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Abstract The Nyman—Beurling criterion is a well-known approach to the Riemann
Hypothesis. Certain integrals over Dirichlet series appearing in this approach can be
expressed in terms of cotangent sums. These cotangent sums are also associated
with the Estermann zeta function. In this paper improvements as well as further
generalizations of asymptotic formulas regarding the relevant cotangent sums are
obtained. The main result of this paper is the existence of a unique positive measure
u on R with respect to which normalized versions of these cotangent sums are
equidistributed. We also consider the moments of order 2k as a function of k.
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1 Introduction

Properties of the Estermann zeta function have been used by Balasubramanian
et al. [2] to prove asymptotic formulas for mean-values of the product consisting of
the Riemann zeta function and a Dirichlet polynomial. These asymptotic formulas
contain cotangent sums which also appear in recent work of Bettin and Conrey
[4] on period functions. Very recently, Maier and Rassias in their paper [14] prove
asymptotic results and upper bounds for the moments of cotangent sums under
consideration. Their main result is the existence of a unique positive measure [
on R with respect to which these cotangent sums are equidistributed.

2 The Cotangent Sum and Its Applications

In the present paper, we consider the following cotangent sum:

Definition 2.1 Ifr,b e N, b > 2,1 <r <band (r,b) = 1, we define

b—1

o (7)== 3 ot (Y

m=1

The function ¢y(r/b) is odd and has period 1. Its value is an algebraic number. We
first exhibit some relations of the cotangent sums to the Estermann and Riemann
zeta functions and connections to the Riemann Hypothesis.

Definition 2.2 The Estermann zeta function E (s, b a) is defined by the Dirichlet

series

«(n) exp (2minr/b)
E(s, ;,a) _ Z ox(n expn‘Y minr(b)

n>1

where Res > Rea + 1, b > 1, (r,b) = 1 and
0g(n) = Zd“ .
dln

It can be proved that the Estermann zeta function can be continued analytically to a
meromorphic function, on the whole complex plane up to two simple poles s = 1
ands =1 + « if @ # 0 oradouble pole ats = 1 if &« = 0 (see [9, 11, 17]).
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The Estermann zeta function satisfies the functional equation:

r 1 b 1+a—2s
E(s, b,a) = (2n) r(—srd+a—s)

X (cos(ﬂ2a>E(l +o—s, Z,a)—cos (ns— nza)E(l —I—a—s,—;,(x)),

where r is such that r» = 1 (mod b) and I"(s) stands for the Gamma function.
Balasubramanian et al. [2] used properties of E (0, b O) to prove an asymptotic

formula for
I / ' ¢ ! +ir)] |A ! + it
= i i
0 2 2

where A(s) is a Dirichlet polynomial.

Asymptotics for functions of the form of / have been used for theorems which
give a lower bound for the portion of zeros of the Riemann zeta-function ¢ (s) on the
critical line (see [12, 13]).

A nice result concerning the value of E (s, b a) at s = 0 was presented by
Ishibashi in [10].

Theorem 2.3 (Ishibashi) Letb > 2,1 <r <b, (r,b) =1, a € NU{0}. Then

2 2

dr,

(1) If « is even, it holds
r i\t b_lm nmr 1
—( _ (@)
£(0.;.a) = (-1) et () + o

where 84 is the Kronecker delta function.
(2) If a is odd, it holds

Ifr =b =1, one has

(_1)a+lBa+l

EOQLo)y =" i1

’

where B, denotes the Bernoulli number (see Definition 2.4).

Hence forb > 2,1 <r < b, (r,b) = 1, we have

E(O,;,O) = i+ ;CO(;) ,

where c((r/b) is the cotangent sum (see Definition 2.1).
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The above result gives a relation between the cotangent sum cy(r/b) and the
Estermann zeta function.

The cotangent sum cy(r/b) can be associated with the so-called Vasyunin sum,
which is defined as follows:

v(y) =

where {u} = u— |ul,u e R.
One can prove that (see [3, 4])

()-(s)

where, as mentioned previously, r is such that rr = 1 (mod b).
The Vasyunin sum [19] is itself associated with the study of the Riemann
Hypothesis through the following identity (see [3, 4]):

1 tooy 1 FNit o dt log2r —y (1 1
it = 2.1
27 (rb)1/? /_Oo ‘E(Z—’_l) (b) L2 2 (r + b) @b

+b—rl r T V(r)+V b
(o) — .
b Bp T 2am U \p r

The only non-explicit function in the right-hand side of (2.1) is the Vasyunin sum.

