Chapter 9

Local Well-Posedness and
Regularity

In this chapter we study local well-posedness and regularity of the solutions of
Problems (P1)~(P6). Here we employ without further comments the notations
introduced in Chapters 1 and 2, in particular those in connection with Conditions
(H1)~(HS6) from Chapter 1, the Hanzawa transform, and the transformed prob-
lems on the fixed domain 2\ ¥ in Section 1.3. In the first section of this chapter
we reformulate Problems (P1)~(P6) in a way which is amenable to a joint anal-
ysis, which will be based on maximal L,-regularity as well as on the contraction
mapping principle in Section 9.2, and on the implicit function theorem for de-
pendence on the data in Section 9.3. For regularity we employ in Section 9.4 the
so-called parameter trick, which is also based on maximal L,-regularity and the
implicit function theorem. This way we can show that the solutions obtained in
Section 9.2 are in fact classical solutions. The proofs for the technical results on
the nonlinearities are postponed to the last section of this chapter.

9.1 Reformulation on the Fixed Domain

The main goal of this section is the reformulation of the transformed problems
(P1)~(P6) in abstract form Lz = N(z). We call L the principal linearization.
The mapping N collects all nonlinear and lower order terms. We have to set up
function spaces such that L has the property of maximal regularity, and N is
Lipschitz continuous. Furthermore, we use the decomposition z = Z + Z, where z
resolves the compatibility conditions and satisfies the initial condition, and z has
vanishing trace at time ¢ = 0. This has to be done separately for each problem in
question. We begin with the simplest one.
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420 Chapter 9. Local Well-Posedness and Regularity

1.1 The Stefan Problem with Surface Tension
In the sequel we assume Condition (H1), and the compatibility condition

(C1) o (8)] +ocHr, =0 onTy, [d(60)d,00] € W2~5/P(T).
The transformed problem (P1) reads as follows (w.l.o.g. o = 1).

00 + Ap(0,h) : V20 = Fy(6,h) inQ\ X,

2,0 =0 on 02,
01 =0, ¢(@)+cHr(h)=0 on %, (9.1)
O¢h + [By(0,h)VO] =0 on X,
h(0) =hoon X, 6(0) =6, in Q.

Recall that ¢(6) = [¢(9)], where ¢ denotes the free energy, and 1(0) = 0y’ () is
the latent heat. We assume here that [(6y) # 0. The map Fy collects lower order
terms and we have

K(0)Fy(0,h) = K(0)mo(h)0:h o Mg (vs - VO) + d'(0)|(1 — My (h))VH|?
d(0)[(I — My(h))V]M:(h)) - V6.

Note that the time derivative of h appears in Fy. On the other hand, the curvature
operator according to Section 2.2.5 is given by

Hr(h) = B(h){tr[Mo(h)(Ls + V(Mo(h)Vsh))]
— B2(h) (Mg (h)Vsh| Vs (Mo(h) Vs (h)) Mo(h)Vsh)}.

Finally, Ag(6,h) and By(0, h) are defined by
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)/K(0))(I = My(R)T)(I = My(R)),
By (0, h) = —(d(0)/1(0)) (1 — My (h)T) (v — Mo(R)Vh).

To formulate the problem abstractly, let J = (0, a) where a > 0 will be fixed later.
We first set

Eo,u(J) = Hy ,(J; Lp(Q)) N Ly, (J5 Hp (Q\ 2)),
Ej, () = Wg,ff V(T Lp(8)) N W 2P (5 Hp (£) 0 Ly, (S5 W, VP(5)),
and define the solution space for z = (6, h) by
Et(a) ={z=(0,h) € Eg,(J) x EZ,H(J) : [0] =0o0n %, 8,6 =0 on 90}.
The space of data for (fg, ge, frn) Will be

F}(a) = Fo(J) x F}, ,(J) x Fy ,(J),
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with
Fo,u(J) = Lp,u(J; Lp(R2)),
F) o (J) = W, PP (T Ly(5)) N Ly (J; Wy~ HP(E)),
i (T) = W 2 2P (J5 Ly () 0 Ly, (J; Wy —HP(S)),

Recall from Subsection 3.4.6 that the time trace space X}  of Et(a) is given by
X1, ={(0,h)eW2r2/P(Q\ £) x WET2=3/P(8) : [0)]=0 on £, 9,0=0 on 0Q}.

‘We observe that

. 1 n+2
X}W — qub(Q \ X) x 03(2), provided 1 > p > 3 + 5

(9.2)

We will use this restriction in the sequel, although it would be enough to require

n+2

X1, o5 Cup(Q\ D) x CX(D),  valid for 1> pu > %

However, this would involve more technical efforts, and we refrain from carrying
this out here. Observe that the last restriction cannot be relaxed, since we definitely
need continuity of temperature and of curvature; the interfaces ought to be of class
C2.
Unfortunately, (6o, ho) € X}/’ ., do not have enough regularity for the space
Fz) . (J), as ¢'(0p) fails to be a pointwise multiplier for this space. For this reason
we cannot freeze coefficients in the stationary interface equation. Therefore, we
extend the initial value 6y to some function 6 in Eg , (R ), for instance by solving
the problem - -
O —A0=0 in Q,
9,0 =0 on 99,
0(0) =6y in Q.
Similarly, we extend hg and hy := —[B(6o, ho) Vo] as in Section 6.6.2 to a function
h e Ez,“(RQ such that h(0) = hy and 9;h(0) = hy. Further we set § = 0 — 6 and
h = h — h. This way, we have trivialized the initial conditions and at the same
time resolved the compatibility conditions. Writing

(0) = ¢(0) + #'(8)0 + ro(6,0)
and
Hy(h) = Hr(h) + Hp(ho)h + 73, (h, h)
we may replace the stationary interface condition by

@I(é)é + O—HII‘(hO)iL =00 — T’g(é, 9_) - Jrh(ﬁv E)
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where ~ ~
go = —(p(0) + oHr(h)) € oF, ,(R+)
by the compatibility condition (C1). Now we can rewrite the problem abstractly
as
LiZ2=N(%2,2), Z2(0)=0, (9.3)
with Ny : OE}L(a) xE] (c0) — OIF}L(a), and L : E)(a) — F},(a) linear and bounded,
given by

0,0 + Ag (60, ho) : V20

¢'(0)0 — 0 Cx(ho)h
d¢h + [By (0o, ho) V]

Lz =

where Cx;(ho) denotes the principal part of the curvature operator —H{.(ho). The
operator L, has maximal L,-regularity by Section 6.6.
The nonlinearity N is given by

Fy(0,h) — 0,0 — Ag(6,h) : V20 + (Ag(60, ho) — Ag(6,h)) : V20
Ni(Z,2) = [ g0+ 1o, 9)+07"h(h h) — (Cz(ho) + Hp (h))h ]
[(Bo(6o, ho) — By (8, h)) V6 — By (6, h) V6] —

Observe that

Jo

Fo(0,h) — 0,0 — Ag(0,R) : V20
(0,2)
[ 0,1 — [Bo(, h)VE] }

satisfies [N1(0, 2)|r, (@) — 0 as a — 0.

1.2 The Two-Phase Navier-Stokes Problem with Surface Tension
In the sequel we assume Condition (H2) and the compatibility condition

(02) div Uug = 0 in Q \ FQ, [[d(@o)ﬁyﬁo]], PFO [[}l(eo)D(uO)l/ro]] =0 on Fo.
The transformed problem (P2) reads as follows.

o+ Ay (0,h) : Viu+ (I — My (h))V7/o= Fu(u,0,h) inQ\X,

(I - Mi(h)V-u=0 inQ\ %,
00+ Ag(0,h) : V20 = Fp(0,h)  inQ\X,
u, 0,0 =0 on 0}, 9.4)
[ul, [0], [Be(0,h)VEO] =0 on X,
—[S(u,8,h)]vr + ([7] — oHr(h))vr =0 on X,
Oth — (ulvs — My(h)Vsh) =0 on X,

h(O) = h(] on E, ’LL(O) = Uuo, 9(0) = 9(] in Q.
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Note that here we used the abbreviations

Au(8,h) = (1(8)/0)(I = My(h)")(I — My (h)),
Ag(8,h) = (d(6)/ow(0)(I — My (h)")(I — My(h)),
By(0,h) = d(0)(1 — My (h)T)(vs — Mo(h)Vsh).
The nonlinearities F,, and Fy collect all lower order terms, i.e.,
oF, = —ou- (I — My(h))Vu+ omo(h)0ih o lls(vs - V)
W (0)(I — My (h))VO - D(u, h)
+ w(O) (I = My(h)V - My () + [Vu]T s (I = My (h))V My (k)
— (I = M (h))V® M;y(h) : Vu),
and
ok(0)Fy = pk(0)mo(h)0ih o s (vs - VO) — pok(0)u - (I — M1(h))VE
+d'(0)[(1 = My(h)VO|* = d(0)[(I — My(h))V]Mi(h)) - V6 + 2u(0)| D

Note that Fy(0, 6, h) coincides with Fy from the previous subsection. Furthermore,
recall that

S = S(u,0,h) = 2u(0)D(u,h), 2D(u,h) = (I —M;(h))Vu+[Vu]"(I - M (h))".

