Chapter 1

Problems and Strategies

The purpose of this introductory chapter is to explain the problems to be con-
sidered in the main part of this book in some detail. We derive their physical
origin from first principles, discuss some of the main structural properties of the
models, and describe the strategies of our analytical approach. All the notions and
properties relating to differential geometry of hypersurfaces will be introduced and
explained in Chapter 2.

1.1 Modeling

Suppose a (fixed) container 2 — a bounded domain in R™ with smooth boundary
— is filled with a material which is present in two phases that occupy the regions
Q4 (t) and Qz(t). The interface I'(t) separating these two phases will depend on
time ¢, but should not be in contact with the outer boundary 92 of the container
in order to avoid the contact angle problem. Then the so-called continuous phase
Qs(t) is in contact with the outer boundary, while the diperse phase Q4 (t) is not,
which means that 90 (¢t) = I'(¢) and 9Q2(t) = 0Q UT'(¢). The outer unit normal
of I'(t) w.r.t. Qq(¢) will be denoted by vr, it depends on p € T'(¢) as well as on ¢;
the outer unit normal of € is called v, it only depends on p € 9. The Weingarten
tensor Ly is defined by Lr := —Vrur, where Vi means the surface gradient, and
the ((n — 1)-fold) mean curvature Hr of I by

HI‘ = ter = 7din vr,

where divr means the surface divergence on I'. In the sequel, the jump of a physical
quantity ¢ across I' will be denoted by

[¢1(p) == lim [6(p + svr(p)) — ¢(p — srr(p)], pET
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4 Chapter 1. Problems and Strategies

Figure 1.1: A two-phase domain Q2 = Q; UT U Q.

1.1 First Principles in the Bulk
We begin with the basic balance laws in the bulk.

Balance of Mass

Let ¢ > 0 denote the density and w the velocity in the bulk phases €;, ur the
velocity and Vp := ur - vr the normal velocity of ', respectively. Note that ¢ and
u may jump across the interface I' and that ur is in general not a tangent vector
field to I'. If there are no sources of mass in the bulk, then conservation of mass
is given by the continuity equation

0o+ div(ou) =0 in Q\T(¢). (1.1)
If there is no surface mass on I', we also have the jump condition
[o(u —ur) -vr] =0 on T'(¢). (1.2)
The interfacial mass flux jr, phase flux for short, is defined by means of
1
0

Jr:=o(u—ur) - -vp, ie., [=]ir=[u-vr]. (1.3)

Observe that jr is well defined, as (1.2) shows. Phase Transition takes place if
jr # 0. On the other hand, if jr = 0, then w - vp = ur - vp = V, and in this case
the interface is advected with the velocity field u.

Next we have by the transport theorem for moving domains

d
— Qdm:/ QVde+/ Orodzx
dt Jo, (1) T(t) Q1(t)

= / oVrdl — / div(pu) dz
INQ) Q1(2)

:/ (gup~up—gu~up)dI‘:—/ jrdl,
T'(t) T'(t)



1.1. Modeling 5)

and in case u - v = 0 on 912 in the same way

d
— gdm:/ jrdl,
dt Jo, ) o

proving conservation of total mass, i.e.,

d

— dx = 0. 1.4

i ), ? (1.4)
In this book we mostly consider the completely incompressible case , i.e., we assume
that the densities are constant in the phases £2;. Then conservation of mass reduces
to

divu=0 in Q\TI().

If only the latter property holds, we say that the material is incompressible. In
case both phases are completely incompressible we have

01[Q21(8)] + 02|Q22()| = 011 (0)] + 02[922(0)[ =: co.
This implies
[]I22: ()] = 02[$2] — co,
hence |Q;(t)] is constant in the case of nonequal densities, i.e., the phase volumes
are preserved. On the other hand, there is no preservation of phase volumes in

general if one or both phases are compressible, or if the densities are constant and
equal.

The Universal Balance Law Let ¢ be any (mass-specific) physical quantity, J its
flux, and f its sources. Then the balance law for ¢ in the bulk reads

Oi(0) +div(epu + J) = of in Q\I(¢), (1.5)
and if there is a source fr for ¢ on the interface we have
[(ep(u —ur) +J)-vr] = fr on T(t). (1.6)

Employing balance of mass and the definition of the phase flux jr this simplifies
to
00 +u-Vo)+divd =of in Q\T(t),
[¢ljr + [J-vr] = fr on I(2).
By (2.101), the corresponding universal transport theorem becomes

d

— de= [ 0 dz — Vrdl
G [ oodo= [ aeordo— [ foolvi

(1.7)

- / (of — div (eu+ J)) de /F [odur - vr] dT

Q

z/@fdw+/[[(@¢(u—ur)+<f)-vf]]dF—/ (obu+ J) - v d(99)
Q N oN
:/gfdo:+/<[[¢]1jr+[w-wﬂ>dr+/ 9d(69),

Q T o
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with ¢ = —(p¢u + J) - v on 9. Therefore, we obtain the conservation law
d

— g¢dx:/gfdz+/fpdf+/ gd(09).

dt Jo Q r 09

In particular, if (f, fr,g) = 0, then the total amount of ¢ in Q is conserved.

Balance of Momentum

Let 7 denote the pressure, T' the (symmetric) stress tensor, and let f be a force
field, say gravity. Then balance of momentum reads, employing (1.5) with ¢ = u
and J = -T,

O(ou) +div(pu@u) —divl = of in Q\T(t).
Similarly, using (1.6) we get the following jump condition at the interface.
[(ou ® (v —ur) — T)vr] =divr I+ on T'(¢).

Here Tt denotes the (symmetric) surface stress, a tensor field on I'. Using balance
of mass and the definition of the phase flux jr we may rewrite these conservation
laws as follows.

00w+ u-Vu) —divT = of in Q\T(¢), (1.8)
[u]jr — [Tvr] = divpTr on T'(2). :
By the surface divergence theorem, total conservation of momentum reads as
d
— gudx:/gfdx+/ gd(09),
dt Jq O 00

with ¢ = —(ouu - v — Tv) on 9. Note that total momentum is in general not
conserved as the boundary term g on 02 need not be zero.

Balance of Energy

Let € denote the (mass specific) internal energy density, § > 0 the absolute tem-
perature, ¢ the heat flux, and r an external (mass specific) heat source. Then
with ¢ = |u|?/2 + €, J = —Tu + q we obtain from the universal balance law (1.5)
conservation of energy, which in the bulk reads

8t(§|u|2 n ge) + div{(§|u\2 +oe)u} — div(Tu—q) = of -u+or in Q\I(t).
On the interface we have, in accordance with (1.6),
|[(gm|2 + Qé) (u—ur)—Tu+ q] ~vp = (divpTr) -ur + 70 on I'(¢),

where 71 denotes a heat source on I'. Using (1.1), (1.8), and the definition of the
phase flux jr we may rewrite this conservation law as follows.

0(Oe+u-Ve)+divg—T : Vu=gr in Q\ I'(¢),

([[e] + [[%\u — ur|2]]>jr —[Tvr - (u—wup)] + [q-vr] =rr on T'(t).

(1.9)
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The total bulk energy is given by

1
E(u,¢€,T) := —/ olu|? dz +/ oedx.
2 Joyr O\

For its time derivative we obtain from the universal balance law
OE = /(Qf ~u+ or)dx + / gd(09Q) + /{diver ~up + rp}dl,
Q 99 r

where g = —((£|u* + 0€)u-v — Tu- v + g - v) on Q. In particular, if (f,7) =0
inQ, (w-v,q-v,Tv-u) =0 on 9N as well as divpTr - ur + 0 = 0 on I, then

d
%E(u7 e, 1) =0,
which means that the total bulk energy is preserved.

The Entropy
As is common in thermodynamics, we write

€(0,0) = v(0,0) +0n(0,0), n(o,0) = —0s¥(0,0), (1.10)

where # > 0 denotes the absolute temperature, and ¢ the Helmholtz free energy.
In this book it is considered given. n means the (mass specific) entropy density.
Then the Clausius—Duhem equation holds in the bulk, which means

1 1
O:(on) + div(enu) + div (¢/6) = 55 : Vu — 7=l \}
20,4 — (1.11)
+&%f£®miﬂﬂﬂm
where S := T + 7 denotes the viscous stress tensor. Therefore, entropy is non-

decreasing locally in the bulk provided the right-hand side of (1.11) is nonnegative.
This gives the well-known requirements

S:Vu>0, ¢q-VO<O0, (1.12)

and, since in general the last term will not have a sign, either divu = 0, which
corresponds to the incompressible case, or

™ :p(ga 0) = 92897/}(97 9)7 (113)

which is the famous Mazwell relation for compressible materials. Note that p
should be an increasing function in both variables, o and 6. Hence we require
at least

595'91/1 Z 07 2391/1 + 9337/1 Z Oa 979 > 07
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in the compressible case. The total bulk entropy is defined by
O\

By the universal balance law we then obtain

d 1 1 .

provided v - v = ¢-v = 0 on 0f2. In particular, there is no entropy production on
the interface if

[nljr +[q/0] -vr =0 on T.

1.2 First Principles on the Interface

Throughout we assume that there is no surface mass, and therefore also no surface
momentum on I'. However, due to surface tension we have to take into account
surface energy, and then also surface entropy. A basic principle of our approach is
conservation of energy and entropy across the interface. We begin with

The Universal Balance Law on the Interface

Suppose ¢ is a scalar physical quantity which also lives on I'" with surface density
¢r and let Jr denote its flux. Thus, Jr is a tangent vector field to I'. The basic
balance law for ¢r reads

D . .
Ed)r + ¢rdivrur + divpJr = — fr. (1.14)

Here D/Dt means the Lagrangian derivative with respect to the vector field ur
which moves T, i.e.,

DBtQSF(t?g) = %QZ)F(S + t,fE(S +t7ta€)) s=0;

with z(s + t,t,€) the flow induced by the velocity field ur, i.e.,

d%:c(s +4t,6) = ur(s +ta(s +4,4,€), a(t,t,6) =&, €€ T(t).

