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Abstract For0 <o < 1and0 < A < 1, A rational, we consider the sum of values
of the Lerch zeta-function L(A, «, s) taken at the nontrivial zeros of the Dirichlet
L-function L(s, y), where y mod Q, Q > 1, is a primitive Dirichlet character.
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1 Introduction

Let s = o + it denote a complex variable. We use the notation e(x) = exp(2mix).
By {x}, (a,b), and [a, b] we denote the fractional part of the real number x, the
greatest common divisor of integers a, b, and the least common multiple of integers
a, b, respectively. In this paper T always tends to plus infinity and ¢ is any positive
number.

The Lerch zeta-function is defined by

. 2, e(An)
LA,a,s) = ; (n+ a) (0 >1),
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where 0 < A < 1and 0 < « < 1. The Dirichlet L-function is defined by
o0
x(n)
L(s, y) = > 1),
(5. %) ; o @>1)

where y(n) is a Dirichlet character modulo some positive integer Q. For y mod 1
we get the Riemann zeta-function L(s, y) = {(s). The yet unsolved generalized
Riemann hypothesis (GRH) states that inside the critical strip 0 < o < 1 every
Dirichlet L-function has zeros only on the critical line 0 = é Zeros in the critical
strip are called nontrivial and we denote them by p, = B, + iy,. In view of the
functional equation (see formula (2.4) below) the nontrivial zeros are symmetrically
distributed with respect to the critical line. A Dirichlet character y mod Q is said
to be primitive if it is not induced by any other character of modulus strictly less
than Q. The unique principal character modulo Q is denoted by y¢. The character
xo mod 1 is the only one principal and primitive character. For T > 0, let N(T, x)
denote the number of the nontrivial zeros with 0 < y, < T. For the primitive
character y mod Q, we have (Montgomery and Vaughan [17, Corollary 14.7])

T or
N(T, y) = oot log e + O(log OT),

where T > 4.

For special values of « and A the Lerch zeta-function reduces to the Riemann
zeta-function L(1,1,5) = C(s), L(1,1/2,s) = (2°* — 1)¢(s), L(1/2,1,s5) =
(1—=2'7%)¢(s), the Dirichlet L-function L(1/2,1/2,5) = 2°L(s, ), where ¥ mod 4
is an odd Dirichlet character. If we fix A = 1 we get the Hurwitz zeta-function
L(l,a,5) = C(s,«) and if we fix ¢« = 1 we get the periodic zeta-function
e(A)L(A, 1,5) = F(s, A). Nontrivial zeros p(A,a) = B(A,a) + iy(A,a) of the
Lerch zeta-function L(A, , s) are located in the strip —1 < 0 < 1+« ([9]). In view
of the formula [8, Corollary 2]

1 T o
Z (,B(A,a) — 2) = 5 log \/X(l _ay 4+ O(logT),

ly(A )| <T

we see that the nontrivial zeros are not always symmetrically distributed with respect
to the critical line. It is pleasant to recall that the paper [8] was written when the first
author was visiting W. Schwarz at Frankfurt university.

Let

logp if x = p* for some prime p and integer k > 1,
Alx) =

0 otherwise
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be the von Mangoldt function. For an integer n and a character y mod Q the Gauss
sum is defined by

Y
Gn, y) = Z}((a) exp (ZJTZ.CZL) .

a=1

If (n,Q) = 1, then for a primitive character y mod Q, we have |G(n, x)| = /O
and, for the principle character yo mod Q, it is known that G(n, yo) = w(n), where
w(n) is the Mobius function. We shall prove the following result:

Theorem 1.1 Let y mod Q, Q > 1, be a primitive Dirichlet character.
We have, for 0 < A = ]; <1, (kg =1and0<a <1,

_ 1y (1 w(q) T
> L(hapy) =- (A (a) X(a) + 8(0. q)e (—ah) ¢(Q)L(1 —a, A, 1)) 5

O<yy =T
+0(Texp(—clogl—€ T)), (1.1)

where §(Q,q) = 1 if Qlg, 6(Q,q) = 0 otherwise, and c is a positive absolute
constant.
Further, for0 < A = ]; <1, (kg =1,

_T wa) T T T
O§STL<A,1,;>X>—2 £, 0 =50 e~ M ) 20 108 2o TEXD

+0 (T exp(—clogi~ T)) : (1.2)

where the constant C(y, A) is defined by Eq. (2.17) below.
Let A be a positive constant. Both asymptotic formulas of this theorem are valid
uniformly for Q < log" T.

Next we discuss the asymptotic formula (1.1) of Theorem 1.1. From the proof of
Theorem 1.2 in Nakamura [18] we know that, for0 < A < land0 <« < 1,

L(h,a,1) #0.

