C � � � C nj C ˛ C 1

�

n1Š : : : njŠ

�
n1;:::;njX

k1;:::;kjD0

.�n1/k1 : : :
��nj

�
kj

xk1
1 : : : x

kj

j

�
�
k1C � � �CkjC˛C1

�
k1Š : : : kjŠ

(9.2)

is the multivariable Laguerre polynomial defined by Carlitz [2] (see also [1]).
In [7], the authors introduce a new general class of bivariate Laguerre polynomi-

als as follows:

L.˛;ˇ;�;�;/n;m .x; y/ D � .˛nC ˇmC � C 1/
� . C �m/

�
nX

k1D0

mX

k2D0

.�n/k1 .�m/k2x
˛k1yˇk2

� .˛k1Cˇk2C�C1/� .�k2C/k1Šk2Š (9.3)

where ˛; ˇ; �; �;  2 C, Re.˛/, Re.ˇ/, Re.�/, Re./ > 0, Re.�/ > �1.
They investigated double fractional integral and derivative properties of the

bivariate Laguerre polynomials L.˛;ˇ;�;�;/n;m .x; y/. Furthermore, they obtained linear
generating functions for L.˛;ˇ;�;�;/n;m .x; y/ in terms of E.˛;ˇ;�;�;/.�1;�2/

.x; y/, which is defined
by Ozarslan and Kürt [7]

E.˛;ˇ;�;;
/�1;�2
.x; y/ D

1X

k1D0

1X

k2D0

.�1/k1 .�2/k2x
k1yk2

� .˛k1 C ˇk2 C 
/� .�k2 C /k1Šk2Š

where �1; �2; ˛; ˇ; 
; �;  2 C; Re.˛ C �/ > 0, Re.ˇ/ > 0.
Finally, they found double Laplace transforms of L.˛;ˇ;�;�;/n;m .x; y/ and gave the

solution of a double integral equation involving the bivariate Laguerre polynomials
in the kernel.

Now, we consider a general double hypergeometric series which were defined
in [10]:

A W BI B0
S

C W DI D0

0

@
x

y

1

A �
A W BI B0

S
C W DI D0

0

@
Œ.a/ W #; '� W Œ.b/ W  �I Œ.b0/ W  0�I

x; y
Œ.c/ W ı; "� W Œ.d/ W ��I Œ.d0/ W �0�I

1

A

D
1X

mD0

1X

nD0

2

666
4

AQ

jD1
� Œaj C m#j C n'j�

BQ

jD1
� Œbj C m j�

CQ

jD1
� Œcj C mıj C n"j�

DQ

jD1
� Œdj C m�j�

B
0

Q

jD1
� Œb0

j C n 
0

j �

D0Q

jD1
� Œd

0

j C n�0
j�

xm

mŠ

yn

nŠ

3

7777
5
;
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where the coefficients
(
#1; : : : ; #AI '1; : : : ; 'AI  1; : : : ;  BI  0

1; : : : ;  
0

BI ı1; : : : ; ıCI
"1; : : : ; "CI �1; : : : ; �DI �0

1; : : : ; �
0

D0 I

are real and positive. Here, .a/ denotes the sequence of parameters a1; a2; : : : ; aA

with a similar manner as for .b/, .b
0

/, etc.
In the present paper, we consider the following special cases of the above

functions, which we give their name by 0	
�
2 and 2	

�
4 as follows:

0	
�
2

� �
.˛; ˇ; � C 1/; .�; �/

I �x˛t1;�yˇt2

�

WD
0 W 0I 0

S
1 W 1I 0

0

@
� W �I �I

�x˛t1;�yˇt2
Œ.� C 1/ W ˛; ˇ� W Œ.�/ W ��I �I

1

A :

and

2	
�

4

 
.1; �1/; .1; �2/

.˛; ˇ; � C 1/; .�; �/; .1; 
1 C 1/; .1; 
2 C 1/
I �x˛ t1;�yˇ t2

!

WD
0 W 1I 1

S
1 W 2I 0

0

B
@

� W Œ.�1/ W 1�I Œ.�2/ W 1�I
�x˛t1;�yˇ t2

Œ.� C 1/ W ˛; ˇ� W Œ.�; 
2 C 1/ W �; 1�I Œ.
1 C 1/ W 1�I

1

C
A

Note that for the absolute convergence of the functions

0	
�
2

� �
.˛; ˇ; � C 1/; .�; �/

I �x˛t1;�yˇt2

�

we need Re.˛ C �/ > �1 and Re.ˇ/ > �1 (see [10] and also see [11, 12]). In the
same way, for the absolute convergence of

2	
�
4

�
.1; �1/; .1; �2/

.˛; ˇ; � C 1/; .�; �/; .1; 
1 C 1/; .1; 
2 C 1/
I �x˛t1;�yˇt2

�
;

we need Re.ˇ C �/ > �2 and Re.˛/ > �2 (see [10] and also see [11, 12]).
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9.2 Linear Generating Function and a Summation Formula

In this section, we give a linear, mixed multilinear generating functions and a
summation formula for the polynomials L.˛;ˇ;�;�;/n;m .x; y/.

Theorem 9.1. The polynomials L.˛;ˇ;�;�;/n;m .x; y/ have the generating function as
follows:

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ t
n
1t

m
2

D et1Ct2��
� �
.˛; ˇ; � C 1/; .�; / I �x˛t1;�yˇt2

�
: (9.4)

Proof. Direct calculations yield that

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ t
n
1t

m
2

D
1X

n;mD0

n;mX

k1;k2D0

.�n/k1 .�m/k2x
˛k1yˇk2

� .˛k1 C ˇk2 C � C 1/� . C �k2/nŠmŠk1Šk2Š
tn
1t

m
2

D
1X

n;mD0

n;mX

k1;k2D0

.�1/k1Ck2x˛k1yˇk2

� .˛k1 C ˇk2 C � C 1/� . C �k2/.n � k1/Š.m � k2/Šk1Šk2Š
tn
1t

m
2 :

Letting n D nC k1 and m D mC k2, we have

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ t
n
1t

m
2

D
1X

n;mD0

tn
1t

m
2

nŠmŠ

1X

k1;k2D0

.�1/k1Ck2x˛k1yˇk2

� .˛k1 C ˇk2 C � C 1/� . C �k2/k1Šk2Š
tk1
1 tk2
2

D et1Ct2
0�

�
2

� �
.˛; ˇ; � C 1/; .�; / I �x˛t1;�yˇt2

�
:

Whence the result.

Now, we aim to obtain mixed multilateral generating functions for the polynomi-
als L.˛;ˇ;�;�;/n;m .x; y/ by using the same method considered in [13] (see also [4–6]). Let
.�/ WD .�1; �2/, .
/ WD .
1; 
2/, .�/ WD .�1; �2/, . / WD . 1;  2/, .�/ WD .�1; �2/

be complex 2-tuples. By making use of the above theorem, we have the following
result.
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Theorem 9.2. Corresponding to an identically non-vanishing function

˝.�/.1; 2; : : : ; s/

of complex variables 1; 2; : : : ; s .s 2 N/, let

�.�/;. /.1; 2; : : : ; sI &1; &2/
WD

1P
k1;k2D0

ak1;k2˝�1C 1k1;�2C 2k2 .1; 2; : : : ; s/&
k1
1 &

k2
2 :

.ak1;k2j ¤ 0/
(9.5)

Suppose also that

�
.�/;.
/;.�/;. /;˛
n;mIq1;q2 .1; 2; : : : ; sI x1; x2I .˛; ˇ/ I &1; &2/

D
h

n
q1

i
;
h

m
q2

i

P

k1;k2D0
ak1;k2˝�1C 1k1;�2C 2k2 .1; 2; : : : ; s/

� L.˛;ˇ;�;;�/n�q1k1;m�q2k2
.x; y/� .�.m � q2k2/C /

� .˛ .n � q1k1/C ˇ .m � q2k2/C � C 1/ .n � q1k1/Š.m � q2k2/Š
&

k1
1 &

k2
2 :

.q1; q2 2 N/
(9.6)

Then,

1X

n;mD0
�
.�/;.
/;.�/;. /;˛
n;mIq1;q2

�
1; 2; : : : ; sI x1; x2I .˛; ˇ/ I &1

tq1
1

;
&2

tq2
2

�
tntm

D et1Ct2�.�/;. /.1; 2; : : : ; sI &1; &2/

� 0��
2

� �
.˛; ˇ; � C 1/; .�; / I �x˛t1;�yˇt2

�
(9.7)

provided that each member of Eq. (9.7) exists, where jt1j < 1 and jt2j < 1.

Proof. Let F denote the left member of (9.7). Substituting the polynomials

�
.�/;.
/;.�/;. /;˛
n;mIq1;q2 .1; 2; : : : ; sI x1; x2I .˛; ˇ/ I &1; &2/

from the definition (9.6) into the left-hand side of (9.7), we have

F D
1X

n;mD0

h
n

q1

i
;
h

m
q2

i

X

k1;k2D0
ak1;k2˝nC 1k1;mC 2k2 .1; 2; : : : ; s/&

k1
1 &

k2
2

� L.˛;ˇ;�;;�/n�q1k1;m�q2k2
.x; y/� .�.m � q2k2/C /

� .˛ .n � q1k1/C ˇ .m � q2k2/C � C 1/ .n � q1k1/Š.m � q2k2/Š
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� tn�q1k1
1 tm�q2k2

2

D
1X

k1;k2D0
ak1;k2˝nC 1k1;mC 2k2 .1; 2; : : : ; s/&

k1
1 &

k2
2

�
1X

n;mD0

L.˛;ˇ;�;;�/n;m .x; y/� .�mC /
� .˛nC ˇmC � C 1/ tn

1t
m
2 :

Using Theorem 9.1 with �1 ! �1 C 
1k1 and �2 ! �2 C 
2k2, we get

F D ak1;k2˝nC 1k1;mC 2k2 .1; 2; : : : ; s/&
k1
1 &

k2
2 et1Ct2

�0��
2

� �
.˛; ˇ; � C 1/; .�; / I �x˛t1;�yˇt2

�
:

Using (9.5), the result follows.

Using (9.4) and a technique used by Srivastava [8, 9], we give the following inter-
esting summation formula for the bivariate Laguerre polynomials L.˛;ˇ;�;�;/n;m .x; y/ by
the following theorem:

Theorem 9.3. The bivariate Laguerre polynomials defined in (9.2) satisfy the
following summation formula:

L.˛;ˇ;�;�;/n;m .x; y/ D � .˛nC ˇmC � C 1/
� . C �m/

�
n;mX

j;lD0

 
n

j

! 
m

l

!
L.˛;ˇ;�;�;/n�j;m�l .t; k/

� .˛.n � j/C ˇ.m � l/C � C 1/ ‘

�
�

x˛

t˛

�n �yˇ

kˇ

�m �
t˛

x˛
� 1

�j �kˇ

yˇ
� 1

�l

: (9.8)

Proof. Setting t1 D Œ�t˛�z1 and t2 D Œ�kˇ�z2 in (9.4), we have

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ .Œ�t˛�z1/
n.Œ�kˇ�z2/

m

D eŒ�t˛�z1CŒ�kˇ�z2
0�

�
2

� �
.˛; ˇ; � C 1/; .�; / I �x˛Œ�t˛�z1: � yˇŒ�kˇ�z2

�
:

(9.9)
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Interchange x by t and y by k to get

1P
nD0

1P
mD0

L.˛;ˇ;�;�;/n;m .t; k/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ .Œ�x˛�z1/n.Œ�yˇ�z2/m

D eŒ�x˛�z1CŒ�yˇ�z2
0�

�
2

� �
.˛; ˇ; � C 1/; .�; / I �x˛Œ�t˛�z1;�yˇŒ�kˇ�z2

�
:

(9.10)

Comparing (9.9) and (9.10), we have

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ .�t˛z1/
n.�kˇz2/

m

D e�t˛z1�kˇz2Cx˛z1Cyˇz2

�
1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .t; k/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ .�x˛z1/
n.�yˇz2/

m

D
1X

n;mD0

1X

j;lD0

L.˛;ˇ;�;�;/n;m .t; k/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠjŠlŠ

�.�x˛z1/
n.�yˇz2/

m.�t˛z1 C x˛z1/
j.�kˇz2 C yˇz2/

l;

and hence

D
1X

n;mD0

n;mX

j;lD0

L.˛;ˇ;�;�;/n�j;m�l .t; k/� . C �m/

� .˛.n � j/C ˇ.m � l/C � C 1/.n � j/Š.m � l/ŠjŠlŠ

� .�x˛z1/
n�j.�yˇz2/

m�l.�t˛z1 C x˛z1/
j.�kˇz2 C yˇz2/

l

D
1X

n;mD0

n;mX

j;lD0

 
n

j

! 
m

l

!
L.˛;ˇ;�;�;/n�j;m�l .t; k/� . C �m/

� .˛.n � j/C ˇ.m � l/C � C 1/

�.�x˛z1/
n�j.�yˇz2/

m�l.�t˛z1 C x˛z1/
j.�kˇz2 C yˇz2/

l

from which, on comparing the coefficients zn
1z

m
2 on both sides, we get (9.8).

9.3 A Series Relation for L.˛;ˇ;�;�;�/
n;m .x; y/

In this section, we recall the definition of Riemann–Liouville fractional derivative.

Definition 9.4 (See [3]). The Riemann–Liouville fractional derivative of order � 2
C .Re .�/ � 0/ is defined by
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xD�

aC Œf � D
�

d

dx

�n
1

� .n � ˛/
Z x

a
.x � /˛�n�1f ./d

.n D ŒRe.�/�C 1; x > a/

where, as usual, ŒRe.�/� means the integral part of Re.�/.

Proposition 9.5. The following property holds true:

D

w.w

��1/ D d


dw

.w��1/ D � .�/

� .� � 
/w��
�1 for 
 ¤ �; (9.11)

where � is an arbitrary complex number.

Theorem 9.6. The following series relation holds true between the bivariate
Laguerre polynomials and the confluent hypergeometric functions:

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/.
1/m.
2/m
� .˛nC ˇmC � C 1/.�1 C 1/n.�2 C 1/mnŠmŠ

� 1F1.�1 � 
1 C 1; nC �1 C 1I t1/1F1.�2 � 
2 C 1;mC �2 C 1I t2/tn
1t

m
2

D et1Ct2
� .�1 C 1/� .�2 C 1/

� .
1/� .
2/

� 2��
4

�
.1; 
1/; .1; 
2/

.˛; ˇ; � C 1/; .�; /; .1; �1 C 1/; .1; �2 C 1/ I �x˛t1;�yˇt2

�
:

Proof. If we rewrite (9.4) as

1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ t
n
1t

m
2 e�t1�t2

D 0�
�
2

� �
.˛; ˇ; � C 1/; .�; / I �x˛t1;�yˇt2

�

and expand the exponential function to a series, we get

1X

n;mD0

1X

r;kD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ
.�t1/r

rŠ

.�t2/k

kŠ
tn
1t

m
2

D
1X

nD0

1X

mD0

.�x/˛n.�y/ˇn

� .˛nC ˇmC � C 1/� .�mC /nŠmŠ t
n
1t

m
2 :
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Multiplying both sides by t
1�11 and t
2�12 , we obtain

1X

n;mD0

1X

r;kD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ
.�1/r

rŠ

.�1/k
kŠ

tnC
1Cr�1
1 tmC
2Ck�1

2

D
1X

nD0

1X

mD0

.�x˛t1/n.�yˇt2/mt
1�11 t
2�12

� .˛nC ˇmC � C 1/� .�mC /nŠmŠ :

Now apply the operator D
1��1�1
t1 and D
2��2�1

t2 , we get

1X

n;mD0

1X

r;kD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/

� .˛nC ˇmC � C 1/nŠmŠ
.�1/r

rŠ

.�1/k
kŠ

�D
1��1�1
t1 ŒtnC
1Cr�1

1 �D
2��2�1
t2 ŒtmC
2Ck�1

2 �

D
1X

nD0

1X

mD0

.�x˛t1/m.�yˇt2/mt
2�12

� .˛nC ˇmC � C 1/� .�mC /nŠmŠ

�D
1��1�1
t1 Œt
1�11 �D
2��2�1

t2 Œt
2�12 �:

Using (9.11), we have

1X

n;mD0

1X

r;kD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/� .nC 
1 C r/� .mC 
2 C k/

� .˛nC ˇmC � C 1/� .nC �1 C rC 1/� .mC �2 C kC 1/nŠmŠ

� .�1/
r

rŠ

.�1/k
kŠ

tnCr
1 tmCk

2

D
1X

nD0

1X

mD0

.�x˛/n.�yˇ/m� .nC 
1/� .mC 
2/tn1tm2
� .˛nC ˇmC � C 1/� .�mC /� .nC �1 C 1/� .mC �2 C 1/nŠmŠ

D 2�
�
4

 
.1; 
1/; .1; 
2/

.˛; ˇ; � C 1/; .�; /; .1; �1 C 1/; .1; �2 C 1/ I �x˛ t1;�yˇ t2

!

:

Therefore, we obtain

1X

n;mD0

1X

r;kD0

"
L.˛;ˇ;�;�;/n;m .x; y/� . C �m/� .
1/� .
2/

� .˛nC ˇmC � C 1/� .�1 C 1/� .�2 C 1/

� .nC 
1/r.mC 
2/k.
1/n.
2/m
.nC �1 C 1/r.�1 C 1/n.mC �2 C 1/k.�2 C 1/m �

.�t1/rtn1.�t2/ktm2
nŠmŠrŠkŠ

#

D 2�
�
4

 
.1; 
1/; .1; 
2/

.˛; ˇ; � C 1/; .�; /; .1; �1 C 1/; .1; �2 C 1/ I �x˛ t1;�yˇ t2

!

:

(9.12)
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For the sake of brevity, let S denote the left member of (9.12). It follows that

S D � .
1/� .
2/

� .�1 C 1/� .�2 C 1/

�
1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/.
1/n.
2/mtn
1t

m
2

� .˛nC ˇmC � C 1/.�1 C 1/n.�2 C 1/mnŠmŠ

�
1X

rD0

.nC 
1/r
.nC �1 C 1/rrŠ .�t1/

r
1X

kD0

.mC 
2/k
.mC �2 C 1/kkŠ

.�t2/
k;

which gives

S D � .
1/� .
2/

� .�1 C 1/� .�2 C 1/

�
1X

nD0

1X

mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/.
1/n.
2/m
� .˛nC ˇmC � C 1/.�1 C 1/n.�2 C 1/mnŠmŠ

� 1F1.nC 
1; nC �1 C 1I �t1/1F1.mC 
2;mC �2 C 1I �t2/:

Finally, since 1F1.aI bI z/ D ez
1F1.b � aI bI �z/, we get

S D � .
1/� .
2/

� .�1 C 1/� .�2 C 1/e�t1�t2

�
1P

nD0

1P
mD0

L.˛;ˇ;�;�;/n;m .x; y/� . C �m/.
1/n.
2/mtn
1t

m
2

� .˛nC ˇmC � C 1/.�1 C 1/n.�2 C 1/mnŠmŠ
�1F1.�1 � 
1 C 1; nC �1 C 1I t1/1F1.�2 � 
2 C 1;mC �2 C 1I t2/:

(9.13)
Comparing (9.12) and (9.13), we get the desired result.
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Chapter 10
Inner Product Spaces and Quadratic
Functional Equations

Choonkil Park, Won-Gil Park, and Themistocles M. Rassias

Abstract In this paper, we prove that the norm defined over a real vector space V
is induced by an inner product if and only if for a fixed integer n � 2

n









nX

iD1
xi









2

C
nX

iD1










nxi �
nX

jD1
xj










2

D n2
nX

iD1
kxik2

holds for all x1; : : : ; xn 2 V . Let V;W be real vector spaces. It is shown that if a
mapping f W V ! W satisfies

nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A D n2
nX

iD1
f .xi/; .n > 2/

or

nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A

D n2 C n

2

nX

iD1
f .xi/C n2 � n

2

nX

iD1
f .�xi/; .n � 2/
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for all x1; : : : ; xn 2 V , then the mapping f W V ! W is Cauchy additive-quadratic.
Furthermore, we prove the Hyers–Ulam stability of the above quadratic functional
equations in Banach spaces.

Keywords Inner product space • Quadratic mapping • Quadratic Functional
equation • Hyers–Ulam stability.

2010 AMS Math. Subject Classification: Primary 39B72, 46C05; Secondary
46C05

10.1 Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam
[21] concerning the stability of group homomorphisms. Hyers [6] gave a first
affirmative partial answer to the question of Ulam for Banach spaces. Hyers’
theorem was generalized by Aoki [1] for additive mappings and by Th. M.
Rassias [12] for linear mappings by considering an unbounded Cauchy difference.
A generalization of the Th. M. Rassias theorem was obtained by Găvruta [5] by
replacing the unbounded Cauchy difference by a general control function in the
spirit of Th. M. Rassias’ approach.

A square norm on an inner product space satisfies the parallelogram equality

kxC yk2 C kx � yk2 D 2kxk2 C 2kyk2:

The functional equation

f .xC y/C f .x � y/ D 2f .x/C 2f .y/

is called a quadratic functional equation. In particular, every solution of the
quadratic functional equation is said to be a quadratic mapping. A Hyers–Ulam
stability problem for the quadratic functional equation was proved by Skof [20] for
mappings f W X ! Y , where X is a normed space and Y is a Banach space. Cholewa
[3] noticed that the theorem of Skof is still true if the relevant domain X is replaced
by an Abelian group. In [4], Czerwik proved the Hyers–Ulam stability of the
quadratic functional equation. Several functional equations have been investigated
in [2, 7–11, 14–19].

In [13], Th. M. Rassias proved that the norm defined over a real vector space V
is induced by an inner product if and only if for a fixed integer n � 2
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n







1

n

nX

iD1
xi








2

C
nX

iD1










xi � 1
n

nX

jD1
xj










2

D
nX

iD1
kxik2 (10.1)

holds for all x1; : : : ; xn 2 V .
Throughout this paper, let X be a real normed vector space with norm jj � jj, and

Y a real Banach space with norm k � k.
In this paper, we investigate the quadratic functional equations

nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A D n2
nX

iD1
f .xi/; .n > 2/ (10.2)

and

nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A

D n2 C n

2

nX

iD1
f .xi/C n2 � n

2

nX

iD1
f .�xi/; .n � 2/; (10.3)

and prove the Hyers–Ulam stability of the quadratic functional equations (10.2)
and (10.3) in Banach spaces.

10.2 On the Stability of a Cauchy Quadratic Functional
Equation Associated with Inner Product Spaces

Throughout this section, assume that V and W are real vector spaces and that n is a
fixed integer greater than 1.

Theorem 10.1. A norm k � k W V ! R is induced by an inner product if and only if

n









nX

iD1
xi









2

C
nX

iD1










nxi �
nX

jD1
xj










2

D n2
nX

iD1
kxik2 (10.4)

holds for all x1; : : : ; xn 2 V.

Proof. Assume that k � k satisfies (10.4).
Letting x1 D � � � D xn D x in (10.4), we get

nknxk2 D n3kxk2 (10.5)

for all x 2 V .
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By (10.5), replacing xk by xk
n .k D 1; : : : ; n/ in (10.4), we get the equality (10.1).

By [13, Theorem 2], the norm k � k is induced by an inner product. The converse
follows from an easy computation.

We investigate the quadratic functional equation (10.2).

Lemma 10.2. If a mapping f W V ! W satisfies

nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A D n2
nX

iD1
f .xi/ (10.6)

for all x1; : : : ; xn 2 V and a fixed integer n greater than 2, then the mapping f W V !
W satisfies the Cauchy additive-quadratic functional equation

2f .x1 C x2/C f .x1 � x2/C f .x2 � x1/

D 3f .x1/C 3f .x2/C f .�x1/C f .�x2/ (10.7)

for all x1; x2 2 V.

Proof. Assume that f W V ! W satisfies (10.6).
Letting x1 D � � � D xn D 0 in (10.6), nf .0/ C nf .0/ D n3f .0/. So f .0/ D 0.

Letting x1 D � � � D xn D x in (10.6),

nf .nx/ D nf .nx/C nf .0/ D n3f .x/ (10.8)

for all x 2 V .

By (10.8), replacing xk by .n�1/xk
n .k D 1; : : : ; n � 1/ and xn by

Pn�1
jD1 xj

n in (10.6),
we get

.n � 1/f
 

n�1X

iD1
xi

!

C
n�1X

iD1
f

0

@.n � 1/xi �
n�1X

jD1
xj

1

A D
n�1X

iD1
f ..n � 1/xi/ (10.9)

for all x1; : : : ; xn�1 2 V .

Replacing xk by .n�2/xk
n�1 .k D 1; : : : ; n � 2/ and xn�1 by

Pn�2
jD1 xj

n�1 in (10.9), we get

.n � 2/f
 

n�2X

iD1
xi

!

C
n�2X

iD1
f

0

@.n � 2/xi �
n�2X

jD1
xj

1

A D
n�2X

iD1
f ..n � 2/xi/

for all x1; : : : ; xn�2 2 V . Applying continuously this method n � 4 times, we get

2f .x1 C x2/C f .x1 � x2/C f .x2 � x1/ D f .2x1/C f .2x2/ (10.10)

for all x1; x2 2 V . Letting x2 D 0 in (10.10), we get

2f .x1/C f .x1/C f .�x1/ D f .2x1/
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for all x1 2 V . Similarly, we obtain

3f .x2/C f .�x2/ D f .2x2/

for all x2 2 V . It follows from (10.10) that

2f .x1 C x2/C f .x1 � x2/C f .x2 � x1/ D 3f .x1/C 3f .x2/C f .�x1/C f .�x2/

for all x1; x2 2 V , as desired.

One can easily show that an even mapping f W V ! W satisfies (10.7) if and only
if the even mapping f W V ! W is a quadratic mapping, i.e.,

f .xC y/C f .x � y/ D 2f .x/C 2f .y/;

and that an odd mapping f W V ! W satisfies (10.7) if and only if the odd mapping
f W V ! W is a Cauchy additive mapping, i.e.,

f .xC y/ D f .x/C f .y/:

From now on, assume that n is a fixed integer greater than 2. For a given mapping
f W X ! Y , we define

Df .x1; : : : ; xn/ WD nf
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C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A � n2
nX

iD1
f .xi/

for all x1; : : : ; xn 2 X.
Now we prove the Hyers–Ulam stability of the quadratic functional equation

Df .x1; : : : ; xn/ D 0 in real Banach spaces.

Theorem 10.3. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ such that

Q'.x1; : : : ; xn/ WD
1X

jD1
n2j'

�x1
nj
; : : : ;

xn

nj

	
<1; (10.11)

kDf .x1; : : : ; xn/k � '.x1; : : : ; xn/ (10.12)

for all x1; : : : ; xn 2 X. Then there exists a unique quadratic mapping Q W X ! Y
satisfying (10.6) and

kf .x/C f .�x/ � Q.x/k � 1

n3
Q'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
Q'.�x; : : : ;�x„ ƒ‚ …

n times

/ (10.13)

for all x 2 X.
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Proof. Letting x1 D � � � D xn D x in (10.12), we get



nf .nx/ � n3f .x/


 � '.x; : : : ; x„ ƒ‚ …

n times

/ (10.14)

for all x 2 X. Replacing x by �x in (10.14), we get



nf .�nx/ � n3f .�x/


 � '.�x; : : : ;�x„ ƒ‚ …

n times

/ (10.15)

for all x 2 X. Let g.x/ WD f .x/ C f .�x/ for all x 2 X. It follows from (10.14)
and (10.15) that



ng .nx/ � n3g.x/


 � '.x; : : : ; x„ ƒ‚ …

n times

/C '.�x; : : : ;�x„ ƒ‚ …
n times

/ (10.16)

for all x 2 X. So




g.x/ � n2g
� x

n

	


 � 1

n
'

0

BB
@

x

n
; : : : ;

x

n„ ƒ‚ …
n times

1

CC
AC

1

n
'

0

BB
@�

x

n
; : : : ;� x

n„ ƒ‚ …
n times

1

CC
A

for all x 2 X. Hence

kn2lg
� x

nl

	
� n2mg

� x

nm

	
k �

mX

jDlC1

n2j

n3
'

0

BB
@

x

nj
; : : : ;

x

nj
„ ƒ‚ …

n times

1

CC
A

C
mX

jDlC1

n2j

n3
'

0

BB
@�

x

nj
; : : : ;� x

nj
„ ƒ‚ …

n times

1

CC
A (10.17)

for all nonnegative integers m and l with m > l and all x 2 X. It follows
from (10.11) and (10.17) that the sequence fn2kg. x

nk /g is Cauchy for all x 2 X. Since
Y is complete, the sequence fn2kg. x

nk /g converges. So one can define the mapping
Q W X ! Y by

Q.x/ WD lim
k!1 n2kg

� x

nk

	

for all x 2 X. By (10.11) and (10.12),
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kDQ.x1; : : : ; xn/k
D lim

k!1 n2k



Dg

� x1
nk
; : : : ;

xn

nk

	




� lim
k!1 n2k

�
'
� x1

nk
; : : : ;

xn

nk

	
C '

�
� x1

nk
; : : : ;� xn

nk

		
D 0

for all x1; : : : ; xn 2 X. So DQ.x1; : : : ; xn/ D 0. Since g is even, the mapping Q is
even. By Lemma 10.2, the mapping Q W X ! Y is quadratic. Moreover, letting l D 0
and passing the limit m!1 in (10.17), we get (10.13). So there exists a quadratic
mapping Q W X ! Y satisfying (10.6) and (10.13).

Now, let Q0 W X ! Y be another quadratic mapping satisfying (10.6) and (10.13).
Then we have

kQ.x/ � Q02q



Q

� x

nq

	
� Q0 � x

nq

	




� n2q

� 

Q
�

x
nq

� � f
�

x
nq

� � f
��x

nq

�



C 

Q0 � x
nq

� � f
�

x
nq

� � f
��x

nq

�



�

� 2 � n2q

n3
Q'

0

BB
@

x

nq
; : : : ;

x

nq
„ ƒ‚ …

n times

1

CC
AC

2 � n2q

n3
Q'

0

BB
@
�x

nq
; : : : ;

�x

nq
„ ƒ‚ …

n times

1

CC
A ;

which tends to zero as q!1 for all x 2 X. So we can conclude that Q.x/ D Q0.x/
for all x 2 X. This proves the uniqueness of Q.

Corollary 10.4. Let p > 2 and � be positive real numbers, and let f W X ! Y be a
mapping such that

kDf .x1; : : : ; xn/k � �
nX

jD1
jjxjjjp (10.18)

for all x1; : : : ; xn 2 X. Then there exists a unique quadratic mapping Q W X ! Y
satisfying (10.6) and

kf .x/C f .�x/ � Q.x/k � 2�

np � n2
jjxjjp

for all x 2 X.

Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.3 to get the
desired result.

Theorem 10.5. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.12) such that

Q'.x1; : : : ; xn/ WD
1X

jD0
n�2j'.njx1; : : : ; n

jxn/ <1 (10.19)
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for all x1; : : : ; xn 2 X. Then there exists a unique quadratic mapping Q W X ! Y
satisfying (10.6) and

kf .x/C f .�x/ � Q.x/k � 1

n3
Q'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
Q'.�x; : : : ;�x„ ƒ‚ …

n times

/ (10.20)

for all x 2 X.

Proof. It follows from (10.16) that





g.x/ � 1

n2
g.nx/






 �

1

n3
'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
'.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X. So






1

n2l
g.nlx/ � 1

n2m
g.nmx/





 �
m�1X

jDl

1

n2jC3 '.n
jx; : : : ; njx„ ƒ‚ …

n times

/

C
m�1X

jDl

1

n2jC3 '.�njx; : : : ;�njx„ ƒ‚ …
n times

/ (10.21)

for all nonnegative integers m and l with m > l and all x 2 X. It follows from (10.19)
and (10.21) that the sequence f 1

n2k g.nkx/g is Cauchy for all x 2 X. Since Y is
complete, the sequence f 1

n2k g.nkx/g converges. So one can define the mapping
Q W X ! Y by

Q.x/ WD lim
k!1

1

n2k
g.nkx/

for all x 2 X.
By (10.12) and (10.19),

kDQ.x1; : : : ; xn/k

D lim
k!1

1

n2k
kDg.nkx1; : : : ; n

kxn/k

� lim
k!1

1

n2k
.'.nkx1; : : : ; n

kxn/C '.�nkx1; : : : ;�nkxn// D 0

for all x1; : : : ; xn 2 X. So DQ.x1; : : : ; xn/ D 0. Since g is even, the mapping Q is
even. By Lemma 10.2, the mapping Q W X ! Y is quadratic. Moreover, letting l D 0
and passing the limit m!1 in (10.21), we get (10.20). So there exists a quadratic
mapping Q W X ! Y satisfying (10.6) and (10.20). The rest of the proof is similar
to the proof of Theorem 10.3.
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Corollary 10.6. Let p < 2 and � be positive real numbers, and let f W X ! Y be a
mapping satisfying (10.18). Then there exists a unique quadratic mapping Q W X !
Y satisfying (10.6) and

kf .x/C f .�x/ � Q.x/k � 2�

n2 � np
jjxjjp

for all x 2 X.

Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.5 to get the
desired result.

10.3 On the Stability of a Cauchy Additive-Quadratic
Functional Equation Associated with Inner
Product Spaces

Throughout this section, assume that V and W are real vector spaces and that n is a
fixed integer greater than 1.

One can generalize the functional equation (10.7) to the functional equa-
tion (10.3).

We investigate the quadratic functional equation (10.3).

Lemma 10.7. If a mapping f W V ! W satisfies

nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A

D n2 C n

2

nX

iD1
f .xi/C n2 � n

2

nX

iD1
f .�xi/ (10.22)

for all x1; : : : ; xn 2 V, then the mapping f W V ! W satisfies the Cauchy additive-
quadratic functional equation (10.7).

Proof. The proof is similar to the proof of Lemma 10.2.

For a given mapping f W X ! Y , we define

Cf .x1; : : : ; xn/ W D nf

 
nX

iD1
xi

!

C
nX

iD1
f

0

@nxi �
nX

jD1
xj

1

A

�n2 C n

2

nX

iD1
f .xi/ � n2 � n

2

nX

iD1
f .�xi/

for all x1; : : : ; xn 2 X.
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Now we prove the Hyers–Ulam stability of the quadratic functional equation
Cf .x1; : : : ; xn/ D 0 in real Banach spaces.

Theorem 10.8. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.11) and

kCf .x1; : : : ; xn/k � '.x1; : : : ; xn/ (10.23)

for all x1; : : : ; xn 2 X. Then there exists a unique quadratic mapping Q W X ! Y
satisfying (10.22) and

kf .x/C f .�x/ � Q.x/k � 1

n3
Q'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
Q'.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X.

Proof. Letting x1 D � � � D xn D x in (10.23), we get





nf .nx/ � n3 C n2

2
f .x/ � n3 � n2

2
f .�x/





 � '.x; : : : ; x„ ƒ‚ …
n times

/ (10.24)

for all x 2 X. Replacing x by �x in (10.24), we get





nf .�nx/ � n3 C n2

2
f .�x/ � n3 � n2

2
f .x/





 � '.�x; : : : ;�x„ ƒ‚ …
n times

/ (10.25)

for all x 2 X. Let g.x/ WD f .x/ C f .�x/ for all x 2 X. It follows from (10.24)
and (10.25) that



ng .nx/ � n3g.x/


 � '.x; : : : ; x„ ƒ‚ …

n times

/C '.�x; : : : ;�x„ ƒ‚ …
n times

/ (10.26)

for all x 2 X. The rest of the proof is the same as in the proof of Theorem 10.3.

Corollary 10.9. Let p > 2 and � be positive real numbers, and let f W X ! Y be a
mapping such that

kCf .x1; : : : ; xn/k � �
nX

jD1
jjxjjjp (10.27)

for all x1; : : : ; xn 2 X. Then there exists a unique quadratic mapping Q W X ! Y
satisfying (10.22) and

kf .x/C f .�x/ � Q.x/k � 2�

np � n2
jjxjjp

for all x 2 X.
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Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.8 to get the
desired result.

Theorem 10.10. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.19) and (10.23). Then there exists
a unique quadratic mapping Q W X ! Y satisfying (10.22) and

kf .x/C f .�x/ � Q.x/k � 1

n3
Q'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
Q'.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X.

Proof. It follows from (10.26) that





g.x/ � 1

n2
g.nx/





 �
1

n3
'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
'.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X. The rest of the proof is similar to the proofs of Theorems 10.3 and 10.8.

Corollary 10.11. Let p < 2 and � be positive real numbers, and let f W X ! Y be a
mapping satisfying (10.27). Then there exists a unique quadratic mapping Q W X !
Y satisfying (10.22) and

kf .x/C f .�x/ � Q.x/k � 2�

n2 � np
jjxjjp

for all x 2 X.

Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.10 to get the
desired result.

Theorem 10.12. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.23) and

�.x1; : : : ; xn/ WD
1X

jD1
nj'

�x1
nj
; : : : ;

xn

nj

	
<1 (10.28)

for all x1; : : : ; xn 2 X. Then there exists a unique Cauchy additive mapping
A W X ! Y satisfying (10.22) and

kf .x/ � f .�x/ � A.x/k � 1

n2
�.x; : : : ; x„ ƒ‚ …

n times

/C 1

n2
�.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X.
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Proof. Let h.x/ WD f .x/� f .�x/ for all x 2 X. Then h is odd. It follows from (10.24)
and (10.25) that



nh .nx/ � n2h.x/


 � '.x; : : : ; x„ ƒ‚ …

n times

/C '.�x; : : : ;�x„ ƒ‚ …
n times

/ (10.29)

for all x 2 X. The rest of the proof is similar to the proof of Theorem 10.3.

Corollary 10.13. Let p > 1 and � be positive real numbers, and let f W X ! Y be
a mapping satisfying (10.27). Then there exists a unique Cauchy additive mapping
A W X ! Y satisfying (10.22) and

kf .x/ � f .�x/ � A.x/k � 2�

np � n
jjxjjp

for all x 2 X.

Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.12 to get the
desired result.

Theorem 10.14. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.23) such that

�.x1; : : : ; xn/ WD
1X

jD0
n�j'.njx1; : : : ; n

jxn/ <1 (10.30)

for all x1; : : : ; xn 2 X. Then there exists a unique Cauchy additive mapping
A W X ! Y satisfying (10.22) and

kf .x/ � f .�x/ � A.x/k � 1

n2
�.x; : : : ; x„ ƒ‚ …

n times

/C 1

n2
�.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X.

Proof. It follows from (10.29) that





h.x/ � 1

n
h.nx/






 �

1

n2
'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n2
'.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X. The rest of the proof is similar to the proof of Theorem 10.3.

Corollary 10.15. Let p < 1 and � be positive real numbers, and let f W X ! Y be
a mapping satisfying (10.27). Then there exists a unique Cauchy additive mapping
A W X ! Y satisfying (10.22) and

kf .x/ � f .�x/ � A.x/k � 2�

n � np
jjxjjp

for all x 2 X.
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Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.14 to get the
desired result.

Note that

1X

jD1
nj'

�x1
nj
; : : : ;

xn

nj

	
�

1X

jD1
n2j'

�x1
nj
; : : : ;

xn

nj

	
:

Combining Theorems 10.8 and 10.12, we obtain the following result.

Theorem 10.16. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.11) and (10.23). Then there exists
a unique Cauchy additive mapping A W X ! Y satisfying (10.22) and a unique
quadratic mapping Q W X ! Y satisfying (10.22) such that

k2f .x/ � A.x/ � Q.x/k � 1

n3
Q'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
Q'.�x; : : : ;�x„ ƒ‚ …

n times

/

C 1

n2
�.x; : : : ; x„ ƒ‚ …

n times

/C 1

n2
�.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X, where Q' and � are defined in (10.11) and (10.28), respectively.

Corollary 10.17. Let p > 2 and � be positive real numbers, and let f W X ! Y be a
mapping satisfying (10.27). Then there exists a unique Cauchy additive mapping
A W X ! Y satisfying (10.22) and a unique quadratic mapping Q W X ! Y
satisfying (10.22) such that

k2f .x/ � A.x/ � Q.x/k �
�

2

np � n
C 2

np � n2

�
� jjxjjp

for all x 2 X.

Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.16 to get the
desired result.

Note that

1X

jD0
n�2j'.njx1; : : : ; n

jxn/ �
1X

jD0
n�j'.njx1; : : : ; n

jxn/:

Combining Theorems 10.10 and 10.14, we obtain the following result.

Theorem 10.18. Let f W X ! Y be a mapping satisfying f .0/ D 0 for which there
exists a function ' W Xn ! Œ0;1/ satisfying (10.23) and (10.30). Then there exist
a unique Cauchy additive mapping A W X ! Y satisfying (10.22) and a unique
quadratic mapping Q W X ! Y satisfying (10.22) such that
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k2f .x/ � A.x/ � Q.x/k � 1

n3
Q'.x; : : : ; x„ ƒ‚ …

n times

/C 1

n3
Q'.�x; : : : ;�x„ ƒ‚ …

n times

/

C 1

n2
�.x; : : : ; x„ ƒ‚ …

n times

/C 1

n2
�.�x; : : : ;�x„ ƒ‚ …

n times

/

for all x 2 X, where Q' and � are defined in (10.19) and (10.30), respectively.

Corollary 10.19. Let p < 1 and � be positive real numbers, and let f W X ! Y be
a mapping satisfying (10.27). Then there exist a unique Cauchy additive mapping
A W X ! Y satisfying (10.22) and a unique quadratic mapping Q W X ! Y
satisfying (10.22) such that

k2f .x/ � A.x/ � Q.x/k �
�

2

n � np
C 2

n2 � np

�
� jjxjjp

for all x 2 X.

Proof. Define '.x1; : : : ; xn/ D �
Pn

jD1 jjxjjjp, and apply Theorem 10.18 to get the
desired result.
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Chapter 11
Fuzzy Partial Metric Spaces

Fariha Jumaa Amer

Abstract We define fuzzy partial metric space by following the development of
fuzzy metric space. The concept of partial metric is investigated to generalize
metric space. In particular, the self-distance for any point need not be equal to zero.
The main part of this research concentrates on how the idea of fuzzy partial metric
space can be defined by following the same idea in the development of fuzzy metric
space. We will bring together the necessary basic concepts to generalize the fuzzy
metric spaces and their topological properties into fuzzy partial metric spaces, under
the bewildering axiom that the self-distance of any point need not to be zero.

11.1 Introduction

The theory of fuzzy sets was introduced by Zadeh in 1965, and since then there has
been tremendous interest in the subject due to its diverse applications ranging from
engineering and computer science to social behavior studies. Partial metric spaces
were originally developed by Mattews [6] to provide mechanism generalizing metric
space theories. Many authors have introduced the concepts of fuzzy metric in
different ways (see [1, 2, 5]). In particular, George and Veeramani [3] generalized the
concept of probabilistic metric space given by Menger [7]. George and Veeramani
[3] modified the concept of fuzzy metric space introduced by Kramosiland and
Michalek [4] and obtained a Housdorff and first countable topology on this modified
fuzzy metric space, .X; 	M/ is a Hausdorff first countable topological space.

In this paper we will define fuzzy partial metric space by the following the
development of fuzzy metric space.

Definition 11.1 (See [9]). Fuzzy sets are considered with respect to a nonempty set
X of elements of interest. The essential idea is that each element x 2 X is assigned a
membership grade u.x/ taking values in Œ0; 1�, with u.x/ D 0 corresponding to non-
membership 0 < u.x/ < 1 to partial membership, and u.x/ D 1 to full membership.
And he gave a binary operation � W Œ0; 1� � Œ0; 1�! Œ0; 1� is a continuous t-norm, if
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.Œ0; 1�;�/ is an Abelian (topological) monoid with the unit 1 such that a � b � c � d
whenever a � c and b � d for all a; b; c; d 2 Œ0; 1�. Two typical examples of
continuous t-norm are a � b D ab and a � b D Min.a; b/ for all a; b 2 Œ0; 1�
Definition 11.2. A metric on a set space X is a function d W X � X ! R with the
following properties:

(i) d.x; y/ � 0 for all x; y 2 X; equality holds if and only if x D y,
(ii) d.x; y/ D d.y; x/ for all x; y 2 X,

(iii) d.x; y/C d.y; z/ � d.x; z/ for all x; y; z 2 X .the triangle inequality/.

We call d.x; y/ the distance between x and y , and we call pair .X; d/ consisting
of the set X and the metric d, a metric space.

Definition 11.3. Let be .X; d/ a metric space. For x 2 X and � > 0 define the open
ball of radius � centered at x to be the set

Bd.x; �/ D y 2 Xjd.x; y/ < �;

and define the closed ball of radius � centered at x to be the set

Bd.x; �/ D y 2 Xjd.x; y/ � �:

Theorem 11.4. Every metric space is Hausdorff.

Definition 11.5 (See [6]). A partial metric space is a pair .X; p W X � X ! R/
such that

(i) p.x; x/ � p.x; y/,
(ii) if p.x; x/ D p.y; y/ D p.x; y/, then x D y,

(iii) p.x; y/ D p.y; x/,
(iv) p.x; z/ � p.x; y/C p.y; z/ � p.y; y/ for all x; y; z 2 X.

Note that the self-distance of any point need not be zero, hence the idea of
generalizing metrics so that a metric on a non-empty set X is precisely a partial
metric p on X such that for any x 2 X, p.x; x/ D 0.

Similar to the case of metric space, a partial metric space p on X.

Definition 11.6. Let .X; p/ be a partial metric space. For any x 2 X and � > 0, we
define, respectively, the open and closed ball for the partial metric p by setting

B�.x/ D y 2 X W p.x; y/ < �;
B�.x/ D y 2 X W p.x; y/ � �:
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Example 11.7 (See [8]). Consider the function p W R� � R� ! RC defined by
p.x; y/ D �minfx; yg for any x; y 2 X. The pair .R�; p/ is a partial metric space for
which p is called the usual partial metric on R�, and where the self-distance for any
point x 2 R� is its absolute value. Indeed, for any x; y; z 2 R�,

1. min fx; yg � x, so p.x; y/ � p.x; x/ D �x.
2. Suppose that p.x; x/ D p.x; y/ D p.y; y/, it then follows that �x D �y, hence

x D y.
3. It is obvious that p.x; y/ D p.y; x/.
4. One verifies that

minfx; zgminfx; yg Cminfy; zg �minfy; yg

by considering the cases y � x � z; x � y � z and x � z � yI hence

p.x; z/ � p.x; y/C p.y; z/ � p.y; y/:

The open balls are of the form B�.x/ D y 2 R� W �minfx; yg < � D .��; 0/ with
x � �� otherwise, if x < ��, then p.x; x/ D �x > � and B�.x/ D '. Suppose
that y 2 B�.x/, then �minfx; yg < � which implies that minfx; yg > �, hence
y > ��.

Definition 11.8. A sequence .xn/ in a partial metric space .X; p/ converges to x 2
X, and one writes lim

n!1 xn D x if for any � > 0 such that x 2 B�.x/, there exists

N � 1 so that for any n � N, xn 2 B�.x/.

Proposition 11.9. Suppose that .xn/ is a sequence in a partial metric space .X; p/
and x 2 X. Then xn ! x if and only if limn!1p.xn; x/ D p.x; x/.

Definition 11.10 (See [8]). A sequence .xn/ in a partial metric space .X; p/ is a
Cauchy sequence if it is a Cauchy sequence in the induced metric space .X; pm/.
A partial metric space is said to be complete if its induced metric space is complete.

Lemma 11.11 (See [8]). Suppose that .xn/ is a sequence in a partial metric space
.X; p/. Then .xn/ is a Cauchy sequence if and only if lim

k;n!1 p.xn; xk/ exists.

The concept of partial metric spaces is investigated to generalize metric spaces.
In particular, the self-distance for any point need not be equal to zero. This idea
of nonzero self-distance is motivated by experience from computer science, and
this is a relatively new field and has vast application potentials in the study of
computer domains and semantics. Moreover, there have been different approaches
in this area when it comes to applying the developing mathematical concepts to
computer science.
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11.2 Fuzzy Metric Space

Many authors have introduced the concepts of fuzzy metric in different ways (see
[1, 2, 4]). In particular, George and Veeramani [3] generalized the concept of
probabilistic metric space given by Menger [7].

We shall recall some different definitions of fuzzy metric space which were given
by different authors and the topology in such space as well as the open ball and
closed ball that are related to this topology. In addition, we will mention some
properties of fuzzy metric space.

Definition 11.12 (See [3]). A 3-tuple .X;M;�/ is said to be a fuzzy metric space
if X is a nonempty set, � is a continuous t-norm, and M is a fuzzy set, M W X �
X� Œ0;1/! Œ0; 1� is a mapping (called fuzzy metric) which satisfies the following
properties: for every x; y; z 2 X and t; s > 0,

(i) M.x; y; t/ > 0,
(ii) M.x; y; t/ D 1 if and only if x D y,

(iii) M.x; y; t/ D M.y; x; t/,
(iv) M.x; y; t/ �M.y; z; s/ D M.x; z; tC s/,
(v) M.x; y; :/ W Œ0;1/! Œ0; 1� is continuous. If .X;M;�/ is a fuzzy metric space,

we will say that M is a fuzzy metric on X.

In metric space .X; d/ if we define a � b D ab and M.x; y; t/ D t

tC d.x; y/
, then

.X;M;�/ is a fuzzy metric space. We call this M as the standard fuzzy metric space
induced by d. Even if we take a � b D min.a; b/; .X;M;�/ will be a fuzzy metric
space.

Definition 11.13 (See [3]). Let .X;M;�/ be a fuzzy metric space. We define open
ball B.x; r; t/ for t > 0 with center x 2 X and radius r, 0 < r < 1, as B.x; r; t/ D
y 2 X W M.x; y; t/ > 1 � r .

Definition 11.14 (See [3]). Let .X;M;�/ be a fuzzy metric space defined by

	 D fA 	 X W x 2 A , 9r; t > 0; 0 < r < 1; such that B.x; r; t/ 	 Ag :

Then 	 is a topology on X.

And every fuzzy metric M on X generates a topology 	M on X which has a base
the family of sets of the form Bx.r; t/ W x 2 X; r 2 .0; 1/; t > 0, where

Bx.x; r; t/ D y 2 X W M.x; y; t/ > 1 � r

is a neighborhood of x 2 X for all r 2 .0; 1/ and t > 0, .X;M;�/ is a Hausdorff
first countable topological space. Moreover, if .X; d/ is a metric space, then the
topology generated by d coincides with the topology Md generated by the induced
fuzzy metric Md. If .X;M;�/ is a fuzzy metric space and 	 is the topology induced
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by the fuzzy metric then for a sequence .xn/ in X, .xn/ converges to x in X if and
only if M.xn; x; t/ tends to 1 as n tends to1 for t > 0.

Definition 11.15 (See [3]). A sequence .xn/ in a fuzzy metric space .X;M;�/ is
said to be a Cauchy sequence if for each �, 0 < � < 1 and t > 0, there exists n0 2 N
such that M.xn; xm; t/ > 1 � � for all n;m � n0.

Definition 11.16 (See [3]). A fuzzy metric space is said to be complete if every
Cauchy sequence is convergent.

The induced metric space .X;M;�/ is complete if and only if the metric .X; d/ is

complete where M.x; y; t/ D t

tC d.x; y/
for all x; y 2 X and t 2 .0;1/.

Definition 11.17. Let .X1;M1;�/ and .X2;M2;�/ be the given fuzzy metric spaces.
For .x1; x2/, .y1; y2/ 2 X1 � X2, t > 0, if we define

M..x1; x2/; .y1; y2/; t/ D M1.x1; y1; t/ �M1.x2; y2; t/;

then M is a fuzzy metric on X1 �X2. Further if X1 and X2 are complete fuzzy metric
spaces, then the product space X1 � X2 is also a complete fuzzy metric space.

11.3 Main Result

We explained the definition of metric space and partial metric space, and we have
noted that a partial metric space is generalizing of metric space. In this chapter we
will give the concept of fuzzy partial metric space which is generalizing of fuzzy
metric space.

Definition 11.18. Let p be partial metric space, the triple .X;Mp;�/ is said to be a
fuzzy partial metric space if X is a nonempty set, � is a continuous t-norm and Mp is
a fuzzy set on X �X � .0;1/ satisfying the following conditions, for all x; y; z 2 X,
s; t � 0 W

(i) Mp.x; y; 0/ D 0,
(ii) Mp.x; y; t/ D Mp.y; x; t/,

(iii) Mp.x; y; t/ �Mp.y; z; s/ � Mp.x; z; tC s/,
(iv) Mp.x; y; t/ � 1 for all t > 0 and Mp.x; y; t/ D 1 if and only if p.x; y/ D 0,
(v) Mp.x; y; :/ W Œ0;1/! Œ0; 1� is continuous,

where Mp.x; y; t/ D t

tC p.x; y/
. If .X;Mp;�/ is a fuzzy partial metric space, we will

say that Mp is a fuzzy partial metric on X.
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Definition 11.19. In a partial metric space .X; p/ the 3-tuple .X;Mp;�/ where

Mp.x; y; t/ D t

tC p.x; y/
and a � b D ab is a fuzzy partial metric space. This Mp is

called the standard fuzzy metric induced by p.