To obtain the abstract formulation of the problem, we choose as the system
variable z = (u, 0, h,m, q), where ¢ = [r] is a dummy variable which we introduce
for convenience. The regularity space for z is

z€E(a) :=={z € By pu(J) x Bou(J) X Ef ,(J) X Er o(J) X Equ(J) : [7] =g,
[0],[u] =0on %, u,0,0 =0 on 00},

where

Euwu(J) =Eou(J)", Exu(J) = Lp,(J; H;(Q\E))7 Equ(J) =T . (J).

Here we set
Ep . (J) = Wzi,:lmp(«]; L,(%) N Hr},u(‘]; W;—l/p(z)) N Ly, (J; W3 l/p( ),

which differs from the space for h in the previous subsection. Note that, according
to Section 8.2, the time-trace space of (u, 8, h) in this case reads

={(u,0,h) € W2H2/2(Q\ £)"F! x WETH=2/P(S) : [u], [6] = 0 on %,
u, 0,0 = 0 on 0N}.
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The data space Fi(a) is given by
Fi(a) = Fuu(J) x F2 () x Fo,u(J) x Fj, ,())"F x F (),
with

Fup(J) = Fo ()", F2,(J) = HL (Ji0H, (2)) N L, (J; H(Q\ X)),

2

Next we define suitable extensions of 29 € X7 ,

diffusion problem

in the following way. We solve the

&gﬂ —Au=0 in Q,
=0 on 09,
’UJ(O) = Ugp in Q,

to obtain a function @ € E,,_,(R.). Also we define 6 € Eg ,(R) as in the previous
subsection. Next we extend the initial values hg and

h1 = Ug - (Vz] — Mo(ho)VEho) S W5M_3/p(2)

as in Section 8.2.2 to obtain a function h € Ej, ,(R4) with initial values Rh(0) = hyg
and 9;h(0) = h;. Finally, we extend the pressure jump ¢y defined by

qo = o Hr (ho) + ([S(uo, B0, hovr (ho)|vr (ho)) € WH—173/P(%)
by means of
g=ec U=2lg € Eyu(Ry),

and define @ € E; ,(Ry) as the solution of the elliptic transmission problem

AT =0 in Q\Z,
d,t=0 on 09,
[0.7] =0, [f]=q on X,

see Proposition 8.6.2, We denote the projection onto mean value zero by Fy. Then
with z = (@, 6, h,7,q), we decompose as in the previous section z = Z + Z, and
obtain the abstract equation

LoZ = No(5,2),  3(0) =0,

with Ly : E2(a) — F2(a) linear and bounded, N : OEi(a) x E2(00) — OIFZ(a).
Here L5 is given by

615’[14 + Au(eo, h()) : V27:L + (1 - Ml(ho))VfT/Q
(I = PoMy(ho))V - @)

8759 + Ag(ao, ho) : V20 _
—[[S('LNL,G(], h()z]]l/g + (C] + O’Cz;(ho) : V%h)VE
[Bo (0o, ho) VO] :
Oth — @ - (vs — Mo(ho)Vsh) + @ - Mo(ho)Vsh
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Note that the temperature decouples completely from the problem for
(u,m, h), it has maximal L,-regularity by Section 6.5. The remaining problem
for (u,m, h) has been analyzed in Chapter 8 for the case hg = 0. There, maximal
L,-regularity has been shown for (hg, h1) = 0 which, by perturbation, extends to
nontrivial hg with small norm in C*(X), and also to arbitrary h; provided the
time interval J = (0, a) is small. Observe that in the part for h we cannot replace

h by hg everywhere, as hy does not have enough regularity.
The nonlinearity N, reads

Fy(u,0,h) — 0w — (I — M1(h))V7/o+ (Mi(h) — Mi(ho)) V7
+(Au (8o, ho) — Au(0,h)) : V20— Au(6,h) : V3
Po(Mi(h) — Mi(ho))V -+ Py(My(h) —I)V - @
lj’g(u,ﬁ,h)
T()Mo(h)v;h—f— ([[SEU,@,h) S(’If,eo,ho_) N 771'}]
+o(Hp(h) + Hi.(h) — Hy(ho))h + ra(h, h))vr(R) /3
((Bo(00, ho) — Bol0, 1))V3 — B(6,1)70 ~
—81571 +a-(vg — Mo(h)inl) +a- (Mo(ho) — (h))th
+ii - ((Mo(ho) — Mo(h))Vsh — Mo(h)Vsh)

N,

here we employed the abbreviation

To = —[S(@, 00, ho) — 7] — o Hj(ho)h.

Note that
Fou(@,8,h) — 8y — (I — My(R))V7/p — Au(0,]) : V2@
Po((My(h) =)V -u) B
Ny(0,2) = | Fol@ 0.R) =910 = A(B,R) : V20
2T ([S(u, 0,h) — 7] + o Hr(R)vr(h) /8

Then we see that [N2(0,2)[r, (o) — 0 as a — 0.

1.3 Phase Transitions: Equal Densities
In the sequel we assume Condition (H3) and the compatibility condition

(C3)  o[t(80)] + cHr, =0 on Ty, [d(60)d,00] € W2~%P(Ly),

div Uug = 0 in Q \ ].—‘07 PFO [[H(a())D(U(])VFO]] =0 on F(].

Here we have 91 = 0o = 1 w.l.o.g. and we may express the phase flux js; by

js = [Be(8, h) V],

— 940 — (Ao (00, ho) — Ag(0,h)) : V20 — A(6,h) : V20

insert it into the Vp-equation, and the Gibbs-Thomson relation into interface stress
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balance to the result

o+ Ay(0,h) : V2u+ (I — My(h))Vr = Fy(u,0,h) inQ\X,

(I — My(h))V-u=0 inQ\ %,
010 + Ag(0,h) : V20 = Fp(0,h)  inQ\X,
u, 0,0 =0 on 02,
[u],[6] =0 on %,
—[S(u, 0, h)]Jvr + ([7] + ¢(8))vr =0 on X,
©(0) 4+ cHr(h) =0 on %,
Oth — (ulvs — Mo(h)Vsh) + [Be(6,h)VO] =0 on X%,
h(0) = ho on 3,  u(0) = ug, 0(0) = by in Q.

Here (Ay, Ag, Bg) are as before. The extensions (1, 6) are as in the previous sub-
section, whereas the extension h is that from Section 9.1.1. As a result we obtain
again a problem of the form

where L3 is defined by

o+ Ay (09, ho) : V2 + (1 — My (hg)) VA
(I — PoMi(ho))V - @)

8,59 + Ao(go, ho) : V29

=[S(@, 00, ho)lvs + [7]vs

¢'(6)0 — oCs(ho)h

Buh + [Bo (00, ho) V]

Note that the term ¢(f) in the stress balance on the interface as well the term
u - vp in the equation for h are lower order and can be subsumed in N3. Here we
define with z = (u, 0, h, 7, q) the regularity space as
z€E3(a) == {2 € By u(J) x Egu(J) x B}, ,(J) X Er yu(J) x Equ(J) :
10],[u] =0, [7] = qon X, u,d,0 =0 on 9N},

and the space of data by
F(a) = Fuu(J) x F2 ,(J) x Fo . (J) x Fjt ,(J) x IF?W(J) x Fy . (J).

Observe that up to lower order terms, the problems for (u, ) and (6, k) decouple.
Therefore, for (u, ) we have at the linear level a two-phase Stokes problem on a
fixed domain, and for (6, h) we have the same principal part as in Section 9.1.1.
By the previous subsections, L3 has maximal regularity and L3 : oE,(a) — oF,(a)
is an isomorphism with |L3 !| uniformly bounded for a € (0,1]. The nonlinearity
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N3 is similar to N2 and Ni. In particular, we have again [N3(0, Z)|r, @) — 0 as
a— 0.