We emphasize again that the velocity field ur is in general not tangent to I'. The
surface transport theorem then yields

d D .
%/ngr dl' = /F (ng)r‘ —|—¢1'*d1V1'*U1'*) dar

:/(fdinJr — fr)dl'= */deFa
r r
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by the surface divergence theorem. Therefore, we obtain conservation of the total
amount of ¢ in §2, i.e., we have

%{/ﬂgd)dx—k/rqbpdf}:o,

provided (f,g) = 0. Thus the balance law for ¢ on I" reads

%qﬁp + ¢rdivpur + divpJr = —([[¢]]]F + [[J]] . I/F). (115)

We apply this interface conservation law first to
Conservation of Energy on the Interface

Here we have ¢r = er and Jr = —Trur +qr. Then balance of surface energy reads

D
EEF + erdivr ur + divr (qp — TFUF) = 7{(din TF) sur + TF}.

Hence

Eer + erdivr ur + divpr gr = It : Vrur — rr.

By the conservation laws this implies conservation of total energy

d Ju? _
dt{/ﬂg<2+e) d-’L'—F/FEFdP}—O,

provided (f,7)=0in Q, u-v=¢q-v=0and Tv-u =0 on 9.

Surface Entropy
As in the bulk we write

er(fr) = ¢r(0r) + Ornr(fr),  nr(fr) = = (Or),

where we consider the free energy ir as a given function of surface temperature
Or. Similarly, we decompose

Tt = o(6r)Pr + Sr,

where ¢ denotes the coefficient of surface tension, Pr = I —vr ® vr the orthogonal
projection onto the tangent bundle of I', and Sr the interface viscous stress. Then
surface force becomes

divr Tr = oHrvr + Vo + divpSr.

The first term in this decomposition is surface tension which acts in a normal
direction. The second is called the Marangoni force which acts tangentially, and
the last one is the viscous surface force induced by surface viscosity.
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The total surface entropy is given by

NF :/nde.
r

With the surface transport theorem (2.91) we get

d D . D .
%NF = /F (E’l]r + anIVFUF> dl’ = /F (EGF + GFanIVFUF> /91“ dr

= /(—dinqr — ypdivrur + 1t : Vrour — TF)/QF dr
r

= / (SF . VFUF/QF —dqr - VFQF/G% + (O’ - 1,/}{*)dinUp/9r - 7"1“/01'*) dF
r

Now we argue as in the bulk case. To ensure entropy production on the interface
we should have
Sr:Vrur 20, gr-Vrbr <0,

as well as
¢F =0,

which is the analogue of the Maxwell relation on the interface. Thus in the situation
considered here, the free energy on the interface is the coefficient of surface tension,
which acts as a negative surface pressure.

For the total entropy in {2 we finally obtain

%(/andmr/rnrdr) :/Q{%S;vu—eizq.va}daz

1 1
+ /1'* {%SF : Vour — @QF . VFGF} dl’ (1.16)
+ [ (b + 1a/6) - vr = /o) ar.

I

Since the integrand in the last integral does not have a sign, we postulate that it
vanishes. This means that the only sources for entropy is friction due to viscosity or
heat conduction, also on the interface. In case (Sr, gr) = 0 it means conservation
of entropy across the interface.

This assumption implies by (1.9)

~((1a+ E\uwﬂ?]])jr ~[Tvr - (u—ur)]+[a-vr]) /6 + [l + [a/6] - v = 0.

Assuming [0] =0, 8 = 0r on T, the latter simplifies to

(G |B|u—ur|2ﬂ)jr [Twr - (u—ur)] = 0. (1.17)



1.1. Modeling 11

This is the generalized Gibbs—Thomson relation. Taking it for granted, balance of
surface energy becomes

D
Hter + epdivrur + divpgr = St : Vrur 4+ odivpur — ([[977]]]1“ + [[q . I/F]]). (1.18)

On the interface the Clausius—Duhem equation reads

D . . 1 1
——nr + nrdivrur + divr(qr/0r) = gSF : Vrur — gz ar Vrbrp (1.19)
r

Dt
= ([nljr + [9/6] - vr),

showing that surface entropy production is nonnegative, locally on I'.
Note that in case (nr,qr,Sr) = 0 on I' this equation implies the famous
Stefan condition

Olnljr +lg-vr] = 0.

nr = 0 means Yr = 0 = constant and ep = o. In this case total surface energy
becomes o|T'|, and surface energy balance is trivial.

1.3 Constitutive Laws
In the sequel we assume that there are no external sources for momentum and
energy, i.e., (f,r) =0.

Constitutive Laws on the Outer Boundary
g-v=0 and u=0. (1.20)

Actually, we could also consider a condition for u of Navier-type at the outer
boundary, which means

u-v=0 and PyoTv+ ku=0,

where k > 0, and Pyq denotes the projection onto the tangent bundle of the
hypersurface 0. However, here we stay with the simplest case.

Constitutive Laws in the Phases

6(970) :1/)(979)+977(979)a 77(979) = 7891/)(Q78)7
T = 20u(0,6)D + Mo, 0) (divu) — 71, D — %(Vu L (Vo)) (1.21)
q=—d(p,0)V0.

Here u is called shear viscosity, A bulk viscosity, and d is the coefficient of heat
conduction or heat conductivity. u, A, d are functions depending on (g, 6), and on
the phase, and hence may jump across the interface I'(¢). The second and the third
equations are the classical laws of Newton and Fourier. To meet the requirements
(1.12) we assume

w(e,0),d(o,0) >0, Xo,0)+2u(e,0)/n>0, o,0>0,
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and in the compressible case also the Maxwell relation (1.13).
Constitutive Laws on the Interface
er(fr) = o(0r) + Ornr(0r),  nr(fr) = —o'(0r),
[0] =0, 6r=0,
Prlu] =0, Pr(u—ur)=0,
Tt = o(6r)Pr + 2ur(6r)Dr + Ar(6r)(divrur)Pr, (1.22)

1
Dr = §PF(VFUI‘ + [Vrur]")Pr, gr = —dr(r)Vror,

0= (R + [[%\u ] )i — [Zve(u— ur)]

The coefficient of surface tension o and the surface viscosities (ur, Ar) are functions
of Or, which are subject to

2up
n—

o,ur >0, Ar+ 1>0.

Recall the relation )
VF :zup-yp:u-vF—Ejp,

for the normal velocity of the interface. In case [o] # 0 this implies

[u] = [1/elirvr, o = [u-vel/[1/el, Vi = ou-vr]/[el, (1.23)

and if o] = 0 we have [u] = 0. This shows a fundamental difference between
theses cases: if the densities are not equal, then the phase flux enters directly
the velocity jump on the interface, inducing what is called Stefan current. If the
densities are equal, there is no Stefan current and the velocity field is continuous
across the interface. On each side of the interface we have the identity

u = ur + jrvr/o,

which, in view of the definition of the phase flux jr, is equivalent to the conditions

Prlu] =0, Pr(u—ur)=0, Jo(u—ur)- -vr]=0.
Now we may rewrite

1 ) 17,
[31u =] = [5] %
—[Tvr - (u—ur)] =[-Tvr] - Pr(u—ur) + [-Tvr - vr/o]jr
= [-Tvr -vr/o]jr,

hence the generalized Gibbs-Thomson relation becomes

([W’ﬂ + [{%HJ% —[Tvr- Vr/Q]])jr =0.
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It holds trivially if jr = 0, i.e., if there is no phase transition, and otherwise we
assume

[+ [

ﬁﬂjﬁ — [Twr - vr/o] = 0. (1.24)

We define the heat capacity x and the surface heat capacity xr as usual by
li(g79) = 896(9, 9) = —9(93’(/1(@, 6‘), KF(GF) = EIF(GF) = —GFU//(QF)

respectively. Moreover, we define the latent heat [ and the surface latent heat Iy
by

1(0,0) = —[0n(0,0)] = [00s¢(0,0)], Ir(fr) = —Ornr(fr) = bro’(6r).
The conditions 8g¢ < 0 as well as 0" < 0 will be needed for well-posedness.

Remark
(1.24) may be generalized to take into account kinetic undercooling. More precisely,
we may replace (1.24) by the law

[+ [

Tf}]jg—[[TVF'VF/Q]] = —7jr+divr[aVr(jr/0r)]+0r dive[8Vrjr], (1.25)

where «, 8,7 > 0 may depend on the surface temperature fr. In this case the
entropy production on I' is increased by

[t 6+ @IV 60 + 81V P}
r
and on the right-hand side of the surface energy balance the term

jr(vir — dive[aVr(jr/0r)] — Or dive[8Vrjr])
has to be added.

1.4 The Resulting Dynamic Problem
Summarizing we obtain the following initial-boundary value problem in the ab-
sence of external forces and heat sources.

Oro + div(ou) =0 in Q\T(2),
o(Qu+u-Vu) —divS+Vr =0 in Q\T(¢),
u=20 on 0,

[u] = [L/eljrre on T(t), (1.26)

Hl/QﬂjlgVF — [Tvr] = divrTr on I'(t),
0(0) = 0o, u(0) =y in Q,
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where S =T + 7 and Sr = o(fr)Pr — It are defined above,

0k(00 +u-VO) —div(dVl) = S : Vu — 00gpdive  in Q\T'(¢),

0,0 =0 on 0f),
(1.27)
0 = o on I'(t),
6(0) = 6 in Q.
On the interface we have
K1 %QF — divp(drVrér)
= St : Vrur + 0ra’(Or)divrur — ([0n]jr + [¢-vr]) on T(t),
9]+ [1/2¢*)32 — [Tvr - vr/g] = 0 on 1(r), (1)
Vo =ur-vr=u-vr —jr/o on I'(t)
(0) = T.