Example 11.20. Let X D R� and .X; p/ be a partial metric space. Let p.x; y/ D
�minfx; yg; x; y 2 R�. Denote a � b D ab for all a; b 2 Œ0; 1� and let Mp be fuzzy

sets on X �X � .0;1/ defined as follows: Mp.x; y; t/ D t

tC p.x; y/
. Then the triple

.X;Mp;�/ is a fuzzy partial metric space where the self-distance for any point is its
absolute value.

Proof. It is clear that 0 � Mp.x; y; t/ � 1 because p.x; y/ � 0.

(i) Mp.x; y; 0/ D 0

0C p.x; y/
D 0.

(ii)

Mp.x; y; t/ D t

tC p.x; y/
D t

tC .�minfx; yg/
D t

tC .�minfy; xg/ D
t

tC p.y; x/

D Mp.y; x; t/:

(iii)

Mp.x; y; t/ �Mp.y; z; s/ D t

tC p.x; y/
� s

sC p.y; z/

D t

tC p.x; y/
:

s

sC p.y; z/

� tC s

tC p.x; y/C sC p.y; z/

D tC s

tC sC .�minfx; yg/C .�minfy; zg/ :

Since �minfx; zg � �minfx; yg C �minfy; zg � �minfy; yg,
1

�minfx; zg �
1

�minfx; yg C �minfy; zg �minfy; yg ;

Mp.x; y; t/ �Mp.y; z; s/ � tC s

.tC sC .�minfx; zg/
D tC s

tC sC p.x; z/

D Mp.x; z; tC s/:
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Thus

Mp.x; y; t/ �Mp.y; z; s/ � Mp.x; z; tC s/:

(iv) Mp.x; y; t/ D 1 if and only if p.x; y/ D 0.

Example 11.21. Let X D RC and .X; p/ be a partial metric space. Let p.x; y/ D
maxfx; yg, x; y 2 R�. Denote a � b D ab for all a; b 2 Œ0; 1� and let Mp be fuzzy

sets on X�X� .0;1/ defined as follows: Mp.x; y; t/ D t

tC p.x; y/
. Then the triple

.X;Mp;�/ is a fuzzy partial metric space where the self-distance for any point is its
value itself.

Example 11.22. Let P! denote the power set of the natural numbers ! D N� D
N f0g different from zero, with the subset ordering. The function p W P! � P! !
Œ0; 1� such that p.x; y/ D 1 � P

.n2x\y/
2�n for any x; y 2 P! is a partial metric on P! .

Denoted a�b D ab for all a; b 2 Œ0; 1� and let Mp be fuzzy sets on P! �P! � .0;1/
defined as follows: Mp.x; y; t/ D t

tC p.x; y/
. Then the triple .X;Mp;�/ is a fuzzy

partial metric space.

(i)

Mp.x; y; 0/ D 0

0C p.x; y/
D 0

0C 1 � P

.n2x\y/
2�n
D 0:

(ii)

Mp.x; y; t/ D t

tC p.x; y/
D t

tC .1 �P.n2x\y/ 2
�n/

D t

tC p.y; x/
D Mp.y; x; t/

(iii)

Mp.x; y; t/ �Mp.y; z; s/ D t

tC p.x; y/
� s

sC p.y; z/

D t

tC p.x; y/
:

s

sC p.y; z/

� tC s

tC p.x; y/C sC p.y; z/

D tC s

tC sC
 

1 � P

.n2x\y/
2�n C 1 � P

.n2x\y/
2�n

!
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Let x; y; z 2 P! . Using the property of sets, one has that

.x \ y/ [ .y \ z/ D .x \ y \ z/ [ .y \ .x [ z//:

Thus, we get

X

.n2x\y/

2�n C
X

.n2y\z/

2�n D
X

.n2x\z\y/

2�n C
X

n2y\.x[z/

2�n:

Consequently,

p.x; y/C p.y; z/ D p.x \ z; y/C p.y; x [ z/

� p.x; z/C p.y; y/

Hence,

p.x; z/ � p.x; y/C p.y; z/ � p.y; y/

for any x; y; z 2 P! . Then

Mp.x; y; t/ �Mp.y; z; s/ � tC s

tC sC p.x; y/C p.y; z/ � p.y; y/

� tC s

tC sC p.x; z/
D Mp.x; z; tC s/

(iv) Mp.x; y; t/ D 1 if and only if p.x; y/ D 0. It is clear that 1 � Mp.x; y; t/ � 0,
that is

p! Œ0; 1�) 1 � t

tC p.x; y/
� 0:

Definition 11.23. Let .X;Mp;�/ be a fuzzy partial metric space. We define open
ball B.x; r; t/ for t > 0 with center x 2 X and radius r, 0 < r < 1,

B.x; r; t/ D fy 2 X W Mp.x; y; t/ > 1 � rg:

Definition 11.24. Let .X;Mp;�/ be a fuzzy partial metric space. Define

	 D fA 	 X W x 2 A , 9 r; t > 0; 0 < r < 1; such that B.x; r; t/ 	 Ag:

Then 	 is a topology on X.

Definition 11.25. A sequence .xn/ in a fuzzy partial metric space .X;Mp;�/ is said
to be a Cauchy sequence if for each �, 0 < � < 1 and t > 0, there exists n0 2 N
such that Mp.xn; xm; t/ > 1 � � for all n;m � n0.
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Definition 11.26. A fuzzy partial metric space is said to be complete if every
Cauchy sequence is convergent.

Definition 11.27. Let .X1;Mp1 ;�/ and .X2;Mp2 ;�/ be the given fuzzy partial
metric spaces. For .x1; x2/; .y1; y2/ 2 X1 � X2; t > 0, if we define

Mp..x1; x2/; .y1; y2/; t/ D Mp1 .x1; y1; t/ �Mp2 .x2; y2; t/;

then Mp is a fuzzy partial metric space on X1 � X2.

11.4 Conclusion

In this research we introduced a new concept for fuzzy partial metric space in
order to understand the intricacies involved in incorporating fuzziness in terms of
partial metric space, whose classical mathematics requires that all mathematical
notions must be exact, otherwise precise reasoning would be impossible. That
is, mathematical tools may not be successfully used. But there is a need for a
mathematical apparatus to describe the vague notions to overcome the obstacles
in modeling and such an apparatus is provided by fuzzy set theory.
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Chapter 12
Bounded and Unbounded Fundamental
Solutions in MAC Models

Igor Neygebauer

Abstract Many linear partial differential equations in mathematical physics have
the fundamental solutions with singularities. This does not correspond to the real
physical situation. The additional terms were introduced into the classical equations
using the constitutive laws for internal body interactions and so the MAC models
were created. This paper analyzes the boundedness of the fundamental solutions of
some MAC models with local internal body forces. The 1D, 2D, and 3D steady
state problems are considered. The mechanical models are an elastic string, heat
conduction, membrane, plate, linear isotropic elasticity. The Fourier transform is
used. The new strength criteria is given. It is shown that the displacements under
applied force are finite for membrane, plate and in 2D and 3D elasticity. The
bending stresses are finite in plate. The stresses are zero in elasticity problem at
the point of applied force but the new strength criteria is working in this case too.
The temperatures are finite in case of 2D and 3D point source of heat flux.

12.1 Introduction

The steady state models for the linear elastic string, beam, membrane, plate,
elasticity, and heat conduction are taken into consideration [7]. These models are
widely used to consider many applied and theoretical problems. We are interested
in a test problem when the continuum model occupies an infinite domain and only
one force or a heat source is applied at one point only. The solutions of such kind of
problems are called in mathematics the fundamental solutions of the correspondent
differential equation. Unfortunately all classical fundamental solutions of the above
problems do not satisfy the natural physical behavior of that solutions. That natural
behavior can be described first of all as the boundedness of the solutions in the
whole domain of consideration and the tendency to zero at the infinity.
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We will generalize the classical models in order to obtain the physically correct
fundamental solutions. The method to get the generalized model is just inserting the
constitutive laws for internal body forces or fluxes into the classical model. These
new equations will be called the MAC (method of additional conditions) models
[6, 8]. The analysis of fundamental solutions of that equations will be of interest and
the point singularities especially. If the constitutive law for internal body interactions
is chosen, then the solution of the generalized problem can be found. That solutions
are not presented in this paper but they can be the purpose of the next paper.

This paper describes how the models can be tested. The main tool of testing is
the Fourier transform [4]. The Fourier transform can be applied because the awaiting
solution should have the physical behavior. If the stated problem is physically well,
then the obtained solution will be well too. If the stated problem is not physically
correct, then the fundamental solution will create singularities, or it will destroy the
tendency to zero at infinity, or the solution is not physically awaited.

The problem is stated as following: Find the constitutive law for the internal
body forces or heat fluxes which is presented using operator B in the linear steady
state problems for the elastic string, beam, membrane, plate, heat conduction, and
isotropic elasticity. The equation is

LuC Bu D ı; (12.1)

where L is the classical differential operator, ı is the Dirac ı function, u is the
transversal displacement in the string, beam, membrane, plate problems, or it is
the temperature in the heat conduction problem, or it is a displacement vector in the
elasticity problem. The ı function is a vector in the last case and this vector has one
component ı function and other component or components are zero. The solution
of Eq. (12.1) should satisfy the conditions:

ju.0/j < 1; (12.2)

u.x/ ¤ 0; for any x; (12.3)

u.x/! 0 as jxj! 1. (12.4)

It is well known that there are no solutions of the stated problem in case
B D 0 which satisfy the conditions (12.2)–(12.4). The operator B could be
suggested in many different forms. It can be local and nonlocal, linear and nonlinear,
deterministic and stochastic [1]. There can be used classical or fractional derivatives
and integrals. This paper considers local deterministic linear ordinary differential
operator.
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12.2 String

12.2.1 Differential Equation of the Problem

The equation of one-dimensional steady state problem of the string is taken in the
form [2, 9–11]

T
d2u

dx2
C qi.x/C qe.x/ D 0; (12.5)

where T is the tension applied to the string, x is a Cartesian coordinate of a cross-
section, �1 � x � C1, u is the transversal displacement of a cross-section,
qi.x/; qe.x/ are the density of the transversal internal and external body forces per
unit length correspondingly. Equation (12.5) can be written in the form

d2u

dx2
D pi.x/C pe.x/; (12.6)

where

pi.x/ D �qi.x/

T
; pe.x/ D �qe.x/

T
: (12.7)

The following constitutive laws for the internal body forces will be considered

qi D 0I
qi D �cu: (12.8)

c > 0:

It will be shown that the law (12.8) only is physically acceptable.

12.2.2 String: Case 1

The fundamental solution for classical string problem satisfies the following
equations:

d2u

dx2
D ı.0/; (12.9)

and

u.x/! 0
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as x ! �1 and x ! C1. ı.x/ is the ı function. Because it is supposed that the
Fourier transform of the function u.x/ should exist in case of physical solution, then
the Fourier transform can be applied to this function

U.s/ D 1p
2�

C1Z

�1
u.x/e�ixsdx: (12.10)

If the Fourier transform is applied to Eq. (12.9), then the following algebraic
equation will be obtained

� s2U D 1 (12.11)

and then the solution of Eq. (12.11) gives

U.s/ D � 1
s2
: (12.12)

The inverse Fourier transform of the function (12.12) is

u.x/ D 1p
2�

C1Z

�1
U.s/eixsds: (12.13)

Then

u.0/ D 1p
2�

C1Z

�1

�
� 1

s2

�
ds D �1: (12.14)

Equation (12.14) shows that the obtained solution is not bounded and it means that
the model of a string should be improved. The generalized or the MAC model can
be developed introducing the constitutive law for internal body forces.

12.2.3 String: Case 2

Let us consider the following law for internal body forces

qi.x/ D �cu.x/;

where c > 0 is a material constant which should be determined experimentally. Let

k D c

T
:
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Then Eq. (12.5) will take the form

d2u

dx2
� ku D pe.x/;

The fundamental solution for the stated string problem satisfies the following
equation:

d2u

dx2
� ku D ı.0/; (12.15)

and

u.x/! 0

as x! �1 and x!C1. If the Fourier transform (12.10) is applied to Eq. (12.15),
then the following algebraic equation will be obtained

� s2U � kU D 1 (12.16)

and then the solution of Eq. (12.16) gives

U.s/ D � 1

s2 C k
: (12.17)

The inverse Fourier transform (12.13) of Eq. (12.17) at x D 0 creates

u.0/ D 1p
2�

Z C1

�1

�
� 1

s2 C k

�
ds D � 1p

2�k
arctan

�
sp
k

�
jC1�1 D �

r
�

2k
:

(12.18)

Equation (12.18) shows that the obtained solution is bounded and it means that this
MAC model of a string could be used to get the physically accepted solution.

12.3 Beam

Consider an elastic beam [5]. The equation of steady state problem of the bending
of the beam with internal body forces could be written in the form

EI
d4u

dx4
D qi.x/C qe.x/; (12.19)

where EI is the bending stiffness of the beam, x is the Cartesian coordinate of a
cross-section, �1 � x � C1, u is the transversal displacement of a cross-section,
qi.x/ is the density of the transversal internal body forces per unit length, qe.x/ is
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the density of the transversal external body forces per unit length. Equation (12.19)
can be written in the form

d4u

dx4
D pi.x/C pe.x/;

where

pi.x/ D qi.x/

EI
; pe.x/ D qe.x/

EI
:

The following constitutive laws for the internal body forces were considered

qi D 0I
qi D �cuI

qi D b
d2u

dx2
I

qi D b
d2u

dx2
� cu: (12.20)

b > 0; c > 0:

It could be shown that the law (12.20) only is physically acceptable.

12.4 Membrane

Consider an elastic membrane [6]. The equation of steady state problem for the
membrane with internal body forces could be written in the form

T

�
@2w

@x2
C @2w

@y2

�
C qi.x; y/C qe.x; y/ D 0; (12.21)

where the membrane lies in the plane .x; y/ in its natural state, �1 < x <

1;�1 < y < 1, T is its tension per unit of length, w.x; y/ is the transversal
displacement of the point .x; y/ of the initially plane membrane, qi.x; y/ is the
density of the transversal internal body forces per unit area, qe.x; y/ is the density of
the transversal external body forces per unit area. The tension T is supposed to be
a constant in this statement of the problem. Equation (12.21) can be written in the
form

@2w

@x2
C @2w

@y2
D pi.x; y/C pe.x; y/;
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where

pi.x; y/ D �qi.x; y/

T
; pe.x; y/ D �qe.x; y/

T
:

The following constitutive laws for the internal body forces were considered

qi D 0I
qi D �cwI
qi D �ar4wI
qi D �ar4w � cw: (12.22)

where

a > 0; c > 0:

It could be shown that the law (12.22) only is physically acceptable.

12.5 Plate

Consider the bending of an elastic plate. The equation of steady state problem for
the plate with internal body forces could be written in the form [3, 12]

Dr4w D qi.x; y/C qe.x; y/; (12.23)

where the middle reference plane of the plate lies in the plane .x; y/ in its natural
state, �1 < x < 1;�1 < y < 1, E is the Young modulus, � is the Poisson
ratio, h is the plate thickness, w.x; y/ is the transversal displacement of the point
.x; y/ of the initially plane reference plane, qi.x; y/ is the density of the transversal
internal body forces per unit area, qe.x; y/ is the density of the transversal external
body forces per unit area. The flexural rigidity

D D Eh3

12.1 � �2/
is supposed to be a constant in this statement of the problem. Equation (12.23) can
be written in the form

Dr4w D pi.x/C pe.x/;
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where

pi.x; y/ D qi.x; y/

D
; pe.x; y/ D qe.x; y/

D
:

The following constitutive laws for the internal body forces were considered

qi D 0I
qi D �cwI
qi D br2wI
qi D ar6wI
qi D ar6wC br2wI
qi D ar6w � cwI
qi D br2w � cwI
qi D ar6wC br2w � cw; (12.24)

where

a > 0; b > 0; c > 0:

It could be shown that the law (12.24) only is physically acceptable. That case gives
the finite displacement and the finite bending moments under applied force. Then
the strength criteria for the finite stresses can be used.

12.6 Heat Conduction

Consider the 2D heat conduction problem. The equation of the steady state
problem is

k

�
@2u

@x2
C @2u

@y2

�
C qi.x; y/C qe.x; y/ D 0; (12.25)

where u.x; y/ is the temperature of the point .x; y/ of the plane, k is the coefficient
of thermal conduction, qi.x; y/ is the rate of internal heat generation per unit volume
produced in the body, qe.x; y/ is the rate of external heat generation per unit
volume. Equation (12.25) will coincide with the membrane equation (12.21) if the
parameter k and variable u will be replaced by the parameter T and the variable w
in the membrane equation. Then it could be concluded that the physically accepted
equation for the 2D steady state heat conduction problem is



12 Bounded and Unbounded Fundamental Solutions in MAC Models 171

ar4u � kr2uC cu D qe;

where a > 0; c > 0 are physical constants of the heat conduction problem which
should be determined experimentally and the constitutive equation for the rate of
internal heat generation per unit volume produced in the body is taken in the form

qi.x; y/ D �ar4u.x; y/ � cu.x; y/:

Consider now the 3D heat conduction problem. The equation of the steady state
problem is

k

�
@2u

@x2
C @2u

@y2
C @2u

@z2

�
C qi.x; y; z/C qe.x; y; z/ D 0; (12.26)

where u.x; y; z/ is the temperature of the point .x; y; z/ of the plane, k is the
coefficient of thermal conduction, qi.x; y; z/ is the rate of internal heat generation per
unit volume produced in the body, qe.x; y; z/ is the rate of external heat generation
per unit volume. Equation (12.26) can be written in the form

uxx C uyy C uzz D pi.x; y; z/C pe.x; y; z/;

where

pi.x; y; z/ D �qi.x; y; z/

k
; pe.x; y; z/ D �qe.x; y; z/

k
:

The following constitutive laws for the rate of internal heat generation per unit
volume produced in the body were considered

qi D 0I
qi D �cuI
qi D �ar4uI
qi D �ar4u � cu; (12.27)

where

a > 0; c > 0:

It could be shown that the law (12.27) only is physically acceptable in all 1D, 2D,
and 3D cases.
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12.7 Elasticity and 1D Elasticity

12.7.1 Differential Equation of the Problem

Consider a linear isotropic elastic body. The equation of the steady state problem
for the elastic body with internal body forces could be written in the form [6]

.
C �/reC �r2uC qi C qe D 0; (12.28)

where dilatation e equals

e D div u

and u is the displacement vector with the Cartesian components u; v;w, x; y; z
are Cartesian components of the position vector of some point in the body, qi is
the internal body force per unit volume, qe is the external body force per unit
volume, 
 and � are Lame’s coefficients or Lame’s constants, r is the gradient,
r2 is the Laplacian. Equation (12.28) can be written in the form

.
C �/rdiv uC �r2uC qi C qe D 0; (12.29)

The following constitutive laws for the internal body forces were considered

qi D 0I
qi D �cuI
qi D �ar 4uI
qi D �ar 4u � cuI
qi D Cbr 6u � ar 4u � cu: (12.30)

It is supposed that a; b; c are positive constants. It could be shown that the
law (12.30) only is physically acceptable in all cases of 1D, 2D, 3D problems.

12.7.2 1D Elasticity: Case 4

Let us consider the following law for internal body forces

qi.x/ D �a
d4u

dx4
.x/ � cu.x/;
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where a > 0; c > 0 are the material constants which should be determined
experimentally. Then Eq. (12.29) will take the form

�m
d4u

dx4
C d2u

dx2
� nu D pe.x/;

where

m D a


C 2�; n D c


C 2�:

The fundamental solution for the stated beam problem satisfies the following
equation:

m
d4u

dx4
� d2u

dx2
C nu D ı.0/; (12.31)

and the conditions

ju.0/j < 1;
u.x/ ¤ 0 for �1 < x < C1, (12.32)

u.x/! 0 as x! �1 and x!C1. (12.33)

If the Fourier transform is applied to Eq. (12.31), then the following algebraic
equation will be obtained

ms4U C s2U C nU D 1 (12.34)

and then the solution of Eq. (12.34) gives

U.s/ D 1

ms4 C s2 C n
: (12.35)

The inverse Fourier transform of Eq. (12.35) at the point x D 0 creates

u.0/ D 1p
2�

C1Z

�1

1

ms4 C s2 C n
ds

� 1p
2�

C1Z

�1

1

s2 C n
ds

D 1p
2�n

arctan

�
sp
n

� ˇ̌
ˇ
C1
�1 D

1

2

r
�

n
; (12.36)
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The estimation (12.36) shows that the obtained solution is bounded. The exact
solution of Eq. (12.31) can show that the conditions (12.32), (12.33) are fulfilled
too. And it means that this MAC model of the 1D elasticity can be used to get
the physically accepted solution. There are two more parameters with respect to
the classical model of elasticity and that could allow to accept the bigger set of
experimental data.

12.7.3 Strength Criteria in 1D Elasticity

Consider the density of the elastic energy in 1D elastic model considered in the
previous section “1D Elasticity: Case 4”. Then

E D 1

2

"

a

�
d2u

dx2

�2
C .
C 2�/

�
du

dx

�2
C cu2

#

(12.37)

is the density of the elastic energy per unit length. The strength criteria could be
suggested in the following form

E � Elim; (12.38)

where Elim is the maximum possible density of elastic energy in the body. It means
that if the value of E reaches the limit value Elim then the material will change its
behavior from the elastic state to the plastic one for plastic materials or there could
be initiated a crack for the brittle materials. The energy in Eq. (12.37) consists of
two parts

E D E1 C E2;

where

E1 D 1

2
.
C 2�/

�
du

dx

�2
(12.39)

is the classical elastic energy corresponding to the surface interactions, and

E2 D 1

2

"

a

�
d2u

dx2

�2
C cu2

#

(12.40)

is the elastic energy corresponding to the internal body interactions. Consider the
density of the elastic energy (12.37) at the point x D 0. The finite value of u.0/ can
be evaluated using (12.36). Then
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du

dx
.0/ D � ip

2�

C1Z

�1

sds

ms4 C s2 C n
D 0: (12.41)

Equation (12.41) shows that the classical elastic energy according to Eq. (12.39) is
zero at the point x D 0. Consider now

d2u

dx2
.0/ D � 1p

2�

Z C1

�1
s2ds

ms4 C s2 C n
D �

r
2

�

Z C1

0

s2ds

ms4 C s2 C n
:

Then

ˇ̌
ˇ̌d
2u

dx2
.0/

ˇ̌
ˇ̌ �

r
2

�

C1Z

0

ds

ms2 C 1 D
r
�

2m
: (12.42)

Equations (12.37), (12.42) show that the density of elastic energy E2 corresponding
to internal body interactions is bounded and it could be used to determine the
strength of material under an applied force. The considered strength criteria (12.38)
can be applied in other cases for 1D elasticity. But that cases are not physically
accepted in cases of 2D and 3D elasticity which will be analyzed in the following
sections.

12.7.4 3D Elasticity: Case 5

Let us consider the following law for the internal body forces

qi.x; y; z/ D br 6u � ar 4u.x; y; z/ � cu;

where a > 0; b > 0; c > 0 is a material constant which should be determined
experimentally. Consider the fundamental solution of the 3D elasticity problem
consisting of the following equations and additional conditions:

u D u.x; y; z/; v D v.x; y; z/; w D w.x; y; z/;

b43u � a42uC .
C �/ �uxx C vxy C wxz
�

C�4u � cu D Pı.0; 0; 0/; (12.43)

b43v � a42v C .
C �/ �uxy C vyy C wyz
�C �4v � cv D 0; (12.44)

b43w � a42wC .
C �/ �uxz C vyz C wzz
�C �4w � cw D 0; (12.45)

ju.0; 0; 0/j <1; jv.0; 0; 0/j <1; jw.0; 0; 0/j <1;
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u.x; y; z/! 0; v.x; y; z/! 0;

w.x; y; z/! 0 as x2 C y2 C z2 !C1,

ı.x; y; z/ is the ı function. Because it is supposed that the Fourier transform of the
functions u.x; y; z/; v.x; y; z/; w.x; y; z/ should exist in case of physical solution,
then the Fourier transform can be applied to these functions. If the Fourier transform
is applied to Eqs. (12.43)–(12.45), then the obtained algebraic equations will be
solved and we get

u.0; 0; 0/

D p1

.2�/
3
2

Z Z C1Z

�1

�
t2 C p2 C ˛R2 C �R4 C fR6 C ˇ� dsdtdp

Œ˛R2 C �R4 C fR6 C ˇ�Œ.1C ˛/R2 C �R4 C fR6 C ˇ�

D p1

.2�/
3
2

�Z

0

d�

2�Z

0

d'

C1Z

0

R2dR sin �

� R2.sin2 � sin2 ' C cos2 �/C ˛R2 C �R4 C fR6 C ˇ
.˛R2 C �R4 C fR6 C ˇ/Œ.1C ˛/R2 C �R4 C fR6 C ˇ�

D p1

.2�/
3
2

�Z

0

d�

2�Z

0

d'

C1Z

0

R2

.˛R2 C �R4 C fR6 C ˇ/dR

� p1

.2�/
3
2

�Z

0

d�

2�Z

0

d'

C1Z

0

1

˛ C �R2
dR < C1 (12.46)

where the following change of variables was used

s D R sin � cos'; t D R sin � sin'; p D R cos �;

v.0; 0; 0/

D � p1

.2�/
3
2

Z Z C1Z

�1

stdsdtdp

Œ˛R2 C �R4 C fR6 C ˇ�Œ.1C ˛/R2 C �R4 C fR6 C ˇ�
D 0: (12.47)

Similarly, we get

w.0; 0; 0/ D 0: (12.48)
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Equations (12.46)–(12.48) show that the obtained solution is bounded and it means
that this model of the 3D elasticity satisfies the first strength criteria of the bounded
displacements. Let us check now the second strength criteria, which requires the
boundedness of the density of the elastic energy.

12.7.5 Strength Criteria in 3D Elasticity: Case 5

Consider the density of the elastic energy in 3D elastic model considered in
Sect. 12.7.4. Then

E D 0:5�ijeij

C0:5b
�
u2xxx C u2yyy C u2zzz

C 3 �u2xxy C u2xyy C u2xxz C u2zzx C u2yyz C u2yzz

�C 6u2xyz

�

C0:5b
�
v2xxx C v2yyy C v2zzz

C 3 �v2xxy C v2xyy C v2xxz C v2zzx C v2yyz C v2yzz

�C 6v2xyz

�

C0:5b
�
w2xxx C w2yyy C w2zzz

C3 �w2xxy C w2xyy C w2xxz C w2zzx C w2yyz C w2yzz

�C 6w2xyz

�

C0:5a
�
u2xx C 2u2xy C 2u2xz C 2u2yz C u2yy C u2zz

�

C0:5a
�
v2xx C 2v2xy C 2v2xz C 2v2yz C v2yy C v2zz

�

C0:5a
�
w2xx C 2w2xy C 2w2xz C 2w2yz C w2yy C w2zz

�

C0:5c.u2 C v2 C w2/: (12.49)

is the density of the elastic energy per unit volume, stress-components are �ij, strain-
components are eij and i; j D 1; 2; 3. The strain-displacement relations are taken in
the form

eij D 1

2

�
@ui

@xj
C @uj

@xi

�
:

The stress–strain equation is

�ij D 
emmıij C 2�eij:

The strength criteria could be suggested in the following form

E � Elim; (12.50)
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where Elim is the maximum possible density of elastic energy in the body. It means
that if the value of E reaches the limit value Elim then the material will change its
behavior from the elastic state to the plastic one for plastic materials or there could
be initiated a crack for the brittle materials. The energy in (12.49) consists of two
parts

E D E1 C E2;

where E1 is the classical elastic energy corresponding to the surface interactions, and
E2 is the elastic energy corresponding to the internal body interactions. Consider the
density of the elastic energy (12.49) at the point x D 0; y D 0; z D 0. The finite
values of u.0; 0; 0/; v.0; 0; 0/; w.0; 0; 0/ are evaluated by using (12.46)–(12.48).
We can easily obtain also that

E1.0; 0; 0/ D 0; jE2.0; 0; 0/j < C1:

Then the strength criteria (12.50) can be used.
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Chapter 13
Schurer Generalization of q-Hybrid
Summation Integral Type Operators

İlker Vural, Birol Altın, and İsmet Yüksel

Abstract In this study, using the q-generalization of the well-known hybrid
summation integral type operators, we generalize these operators to Schurer type
operators. We give weighted approximation and obtain rate of convergence of these
operators.

13.1 Introduction

The well-known hybrid operators are defined as follows:

Mn.f ; x/ D .n � 1/
1X

kD1
sn;k.x/

1Z

0

pn;k�1.t/f .t/ dtC e�nxf .0/ ; (13.1)

where

sn;k.x/ D e�nx .nx/k

kŠ

and

pn;k.x/ D
 

nC k � 1
k

!
xk

.1C x/nCk

are, respectively, well-known Szász and Baskakov basis functions. These operators
were studied in [8, 16]. Several interesting q-generalizations of certain summation
integral type operators were studied in [1, 7, 9, 10, 14, 15, 17]. In this work, our goal
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Department of Mathematics, Faculty of Science, Gazi University, Ankara, Turkey
e-mail: birola@gazi.edu.tr; iyuksel@gazi.edu.tr

© Springer International Publishing Switzerland 2016
G.A. Anastassiou, O. Duman (eds.), Computational Analysis, Springer Proceedings
in Mathematics & Statistics 155, DOI 10.1007/978-3-319-28443-9_13

179

mailto:ilker.vural@dpu.edu.tr
mailto:birola@gazi.edu.tr
mailto:iyuksel@gazi.edu.tr
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is to give generalization to q-calculus of hybrid summation integral type operators.
Throughout the paper we will need the following notations and definitions which
can be founded in [2, 3, 11–13]: For n 2 N and a; b 2 R, the q-integer and the
q-factorial are defined by

Œn�q D 1C qC � � � C qn�1I Œ0�q D 0 (13.2)

and

Œn�qŠ D Œ1�qŒ2�q : : : Œn�q; n 2 Nnf0gI Œ0�qŠ D 1: (13.3)

The q-binomial coefficients are given by

�
n
v

�

q

D Œn�qŠ

Œv�qŠŒn � v�qŠ ; 0 � v � n: (13.4)

The q-derivative Dqf of a function is given by

.Dqf /.x/ D f .x/ � f .qx/

.1 � q/x
; for x ¤ 0 (13.5)

and .Dqf /.0/ D f 0.0/ provided that f 0.0/ exists.
The two q-analogues of the exponential function are defined by

ex
q D

1X

nD0

xn

Œn�qŠ
D 1

.1 � .1 � q/x/1q
(13.6)

and

Ex
q D

1X

nD0
qn.n�1/=2 xn

Œn�qŠ
D .1C .1 � q/x/1q (13.7)

where

.1C a/1q D
1Y

jD1
.1C qj�1a/:

The improper q-Jackson integral is defined as

1=AZ

0

f .x/dqx D .1 � q/
X

n2Z
f

�
qn

A

�
qn

A
;A > 0: (13.8)
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The q-Gamma function and the q-Beta function are defined as

�q.u/ D K.A; u/

1=A.1�q/Z

0

xu�1e�x
q dqx (13.9)

and

Bq.u; v/ D K.A; u/

1=AZ

0

xu�1

.1C x/uCv
q

dqx D �q.u/�q.v/

�q.uC v/ (13.10)

where

K.A; u/ D Au

1C A

�
1C 1

A

�u

q

.1C A/1�u
q

and

.aC b/nq D
nY

jD1
.aC qj�1b/:

In particular, for u 2 Z, K.A; u/ D qu.u�1/=2 and K.A; 0/ D 1.

13.2 Schurer Generalization of q-Hybrid Summation
Integral Type Operators

In [5], Dinlemez et al. give a generalization to q-calculus of hybrid summation
integral type operators and they obtain approximation properties of these operators.
In this study we give a Schurer type generalization of these operators. Let k; p 2
N, n 2 Nn f0g, A > 0 and f be a real valued continuous function defined on the
interval Œ0;1/. Using the formulas and the notations between (13.2) and (13.10),
we introduce q-hybrid summation integral Schurer type linear positive operators for
0 < q � 1 as

M.˛;ˇ/
n;p;q .f ; x/ D ŒnC p � 1�q

1X

kD1
sq

n;p;k.x/

�
1=AZ

0

pq
n;p;k�1.t/f

 
ŒnC p�q tC ˛
ŒnC p�q C ˇ

!

dqt (13.11)
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Ce�ŒnCp�qxf

 
˛

ŒnC p�q C ˇ

!

where

sq
n;p;k.x/ D

�
ŒnC p�q x

�k e�ŒnCp�qx

Œk�qŠ
;

and

pq
n;p;k.x/ D

�
nC pC k � 1

k

�

q

qk.kC1/ xk

.1C x/nCpCk
q

:

If we write p D 0 in (13.11), then the operators M.˛;ˇ/
n;q are reduced to hybrid

summation integral type operators given in [5].
In this context, let us start to give the following lemma for the Korovkin test

functions.

Lemma 13.1. Let em.t/ D tm, m D 0; 1; 2. We get

(i) M.˛;ˇ/
n;p;q .e0; x/ D 1,

(ii)

M.˛;ˇ/
n;p;q .e1; x/ D

ŒnC p�2q
q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

xC ˛

ŒnC p�q C ˇ
;

(iii)

M.˛;ˇ/
n;p;q .e2; x/ D

ŒnC p�4q

q4
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

x2

C
(

Œ2�qŒnC p�3q

q3
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

C 2ŒnC p�2q˛

q ŒnC p � 2�q
�
ŒnC p�q C ˇ

�2

)

x

C ˛2

�
ŒnC p�q C ˇ

�2 :
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Proof. Using (13.9) and (13.10), we can obtain the estimate

1=AZ

0

pq
n;p;k�1.t/t

mdqt

D
�

nC pC k � 2
k � 1

�

q

1=AZ

0

qk.k�1/ tk�1Cm

.1C t/nCpCk�1
q

dqt

D ŒnC pC k � 2�qŠBq.kC m; nC p � m � 1/qk.k�1/

Œk � 1�qŠŒnC p � 1�qŠK.A; kC m/

D ŒmC k � 1�qŠŒnC p � m � 2�qŠqf�.kCm/.kCm�1/C2k.k�1/g=2

ŒnC p � 1�qŠŒk � 1�qŠ : (13.12)

then, for m D 0, we get

M.˛;ˇ/
n;p;q .e0; x/

D ŒnC p � 1�q
1X

kD1
sq

n;p;k.x/

1=AZ

0

pq
n;p;k�1.t/dqtC e�ŒnCp�qx

D e�ŒnCp�qx
1X

kD0

�
ŒnC p�q x

�k

Œk�qŠ
qk.k�1/=2

D e�ŒnCp�qxE
ŒnCp�qx
q

D 1;
which completes the proof of .i/. By a direct computation

M.˛;ˇ/
n;p;q .e1; x/

D ŒnC p � 1�q
1X

kD1
sq

n;p;k.x/

1=AZ

0

pq
n;p;k�1.t/

 
ŒnC p�q tC ˛
ŒnC p�q C ˇ

!

dqt

C e�ŒnCp�qx ˛

ŒnC p�q C ˇ

D ŒnC p�q�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

�
1X

kD1

�
ŒnC p�q x

�k

Œk � 1�qŠ
qk.k�3/=2e�ŒnCp�qx
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C ˛

ŒnC p�q C ˇ
1X

kD1

�
ŒnC p�q x

�k

Œk�qŠ
qk.k�1/=2e�ŒnCp�qx

C e�ŒnCp�qx ˛

ŒnC p�q C ˇ
:

Then we get

M.˛;ˇ/
n;p;q .e1; x/

D ŒnC p�2q x

q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

e�ŒnCp�qxE
ŒnCp�qx
q

C ˛

ŒnC p�q C ˇ
e�ŒnCp�qxE

ŒnCp�qx
q

D ŒnC p�2q x

q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

C ˛

ŒnC p�q C ˇ
;

which gives proof of .ii/. Using the equality

Œn�q D Œs�q C qsŒn � s�q; 0 � s � n; (13.13)

we yield

M.˛;ˇ/
n;p;q .e2; x/

D ŒnC p � 1�q
1X

kD1
sq

n;p;k.x/

1=AZ

0

pq
n;p;k�1.t/

 
ŒnC p�q tC ˛
ŒnC p�q C ˇ

!2
dqt

C e�ŒnCp�x

 
˛

ŒnC p�q C ˇ

!2

D ŒnC p � 1� ŒnC p�2q
�
ŒnC p�q C ˇ

�2
q

1X

kD1
sq

n;p;k.x/

1=AZ

0

pq
n;p;k�1.t/t

2dqt

C2˛ ŒnC p � 1�q ŒnC p�q
�
ŒnC p�q C ˇ

�2

1X

kD1
sq

n;p;k.x/

1=AZ

0

pq
n;p;k�1.t/tdqn t

C ˛
2 ŒnC p � 1�q

�
ŒnC p�q C ˇ

�2

1X

kD1
sq

n;p;k.x/

�
1=AZ

0

pq
n;p;k�1.t/dqtC e�ŒnCp�x

 
˛

ŒnC p�q C ˇ

!2
:
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Then we get

M.˛;ˇ/
n;p;q .e2; x/ D

ŒnC p�4q

q4
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

x2

C
(

Œ2�q ŒnC p�3q

q3
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

C 2 ŒnC p�2q ˛

q
�
ŒnC p�q C ˇ

�2
ŒnC p � 2�q

)

x

C ˛2

�
ŒnC p�q C ˇ

�2 ;

which gives proof of .iii/.

To obtain our main result we need computing second moment

Lemma 13.2. Let q 2 .0; 1/, p 2 N and n > 3. Then we have the following
inequality

M.˛;ˇ/
n;p;q ..t � x/2; x/ �

�
2.1 � q3/

q4
C 512.˛ C ˇ C 1/2ŒnC p�q

q4ŒnC p � 3�qŒnC p � 2�q
�

x.xC 1/

C ˛2

�
ŒnC p�q C ˇ

�2 :

Proof. From linearity of M.˛;ˇ/
n;p;q operators and Lemma 13.1, we can write the second

moment as

M.˛;ˇ/
n;p;q ..t � x/2; x/ D M.˛;ˇ/

n;p;q .t
2I x/ � 2xM.˛;ˇ/

n;p;q .tI x/C x2M.˛;ˇ/
n;p;q .1I x/

D
(

ŒnC p�4q

q4
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

� 2ŒnC p�2q
q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

C 1
)

x2

C
(

Œ2�qŒnC p�3q

q3
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

C 2ŒnC p�2q˛

q
�
ŒnC p�q C ˇ

�2
ŒnC p � 2�q

� 2˛

ŒnC p�q C ˇ

)

x

C ˛2

�
ŒnC p�q C ˇ

�2 ;
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and hence

M.˛;ˇ/
n;p;q ..t � x/2; x/

�
( ˇ̌
ˇ̌
ˇ

ŒnC p�4q

q4
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

� 2ŒnC p�2q
q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

C 1
ˇ̌
ˇ̌
ˇ

C
ˇ̌
ˇ̌
ˇ

Œ2�qŒnC p�3q

q3
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

C 2ŒnC p�2q˛

q
�
ŒnC p�q C ˇ

�2
ŒnC p � 2�q

� 2˛

ŒnC p�q C ˇ

ˇ̌
ˇ̌
ˇ

)

x.xC 1/C ˛2

�
ŒnC p�q C ˇ

�2 :

Then we get

M.˛;ˇ/
n;p;q ..t � x/2; x/

�
8
<

:

ˇ̌
ˇŒnCp�4q .1Cq4/ � 2q3 ŒnCp�3�4q

ˇ̌
ˇC2q4ˇ ŒnCp�q ŒnCp�3�q ŒnCp�2�q

q4
�
ŒnCp�qCˇ

�2
ŒnCp�3�q ŒnCp�2�q

C q4ˇ2 ŒnCp�3�q ŒnCp�2�qCq Œ2�q ŒnCp�3qC2q3˛ ŒnCp�2q ŒnCp�3�q
q4
�
ŒnCp�qCˇ

�2
ŒnCp�3�q ŒnCp�2�q

)

x.xC 1/

C ˛2

�
ŒnC p�q C ˇ

�2 :

From (13.13) we have

M.˛;ˇ/
n;p;q ..t � x/2; x/

�
(

ŒnCp�3�4q
ˇ̌
q12Cq16�2q3

ˇ̌

q4
�
ŒnCp�qCˇ

�2
ŒnCp�3�q ŒnCp�2�q

C
.1Cq4/

n
4q9 ŒnCp�3�3q Œ3�qC6q6 ŒnCp�3�2q Œ3�2qC4q3 ŒnCp�3�q Œ3�3qC Œ3�4q

o

q4
�
ŒnCp�qCˇ

�2
ŒnCp�3�q ŒnCp�2�q

C 2 ŒnC p�3q .ˇ C ˛ C 1/2
q4
�
ŒnC p�q C ˇ

�2
ŒnC p � 3�q ŒnC p � 2�q

)

x.xC 1/

C ˛2

�
ŒnC p�q C ˇ

�2 ;
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which implies

M.˛;ˇ/
n;p;q ..t � x/2; x/

�
�
2.1 � q3/

q4
C 512.˛ C ˇ C 1/2ŒnC p�q

q4ŒnC p � 3�qŒnC p � 2�q
�

x.xC 1/

C ˛2

�
ŒnC p�q C ˇ

�2 :

And the proof of the Lemma is now finished.

Corollary 13.3. Let .qn/ be a sequence in .0; 1/ and let qn ! 1 as n!1, Then

lim
n!1 M.˛;ˇ/

n;p;qn
..t � x/2; x/ D 0 for each p 2 N:

13.3 Direct Results

Now, we need some definitions of elementary function spaces BŒ0;1/ and
CBŒ0;1/. BŒ0;1/ is the space of all bounded functions from Œ0;1/ to R. BŒ0;1/
is a normed space with the norm

kfkB D supfjf .x/j W x 2 Œ0;1/g:

CBŒ0;1/ consists of all continuous functions in BŒ0;1/. We denote first modulus
of continuity on finite interval Œ0; b�, b > 0

!Œ0;b�.f ; ı/ D sup
0<h�ı;x2Œ0;b�

jf .xC h/ � f .x/j : (13.14)

The well-known Peetre’s K-functional is defined by

K2.f ; ı/ D inf
˚kf � gkB C ı



g00


B W g 2 W21

�
; ı > 0

where

W21 D
˚
g 2 CBŒ0;1/ W g0; g00 2 CBŒ0;1/

�
:

In [4, p. 177, Theorem 2.4], there exists a positive constant C such that

K2.f ; ı/ � C!2.f ;
p
ı/ (13.15)
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where

!2.f ;
p
ı/ D sup

0<h�p
ı

sup
x2Œ0;1/

jf .xC 2h/ � 2f .xC h/ � f .x/j :

The weighted Korovkin-type theorems were firstly proved by Gadzhiev in [6]. We
give some results similar to Gadzhiev’s theorems in weighted spaces. Let �.x/ D
1 C x2. B�Œ0;1/ denotes the set of all functions f , from Œ0;1/ to R, satisfying
growth condition jf .x/j � Nf�.x/, where Nf is a constant depending only on f .
B�Œ0;1/ is a normed space with the norm

kfk� D sup

� jf .x/j
�.x/

W x 2 R


:

C�Œ0;1/ denotes the subspace of all continuous functions in B�Œ0;1/ and

C�
� Œ0;1/ denotes the subspace of all functions f 2 C�Œ0;1/ for which lim

jxj!1
jf .x/j
�.x/

exists finitely.
The following lemma is routine and its proof is omitted.

Lemma 13.4. Let

M
.˛;ˇ/

n;p;q .f ; x/ D M.˛;ˇ/
n;p;q .f ; x/

�f

 
ŒnC p�2q x

q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

C ˛

ŒnC p�q C ˇ

!

(13.16)

Cf .x/ :

Then the following assertions are hold:

.i/ M
.˛;ˇ/

n;p;q .1; x/ D 1,

.ii/ M
.˛;ˇ/

n;p;q .t; x/ D x,

.iii/ M
.˛;ˇ/

n;p;q .t � x; x/ D 0.

Lemma 13.5. Let q 2 .0; 1/, p 2 N and n > 3. Then, for every x 2 Œ0;1/ and

f 00 2 CBŒ0;1/ we have the inequality
ˇ̌
ˇM

.˛;ˇ/

n;p;q .f ; x/ � f .x/
ˇ̌
ˇ � ı.˛;ˇ/n;p;q .x/




f 00



B

where

ı.˛;ˇ/n;p;q .x/ D
�
2.1 � q3/

q4
C 514.˛ C ˇ C 1/2ŒnC p�q

q4ŒnC p � 3�qŒnC p � 2�q
�

x.xC 1/

C ˛2

�
ŒnC p�q C ˇ

�2 :
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Proof. Using Taylor’s expansion

f .t/ D f .x/C .t � x/f 0.x/C
tZ

x

.t � u/f 00.u/du

and from Lemma 13.4, we obtain

M
.˛;ˇ/

n;p;q .f ; x/ � f .x/ D M
.˛;ˇ/

n;p;q

0

@
tZ

x

.t � u/f 00.u/duI x
1

A :

Then, using Lemma 13.1 and the inequality
ˇ̌
ˇ̌
ˇ̌

tZ

x

.t � u/f 00.u/du

ˇ̌
ˇ̌
ˇ̌ � kf 00kB

.t � x/2

2

we get

ˇ̌
ˇM

.˛;ˇ/

n;p;q .f ; x/ � f .x/
ˇ̌
ˇ

�

ˇ
ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ̌

M.˛;ˇ/
n;p;q

0

@
tZ

x

.t � u/f 00.u/du; x

1

A

�

ŒnCp�2qx

q.ŒnCp�qCˇ/ŒnCp�2�q
C ˛
ŒnCp�qCˇ

Z

x

�
ŒnCp�2qx

q.ŒnCp�qCˇ/ŒnCp�2�q C
˛

ŒnCp�qCˇ � u

�
f 00.u/du

ˇ̌
ˇ̌
ˇ
ˇ̌
ˇ̌
ˇ

� kf
00kB

2
M.˛;ˇ/

n;p;q ..t � x/2; x/

Ckf
00kB

2

  
ŒnC p�2q x

q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

� 1
!

x

C ˛

ŒnC p�q C ˇ

!2
;

which implies

ˇ̌
ˇM

.˛;ˇ/

n;p;q .f ; x/ � f .x/
ˇ̌
ˇ

� kf
00kB

2

( 
2
�
1�q3

�

q4
C512.˛CˇC1/

2ŒnCp�q
q4ŒnCp�3�qŒnCp�2�q

!

x.xC1/C ˛2

�
ŒnCp�qCˇ

�2

)
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Ckf
00kB

2

(
ŒnC p�4q x2

q2
�
ŒnC p�q C ˇ

�2
ŒnC p � 2�2q

� 2 ŒnC p�2q x2

q
�
ŒnC p�q C ˇ

�
ŒnC p � 2�q

C x2

C2 ˛

ŒnCp�qCˇ

 
ŒnCp�2q x

q
�
ŒnCp�qCˇ

�
ŒnCp�2�q

�1
!

xC
 

˛

ŒnCp�qCˇ

!29=

;

�
(�

2.1�q3/

q4
C514.˛CˇC1/

2ŒnCp�q
q4ŒnCp�3�qŒnCp�2�q

�
x.xC1/C ˛2

�
ŒnCp�qCˇ

�2

)

kf 00kB:

And the proof of the lemma is now completed.

Theorem 13.6. Let .qn/ 	 .0; 1/ be a sequence such that qn ! 1 as n!1. Then
for every n > 3, x 2 Œ0;1/ and f 2 CBŒ0;1/ we have the inequality

ˇ̌
M.˛;ˇ/

n;p;qn
.f ; x/ � f .x/

ˇ̌ � 3C!2

�
f ;
q
ı
.˛;ˇ/
n;p;qn.x/

�
C w

�
f ; �.˛;ˇ/n;p;qn

.x/
�

where

�.˛;ˇ/n;p;qn
.x/ D

 
ŒnC p�2qn

qn
�
ŒnC p�qn

C ˇ� ŒnC p � 2�qn

� 1
!

x

C ˛

ŒnC p�qn
C ˇ :

Proof. Using (13.16) for any g 2 W21, we obtain the equality

ˇ̌
M.˛;ˇ/

n;p;qn
.f ; x/ � f .x/

ˇ̌

�
ˇ
ˇ̌
M
.˛;ˇ/

n;p;qn
.f � g; x/ � .f � g/.x/CM

.˛;ˇ/

n;p;qn
.g; x/ � g.x/

ˇ
ˇ̌

C
ˇ̌
ˇ̌f
�

ŒnCp�2qn x

q.ŒnCp�qn Cˇ/ŒnCp�2�qn
C ˛

ŒnCp�qn Cˇ

�
� f .x/

ˇ̌
ˇ̌ :

From Lemma 13.5, we get

ˇ
ˇM.˛;ˇ/

n;p;qn
.f ; x/ � f .x/

ˇ
ˇ

� 3 jjf � gjjB C ı.˛;ˇ/n;p;qn
.x/


g00



C
ˇ
ˇ̌
ˇ̌f

 
ŒnC p�2qn

x

qn
�
ŒnC p�qn

C ˇ� ŒnC p � 2�qn

C ˛

ŒnC p�qn
C ˇ

!

� f .x/

ˇ
ˇ̌
ˇ̌ :
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By equality (13.14) we have

ˇ̌
M.˛;ˇ/

n;p;qn
.f ; x/ � f .x/

ˇ̌ � 3 jjf � gjjB C ı.˛;ˇ/n;p;qn
.x/


g00



B

C w
�
f ; �.˛;ˇ/n;p;qn

.x/
�
:

Now taking infimum over g 2 W21 on the right side of the above inequality and
using the inequality (13.16), we get the desired result.

Theorem 13.7. Let .qn/ 	 .0; 1/ be a sequence such that qn ! 1 as n!1. Then
f 2 C�

� Œ0;1/, we have

lim
n!1 kM

.˛;ˇ/
n;p;qn

.f / � fk� D 0:

Proof. From Lemma 13.1, it is obvious that kM.˛;ˇ/
n;p;qn.e0/ � e0k� D 0. Since

ˇ̌
ˇ̌
ˇ

ŒnC p�2qn

qn
�
ŒnC p�qn

C ˇ� ŒnC p � 2�qn

xC ˛

ŒnC p�qn
C ˇ � x

ˇ̌
ˇ̌
ˇ
� .xC 1/o.1/

and xC1
1Cx2

is positive and bounded from above for each x � 0, we obtain

kM.˛;ˇ/
n;p;qn

.e1/ � e1k� � xC 1
1C x2

o.1/:

And then

lim
n!1 kM

.˛;ˇ/
n;p;qn

.e1/ � e1k� D 0:

Similarly, for every n > 3, we write

kM.˛;ˇ/
n;p;qn

.e2/ � e2k�

D sup
x2Œ0;1/

0

B
BBB
@

ŒnC p�4qn

q4n
�
ŒnC p�qn C ˇ

�2
ŒnC p � 3�qn

ŒnC p � 2�qn

x2

1C x2

C

(
Œ2�qn ŒnCp�3qn

q3n
�
ŒnC p�qnCˇ

�2
ŒnCp�3�qn

ŒnCp�2�qn

C 2ŒnCp�2qn
˛

qn ŒnCp�2�qn

�
ŒnCp�qnCˇ

�2

)

x

1Cx2
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C
C ˛2

.ŒnCp�qn Cˇ/2 � x2

1C x2

1

C
CCC
A

� sup
x2Œ0;1/

1C xC x2

1C x2
o.1/;

we get

lim
n!1 kM

.˛;ˇ/
n;p;qn

.e2/ � e2k� D 0:

Thus, from Gadzhiev’s theorem in [6], we obtain the desired result.

Lemma 13.8. Let f 2 C�Œ0;1/; .qn/ 	 .0; 1/ be a sequence such that qn ! 1 as
n!1 and !Œ0;bC1�.f ; ı/ be its modulus of continuity on the finite interval Œ0; bC1�,
b > 0. Then for every n > 3, there exists a constant C > 0 such that the inequality
holds

kM.˛;ˇ/
n;p;qn

.f ; x/ � f .x/kCŒ0;b�

� C

�
.bC 1/2.˛;ˇ/n;p;qn

.b/C !Œ0;bC1�
�

f I
q

.˛;ˇ/
n;p;qn.b/

�
;

where

.˛;ˇ/n;p;qn
.b/ D

�
2.1 � q3n/

q4n
C 512.˛ C ˇ C 1/2ŒnC p�qn

q4nŒnC p � 3�qn ŒnC p � 2�qn

�
b.bC 1/

C ˛2

�
ŒnC p�qn

C ˇ�2

Proof. Let x 2 Œ0; b� and t > bC 1. Since t � x > 1, we have

jf .t/ � f .x/j � Nf .2C .t � xC x/2 C x2/

� 3Nf .1C b/2.t � x/2: (13.17)

Let x 2 Œ0; b�, t < bC 1 and ı > 0. Then, we have

jf .t/ � f .x/j �
�
1C jt � xj

ı

�
!Œ0;bC1�.f ; ı/: (13.18)

Due to (13.17) and (13.18), we can write

jf .t/ � f .x/j � 3Nf .1C b/2.t � x/2 C
�
1C jt � xj

ı

�
!Œ0;bC1�.f ; ı/:
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Then, using Cauchy–Schwarz’s inequality and Lemma 13.2, we get

ˇ̌
M.˛;ˇ/

n;p;qn
.f ; x/ � f .x/

ˇ̌

� 3Nf .1C b/2M.˛;ˇ/
n;p;qn

�
.t � x/2; x

�

C!Œ0;bC1�.f I ı/
�
1C 1

ı

�
M.˛;ˇ/

n;p;qn

�
.t � x/2; x

��1=2
�

� 3Nf .1C b/2.˛;ˇ/n;p;qn
.x/

C!Œ0;bC1�.f I ı/
�
1C 1

ı

�
.˛;ˇ/n;p;qn

.x/
�1=2

�
;

where

.˛;ˇ/n;p;qn
.x/ D

�
2.1 � q3n/

q4n
C 512.˛ C ˇ C 1/2ŒnC p�qn

q4nŒnC p � 3�qn ŒnC p � 2�qn

�
x.xC 1/

C ˛2

�
ŒnC p�qn

C ˇ�2
:

Choosing,

ı2 WD .˛;ˇ/n;p;qn
.b/

D
 
2
�
1 � q3n

�

q4n
C 512.˛ C ˇ C 1/2ŒnC p�qn

q4nŒnC p � 3�qn ŒnC p � 2�qn

!

b.bC 1/

C ˛2

�
ŒnC p�qn

C ˇ�2

and C D maxf3Nf ; 2g. We reach the proof of Lemma.

