Chapter 3
The Hidden Geometrical Nature of Spinors

Abstract This chapter reviews the classification of the real and complex Clifford
algebras and analyze the relationship between some particular algebras that are
important in physical applications, namely the quaternion algebra (Rg,), Pauli
algebra (Rsp), the spacetime algebra (R;3), the Majorana algebra (R3;) and
the Dirac algebra (R4 ;). A detailed and original theory disclosing the hidden
geometrical meaning of spinors is given through the introduction of the concepts
of algebraic, covariant and Dirac-Hestenes spinors. The relationship between these
kinds of spinors (that carry the same mathematical information) is elucidated
with special emphasis for cases of physical interest. We investigate also how to
reconstruct a spinor from their so-called bilinear invariants and present Lounesto’s
classification of spinors. Also, Majorana, Weyl spinors, the dotted and undotted
algebraic spinors are discussed with the Clifford algebra formalism.

3.1 Notes on the Representation Theory of Associative
Algebras

To achieve our goal mentioned in Chap. 1 of disclosing the real secret geometrical
meaning of Dirac spinors, we shall need to briefly recall some few results of the
theory of representations of associative algebras. Propositions are presented without
proofs and the interested reader may consult [3, 8, 12, 16, 20, 21] for details.

Let V be a finite dimensional linear space over K (a division ring). Suppose that
dimg V = n, where n € Z. We are interested in what follows in the cases where
K = R, C or H. In this case we also call V a vector space over K. When K = H it
is necessary to distinguish between right or left H-linear spaces and in this case V
will be called a right or left H-module. Recall that H is a division ring (sometimes
called a noncommutative field or a skew field) and since H has a natural vector space
structure over the real field, then H is also a division algebra.

Definition 3.1 Let V be a vector space over R and dimg V = 2m = n. A linear
mapping
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70 3 The Hidden Geometrical Nature of Spinors

such that
J? = —Idy, (3.2)

s called a complex structure mapping.

Definition 3.2 Let V be as in the previous definition. The pair (V,J) is called a
complex vector space structure and denote by V¢ if the following product holds.
LetC>z=a+ib (i = +/—1)andletv € V. Then

zv = (a+ ib)v = av + bJv. (3.3)

It is obvious that dim¢c = 7.

Definition 3.3 LetV be a vector space over R. A complexification of V is a complex
structure associated with the real vector space V @ V. The resulting complex vector
space is denoted by V*. Let v, w € V. Elements of V€ are usually denoted by ¢ =
v + iw, and if C 3 z = a + ib we have

z¢ = av — bw + i(aw + bv). (3.4

Of course, we have that dim¢ VE = dimg V.
Definition 3.4 A H-module is a real vector space S carrying three linear transfor-
mation, I, J and K each one of them satisfying
P =J = —lds,
IJ=-JI=K, JK=-KJ=I KI=-IK=]. (3.5a)

Exercise 3.5 Show that K> = —Idg

In what follows A denotes an associative algebra on the commutative field
F=RorCandF CA.

Definition 3.6 Any subset / C A such that
ay el ,Nae A, Vy €1,

V+oelVypel (3.6)

is called a left ideal of A.

Remark 3.7 An analogous definition holds for right ideals where Eq. (3.6) reads
Ya € I,Ya € A V¢ € I, for bilateral ideals where in this case Eq. (3.6) reads
aybel,Ya,be A,Vy € 1.

Definition 3.8 An associative algebra 4 is simple if the only bilateral ideals are the
zero ideal and A itself.
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Not all algebras are simple and in particular semi-simple algebras are important
for our considerations. A definition of semi-simple algebras requires the intro-
duction of the concepts of nilpotent ideals and radicals. To define these concepts
adequately would lead us to a long incursion on the theory of associative algebras,
so we avoid to do that here. We only quote that semi-simple algebras are the direct
sum of simple algebras and of course simple algebras are semi simple. Then, for our
objectives in this chapter the study of semi-simple algebras is reduced to the study
of simple algebras.

Definition 3.9 We say that e €4 is an idempotent element if > = e. An idempotent
is said to be primitive if it cannot be written as the sum of two non zero annihilating
(or orthogonal) idempotent, i.e., e#e; + e,, with eje, = eze; = 0 and e% = e,
e =e.

We give without proofs the following theorems valid for semi-simple (and thus
simple) algebras A:

Theorem 3.10 All minimal left (respectively right) ideals of semi-simple A are of
the form J = Ae (respectively e A), where e is a primitive idempotent of A.

Theorem 3.11 Two minimal left ideals of a semi-simple algebra A, J = Ae and
J = A€’ are isomorphic, if and only if, there exist a non null Y' € J' such that
J =JY.

Let A be an associative and simple algebra on the field F(R or C), and let S be
a finite dimensional linear space over a division ring K D F and let E = EndgS =
Homg (S, S) be the endomorphism algebra of S.!

Definition 3.12 A representation of A in S is a K algebra homomorphism® p :
A — E = EndgS which maps the unit element of A to Idg. The dimension K of S
is called the degree of the representation.

Definition 3.13 The addition in S together with the mapping A x S — S, (a,x) —
p(a)x turns S in a left A-module,’ called the left representation module.

Remark 3.14 Tt is important to recall that when K = H the usual recipe for
Hompy(S,S) to be a linear space over H fails and in general Homy(S, S) is
considered as a linear space over R, which is the centre of H.

Recall that Homg (V, W) is the algebra of linear transformations of a finite dimensional vector
space V over K into a finite vector space W over K. When V = W the set Endx V =Homg (V, V)
is called the set of endomorphisms of V.

2We recall that a K-algebra homomorphism is a K-linear map p such that VX, Y € A, p(XY) =
pX)p(Y).

3We recall that there are left and right modules, so we can also define right modular representations
of A by defining the mapping Sx.A — S, (x, a) > xp(a). This turns S in a right .A-module, called
the right representation module.
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Remark 3.15 We also have that if A is an algebra on F and S is an .4-module, then
S can always be considered as a vector space over IF and if ¢ € A, the mapping
X :a— xq with y,(s) = as,s € S, is a homomorphism .4 — EndpS, and so it is a
representation of A in S. The study of .4 modules is then equivalent to the study of
the IF representations of .A.

Definition 3.16 A representation p is faithful if its kernel is zero, i.e., p(a)x =
0,Vx € S = a = 0. The kernel of p is also known as the annihilator of its module.

Definition 3.17 p is said to be simple or irreducible if the only invariant subspaces
of p(a),Va € A, are S and {0}.

Then, the representation module is also simple. That means that it has no proper
submodules.

Definition 3.18 p is said to be semi-simple, if it is the direct sum of simple
modules, and in this case S is the direct sum of subspaces which are globally
invariant under p(a), Va € A.

When no confusion arises p(a)x may be denoted by a * x or ax.

Definition 3.19 Two .A-modules S and S’ (with the “exterior” multiplication being
denoted respectively by < and %) are isomorphic if there exists a bijection ¢ :
S — S’ such that,

p(x+y) = o) + (), Vx,y €8,

pa<x)=ax*xex), Vae A, 3.7
and we say that the representations p and p’ of A are equivalent if their modules are
isomorphic.

This implies the existence of a K-linear isomorphism ¢ : S — S’ such that ¢ o
p(a) = p'(a)op,Ya e Aorp'(a) = pop(a)op™'. IfdimS = n, thendimS’ = n.
Definition 3.20 A complex representation of A is simply a real representation p :
A — Homg(S, S) for which

p(Y)oJ =Jop(Y).VY € A. (3.8)

This means that the image of p commutes with the subalgebra generated by
{IdSa J} ~ (C'
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Definition 3.21 A quaternionic representation of A is a representation p : 4 —
Homg(S, S) such that

p(Y)oI =10 p(Y), p(Y)oJ = Jop(Y), p(Y) oK = Kop(Y),VY € A. (3.9)

This means that the representation p has a commuting subalgebra isomorphic to
the quaternion ring.
The following theorem is crucial:

Theorem 3.22 (Wedderburn). If A is simple algebra over T then A is isomorphic
to D(m), where D(m) is a matrix algebra with entries in D (a division algebra), and
m and D are unique (modulo isomorphisms).