The proof of the last formula is nice and short. By the integral representation (Lerch
[16, formula (2)] or [15, formula (2.6)]) we have

a—le(l—a)x oo xa—le(l—a)x(ex _ e—Zm'/l)

e2ﬂi)t dx = /(; |ex _ e2ﬂi)t|2 dx (U > 0)

o° x
I'o)L(A,a,0) = / N
0 e —

Now Re L(A, a, 1) > 0 since Re (e!!'=*(e* — ¢?)) > 0 for x > 0.
Formula (1.1) extends results obtained in Fujii [4], Steuding [10, 21], where the
case A = 1,0 < @ < 1, and Q = 1 was investigated. In [6] and [14] Formula (1.2)
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with0 < A =k/q < 1, (k,q) = 1, = 1, and Q = 1 was considered, see also
Steuding [22].

In the paper [11] the sum of L(s, y) and in [7] the sum of L(s, y)L(1 — s, ) over
nontrivial zeros of another Dirichlet L-function were studied.

The next section is devoted to the proof of Theorem 1.1.

2 Proof of Theorem 1.1

We will use contour integration. The proof of the theorem relies on the method of
Conrey et al. [2]. We divide the proof into the following Sects.: 2.1. Beginning of
the proof: Functional equations; Sect.2.2. Gonek’s lemma; and Sect. 2.3. Perron’s
formula.

2.1 Beginning of the Proof: Functional Equations

Similarly as in [11], without loss of generality, we consider T satisfying the
inequality

min |T — y,| > 2.1
Vx

1

log(QT)"

For ¢ > 1, y mod g and ¢ > 0 we have (Prachar [20, Theorem 3.3 in Chap. 7])
Ny(t+1) =N, (1) :=#p, =B, +iy, 1t <y, <t+1} Klog Ot + 2).

Thus

1 ) 54
> tap) =, [ 6L+ 0log0)

O<yy<T

where the contour € is a rectangle with vertices a + ib, a + iT, 1 — a + iT, and
1l —a+ib, wherea = 1 + 1/10g(QT), 2 < b < 3, min,, |b — y,| > 1/logQ.
Further

1/”( YL(h. . 5)d
i Jo 1T EIE

1 a+iT 1—a+iT 1—a+ib a+ib L/
= {/ +/ +/ +/ } (s, Y)L(A, @, 8)ds
270 Jativ a+iT l—a-+iT l—ativ) L

=:Zj,-.

Jj=1
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First we obtain

1 a+iT L/
J=_ . / N (s, )L(A, «, 5)ds

270 Jatip

1 [('r
= /h L (a+it, y)L(A, o, a + ir)dt

_ 2 y(m)A(mye(An) 1 [T 1
== 22" (i + ayy 2n/b (m(n + )"

m=2 n=0

:—A(l)x(l) T + 0(log*(QT)).
o o) 2w

Second we consider J,. Formula (6) from [11] gives [recall that T satisfies (2.1)]

L/
. (0 +iT, y) <1og?(QT) for —1<0<2,T>2. (2.2)

By Corollary 4 from [5] we have

1 1

1
LA, a,0 +iT) K T2logT for -— <o<1+ .
log(QT) log(QT)

(2.3)

Thus we get

1 1—a—+iT g7 |
T / L (s DL a.s)ds = O (Tz 1og3(QT)) .

" 2t Jorir
Similarly we see that
Ji = 0(log’ Q).

A change of variables s — 1 — s gives

1 a+iT L
Jr=—_ . / (1—=s, y)L(A,a, 1 —s)ds.
27t Jovin L

After conjugation we get

1 a+iT L
Js=—_ . / (1 =35, x)L(A, o, 1 — s)ds.
2mi a+ib L
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To evaluate this integral we will use functional equations. A Dirichlet L-function to a
primitive character y mod Q satisfies the functional equation (Apostol [1, Theorem
12.11])

L(1—s,x) = A —s, y)L(s, x), 2.4)

where

Al —s, y) = f(l/f); (2%) r's) (exp (—”2”) (=1 exp (”2”)) .

Taking the logarithmic derivative of the functional equation we get
r A’ L
L(l_s’X):A(l_s’X)_L(S’X)’
where
A A tQ 1
L y) = 1—s,9)=—1 0 , 2.5
o= =5 =12 +0(}) @)

for t > 1. The Lerch zeta-function satisfies the functional equation (Lerch [16]
or [15])

Lt a, 1 —s) =Qn)~T'(s) (e (i — ax) L(—a,1,5) (2.6)

+e (—i fa(l— {)L})) Lia,1— {)L},s)).