Theorem 13.9. Let � > 0, .qn/ 	 .0; 1/ be a sequence such that qn ! 1 as n!1
and f 2 C�

� Œ0;1/. Then, we have

lim
n!1 sup

x�0

ˇ̌
ˇM.˛;ˇ/

n;p;qn.f ; x/ � f .x/
ˇ̌
ˇ

1C x2C�
D 0:

Proof. For � > 0, f 2 C�
� Œ0;1/ and b � 1 the following inequality is satisfied

sup
x�0

ˇ̌
ˇM.˛;ˇ/

n;p;qn.f ; x/ � f .x/
ˇ̌
ˇ

1C x2C�
� sup

0�x<b

ˇ̌
ˇM.˛;ˇ/

n;p;qn.f ; x/ � f .x/
ˇ̌
ˇ

1C x2C�
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C sup
b�x

ˇ̌
ˇM.˛;ˇ/

n;p;qn.f ; x/ � f .x/
ˇ̌
ˇ

1C x2C�

� 

M.˛;ˇ/
n;p;qn

.f / � f




CŒ0;b�

C sup
b�x

ˇ̌
ˇM.˛;ˇ/

n;p;qn.f ; x/ � f .x/
ˇ̌
ˇ

1C x2C�

� 

M.˛;ˇ/
n;p;qn

.f / � f




CŒ0;b�

C 

M.˛;ˇ/
n;p;qn

.f / � f



�

Using Lemma 13.8 and Theorem 13.7, we complete the proof of Theorem 13.9.
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Chapter 14
Approximation by q-Baskakov–Durrmeyer
Type Operators of Two Variables

İsmet Yüksel, Ülkü Dinlemez, and Birol Altın

Abstract In this study, we investigate approximation properties of q-Baskakov–
Durrmeyer type operators with two variables. We give a Voronovskaja type theorem
for these operators. In addition, we obtain the rate of convergence for these
operators.

14.1 Introduction

In their paper [5], Aral and Gupta introduced a new class of operators named
q-Baskakov–Durrmeyer type operators of one variable which are defined as

Dq
n.f I x/ D Œn � 1�q

1X

kD0
pq

n;k.x/

1=AZ

0

pq
n;k.t/f .t/ dqt; (14.1)

where

pq
n;k.x/ D

�
nC k � 1

k

�

q

q
k2
2

xk

.1C x/nCk
q

:

These type of operators were studied in [4, 6, 14, 19]. For q D 1, these
operators are reduced to Baskakov–Durrmeyer type operators introduced in [18]
and the approximation of these operators was studied in [13, 21]. We generalize
these operators to two variables operators. Now we give necessary notations and
definitions. Let D D ˚

.x; y/ 2 R
2 W 0 � x; 0 � y

�
, C.D/ be the set of real valued

continuous functions on D and

C�.D/ D
˚
f 2 C.D/ W jf ..x; y//j � Nf

�
1C x2 C y2

�
for some Nf 2 R

C�
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and

C�
� .D/ D

�
f 2 C�.D/ W lim

.x;y/!.1;1/

f .x; y/

1C x2 C y2
exists



with the norm kfk� D sup
0�x; 0�y

jf .x;y/j
1Cx2Cy2

. Let us introduce two variables of Baskakov–

Durrmeyer operators Mq
n W C.D/ ! C.D/ as follows: for f 2 C.D/ and

.x; y/; .s; t/ 2 D,

Mq
n.f I .x; y// D Œn � 1�2q

X

k;l2N
bq

n;k;l.x; y/

1=AZ

0

1=AZ

0

bq
n;k;l.s; t/f .s; t/dqsdqt; (14.2)

where

bq
n;k;l.x; y/ D pq

n;k.x/p
q
n;l.y/:

Approximation functions of one or two variables by certain positive linear operators
in weighted spaces can be found in [2, 8–10, 12, 15–17, 22–26]. In all undefined
terminology concerning approximation theory we will adhere to [6].

14.2 Generalization of q-Baskakov–Durrmeyer
Type Operators

In this section, we give some classical approximation properties of these operators.
We use the following notations, for brevity,

eij.s; t/ D sitj; eiCj.s; t/ D si C tj and Fm;q .k/ D Œk�q ŒkC 1�q : : : ŒkC m�q

for i; j; k;m 2 N.
We give the following lemma to obtain a relation between the operators Mq

n
in (14.1) and Dq

n in (14.2).

Lemma 14.1. For n > 1Cmax fi; jg, we have the equation

Mq
n.eijI .x; y// D Dq

n.s
iI x/Dq

n.t
jI y/:

Proof. By Fubini’s Theorem, we may write that

Mq
n.eijI .x; y//

D Œn � 1�2q
X

k;l2N
bq

n;k;l.x; y/

1=AZ

0

1=AZ

0

bq
n;k;l.s; t/eij.s; t/dqsdqt;
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D Œn � 1�2q
X

k;l2N
pq

n;k.x/p
q
n;l.y/

8
<

:

1=AZ

0

�
nC k � 1

k

�

q

skCiq
k2
2

.1C s/nCk
q

dqs

�
1=AZ

0

�
nC l � 1

l

�

q

tlCjq
l2
2

.1C t/nCl
q

dqt

9
=

;
;

which gives

Mq
n.eijI .x; y//

D Dq
n.s

iI x/ Œn � 1�q pq
n;0.x/

1=AZ

0

�
n � 1
0

�

q

tjq
l2
2

.1C t/nq
dqt

CDq
n.s

iI x/ Œn � 1�q pn;1.x/

1=AZ

0

�
n
1

�

q

t1Cjq
l2
2

.1C t/nC1
q

dqtC � � �

D Dq
n.s

iI x/Dq
n.t

jI y/:

The equations .i/–.iii/ in the following lemma follow from the paper in [5].

Lemma 14.2. The following statements hold for n > 5:

(i) Mq
n.e00I .x; y// D 1,

(ii)

Mq
n.e10I .x1; x2// D

F0;q .n/ x

q2F0;q .n � 2/ C
1

qF0;q .n � 2/ ;

(iii)

Mq
n.e20I .x1; x2// D

F1;q .n/

q6F1;q .n � 3/x2 C Œ2�2q F0;q .n/

q5F1;q .n � 3/x

C Œ2�q

q3F1;q .n � 3/ ;

.iv/

Mq
n.e30I .x; y//

D F2;q .n/

q12F2;q .n � 4/x3 C ˚Œ5�q C qŒ2�2q
� F1;q .n/

q11F2;q .n � 4/x2
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C ˚Œ4�qŒ2�2q C q2Œ2�q
� F0;q .n/

q9F2;q .n � 4/xC Œ2�qŒ3�q

q6F2;q .n � 4/ ;

.v/

Mq
n.e40I .x; y//

D F3;q .n/

q20F3;q .n � 5/x4 C ˚Œ7�q C q Œ5�q C q2Œ2�2q
� F2;q .n/

q19F3;q .n � 5/x3

C
n
Œ6�q

�
Œ5�q C q Œ2�2q

	
C q2Œ2�2q Œ4�q C q4Œ2�q

o F1;q .n/

q17F3;q .n � 5/x2

C
n
Œ5�q

�
Œ2�2q Œ4�q C q2 Œ2�q

	
C q3 Œ2�q Œ3�q

o Œn�q
q14F3;q .n � 5/x

C Œ2�q Œ3�q Œ4�q

q10F3;q .n � 5/ :

Proof. We obtain the estimate

1=AZ

0

1=AZ

0

pq
n;k.s/p

q
n;l.t/em0.s; t/e0v.s; t/dqsdqt

D ŒkC m�qŠ Œn � m � 2�qŠ ŒlC v�qŠ Œn � v � 2�qŠ
�
Œn � 1�qŠ

�2
Œk�qŠ Œl�qŠ

� q
�.kCm/.kCmC1/�.lCv/.lCvC1/Ck2Cl2

2 : (14.3)

Then taking into account Lemma 14.1 and (14.3), we have

Mq
n.e30I .x; y// D Dq

n.s
3I x/Dq

n.1I y/

D Œn � 1�q
1X

kD0
pq

n;k.x/

�
nC k � 1

k

�

q

q
k2
2 Bq.kC 4; n � 4/

q.kC3/.kC4/=2

D
1X

kD0

�
nC k � 1

k

�

q

q
k2�7k�12

2
F2;q .kC 1/

F2;q .n/
: (14.4)

Replacing the following equation in (14.4),

F2;q .kC 1/ D F2;q .k � 2/C
n
Œ5�q C q Œ2�2q

o
F1;q .k � 1/

C ˚Œ4�qŒ2�2q C q2Œ2�q
�
Œk�q C Œ2�q Œ3�q ;
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we get

Mq
n.e30I .x; y//

D F2;q .n/

F2;q .n � 4/
1X

kD3

�
nC k � 1

k � 3
�

q

q
k2�7k�12

2
xk

.1C x/nCk
q

C
n
Œ5�q C q Œ2�2q

o F1;q .n/

F2;q .n � 4/

�
1X

kD2

�
nC k � 1

k � 2
�

q

q
k2�5k�16

2
xk

.1C x/nCk
q

C ˚Œ4�qŒ2�2q C q2Œ2�q
� Œn�q

F2;q .n � 4/

�
1X

kD1

�
nC k � 1

k � 1
�

q

q
k2�3k�16

2
xk

.1C x/nCk
q

C Œ2�q Œ3�q

F2;q .n � 4/
1X

kD0

�
nC k � 1

k

�

q

q
k2�k�12

2
xk

.1C x/nCk
q

;

as desired .iv/. Using similar steps and the following equation

F3;q .kC 1/
D F3;q .k � 3/C

˚
Œ7�q C q Œ5�q C q2Œ2�2q

�
F2;q .k � 2/

C
n
Œ6�q

�
Œ5�q C q Œ2�2q

	
C q2Œ2�2q Œ4�q C q4Œ2�q

o
q3F1;q .k � 1/

C
n
Œ5�q

�
Œ2�2q Œ4�q C q2 Œ2�q

	
C q3 Œ2�q Œ3�q

o
q3Œk�q

C Œ2�q Œ3�q Œ4�q
one can prove .v/ easily.

The following theorem gives us the Baskakov type theorem (see [7] ) to get the
uniform approximation to the functions in C�

� .D/ by the sequence of the positive
linear operators Mq

n .

Theorem 14.3. Let 0 < qn � 1, .qn/ ! 1 as n ! 1 and f be belong to C�
� .D/.

Then

lim
n




Mqn

n .f / � f




�
D 0
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if and only if the following statements are satisfied:

.i/ lim
n!1



Mqn
n .e00/ � e00




�
D 0,

.ii/ lim
n!1



Mqn
n .e10/ � e10




�
D 0,

.iii/ lim
n!1




Mqn

n .e01/ � e01




�
D 0,

.iv/ lim
n!1



Mqn
n .e20 C e02/ � .e20 C e02/




�
D 0.

Proof. The necessity part is trivial. The sufficient part needs proof. Let

Da D
˚
.x; y/ 2 R

2 W 0 � x � a; 0 � y � a
�
;

.x; y/ 2 Da, r > a, and f 2 C�
� .D/. Choose " > 0. Since f is uniformly continuous

on Dr, r > a, there exists some ı > 0 such that
q
.s � x/2 C .t � y/2 < ı implies

jf .x; y/ � f .s; t/j < ": (14.5)

On the other hand, if
q
.s � x/2 C .t � y/2 � ı for .s; t/ 2 D, we have

jf .s; t/ � f .x; y/j � N1
.s � x/2 C .t � y/2

ı2
for some N1 > 0: (14.6)

Combining (14.5) and (14.6) we get

jf .s; t/ � f .x; y/j < "C N1
.s � x/2 C .t � y/2

ı2
: (14.7)

If we apply the positive operators Mqn
n to the equation

f .s; t/ D .f � f .x; y/e00/.s; t/C f .x; y/;

then we obtain the following inequality:

ˇ̌
Mqn

n .f I .x; y// � f .x; y/
ˇ̌

D ˇ̌Mqn
n .f � f .x; y/e00 C f .x; y/e00I .x; y// � f .x; y/

ˇ̌

� Mqn
n .jf � f .x; y/e00j I .x; y//C kfk�

ˇ̌
Mqn

n .e00I .x; y// � 1/
ˇ̌
: (14.8)

Again applying the operators Mqn
n to (14.7), (14.8) and from Lemma 14.2, we get

ˇ̌
Mqn

n .f I .x; y// � f .x; y/
ˇ̌

� "C 2Kf

ı2

n
Mqn

n

�
.x � s/2 I .x; y/
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CMqn
n

�
.y � t/2 I .x; y/

	o
C kfk�

ˇ̌
Mqn

n .e00I .x; y// � e00.x; y/
ˇ̌

D "C 2Kf

ı2

��
F1;qn .n/

q6nF1;qn .n � 3/
� 2F0;qn .n/

q2nF0;qn .n � 2/
C 1

� �
x2 C y2

�

C
 
Œ2�2qn

F0;qn .n/

q5nF1;qn .n � 3/
� 2

qnF0;qn .n � 2/

!

.xC y/C Œ2�qn

q3nF1;qn .n � 3/

)

:

Hence the proof of theorem is completed.

We need Bohman–Korovkin’s Theorem in [1, 3, 20] for giving our following
Remark 14.5.

Theorem 14.4 (Bohman–Korovkin). Let K be a compact Hausdorff topological
space which contains at least two distinct points and let 2m functions f1; f2; : : : ; fm,
a1; a2; : : : ; am in C.K;R/ be such that

P.x; y/ WD
mX

jD1
fj.x/aj.y/ � 0; 8.x; y/ 2 K;

and P.x; y/ D 0 if and only if x D y.

If .Hn/, Hn W C.K;R/ ! C.K;R/, is a sequence of linear positive operators
such that Hn.fj/ ! fj, n ! 1, j D 1; : : : ;m, then we have Hn.f / ! f , for each
f 2 C.K;R/.

Remark 14.5. If we take C.Da/ instead of C�
� .D/ in the hypothesis of Theo-

rem 14.3, then we obtain alternative proof of Theorem 14.3 by means of Bohman–
Korovkin’s result. Indeed, take K D Da, f1 D e00, f2 D e10, f3 D e01, f4 D e22,
a1 D e22, a2 D �2e10, a3 D �2e01 and a4 D e00, P..x; y/; .s; t// D .x�s/2C.y�t/2.

14.3 Voronovskaja-Type Theorem

Let us define the moment functions Vi;j by

Vij.s; t/ D .s � x/i .t � y/j ; i; j 2 N:

By simple calculations, the following lemma can be obtained easily.

Lemma 14.6. For each .x1; x2/ 2 D and n > 5, the following equations are hold:

(i)

Mq
n.V10I .x; y// D

Œ2�q x

q2F0;q.n � 2/ C
1

qF0;q.n � 2/ ;
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(ii)

Mq
n.V11I .x; y//

D
�

1

F0;q .n � 2/
�2  Œ2�2q xy

q4
C Œ2�q .xC y/

q3
C 1

q2

!

;

.iii/

Mq
n.V20I .x; y//

D
�

F1;q.n/

q6F1;q.n � 3/ �
2F0;q.n/

q2F0;q.n � 2/ C 1
�

x2

C
 
Œ2�2q F0;q.n/

q5F1;q.n � 3/ �
2

qF0;q.n � 2/

!

xC Œ2�q

q3F1;q.n � 3/ ;

.iv/

Mq
n.V40I .x; y//

D
�

F3;q.n/� 4q8F2;q.n/F0;q.n � 5/C 6q14F1;q.n/F1;q.n � 5/

q20F3;q.n � 5/

� 4q18F0;q.n/F2;q.n � 5/C q20F3;q.n � 5/

q20F3;q.n � 5/

�
x4

C
0

@

n
Œ7�q C q Œ5�q C q2 Œ2�2q

o
F2;q.n/� 4q8

n
Œ5�q C q Œ2�2q

o
F1;q.n/F0;q.n � 5/

q19F3;q.n � 5/

C6q14 Œ2�2q F0;q.n/F1;q.n � 5/� 4q18F2;q.n � 5/

q19F3;q.n � 5/

!

x3

C
0

@

n
Œ6�q

�
Œ5�q C q Œ2�2q

	
C q2 Œ2�2q Œ4�q C q4 Œ2�q

o
F1;q.n/

q17F3;q.n � 5/

C
�4q8

�
Œ2�

2
q Œ4�q C q2 Œ2�q

	
F0;q.n/F0;q.n � 5/C 6q14 Œ2�q F1;q.n � 5/

q17F3;q.n � 5/

1

A x2

C
0

@

n
Œ5�q

�
Œ2�

2
q Œ4�q C q2 Œ2�q

	
C q3 Œ2�q Œ3�q

o
F0;q.n/� 4q8 Œ2�q Œ3�q F0;q.n � 5/

q14F3;q.n � 5/

1

A x

C Œ2�q Œ3�q Œ4�q

q10F5;q .n/
;
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On the other hand, by means of the following equality

ŒnC m�q D Œm�q C qmŒn�q; (14.9)

one can rearrange some terms, in Mq
n.V20I .x; y// and Mq

n.V40I .x; y// in
Lemma 14.6, as

Mq
n.V20I .x; y// D

�
q3 C q6

�
F0;q.n � 3/C Œ2�qŒ3�q

q6F1;q.n � 3/ x2

C
�
q3 C q5

�
F0;q.n � 3/C Œ2�2qŒ3�q

q5F1;q.n � 3/ x

C Œ2�q

q3F1;q.n � 3/ (14.10)

and

Mq
n.V40I .x; y//

D
 �

F0;q.n � 5/
�3
.1� q/2 q18.1C q/

�
1� q C q2 � q3 C q4

�

q20F3;q.n � 5/

C �
F0;q.n � 5/

�2
q11.1C q/

�
�
1C 2q C q2 � q3 C q4 � q5 C q6 � 4q7 C 5q8 � 5q9 C 6q10 � 3q11 C 3q12

�

q20F3;q.n � 5/

C F0;q.n � 5/q5 .q C 1/

�
�
3q C 7q2 C 9q3 C 13q4 C 15q5 C 17q6 C 15q7 C 13q8 C 15q9 C 13q10

q20F3;q.n � 5/

C 13q12 C 14q13 C 8q14 C 9q15 C 3q16 C 3q17 C 1

q20F3;q.n � 5/


C Œ5�qŒ7�qŒ8�qŒ6�q

q20F3;q.n � 5/

�
x4

C
 �

F0;q.n � 5/
�3
.1� q/2 q18.1C q4/

q19F3;q.n � 5/

C �
F0;q.n � 5/

�2
q12

( �
2q � 5q3 � 7q4 � 6q5 � 6q6 � 5q7 � q8 C 6q9 C 2q10 C q11 C 1

�

q19F3;q.n � 5/

C F0;q.n � 5/q5
( �
5q C 14q2 C 27q3 C 41q4 C 51q5 C 56q6 C 55q7 C 48q8 C 43q9

�

q19F3;q.n � 5/

C 46q10 C 47q11 C 43q12 C 37q13 C 28q14 C 17q15 C 7q16 C 3q17 C 1

q19F3;q.n � 5/



C
Œ5�qŒ6�qŒ7�q

�
Œ7�q C q2Œ2�2q C qŒ5�q

	

q19F3;q.n � 5/

1

A x3
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C
0

@

n
Œ6�q

�
Œ5�q C q Œ2�2q

	
C q2 Œ2�2q Œ4�q C q4 Œ2�q

o
F1;q.n/

q17F3;q.n � 5/

C
�4q8

�
Œ2�2q Œ4�q C q2 Œ2�q

	
F0;q.n/F0;q.n � 5/C 6q14 Œ2�q F1;q.n � 5/

q17F3;q.n � 5/

1

A nx2

C
0

@

n
Œ5�q

�
Œ2�2q Œ4�q C q2 Œ2�q

	
C q3 Œ2�q Œ3�q

o
F0;q.n/� 4q8 Œ2�q Œ3�q F0;q.n � 5/

q14F3;q.n � 5/

1

A x

C Œ2�q Œ3�q Œ4�q

q10F5;q .n/
; (14.11)

Using Lemma 14.6 and Œn�qn
D 1�qn

n
1�qn

, we can give the following corollary.

Corollary 14.7. Let 0 < qn � 1 and .qn/! 1 as n!1. Then we have

lim
n!1 Œn�qn

Mqn
n .V10I .x; y// D 2xC 1;

lim
n!1 Œn�qn

Mqn
n .V20I .x; y// D 2x.xC 1/;

lim
n!1 Œn�qn

Mqn
n .V11I .x; y// D 0;

lim
n!1 Œn�2qn

Mqn
n .V40I .x; y// D 12x2.xC 1/2:

Let us denote the space of functions having continuous partial derivatives up to
order 2 on D, by C2.D/. We now give a Voronovskaja type theorem for Mq

n operators.

Theorem 14.8. Let 0 < qn � 1 and .qn/! 1 as n!1 . Suppose that f 2 C2.D/.
Then for each .x; y/ in D, we have

lim
n!1 Œn�qn

.Mqn
n .f I .x; y// � f .x; y//

D .2xC 1/fx.x; y/C .2yC 1/fy.x; y/
C 2x .xC 1/ fxx.x; y/C 2y .yC 1/ fyy.x; y/:

Proof. Let .x; y/ be a fixed point in D and f 2 C2.D/. By Taylor formula for f
we get

f .s; t/ D f .x; y/C fx.x; y/V10.s; t/C fy.x; y/V01.s; t/

C 1
2

fxx.x; y/V20.s; t/ .s � t/2 C fxy.x; y/V11.s; t/

C 1
2

fyy.x; y/V02.s; t/

C ..s; t/I .x; y//
p
.V40 C V04/ .s; t/: (14.12)
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From the symmetric properties Mqn
n ;M

qn
n .eijI .x; y/ D Mqn

n

�
eijI .y; x/

�
, Lemma 14.6,

Œn�qn
D 1�qn

n
1�qn

and applying the operators Mqn
n to Eq. (14.12), we write

lim
n!1 Œn�qn

�
Mqn

n .f I .x; y// � f .x; y/
�

D fx.x; y/ lim
n!1

˚
Œn�qn

Mqn
n .V10I .x; y//

�

C lim
n!1 fy.x; y/

˚
Œn�qn

Mqn
n .V01I .x; y//

�

C 1
2

fxx.x; y/ lim
n!1

˚
Œn�qn

Mqn
n .V20I .x; y//

�

C fxy.x; y/ lim
n!1

˚
Œn�qn

Mqn
n .V11I .x; y//

�

C 1
2

fyy.x; y/ lim
n!1

˚
Œn�qn

Mqn
n .V02I .x; y//

�

C lim
n!1

n
Œn�qn

Mqn
n

�
 .s; t/

p
.V40 C V04/I .x; y/

	o
: (14.13)

Coupled with lim
n!1 Mqn

n

�
 2I .x; y/� D 0 and Corollary 14.7 yield

lim
n!1 Œn�qn

Mqn
n

�
 
p

V4;0 C V0;4I .x; y/
	
D 0: (14.14)

The proof of the theorem is completed by combining Corollary 14.7, (14.12)–
(14.14).

14.4 Rate of Convergence

Full modulus of continuity of f 2 C.Da/ is denoted by w.f I ı/ and defined as
follows:

w.f I ı/ WD max

�
jf .s; t/ � f .x; y/j W .s; t/; .x; y/ 2 Da

and
q
.s � x/2 C .t � y/2 � ı


: (14.15)

Partial modulus of continuity with respect to x and y is given by

w1.f I ı/ WD max
0�y�a

max
jx1�x2j�ı

jf ..x1; y// � f ..x2; y//j (14.16)

and

w2.f I ı/ WD max
0�x�a

max
jy1�y2j�ı

jf ..y; y1// � f ..y; y2//j ; (14.17)
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respectively. We shall need some well-known properties of full and partial modulus
of continuity in [11]:

w.f I
ı/ � .1C 
/w.f I ı/

for any 
 � 0 and lim
ı!0

w.f I ı/ D 0.

The following theorem gives us the rate of convergence of the sequence of linear
positive operators .Mq

n/ to f , by means of partial and full modulus of continuity.

Theorem 14.9. Let 0 < q < 1. For f 2 C.Da/, the following inequalities are
satisfied



Mq
n.f / � f




C.Da/

� 4
2X

iD1
wi

 

f I 3 .aC 1/
q3
p

F0;q.n � 2/

!

and




Mq

n .f / � f





C.Da/
� 4w

 

f I 4 .aC 1/
q3
p

F0;q.n � 2/

!

:

Proof. Let .x; y/ 2 Da. We write

ˇ̌
Mq

n .f I .x; y// � f .x; y/
ˇ̌

� Œn � 1�2q
X

k;l2N0
bq

n;k;l.x; y/

1=AZ

0

1=AZ

0

bq
n;k;l.s; t/ jf .s; t/ � f .x; y/j dqsdqt

� Œn � 1�2q
X

k;l2N0
bq

n;k;l.x; y/

1=AZ

0

1=AZ

0

bq
n;k;l.s; t/

�
ˇ̌
ˇ̌1C js � xj

ın;1

ˇ̌
ˇ̌w .f ; ın;1/ dqsdqt

C Œn � 1�2q
X

k;l2N0
bq

n;k;l.x; y/

1=AZ

0

1=AZ

0

bq
n;k;l.s; t/

�
ˇ̌
ˇ̌1C jt � yj

ın;2

ˇ̌
ˇ̌w .f ; ın;2/ dqsdqt: (14.18)

Using the inequality .aCb/p � 2p�1 .ap C bp/, for p � 1, (14.16), (14.17), Cauchy–
Schwarz inequality and (14.10) in (14.18), we obtain
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ˇ̌
Mq

n .f I .x; y// � f .x; y/
ˇ̌

� 2
(

1C 1

ı2n;1
Mq

n .V20I .x; y//
)

w.f ; ın;1/

C2
(

1C 1

ı2n;2
Mq

n .V02I .x; y//
)

w.f ; ın;2/: (14.19)

From (14.10), one can write the following inequality:

Mq
n .V20I .x; y// �

8 .xC 1/2
q6F0;q .n � 2/ : (14.20)

By (14.19) and (14.20), we obtain

ˇ̌
Mq

n .f I .x; y// � f .x; y/
ˇ̌ � 4w.f ; ın;1/C 4w.f ; ın;2/; (14.21)

where ın;1 D 8.xC1/2
q6F0;q.n�2/ and ın;2 D 8.yC1/2

q6F0;q.n�2/ . Using the above inequalities
and (14.15), we get

ˇ̌
Mq

n .f I .x; y// � f .x; y/
ˇ̌

� Œn � 1�2q
X

k;l2N0
bq

n;k;l.x; y/

�
8
<

:

1=AZ

0

1=AZ

0

bq
n;k;l.t; s/

ˇ̌
ˇ
ˇ1C

p
.s�x/2C.t�y/2

ın

ˇ̌
ˇ
ˇw .f ; ın/ dqsdqt

9
=

;

� 4w .f ; ın/ ; (14.22)

where

ın D
8
n
.xC 1/2 C .yC 1/2

o

q6F0;q .n � 2/ :

Finally, taking supremum on .x; y/ 2 Da at (14.21) and (14.22), we get the desired
results.

The class of the functions f in C.Da/ satisfying the following relation

w.f I ı/ � Mı˛; for all ı � 0;

is called a Lipschitz class and denoted by LipM .˛/ for M > 0 and 0 < ˛ � 1. The
following Corollary is routine and its proof is omitted.
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Corollary 14.10. Let f 2 C.Da/. If f 2 LipM.˛/, for 0 < ˛ � 1, then the following
inequality



Mq
n.f / � f




C.Da/

� 4Mı˛n

holds, where M > 0 and ın are given in the above theorem.
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Chapter 15
Blow Up of Solutions of Second Order
Semilinear Parabolic Equations Under
Robin Boundary Conditions

Jamila Kalantarova and Mustafa Polat

Abstract We considered initial boundary value problems for semilinear heat
equation with a nonlinear source term under the Robin boundary conditions.
Sufficient conditions for the finite-time blow up of solutions with negative initial
energy and arbitrary positive initial energy are obtained.

15.1 Introduction

We study the following initial boundary value problem

ut ��u D f .u/C h.x; t/; x 2 ˝; t > 0; (15.1)

@u

@n
C �u D 0; x 2 @˝; t > 0; (15.2)

u.x; 0/ D u0.x/; x 2 ˝; (15.3)

where ˝ is a bounded domain in R
N with smooth boundary @˝, � is a given

non-zero number, u0; h; f .�/ are given sufficiently smooth functions for which the
problem (15.1)–(15.3) has a local in time classical solution (for results on local
solvability of the problem (15.1)–(15.3), we refer to [3, 5]). We assume also that

h 2 L2.0;1IL2.˝// \ L1.0;1IL2.˝//; (15.4)

and the nonlinear term satisfies the condition

f .s/s � 2.1C ˛/F.s/; F.s/ D
Z s

0

f .	/ d	; for all s 2 R: (15.5)
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Our main goal is to show that under these conditions solutions of the prob-
lem (15.1)–(15.3) corresponding to a wide class of initial data blow-up in a finite
time. The problem of blow-up of solutions of nonlinear parabolic equations under
Robin boundary conditions have been considered in [1, 6, 7]. In [6, 7], using the
energy method the authors established blow-up of solutions and obtained a lower
bound of blow-up time for the solutions of the problem (15.1)–(15.3) with h.x; t/ �
0, essentially employing positiveness of the coefficient � and the initial function
u0.x/. In [1] similar results are obtained for a quasilinear parabolic equation.

In this note, by using the concavity method of Levine [4], we will derive sufficient
conditions for the finite-time blow-up of solutions of the problem (15.1)–(15.3)
regardless of the sign of � and the initial functions u0.x/ under the Robin boundary
conditions. We also showed that solutions of initial boundary value problems for the
semilinear heat equations under Robin boundary conditions with � > 0 may blow
up in a finite time even when the initial energy is arbitrary positive number.

In what follows we use the following inequalities:

(a) The Cauchy inequality “with "”

ab � "a2 C 1

4"
b2; (15.6)

which is valid for each a; b � 0 and " > 0, and
(b) the following version of the Poincaré inequality (see, e.g., [2] Chap. I)

Z

@˝

v2d� � �
Z

˝

jrvj2dxC C.�/
Z

˝

v2dx; (15.7)

which is valid for each function u from the Sobolev space H1.˝/, where
˝ 2 R

N is a bounded domain with boundary @˝; � > 0 is an arbitrary positive
number, C."/ > 0 depends on �.

Our main result will be established by using the concavity method based on the
following lemma.

Lemma 15.1 (see [4]). Suppose that�.t/ is a positive, twice differentiable function
satisfying the inequality

� 00.t/�.t/ � .1C ˛1/Œ� 0.t/�2 � 0; for all t > 0;

with

�.0/ > 0; � 0.0/ > 0:

Then there exist t1 > 0 such that �.t/ tends to infinity as

t! t�1 � t2 D �.0/

˛1� 0.0/
:

In what follows we will use the following abbreviations .�; �/ and k � k for the
inner product and the norm of L2.˝/.
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15.2 Blow-Up of Solutions

First we find sufficient conditions of finite-time blow-up of solutions of the
problem (15.1)–(15.3) when � 2 R n f0g and the corresponding initial energy is
negative.

Theorem 15.2. Suppose that the conditions (15.4) and (15.5) are satisfied and the
initial function u0 satisfies

� kru0k2 � �
Z

@˝

u20.x/d� C 2
Z

˝

F.u0.x//dx

�
�
4C 4

˛

�
H1 C H2

4˛.˛ C 1/

C 1

2

�
˛ C 2
˛ C 1 C j�jC.j�j

�1/C 1
�
ku0k2; (15.8)

where C.j�j�1/ is the constant in the Poincaré inequality (15.7) with � D j�j�1,

H1 WD
1Z

0

kh.t/k2 dt and H2 WD sup
t2RC

kh.t/k2 :

Then there exists t1 � t2 WD 1

2˛
such that

lim
t!t�1

tZ

0

ku.s/k2ds D1:

Suppose that u.x; t/ is a local strong solution of the problem (15.1)–(15.3). It is
clear that the function v.x; t/ D e�mtu.x; t/, m > 0 satisfies the equation

mv C vt D �v C e�mtf .emtv/C e�mth.x; t/; x 2 ˝; t > 0; (15.9)

the boundary condition

@v

@n
C �v D 0; x 2 @˝; t > 0; (15.10)

and the initial condition

v.x; 0/ D u0.x/; x 2 ˝: (15.11)
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Our aim now is to find sufficient conditions for blow-up of solutions of the
problem (15.9)–(15.11). It is obvious that blow-up of v implies the blow-up of u.

Proof. Assume v.x; t/ is a solution of the problem (15.9)–(15.11). Multiplying the
Eq. (15.9) by vt and integrating over ˝ and using (15.10) we obtain

d

dt

2

4m

2
kvk2 C 1

2
krvk2 C �

2

Z

@˝

v2d�

3

5C kvtk2

D e�mt
Z

˝

f .emtv/vtdxC e�mt
Z

˝

hvtdx: (15.12)

It is easy to see that

d

dt
F.emtv/ D f .emtv/.emtvt C memtv/:

Plugging the expression

e�mtf .emt/vt D e�2mt d

dt
F.emtv/ � me�mtf .emtv/v

into (15.12) we obtain

d

dt

2

4m

2
kvk2 C 1

2
krvk2 C �

2

Z

@˝

v2d�

3

5

C kvtk2 � e�2mt d

dt

Z

˝

F.emtv/dx

C me�mt
Z

˝

f .emtv/vdx D e�mt
Z

˝

hvtdx: (15.13)

Since

e�2mt d

dt

Z

˝

F.emtv/dx D d

dt

2

4e�2mt
Z

˝

F.emtv/dx

3

5

C 2me�2mt
Z

˝

F.emtv/dx;
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we have

d

dt

2

4m

2
kvk2 C 1

2
krvk2 C �

2

Z

@˝

v2d� � e�2mt
Z

˝

F.emtv/dx

3

5

C kvtk2 C me�mt
Z

˝

f .emtv/vdx � 2me�2mt
Z

˝

F.emtv/dx

D e�mt
Z

˝

hvtdx: (15.14)

By using the condition (15.5) we see that

e�mtf .emtv/v D e�2mtf .emtv/emtv � 2.˛ C 1/e�2mtF.emtv/: (15.15)

Employing (15.15) and the Cauchy inequality with " we deduce from (15.14) the
following inequality

d

dt

�
m

2
kvk2 C 1

2
krvk2 C �

2

Z

@˝

v2d� � e�2mt
Z

˝

F.emtv/dx

�

Ckvtk2 C 2m˛e�2mt
Z

˝

F.emtv/dx

� "1kvtk2 C 1

4"1
khk2e�2mt:

From this inequality we obtain

d

dt

�
�m

2
kvk2 � 1

2
krvk2 � �

2

Z

@˝

v2d� C e�2mt
Z

˝

F.emtv/dx

�

� 2m˛

�
�m

2
kvk2 � 1

2
krvk2 � �

2

Z

@˝

v2d� C e�2mt
Z

˝

F.emtv/dx

�

Cm˛

�
mkvk2 C krvk2 C �

Z

@˝

v2d�

�

C .1 � "1/kvtk2 � 1

4"1
khk2e�2mt:

So we obtained the inequalities

d

dt
E .t/ � 2m˛E .t/C m˛

2

4mkvk2 C krvk2 C �
Z

@˝

v2d�

3

5

C .1 � "1/kvtk2 � 1

4"1
khk2e�2mt; (15.16)



216 J. Kalantarova and M. Polat

where

E .t/ D �m

2
kvk2 � 1

2
krvk2 � �

2

Z

@˝

v2d� C e�2mt
Z

˝

F.emtv/dx: (15.17)

By using Poincare inequality (15.7) with � D j�j�1 in (15.16) we get

d

dt
E .t/ � 2m˛E .t/C .1 � "1/kvtk2

Cm˛.m � j�jC.j�j�1//kvk2 � 1

4"1
khk2e�2mt:

First choosing m � j�jC.j�j�1/, and then integrating the obtained differential
inequality we obtain the estimate

E .t/ � e2m˛tE .0/C .1 � "1/e2m˛t

tZ

0

kvs.s/k2e�2msds

� 1

4"1
e2m˛t

tZ

0

kh.s/k2e�2m.˛C1/sds: (15.18)

Let us consider the function

�.t/ D
Z t

0

kv.s/k2dsC c0;

where c0 is a nonnegative parameter to be specified below. It is clear that

� 0.t/ D kv.t/k2 D 2
Z t

0

.v.s/; vs.s//dsC ku0k2

and � 00.t/ D 2.v; vt/. By using Eq. (15.9) and the inequality (15.15) we obtain the
following lower estimate for the function � 00.t/:

� 00.t/ D 2
Z

˝

v
��mv C�v C e�mtf .emtv/C e�mth.x; t/

�
dx

� � 2mkvk2 � 2krvk2 � 2�
Z

@˝

v2d�

C 4.˛ C 1/e�2mt
Z

˝

F.emtv/dxC 2e�mt.h; v/
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D 4.˛ C 1/
�
�m

2
kvk2 � 1

2
krvk2 � �

2

Z

@˝

v2d�

C e�2mt
Z

˝

F.emtv/dx

�

C 2m˛ kvk2 C 2˛ krvk2

C 2˛�
Z

@˝

v2d� C 2e�mt.h; v/: (15.19)

Employing the inequality

2˛�

Z

@˝

v2d� � �2˛krvk2 � 2˛C.j�j�1/kvk2

which follows from (15.7) and the inequality

2e�mt.h; v/ � ��2kvk2 � 1

�2
e�2mt khk2

with some �2 > 0, we deduce from (15.19) the estimate

� 00.t/ � 4.˛ C 1/E .t/C �2˛m � 2˛j�jC.j�j�1/ � �2
� kvk2

� 1
�2

e�2mt kh.t/k2 :

Finally we choose here �2 D 2˛ and m D j�jC.j�j�1/C 1 (remember that already
it is assumed that m � j�jC.j�j�1/) we get

� 00.t/ � 4.˛ C 1/E .t/ � 1

2˛
e�2mt kh.t/k2 :

Thus employing the estimate (15.18) of E .t/, from the last inequality, we obtain the
following estimate

� 00.t/ � 4.˛ C 1/ .1 � �1/
2

4
tZ

0

kvs.s/k2 dsC c0

3

5

C 4.˛ C 1/
2

4E .0/ � 1

�1

tZ

0

kh.s/k2 ds

3

5

� 1

2˛
e�2mt kh.t/k2 � 4.˛ C 1/.1 � �1/c0:
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Let us choose �1 D ˛

2.˛ C 1/ . Then

4.˛ C 1/
�
1 � "1

2

	
D 4

�˛
2
C 1

	
;

and we note that if

E .0/ �
�
2C 2

˛

�Z 1

0

kh.t/k2 dtC 1

8˛.˛ C 1/ sup
t2RC

kh.t/k2

C ˛ C 2
2.˛ C 1/c0;

then

� 00.t/ � 4
�˛
2
C 1

	 �Z t

0

kvs.s/k2 dsC c0

�
:

Therefore

� 00.t/�.t/ � .˛1 C 1/.� 02/

� 4
�˛
2
C 1

	 �Z t

0

kvs.s/k2 dsC c0

Z t

0

kv.s/k2 dsC c0

�

� 4
�˛
2
C 1

	 �Z t

0

.v.s/; vs.s//dsC 1

2
ku0k2

�2
: (15.20)

Finally we choose c0 D 1
2
ku0k2. Then due to the Schwarz inequality we deduce

from (15.20) the desired inequality � 00.t/�.t/�. ˛
2
C1/.� 0.t//2 � 0. The statement

of the theorem follows from Lemma 15.1.

Remark 15.3. If h.x; t/ � h.x/ 2 L2, � > 0 and in addition to (15.5)

F.s/ � D0jsjp � D1; 8s 2 R (15.21)

holds for some D0 > 0, D1 � 0, and p > 2, then blow-up result can be obtained
employing the standard energy equalities for solutions of the problem (15.1)–(15.3):

1

2

d

dt
ku.t/k2 D kruk2 � �

Z

@˝

u2d� C .f .u/; u/C .h; u/ (15.22)

and

d

dt
E1.t/ D kutk2; (15.23)
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where

E1.t/ � �1
2
kruk2 � �

2

Z

@˝

u2d� C .f .u/; 1/C .h; u/:

In fact the following proposition holds:

Proposition 15.4. If the nonlinear term f .�/ satisfies the conditions (15.5), (15.21),
� > 0 and the initial function satisfies the condition

E1.0/ � 4˛D1j˝j � 0; (15.24)

then the solution of the problem (15.1)–(15.3) blows up in a finite time.

Proof. Utilizing the conditions (15.5) and (15.21) we obtain from (15.22) the
inequality

d

dt
ku.t/k2 � � 2kru.t/k2 � 2�

Z

@˝

u2d� C 4.˛ C 1/.F.u/; 1/

C 2.h; u/
D 4E .t/C 4˛.F.u/; 1/

� 4E1.t/C 4˛D0

Z

˝

ju.x; t/jpdx � 4˛D1j˝j: (15.25)

Due to the inequality E.t/ � E.0/ which follows from (15.23), and the con-
dition (15.24) we obtain from (15.25) the following differential inequality for
�.t/ � ku.t/k2:

� 0.t/ � K0Œ�.t/�
p
2 ;

where

K0 � j˝j�
p�2
2 .4˛D0j˝j/�

p
2 : (15.26)

Integrating (15.26) we see that

�.t/!1 as t! .p � 2/Œ2K0�
�1Œ�.0/�

2�p
2 :

Remark 15.5. We would like also to note that a result on blow-up of solutions to
a class of semilinear parabolic equations under the Robin boundary condition can
be obtained by using the so-called method of eigenfunctions. In fact the following
proposition holds true:

Proposition 15.6. Suppose that u0.x/ � 0, 8x 2 ˝, � > 0; the source term
h.x; t/ � h.x/ 2 L2.˝/ depends only on x 2 ˝, the nonlinear term is a convex,
continuous function that satisfies also the conditions:

f .u/ � 
1u � h0 > 0; 8u � ˛0 > 0;
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with
Z 1

˛0

d�

f .�/ � 
1� � h0
<1; (15.27)

where h0 D
R
˝

h.x/ 1.x/dx, ˛0 D
R
˝

u0.x/ 1.x/, 
1 > 0 is the eigenvalue
corresponding to the normalized principal eigenfunction  1.x/ of the problem

�� D 
 ; x 2 ˝I @ 
@n
C � D 0; x 2 @˝:

Then the solution of the problem (15.1)–(15.3) blows up in a finite time.

In fact multiplying the equation (15.1) by  1, and then integrating it over ˝ and
using the boundary condition (15.2) we get

Z

˝

ut 1dxC 
1
Z

˝

u 1dx D
Z

˝

f .u/ 1dxC
Z

˝

hudx: (15.28)

Due to the Jensen inequality for integrals we have (we refer to [2])

Z

˝

f .u/ 1dx � f

�Z

˝

u 1dx

�
:

Thus from (15.28) we get the following differential inequality for the function
E.t/ D R

˝
u.x; t/ 1.x/dx:

E0.t/ � f .E.t// � 
1E.t/ � h0:

Integrating this inequality and using the condition (15.27) we obtain the desired
result.

15.3 Blow Up When the Initial Energy is Positive

In this short section we will use again a concavity technique to prove the finite-time
blow-up of solutions to the following problem

ut ��u D f .u/; x 2 ˝ t > 0; (15.29)

@u

@n
C �u D 0; x 2 @˝ t > 0; (15.30)

u.x; 0/ D u0.x/; x 2 ˝: (15.31)
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Theorem 15.7. Assume that

f .s/s � 2.1C ˛/F.s/ � �D0; 8s 2 R; (15.32)

where ˛ > 0, � > 0, and D0 are given numbers, and
F.s/ D R s

0
f .	/d	 . Suppose also that

�.˛; �/ku0k2 > 4.1C ˛/
�
1

2
kru0k2 C �

2

Z

@˝

u20d� � .F.u0/; 1/
�
C D1j˝j;

(15.33)
where �.˛; �/ D ˛.1C�/

a0
, and a0 is a constant of the Poincaré inequality

Z

˝

u2dx � a0

�Z

@˝

u2dxC
Z

˝

jruj2dx

�
: (15.34)

Then the corresponding local solution of the problem (15.29)–(15.31) blows up in a
finite time.

Proof. Consider the function

�.t/ D
Z t

0

ku.	/k2d	:

Employing Eq. (15.29) and the condition (15.32) we obtain

� 00.t/ D 2.u; ut/ D 2.u; �uC f .u//

� �2kruk2 � 2�
Z

@˝

u2d� C 4.1C ˛/.F.u/; 1/ � 2j˝jD1: (15.35)

Multiplication of (15.29) by ut in L2.˝/ gives

kutk2 C d

dt

�
1

2
kruk2 C �

2

Z

@˝

u2d� � .F.u/; 1/
�
D 0

Integrating the last equality over the interval .0; t/ we obtain

E.t/ WD 1

2
kruk2 C �

2

Z

@˝

u2d� � .F.u/; 1/ D E.0/ �
Z t

0

ku	 .	/k2d	: (15.36)

Employing (15.36) in (15.35) we get

� 00.t/ � 4.1C ˛/
�
�1
2
kruk2 � �

2

Z

@˝

u2d� C .F.u/; 1/
�

�D1 j˝j C 2˛kruk2 C ˛�
Z

@˝

u2d�
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D ˛kruk2 C ˛�
Z

@˝

u2d� � 4.1C ˛/E.0/

C 4.1C ˛/
Z t

0

ku	 .	/k2d	 � D1 j˝j :

Using (15.34) for the last two terms in the mid-line we arrive

� 002 �M0�C 4.1C ˛/
Z t

0

ku	 .	/k2d	; (15.37)

where M0 D 4.1C˛/E.0/CD1j˝j; �.˛; �/ D ˛.1C�/
a0

. It follows from (15.37) that

d

dt

�
� 0.t/ �M1

� � �.˛; �/ �� 0.t/ �M1

�
;

where M1 D M0

�.˛;�/
. Using (15.32) we obtain the inequality:

� 0.t/ � M1 C e�.˛;�/t
�
� 0.0/ �M1

�
:

Hence � 0.t/!1 as t!1. Since (15.33) holds we deduce from (15.37) that

� 00.t/ � 4.1C ˛/
Z t

0

ku.	/k2d	:

Therefore thanks to the equality

2

Z t

0

.u; u	 /
2d	 C ku0k2 D � 0.t/

and the Schwarz inequality we have

� 00.t/�.t/ � .1C ˛/
��
� 0.t/

�2 � ku0k2
	
� 0: (15.38)

It follows from (15.38) that

� 00.t/�.t/ �
�
1C ˛

2

	 �
� 0.t/

�2 � ˛

2

�
� 0.t/

�2 � 2.1C ˛/� 0.t/ku0k2 C ku0k4:
(15.39)

Since � 0.t/!1 as t!1, there exists T0 > 0 such that

˛

2

�
� 0.t/

�2 � 2.1C ˛/� 0.t/ku0k2 C ku0k4 � 0; 8t � T0:



15 Blow Up Under the Robin Boundary Conditions 223

Therefore we deduce from (15.38) the inequality

� 00.t/�.t/ �
�
1C ˛

2

	 �
� 0.t/

�2 � 0; 8t � T0:

Thus we can use the Levine’s lemma and get the desired result.

Example 15.8. Consider the 1D version of the problem with f .u/ D u3 and ˝ D
.0;L/, i.e. the following problem

8
ˆ̂<

ˆ̂:

ut � uxx D u3; x 2 .0;L/;
�ux.0; t/C �u.0; t/ D 0; ux.L; t/C �u.L; t/ D 0; t > 0;

u.x; 0/ D u0.x/;

where u0.x/ D 
f .x/; x 2 Œ0;L�; r > 0, 
 will be specified below and f W R! R
C

is a continuously differentiable function such that

0 < M0 � f .X/ � M1; 8X 2 Œ0;L�:
In this case

E.0/ D 
2
�
1

2

Z L

0

.f 0.x//2dxC �f 2.L/C �f 2.0/ � 

2

4

Z L

0

f 4.x/dx

�
:

Let us choose here


2 D 2
Z L

0

.f 0.x//2dx=
Z L

0

f 4.x/dx:

Then

E.0/ D 
2� �f 2.L/C f 2.0/
�

It is clear that if M0 is large enough then the initial energy E.0/ is large enough.
Finally we see that in this case the condition (15.33) is satisfied when

L >
8a0.1C ˛/�M2

1

˛.1C �/M2
0

:
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Chapter 16
Functional Inequalities in Fuzzy Normed Spaces

Jung Rye Lee, Reza Saadati, and Dong Yun Shin

Abstract In this paper, we investigate the following functional inequalities

kf .x/C f .y/C f .z/k � kf .xC yC z/k

and

kf .x/C f .y/C 2f .z/k �




2f

�
xC y

2
C z

�





in fuzzy normed vector spaces, and prove the Hyers–Ulam stability of the above
functional inequalities in fuzzy Banach spaces in the spirit of the Th. M. Rassias’
stability approach.

16.1 Introduction and Preliminaries

The stability problem of functional equations originated from a question of
Ulam [26] concerning the stability of group homomorphisms. Hyers [10] gave
a first affirmative partial answer to the question of Ulam for Banach spaces.
Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by
Th. M. Rassias [24] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Th. M. Rassias theorem was obtained by Găvruta
[7] by replacing the unbounded Cauchy difference by a general control function in
the spirit of the Th. M. Rassias’ approach.
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During the last two decades a number of papers and research monographs have
been published on various generalizations and applications of the Hyers–Ulam
stability to a number of functional equations and mappings (see [11, 18–22]).

Gilányi [8] showed that if f satisfies the functional inequality

k2f .x/C 2f .y/ � f .x � y/k � kf .xC y/k (16.1)

then f satisfies the Jordan–von Neumann functional equation

2f .x/C 2f .y/ D f .xC y/C f .x � y/:

See also [25]. Fechner [5] and Gilányi [9] proved the Hyers–Ulam stability of
the functional inequality (16.1). Park et al. [23] investigated the Cauchy additive
functional inequality

kf .x/C f .y/C f .z/k � kf .xC yC z/k (16.2)

and the Cauchy–Jensen additive functional inequality

kf .x/C f .y/C 2f .z/k �




2f

�
xC y

2
C z

�



 (16.3)

and proved the Hyers–Ulam stability of the functional inequalities (16.2) and (16.3)
in Banach spaces.

Katsaras [12] defined a fuzzy norm on a vector space to construct a fuzzy vector
topological structure on the space. Some mathematicians have defined fuzzy norms
on a vector space from various points of view [6, 14, 27]. In particular, Bag and
Samanta [2], following Cheng and Mordeson [4], gave an idea of fuzzy norm in
such a manner that the corresponding fuzzy metric is of Kramosil and Michalek
type [13]. They established a decomposition theorem of a fuzzy norm into a family
of crisp norms and investigated some properties of fuzzy normed spaces [3].

We use the definition of fuzzy normed spaces given in [2, 15, 17] to investigate
a fuzzy version of the Hyers–Ulam stability for the Cauchy functional inequal-
ity (16.2) and the Cauchy–Jensen functional inequality (16.3) in the fuzzy normed
vector space setting.

Definition 16.1 (See [2, 15–17]). Let X be a real vector space. A function N W X �
R! Œ0; 1� is called a fuzzy norm on X if for all x; y 2 X and all s; t 2 R,

.N1/ N.x; t/ D 0 for t � 0;

.N2/ x D 0 if and only if N.x; t/ D 1 for all t > 0;

.N3/ N.cx; t/ D N

�
x;

t

jcj
�

if c ¤ 0;

.N4/ N.xC y; sC t/ � minfN.x; s/;N.y; t/g;

.N5/ N.x; �/ is a non-decreasing function of R and limt!1 N.x; t/ D 1;

.N6/ for x ¤ 0, N.x; �/ is continuous on R.
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The pair .X;N/ is called a fuzzy normed vector space.

