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Abstract This article determines the order of magnitude of integers not exceeding
x that can be written as sums of two squares of integers that are themselves sums of
two squares. The tools include Selberg’s sieve and contour integration in the spirit
of the Selberg-Delange method.
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1 Introduction

In about 1900 Landau calculated the cardinality of sums of two squares in a long
interval [1,x]. With S = {n € N | n = a®> + b?} he proved in [3] the asymptotic
formula

X
21=C e +O((logx)3/2)’ .

n=<x
nes

p2)12,
where C := Jz [[=3@(1—=p7)" /
It is possible to diversify the summation condition in a lot of ways. In this paper
we want to consider the situation where each of the two squares is again a sum of
two squares.
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We define some notation. Let S = {n € N | p|n = p # 3(4)} C S, and let

R(n) =#{a.be S |n=d +b*,
Rin) =#a.beS|n=d +b*.

Finally we write

Six) => R(n)’

n=<x

for i=0, 1,2 with the convention 0° =0, and analogously

Six) =Y _R(n)"

n<x

Our aim is to estimate these quantities from above and below. We start with the
following which can be obtained from (1.1) by partial summation.

Theorem 1.1 For x > 3 we have the asymptotic formula

T X X
Si(x) = 1-p)~! 0 :
' 41724)( P logx ((10gX)2)

_ An analogous asymptotic formula (with a different constant) can be proved for
S1(x). 3
Our next aim is an upper bound for S»(x). As a preparation we define the function

o) =] (1=p7). (1.2)
pln

Then we prove the following

Theorem 1.2 Let g;, rj € Z forj = 1,....k with Q = [[q; [] |qirj — gjri] # 0.
Joi#

Then

#{n§x|an+q€SVj:1,...,k}

x  Tk/2+D2 1 ogQ 1
= (ogat?  FH(1) wf(@(”o((w’;(g)+*"1—5’(Q))logx))’

for a constant §' > 0 and F*(1) given by the convergent Euler product

(-7 T (e O™
p p=3(4) =2
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This furnishes an upper bound for numbers such that k arithmetic progressions
are not divisible by a prime congruent to 3 modulo 4.

To prove this theorem we use Selberg’s sieve which requires a calculation that is
reminiscent of the Selberg-Delange method. Having this bound available, we will
prove the following theorem.

Theorem 1.3 For x > 3 we have the upper bound

S0 < (1.3)
log x

We see that S (x) and S,(x) have the same order of magnitude, thus with the
Cauchy-Schwarz inequality we get a good lower bound for Sy(x). Furthermore we
have the inequality So(x) < So(x), so we get a lower bound for So(x). This gives us
our final result.

Theorem 1.4 For x > 3 we have

lo;x LSl = C"lo);)c(1 + O(lo}gx))

withC, =% [ (1—p™)~"
p=3(4)

In other words, the number of sums of two squares of sums of two squares is of

order of magnitude | .
ogx

2 Useful Lemmas

First we will prove three lemmas which are useful to prove the theorems.

Lemma 2.1 For fixed n,m € N we get

P a, aer o V2T x Lrof !
_O/x/logfmdt(\/log(x—tz)n) -4 \/logxn+m( " (Ing))'

Proof LetX = (logx
separately, and denote them by /,(x) and 7,,(x), respectively.
In the integrand of I, (x) the derivative is bounded by

)(,‘n/fn 422 We consider the two integrals over [0, X] and [X, \/x]

d( Vx—12 )<< X < X
dt \/log(x—tz)n x/x—Xz\/log(x—Xz)n Vx—Xx?
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Using this and the estimate g O'g o KX we obtain

X
1()<</ X dt<<X3 < ”
o (x .
Vx— X2 Vx o (logx)tmtnt2
0

For the integrand of I,,(x) we use Taylor’s formula around 7 = /x

1 . V2 N (9( t—\/xm+2)'
Viogr™  /logx Jx/logx

For the integral over the error term we compute the derivative term and use trivial
bounds for the factors