3.2 Real and Complex Clifford Algebras and Their
Classification

Now, it is time to specialize the previous results to the Clifford algebras on the field
F =R or C. We are particularly interested in the case of real Clifford algebras.
In what follows we take V = R". We denote as in the previous chapter by R”¢
(n = p + q) the real vector space R” endowed with a nondegenerate metric g :
R"xR" — R. Let{E;}, (i = 1,2,...,n) be an orthonormal basis of R4,

+1,i=j=12,...p,
gL E)=gj=gi=4—-1,i=j=p+1,....p+q=n, (3.10)
0, i#].

We recall (Definition 2.37 that the Clifford algebra R,, = C{(R”9) is the
Clifford algebra over R, generated by 1 and the {E;},(i = 1,2,...,n) such that
E? = g(E,, E), E:Ej = —E;E;(i # j),and E\E; ... E, # %1.

R, , is obviously of dimension 2" and as a vector space it is the direct sum of
vector spaces /\k R” of dimensions (Z), 0 < k < n. The canonical basis of /\k R”
is given by the elements e4 = Ey, - Eq,, 1 < oy < ... < o < n. The element
ej=FE --E, ¢ \"R" — R, ;, commutes (n odd) or anticommutes (n even) with
all vectors Ey, ... ,E, € /\1 R" = R". The center R, , is /\0 R" = Rif n is even
and it is the direct sum A’ R" @ A’ R" if n is odd.*

All Clifford algebras are semi-simple. If p + g = nis even, R, , is simple and if
p + g = nis odd we have the following possibilities:

(a) R, issimple <> 3 = —1 <> p—q # 1 (mod 4) <> center of R, , is isomorphic

to C;
(b) R, is not simple (but is a direct sum of two simple algebras) < e% =+1 <
p —q = 1(mod 4) < center of R, , is isomorphic to R @ R.

“4For a proof see [20].
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Now, for R, , the division algebras D are the division rings R, C or H. The
explicit isomorphism can be discovered with some hard but not difficult work. It is
possible to give a general classification of all real (and also the complex) Clifford
algebras and a classification table can be found, e.g., in [20]. One convenient table
is the following one (where ; = [rn/2] means the integer part of n/2).

We denoted by RY) ~the even subalgebra of R,, and by R} the set of odd
elements of R, ;. The following very important result holds true

Proposition 3.23 Rp’ ¢ = Ry g1 and also Rp ~ R

q.p—1
Now, to complete the classification we need the following theorem:

Theorem 3.24 (Periodicity)> We have

Rits =Ruo ®Rgo Ronts = Royn @ Ros G.11)

Ryptsq =Ry ®Rgo Rygrs = Ry g @ Rogs. '
Remark 3.25 We emphasize here that since the general results concerning the
representations of simple algebras over a field F applies to the Clifford algebras
R, , we can talk about real, complex or quaternionic representation of a given
Clifford algebra, even if the natural matrix identification is not a matrix algebra
over one of these fields. A case that we shall need is that R; 3 ~ H(2). But it is
clear that R; 3 has a complex representation, for any quaternionic representation of
R, , is automatically complex, once we restrict C C H and of course, the complex
dimension of any H-module must be even. Also, any complex representation of R, ,
extends automatically to a representation of C ® R, .

Remark 3.26 C ® R, , is isomorphic to the complex Clifford algebra C{,,. The
algebras C and R, , are subalgebras of C{,,

3.2.1 Pauli, Spacetime, Majorana and Dirac Algebras

For the purposes of our book we shall need to have in mind that:

RO,I >~ (C,
Ro)z >~ H,
R;30 >~ C(2),
Ry 3 ~ H(2),
Rs; >~ R(4),
R4’1 =~ (C(4)

(3.12)

3See [20].
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R3¢ is called the Pauli algebra, R 3 is called the spacetime algebra, Rj3 | is called
Majorana algebra and Ry | is called the Dirac algebra. Also, the following particular
results, which can be easily proved, will be used many times in what follows:

Ry, ~R}, =Rsy, R} ~Ry3 Ry, ~Rys,
Ry ~ C@R»}ql, Ry ~ C@R»}ql. (3.13)
In words: the even subalgebras of both the spacetime and Majorana algebras is the
Pauli algebra. The even subalgebra of the Dirac algebra is the spacetime algebra and
finally the Dirac algebra is the complexification of the spacetime algebra or of the
Majorana algebra.
Equation (3.13) show moreover, in view of Remark 3.26 that the spacetime
algebra has also a matrix representation in C(4). Obtaining such a representation

is very important for the introduction of the concept of a Dirac-Hestenes spinor, an
important ingredient of the present work.

3.3 The Algebraic, Covariant and Dirac-Hestenes Spinors

3.3.1 Minimal Lateral Ideals of R, ,

We now give some results concerning the minimal lateral ideals of R, ,.

Theorem 3.27 The maximum number of pairwise orthogonal idempotents in K(m)
(where K =R, CorH) ism.

The decomposition of R, ; into minimal ideals is then characterized by a spectral
set {e,q,;} of idempotents elements of R, ; such that:

(@ Y ey =1
i=1

(b) epgjepak = Sixepqj;
(c) the rank of e,,; is minimal and non zero, i.e., is primitive.

By rank of e,,; we mean the rank of the /\ R”? morphism, ey, : ¢ > Pepg ;.
Conversely, any ¢ € I,,; can be characterized by an idempotent €,,; of minimal
rank # 0, with ¢ = ¢e,;.

We now need to know the following theorem [13]:

Theorem 3.28 A minimal left ideal of R, 4 is of the type
Ly =R, 404, (3.14)

where

1 1
epq: E(l—}—eal)---E(l—}—eak) (315)
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is a primitive idempotent of R, ; and where ey, . . ., ey, are commuting elements in
the canonical basis of R, , (generated in the standard way through the elements of
a basis (E1, ,Ey,Ept1, ... Eprg) of RP9) such that (eq,)* = 1, (i = 1,2,...,k)
generate a group of order 2F, k = q — 7q—p and r; are the Radon-Hurwitz numbers,
defined by the recurrence formula riys = r; + 4 and

il |0]1]23]|4|5]6]|7
il [0]1|2]2|3]3]3]3

(3.16)

Recall that R, , is a ring and the minimal lateral ideals are modules over the ring
R, 4. They are representation modules of R, 4, and indeed we have (recall the above
table) the following theorem [13]:

Theorem 3.29 Ifp + g is even or odd with p — g # 1(mod 4), then
R,.q = Homg (1,4, Iq) =~ K(m), (3.17)
where (as we already know) K = R, C or H. Also,
dimg (I,4) = m, (3.18)
and
K ~ eK(m)e, (3.19)

where e is the representation of e, in K(m).
Ifp+ q =nisodd withp —q =1 (mod4), then

R,.q = Homg (4, Iq) =~ K(m) & K(m), (3.20)

with
dimg (I,g) = m (3.21)

and

eK(m)le ~ R& R
or (3.22)
eK(m)e ~ He H.