Formula (2.1) is related to the Nyman-Beurling—Baéz-Duarte—Vasyunin
approach to the Riemann Hypothesis (see [1, 3]). The Riemann Hypothesis is
true if and only if

Uy e (%)

b—1

m=1

2

lim dy =0,
N——+o0
where
1 [too 1 1 2 ar
d? = inf 1— it| D it
N %lNzn/_oo‘ é(2+’) N(z“) Lyp

and the infimum is taken over all Dirichlet polynomials

N

Dy(s) =Y Z

n=1

From the above considerations we see that the behavior of cy(r/b) helps to
understand the behavior of V(r/b). From (2.1) we may hope to obtain some
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information related to the Nyman—Beurling—Baéz-Duarte—Vasyunin approach to the
Riemann Hypothesis.

Definition 2.4 The m-th Bernoulli number B,, is defined by

(2””)' _
By, " Boywt1 =0,
w2 T B

where m € N. Furthermore, we have B_y = —1/2.

3 Main Result

We now discuss the equidistribution of certain normalized cotangent sums with
respect to a positive measure, which is also constructed in the following theorem.

Definition 3.1 Forz € R, let
F(z) = meas{a € [0,1] : g(a) <z},

where “meas” denotes the Lebesgue measure,

+o00

2(@) = Z 1 —2{la}

l
=1
and
Co(R)={f € C(R) : Ve > 0,3 a compact set IC C R, such that | f(x)| < €,Vx & K}.
Remark The convergence of this series has been investigated by de la Breteche and

Tenenbaum (see [7]). It depends on the partial fraction expansion of the number «.

We now state Theorem 3.2, the main result of our paper. An overview of the basic
steps of its proof is provided in Sect.4. The only fact, whose proof is provided in
greater detail, is stated in Lemma 4.8. It implies the continuity of the distribution
function of the cotangent sums c.

Theorem 3.2

(i) F is a continuous function of z.
(ii) Let Ay, Ay be fixed constants, such that 1/2 < Ay < Ay < 1. Let also

s\
e ()

where Hy. is a positive constant depending only on k, k € N.
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There is a unique positive measure (L on R with the following properties:

(a) Fora < B € R we have
p(le, B]) = (A1 — Ao)(F(B) — F(a)).
(b)

/)/‘d,u _ ) (A1 —AgHyp . for eve;?k
0, otherwise .

(c) Forall f € Cy(R), we have

Jlim ¢Eb) 3 f(;c’o(g)) =/fdu,

r:(rb)=1
Aob<r<Aib

where ¢ (-) denotes the Euler phi-function.

Remark Bruggeman (see [5, 6]) and Vardi (see [18]) have studied the equidistri-
bution of Dedekind sums. In contrast with the work in this paper, they consider an
additional averaging over the denominator.

4 Outline of the Proof and Further Results

Rassias [15, 16] proved the following asymptotic formula:

Theorem 4.1 Forb > 2, b € N, we have

1 1 b
co( ) = blogh— (log2m —y)+0(1).
b b4 i

In that paper, the fractional parts are expressed in terms of cotangent sums. This
method is generalized in the present paper, where some stronger results are being
proved.

In [16] also the following improvement of Theorem 4.1 is proved. It is not needed
in the proof of Theorem 3.2.

Theorem 4.2 Let b,n € N, b > 6N, with N = |n/2| + 1.There exist absolute real
constants A1, A, > 1 and absolute real constants E;, | € N with |E)| < (All)ZZ, such
that for each n € N we have

1 1 b 1 -
co ( ) = blogh— (log2n —y)— + Z Eb™' + R¥(b)
b b4 T T
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where
IRX(b)| < (Apn)*™ b~ FD,

In the following Proposition 4.3, due to the second author (see [16]), a relation is
obtained between the cotangent sum ¢y and the modified sum Q. Thus the study of
co is reduced to the study of Q, which is crucial. In [16] also Theorem 4.4 is proved.

Proposition 4.3 Forr, b € N with (r,b) = 1, it holds

o) Lel)- o)

where
b—1
o(j)=Sen(") 7).

Theorem 4.4 Let r,by € N be fixed, with (by,r) = 1. Let b be a positive integer
such that b = by (mod r). Then, there exists a constant C; = C(r,by), with
Ci(1, by) = 0, satisfying

1 b
CO(’) = blogh—  (log2mw —y) + C1 b+ 0(1),
b r Tr

for large integer values of b.

We now list other results proven in [16]. In the sequel we shall give a few hints
concerning their proofs.