1.4 Phase Transitions: Different Densities
In the sequel we assume Condition (H4) and the compatibility condition

(C4) div Ug = 0 in © \ F(), PFO [[UO]] = O,
Pro [1(00) D(uo)vr, ], 1(00)[uo - vro] + [1/0][d(00)0,60] = 0 on Ty,

As shown in Chapter 1, with [g] # 0, we may eliminate jx, to obtain
je(u,h) =[u-vs]/B(A)[1/e],  Vr = B(h)Oth = [ou - vr]/[e]-
Then the transformed problem (P4) becomes

O+ Ay(0,h) : Viu+ (I — My (h)Vr/o = F,(u,0,h) inQ\X%,

(I —M(h))V-u=0 in Q\ 3%,
040 + Ag(0,h) : V0 = Fy(6, h) inQ\ X%,
u, 0,0 =0 on 01,
[0n(0)]jis — [d@)vr - (I — M1(h))VE] =0 on X, (0.5)

Prlu],[6] =0 on X,
—[S(u,0,h)Jvr + ([7] + [1/0lj% — oHr(h))vr =0 on X%,
() + [1/20°]5% — [S(u, 0, h)vr - vr /o] + [r/o] = 0 on %,
ouh — [(oulvs: — Mo(h)Vsh)]/le] = 0 on’s,
h(0) = hg on &, u(0) = ug, 6(0) =6y in .

Here the heat problem is only weakly coupled to the system for (u,m, h). However,
the system for (u, 7, h) leads to the asymmetric Stokes problem, which differs from
the one considered above. The regularity of h is the same as in Section 9.1.2; the
problem is wvelocity dominated. We proceed as before, extending the initial values
(ug, 80, ho) € Xﬁ;# as in Section 9.1.2 to obtain (@, @, h). Furthermore, we solve
the Gibbs-Thomson relation combined with the normal component of the stress
transmission condition on the interface at time ¢ = 0, to obtain unique initial
values g;o for the pressures 7; on the interface. We extend these by defining

q; = 6_(1_A2)tqj'0, t>0, j=1,2,
and then solve the two elliptic problems

Aﬁ'g =0 in QQ,
0,7 =0 on 09,

Ty =q2 on X,
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and
A’l_l'l =0 in Ql,
T =@ on X.
From the above construction it is evident that z € Eﬁ(oo) trivializes the initial
conditions and resolves the compatibilities. The relevant variables are here z =
(u,8,h,7,q1,q2), where g; denote the surface pressures on X, and the solution
space z € E}(a) is
Ep(a) :={z € By X Eou(J) X Ef () X B u(J) X Equ(J) x Eg u(J) :
[0] =0, mj =¢; on ¥, u,d,0 =0 on ON}.
The image space in this case will be
Fiy(a) == Fopu(J)xFr , (J)xFg ,(J)xFy (J)xPgF} ()" xFy ()" xF) (),
with
Fr () = Hy ,(J3 H, 50(Q\ 2)) N Ly, (J; Hy (2 8)).
Compared to the previous cases, the equation for h is different from that in Sec-
tion 9.1.2, but it has a similar structure and hence needs no additional comments.

On the other hand, the transmission condition [u] = 0 is replaced by Pr[u] = 0,
which by application of Py, leads to the decomposition

Pslu] + B(h)MoVshvr(h) - u] = 0.
This equation is linearized in the same way as the equation for h. Furthermore,
note that the terms (6) and [1/20%]j% in the Gibbs-Thomson law are lower order.

The remaining part is linearized in the same way as the stress boundary condition.
As a result we obtain again a problem of the form

L4z = Ny(2,2), Z=0,
where L, is defined by

Ot + Ay (00, ho) V20 + (1 — My (ho)) V7

(I Mi(ho)V-5)

00 + Ag (0o, {LU) 1 V20

[Bo (60, ho) VO] ) )

Ps [[ﬂ]] + [[ﬂ . l/z;]]Mo(ho)Vzh + [[ﬂ . lfz;]]Mo(ho)Vzh

—[[S(’EL, o, ho)]]l/z + ([[’ﬁ']] + O'Cz(ho)h)l/z

—[LS(&, 0o, ho)vs - vs /o] + [[7?[9]] .

Oth — ([ot - (vs — Mo(ho)Vsh)] — ot - Mo(ho)Vsh])/[o] |

On the linear level we have an asymmetric Stokes problem for (u,m, h) and a
transmission problem for §. Maximal L,-regularity of the transmission problem
follows from Section 6.5, and the asymmetric Stokes problem has been studied in
Chapter 8. As shown there, it has maximal L,-regularity in case (ho, h1) = 0. By
perturbation, this extends to nontrivial hy which are small in C1(X), as well as to
arbitrary hy provided the interval J = (0, a) is small.
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1.5 Phase Transitions and Marangoni Forces: Different Densities
In the sequel we assume Condition (H6) and the compatibility condition

(Cﬁ) div Ug = 0 in Q \ 1—‘()7 PFO [[U()]] = O,
QPI‘O HH(G())D(U())VFOII + 0/(60)VF000 =0 on Fo.
We eliminate js; as before and obtain the transformed problem (P6)

O+ Ay (0,h) : V2u + (I — My(h))V7/o = F,(u,0,h) in Q\ 3,

(I — Mi(h)V-u=0 in Q\ %,
040 + Ag(0,h) : V20 = Fy(0, h) in Q\ X,
u, 0,0 =0 on 0,
O0ibs. + Ay, (0s,h) : VE0s = Fy_(u,0,h,0s) on X,
0 =06x, Pru],[0] =0 on X,
18000, W + (I7]) + [1/el3 — o(0s) He(h)vr = o' (65) V16 on
0(0) + [1/20°]5% — [S(w,0, h)vr - vr /o] + [7/o] = 0 on %,
Oth + Jou - (vs — Mo(h)Vsh)]/[e] =0 on X,
h(0) = hg on 3, u(0) =wug, 6(0) =6 in Q.
(9.6)

The differential operators (A,,.Ag, By) are defined as previously, and with Sec-
tion 2.2, Ay,, is given by

Ags. 1 V& = —(dr(0s) /kr(0s)) Mo (h) Pr(h) My (h) : V.
Here we employed the relation
D
EGZ = 0:0x, + (I - Mir(h))u;; - Vxbs,
taken from Section 1.3.2. Fy,, = Fy,,(u,0,0x,h) is defined by
K/[‘(HE)FQE
= Mo(h)Pr(h)Vz; . (dr(@g)Pp(h)Mo(h))Vgog — Hr(@g)(] — MlT(h))uz . Vz@g
+ 920’(92)(Pp(h)M0(h)Vg . PEU — Hr(h)VFVF) — [[977(9)]]]2 — [[89(9, h)VG]],
it collects all lower order terms. Recall that
jo = [u-ve]/[1/e], Vi = [ou- vr]/[e].
We extend (ug, ho) as in Section 9.1.4, but we have to be more careful with

fo due to the dynamic equation for 6y, on ¥. We first extend 059 = Oo|s on X by
Oy, = e~ (1=23)t95. o and then solve the two one-phase parabolic problems

0 —AI=0 inQ\%,

0,0 = on 012,
=05 onYx,
0(0) =6y inQ
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Observe that the heat equation on ¥ decouples to highest order from the remaining
equations, and the heat problem in '\ ¥ decouples from the system for (u, 7, h).
The latter is as in the previous subsection governed by an asymmetric Stokes
problem. The solution space for z = (u, 0, 0xs, h, 7, q1,q2) is here defined by

ES (@) :={z € Euy % Eg () X Bog u(J) X Ef, (J) X En () x L, (J)? :

U,

Pslu],[0] =0, 0 = bx, Tlon, = j OD Y, 4,0,0 =0 on 9N},

with
Eos u(J) = Hy ,(J; W, VP(£)) 0 Ly, (J; W™ HP(S)).

For the space of data we may take here
FS(a) = Fuu(J)xFy ,(J)xFo . (J)xFoy ,(J)x PsF], , (J)" xFy:  (J)" T XEF (),

where
Fez’#(‘]) = valt(‘]; Wp_l/p(z))'

This way we obtain the abstract form
Le¢z = Ng(2,2), Z=0,

with Ng : oEf,(a) x ES (00) — oF} (a) and L : ES(a) — F%(a) linear and bounded.
More precisely, Lg is defined by

F Oyt + Ay (00, ho) V2 + (1 — M (ho)) V7 :
(I = Mi(ho))V - @)
3150 + Aa(ao, ho) : V29
9,05, + Aoy, (00, ho) : V305 i
Ps [[’EL]] + [[’l] . VE]]Mo(ho)th + [[’l] . VE]]Mo(ho)th ~
—[S5(@, 80, ho)vs: + ([7] + 0(60)Cx: (ho))vs: — o (60) Vb
—[5(@, 00, ho)vs - vs/e] + [7/e] 5

L Oth — ([etvs] — ot - Mo(ho)Vsh] — [et - Mo(ho)Vsh])/[e]

As the operator for fy, has maximal L,-regularity by Section 6.3, that for § has
this property by Section 6.3, and the remaining asymmetric Stokes operator does
so as we have seen in the previous subsection, we conclude that Lg has maxi-
mal regularity, which shows that Lg : OEg(a) — UIFﬁ(a) is an isomorphism, with
uniform bounds in a € (0, 1].