With the above isomorphisms we can immediately identify the minimal left
ideals of R,, , with the column matrices of K(m).
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Table 3.1 Representation of the Clifford algebras R, , as matrix algebras

pP—q

mod 8 0 1 2 3 4 5 6 7

Ryq R(2") R(e?;) R(21) C@") HErh) HE ) H2+~!) C@")
D

R(2") HEA )

3.3.2 Algorithm for Finding Primitive Idempotents of R, ,

With the ideas introduced above it is now a simple exercise to find primitive
idempotents of R,, ;. First we look at Table 3.1 and find the matrix algebra to which
our particular Clifford algebra R, , is isomorphic. Suppose R, , is simple.® Let
R, , >~ K(m) for a particular K and m. Next we take an element e,, € {e,} from the
canonical basis {e4} of R, , such that

e =1. (3.23)

Next we construct the idempotent e,;, = (1 + €4,)/2 and the ideal I,; = R, e,
and calculate dimg (1,). If dimg (1,4) = m, then e, is primitive. If dimg (/,,) # m,
we choose e,, € {e4} such that e,, commutes with e,, and eiz = 1 and construct
the idempotent e, = (1 + €, )(1 + €4,)/4. If dimk (1;,,) = m, then e}, is primitive.
Otherwise we repeat the procedure. According to Theorem 3.28 the procedure is
finite.

333 R

. Clifford, Pinor and Spinor Groups

The set of the invertible elements of R,, , constitutes a non-abelian group which we
denote by R . It acts naturally on R, 4 as an algebra homomorphism through its

twisted adjoint representation (Ad) or adjoint representation (Ad)

Ad: Ry — Aut(R,,); u > Ad,, with Ad,(x) = uxii™", (3.24)
Ad: R} — Aut(R,4); u = Ad,, with Ad,(x) = uxu” ! (3.25)

%Once we know the algorithm for a simple Clifford algebra it is straightforward to devise an
algorithm for the semi-simple Clifford algebras.
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Definition 3.30 The Clifford-Lipschitz group is the set

y={uek | Vxe R, w™' e R™}, (3.26a)
or
Ty ={ue ROV URND | Vxe R, uxu™ e R}, (3.26b)

Note in Eq. (3.26b) the restriction to the even (R,*,,(qo )) and odd (R;,(ql)) parts of

*
vaq'

Definition 3.31 The set Fz?.,q =TI, N Rg,q is called special Clifford-Lipschitz
group.

Definition 3.32 The Pinor group Pin, , is the subgroup of I, ; such that
Pin,, = {u € T,y IN(u) = £1}, (3.27)
where

N:R,, = R, , Nx) = (xx)o. (3.28)

Definition 3.33 The Spin group Spin, , is the set

p.q
Spin,, = {u e I) IN(u) = £1}. (3.29)

It is easy to see that Spin,, , is not connected.

Definition 3.34 The Special Spin Group Spinj, , is the set

Spin,, , = {u € Spin, ,|N(u) = +1}. (3.30)
The superscript e, means that Spinj  is the connected component to the identity.
We can prove that Spinj  is connected for all pairs (p,g) with the exception of
Spin®(1, 0) >~ Spin®(0, 1).
We recall now some classical results [17] associated with the pseudo-orthogonal
groups O, , of a vector space R”? (n = p+¢q) and its subgroups. Let G be a diagonal

n x n matrix whose elements are G;;
G = [Gyj] = diag(1,1,...,—1,—1,...—1), (3.31)

with p positive and g negative numbers.
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Definition 3.35 O, , is the set of n x n real matrices L such that

LGL” = G, detL?> = 1. (3.32)

Equation (3.32) shows that O, ; is not connected.

Definition 3.36 SO, ,, the special (proper) pseudo orthogonal group is the set of
n x n real matrices L such that

LGL! =G, detL = 1. (3.33)

When p = 0 (¢ = 0) SO, , is connected. However, SO,, , (for, p, g # 0) is not
connected and has two connected components for p, g > 1.

Definition 3.37 The group SO}, , the connected component to the identity of SO, 4

will be called the special orthochronous pseudo-orthogonal group.’

Theorem 3.38 Ad|Pinp_q : Pin, , — O, is onto with kernel Z,.

Adlspmp# : Spin,, , — SO, 4 is onto with kernel Zo. AdlSpin;q : Spinj, . — SO;
is onto with kernel Z,.

We have,

Pi Spin Spin?
0,4 = 1;;’"1, SO,, = pzzp,q, SO;,q = pZ_zp’q' (3.34)

The group homomorphism between Spinf

,. and SO°(p, g) will be denoted by

L : Spin{, — SO (3.35)

Pq°

The following theorem that first appears in [20] is very important.

Exercise 3.39 (Porteous). Show that for p + ¢ < 4, Spin®(p, q) = {u € R, 4|uit =
1}.
Solution We must show that for any u € Rg’q, N(@u) = +1 and x € R”? we have

that Ad, (x) € R74, But when u € Rg, o Adu(x) = uxu~'. We must then show that

y=uxu"' € RP,

"This nomenclature comes from the fact that SO°(1, 3) = E_Ti_ is the special (proper) orthochronous

Lorentz group. In this case the set is easily defined by the condition L) > +1. For the general case
see [17].
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Since u € quq we have thaty € Rzlw‘ Lete;,i = 1,2, 3,4 an orthonormal basis
of Ry g p + q= 4 Now,y = (uyu™")" = —uxu! = —y. Writing

. 1 .
y=ye + ayljkeiejek,
Y. y*eR,

we get
y=—Ye

from which follows thaty € R4,

3.3.4 Lie Algebra of Spin{ ,

It can be shown [14, 16, 23] that for each u € Spinf,3 it holds u = +ef,F €

/\2 R!3 < Ry3 and F can be chosen in such a way to have a positive sign in
Eq. (3.33), except in the particular case F> = 0 when u = —e’. From Eq.(3.33)
it follows immediately that the Lie algebra of Spin{ ; is generated by the bivectors
F € A\*R!3 < R, 3 through the commutator product.

Exercise 3.40 Show that when F? = 0 we must have u = —e".

3.4 Spinor Representations of Ry 1, Rg ,and Ry 3

We investigate now some spinor representations of Ry p, RQJ and R; ;3 which will
permit us to introduce the concepts algebraic, Dirac and Dirac-Hestenes spinors in
the next section.

Let by = {ep,e;, ey, e3} be an orthogonal basis of RI3 s R 3, such that
e.e,+e,e, = 21,,, withn,, = diag(+1, -1, —1, —1). Now, with the results of the
previous section we can verify without difficulties that the elements e, €/, ¢” € Ry 3

e = %(1 + e) (3.36)
e = %(1 + ese) (3.37)

1
e = 5(1 + ejeze3) (3.38)
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are primitive idempotents of R; 3. The minimal left ideals,® I = Rize, I' = Ry 3¢,
I" = Ry 3e” are right two dimension linear spaces over the quaternion field (He =
el = eR, 3e).

An elements ® € Rm%(l + ep) has been called by Lounesto [15] a mother
spinor.” Let us see the justice of this denomination. First recall from the general

Sping; Spin{ 4 N .
7 — 801,3’ 7 — 80173’

and Spinj ; >~ SI(2, C) is the universal covering group of Ll = SOf 3, the special
(proper) orthochronous Lorentz group. We can show [10, 11] that the ideal I =
R, ze carries the D'/29 @ D(©1/2) representation of S1(2,C). Here we need to
know [10, 11] that each ® can be written as

result of the previous section that % ~ Oy3,

D = e + Yreseie + Ysesepe + Yaeiepe = Z Visi, (3.39)

§1 =€, §p = e3ee, 53 = e3ept, 54 = €1epc (340)

and where the v; are formally complex numbers, i.e., each ¥; = (a; + b;e,e;) with
a;,b; € R and the set {s;,i = 1,2, 3, 4} is a basis in the mother spinors space.

Exercise 3.41 Prove Eq. (3.39).