The properties of fuzzy normed vector spaces and examples of fuzzy norms are
given in [15, 17].

Definition 16.2 ([2, 15–17]). Let .X;N/ be a fuzzy normed vector space.
A sequence fxng in X is said to be convergent or converge if there exists an x 2 X
such that lim

n!1 N.xn � x; t/ D 1 for all t > 0. In this case, x is called the limit of the

sequence fxng and we denote it by N � lim
n!1 xn D x.

Definition 16.3 (See[2, 15, 17]). Let .X;N/ be a fuzzy normed vector space.
A sequence fxng in X is called Cauchy if for each " > 0 and each t > 0 there exists
an n0 2 N such that for all n � n0 and all p > 0, we have N.xnCp � xn; t/ > 1 � ".

It is well known that every convergent sequence in a fuzzy normed vector space
is Cauchy. If each Cauchy sequence is convergent, then the fuzzy norm is said to be
complete and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f W X ! Y between fuzzy normed vector spaces X and Y
is continuous at a point x0 2 X if for each sequence fxng converging to x0 in X, then
the sequence ff .xn/g converges to f .x0/. If f W X ! Y is continuous at each x 2 X,
then f W X ! Y is said to be continuous on X (see [3]).

In this paper, we investigate the functional inequalities (16.2) and (16.3) in
fuzzy normed vector spaces, and prove the Hyers–Ulam stability of the functional
inequalities (16.2) and (16.3) in fuzzy Banach spaces.

Throughout this paper, assume that X is a vector space and that .Y;N/ is a fuzzy
Banach space.

16.2 Hyers–Ulam Stability of Functional Inequalities
in Fuzzy Normed Vector Spaces

In this section, we investigate the functional inequalities (16.2) and (16.3) in
fuzzy normed vector spaces, and prove the Hyers–Ulam stability of the functional
inequalities (16.2) and (16.3) in fuzzy Banach spaces.

Lemma 16.4. Let .Z;N/ be a fuzzy normed vector space. Let f W X ! Z be a
mapping such that

N.f .x/C f .y/C f .z/; t/ � N
�

f .xC yC z/;
t

2

	
(16.4)

for all x; y; z 2 X and all t > 0. Then f is Cauchy additive, i.e., f .xCy/ D f .x/Cf .y/
for all x; y 2 X.
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Proof. Letting x D y D z D 0 in (16.4), we get

N.3f .0/; t/ D N
�

f .0/;
t

3

	
� N

�
f .0/;

t

2

	

for all t > 0. By .N5/ and .N6/, N.f .0/; t/ D 1 for all t > 0. It follows from .N2/
that f .0/ D 0. Letting y D �x and z D 0 in (16.4), we get

N.f .x/C f .�x/; t/ � N
�

f .0/;
t

2

	
D N

�
0;

t

2

	
D 1

for all t > 0. It follows from .N2/ that f .x/C f .�x/ D 0 for all x 2 X . So

f .�x/ D �f .x/

for all x 2 X. Letting z D �x � y in (16.4), we get

N.f .x/C f .y/ � f .xC y/; t/ D N.f .x/C f .y/C f .�x � y/; t/

� N
�

f .0/;
t

2

	
D N

�
0;

t

2

	
D 1

for all x; y 2 X and all t > 0. By .N2/,

N.f .x/C f .y/ � f .xC y/; t/ D 1

for all x; y 2 X and all t > 0. It follows from .N2/ that

f .xC y/ D f .x/C f .y/

for all x; y 2 X, as desired.

Lemma 16.5. Let .Z;N/ be a fuzzy normed vector space. Let f W X ! Z be a
mapping such that

N.f .x/C f .y/C 2f .z/; t/ � N

�
2f

�
xC y

2
C z

�
;
2

3
t

�
(16.5)

for all x; y; z 2 X and all t > 0. Then f is Cauchy additive, i.e.,

f .xC y/ D f .x/C f .y/

for all x; y 2 X.

Proof. Letting x D y D z D 0 in (16.5), we get

N.4f .0/; t/ D N
�

f .0/;
t

4

	
� N

�
2f .0/;

2

3
t

�
D N

�
f .0/;

t

3
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for all t > 0. By .N5/ and .N6/, N.f .0/; t/ D 1 for all t > 0. It follows from .N2/
that f .0/ D 0. Letting y D �x and z D 0 in (16.5), we get

N.f .x/C f .�x/; t/ � N

�
2f .0/;

2

3
t

�
D N

�
0;
2

3
t

�
D 1

for all t > 0. It follows from .N2/ that f .x/C f .�x/ D 0 for all x 2 X. So

f .�x/ D �f .x/

for all x 2 X. Letting z D � xCy
2

in (16.5), we get

N.f .x/C f .y/ � 2f

�
xC y

2
; t

�
D N

�
f .x/C f .y/C 2f

�
�xC y

2

�
; t

�

� N

�
2f .0/;

2

3
t

�
D N

�
0;
2

3
t

�
D 1

for all x; y 2 X and all t > 0. By .N2/,

N

�
f .x/C f .y/ � 2f

�
xC y

2

�
; t

�
D 1

for all x; y 2 X and all t > 0. It follows from .N2/ that

2f

�
xC y

2

�
D f .x/C f .y/

for all x; y 2 X. Since f .0/ D 0,

f .xC y/ D 2f

�
xC y

2

�
D f .x/C f .y/

for all x; y 2 X, as desired.

Now we prove the Hyers–Ulam stability of the Cauchy functional inequal-
ity (16.2) in fuzzy Banach spaces.

Theorem 16.6. Let ' W X3 ! Œ0;1/ be a function such that

Q'.x; y; z/ WD
1X

nD0
2�n'.2nx; 2ny; 2nz/ <1 (16.6)

for all x; y; z 2 X. Let f W X ! Y be an odd mapping such that

lim
t!1 N.f .x/C f .y/C f .z/; t'.x; y; z// D 1 (16.7)
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uniformly on X3. Then

L.x/ WD N � lim
n!1

f .2nx/

2n

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C f .z/; ı'.x; y; z// � ˛ (16.8)

for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

ı

2
Q'.x; x;�2x/

�
� ˛

for all x 2 X. Furthermore, the additive mapping L W X ! Y is a unique mapping
such that

lim
t!1 N.f .x/ � L.x/; t Q'.x; x;�2x// D 1 (16.9)

uniformly on X.

Proof. Since f is an odd mapping, f .�x/ D �f .x/ for all x 2 X and f .0/ D 0. Given
" > 0, by (16.7), we can find some t0 > 0 such that

N.f .x/C f .y/C f .z/; t'.x; y; z// � 1 � " (16.10)

for all t � t0. By induction on n, we show that

N

 

2nf .x/ � f .2nx/; t
n�1X

kD0
2n�k�1'.2kx; 2kx;�2kC1x/

!

� 1 � " (16.11)

for all t � t0, all x 2 X and all n 2 N. Letting y D x and z D �2x in (16.10), we get

N.2f .x/ � f .2x/; t'.x; x;�2x// � 1 � "

for all x 2 X and all t � t0. So we get (16.11) for n D 1. Assume that (16.11) holds
for n 2 N. Then

N

 

2nC1f .x/ � f .2nC1x/; t
nX

kD0
2n�k'.2kx; 2kx;�2kC1x/

!

� min N

 

2nC1f .x/ � 2f .2nx/; t0

n�1X

kD0
2n�k'.2nx; 2nx;�2nC1x/

!

;
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N.2f .2nx/ � f .2nC1x/; t0'.2nx; 2nx;�2nC1x//
)

� minf1 � "; 1 � "g D 1 � ":

This completes the induction argument. Letting t D t0 and replacing n and x by p
and 2nx in (16.11), respectively, we get

N

 
f .2nx/

2n
� f .2nCpx/

2nCp
;

t0
2nCp

p�1X

kD0
2p�k�1'.2nCkx; 2nCkx;�2nCkC1x/

!

� 1 � " (16.12)

for all integers n � 0; p > 0. It follows from (16.6) and the equality

p�1X

kD0
2�n�k�1'.2nCkx; 2nCkx;�2nCkC1x/

D 1

2

nCp�1X

kDn

2�k'.2kx; 2kx;�2kC1x/

that for a given ı > 0 there is an n0 2 N such that

t0
2

nCp�1X

kDn

2�k'.2kx; 2kx;�2kC1x/ < ı

for all n � n0 and p > 0. Now we deduce from (16.12) that

N

�
f .2nx/

2n
� f .2nCpx/

2nCp
; ı

�

� N

 
f .2nx/

2n
� f .2nCpx/

2nCp
;

t0
2nCp

p�1X

kD0
2p�k�1'.2nCkx; 2nCkx;�2nCkC1x/

!

� 1 � "

for each n � n0 and all p > 0. Thus the sequence

�
f .2nx/

2n


is Cauchy in Y . Since

Y is a fuzzy Banach space, the sequence

�
f .2nx/

2n


converges to some L.x/ 2 Y . So

we can define a mapping L W X ! Y by

L.x/ WD N � lim
n!1

f .2nx/

2n
;
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namely, for each t > 0 and x 2 X,

lim
n!1 N

�
f .2nx/

2n
� L.x/; t

�
D 1:

Let x; y; z 2 X. Fix t > 0 and 0 < " < 1. Since

lim
n!1 2�n'.2nx; 2ny; 2nz/ D 0;

there is an n1 > n0 such that

t0'.2
nx; 2ny; 2nz/ <

2nt

4

for all n � n1. Hence for each n � n1, we have

N.L.x/C L.y/C L.z/; t/ � min
n
N
�

L.x/ � 2�nf .2nx/;
t

16

	
;

N
�

L.y/ � 2�nf .2ny/;
t

16

	
;N
�

L.z/ � 2�nf .2nz/;
t

16

	
;

N
�

L.xC yC z/ � 2�nf .2n.xC yC z//;
t

16

	
;

N

�
f .2n.xC yC z// � f .2nx/ � f .2ny/ � f .2nz/;

2nt

4

�
;

N
�

L.xC yC z/;
t

2

	o
:

The first four terms on the right-hand side of the above inequality tend to 1 as
n!1, and the fifth term is greater than

N.f .2n.xC yC z// � f .2nx/ � f .2ny/ � f .2nz/; t0'.2
nx; 2ny; 2nz//;

which is greater than or equal to 1 � ". Thus

N.L.x/C L.y/C L.z/; t/ � min
n
N
�

L.xC yC z/;
t

2

	
; 1 � "

o

for all t > 0 and 0 < " < 1. So

N.L.x/C L.y/C L.z/; t/ � N
�

L.xC yC z/;
t

2

	

for all t > 0, or

N.L.x/C L.y/C L.z/; t/ � 1 � "
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for all t > 0. For the former case, the mapping L W X ! Y is Cauchy additive, by
Lemma 16.4. For the latter case,

N.L.x/C L.y/C L.z/; t/ D 1

for all t > 0. So N.3L.x/; t/ D 1 for all t > 0 and for all x 2 X. By .N2/, L.x/ D 0

for all x 2 X. Thus the mapping L W X ! Y is Cauchy additive, i.e.,

L.xC y/ D L.x/C L.y/

for all x; y 2 X. Now let for some positive ı and ˛ (16.8) hold. Let

'n.x; y; z/ WD
n�1X

kD0
2�k�1'.2kx; 2ky; 2kz/

for all x; y; z 2 X. Let x 2 X. By the same reasoning as in the beginning of the proof,
one can deduce from (16.8) that

N

 

2nf .x/ � f .2nx/; ı
n�1X

kD0
2n�k�1'.2kx; 2kx;�2kC1x/

!

� ˛ (16.13)

for all positive integers n. Let t > 0. We have

N.f .x/ � L.x/; ı'n.x; x;�2x/C t/

� min

�
N

�
f .x/ � f .2nx/

2n
; ı'n.x; x;�2x/

�

N

�
f .2nx/

2n
� L.x/; t

�
(16.14)

Combining (16.13) and (16.14) and the fact that

lim
n!1 N

�
f .2nx/

2n
� L.x/; t

�
D 1;

we observe that

N.f .x/ � L.x/; ı'n.x; x;�2x/C t/ � ˛

for large enough n 2 N. Thanks to the continuity of the function N.f .x/ � L.x/; �/,
we see that

N

�
f .x/ � L.x/;

ı

2
Q'.x; x;�2x/C t

�
� ˛:
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Letting t! 0, we conclude that

N

�
f .x/ � L.x/;

ı

2
Q'.x; x;�2x/

�
� ˛:

To end the proof, it remains to prove the uniqueness assertion. Let T be another
additive mapping satisfying (16.9). Fix c > 0. Given " > 0, by (16.9) for L and T ,
we can find some t0 > 0 such that

N
�

f .x/ � L.x/;
t

2
Q'.x; x;�2x/

	
� 1 � ";

N
�

f .x/ � T.x/;
t

2
Q'.x; x;�2x/

	
� 1 � "

for all x 2 X and all t � t0. Fix some x 2 X and find some integer n0 such that

t0

1X

kDn

2�k'.2kx; 2kx;�2kC1x/ <
c

2

for all n � n0. Since

1X

kDn

2�k'.2kx; 2kx;�2kC1x/

D 1

2n

1X

kDn

2�.k�n/'.2k�n.2nx/; 2k�n.2nx/; 2k�n.�2nC1x//

D 1

2n

1X

mD0
2�m'.2m.2nx/; 2m.2nx/; 2m.�2nC1x//

D 1

2n
Q'.2nx; 2nx;�2nC1x/;

we have

N.L.x/ � T.x/; c/

� min

�
N

�
f .2nx/

2n
� L.x/;

c

2

�
;N

�
T.x/ � f .2nx/

2n
;

c

2

�

D minfN.f .2nx/ � L.2nx/; 2n�1c/;N.T.2nx/ � f .2nx/; 2n�1c/g

� min

(

N

 

f .2nx/ � L.2nx/; 2nt0

1X

kDn

2�k'.2kx; 2kx;�2kC1x/
!

;
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N

 

T.2nx/ � f .2nx/; 2nt0

1X

kDn

2�k'.2kx; 2kx;�2kC1x/
!)

D minfN.f .2nx/ � L.2nx/; t0 Q'.2nx; 2nx;�2nC1x//;

N.T.2nx/ � f .2nx/; t0 Q'.2nx; 2nx;�2nC1x//g
� 1 � ":

It follows that

N.L.x/ � T.x/; c/ D 1
for all c > 0. Thus L.x/ D T.x/ for all x 2 X.

Corollary 16.7. Let � � 0 and let p be a real number with 0 < p < 1. Let
f W X ! Y be an odd mapping such that

lim
t!1 N.f .x/C f .y/C f .z/; t�.kxkp C kykp C kzkp// D 1 (16.15)

uniformly on X3. Then

L.x/ WD N � lim
n!1

f .2nx/

2n

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C f .z/; ı�.kxkp C kykp C kzkp// � ˛
for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

2C 2p

2 � 2p
ı�kxkp

�
� ˛

for all x 2 X. Furthermore, the additive mapping L W X ! Y is a unique mapping
such that

lim
t!1 N

�
f .x/ � L.x/;

2C 2p

2 � 2p
2t�kxkp

�
D 1

uniformly on X.

Proof. Define

'.x; y; z/ WD �.kxkp C kykp C kzkp/

and apply Theorem 16.6 to get the result.
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Similarly, we can obtain the following. We will omit the proofs.

Theorem 16.8. Let ' W X3 ! Œ0;1/ be a function such that

Q'.x; y; z/ WD
1X

nD1
2n'

� x

2n
;

y

2n
;

z

2n

	
<1 (16.16)

for all x; y; z 2 X. Let f W X ! Y be an odd mapping satisfying (16.7). Then

L.x/ WD N � lim
n!1 2nf

� x

2n

	

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C f .z/; ı'.x; y; z// � ˛

for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

ı

2
Q'.x; x;�2x/

�
� ˛

for all x 2 X. Furthermore, the additive mapping L W X ! Y is a unique mapping
such that

lim
t!1 N.f .x/ � L.x/; t Q'.x; x;�2x// D 1

uniformly on X.

Corollary 16.9. Let � � 0 and let p be a real number with p > 1. Let f W X ! Y
be an odd mapping satisfying (16.15). Then

L.x/ WD N � lim
n!1 2nf

� x

2n

	

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C f .z/; ı�.kxkp C kykp C kzkp// � ˛

for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

2p C 2
2p � 2 ı�kxk

p

�
� ˛
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for all x 2 X. Furthermore, the additive mapping L W X ! Y is a unique mapping
such that

lim
t!1 N

�
f .x/ � L.x/;

2p C 2
2p � 2 2t�kxkp

�
D 1

uniformly on X.

Proof. Define '.x; y; z/ WD �.kxkp C kykp C kzkp/ and apply Theorem 16.8 to get
the result.

Finally, we prove the Hyers–Ulam stability of the Cauchy–Jensen functional
inequality (16.3) in fuzzy Banach spaces.

Theorem 16.10. Let ' W X3 ! Œ0;1/ be a function satisfying (16.6). Let f W X !
Y be an odd mapping such that

lim
t!1 N.f .x/C f .y/C 2f .z/; t'.x; y; z// D 1 (16.17)

uniformly on X3. Then

L.x/ WD N � lim
n!1

f .2nx/

2n

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C 2f .z/; ı'.x; y; z// � ˛ (16.18)

for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

ı

2
Q'.0;�2x; x/

�
� ˛

for all x 2 X. Furthermore, the additive mapping L W X ! Y is a unique mapping
such that

lim
t!1 N.f .x/ � L.x/; t Q'.0;�2x; x// D 1 (16.19)

uniformly on X.

Proof. Since f is an odd mapping, f .�x/ D �f .x/ for all x 2 X and f .0/ D 0. Given
" > 0, by (16.17), we can find some t0 > 0 such that

N.f .x/C f .y/C 2f .z/; t'.x; y; z// � 1 � " (16.20)
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for all t � t0. By induction on n, we show that

N

 

2nf .x/ � f .2nx/; t
n�1X

kD0
2n�k�1'.0;�2kC1x; 2kx/

!

� 1 � " (16.21)

for all t � t0, all x 2 X, and all n 2 N. Letting x D 0; y D �2x and z D x in (16.20),
we get

N.2f .x/ � f .2x/; t'.0;�2x; x// � 1 � "

for all x 2 X and all t � t0. So we get (16.21) for n D 1. Assume that (16.21) holds
for n 2 N. Then

N

 

2nC1f .x/ � f .2nC1x/; t
nX

kD0
2n�k'.0;�2kC1x; 2kx/

!

� min

(

N

 

2nC1f .x/ � 2f .2nx/; t0

n�1X

kD0
2n�k'.0;�2kC1x; 2kx/

!

;

N.2f .2nx/ � f .2nC1x/; t0'.0;�2nC1x; 2nx//

)

� minf1 � "; 1 � "g D 1 � ":

This completes the induction argument. Letting t D t0 and replacing n and x by p
and 2nx in (16.21), respectively, we get

N

 
f .2nx/

2n
� f .2nCpx/

2nCp
;

t0
2nCp

p�1X

kD0
2p�k�1'.0;�2nCkC1x; 2nCkx/

!

(16.22)

� 1 � "

for all integers n � 0; p > 0. It follows from (16.6) and the equality

p�1X

kD0
2�n�k�1'.0;�2nCkC1x; 2nCkx/ D 1

2

nCp�1X

kDn

2�k'.0;�2kC1x; 2kx/

that for a given ı > 0 there is an n0 2 N such that

t0
2

nCp�1X

kDn

2�k'.0;�2kC1x; 2kx/ < ı
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for all n � n0 and p > 0. Now we deduce from (16.22) that

N

�
f .2nx/

2n
� f .2nCpx/

2nCp
; ı

�

� N

 
f .2nx/

2n
� f .2nCpx/

2nCp
;

t0
2nCp

p�1X

kD0
2p�k�1'.0;�2nCkC1x; 2nCkx/

!

� 1 � "

for each n � n0 and all p > 0. Thus the sequence
˚ f .2nx/

2n

�
is Cauchy in Y . Since Y

is a fuzzy Banach space, the sequence
˚ f .2nx/

2n

�
converges to some L.x/ 2 Y . So we

can define a mapping L W X ! Y by

L.x/ WD N � lim
n!1

f .2nx/

2n
;

namely, for each t > 0 and x 2 X,

lim
n!1 N

�
f .2nx/

2n
� L.x/; t

�
D 1:

Let x; y; z 2 X. Fix t > 0 and 0 < " < 1. Since

lim
n!1 2�n'.2nx; 2ny; 2nz/ D 0;

there is an n1 > n0 such that

t0'.2
nx; 2ny; 2nz/ <

2nt

12

for all n � n1. Hence for each n � n1, we have

N.L.x/C L.y/C 2L.z/; t/ � min
n
N
�

L.x/ � 2�nf .2nx/;
t

16

	
;

N
�

L.y/ � 2�nf .2ny/;
t

16

	
;N
�
2L.z/ � 2�nf .2nz/;

t

16

	
;

N

�
2L

�
xC y

2
C z

�
� 2�nC1f

�
2n

�
xC y

2
C z

��
;

t

16

�
;

N

�
2f

�
2n

�
xC y

2
C z

��
� f .2nx/ � f .2ny/ � f .2nz/;

2nt

12

�
;

N

�
2L

�
xC y

2
C z

�
;
2

3
t

�
:
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The first four terms on the right-hand side of the above inequality tend to 1 as
n!1, and the fifth term is greater than

N

�
2f

�
2n

�
xC y

2
C z

��
� f .2nx/ � f .2ny/ � 2f .2nz/; t0'.2

nx; 2ny; 2nz/

�
;

which is greater than or equal to 1 � ". Thus

N.L.x/C L.y/C 2L.z/; t/ � min

�
N

�
2L

�
xC y

2
C z

�
;
2

3
t

�
; 1 � "



for all t > 0 and 0 < " < 1. So

N.L.x/C L.y/C 2L.z/; t/ � N

�
2L

�
xC y

2
C z

�
;
2

3
t

�

for all t > 0, or

N.L.x/C L.y/C 2L.z/; t/ � 1 � "

for all t > 0. For the former case, the mapping L W X ! Y is Cauchy additive, by
Lemma 16.5. For the latter case,

N.L.x/C L.y/C 2L.z/; t/ D 1

for all t > 0. So N.4L.x/; t/ D 1 for all t > 0 and for all x 2 X. By .N2/, L.x/ D 0

for all x 2 X. Thus the mapping L W X ! Y is Cauchy additive, i.e.,

L.xC y/ D L.x/C L.y/

for all x; y 2 X. Now let for some positive ı and ˛ (16.18) hold. Let

'n.x; y; z/ WD
n�1X

kD0
2�k�1'.2kx; 2ky; 2kz/

for all x; y; z 2 X. Let x 2 X. By the same reasoning as in the beginning of the proof,
one can deduce from (16.18) that

N

 

2nf .x/ � f .2nx/; ı
n�1X

kD0
2n�k�1'.0;�2kC1x; 2kx/

!

� ˛ (16.23)
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for all positive integers n. Let t > 0. We have

N.f .x/ � L.x/; ı'n.0;�2x; x/C t/ � min

�
N

�
f .x/ � f .2nx/

2n
; ı'n.0;�2x; x/

�

N

�
f .2nx/

2n
� L.x/; t

�
(16.24)

Combining (16.23) and (16.24) and the fact that limn!1 N
� f .2nx/

2n �L.x/; t
� D 1, we

observe that

N.f .x/ � L.x/; ı'n.0;�2x; x/C t/ � ˛

for large enough n 2 N. Thanks to the continuity of the function N.f .x/ � L.x/; �/,
we see that

N

�
f .x/ � L.x/;

ı

2
Q'.0;�2x; x/C t

�
� ˛:

Letting t! 0, we conclude that

N

�
f .x/ � L.x/;

ı

2
Q'.0;�2x; x/

�
� ˛:

To end the proof, it remains to prove the uniqueness assertion. Let T be another
additive mapping satisfying (16.19). Fix c > 0. Given " > 0, by (16.19) for L and
T , we can find some t0 > 0 such that

N
�

f .x/ � L.x/;
t

2
Q'.0;�2x; x/

	
� 1 � ";

N
�

f .x/ � T.x/;
t

2
Q'.0;�2x; x/

	
� 1 � "

for all x 2 X and all t � t0. Fix some x 2 X and find some integer n0 such that

t0

1X

kDn

2�k'.0;�2kC1x; 2kx/ <
c

2

for all n � n0. Since

1X

kDn

2�k'.0;�2kx; 2kx/ D 1

2n

1X

kDn

2�.k�n/'.0; 2k�n.�2nC1x/; 2k�n.2nx//

D 1

2n

1X

mD0
2�m'.0; 2m.�2nC1x/; 2m.2nx//

D 1

2n
Q'.0;�2nC1x; 2nx/;



242 J.R. Lee et al.

we have

N.L.x/ � T.x/; c/

� min

�
N

�
f .2nx/

2n
� L.x/;

c

2

�
;N

�
T.x/ � f .2nx/

2n
;

c

2

�

D minfN.f .2nx/ � L.2nx/; 2n�1c/;N.T.2nx/ � f .2nx/; 2n�1c/g

� min

(

N

 

f .2nx/ � L.2nx/; 2nt0

1X

kDn

2�k'.0;�2kC1x; 2kx/

!

;

N

 

T.2nx/ � f .2nx/; 2nt0

1X

kDn

2�k'.0;�2kC1x; 2kx/

!)

D minfN.f .2nx/ � L.2nx/; t0 Q'.0;�2nC1x; 2nx//;

N.T.2nx/ � f .2nx/; t0 Q'.0;�2nC1x; 2nx//g
� 1 � ":

It follows that

N.L.x/ � T.x/; c/ D 1

for all c > 0. Thus L.x/ D T.x/ for all x 2 X.

Corollary 16.11. Let � � 0 and let p be a real number with 0 < p < 1. Let
f W X ! Y be an odd mapping such that

lim
t!1 N.f .x/C f .y/C 2f .z/; t�.kxkp C kykp C kzkp// D 1 (16.25)

uniformly on X3. Then

L.x/ WD N � lim
n!1

f .2nx/

2n

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C 2f .z/; ı�.kxkp C kykp C kzkp// � ˛

for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

1C 2p

2 � 2p
ı�kxkp

�
� ˛

for all x 2 X.
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Furthermore, the additive mapping L W X ! Y is a unique mapping such that

lim
t!1 N

�
f .x/ � L.x/;

1C 2p

2 � 2p
2t�kxkp

�
D 1

uniformly on X.

Proof. Define

'.x; y; z/ WD �.kxkp C kykp C kzkp/

and apply Theorem 16.10 to get the result.

Similarly, we can obtain the following results. We will omit the proofs.

Theorem 16.12. Let ' W X3 ! Œ0;1/ be a function satisfying (16.16). Let f W X !
Y be an odd mapping satisfying (16.17). Then

L.x/ WD N � lim
n!1 2nf

� x

2n

	

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C 2f .z/; ı'.x; y; z// � ˛
for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

ı

2
Q'.0;�2x; x/

�
� ˛

for all x 2 X.
Furthermore, the additive mapping L W X ! Y is a unique mapping such that

lim
t!1 N.f .x/ � L.x/; t Q'.0;�2x; x// D 1

uniformly on X.

Corollary 16.13. Let � � 0 and let p be a real number with p > 1. Let f W X ! Y
be an odd mapping satisfying (16.25). Then

L.x/ WD N � lim
n!1 2nf

� x

2n

	

exists for each x 2 X and defines a Cauchy additive mapping L W X ! Y such that
if for some ı > 0; ˛ > 0

N.f .x/C f .y/C 2f .z/; ı�.kxkp C kykp C kzkp// � ˛
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for all x; y; z 2 X, then

N

�
f .x/ � L.x/;

2p C 1
2p � 2 ı�kxk

p

�
� ˛

for all x 2 X.
Furthermore, the additive mapping L W X ! Y is a unique mapping such that

lim
t!1 N

�
f .x/ � L.x/;

2p C 1
2p � 2 2t�kxkp

�
D 1

uniformly on X.

Proof. Define

'.x; y; z/ WD �.kxkp C kykp C kzkp/

and apply Theorem 16.12 to get the result.
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Chapter 17
Principal Vectors of Matrix-Valued
Difference Operators

Yelda Aygar and Murat Olgun

Abstract In this paper, we investigate the principal vectors corresponding to the
eigenvalues and the spectral singularities of matrix-valued difference operator and
get some properties of these vectors.

17.1 Introduction

Spectral theory of self-adjoint difference operators is well-known in literature
[1–3, 5]. Spectral analysis of nonselfadjoint Sturm–Liouville and difference oper-
ators with continuous and point spectrum was investigated in [10]. In [10], the
author proved that the spectrum of a nonselfadjoint Sturm–Liouville operator
consists of continuous spectrum, eigenvalues and spectral singularities. The spectral
singularities are poles of the kernel of the resolvent and are also imbedded in
the continuous spectrum, but they are not eigenvalues. The effect of spectral
singularities in the spectral expansion of Sturm–Liouville operators in terms of
the principal vectors was considered in [9]. Some problems of spectral theory of
difference and differential operators with matrix coefficients were also investigated
in [4, 6, 11, 13, 14]. Furthermore, a lot of mathematicians studied about princi-
pal vectors of differential and difference operators with scalar coefficients, also
principal vectors of differential operators with matrix coefficients [7, 8, 12]. But
principal vectors of matrix difference operators have not been investigated yet.
Let us introduce the Hilbert space `2.N;Cm/ consisting of all vector sequences
y D fyngn2N, .yn 2 C

m/, such that kynk2Cm < 1 with the inner product hy; zi DP1
nD1.yn; zn/Cm , where C

m is m-dimensional .m < 1/ Euclidean space, k:kCm

and h:; :iCm denote norm and inner product in C
m, respectively. Let L denote the

difference operator of second-order generated in `2.N;Cm/ by matrix difference
expression

.ly/n WD An�1yn�1 C Bnyn C AnynC1; n 2 N;

Y. Aygar • M. Olgun (�)
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and the boundary condition y0 D 0, where An, n 2 N [ f0g and Bn, n 2 N are
linear operators (matrices) acting in C

m. Throughout the paper, we will assume that
det An ¤ 0, An D A�

n , .n 2 N [ f0g/ and Bn D B�
n , where � denotes the adjoint

operator. In [14], it is proved that the operator L has a finite number of eigenvalues
and spectral singularities with finite multiplicities under the condition

sup
n2N
fe"n .kI � Ank C kBnk/g <1; " > 0; (17.1)

where I denotes identity matrix and k:k shows the matrix norm in C
m. The aim

of this paper is to extend some results of paper [14] by using principal vectors
corresponding to the eigenvalues and spectral singularities of the operator L. The
paper is organized as follows: Sect. 17.2 contains some information about Jost
solution and spectral properties of L which are given in [14]. We will get main
results by using these information in the next section. In Sect. 17.3, we get principal
vectors corresponding to eigenvalues and spectral singularities of L, and give some
properties of these vectors.

17.2 Jost Solution and Spectral Properties of L

Related to the operator L, consider the equation

.ly/n D 
yn; n 2 N: (17.2)

Assume (17.1). Then the Jost solution of (17.2) is given in [14], as

Fn.z/ D Tneinz

"

I C
1X

mD1
Knmeimz

#

; n 2 N [ f0g; (17.3)

for 
 D 2 cos z and z 2 CC WD fz 2 C W Im z � 0g. Also we can write Tn and Knm

in terms of An and Bn as

Tn D
1Y

pDn

A�1
p ; Kn1 D �

1X

pDnC1
T�1

p BpTp;

Kn2 D
1X

pDnC1
T�1

p .I � A2p/Tp �
1X

pDnC1
T�1

p BpTpKp1; (17.4)

Kn;mC2 D KnC1;m C
1X

pDn�1
T�1

p .I � A2p/TpKpC1;m �
1X

pDn�1
T�1

p BpTpKp;mC1;
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where n 2 N [ f0g and m 2 N. Moreover, Knm satisfies

kKnmk � C
X

pDnCb m
2 c

�kI � Apk C kBpk
�
; (17.5)

where bm
2
c is the integer part of m

2
and C > 0 is a constant. Tn and Knm, n 2 N[f0g,

and m 2 N are absolutely convergent. Analogously to the Sturm–Liouville equation,
the solution F.z/ WD fFn.z/gn2N[f0g and the function

F0.z/ D T0

"

I C
1X

mD1
K0meimz

#

are called the Jost solution and Jost function of (17.2), respectively [14]. Also
in [14], the author found asymptotic behavior and analytical properties of F, and
showed �c.L/ D Œ�2; 2�, where �c.L/ is continuous spectrum of L. Let us define
f .z/ D det F0.z/, z 2 CC. Then the function f is analytic in CC, continuous in CC
and f .z/ D f .zC 2�/. If we define the semi-strips

P0 D fz 2 CC W 0 � Rez � 2�g

and P D P0 [ Œ0; 2��, we get

�d.L/ D f
 W 
 D 2 cos z; z 2 P0; f .z/ D 0g
�ss.L/ D f
 W 
 D 2 cos z; z 2 Œ0; 2�� ; f .z/ D 0g nf0g; (17.6)

by using the definition of eigenvalues and the spectral singularities of nonselfadjoint
operators [14], where �d.L/ and �ss.L/ denote the set of eigenvalues and spectral
singularities of L, respectively.

Definition 17.1. The multiplicity of a zero of F in P is called the multiplicity of the
corresponding eigenvalue or spectral singularity of L.

It has been shown in [14] that the operator L has a finite number of zeros in P
with finite multiplicities under the condition (17.1).

17.3 Principal Functions of L

Let us define the functions

En.
/ WD Fn

�
arccos




2

�
; n 2 N
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and

B.
/ WD f

�
arccos




2

�
:

Using (17.3) and

arccos



2
D �i ln

 

Cp
2 � 4

2

!

;

we get that

En.
/ D Tn

 

Cp
2 � 4

2

!n  

I C
1X

mD1
Knm

 

Cp
2 � 4

2

!m!

for n 2 N. Since 
 D 2 cos z maps the semi-strip P0 to the domain� WD Cn Œ�2; 2�,
the functions En.
/ and B.
/ are analytic in �, and continuous up to the interval
Œ�2; 2�. Using (17.4), we can write

�d.L/ D f
 2 � W B.
/ D 0g
�ss.L/ D f
 2 Œ�2; 2� W B.
/ D 0g nf0g:

Therefore the function B has a finite number of zeros in � and Œ�2; 2�, and
each of them is of a finite multiplicity. Let 
1; 
2; : : : ; 
s and 
sC1; 
sC2; : : : ; 
�
denote the zeros of B in � and in Œ�2; 2� with multiplicities m1;m2; : : : ;ms and
msC1;msC2; : : : ;m� , respectively.

Definition 17.2. Let 
0 be an eigenvalue of L. If the vectors y.0/; y.1/; : : : ; y.s/

satisfy the equation

(
.ly.0//n � 
0y.0/n D 0
.ly.k//n � 
0y.k/n � y.k�1/

n D 0 k D 1; 2; : : : ; sI n 2 N;
(17.7)

then the vector y.0/ is called the eigenvector corresponding to the eigenvalue 
 D 
0
of L. The vectors y.1/; y.2/; : : : ; y.s/ are called the associated vectors corresponding
to 
0. The eigenvector and the associated vectors corresponding to 
0 are called the
principal vectors of the eigenvalue 
 D 
0. The principal vectors of the spectral
singularities of L are defined similarly.

Now, we define the matrix-functions for 
 D 2 cos z, z 2 P

U.k/
n .
j/ D 1

kŠ

�
dk

d
k
En.
/




D
j

;

.k D 0; 1; : : : ;mj � 1I j D 1; 2; : : : ; s/
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and

U.k/
n .
j/ D 1

kŠ

�
dk

d
k
En.
/




D
j

;

.k D 0; 1; : : : ;mj � 1I j D sC 1; sC 2; : : : ; �/:

If y.
/ D fyn.
/gn2N is a solution of (17.2), then

�
dk

d
k

�
y.
/ D

��
dk

d
k

�
yn.
/



n2N

satisfies

An�1
dk

d
k
yn�1.
/C Bn

dk

d
k
yn.
/C An

dk

d
k
ynC1.
/

D 
 dk

d
k
yn.
/C k

dk�1

d
k�1 yn.
/: (17.8)

Using (17.8) and the definition of U.k/
n .
j/ for k D 0; 1; : : : ;mj � 1; j D 1; 2; : : :,

s; sC 1; : : : ; �, we obtain

( �
lU.0/.
j/

�
n � 
jU

.0/
n .
j/ D 0;

�
lU.k/.
j/

�
n � 
jU

.k/
n .
j/ � U.k�1/

n .
j/ D 0:

Last equations show that U.k/.
j/ are the principal vectors of eigenvalues of L for
k D 0; 1; : : : ;mj�1; j D 1; 2; : : : ; s and U.k/.
j/ are the principal vectors of spectral
singularities of L for k D 0; 1; : : : ;mj � 1; j D sC 1; sC 2; : : : ; � .

Theorem 17.3. Assume (17.1). Then for k D 0; 1; : : : ;mj � 1 and j D 1; 2; : : :,
s;U.k/.
j/ 2 `2.N;Cm/, but U.k/.
j/ … `2.N;Cm/ for k D 0; 1; : : : ;mj � 1 and
j D sC 1; sC 2; : : : ; �.

Proof. Since En.
/ D Fn.arccos 

2
/, we can write

�
dk

d
k
En.
/




D
j

D
kX

mD0
Cm

�
dm

d
m
Fn.z/



zDzj

; n 2 N;

where 
j D 2 cos zj, zj 2 P, j D 1; 2; : : : ; � and Cm is a constant depending on 
j.
Using the definition of Fn.z/, we get

�
dp

d
p
Fn.z/



zDzj

D Tneinzj

(

.in/p C
1X

mD1
.i.nC m//pKnmeimzj

)
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for all n 2 N and j D 1; 2; : : : ; �. Consider the principal vectors U.k/
n .
j/; k D 0,

1; : : : ;mj � 1 and j D 1; 2; : : : ; s corresponding to the eigenvalues 
j D 2 cos zj of
L, then we get

�
dk

d
k
En.
/




D
j

D
kX

pD0
Cp

(

Tneinzj

"

.in/p C
1X

mD1
.i.nC m//pKnmeimzj

#)

and

U.k/.
j/ D 1

kŠ

8
<

:

kX

pD0
Cp

"

Tneinzj

 

.in/p C
1X

mD1
.i.nC m//pKnmeimzj

!#9=

;
(17.9)

for k D 0; 1; : : : ;mj � 1 and j D 1; 2; : : : ; s. Since Imzj > 0 for j D 0; 1; : : : ; s, we
obtain

1X

nD1









1

.kŠ/

kX

pD0
CpTneinzj.in/p









2

� 1

.kŠ/2

8
<

:

1X

nD1

kX

pD0
jCpjkTnke�nImzj np

9
=

;

2

� H

( 1X

nD1
e�nImzj

�
1C nC n2 C � � � C nk

�
) 2

� H.pC 1/2
 1X

nD1
e�nImzj np

!2
<1; (17.10)

where H is a constant. Now, we define the function

gn.z/ D 1

kŠ

kX

pD0
CpTneinzj

1X

mD1
.i.nC m//pKnmeimzj (17.11)

for j D 1; 2; : : : ; s. Using (17.5), we can also write

kgn.z/k �
kX

pD0
jCpjkTnke�n Imzj

1X

mD1
jnC mjpkKnmke�mImzj

� kTnke�nImzj jC0j
1X

mD1
kKnmke�mImzj
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CkTnke�nImzj jC1j
1X

mD1
.nC m/kKnmke�mImzj

C � � � C kTnke�nImzj jCkj
1X

mD1
.nC m/kkKnmke�mImzj

� eCkTnke�nImzj

0

@
1X

mD1

kX

pD0
kKnmke�mImzj.nC m/p

1

A

� v Ce�nImzj ;

where eC D maxfjC0j; jC1j; : : : ; jCkjg and

v C D eCkTnk
0

@
1X

mD1

kX

pD0
kKnmke�mImzj.nC m/p

1

A :

Then, we get for j D 1; 2; : : : ; s that

1X

nD1
kgn.z/k2 �

1X

nD1
v C2e�2nImzj <1: (17.12)

It follows from (17.10) and (17.12) that U.k/
n .
j/ 2 `2.N;Cm/ for k D 0; 1; : : :,

mj�1 and j D 1; 2; : : : ; s. Now, we will use the equation like (17.9) for the principal
vectors corresponding to the spectral singularities of L for 
j D 2 cos zj and j D
sC 1; sC 2; : : : ; �. Then we have

U.k/
n .
j/ D 1

kŠ

8
<

:

kX

pD0
CpkTnkeinzj

 

.in/p C
1X

mD1
.inC im/pkKnmkeimzj

!9=

;
(17.13)

for k D 0; 1; : : : ;mj � 1 and j D sC 1; sC 2; : : : ; �. Since Imzj D 0 for the spectral
singularities, j D sC 1; sC 2; : : : ; � of L, we get that

1

kŠ

1X

nD1









kX

pD0
CpTneinzj.in/p









2

D1: (17.14)

Also, if we define the function t as

tn.z/ WD
kX

pD0
Cp.inC im/pKnmeimzj ;
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then using (17.1) and (17.5), we obtain

ktn.z/k �
kX

pD0
jCpj

1X

mD1
jnC mjpkKnmk

�
kX

pD0
jCpj

1X

mD1
C.nC m/p

X

kDnCb m
2 c
.kI � Akk C kBkk/

D
kX

pD0
jCpj

1X

mD1
C.nC m/p

�
X

kDnCb m
2 c

exp .�"k/ exp ."k/.kI � Akk C kBkk/

� C1

kX

pD0

1X

mD1
.nC m/p exp

�
� "
4
.nC m/

	

D C1 exp
�
� "
4

n
	 1X

mD1

kX

pD0
.nC m/p exp

�
� "
4

m
	

D A exp
�
� "
4

n
	
;

where

C1 D CeC
X

kDnCb m
2 c

exp ."k/.kI � Akk C kBkk/

and

A D C1

1X

mD1

kX

pD0
.nC m/p exp

�
� "
4

m
	
:

Therefore, we can write

1

kŠ

1X

nD1










Tneinzj

kX

pD0

1X

mD1
.inC im/pKnmeimzj










2

� 1

kŠ

1X

nD1
kTnk2C1 exp

�
� "
2

m
	
: (17.15)
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Since

1

kŠ

1X

nD1
kTnk2C1 exp

�
� "
2

m
	
<1;

we find

U.k/
n .
j/ … `2.N;Cm/

for k D 0; 1; : : : ;mj � 1 and j D sC 1; sC 2; : : : ; � by using (17.14) and (17.15).
This completes the proof.

Let us introduce Hilbert spaces,

Hk.N;C
m/ WD

(

y D fyngn2N W
X

n2N
.1C jnj/2kkynk2 <1

)

and

H�k.N;C
m/ WD

(

u D fungn2N W
X

n2N
.1C jnj/�2kkunk2 <1

)

for k D 0; 1; 2; : : : with the norms

kyk2k D
X

n2N
.1C n/2kkynk2

and

kuk2k D
X

n2N
.1C n/�2kkunk2;

respectively. Therefore, H0.N;C
m/ D `2.N;Cm/ and

HkC1.N/ ¤ Hk.N;C
m/ ¤ `2.N;C

m/

¤ H�k.N;C
m/ ¤ H�.kC1/.N;Cm/; k D 1; 2; : : :

Theorem 17.4. U.k/
n .
j/ 2 HkC1.N;Cm/ for k D 0; 1; : : : ;mj � 1 and j D s C 1,

sC 2; : : : ; �.
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Proof. Using (17.13), we obtain

1X

nD1
.1C n/�2.kC1/










1

kŠ

kX

pD0
CpTneinzj.in/p










2

� K1

1X

nD1
.1C n/�2.kC1/.1C nC n2 C � � � C nk/2;

where K1 D
�eCkTnk 1kŠ

�2
. Since

.1C nC n2 C � � � C nk/2 < .kC 1/2.nC 1/2k;

we can write

1X

nD1
.1C n/�2.kC1/










1

kŠ

kX

pD0
CpTneinzj.in/p










2

� K1.kC 1/2
1X

nD1
.1C n/�2 <1 (17.16)

Also, we easily get

1X

nD1
.1C n/�2.kC1/










1

kŠ

kX

pD0
CpTneinzj

1X

mD1
.imC im/pKnmeimzj










2

� D
1X

nD1
.1C n/�2.kC1/ exp

n
� "
2

n
o
<1; (17.17)

where D is a constant. It follows from (17.16) and (17.17) that

U.k/
n .
j/ 2 HkC1.N;Cm/

for k D 0; 1; : : : ;mj � 1 and j D sC 1; sC 2; : : : ; �.

If we choose m0 D maxfmsC1;msC2; : : : ;m�g, then the following result can be
given using Theorem 17.4.

Remark 17.5. U.k/
n .
j/ 2 Hm0 .N;C

m/ for k D 0; 1; : : : ;mj � 1 and j D s C 1,
sC 2; : : : ; �.
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Chapter 18
Some Extensions of Preinvexity
for Stochastic Processes

Nurgül Okur Bekar, Hande Günay Akdemir, and İmdat İşcan

Abstract In this paper, we introduce some important extensions of preinvexity
for stochastic processes, and investigate mutual relation of main preinvex stochas-
tic processes. Besides, we obtain a Kuhn-type result and well-known Hermite–
Hadamard integral type inequality for strongly preinvex stochastic processes.

18.1 Introduction

The well-known Hermite–Hadamard integral inequality

f

�
aC b

2

�
� 1

b � a

bZ

a

f .x/dx � f .a/C f .b/

2
(18.1)

is used to provide estimations of the mean value of a continuous convex function f W
Œa; b�! R. In probabilistic point of view, (18.1) gives a lower bound and an upper
bound for EŒf .X/� where X is uniformly distributed over the interval Œa; b� [5]. In
recent years, there has been an extensive interest in providing inequalities involving
variety of convexity extensions.

A stochastic process fX.t/ W t 2 Ig is a parameterized collection of random
variables defined on a common probability space .˝;=;P/. Its parameter t is
considered to be time. Then X.t/, which can also be shown as X.t; !/ for ! 2 ˝, is
considered to be state or position of the process at time t. For any fixed outcome !
of sample space ˝, the deterministic mapping t ! X.t; !/ denotes a realization,
trajectory, or sample path of the process. For any particular t 2 I the mapping

N.O. Bekar (�)
Departments of Statistics and Mathematics, Giresun University, Turkey
e-mail: nrgokur@gmail.com

H.G. Akdemir • İ. İşcan
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depends ! alone, i.e., then we obtain a random variable. It can be said that X.t; !/
changes in time in a random manner. We restrict our attention to continuous time
stochastic processes, i.e., index set is I D Œ0;1/.

There are various ways to define stochastic monotonicity and convexity for
stochastic processes, and it is of great importance in optimization, especially in
optimal designs, and also useful for numerical approximations when there exist
probabilistic quantities [15]. Temporal and spatiotemporal stochastic convexity was
defined in [16] and [17], respectively, for discrete time stochastic processes with
illustrative examples. Convexity notions in sample path sense can also be found in
[4], and the references therein. Time stochastic s-convexity was taken into account
in [6] by using order preserving functions of majorizations.

In [13] Nikodem proposed convex stochastic processes and gave some properties
which are also known for classical convex functions. Kotrys [8] extended the
classical Hermite–Hadamard inequality to convex stochastic processes. Strongly
convex stochastic processes was also proposed by Kotrys in [9]. Bekar et al. [2]
studied on strongly GA-convex functions and stochastic processes.

Jensen-convex, 
-convex, Wright-convex stochastic processes were introduced
in [18, 19]. Two of the significant generalizations of convexity are invex and prein-
vex functions introduced by Ben-Israel and Mond [3] and Hanson [7], respectively.
Akdemir et al. [1] considered preinvex stochastic processes which is a class of the
generalized convex stochastic processes, and provided related well-known Hermite–
Hadamard integral inequality for the preinvex stochastic process of X.t; !/ with
respect to �, as follows:

X

�
2uC �.v; u/

2
; �
�

� 1

�.v; u/

uC�.v;u/Z

u

X.t; �/dt � X.u; �/C X.v; �/
2

.a:e:/; (18.2)

where a given vector function � W I � I ! R
n, I is a non-empty closed subset of Rn.

Our goal in this paper are to establish an important extension of preinvex
stochastic processes, to investigate some characteristics of them. The remainder of
this article is organized as follows. Section 18.2 contains brief basic definitions
which will be required for our further considerations. In Sect. 18.3, we propose
mutual relation of main preinvex stochastic processes. Also, we present strongly
preinvex stochastic processes, and obtain a Kuhn type result and Hermite–Hadamard
type inequality for strongly preinvex stochastic processes in Sect. 18.4.

18.2 Preliminary Discussions

In this section we recall some basic definitions and notions about invex sets,
preinvex, invex and strongly preinvex functions, additionally on continuity concepts
and differentiability for stochastic processes, mean-square integral of a stochastic
process.
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Definition 18.1. A non-empty closed subset I of R
n is said to be invex set with

respect to the given vector function � W I � I ! R
n.or �-invex, or �-connected set/

if uC 
�.v; u/ 2 I for all u; v 2 I and 
 2 Œ0; 1�.
Clearly, any convex set is an invex set with respect to �.v; u/ D v � u.

Geometrically, endpoints belonging to the set and line segment joining the endpoints
are contained in a convex set. Convex sets cannot be disconnected, but invex sets can
be disconnected. Definition 18.1 essentially says that there is a path starting from a
point u which is contained in I. We do not require that the point v should be the one
of endpoints of the path [14].

Definition 18.2. Let I 
 R
n be an invex set with respect to � W I � I ! R

n. Then
the function (not necessarily differentiable) f W I ! R is said to be preinvex with
respect to � if

f .uC 
�.v; u// � .1 � 
/f .u/C 
f .v/ (18.3)

for each u; v 2 I and 
 2 Œ0; 1�.
Any convex function is preinvex with respect to �.v; u/ D v�u, but the converse

is not necessarily true.

Definition 18.3. For a differentiable function f W Rn ! R is said to be invex if
there exists a vector function � W Rn � R

n �! R
n such that

f .x/ � f .u/ � Œrf .u/�T�.x; u/ (18.4)

for all x; u 2 R
n.

Any differentiable preinvex function is also an invex function [3]. An invex
function may not be preinvex, f .x/ D exp.x/ is a counterexample, it is invex with
respect to �.x; u/ D �1, but not preinvex with respect to same �.

Mohan and Neogy [12] proved that an invex function is also preinvex under the
following Condition C.

Condition C. Let � W I � I ! Rn. It is told that the function � satisfies
Condition C if

.C1/ �.u; uC 
�.v; u// D �
�.v; u/,

.C2/ �.v; uC 
�.v; u// D .1 � 
/�.v; u/,
for all u; v 2 I and 
 2 Œ0; 1�.

Additionally, note that from Condition C, we have

�.uC 
2�.v; u/; uC 
1�.v; u// D .
2 � 
1/�.v; u/ (18.5)

for all u; v 2 I and 
1; 
2 2 Œ0; 1�. See [11] for more detail on preinvex and invex
functions.
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Definition 18.4. Let I 
 R
n be an invex set with respect to � W I � I ! R

n. Then
the function f W I ! R is called strongly preinvex with modulus c > 0 on I if

f .uC 
�.v; u// � .1 � 
/f .u/C 
f .v/ � c
.1 � 
/�2.v; u/ (18.6)

for all u; v 2 I and 
 2 Œ0; 1�.
Obviously, every strongly preinvex function is preinvex.
Throughout this paper, we assume that I 
 Œ0;1/ is a �-invex interval and the

function � satisfies Condition C unless stated otherwise.

18.3 Mutual Relation of Main Preinvex Stochastic Processes

In this section, we give inter-preinvex stochastic processes relation. Let’s remember
concepts related to preinvexity for stochastic processes in [1, 9].

Definition 18.5 (See [9]). A real-valued stochastic process fX.t/jt 2 Ig is said
to be

(i) continuous in probability in I if

P � lim
t!t0

X.t; �/ D X.t0; �/

.where P � lim denotes limit in probability/, or equivalently

lim
t!t0

PfjX.t; �/ � X.t0; �/j > "g D 0

for any arbitrary small enough " > 0 and all t0 2 I.
(ii) mean-square continuous .or continuous in quadratic mean/ in I if

lim
t!t0

EŒ.X.t/ � X.t0//
2� D 0

such that EŒX.t/2� <1, for all t0 2 I.
(iii) mean-square differentiable in I if it is mean square continuous and there exists

a process X
0

.t; �/. “speed” of the process/ such that

lim
t!t0

E

"�
X.t/ � X.t0/

t � t0
� X0.t0/

�2#

D 0:

Different types of continuity concepts can be defined for stochastic processes.
Surely (everywhere) and almost surely (almost everywhere or sample path) con-
vergences are rarely used in applications due to restrictive requirement, that is, as
t ! t0;X.t; !/ has to approach X.t0; !/ for each outcome ! 2 S 
 ˝. For further
reading on stochastic calculus, reader may refer to [20].
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Definition 18.6 (See [1]). Let X W I � ˝ ! R be a stochastic process (not
necessarily mean-square differentiable) on �. X.t; �/ is called preinvex with respect
to � if

X.uC 
�.v; u/; �/ � .1 � 
/X.u; �/C 
X.v; �/.a:e:/ (18.7)

for all u; v 2 I and 
 2 Œ0; 1�.
For a preinvex stochastic process, the inequality (18.7) holds almost everywhere

on ˝, i.e., almost every sample path of X will be a preinvex function. In the
inequality (18.7), if 
 is fixed number in .0; 1/, then X is called 
-preinvex stochastic

process, and mid-preinvex (Jensen-preinvex) stochastic process for 
 D 1

2
.