Theorem 4.5 Let k € N be fixed. Let also Ay, Ay be fixed constants such that 1/2 <
Ayg < Ay < 1. Then there exist explicit constants Ex > 0 and H, > 0, depending
only on k, such that

(a)

Z 0 (;)ﬂc = Ep - (AFT - A2 D% g (b)(1 + o(1)), (b — +00).

ri(r,b)=1
Aob<r<Aib

(b)

> o (;)ZH =0 (% 2p(b)). (b— +00).

ri(r,b)=1
Agb<r<Ab
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(c)

Z co (;)Zk = Hi- (A1 —Ag)b* ¢ (b)(1 + 0(1)), (b — +o0).

ri(r,b)=1
Agb<r<Aib

(d)

Z co (;)Zk_l =0 (bZk_l¢>(b)), (b — +00).

ri(r,b)=1
Aob<r<Ab

Applying the method of moments, we deduce detailed information about the
distribution of the values of ¢o(r/b), where Agb < r < Ajb and b — +oc0. In
fact, we prove Theorem 3.2.

Finally, we study the convergence of the series

> et
k=0
and prove the following theorem:
Theorem 4.6 The series
D H,
k=0
converges only for x = 0.
Another interesting question is whether the series
> o™
X
= (2k)!

has a positive radius of convergence. This would lead to a simplification in the
proof of our equidistribution result, since in this case we could apply the theory
of distributions which are determined by their moments. We now give a few hints
concerning the proofs of Theorems 4.4 and 4.5.

By Proposition 4.3 we know that

()= e (,) e ().

where

o()) - Lean("7) 7]
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We partition the range of the above summation into intervals on which the term
|rm/b| assumes a constant value j:

r—1
r . Tmr
Q(b) _;]stz',"ZJqHCOt( b )
and define
Si={rm : bj <rm <b(j+1),m e Z}.
We write
Si={bj+s;.bj+s;+r.....bj+s;+dir},

where d; € {0, 1} and introduce s = s; as a new variable of summation.
The relation between j and s; is given by

s; = —bj(modr)

and thus for a given value s; = s we can find j by
i | sb*
ro r’

bb* = 1(modr), 1 <b* <r—1.

where b* is defined by

Since cot(xx) has a pole of first order at x = 0, the sum Q(r/b) is dominated by
small values of s. The substitution

*
o =a(r,b) =
and the asymptotics

cot(mx) ~

lead to the approximation of Q(r/b) by

P @
T
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For the proof of Theorem 1.5 of [14], the crucial property is the continuity of the
function F(z), where

F(z) = meas{a € [0,1] : g(a) < z}.

We shall give a proof of this fact shortly. The proof of Theorem 4.6 is obtained by
studying the contribution of the interval

I(k) — [e—Zk—l’ E_Zk]

to the moment

B 1 g(x) 2k
Hk—/o ( - ) dx.

Definition 4.7 A distribution function G is a monotonically increasing function
G:R — [0, 1].

The characteristic function ¥ of G is defined by the following Stieltjes integral:

+o00
Y(t) = /_ e™dG(u).

o0

(cf. [8, p.27])

Lemma 4.8 The distribution function G is continuous if and only if the character-
istic function \ satisfies

1 T
lim inf |*dt = 0.
fmint [ o
Proof See [8, p. 48, Lemma 1.23].
Definition 4.9 Lett > 1. We set
K=K@® =", L=L@) =[], R=R() = |”]

and

d@K) =23 B*(lloz)’ M) =23 B*(llot)’

I<K I>K

where B*(u) = u— |u| —1/2, u € R.
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Assume that (o;)) with 0 = oy < a1 < -+ < ag = 1 is a partition of [0, 1] with
the following properties:

|- -1
2R <oy —a; <2R

and g(a, K) is continuous at @ = «; for0 < i <R.

We now make preparations for an application of Lemma 4.8 with G = F, and

1
V(1) = D) = /0 e (%72(7‘:)) dar.

Lemma 4.10 The function h(c) has a Fourier expansion

h(e) =) c(n) sin(2na),

n>K

with

27(n)
le(n)] < :
n

where t stands for the divisor function.

Proof From the Fourier expansion

+o00

e g, £

n=—0o0

n#0

we obtain
i 1 & e(lma)
==L 3} Y = 5 et
I>K m;;go In|>K
with
din) = — ' |{(Lm) = m=n, > K}|.
n

We have

h(@) = d(n) (e(nar) — e(—na)) = 2i Y _ d(n) sin2mna).

n>K n>K

which completes the proof of the lemma.
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Definition 4.11 We set

hi(a) = Z c(n) sin(2mna)

K<n<L

and

ha(@) := Y c(n) sin2mna).

n>L

Lemma 4.12 We have

1
/0 (e (2; (g(a,K) + hl(a))) —e (tgz(:))) doe = O (/1) |

Proof By Parseval’s identity, it follows that for every € > 0 it holds

1
/ ha(a)*da = Z:c(n)2 < L7172

0 n>L
because of the estimate
c(n) < n e,
Thus, for all @ € [0, 1] not belonging to an exceptional set £ with
meas(§) = O (/')
we have