Now we determine an explicit relation between representations of R4 ; and Rj ;.
Let {fy, f;, 1, f3, f4} be an orthonormal basis of R4 ; with

f=f=B=6=£f=1,

fofp = —fgva,A #BandA,B=0,1,2,3,4.
Define the pseudo-scalar
i=ffiffsf,, P=—1, ify=fi, A=01,234 (3.41)
Put
Eu =144, (3.42)
we can immediately verify that

EuEy + EEu = 2o (3.43)

8 According to Definition 3.47 these ideals are algebraically equivalent. For example, ¢’ = ueu ",

withu = (1 + e;) ¢ FIJ'

°Elements of I’ are sometimes called Hestenes ideal spinors.
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Taking into account that R; 3 =~ qul we can explicitly exhibit here this isomorphism
by considering the map j: R 3 — qul generated by the linear extension of the map
i* R > RY |, 3*(en) = €4 = £y, where £, (u = 0,1,2,3) is an orthogonal
basis of R"*. Note that j(Ir,;) = lgg , where lg,; and Izo, (usually denoted
simply by 1) are the identity elements in R; 3 and R2,1~ Now consider the primitive
idempotent of R 3 =~ Rg.l,

1
e =3 =50+&) (3.44)

and the minimal left ideal I | = RY |ef),.
The elements Z € 12’ , can be written analogously to ® € Rm%(l—}- €p) as,

Z=Y z5 (3.45)
where
51 =), 5 = £1&:eY,, 53 = E:380€Y). 54 = E160eY, (3.46)
and where
zi = a; + £,61b;,

are formally complex numbers, a;, b; € R.
Consider now the element f € Ry

1
f= eglz(l +i£15)
1 1 .
= 5(1 + 50)5(1 +i£18), (3.47)

with i defined as in Eq. (3.41).
Since fR4 1 f = Cf = fC it follows that f is a primitive idempotent of R4 ;. We
can easily show that each ® € I = R, |f can be written

V=Y "y ¥i €C,

h=f Hh==E&f i =&&] fi = E&f. (3.48)
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With the methods described in [10, 11] we find the following representation in C(4)
for the generators £, of Ry >~ Ry 3

12 0 0 —0j;
& = & = , 3.49
oY, (0_12)6 =7, (Gi ()) ( )
where 1, is the unit 2 x 2 matrix and o;, (i = 1,2,3) are the standard Pauli

matrices. We immediately recognize the y-matrices in Eq. (3.49) as the standard
ones appearing, e.g., in [4]. B

The matrix representation of ¥ € [ will be denoted by the same letter in boldface,
ie., V> W e C(4)f, where

f:%(l—kzo)%(l—kizlzz), i=+-1. (3.50)
We have
Y1000
U= 52888 , Y eC. (3.51)
Y4000

Equations (3.49)—(3.51) are sufficient to prove that there are bijections between the
elements of the ideals R 3 %(1+ €p), R?H %(1 + &) and Ry %(1 + 80)%(1 +i&,&).

We can easily find that the following relation exist between W € Ry ;f and Z €
RSJ%U + &),

1
v = Zz(l +i&1&,). (3.52)

Decomposing Z into even and odd parts relative to the Z,-graduation of R4 e

Ri3, Z = Z° + Z' we obtain Z° = Z'&, which clearly shows that all information
of Z is contained in Z°. Then,

1 1
U= 205(1 + 50)5(1 +i£15). (3.53)

Now, if we take into account that RY | 2(1 + &) = R} é(l + &) where the

symbol ROO means Rgol ~ RO ~ Rj o we see that each Z € R4 1 2(1 + &) can be
written

1
Z= wz(l +&) ¢ eRY ~RY,. (3.54)
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Then putting Z° = /2, Eq. (3.54) can be written

1 1
U= Wz(l + 50)5(1 +i&1&)

= ZO%(l +i85). (3.55)

The matrix representation of i and Z in C(4) (denoted by the same letter in
boldface) in the matrix representation generated by the spin basis given by Eq. (3.48)
are

Vi =Yy Y3 Uy Y1 =¥, 00
Yo Y Y —y5 Yy Y 00

v = 1 3. z= 1 . 3.56
Vs P Y v Vs UE 00 (3:20)
Ve —¥3 VYo Yf V4 —¥3 00

3.5 Algebraic Spin Frames and Spinors

We introduce now the fundamental concept of algebraic spin frames.'® This is the
concept that will permit us to define spinors (steps (i)—(vii)).!!

(i) In this section (V, 5) refers always to Minkowski vector space.

(i) Let SO(V, ) be the group of endomorphisms of V that preserves 5 and the
space orientation. This group is isomorphic to SO, 3 but there is no natural
isomorphism. We write SO(V, ) >~ SO; 3. Also, the connected component
to the identity is denoted by SO°(V, ) and SO°(V,n) =~ SOf;. Note that
SO°(V, ) preserves besides orientation also the time orientation.

(iii) We denote by C£(V, ) the Clifford algebra'? of (V, 5) and by Spin‘(V, 3) ~
Spin{ ; the connected component of the spin group Spin(V,#) =~ Spin ;.
Consider the 2 : 1 homomorphismL : Spin°(V, ) — SO°(V, 5),u +— L(u) =
L,. Spin°(V, ) acts on V identified as the space of 1-vectors of C£(V,n) =~
R, 3 through its adjoint representation in the Clifford algebra C£(V, ) which

10The name spin frame will be reserved for a section of the spinor bundle structure Pspinc , (M)
which will be introduced in Chap. 7.

This section follows the developments given in [22].

12We reserve the notation R, , for the Clifford algebra of the vector space R" equipped with a
metric of signature (p, ), p +¢g = n. C{(V, g) and R, ; are isomorphic, but there is no canonical
isomorphism. Indeed, an isomorphism can be exhibit only after we fix an orthonormal basis of V.
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@iv)

is related with the vector representation of SO°(V, ) as follows':
Spin®(V, ) 2 u+> Ad, € Aut(CL(V,n))

Ady: V=V, visuvu =L, 0v. (3.57)

In Eq.(3.57) L, ©® v denotes the standard action L, on v and where we
identified L, € SO°(V, 5) with L, € V® V* and

ﬂ (Lu @ v, Lu @ V) = ﬂ (Vs V) . (358)
Let B be the set of all oriented and time oriented orthonormal basis!* of V.

Choose among the elements of BB a basis by = {by, . ..., b3}, hereafter called
the fiducial frame of V. With this choice, we define a 1 — 1 mapping

X :SO%(V,n) — B, (3.59)

given by
L,— X (L, := X2, =Lbo (3.60)
where X1, = L,by is a short for {e;,....,e3} € B, such that denoting the

action of L, on b; € by by L, © b; we have
e, =L,0b;:=0b, ij=0,...,3. (3.61)
In this way, we can identify a given vector basis b of V with the isometry L,

that takes the fiducial basis by to b. The fiducial basis by will be also denoted
by X1, where Ly = e, is the identity element of SO°(V, p).

Since the group SO°(V,n) is not simple connected their elements cannot
distinguish between frames whose spatial axes are rofated in relation to the fiducial
vector frame Xy, by multiples of 27 or by multiples of 4. For what follows it is
crucial to make such a distinction. This is done by introduction of the concept of
algebraic spin frames.

Definition 3.42 Let by € B be a fiducial frame and choose an arbitrary uy €
Spin®(V, ). Fix once and for all the pair (19, bp) with up = 1 and call it the fiducial
algebraic spin frame.

Definition 3.43 The space Spin‘(V, 5) x B = {(u,b), ubu™" = uobouy'} will be
called the space of algebraic spin frames and denoted by S.

3Aut(CL(V, g)) denotes the (inner) automorphisms of C£(V, g).