1.6 Phase Transitions and Marangoni Forces: Equal Densities
In the sequel we assume Condition (H5) and the compatibility condition

(C5) [¢(6)] +0(6p)Hr, =0 on Ty, divug=0 in Q\ Ty,
P[‘O [[Zu(GO)D(uo)VpO]] + Ul(eo)vFoth =0 onTy.

Here we have once more 91 = g2 = 1 w.l.o.g, and we solve for jr according to
jr = u-vr — Vp, and insert this into the interface energy balance.
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The case where undercooling is present is the simpler one, as both equations
on the interface are dynamic equations, however it can be used as a guide. In
particular, the Gibbs-Thomson identity

v(0r)Vr — o(0r)Hr(h) = ¢(0r)

can be understood as a mean curvature flow for the evolution of the surface,
modified by physics.

If there is no undercooling, there is a hidden mean curvature flow which,
however, is more complex. For the derivation, it is convenient to eliminate the time
derivative of Ar from the energy balance on the interface. In fact, differentiating
the Gibbs-Thomson law w.r.t. time ¢ and with A(s) = ¢(s)/o(s) we obtain

Dy,
/\/(QF)EQF + Hllﬂ(h)VF =0 on F(t),
hence substitution into surface energy balance yields with

Tr(0r) := wr(0r) = (), wr(fr) = ;((i)rr))

(1(0r) — Ir(Or)A(fr)) (9.7)

the relation

N (6r) {din(dr(QF)VFGF) — krurVrdr + [d(0)8,6]
I{F(ap)

Tr(0r)Vr =

+ Ipdivru + lo(@)u . l/[*}. (98)

As Vi should be determined only by the state of the system and should
not depend on time derivatives of other variables, this indicates that the problem
without undercooling is not well-posed if the operator Tt (0r) is not invertible in
Ly(T), as Vr might not be well-defined. On the other hand, if Tr(fr) is invertible,
then

MN(0
Vo = TI‘_l ( 1;)) {din(dF(QF)VFGF) — krurVrbr + [[d(@)&,&]]

RT (9
+ lpdivru + 10(0)u . I/F}. (99)
uniquely determines the interfacial velocity Vi, gaining two derivatives in space,

and showing that all terms on the right-hand side of surface energy balance are of
lower order. Note that

wr(s) = so(s)[N(s)]?/kr(s) >0 in (0,6.), (9.10)

and wr(s) = 0 if and only if M (s) = 0. The well-posedness condition appears to
be more complex, compared to the case kr = 0.

Going one step further, taking the surface gradient of the Gibbs-Thomson
relation yields the identity

kr(0r)Vr — dr(0r)Hr = kr(0r){ fr(0r) + Fr(u,0,6r)}, (9.11)
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as will be shown below. Here the function fr is the antiderivative of A(dp/kr)’
vanishing at s = 6,,,, and FT is nonlocal in space and of lower order. So also in the
case where undercooling is absent we obtain a mean curvature flow, modified by
physics.

To derive (9.11), note that

N(6r) ..
p (QF) leF (dr (QF)VFHF)
_ dr(fr) \,
- mdwr(dp(f)p)vp/\(ep)) - m)\ (6r)|Vrér|?
= ive (61 ) — 0 ) - (00 SO | 7
dr(0r) [, 100 Er(0r) 2
= Argr(Pr) — s IV 0) = X @) T F Vo,

where gr denotes the antiderivative of dr)\'/kr with gr(6,,) = 0. We note that by
a partial integration

ar(e) =M [ a0 () (e =) B - 1)

kr(s) KT kr(s)

Now employing A(6r) = —Hr, (9.8) leads to the identity

Tr(0r){Vr — Z;EZS Hr — fr(0r)}
- /:F((ZFF)) {[d(0)9,6] — krurVrbr + lpdivru + lo(0)u - vr}
_ Z;EZE% {X"(or) - X(6r) ZEEZ?? Hr0n? + {wor (0r) = trL2 }or (0r),

hence applying the inverse of Tr(fr) we arrive at (9.11), with

Fr(u, 0, 01") = [lﬂ“ (GF)TF ((91“)]71 (A'(Gr){[[d(a)&,@}] — krurVrlr + lpdivru + ZO(Q)u . l/r}
—dr(60){(\"(6r) — X (6r )1 (6r) /£ (0r) }[ Ve br|?
+ i (0r){wr (6r) — trLE }gr (Or)).

In the sequel we replace the Gibbs-Thomson law by the dynamic equation (9.11)
plus the compatibility condition ¢(frg) + o(fro)Hr, = 0 at time t = 0.
Now we perform the Hanzawa transform to obtain a problem on €2 with fixed
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interface . This yields the following problem.
O+ Au(0,h) : Viu+ (I — My (h))V7/o = F,(u,0,h) in Q\ X,

(I —My(h)V-u=0 in Q\ %,
90 + Ag(0,h) : V20 = Fy(0, h) in Q\ %,
u, 0,0 =0 on 092,
05 + Agy (05, h) : Va0s = Fyy, (u,0,05,h) on %,
0=0x, [u],[6] =0 on ¥,
—[S(w, 0, h)]vr + ([7] — o(0s)Hr(h))vr = o' (05)Vsbs  on X,
kr(0s)Vr — drHr(h) — kr(0s) f(0s) = £r(0s)Fr (0,05, h)) on X,
h(0) = ho on X,  u(0) = ug, 0(0) = by in Q.
(9.12)

The abstract setting of this problem differs from the previous cases. As variables
we choose z = (u, 6,0y, h, 7, q) in the regularity space
E3 (@) ={= € Euy % Eou(J) X XEog(J) X B, (J) X Enu(J) X Egu(J)
[u],[0] =0, 0 =0x, [7]|, =qon X, u,0,0 =0 on 0Q},
with
B} (J) = Hy W (Js Wy 7P () 0 Ly (J; WEHP(E).
For the space of data we may take here
Fo(a) = Fuu(J) x B2 (J) x Fou(J) x Fog 1 (J) x Fy ()" X B}, (),
where
Fu(J) = Lyu(J; W, VP ().

This way we obtain the abstract form of the problem

L52 - N5(2,2), 2(0) = 0,
with Nj : OEi (a) x E5 (00) — OFi (a) and Ls : E5 (a) — F3 (a) linear and bounded.

More precisely, L5 is defined by

Oyt + Ay (00, ho)V2i + (1 — My (hg)) V7
(I = PoMy(ho))V - @)
8t0~ + Ag(eo, ho) : V20 ~
0ibs + Aps, (050, ho) : V05 ) )
—[S(@, b0, ho)]vs + qs + 0(x0)Csh — 0’ (0x0) Vb
Oth + co(0s0, ho)Csh + c1(050)0s

Here we have set

co(0s0, ho) = dr(0s0)/kr(0s0), c1(0s0) = —A(Ox0)(dr/kr) (0s0)-

The operator Ly also has maximal regularity, as it has triangular structure, and
each diagonal entry has maximal L,-regularity.
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9.2 The Fixed Point Argument

In the previous section we have seen that on the fixed domain all six problems can
be reformulated as the abstract problem

Li=N(32), 20)=0, (9.13)

where L : E,(a) — F,(a) is bounded linear, and N : oE,(a) x E,(c0) — oF,(a)
is nonlinear. Of course, the specific spaces and operators differ from problem to
problem, but they all share the following properties.

(MR) For each a € (0,1], the operator L : oE,(a) — oF,(a) is an isomorphism,
and the norm of L~! is bounded by some constant M independent of a € (0,1].
(NL) For each a € (0,1], the nonlinearity N is of class C'. Moreover,
(i) [N(0,2)[g, () — 0 as a — 0, for each fixed z € E,(c0);
(i) | D1 N (0, 2)|B(OEM(G)’OF“(Q)) — 0 as a — 0, for each fixed z € E,(c0).
Condition (NL) will be verified in Section 9.5. It implies that for a given

zZ e E,(c0),

n(a,r) := sup{|[D1N(Z, Z)|B(,E, (a) oF,(a)) * |Z|E,.(0) <7}
satisfies n(a,r) — 0 as a,7 — 0. This in turn implies

IN(21,2) — N(22,2)|r, (@) < n(a,7)|21 — 22|E, (), |ZilE.(0) ST

and

‘N(27 2) Fu(a) < |N(O’ 2)|]F“(a) + 77(077")7"7 |2|]Eu(a) <
As |L_1|B(0]Eu(a),0]pu(a)) is uniformly bounded for a € (0,1], say b}j C, we see
that T(2) = L™'N(2,%) will be a contracting self-map on the ball B, (a)(0,7),
by choosing a,r small enough. The contraction mapping principle then yields a
unique fixed point Zg € BOE“(Q)(O, r), which means that (9.13) admits the unique

solution Zg. This completes the proof of local existence and uniqueness for the six
Problems (P1)~(P6). This way we have proved
n+2

Theorem 9.2.1. Let p > n+2,1 > p > %—&— Sp and suppose the following
conditions are satisfied.

