Chapter 5

Operators on Banach
Space

The Feynman operator calculus and the Feynman path integral
develop naturally on Hilbert space. In this chapter we develop the
theory of semigroups of operators, which is the central tool for both.
In order to extend the theory to other areas of interest, we begin
with a new approach to operator theory on Banach spaces. We first
show that the structure of the bounded linear operators on Banach
space with an S-basis is much closer to that for the same operators
on Hilbert space. We will exploit this new relationship to transfer
the theory of semigroups of operators developed for Hilbert spaces to
Banach spaces. The results are complete for uniformly convex Banach
spaces, so we restrict our presentation to that case, with one excep-
tion. In the Appendix (Sect.5.3), we show that all of the results in
Chap. 4 have natural analogues for uniformly convex Banach spaces.

5.1. Preliminaries

Let B be a uniformly convex Banach space with an S-basis. Let C[B]
be the set of closed densely defined linear operators and let L[B] be
the set of bounded linear operators on B.
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194 5. Operators on Banach Space

Definition 5.1. A duality map J : B+— B’ is a set
70w = {u € B @) = Jully = |1y}, Vu e B.

Example 5.2. Let Q be a bounded open subset of R, n € N. If
u€ LP[Q] =8B, 1 <p< oo, then

T (w)(@) = ully P Ju(@)"* u(z) = u* € L9,

+1l=1 (5.1

1,1
P g

Furthermore,
(u,u”) = ||u]12)p/ﬂ|u(x)]pd)\n(x) = Jlull = [lu*|l?

It can be shown that LP[Q] is uniformly convex and that u* = J(u)
is uniquely defined for each w € B. Thus, if {u,} is an S-basis for
LP[Q], then the family vectors {u’} is an S-basis for LI[Q] = (LP[Q?])".
The relationship between u and w* is nonlinear [see Eq.(5.1)]. In
the next section we prove the remarkable result that there is another
representation of B, with u* = Jp(u) linear, for each u € B. (However,
u* is no longer a duality mapping.)

5.1.1. The Natural Hilbert Space for a Uniformly Convex
Banach Space. We follow the same ideas used in Chap.3 to embed
L? in KS?. However, we take a restricted approach that applies to all
uniformly convex Banach spaces with an S-basis. Fix B and let {&,}
be an S-basis for B. For each n, let t,, = 27" and for each &,, let &}
be the corresponding dual vector in B’. For each pair of functions u, v
on B, define an inner product by:

(w,0) = tn (&5 u) (5, v).
n=1

we let H be the completion of B in the induced norm. It is clear that
B C ‘H densely and

o 1/2
lull, = [Z tn|<5;;,u>|2]
n=1
< sup |(€2, u)| (52)

< sup (€ u)| = [lullg,
€= <1

so that the embedding is both dense and continuous. It is clear that
‘H is unique up to a change of S-basis.
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Definition 5.3. If B be a Banach space, we say that B’ has a Hilbert
space representation if there exists a Hilbert space H, with B C H as
a continuous dense embedding and for each u* € B/, u* = (-, u)y for
some u € B.

Theorem 5.4. If B be a uniformly conver Banach space with an
S-basis, then B' has a Hilbert space representation.

Proof. Let H be the natural Hilbert space for B and let J be the
natural linear mapping from H — H’, defined by

(v,J(u)) = (v,u)y, for all u,v € H.

It is easy to see that J is bijective and J* = J. First, we note that
the restriction of J to B, Jg, maps B to a unique subset of linear
functionals {Jp(u), u € B} and, Jg(u + v) = IJg(u) + IJg(v), for each
u,v € B. We are done if we can prove that {Jp(u), v € B} = B'. For
this, it suffices to show that Jz(u) is bounded for each u € B. Since B
is dense in H, from equation (5.2) we have:

<U7JB(U)> < <U7JB(U)>

[I5(u)llz = sup sup ~————= = [luly, < [[ul|p-
5 veB ||”HB \vEB ||UHH = o

Thus, {Jp(u), uw € B} C B'. Since B is uniformly convex, there
is a (unique) one-to-one relationship between B and B, so that
{Ig(u), ue B} =B O

5.1.2. Construction of the Adjoint on B. We can now show that
if B’ has a Hilbert space representation, then each closed densely linear
operator on B has a natural adjoint defined on B.

Theorem 5.5. Let B be a uniformly convex Banach space with an
S-basis. If C[B] denotes the closed densely linear operators on B and
L[B] denotes the bounded linear operators, then every A € C[B] has
a well-defined adjoint A* € C[B]. Furthermore, if A € L[B], then
A* € L[B] with:

(1) (a ) —GA*,

(3) (A" + B*) A* + B*

(4) (AB)* = B*A* and

(5) 14" Alls < 1Al
Thus, L[B] is a *algebra.
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Proof. Let J be the natural linear mapping from H — H' and let
J be the restriction of J to B. If A € C[B], then A'Jp : B — B'.
Since A’ is closed and densely defined, it follows that J;*A'Jp : B —
B is a closed and densely defined linear operator. We define A* =
[J5'A'Jg) € C[B]. If A € L[B], A* = J;'A'J; is defined on all of B.
By the Closed Graph Theorem, A* € L[B]. The proofs of (1)—(3) are
straightforward. To prove (4),

(BA)" =35 (BA)Jg=J5'A'B'Js
= [35'4'35] [J5'B'Ig] = A*B*.
If we replace B by A* in Eq. (5.3), noting that A™ = A, we also see
that (A*A)* = A*A. To prove (5), we first see that:
(A" Av, Ig(u)) = (A" Av,u),, = (v, A" Au),,

so that A*A is symmetric. Thus, by Lax’s Theorem, A*A has a
bounded extension to H and ||A*A||,, < k[|A*A||z, where k is a posi-
tive constant. We also have that

|4 Alls < | A"l Alls < [|AII; - (5.4)

It follows that [[A*Alz < HAH2B If equality holds in (5.4), for all
A € L[B], then it is a C*-algebra. This is true if and only if B is a
Hilbert space. Thus, in general the inequality in (5.4) is strict. O

(5.3)

5.1.2.1. Example: Differential Operators. Let A be a closed
densely defined linear operator defined on LP[R"], 1 < p < oo, and let
A’ be the dual defined on LI[R"], % + % = 1. It is easy to show that
if A’ is densely defined on LP[R"], it has a closed extension to LP[R"]
(without using Ha = K S?[R"]).