14We will call the elements of B (in what follows) simply by orthonormal basis.
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Remark 3.44 Tt is crucial for what follows to observe here that Definition 3.43
implies that a given b € B determines two, and only two, algebraic spin frames,
namely (u, b) and (—u, b), since +ub(£u~") = uobouy".

(v) We now parallel the construction in (iv) but replacing SO°(V, ) by its universal
covering group Spin‘(V, n) and B by S. Thus, we define the 1 — 1 mapping

E : Spin(V, ) — S,

u — Eu): =

(3.62)

where ubu™' = by .

The fiducial algebraic spin frame will be denoted in what follows by E. It is
obvious from Eq. (3.62) that E(—u) = E_, = (—u,b) # E,.

Definition 3.45 The natural right action of a € Spin®(V, 5) denoted by © on S is
given by

a®E,=a0 (ub) = (ua,Ad,~1b) = (ua,a 'ba). (3.63)
Observe thatif 2, = (/,0) =u' © Egand E, = (u,b) = u ® E then,
E,=w )0 B, = ' ubu™ ).
Note that there is a natural 2 — 1 mapping
s:S— B, E iy b= (£u Hbo(£u), (3.64)
such that
s(™'u') © E.)) = Adg-1)-1 (5(B ). (3.65)
Indeed,
s((w™'u') © Eu) = s((u™'u') © (u,b))

— M/—lub(u/—lu)—l — b/

== Ad(uflu/)fl b = Ad(uflu/)fl (S(E u)) (366)

This means that the natural right actions of Spin®(V, #), respectively on S and B,
commute. In particular, this implies that the algebraic spin frames £,,E2_, € S,
which are, of course distinct, determine the same vector frame Xy, = s(&,) =
s(E2_,) = Xp_,. We have,

YL, =2, =L~

u

Xp,» Ly € SOf 5. (3.67)

uo
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Also, from Eq. (3.65), we can write explicitly

uXr,, uy' = uput, uXr,, uy' = (—u)Er_,(—u)"' u € Spin“(V, g),

(3.68)
where the meaning of Eq.(3.68) of course, is that if Xy, = X, = b =
{eo,.....es} € Band ZLMO = by € B is the fiducial frame, then

uobjuy ' = (Lu)ej(£u"). (3.69)

In resume, we can say that the space S of algebraic spin frames can be thought
as an extension of the space B of vector frames, where even if two vector frames
have the same ordered vectors, they are considered distinct if the spatial axes of one
vector frame is rotated by an odd number of 27 rotations relative to the other vector
frame and are considered the same if the spatial axes of one vector frame is rotated
by an even number of 27 rotations relative to the other frame. Even if the possibility
of such a distinction seems to be impossible at first sight, Aharonov and Susskind
[1] claim that it can be implemented physically in a spacetime where the concept of
algebraic spin frame is enlarged to the concept of spin frame used for the definition
of spinor fields. See Chap. 7 for details.

(vi) Before we proceed an important digression on the notation used below is
necessary. We recalled above how to construct a minimum left (or right) ideal
for a given real Clifford algebra once a vector basis b € B for V< C{(V, g)
is given. That construction suggests to label a given primitive idempotent and
its corresponding ideal with the subindex b. However, taking into account the
above discussion of vector and algebraic spin frames and their relationship
we find useful for what follows (specially in view of the Definition 3.46 and
the definitions of algebraic and Dirac-Hestenes spinors (see Definitions 3.48
and 3.50 below) to label a given primitive idempotent and its corresponding
ideal with a subindex Z . This notation is also justified by the fact that a given
idempotent is according to definition 3.48 representative of a particular spinor
in a given algebraic spin frame Z .

(vii) Next we recall Theorem 3.28 which says that a minimal left ideal of C£(V, 7)
is of the type

IEu = CK(V, n)e: (370)

=u

where ez, is a primitive idempotent of C£(V, 7).
It is easy to see that all ideals Iz, = C£(V,p)ez, and Iz, = CL(V,p)eg , such
that

ez, = (W wez, (W 'u)™! (3.71)

1]

u

u,u’ € Spin®(V, n) are isomorphic. We have the
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Definition 3.46 Any two ideals Iz, = C{(V,n)ez, and Iz, = CL(V, n)eg,, such

=u

that their generator idempotents are related by Eq.(3.71) are said geometrically
equivalent.

Remark 3.47 1f u is simply an element of the Clifford group, then the ideals are said
to be algebraically equivalent.

But take care, no equivalence relation has been defined until now. We observe
moreover that we can write

Iz, = Iz, ('), (3.72)

u u

an equation that will play a key role in what follows.

3.6 Algebraic Dirac Spinors of Type Iz,

Let {Iz,} be the set of all ideals geometrically equivalent to a given minimal /z, as
defined by Eq. (3.72). Let be

T ={(2,,¥Yz,) |ueSpin°(V,y), B, €8, Vg, €lg,}. (3.73)
LetE,, By € 8, Vg, € Iz,, Vg, € Iz,. We define an equivalence relation Eon¥
by setting
(B, ¥z,) ~ (Ew.¥z,), (3.74)
if and only if and

() us(B)u"" = u's(B,)u'"!,

(i) Wz u' ™' = Wg,u™" (3.75)
Definition 3.48 An equivalence class

Uz =[(E,.Vz ) €T/E (3.76)

=u

is called an algebraic spinor of type Iz

Sy

for C4L(V,n). ¥z, € Iz, is said to be a

=u

representative of the algebraic spinor ¥z, in the algebraic spin frame E,.

We observe that the pairs (£,,¥g,) and (E_,,¥=z_,) = (E_,,—V¥g,) are

=u =u

equivalent, but the pairs (£,, ¥z,) and (E_,, —¥=_,) = (E_,, Wz,) are not. This

=u =u

distinction is essential in order to give a structure of linear space (over the real field)
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to the set . Indeed, a natural linear structure on ¥ is given by

a[(Eus “I”EU)] + b[(Eus “I”{: )] = [(Eus CZ\IJE“)] + [(Eu’sb"p/E“)]v

=u

(a+b)(Eu Vg,)] = a[(Ey. ¥g,)] + DI(EW ¥g,)]. (3.77)
Remark 3.49 The definition just given is not a standard one in the literature [5, 8].
However, the fact is that the standard definition (licit as it is from the mathematical
point of view) is not adequate for a comprehensive formulation of the Dirac
equation using algebraic spinor fields or Dirac-Hestenes spinor fields which will
be introduced in Chap. 7.

We end this section recalling that as observed above a given Clifford algebra
R, , may have minimal ideals that are not geometrically equivalent since they may
be generated by primitive idempotents that are related by elements of the group R |
which are not elements of Spin®(V, ) [see Egs. (3.36)—(3.38)] where different, non
geometrically equivalent primitive ideals for R 3 are shown). These ideals may be
said to be of different types. However, from the point of view of the representation
theory of the real Clifford algebras all these primitive ideals carry equivalent (i.e.,
isomorphic) modular representations of the Clifford algebra and no preference may
be given to any one.!® In what follows, when no confusion arises and the ideal Iz,
is clear from the context, we use the wording algebraic Dirac spinor for any one of
the possible types of ideals.

The most important property concerning algebraic Dirac spinors is a coincidence
given by Eq. (3.78) below. It permit us to define a new kind of spinors.