(i) Regularity: Condition (Hj) holds for Problem (Pj).
(ii) Well-Posedeness: 6y > 0; [(6p) # 0 for Problems (P1), (P3),
0 < 6y < 0. for Problems (P5), (P6),
Tr,(00) is invertible in Ly(T'g) for Problem (P5).
(iii) Compatibilities: Condition (Cj) holds for Problem (Pj).
Then each Problem (Pj), j = 1,...,6, is locally uniquely solvable in the sense that

for any initial value zy € X%,w there is a = a(z9) > 0 such that the transformed

problems admit a unique solution z € E (a).
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9.3 Dependence on the Data

To study the dependence of the solution of (9.13) on the initial data, we will
employ the implicit function theorem. For this purpose note that the map FE :
Xy — E,(00) defined by Ezy = Z is linear and bounded, hence real analytic. We
rewrite problem (9.13) as

G(Z,21) = L(z1,Ez)2 — N(2,Ez) =0,

where L(z1, Ez;1) indicates the dependence of L on the initial value z; and, where
applicable, on the pertinent extensions z; = Ez; subsumed in the definition of L;.
Here

G :oE,(a) x Bx, , (z0,7) = oF ,(a)

is at least of class C'. We have G(Zn,20) = 0, and the Fréchet-derivative
D1G(%20,20) € B(oE,(a),0F,(a)) is invertible, as we have seen in the previous
section. Therefore, there is a radius § > 0 and a C'-map z : Bx__, (z0,9) = oE,(a)
such that

Z(20) = Zo and G(Z(z1),21) =0 for all z; € Bx. ,(20,0).

Moreover, by uniqueness there are no other solutions close to Zs, and so by causal-
ity there are no other solutions, at all.
Further, if G is of class C*, k € NU {00, w}, then Z has the same regularity;
here w means real analytic. We observe that L, N, and hence G, are of class C*
provided
Y0 € C*2(0,00) and d,dp,u € C*(0,00).

Note that the maps h — (mo(h), Mo(h), My (h), B(h)) are real analytic. This im-
plies the following result.

Theorem 9.3.1. In addition to the assumptions of Theorem 9.2.1 assume that
P, 0 € C’“H(O7 o0) and d,dp,p € C’kH(O, 00),

for some k € NU {oo,w}.
Then the solution map 1is of class C* from the data space X%"M into the
solution space ]Ef;(a), for each j=1,...,6.

9.4 Regularity: The Parameter Trick

In Section 5.3 we used a scaling argument for time ¢ to extract more time regularity
from the regularity properties of the nonlinearity A(u)u — F(u) for the solution of
the quasilinear parabolic evolution equation

U+ A(u)u = F(u), teJ, u(0)=uop.
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In this section we extend this method to obtain regularity of z in the 6 problems
studied above. The implicit function theorem as well as maximal L,-regularity
will again be the main tools.

9.4.1 Interior Regularity

Let G : E,(a) = F,(a) denote the functions G’ from the previous section, where
we now fix the initial values and suppress them in our notation, with the corre-
sponding function spaces E/,(a) and F/,(a). We assume that G is in the class Ck,
with k € NU {oo,w}, where, as before, w means real analytic. We want to show

(u,0),di(u,0) € C*((0,a) x (Q\ )", i=1,...,n.

This then implies also pressure regularity m, 9;m € C*¥~1((0,a) x (2 \ X)), for all
i=1,...,n, by the equation for u.

For this purpose we fix (tg, o) € (0,a) x (2\X). Recall that regularity is a lo-
cal property, so we need only to show regularity of (u, 8) in (to —r,to+71) X B(xo,r)
where r > 0 is small enough. We fix R > 0 such that 3R < ty < a — 3R, and
B(zg,3R) C Q\ X. Further we may let a < ag by causality; otherwise we shift the
time interval in question, and repeat the argument finitely many times. Further-
more, we assume that B(zg,3R) does not intersect the tubular neighbourhood of
width 3ay around X¥; we comment on this assumption later.

Next we choose standard C'*°-cut-off functions x;, and x.,, which are 1 for
[t — to] < R, resp. |x — x| < R, and 0 for |t — to| > 2R, resp. |z — 0| > 2R,
between 0 and 1 elsewhere.

We introduce a coordinate transform 7y ¢) by means of

T>\7f(t7 33) = (t + /\Xto (t),.i? + tEXJJo (:E))7 (t7x) € (Oa Cl) X Q)

It is easy to see that 75 ¢) : (0,a) x © is a diffeomorphism of class C*°, so that
the map

T: (A& = Tae, (-7 1) x Brn(0,7) — Diff ™ ((0,a) x Q)

is well-defined, provided r is sufficiently small. Observe that 79 = id, and that
T(r,¢) = 4d outside the cube (-2R,2R) x Bg~(0,2R).
In the next step we introduce the lifted coordinate transforms T ¢ by

Thez(t,x) = 2(Tae(t, x)) = 2(E + Axeo (B), & + téXao (), t€(0,a), x€Q,

where (X, §) € (—r,7) X Brn (0, r). It is not difficult to show that T ¢ is an isomor-
phism in E,(a) as well as in F,(a); one only needs to recall the transformation
rules from Section 6.3. Note that T) ¢ is leaving the initial values unchanged. This
property is very important, as it will show that the obtained regularity does not
depend on the regularity of the initial value 2.

By the transformation rules from Section 6.3, we obtain the relations

T\eVz=Vzorye= (I —mi(XE))VT ¢z,
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and
TreOz=01z0omre = (1+ /\)do)_l[atT,\,gz —mo(A, &) (EIV)Taez],

where
Xro tvxmo ® 5

T 1+ HEVXa) T HE V)

Note that mg, m; are real analytic in (X, €) and of class C* in (¢, x).
Given the solution zg of G(zg) = 0 from the previous section, we see that

mo (A, §) mi(A, §)

0="TreG(20) = TreG(Ty ¢ Thezo),
hence with
G()‘a fa 2) = T)\,EG(T)\_,glz)

and setting Zo = T ¢20 = 2o 0 Ta, it is obvious that Zg satisfies the equation
G()‘7 57 2@) =0.

So it is natural to employ the implicit function theorem to solve for Z5. As we are
interested in the regularity of solutions for ¢ > 0, we may, and we will, assume
that the fixed initial value zq is in the regularity space X;. We then consider

G: (—=r,7) x Brn(0,7) x Ei®(a) — oFy(a),

where Ei°(a) denotes the affine linear subspace of E;(a) with fixed initial values
u(0) = ug, 0(0) = Oy, h(0) = hg, 0:h(0) = hy1, where these data are subject to the
appropriate compatibility conditions. Employing the transformation rules for V
and 0; from above, as in the previous subsection it follows from Section 9.5 that
G is of class C*, k € NU {oo,w}, whenever

Y0 € C*2(0,00) and d,dp,u € C*H0,00).
Furthermore, we have G(0,0, z5) = 0 and
D.G(0,0,20) = D:G(20) : 0E1(a) = oF1(a)

is invertible, by maximal regularity, as known from Section 9.2. Hence by the
implicit function theorem, there is a neighbourhood (—4,8) x Bgx(0,8) of (0,0)
and a map

®:(—0,8) X Brn(0,8) = Eq(a),

of class C* with ®(0,0) = 25 such that G(\, &, ®(), €)) = 0. By uniqueness, this
implies ®(\, &) = zo o Ta¢. As a consequence, the projection-embedding

Ei(a) = C*((0,a); CHF(Q\ D))", 2= (u,0),
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with a € (0,1) sufficiently small, shows that

(A &) = (w, 0) (8 + Axeo (1), & + EEXao (7))

is of class C*. But this implies that this map is even C** with image space
C((0,a); CH(Q\ X))™HL; this is a transfer of regularity induced by the definition of
7. Setting ¢t =ty and x = o this shows that the function

(A, &) = (u, 0)(to + A, zo + 1of)

is of class C*+® near (tg, (). Repeating the same argument with V,(u, #) we see
in the same way that V,(u,0) € C** near (to, 7).

If 2y does belong to the tubular neighbourhood of ¥, we re-parameterize near
to in such a way that xg does not belong to the new tubular neighbourhood, and
proceed as before. This yields the following result on interior regularity.

Theorem 9.4.1. Let the assumptions of Theorems 9.2.1 and Theorem 9.3.1 be valid,
for some k € NU {oo, w}.
Then there is o € (0,1) such that in all 6 problems we have

(u,0),0;(u, 0) € C*2((0,a) x (2\ X))"*,

and

7,0 € CF1H9((0,a) x (Q\ X)),

where © = 1,...,n. In particular, in each problem we have classical solutions in
the interior, even for k = 1.