This system has to be supplemented with the constitutive laws for 7" and Tt from
the previous subsection. Here the first system should be read as a problem for u
and p, resp. 7, the second as one for 6, while the last set determines 6r, the free
boundary I'; and the phase flux jr. Note that in the absence of phase transitions,
the Gibbs—Thomson relation has to be replaced by jr = 0.

1.2 Entropy and Equilibria

2.1 The Entropy
We have seen above that the total entropy

N::/gnder/nde
Q r
satisfies

%(/andx+/rnpdf> :/Q{%S:Vufe%mve}dm
+/F{91FSF:VFUF—91%(JF'VF9F}dF~

Hence the negative total entropy is a Lyapunov functional for the problem. We
show now that it is even a strict one. To see this, assume that N is constant on
some interval (£1,t2). Then dN/dt = 0 in (¢1,t2), hence D = 0 and V# = 0 in
(t1,t2) x Q. Therefore, 0 is constant, which implies [d0,6] = 0, and then from
the interfacial boundary condition we obtain jr = 0, provided [n] # 0 on I'; we
assume this for the moment. This implies Ju] = 0, hence by Korn’s inequality
we have Vu = 0 and then u = 0 by the no-slip condition on 99Q. Hence Vr = 0,
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ur = 0, and (8:0, Oru, d0, DOr/Dt) = 0, which means that we are at equilibrium.
Further, Vo = 0, i.e., the pressure is constant in the components of the phases. If
one or both phases are compressible, then assuming p; to be strictly increasing in
0, we conclude that g is constant in the components of €2;(t) as well. Actually g is
even constant in each phase. To see this, employing Maxwell’s relation we rewrite
the Gibbs—Thomson condition [¢] + [7/p] = 0 as

9p(01(0)) = 9y (0¥2(0))-

Suppose s is known; then o; is uniquely determined by g2 (and 6) since 0, (0% (o))
is strictly increasing, for, by assumption, p; has this property. Since 0 is continuous
across the interface, the last relation shows that 7, and therefore p, are constant
in all of 4, even if it is not connected. From this we finally deduce by the Young-
Laplace law [7] = oHr that € is a ball if it is connected, or otherwise a finite
union of non-intersecting balls of equal radii, since {2; is bounded by assumption.

If, by chance, [] = 0 on I, or only on part of it, we are not allowed to
use Korn’s inequality since u may have a jump across the interface. Nevertheless,
u = 0 holds in this case as well, but the proof is a little more involved. For this
we need

Lemma 1.2.1. Suppose u € H3(Q\T) satisfies u =0 on 9Q and Prlu] =0 on T.
Then D = 0 implies u =0 in €.

Proof. Integrating by parts twice we obtain
2|D|i2(m = |Vu|%2(9) + |divu|i2(9) + /F[[u cvpdive —vp - (u- V)u] dl
= |Vull, o) + IdivulZ,q) + /F 2[u - vr]dive Pru — [(u - vr)*] Hr dr,

since u = 0 on N and Pru] = 0 on I'. Here we employed the identities

divu = divp(Pru) — (u - vr)Hr + vr - Oy,
vr - (u-V)u= (Pru-Vr)u-vr+ (u-vr)(vr - 0yu) + LrPru - Pru

on I' as well as the surface divergence theorem. Now, if D = 0, then vr - d,u = 0,
and so the equation for the divergence of v on I' yields

divpPru = (u - vr)Hr,

hence [(u-vr)?]Hr = 0 which implies Vu = 0 in . Therefore, u is constant in the
phases, which yields u = 0 in Q5 by the no-slip condition on the outer boundary
0. Further, [u] = avr is constant on I' which implies o = 0, hence [u] = 0 and
so u =0 in Qy, as well. O

Having shown that v = 0 we may proceed as before, provided g1 # go.
Actually, there is a problem if [g] = [n] = 0; then we cannot conclude jr = 0
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which means that Vpr may be nontrivial. We exclude this pathology in the sequel.
It is absent anyway if kinetic undercooling is included.

If there is no phase transition, i.e., jr = 0, then [u] = 0, and we obtain
directly v = 0 by Korn’s inequality. In this case we conclude as above that the
pressures are constant in the components of the phases, hence the densities are
so as well, assuming as before that p; is increasing. We further conclude from the
interface stress condition that Hp is constant on each component of the interface,
which implies that these components are spheres. But they may have differing
sizes, as the Gibbs—Thomson relation is no longer available. If a phase transition
is absent, constant temperature does no longer ensure that the spheres have equal
size!

2.2 Equilibria as Critical Points of the Entropy
We want to determine the critical points of the total entropy N under the con-
straints of given total mass My and given total energy Eg. With

M:/de, E:/g(|u\2/2—|—e)o1lx—|—/eFall“7
Q Q r

the method of Lagrange multipliers then yields
N+ AM" + uE' = 0.

We compute the derivatives of the involved functionals, where z = (7, v, 4, 9r, h).

(N'[2) = /Q (By(on)7 + 009D} do — / {Lonlh — 9 + neHeh} L,

<M/|z>:/ﬂ7'dx—/r[[g]]hdf,
(E'|2) :/Q{gu-v—i—gageﬂ—i—(\u|2/2+e+g896)7}dx

- /{[[Q|U|2/2 + oe]h — epIr + ep Hrh} dr.
r
Varying first ¢ and ¢ this yields

00pm + 1100p€ = 0,

and

77{‘ + LLG% =0,
hence dge = 00gn = k > 0 and € = Opnp = kp > 0 imply 0p = 0 = —1/p > 0
constant. Next we vary v to obtain u = 0 since p # 0. Variation of 7 (when p is
not a priori constant) implies similarly

N+ 00,n + A+ pu(€ + 00y€) = 0,
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hence A = (¢ + 00,v)/60. As a consequence g is constant, since

0 < 9,p(0,0)/0 = 20,0(0,0) + 0051 (0,0) = Dy (¢ (0,0) + 00,1 (0,6))

in a phase where g is not a priori constant. In particular, if both phases are
compressible this yields [ + p/g] = 0, which is the generalized Gibbs-Thomson
relation at equilibrium. Finally, we vary h to obtain

—[on] — nrHr — Alo] + ([o€] + erHr)/0 = 0,

which by the definition of € and ¥r = o yields

oHr + [oy] = M[o]

on the interface I'. This implies that Hr is constant, hence €y consists of a finite
number of balls with the same radius. If both phases are compressible we may
further conclude o Hr = [[p], which is the normal stress condition on the interface.

In this derivation we assumed xp > 0. If instead xp = 0, then 5. = 0 as well,
hence we do not obtain information on . However, the remaining conclusions
are valid as before. In this case o(fr) is linear, and as there is no surface heat
capacity it makes sense then to ignore surface diffusion as well.

In summary, we see that the critical points of the total entropy with the
constraints of given mass and prescribed total energy are precisely the equilibria
of the system.

2.3 Equilibria which are Maxima of Total Entropy

Suppose we have an equilibrium e := (g, u, 6, 0r,T") where the total entropy has
a local maximum, w.r.t. the constraints M = Mgy and E = Ey constant. Then
D := [N+ AM + uE]” is negative semi-definite on the kernel of M’ intersected with
that of E’, where (A, u) are the fixed Lagrange multipliers found in the previous
subsection. The kernel of M’(e) is easily found to be characterized by the relation

/ Tdzr = [0] / hdl, (1.29)
Q r
and that of E'(e) by

/ Oo(on)T dzx + / (0r/0)0 dx + (kr/0) / I dl = ([on] +7)pHp)/ hdTl. (1.30)
Q Q r r
On the other hand, a straightforward but somewhat lengthy calculation yields
—0(Dz|z) :/ Q|v|2dx—|—/ 83(@1/))72 da:+/(gf£/t9)192 dx (1.31)
Q Q Q

+ (np/a)/rﬂ% deo—/F(Hl’ah)hdF.
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As o, k, kT and
0 (o) = 20,0 + 00 = [9,p(0)]/ 0

are nonnegative, we see that the form (Dz|z) is negative semi-definite as soon as
H{. is negative semi-definite. We will see in the next chapter that

H}. = (n—1)/R*+ Ar,

where Ar denotes the Laplace-Beltrami operator on I' and R means the radius of
the equilibrium spheres.

We want to derive necessary conditions for an equilibrium e to be a local
maximum of entropy.

1. Suppose that I' is not connected, i.e., I' consists of a finite union of spheres T'.
Set (1,v,9,9r) = 0, and let h = hj, constant on I'y, with >, hx = 0. Then the
constraints (1.30) and (1.31) hold and

(Dz|z) = % > Twhi >0,
k

hence D is not negative semi-definite in this case. Thus if e is an equilibrium with
local maximal total entropy, then I' must be connected, hence both phases are
connected. This is related to the so-called Ostwald ripening effect.

2. Assume that I' is connected and g1 # 09 are a priori constant. Then 7 = 0 and
the first constraint (1.30) implies [, hdl' = 0. As H{.(h) is negative semi-definite
for functions with average zero, we see that in this case D is negative semi-definite.

3. Assume that I' is connected and o3 = 0o =: ¢ is constant. Then 7 = 0, but the
first constraint gives no information. Setting v = 0, 9 = ¥ constant, as well as h
constant, we see that D negative semi-definite on the kernel of E’(e) implies the
condition
o®)n-1) _ B
R* 7 0((klo)a + (D)’
where lo = lo(0) = —0(e[n] + nr Hr).

4. If e is an equilibrium which (locally) maximizes the total entropy, it is generically
not isolated. If the sphere I' does not touch the outer boundary, we may move it
inside of Q without changing the total entropy. This fact is reflected in D by
choosing 7 =1 = Jr = 0 and h =Y}, the spherical harmonics for I', which satisfy
H{Y; = 0.