3.7 Dirac-Hestenes Spinors (DHS)

Let 2, € S be an algebraic spin frame for (V, ) such that
s(E,) = {ep, e, e, e5} € B.
Then, it follows from Eq. (3.54) that

Iz, = CL(V, ez, = CL°(V, p)ez,,

(3.78)

when

ez, = %(1 + €). (3.79)

u

5The fact that there are ideals that are algebraically, but not geometrically equivalent seems to
contain the seed for new Physics, see [18, 19].
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Then, each Wz, € Iz, can be written as
Wz, = Yz.ez,. Yz, €CLOV. ). (3.80)
From Eq. (3.75) we get
= U 'ues, = Yz,ez,. V=, ¥z, € CLOV, ). (3.81)
A possible solution for Eq. (3.81) is
ve 0 =yzu (3.82)
Let S x CL(V, n) and consider an equivalence relation £ such that
(B ¢z,) ~ (Ew,¢z,,) (mod £), (3.83)
if and only if ¢z , and ¢z, are related by
¢z 0" =z u . (3.84)

This suggests the following

Definition 3.50 The equivalence classes [(2,, ¢z,)] € S x CL(V,n)/E are the
Hestenes spinors.

Among the Hestenes spinors, an important subset is the one consisted of Dirac-
Hestenes spinors where [(E,,, ¥z,)] € (S x CL°(V, 1)) /€.

We say that ¢z, (¥'z,) is a representative of a Hestenes (Dirac-Hestenes) spinor
in the algebraic spin frame Z .

3.7.1 Whatis a Covariant Dirac Spinor (CDS)

LetL’ : S — Band let L'(E,) = {&£,&1,&, &) and L'(Ey) = {&£).£].55. &5}
with L'(E,) = ul/(E)u!, L(E,) = L' (E,)u'"" be two arbitrary basis for
R1’3 —> R4’1.

As we already know fz, = %(1 + 50)%(1 + 1£1&,) [Eq.(3.48)] is a primitive
idempotent of R4 ; >~ C(4). If u € Spin(1,3) C Spin(4, 1) then all ideals Iz, =
Ig,u~! are geometrically equivalent to Iz,. From Eq. (3.49) we can write

Iz, > Wz, =Y yifi, and Iz > Wz, =Y y/fl, (3.85)
where

h=fe, hHL=-&E&fk,. =Rk, ffH=~&8E,
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and

fl/ :fEu’ fz/ = _giggfau’ f:; = gégéfsu’ f4 = gigéfau'

Since Wz, = Vg, (u''u)~', we get
W =Y v ™ w7 = Sal@ s = ) v
i ik k

Then

Yo=Y Sl W)y, (3.86)

where S;(u~'u') are the matrix components of the representation in C(4) of (u™'u’)
€ Spinj 3. As proved in [10, 11] the matrices S(u) correspond to the representation

D20 @ DO1/2) of 81(2, C) =~ Spin{ ;.

Remark 3.51 We remark that all the elements of the set {/z,} of the ideals
geometrically equivalent to /g, under the action of u € Spin{; C Spinj; have
the same image I = C(4)f where f is given by Eq. (3.47), i.e.,

1
f=s0+y)d+iyy), i=+~-1
7 20 218
where Zu’ w = 0,1, 2,3 are the Dirac matrices given by Eq. (3.50). Then, if

y 1 Ry — C(4) = End(C(4)),
x> yx): CA)f - CHAf (3.87)

it follows that
v(E€) =v(E&), v =y (3.88)

for all {£,.}, {&, } such that £, = (u'~'u)&,(u'~'u)~". Observe that all information
concerning the geometrical images of the algebraic spin frames E,, &/, ..., under
L'disappear in the matrix representation of the ideals Iz, Iz ,... .., in C(4) since
all these ideals are mapped in the same ideal I = C(4)f.

Taking into account Remark 3.51 and taking into account the definition of
algebraic spinors given above and Eq. (3.86) we are lead to the following

Definition 3.52 A covariant Dirac spinor for R! is an equivalence class of pairs
(2", W), where 8" is a matrix algebraic spin frame associated to the algebraic spin

frame E, through the S(u™") € D=9 @D©3) representation of Spin¢ 5, u € Spin¢ 5.
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We say that W, W' € C(4)f are equivalent and write
(EV, W) ~ (B}, ¥, (3.89)

if and only if,

U =S W)W, us(E)u = u's(E)u L (3.90)

Remark 3.53 The definition of CDS just given agrees with that given in [6] except
for the irrelevant fact that there, as well as in the majority of Physics textbook’s,
authors use as the space of representatives of a CDS a complex four-dimensional
space C* instead of I = C(4)f.

3.7.2 Canonical Form of a Dirac-Hestenes Spinor

Letv € R'? < R, ; be a non lightlike vector, i.e., v?

linear mapping

= v-v # 0 and consider a

Ly R S RY visz=yv), 22 =pv (3.91)

with ¢ € Ry 3 and p € RT. Now, recall that if R € Spin{ ; then w = RVR is such
that w2 = v2. It follows that the most general solution of Eq. (3.91) is

W = pl/2eteR, (3.92)

where 8 € R is called the Takabayasi angle and es = epe ese3 € A*R'? < R, 3
is the pseudoscalar of the algebra. Now, Eq. (3.92) shows that ¢ € R?g’ ~ Rjp.

Moreover, we have that ¥ # 0 since

w’lﬁ = peﬂe5 =0 + eSCUs
o =pcosPB, = psinp. (3.93)

The Secret

Now, let ¥z, be a representative of a Dirac-Hestenes spinor (Definition 3.50) in
a given spin frame Z,. Since ¥z, € R?j ~ R3¢ we have disclosed the real
geometrical meaning of a Dirac-Hestenes spinor. Indeed, a Dirac-Hestenes spinor
such that wgulﬁgu # 0 induces the linear mapping given by Eq.(3.91), which

rotates a vector and dilate it. Observe, that even if we started our considerations
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with v € R!® < R;3 and v> # 0, the linear mapping (3.91) also rotates and
‘dilate’ a light vector.

3.7.3 Bilinear Invariants and Fierz Identities

Definition 3.54 Given a representative Yz, of a DHS in the algebraic spin frame
field E, the bilinear invariants'® associated with it are the objects: 0 — *w €
A°RZ + A'RY)  Ryz J = Juet € RS o Ri3, § = 1S,ete’ €
A’R'3 < Ry 3, K = K€" € R' < R, 3 such that

7 _ 0.7 _
Yz, ¥z, =0 —*0 Yge'¥z, =J,

yz.e'e’yz, =S vz, Yz, = #S, (3.94)
Vz,ePz, =K Yz, e'e'e’yz, = «K.
and where xw = —espsin

The bilinear invariants satisfy the so called Fierz identities, which are
=0+’ J-K=0J=-K>, JAK=(w—=*0)S (3.95)

S = —wK SLK = —wJ,
(xS).J = —0K (+S).K = —aJ, (3.96)
§-S=(S8)y=02—w?> (*S)-5S=—200.

JS = (w — *x0)K,

SJ = —(w + *0)K,

SK = (w — x0)J,

KS = —(w + x0)J,

§? = w? — 0% —20(xw),
S™! = KSK/J*.

(3.97)

Exercise 3.55 Prove the Fierz identities.

1Tn Physics literature the components of J, S and K when written in terms of covariant Dirac
spinors are called bilinear covariants.
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3.7.4 Reconstruction of a Spinor

The importance of the bilinear invariants is that once we know w, o, J, K and F
we can recover from them the associate covariant Dirac spinor (and thus the DHS)
except for a phase. This can be done with an algorithm due to Crawford [7] and
presented in a very pedagogical way in [14—16]. Here we only give the result for the
case where o and/or @ are non null. Define the object B € C ® R; 3 >~ Ry, called
boomerang and given by (i = /—1)

B=0+J+i5S—iesK + esw (3.98)
Then, we can construct ¥ = Bf € Ry ,f , where f is the idempotent given by

Eq. (3.47) which has the following matrix representation in C(4) (once the standard
representation of the Dirac gamma matrices are used)

Y1000
3 Y2000
v = 3.99
Y3000 (3.99)
Y4000
Now, it can be easily verified that ¥ = Bf determines the same bilinear

covariants as the ones determined by Vz,. Note however that this spinor is not
unique. In fact, *B determines a class of elements B8 where £ is an arbitrary element
of R4 ;f which differs one from the other by a complex phase factor.