Example 5.6. Let A be a second order differential operator on LP[R™]
of the form

where a(x) = [ai;j(x)] and b(x) = [bi;(x)] are matriz-valued functions
in CP[R™ x R™] (infinitely differentiable functions with compact sup-
port). We also assume that for all x € R" det[a;j(x)] > € and the
imaginary part of the eigenvalues of b(x) are bounded above by —e,
for some € > 0. Note, since we don’t require a or b to be symmetric,

A# A
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It is well known that C[R™ C LP[R™ N LI[R"] for all 1 < p <
q < 00. Furthermore, since A’ is invariant on C2°[R"],

A C®[R"] C LP[R"] — CZ [R™] € LP [R"].

It follows that A" has a closed extension to LP[R™]. (In this case, we
do not need Hy directly, we can identify Jo with the identity on Ho
and A* with A’.)

Remark 5.7. For a general A, which is closed and densely defined on
LP[R"], we know that it is densely defined on K S?[R"]. Thus, it has
a well-defined adjoint A* on KS?[R"]. By Theorem 5.5, we can take
the restriction of A* from K S?[R"] to obtain our adjoint on LP[R"].

5.1.2.2. Example: Integral Operators. In one dimension, the
Hilbert transform can be defined on L%[R] via its Fourier transform:

—

H(f) = —isgnx f.

It can also be defined directly as principal-value integral:

(Hf)(z) = lim ~ W) g

e—=0

lz—y|ze T Y
For a proof of the following results see Grafakos [GRA, Chap. 4].

Theorem 5.8. The Hilbert transform on L?[R] satisfies:

(1) H is an isometry, |H(f)|ly = ||f|ly and H* = —H.

(2) For f € LPIR], 1 < p < oo, there exists a constant Cp, > 0
such that,

(P, < Coll F1I,- (5:5)

The next result is technically obvious, but conceptually nontrivial.

Corollary 5.9. The adjoint of H, H* defines a bounded linear oper-
ator on LP[R] for 1 < p < oo, and H* satisfies Eq. (5.5) for the same
constant Cj,.

The Riesz transform, R, is the n-dimensional analogue of the
Hilbert transform and its jth component is defined for f € LP[R"],
1 < p < oo, by:

N+1

: Yj = T r(%54)
R;(f) = cp lim ———— f(y)dy, cn=—"F—"%.
i(f) "0 iy xpze |y — x| (¥) " p(nt1)/2
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Definition 5.10. Let 2 be defined on the unit sphere S*~! in R™.

(1) The function (x) is said to be homogeneous of degree n if
Qtx) = t"Q(x).
(2) The function Q(z) is said to have the cancellation property if

/ Q(y)do(y) = 0, where do is the induced
Sn—1

Lebesgue measure on "L,
(3) The function Q(x) is said to have the Dini-type condition if
1
9)dd
w190 -0 <w@) = [ LOP <o
0

Ix—y|<§ d
[x|=ly[=1

A proof of the following theorem can be found in Stein [STE]
(see p. 39).

Theorem 5.11. Suppose that 2 is homogeneous of degree 0, satisfying
both the cancellation property and the Dini-type condition. If f €
LPIR"], 1 <p < oo and

_ Oy —x)
L= [ Ry

Then

(1) There ezists a constant Ay, independent of both f and € such
that

ITe(Hl, < Apll £l
(2) Furthermore, liII(l) T.(f) =T(f) exists in the LP norm and
e—

17O, < Apll 1l (5.6)

Treating T (f) as a special case of the Henstock—Kurzweil integral,
conditions (1) and (2) are automatically satisfied and we can write the
integral as

(7)) = [ 2 =) ¢y)ay.

re |y —x["

For g € L9, 1% + % =1, we have (T'(f),g) = (f,T*(g)). Using Fubini’s
Theorem for the Henstock—Kurzweil integral (see [HS]), we have that

Corollary 5.12. The adjoint of T, T* = =T is defined on LP and
satisfies Eq. (5.6)
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It is easy to see that the Riesz transform is a special case of the
above theorem and corollary.

Another closely related integral operator is the Riesz potential,
I(f)(x) = (—A)™*/2f(x), 0 < a < n, is defined on LP[R"], 1 < p <
00, by (see Stein [STE], p. 117):

f(y)dy

nx =yt

(%)
L("3%)

D!

and y(a) = 2073

L(f)(x) = 7 (a) /R

Since the kernel is symmetric, application of Fubini’s Theorem shows
that the adjoint I = I, is also defined on LP[R"]. Since (—A)~! is
not bounded, we cannot obtain LP bounds for I,(f)(x). However, if
1/¢ =1/p — a/n, we have the following (see Stein [STE], p. 119)

Theorem 5.13. If f € LP[R"] and0 < a<n, 1 <p<g<oo, 1/q=
1/p — a/n, then the integral defining I,(f) converges absolutely for
almost all x. Furthermore, there is a constant A, ,, such that

Ha (g < Apgll 1l (5.7)

5.1.3. Extension of the Adjoint. In this section we discuss an
extension of the adjoint for a Banach space B, which need not be uni-
formly convex. If B is not uniformly convex, Theorem 5.5 no longer
holds and we need H;. The next theorem shows that, for A bounded,
we can always define a reasonable version of the adjoint A*, which has
many of the essential properties that we find for a Hilbert space.

Theorem 5.14. Let A be a bounded linear operator on B. Then A
has a well-defined adjoint A* defined on B such that:

(1) the operator A*A >0 (accretive),

(2) (A*A)* = A*A (naturally self-adjoint), and

(3) I+ A*A has a bounded inverse.

Proof. For i = 1,2, let J; : H; — H}. As in Theorem 5.5, Jf = J;.
Now, let Ay = Ay, : H1 — Ha, and A’y 2 Hy — H).
It follows that A'1Jq : Hoy — H} and J; A1 Jo : Ha — Hy C B so
that, if we define A* = [J; ' A'1J2)g, then A* : B — B (i.e., A* € L[B]).
To prove (1), let g € B, then (A*Ag, g)4, > 0 for all g € B. Hence

(A*Ag,g*) > 0 for all g* € J(g) (the duality map of g), so that A*A
is accretive.
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To prove (2), we have for g € H,

(A*A)*g = ({ITHPTT AT, 8AN] T2} B)g
{IT A 3240371 (81T2}B)g
= A*Ag.

It follows that the same result holds on all of B.