9.4.2 Regularity on the Interface

By means of the parameter trick it is also possible to prove regularity in time and
tangential directions on the interface. However, here the construction of the map
Ta¢ is more involved, but also quite natural. We fix a point (t9,zo) € (0,a) x X
and choose a parameterization ¢ : Brn-1(0,3R) — R™ for ¥ near xg; as X is real
analytic we may choose ¢ real analytic. Here the chosen optimal smoothness of
the reference X pays off! Next we extend ¢ by means of

o(p,q) = o(p) + qus(e(p)), (p,q) € Brn-1(0,3R) x (—3ax, 3ax),

to a neighbourhood of zy € 3, with 3ay the with of the tubular neighbourhood of 3
as chosen in Section 2.3. This map is again real analytic and it is a diffeomorphism
onto its image if R > 0 is small enough. Observe that IIs¢(p, ¢) = ¢(p). Then we
define the truncated shift

7e(p,q) = (P + Ex0(P)C0(9),q), (P, q) € Brn-1(0,3R) x (—3ax, 3ax).

Here, xo is a smooth cut-off function on R"~! which is one for [p| < R and zero
for |p| > 2R, while {p is a smooth cut-off function on R which is one for |¢| < 2ax
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and 0 for |¢| > 5ax/2. Note that here £ € Bgn—1(0,7) acts only tangentially. Then
we set

T)\f(tﬂ z) = (t+ Axeo (1), ¢(Tt§(¢_l(x)))) = (Ti,§77—§¢§>7 (t,z) € (0,a) x U,

and
Tae(t,x) = (t+ Axa (8), ),  (t,2z) € (0,a) x (Q\U).
Here U := ¢(Bgn-1(0,3R) x (—3ax,3ax)) is an open tubular neighbourhood

of xg € ¥. Observe that 7y ¢ commutes with IIy on Us,y, = QS(BRn_l(O,SR) X
(—2asx, 2ag)), which implies

ho (id, 1) o Tx ¢(t,x) = h(T){’g(t),HzTiE(t,x))
= h(1ae(t, Isw)) = ho Ty e o (id, Ilx)(t, x),

for each (t,z) € (0,a) X Uaay,. Recalling the definition of =, from Section 1.3, we
then have

(I o (ds/az)] [k o (id, TIx)]) 0 mae = [y o (ds/ax)] [ o ma.¢ o (id, TIx)]

on (0,a) x U, asds oTa¢e = dx on U, and x o (ds/ax) = 0 on U \ Uzey. If we
choose r > 0 sufficiently small, then

T:(NE) = Tae, (—r,7) X Brn(0,7) = Diff>*((0,a) x Q),

as in the simpler previous case of Section 9.4.1. Note that we do not shift in the
vertical direction, as this would distort the interface > which needs to be kept
fixed.

Then as before, we lift the coordinate transform 75 ¢ to an operator T) ¢,
which is a linear and bounded isomorphism in the spaces E;(a) of solutions as well
as in the space of date Fy(a). The function G is then defined as in the previous
section, and we see that G is of class C*, provided G has this property.

Hence again by the implicit function theorem, there is a ball (—4,d) x
Bgrn-1(0,4) and a map

O : (=6,08) % Ba-1(0,8) — E*(a),

of class C* with ®(0,0) = 2 such that G(\, &, ®(\,€)) = 0. By uniqueness, we
have again ®(\,§) = zg 0 The.

Now we extract the height function h on the interface to obtain (X,§) —
ho e € E; (a), where with J = (0,a), and for some a € (0,1) small,

Ef, 1 (a) = W27 V2P(; Ly(2)) N Wy V2P (5 HE (D)) 0 Ly (J; W~ /7(5)
< C%((0,a); C3H(2)) N CHH((0,a); O (D)),
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for Problems (Pj), j = 1,3, 5. where we need to assume p > n+5 for the embedding
into C'*((0, a); C1+*(X)). Moreover,
Ej 1(a) = W= V2 (T Ly () 0 Hy (WP (8)) 0 Ly (W~ HP(S)
— C*((0,a); C*T()) N CTF((0,a); CHH(R)),

for Problems (Pj), j = 2,4,6. Employing exchange of regularity as before, point
evaluation implies

h € CFFIF2((0,a) x ), Vih € C*((0,a) x £)™*",

i < 3 for (P1), (P3), (P5), with p > n+5, i < 2 for (P2), (P4), (P6), (P5) with
p>n—+2.

In the same way, we obtain regularity of the boundary pressures ¢ = [7] in
Problems (P2), (P3), (P5) and also of the on-sided pressures 71, w2 in Problems
(P4), (P6). In fact, [7],m1,m2 € F}; | (a) yields

[7], 71, m2 € C*T((0,a) x 2).

As in all problems we have for the surface temperature fy; € IF%1 (a), this technique
yields
(92, VZGE) S Ck+a((0, a) X Z)n+1.

Similarly, (the one-sided) traces u; of w at the interface satisfy
(us, Vgug) € CFFe((0,a) x B)m> (b,

This shows that all equations in each Problem (Pj) are satisfied pointwise, i.e., the
solutions obtained in Section 9.2 are all classical.
We summarize these results in

Theorem 9.4.2. Let the assumptions of Theorems 9.2.1 and Theorem 9.3.1 be valid
for some k € NU {oo, w}.
Then there is o € (0,1) such that in all 6 problems we have

h e C*EFe((0,a) x 2),  VLh € C*((0,a) x B)™*"
i < 3 for (P1), (P3), (P5) withp > n+5, and i < 2 for (P2), (P4), (P6) with
p > n+ 2. Furthermore,
[7], w1, o, 05 € C*F2((0,a) x ¥),
and
u, Vs € CFT((0,a) x )",  Vsu € C*((0,a) x £)™*".

In particular, in each problem the solutions are classical also on the interface, even
for k=1.

Observe that in case k = w, which means that all coefficient functions are
real analytic, then h will be so jointly in time and space, hence the interfaces I'(t)
become real analytic, instantaneously. This shows the strong regularizing effect
which is inherent in quasilinear parabolic problems.
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9.5 Estimates for the Nonlinearities

The basis of all considerations below are the following embeddings which are due
to the restriction 1 > p > 5 —|— ""‘2.

E a(

Eu7u(a) X Eg H(CL
(a) = C'~ ([O,a];C(E)) NC([0,a);C3(%)), (9.14)
(

In general, the embedding constants will blow up as a — 0, however, they do
not depend on a, provided we restrict to time trace 0. This can be seen by the
following simple extension argument. If a function v is defined on [0, a], say for
a < 1, and has time trace 0, we may extend it by

v(t), 0<t<a,
Ev(t) =< v(2a—1), a<t<2a,
0, 2 <t<2.

Then supg<,<, [0(t)| < supg<;<s |Fv(t)| can be estimated by the relevant embed-
ding for the fixed interval [0,2]. This simple observation is very important, and
besides of the compatibilities this is another reason to reduce all problems to the
case of vanishing time traces at t = 0.

5.1. The Nonlinearities in Fy , and I, ,
(a) The nonlinearities Fy and the components of F, live in L, ,((0,a); L,(2)).
They consist of sums and products of V0, u, Vu, as well as of d(0), d'(9), u(9),
w(0), 1/k(6), M1(h), VMy(h), and mqo(h)d:h o IIx. As the functions p and d are
C? and k € C*, the maps 0 — p(0), 1 (0),d(0),d (0),x(0) are of class C! from
C(]0,a] x Q) into itself, hence by the embeddings (9.14) it follows easily that Fy
and F,, are of class C!, for all six problems under consideration.

Moreover, Fy(z), Fu(2) belong to Leo((0,a) x ), for each z € EJ,, hence we
obtain estimates of the form

[Fk(2)[F () < IFk(Z)Ioolﬂl[/ t*=atr < O(zls,, + R)™a' TP,
0

with some constants m € N, C' > 0, for all Z € B]Ei’(O,R)7 where z = 2 + Z.

Therefore, these terms become small by choosing the time interval J = (0,a)
small. The same argument also applies to their Fréchet derivatives D F},.

(b) On the other hand, there appear terms of highest order in the #- and wu-
components of IV;; however these are only linear in the highest order derivative.
For instance, we have the terms F(Z,2) = (Ag(6,h) — Ag(fo, ho) : V20 and
Fy(2,2) = 0,0 + Ag(0,h) : V20 in the f-component of N;, and similar terms in
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the u-components. For the analysis of such terms we first observe that bilinear
mappings

b: Loo((0,a) x Q) xFg ,(J) = Fo pu(J), (m,f)—mf,

are bounded, since |b(m, f)|r, ,(7) < M|l flr,, . (s); hence this map is real ana-
lytic. Therefore, composite mappings like

(2,2) = (Ap(0,h),V?0) = Ag(0,h) : V30

are as smooth as the coefficients d, «, in particular of class C* if d, k are C*. The
Fréchet derivatives are given by

D1Fy(0,2) = (Ag(0,h) — Aa(6o, ho)) : V?,

and
D1 F5(0,2)% = [09.Ag(0, h)0 + 01 Ag (8, h)h] : V34.