Therefore

/

i(l —s, )L(A,a,1 —5)
_ (A/(s = s )) (2n)—fr(s)(e (—s +ax) L@, X, 5)
RGOy A A,
te (i —a(l— {)L})) L —a,1— {)L},s)).
Then

1 a+iT A _ s
T =—eled) . f o A ) 21) " I (s)e (—4)L(a,l,s)ds
a+iT A/

—e(—a(l —{A})) 271”_ / L 60T (s)e (;) L —a,1— (A}, s)ds

a+ib
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a+iT /
+ e(oe)L)zl _ / Qn)"I'(s)e (—Z) LL (s, 1)L, A, s)ds

Tl Ja+ib
a—+iT

1 /
+e(—a(1—{)t}))27”_/ b (Zﬂ)_“F(s)e(:) IL(S, DL —a,1— A}, 5)ds

atil
4
:;Z}'},
j=1

say. In view of the bound (2.5), Stirling’s formula, and by the bound [5, Corollary 2]
LA, a,a+ it) < logt, 2.7
we have
Fo Fa K 1

Summarizing the so far obtained results we see that, for0 <A < 1,0 <« <1,
and Q > 1,

Z L(/\,a,px):—A(l))((l) g + Fi 4+ F3 4 O(T"*F¢). (2.8)
o o T

2
O<yy<T

2.2 Gonek’s Lemma

For F| and F3; we will use the following version of Gonek’s Lemma (c.f. Gonek
[12, Lemma 5] and [3, Lemma 2]).

Lemma 2.1 Assume that )
and 0 < § < 1, then

lam| € xand b, < 1. Let1 <c <14 1/logt

m<x

1 ctit 0 a 0 b
Al - " "od
Zm'/ ( s)mZ::l mf;(n—i-a)s *

ct+i

= Z ambne(—m(n + @)) + O (T;(C _ 1)_2)

m=>1,n=>0
mn+a)< 5

uniformly in o € [§, 1]. Here
A(l —5) = 2(27) ™ T"(s) cos ”;

is a factor from the functional equation (1 —s) = A(1 — s)¢(s).



148

R. Garunkstis and J. Kalpokas
Proof This is Lemma 5 in [10].

Let 6 = %1. In order to apply Lemma 2.1 for our purpose note that

e(53)

s
2 cos 5

O (exp (—7|t])) if §t>0, 2.9)
1+ O (exp (—7|t|)) otherwise. '

We return to the integral /| and rewrite it as follows:

N T A 1 a+it
_ iT, y) d
e(a )/b A(a+zr x) (27ti/a

— s
L, 0TI ( 4) L, A, s)ds) .
In view of (2.9) and the bound from (2.7) Lemma 2.1 gives

Fi=

1 a-+tit . s
27[i/a+i Q2r)°I'(s)e (—4)L(0{,A,s)ds

> elame(=(n+ 1) + 02"
0<n< 2’71 —A

=e(-1) Y elan) +0(x2) = 0(x2 ).

T _
0<n=<, —4

Then using Expression (2.5) we have, for o # 1,

Fi = —e(ad) /bT AA/ (a+it,y)d (O(tﬁf)) = O(T"/*t¢)

and, fora = 1,

TQ

I g
F (0]
! 2

— + 0(T1/2+E).
2 Te

Next we consider the integral F3. Again by formula (2.9) and Lemma 2.1 we get

Fy = —e(ad)
m=>1,n=>0
mn+1)< 27,;

Z A(m)X(m)e(Oln)e(—m(n + A)) + 0(T1/2+6).

We split the last sum into two sums with (m,q) = 1 and (m,g) > 1 accordingly.
For the case (m, g) > 1 we obtain, for o # 1,

Y. Amxme(anye(=mr) = 0| Y A(m) [ = O(logT)
m=>1,n>0,(m.,q)> me< T
m:n-‘r/{))(s 2%1 1 =

T
(m,q)>1
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and, fora =1,

> A@m)y(m)e(an)e(—mh) :22 > Am) )((m)e(—mk)nlq + O(log T)

m=>1,n>0,(m,q)>1 T

mn+2= L iyt
T o 1(p))e(=p/2)
= > logp ) o +0(logT).
pla J=1

Now we use that A = l; If (m, g) = 1, then the orthogonality relation for Dirichlet
characters gives

k 1 ! k
Alm) x(me (—mq) iy L L V@ (—aq) Alm) x(m) (m)

o
0@,

¥ mod g a=1

> Gk ) AGm) x(m)y (m).