The proof of (3), that I + A*A is invertible, follows the same lines
as in von Neumann’s theorem. (]

Since A*A is self-adjoint on B (in the sense of (2) above), it is
natural to expect that the same is true on Ho. However, this need
not be the case. To obtain a simple counterexample, recall that, in
standard notation, the simplest class of bounded linear operators on
B is B® B, in the sense that:

BB :B— B, by Au= (b®ly(-) u_<b’u>b

Thus, if Iy (-) € B'\Hy, then Jo{J; '[(A1)]J2]5(u)} is not in Hy, so
that A*A is not defined as an operator on all of Hs and thus cannot
have a bounded extension.

We now provide the correct extension of Lax’s Theorem.

Theorem 5.15. Let A be a bounded linear operator on B. If B C Ho,
then A has a bounded extension to L[Hz], with ||Ally, < k| Az (for
some positive k).

Proof. We first note that if g, h € B, then J;'J5(g) = g and (A})'h =
Ah. Now let T'= A*A, then
(Tg,h)y, = (T'g,J2(h))
= (A*Ag, Ja(h)) = (I7 1 A1J2(Ag), J2(h))
= (A1J2(Ag), h) = (J2(Ag), (A))'R)
= (Ag, J2(A )> (9, (A1) T2(AR))
= (J7132(9), (41)J2(AR)) = (T2(g), 7 (41)T2(AR))
=(9,Th)y,

We can now apply Lax’s Theorem to see that, for some k, |||, =
2 2
1A, < k2 [IAJ%. O
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Remark 5.16. Thus, the algebra L[B] also has a *operation for all
Banach spaces with an S-basis and B’ C Hy. However, if B is not
uniformly convex and A # B, B’ then, unless

(AB|n,) = (Bl,) (Alw,)', (AB)" # A*B*.

A natural question is “which Banach spaces with an S-basis have
the property that, B/ C Hs”? This question has no general answer.
However, if B is one of the following classical Banach spaces and Hy =

KS?[R™, then B’ C Ha (H1 = GS?[R™]). A few of the spaces below
are not separable (do not have an S-basis).

(1) Cy[R"], the bounded continuous functions on R™.
(2) C,[R™], the bounded uniformly continuous functions on R".

(3) CE[R"], the continuous functions on R”, with k derivatives
that vanish at infinity.

(4) LP[R"], 1 < p < o0, the Lebesgue integrable functions on R”
of order p.

(5) M[R™], the space of finitely additive set functions (measures)
on R".

We note that both Cu[R™] and L*°[R"] are nonseparable Banach
spaces, with the same dual space M[R"] C KS%[R"] and, the dual
space of C,[R"], C![R"] c M[R"] C KS?[R"]. In each case, we can
use Theorem 5.15.

5.2. Semigroups of Operators

Introduction. Semigroups of operators form the basis for both the
Feynman operator calculus and path integral theory of Chaps. 7 and 8.
We have restricted our presentation to those aspects that are abso-
lutely necessary and should even be reviewed those with some training
in the subject. We provide all of the basic results along with proofs,
for those without prior background.

The theory of semigroups of operators is a fairly mature field of
study, which has continued to attract the interest of those in analy-
sis, probability theory, partial differential equations, dynamical sys-
tems, and quantum theory, in addition to the many areas of applied
mathematics. This continued interest is expected because of the sim-
ple (conceptual) framework provided, the robustness of the techni-
cal methodology, and the wealth of problems and new applications.
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Those interested in the finer details are encouraged to seek out the
wealth of interesting material by consulting some of the major works
in the field. See the standards by Hille and Phillips [HP], Yosida [YS],
Kato [K], Pazy [PZ], Goldstein [GS] and the recent ones by Engel and
Nagel [EN] and Vrabie [VR]. The book by Vrabie [VR] offers a number
of new and interesting applications.

We develop most of the theory for a fixed separable Hilbert space H
over C and will assume when convenient that % = K .S?[R"]. However,
we begin with the general theory on a Banach space B.

Definition 5.17. A family of linear operators {S(t),0 < ¢ < co} (not
necessarily bounded), defined on D C B, is a semigroup if
(1) S(t+s)f = S(t)S(s)f for f € D, the domain of the semigroup.
(2) The semigroup is said to be strongly continuous if llg%) S(t+
T)f=95(t)f forall feD, t>0.
(3) It is said to be a Cpy-semigroup if it is strongly continuous,
S(0)=1, D=Band limS(t)f = fforall f eB.
(4) S(t) is a Cp-contraction semigroup if ||S(t)||z <1
(5) S(t) is a Cp-unitary group if S*(t) exists and S(t)S(t)* =
S(#)*S5(t) = I, and [|S(t)[[5 = 1.

Definition 5.18. For a Cyp-semigroup S(t), the linear operator A
defined by

D(A) = {f €eB lgig%[S(t)f — f] exists} and
+
af=tmisos - =50 o e
=0

is the infinitesimal generator of the semigroup S(¢) and D(A) is the
domain of A.

Lemma 5.19. Let S(t) be a Cy-semigroup. Then there exist constants
w >0 and M > 1 such that:

1S®)]l; < Me**, for 0<t< .

Proof. If ||S(t)| 5 is not bounded in any interval 0 < ¢ < m, m > 0,
then there is a nonnegative sequence t, such that lim, . t, = 0 and
||S(tn)|l g = n. By the uniform boundedness theorem it follows that, for
some f, S(t)f is unbounded. But then S(t) is not strongly continuous
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(see (3) above). Thus ||S(t)||z < M for 0 <t < m. From ||S(0)|z =1
and M > 1, we can choose w = m~tlogM. Let t > 0 be given, then
t =nm + 9§, where 0 < § < m, so, by the semigroup property of S(t),
we have:

IS5 = I15(8)S(m)" |5, < M"T < MMY/™ = M.
O

Theorem 5.20. Let S(t) be a Cy contraction semigroup and let A be
its infinitesimal generator. Then

(1) For all f € B, we have

h—0 h

t+h
Jim 1 / S(u) fdu = S(1)f.

(2) For all f € B, fo u)fdu € D(A) and,

/S )fdu = S(t)f — f.

(3) Forall f € D(A

d
SS(0f = AS(1) = SWAF.

(4) For all f € D(A),
t t
S(t)fS(u)f:/ AS(T)de:/ S(r)Afdr.