(1.32)

It is one of our purposes in this book to prove in the completely incompressible
case that an equilibrium is stable if and only if the total entropy at this equilibrium
is maximal. Thus in case g1 # 02 are a priori constant, an equilibrium is stable
if and only if the interface is connected, and in case g3 = g2 if in addition the
stability condition (1.32) is satisfied with strict inequality. (Here we exclude the
limiting case where in (1.32) equality holds.)
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2.4 The Manifold of Equilibria

As we have seen above, the equilibria of the system (1.26), (1.27), (1.28) are zero
velocities, constant pressures in the phases, constant temperature, vanishing phase
flux, and the dispersed phase €)1 consists of finitely many non-intersecting balls
with the same radius if phase transition is present. We call an equilibrium non-
degenerate if the balls do not touch the outer boundary 92 and also do not touch
each other. This set will be denoted by £. We want to show that £ is a manifold;
it is not connected but has infinitely many finite dimensional components, the
components are given by the number of spheres. The dimension of the component
consisting of m spheres is m(n + 1), where n comes from the center and 1 from
the radius of a particular sphere.

To show that £ is a manifold, we just have to show how a neighbouring
sphere is parameterized over a given one. In fact, let us assume that X = Sg(0) is
centered at the origin of R™. Suppose & C 2 is a sphere that is sufficiently close
to ¥. Denote by (y1,...,yn) the coordinates of its center and let yy be such that
R + yg corresponds to its radius. Then the sphere S can be parameterized over X
by the distance function

Sy)=>_uY;—R+ | O_u¥)?+ (R+0)2 =Y v2,
j=1 =1 =1

where Y} are the spherical harmonics of degree one. Obviously, this is a real analytic
parametrization.
We summarize our considerations in

Theorem 1.2.2. (a) The total mass M and the total energy E are preserved for
smooth solutions.

(b) The negative total entropy —N is a strict Lyapunov functional except on the
pathological points (o,0) constant, [o] = [n] = 0.

(¢) The critical points of the entropy functional for prescribed total mass and total
energy are precisely the equilibria of the system.

(d) The non-degenerate equilibria are zero wvelocities, constant pressures in the
components of the phases, and the interface is a union of non-intersecting spheres
which do not touch the outer boundary 0N). If phase transition is present, then the
spheres are of equal size.

(e) If the total entropy at an equilibrium is locally mazimal, then the phases are
connected and, in addition, in the case of equal constant densities the stability
condition (1.32) holds.

(f) The set £ of non-degenerate equilibria forms a real analytic manifold.

This result shows that the models are thermodynamically consistent, hence
are physically reasonable.
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2.5 Equilibrium Temperatures
To determine 0, R and 7 at equilibrium, we have to solve the system

1921 |o1€1 + [Q2]02¢2 + er|T'| = Eo,
[x] = oHr, (1.33)
Y] = ~lr/e)-
In addition, there is conservation of mass
011 + 02|Q2] = co.

If the equilibrium densities are not equal, this equation can be employed to com-
pute the radius of the balls, i.e., with w,, = |0B(0,1)| we have

m(wn/n)R" = (02| = co)/[o]

in case there are m balls with common radius R. The energy equation then
uniquely determines 6 since er is non-decreasing and €;(f) are strictly increasing.
Finally, the last two conditions in (1.33) determine the pressures in the phases.

If there is no phase transition, then the dimension of the component &,, of £,
with m € N the number of spheres, is dim &, = m(n + 1) + 1. Here the variables
are the centers of the balls, their radia, and the temperature. Prescribing total
energy and individual volumes of the components of the dispersed phase reduces
the dimension to mn.

On the other hand, if phase transition takes place and g; # g2, then dim &, =
mn + 2. The variables are the centers of the balls, the common radius, and the
temperature. If we prescribe phase volumes and total energy, then the radius of
the balls and the temperature are fixed, resulting into dim &,, = nm.

But if the equilibrium densities are equal, g1 = 92 =: o, then conservation of
mass determines merely the value of the density g, no information on the phase
volumes at equilibrium is available. Hence only 8, R and the pressure jump

o(0)(n - 1)

[7] = [71(0) = o(0) e = - T

can be obtained from (1.33). This implies that the dimension of &, is mn+1, and
if we prescribe the total energy, then it will be nm.
In this case we get
o(0)(n—1)
e[v(0)]

for the radius R > 0, and system (1.33) reduces to a single equation for the
temperature 6:

R=R(0) =

Ec(0) := |Q]0e2(0) — m(wn/n)R™(0)o[e(0)] + ermw, R" () = Ey.

We call the function E.(0) the equilibrium energy function.
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Note that only the temperature range [1(6)]/o(0) > 0 is relevant due to the
requirement R > 0, and with

R}, =sup{R > 0: Q contains m disjoint balls of radius R}
we must also have R < R, i.e., with ¢(0) = o[ (0)]
6 R;
o) _ Ry,

With €(0) = ¢(0) — 0¢/(0) and er = o(8) — 60’(0), after some calculations E.(6)

may be rewritten as

o d o)
F O o)

o(6)" o0y (0) () (0)
Aoy g )

where we have set ¢, = m®=(n — 1)L, Observe that the equilibrium energy
function E.(#) has the form

E.(0) = 2gea(8) + cn (

= [ 0e2(8) +cn(

)

E.(6) = T(6) — 6V/(6),

where ¥ (0) = [Q]0w2(0) + c,o(0)"/o(8)" ! plays the role of the equilibrium free
energy. We have then
Ec(6) = —69"(0),
hence with Do'(8 ) D! (8
Ry = D7) o)1 0)
(0) ¥*(0)

after some more calculations

Ec(0) = (k(0)]0)a + Kr(0 Bo@)(n—1)

with Ip(0) defined in the previous subsection. Now recall the stability condition
(1.32) to see that E/(#) is non-positive if and only if the stability condition holds.
Thus, loosely speaking, total entropy is maximal at an equilibrium if and only if
E.L(0) < 0. We may write E_(6) yet in another form, namely

EL(0) = (5(0)]0)es + ke (O)|T] — (n — 1)|Tjoa (20D _ T O)yo

In general it is not a simple task to analyze the equation for the temperature

E.(6) = W(6) — 67/(6) = Eq,



22 Chapter 1. Problems and Strategies

unless more properties of the functions €;(6) and in particular of ¢(8) and o(9)
are known. A natural assumption is that ¢ has exactly one positive zero 6, > 0,
the so called melting temperature. Therefore we look at two examples.

Example 1. Suppose that €s is increasing and convex, p = 1, np = 0, i.e., o is
constant, and that the heat capacities are identical, i.e., [x] = 0. This implies

0" (6) = 014" (0)] = —[x(0)] =0,

which means that ¢(0) = pg + @16 is linear. The melting temperature then is
0 < 6,, = —po/¥1, hence we have two cases.

Case 1. gy < 0, 1 > 0. This means [(6,,) > 0.

Then the relevant temperature range is 6 > 6,, as @ is positive there. As § — 6,,+
we have ¢(8) — 0 hence E.(8) — oo, and also E.(f) — oo for § — oo as ez(8) is
increasing and convex. Further, we have

2
— n 9010
E.(0) = [Q]ex(0) — n(n — 1)c,0(6) (G0 T o107

—po + np16
E;’H:Qe”ﬂ—knn—lcna@"Q(po—
(0) = |Qe5(0) +n(n—1) ()%(<P0+<P19)"+2

> 0,

which shows that E.(f) is strictly convex for § > 6,,. Thus E.(f) has a unique
minimum 6y > 6,,, E.(0) is decreasing for 6,, < 6 < 6y and increasing for 6 > 6.
Thus there are precisely two equilibrium temperatures 6} € (6g,00) and 0, €
(O, 00) provided Eq > ¢(6y) and none if Eg < E(fy). The smaller temperature
leads to stable equilibria while the larger to unstable ones.

Case 2. ¢y > 0, ¢; < 0. This means [(6,,) < 0.

Then the relevant temperature range is 0 < 6 < 6, as h is positive there. As
0 — 6,— we have p(d) — 0+ hence E.(f) - —oo, and as § — 0+ we have
Ec(0) — E(0) = |Q]e2(0) + c,0™ /i~ ! > 0, assuming that e5(0) = lim,_,o4 €a(s)
exists. Further, for 6 close to 0 this implies E,(f) > 0 and E,(f) — —oco as
6 — 0,,—. Therefore E.(0) admits at least one zero in (0, 0,,). But there may be
more than one unless ez (6) is concave, so let us assume this. Let 6y € (0, 6,,,) denote
the absolute maximum of E.(#) in (0, 6,,). Then there is exactly one equilibrium
temperature 6, € (0g,0,,) if Eg < E.(0+) and it is stable; there are exactly two
equilibria 6 € (0,6p) and 0 € (0, 6,,) if E.(0+) < Eg < E.(6p), the first one is
unstable the second stable. If Eq > E.(6p) there are no equilibria.

Note that in both cases these equilibrium temperatures give rise to equilibria
only if the corresponding radius is smaller than R*.

Example 2. Suppose nr = 0, ¢ = 1, and that the internal energies €;(6) are linear
increasing, i.e.,
Gj(e) :(lj+/€j9, ]: 1,2,
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where #; > 0, and now [x] # 0. The identity €; = 1; — 6% then leads to
Y;(0) =a; + b0 —k;0logh, j=1,2,
where b; are arbitrary. This yields, with o = [a], 8 = [b] and v = [«],
p(0) = a+ 00 —~0logh.

Scaling the temperature by 6 = 6y with 8 — vlogfy = 0 and scaling ¢ we may
assume = 0 and v = £1. Then we have to investigate the equation E.(¢) = Eq,
where

/
+(n— 1)19;((?) } ©(9) = £(a +log?),
with § > 0 and «, E; € R. The requirement of existence of a melting temperature
Im > 0, ie., a zero of p(¥), leads to the restriction o < 1/e. Also here we
have to distinguish two cases, namely that of a plus-sign for ¢ where the relevant
temperature range is ¢ > ¢,,, and in case of a minus-sign it is (0,%,,). Note that
¢ is convex in the first, and concave in the second case. In the case of p(¥) =
(o + Y 1og ) we get

—_n / 2
EL(0) =6+ (n— 1){W}7

E.(9) = 60 + {(pn%(ﬂ)

€(9) = nln— )Z5{ (0 + VOO - (0)3 + ¢ 0) .