Therefore, we obtain
|D1F1<0’ Z)Zth,u(J) < |<-’49(9’ B) - A9<60a h0)|oo‘v29~|]1?g,>;"(]) < 77|Z|E{;(a)7

provided « is sufficiently small, depending only on the fixed function Z which is
continuous.
Similarly, we have

|D1F5(0,2)zlg, (1) < C(|0]o0 + |iL|oo)\V29_|]ng(J)a

where C' dos not depend on Z. By the embeddings (9.14) and trace 0 for Z we
obtain further

|D1F2(0,2)2lr, () < ClElgi ()| V2Olr (1) < Elg3, (05

whenever a is chosen small enough, depending only on z, but not on Z.
This proves Condition (NL) for the §-part of N;, and similarly it also holds
for the u-part of Nj.

5.2. The Nonlinearity in F7 ,
The corresponding term appearing in INV;, j = 4,6, reads
F(z,z) = (My(h) =)V -+ (My(h) — M1(ho))V - @ = Fy + Fy,
and for j = 2,3,5 we apply the projection Py onto mean value zero. Note that Fj,
i =1,2, are linear in the terms of highest order, namely Vu. We consider first

(8) Ly (5 HI(Q\ %) )
The coefficients depend on h and Vsh, hence belong to C([0, a]; C*(Q)), and vanish
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outside a tubular neighbourhood of . Therefore, we may use here the bilinear
map

C([0,a); €M Q) x Ly (Js HY(Q\ D)) = Ly (T HAQ\ ), (m,u) = mu,

which is easily seen to be bounded. Therefore,
F 1 oE,(a) x Eu(00) = Ly,u((0,0); H, (2\ X))
belongs to the class C*. Moreover, we have F(0,2) = (M;(h) — I)V - @, and
D1F(0,2)2 = M(R)RV - @, D1F5(0,2)% = (My(h) — My (ho))V - @.
This implies
|F(0,2)|L, . (:m1) < [Mi(h) = Dlcuiey | Vilg, 01y — 0,

as a — 0. Similarly

|D1F2(0,2)2| 1, :m3y < [Mi(R) — Mi(ho))lerenlile, ,:m2) < nlZle, ()
provided a > 0 is small enough. Moreover, we also have

|D1F1(0,2)|1, (.3 = IMi(B)|c (e Eloron | ValL, i) < 012k, ),
if @ > 0 is small enough, as @ is a fixed function, and the embedding
0BL(]) < C(J: CX(D)

is uniform in a.
As P, is bounded linear, the same assertions hold for PyF'.

L1
(b) Hy ,(J30H, ()

This space is needed for Problems (P2), (P3), (P5). Here we observe that for given
¢ € H), () we have

/(Pon)¢d$:/POF]P0¢d$:/F}Pg(ﬁdl’,
Q Q Q
hence
PoFyoda — /(Ml(h) _ 1)V - Py da
Q

= [ a1 = 1)V v My (1)) Poc) o
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and similarly

| Puaods = [ (Mi(0) = My(1o))V - 5Py d
Q Q

- /Q i [(Ma(ho) — M (B))V + (div(My (ho) — My (h))T) Pod] da.

Now we may differentiate in time, apply Holder’s inequality and Poincaré’s in-
equality to see as in 5.1 above that Condition (NL) holds for this nonlinearity.

(c) H} ,(J; Hp_éﬂ (2\ X)). Here the same arguments as in (b) are valid, as in this
case ¢ vanishes on ¥, and so the projection Py is not needed.

5.3 Analysis in Fractional Sobolev Spaces
Before we continue, note that Fj;  (a) as well as IF% ,(a) are Banach algebras, due

to the restriction 1 > p > %—i— "2—;2. In fact, this follows easily from the embeddings
hu(a) = C([0,a]; C (X)),

F} .(a) = C([0,a); C'(%)). (9.15)

As above, the embedding constants do not depend on a, provided we restrict to

functions with time-trace 0 at ¢ = 0. Recall that a norm for W3 (%), s € (0,1), is
given by

B [0(2) — ()P r
e = bola, + [ [ 2 dn(@)as ()

There are several well-known fundamental estimates in fractional Sobolev spaces,
which we want to recall here.

(i) The first one, which we already used before, concerns products and reads as
[mwlws < |mlo|wlws + [w]oolmlw;,

valid for all functions m,w € W; N Lu, s € (0,1). In case W (%) — C(X) and
m € CH(¥) it simplifies to

[mwlw: < Clm|ctwlw;.

This estimate can easily be extended to the space Fj (J) with 1 > p > 1/2 +
(n+2)/2p. If
m e Gy(J) :=CY2(J;C(2)) N CJ; CH(E)),

w € Fy  (J), we have
Imwley (1) < Clmle,nlwley )

However, we emphasize that the constant C' will depend on the length of the
interval a, unless w has trace 0 at ¢t = 0.
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(if) In the sequel, we will need the following little trick. Let m € Gy(J), v €
O]Ffl,;l,(J)7 w € F  (R4) and suppose the trace of w vanishes at time ¢ = 0. Then
withs=1—-1/p

[mvwley (1) < Clmle,(nlvwley (1) < Clmle,(nlvlyarz gavs sy @l @0

with a constant C' independent of a. On the other hand,
0 () = o W3 (T W3 (8) = o WLE (T W (2)
with uniform embedding constant, and with

Wz sy < @10l s

this yields
|TTL”UU)|F;:YM(J) < a1/2p0|m|Gs(J) "Uhpz,u((]) ‘thZYM(]RJr)-

(iii) In a similar, but more elaborate way we also obtain the estimate
|bw|FfL,u(J) < C|b|Gh,(J)|w|FfL’“(R+)7
with a constant independent of a, provided

b€ Gu(h) := Wy, ((0,a); C(2) NC([0,a; W5 (X)), s=1-1/2p,

p,p

has vanishing time trace and w € Fz’u(R+). Of course, OFZ,M(J) is also a Banach
algebra, as QFZ7M(J) — C([0,a]; C1(%)).

Next we consider substitution operators in W, of the form ¢(v) with ¢ € c2.
(iv) Based on the identity

[o(v p(w(x))] = [p(v(y)) — P(w(y))]
/ / %@qﬁ () + (1 = thw(x)] + (1 — s)[tv(y) + (1 — )w(y)]) dsdt

:/ /¢%@$XM®fw@Hwafw@m%ﬁ

//WtswUHPWM%WMGwWW
s[o(@) — w(@)] + (1 — 5)[o(y) — w(y)]) dds

we obtain

[B(v(@) = d(w(@))] = [¢(v(y) = dw®)]] < [¢]oc|(v(z) — w(2)) = (v(y) — w(y))l
+18" o {l(v(2) = w(@)) = (v(y) = w®)| + [w(z) — wE)}Hv - weo
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This implies
[6(v) = d(w)lw; < [loz [lv = wlwy (1 + v = wlo) + [v = wloo|wlw; ]

This estimate implies that the substitution operator v — ¢(v) is locally Lipschitz
in WyN Lo

(v) We have
I(r,h) = 6(r + h) — 6(r) — &' (r)h = / & (r + sh) — &'(r)) dsh,

hence with 6h = h — h, 6r =r — 7, 6l = I(r,h) — I(F, h)

= [ ([t m -0+ sh)

— ¢ (tr + (1 — t)Fds(th + (1 — t)h)) dt
// t(r + sh) + (1 — t)(7 + sh)) — ¢/ (tr + (1 — t)7)] dsdt 5h

+/0 /O [[¢” (t(r + sh) + (1 — t)(F + sh))
— ¢"(tr + (1 — t)7))6r(h + t6h) dsdt

+ /O /O " (t(r + sh) + (1 — t)(F + sh))sdh(h + téh) dsdt.

This implies by continuity of ¢’ and ¢”
|01] < eldh| + e|or| max{|hl, |h[} + |¢"|o| 0| max{|h], ||},

provided |h|,|h| are small enough. Setting r = w(x), 7 = w(y), h = h(x), h = h(y),
we obtain

[6(w(z) + h(x)) — d(w(z)) — ¢ (w(x))h(z)]
= [d(w(y) + h(y)) — d(w(y)) — &' (w(y)h(y)]]
< elh(z) = h(y)| + elw(x) = wy)l[hlos + 10" |os|hloo|h(x) = h(y)]-

From this estimate the Fréchet-differentiability of the substitution operator & :
v ¢(v) in W5 N Lo, follows, as soon as ¢ € C2. The derivative is given by

(®'(w)h)(z) = ¢'(w(x)h(z), z€X, w,heW,N Ly,

and so @ is of class C'. By induction we easily get ® € C* if ¢ € C**1, for all
k € NU{oo}, and also @ € C¥ in case ¢ € C¥, estimating the remainders in the
Taylor expansions.
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(vi) Let again s € (0,1), and consider a substitution operator ® : v — ¢(v) in
W, t5(2) N WL (). Here the main estimate concerns the derivative of ¢(v), i.e.,
¢'(v)v'. This case is simpler, as v has more regularity and so ¢'(v) has so as
well. By the results of the previous paragraphs it implies that ® € C*, provided
¢ € C*+2 for all k € NU {oo,w}.