(5) A is closed and D(A) = B.
(6) The resolvent set p(A) of A contains R and, for every A > 0,

1

1RO, Al < 5

Proof. The proof of (1) follows from the strong continuity of S(¢).
To prove (2), let f € B and suppose that A > 0. Then

() -1 /0 S(u)fdu = L /0 (St h)f — S(u)f)du

t+h h
:}l/t S(u)fdui/o S(u)fdu
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and, as h N\, 0, the right-hand side tends to S(¢)f — f. To prove (3),
if f € D(A) and h > 0, we have

S(h)—1 S(h)—1

%S(t)f:S(t)( ( 2 >f 20 S(t)Af.

It follows that S(t)f € D(A) and S(t)Af = AS(t)f. This also means
that

dr

CoS()f = AS(1)] = S(AF.
To complete our proof, we need to show that, for ¢t > 0, the left-hand
derivative exists and is equal to S(t)Af. To prove this, note that

[S@f—S@—Mf_SwA4

li
11m n

RN\O
= }lLi{%S(t —h) (S(h)hff — Af) + }Li{‘r%)(S(t —h)Af — S(t)Af).
We are done since the limit of both terms on the right is zero. To prove
(4), we need to only look at the integral of %S(t)f = AS(t)f =
S(t)Af. To prove (5), for each f € B set f, = %foh S(u)fdu. By
(2), fn € D(A) and, by (1), f, — f, so that D(A) = B. To prove that
A is closed, let f, € D(A), f, — f and Af, — g (as n — o0). From

(4), we have that

ﬂﬁm—n=ASMMhm—HWV—leSwmww

If we divide the last integral by ¢ and let ¢ N\, 0, we see from (1) that
f € D(A) and Af = g. The proof of (6) requires a little additional
work. If f € H and A > 0, define a bounded linear operator R(\, A)
by (the Laplace transform of S(t)):

R\ A)f = /0 b e MS(t) fdt.

Since the function ¢ — S(t)f is continuous and uniformly bounded,
the integral exists and provides a well-defined linear operator with

nmmMﬂw<A S fllgdt < LIfls-

For h > 0,

S(h) — I
h

RO\ A)f = 1 / TN (S(E— B f — S(0)f)

e

—\h oo AR R
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Thus, we see that, for every A > 0 and f € B, R(A\,A)f € D(A) and
ARMNA)f = ARNA)f—f= (A —-A)RNA)f = f. We also have
that, for f € D(A),

RO\ AVAS = /0 T M) Afdt = /O T M AS () fdt

=A [ / - e MS(t) fdt} = AR\, A)f.

0
It now follows that R(X, A)(A] — A)f = f for each f € D(A), so that

R(\, A) is the inverse of (A — A) for all A > 0 and
IR A) fllg < 5 1f15-
(]

Lemma 5.21. Suppose that R(\, A) = (A\I — A)~L, where A is a linear
operator such that:

(1) A is closed and D(A) = B.
(2) The resolvent set p(A) of A contains RT and, for every A > 0,
RN, A)llg < 1/A.

Then /\lim AR(N, A)f = f for all f € B.
—00

Proof. For each f € D(A), we have that
INROY, AV f = flls = AR, A) flls = RO A)AF 15 < 3 1ASllg === 0.

Since D(A) is dense and [|AR(X, A)||z < 1,as A = 00, AR(N, A)f — f
for each f € B. O

5.2.1. Hilbert Space. We now look at the case when B = H is a
Hilbert space.

Definition 5.22. For each A\ > 0, we define the Yosida approximator
by: Ay = MR\, A) = N2R(\, A) — AL

The next result is due to Yosida and applies to generators of
strongly continuous semigroups defined on [0,00). We will prove a
generalized version of the theorem, which applies to strongly continu-
ous semigroups (0, 00).

Theorem 5.23. (Yosida) Let A be a closed linear operator with
D(A) = H. If the resolvent set p(A) of A contains Rt and, for every
A>0, RN Ay <AL Then
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(1) lim Azf = Af for f € D(A).

(2) Ay is a bounded generator of a contraction semigroup and,
for each f € H, A\, p>0, we have:

HetA*f _ etAufHH < t)|Axf — Auf”H .

If all we know is that A is the generator of a strongly continuous
semigroup S(t) = exp(tA) for t > 0, the above result is not enough.
Unfortunately, for general strongly continuous semigroups, A may not
have a bounded resolvent. The following (artificial example) shows
what can (and will) happen in some real cases.

Example 5.24. Let H = Ho(R") be the Hilbert space (over R) of
functions mapping R™ to itself, which vanish at infinity. Consider the
Cauchy problem:

iu(x, t) =a|x|u(x,t), u(x,0) = f(x),

dt
where a = [[I, sign(x;). Let S()f(x) = e'*If(x), where x =
[21, -+, x|t Itis easy to see that S(t) is a semigroup on H with gener-

ator A such that Af(x) = a |x|f(x). It follows that u(x,t) = S(t)f(x)
solves the above initial-value problem. If we compute the resolvent, we
get that:

R\ A)f(x) = /000 e Mexp{—t|x|}f(x)dt = f(x).

It is clear that the spectrum of A is the real line, so that R(\, A) is an
unbounded operator for all real \. However, it can be checked that the
bounded linear operator

Ax = ad[x[/[A + [x]]

1
A —alx|

converges strongly to A (on D(A)) as A — oo, and
lim Sy (t)f(x) = S(t)f(x).
A—0

As an application of the polar decomposition, the next result shows
that the Yosida approach can be generalized in such a way as to give
a contractive approximator for all strongly continuous semigroups of
operators on H.

For any closed densely defined linear operator A on H, let

T = —[A*A]Y2, T = —[AA*]Y/2. Since T(T) is m-dissipative, it
generates a contraction semigroup. We can now write A as A = VT,
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where V = —U is the unique partial isometry of Chap. 4. Define Ay by
Ay = MR(\,T). Note that Ay = AUTR(\,T) = NX2UR(\,T) — AU
and, although A does not commute with R(X,T"), we have AMAR(A, T') =
AR\, T)A.

Theorem 5.25. (Generalized Yosida) Let A be a closed densely
defined linear operator on H. Then

(1) Ax = AMAR(\, T) is a bounded linear operator and limy_,o, Ay f
= Af, for all f € D(A),

(2) exp[tA)] is a bounded contraction for t > 0, and
(3) if S(t) = exp[tA] is defined on D, D(A) C D, then for t >
0, f €D, limy_ |lexp[tA\]f — exp[tA]f|l = 0.
Proof. To prove (1), let f € D(A). Now use the fact that
lim AROLT)f = f
and Ayf = AR(\, T)Af. To prove (2), use
Ay = NXUR\,T) — \U
with [[AR(\, T)||% = 1, and ||U||3 = 1 to get that
lexp[EN2 U R(A, T) = tAU][l3¢ < exp|—tA[|U]l2,] exp[tA|U]|3 | AR, T)|2] < 1.