We have E.(9) — oo for ¥ — oo and for ¥ — 9,4+, hence E.(9) has a global

minimum 6y in (6,,, c0). Furthermore, EJ(9) > 0 in (0,,, 00), hence the minimum

is unique and there are precisely two equilibrium temperatures ¥, € (¥, 99) and

97 € (Y9, 0), provided E; > E.(dg), the first one is stable, the second unstable.
To prove convexity of E. we write

(n+1)9¢'(9)* = 3p(9) — p(9)¢' (V) = (n — 1)I¢' (9)* + f(V),
where
F(09) = 29¢' (9)? — o(9)(3 + ¢/ (9)) = 209(1 + log ¥)* — (a + ¥ 1og ) (4 + log 0).
We then have f(9,,) = 20,,(1 4 log ¥,,,) > 0, and
f1(0) =10 +log?)?+1—a/t>1—a/d>0,

fora <1l/e <8, <.
Actually, the requirement that the melting temperature is unique, i.e., that
¢ has exactly one positive zero, implies « < 0. Indeed, for o € (0,1/¢e) there is a
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second zero J_ > 0 of ¢, and ¢ is positive in (0,9_). Equilibrium temperatures
in this range would not make sense physically.

Let us illustrate the sign in ¢ for the water-ice system, ignoring the density
jump of water at freezing temperature. So suppose that 2o consists of ice and
Q1 of water. In this case we have k1 > ko, and hence v < 0, which implies the
plus-sign for ¢. Here we obtain §F > 6,,, i.e., the ice is overheated. Equilibria only
exist if ¥ is large enough, which means that there is enough energy in the system.
If the energy in the system is very large, then the stable equilibrium temperature
0, comes close to the melting temperature 9, and then R(¥) will become large,
eventually larger than R*. This excludes equilibria in 2, the physical interpretation
being that everything will eventually melt.

On the other hand, if €2y consists of ice and (5 of water, we have the minus
sign, which we want to consider next. Here we expect under-cooling of the water-
phase, existence of equilibria only for low values of energy, and if the energy in
the system is too small everything will freeze.

So assume that ¢(v) = —(a + Jlog?) and let o« < 0. Then the relevant
temperature range is (0,9,,). Here we have E.(¥) — —o0 as ¥ — ¥,,— and
Ec(¥) — 1/]a|”™t > 0. Moreover we have EL(0) = § + (n — 1)/|a|™ > 0, and
E.(9) - —oo for ¥ — ¥,,,—. Therefore, E. () has an absolute maximum in 9y in the
interval (0,%,,). If E.(9) would be concave in (0,%,,), then this maximum would
be unique and there would be precisely two equilibrium temperatures ¥4, € (0, %)
and ¥f € (Yo, %m), provided E; € (—00,E.(J)), the first one unstable and the
second stable. However, as we will see things are not as simple.

To investigate concavity of E. in the interval (0,v,,), we recompute the
derivatives of E..

, 1 9 ()2
EL(0) =6 — (n— 1){¢"(19) +n¢f+(1(39)},

€2(0) = n(n — 1) ZE{ (0 + DI OF + 9(0)3 - PO ).

Setting ¥4 = 1/e, for ¥ € (V4,0,,) we have () > 0 and ¢'(¥) < 0, and hence
E/(9) < 0. On the other hand, for ¢ € (0,9;), both ¢(¥) and ¢'(¢) are positive.
Then we rewrite

(n+1)0¢"(0)? + 3p(0) — ()¢ () = (n = 1)O(1 + log ¥)* + f (),
where
F(9) = 20¢'(9)% + ¢(0)(3 — ¢'(9))
=209(1 +log¥)? — (o + Y 1og ¥)(4 + log V)

= 9(2 +1log?(0)) — a(4 + log ),
f'(9) =2 +1og® 0¥ +2log®¥ — /9 = (1 +log )2 +1—a/9 >0,
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provided e < 0. This shows that f is increasing, f(¢¥) — —oco as ¥ — 0, and
f(1/e3) = 11/e3—a > 0. On the other hand, the function 9¥(1+log)? is increasing
in (0,1/e?), hence " (9) has a unique zero ¥_ € (0,1/e®). Therefore, E, is concave
n (0,9_) U (94, 9,,) and convex in (Y_,V+), and E, has a minimum at J_ and
a maximum at ¢;. Observe that E.(9) < 4, EL(J) — —o0 for ¥ — ¥,,,— and
EL(0+) = — (n—1)/]a|™ < ¢'(94). Therefore, Ej; may have no, one, two, or
three zeros in (0,4,,), depending on the value of § > 0. However, if § > 0 is
large enough, then E, has only one zero 9; which lies in (94, 3,,). In this case
E. is increasing in (0,%;) and decreasing in (¢1, 9,), hence for E. € (1(0), (1))
there are precisely two equilibrium temperatures, the smaller leads to unstable,
the larger to a stable equilibrium. If E; < E.(04) there is a unique equilibrium
which is stable, and in case E; > E.(¥1) there is none. However, in general there
may be up to four equilibrium temperatures.

1.3 Goals and Strategies

In this book we will consider only the completely incompressible case, i.e., the
densities p; and g, are assumed to be constant. Throughout we neglect viscous
surface stress, so we set Sp = 0. Thus the only surface stress acting is the surface
tension Tt = ocPr. We always assume the constitutive laws

T=S8—xI, S:=2u@)D, D= (Vu+[Vu]')/2.

In this book we want to consider the following main problems which are ordered
by complexity. The main hypotheses for these problems are formulated as well.
Throughout, € will be a bounded domain with boundary 92 of class C3.

3.1 The Main Models

Problem 1. The Stefan Problem with Surface Tension.
Here we assume 91 = 05 =: 0 >0, ¢ > 0, and u = 0.
Then we have

Vi =—jr/e, [-Tvr]=ocHrur,

hence the Gibbs—Thomson law becomes
1 o
[v(0)] = E[[TVF cvr] = —5

A% 9,0] = 0 on T'. Observing that at

and we have the Stefan law —o[0n(8)]Vr — [d(6)
melting temperature 6,,, there holds [¢(6,,)] = 0, by linearization of ¢ one obtains
with the relative temperature ¢ = (6 — 6,,,)/0,,
o
U= _EHIH lm = _Hm[[n(em)]]7

which is the standard constitutive relation for the classical Stefan problem with
surface tension. Here [, is the latent heat at melting temperature. Similarly, the
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linearized Stefan law becomes ol,,,Vr — [d(0)0,0] = 0, which is the classical one.
Note that these relations are only valid near melting temperature, and in particular
exclude large curvatures of I'. In this model, surface entropy is zero and balance
of surface energy is trivial. The model equations read

0k(0)0:0 — div(d(0)VO) =0 in Q\T(¥),
0,0 =0 on 09,

[0] =0, o[¢(@)]+cHr=0 on I'(?), (1.34)
0(0) =6y in Q.
—o[0n(O)]Vr — [d(6)0,0] =0 on I(t), )

I'(0) =T.
Concerning ¢ and d we assume
(H1) ¢ € C3(0,00), d € C*(0,00), —4"(s),d(s) >0 for all s> 0.

Remark 1.3.1. If kK =0, i.e., if ¢ is linear, we obtain the so-called quasi-stationary
Stefan problem with surface tension, also called Mullins—Sekerka problem or
Mullins—Sekerka flow in the literature. It has the same equilibria as in the case
k # 0, but their stability properties are different.

Problem 2. The Two-Phase Navier—Stokes Problem with Surface Tension.
Here we assume jr =0, 0 > 0 constant.
This is the case without phase transitions. Then

[['LL]] :0, VF =u-rvr, —[[TI/F]] :UHFI/F,

which leads to the classical model for incompressible two-phase flow without phase
transitions.

0O+ u-Vu) —divS +Vr =0 in Q\T(¢),
divu =0 in Q\T(¢),
u=0 on 09, (1.36)
[u] =0, —[Svr]+ [r]vr = cHrvr on I(t),
u(0) = ug in Q.

0k(0)(0:0 + u - VO) — div(d(0)V0) = 2u(0)|D]3 in Q\T(t),
0,0=0 on 0f2,

[01=0, [d(6)d,6]=0 on T'(1), (1.37)
6(0) = 6o in Q.
Ve =w-vr on T(t), T(0)=T,. (1.38)

Here we suppose

(H2) 1+ € C3(0,00), d,n€ C*(0,00), —¢"(s),d(s),n(s) >0 forall s > 0.
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Remark 1.3.2. (i) If p is constant, then the Navier-Stokes problem decouples from
the heat problem. More generally, in the isothermal case, the temperature is as-
sumed to be constant and the equation for the temperature, i.e., energy balance,
is ignored. This means that the friction term 2u|D|3 is neglected. In this case the
reduced energy Eq defined by

1
Eolu,T) = 5 /Q\F olul? dz + 0T

is a strict Lyapunov functional, as the identity

SEu(t). 1) = =2 [ WD ds

t Q

and Korn’s inequality show. Also in this case the equilibria are zero velocity and
constant pressures in the components of the phases. The disperse phase €2y is an
at most countable union of disjoint balls, and the radia of the balls are related to
the pressures according to the Young-Laplace law

on—1)
—5
(ii) If 6 is constant and ignoring inertia (i.e., the term o(dyu + u - Vu)) we are left

with a quasi-stationary problem, the two-phase Stokes problem, which generates
the so-called two-phase Stokes flow. More precisely, this problem reads

[r] = cHr = —

—divS+Vmr =0 in Q\T(¢),
divu=0 in Q\T(¢),
u=20 on 0,

[u] =0, —[Svr]+ [r]vr = cHrvr on I'(¢), (1.39)

Ve =w-vp on I'(¢),
I'0) =T.
(iii) If o = 0, then w = 0 is a solution of the Navier-Stokes problem. Then we

end up with the standard transmission problem for the heat equation with fixed
domain.