If we choose �.v; u/ D v � u, then preinvex X.t; �/ is also a convex stochastic
process, that is, class of convex stochastic processes is contained by the class of
preinvex stochastic processes. Now, let us denote by

• P—the set of all preinvex stochastic processes,
• P
—the set of all 
-preinvex stochastic processes,
• P 1

2
—the set of all mid-preinvex stochastic processes,

• PC
1
2

—the set of all mid-preinvex stochastic processes by assuming the function �

satisfies Condition C.

Theorem 18.7. P 	 P
 	 PC
1
2

.

Proof. If X 2 P, then X satisfies (18.7) for a fixed 
 2 .0; 1/, so the first inclusion
can be proven trivially. As regards the second one, let 
 2 .0; 1/ be a fixed number
and X 2 P
. If we take

A D uC 
C 1
2

�.v; u/

and

B D uC 


2
�.v; u/

for u; v 2 .a; b/, then using Condition C, we get

AC 
�.B;A/ D uC 
C 1
2

�.v; u/

C
�
�

uC 


2
�.v; u/; uC 
C 1

2
�.v; u/

�

D uC 
C 1
2

�.v; u/C 

�
�1
2
�.v; u/

�

D uC 1

2
�.v; u/:
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Thus using definition of 
-preinvexity, we get

X

�
uC 1

2
�.v; u/; �

�
D X.AC 
�.B;A/; �/

� .1 � 
/X.A; �/C 
X.B; �/

D .1 � 
/X
�

uC 
C 1
2

�.v; u/; �
�

C
X

�
uC 


2
�.v; u/; �

�

� .1 � 
/
��
1 � 
C 1

2

�
X.u; �/C 
C 1

2
X.v; �/

�

C

��
1 � 


2

�
X.u; �/C 


2
X.v; �/

�

D X.u; �/C X.v; �/
2

.a:e:/

which ends the proof.

18.4 Strongly Preinvex Stochastic Processes and Related
Well-Known Results for Them

In this section we propose an important extension of preinvexity for stochastic
processes which is called strongly preinvexity. Moreover, we obtain a Kuhn type
result and Hermite–Hadamard inequality for these processes.

Definition 18.8. Let C W ˝ ! R denote a positive random variable, X W I�˝ ! R

be a stochastic process. X W I � ˝ ! R is called strongly preinvex with modulus
C.�/, if the following inequality is satisfied

X.uC 
�.v; u/; �/
� .1 � 
/X.u; �/C 
X.v; �/ � C.�/
.1 � 
/�2.v; u/ .a:e:/ (18.8)

for all u; v 2 I and 
 2 Œ0; 1�.
Note that, if (18.8) holds for a fixed number 
 2 .0; 1/, then we describe that the

process is strongly 
-preinvex with modulus C.�/. Assuming that (18.8) holds only

for 
 D 1

2
, then X W I�˝ ! R is called strongly mid-preinvex with modulus C.�/ W

X

�
2uC �.v; u/

2
; �
�
� X.u; �/C X.v; �/

2
� C.�/

4
�2.v; u/ .a:e:/:
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Obviously, for a strongly preinvex stochastic process, it can be immediately
found that X is 
-preinvex for a fixed number 
 2 .0; 1/, and also mid-preinvex

for 
 D 1

2
from Definition 18.8.

Lemma 18.9. Let Œu; u C �.v; u/� 	 I. A stochastic process X W I � ˝ ! R is
strongly 
-preinvex (strongly preinvex, respectively) with modulus C.�/ if and only
if the stochastic process

Y W Œu; uC �.v; u/� �˝ ! R

defined by

Y.t; �/ D X.t; �/ � C.�/�2.t; u/

is 
-preinvex (preinvex, respectively).

Proof. In the first part of the proof, let’s assume that X is strongly 
-preinvex and
Y.t; �/ D X.t; �/ � C.�/�2.t; u/. Then for t D uC 
�.v; u/, we get

Y.uC 
�.v; u/; �/
D X.uC 
�.v; u/; �/ � C.�/�2.uC 
�.v; u/; u/
D X.uC 
�.v; u/; �/ � C.�/
2�2.v; u/
� .1 � 
/X.u; �/C 
X.v; �/
�C.�/
.1 � 
/�2.v; u/ � C.�/
2�2.v; u/
D .1 � 
/X.u; �/C 
X.v; �/ � C.�/
�2.v; u/
D 
 �X.v; �/ � C.�/�2.v; u/�C .1 � 
/ �X.u; �/ � C.�/�2.u; u/�

D 
Y.v; �/C .1 � 
/Y.u; �/.a:e:/;

and so Y.t; �/ is 
-preinvex. The proof of the second part is similar, so we omit it.

18.4.1 A Kuhn-Type Result for Strongly Preinvex
Stochastic Processes

The classical result due to Kuhn states in [10] that if f W I ! R fulfills for some fixed

 2 .0; 1/ and for all u; v 2 I, f is a 
-convex function then f is also mid-convex.
Furthermore, Skowronski proved in [18] that a 
-convex stochastic process is also
mid-convex.

Now, we prove the counterparts of these facts for strongly 
-preinvex stochastic
processes in following theorem.
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Theorem 18.10. Let 
 2 .0; 1/ be a fixed number and X W I�˝ ! R be a strongly

-preinvex stochastic process with modulus C.�/. Then X is strongly mid-preinvex
stochastic process with modulus C.�/.
Proof. Assume that X is strongly 
-preinvex stochastic process with modulus C.:/,
then Lemma 18.9 yields that the process

Y.t; �/ D X.t; �/ � C.�/�2.t; u/

is 
-preinvex. By Theorem 18.7, Y is also mid-preinvex stochastic process by
assuming the function � satisfies Condition C, which means that

Y

�
2uC �.v; u/

2
; �
�
� Y.u; �/C Y.v; �/

2
.a:e:/:

Considering the definition of Y.t; �/ for t D 2uC �.v; u/
2

, we have

X

�
2uC �.v; u/

2
; �
�
� C.�/�2

�
2uC �.v; u/

2
; u

�

� X.u; �/ � C.�/�2.u; u/C X.v; �/ � C.�/�2.v; u/
2

.a:e:/:

Finally, using Condition C, and �.u; u/ D 0 for all u 2 I, we can easily obtain that
X is strongly mid-preinvex stochastic process with modulus C.�/.

18.4.2 Hermite–Hadamard Inequality for Strongly Preinvex
Stochastic Processes

Now, we would like to prove Hermite–Hadamard type inequality for strongly
preinvex stochastic processes. Let’s start some essential definitions.

Definition 18.11 (See [9]). Let X W I � ˝ ! R be a stochastic process with
EŒX.t/2� <1 for all t 2 I. Let

Œa; b� 	 I; a D t0 < t1 < � � � < tn D b

be a partition of Œa; b� and �k 2 Œtk�1; tk� arbitrarily for k D 1; : : : ; n. A random
variable Y W ˝ ! R is called mean-square integral of the process X.t/ on Œa; b� if
the following identity holds:

lim
n!1E

2

4
 

nX

kD1
X.�k/.tk � tk�1/ � Y

!23

5 D 0: (18.9)
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Then we can write

bZ

a

X.t; �/dt D Y.�/ .a:e:/:

Mean square integral operator is increasing, that is,

bZ

a

X.t; �/dt �
bZ

a

Z.t; �/dt .a:e:/

where X.t; �/ � Z.t; �/ .a:e:/ in Œa; b�.

Definition 18.12 (See [1]). Let X W I � ˝ ! R be a mean square differentiable
stochastic process. Then X.t; �/ is called invex with respect to � if

X.t; �/ � X.t0; �/ � X0.t0; �/�.t; t0/.a:e:/ (18.10)

for all t; t0 2 I.
If X is a mean square differentiable stochastic process, then it is also mean square

continuous by Definition 18.5. Mean square continuity guarantees continuity in
probability, as t! t0, for any small enough " > 0 and all t0 2 I.

For a preinvex stochastic process, from now on, let us assume that � is skew-
symmetric, i.e., �.t; t0/ D ��.t0; t/ for all t; t0 2 intI, and �.t; t0/ � 0 for such
t � t0.

Now, in order to establish our argument, we consider the following lemma.

Lemma 18.13. If stochastic process X W I �˝ ! R has the form

X.t; �/ D C.�/�2.t; u/
where C.�/ is random variable such that EŒC2� <1, and Œu; uC �.v; u/� 	 I, then

uC�.v;u/Z

u

X.t; �/ dt D C.�/�
3.v; u/

3
.a:e:/: (18.11)

Proof. By dividing the interval Œu; u C �.v; u/� into n subintervals and choosing
endpoints of the subintervals as points in the partition, we yield

E

 
nX

kD1
X.�k/ � .tk � tk�1/ � C

�3.v; u/

3

!2

D E

 
nX

kD1
C�2.�k; u/ � .tk � tk�1/ � C

�3.v; u/

3

!2
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D EŒC2�

 
nX

kD1
�2
�

uC k

n
�.v; u/; u

�
.tk � tk�1/ � �

3.v; u/

3

!2

D EŒC2�

�
n.nC 1/.2nC 1/

6n3
�3.v; u/ � �

3.v; u/

3

�2
:

If n!1, then the above expression tends to zero, because of the definition of the
Riemann integral. This completes the proof.

Theorem 18.14. Let the stochastic process X W I �˝ ! R be a strongly preinvex
with modulus C.�:/ and mean-square continuous in the interval I. Then we obtain
Hermite–Hadamard type inequality for any u; v 2 I, as follows:

X

�
2uC �.v; u/

2
; �
�
C C.�/

12
�2.v; u/

� 1

�.v; u/

uC�.v;u/Z

u

X.t; �/ dt

� X.u; �/C X.v; �/
2

� C.�/
6
�2.v; u/ .a:e:/:

Proof. The process X is strongly preinvex with modulus C.:/, the process

Y.t; :/ D X.t; :/ � C.:/�2.t; u/

is preinvex by Lemma 18.9. Using (18.2), we get

Y

�
2uC �.v; u/

2
; �
�
� 1

�.v; u/

Z uC�.v;u/

u
Y.t; �/ dt

� Y.u; �/C Y.v; �/
2

.a:e:/:

Considering the definition of Y.t; :/ for t D 2uC �.v; u/
2

, we have

X

�
2uC �.v; u/

2
; �
�
� C.�/�2

�
2uC �.v; u/

2
; u

�

� 1

�.v; u/

uC�.v;u/Z

u

.X.t; �/ � C.�:/�2.t; u// dt

� X.u; �/ � C.�/�2.u; u/C X.v; �/ � C.�/�2.v; u/
2

:
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Furthermore, using Lemma 18.13 and taking into account Condition C and
�.u; u/ D 0 for all u 2 I, we get

X

�
2uC �.v; u/

2
; :

�
� C.�/

4
�2.v; u/

� 1

�.v; u/

uC�.v;u/Z

u

X.t; �/ dt � C.�/
3
�2.v; u/

� X.u; �/C X.v; �/
2

� C.�/
2
�2.v; u/:

Consequently, after some rearrangement, we obtain Hermite–Hadamard type
inequality for the process X.

18.5 Conclusion

In this paper, we propose strongly preinvex stochastic processes. We also obtain
a Kuhn-type result and Hermite–Hadamard type inequality for strongly preinvex
stochastic processes under some suitable conditions. Preinvexity concepts are
particularly interesting from optimization viewpoint, since it provides a broader
setting to study the mathematical programming problems.

As special cases, one can obtain several new and correct versions of the
previously known results for various classes of these stochastic processes. Applying
this type inequalities for stochastic processes is another promising direction for
future research.
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Chapter 19
On One Boundary-Value Problem with Two
Nonlocal Conditions for a Parabolic Equation

Olga Danilkina

Abstract This work is concerned with a boundary-value problem for a parabolic
equation with nonlocal integral conditions of the second kind. Existence and
uniqueness of a generalized solution are proved.

19.1 Introduction

In recent years, nonlocal problems for PDEs have received a great deal of attention
as a convenient way of description of different physical phenomena. These problems
arise in a wide variety of applications, including heat conduction, processes in
liquid plasma, dynamics of ground waters, thermo-elasticity and some technological
processes.

In this paper, our main interest lies in the field of nonlocal problems with integral
conditions that generalizes the discrete case. We mention the first papers in this
area [6, 14] devoted to problems for parabolic equations. Then these results were
extended [2, 7–11, 13, 16, 26, 28, 29]. For papers related to nonlocal problems for
other evolution equations, we refer the reader to [1, 3–5, 12, 17, 19–25, 27].

In [25], the author studied two problems for the hyperbolic equation

utt � uxx C c.x; t/u D f .x; t/

with the initial condition

u.x; 0/ D '.x/; ut.x; 0/ D  .x/

and two types of nonlocal conditions.
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Case 1 W
lZ

0

Ki.x/u.x; t/ dx D 0; i D 1; 2:

Case 2 W

ux.0; t/ �
lZ

0

K1.x; t/u.x; t/ dx D 0;

ux.l; t/ �
lZ

0

K2.x; t/u.x; t/ dx D 0:

Motivated by the ideas of Pulkina [25], in this paper we extend the results of
Pulkina [25] to a special class of boundary-value problems with nonlocal integral
conditions for parabolic equations. The proof of the main result is based on the
method of energy estimates and the Faedo–Galerkin approximations.

19.2 Preliminaries

In the cylinder QT D f.x; t/W x 2 .0; l/; t 2 .0;T/g we consider the problem for the
equation

ut D uxx C c.x; t/u (19.1)

with the initial condition

u.x; 0/ D '.x/ (19.2)

and the nonlocal conditions

ux.0; t/ D
lZ

0

K1.x; t/ux.x; t/ dxC
lZ

0

M1.x; t/u.x; t/ dx; (19.3)

ux.l; t/ D
lZ

0

K2.x; t/ux.x; t/ dxC
lZ

0

M2.x; t/u.x; t/ dx: (19.4)
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In this paper, we shall assume that the following assumptions are satisfied.

.A1/ c.x; t/ 2 C.QT/, '.x/ 2 C1Œ0; l�;

.A2/ K1.x; t/; K2.x; t/; M1.x; t/; M2.x; t/ 2 C1.QT/.

We note that presence of partial derivatives on the right-hand side of the nonlocal
conditions (19.3), (19.4) can cause difficulties in constructing of a priori estimates.
Therefore, to avoid this we integrate by parts in (19.3), (19.4) and obtain

ux.0; t/ D K1.l; t/u.l; t/ � K1.0; t/u.0; t/C
lZ

0

R1.x; t/u.x; t/ dx; (19.5)

ux.l; t/ D K2.l; t/u.l; t/ � K2.0; t/u.0; t/C
lZ

0

R2.x; t/u.x; t/ dx; (19.6)

where R1.x; t/ D M1.x; t/ � .K1.x; t//x, R2.x; t/ D M2.x; t/ � .K2.x; t//x.
Let W1;0

2 .QT/ be the usual Sobolev space. We define the space V2.QT/ which
consists of elements of W1;0

2 .QT/ with the norm

juj2 D ess sup
0�t�T

lZ

0

u2.x; t/ dtC
Z

QT

u2x.x; t/ dx dt:

Definition 19.1. A function u.x; t/ 2 V2.QT/ is said to be a generalized solution
to the problem (19.1), (19.2), (19.5), (19.6) provided for any function �.x; t/ 2
W1
2 .QT/; �.x;T/ D 0, the following integral identity holds:

Z

QT

.�u�t C ux�x � cu�/ dx dt

D
lZ

0

'.x/�.x; 0/ dxC
TZ

0

.K1.0; t/�.0; t/ � K2.0; t/�.l; t// u.0; t/ dt

C
TZ

0

.K2.l; t/�.l; t/ � K1.l; t/�.0; t// u.l; t/ dt

C
Z

QT

.R1.x; t/�.l; t/ � R2.0; t/�.0; t// u.x; t/ dx dt: (19.7)

Lemma 19.2. Let a function u.x; t/ be a solution to the problem (19.1), (19.2),
(19.5), (19.6). Then the following identity holds:
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1

2

lZ

0

u2.x; 	/ dxC
Z

QT

u2x dx dt D 1

2

Z l

0

'2.x/ dxC
Z

QT

cu2 dx dt

C
	Z

0

K2.l; t/u
2.l; t/ dt �

	Z

0

K1.l; t/u.0; t/u.l; t/ dt

C
	Z

0

K1.0; t/u
2.0; t/ dt �

	Z

0

K2.0; t/u.0; t/u.l; t/ dt

C
Z

QT

R1.x; t/u.x; t/ dx u.l; t/ dt

�
Z

QT

R2.x; t/u.x; t/ dx u.0; t/ dt

for a.e. 	 2 Œ0;T�.
Proof. Let a function u.x; t/ 2 W1

2 .Q	 / and satisfy the integral identity (19.7) for
all functions �.x; t/ 2 W1

2 .QT/; �.x;T/ D 0. For an arbitrary 	 2 Œ0;T�, we take

�.x; t/ D
�

u.x; t/; 0 < t < 	;
0; 	 � t < T:

After integration by parts in (19.7) we obtain

1

2

lZ

0

u2.x; 	/ dxC
Z

Q	

u2x dx dt D 1

2

lZ

0

'2.x/ dxC
Z

Q	

cu2 dx dt

C
	Z

0

K2.l; t/u
2.l; t/ dt �

	Z

0

K1.l; t/u.0; t/u.l; t/ dt

C
	Z

0

K1.0; t/u
2.0; t/ dt �

	Z

0

K2.0; t/u.0; t/u.l; t/ dt

C
Z

Q	

R1.x; t/u.x; t/ dx u.l; t/ dt

�
Z

Q	

R2.x; t/u.x; t/ dx u.0; t/ dt: (19.8)
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We shall prove that a function u.x; t/ 2 V2.QT/ also satisfies (19.8). To this aim
consider a sequence vm.x; t/ 2 W1

2 .QT/ which satisfies the identity (19.7) and
hence, (19.8), that is

1

2

lZ

0

.vm/2.x; 	/ dxC
Z

Q	

.v2/2x dx dt D 1

2

lZ

0

'2.x/ dxC
Z

Q	

c.vm/2 dx dt

C
	Z

0

K2.l; t/.v
m/2.l; t/ dt

�
	Z

0

K1.l; t/v
m.0; t/vm.l; t/ dt

C
	Z

0

K1.0; t/.v
m/2.0; t/ dt

�
	Z

0

K2.0; t/v
m.0; t/vm.l; t/ dt

C
Z

Q	

R1.x; t/v
m.x; t/ dx vm.l; t/ dt

�
Z

Q	

R2.x; t/v
m.x; t/ dx vm.0; t/ dt:

(19.9)

Note that W1
2 .Q	 / is dense in V1;0

2 .QT/ [15] and hence, in V2.QT/. Therefore, there
exists a function u� 2 V2.QT/ such that jvm � u�jQT ! 0 as m!1:

ess sup
0�t�T

lZ

0

.vm � u�/2 dxC
Z

QT

.vm � u�/2x dx dt! 0:

It implies that vm.x; t/ ! u� strongly in L2.0; l/ and vm
x .x; t/ ! u�

x strongly
in L2.QT/. We also note that vm ! u� in L2.QT/. Our next aim is to estimate
terms on the right-hand side of (19.9). The assumptions .A1/, .A2/ imply that there
exist positive numbers c1, k2 such that jc.x; t/j � c1, jK2.x; t/j � k2. Applying
"-inequality [18]

v2
ˇ̌
xD0; xDl �

lZ

0

�
"v2x C C."/v2

�
dx
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we obtain
ˇ
ˇ̌
ˇ̌
ˇ

	Z

0

K2.l; t/.v
m.l; t//2 dt

ˇ
ˇ̌
ˇ̌
ˇ
� k2

	Z

0

.vm.l; t//2 dt

� k2"jjvm
x jj2 C k2C"jjvmjj2

� H1

�jjvm
x jj2 C jjvmjj2� ; (19.10)

where H1 D maxfk2"; k2C"g. Similarly, we derive the estimates

ˇ̌
ˇ̌
ˇ
ˇ

	Z

0

K1.0; t/.v
m.0; t//2 dt

ˇ̌
ˇ̌
ˇ
ˇ
� H2

�jjvm
x jj2 C jjvmjj2� ; (19.11)

ˇ̌
ˇ̌
ˇ
ˇ

	Z

0

.K1.l; t/C K2.0; t//v
m.0; t/vm.l; t/ dt

ˇ̌
ˇ̌
ˇ
ˇ
� H3

�jjvm
x jj2 C jjvmjj2� : (19.12)

To obtain an estimate for the term
Z

Q	

R1.x; t/v
m.x; t/ dx vm.l; t/ dt;

we use Young’s inequality and the Cauchy–Schwartz inequality and then

ˇ̌
ˇ
ˇ̌
ˇ

Z

Q	

R1.x; t/v
m.x; t/ dx vm.l; t/ dt

ˇ̌
ˇ
ˇ̌
ˇ

� l

2

	Z

0

.vm.l; t//2 dtC r1
2

Z

Q	

.vm.x; t//2 dx dt:

Similarly,

ˇ̌
ˇ̌
ˇ̌

Z

Q	

R1.x; t/v
m.x; t/ dx vm.l; t/ dt

ˇ̌
ˇ̌
ˇ̌ � H4

�jjvm
x jj2 C jjvmjj2� (19.13)

and
ˇ̌
ˇ
ˇ̌
ˇ

Z

Q	

R2.x; t/v
m.x; t/ dx vm.0; t/ dt

ˇ̌
ˇ
ˇ̌
ˇ
� H5

�jjvm
x jj2 C jjvmjj2� ; (19.14)
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where the constants Hi; i D 2; 3; 4; 5 do not depend on m. Furthermore, we note
that

ˇ̌
ˇ̌
ˇ̌

Z

Q	

c.vm/2 dx dt

ˇ̌
ˇ̌
ˇ̌ � c1jjvmjj2: (19.15)

Therefore, using strong convergence vm.x; t/ ! u� and the estimates (19.10)–
(19.15) we pass to the limit as m!1 in and obtain (19.8) for u.x; t/ 2 V2.QT/.

Lemma 19.3. Let a function u.x; t/ be a solution to the problem (19.1), (19.2),
(19.5), (19.6). Then there exists H > 0 such that jujQT � H.

Proof. By Lemma 19.2, the solution u.x; t/ satisfies the integral identity (19.8). We
shall estimate the right-hand side of (19.8). Note that for "1; "2 > 0

u2.0; t/ �
lZ

0

�
"1u

2
x C C."1/u

2
�

dx; u2.l; t/

�
lZ

0

�
"2u

2
x C C."2/u

2
�

dx

and hence,

ju.0; t/u.l; t/j � 1

2

lZ

0

�
."1 C "2/u2x C .C."1/C C."2//u

2
�

dx:

Therefore,

ˇ̌
ˇ̌
ˇ
ˇ

	Z

0

K2.l; t/u
2.l; t/ dt

ˇ̌
ˇ̌
ˇ
ˇ
� k2"

	Z

0

lZ

0

u2x dx dtC k2C"

	Z

0

lZ

0

u2 dx dt; (19.16)

ˇ
ˇ̌
ˇ̌
ˇ

	Z

0

.K1.l; t/C K2.0; t// u.0; t/u.l; t/

ˇ
ˇ̌
ˇ̌
ˇ

� .k1 C k2/

2
."1 C "2/

Z

Q	

u2x dx dtC

C .k1 C k2/

2
.C"1 C C"2 /

Z

Q	

u2 dx dt:
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Moreover,

ˇ
ˇ̌
ˇ̌
ˇ

Z

Q	

R1.x; t/u.x; t/ dx u.l; t/ dt

ˇ
ˇ̌
ˇ̌
ˇ

� 1

2
.r1 C lC"2/

Z

Q	

.u.x; t//2 dx dt

C "2l
2

Z

Q	

.ux.x; t//
2 dx dt

and
ˇ̌
ˇ̌
ˇ̌

Z

Q	

R2.x; t/u.x; t/ dx u.0; t/ dt

ˇ̌
ˇ̌
ˇ̌

� 1

2
.r2 C lC"1/

Z

Q	

.u.x; t//2 dx dt

C"1l
2

Z

Q	

.ux.x; t//
2 dx dt: (19.17)

From the estimates (19.16)–(19.17) and the integral identity (19.8) it follows that

lZ

0

u2.x; 	/ dxC
Z

Q	

u2x dx dt � 1

2

lZ

0

'2.x/ dxC P
Z

Q	

u2 dx dt:

In particular,

lZ

0

u2.x; 	/ dx � 1

2

lZ

0

'2.x/ dxC P
Z

Q	

u2 dx dt: (19.18)

By Gronwall’s lemma we conclude that

Z

Q	

u2.x; t/ dx dt � H1

lZ

0

'2.x/ dx; (19.19)
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and hence,

Z

Q	

u2x.x; t/ dx dt � H2

lZ

0

'2.x/ dx: (19.20)

Therefore, from (19.19) and (19.20) we obtain

jujQT � H:

19.3 The Main Result

In this section we shall prove existence and uniqueness theorem for the prob-
lem (19.1), (19.2), (19.5), (19.6).

Theorem 19.4. Let the conditions .A1/–.A2/ hold and

.A3/ K1.1; 0/; K2.i; 0/ D 0; i D 1; 2; 1 D 0; 2 D l; K1.l; t/ D K2.0; t/,

.A4/ R21 C R22 � 1
2
.

Then there exists a unique generalized solution to the problem (19.1), (19.2),
(19.5), (19.6).

Proof. The proof of the theorem is organized as follows. First, to prove the existence
part we construct a sequence of Faedo–Galerkin approximations and show its
convergence to the solution of the problem. Second, we prove uniqueness of the
generalized solution. Let a system of functions f'i.x/g 2 C1Œ0; l� be complete in
W1
2 and

�
'i; 'j

�
L2.0;l/

D
�
1; i D j;
0; i ¤ j:

We define for each N 2 N the approximate solution in the following form

uN.x; t/ D
NX

kD1
cN

k .t/'k.x/;

where the functions ck.t/ are unknown for the moment. We shall consider ck.t/
which are solutions to the Cauchy problem

lZ

0

uN
t 'i dxC

lZ

0

uN
x '

0
i dx �

lZ

0

c.x; t/uN'i dx

D K1.0; t/u
N.0; t/'i.0/ � K1.l; t/u

N.l; t/'i.0/
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C
lZ

0

R1.x; t/u
N dx'i.0/ �

lZ

0

R2.x; t/u
N dx'i.l/

�K2.0; t/u
N.0; t/'i.l/C K2.l; t/u

N.l; t/'i.l/; (19.21)

cN
i .0/ D .'; 'i/ ; (19.22)

i D 1; N. We write the Cauchy problem (19.21)–(19.22) such that

d

dt
cN

i .t/C
NX

kD1
cN

k .t/Ak;i.t/ D 0; i D 1; N; (19.23)

where

Ak;i.t/ D
lZ

0

'0
k.x/'

0
i .x/ dx �

lZ

0

c.x; t/'k.x/'i.x/ dx

�'i.0/

0

@K1.l; t/'k.l/ � K1.0; t/'k.0/C
lZ

0

R1.x; t/'k.x/ dx

1

A

C'i.l/

0

@K2.l; t/'k.l/ � K2.0; t/'k.0/C
lZ

0

R2.x; t/'k.x/ dx

1

A :

We estimate the coefficients Ak;i as follows:

jAk;i.t/j � 1

2

lZ

0

'02
k .x/ dxC 1

2

lZ

0

'02
i .x/ dx

C c

2

lZ

0

'2k .x/ dxC c

2

lZ

0

'2i .x/ dx

Cj'i.0/j
0

@k1 .'k.l/j C j'k.0/j/C r1
2
C 1

2

lZ

0

'2k .x/ dx

1

A

C j'i.0/j
0

@k2 .'k.l/j C j'k.0/j/C r2
2
C 1

2

lZ

0

'2k .x/ dx

1

A :
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The assumptions .A1/–.A2/ imply that Ak;i are bounded. Therefore, the Cauchy
problem has a unique solution cN

k 2 C1.0;T/ and all approximations uN.x; t/ are
defined. The next aim is to show that the sequence fuN.x; t/g converges to the
solution to the problem (19.1), (19.2), (19.5), (19.6). To this aim we multiply
each (19.21) by cN

i .t/, sum it up from i D 0 to i D N and integrate the result
with respect to t from 0 to t1 < T . Thus we obtain

1

2

lZ

0

�
uN.x; t1/

�2
dxC

Z

Qt1

�
uN

x

�2
dx dt D 1

2

lZ

0

'2.x/ dxC
Z

Qt1

c.uN/2 dx dt

C
t1Z

0

K2.l; t/.u
N.l; t//2 dt

�
t1Z

0

K1.l; t/u
N.0; t/uN.l; t/ dt

C
t1Z

0

K1.0; t/.u
N.0; t//2 dt

�
t1Z

0

K2.0; t/u
N.0; t/uN.l; t/ dt

C
Z

Qt1

R1.x; t/u
N.x; t/ dx uN.l; t/ dt

�
Z

Qt1

R2.x; t/u
N.x; t/ dx uN.0; t/ dt:

Therefore, from Lemmas 19.2 and 19.3 it follows that
ˇ̌
uN
ˇ̌
QT
� Const. It implies

that there exists a subsequence of fuN.x; t/g which converges weakly in L2.0; l/ and
uniformly with respect to t 2 Œ0;T� to some function u.x; t/ [18]. We shall prove
that this function u.x; t/ satisfies the integral identity (19.7) from the definition of
a generalized solution to the problem (19.1), (19.2), (19.5), (19.6). To this end, we
multiply each (19.21) by a smooth function di.t/; di.T/ D 0, sum it up from i D 1

to i D N, integrate with respect to t from 0 to T and denote ˚N0 D
N0X

iD1
di.t/'i.x/.

As a result we obtain
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TZ

0

�
�.uN ; ˚N0

t /C .uN
x ; ˚

N0

x / � .cuN ; ˚N0

/
	

D
lZ

0

'.x/˚N0

.x; 0/ dxC
TZ

0

lZ

0

R1.x; t/u
N.x; t/ dx˚N0

.0; t/ dt

�
TZ

0

lZ

0

R2.x; t/u
N.x; t/ dx˚N0

.l; t/ dt �
TZ

0

K2.0; t/u
N.0; t/˚N0

.l; t/ dt

C
TZ

0

K2.l; t/u
N.l; t/˚N0

.l; t/ dt �
TZ

0

K1.l; t/u
N.l; t/˚N0

.0; t/ dt

�
TZ

0

K1.0; t/u
N.l; t/˚N0

.0; t/ dt: (19.24)

Since ˚N0

; ˚N0

t ; ˚
N0

x 2 L2.QT/, the subsequence
˚
uNm.x; t/

�
converges weakly in

L2.QT/, so it is possible to pass to the limit in (19.24) as m!1 for any fixed ˚N0

.
Thus, for any u.x; t/ 2 V2.QT/ the following identity holds

TZ

0

�
�.u; ˚N0

t /C .ux; ˚
N0

x / � .cu; ˚N0

/
	

D
lZ

0

'.x/˚N0

.x; 0/ dxC
TZ

0

lZ

0

R1.x; t/u.x; t/ dx˚N0

.0; t/ dt

�
TZ

0

lZ

0

R2.x; t/u.x; t/ dx˚N0

.l; t/ dt �
TZ

0

K2.0; t/u.0; t/˚
N0

.l; t/ dt

C
TZ

0

K2.l; t/u.l; t/˚
N0

.l; t/ dt �
TZ

0

K1.l; t/u.l; t/˚
N0

.0; t/ dt

C
TZ

0

K1.0; t/u.l; t/˚
N0

.0; t/ dt: (19.25)

Denote ˚ D S1
N0D1 ˚N0

. The set ˚ is dense in W1
2 .QT/ and hence, there exists

a function ˚.x; t/ 2 W1
2 .QT/ that is the limit of the sequence ˚N0

. Finally, we
conclude that the relation (19.25) holds for all functions ˚.x; t/ 2 W1

2 .QT/ and
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therefore, there exists the solution u.x; t/ 2 V2.QT/ to the problem (19.1), (19.2),
(19.5), (19.6) in sense of Definition 19.1. Assume that there exist two different gen-
eralized solutions u1.x; t/; u2.x; t/ 2 V2.QT/ to the problem (19.1), (19.2), (19.5),
(19.6). Then

u D u1 � u2 2 V2.QT/

satisfies the following identity
Z

QT

.�u�t C ux�x � cu�/ dx dt

D
Z

QT

.R1.x; t/�.l; t/ � R2.0; t/�.0; t// u.x; t/ dx dt

C
TZ

0

.K1.0; t/�.0; t/ � K2.0; t/�.l; t// u.0; t/ dt

C
TZ

0

.K2.l; t/�.l; t/ � K1.l; t/�.0; t// u.l; t/ dt: (19.26)

We take

�.x; t/ D
8
<

:

0; b � t � T;
tR

b
u.x; 	/ d	; 0 � t � b;

where b 2 Œ0;T� is arbitrary. Note that

�.x; t/ 2 W1
2 .QT/; �.x;T/ D 0

and since �xt D ux, so �xt 2 L2.QT/. We substitute �.x; t/ into (19.26) and express
u; ux in terms of �. Then (19.26) becomes

Z

Qb

���2t C �tx�x � c��t
�

dx dt

D
Z

Qb

.R1.x; t/�.l; t/ � R2.0; t/�.0; t// �t.x; t/ dx dt

C
Z b

0

.K1.0; t/�.0; t/ � K2.0; t/�.l; t// �t.0; t/ dt

C
Z T

0

.K2.l; t/�.l; t/ � K1.l; t/�.0; t// �t.l; t/ dt: (19.27)



284 O. Danilkina

Integrating by parts in (19.27) we obtain

1

2

lZ

0

�2x.x; 0/ dxC
Z

Qb

�2t dx dt

D 1

2

0

@�
lZ

0

c.x; 0/�2.x; 0/ dxC
Z

Qb

ct�
2 dt

1

A

C
Z

Qb

.�R1.x; t/�.l; t/C R2.0; t/�.0; t// �t.x; t/ dx dt

C 1
2

K1.0; 0/�
2.0; 0/C 1

2

bZ

0

.K1.0; t//t�
2.0; t/ dt

C 1
2

K2.l; 0/�
2.l; 0/C 1

2

bZ

0

.K2.l; t//t�
2.l; t/ dt

�K2.0; 0/�.l; 0/�.0; 0/ �
bZ

0

K2.0; t/�t.l; t/�.0; t/ dt

C
bZ

0

K1.l; t/�.l; t/t�.0; t/ dt �
bZ

0

.K2.0; t//t�.l; t/�.0; t/ dt: (19.28)

Under the assumptions .A1/–.A2/ from (19.28) we obtain the following estimate

lZ

0

�2x.x; 0/ dxC
Z

Qb

�2t dx dt � .c1bC P1b
2/

Z

Qb

�2t dx dtC P2

Z

Qb

�2x dx dt;

where

P1 D 2C c2 C k3 C 2k4
l

; P2 D 2.2l2 C k3lC 3k4l/:

Since b > 0 is an arbitrary, so let b be such that 1� c1b�Cb2 > 0 and in particular,

1 � c1b � Cb2 � 1

2
:
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That is,

b 2 Œ0; ��/; � D
�c1 C

q
c21 C 2C

2C
:

Then for all b 2 Œ0; ��
lZ

0

�2x.x; 0/ dxC 1

2

Z

Qb

�2t dx dt � P2

Z

Qb

�2x dx dt: (19.29)

Define the function u.x; t/ D
tR

0

u.x; 	/ d	 . Then �.x; t/ D y.x; t/ � y.x; b/ for t 2
Œ0; b� and (19.29) can be represented as

lZ

0

y2x.x; b/ dxC 1

2

Z

Qb

y2t dx dt � P2

Z

Qb

.y.x; t/ � y.x; b//2x dx dt;

which implies that

lZ

0

y2x.x; b/ dx � P2

Z

Qb

.y.x; t/ � y.x; b//2x dx dt

� 2P2

Z

Qb

y2x.x; t/ dx dtC 2P2b
Z l

0

y2x.x; b/ dx:

In particular, for b � 1

4P2
we obtain

lZ

0

y2x.x; b/ dx � 4P2

Z

Qb

y2x.x; t/ dx dt: (19.30)

The estimate (19.30) is valid for all b 2 Œ0; b1�, where b1 D min

�
1

4P2
; �


.

From (19.30), Gronwall’s lemma and the condition yx.x; 0/ D 0 we obtain that
y2x.x; b/ D 0 for all b 2 Œ0; b1�. And hence, �x.x; t/ D 0; t 2 Œ0; b1�. Then
from (19.30) it follows that �t.x; t/ D u.x; t/ D 0; t 2 Œ0; b1�. Likewise, we repeat
the above arguments and obtain u.x; t/ D 0 for all t 2 Œb1; 2b1� and so on. Finally,
we conclude that u.x; t/ D 0 in QT that in turn implies uniqueness of the solution to
the problem (19.1), (19.2), (19.5), (19.6).
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Chapter 20
Neighborhoods of Analytic Functions Associated
with Fractional Derivative

Osman Altıntaş

Abstract In this paper we define a differential operator and introduce the sub-
classes Fq

n;p .
; ˛; ı/ and Kq
n;p .
; ˛; ı; �/ of functions which are analytic and

p-valent in the open unit disk. Also we derive coefficient bounds, distortion
inequalities, associated inclusion relation for .n; "/-neighborhoods of the classes,
which are defined by means of a certain non-homogeneous differential equation.

20.1 Introduction and Definitions

Let F .n; p/ denote the class of functions f .z/ normalized by

f .z/ D zp �
1X

kDnCp

akzk .ak � 0; n; p 2 N D f1; 2; 3; : : :g/ ; (20.1)

which are analytic and p-valent in the unit disk

U D fz W z 2 C and jzj < 1g :

The fractional derivative is defined as follows (see [8, 9]).

Definition 20.1. The fractional derivative of order ı is defined by

Dı
z f .z/ D 1

� .1 � ı/
d

dz

zZ

0

f ./

.z � /ı d .0 � ı < 1/ ;

where f .z/ is an analytic function in a simply connected region of the z-plane
containing the origin and the multiplicity of .z � /ı is removed by requiring
log.z � / to be real when z �  > 0.
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Definition 20.2. Under the hypotheses of Definition 20.2, the fractional derivative
of order .nC ı/ is defined by

DnCı
z f .z/ D dn

dzn
Dı

z f .z/ .0 � ı < 1; n 2 N0 D N [ f0g/ :

Following the earlier investigation by Goodman [7] and Rusheweyh [10], we define
the .n; "/-neighborhoods of a function f .qCı/.z/ when f 2 F.n; p/ by

N"
n;p

�
f .qCı/; g.qCı/	 D

8
<

:

g 2 F.n; p/ W g .z/ D zp �P1
kDnCp bkzk and

1P
kDnCp

� .kC 1/
� .k � q � ı C 1/k jak � bkj � "

9
=

;

.p > qC ı; p 2 N; q 2 N0 D N [ f0g ; 0 � ı < 1; z 2 U/ : (20.2)

So that obviously,

N"
n;p

�
h.qCı/; g.qCı/	 D

8
ˆ̂<

ˆ̂
:

g 2 F.n; p/ W g .z/ D zp �
1P

kDnCp
bkzk

and
1P

kDnCp

� .kC 1/
� .k � q � ı C 1/k jbkj � "

9
>>=

>>;
(20.3)

where h .z/ D zp .p 2 N; q 2 N0/.

We also let Fq
n;p .
; ˛; ı/ denote the subclass of F.n; p/ consisting of functions

f .z/ which satisfy the inequality

Re

�
� .pC 1/

� .p � q � ı C 1/ zqCı�p
�

zD1CqCı

z f .z/C .1 � 
/DqCı
z f .z/

�
> ˛

(20.4)
where 0 � 
 � 1; 0 � ˛ < 1; 0 � ı < 1; q < nC p; qC ˛ C ı < p; z 2 U.

f .qCı/ .z/ D � .pC 1/
� .p � q � ı C 1/ zp�q�ı �

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/akzk�q�ı .p > qC ı/ :

(20.5)

The various special cases of the class Fq
n;p .
; ˛; ı/ were considered by many

earlier researchers. For example, we have the following relationships with the class
which were studied in the earlier works:

Fq
n;p .
; ˛; 0/ D Tn

p .q; 
; ˛/ .see [2]/

F01;1 .
; ˛; 0/ D T11 .0; 
; ˛/ .0 � 
 � 1; 0 � ˛ < 1/ .see [12]/

F0n;p .1; ˛; 0/ D Tn
p .0; 1; ˛/ .0 � ˛ < p/ .see [9]/

F0n;1 .1; ˛; 0/ D Tn
1 .0; 1; ˛/ .0 � ˛ < 1/ .see [11]/ :
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The neighborhoods of certain subclasses of analytic functions were studied by
Altıntaş in [1] and by Altıntaş et al. in [3–6].

Finally, Kq
n;p .h; ˛; ı; �/ denote the subclass of the general class F .n; p/ consist-

ing of functions f 2 F.n; p/ satisfying the following non-homogeneous Cauchy–
Euler differential equation:

z2
d2CqCıw
dz2CqCı C 2 .1C �/ z

d1CqCıw
dz1CqCı C � .1C �/

dqCıw
dzqCı

D .p � q � ı C �/ .p � q � ı C �C 1/ dqCıg
dzqCı ; (20.6)

where w D f .z/ 2 F.n; p/; g D g .z/ 2 Fq
n;p .
; ˛; ı/ and � > q � pC ı.

The main object of the present investigation is to derive coefficient bounds, dis-
tortion inequalities, and associated inclusion relation for the .n; "/-neighborhoods
of functions f 2 F.n; p/ in both classes Tq

n;p .h; ˛; ı/ and Kq
n;p .h; ˛; ı; �/.

20.2 Coefficient Bounds and Distortion Inequalities

We begin the following Lemmas.

Lemma 20.3. Let the function f .z/ 2 F.n; p/ be defined by (20.1). Then f .z/ is in
the class Fq

n;p .
; ˛; ı/ if only if

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/ Œ1C 
 .k � q � ı � 1/� ak

� � .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/� � ˛ (20.7)

0 � 
 � 1; 0 � ı < 1; 0 � ˛ < � .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/� ;

p 2 N; q 2 N0:

The result is sharp for the function f .z/ given by

f .z/ D zp � f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/ znCp:

Proof. Using (20.4) we have

Re

8
ˆ̂<

ˆ̂:

� .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/� zp�q�ı

�
1P

kDnCp

� .kC 1/
� .k � q � ı C 1/ Œ1C 
 .k � q � ı � 1/� akzk�q�ı

9
>>=

>>;
> ˛:
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By letting z ! 1� along the real axis, we arrive easily at the inequality (20.7).
Conversely, suppose that the inequality (20.7) holds true and let

z 2 @u D fz W z 2 C and jzj D 1g :

Then we find
ˇ̌
ˇ̌ � .pC 1/
� .p � q � ı C 1/ zqCı�p

�

zD1CqCı

z f .z/C .1 � 
/DqCı
z f .z/

�

� � .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/�

ˇ̌
ˇ̌

� � .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/� � ˛:

Hence by the maximum modulus theorem we have f .z/ 2 Fq
n;p .
; ˛; ı/.

Lemma 20.4. Let the function f .z/ given by (20.1) be in the class Fq
n;p .
; ˛; ı/.

Then

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/ak

� � .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� (20.8)

and

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/kak

� f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g .nC p/

� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� : (20.9)

Proof. By using Lemma 20.3, we find from (20.7) that

1C 
 .nC p � q � ı � 1/
1X

kDnCp

� .kC 1/
� .k � q � ı C 1/ak

� � .kC 1/
� .k � q � ı C 1/ Œ1C 
 .k � q � ı � 1/� ak

� � .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/� � ˛;
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which is the first assertion (20.8). For the proof of second assertion, by appeal-
ing (20.7), we also have



X � .kC 1/

� .k � q � ı C 1/kak

C Œ1C 
 .�q � ı � 1/�
X � .kC 1/

� .k � q � ı C 1/ak

� � .pC 1/
� .p � q � ı C 1/ Œ1C 
 .p � q � ı � 1/� � ˛: (20.10)

By using (20.8) in (20.10), we can get the assertion (20.9) of Lemma 20.4.

The distortion inequalities for functions in the classes

Fq
n;p .
; ˛; ı/ and Kq

n;p .
; ˛; ı; �/

are given by the below theorem.

Theorem 20.5. Let a function f 2 F .n; p/ be in the class Fq
n;p .
; ˛; ı/ then

jf .z/j � jzjp C f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/ jzj

nCp

(20.11)

and

jf .z/j � jzjp � f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/ jzj

nCp :

(20.12)

Proof. Assume that a function f .z/ 2 F .n; p/ is in the class Fq
n;p .
; ˛; ı/ then we

have

jf .z/j � jzjp C
1X

kDnCp

akzk

and using (20.8) in Lemma 20.4, we have

jf .z/j � jzjp C f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/ jzj

nCp :

The assertion (20.12) of Theorem 20.5 can be proven by similarly.



294 O. Altıntaş

Theorem 20.6. Let a function f 2 F .n; p/ be in the class Kq
n;p .
; ˛; ı; �/ then

jf .z/j � jzjp

Cf� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/

:
.p � q � ı C �/ .p � q � ı C �C 1/

.nC p � q � ı C �/ (20.13)

and

jf .z/j � jzjp

�f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/

:
.p � q � ı C �/ .p � q � ı C �C 1/

.nC p � q � ı C �/ jzjnCp : (20.14)

Proof. Suppose that f .z/ is in the class Kq
n;p .
; ˛; ı; �/. Also let the function

g .z/ 2 Fq
n;p .
; ˛; ı/ occurring in the non-homogeneous differential equation (20.6)

be given as in the definition (20.2) with bk � 0 .k D nC p; nC pC 1; : : :/. Then
we have from (20.6) that

ak D .p � q � ı C �/ .p � q � ı C �C 1/
.k � q � ı C �/ .k � q � ı C �C 1/ bk; .k D nC p; nC pC 1; : : :/ :

(20.15)

So that

f .z/ D zp �
1X

kDnCp

akzk

D zp �
1X

kDnCp

.p � q � ı C �/ .p � q � ı C �C 1/

.k � q � ı C �/ .k � q � ı C �C 1/ bkzk

and

jf .z/j � jzjp C jzjnCp
1X

kDnCp

.p � q � ı C �/ .p � q � ı C �C 1/

.k � q � ı C �/ .k � q � ı C �C 1/ bk: (20.16)

Since g .z/ 2 Fq
n;p .
; ˛; ı/, the first assertion (20.8) of Lemma 20.4 yields the

following inequality:

jbkj � f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/ :

(20.17)
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We have from (20.16) and (20.17),

jf .z/j � jzjp C jzjnCp

:
f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g� .nC p � q � ı C 1/
� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� � .nC pC 1/

: .p � q � ı C �/ .p � q � ı C �C 1/

:

1X

kDnCp

1

.k � q � ı C �/ .k � q � ı C �C 1/ (20.18)

and also note the following identity that

1X

kDnCp

1

.k � q � ı C �/ .k � q � ı C �C 1/

D
1X

kDnCp

1

.k � q � ı C �/ �
1

.k � q � ı C �C 1/

D 1

.nC p � q � ı C �/ (20.19)

where � 2 Rn f�n � p;�n � p � 1; : : :g. Using (20.19) in (20.18) we get the
assertion (20.13) of Theorem 20.6. The assertion (20.14) of Theorem 20.6 can be
proven by similarly.

20.3 Neighborhoods for the Classes Fq
n;p .�; ˛; ı/

and Kq
n;p .�; ˛; ı; �/

In this section, we determine inclusion relations for the classes Fq
n;p .
; ˛; ı/ and

Kq
n;p .
; ˛; ı; �/ involving the .n; "/-neighborhoods defined by (20.2) and (20.3).

Theorem 20.7. Let a function f 2 F .n; p/ be in the class Fq
n;p .
; ˛; ı/ then

Fq
n;p .
; ˛; ı/ 	 N"

n;p

�
h.qCı/; g.qCı/	 (20.20)

where h .z/ is given by (20.3) and " is the given by

" D f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g .nC p/

� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� :

Proof. Assertion (20.20) would follow easily from the definition (20.3) with g .z/
replaced by f .z/ and the assertion (20.9) of Lemma 20.4.
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Theorem 20.8. Let a function f 2 F .n; p/ be in the class Kq
n;p .
; ˛; ı; �/ then

Kq
n;p .
; ˛; ı; �/ 	 N"

n;p

�
g.qCı/; f .qCı/	

where g .z/ is given by (20.6) and " is the given by

" D f� .p C 1/ Œ1C 
 .p � q � ı � 1/�� ˛g .n C p/ Œn C .p � q � ı C �/ .p � q � ı C �C 2/�

� .p � q � ı C 1/ Œ1C 
 .n C p � q � ı � 1/� .n C p � q � ı C �/
:

Proof. Suppose that f 2 Kq
n;p .
; ˛; ı; �/. Then, upon substituting from (20.15) into

the following inequality:

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/k jbk � akj

�
1X

kDnCp

� .kC 1/
� .k � q � ı C 1/kbk C

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/kak;

where ak � 0 and bk � 0, we obtain

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/k jbk � akj

�
1X

kDnCp

� .kC 1/
� .k � q � ı C 1/kbk

C
1X

kDnCp

� .kC 1/ .p � q � ı C �/ .p � q � ı C �C 1/
� .k � q � ı C 1/ .k � q � ı C �/ .k � q � ı C �C 1/kbk:

(20.21)

Since g .z/ 2 Fq
n;p .
; ˛; ı/, the second assertion (20.9) of Lemma 20.4. yields that

� .kC 1/
� .k � q � ı C 1/kbk � f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g .nC p/

� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/� :

(20.22)

Finally, by making use of (20.9) as well as (20.22) on the right-hand side of (20.21),
we find that

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/k jbk � akj

� f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g .nC p/

� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/�



20 Neighborhoods of Analytic Functions Associated with Fractional Derivative 297

:

0

@1C
1X

kDnCp

.p � q � ı C �/ .p � q � ı C �C 1/

.k � q � ı C �/ .k � q � ı C �C 1/

1

A ;

which by virtue of the identity (20.19) yields that

1X

kDnCp

� .kC 1/
� .k � q � ı C 1/k jbk � akj

� f� .pC 1/ Œ1C 
 .p � q � ı � 1/� � ˛g .nC p/

� .p � q � ı C 1/ Œ1C 
 .nC p � q � ı � 1/�

:

�
nC .p � q � ı C �/ .p � q � ı C �C 2/

.nC p � q � ı C �/
�
D ":

Thus, by definition (20.2) with g .z/ interchanged by f .z/,

f 2 N"
n;p

�
g.qCı/; f .qCı/	 :

This completes the proof of Theorem 20.8.
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2. O. Altıntaş, H. Irmak, On a family of multivalently analytic functions with negative coeffi-
cients. Hacet. J. Math. Stat. 26, 83–94 (1997)

3. O. Altintas, S. Owa, Neighborhoods of certain analytic functions with negative coefficients.
Int. J. Math. Math. Sci. 19(4), 797–800 (1996)
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Chapter 21
Spectrums of Solvable Pantograph Type Delay
Differential Operators for First Order

Zameddin I. Ismailov and Pembe Ipek

Abstract Based on Vishik’s method on the description of solvable extensions of a
densely defined operator all solvable extensions of the minimal operator generated
by some delay differential-operator expression for first order in the Hilbert space of
vector-functions at finite interval are described. Later on, the structure of spectrum
of these extensions is surveyed.

21.1 Introduction

The first work in the area of extension of linear densely defined operator in a Hilbert
space was studied by Neumann. In his paper [16], the self-adjoint extensions of
the linear densely defined having equal and nonzero deficiency indexes symmetric
operator in any Hilbert space have been described. But in the years of 1949 and
1952, the boundedly (compact, regular and normal) invertible extensions of any
linear operator with regular point zero in a Hilbert space have been established in
works by Vishik [14, 15]. Lastly, these results have been generalized to the nonlinear
operators and complete additive Hausdorff topological spaces in abstract terms in
works by Otelbayev, Kokebaev, and Shynybekov [6–8, 11]. In monograph [1] Dezin
gave a general method for the description of regular extensions for some classes of
linear differential operators in the Hilbert space of vector-functions in finite interval.

In 1985, all boundedly solvable extensions of a minimal operator generated
by linear parabolic and hyperbolic type differential expression for first order
with self-adjoint operator coefficient in the Hilbert space vector-functions at finite
interval in terms of boundary values were given, respectively, by Pivtorak [12] and
Ismailov [5].

In considered works the operator coefficients in differential expressions are self-
adjoint or bounded constant operators. Unfortunately, since delay type differential
expression has not been expressed with remarkable coefficient, theories mentioned
above are not applicable to this theory. On the other hand, in noted above works
spectral investigations have not been done.
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Note that the general theory of delay differential equations is given in many
books (see, for example, [3, 4]). Applications of this theory can be found in econ-
omy, biology, control theory, electrodynamics, chemistry, ecology, epidemiology,
tumor growth, neural networks, etc. (see [2, 10, 13]).