5.4. The Nonlinearities in Fy,, ,
Here we may argue for the lower order nonlinearities Fp,, as in the previous sub-

section in L,(X) and then use the embedding L, (X) < W, 1/]D(Z).
For the highest order terms recall the definition of the norm in W *(X%).

oy = 30 [ v d= s o € WH(E), Telw, o < 11
This implies the estimate
[(molp)| = [(vlm@)] < (ol ) lmelwe, 2y < Clmler ) vl s lelws, )
which yields
Imuly,—s sy < Clmlers) vl -y, Imolryg . < Clmleiors)lvlrgg, .-
The highest order terms are
Fi(2,2) = (Agy. (05, h) — Asy, (B0, ho)) : V05

and Fy(Z,2) = 0,0s + Apy, (0, h) : V40s. As in the previous subsection these are
linear in the highest derivative, fortunately.

Here the bilinear map (m, g) — mg is bounded from C([0,a]; C* (X)) x Fo,, ,,
to Foy, ., hence it is real analytic, and so the composition maps

(5,5) — (Aez(eg,h),V%éE,V%éz) — Fj(é,,?)

are of class C*, provided the coefficient functions ds;, ks, are of class C**1. Then
we may estimate similarly as in Section 9.5.1

|D1F1(0,2)Z[r, () < [(Abg (5, h) = Ass, (850, ho) | o (0.a):01 ()
| V30s

L(a)’

and

|D1F2(0,2)2lr,, () < ClElgi ()| VEOxlr,, () < 1121 )
provided a is sufficiently small, depending only on the fixed function z. This shows
Condition (NL) for the fs-components of N5 and Ng.

5.5. The Nonlinearities in IF“
There are only few lower order terms appearing in this boundary space. These
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are u - vp in the h-component of N3, N5, [61(6)]jx in Ny, and [4(0)], [1/0]jévr,
[1/20]7% in N4, Ng. These terms can be handled in the same way as the lower
order terms in Sections 9.5.1 and 9.5.4. We now study the highest order terms in
the same way as above.

(a) [50(6, 1) V6] ] ) )
We set F1(Z,z) = [(Ba(6,h) — Bg(0o, ho)) VO] and Fs(Z,2) = 0,0 + [Be(0, h)V].
Since 0 € Gg(J) = C'/2([0,a];C(X)) N C([0,a]; C* (X)) we may employ here the
bilinear map (m, g) — mg from Go(J) x Fy; ,(J) to Fj  (J) which is bounded,
to see as before that Fy are of class C* provided d, I are of class C**!. For their
Fréchet derivatives, by Section 9.5.3(i),(ii), we have the estimates

|D1F1(0,2)2lwy () < C|Bo(8,h) — 89(007hO))‘Ge(J)lvm]FZYM(J) < nlZlg, (a);
and

|D2F2(0,2)Z[py () < a'*C{|06Bo(0,h)lcy (1) 0k, (1)
+ [0nBo (0, B)'GG(J)|iL|]E’fLM(J)}|V§|FZ’u(R+) <nlz

Eu(a)’

provided a is chosen small enough, independently of 2, as ¢Eg ,(J) embeds into
Gg(J) with uniform embedding constant. This shows Condition (NL) for this
nonlinearity.

(b) Ol(ez)vEez
This term can be handled in the same way. We employ the technique from (a) to
the functions

Fi(3,2) = (o' (0s) — o' (0s0) Vs, Fa(Z,2) = o' (0s)Vsbs.
As a result we obtain that this term is of class C*, provided ¢ € C**2, and so
Condition (NL) is valid.
(c) S(u,0,h)vr(h)

We rewrite this term as B, (0, h)Vu, where B, is a tensor of degree 3 which depends
only on 0, h, Vgh, hence is of lower order. Here we define

Fi(2,2) = (Bu(0,h) — Bu(Bo, ho))Vi, Fa(3,%) = Bu(6, h)Vi.

Then we have the same structure as in (a) and so the same argument as there
proves (NL) for the jump of the normal stress. A similar argument can be employed
for [S(u, 0, h)vr(h) - vr(h)/o].

(d) Hr(h)
According to Section 2.2.5, the curvature reads as

Hr(h) = Co(h) : VEh 4 C1 (D),
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where C;(h) depend only on h and Vsh, and hence are of lower order. Therefore,
Hr(h) fortunately has a quasilinear structure. Note that

Cz(h) = —Co(h) : v% (916)
In the following we concentrate on the first term Co(h) : V&h. Here
Co(h) = B(h)(Mg (h) = 8% (h)Mg (h)Vh & Mg (h)Vh)

is real analytic in h and Vsh. The highest order contribution of the term

Hy(h) — Hr(h) = H'(ho)h

to N; in the normal stress condition on ¥ is given by F(h, h) = Fy(h, h)+ Fa(h, ),
where

Fy(h,h) = (Co(h) = Co(ho)) : Vh,  Fa(h,h) = (Co(h) — Co(h)) : Vh,
and so F;(0,h) = 0, and
D1 Fy(0,h)h = (Co(h) — Co(ho)) : VEh, DyF3(0,h)h = Co(h)h : V&h.
As in any of the 6 problems,
Vsh € Wy 2T Wy = VP (8)) 0 Ly (W HP(S) < F L (),

and we may estimate as in (a) to see that

|D1F(0,h)h

Fy (a) < 77‘5|1Eu(a),

if a is small, hence Condition (NL) holds also for this nonlinearity.

5.6. The Nonlinearities in F9
(a) First we focus on the term wu - v/ from the equation for A in Problem (P2).
The terms [ou - vp/f] and Prlu] = [u] — [u - vr]vr appearing in (P4) and (P6)
can be estimated in the same way.

The corresponding term in Ny looks like F' = F} + F5, with

Fi(2,2) = @~ (Mo(ho) — Mo(h))Vsh+a- (My(ho) — Mo(R))Vsh — - My(h)Vsh,

and -
FQ(E, 2) =U- (I/E - Mo(ho)th)

Since F?L’ #(a) is a multiplication algebra and M, is real analytic, it follows easily
that F is also real analytic. To verify (NL) (ii) for Fi, it is sufficient to show that
triple products of the form bvw become small if a is small, where b € G, (J) and
w € IFZ7M(J) have zero trace, and v € IFZ#(RJr). Here b = My(ho) — My(h), and
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v =U, W= Vgﬁ, or bar and tilde in the latter ones interchanged. To do so we
first use the Banach algebra property to obtain

|bvw|F}eL,u(J) < C|bv|ng“(1)\w|Fg‘u(J),

with a constant C' independent of a, as bv and w have both trace zero. Then we
apply Section 9.5.3(iii) to obtain

\bv\ngﬂ(J) < C|b|Gh(J)|U|]FfMM(R+)'

As |blg, 5y — 0 as a —, the claim follows for Fy.
Further, we have

D1 F5(0,2)% = —a - M}(h)hVsh,
hence we obtain by 5.3(i),(iii), as oEj, ,(J) < Gpn(J),
[RMg(h)Vsh - algs (5 < CIAMg(R)Vshlgs  ()lalez =))
< C|]~l|Gh(J)|M(3(71)VZMIF?W(1R+)|ﬂ

E2(R+)

< Clhle, () |hlez &) lalE2 )

In the last step we used fact that Mg(h) is a multiplier for Fy, ,,(Ry). Finally, there
is some a > 0 such that

o ,(J) = €T ([0,a); C (%)) N C*([0,a); C*(X)) =: G (),

therefore 3 R 3
|hlg, (1) < a®lhleg sy < Ca®lhlgz .
This shows that F5 is also subject to (NL) (ii).
(b) »(0)
We consider the term ¢(60) appearing in the Gibbs-Thomson condition in Problems
(P1) and (P3). The corresponding term in N, j = 1,3, is given by

F(2,2) = 14(0,0) = o(0) — (6) — ¢'(0)6.

From Section 9.5.3(v),(vi) we see that F is of class C* provided ¢ belongs to C**2,
i.e., if ¢ € C**2. Further we obtain D;F(0,2)Z = 0, hence (NL) (ii) is satisfied
trivially.

(c) Hr(h)
Employing the same decomposition of the relevant nonlinearity F' as in Section
9.5.5(d), we may argue as in (a) above to obtain

[F(0,2)lrg () + [D1F(0,2)[B(o5,, (a):F, () = 0

as a — 0, as the function Zz is fixed.
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