To prove (3), let t > 0 and f € D(A). Then
t
d —S S
lesp Al —expltail o = | [ et e sl
t
< [ U= anet

t
< /0 1A — A ] ds.
Now use
1Al = IR, T)eAAf ¢ < e AAf] e,

to get
1A = A e flll < 20| Al

Since ||[e*A Af]|% is continuous, by the bounded convergence theorem
we have

t
lim expltA)f — expleAn)f o < [ lim (04~ Ay)e* s =0,
A—00 0 A—oo
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Thus, S(t) f exists and the convergence is uniform on bounded intervals
for t > 0 and all f € D(A). Since D(A) is dense in D, S(t) can be
extended to all of D. O

Remark 5.26. The first result (1) provides an independent proof that
every closed densely defined linear operator on a Hilbert space is of
first Baire class (may be approximated by bounded linear operators
on its domain).

We now turn to the main theorem for semigroups of linear
operators.

Theorem 5.27. (Hille-Yosida Theorem) A linear operator A is
the generator of a Cy-semigroup of contractions S(t), t > 0, if
and only if A is closed, densely defined, Rt C p(A) and, for every
A>0, [[R(A A <AL

Proof. The necessity is shown in Theorem 5.23. To prove sufficiency,
from Theorem 5.25, we see that, if A is closed and densely defined,
with

[R(X, Al <

> =

for A > 0, then, for u > 0 we have

e =M SIANS = Aufllyy < 1AL = Aflly +IAS = Aufll,

It follows that for f € D(A), et f converges as A\ — oo and the
convergence is uniform on bounded intervals. Since HemA f H q <1t
follows that et f — S(t) for every f € H. It is clear that S(t) is
a semigroup and that HetAHH < 1, with S(0) = 1. Thus, S(¢) is a
Cp-semigroup, since it is strongly continuous. Finally,

t t
e f= / e A, fds — / e AAfds = e f — f,
0 0
so that A is the generator. O

5.2.2. Lumer—Phillips Theory. We now discuss the characteriza-
tion of an infinitesimal generator of a Cy-semigroup of contractions,
due to Lumer and Phillips [LP].

Definition 5.28. Let A be a linear operator on H. A is said to be
dissipative if
Re (Af, f) <0 for all f € D(A).
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Theorem 5.29. (Lumer—Phillips) Let A be a linear operator on H;
then

(1) A is dissipative if and only if
|(AM = A) flly = M| fllyy  forall f € D(A) and all X > 0.

(2) If D(A) is dense in H and there is a Ao such that Ran(Aol —
A) = H, then A is the generator of a Cy semigroup of con-
tractions.

(3) If A is the generator of a Cy semigroup of contractions on H,
then Ran(AI — A) = H for all A > 0 and A is dissipative.

Remark 5.30. We note that (2) implies that A is m-dissipative,
while (3) asserts that every generator of a contraction semigroup is
m-dissipative.

Proof. To prove (1), let A be dissipative, f € D(A) and A > 0. If
Re (Af, f) <0 then:

1AL = A) FIl 1l = KL = A) £, )] = Re (M = A) £, £) = MIFI13,

It follows that |(A —A) flly; = Al[flly- Conversely, assume that
My £ WA= A) flly for f € D(A) and all X > 0. If we square
both sides, an easy calculation shows that

|AfI5 — 2ARe (Af, f) > 0.

Since this is true for all A > 0, we see that Re (Af, f) < 0. To prove
(2), note that since A is dissipative we can use (1) for A > 0 to get that
(AL = A) fllyy = X fll4 for all f € D(A). Since Ran(Aol — A) = H,
with A = Mg, it follows that (Ao — A)~! is a bounded linear operator.
But this means that it is a closed operator, so that (Al — A) and hence
A is also a closed operator. Now note that if Ran(A — A) = H for
every A > 0, then (0,00) C p(A) and [|[R(\, A)|l;, < A~ It will then
follow by Theorem 5.27 (Hille-Yosida) that A is the generator of a Cy
contraction semigroup. Thus, we need to show that Ran(A — A) = H
for every A > 0. Let

A={X:0<A<o0} and Ran(A —A)="H.

If A e A, M € p(A). As p()) is an open set, there is a nonempty
neighborhood of A C p(A). It follows that the intersection of this
neighborhood with R is in A, so that A is an open set. If A\, € A, A\, —
A > 0, then, for every g € H, there exists a f,, € D(A) such that
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Since A is dissipative, we have that || f,|,, < A,! [|glly; < C for some
C' > 0. We also have that:

= |/\n - )\m| anHH < C|)\n - /\m|a

so that {f,} is a Cauchy sequence. If we let f,, — f, we see from (5.5)
that Af, — A\f —g. As Ais closed, f € D(A) and \f — Af = g.
It follows that Ran(A — A) = H and A € A so that A is also closed in
(0,00). Since \g € A, we see that A # ) and therefore A = (0, 00).

To prove (3), we first observe that if A is the generator of a Cj
contraction semigroup S(t) on H, then it is closed and densely de-
fined. Furthermore, by Theorem 5.27 (Hille-Yosida), (0,00) C p(A)
and Ran(A — A) =H for all A > 0. If f € D(A) then

(S, 1)< SOl 1l < 1115,
so that
Re (S(t)f — f,f) = Re (S@)f. f) = I I3 < 0.
If we divide the above equation by ¢ > 0 and let ¢ | 0, we get that:
Re (Af, f) <0,
so that A is dissipative. O

The next result follows from the Lumer—Phillips Theorem (see
Remark 5.30).

Theorem 5.31. Suppose A is a densely defined m-dissipative opera-
tor. Then A is the generator of a Cy semigroup S(t) of contraction
operators on H.

Theorem 5.32. If A is closed and densely defined on H, with both A
and A* dissipative, then A is m-dissipative.