(iv) Modeling flows in porous media frequently relies on Darcy’s law, which reads
u = —kVm,

where k = k(7) > 0 may depend on 7, and depends on the phases. The interface
velocity then becomes
Vo =w-vr = —k(m)0, 7.

This is meaningful, provided

—[k(m)d, 7] = [u-vr] = 0.
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Furthermore, the driving force for the evolution of the interface is surface tension,
hence we require
[x] = oHr,

where o > 0 is constant. Finally, we have to take into account conservation of
mass which results in the porous medium equation

Oro(m) — div (o(m)k(m)V7) = 0.

Here o > 0 is non-decreasing w.r.t. m, and depends on the phases. Summarizing
we obtain the problem

o (m)oym — div (o(m)k(m)VT) =0 in Q\T(¢),
o,m=0 on 0f),
[r] =cHr on I'(
[k(m)d, 7] =0 on I'(¢
Vi + k(m)o,m=0 on T(
') =Ty, =(0)=mp.

(1.40)

This problem is called the Verigin problem in the literature, and its quasi-steady
(i.e., incompressible) version, where g is constant in the phases, is known as the
Muskat problem or the Muskat flow, a geometric evolution equation.

(v) A variant of Darcy’s law is Forchheimer’s law which reads
g(lu))u = =V,

where the function g is strictly positive and s — sg(s) is strictly increasing. Solving
this equation for u we obtain

u=—k(|Vr|*)Vr,

where k is strictly positive and satisfies k(t) +2¢k’(t) > 0 on Ry. These conditions
ensure strong ellipticity of the operator —div(k(|V7|?)Vr).

Problem 3. Incompressible Two-Phase Fluid Flow with Phase Transition I.

Here we assume g1 = g2 =: p, 0 > 0 constant.

In this situation the Navier—Stokes problem is only weakly coupled to a Stefan
problem. It can be treated by combining the methods developed for Problems 1
and 2. We call this case temperature dominated.

0O+ u-Vu) —divS+Vr =0 in Q\T(¢),
divu =0 in Q\T(¢),
u=0 on 09, (1.41)

[u] =0, —=[Svr]+ [#]vr = cHrvr on T'(¢),
u(0) = ug in Q.
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0k(0) (9,0 + u - V) — div(d(0)V) = 2u(0)|D|2 in Q\ (%),

0,0 =0 on 0f2, (1.42)
[[9]] =0, [[977(9)]]JF - [[d(e)aue]] =0 on F(t)7 .
o[v(0)] + cHr =0 on I'(t),
Vo =ur-vr=u-vr—jr/o on I'(t), (1.43)
'(0) =To.

We set hypothesis (H3) := (H2). Recall that we can eliminate the phase flux jr
by
jr = —[d(6)0.0]/1(0),

provided [(#) # 0. This will be one restriction for well-posedness of this model.

Remark 1.3.3. We will see that the Navier—Stokes problem is only weakly coupled
to the Stefan problem with surface tension. Setting u = 0 and ignoring the Navier—
Stokes problem it reduces to Problem (P1).

Problem 4. Incompressible Two-Phase Fluid Flow with Phase Transition II.
Here we assume g1 # 02, 0 > 0 constant.

This case is more difficult than the previous one. Here the problem for 6 is only
weakly coupled with that for (u,m, h). We call this case velocity dominated.

0O+ u-Vu) —divS +Vr =0 in Q\ I'(t),
divu =0 in Q\ T'(¢),
u=>0 on 02, A
[ul = [/eljrr on T(®) 4
[[l/g]]jlgyp — [Tvr] = oHrur on T'(¢),
u(0) = ug in Q.
0k (0)(9,0 + u - VO) — div(d(0)VH) = 2u(0)|D|2 in Q\T(1),
0,0 =0 on 0,
[]1=0 on I'(¢), (1.45)
(O — [4(0)2,0] = 0 on T(),
0(0) = 6 in Q.
[ ()] + [1/20°]% — [Tvr - vr /o] = 0 on I'(t),
Vr=ur-vr=u-vr—jr/e on I'(t), (1.46)

T(0) = Ty.
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The main hypothesis here is (H4) := (H2). Here we can eliminate jr as explained
before by means of the identities

jr = [u-vel/[1/pl, Vi = [pu-vr]/[p].

Remark 1.3.4. (i) A variant of this problem concerns the situation where heat
conduction is taken into account in both phases but only one phase is moving,
the model for melting and solidification. This problem formally results by letting
u — oo. To obtain this model, for finite py, let T; denote the stress tensor in ;.
Set v = # = 0 in 7, maintain the jump condition for u, drop the stress jump
condition on the interface, but replace Tivr - vr in the Gibbs—Thomson law from
the normal stress jump, according to

T11/1" U = TQZ/F - Ur —|— O'H[‘ — [[1/9]]-]1%
to the result
ug = [1/0]jrvr, Vv = —jr/o1,

and
[v(0)] + (1/2)[1/e)*j7 — [1/e]Tovr - vr + (/01)Hr = 0.

These conditions on the interface do not contain the viscosity wi, hence we may
formally pass to the limit @y — co. Therefore, the resulting model reads

o(Ou+u-Vu) —divS+Vr =0 in Qa(t),
divu =0 in Q(t),
u=20 on 01,
u=[1/0]jrvr on I'(t),
u(0) = uo in Q.

0k(0)(0:0 + u - VO) — div(d(0)V0) = 2u(0)|D|5 in Q\T(t),

0,0 =0 on 01,
] =0 on I'(t),
[6n(0)]jr — [d(0)0,0] = 0 on I'(t),
9(0) = 6‘0 in QQ.
[v(O)] + (1/2)[1/ )5t — [1/ ] Tovr - vr + (0/01)Hr = 0 on I'(t),
Vr = —jr/o1 on T'(t),
(0) = To.

This model also has conservation of total energy and production of total entropy
is nonnegative, hence it is consistent with thermodynamics. Note, however, that
momentum is not conserved across the interface, as at the outer boundary 0.
Furthermore, if the densities are equal, the viscosity is constant, and the initial
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velocity is zero also in g, then w = 0 and 7 is constant in 5. In this situation
the model reduces to Problem 1.

(ii) In the isothermal case the temperature 6 is assumed to be constant and the
heat problem is ignored. Then we obtain a model for isothermal two-phase flows
with surface tension and phase transition, the latter is driven by pressure, only.

(iii) Again in the incompressible, isothermal case, ignoring inertia and j2, we
obtain the equations for the Stokes flow with phase transition which reads

—divS +Vr =0 in Q\I'(¢),
divu =0 in Q\T(¢),
u=0 on 012,
u] = [1 W% on I'(t),
[u] = [t/ el 0 L
7[[TI/F]] = O'le/r on F(t),
—[Tvr -vr/o] =c on T'(t),
Vr=ur-vr=u-vr—jr/o on I'(t),
') =T,.
Here ¢ = —[¢] is constant. The phase flux jr can be eliminated from the normal

component of the velocity jump, and so we have a transmission problem for the
Stokes equation with (n — 1) jump conditions for the velocity and (n + 1) for the
normal stresses. This leads to a geometric evolution equation where the interface
is moved by surface tension as well as by stationary phase transitions due to the
different densities.

(iv) Employing again Darcy’s (or Forchheimer’s) law v = —k(7)V, we obtain the
Verigin problem with phase transition

o (m)0ym — div (o(m)k(m)VT) =0 in Q\T(¢),
O,m=0 on 09
[r] =cHr on I'(
[v+7/o] =0 on I(¢
lelVr + [e(m)k(m)d, 7] =0 on I'(
r'0) =Ty, =(0)=mo.

(1.48)

Note that here the pressure 7 is the independent variable, and Maxwell’s law
then reads 9'(7) = mo'(m)/0? (). Its quasi-steady version, where p is constant in
the phases, is the Muskat flow with phase transition, another geometric evolution
equation.

Problem 5. Marangoni Forces I. Here we assume o7 = g2 =: 0, 0 nonconstant.
Experience shows that o is strictly decreasing and positive at melting temperature
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0., and as o is also concave, it has a unique zero 6. > 6,,; we call 6. the criti-
cal temperature. As beyond the critical temperature there is no phase separation
anymore, we restrict to the temperature range 6 € (0, 6,.).

Here the model equations read

o(Ou~+u-Vu) —divS+Vr =0 in Q\I(¢),
divu =0 in Q\T'(¢),
u=20 on 01, (1.49)
[u] =0, Prur="Pru on I'(t),
—[Tvr] = o(6r)Hrvr + o' (0r)Vrbr on T(t),
u(0) = ug in Q.
0k(0)(0:0 + u - VO) — div(d(0)VO) = 2u(0)|D|3 in Q\T(t),
0,0=0 on 0f2, (1.50)
0 = 0r on T'(t),
6(0) = 6y in Q.
D :
“F(eF)EeF — divp(dr(6r)Vrér)
= Oro’(0r)divrur — ([0n(0)]ir — [d(0)D,0]) on T'(t),
e[V(O)] + o (0)Hr = 0 on (), (5
Ve =ur-vr=u-vr—jr/e on I'(t),
T(0) = T.

We assume
(H5)  ¢,0 € C*0,0,), d,dr,pn € C*(0,6,),
—"(s),—0"(s), =0’ (s),d(s),dr(s),u(s) >0 for all s € (0,0.).

In this problem, the Navier-Stokes problem is again only weakly coupled with a
Stefan problem, modified by energy conservation on the interface. Note that

diVF ur = diVFPFU - HFVF,

which eliminates ur, but here it is not so easy to eliminate jr, as for this problem
it really is an implicit variable!