Let’s remember that an operator S W D.S/ 	 H ! H in Hilbert space H is called
solvable, if S is one-to-one, SD.S/ D H and S�1 2 L.H/.

The main goal of this work is to describe all solvable extensions of the
minimal operator generated by some delay differential expression for first order
with operator coefficients in the Hilbert space of vector-functions at finite interval
and investigate the structure of spectrum of these extensions. Finally, will be given
some applications.

21.2 Representation of Solvable Extensions

In Hilbert space of vector-functions L2.H; .0; 1// consider the following pantograph
type delay differential-operator expression in form

l.u/ D u0.t/C A.t/u.˛t/; 0 < ˛ < 1 (21.1)

where

(1) H is a separable Hilbert space with inner product . : ; :/H and norm k : kH;
(2) operator-function A. : / W Œ0; 1� ! L.H/ satisfies the condition kA.t/kH 2

L1.0; 1/;

On the other hand, in the space L2.H; .0; 1// the following differential expression
corresponding to (21.1) will be considered

m.u/ D u0.t/ (21.2)

By standard methods it can be defined minimal operator L0.M0/ and maximal
operator L.M/ corresponding to (21.1) ((21.2)) in L2.H; .0; 1//.

Now define an operator P˛ in form

P˛u.t/ D u.˛t/; u 2 L2.H; .0; 1//;

P˛ W L2.H; .0; 1// �! L2.H; .0; 1//

Then (21.1) can be written in form

l.u/ D u0.t/C A.t/P˛u.t/;
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In this case it is clear that

1Z

0

kP˛u.t/k2Hdt D
1Z

0

ku.˛t/k2Hdt D 1

˛

˛Z

0

ku.x/k2Hdx � 1

˛
kuk2L2 ;

that is,

kP˛k �
�
1

˛

�1=2

Define an operator A˛ in L2.H; .0; 1// in form

A˛.t/ D A.t/P˛; t 2 Œ0; 1�

In this case the following proposition is true.

Lemma 21.1. For any fixed s 2 Œ0; 1� the operator

exp

0

@�
tZ

s

A˛.x/dx

1

A ; t 2 Œ0; 1�

is a linear bounded in L2.H; .0; 1//.

Proof. Indeed, in this case










exp

0

@�
tZ

s

A˛.x/dx

1

A u.t/










2

L2.H;.0;1//

�
1Z

0










exp

0

@�
tZ

s

A˛.x/dx

1

A










2

L2.H;.0;1//

ku.t/k2Hdt

�
1Z

0

exp

0

@2









tZ

s

A˛.x/dx









1

A ku.t/k2Hdt

�
1Z

0

exp

0

@2

tZ

s

kA˛.x/kdx

1

A ku.t/k2Hdt;
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which gives










exp

0

@�
tZ

s

A˛.x/dx

1

A u.t/










2

L2.H;.0;1//

�
1Z

0

exp

0

@2

1Z

0

kA˛.x/kdx

1

A ku.t/k2Hdt

D exp

0

@2

1Z

0

kA.x/P˛kdx

1

A kuk2L2.H;.0;1//

� exp
�
2.˛/�1=2kA.x/kL1.0;1/

� kuk2L2.H;.0;1//:

Then for any fixed s 2 Œ0; 1� it is obtained that










exp

0

@�
tZ

s

A˛.x/dx

1

A









� exp

�
.˛/�1=2kA.t/kL1.0;1/

�

for t 2 Œ0; 1�.
Now let U.t; s/; t; s 2 Œ0; 1�, be the family of evolution operators corresponding

to the homogeneous differential equation

�
Ut.t; s/f C A˛.t/U.t; s/f D 0; t; s 2 Œ0; 1�
U.s; s/f D f ; f 2 H:

The operator U.t; s/, t; s 2 Œ0; 1� is a linear continuous, boundedly invertible in
H and

U�1.t; s/ D U.s; t/; s; t 2 Œ0; 1�

(for more detailed analysis of this concept, see [9]). Let us introduce the operator

Uz.t/ WD U.t; 0/z.t/; U W L2.H; .0; 1//! L2.H; .0; 1//:

In this case it is easy to see that for the differentiable vector-function

z 2 L2.H; .0; 1//; z W Œ0; 1�! H

satisfies the following relation:

l.Uz/ D .Uz/0.t/C A˛.t/Uz.t/ D Uz0.t/C .U0
t C A˛.t/U/z.t/ D Um.z/:
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From this, U�1l.Uz/ D m.z/. Hence it is clear that if eL is some extension of the
minimal operator L0, that is L0 	eL 	 L, then

U�1L0U D M0; M0 	 U�1LU D eM 	 M; U�1LU D M:

For example, prove the validity of the last relation. It is known that

D.M0/ D
o

W
1

2.H; .0; 1//; D.M/ D W1
2 .H; .0; 1//:

If u 2 D.M/, then l.Uz/ D Um.z/ 2 L2.H; .0; 1//, that is Uu 2 D.L/. From the last
relation M 	 U�1LU. On the contrary, if a vector-function u 2 D.L/, then

m.U�1v/ D U�1l.v/ 2 L2.H; .0; 1//;

that is, U�1v 2 D.M/. From last relation it is obtained U�1L 	 MU�1, that is,
U�1LU 	 M. Hence, U�1LU D M.

Before of all prove the following claim.

Theorem 21.2. KerL0 D f0g and R.L0/ ¤ L2.H; .0; 1//.

Proof. It is sufficient to prove KerM0 D f0g and R.M0/ ¤ L2.H; .0; 1//. Consider
the boundary value problem in form

�
M0u D u0.t/ D 0; u 2 D.M0/

u.0/ D u.1/ D 0:

Then u.t/ D f ; f 2 H and u.1/ D u.0/ D f D 0. Hence KerM0 D f0g. Now for
any f 2 L2.H; .0; 1// consider the following differential equation in a form

M0u.t/ D f .t/;

that is,

�
u0.t/ D f .t/;
u.0/ D u.1/ D 0

From this for the general solution

u.t/ D f0 C
tZ

0

f .s/ds;

we have f0 D 0 and
1R

0

f .s/ds D 0. Consequently, for h 2 H and arbitrary f 2
L2.H; .0; 1// we have
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.h; f /L2.H;.0;1// D
1Z

0

.h; f .t//Hdt D
0

@h;

1Z

0

f .t/dt

1

A D 0:

The last equation means that

H ? R.L0/;

and from this

dimcokerR.L0/ � dimH > 0

Now prove the following assertion on the description of solvable extension of
minimal operator L0.

Theorem 21.3. Each solvable extension eL of the minimal operator L0 in
L2.H; .0; 1// is generated by the pantograph differential-operator expression (21.1)
and boundary condition

.K C E/u.0/ D KU.0; 1/u.1/; (21.3)

where K 2 L.H/ and E is an identity operator in H. The operator K is determined
uniquely by the extensioneL, i.e.eL D LK.

On the contrary, the restriction of the maximal operator L to the linear manifold
of vector-functions satisfy the condition (21.3) for some bounded operator K 2 L.H/
is a solvable extension of the minimal operator L0 in the L2.H; .0; 1//.

Proof. Firstly, all solvable extensions eM of the minimal operator M0 in L2.H; .0; 1//
in terms of boundary values are described. Consider the following so-called Cauchy
extension Mc

Mcu D u0.t/; u.0/ D 0;
Mc W D.Mc/ D fu 2 W1

2 .H; .0; 1// W u.0/ D 0g
	 L2.H; .0; 1//! L2.H; .0; 1//

of the minimal operator M0. It is clear that Mc is a solvable extension of M0 and

M�1
c f .t/ D

tZ

0

f .x/dx; f 2 L2.H; .0; 1//;

M�1
c W L2.H; .0; 1//! L2.H; .0; 1//:

Now assume that eM is a solvable extension of the minimal operator M0 in
L2.H; .0; 1//. In this case it is known that the domain of eM can be written in direct
sum in form
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D.eM/ D D.M0/˚ .M�1
c C K/V;

where V D KerM D H;K 2 L.H/ [14, 15]. Therefore for each u.t/ 2 D.eM/ it is
true that

u.t/ D u0.t/CM�1
c f C Kf ; u0 2 D.M0/; f 2 H

That is, u.t/ D u0.t/ C tf C Kf , u0 2 D.M0/; f 2 H. Hence u.0/ D Kf , u.1/ D
f C Kf D .K C E/f . Hence u.0/ D Kf , u.1/ D f C Kf D .K C E/f and from these
relations it is obtained that

.K C E/u.0/ D Ku.1/ (21.4)

On the other hand, uniqueness of operator K 2 L.H/ follows from [14]. Therefore,
eM D MK . This consequently, the validity of necessary part of this assertion it is
clear.

On the contrary, if MK is an operator generated by differential expression (21.2)
and boundary condition (21.4), then MK is bounded, boundedly invertible and

M�1
K W L2.H; .0; 1//! L2.H; .0; 1//;

M�1
K f .t/ D

tZ

0

f .x/dxC K

1Z

0

f .x/dx; f 2 L2.H; .0; 1//:

Consequently, all solvable extensions of the minimal operator M0 in L2.H; .0; 1//
are generated by differential expression (2.2) and boundary condition (2.4) with any
linear bounded operator K. Now consider the general case. For this in L2.H; .0; 1//
introduce an operator in the form

U W L2.H; .0; 1//! L2.H; .0; 1//;

.Uz/.t/ W D U.t; 0/z.t/; z 2 L2.H; .0; 1//

From the properties of the family of evolution operators U.t; s/; t; s 2 Œ0; 1� it is
implied that an operator U is linear bounded and has a bounded inverse and

.U�1z/.t/ D U.0; t/z.t/:

On the other hand, from the relations

U�1L0U D M0;U
�1eLU D eM;U�1LU D M

it is implied that an operator U is a one-to-one between sets of solvable extensions
of minimal operators L0 and M0 in L2.H; .0; 1//. The extension eL of the minimal
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operator L0 is solvable in L2.H; .0; 1// if and only if the operator eM D U�1eLU is an
extension of the minimal M0 in L2.H; .0; 1//. Then, u 2 D.eL/ if and only if

.K C E/U.0; 0/u.0/ D KU.0; 1/u.1/;

that is,

.K C E/u.0/ D KU.0; 1/u.1/:

This proves the validity of the claims of theorem.

Corollary 21.4. In particular the resolvent operator R
.LK/, 
 2 �.LK/ of any
solvable extension LK of the minimal operator L0, generated by pantograph type
delay differential expression

l.u/ D u0.t/C A.t/u.˛t/; 0 < ˛ < 1;

with boundary condition

.K C E/u.0/ D KU.0; 1/u.1/;

in L2.H; .0; 1// is in form

R
.LK/f .t/

D U.t; 0/

2

4
�

EC K.1 � e
/
	�1

K

1Z

0

e
.1�s/U.0; s/f .s/ds C
tZ

0

e
.t�s/U.0; s/f .s/ds

3

5 ;

f 2 L2.H; .0; 1//

Corollary 21.5. Assume that for any t 2 .0; 1/

A.t/ D A D const:

In this case, all solvable extensions of minimal operator L0 generated by the
following differential expression

l.u/ D u0.t/C Au.˛t/; 0 < ˛ < 1;

and boundary condition

.K C E/u.0/ D K
1X

nD0

.�1/n
nŠ

Anu.˛n/; K 2 B.H/;

in the Hilbert L2.H; .0; 1// and vice versa.
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Corollary 21.6. All solvable extensions LK of the minimal operator L0 generated
by pantograph type differential expression l.u/ D u0.t/ C u.˛t/, 0 < ˛ < 1 are
described with boundary condition

.K C E/u.0/ D K

�
u.1/ � u.˛/

1Š
� u.˛2/

2Š
C � � �

�

D K
1X

nD0

.�1/n
nŠ

u.˛n/

in the Hilbert space L2.H; .0; 1//.

21.3 Spectrum of Solvable Extensions

In this section the structure of spectrum of solvable extensions of minimal operator
L0 in L2.H; .0; 1// will be investigated. Firstly, prove the following fact.

Theorem 21.7. If eL is a solvable extension of a minimal operator L0 and eM D
U�1eLU is corresponding solvable extension of a minimal operator M0, then for the
spectrum of these extensions is true �.eL/ D �.eM/.
Proof. Consider a problem to the spectrum for a solvable extension LK of a minimal
operator L0 generated by pantograph differential-operator expression (21.1), that is,

LKu D 
uC f ; 
 2 C; f 2 L2.H; .0; 1//:

From this it is obtained that

.LK � 
E/u D f

or .UMKU�1�
E/u D f . Hence U.MK �
/.U�1u/ D f . Therefore, the validity of
the theorem is clear.

Now prove the following result for the spectrum of solvable extension.

Theorem 21.8. If LK is a solvable extension of the minimal operator L0 in the space
L2.H; .0; 1//, then spectrum of LK has the form

�.LK/ D
�

 2 C W 
 D ln

ˇ
ˇ̌
ˇ
�C 1
�

ˇ
ˇ̌
ˇ

C i arg

�
�C 1
�

�
C 2n� i; � 2 �.K/nf0;�1g; n 2 Z


:
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Proof. Firstly, the spectrum of the solvable extension MK D U�1LKU of the
minimal operator M0 in L2.H; .0; 1// will be investigated. For this consider the
following problem for the spectrum, that is, MKu D 
uCf , 
 2 C, f 2 L2.H; .0; 1//.
Then

u0 D 
uC f ; .K C E/u.0/ D Ku.1/; 
 2 C; f 2 L2.H; .0; 1//; K 2 L.H/:

It is clear that a general solution of the above differential equation in L2.H; .0; 1//
has the form

u
.t/ D exp.
t/f0 C
tZ

0

exp.
.t � s//f .s/ds; f0 2 H:

Therefore, from the boundary condition .K C E/u
.0/ D Ku
.1/ it is obtained that

.EC K.1 � exp.
///f0 D K

1Z

0

exp.
.1 � s//f .s/ds: (21.5)

For 
m D 2m� i, m 2 Z from the last relation it is established that

f .m/0 D K

1Z

0

exp.
m.1 � s//f .s/ds; m 2 Z.

Consequently, in this case the resolvent operator of MK is in the form

R
m.MK/f .t/ D K exp.
mt/

1Z

0

exp.
m.1 � s//f .s/ds

C
tZ

0

exp.
m.t � s//f .s/ds; f 2 L2.H; .0; 1//; m 2 Z.

On the other hand, it is clear that R
m.MK/ 2 B..L2.H; .0; 1//, m 2 Z. If 
 ¤ 2m� i,
m 2 Z; 
 2 C, then using Eq. (21.5) we have

�
K � 1

exp.
/� 1
E

�
f0 D 1

1� exp.
/
K

1Z

0

exp.
.1� s//f .s/ds; f0 2 H; f 2 .L2.H; .0; 1//:

Therefore, 
 2 �.MK/ if and only if

� D 1

exp.
/ � 1 2 �.K/:
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In this case since � ¤ 0 and � ¤ �1,

exp.
/ D �C 1
�

; � 2 �.K/;

and


n D ln

ˇ̌
ˇ̌�C 1
�

ˇ̌
ˇ̌C i arg

�
�C 1
�

�
C 2n� i; n 2 Z

Later on, using the last relation and Theorem 21.7 the validity of the claim of
theorem is proved.

21.4 Applications

Example 21.9. Let

.H; k : kH/ D .C; j�j/; A.t/ D 1p
t
; t 2 .0; 1/

By Theorem 21.3, all solvable extensions Lk of minimal operator L0 generated by

l.u/ D u0.t/C 1p
t
u.˛t/; 0 < ˛ < t;

in L2.0; 1/ are described with l.�/ and boundary condition

.kC 1/u.0/ D k exp

0

@�
1Z

0

1p
t
P˛dt

1

A u.1/; k 2 C:

In addition, the resolvent operators of these extensions are in the form

R
.Lk/f .t/ D exp

0

@�
tZ

0

1p
x

P˛dx

1

A

�
2

4
�
1C k .1 � exp.
//�1

	
k

1Z

0

exp

0

@
.1 � s/C
sZ

0

1p
x

P˛dx

1

A f .s/ds

C
tZ

0

exp

0

@
.t � s/C
sZ

0

1p
x

P˛dx

1

A f .s/ds

3

5 ;
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 2 �.Lk/, f 2 L2.0; 1/ and for k ¤ 0;�1 spectrum of this extension Lk is in the
form,

�.Lk/ D f
 2 C W 
 D ln

ˇ̌
ˇ̌kC 1

k

ˇ̌
ˇ̌C i arg

�
kC 1

k

�
C 2n� i; n 2 Zg

Example 21.10. All solvable extensions of minimal operator generated by differen-
tial expression

l.u/ D @u.t; x/

@t
C t
 sin xu.˛t; x/;

x 2 .�1; 1/; 0 < t < 1; 
 < �1
2
; 0 < ˛ < 1;

in the Hilbert space L2..�1; 1/ � .0; 1// are described by this l.�/ and boundary
condition

.K C E/u.0; x/ D KU.0; 1/u.1; x/;

where K 2 B.L2.�1; 1// and U.t; s/; t; s 2 Œ0; 1� is a solution of operator equation

U0
t.t; s/f C t
 sin.�/P˛U.t; s/f D 0;
t; s 2 Œ0; 1�; U.s; s/f D f ; f 2 L2.�1; 1/;

where P˛u.t/ D u.˛t/; P˛ W L2.0; 1/! L2.0; 1/.
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Chapter 22
Non-commutative Geometry and Applications
to Physical Systems

Slimane Zaim

Abstract We obtain exact solutions of the 2D Schrödinger equation with the central
potentials V.r/ D ar2Cbr�2Ccr�4 and V.r/ D ar�1Cbr�2 in a non-commutative
space up to the first order of noncommutativity parameter using the power-series
expansion method similar to the 2D Schrödinger equation with the singular even-
power and inverse-power potentials, respectively, in commutative space. We derive
the exact non-commutative energy levels and show that the energy is shifted to m
levels, as in the Zeeman effect.

22.1 Introduction

Non-commutative quantum mechanics is motivated by the natural extension of the
usual quantum mechanical commutation relations between position and momen-
tum, by imposing further commutation relations between position coordinates
themselves. As in usual quantum mechanics, the non-commutativity of position
coordinates immediately implies a set of uncertainty relations between position
coordinates analogous to the Heisenberg uncertainty relations between position and
momentum; namely:

Œx�; x��� D i��� ; (22.1)

where ��� are the non-commutativity parameters of dimension of area that signify
the smallest area in space that can be probed in principle. We use the symbol �
in Eq. (22.1) to denote the product of the non-commutative structure. This idea is
similar to the physical meaning of the Plank constant in the relation

�
xi; pj

� D i„ıij,
which is known as the smallest phase-space in quantum mechanics.
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Our motivation is to study the effect of non-commutativity on the level of
quantum mechanics when space non-commutativity is accounted for. One can study
the physical consequences of this theory by making detailed analytical estimates for
measurable physical quantities and compare the results with experimental data to
find an upper bound on the � parameter. The most obvious natural phenomena to
use in hunting for non-commutative effects are simple quantum mechanics systems
with central potential, such as the hydrogen atom [1–3]. In the non-commutative
space one expects the degeneracy of the initial spectral line to be lifted, thus one
may say that non-commutativity plays the role of magnetic field.

It has recently been shown that the non-inertial motion of the atom also induces
corrections to the Lamb shift [4–7]. However, all the aforementioned studies are
concerned with flat space-time. Therefore, it remains interesting to see what happens
if the atom with central potential is placed in a non-commutative space rather than
a flat one.

Studies involving both exact and approximate solutions to the Schrödinger
equation with central potentials have received much attention in the literature
[8–40]. However two-dimensional Schrödinger equation which characterises the
relative planar motion of the electron and proton, by a single particle with a reduced
mass, can also be very fruitful. In fact this problem initially originated as purely
theoretical construction in which a 2D scenario plays the role of a toy model
for higher dimensional systems which are harder to deal with. But later this 2D
problem proved to have important applications in real physical situations such as
semiconductors. Subsequently this 2D problem received much attention with the
growing of the semiconductor technology and which led to the development of 2D
structures. The Runge–Lenz vector in the 2D case was first defined in [41], and the
solutions to the Schrödinger equation was obtained for 2D atomic physics problems
in [42].

Furthermore, it is clear from the Bohr model quantisation of angular momentum
that the latter is quantised in units of „, L D l„, where l is an integer. In the
non-commutative space we can understand the maximum value Cl„ and minimum
value �l„, by the model we use in this work, which depends on the interaction
between the noncommutativity and the dipole moment M of the form � � M. In
the two-dimensional space the non-commutative parameter takes two values j� j
and � j� j. Then the possible values of the dipole moment M in the � direction are
˙M� .M� D ˙�B� l/ for each value of l, which reflects the physical reality of the
phenomenon.

In this work we present an important contribution to the non-commutative
approach to the Schrödinger equation with central potentials. Many interesting
quantum mechanical problems have been studied in non-commutative space and
the effect of the non-commutativity on observables was analysed [43–52].

Our goal is to solve the Schrödinger equation with singular even-power and
inverse-power potentials induced by the non-commutativity of space. We thus find
the exact non-commutative energy levels and that the non-commutativity effects are
similar to the Zeeman splitting in commutative space. In this work, we apply the
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power-series expansion method to study the solutions of the Schrödinger equation
in two dimensions for perturbation operator of pseudo-harmonic and the Kratzer
potentials. Instead of considering pseudo-harmonic and Kratzer potentials as per-
turbation operators it suffices to write them in non-commutative space which leads
to the same formulation as that of the perturbation operators. Similar applications in
atomic interaction potentials may be found in condensed matter physics such as the
quantum Hall effect and fractional statistics.

This paper is organised as follows. In Sect. 22.2, we derive the deformed 2D
Schrödinger equation for a central potentials V .r/ D ar2Cbr�2Ccr�4 and V .r/ D
ar�1Cbr�2 in non-commutative space. We exactly solve the deformed Schrödinger
equation in closed form [39] and obtain the exact non-commutative energy levels.
Finally, Sect. 22.3 is devoted to a discussion.

22.2 Non-commutative Schrödinger Equation

In this section we study the exact solutions of the Schrödinger equation for the
potentials V.r/ D ar2 C br�2 C cr�4 and V.r/ D ar�1 C br�2 in the non-
commutative space. The non-commutative model specified by Eq. (22.1) is defined
by a star-product, where the normal product between two functions is replaced by
the ?-product:

.' ?  / .x/ D ' .x/ exp

�
i

2
���
 �
@ �
�!
@ �

�
 .y/xDy :

In a canonical non-commutative space-space type, the non-commutative quan-
tum mechanics is described by the following equation:

H .p; x/ ?  .x/ D E :

This equation reduces to the usual one described by Mezincescu [53]:

H .Op; Ox/  .x/ D E ;

where

Oxi D xi � �ij

2
pj; Opi D pi:
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22.2.1 Exact Solution with the Potential
V.r/ D ar2 C br�2 C cr�4

We can write the deformed potential V .r/ D ar2Cbr�2Ccr�4 in non-commutative
space up to O

�
�2
�

as:

V .Or/ D a

2
�Lz C ar2 C br�2 C

�
cC b

4
�Lz

�
r�4 C c

2
�Lzr

�6;

which is similar to the singular even-power potential which was studied in [39].
The Schrödinger equation in a 2D non-commutative space in the presence of the

potential V .Or/ can be cast into:

�
�1

r

@

@r
r
@

@r
� 1

r2
@2

@'2
C V .Or/

�
 .Or/ D E .Or/ : (22.2)

The solution to Eq. (22.2) in polar coordinates .Or; O'/ takes the separable form [39]:

 .Or/ D r�1=2Rm .Or/ eim':

Then Eq. (22.2) reduces to the radial equation up to O
�
�2
�
:

d2Rm .Or/
dr2

C
�
QEC QV .r/ � m2 � 1=4

r2

�
Rm .Or/ D 0; (22.3)

where

QV .r/ D ar2 C br�2 C Qcr�4 C Qdr�6;

and

QE D E � a

2
�m; Qc D cC b

4
�m and Qd D c

2
�m; Qd > 0:

Equation (22.3) is similar to the radial Schrödinger equation with singular even-
power potential [39]. To solve Eq. (22.2), we write the radial functions as [6, 12]:

Rm .Or/ D eQpjmj.r/
X

nD0
Qanr2nCQ�; (22.4)

where

Qpjmj .r/ D ˛

2
r2 C

Q̌
2

r�2:
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Substituting Eq. (22.4) into Eq. (22.3) and equating the coefficients of rnC� to zero,
we obtain:

QAn Qan C QBnC1 QanC1 C QCnC2 QanC2 D 0; (22.5)

where

QAn D QEC ˛ .1C 2 Q� C 4n/

QBnC1 D �b � 2˛ Q̌ �
�

m2 � 1
4

�
C . Q� C 2n/ . Q� � 1C 2n/

QCn D Q̌ .3 � 2 Q� � 4n/ � Qc;

and

˛2 D a; Q̌2 D ˇ̌Qdˇ̌ :

We can choose ˛ and Q̌ such that [39]:

˛ D �pa; Q̌ D
q
j Qdj:

If a0 ¤ 0, then one obtains C0 D 0, a condition that forbids the existence of
the s energy levels (jmj D 2l C 1 in 2D, where l is the eigenvalue of the angular
momentum and the eigenvalues of Lz are denoted by m, there are .2lC 1/ values of
m for a given l. However, as l D n, we see that there are .2n C 1/ values of m for
a given energy). This is in fact a particularity of the non-commutative Schrödinger
equation solution, which is not present in the ordinary Schrödinger framework [39].
Then we obtain:

Q� D
�
3

2
C Qc
2 Q̌
�
D
�
3

2
C Q�

�
;

where

Q� D Qc
2 Q̌ :

However if an ¤ 0, with anC1 D anC2 D � � � D 0, then QAn D 0, from which one
obtains the non-commutative energy eigenvalues exact up to O

�
�2
�
:

QEn;m D
p

a .4C 2 Q� C 4n/C a

2
�m; jmj D 1; 2; 3; : : : : (22.6)
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We have thus shown that the degeneracy with respect to the angular quantum
number m is removed since � may take two values being positive or negative,
(� D ˙j� j) and that non-commutativity here acts like a Lamb shift.

Now, we discuss the corresponding exact solution for n D 1. From Eq. (22.6) the
non-commutative energy splitting of the energy levels up to O

�
�2
�

is:

QE1;m D
p

a .8C Q�/C a

2
�m

D pa

0

B
@8C c

q
j Qdj

1

C
AC a

4

�
2C bp

a

�
�m

D pa
�
8C Q


	
C a

4
.2C ı/ �m;

where

Q
 D c
q
j Qdj

and ı D bp
a
:

We have shown that the non-commutative energy splitting is similar to the
Zeeman effects and removes the degeneracy with respect to m. Furthermore we
can say that the displacement of the energy levels is actually induced by the space
non-commutativity which plays the role of a magnetic field. The corresponding
eigenfunction is:

 1 .Or/ D
�Qa0 C Qa1r2

�
rQ��1=2e� 1

2

�p
ar2C
p

jQdjr�2
	

eim';

where Qa0 and Qa1 can be calculated from Eq. (22.5) and the normalisation condition.
Following this method, we can obtain a class of exact solutions.

22.2.2 Exact Solution with the Potential V.r/ D ar�1 C br�2

The deformed potential V .r/ D ar�1 C br�2 in non-commutative space up to
O
�
�2
�

is:

V .Or/ D ar�1 C br�2 C Qcr�3 C Qdr�4; (22.7)

where

Qc D a

2
�m and Qd D b

4
�m; Qd  0
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where the third term is the dipôle–dipôle interaction created by the noncommu-
tativity, the second term is similar to the interaction between an ion and a neutral
atom created by the non-commutativity. These interactions show us that the effect of
space non-commutativity on the interaction of a single-electron atom, for example,
is similar to that of a charged ion interacting with the atom on the one hand and on
the other hand interacting with the electron to create a dipole and with the nucleus
to create a second dipole.

The approach of the potential in Eq. (22.7) is similar to that for the inverse-power
potential in a commutative space. Thus we can take as solutions the eigenfunctions
from [40]:

Rm .Or/ D hm .Or/ ef .Or/; m D 1; 2; 3; : : :

where

f .Or/ D Ar�1 C BrC C log r; A � 0 and B � 0;

and

hm .Or/ D
mY

jD1

�
r � Q�m

j

� D
mX

jD1
Qajr

j:

Then the radial Schrödinger Eq. (22.6) reduces to the following equation:

"

f
00 C f

02 C h
00

m C 2h
0

mf
0

hm
C E � V .Or/ � m2 � 1=4

r2

#

Rm .Or/ D 0:

We arrive at the equation [40]:

f
00 C f

02 C h
00

m C 2h
0

mf
0

hm
D �EC V .Or/ � m2 � 1=4

r2
: (22.8)

Now using the fact that:

f
00 C f

02 D B2 C 2BC

r
� 2AB

r2
C 2A � 2AC

r3
C A2

r4
; (22.9)

and

h
0

m D
mX

jD1
jQajr

j�1 and h
00

m D
mX

jD1
j .j � 1/ Qajr

j�2; (22.10)
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where

am D 1;

am�1 D �
mX

jD1
Q�m

j ; (22.11)

am�2 D �
mX

j�i

Q�m
j Q�m

i ;

and so on, then Eqs. (22.8)–(22.10) lead to an algebraic equation where we equate
equivalent coefficients of rs between both sides of the equation, taking into account
Eq. (22.11), we find:

A2 D Qd; QE D �B2 (22.12)

2A .1 � C/ D Qc (22.13)

a D 2B .CC m/ ; (22.14)

and


 D bCm2�1=4 D C .CC 2m � 1/Cm .m � 1/�2B

0

@A �
mX

jD1
�m

j

1

A ; (22.15)

and

m
pQdC .mC 1C C/

mX

jD1
�m

j C B
mX

jD1

�
�m

j

�2 D 0;

.m � 1/
pQd

mX

jD1
�m

j C 2 .m � 1C C/
mX

j�i

�m
j �

m
i C B

mX

j�i

�m
j �

m
i

mX

l�k

�
�m

l C �m
k

� D 0;

.m � 2/
pQd

mX

j�i

�m
j �

m
i C 3 .m � 2C C/

mX

j�i�k

�m
j �

m
i �

m
k

CB
mX

j�i�k

�m
j �

m
i �

m
k

mX

l�q�s

�
�m

l C �m
q C �m

s

� D 0;

Moreover, multiplying Eq. (22.15) by B and using Eqs. (22.12)–(22.14) we find the
following algebraic equation for B as:

4

0

@A �
mX

jD1
�m

j

1

AB2 C 2 Q!B � a . Q� C 2m/ D 0; (22.16)
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where

Q! D 
C m .2mC Q�/ � m .m � 1/ ;
and

Q� D C � 1 D Qc
2
pQd

:

Equation (22.16) is solved by:

B˙ D
Q! ˙

r
Q!2 C 4

�
A �Pm

jD1 �m
j

	
a . Q� C 2m/

4
�

A �Pm
jD1 �m

j

	

D Q!
1˙

r
1C 4

�
A �Pm

jD1 �m
j

	
a.Q�C2m/

Q!2

4
�

A �Pm
jD1 �m

j

	 :

So the non-commutative energy spectrum up to O
�
�2
�

is given by:

QE D � Q!2

�
1˙

r
1C 4

�
A �Pm

jD1 �m
j

	
a.Q�C2m/

Q!2
�2

16
�

A �Pm
jD1 �m

j

	2 ;

where

Q!2 D �m
a2

4b

�
m2 C 2m

Q� .
C m .mC 1//
�
C .
C m .mC 1//2 :

We have thus shown that the non-commutativity effects are manifested in
energy levels, so that they are split into m levels, similarly to the effects of the
magnetic field. Thus we can say that the non-commutativity plays the role of the
magnetic field. It is also found that if the limit � ! 0 is taken, then we recover
the results of the commutative case [40].

22.3 Conclusions

In this paper we started from a quantum particle with the central potentials

V .r/ D ar2 C br�2 C cr�4 and V .r/ D ar�1 C br�2

in a canonical non-commutative space. Using the Moyal product method, we have
derived the deformed Schrödinger equation, we showed that it is similar to the
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Schrödinger equation with singular even-power and inverse-power potentials in
commutative space. Using the power-series expansion method we solved it exactly
and we found that the non-commutative energy is shifted to m levels. The non-
commutativity acts here like a Lamb shift. This proves that the non-commutativity
has an effect similar to the Zeeman effects, where the non-commutativity leads the
role of the magnetic field. This method is simple in producing the exact bound-state
solutions for central potentials as perturbation operators in the non-commutativity
parameter.
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Chapter 23
The .s; t/-Generalized Jacobsthal Matrix
Sequences

Şükran Uygun and Kemal Uslu

Abstract In this study, we consider sequences named .s; t/-Jacobsthal, .s; t/-
Jacobsthal–Lucas and defined generalized .s; t/-Jacobsthal integer sequences. After
that, by using these sequences, we define generalized .s; t/-Jacobsthal matrix
sequence in which it generalizes .s; t/-Jacobsthal matrix sequence; .s; t/-Jacobsthal–
Lucas matrix sequence at the same time. Finally we investigate some properties
of the sequence and present some important relationship among .s; t/-Jacobsthal
matrix sequence, .s; t/-Jacobsthal–Lucas matrix sequence and generalized .s; t/-
Jacobsthal matrix sequence.

23.1 Introduction

We can find a great deal of study on the different integer sequences in [1, 2, 8, 9, 11].
Many properties of these sequences were deduced directly from elementary matrix
algebra. For example, Köken and Bozkurt [7] defined a Jacobsthal matrix of the
type nxn and using this matrix derived a lot of properties on Jacobsthal numbers. Of
course the most known integer sequence is made of Fibonacci numbers which are
very important because of golden section. So the authors are interested in Fibonacci
matrix sequences. Civciv and Turkmen, in [3, 4], defined .s; t/-Fibonacci and .s; t/-
Lucas matrix sequences by using .s; t/-Fibonacci and .s; t/-Lucas sequences.

Jacobsthal and Jacobsthal–Lucas numbers are defined for n � 1 by recurrence
relations

jnC1 D jn C 2jn�1; j0 D 0; j1 D 1
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and

cnC1 D cn C 2cn�1; c0 D 2; c1 D 1;

respectively. Particular cases of these numbers were investigated earlier by Horadam
[5, 6]. Also Uslu and Uygun, in [10], defined .s; t/-Jacobsthal and .s; t/-Jacobsthal–
Lucas matrix sequences by using .s; t/-Jacobsthal and .s; t/-Jacobsthal–Lucas
integer sequences.

In this study, we firstly define .s; t/-Jacobsthal and .s; t/-Jacobsthal–Lucas inte-
ger sequences, then by using these sequences, we also define .s; t/-Jacobsthal and
.s; t/-Jacobsthal–Lucas matrix sequences. After that, by using them, we establish
generalized .s; t/-Jacobsthal integer and matrix sequences. In the last of the study,
we investigate the relationships among each matrix sequences.

Additionally, in [10], the .s; t/-Jacobsthal and .s; t/-Jacobsthal–Lucas integer
sequences are defined recurrently by

Ojn .s; t/ D sOjn�1 .s; t/C 2tOjn�2 .s; t/ ; .Oj0.s; t/ D 0; Oj1.s; t/ D 1/
Ocn .s; t/ D sOcn�1 .s; t/C 2tOcn�2 .s; t/ ; .Oc0.s; t/ D 2; Oc1.s; t/ D s/;

where s > 0; t ¤ 0, s2 C 8t > 0, n � 1 any integer.
Particular cases of previous definition are

• If s D 1; t D 1=2 and Oj0.1; 1=2/ D 0; Oj1.1; 1=2/ D 1, then we have the classic
Fibonacci sequence.

• If s D 1; t D 1=2 and Oc0.1; 1=2/ D 2, Oc1.1; 1=2/ D 1, then we have the classic
Lucas sequence.

• If s D t D 1 and Oj0.1; 1/ D 0; Oj1.1; 1/ D 1, then we have the classic Jacobsthal
sequence.

• If s D t D 1 and Oc0.1; 1/ D 2; Oc1.1; 1/ D 1, then we have the classic Jacobsthal–
Lucas sequence.

Furthermore, in the following proposition, .s; t/-Jacobsthal fJn .s; t/gn2N and
.s; t/-Jacobsthal–Lucas fCn .s; t/gn2N matrix sequences are defined by carrying to
matrix theory .s; t/-Jacobsthal and .s; t/-Jacobsthal–Lucas integer sequences.

Proposition 23.1. Let us consider s > 0; t ¤ 0 and s2C 8t > 0, n � 1 any integer,
the following properties are hold:

1. JnC1 .s; t/ D sJn .s; t/C 2tJn�1 .s; t/ with initial conditions

J0 .s; t/ D
�
1 0

0 1

�
and J1 .s; t/ D

�
s 2
t 0

�
;

2. CnC1 .s; t/ D sCn .s; t/C 2tCn�1 .s; t/ with initial conditions

C0 .s; t/ D
�

s 4

2t �s

�
and C1 .s; t/ D

�
s2 C 4t 2s

st 4t

�
;
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3.

Jn .s; t/ D
� OjnC1 2Ojn

tOjn 2tOjn�1

�
and Cn .s; t/ D

� OcnC1 2Ocn

tOcn 2tOcn�1

�
;

4. Ojn D rn
1 � rn

2

r1 � r2
; cn D rn

1 C rn
2, where

r1 D sCps2 C 8t

2
and r2 D s �ps2 C 8t

2
;

5. For m; n 2 Z
C,

JnCm .s; t/ D Jn .s; t/ Jm .s; t/ ;

Jm .s; t/CnC1 .s; t/ D CnC1 .s; t/ Jm .s; t/ :

Throughout this paper, we will use the notation Jn instead of Jn .s; t/ and Cn

instead of Cn .s; t/.
Since there are certainly some new developments over these numbers and

matrices, we have aimed to define the generalized .s; t/-Jacobsthal integer sequence
and generalized .s; t/-Jacobsthal matrix sequence which are new generalizations of
them. Then, of course, it needs to investigate the relationship among this generalized
.s; t/-Jacobsthal number sequence, .s; t/-Jacobsthal and .s; t/-Jacobsthal–Lucas
integer sequences. Also, we investigate the relationships among the general-
ized .s; t/-Jacobsthal matrix sequence, .s; t/-Jacobsthal and .s; t/-Jacobsthal–Lucas
matrix sequences.

23.2 Main Results

Firstly, let us first consider the following definition of generalized .s; t/-Jacobsthal
number sequence which will be needed for the definition of generalized .s; t/-
Jacobsthal matrix sequence and relationships among them.

Definition 23.2. For any integer, n � 0, let a; b 2 R and s2C 8t > 0, s > 0; t ¤ 0.
Then the generalized .s; t/-Jacobsthal integer sequence fGn.s; t/gn2N is defined by
the following equation:

GnC2 .s; t/ D sGnC1 .s; t/C 2tGn .s; t/ (23.1)

with initial conditions G0 .s; t/ D a; G1 .s; t/ D bs.

As previously, we will use Gn instead of Gn .s; t/.
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Definition 23.3. For any integer, n � 0, let a; b 2 R, s > 0; t ¤ 0 and s2C 8t > 0.
Then the generalized .s; t/-Jacobsthal matrix sequence .<n .s; t//n2N is defined by
the following equation:

<nC2 .s; t/ D s<nC1 .s; t/C 2t<n .s; t/ (23.2)

with initial conditions

<0 .s; t/ D
�

bs 2a
at .b � a/ s

�
and <1 .s; t/ D

�
bs2 C 2at 2bs

bst 2at

�
:

By considering definitions 23.2 and 23.3, we obtain the following equalities:

• For a D b D 1,
Gn D OjnC1;
<n D JnC1:

• For a D 2, b D 1,
Gn D Ocn;

<n D Cn:

The following result gives us the nth general term of the matrix sequence given
in (23.2).

Theorem 23.4. For any integer n � 1, we have

<n D
�

GnC1 2Gn

tGn 2tGn�1

�
: (23.3)

Proof. Let us consider n D 1 in (23.3). Then we clearly have G0 D a, G1 D bs,
G2 D bs2 C 2at and then

<1 D
�

G2 2G1

tG1 2tG0

�
D
�

bs2 C 2at 2bs
bst 2at

�
:

As a next step of that, for n D 2, we also get

<2 D
�

G3 2G2

tG2 2tG1

�
D
�

bs3 C 2astC 2bst 2bs2 C 4at
bs2tC 2at2 2bst

�
:

By iterating this procedure and considering induction steps, let us assume that the
equality in (23.3) holds for all n D k 2 Z

C. To end up the proof, we have to show
that the case also holds for n D kC 1. Therefore, we get

<kC1 D s<k C 2t<k�1

D s

�
GkC1 2Gk

tGk 2tGk�1

�
C 2t

�
Gk 2Gk�1

tGk�1 2tGk�2

�
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D
�

sGkC1 C 2tGk 2sGk C 4tGk�1
stGk C 2t2Gk�1 2stGk�1 C 4t2Gk�2

�

D
�

GkC2 2GkC1
tGkC1 2tGk

�
:

Hence the result.

Corollary 23.5. In the above theorem, if we choose suitable values on s; t; a and b,
then some special matrix sequences are obtained. For example, by taking a D 1,
b D 1, we obtain the .s; t/-Jacobsthal matrix:

<n D
� OjnC1 2Ojn
Ojn 2Ojn�1

�
;

where Ojn is nth .s; t/-Jacobsthal number and by taking a D 2, b D 1, we obtain the
.s; t/-Jacobsthal–Lucas matrix:

<n D
� OcnC1 2Ocn

Ocn 2Ocn�1

�
;

where Ocn is nth .s; t/-Jacobsthal–Lucas number.

Let us consider the following theorem which will be needed for the results in this
section. In fact, by this theorem, it will be given a relationship among the sequences

fGn.s; t/gn2N,
nOjn.s; t/

o

n2N and fOcn.s; t/gn2N.

Theorem 23.6. For any integer, n � 1, we have

1. Gn D bsOjn C 2atOjn�1,
2. GnC1 C 2tGn�1 D bsOcn C 2atOcn�1.

Proof. To prove the existence of these equalities, we need to consider the sequence
given in (23.1) with its initial conditions.

1. If we consider the initial conditions G1 D bs;G2 D bs2 C 2at, then it can be
clearly written as

G1 D bs D .bs/ Oj1 C .2at/ Oj0
and

G2 D bs2 C 2at D .bs/ Oj2 C .2at/ Oj1;
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By keeping the .s; t/-Jacobsthal sequence and using same technique, we get
.bs/ Oj3C .2at/ Oj2, which gives G3 in the statement of proposition. So, by iterating
this above all progresses, we obtain the general term as the form of bsOjnC2atOjn�1
that implies Gn, as required.

2. The replacing of .s; t/-Jacobsthal–Lucas initial conditions Oc0 and Oc1 in place of
.s; t/-Jacobsthal’s initial conditions in Oj0 and Oj1 above, we then get the equality

GnC1 C 2tGn�1 D bsOcn C 2atOcn�1:

We will usually reveal the required relationships among

f<n.s; t/gn2N ; fJn.s; t/gn2N and fCn.s; t/gn2N

in the rest of this paper.

Theorem 23.7. For any integer, n � 1, we have

1. <n D bsJn C 2atJn�1,
2. <nC1 C 2t<n�1 D bsCn C 2atCn�1
Proof. 1. If we consider the initial condition for

<1 D
�

bs2 C 2at 2bs
bst 2at

�
;

it can be clearly written as

<1 D bs

�
s 2
t 0

�
C 2at

�
1 0

0 1

�
D
�

bs2 C 2at 2bs
bst 2at

�
:

If we apply the same idea to

<2 D
�

bs3 C 2astC 2bst 2bs2 C 4at
bs2tC 2at2 2bst

�
;

then

<2 D bs

�
bs2 C 2t 2s

st 2t

�
C 2at

�
s 2
t 0

�

D
�

bs3 C 2astC 2bst 2bstC 4at
bs2tC 2at2 2bst

�
:

In fact these above re-written conditions contain the initial conditions J0 and J1
of .s; t/-Jacobsthal sequence. Therefore, by replacing these conditions on these
new <1 and <2, then we obtain
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<1 D .bs/ J1 C .2at/ J0 and <2 D .bs/ J2 C .2at/ J1;

respectively. By keeping the .s; t/-Jacobsthal sequence and using the same
technique, we get

.bs/ J3 C .at/ J2;

which gives <3 in the statement of definition 23.3. So, by iterating this above all
progresses, we obtain the general term as the form of bsJnC 2atJn�1 that implies
<n, as required.

2. Replacing of .s; t/-Jacobsthal–Lucas initial conditions C0 and C1 in place of
.s; t/-Jacobsthal’s initial conditions in J0and J1 above, we then get the equality

<nC1 C 2t<n�1 D bsCn C 2atCn�1:

Theorem 23.8. For m; n 2 N, we have

<mCn D Jn<m (23.4)

Proof. To prove the equation in (23.4), let us follow the induction steps on m.
For m D 0,

Jn<0 D
� OjnC1 2Ojn

tOjn 2tOjn�1

��
bs 2a
at .b � a/ s

�

D
�

bsOjnC1 C 2atOjn 2.aOjnC1 C .b � a/stOjn/
t.aOjnC1 C .b � a/stOjn/ 2t.aOjn C .b � a/sOjn�1/

�

D <n:

Now, assuming that it is true for all positive integers m, that is,

<mCn D Jn<m:

Therefore, we have to show that the case also holds for mC1. If we use the property
of (23.2), then

Jn<mC1 D Jn.s<m C 2t<m�1/ D sJn<m C 2tJn<m�1
D s<mCn C 2t<mCn�1 D <mCnC1;

hence the result.

Theorem 23.9. Binet Formula enables us to state .s; t/-generalized Jacobsthal
numbers. It can be clearly obtained from the roots r1 and r2 of characteristic
equation of (23.1) as the form x2 D sxC 2t, where
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r1 D sCps2 C 8t

2
; r2 D s �ps2 C 8t

2
:

Then, the Binet Formula for the nth .s; t/-generalized Jacobsthal number is given by

Gn D Xrn
1 � Yrn

2

r1 � r2
; (23.5)

where X D bsC 2at
r1

and Y D bsC 2at
r2

.

Gn D bsOjn C 2atOjn�1

D Gn.s; t/ D bs
rn
1 � rn

2

r1 � r2
C 2at

rn�1
1 � rn�1

2

r1 � r2

D
�

bsC 2at
r1

	
rn
1 �

�
bsC 2at

r2

	
rn
2

r1 � r2

D Xrn
1 � Yrn

2

r1 � r2

Theorem 23.10. For a; b 2 R, n 2 N; s > 0; t ¤ 0 and s2 C 8t > 0, we have

<1Cn D <nC2 C 2t<n (23.6)

Proof. We get

<1Cn D
�

bs2 C 2at 2bs
bst 2at

�� OcnC1 2 Ocn

t Ocn 2t Ocn�1

�

D
�

bs OcnC2 C 2at OcnC1 2.bs OcnC1 C 2at Ocn/

t.bs OcnC1 C 2at Ocn/ 2t.bs Ocn C 2at Ocn�1/

�

D
�

GnC3 2GnC2
tGnC2 2tGnC1

�
C 2t

�
GnC1 2Gn

tGn 2tGn�1

�

D <nC2 C 2t<n:

Theorem 23.11. For m; n 2 N, the following equalities hold:

1. Cn<1 D <1Cn,
2. Jm<nC1 D <nC1Jm,
3. Cm<nC1 D <nC1Cm.
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Proof. Firstly, we can easily prove (1) by the equality of two sides of multiplying
of matrices

<1:Cn D
�

bs2 C 2at 2bs
bst 2at

�
:

� OcnC1 2 Ocn

t Ocn 2t Ocn�1

�

D
�
.bs2 C 2at/ OcnC1 C 2bst Ocn 2..bs2 C 2at/ Ocn C 2bst Ocn�1/

t.bs OcnC1 C 2at Ocn/ 2t.bs Ocn C 2at Ocn�1/

�

D
�

bs.sOcnC1 C 2t Ocn/C 2at OcnC1 2.bs.s Ocn C 2t Ocn�1/C 2at Ocn/

t.bs OcnC1 C 2at Ocn/ 2t.bs Ocn C 2at Ocn�1/

�
;

Cn:<1 D
� OcnC1 2 Ocn

t Ocn 2t Ocn�1

�
:

�
bs2 C 2at 2bs

bst 2at

�

�
�
.bs2 C 2at/ OcnC1 C 2bst Ocn 2.bs OcnC1 C 2at Ocn/

t..bs2 C 2at/Ocn C 2bstOcn�1/ 2t.bs Ocn C 2at Ocn�1/

�

�
�

bs.sOcnC1 C 2t Ocn/C 2at OcnC1 2.bs.s Ocn C 2t Ocn�1/C 2at Ocn/

t.bs OcnC1 C 2at Ocn/ 2t.bs Ocn C 2at Ocn�1/

�
:

We can prove (2) from

Jm<nC1 D Jm<1Jn D Jm.bsJ1 C 2atJ0/Jn D bsJmCnC1 C 2atJmCn

D .bsJ1 C 2atJ0/JmCn D <1JnJm D <nC1Jm:

We can prove (3) from

Cm<nC1 D Cm<1Jn D <1CmJn D <1JnCm D <nC1Cm:

In the following result, as the same approximation with Theorem 23.10, we
will depict that there are also some other relations between f<n.s; t/gn2N and
fJn.s; t/gn2N.

Theorem 23.12. For m; n 2 N, the following equality holds:

<m
nC1 D <m

1 Jmn:

Proof. To prove the equation, let us follow induction steps on m. For m D 1, the
proof is clear by (23.4). Now, assuming that it is true for all positive integers m, that
is,

<m
nC1 D <m

1 Jmn:
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Therefore, we have to show that it is true for mC 1. If we multiply this mth step by
<nC1 on both sides, then

<mC1
nC1 D <m

1 Jmn<nC1:

By considering Eq. (23.4), we can write

<mC1
nC1 D <mC1

1 JnJmn:

and then, from Proposition 23.1, we obtain

<mC1
nC1 D <mC1

1 J.mC1/n;

which ends up the induction and the proof of theorem.

Corollary 23.13. For n � 0, in the equation given in the above theorem

• by taking m D 1, we obtain

<2nC1 D <21J2n D <1<2nC1:

• by taking m D 2, a D 1 and b D 1, we obtain

J2nC2 D J2nC1J21 D J21J2n;J
2
1 D J2nC4:

• by taking m D 2, a D 2 and b D 1, we obtain

C2
nC1 D C2

1J2n:

Proposition 23.14. For a; b 2 R, n 2 N; s > 0; t ¤ 0 and s2C 8t > 0, we have

1. G2
nC2 C 2tG2

nC1 D .b2s2 C 2a2t/Oj2nC3 C 2ast.2b � a/Oj2nC2,
2. G2

nC2 C 2tG2
nC1 D bG2nC4 C 2 .a � b/ tG2nC2,

3. G2n D OjnGnC1 C 2tOjn�1Gn.

Proof. For the proof of (1), we use the corollary

<2nC1 D
�

GnC2 2GnC1
tGnC1 2tGn

�2

D <21J2n

D
�

bs2 C 2at 2bs
bst 2at

�2 � Oj2nC1 2Oj2n

tOj2n 2tOj2n�1

�
:

The desired result is easily seen from the equality of the matrices of elements of the
indices .1; 1/.
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For the proof of (2), we use the corollary

<2nC1 D
�

GnC2 2GnC1
tGnC1 2tGn

�2

D <1<2nC1

D
�

bs2 C 2at 2bs
bst 2at

��
G2nC2 2G2nC1
tG2nC1 2tG2n

�
:

The desired result is easily seen from the equality of the matrices of elements of
the indices .1; 1/.

For the proof of (3), we use the corollary

<2nC1 D
�

G2nC2 2G2nC1
tG2nC1 2tG2n

�

D <nC1Jn

D
�

GnC2 2GnC1
tGnC1 2tGn

�� OjnC1 2Ojn
tOjn 2tOjn�1

�
:

The desired result is easily seen from the equality of the matrices of elements of the
indices .2; 2/.

23.3 Conclusion

In the present paper we introduce the generalized .s; t/-Jacobsthal integer sequences,
whose entries are numbers Gn satisfying the recurrence formula

GnC2 .s; t/ D sGnC1 .s; t/C 2tGn .s; t/ ; s > 0; t ¤ 0; s2 C 8t > 0; n � 1;

and initial conditions

G0 .s; t/ D a; G1 .s; t/ D bs:

In the case a D b D 1, we define the .s; t/-Jacobsthal integer sequence, whose
entries are Ojn .s; t/-Jacobsthal numbers satisfying known recursive formula and
initial conditions

j0.s; t/ D 0; j1.s; t/ D 1:
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After that by using these integer sequences we introduce the generalized .s; t/-
Jacobsthal matrix sequences, whose entries are matrices<k satisfying the recurrence
formula

<kC1 D s<k C 2t<k�1;

and initial conditions

<0 .s; t/ D
�

bs 2a
at .b � a/ s

�
and <1 .s; t/ D

�
bs2 C 2at 2bs

bst 2at

�

and give some properties of the generalized .s; t/-Jacobsthal matrix sequences.
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Chapter 24
Domain Decomposition Approximation
Approach for an Elliptic Partial Differential
Equation

Tahira Nasreen Buttar and Naila Sajid

Abstract Domain Decomposition Methods present a strong and general class of
techniques for the approximate solution of partial differential equations. A non-
overlapping Domain Decomposition Method for the solution of Elliptic Partial
Differential Equation is formulated. This DDM involves to find solution of Dirichlet
and Neumann problem on each sub-domain, along with smoothing operation on the
interfaces of the sub-domains. Analysis of this iterative non-overlapping scheme is
made for an elliptic problem. At odd iteration levels, we enforce Dirichlet boundary
value among sub-domain problems at their interfaces, whereas at even iterative
levels are imposed Neumann boundary values. Fourier analysis is applied to show
the fast convergence rate of this DDM in case of constant coefficient and four
rectangular sub-domains.