Jx
1 X

(Vx =07 <
\/x\/log xm+2 Jlog xm+n+2 '

2 In—log(x — )Y dr
¢ Vx — 12 \/log(x — 12)

S . 2 ,
In the remaining integral for the main term (lozx)m/ of Taylor’s formula we

expand the lower bound to zero. With partial integration and the substitution y =
x — 1> we get an integral similar to the one above, whence

«/x d \/ t2 X \/
X — y x
t n dtz/ 2dy+ O .
X/df(\/log(x—tz)) ) 2/x—yi/logy g (\/logx"“)

We need to compute the integral. Again we split it into two parts [0, Z] and [Z, x]
. _ x .
with Z = (logay/2+1 and repeat the estimates to get

X

V. 1 RV 1
/ 2\/x—y}\)/10gyndy - Vlogx" /0 2\/xy—ydy(1 + O(logx))'

0

v /dy can be computed exactly with the result *}

The remaining integral f(f Jioy

and our claim follows.

Lemma 2.2 The map

{(k,l,m,n) € N* | kI = mn} <— {(s,t,u,v) € N*| (s,u) = 1},

(k.m) m n(k,m))

(k’l”"’”)'_>( k,m)’ &

k
(k,m)’
(st,uv, tu, sv) <— (s, t,u,v)

is a bijection.
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The proof is straightforward.
Lemma 2.3 Letk € Nand s > 1/2. Then for x > 3 we have

1
Z n(ps_k(n) < logx.
n<x

Proof The case s = 1 and k = 1 was proved by Landau (c.f. [2]). Note that ne; (n)
is Euler’s phi function.

The expression v :n) can be rewritten as
s

L (- L #@

@s(n) P p—1
pln pln dln

where u is the Mobius function. We insert this in our summation to get

Ee0=% (2, )

n=<x n<x

_ Z WA (dy) -+ - P (dy) 1 1
= dio(dy) - diy(di) lcm,-(d,-)m ~ m
J=1k = emi(dy)

wA(dy) -+ 2 (dy) 1

-log x.
dégoY(dl) dipy(dy) emy(dy) 8

<<Z
J

We complete the remaining sum into an infinite sum and see

pA(dy) - - 2 (di) 1 1 k
1 .
By i emidy 0+, )

=1k

This product converges absolutely for s > 1/2.

3 Numbers in S in Arithmetic Progressions

In this section we prove Theorem 1.2. For simplification we assume k > 2, since in
the case k = 1 we can apply the proof of (1.1) with a different constant. In addition,
if (gj, rj) has a divisor which is congruent to 3 (mod 4) there are no solutions, hence
the inequality is true. If (g;, 7;) has a prime divisor p = 1 (mod 4), we can simply
divide it out without changing the condition gjn+r; € S. Hence we assume without



222 R.U. Jakob

loss of generality that (g;,r;) = 1. We use Selberg’s sieve, c.f. [1, Theorem 6.4,
p. 10]. Let

o) = (qit+r1) ... (qet + i)

Then the cardinality of {n < x | (Q(n), P) = 1} is an upper bound for the quantity
we want to bound.

Consider the function p(d) = #{a (mod d) | Q(a) = 0 (mod d)}. We see that
p(p) < min{k, p} for p | P. In particular it is p(p) = k if (p, Q) = 1. By the
Chinese remainder theorem, p is multiplicative. Hence we get

Z 1= 2p(d) + O(tk—1(d)),

d|Q(n)

where i is the k-th iterated divisor function Zar"ak:n 1.

We define the multiplicative function g by g(p) = pf (p’& , for primes p | P,
g(p) =0forp t P and g(p”) = 0 for all p and all v > 2. For a parameter z to be

chosen later let Z = )" g(d). Therefore by Selberg’s sieve

d=z
X
Z 1=+ (9( z; t3(d)rk_1(d)). 3.1)
(@), P)=1 dﬁp

Hence we need to find a lower bound for Z to get the information we want.
Writing

z = [T e [T 7.

d=<z pld pld
rlQ rteQ
P=3(4) P=3(4)

it is easy to see that Z > Z’.