Proof. It suffices show that Ran(I — A) = H. Since A is both closed
and dissipative, Ran(I — A) is closed in H. If Ran(I — A) # H
then there is a nonzero g € H such that (f — Af,g) = 0 for all
f € D(A). This implies that (g,g — A*g) = |lg||* — (g, A*g) = 0,
so that g — A*g = 0. Since A* is dissipative, from part (1) of Theo-
rem 5.29 (Lumer—Phillips), we must have that ¢ = 0. But this is a
contradiction since we assumed that g # 0. O

We now consider an important class of operators which generates
Co-contractions. The next result is due to Vrabie [VR].
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Theorem 5.33. Suppose —A is a closed densely defined positive self-
adjoint operator. Then A is the generator of a Cy-contraction semi-
group S(t). Furthermore, if f € H and h(t) = S(t)f, then the problem:

W(t) = Ah(t), h(0) = f, (5.9)
has an unique solution
h € D(A)NC'((0,00); H)

and

IAR® 3 < 511 fllae

Proof. First, since —A is a positive, self-adjoint, closed, and densely
defined linear operator on H, it follows that both A and A* = A are
dissipative. Hence, by Theorem 5.29, A is m-dissipative so that A gen-

erates a Cp-contraction semigroup and for Re(A) > 0, [|R(N,T)[, <
1

Re(\)*

It is clear that both S(t) and A determine each other uniquely on
D(A), so that, at least for f € D(A), the solution to (5.6) is unique.
If f € D(A?), we see that, since (h”(t),h'(t)) = (AR (t),H(t)), the
problem

B'(t) = AN'(t), h(0) = f,
has an unique solution. Thus, with (h”(¢),h'(t)) = (AR/(t), K (t)) and,
for 0 < s <t, we have

3 @I =5 W = [ o). ar <o

(since A is dissipative). This shows that [|A’(t)]|,, is a nonincreasing
function. Furthermore,

@ n(e) 2, = 2(An(0), h(t) (5.10)
and

%(Ah(t), h(t)) = 2(Ah(t), Ah(t)) = 2 ||K'(t)|j5, = 0. (5.11)

It follows that (Ah(t), h(t)) is nondecreasing. If we integrate Eq. (5.7)
from 0 — ¢, we have:

t
IROI5, = 11113, = 2/0 (Ah(r), B (1))dr < 2t(Ah(t), h(t)),

t
= —t(4h(1), h(t)) < - /0 (ARG W ()7 = =5 W' @3, + 5 113 < 5 1715
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Now recall that ||h/(t)]|;, is a nonincreasing function and integrate
equation (5.8) from 0 — ¢ to get

(40 he) = (AL 1) =2 [ B ar = 2 )],

Since (Ah(t), h(t)) < 0, we see that 2t Hh’(t)||3{ < (=Af, f). If we now
multiply both sides of Eq. (5.7) by ¢ and integrate, we see that
t t
d
22 |1 (1) |2, < / F(AR(7), B (7)) dr = / r L (AR(r), h(r)dr
0 0

T

= t(Ah(t), h(t)) —/0 T(Ah(T), h(T))dT.

Since t(Ah(t), h(t)) < 0, we see from the inequality above and Eq. (5.7)
that 4¢% || Ah(t)|)3, < || f]13, so that

1 f1
<L =/
HAh(t)HH = Tof O

The next result shows that we can recover the semigroup as the
inverse Laplace transform of the resolvent. It will be important for
our study of analytic semigroups in the next section.

Theorem 5.34. Let A be a closed densely defined dissipative linear
operator on H satisfying:

(1) For some 0 <4 < m/2,
p(A) D X5 ={X: |largA| <7w/24 6} U{0}.

(2) The resolvent of A satisfies |R(\,A)|| < 1/|A|, for each
X € X5, with A # 0.

Then A is the generator of a Cy-contraction semigroup S(t), which
can be represented as:

1
S(t) == [ eMR(\, A)d\ 5.12
(1) = 5 [ RO A (512
where T is a smooth curve in X5 going from ooe™ " — coe'?, for /2 <
0 < w/2+9 and the integral converges in the uniform topology fort > 0.

Proof. Let
1
Z(t) = — M R(u, A)du. 5.13
(t %mAe (1, A)dp (5.13)

Since |R(p, A)|| < 1/|p|, we see from the definition of X5 that, for ¢t >
0, this integral converges in the uniform norm. In order to see that Z(t)
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is a semigroup, suppose that Z(s) also has the above representation,
with another slightly shifted path I inside ¥5. Then

2(5)2(t) = (2;)2 [ [ et Ay mit Ay

1\? /
— u's / / ut N1
<2m.> [/6 R(M,A)dﬂ/re (h—p) du
- / e R(p, A)dp / e“ls(u—u’)_ldu’] ,
I I/

where we have used the resolvent equation, R(u/, A)R(u, A) = (u —
W) IR(p', A) — R(p, A), in the second line. If we now use the fact
that:

/ e — ) rdy = 2miet & | et (p— ) rdp =0,
/ F/

we get that

Z(s)Z(t) = 2% /F P R(p, A)dp = Z(t + s).

Since the resolvent uniquely determines the semigroup, we are done
if we can show that R(A, A) is the resolvent of Z(t). To do this,
use the fact that R(\, A) is analytic in X5, so that we can shift the
path of integration to a new path Iy, still inside >5. We choose I'; =
[y UTyUT3, where Ty = {re ™ :t7! <r < oo}, To = {t71e: -0 <
¢ <0} and I's = {re? : t7! < r < oo} without changing the value of
the integral. In this case, for the path I's, we have
1/ ut H i > —rtsin(0—m/2),.—1

, e R(pu, A)dp|| < e rodr
27 Jr, y 2T [
1 [e.e]

= — e s lds < O
27 Jsin(o—n/2)

For the path I'y, we see that

The estimate for I'; is like that of I's. This shows that Z(t) is bounded
by some constant K for 0 < ¢t < oo. Now, if we multiply Eq. (5.10)
by e~ and integrate from 0 to T, using Fubini’s Theorem along with
the residue theorem, we have

211

1 1 [
— / e“tR(u,A)duH <= / e dp < Cs.
Ty 2 2 J_g
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/0 LNz - [ /F MRy, A)dp] dt

1 T
)d 27‘(‘2/ €
1 T 1 [ (e —1)
il (=Mt MNdy - — [ > 7T A
= i ). UO e dt} R(p, A)dp = 5— Ay R(p, A)du

1 R(,u A)
— - (,u AT LW )
R(X\A)+ 27Ti/F — dp.

However, on T,

1/ (u— ,\)TR(M,A)dMH <exr/a”/”_)()’ T oo
2mi Jp A r |l [p = Al

Thus, if we take the limit in our equation, we get

/oo e MZ(t)dt = R(), A).
0

Since for Re(\) > 0, ﬁ <z ( 7, We see that Z(t) = S(t) is a contrac-

tion semigroup. O

5.2.3. Analytic Semigroups. Let A = {w € C : 0] < argw <
f2, 01 < 0 < 62}. For each w € A, let S(w) be a bounded linear
operator on H.