3.7.5 Lounesto Classification of Spinors

A very interesting classification of spinors have been devised by Lounesto [14—16]
based on the values of the bilinear invariants. He identified six different classes
and proved that there are no other classes based on distinctions between bilinear
covariants. Lounesto classes are:

.o #0, w#0.

2.0#0, w=0.
3.0=0, w#0.
4. 0=0=w, K#0, S#0.
500=0=w, K=0, S#0.
6.0 =0=w, K#0, S§=0.

The current density J is always non-zero. Type 1, 2 and 3 spinor are denominated
Dirac spinor for spin-1/2 particles and type 4, 5, and 6 are singular spinors
respectively called flag-dipole, flagpole and Weyl spinor. Majorana spinor is a
particular case of a type 5 spinor. It is worthwhile to point out a peculiar feature
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of types 4, 5 and 6 spinor: although J is always non-zero, we have due to Fierz
identities that J> = —K? = 0.

Spinors belonging to class 4 have not previously been identified in the literature.
For the applications we have in mind we are interested (besides Dirac spinors which
belong to classes 1 or 2 or 3) in spinors belonging to classes 5 and 6, respectively
the Majorana and Weyl spinors.

Remark 3.56 In [2] Ahluwalia-Khalilova and Grumiller introduced from physical
considerations a supposedly new kind of spinors representing dark matter that they
dubbed ELKO spinors. The acronym stands for the German word Eigenspinoren des
Ladungskonjugationsoperators. It has been proved in [9] that from the algebraic
point of view ELKO spinors are simply class 5 spinors. In [2] it is claimed that
differently from the case of Dirac, Majorana and Weyl spinor fields which have
mass dimension 3/2, ELKO spinor fields must have mass dimension 1 and thus
instead of satisfying Dirac equation satisfy a Klein-Gordon equation. A thoughtful
analysis of this claim is given in Chap. 16.

3.8 Majorana and Weyl Spinors

Recall that for Majorana spinorso = 0,0 =0,K =0,S #0,J,# 0
Given a representative ¥ of an arbitrary Dirac-Hestenes spinor we may construct
the Majorana spinors

1
Vi =5 (W & Veo). (3.100)
Note that defining an operator C:{ — eq; (charge conjugation) we have
C¥is = £V (3.101)

i.e., Majorana spinors are eigenvectors of the charge conjugation operator. Majorana
spinors satisfy

ViV = ViV = 0. (3.102)
For Weyl spinors0 = w =S =0and K #0,J # 0.

Given a representative ¥ of an arbitrary Dirac-Hestenes spinor we may construct
the Weyl spinors

1
vy = 3 (¥ Fesvey). (3.103)
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Weyl spinors are ‘eigenvectors’ of the chirality operator es = epe ezes, i.e.,
esYit = +yifey. (3.104)
We have also,
Vs Vi = Vg Vi = 0. (3.105)

For future reference we introduce the parity operator acting on the space of Dirac-
Hestenes spinors. The parity operator P in this formalism [13] is represented in such
a way that for Y € R?ﬁ

Py = —epfreg . (3.106)

The following Dirac-Hestenes spinors are eigenstates of the parity operator with
eigenvalues £1:

Pyt =4yt Yl =epyeg—y-,
3.107
Put ==yt g = edien + v G107

where Y4 = wa?

3.9 Dotted and Undotted Algebraic Spinors

Dotted and undotted covariant spinor fields are very popular subjects in General
Relativity. Dotted and undotted algebraic spinor fields may be introduced using the
methods of Chap.7 and are briefly discussed in Exercise 7.63. A preliminary to
that job is a deep understanding of the algebraic aspects of those concepts, i.e., the
dotted and undotted algebraic spinors which we now discuss. Their relation with
Weyl spinors will become apparent in a while.

Recall that the spacetime algebra R, 3 is the real Clifford algebra associated
with Minkowski vector space R'3, which is a four dimensional real vector space,
equipped with a Lorentzian bilinear form

n:RYE xR SR (3.108)
Let {eo, ], ,, €3} be an arbitrary orthonormal basis of RI3 ie.,
n(e..e) = Nu, (3.109)

where the matrix with entries 7,,, is the diagonal matrix diag(1, —1, —1, —1). Also,
{e%, e!, e?, e} is the reciprocal basis of {ey, e|, e, e3},i.e., n(e’, e,) = §/'. We have
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in obvious notation
n(e”.e’) = n,
where the matrix with entries n*” is the diagonal matrix diag(1, —1, —1, —1).

The spacetime algebra R; 3 is generate by the following algebraic fundamental
relation

ele” 4 e’e! = 29MY. (3.110)

As we already know (Sect.3.7.1) the spacetime algebra R; 3 as a vector space
4 .
over the real field is isomorphic to the exterior algebra A\R!* = @ . /NR'3 of
j=

R!3. We code that information writing A\R!* < R; 3. Also, we make the following
identifications: A’R'? = Rand /\'R"? = R!3. Moreover, we identify the exterior
product of vectors by

ene’ = % (e'e” —e’e!), (3.111)
and also, we identify the scalar product of vectors by
n(et,e’) = % (efe” + e"eM). (3.112)
Then we can write

ee” = (e, e") +eAe’. (3.113)

Now, an arbitrary element C € R; 3 can be written as sum of nonhomogeneous
multivectors, 1.e.,

1 1
C=s+cue' + Ecwe"e" + ac;wpe"e"e” + pe’ (3.114)

where s, ¢y, v, Cuvp,p € R and ¢y, iy are completely antisymmetric in all
indices. Also e = e’e'e’e’ is the generator of the pseudoscalars. Recall also that
as a matrix algebra we have that R; 3 >~ H(2), the algebra of the 2 x 2 quaternionic

matrices.

3.9.1 Pauli Algebra

Next, we recall (again) that the Pauli algebra Rz is the real Clifford algebra
associated with the Euclidean vector space R*’, equipped as usual, with a positive
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definite bilinear form. As a matrix algebra we have that R3y >~ C (2), the algebra
of 2 x 2 complex matrices. Moreover, we recall that R3  is isomorphic to the even

subalgebra of the spacetime algebra, i.e., writing R; 3 = R(l(g ® R(llg we have,
Rso ~ RY. (3.115)

The isomorphism is easily exhibited by putting o/ = e’e’, i = 1,2, 3. Indeed,
with 8% = diag(1, 1, 1), we have

olo! + olat =287, (3.116)

which is the fundamental relation defining the algebra R3 (. Elements of the Pauli
algebra will be called Pauli numbers.'” As a vector space over the real field, we
have that R3¢ is isomorphic to /\]R3*0 < R39 C Ry 3. So, any Pauli number can be
written as

o 1. . .
P=s+po' + Epija’a’ + p1, 3.117)

where s, p;, pij,p € Rand p;; = —p;; and also

1=—i=0c'c?c’=¢. (3.118)

Note that > = —1 and that I commutes with any Pauli number. We can trivially
verify

o'o) =16} o* + 87, (3.119)

[0',0/] = ¢'d/—0’0’ = 26'Aa! = 210"

In that way, writing R3 g = Rg% + Rg()), any Pauli number can be written as

P=Q, +1Q: Q;eRy), 1Q;eRy, (3.120)
with

1
Q =ay+a(ic"), ay=s a= §€k]szj, (3.121)

Q: =1(bo + bk(16")),  bo=p, b= —ps

7Sometimes they are also called ‘complex quaternions’. This last terminology will become
obvious in a while.
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3.9.2 Quaternion Algebra