Remark 1.3.5. Setting u = 0 and ignoring the Navier-Stokes problem, the latter
becomes the Stefan problem with surface tension and surface heat capacity, which

reads 0k(0)0,0 — div(d(0)V0) =0 in Q\T(t),

0,0 =0 on 09,
6 =0r on I'(t),
0(0) =6y in .

(1.52)
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D .
R (91“) Fter - lep(dF (HF)VPQP)

— —0r0’ (60 Hr Vi + olOn(O)V + [d(0)0,0] on T(),  (153)
o[v(0)] + o(0)Hr =0 on T'(t),
I'(0) = TY.
This problem will be studied in Chapter 12.

Problem 6. Marangoni Forces II. Here we assume g1 # g2, 0 nonconstant.
This is the model of highest complexity considered in this book.

o(Ou~+u-Vu) —divS +Vr =0 in Q\T(¢),
divu =0 in Q\T(¢),
u=0 on 01,
Prur = Pru, [u] =[1/0]jrvr on I'(t), (1.54)
[1/0ljivr — [Tvr] = o(6r)Hr + o' (6r)Vrfr  on T(t),
u(0) = wo, in Q.
0k(0)(0:0 + u - VO) — div(d(0)VO) = 2u(0)|D|5 in Q\T(t),
0,0 =0 on 01,
(1.55)
0 =6r on I'(t),
6(0) = 6y in Q.

D :
KF(GF)EHF — leF(dF(er)Vrer) =

= Oro’ (Or)divrur — ([0n(0)]jr — [d(0)0,0]) on T(t),
Ve =wur-vr=u-vr—jr/o on I'(¢),
[w(O)] + [1/2¢°]5¢ — [Tvr - vr /o] = 0 on I'(t),
') =To.
(1.56)

The main assumption on the coefficients is (H6) := (H5). Here jr can be elimi-
nated as in Problem (P4), and divrur as in Problem (P5).

3.2 Transformation to a Fixed Domain

A basic idea is to transform Problems (P1)—(P6) to a domain with a fixed interface
3, where I'(t) is parameterized over ¥ by means of a height function h(t). For this
we rely on the so-called Hanzawa transform which we will now explain.

(a) The Hanzawa Transform
We assume, as before, that Q@ C R™ is a bounded domain with boundary 02 of
class C?, and that I' C Q is a hypersurface of class C?, i.e., a C>-manifold which
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is the boundary of a bounded domain £ C . As above, we set Q25 = Q\Ql. Note
that Qo typically is connected, while 1 may be disconnected. In the later case,
Q7 consists of finitely many components, since 9€2; = I' C Q by assumption is a
manifold, at least of class C2. As will be shown in Section 2.4, the hypersurface
I" can be approximated by a real analytic hypersurafce ¥, in the sense that the
Hausdorff distance of the second-order normal bundles is as small as we please.
More precisely, given 17 > 0, there exists an analytic hypersurface ¥ such that
dg (N?S,N?T') < n. If n > 0 is small enough, then ¥ bounds a domain QF with
OF C 2 and we set QF = Q\ QF C Q.

In the sequel we will freely use results that are established in Chapter 2. In
particular, it is shown in Section 2.3 that the C?-hypersurface ¥ admits a tubular
neighbourhood, which means that there is ag > 0 such that the map

A: ¥ x (—ag,a0) = R",
Alp,7) :=p+rvs(p)
is a diffeomorphism from ¥ x (—ag, ag) onto im(A), the image of A. The inverse
A7t im(A) — ¥ x (—ao, ap)
of this map is conveniently decomposed as
A Y(z) = (Ts(z),ds(z)), =z €im(A).

Here Iy () means the metric projection of 2 onto ¥ and dx(x) the signed distance
from z to X; so |ds(z)| = dist(z,X) and ds(z) < 0 if and only if z € QF. In
particular we have im(A) = {z € R" : dist(z,%) < ag}. The maximal number
ap is given by the radius ry, > 0, defined as the largest number r such that the
exterior and interior ball conditions for ¥ in €2 hold. In the following, we choose

ag=rx/2 and a=ap/3.
The derivatives of IIs;(x) and dx(z) are given by
Vds,(z) = vs(lls(z)), Ils(z) = Mo(ds(2))Ps(ls(z)),

where, as before, Px(p) = I — vs(p) ® vs(p) denotes the orthogonal projection
onto the tangent space T,X of ¥ at p € X, and My(r) = (I —rLy) ™!, with Ly, the
Weingarten tensor. Then

|Mo(r)] <1/(1 —r|Ls]) <3 for all |r| < 2ry/3.

If dist(T", X) is small enough, we may use the map A to parameterize the unknown
free boundary I'(t) over ¥ by means of a height function h(t) via

L(t)={p+h(t,p)vs(p):pe X}, t>0,
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for small ¢t > 0, at least. Extend this diffeomorphism to all of 2 by means of
En(t,z) = 2+ x(ds(z)/a)h(t, s (z))vs (s (z)) =: x + Eu(t, ).

Here x denotes a suitable cut-off function. More precisely, let x € D(R), 0 < x < 1,
x(r) =1 for |r| < 1, and x(r) = 0 for |r| > 2. (We may choose x in such a way
that 1 < |x|eo < 3.) Note that Zj (¢, z) = x for |ds(z)| > 2a, and

s (Ex(t,r)) = Mx(z), |ds(z)] <a,
as well as
ds(En(t,x)) = ds(x) + x(ds(x)/a)h(t, Ox(x)), |ds(x)] < 2a.
This yields
E;l(t,x) =z — h(t,Ix(z))vs(llx(z)) for |ds(z)| < a,

in particular,
g, Mt x) =2 — h(t,x)vs(z) for z€X.

Furthermore, we obtain
O =1+0¢, (95w ' =1~ [ +06] 0w =1~ M (h),
where 0 := 0, denotes the derivative with respect to z € R", and
9n(t, )
=vs(llg(z)) ® My(ds(z))Vsh(t, g (z)) — h(t, s (z)) Mo(ds (2)) Ly (s (x))

for |ds:(z)| < a, &,(t,x) = 0 for |ds(x)| > 2a, and in general

X (t,z) = éx/(dz(x)/a)h(tHz(m))VE(HE(HJ)) @ vy (Ils(z))

+ x(ds(z)/a)vs(Ils(z)) @ Mo(ds(2))Vsh(t, s(z))
- x(ds(z)/a)h(t, s (z)) My(ds () Ls (s (x)).

It is a matter of simple algebra to determine the inverse of 0=, to the result
(0= (t,2)) ™"

"h/a
:I—(XthfM

T+ xhja 28"

X
T X,h/alfz ® th)MO(dE + xh),

where we dropped the obvious arguments. This implies

X'h/a
1+ x'h/a

Vsh® v
My (h) = xMo(ds; + xh) (-——— — hLs) +

1+ x'h/a Ve ey
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Note that M;(h) depends linearly on Vyh. On the interface we then have
Mi(h) = My(h)(Vsh @ vs — hLy).

In particular, 92, is invertible, provided My(ds + xh) = (I — (ds + xh)Ls)™!
exists, and 14 x’h/a > 0. This certainly holds if

ds + xh||Ls| <2/3 and  [x[|e|h]/a < 1/2,

which leads to the restriction |hleo < hoo = a/2|X'|oo; nOte that |x/|cc > 1.
Observe that at this place no restrictions on Vgh are required.
Next we have

0:=n(t,2) = x(ds(x)/a)0ih(t, lIs(x))vs (g (x)), z € Q,
hence the relation =; (¢, Z(t,2)) = = implies

6tE,:1(t, En(t,z)) = —mo(h)0:h(t, g (z))vs(llg(z)), z€Q,

where
) X(ds(2)/a)
mo(M(t:2) = G Tp () (ds@)/a)/a

With the Weingarten tensor Ly, and the surface gradient Vy we further have

ve(h) = B(h)(vs —a(h)),  a(h) = Mo(h)Vsh,
Mo(h) = (I —hLs)™",  B(h) = (1 + [a(h)]*)~/2,
and
VF = atEh s Up = (VE . Vr)ath = B(h)(’)th

It will be shown in Section 2.2 that the surface gradient of a function ¢ on I' is
given by - ~
Vr¢ =Pr(h)Mo(h)Vsd =: Gr(h)o,

where ¢ = ¢ o E},, the surface divergence of a vector field f on I' becomes

divr f = tr[Pr(h) Mo (h) Vs f],
and the Laplace Beltrami operator Ar reads
Arg = tr[Pr(h)Mo(h)VsPr(h)Mo(h) Vsl
Finally, for the mean curvature Hp(h) we have
Hr(h) = B(h){tr[Mo(h)(Ls + Vsa(h))] = 82(h)(Mo(h)a(h)|[Vza(h)]a(h))},

a differential expression involving second-order derivatives of h only linearly. We
may write

Hr(h) = Co(h) : VEh 4 C1(h),
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where Cy(h) and Cy(h) depend on h and Vyh, provided |h| < hy holds. The
linearization of Hr(h) at h = 0 is given by

H{(0) = tr L3 + Ag.

Here Ay, denotes the Laplace-Beltrami operator on 3.

(b) The Transformed Problem
Now we define the transformed quantities

o(t,z) = o(t, En(t, x)), a(t,z) =u(t,Zp(t,z))  in A\,
ﬁ—(t ) ( 7'—*h(t 1')) g(ta (E) = e(tth(tvx)) in Q\Ea (157)
ur (t p) - UF( 7‘—'h(tap))7 jl—‘(tap) = jf(tv Eh(t7p)) on 27

the pull back of (o, u,,0,ur, jr). This way we have transformed the time varying
regions 2\ I'() to the fixed region €2\ 3. This transforms the general problem
(1.26), (1.27), (1.28) to the following problem for (g, @, 7,8, ar, jr, h).