mod g

where G(—k, V) is the Gauss sum defined before Theorem 1.1. Then, for0 < o < 1,

A
Fo== Y S Gy Y Ampmymeen  @210)
¢(Q) Wmodq (mil.nZOT
m(n /\)Szﬂ

~ (@~ fahetn), YlogpY" * (”");(j"”’” o),
pla j=1

Again, we summarize obtained results. In view of formula (2.8) Sect. 2.2 gives, for
0<A<l,0<a<l,andQ > 1,

Y L0uap) =@ tah), log,° —A(l)x(l) "o,

2mwe o a)?2
0<y,<T

(2.11)

2.3  Perron’s Formula

In Titchmarsh [23, Lemma 3.12] Perron’s formula for ordinary Dirichlet series
is proved. Easy to check that the analogous lemma is true for Dirichlet series
LL/ (s, x¥)L(a, A, s). Note that Perron [19] proved his formula (without error term)
for general Dirichlet series. Therefore, for the second sum of the formula (2.10),
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Perron’s formula gives

a+iU 771 J ds

Z Almxmymeten) == 27111'/ (s, x¥)L(ex, A, 5) (Zfr)3

a—iU L

Tlog> T
0( 8 )
U

In [20, Chap.8, Theorem 6.2] considering [¢, Q] < log? T, with B being any
positive constant, we find

N

mzl.nz()v
mn+A)<

Cc

L(s,xy) #0 for o>1— | ,
log+teT

where c is an absolute positive constant. With regard to this zero-free region for
L(s, yy)letby =1—c¢/ log(i+5) T. Shifting the line of integration we get

r T\'1
D Amx(my(melan) = —Resii | (s x¥)L As) (

m=>1,n=>0
mn+1)< 27;[

1 b1 +iU b1—iU a—iU L/ T s ds
+ . {/ —i—/ +/ } (s,)(lﬁ)L(a,/\,s)( ) (2.12)
27i (Jativ bi+iU b—iv) L 2w ) s

40 Tlog*T
U

L T\'1
=: —Res;=1 _ (s, y¥)L(c, A, 5) ( ) + K+ +K4+0 (
L 2w ) s

N

Tlog’ T
o7 .

Recall that the character y is primitive. Thus if yy is a principal character mod
[¢, O], then Q|q and

¥ = x¥o,

where ¥ is a principle character modg. In view of this we introduce the notation

1 if 0lq,
3(0.q9) = if Qlg (2.13)

0 otherwise.

The Dirichlet L-function attached to the principal character has a simple pole at
s = 1, otherwise it is an entire function. In view of L(s, ) = {(s) l_[plq(l —p~)
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we have
L 1 logp
LY== +)/+2|:ps_1 +0(s—1) (s—1),
pla

here y is the Euler—-Mascheroni constant. For 0 < a < 1, the function L(a, A, 5) is
entire and, for « = 1, the function L(«, A, s) = (s, A) has a simple pole at s = 1.
It is known (Ivi¢ [13, formula (1.122)]) that

C(s,k):si +yA)+0(s-1) (s — 1),

1

where

Moo r'o
@) = lim (Z m+ A _log(NJrA)) - r((x))‘

m=0

The last equality can be found in Wilton [24]. Note that y(1) is the Euler—
Mascheroni constant. Thus, for o # 1,

L T\ 1 T
—Res;=1 (s, ¥o)L(a, A, 5) ( ) =L(a,A,1) (2.14)
L 2n ) s 2

and, fora =1,

L T\ 1 T T ' lo T
~Resy—i L(m/xo)L(ot,A,s)(zﬂ) =, o —( ( )+y+2pf’;)
piq

27 2me r'(A) 2
(2.15)
If y+ is a nonprincipal character mod|[g, Q], then for o = 1,
r T\'1 r T
—Res,— , Lo, A, =—_(1, . 2.16
escct'y Gt (1) L == @.16)

Integrals Ky, K5, and K5 are analogous to the integrals which appear in Formula
(9) of [11]. By a similar reasoning as in [11], using bounds (2.2), (2.3), and choosing
U= T'""1, we get that

1=
’C] << T 10g3/4+87—s

for j = 1,2,3. In view of formulas (2.10)—(2.13) the residue (2.14) leads to
Expression (1.1) of Theorem 1.1. Finally, residues (2.15) and (2.16) give (1.2) with



152 R. Garunkstis and J. Kalpokas

the constant

u(g) [ I'(A) logp
JA) = —8(0, g)e(—A
C(x. M) (Q. q)e( )¢(q) o) +y+ E »

LoD

* s Y G, w) ) 2.17)

¥ mod g
XV FEVo

—e(—A) Z logp Z X(pf)e(pfk)

rlg Jj=1

This proves Theorem 1.1.
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