Equation (3.121) show that the quaternion algebra Ry, = H can be identified as
the even subalgebra of Rj3 9, i.e.,

Ro, = H ~ RY). (3.122)

The statement is obvious once we identify the basis {1, ?, T, lAc} of H with
{1,106', 102,163}, (3.123)
which are the generators of Rg?()). We observe moreover that the even subalgebra of

the quaternions can be identified (in an obvious way) with the complex field, i.e.,
R(()(g =~ C. Returning to Eq. (3.117) we see that any P € R3( can also be written as

P =P, +1L,, (3.124)
where
P, = (s +po’) € /\ORI”’0 ® /\11&3’0 =R® /\IR“),
L, = 1(p + 1o) € /\21&3’0 ® /\3R3’°, (3.125)
with [; = —ej;j pij € R. The important fact that we want to emphasize here is that

the subspaces (R&® A1R3’0) and (/\2R3*0 @ /\3R3*0) do not close separately any
algebra. In general, if A, C € (R® /\1R3*0) then

1 2

ACeRa/\ R /\ R (3.126)
To continue, we introduce

o, =ee=—c', i=17223. (3.127)

Then, 1 = —o0 0,03 and the basis {1, ,j,lAc} of H can be identified with
{1, —lo, —10,, —10’3}.
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Now, we know that Rz o >~ C (2). This permit us to represent the Pauli numbers
by 2 x 2 complex matrices, in the usual way (i = v/ —1). We write Rz > P~ P €

C(2), with
ol ol = 0l
10)°

02> o2 = (Q_‘), (3.128)

3.9.3 Minimal Left and Right Ideals in the Pauli Algebra
and Spinors

The elements e+ = %(1 4+03) = %(1 + ezep) € R(l(g ~ R0, ezjE = e4 are minimal
idempotents of R3 . They generate the minimal left and right ideals

L. =R%es, Ry =eiR)) (3.129)

From now on we write e = e4. It can be easily shown (see below) that, e.g.,
I = I, has the structure of a 2-dimensional vector space over the complex field
[10, 13], i.e., I ~ C2. The elements of the vector space I are called representatives
of algebraic contravariant undotted spinors'® and the elements of C? are the usual
contravariant undotted spinors used in physics textbooks. They carry the DGO
representation of S1(2,C) [17]. If g€ I we denote by ¢ € C? the usual matrix
representative'® of ¢ is

1
0= (zz), ol 0% eC. (3.130)

Denoting by I= eR(l(g the space of the algebraic covariant dotted spinors, we

have the isomorphism, I ~ (C2)" ~ C,, where ¥ denotes Hermitian conjugation.
The elements of (C?)" are the usual contravariant spinor fields used in physics

textbooks. They carry the D2 representation of SI(2,C) [17]. If & € I, then

18We omit in the following the term representative and call the elements of I simply by algebraic
contravariant undotted spinors. However, the reader must always keep in mind that any algebraic
spinor is an equivalence class, as defined and discussed in Sect. 4.6.

19The matrix representation of the elements of the ideals I, i, are of course, 2 X 2 complex matrices
(see, [10], for details). It happens that both columns of that matrices have the same information
and the representation by column matrices is enough here for our purposes.
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its matrix representation in (C?)" is a row matrix usually denoted by
E=(5&), &&eC (3.131)

The following representation of £ € I in (C2)' is extremely convenient. We say that
to a covariant undotted spinor & there corresponds a covariant dotted spinor £ given

by
isgé=fec (@ E.beC (3.132)

with

01
&= (_1 O)' (3.133)

We can easily find a basis for I and I. Indeed, since I = R(l(ge we have that any
@< I can be written as

0 =09 + ¢’
where
i =e W¥y=o01e,
o' =a+ib, @*=c+id, ab,c,deR. (3.134)

Analogously we find that any ’§ € 1 can be written as

E=gis 4

sl=e, §*=c¢co|. (3.135)
Defining the mapping
IQI —>R§?§ ~ R,
Lp®E) = &, (3.136)
we have

lzaozt(s1®si+sz®si),

o1 = —t(s ®s +5, ®Si),
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o, =t[i(s; ® s — $H® si)],

o3=—1(s; ®s —5, ®). (3.137)
From this it follows the identification

Rso ~ R} ~ C(2) =I®c], (3.138)
and then, each Pauli number can be written as an appropriate sum of Clifford
products of algebraic contravariant undotted spinors and algebraic covariant dotted
spinors. And, of course, a representative of a Pauli number in C2 can be written as
an appropriate Kronecker product of a complex column vector by a complex row

vector.
Take an arbitrary P €R;y such that

1
P = pt oo, (3.139)

where p*1*2-% € R and

o =0k, 0k, andop=1¢€eR. (3.140)

kiky..kj
With the identification Rz g =~ Rg(g ~I®c i, we can also write
P =Plu(sy ®5P) = PAsas?, (3.141)
where the P4, = X%, +iY",, X% Y4, € R.
Finally, the matrix representative of the Pauli number P € Rz is P € C(2) given
by

P =P ss, (3.142)

with PAB e Cand

=) ==(")
lo) 2T ) (3.143)

It is convenient for our purposes to introduce also covariant undotted spinors and
contravariant dotted spinors. Let ¢ € C? be given as in Eq. (3.130). We define the
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covariant version of undotted spinor ¢ € C? as ¢p* € (C?)" ~ C, such that

9" = (p1.92) = @as”,
oa = oPepa @f = oy,
s'=(10), s*=(01), (3.144)

where?® g 5 = &4 = adiag(1, —1). We can write due to the above identifications

that there exists ¢ € C(2) given by Eq. (3.133) which can be written also as

e=e"sy Rsg=eaps’ BsP = (_01 (1)) = io, (3.145)

where X denotes here the Kronecker product of matrices. We have, e.g.,

1 0 1 01
|Z == & = = s

sms=(g)= (1) = (s) 00 =(50)

1 1 1 10

s Rs'=(10)R(01) = (10)= : (3.146)
0 00

We now introduce the contravariant version of the dotted spinor
§=(56)eC

as being E * € C? such that

. i .

B BA B
" =¢e"8, Ei=ep b,

s = ((1)) (85 = (?) (3.147)

where ¢;; = sAB = adiag(1, —1). Then, due to the above identifications we see
that there exists ¢ € C(2) such that

g= My Ry =o' W7 = ( ° (1)) — e (3.148)

20The symbol adiag means the antidiagonal matrix.
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Also, recall that even if {sa},{s;} and {s*},{s} are bases of distinct spaces, we
can identify their matrix representations, as it is obvious from the above formulas.

So, we have s4 = s; and also s4 = s*. This is the reason for the representation of a
dotted covariant spinor as in Eq. (3.132). Moreover, the above identifications permit
us to write the matrix representation of a Pauli number P € R3 as, e.g.,

P =Pups’ K sP (3.149)

besides the representation given by Eq. (3.142).

Exercise 3.57 Consider the ideal I = Rm%(l — epe3). Show that ¢ € [ is a
representative in a spin frame Z, of a covariant Dirac spinor’! ¥ € (C(4)%(1 +
Zo)(l + iZIZ 2). Let ¢ be the representative (in the same spin frame Z,) of

a Dirac-Hestenes spinor, associated to a mother spinor & € Rm%(l + €y) by
D = w%(l +€p). Show that ¢ € I can be written as ¢ = 1//%(1 +e0)%(1 —epe3).

(a) Show that ¢ge; = ¢ey;.

(b) Weyl spinors are defined as eigenspinors of the chirality operator, i.e., y S\Di =
+iW, . Show that Weyl spinors corresponds to the even and odd parts of ¢.

(c) Relate the even and odd parts of ¢ to the algebraic dotted and undotted
spinors.??
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