Definition 5.35. The family S(w) is said to be an analytic semigroup
on H, for w € A, if

(1) S(w)f is an analytic function of w € A for each f in H,
(2) S(0) =TI and lim,, 0 S(w)f = f for every f € H,
(3) S(wi +w2) = S(w1)S(we) for wy, wy € A.

Theorem 5.36. Let S(t) be a Cy-contraction semigroup and let A be
the generator of S(t), with 0 € p(A). Suppose A satisfies:

(1) For0<d <m/2,
p(A) D35 ={X: |largA| <7w/24 4} U{0}.
(2) [|R(N,A)|| < M/ for each X € X5, with A # 0.
Then the following are equivalent:

(1) S(t) is differentiable fort > 0 and there is a constant C' such
that

JAS()]),, < % for t > 0.



5.2. Semigroups of Operators 215

(2) Fort>0 and |z — t] Kt for some constant K, the series

S(z+t)= +Z (2" /nh) S (t)
converges umformly in the above interval.
(3) S(t) can be extended to a Co-analytic semigroup S(z), for
z € Ay, with Ay = {2z : |argz| < 0 < §}.
Proof. From Eq. (5.9), S(t) = (1/27i) [ eMR(X, A)d\, where T is a
smooth curve in X5 composed of two rays pe’ and pe=, 0 < p < 0o
and 7/2 < § < /24§ and T is oriented so that Im(\) increases

along I'. The integral converges in the uniform topology for ¢t > 0.
If we differentiate it formally, we see that:

1
S'(t) = o /F AeMR(A, A)d.

However, this integral converges in ‘H for all ¢ > 0, since

Isoll < @m [Tty = = ()5 G

7t cos 7 cos 6
Thus, the formal differentiation is justified for ¢ > 0 and
1
mcosh’

|AS(t)||,, < %, where C' =

We now prove that S(t) has derivatives of any order, by induction.
From above, we know it is true for £k = 1. Suppose that it is true for
k=mnand t > s, then

S (1) = (AS(t/n))™ = S(t — s) (AS(s/n))". (5.15)
If we differentiate Eq. (5.12) with respect to ¢ we have
S () = (AS(t/n))" = AS(t — s) (AS(s/n))" .

Now set s = nt/(n+1) to get SOV (1) = [AS(t/(n + 1)]" 1, so that
S(t) has derivatives of all orders. If we use this result in Eq. (5.11),
and the fact that nle™ > n™, we get that:

allsool < (F)

Now, consider the power series

S(z) :S(t)+z (z—t)".

The series converges uniformly in L[H] for |z —t| < Kt, where K =
k/eC, 0 < k < 1. Thus, S(z) is analytic in A = {z :larg 2| <

o SU(t)
n=1 n!
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arctan K} and hence extends S(t). It is easy to check that S(z) is a
Co-contraction semigroup in any closed subsector A, = {z : |arg z| <
arctan M — e} of A. O

5.2.4. Perturbation Theory. One of the major concerns for the
theory of semigroups of operators is to identify conditions under which
the sum of two generators is a generator (when properly understood).
We restrict our attention to generators of analytic contraction semi-
groups. (In practice, by the use of an equivalent norm and a shift in
the spectrum, most semigroups of interest can be reduced to contrac-
tions.) The next result shows when the sum of generators of analytic
contraction semigroups generate an analytic contraction semigroup.

Theorem 5.37. Let Ay be an m-dissipative generator of an analytic
Co-semigroup and let Ay be closed on H, with D(A1) O D(Ap). Sup-
pose and there are positive constants 0 < a < 1, § > 0 such that

[Avpll < o[ Aol + Bllell; o € D(Ag). (5.16)

Then A = Ao+ Ay, with domain D(A) = D(A1), generates an analytic
Cy semigroup.

Remark 5.38. We note that, by the Closed Graph Theorem, it suf-
fices to assume that A; is dissipative and D(A;) 2 D(Ap) in order to
find constants 0 < o < 1, # > 0 satisfying Eq. (5.13).

Proof. To prove our result, first use the fact that Ay generates an
analytic Cp-semigroup to find a sector ¥ in the complex plane, with
p(Ag) DX (X ={N: |arg\| < /2 + ¢}, for some &' > 0), and for
AES, |R(A i Ap)lly <IN From (5.13), A R(\, Ap) is a bounded
operator and:
[ALR(A, Ao)elly, < af|AoR(A, Ao)gllyy + BIIR(A, Ao)glly
< all[R(X, o) = I olly + BN el
< 2alplly + BINTH el -

Thus, if we set a = 1/4 and || > 28, we have ||[A;R( A, Ag)|y <1
and it follows that the operator I — AjR( A, Ag) is invertible. Now it
is easy to see that:

(M —(Ag+ A1) P =R(X, Ag) (I — A1R(X, Ag))™H.  (5.17)
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Using |A| > 28, with |arg \| < m/2 4 ¢” for some ¢ > 0, and the fact
that Ay and A; are m-dissipative generators, we get from (5.14) that

IR(A, Ao+ A1)|lg < A"

Thus, A generates a Cp-analytic semigroup. Finally, we note that if
Re(A) > 0, then ﬁ < ﬁ(/\), so that A also generates a Cy-contraction
semigroup. U

Corollary 5.39. Let Ag be the generator of an analytic Cy-semigroup
and suppose that Ay is bounded. Then Ay + A1 is the generator of an
analytic Cy-semigroup on H.

Corollary 5.40. Let A, Aj be generators of Cy-contraction semi-
groups on H and assume that A1 is bounded. Then A + Ay is the
generator of a Cy-contraction semigroup S(t).

Theorem 5.25 shows that all closed densely defined linear opera-
tors on ‘H may be approximated by bounded generators of contraction
semigroups. This leads to the following result, which shall prove quite
useful later.