For the sum Z’ we use Perron’s formula to find a lower bound. It will be useful
to use a refined version due to Liu and Ye [4]. Consider the Dirichlet series of Z’,
given by the Euler product

b= T1 (1+57) 1+ D) ] (1+™1P)
p P p=3(4) p

p=34)
p>k

=D'(s) - L%(s + DL™2(s + 1, y_4)H(s).
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where

pe =TT 0+ 5+ ™ 1)

The function H(s) is holomorphic and nonzero in Res > —;. The finite product
D' (s) also is a holomorphic function and bounded by

1
A res(Q) < [D'(9)| <
P < POI< o)

where g, is as in (1.2). Define F2(s + 1) = ¢(s + )L™ (s + 1, y_4)H*/*(s)s, then
F is holomorphic in the zero-free region of the L-function as in [6, IT §5.4] and we
get D(s) = F(s 4+ 1)s™%/2D/(s).

Let 2 < T < z be a parameter which we choose later. For the error terms in
Perron’s formula we need to bound the quantity

> s« X wwnam [T 1 T

p
z—n|< z—n|< pln pln
| I< \/1 | < \/1 k<pplQ rtQ

(log(2))*2

<et@ Y wm™! ) k) 7

lz—n|< %

VT

The last bound follows by [5, Theorem 2]. The second part of the error term is given
by

LBO) sl fk(lm‘gz (log 2)*
JT «/TZ VT < JT

where we choose b = . !
ogz

By applying Perron’s formula in the version of [4, Corollary 2.2] we get

lolgz+iT
,_ 1 Fis+1) ,  ds iy, (l0g(2)) 7% (log2)*
zZ = / sk/2 D'(s)z s +O<‘P1 “(Q) JT + JT )

(3.2)

Now we integrate over the same contour as in Tenenbaum [6, II §5.4] but shifted to
zero, so that the order of the singularity at 0 is ’2‘ + 1.
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We split the contour into various pieces

8
= leFiT.— 7).
iy [CJF’ 2og2+T) |
8
Ve = — + it,fort € [-T,0],t € [0, T],
Y2, V6 210g(2 + |1]) [ | [ ]
Y4 = 0B,(0),

V= [_ 21(5)g2’_r]’

[~ 31002
- - r,— )
Vs 210g2

1

with r = log 2 and 6 > 0 is chosen so small that
< log ¢/, s) < log ¢,
Lo,y Slogll £ < togl
foro > 1— 210g(§+|t|) (see [6, p. 262]).

For the parts y; with i = 1 2,6,7 an upper bound for D’'(s) is given by the

function ¢, %, (Q) with §' =, log2 We get for y; and analogously for y; the bound

1

/Fk(s+ 1)1)() s (log) 1/g do

st/ S %, T
" T 2log(2+7)
3.3)
doant og 7Y
— og — Og
12§/(Q) / ZUdU < (,01 2§/(Q)
_21og(§+r)
For the parts y, and y¢ the bound is given by
Fis+1) , _ .ds
/ sk/2 D)z s
2
; 8
—2k k_—8/(2logT) =1 3.4
/ log T —it| dt
L @25 (Q)(log T)"z /|2logT it|

—5/@10g ) 2(l0g T)!tk

<L 9 %(Q)z s
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We choose T' = exp(g J/1og 7) to optimize the error term composed from (3.2), (3.3)
and (3.4).