]’lz(Ol) =0 (t—l—l/IOO)

and therefore
th
‘e( 2(06)) B 1‘ = 0 (V1)
2w
by the Taylor expansion of the exponential function.
Hence,
U (tg(a) ! t
/ e da — / e ( (g(a,K) + hl(a))) do
0 2 0 2

- /l . (f(g(%K) +h1(06)))' ‘e (thz(a)) 1
—Jo

do
2 2
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thy (o

5/2da+/ e( 2())—1
£ [0.1\€ 27

=0 (t—l/IOO) .
Lemma 4.13 There exists a set I C {1,..., R} of non-negative integers, such that

Z(ai+1 —a;) =0 (t—l/loo)

i€l

do

andfori &I, a € [o;, aiy1] we have
|h1 (o) — hy ()| < ¢~ /1000

Proof We have

d
d hi(o) = Z 2rnc(n) cos(2mwna)
@ K<n<L

and

d2

dozzhl(a) =— Z 4% n’c(n) sinRmna).

K<n<L

By Parseval’s identity, for every € > 0 we get
1 d 2
/i

ahl(a) da = O(LH'ZG)

and by the Cauchy—Schwarz inequality, it follows that

1
d _ 1/2+€
/0 dahl(a) doa = O (L'?%9). @.1)

We now define the set I as the set of all subscripts i for which the closed interval
[@;, &i41] contains an & with

|71 (@) — hy(ot)| > (~(+1/100)

Since

o

e = e+ [ m(Bhap 2
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and
|l — o] = O (t_9/5) ,

it follows that for i € I there must exist 8 € (;, ®j+1) with

> pI5.

hi(B)

d
‘dﬁ

. . . . 2 .
Because of the estimation of the Fourier coefficients of d‘fxz hi(a), we obtain

2
— 2+
‘dazhl(a) =0 (L").
Analogously to (4.2) we obtain that
d 1
h > t3/5,
‘da @) = 2

for every « € [o;, @;+1] and therefore

at1 | g
h
/a,- do M@

From (4.1) we obtain that the measure of the union of the closed intervals [o;, &;41]
with i € Iis O(t~'/1%), which concludes the proof of the lemma.

1
da > 2t3/5(oz,-+1 — ;).

Lemma 4.14 We have

lim @(r) = lim &(r) =0.
t—>—+00 —>—00
Proof We shall prove the result only for 1 — 400, since the proof of the part when
t — —oo is analogous.
By Lemma 4.12, we have

1 1
P(1) = /0 e (fgz(:)) do = /0 e (2; (g(a, K) + hg(a))) +0 (1)
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and thus
! R . o
o=« (30) o () [ ()
ii?? i
R oy tg(a, K) thy (@) th (o)
+§/¢;,~ e( 2m )(e( 27 )—e( 2 ))da
il

+0 (Z(ai+l — ai)) +0 (t_l/loo) .

iel
From Lemma 4.13 we get

1 R ‘ .
cD(t):/O e(fgz(:))dazze(thlzi(:,)) /ai + e(tg(;lj;K)) do+0 (71/1) |

i=0
igl
(4.3)

We now estimate

/rxm (tg(ot,K))
e da,
o 2
fori & I. Let J; — 1 be the number of discontinuities of the function g(«, K) in the
interval [o;, aiy1]. Let Bio = o, Biy, = oig1 and let the discontinuities of g(«, K)

in [0, otj41] occur at the points B;1 < Bix < -+ < Bis—1.
In the intervals [B;, , Bi,+1] the function g(e, K) is a linear function, that is

g(o,K) =d, — 2Ka,
where d, € R. Therefore,

/am (tg(oz, K))
e do
o 21

Ji

Birtr (tg(a, K)
Z /ﬁ e( ot )dot

r=0 ir

=

Ji

Bir+1 K
AL )
Bir T

r=0

=0 (J;(tK)™"). (4.4)

<
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From (4.3) and (4.4), we get
R

b (1g(w)
/Oe(gzz)dotfz

i=0
il

/a”” . 1g(e, K) der| + 0 (1)
o 21

R
=o|w)"' Y Ji|+0().
7
The number of discontinuities of g(«, K) is O(K?), since each of the K terms

B*(la)
l

has O(K) discontinuities in the interval [0, 1]. We thus have

R
> T = 0(K?).
i=0

Then

(1) = 0 (/1)

Therefore

Jim 00 =0

Similarly, we obtain
t—1>1r—noo e =0,
which completes the proof of the lemma.

Lemma 4.15 F is a continuous function of z.

Proof This follows from Lemmas 4.8 and 4.14.
Thus, part (i) of Theorem 3.2 is now proved.

Acknowledgements We express our thanks to the referee for providing valuable remarks.
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