24.1 Introduction

The idea of Domain Decomposition is very simple: it is to split a domain into
finite number of sub-domains. DDMs are usually applied to boundary value
problems (BVP). When the domain is decomposed into sub-domains, then the
BVP is applicable on each sub-domain separately with its respective boundary
conditions. The problems on each sub-domain are independent and matching
conditions on the interfaces are imposed which makes this method suitable for
parallel computing. There are techniques for splitting the domain into overlapping,
such as Schwarz alternating method and Additive Schwarz method. Many DDMs
can be analyzed and written as a special case of abstract additive Schwarz method.
Other DDMs are with non-overlapping sub-domains. In this type each pair of
adjacent sub-domains has intersection only on one interface, i.e. a curve or a line � .
Methods of Schur complement, Fictitious domain, Neumann–Dirichlet, Neumann–
Neumann, balancing domain decomposition (BDD) are non-overlapping DDMs.
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In engineering community, DDMs are much admired. These methods solve prob-
lems with deficiency of large RAM and save time of computation, as well as handle
the complications which arise from usage of the finite element method. Now-a-days,
large computer simulations are in concentrate of science and engineering. While
solving a PDE numerically, we get a system of algebraic equations, which can be
solved by direct (such as Gaussian elimination) or iterative methods which are based
on minimization of the iterated form of Ax � b. Iterative schemes like Gauss Seidel
and SOR are effective. To solve large system of algebraic equations efficiently,
both of the above methods are not suitable. Parallelization of sequential codes in
general can be very complicated in some cases. However, the most complicated
part of parallelization of the FEM is the parallelization of the solver of system of
algebraic equations. DDMs solve the problems by overcoming these deficiencies. A
non-overlapping DDM to obtain the numerical solution of an Elliptic PDE problem
is formulated. The proposed numerical scheme involves the solution of the problems
with Dirichlet condition as well as problems with Neumann boundary conditions
imposed on each sub-domain, by using smoothing process on the interfaces of the
sub-domains. Emphasis is given to formulation and implementation of this method

We have developed a modified domain decomposition scheme for solving
elliptic partial differential equation and applied it to solve Poisson equation for
different choices of relaxation parameters and grid sizes. We have used this iterative
DDM, for elliptic problems with non-overlapping decomposition of domain. The
conditions on boundary vary at even iteration (where Neumann boundary conditions
are applied) and at odd iterations (where we entertain Dirichlet boundary conditions)
among sub-domains and are interchanged at their interfaces. Let us consider a
domain D that is decomposed into a family of non-overlapping sub-domains
fNi; 1 � i � Ng with

D D
[

i

Di; Di \ Dj D ;; i ¤ j:

If �i D @Di � @D, the interface � is defined so that � and �i are open.
The conditions at � are phrased as transmission conditions, moreover, the

function and their derivatives which are traced along with their independent linear
combinations are termed ni which is outward normal to Di.

24.2 Derivation of the Modified Domain Decomposition
Scheme

The BVP selected here is the following:

Lw D f in D;

w D g on @D;
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where L is the operator defined by

Lw D �
dX

i;jD1

@

@xi

�
aij.x/

@w

@xi

�
C a0.x/w:

We introduce a generalized version of the scheme given in [1].
Let D be a polygon which is convex in Rd, d D 1; 2; 3; : : :, having a boundary

@D. Given f 2 L2.D/ and g 2 H
1
2 .@D/, we find w 2 H1.D/ for which

Lw D f in D; w D g on @D:

A Domain Decomposition scheme is proposed for second order Elliptic problem.
The initial domain D is sub-divided into sub-domains Di, i D 1; 2; 3; 4, inside of
each subdomain the differential equation is satisfied. At every interface between
two adjacent sub-domains, the continuity of the solution and of its derivatives is
imposed. DDM is quite easy to formulate and can be applied to randomly chosen
decompositions. To ease the appropriate analysis, the domain D is divided into four
non-overlapping sub-domains D1;D2;D3, and D4 such that

D D D1 [ D2 [ D3 [ D4;

D1 \ D2 D ;; D2 \ D3 D ;; D3 \ D4 D ;;
@Di \ @D ¤ ;; i D 1; 2; 3; 4

We denote the interfaces of the four sub-domains by

�1 D @D1 \ @D2;

�2 D @D2 \ @D3;

�3 D @D3 \ @D4:

As the earlier research suggests that subject to appropriate regularity conditions, the
problem becomes equivalent to the four problems mentioned as under:

In Domain D1:

Lw1 D f in D1;

w1 D g on @D1\@D;

w1 D w2 on �1;

@w1
@v1
C @w2
@v2
D 0 on �1:
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In Domain D2:

Lw2 D f in D2;

w2 D g on @D2 \ @D;

w2 D
�

w1; on �1
w3; on �2;

@w2
@v2
C @w1
@v2
D 0 on �1;

@w2
@v2
C @w3
@v3
D 0 on �2:

In Domain D3:

Lw3 D f in D3;

w3 D g on @D3 \ @D;

w3 D
�

w2; on �2
w4; on �3;

@w3
@v3
C @w2
@v2
D 0 on �2;

@w3
@v3
C @w4
@v4
D 0 on �3:

In Domain D4:

Lw4 D f in D4;

w4 D g on @D4 \ @D;

w4 D w3 on �3;

@w4
@v4
C @w3
@v3
D 0 on �3;

where for n D 1; 2; 3; 4, wn D wjDn and vn is the unit vector in direction of
outward normal to @Dn. For this Domain Decomposition scheme, we assume
w.0/n 2 H.1/.Dn/ with w.0/n j@Dn\@D D g, n D 1; 2; 3; 4. For k D 0; 1; 2; 3; : : :,
we get the sequence so constructed as .wkC1

n / where wkC1
n 2 H.1/.Dn/ with

w.0/n j@Dn\@D D g, n D 1; 2; 3; 4, satisfying:

Lw.2kC1/
1 D f in D1;

w.2kC1/
1 D ˛w.2k/

1 C .1 � ˛/w.2k/
2 on �1;
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Lw.2kC1/
2 D f in D2;

w.2kC1/
2 D

(
˛w.2k/

2 C .1 � ˛/w.2k/
1 ; on �1

˛w.2k/
2 C .1 � ˛/w.2k/

3 ; on �2;

Lw.2kC1/
3 D f in D3;

w.2kC1/
3 D

(
˛w.2k/

3 C .1 � ˛/w.2k/
2 ; on �2

˛w.2k/
3 C .1 � ˛/w.2k/

4 ; on �3;

Lw.2kC1/
4 D f in D4;

w.2kC1/
4 D ˛w.2k/

4 C .1 � ˛/w.2k/
3 on �3:

While

Lw.2kC2/
1 D f in D1;

@w.2kC2/
1

@v1
D ˇ@w.2kC1/

1

@v1
C .1 � ˇ/@w.2kC1/

2

@v1
on �1;

Lw.2kC2/
2 D f in D2;

@w.2kC2/
2

@v2
D
8
<

:
ˇ
@w

.2kC1/
2

@v2
C .1 � ˇ/@w

.2kC1/
1

@v2
; on �1

ˇ
@w

.2kC1/
2

@v2
C .1 � ˇ/@w

.2kC1/
3

@v2
; on �2;

Lw.2kC2/
3 D f in D3;

@w.2kC2/
3

@v3
D
8
<

:
ˇ
@w

.2kC1/
3

@v3
C .1 � ˇ/@w

.2kC1/
2

@v3
; on �2

ˇ
@w

.2kC1/
3

@v3
C .1 � ˇ/@w

.2kC1/
4

@v3
; on�3;

Lw.2kC2/
4 D f in D4;

@w.2kC2/
4

@v4
D ˇ@w.2kC1/

4

@v4
C .1 � ˇ/@w.2kC1/

3

@v4
on �3;

where ˛; ˇ 2 .0; 1/ are the “relaxation parameters.”The choice of “relaxation
parameters” decides to assurance of convergence and to enhance its rate of
convergence. The parameters ˛ and ˇ depend upon the sub-domains selected
and the PDE under consideration. There is not any definite approach to estimate

the most suitable values for ˛ and ˇ but

�
1

2
;
1

2

�
is observed as suitable pair of

values.
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Continuity of the variables w and
@w

@v
in this scheme is imposed on the interface

alternately at each iterative stage. Using DDM, the applications for approximation
and numerical solution will be investigated for convergence while optimum value
of relaxation parameters ˛ and ˇ will be determined. Numerical result will be
displayed.

24.3 Analysis of the Proposed Domain Decomposition
Method

Here we discuss the formulated DD scheme for PDE problems on rectangular sub-
domains and analyze the error in each subdomain. We suppose the model problem:

�4 wC 
w D f on D D Œ�x1; x2� � Œ�1; 1�;

w D 0 on boundary @D; where x1; x2 > 0 and 
 > 0. We tear the domain D into
four sub-domains

D1 D
h
�x1;

�x1
2

i
� Œ�1; 1�;

D2 D
h�x1
2
; 0
i
� Œ�1; 1�;

D3 D
h
0;

x2
2

i
� Œ�1; 1�;

D4 D
hx2
2
; x2
i
� Œ�1; 1�;

so that the interfaces line �i, i D 1; 2; 3 are x D �x1
2
; 0;

x2
2

. If at jth iteration the

solution of the DDM is defined by w.j/i on each sub-domain Di, then it is simple to

prove that the error functions E.j/i accordingly defined by

E.j/i .x; y/ D w.x; y/ � w.j/i .x; y/ for .x; y/ 2 Di

satisfy, for k D 0; 1; 2; : : :, the PDE problems:

In Domain D1:

�4 E.2kC1/
1 C 
E.2kC1/

1 D 0 in D1;

E.2kC1/
1 D c

�
˛;E.2k/

1 ;E.2k/
2

	
on �1;

E.2kC1/
1 D 0 on @D1 n �1:



24 Domain Decomposition Approximation 343

In Domain D2:

�4 E.2kC1/
2 C 
E.2kC1/

2 D 0 in D2;

E.2kC1/
2 D c

�
˛;E.2k/

2 ;E.2k/
1

	
on �1;

E.2kC1/
2 D 0 on @D2 n �1

and

�4 E.2kC1/
2 C 
E.2kC1/

2 D 0 in D2;

E.2kC1/
2 D c

�
˛;E.2k/

2 ;E.2k/
3

	
on �2;

E.2kC1/
2 D 0 on @D2 n �2:

In Domain D3:

�4 E.2kC1/
3 C 
E.2kC1/

3 D 0 in D3;

E.2kC1/
3 D c

�
˛;E.2k/

3 ;E.2k/
2

	
on �2;

E.2kC1/
3 D 0 on @D3 n �2

and

�4 E.2kC1/
3 C 
E.2kC1/

2 D 0 in D2;

E.2kC1/
3 D c

�
˛;E.2k/

3 ;E.2k/
4

	
on �2;

E.2kC1/
3 D 0 on @D2 n �3:

In Domain D4:

�4 E.2kC1/
4 C 
E.2kC1/

4 D 0 in D4;

E.2kC1/
4 D c

�
˛;E.2k/

4 ;E.2k/
3

	
on �3;

E.2kC1/
4 D 0 on @D4 n �3:

In Domain D1:

�4 E.2kC2/
1 C 
E.2kC2/

1 D 0 in D1;

@E.2kC2/
1

@x
D
 

ˇ
@E.2kC1/

1

@x
; .1 � ˇ/@E.2kC1/

2

@x

!

on �1;

E.2kC2/
1 D 0 on @D1 n �1:
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In Domain D2:

�4 E.2kC2/
2 C 
E.2kC2/

2 D 0 in D2;

@E.2kC2/
2

@x
D
 

ˇ
@E.2kC1/

2

@x
; .1 � ˇ/@E.2kC1/

1

@x

!

on �1;

E.2kC2/
2 D 0 on @D2 n �1

and

�4 E.2kC2/
2 C 
E.2kC2/

1 D 0 in D2;

@E.2kC2/
2

@x
D
 

ˇ
@E.2kC1/

2

@x
; .1 � ˇ/@E.2kC1/

3

@x

!

on �2;

E.2kC2/
2 D 0 on @D2 n �2:

In Domain D3:

�4 E.2kC2/
3 C 
E.2kC2/

3 D 0 in D3

@E.2kC2/
3

@x
D
 

ˇ
@E.2kC1/

3

@x
; .1 � ˇ/@E.2kC1/

2

@x

!

on �2

E.2kC2/
3 D 0 on @D3 n �2

and

�4 E.2kC2/
3 C 
E.2kC2/

3 D 0 in D2

@E.2kC2/
3

@x
D
 

ˇ
@E.2kC1/

3

@x
; .1 � ˇ/@E.2kC1/

4

@x

!

on �3

E.2kC2/
3 D 0 on @D3 n �3:

In Domain D4:

�4 E.2kC2/
4 C 
E.2kC2/

4 D 0 in D3;

@E.2kC2/
4

@x
D
 

ˇ
@E.2kC1/

4

@x
; .1 � ˇ/@E.2kC1/

3

@x

!

on �3;

E.2kC2/
4 D 0 on @D4 n �3:
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Now we set 
i D 
C
�
1
2
��
�

and define the functions such as

Vi.y/ D sin

�
1

2
��.yC 1/

�
; where y 2 .�1; 1/;

Wi.x/ D sinh.
p

i.�x � x1//

sinh.
p

i.� x1

2
//

; where x 2
�
�x1;�x1

2

	
;

Xi.x/ D

8
ˆ̂̂
ˆ̂̂
ˆ̂
<

ˆ̂̂
ˆ̂
ˆ̂̂
:

sinh.
p

i.x//

sinh.
p

i.�x1

2
//
; x 2

�
�x1
2
; 0
	

sinh.
p

i.�x1

2
� x//

sinh.
p

i.�x1

2
//

; x D 0;

Yi.x/ D

8
ˆ̂̂
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂̂
ˆ̂
:

sinh.
p

i.x//

sinh.
p

i.

x2
2
� x//

; x 2 �0; x2
2

�

sinh.
p

i.�x1

2
� x//

sinh.
p

i.

x2
2
//

; x D x2
2
;

and

Zi.x/ D sinh.
p

i.x//

sinh.
p

i.x2 � x//

; where x 2
�x2
2
; x2
	
:

It can be easily verified that the above listed functions Vi.y/, Wi.x/, Xi.x/, Yi.x/, and
Zi.x/ are solutions of the following problems, respectively:

V
00

i .y/C
�
1

2
� i2
�

Vi.y/ D 0;

y 2 .�1; 1/; Vi.�1/ D Vi.1/ D 0;
�W

00

i .x/C 
iWi.x/ D 0;
x 2

�
�x1;

x1
2

	
; Vi.�x1/ D 0; Wi

�
�x1
2

	
D 1;

�X
00

i .x/C 
iXi.x/ D 0;
x 2

�
�x1
2
; 0
	
; Xi

�
�x1
2

	
D 1; Xi.0/ D 1;

�Y
00

i .x/C 
iYi.x/ D 0;
x 2

�
0;

x2
2

	
; Yi.0/ D 1; Yi

�x2
2

	
D 1;
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and

�Z
00

i .x/C 
iZi.x/ D 0;
x 2

�x2
2
; x2
	
; Zi

�x2
2

	
D 1; Zi.x2/ D 0:

Now, for the jth iteration, the error Ej
i.x; y/ can be expanded in each sub-domain in

terms of the Vi, Wi, Xi, Yi, Zi as follows: The error functions in D1, D2, D3, and D4

are defined respectively as follows:

Ej
1.x; y/ D

1X

iD1
a.j/i Wi.x/Vi.y/ on �1; i.e., at x D �x1

2
;

Ej
2.x; y/ D

8
ˆ̂̂
<̂

ˆ̂̂
:̂

1P
iD1

b.j/i Xi.x/Vi.y/; on �1, i.e., at x D �x1
2

1P
iD1
Ob.j/i Xi.x/Vi.y/; on �2, i.e., at x D 0

Ej
3.x; y/ D

8
ˆ̂̂
<̂

ˆ̂̂
:̂

1P
iD1

c.j/i Yi.x/Vi.y/; on �2, i.e., at x D 0

1P
iD1
Oc.j/i Yi.x/Vi.y/; on �3, i.e., at x D x2

2

Ej
4.x; y/ D

1X

iD1
d.j/i Zi.x/Vi.y/ on �3, i.e., at x D x2

2
:

The coefficients a.2kC1/
i , b.2kC1/

i , c.2kC1/
i , and d.2kC1/

i of the series given in the

following are same as coefficients for expansions E.2kC1/
i and

@E.2kC2/
i

@x
on �i for

k D 0; 1; 2; 3; : : ::

a.2kC1/
i D

1Z

�1

h
˛E.2k/

1

�
�x1
2
; y
	
C .1 � ˛/E.2k/

2

�
�x1
2
; y
	i

Vi.y/dy;

b.2kC1/
i D

1Z

�1

h
˛E.2k/

2

�
�x1
2
; y
	
C .1 � ˛/E.2k/

1

�
�x1
2
; y
	i

Vi.y/dy;

Ob.2kC1/
i D

1Z

�1

h
˛E.2k/

2 .0; y/C .1 � ˛/E.2k/
3 .0; y/

i
Vi.y/dy;
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c.2kC1/
i D

1Z

�1

h
˛E.2k/

3 .0; y/C .1 � ˛/E.2k/
2 .0; y/

i
Vi.y/dy;

Oc.2kC1/
i D

1Z

�1

h
˛E.2k/

3

�x2
2
; y
	
C .1 � ˛/E.2k/

4

�x2
2
; y
	i

Vi.y/dy;

d.2kC1/
i D

1Z

�1

h
˛E.2k/

4

�x2
2
; y
	
C .1 � ˛/E.2k/

3

�x2
2
; y
	i

Vi.y/dy:

As the V 0
i s are orthogonal in L2.�i: i D 1; 2; 3:/, we get

a.2kC1/
i D

h
˛˛

.2k/
i Wi

�
�x1
2

	
C .1 � ˛/b.2k/

i Xi

�
�x1
2

	i

D
h
˛˛

.2k/
i C .1 � ˛/b.2k/

i

i
;

b.2kC1/
i D

h
˛b.2k/

i Xi

�
�x1
2

	
C .1 � ˛/a.2k/

i Wi

�
�x1
2

	i

D
h
˛b.2k/

i C .1 � ˛/a.2k/
i

i
;

Ob.2kC1/
i D

h
˛ Ob.2k/

i Xi .0/C .1 � ˛/c.2k/
i Yi .0/

i

D
h
˛ Ob.2k/

i C .1 � ˛/c.2k/
i

i
;

c.2kC1/
i D

h
˛c.2k/

i Yi.0/C .1 � ˛/Ob.2k/
i Xi .0/

i

D
h
˛c.2k/

i C .1 � ˛/Ob.2k/
i

i
;

Oc.2kC1/
i D

h
˛Oc.2k/

i Yi

�x2
2

	
C .1 � ˛/d.2k/

i Zi

�x2
2

	i

D
h
˛Oc.2k/

i C .1 � ˛/d.2k/
i

i
;

d.2kC1/
i D

h
˛d.2k/

i Zi

�x2
2

	
C .1 � ˛/Oc.2k/

i Yi

i

D
h
˛d.2k/

i C .1 � ˛/Oc.2k/
i

i
:

Now for even iterations:

a.2kC2/
i D �ti

�
�x1
2

	 1Z

�1

�
ˇ
@E

.2kC1/
1 .� x1

2 ;y/
@x C .1 � ˇ/@E

.2kC1/
2 .� x1

2 ;y/
@x

�
Vi.y/dy;



348 T.N. Buttar and N. Sajid

b.2kC2/
i D �ti

�
�x1
2

	 1Z

�1

�
ˇ
@E

.2kC1/
2 .� x1

2 ;y/
@x C .1 � ˇ/@E

.2kC1/
1 .� x1

2 ;y/
@x

�
Vi.y/dy;

Ob.2kC2/
i D �ti

�
�x1
2

	 1Z

�1

�
ˇ
@E

.2kC1/
2 .0;y/
@x C .1 � ˇ/@E

.2kC1/
3 .0;y/
@x

�
Vi.y/dy;

c.2kC2/
i D �ti

�
�x1
2

	 1Z

�1

�
ˇ
@E

.2kC1/
3 .0;y/
@x C .1 � ˇ/@E

.2kC1/
2 .0;y/
@x

�
Vi.y/dy;

Oc.2kC2/
i D �ti

�
�x1
2

	 1Z

�1

�
ˇ
@E

.2kC1/
3 .

x2
2 ;y/

@x C .1 � ˇ/@E
.2kC1/
4 .

x2
2 ;y/

@x

�
Vi.y/dy;

d.2kC2/
i D �ti

�
�x1
2

	 1Z

�1

�
ˇ
@E

.2kC1/
4 .

x2
2 ;y/

@x C .1 � ˇ/@E
.2kC1/
3 .

x2
2 ;y/

@x

�
Vi.y/dy;

where ti.x/ D
�
tanh
p

i.x/

�
=
p

i.

@E.j/1 .� x1
2
;y /

@x
D

1X

iD1
a.j/i W

0

i

�
�x1
2

	
Vi.y/;

@E.j/2 .� x1
2
;y /

@x
D

8
ˆ̂̂
<̂

ˆ̂̂
:̂

1P
iD1

b.j/i X
0

i

�� x1
2

�
Vi.y/;

1P
iD1
Ob.j/i X

0

i .0/Vi.y/;

@E.j/3 .0;y /

@x
D

8
ˆ̂̂
<̂

ˆ̂̂
:̂

1P
iD1

c.j/i Y
0

i .0/Vi.y/;

1P
iD1
Oc.j/i Y

0

i

� x2
2

�
Vi.y/;

@E.j/4 .
x2
2
;y /

@x
D

1X

iD1
d.j/i Z

0

i

�x2
2

	
Vi.y/;

Wi.x/ D
sinh

�p

i.�x � x1/

�

sinh
�p

i.� x1

2
/
� :

Differentiating,

W
0

i .x/ D
cosh

�p

i.�x � x1/

�

sinh
�p

i.� x1

2
/
�

�
�
p

i

	
;

W
0

i

�
�x1
2

	
D �

�p

i

	
coth

�p

i

�
�x1
2

		
:
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Now

Xi.x/ D
sinh

�p

i.x/

�

sinh
�p

i.� x1

2
/
� ;

X
0

i .x/ D
cosh

�p

i.x/

�

sinh
�p

i.� x1

2
/
�
�p


i

	
;

X
0

i

�
�x1
2

	
D
�p


i

	
coth

�p

i

�
�x1
2

		
:

In the same way,

X
0

i .0/ D �
�p


i

	
coth

�p

i

�
�x1
2

		
;

Y
0

i .0/ D �
�p


i

	
coth

�p

i

�x2
2

		
;

Y
0

i

�x2
2

	
D
�p


i

	
coth

�p

i

�x2
2

		
;

Z
0

i

�x2
2

	
D �

�p

i

	
coth

�p

i

�x2
2

		
:

Using the orthogonally of the V 0
i s in L2 .�1; i D 1; 2; 3:/ we obtain that

a.2kC2/
i D �ti

�
�x1
2

	 h
ˇa.2kC1/

i W
0

i

�
�x1
2

	
C .1 � ˇ/b.2kC1/

i X
0

i

�
�x1
2

	i
;

a.2kC2/
i D

�
tanh

�p

i
�� x1

2

���

p

i

h
ˇa.2kC1/

i

�
�
�p


i

	
coth

�p

i

�x1
2

			

C .1 � ˇ/b.2kC1/
i

�p

i

	
coth

�p

i

�x1
2

		i
;

a.2kC2/
i D

h
ˇa.2kC1/

i � .1 � ˇ/b.2kC1/
i

i

b.2kC2/
i D ti

�
�x1
2

	 h
ˇb.2kC1/

i X
0

i

�
�x1
2

	
.1 � ˇ/a.2kC1/

i W
0

i

�
�x1
2

	i
;

b.2kC2/
i D

h
ˇb.2kC1/

i � .1 � ˇ/a.2kC1/
i

i
;

Ob.2kC2/
i D �ti

�
�x1
2

	 h
ˇ Ob.2kC1/

i X
0

i .0/C .1 � ˇ/c.2kC1/
i Y

0

i .0/
i
;

Ob.2kC2/
i D

h
ˇ Ob.2kC1/

i pi C .1 � ˇ/c.2kC1/
i

i
;
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where pi D
�
tanh

�p

i
� x2
2

���

�
tanh

�p

i
�� x1

2

��� and

c.2kC2/
i D �ti

�x2
2

	 h
ˇc.2kC1/

i Y
0

I .0/C .1 � ˇ/Ob.2kC1/
i X

0

I .0/
i
;

c.2kC2/
i D

h
ˇc.2kC1/

i C .1 � ˇ/Ob.2kC1/
i p�1

i

i
;

Oc.2kC2/
i D ti

�x2
2

	 h
ˇOc.2kC1/

i Y
0

i

�x2
2

	
C .1 � ˇ/d.2kC1/

i Z
0

I

�x2
2

	i
;

Oc.2kC2/
i D

h
ˇOc.2kC1/

i � .1 � ˇ/d.2kC1/
i

i
;

d.2kC2/
i D �ti

�x2
2

	 h
ˇd.2kC1/

i Z
0

I

�x2
2

	
C .1 � ˇ/Oc.2kC1/

i Y
0

i

�x2
2

	i
;

d.2kC2/
i D

h
ˇd.2kC1/

i � .1 � ˇ/Oc.2kC1/
i

i
:

Example 24.1. The following BVP of Poisson equation is considered: 52w D f ,
on jxj � 1; jyj � 1, w D g, on the boundary @D.

Solution. Using the technique derived in Sect. 24.2, we decompose the domain in
four sub-domains

D1 D
�
�1;�1

2

�
� Œ�1;�1� ;

D2 D
�
�1
2
; 0

�
� Œ�1;�1� ;

D3 D
�
0;
1

2

�
� Œ�1; 1� ;

D4 D
�
1

2
; 1

�
� Œ�1; 1� :

Initial guesses for the coefficients ai; bi; ci, and di are taken along with appropriate
choice of ˛ and ˇ. For f D 1 and g D 0 we have

Numerical result for the Example 24.1 with interfaces at x D � 1
2
; 0; 1

2
and the

total absolute errors are shown in Tables 24.1 and 24.2.

Table 24.1 Total error in
whole domain
E D jE1j C jE2j C jE3j C
jE4j ˛ D 0:45; ˇ D 0:5, and
grid size is 1

20
� 1

5

Iteration Error

1. 9:94� 10�4

2. 1:50� 10�4

3. 2:8� 10�5
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Table 24.2 Total error in
whole domain
E D jE1j C jE2j C jE3j C
jE4j ˛ D 0:35; ˇ D 0:65,
and grid size is 1

40
� 1

10

Iteration Error

1. 6:7� 10�5

2. 1:8� 10�5

3. 5:0� 10�6

24.4 Conclusion

A new domain decomposition scheme is developed for solving elliptic partial
differential equation and applied it to solve Poisson equation for different choices
of relaxation parameters and grid sizes.

Reference

1. J.R. Rice, E.A. Vavalis, D. Yang, Analysis of a non-overlapping domain decomposition method
for elliptic partial differential equations. J. Comput. Appl. Math. 87, 11–19 (1997)



Chapter 25
Voronovskaja Type Approximation Theorem
for q-Szasz–Schurer Operators

Tuba Vedi and Mehmet Ali Özarslan

Abstract In 2011, Özarslan (Miscolc Math Notes, 12:225–235, 2011) introduced
the q-Szasz–Schurer operators and investigated their approximation properties.
In the present paper, we state the Voronovskaja-type asymptotic formula for
q-analogue of Szasz–Schurer operators.

25.1 Introduction

In the last decade, different types of Szasz operators were studied in [1, 6, 13], etc.
On the other hand, q-analogue of Szasz operators were investigated in [4, 5, 7, 8,
12, 18–21, 23–25, 30]. Also, many researchers investigate q-analogue of Bernstein
polynomials in [2, 3, 10, 17, 22, 27–29]. Particularly, Voronovskaja type theorem
was stated in [9, 14, 15, 20]. In 2011, q-Szasz–Schurer operators were introduced
by Özarslan [26] as

Sn;q.f I xI p/ D 1

Eq .ŒnC p� x/

1X

kD0
f

�
Œk�

qk�1 Œn�

�
q

k.k�1/
2
ŒnC p�k xk

Œk�Š
, x 2 Œ0;1/ ;

where 0 < q < 1, f 2 C Œ0;1/ and Eq .ŒnC p� x/ was given in [26].
Before giving our results, let us give some definitions related to q-calculus. Let

q 2 R and the function f be calculated at the q-integers
Œk�

Œn�
. Recall that the q-integer

of k 2 R is [16]

Œk�q D
� �
1 � qk

�
= .1 � q/ ; q ¤ 1

k; q D 1;
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the q-factorial is defined by

Œk�qŠ D
�
Œk�q Œk � 1�q : : : Œ1�q ; k D 1; 2; 3; : : : ;
1; k D 0

and q-binomial coefficients are defined by

�
n
k

�

q

D Œn�qŠ

Œn � k�qŠ Œk�qŠ

for n � 0, k � 0. On the other hand, q-integers satisfy the following well-known
property

Œn� D Œs�C qs Œn � s� : (25.1)

Firstly, let us state the following lemma and corollary which were given in [26]:

Lemma 25.1. For fixed p 2 N0 and n 2 N, we have the following relation for
q-Szasz–Schurer operators

Sn;q
�
tmC1I xI p� D ŒnC p�q

Œn�q
x

mX

jD0

 
m

j

!
1

qj Œn�m�j
q

Sn;q
�
tjI xI p� . (25.2)

Corollary 25.2. Using (25.2) we have the following moments for the q-Szasz–
Schurer operators:

.i/ Sn;q .1I xI p/ D 1,

.ii/ Sn;q .tI xI p/ D
ŒnC p�q
Œn�q

x,

.iii/ Sn;q
�
t2I xI p� D 1

q

 
ŒnC p�q
Œn�q

x

!2
C ŒnC p�q

Œn�2q
x,

.iv/ Sn;q
�
t3I xI p� D 1

q3

 
ŒnC p�q
Œn�q

x

!3
C 2qC 1

q2
ŒnC p�2q

Œn�3q
x2 C ŒnC p�q

Œn�3q
x,

.v/ Sn;q

�
.t � x/2 I xI p

	
D
" 

ŒnC p�q
q Œn�q

� 2
!
ŒnC p�q
Œn�q

C 1
#

x2 C ŒnC p�q

Œn�2q
x.

In this paper, we consider the following space:

E WD
�

f 2 C2 Œ0;1/ such that lim
x!1

jf .x/j
1C x2

exists finitely


:

Also before, Özarslan gave the following corollary on the space E :
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Corollary 25.3 (See [26]). Let q WD qn 2 .0; 1/ and fix p 2 N0 WD N[f0g.
Then, for all f 2 E,

˚
Sn;q .f I xI p/

�
converges uniformly to f on Œ0; b� if and only

if lim
n!1 qn D 1.

25.2 Voronovskaja Type Theorem

Recently, Duman and Özarslan gave the Voronovskaja type theorem in [11] for
Szasz–Mirakjan type operators. In this section, we state our main result for q-
analogue of Szasz–Schurer operators. For proving our main theorem we need the
following:

Lemma 25.4. Using Lemma 25.1, for fixed p 2 N0 and n 2 N, we get the following
results:

.i/

Sn;q
�
t4I xI p� D 1

q6

 
ŒnC p�q
Œn�q

x

!4
C
 

3

q3 Œn�q
C 2qC 1

q5 Œn�q

! 
ŒnC p�q
Œn�q

x

!3

C
 

3

q Œn�2q
C 3

q2 Œn�2q
C 1

q3 Œn�2q

! 
ŒnC p�q
Œn�q

x

!2
C ŒnC p�q

Œn�3q
x;

.ii/

Sn;q

�
.t � x/4 I xI p

	

D
 
ŒnC p�4q

q6 Œn�4q
� 4 ŒnC p�3q

q3 Œn�3q
C 6 ŒnC p�2q

q Œn�2q
� 4 ŒnC p�q

Œn�q
C 1

!

x4

�
 �

3

q3
C 2qC 1

q5

�
ŒnC p�3q

Œn�4q
� 4.2qC 1/ ŒnC p�2q

q2 Œn�3q
C 6 ŒnC p�q

Œn�2q

!

x3

C
 �

3

q
C 3

q2
C 1

q3

�
ŒnC p�2q

Œn�4q
� 4 ŒnC p�q

Œn�3q

!

x2 C ŒnC p�q

Œn�3q
x:

Proof. By the help of Lemma 25.1 and Corollary 25.2 and linearity of the operators
we can obtain the desired result.

Lemma 25.5. Let .qn/ be a sequence with 0 < qn < 1, lim
n!1 qn D 1 and lim

n!1 qn
n D

A. Then, for fixed p 2 N0 and n 2 N we have the following:

.i/ lim
n!1 Œn�qn

Sn;qn ..t � x/ I xI p/ D pAx,
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.ii/ lim
n!1 Œn�qn

Sn;qn

�
.t � x/2 I xI p

	
D x,

.iii/ lim
n!1 Œn�2qn

Sn;qn

�
.t � x/4 I xI p

	
D 3 .1 � A/2 x4 � 12 .1 � A/ x3 C 3x2 C x

uniformly with respect to x 2 Œ0; c�, .c > 0/.
Proof. (i) By Corollary 25.2, we obtain the desired result directly with 0 < qn < 1,
lim

n!1 qn D 1 and lim
n!1 qn

n D A,

lim
n!1 Œn�qn

Sn;qn ..t � x/ I xI p/ D lim
n!1 Œn�qn

 
ŒnC p�qn

Œn�qn

� 1
!

x

D lim
n!1

�
ŒnC p�qn

� Œn�qn

�
x

D lim
n!1

qn
n

�
1 � qp

n

�

1 � qn
x

D pAx:

(ii) If we take limit on both sides of Œn�qn
Sn;qn

�
.t � x/2 I xI p

	
as n tends to infinity

and taking into account that 0 < qn < 1, lim
n!1 qn D 1 and lim

n!1 qn
n D A, and also

using (25.1), we get

lim
n!1 Œn�qn

Sn;qn

�
.t � x/2 I xI p

	

D lim
n!1

" 
ŒnC p�qn

qn Œn�qn

� 2
!
Œn�qn

ŒnC p�qn

Œn�qn
C Œn�qn

#

x2 C lim
n!1

Œn�qn
ŒnC p�qn

Œn�2qn

x

D lim
n!1

 
ŒnC p�2qn

� 2qn Œn�qn
ŒnC p�qn

C qn Œn�
2
qn

qn Œn�qn

!

x2 C x;

which gives

lim
n!1

Œn�qn
Sn;qn

�
.t � x/2 I xI p

	

D lim
n!1

 �
Œp�qn
C qp

n Œn�qn

�2 � 2qn Œn�qn

�
Œp�qn
C qp

n Œn�qn

�C qn Œn�
2
qn

qn Œn�qn

!

x2 C x

D lim
n!1

 �
q2p

n � 2qpC1
n C qn

�
Œn�2qn
C Œn�qn

�
2 Œp�qn

qp
n � 2qn Œp�qn

�C Œp�2qn

qn Œn�qn

!

x2 C x

D lim
n!1

 �
qp

n � 1
�2

qn

1 � qn
n

1 � qn

!

x2 C x D lim
n!1

 �
qp

n � 1
�
Œp�qn

qn

!

x2 C x D x:
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(iii) Now, let us prove our last results of the lemma in the following way:

lim
n!1 Œn�2qn

Sn;qn

�
.t � x/4 I xI p

	

D lim
n!1 Œn�2qn

" 
ŒnC p�4qn

q6n Œn�
4
qn

� 4 ŒnC p�3qn

q3n Œn�
3
qn

C 6 ŒnC p�2qn

qn Œn�
2
qn

� 4 ŒnC p�qn

Œn�qn

C 1
!

x4

C
 �

3

q3n
C 2qn C 1

q5n

�
ŒnC p�3qn

Œn�4qn

� 4.2qn C 1/ ŒnC p�2qn

q2n Œn�
3
qn

C 6 ŒnC p�qn

Œn�2qn

!

x3

C
 �

3

qn
C 3

q2n
C 1

q5n

�
ŒnC p�2qn

Œn�4qn

� 4 ŒnC p�qn

Œn�3qn

!

x2 C ŒnC p�qn

Œn�3qn

x

#

;

and hence

lim
n!1 Œn�2qn

Sn;qn

�
.t � x/4 I xI p

	

D lim
n!1 Œn�2qn

 
ŒnC p�4qn

q6n Œn�
4
qn

� 4 ŒnC p�3qn

q3n Œn�
3
qn

C 6 ŒnC p�2qn

qn Œn�
2
qn

� 4 ŒnC p�qn

Œn�qn

C 1
!

x4

C lim
n!1 Œn�2qn

 �
3

q3n
C 2qn C 1

q5n

�
ŒnC p�3qn

Œn�4qn

� 4 .2qn C 1/ ŒnC p�2qn

q2 Œn�3qn

C 6 ŒnC p�qn

Œn�2qn

!

x3

C lim
n!1 Œn�2qn

  �
3

qn
C 3

q2n
C 1

q3n

�
ŒnC p�2qn

Œn�4qn

� 4 ŒnC p�qn

Œn�3qn

!

x2 C ŒnC p�qn

Œn�3qn

!

x:

Now, again using (25.1) and re-arranging the above terms, we have

lim
n!1 Œn�2qn

Sn;qn

�
.t � x/4 I xI p

	

D
"

lim
n!1

�
q4p

n � 4q3pC3
n C 6q2pC5

n � 4qpC6
n C q6n

q6n

��
1 � qn

n

1 � qn

�2

qn

C lim
n!1

 
4 Œp�qn

q3p
n � 12q2pC3

n Œp�qn
C 12qpC5

n Œp�qn
� 4q6n Œp�qn

q6n

!
1 � qn

n

1 � qn

C lim
n!1

 
6 Œp�2qn

q2p
n � 12qpC3

n Œp�2qn
C 6q5n Œp�

2
qn

q6n

!

C lim
n!1

 
4 Œp�3qn

qp
n � 4q3n Œp�

3
qn

q6n

!
1 � qn

1 � qn
n

C lim
n!1

Œp�4qn
.1 � qn/

q6n
�
1 � qn

n

�

#

x4
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C
2

4 lim
n!1

0

@
3q2nC2qnC1

q3n
3 Œp�2qn

qp
n � 4 .2qn C 1/ q2p

n C 6qpC2
n

q2n

1

A 1 � qn

1 � qn
n

C lim
n!1

0

@
3q2nC2qnC1

q3n
3 Œp�qn

q2p
n � 4 .2qn C 1/ 2 Œp�qn

qp
n C 6q2n Œp�qn

q2n

1

A

C lim
n!1

0

@
3q2nC2qnC1

q3n
3 Œp�2qn

qp
n � 4 .2qn C 1/ Œp�2qn

q2n

1

A 1 � qn
n

1 � qn

C lim
n!1

3q2nC2qnC1
q3n

Œp�3qn

q2n

�
1 � qn

1 � qn
n

�2
3

5 x3 C 3x2 C x.

Finally if 0 < qn < 1, lim
n!1 qn D 1 and lim

n!1 qn
n D A, then we obtain the following

result:

lim
n!1 Œn�2qn

Sn;qn

�
.t � x/4 I xI p

	

D 3 .1 � A/2 x4 � 12 .1 � A/ x3 C 3x2 C x,

whence the result.

Now, we can give the Voronovskaja type theorem for q-Szasz–Schurer operators.

Theorem 25.6. Let .qn/ be a sequence with 0 < qn < 1, lim
n!1 qn D 1 and

lim
n!1 qn

n D A. For any f 2 E Œ0;1/ such that f
0 2 E Œ0;1/ and f

00 2 E Œ0;1/.
Then, we have the following relation:

lim
n!1 Œn�qn

�
Sn;qn .f .x/ I xI p/ � f .x/

�

D f
0

.x/ pAxC f
00

.x/

�
.1 � A/

x2

2
C 1

2
x

�

uniformly with respect to x 2 Œ0; c�, .c > 0/.
Proof. From the Taylor expansion for f , we get

f .t/ D f .x/C f
0

.x/ .t � x/C 1

2
f

00

.x/ .t � x/2 C " .t; x/ .t � x/2 ;

where " .t; x/! 0 as t! x. Using the linearity of the operators Sn;qn , we get

Sn;qn .f I xI p/ � f .x/
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D f
0

.x/

 
ŒnC p�qn

Œn�qn

x � x

!

C 1

2
f

00

.x/

 " 
ŒnC p�qn

qn Œn�qn

� 2
!
ŒnC p�qn

Œn�qn

C 1
#

x2 C ŒnC p�qn

Œn�2qn

x

!

C Sn;qn

�
" .t; x/ .t � x/2 I xI p

	
:

Applying Cauchy–Schwarz inequality to the third term on the right-hand side, we
get

lim
n!1 Œn�qn

Sn;qn

�
" .t; x/ .t � x/2 I xI p

	

�
�

lim
n!1 Sn;qn

�
"2 .t; x/ I xI p�

	 1
2
�

lim
n!1 Œn�qn

Sn;qn

�
.t � x/4 I xI p

		 1
2

.

Since "2 .t; x/ 2 E, we have by Corollary 25.3 that

lim
n!1 Œn�qn

Sn;qn

�
" .t; x/ .t � x/2 I xI p

	
D 0

uniformly with respect to x 2 Œ0; c�, .c > 0/. Then, we have by Lemma 25.5 .i/ and
.ii/ that

lim
n!1 Œn�qn

�
Sn;qn .f .t/ I xI p/ � f .x/

�

D f
0

.x/ lim
n!1 Œn�qn

 
ŒnC p�qn

Œn�qn

x � x

!

C 1

2
f

00

.x/ lim
n!1 Œn�qn

 " 
ŒnC p�qn

qn Œn�qn

� 2
!
ŒnC p�qn

Œn�qn

C 1
#

x2 C ŒnC p�qn

Œn�2qn

x

!

D f
0

.x/ pAxC f
00

.x/

�
.1 � A/

x2

2
C 1

2
x

�

uniformly with respect to x 2 Œ0; c�, .c > 0/. Hence, the proof is completed.

25.3 Concluding Remarks

Remark 25.7. If we choose p D 0 in Lemma 25.4, our results will be the same as
that of q-Szasz operators.
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Remark 25.8. According to chosen qn, we obtain the following Voronovskaja-type
results, respectively:
Let qn D 1 � 1

n when qn ! 1, lim
n!1 qn

n D A D e�1, we have

lim
n!1 Œn�qn

�
Sn;qn .f .t/ I xI p/ � f .x/

�

D f
0

.x/ pe�1xC f
00

.x/

��
1 � e�1� x2

2
C 1

2
x

�
:

Let qn D 1 � 1
en or qn D 1 � 1

n2
when qn ! 1, lim

n!1 qn
n D A D 1, we get

lim
n!1 Œn�qn

�
Sn;qn .f .t/ I xI p/ � f .x/

� D f
0

.x/ pxC f
00

.x/
1

2
x:
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Chapter 26
Approximation to Derivatives of Functions
by Linear Operators Acting on Weighted
Spaces by Power Series Method

Emre Taş and Tuğba Yurdakadim

Abstract In this chapter, using power series method we study some Korovkin type
approximation theorems which deal with the problem of approximating a function
by means of a sequence of linear operators acting on weighted spaces.

26.1 Introduction

Much of the literature on approximation theory is focused on the classical approxi-
mation operators which tend to converge to value of functions being approximated
and ordinary test functions. Efendiev has studied some approximations to deriva-
tives of functions by means of a class of linear operators defined on various
weighted spaces. Kucuk and Duman [10] verify the same results using A-summation
process. Recent studies demonstrate that summability theory provides an important
contribution to improvement of the classical analysis. For example, many authors
have studied Korovkin type approximation theorems by using summability theory
[1, 6, 11]. In this chapter we study the Korovkin theory, using the power series
method, which deals with the problem of approximating derivatives of a function
by means of a sequence of linear operators acting on weighted spaces without using
the ordinary test functions. This chapter consists of three sections. The first section is
devoted to basic definitions and notations used in the chapter. In the second section,
we give some approximations to derivatives of function by means of a class of linear
operators defined on various weighted spaces by using the power series method. Our
motivation to this chapter is [3] and [8]. In the final section we give some concluding
remarks.

We first recall some notation and basic definitions used in this chapter.
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Throughout the chapter we use the following weighted spaces introduced by
Efendiev [8]. Let k be a nonnegative integer. By C.k/.R/ we denote the space of
all functions having k-th continuous derivatives on R. Now, let M.k/.R/ denote the
class of all linear operators mapping the set of functions f that are convex of order
.k�1/ on R, i.e., f .k/.x/ � 0 holds for all x 2 R, into the set of all positive functions
on R. More precisely, for a fixed nonnegative integer k and a linear operator L,

L 2 M.k/.R/, L.f / � 0 for every function f satisfying f .k/ � 0: (26.1)

If k D 0, then M.0/.R/ stands for the class of all positive linear operators. Assume
that � is a weight function, i.e., � W R ! R

C D .0;C1/ is a function such that
�.0/ D 1I � is increasing on R

C and decreasing on R
�; and limx!˙1 �.x/ D C1.

In this case, we consider the following weighted spaces:

C.k/
� .R/ D

˚
f 2 C.k/.R/ W for some positive mf ;

ˇ̌
f .k/.x/

ˇ̌ � mf�.x/; x 2 R
�
;

QC.k/
� .R/ D

�
f 2 C.k/

� .R/ W for some lf ; lim
x!˙1

f .k/.x/

�.x/
D lf


;

OC.k/
� .R/ D

�
f 2 QC.k/

� .R/ W lim
x!˙1

f .k/.x/

�.x/
D 0


;

B�.R/ D
˚
g W R! R W for some positive mg; jg.x/j � mg�.x/; x 2 R

�
:

As usual, the weighted space B�.R/ is endowed with the norm

kgk� WD sup
x2R
jg.x/j
�.x/

for g 2 B�.R/:

If k D 0, then we write M.R/, C�.R/, QC�.R/ and OC�.R/ instead of M.0/.R/, C.0/
� .R/,

QC.0/
� .R/ and OC.0/

� .R/, respectively.

26.2 Approximation Theorems by Power Series Methods

We first recall that the system of functions f0, f1, f2; : : :, fm continuous on an interval
Œa; b� is called a Tschebyshev system of order m, or T-system, if any polynomial

P.x/ D a0f0.x/C a1f1.x/C � � � C amfm.x/

has not more than m zeros in this interval with the condition that the numbers a0,
a1, : : :, am are not all equal to zero.
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Let .pj/ be real sequence with p0 > 0 and pj � 0 .j 2 N/, and such that the
corresponding power series p.t/ WD P1

jD0 pjtj has radius of convergence R with
0 < R � 1. If, for all t 2 .0;R/,

lim
t!R�

1

p.t/

1X

jD0
xjpjt

j D L (26.2)

then we say that x D .xj/ is convergent in the sense of power series method [9, 13].
Note that the power series method is regular if and only if

lim
t!R�

pjtj

p.t/
D 0; for each j 2 N (26.3)

holds [5].
Let fLjg be a sequence of positive linear operators from C� into B� such that for

every f 2 C�

sup
t2.0;R/

1

p.t/

1X

jD0
kLjkC�!B�pjt

j <1 (26.4)

holds. Also Vt given by

Vtf.f .y/I x/g WD 1

p.t/

1X

jD0
Lj.f .y/I x/pjt

j

which is a positive linear operator from C� into B� is well defined by (26.4).
Throughout the chapter, the operators fulfill conditions (26.3). The classical test

functions have been changed in the Korovkin theory [2, 4, 7, 12]. Now, following
Theorem 1 of [12], we obtain the following result at once.

Theorem 26.1. Let
˚
Lj
�

be a sequence of positive linear operators from C.X;R/
into C.X;R/ for which (26.4) holds. If fi 2 C.X;R/

lim
t!R�

kVt .fi/ � fik D 0; i D 0; 1; 2

then for all f 2 C.X;R/,

lim
t!R�

kVt .f / � fk D 0

where X is a compact Hausdorff space.

We first consider the case of k D 0.
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Theorem 26.2. Let
˚
Lj
�

be a sequence of operators from C�.R/ into B�.R/
satisfying (26.4), belong to the class M.R/. Assume that the following conditions
hold:

.i/ ff0; f1g and ff0; f1; f2g are T-systems on R,

.ii/ lim
x!˙1

fi.x/

1C jf2.x/j D 0, i D 0; 1,

.iii/ lim
x!˙1

f2.x/

�.x/
D mf2 ¤ 0,

.iv/ limt!R� kVt.fi/ � fik� D 0, i D 0; 1; 2.

Then, for all f 2 QC�.R/, we have

lim
t!R�

kVt.f / � fk� D 0:

Proof. Let f 2 QC�.R/ and define a function g on R as follows:

g.y/ D mf2 f .y/ � lf f2.y/; (26.5)

where mf2 and lf are certain constants as in the definitions of the weighted spaces.
Then, we easily observe that g 2 OC�.R/. Now we first prove that

lim
t!R�

kVt.g/ � gk� D 0:

Since ff0; f1g is T-system on R, we know from Lemma 2 of [8] that, for each a 2 R

satisfying fi.a/ ¤ 0, i=0,1, there exists a function ˚a.y/ such that

˚a.a/ D 0 and ˚a.y/ > 0 for y < a;

and the function ˚a has the following form

˚a.y/ D �0.a/f0.y/C �1.a/f1.y/;

where j�0.a/j D
ˇ̌
ˇ
ˇ
f1.a/

f0.a/

ˇ̌
ˇ
ˇ and j�1.a/j D 1. In fact here we define

˚a.y/ D
�

F.y/; if F.y/ > 0 for y < a
�F.y/; if F.y/ < 0 for y < a

;

where

F.y/ D f1.a/

f0.a/
f0.y/ � f1.y/:
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Clearly here F.a/ D 0 and F has no other root by ff0; f1g being a T-system. On the
other hand, by .ii/ and .iii/, we see for each i D 0; 1, that

fi.y/

�.y/
D fi.y/

1C jf2.y/j
�

1

�.y/
C jf2.y/j

�.y/

�
! 0 as y!˙1: (26.6)

Now using the fact that g 2 OC�.R/ and also considering (26.6) and .iii/, for every
" > 0, there exists a positive number u0 such that the conditions

jg.y/j < "�.y/ (26.7)

jfi.y/j < "�.y/; i D 0; 1 (26.8)

�.y/ < s0f2.y/ for a certain constant s0; (26.9)

hold for all y with jyj > u0. By (26.7) and (26.9), we can write that

jg.y/j < "s0f2.y/, whenever jyj > u0 (26.10)

and for a fixed a > u0 such that fi.a/ ¤ 0, i D 0; 1,

jg.y/j � M

ma
˚a.y/ whenever jyj � u0 (26.11)

where

M WD max
jyj�u0

jg.y/j and ma WD min
jyj�u0

˚a.y/. (26.12)

So, combining (26.10) and (26.11), we get

jg.y/j < M

ma
˚a.y/C "s0f2.y/ for all y 2 R: (26.13)

Now, by using the linearity and monotonicity of the operators Lj, also considering
(26.13) and j�1.a/j D 1, we obtain

jVt.g.y/I x/j � Vt.jg.y/j I x/

� M

ma
Vt.˚a.y/I x/C "s0Vt.f2.y/I x/

D M

ma
Œ�0.a/Vt.f0.y/I x/C �1.a/Vt.f1.y/I x/�

C"s0Vt.f2.y/I x/
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� M

ma
fj�0.a/j jVt.f0.y/I x/ � f0.x/j C jVt.f1.y/I x/ � f1.x/jg

CM

ma
fj�0.a/f0.x/j C j�1.a/f1.x/jg

C" js0j jVt.f2.y/I x/ � f2.x/j C " js0f2.x/j :

Since j�1.a/j D 1 , then we have

sup
jxj>u0

jVt.g.y/I x/j
�.x/

� M

ma

(

j�0.a/j sup
jxj>u0

jVt.f0.y/I x/ � f0.x/j
�.x/

C sup
jxj>u0

jVt.f1.y/I x/ � f1.x/j
�.x/

)

CM

ma

(

j�0.a/j sup
jxj>u0

jf0.x/j
�.x/

C sup
jxj>u0

jf1.x/j
�.x/

)

C" js0j sup
jxj>u0

jVt.f2.y/I x/ � f2.x/j
�.x/

C " js0j sup
jxj>u0

jf2.x/j
�.x/

:

But by (26.6) and .iii/, we get that

A."/ WD M

ma

(

j�0.a/j sup
jxj>u0

jf0.x/j
�.x/

C sup
jxj>u0

jf1.x/j
�.x/

)

C " js0j sup
jxj>u0

jf2.x/j
�.x/

is finite for every " > 0. Now let

B."/ WD max

�
M j�0.a/j

ma
;

M

ma
; " js0j


;

which is also finite for every " > 0. Then we obtain

sup
jxj>u0

jVt.g.y/I x/j
�.x/

� A."/C B."/
2X

iD0
sup

jxj>u0

jVt.fi.y/I x/ � fi.x/j
�.x/

which implies that

sup
jxj>u0

jVt.g.y/I x/j
�.x/

� A."/C B."/
2X

iD0
kVt.fi/ � fik� : (26.14)
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On the other hand, since

kVt.g/ � gk� � sup
jxj�u0

jVt.g.y/I x/ � g.x/j
�.x/

C sup
jxj>u0

jVt.g.y/I x/j
�.x/

C sup
jxj>u0

jg.x/j
�.x/

;

it follows from (26.7) and (26.14) that

kVt.g/ � gk� � " C A."/C B1 kVt.g/ � gkCŒ�u0;u0�

C B."/
2X

iD0
kVt.fi/ � fik�

holds for every " > 0 where B1 D max
x2Œ�u0;u0�

1

�.x/
. By .iv/, we write immediately

that

lim
t!R�

kVt.fi/ � fikCŒ�u0;u0� D 0; i D 0; 1; 2: (26.15)

Since ff0; f1; f2g is T-system and g 2 CŒ�u0; u0�, we get from (26.15) and
Theorem 26.1

lim
t!R�

kVt.g/ � gkCŒ�u0;u0� D 0:

By (26.5), we have that

kVt.f / � fk� D




Vt.