By writing Y’ = y3y4Ys5 for the contribution not yet considered we get with the
bounds from (3.2), (3.3) and (3.4) the asymptotic formula

g ] /F"(s—f—l)

/ Sds - i
o G DT (((pl 25(Q) + 91"(Q)
7‘/

(log 2)* )
exp(8+/logz) )
(3.5)

The remaining integral does not have an explicit solution, but by using the Taylor
expansion

FX(s + 1)D'(s) = F*(1)D'(0) + O((pl_"(Q) log Q- |s|)

we obtain
1 F(s+1) , _.ds
’2711'/ sk/2 Do)z s ’
T/
1 ds
k k —k/2 5 _
> gh@r )], [+ o(dt@uoed] [ 52%]) =1 + 1),

T’ T’

The product D'(0) is bounded from below by ¢}(Q). Now we change I;(z) by
the substitution s = 1021 into the form of Theorem 5.2 from [6, II §5.2]. Let 1" be
the resulting contour from 7. Applying Corollary 2.1 of [6, II §5.2], for Hankel’s

contour we get

In(z) = Fk(l)wlf(Q)(logz)k/z)zjlﬂ / eww—(k/2+1)dw)
r

= F{(1)¢f(Q(log2)*( +06™),

r/2+1)

for some v > 0.

To compute the integral /,(z) we use trivial bounds on the circle and on the lines
separately to get I, < ¢;%(Q)log Q(log 2)¥/2~1. Combining the obtained results
we get a lower bound for Z’ and hence for Z. The error terms from Perron’s formula
and from the other pieces of the contour (3.5) combine with 7,(x) to give

(log 2)*

—k k/2—l —2k —k
Qo Qloga ! + (@i +ert@) LGB

< (qol—k(Q) log Q + 901_—2§/(Q)) (log Z)k/2—1.
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The error terms in Egs. (3.1) and (3.6) are optimized by choosing z = (1zlg/j)d with
d= ;(g + 1 + 3%) and we get
#{n§x|an+rjeg§\7’j: 1,...,k}

x  Ik/2+1)2K2 1 log Q o 1
= (log x)*/2 Fk(1) (p{‘(Q) (1 + O(((p{‘(g) + q01_8/(Q))10gx))'

4 Proof of Theorem 1.1

In this section we find an asymptotic formula for S; (x).
Let ro(n) be the characteristic function on the numbers that can be written as a
sum of two squares. By rewriting the sum in terms of ry(r) and (1.1) we get

x—a?
Si) =Y ro(@)C Vv,

\/log(x —a?) (1 + O((log(x — az))—l))'
“S«/x

By applying partial summation and once more (1.1) we get the integrals

x .4 Ji—1
S = — C2 2 " d
1(%) v 0/ Jlogtdt ( Viog(x — t2)) t
Vx—a? 1
Ii !
! ng\:/xr()(n) a—l>H«1/X \/log(x — a2) ( - log(x - aZ)
N v
t dy Nx—12 tody Vx-r
O d ‘

i (f Jlog?’ dt(\/log(x—t2)> o 0/ ‘/IOg’d[(\/log(x—ﬁf) [)

0

)

=:M(x) + 0 + E(x).

: : : H Vx—a? 2\)—1
The boundary expression vanishes since lim 1+ (log(x—a =0.
y exp Jim, \/k)g(x—az)( (log(x—a®))™")

With Lemma 2.1 at our disposal the computation of M(x) and E(x) is simple.
For M(x) we have m = n = 1 and hence
V2m x X
M(x) = C*V/2 o .
() 4 logx ((log x)z)
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The error term E(x) has two integrals, where in the first one we have m = 3,
n = 1 and in the second onem = 1, n = 3. Since Lemma 2.1 is symmetric in n» and
m it yields E(x) < (1ogx)2

Combining these two terms we conclude that

_ ZJT X X
510 = € et o((logx)z). 4.1)

The asymptotic formula for S| (x) is almost the same as S;(x), and for x > 3 we get

Siw=" TTa- «F O((logx)Z)'

P =34

5 Proof of Theorem 1.3

The upper bound of S, (x) requires a bit more work. Opening the square we have

So= > L

ab.cdeS
a2 4+b2=c2+d2 <x

We need to understand the summation condition a®> + b*> = ¢ + d?. The diagonal
term is S| (x) which we have bound above. Hence we can assume that {a, b} # {c,d}
and the condition a® + b*> = ¢ 4 d” is equivalent to (a +d)(a—d) = (c +b)(c—Db).
Using Lemma 2.2 this can be rewritten with s, ¢, u, v € N with (s, u) = 1 as

a+d=st, a—d=uw, c+b=tu, c—b=sv.