D15+ G(h) - 57 = mo(h)Dh(vs - V)) in O\
00yt — G(h) - S+ G(h)T = oR. (1,0, h) in O\,
=0 on 01,
[1/a)itvr (h) = [Svr ()] + [7vr(h) = Gr(h) - (o(fr)Pr(h) + Sr) on X,
[a] — [1/8]jrvr(h) =0 on X,
0(0) = 00, u(0) =
(1.58)

where

5 = w(@, 2)(G(h)a + [G(R)AT) + (@, 8)(G(h) - D),
St = ur(6r)Pr(h)(Gr(h)ar + [Gr(h)ur]")Pr(h) + M0r)(Gr(h) - ur)Pr(h),

0r(0,0)8:0 — G(h) - d(0,2)G(h)0 = ok(0,0)Re(u,0,h) in Q\X,
0

0,0 = on 0f2, (1.59)
[6] =0, 6=6r on X, '
0(0) = 6y in Q,

wr(0r)9:0r — (Gr(h)|dr (6r)Gr(h)0r) — [0n(6, p)]ir
+[d(8, p)G(R)O - vr(h)] = St : Gr(h)ar + o(0)Gr(h) - ar + Rr(fr,h) on %
[v (8, p)] + [1/25°15% — [Svr - vr/p] + [7/plvr(h) = 0 on %,
B(h)d;h — (alvr) + jr/p =0, on X,

Or(0) = 0o, h(0) = ho.
(1.60)



38 Chapter 1. Problems and Strategies

Here G(h) and Gr(h) denote the transformed gradient resp. the transformed surface
gradient. More precisely, we have the relations

V7] oy = G(h)7 = [(0F;, )T 0 E4]V7E = (I — My(h))V7

and -
[VO] o= = (I — My(h))V6,
as well as
(V-u)oEp = (G(h)|u) = ((I — My(h))V|w).

Furthermore,

D _ _ B _ B _

Eer oop = 6t9p + ur - Vger —ur - Ml(h)VZep,
and

[Opu] © Zp, = Oyti + 0u[(,Z, 1) 0 Ep) = it — mo(h)dh(vs - V),

hence

Ru(ﬂ, 0, h) =—-u- g(h)ﬂ + mo(h)ath(l/z . V)ﬂ

Similarly we have
[6t9] 9] Eh = (9159 - m()(h)ath(VZ . V)é,

and so - - -
Ro(u,0,h) = —u-G(h)0 + mo(h)d:h(vs - V)0.

In the same way we get

RF(9p7 h) = —ur - VZG_[‘ “+ur - Ml(h)VEér + épd/(gp)g[‘(h) S Ur.
It is convenient to decompose the stress boundary condition into tangential and
normal parts; here we set Sr = 0. For this purpose let Py, = I —vs Qvs, denote the

projection onto the tangent space of ¥. Multiplying the stress interface condition
with vy /8 we obtain

[1/8l5¢ + [x] — o Hr(h) = ([S)(vs — Mo(h)Vsh)|vs)

~ 1.61
+0'/6(M0V2}L|M0V29F) ( )

for the normal part of the stress boundary condition. Substituting this expression
into the stress interface condition and then applying the projection Ps; yields, after
some computation,

PslS](vs — Mo(R)Vsh) = ([8](vs — Mo(h)Vsh)|vs)Mo(h)Vsh

+ (0 / B) Mo (h) V0 (1.62)
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for the tangential part. Note that the latter neither contains the phase flux nor
the pressure jump nor the curvature!

3.3 Goals and Strategies

The goal of this monograph is the exposition of a general theory for the models
introduced above. We present in detail a rigorous analysis of these problems. It
will become clear that the scope of our approach is much wider. It can be used
for many other problems with moving interfaces, such as phase transitions driven
by chemical potentials, two-phase flow problems with surface viscosities, multi-
component two phase flows, as well as similar quasi-steady problems or purely
geometric ones, to mention a few more applications. The essential restriction is
that the problems in question ought to be of parabolic nature. In this book we will
employ L,-theory since it avoids higher order compatibility conditions. In addition,
deep results of harmonic analysis are at our disposal. Nevertheless, one could also
use other frameworks where maximal regularity is available, e.g. C“-theory.

In particular, we address the following topics.

a) Local well-posedness and local semiflow;

b) Stability analysis of equilibria;

¢) Long-time behaviour of solutions.

We now outline our approach, explaining the main ideas and tools to be employed.

a) Local-Well-posedness and Local Semiflow
To obtain local well-posedness we write the transformed problem in the form

Lz = (N(z), 2p).

Here L is the principal linear part of the problem in question, and N is the
remaining nonlinear part which is small in the sense that N collects all lower
order terms and contains only highest order terms which carry a factor |Vsgh|
which is small on small time intervals due to the choice of the Hanzawa transform.
The variable z with initial value zy collects all essential variables of the problem
under consideration.

The first step is to find function spaces E(J) and F(J), J = (0,a) or J = Ry,
such that £ : E(J) — F(J) xE, is an isomorphism. Here E, denotes the time-trace
space of E(J) which the initial value zy should belong to. This is the question of
mazximal regularity. These spaces differ from problem to problem and the question
of maximal regularity has to be studied separately for each one. Here we will use
the framework of L,-spaces and rely on deep results from vector-valued harmonic
analysis and operator theory which will be introduced and discussed in Chapter 4.

The second step then employs the contraction mapping principle to obtain
local solutions, and the implicit function theorem to obtain smooth dependence
of the solutions on the data. For this, estimates of the nonlinearity N are needed,
eventually showing that N : E(J) — F(J) is continuously Fréchet-differentiable, at
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least. This requires some smoothness of the coefficient functions in the constitutive
laws. If these are, say, even real analytic then N will be so as well, and by a scaling
argument and the implicit function theorem we will show that the solutions are
real analytic jointly in time and space as well. In particular, the interface will
become instantaneously real analytic, which shows the strong regularizing effect,
characteristic for parabolic problems.

The third step consists in setting up the state manifold SM of the untrans-
formed problem. It will be a truly nonlinear manifold which comes from the generic
nonlinear structure, due to geometry and the involved nonlinear compatibility con-
ditions of the problem. Charts for the state manifold are induced by the Hanzawa
transform mentioned above. The local existence and regularity results for the
transformed problem induce a local semiflow on the proper state manifold SM
for the problem in question.

b) Stability Analysis of Equilibria

For the stability analysis of equilibria it is natural to employ again the Hanzawa
transform, where the reference manifold ¥ now is the equilibrium interface I',, a
union of finitely many disjoint spheres contained in ). As the linearized problem
enjoys maximal L,-regularity, an abstract result shows that the operator L asso-
ciated with the fully linearized problem is the negative generator of a compact
analytic Cy-semigroup. Therefore, the spectrum of L consists only of countably
many isolated eigenvalues of finite algebraic multiplicity. Thus, it is natural to
study these eigenvalues and to apply the principle of linearized stability for the
nonlinear problem.

However, a major difficulty of this approach lies in the fact that the equilibria
are not isolated in the state manifold, but form a finite-dimensional submanifold
& of SM. For the linearization of the transformed problem this implies that the
kernel of L is nontrivial, i.e., the imaginary axis is not in the resolvent set of L,
and so the standard principle of linearized stability is not applicable. Fortunately,
0 is the only eigenvalue of L on iR and it is nicely behaved: the kernel N(L) is
isomorphic to the tangent space of £ at this equilibrium, and 0 is semi-simple. This
shows that 0 is normally stable if the remaining eigenvalues of L have positive real
parts, and normally hyperbolic if some of them have negative real parts; these are
only finitely many. Therefore, we can employ what we call the generalized principle
of linearized stability, a method which is adapted to such a situation and has been
worked out recently for quasilinear parabolic evolution equations by the authors.
So our stability analysis of equilibria proceeds in two steps.

In the first step we analyze the eigenvalues of L and find conditions, if possible
necessary and sufficient, which ensure that all eigenvalues of L except 0 have
positive real parts; this is the normally stable case. In the normally hyperbolic
case we determine the dimension of the unstable subspace of L. And of course,
we have to show that 0 is semi-simple, to determine the kernel of L, and to prove
that N(L) is isomorphic to the tangent space of £.

In the second step we employ the generalized principle of linearized stability
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to the nonlinear problem. This can be done simultaneously for all six problems
in question, as the proof only uses the general structure of the problems under
consideration. Here we employ once more the implicit function theorem.

¢) Long-Time behaviour of Solutions

In general, solutions in SM will exist on a maximal time interval [0, ¢4 (z9)) which
typically will be finite, due to several obstructions, such as missing a priori bounds,
loss of well-posedness, or topological changes in the moving interface. However, if a
solution does not develop singularities in a sense to be specified, then we will prove
that the solution exists globally, i.e., t4(29) = 00, and it converges in the topology
of SM to an equilibrium. This essentially relies on a method using time weights
to improve regularity and on compact Sobolev embeddings. Actually, we are able
to characterize solutions which exist globally and converge as t — oco. This result
is also proved simultaneously for all problems under consideration, as the proof
only relies on general properties of semiflows, relative compactness of bounded
orbits, the existence of a strict Lyapunov functional (the negative entropy), and
the results on stability of equilibria.

On our way of presenting the tools which are needed to achieve these goals we
will frequently discuss other problems to illustrate the main ideas. For example, the
Laplacian, the Laplace—Beltrami operator, the heat operator, the Stokes operator,
and several Dirichlet-to-Neumann operators will be studied in various frameworks.
In Chapter 5 we develop an L,-theory of abstract quasilinear parabolic evolution
equations which serves as a guide for the more complex problems to be studied
later on. In Chapter 12 we will present several applications of the main results of
Chapter 5 to problems arising from generalized Newtonian flows, nematic liquid
crystal flows, Maxwell-Stefan diffusion, and the Stefan problem with surface ten-
sion and surface heat capacity, as well as to geometric evolutions equations like
the averaged mean curvature flow, the surface diffusion flow, the Mullins—Sekerka
flow, the Muskat flow, the Stokes flow, and the Stokes flow with phase transition.
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