1

mf2

gC lf
mf2

f2/ � 1

mf2

gC lf
mf2

f2






�

� 1

mf2
kVt.g/ � gk� C

lf
mf2
kVt.f2/ � f2k� ;

which completes the proof.

Now, we consider the case k � 1. Let fLjg be a sequence of positive linear

operators from C.k/
� into B� such that for every f 2 C.k/

�

sup
t2.0;R/

1

p.t/

1X

jD0
kLjkC

.k/
� !B�

pjt
j <1 (26.16)

holds. Then Vt which is constructed before, is a positive linear operator from C.k/
�

into B� and is well defined by (26.16).
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Theorem 26.3. Let
˚
Lj
�

be a sequence of linear operators from C.k/
� .R/ into B�.R/

satisfying (26.16), belong to the class M.k/.R/ and f0, f1, f2 be in C.k/
� . Assume further

that the following conditions hold:

.a/
n
f .k/0 ; f .k/1

o
and

n
f .k/0 ; f .k/1 ; f .k/2

o
are T-systems on R,

.b/ lim
x!˙1

f .k/i .x/

1C
ˇ̌
ˇf .k/2 .x/

ˇ̌
ˇ
D 0, i D 0; 1,

.c/ lim
x!˙1

f .k/2 .x/

�.x/
D mf2 ¤ 0,

.d/ lim
t!R�




Vt.fi/ � f .k/i





�
D 0, i D 0; 1; 2.

Then, for all f 2 QC.k/
� .R/, we have

lim
t!R�




Vt.f / � f .k/





�
D 0:

Proof. We say that f ; g 2 QC.k/
� .R/ are equivalent provided that f .k/.x/ D g.k/.x/ for

all x 2 R. We denote the equivalent classes of f 2 QC.k/
� .R/ by Œf �. This means that

Œf � D d�kdkf ;

where dk denotes the k-th derivative operator and d�k denotes the k-th inverse

derivative operator. Thus by
h QC.k/

� .R/
i

we denote the equivalent weighted spaces

of QC.k/
� .R/. Then for f 2 QC.k/

� .R/, consider

Vt.Œf �/ D Vt.d
�kdkf / DW V�

t .�/;

where f .k/ D � 2 QC�.R/, and V�
t is an operator such that V�

t D Vtd�k. Observe
that V�

t is a positive linear operator from QC�.R/ to B�.R/. Indeed, if � � 0, i.e.,
f .k/ � 0, then since each Vt belongs to the class M.k/.R/, it follows from (26.1) that
Vt.Œf �/ � 0, i.e., V�

t .�/ � 0. Now, for every x 2 R, defining

�i.x/ WD f .k/i .x/; i D 0; 1; 2;

it follows from .a/–.d/ that f�0; �1g and f�0; �1; �2g are T-systems on R,

lim
x!˙1

�i.x/

1C j�2.x/j D 0 for each i D 0; 1;

lim
x!˙1

�2.x/

�.x/
D m�2 ¤ 0;

lim
t!R�




Vt.Œfi�/ � f .k/i





�
D lim

t!R�



V�
t .�i/ � �i




�
D 0; i D 0; 1; 2:
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Hence all the conditions of Theorem 26.2 are satisfied for the functions �0; �1; �2
and the positive linear operator V�

t . Therefore, we immediately get

lim
t!R�



V�
t .�/ � �




�
D 0

or equivalently

lim
t!R�



Vt.f / � f .k/



�
D 0

which completes the proof.

Finally, we have the following result.

Theorem 26.4. Assume that conditions .a/; .b/, and .d/ of the above theorem hold.
Let �1 be a weight function. If

lim
x!˙1

�.x/

�1.x/
D 0; (26.17)

and

lim
x!˙1

f .k/2 .x/

�1.x/
D mf2 ¤ 0 (26.18)

then for all f 2 C.k/
� .R/, we have

lim
t!R�




Vt .f / � f .k/





�1
D 0.

Proof. Let f 2 C.k/
� .R/. Since

jf .k/.x/j
�.x/

� mf for every x 2 R, we get

lim
x!˙1

jf .k/.x/j
�1.x/

� lim
x!˙1

jf .k/.x/j
�.x/

�.x/

�1.x/
� mf lim

x!˙1
�.x/

�1.x/
:

Then by (26.17), we easily obtain that

lim
x!˙1

f .k/.x/

�1.x/
D 0;

which yields

f 2 OC.k/
�1
.R/ 	 QC.k/

�1
.R/:

Also observe that, by (26.17), condition .d/ is satisfied for the weight function �1.
Hence the proof follows from Theorem 26.3 and condition (26.18) at once.
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26.3 Concluding Remarks

• In the case of R D 1, p .t/ D 1

1 � t
and for j � 0, pj D 1 the power series method

coincides with Abel method which is a sequence-to-function transformation.

• In the case of R D 1, p .t/ D et and for j � 0, pj D 1

jŠ
the power series method

coincides with Borel method.

We can therefore give all of the theorems of this chapter for Abel and Borel
methods.
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Chapter 27
Generalized Iterated Fractional Representation
Formulae and Inequalities

George A. Anastassiou

Abstract Here we derive very general iterated fractional representation formulae.
Based on these we obtain a fractional Ostrowski type inequality, fractional Poincaré
type inequalities, fractional Opial type inequalities, and fractional Hilbert–Pachpatte
inequalities. All these inequalities are very general.

27.1 Background

We need

Definition 27.1 (See Also [10, p. 99]). The left and right fractional integrals,
respectively, of a function f with respect to given function g are defined as follows:

Let a; b 2 R, a < b, ˛ > 0. Here g 2 AC .Œa; b�/ (absolutely continuous
functions) and is strictly increasing, f 2 L1 .Œa; b�/. We set

�
I˛aCIgf

�
.x/ D 1

� .˛/

xZ

a

.g .x/ � g .t//˛�1 g0 .t/ f .t/ dt; x � a; (27.1)

where � is the gamma function, clearly
�

I˛aCIgf
	
.a/ D 0, I0aCIgf WD f and

�
I˛b�Igf

�
.x/ D 1

� .˛/

bZ

x

.g .t/ � g .x//˛�1 g0 .t/ f .t/ dt; x � b; (27.2)

clearly
�

I˛b�Igf
	
.b/ D 0, I0b�Igf WD f . When g is the identity function id, we get

that I˛aCIid D I˛aC, and I˛b�Iid D I˛b�, the ordinary left and right Riemann–Liouville
fractional integrals, where
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�
I˛aCf

�
.x/ D 1

� .˛/

xZ

a

.x � t/˛�1 f .t/ dt; x � a; (27.3)

�
I˛aCf

�
.a/ D 0 and

�
I˛b�f

�
.x/ D 1

� .˛/

bZ

x

.t � x/˛�1 f .t/ dt; x � b; (27.4)

�
I˛b�f

�
.b/ D 0.

Definition 27.2 (See [7]). Let ˛ > 0, d˛e D n, d�e the ceiling of the number.

Again here g 2 AC .Œa; b�/ and strictly increasing. We assume that
�
f ı g�1�.n/ ı g 2

L1 .Œa; b�/. We define the left generalized g-fractional derivative of f of order ˛ as
follows:

�
D˛

aCIgf
�
.x/ WD 1

� .n � ˛/

xZ

a

.g .x/ � g .t//n�˛�1 g0 .t/
�
f ı g�1�.n/ .g .t// dt,

(27.5)

x � a. If ˛ … N, by Anastassiou [5], we have that D˛
aCIgf 2 C .Œa; b�/. We see that

�
In�˛
aCIg

��
f ı g�1�.n/ ı g

		
.x/ D �D˛

aCIgf
�
.x/ , x � a: (27.6)

We set

Dn
aCIgf .x/ WD

��
f ı g�1�.n/ ı g

	
.x/ ; (27.7)

D0
aCIgf .x/ D f .x/ , 8 x 2 Œa; b� : (27.8)

When g D id, then

D˛
aCIgf D D˛

aCIidf D D˛�af ; (27.9)

the usual left Caputo fractional derivative.

Definition 27.3 (See [7]). Here we assume that
�
f ı g�1�.n/ıg 2 L1 .Œa; b�/, where

N 3 n D d˛e, ˛ > 0, g 2 AC .Œa; b�/ and strictly increasing. We define the right
generalized g-fractional derivative of f of order ˛ as follows:

�
D˛

b�Igf
�
.x/ WD .�1/n

� .n � ˛/

bZ

x

.g .t/ � g .x//n�˛�1 g0 .t/
�
f ı g�1�.n/ .g .t// dt,

(27.10)
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all x 2 Œa; b�. If ˛ … N, by Anastassiou [6], we get that
�

D˛
b�Igf

	
2 C .Œa; b�/. We

see that

In�˛
b�Ig

�
.�1/n �f ı g�1�.n/ ı g

	
.x/ D �D˛

b�Igf
�
.x/ , a � x � b: (27.11)

We set

Dn
b�Igf .x/ D .�1/n

��
f ı g�1�.n/ ı g

	
.x/ ; (27.12)

D0
b�Igf .x/ D f .x/ , 8 x 2 Œa; b� :

When g D id, then

D˛
b�Igf .x/ D D˛

b�Iidf .x/ D D˛
b�f ; (27.13)

the usual right Caputo fractional derivative.

Set g .Œa; b�/ D Œc; d�, where c; d 2 R, i.e. g .a/ D c, g .b/ D d.
Denote by

Dn˛
b�Ig WD D˛

b�IgD˛
b�Ig : : :D˛

b�Ig (n times), n 2 N: (27.14)

Also denote by

In˛
b�Ig WD I˛b�IgI˛b�Ig : : : I˛b�Ig (n times): (27.15)

We proved the following g-right generalized modified Taylor’s formula:

Theorem 27.4 (See [7]). Suppose that Fk WD Dk˛
b�Igf , for k D 0; 1; : : : ; nC1, fulfill:

Fk ı g�1 2 AC .Œc; d�/ and
�
Fk ı g�1�0 ı g 2 L1 .Œa; b�/, where 0 < ˛ � 1. Then

f .x/ D
nX

iD0

.g .b/ � g .x//i˛

� .i˛ C 1/
�
Di˛

b�Igf
�
.b/ (27.16)

C 1

� ..nC 1/ ˛/

bZ

x

.g .t/ � g .x//.nC1/˛�1 g0 .t/
�

D.nC1/˛
b�Wg f

	
.t/ dt

D
nX

iD0

.g .b/ � g .x//i˛

� .i˛ C 1/
�
Di˛

b�Igf
�
.b/ (27.17)

C
�

D.nC1/˛
b�Ig

	
. x/

� ..nC 1/ ˛ C 1/ .g .b/ � g .x//.nC1/˛ ;

where  x 2 Œx; b�, any x 2 Œa; b�.
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Denote by

Dn˛
aCIg WD D˛

aCIgD˛
aCIg : : :D˛

aCIg (n times), n 2 N: (27.18)

Also denote by

In˛
aCIg WD I˛aCIgI˛aCIg : : : I˛aCIg (n times): (27.19)

We proved the following g-left generalized modified Taylor’s formula:

Theorem 27.5 (See [7]). Suppose that Fk WD Dk˛
aCIgf , for k D 0; 1; : : : ; nC1, fulfill:

Fk ı g�1 2 AC .Œc; d�/ and
�
Fk ı g�1�0 ı g 2 L1 .Œa; b�/, where 0 < ˛ � 1. Then

f .x/ D
nX

iD0

.g .x/ � g .a//i˛

� .i˛ C 1/
�
Di˛

aCIgf
�
.a/

C 1

� ..nC1/ ˛/

xZ

a

.g .x/ � g .t//.nC1/˛�1 g0 .t/
�

D.nC1/˛
aCWg f

	
.t/ dt (27.20)

D
nX

iD0

.g .x/ � g .a//i˛

� .i˛ C 1/
�
Di˛

aCIgf
�
.a/ (27.21)

C
�

D.nC1/˛
aCIg

	
. x/

� ..nC 1/ ˛ C 1/ .g .x/ � g .a//.nC1/˛ ;

where  x 2 Œa; x�, any x 2 Œa; b�.
We give the useful

Corollary 27.6. Here all as in Theorem 27.4. Additionally we assume that

�
Di˛

b�Igf
�
.b/ D 0, i D 0; 1; : : : ; n: (27.22)

Then

f .x/ D 1

� ..nC 1/ ˛/

bZ

x

.g .t/ � g .x//.nC1/˛�1 g0 .t/
�

D.nC1/˛
b�Wg f

	
.t/ dt; (27.23)

8 x 2 Œa; b�.
Corollary 27.7. Here all as in Theorem 27.5. Additionally we assume that

�
Di˛

aCIgf
�
.a/ D 0, i D 0; 1; : : : ; n: (27.24)
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Then

f .x/ D 1

� ..nC 1/ ˛/

xZ

a

.g .x/ � g .t//.nC1/˛�1 g0 .t/
�

D.nC1/˛
aCWg f

	
.t/ dt; (27.25)

8 x 2 Œa; b�.

27.2 Main Results

We make

Remark 27.8. All here as in Corollary 27.7. We observe that

ˇ̌
ˇ
ˇ̌
Z g.x/

g.a/
.g .x/ � z/.nC1/˛�1 ��D.nC1/˛

aCIg f
	
ı g�1	 .z/ dz

ˇ̌
ˇ
ˇ̌

�
Z g.x/

g.a/
.g .x/ � z/.nC1/˛�1

ˇ̌
ˇ
��

D.nC1/˛
aCIg f

	
ı g�1	 .z/

ˇ̌
ˇ dz

�




�

D.nC1/˛
aCIg f

	
ı g�1




1
.g .x/ � g .a//.nC1/˛

.nC 1/ ˛ <1: (27.26)

That is, .g .x/ � z/.nC1/˛�1 ��D.nC1/˛
aCIg f

	
ı g�1

	
.z/ is integrable over Œg .a/ ; g .x/�.

Since g .t/ is monotone we get that (see [9])

.g .x/ � g .t//.nC1/˛�1 g0 .t/
��

D.nC1/˛
aCIg f

	
.t/
	

is integrable on Œa; x�. Therefore by Jia [9], it holds that [see (27.25)]

f .x/ D 1

� ..nC 1/ ˛/

g.x/Z

g.a/

.g .x/ � z/.nC1/˛�1 �D.nC1/˛
aCIg f

	 �
g�1 .z/

�
dz: (27.27)

In particular, we have

�
f ı g�1� .y/ D 1

� ..nC 1/ ˛/

yZ

g.a/

.y � z/.nC1/˛�1 ��D.nC1/˛
aCIg f

	
ı g�1	 .z/ dz;

(27.28)
where y D g .x/.
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By assuming .nC 1/ ˛ � 1 > 0 (equivalently ˛ > 1
nC1 ) and using Theorem 7.7,

p. 117 of [1], we obtain

�
f ı g�1�0 .y/ D ..nC 1/ ˛ � 1/

� ..nC 1/ ˛/

yZ

g.a/

.y � z/.nC1/˛�2 ��D.nC1/˛
aCIg f

	
ı g�1	 .z/ dz:

(27.29)

If .nC 1/ ˛ � 2 > 0 (equivalently ˛ > 2
nC1 ), we get

�
f ı g�1�00 .y/ D ..nC 1/ ˛ � 1/ ..nC 1/ ˛ � 2/

� ..nC 1/ ˛/

�
yZ

g.a/

.y � z/.nC1/˛�3 ��D.nC1/˛
aCIg f

	
ı g�1	 .z/ dz: (27.30)

In general, if .nC 1/ ˛ � m > 0 (equivalently ˛ > m
nC1 ), we get that there exists

�
f ı g�1�.m/ .y/ D

mQ

jD1
..nC 1/ ˛ � j/

� ..nC 1/ ˛/

�
yZ

g.a/

.y � z/.nC1/˛�m�1 ��D.nC1/˛
aCIg f

	
ı g�1	 .z/ dz; (27.31)

8 y 2 Œg .a/ ; g .b/�. By Anastassiou [1, p. 388], we get that
�
f ı g�1�.m/ 2

C .Œg .a/ ; g .b/�/. By (27.3) we have that

�
f ı g�1�.m/ .y/ D

mQ

jD1
..nC 1/ ˛ � j/ � ..nC 1/ ˛ � m/

� ..nC 1/ ˛/
�
�

I.nC1/˛�m
g.a/C

��
D.nC1/˛

aCIg f
	
ı g�1		 .y/

D
�

I.nC1/˛�m
g.a/C

��
D.nC1/˛

aCIg f
	
ı g�1		 .y/ : (27.32)

That is

�
f ı g�1�.m/ .y/ D

�
I.nC1/˛�m
g.a/C

��
D.nC1/˛

aCIg f
	
ı g�1		 .y/ ; (27.33)
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8 y 2 Œg .a/ ; g .b/�, and

�
f ı g�1�.m/ .g .x// D

�
I.nC1/˛�m
g.a/C

��
D.nC1/˛

aCIg f
	
ı g�1		 .g .x// ; (27.34)

8 x 2 Œa; b�. By Anastassiou [4], now we derive that

�
f ı g�1�.m/ .g .x// D

�
I.nC1/˛�m
aCIg

�
D.nC1/˛

aCIg f
		
.x/ ; (27.35)

8 x 2 Œa; b�.
Let � > 0 with d�e D m < n C 1, such that m < .nC 1/ ˛ (equivalently,

˛ > m
nC1 /. We have that (case of � < m)

�
D�

aCIgf
	
.x/

.27.6/D
�

Im��
aCIg

��
f ı g�1�.m/ ı g

		
.x/

.27.35/D
�

Im��
aCIgI.nC1/˛�m

aCIg
�

D.nC1/˛
aCIg f

		
.x/ (27.36)

(by the semigroup property of operators I"aCIg, " > 0, see [7])

D
�

I.nC1/˛��
aCIg

�
D.nC1/˛

aCIg f
		
.x/ :

We have proved that

�
D�

aCIgf
	
.x/ D

�
I.nC1/˛��
aCIg

�
D.nC1/˛

aCIg f
		
.x/ ; (27.37)

8 x 2 Œa; b�, which is continuous by Anastassiou [5].

We have established the following representation formula:

Theorem 27.9. All as in Corollary 27.7. Let � > 0 with d�e D m < n C 1, such
that m < .nC 1/ ˛ (i.e. 1 � ˛ > m

nC1 ). Then

�
D�

aCIgf
	
.x/ D 1

� ..nC 1/ ˛ � �/

�
xZ

a

.g .x/ � g .t//.nC1/˛���1 g0 .t/
�

D.nC1/˛
aCIg f

	
.t/ dt; (27.38)

8 x 2 Œa; b�, and
�

D�
aCIgf

	
2 C .Œa; b�/.

Similarly, we obtain the next representation formulae:
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Theorem 27.10. All as in Corollary 27.7. Let � > 0 with d�e D m, such that
�Cm
nC1 < ˛ � 1. Then

�
D2�

aCIgf
	
.x/ D 1

� ..nC 1/ ˛ � 2�/

�
xZ

a

.g .x/ � g .t//.nC1/˛�2��1 g0 .t/
�

D.nC1/˛
aCIg f

	
.t/ dt; (27.39)

8 x 2 Œa; b�, and
�

D2�
aCIgf

	
2 C .Œa; b�/.

Theorem 27.11. All as in Corollary 27.7. Let � > 0 with d�e D m, such that
mC2�
nC1 < ˛ � 1. Then

�
D3�

aCIgf
	
.x/ D 1

� ..nC 1/ ˛ � 3�/

�
xZ

a

.g .x/ � g .t//.nC1/˛�3��1 g0 .t/
�

D.nC1/˛
aCIg f

	
.t/ dt; (27.40)

8 x 2 Œa; b�, and
�

D3�
aCIgf

	
2 C .Œa; b�/.

Theorem 27.12. All here as in Corollary 27.7. Let � > 0 with d�e D m, such that
mC.k�1/�

nC1 < ˛ � 1, k 2 N. Then

�
Dk�

aCIgf
	
.x/ D 1

� ..nC 1/ ˛ � k�/

�
xZ

a

.g .x/ � g .t//.nC1/˛�k��1 g0 .t/
�

D.nC1/˛
aCIg f

	
.t/ dt; (27.41)

8 x 2 Œa; b�, and
�

Dk�
aCIgf

	
2 C .Œa; b�/.

We make

Remark 27.13. All here as in Corollary 27.6. We observe that

ˇ̌
ˇ̌
ˇ̌
ˇ

g.b/Z

g.x/

.z � g .x//.nC1/˛�1 ��D.nC1/˛
b�Ig f

	
ı g�1	 .z/ dz

ˇ̌
ˇ̌
ˇ̌
ˇ
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�
g.b/Z

g.x/

.z � g .x//.nC1/˛�1
ˇ̌
ˇ
��

D.nC1/˛
b�Ig f

	
ı g�1	 .z/

ˇ̌
ˇ dz (27.42)

�




�

D.nC1/˛
b�Ig f

	
ı g�1




1
.g .b/ � g .x//.nC1/˛

.nC 1/ ˛ <1:

That is, .z � g .x//.nC1/˛�1 ��D.nC1/˛
b�Ig f

	
ı g�1

	
.z/ is integrable over Œg .x/ ; g .b/�.

Since g .t/ is monotone we get that .see [9])

.g .t/ � g .x//.nC1/˛�1 g0 .t/
��

D.nC1/˛
b�Ig f

	
.t/
	

is integrable on Œx; b�. Therefore by Jia [9], it holds that [see (27.23)]

f .x/ D 1

� ..nC 1/ ˛/

g.b/Z

g.x/

.z � g .x//.nC1/˛�1 ��D.nC1/˛
b�Ig f

	
ı g�1	 .z/ dz:

(27.43)
In particular, we have

�
f ı g�1� .y/ D 1

� ..nC 1/ ˛/

g.b/Z

y

.z � y/.nC1/˛�1 ��D.nC1/˛
b�Ig f

	
ı g�1	 .z/ dz;

(27.44)
where y D g .x/.

By assuming .nC 1/ ˛ � 1 > 0 (equivalently ˛ > 1
nC1 ) and using [3], we obtain

�
f ı g�1�0 .y/ D .�1/ ..nC 1/ ˛ � 1/

� ..nC 1/ ˛/

�
g.b/Z

y

.z � y/.nC1/˛�2 ��D.nC1/˛
b�Ig f

	
ı g�1	 .z/ dz: (27.45)

If .nC 1/ ˛ � 2 > 0 (equivalently ˛ > 2
nC1 ), we get

�
f ı g�1�00 .y/ D .�1/2 ..nC 1/ ˛ � 1/ ..nC 1/ ˛ � 2/

� ..nC 1/ ˛/

�
g.b/Z

y

.z � y/.nC1/˛�3 ��D.nC1/˛
b�Ig f

	
ı g�1	 .z/ dz: (27.46)
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In general, if .nC 1/ ˛ � m > 0 .equivalently ˛ > m
nC1 /, we get that there exists

�
f ı g�1�.m/ .y/ D

.�1/m
mQ

jD1
..nC 1/ ˛ � j/

� ..nC 1/ ˛/

�
g.b/Z

y

.z � y/.nC1/˛�m�1 ��D.nC1/˛
b�Ig f

	
ı g�1	 .z/ dz; (27.47)

8 y 2 Œg .a/ ; g .b/�.
By Anastassiou [2], we get that

�
f ı g�1�.m/ 2 C .Œg .a/ ; g .b/�/. By (27.4) we

have that

�
f ı g�1�.m/ .y/ D

.�1/m
mQ

jD1
..nC 1/ ˛ � j/

� ..nC 1/ ˛/
�� ..nC 1/ ˛ � m/

�
I.nC1/˛�m
g.b/�

��
D.nC1/˛

b�Ig f
	
ı g�1		 .y/

D .�1/m
�

I.nC1/˛�m
g.b/�

��
D.nC1/˛

b�Ig f
	
ı g�1		 .y/ : (27.48)

We have proved that

�
f ı g�1�.m/ .y/ D .�1/m

�
I.nC1/˛�m
g.b/�

��
D.nC1/˛

b�Ig f
	
ı g�1		 .y/ ; (27.49)

8 y 2 Œg .a/ ; g .b/�, and

�
f ı g�1�.m/ .g .x// D .�1/m

�
I.nC1/˛�m
g.b/�

��
D.nC1/˛

b�Ig f
	
ı g�1		 .g .x// ; (27.50)

8 x 2 Œa; b�.
By Anastassiou [4], now we derive that

�
f ı g�1�.m/ .g .x// D .�1/m

�
I.nC1/˛�m
b�Ig

�
D.nC1/˛

b�Ig f
		
.x/ ; (27.51)

8 x 2 Œa; b�.
Let � > 0 with d�e D m < n C 1, such that m < .nC 1/ ˛ .equivalently,

˛ > m
nC1 /. We have that .case of � < m/

�
D�

b�Igf
	
.x/

.27.11/D
�

Im��
b�Ig

�
.�1/m �f ı g�1�.m/ ı g

		
.x/ (27.52)

.27.51/D
�

Im��
b�Ig

�
.�1/2m I.nC1/˛�m

b�Ig
�

D.nC1/˛
b�Ig f

			
.x/
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.by semigroup property of operators I"b�Ig, " > 0, see [7])

D
�

I.nC1/˛��
b�Ig

�
D.nC1/˛

b�Ig f
		
.x/ : (27.53)

We have proved that

�
D�

b�Igf
	
.x/ D

�
I.nC1/˛��
b�Ig

�
D.nC1/˛

b�Ig f
		
.x/ ; (27.54)

8 x 2 Œa; b�, which is continuous by Anastassiou [6].

We have established the following representation formula:

Theorem 27.14. All as in Corollary 27.6. Let � > 0 with d�e D m < nC 1, such
that m < .nC 1/ ˛ .i.e. 1 � ˛ > m

nC1 /. Then

�
D�

b�Igf
	
.x/ D 1

� ..nC 1/ ˛ � �/

�
bZ

x

.g .t/ � g .x//.nC1/˛���1 g0 .t/
�

D.nC1/˛
b�Ig f

	
.t/ dt; (27.55)

8 x 2 Œa; b�, and
�

D�
b�Igf

	
2 C .Œa; b�/.

We have the next very general representation formulae:

Theorem 27.15. All here as in Corollary 27.6. Let � > 0 with d�e D m, such that
mC.k�1/�

nC1 < ˛ � 1, k 2 N. Then

�
Dk�

b�Igf
	
.x/ D 1

� ..nC 1/ ˛ � k�/

�
bZ

x

.g .t/ � g .x//.nC1/˛�k��1 g0 .t/
�

D.nC1/˛
b�Ig f

	
.t/ dt; (27.56)

8 x 2 Œa; b�, and
�

Dk�
b�Igf

	
2 C .Œa; b�/.

Proof. Similar to Theorem 27.14.

Next, we give a related fractional Ostrowski type inequality:

Theorem 27.16. Let g 2 AC .Œa; b�/ and strictly increasing, and 0 < ˛ � 1, x0 2
Œa; b� be fixed. Assume that Fx0

k WD Dk˛
x0�Igf , for k D 0; 1; : : : ; nC1, fulfill: Fx0

k ıg�1 2
AC .Œg .a/ ; g .x0/�/, and

�
Fx0

k ı g�1�0 ı g 2 L1 .Œa; x0�/, and
�
Di˛

x0�Igf
�
.x0/ D 0,

i D 1; : : : ; n.
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Similarly, we assume that Gx0
k WD Dk˛

x0CIgf , for k D 0; 1; : : : ; nC 1, fulfill: Gx0
k ı

g�1 2 AC .Œg .x0/ ; g .b/�/, and
�
Gx0

k ı g�1�0ıg 2 L1 .Œx0; b�/, and
�

Di˛
x0CIgf

	
.x0/ D

0, i D 1; : : : ; n.
Then

ˇ̌
ˇ̌ 1

b � a

Z b

a
f .x/ dx � f .x0/

ˇ̌
ˇ̌

� 1

.b � a/ � ..nC 1/ ˛ C 1/

�
�
.g .b/ � g .x0//

.nC1/˛ .b � x0/




D.nC1/˛

x0CIg f




1;Œx0;b�

C .g .x0/ � g .a//.nC1/˛ .x0 � a/




D.nC1/˛

x0�Ig f




1;Œa;x0�


: (27.57)

Proof. By (27.16), we obtain

f .x/� f .x0/

D 1

� ..n C 1/ ˛/

x0Z

x

.g .t/� g .x//.nC1/˛�1 g0 .t/
�

D
.nC1/˛
x0�Ig f

	
.t/ dt; (27.58)

8 x 2 Œa; x0�. Hence it holds

jf .x/ � f .x0/j

� 1

� ..nC 1/ ˛/

x0Z

x

.g .t/ � g .x//.nC1/˛�1 g0 .t/
ˇ̌
ˇ
�

D.nC1/˛
x0�Ig f

	
.t/
ˇ̌
ˇ dt

�




D.nC1/˛
x0�Ig f




1;Œa;x0�

� ..nC 1/ ˛/
.g .x0/ � g .x//.nC1/˛

.nC 1/ ˛ : (27.59)

We have proved that

jf .x/ � f .x0/j � .g .x0/ � g .x//.nC1/˛

� ..nC 1/ ˛ C 1/




D.nC1/˛

x0�Ig f




1;Œa;x0�

; (27.60)

8 x 2 Œa; x0�. Also, by (27.20), we obtain

f .x/� f .x0/

D 1

� ..n C 1/ ˛/

xZ

x0

.g .x/� g .t//.nC1/˛�1 g0 .t/
�

D
.nC1/˛
x0CIg f

	
.t/ dt; (27.61)
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8 x 2 Œx0; b�. Hence

jf .x/ � f .x0/j � .g .x/ � g .x0//
.nC1/˛

� ..nC 1/ ˛ C 1/



D.nC1/˛

x0CIg f



1;Œx0;b�

; (27.62)

8 x 2 Œx0; b�. Next we see that

ˇ̌
ˇ̌ 1

b � a

Z b

a
f .x/ dx � f .x0/

ˇ̌
ˇ̌

� 1

b � a

ˇ̌
ˇ̌
ˇ
ˇ

bZ

a

.f .x/ � f .x0// dx

ˇ̌
ˇ̌
ˇ
ˇ

� 1

b � a

bZ

a

jf .x/ � f .x0/j dx

D 1

b � a

8
<

:

x0Z

a

jf .x/ � f .x0/j dxC
bZ

x0

jf .x/ � f .x0/j dx

9
=

;
; (27.63)

which gives

� 1

.b � a/ � ..nC 1/ ˛ C 1/

8
<

:

0

@
x0Z

a

.g .x0/ � g .x//.nC1/˛ dx

1

A



D.nC1/˛

x0�Ig f



1;Œa;x0�

C
0

@
bZ

x0

.g .x/ � g .x0//
.nC1/˛ dx

1

A



D.nC1/˛

x0CIg f



1;Œx0;b�

9
=

;
(27.64)

� 1

.b � a/ � ..nC 1/ ˛ C 1/
�
.g .x0/ � g .a//.nC1/˛ .x0 � a/




D.nC1/˛
x0�Ig f




1;Œa;x0�

C .g .b/ � g .x0//
.nC1/˛ .b � x0/




D.nC1/˛
x0CIg f




1;Œx0;b�


; (27.65)

proving the claim.

It follows a left fractional Poincaré type inequality:

Theorem 27.17. Here all as in Theorem 27.12. Let p; q > 1 W 1p C 1
q D 1. We

further assume that .k 2 N/

1 � ˛ > max

�
mC .k � 1/ �

nC 1 ;
k�qC 1
.nC 1/ q

�
: (27.66)
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Then



Dk�

aCIgf





q;Œa;b�

� .g .b/ � g .a//..nC1/˛�k��1/C 1
p .b � a/

1
q

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p
(27.67)

�





�

D.nC1/˛
aCIg f

	
ı g�1







q;Œg.a/;g.b/�
:

Proof. We use (27.41). We observe that [12]

ˇ̌
ˇ
�

Dk�
aCIgf

	
.x/
ˇ̌
ˇ � 1

� ..nC 1/ ˛ � k�/

�
xZ

a

.g .x/ � g .t//.nC1/˛�k��1 g0 .t/
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	
.t/
ˇ̌
ˇ dt (27.68)

(same reasoning as in Remark 27.8)

D 1

� ..nC 1/ ˛ � k�/

g.x/Z

g.a/

.g .x/ � z/.nC1/˛�k��1
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇ̌
ˇ dz

� 1

� ..nC 1/ ˛ � k�/

0

B
@

g.x/Z

g.a/

.g .x/ � z/p..nC1/˛�k��1/ dz

1

C
A

1
p

(27.69)

�

0

B
@

g.b/Z

g.a/

ˇ
ˇ̌�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇˇ̌q
dz

1

C
A

1
q

D .g .x/ � g .a//
p..nC1/˛�k��1/C1

p

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p

�




�

D.nC1/˛
aCIg f

	
ı g�1





q;Œg.a/;g.b/�

:

Thus we have

ˇ̌
ˇ
�

Dk�
aCIgf

	
.x/
ˇ̌
ˇ
q � .g .x/ � g .a//.p..nC1/˛�k��1/C1/ q

p

� ..nC 1/ ˛ � k�/q .p ..nC 1/ ˛ � k� � 1/C 1/ q
p

�




�

D.nC1/˛
aCIg f

	
ı g�1





q

q;Œg.a/;g.b/�
: (27.70)
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Therefore it holds

Z b

a

ˇ̌
ˇ
�

Dk�
aCIgf

	
.x/
ˇ̌
ˇ
q

dx � .g .x/ � g .a//.p..nC1/˛�k��1/C1/ q
p .b � a/

� ..nC 1/ ˛ � k�/q .p ..nC 1/ ˛ � k� � 1/C 1/ q
p

�




�

D.nC1/˛
aCIg f

	
ı g�1





q

q;Œg.a/;g.b/�
; (27.71)

proving the claim.

It follows a right fractional Poincaré type inequality:

Theorem 27.18. Here all as in Theorem 27.15. Let p; q > 1 W 1p C 1
q D 1. We

further assume that .k 2 N/

1 � ˛ > max

�
mC .k � 1/ �

nC 1 ;
k�qC 1
.nC 1/ q

�
: (27.72)

Then





Dk�

b�Igf






q;Œa;b�
� .g .b/ � g .a//..nC1/˛�k��1/C 1

p .b � a/
1
q

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p

�




�

D.nC1/˛
b�Ig f

	
ı g�1





q;Œg.a/;g.b/�

: (27.73)

Proof. As similar to Theorem 27.17 is omitted.

Next comes a left fractional Opial type inequality:

Theorem 27.19. All here as in Theorem 27.12. Let p; q > 1 W 1pC 1
q D 1. We further

assume that .k 2 N/

1 � ˛ > max

�
mC .k � 1/ �

nC 1 ;
k�qC 1
.nC 1/ q

�
: (27.74)

Then

yZ

g.a/

ˇ̌
ˇ
��

Dk�
aCIgf

	
ı g�1	 .w/

ˇ̌
ˇ
ˇ̌
ˇ
��

D.nC1/˛
aCIg f

	
ı g�1	 .w/

ˇ̌
ˇ dw

� .y � g .a//..nC1/˛�k��1/C 2
p

2
1
q� ..nC1/ ˛� k�/ Œ.p ..nC1/ ˛� k� � 1/C1/ .p ..nC1/ ˛� k� � 1/C2/� 1p

�

0

B
@

yZ

g.a/

ˇ̌
ˇ
��

D.nC1/˛
aCIg f

	
ı g�1	 .w/

ˇ̌
ˇ
q

dw

1

C
A

2
q

; (27.75)

8 y 2 Œg .a/ ; g .b/�.
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Proof. We use (27.41). We observe that

ˇ̌
ˇ
�

Dk�
aCIgf

	
.x/
ˇ̌
ˇ � 1

� ..nC 1/ ˛ � k�/

�
xZ

a

.g .x/ � g .t//.nC1/˛�k��1 g0 .t/
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	
.t/
ˇ̌
ˇ dt (27.76)

(same reasoning as in Remark 27.8)

D 1

� ..nC 1/ ˛ � k�/

g.x/Z

g.a/

.g .x/ � z/.nC1/˛�k��1
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇ̌
ˇ dz

� 1

� ..nC 1/ ˛ � k�/

0

B
@

g.x/Z

g.a/

.g .x/ � z/p..nC1/˛�k��1/ dz

1

C
A

1
p

�

0

B
@

g.x/Z

g.a/

ˇ
ˇ̌�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇˇ̌q
dz

1

C
A

1
q

(27.77)

D 1

� ..nC 1/ ˛ � k�/

.g .x/ � g .a//
p..nC1/˛�k��1/C1

p

.p ..nC 1/ ˛ � k� � 1/C 1/ 1p

�

0

B
@

g.x/Z

g.a/

ˇ
ˇ̌�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇˇ̌q
dz

1

C
A

1
q

: (27.78)

That is,

ˇ̌
ˇ
�

Dk�
aCIgf

	
.x/
ˇ̌
ˇ � .g .x/ � g .a//

p..nC1/˛�k��1/C1

p

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p

�

0

B
@

g.x/Z

g.a/

ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇ̌
ˇ
q

dz

1

C
A

1
q

; (27.79)

8 x 2 Œa; b�. Call y D g .x/, then

x D g�1 .y/ : (27.80)
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Hence it holds

ˇ̌
ˇ
�

Dk�
aCIgf

	 �
g�1 .y/

�ˇ̌
ˇ � .y � g .a//

p..nC1/˛�k��1/C1

p

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p

�

0

B
@

yZ

g.a/

ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇ̌
ˇ
q

dz

1

C
A

1
q

; (27.81)

8 y 2 Œg .a/ ; g .b/�. Call

� .y/ WD
yZ

g.a/

ˇ
ˇ̌�

D.nC1/˛
aCIg f

	 �
g�1 .z/

�ˇˇ̌q
dz; (27.82)

and

� .g .a// D 0:

Thus

�0 .y/ D
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .y/

�ˇ̌
ˇ
q � 0; (27.83)

and

�
�0 .y/

� 1
q D

ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .y/

�ˇ̌
ˇ � 0; (27.84)

8 y 2 Œg .a/ ; g .b/�. Consequently, we get

ˇ̌
ˇ
�

Dk�
aCIgf

	 �
g�1 .w/

�ˇ̌
ˇ
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .w/

�ˇ̌
ˇ (27.85)

� .w � g .a//
p..nC1/˛�k��1/C1

p

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p
�
� .w/ �0 .w/

� 1
q ;

8 w 2 Œg .a/ ; g .b/�. Then it holds

yZ

g.a/

ˇ̌
ˇ
�

Dk�
aCIgf

	 �
g�1 .w/

�ˇ̌
ˇ
ˇ̌
ˇ
�

D.nC1/˛
aCIg f

	 �
g�1 .w/

�ˇ̌
ˇ dw

� 1

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p
(27.86)
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�
yZ

g.a/

.w � g .a//
p..nC1/˛�k��1/C1

p
�
� .w/ �0 .w/

� 1
q dw

� 1

� ..nC 1/ ˛ � k�/ .p ..nC 1/ ˛ � k� � 1/C 1/ 1p
(27.87)

�

0

B
@

yZ

g.a/

.w � g .a//.p..nC1/˛�k��1/C1/ dw

1

C
A

1
p
0

B
@

yZ

g.a/

� .w/ �0 .w/ dw

1

C
A

1
q

;

which gives

D .y � g .a//
p..nC1/˛�k��1/C2

p

� ..nC1/ ˛ � k�/ Œ.p ..nC1/ ˛ � k� � 1/C1/ .p ..nC1/ ˛ � k� � 1/C2/� 1p

�
�
�2 .y/

2

� 1
q

(27.88)

D .y � g .a//..nC1/˛�k��1/C 2
p

2
1
q� ..nC1/ ˛ � k�/ Œ.p ..nC1/ ˛ � k� � 1/C1/ .p ..nC1/ ˛ � k� � 1/C2/� 1p

�

0

B
@

yZ

g.a/

ˇ
ˇ̌��

D.nC1/˛
aCIg f

	
ı g�1	 .w/

ˇ
ˇ̌q

dw

1

C
A

2
q

; (27.89)

8 y 2 Œg .a/ ; g .b/�, proving the claim.

Also we give a right fractional Opial type inequality:

Theorem 27.20. All here as in Theorem 27.15. Let p; q > 1 W 1pC 1
q D 1. We further

assume that .k 2 N/

1 � ˛ > max

�
mC .k � 1/ �

nC 1 ;
k�qC 1
.nC 1/ q

�
: (27.90)

Then

Z g.b/

y

ˇ̌
ˇ
��

Dk�
b�Igf

	
ı g�1	 .w/

ˇ̌
ˇ
ˇ̌
ˇ
��

D.nC1/˛
b�Ig f

	
ı g�1	 .w/

ˇ̌
ˇ dw

� .g.b/�y/
..nC1/˛�k��1/C 2

p

2
1
q � ..nC1/˛�k�/Œ.p..nC1/˛�k��1/C1/.p..nC1/˛�k��1/C2/� 1p

(27.91)
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�
 Z g.b/

y

ˇ̌
ˇ
��

D.nC1/˛
b�Ig f

	
ı g�1	 .w/

ˇ̌
ˇ
q

dw

! 2
q

;

8 y 2 Œg .a/ ; g .b/�.
Proof. It is omitted as similar to Theorem 27.19.

Next we present a left fractional Hilbert–Pachpatte type inequality:

Theorem 27.21. Here i D 1; 2. Let ai; bi 2 R, ai < bi, 0 < ˛i � 1, and
gi 2 C .Œai; bi�/ that are strictly increasing, fi W Œai; bi� ! R. Suppose that

Fki
WD Dki˛i

aiCIgi
fi, for ki D 0; 1; : : : ; ni C 1, fulfill

�
Fki
ı g�1

i

� 2 AC .Œgi .ai/ ; gi .bi/�/

and
�
Fki
ı g�1

i

�0 ı gi 2 L1 .Œai; bi�/, and
�

Dji˛i
aiCIgi

fi
	
.ai/ D 0, ji D 0; 1; : : : ; ni. Let

�i > 0 with d�ie D mi, ki 2 N, p; q > 1 W 1p C 1
q D 1. We further assume

1 � ˛1 > max

�
m1 C .k1 � 1/ �1

n1 C 1 ;
k1�1qC 1
.n1 C 1/ q

�
; (27.92)

and

1 � ˛2 > max

�
m2 C .k2 � 1/ �2

n2 C 1 ;
k2�2pC 1
.n2 C 1/ p

�
: (27.93)

Then

g1.b1/Z

g1.a1/

g2.b2/Z

g2.a2/

ˇ
ˇ
ˇ
�

D
k1�1
a1CIg1

f1
	
.g�1
1 .y1//

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
�

D
k2�2
a2CIg2

f2
	
.g�1
2 .y2//

ˇ
ˇ
ˇ

"
.y1�g1.a1//

p..n1C1/˛1�k1�1�1/C1

p.p..n1C1/˛1�k1�1�1/C1/
C .y2�g2.a2//

q..n2C1/˛2�k2�2�1/C1

q.q..n2C1/˛2�k2�2�1/C1/

#dy1dy2

� .g1 .b1/ � g1 .a1// .g2 .b2/ � g2 .a2//

� ..n1 C 1/ ˛1 � k1�1/ � ..n2 C 1/ ˛2 � k2�2/

�

0

B
@

g1.b1/Z

g1.a1/

ˇ̌
ˇ
�

D.n1C1/˛1
a1CIg1 f1

	 �
g�1
1 .z1/

�ˇ̌
ˇ
q

dz1

1

C
A

1
q

�

0

B
@

g2.b2/Z

g2.a2/

ˇ̌
ˇ.D.n2C1/˛2

a2CIg2 f2/
�
g�1
2 .z2/

�ˇ̌
ˇ
p

dz2

1

C
A

1
p

: (27.94)

Proof. As in the proof of Theorem 27.19, we obtain

ˇ̌
ˇ
�

Dk1�1
a1CIg1 f1

	 �
g�1
1 .y1/

�ˇ̌
ˇ
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�
.y1 � g1 .a1//

p..n1C1/˛1�k1�1�1/C1

p

� ..n1 C 1/ ˛1 � k1�1/ .p ..n1 C 1/ ˛1 � k1�1 � 1/C 1/
1
p

�

0

B
@

y1Z

g1.a1/

ˇ̌
ˇ
�

D.n1C1/˛1
a1CIg1 f1

	 �
g�1
1 .z1/

�ˇ̌
ˇ
q

dz1

1

C
A

1
q

; (27.95)

8 y1 2 Œg1 .a1/ ; g1 .b1/�. Also we obtain

ˇ
ˇ̌�

Dk2�2
a2CIg2 f2

	 �
g�1
2 .y2/

�ˇˇ̌

� .y2 � g2 .a2//
q..n2C1/˛2�k2�2�1/C1

q

� ..n2 C 1/ ˛2 � k2�2/ .q ..n2 C 1/ ˛2 � k2�2 � 1/C 1/
1
q

�

0

B
@

y2Z

g2.a2/

ˇ
ˇ̌�

D.n2C1/˛2
a2CIg2 f2

	 �
g�1
2 .z2/

�ˇˇ̌p
dz2

1

C
A

1
p

; (27.96)

8 y2 2 Œg2 .a2/ ; g2 .b2/�. Multiplying (27.95) and (27.96), we get

ˇ̌
ˇ
�

Dk1�1
a1CIg1 f1

	 �
g�1
1 .y1/

�ˇ̌
ˇ
ˇ̌
ˇ
�

Dk2�2
a2CIg2 f2

	 �
g�1
2 .y2/

�ˇ̌
ˇ

� 1

� ..n1 C 1/ ˛1 � k1�1/ � ..n2 C 1/ ˛2 � k2�2/

�
 
.y1 � g1 .a1//

p..n1C1/˛1�k1�1�1/C1

.p ..n1 C 1/ ˛1 � k1�1 � 1/C 1/

! 1
p

�
 
.y2 � g2 .a2//

q..n2C1/˛2�k2�2�1/C1

.q ..n2 C 1/ ˛2 � k2�2 � 1/C 1/

! 1
q

�

0

B
@

y1Z

g1.a1/

ˇ̌
ˇ
�

D.n1C1/˛1
a1CIg1 f1

	 �
g�1
1 .z1/

�ˇ̌
ˇ
q

dz1

1

C
A

1
q

�

0

B
@

y2Z

g2.a2/

ˇ̌
ˇ
�

D.n2C1/˛2
a2CIg2 f2

	 �
g�1
2 .z2/

�ˇ̌
ˇ
p

dz2

1

C
A

1
p

(27.97)

(using Young’s inequality for a; b � 0, a
1
p b

1
q � a

p C b
q )
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� 1

� ..n1 C 1/ ˛1 � k1�1/ � ..n2 C 1/ ˛2 � k2�2/

�
" 

.y1 � g1 .a1//
p..n1C1/˛1�k1�1�1/C1

p .p ..n1 C 1/ ˛1 � k1�1 � 1/C 1/

!

C
 
.y2 � g2 .a2//

q..n2C1/˛2�k2�2�1/C1

q .q ..n2 C 1/ ˛2 � k2�2 � 1/C 1/

!#

�
�Z y1

g1.a1/

ˇ̌
ˇ
�

D.n1C1/˛1
a1CIg1 f1

	 �
g�1
1 .z1/

�ˇ̌
ˇ
q

dz1

� 1
q

�
�Z y2

g2.a2/

ˇ̌
ˇ
�

D.n2C1/˛2
a2CIg2 f2

	 �
g�1
2 .z2/

�ˇ̌
ˇ
p

dz2

� 1
p

: (27.98)

So far we have
ˇ̌
ˇ
�

Dk1�1
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The denominator in (27.99) can be zero only when y1 D g1 .a1/ and y2 D g2 .a2/.
Therefore we obtain
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�
 Z g2.b2/

g2.a2/

�Z y2

g2.a2/

ˇ̌
ˇ
�

D.n2C1/˛2
a2CIg2 f2

	 �
g�1
2 .z2/

�ˇ̌
ˇ
p

dz2

� 1
p

dy2

!

which gives

� 1

� ..n1 C 1/ ˛1 � k1�1/ � ..n2 C 1/ ˛2 � k2�2/

�
0

@
Z g1.b1/

g1.a1/

 Z g1.b1/

g1.a1/

ˇ̌
ˇ
�

D.n1C1/˛1
a1CIg1 f1

	 �
g�1
1 .z1/

�ˇ̌
ˇ
q

dz1

! 1
q

dy1

1

A

�
0

@
Z g2.b2/

g2.a2/

 Z g2.b2/

g2.a2/

ˇ̌
ˇ
�

D.n2C1/˛2
a2CIg2 f2

	 �
g�1
2 .z2/

�ˇ̌
ˇ
p

dz2

! 1
p

dy2

1

A (27.101)
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The theorem is proved.

Finally we present a right fractional Hilbert–Pachpatte type inequality:

Theorem 27.22. Here i D 1; 2. Let ai; bi 2 R, ai < bi, 0 < ˛i � 1, and gi 2
C .Œai; bi�/ that are strictly increasing, fi W Œai; bi�! R. Suppose that Fki

WD Dki˛i
bi�Igi

fi,

for ki D 0; 1; : : : ; niC1, fulfill
�
Fki
ı g�1

i

� 2 AC .Œgi .ai/ ; gi .bi/�/ and
�
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i

�0 ı
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�
Dji˛i

bi�Igi
fi
	
.bi/ D 0, ji D 0; 1; : : : ; ni. Let �i > 0 with

d�ie D mi, ki 2 N, p; q > 1 W 1p C 1
q D 1. We further assume
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.n1 C 1/ q

�
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�
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n2 C 1 ;
k2�2pC 1
.n2 C 1/ p

�
: (27.104)
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Then

g1.b1/Z

g1.a1/

g2.b2/Z

g2.a2/

ˇ
ˇ̌�

D
k1�1
b1�Ig1

f1
	
.g�1
1 .y1//

ˇ
ˇ̌
ˇ
ˇ̌�

D
k2�2
b2�Ig2

f2
	
.g�1
2 .y2//

ˇ
ˇ̌

"
.g1.b1/�y1/

p..n1C1/˛1�k1�1�1/C1

p.p..n1C1/˛1�k1�1�1/C1/
C .g2.b2/�y2/

q..n2C1/˛2�k2�2�1/C1

q.q..n2C1/˛2�k2�2�1/C1/

#dy1dy2

� .g1 .b1/ � g1 .a1// .g2 .b2/ � g2 .a2//

� ..n1 C 1/ ˛1 � k1�1/ � ..n2 C 1/ ˛2 � k2�2/

�
 Z g1.b1/

g1.a1/

ˇ̌
ˇ
�

D.n1C1/˛1
b1�Ig1 f1

	 �
g�1
1 .z1/

�ˇ̌
ˇ
q

dz1

! 1
q

�
 Z g2.b2/

g2.a2/

ˇ̌
ˇ
�

D.n2C1/˛2
b2�Ig2 f2

	 �
g�1
2 .z2/

�ˇ̌
ˇ
p

dz2

! 1
p

: (27.105)

Proof. It is similar to Theorem 27.21, thus it is omitted.

Remark 27.23. Some examples for g follow:

g .x/ D ex, x 2 Œa; b� 	 R;

g .x/ D sin x;

g .x/ D tan x;

where x 2
h
��
2
C "; �

2
� "

i
, " > 0 small.

Indeed, the above examples of g are strictly increasing and absolutely continuous
functions.

One can apply all of our results here for the above specific choices of g.
We choose to omit this lengthy job.
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