Without loss of generality we can assume that a > b and ¢ > d, then the condition
a,b,c,d € S changes to st 4 uv, st — uv, ut + sv, ut — sv € S. It follows that

Sm= Y L

stuv,ut,sv<2./x
sttuvurtsves

Now we want to apply Theorem 1.2. We fix u, #, v and think of s as our variable. In
accordance with Theorem 1.2, we define Q = tv(t — v)(t + v) (2 + v?).

In the case t = v our conditions imply that #(s & ©) > 0 and #(u £ s) > 0 which
is obviously impossible.

In the following let t # v, so that Q # 0. Isolating the sum over s we get

)SREEED S SR

st.uv.m.svﬁZ\/)f tusuvsz“/x s<min{ 4 2/ 2\/)(}
sttuvurtsves = o+ v ’dt: eg
stuv urtsv
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We use Theorem 1.2 to calculate the inner sum, and obtain

ut 1 1 log Q
1K " 1+ $.,(Q) ’
<m§ v, v (log }/)? <pi‘(Q)( ((pf(g) 15 ) )
stiuL m:l:nES

with 8’ defined in Sect. 3. For the sum over ¢, u, v we get the condition v < 1, since
“ < . Furthermore in the term @ (Q) we split the product Q. To this end a
short look at the definition shows that ¢;(nm) > @(n)gs(m) and with the Holder

inequality it follows that

ut 1 1 1 1 1 1 4
Z v (log4')? (<P1(f) @1(v) @1(t—v) @it +v) o1 (> + Uz))

uv<ut

ut<2./x

ur 1 4/5 r(n) \/5 (5.1
<(X (log )2 20@)) <Z (logu)z 2°(n>) ’

uv<ut

ut<2./x
2

where r(n) counts the number of solutions a + b = n.
First we compute the sum over v and use (log ‘;’)_2

Lemma 2.3 to compute the remaining sum over v we get

ut
3PS (1ogu)2¢4<v) X (g8

ut<2./x V=t ut<2./x

< (logu)~2. Using

With partial integration we get for the sum over #log ¢ the upper bound

x 2./x
Z tlogt K 2(log —1).
u u
i< 2:{X
There remains the sum over u for which once again we use partial summation. We
obtain

3 1 ngx <!

,1 .
oy u(log u) u logx

Hence the first factor of (5.1) is computed.
Using r(n) = ). daln X—4(d) the second factor of (5.1) can be transformed
similarly as in Lemma 2.3 and it follows that

Z r(n) < X

<2 901 (”)
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And the sum over u can be computed as above to get

Z u r(n) <« X
u<2./x (log M)z (plzo(n) 10gx‘

n<2 %
142

Combining these two results we get

Z ut 1 1 < x
w<ut U (10g L:)t)z (pf(Q) log'x '
ut<2/x

log Q

#(0) and qol__ss,(Q) the argument is the same and it follows in
1

For the sums over
the same way that

ut 1 log Q ut 1 logt X
u < u <
2 v (log})* ¢}(Q) 2 v (log)* f(Q)  logx

wv<ut<2./x uv<ut<2./x

and

t 1
Z ! 3 P (Do H(Q) <

x
v (log (logx)?”

uv<ut<2«/x

Combining these two results we get the final bound

~ X
S (x) K
logx

6 Final Result

Theorem 1.4 is now a consequence of the Cauchy-Schwarz inequality. We have

$i0 = (L Rw) (X &er) " =825

n=<x n<x
Thus

o2
&Mznggg.

By replacing S, (x) with (1.3) and S, (x) with (4.1) we get the lower bound stated in
Theorem 1.4.
On the other hand we have Sy(x) < S;(x), which yields the upper bound.
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