Theorem 5.41. Let Ag, Ay and Ag+ Ay be generators of contraction
semigroups on H, with a common dense domain. Then:

)\lim exp{(Ao+ A1)t} p=exp{(Ao+ A1)t} for t>0.
—00

Proof. The proof is standard. Set A = Ag + Ay, & Ay = Ag + Ay »;
then, for ¢ € D(Ap) N D(A;):

tAy _ tA _ 1i tsAx t(1—s)A
H(e e )cpHH = s [e e ](pds

1
= Ht/ [etsA)\Aket(lfs)A _ etsA)\Aet(lfs)A} QOdS
0

H

H
1
= Ht/ [etSA* (Ay— A) et(l_S)A} pds
0 H

<= 0] =~ apen]

where 5 is the point in [0, 1] where the sup is attained. The limit
of this last term is clearly zero. (Note that A) need not commute
with A.) O
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We reserve our proof of the next result until Chap.7 (see [K1]).
There, we will use it to provide a very general version of the Feynman—
Kac formula.

Theorem 5.42. Trotter—Kato product formula Suppose that Ay, Ay
and A=Ap + A1 are generators of Cy-contraction semigroups To(t),
Ti(t) and T'(t) on H. Then, for ¢ € H, we have

Jim {Th(5)Ta()}"e = T(t)e.

5.2.5. Semigroups on Banach Spaces. The purpose of this section
is to show that the Hilbert space theory is sufficient for the theory
on separable Banach spaces. We assume that “B is rigged,” so that
‘H1 C B C Hs as continuous dense embeddings.

Theorem 5.43. Suppose that A generates a Cy-contraction semigroup
T(t), on B and B' C Ha then:

(1) A has a closed densely defined extension A to Ha, which is
also the generator of a Cy-contraction semigroup.

(2) p(A) = p(A) and o(A) = o(A).
(3) The adjoint of A, A*, restricted to B, is the adjoint A* of A,
that is:
— the operator A*A > 0,
- (A*A)* = A*A and
— I + A*A has a bounded inverse.

Proof. Part I
Let T'(t) be the Cy-contraction semigroup generated by A. By Theo-
rem 5.15, T'(¢) has a bounded extension T'(t) to Ha.

We prove that T'(t) is a Cp-semigroup. (The fact that it is a con-

traction semigroup will follow later.) It is clear that 7'(¢) has the semi-
group property. To prove that it is strongly continuous, use the fact
that B is dense in Hsy so that, for each g € Ho, there is a sequence
{gn} in B converging to g. We then have:

lim [|T(t)g — g, < lim {||T(t)g = T()gnl|, + [|T(t)gn — gn],} + llgn — gll.
<kllg = gnlly + lim [T(H)gn — gall, + llgn — gll.
= (k4D lg = gnlly + Im [T()gn = gnlly = (k +1) lg = gnll,
where we have used the fact that T'(t)g, = T(t)gy for g, € B, and k
is the constant in Theorem 5.15. It is clear that we can make the last
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term on the right as small as we like by choosing n large enough, so
that T'(t) is a Cy-semigroup.
To prove (2), note that if A is the extension of A, and AJ — A has an

inverse, then A — A also has one, so p(A) C p(A) and Ran(A—A)p C
Ran(A — A)y, C Ran(Al — A)y,, for any A € C. For the other
direction, since A generates a Cp-contraction semigroup, p(A4) # 0.
Thus, if A € p(A), then (A — A)~! is a continuous mapping from
Ran(\ — A) onto D(A) and Ran(\ — A) is dense in B. Let g € D(A),
so that (g, Ag) € G(A), the closure of the graph of A in #5. Thus, there
exists a sequence {gn} C D(A) such that |lg — gnllg = lg — gnlly, +
Hflg—flgnHHQ — 0 as n — oo. Since Ag, = Ag,, it follows that
(M — A)g = lim,_,oo(M — A)g,. However, by the boundedness of

(A — A)~! on Ran(M\I — A), we have that, for some § > 0,
H()‘I - A)QHHQ = nh_{{}o [(AT — A)gn||7-[2 > nh_{gloé ”gnHH2 =0 ”9”7-[2 .

It follows that AI — A has a bounded inverse and since D(A) C D(A)
implies that Ran(A — A) C Ran(\ — A), we see that Ran(\l — A) is

dense in Hs so that A € p(A) and hence p(A) C p(A). It follows that

p(A) = p(A) and necessarily, o(A) = o(A).

Since A generates a Cy-contraction semigroup, it is m-dissipative.
From the Lumer—Phillips Theorem, we have that Ran(A — A) = B
for A > 0. It follows that A is m-dissipative and Ran(A — A) = Ha.
Thus, T'(t) is a Cp-contraction semigroup.

We now observe that the same proof applies to T*(t), so that A*
is also the generator of a Cy-contraction semigroup on Hs.

Clearly A* is the adjoint of A so that, from von Neumann’s The-
orem, A*A has the expected properties. D = D(A*A) is a core for A
(i.e., the set of elements {g, Ag} is dense in the graph, G[A], of A for
g € D). From here, we see that the restriction A* of A* to B is the
generator of a Cy-contraction semigroup and D = D(A*A) is a core
for A. The proof of (3) for A*A now follows. O

Remark 5.44. Theorem 5.43 shows that all C-contraction semi-
groups defined on B have the same properties as its extension to Hs.
Thus, if B is reflexive or B C Hs, then all the theorems on Hs apply
to B.

The next result implies that the generalized Yosida Approximation
Theorem applies to Cy-semigroups on B
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Theorem 5.45. Let A € C[B] be the generator of a Cy-contraction
semigroup. Then there exists an m-accretive operator T and a partial
isometry W such that A= WT and D(A) = D(T).

Proof. The fact that B C Hs ensures that A*A is a closed self-adjoint
operator on B by Theorem 5.40. Furthermore, both A and A* have
closed densely defined extensions A and A* to Ho. Thus, the op-
erator T = [A*A]'/? is a well-defined m-accretive self-adjoint linear
operator on Ho, A = WT for some partial isometry W defined on Ha,
and D(A) = D(T). Our proof is complete when we notice that the
restriction of A to B is A and T? restricted to B is A*A, so that the
restriction of W to B is well defined and must be a partial isometry.

The equality of the domains is obvious. O

With respect to our definition of natural self-adjointness, the fol-
lowing related definition is due to Palmer [PL], where the operator is
called symmetric. This is essentially the same as a Hermitian operator
as defined by Lumer [LU]J.

Definition 5.46. A closed densely defined linear operator A on B is
called self-conjugate if both 74 and —iA are dissipative.

Theorem 5.47. (Vidav-Palmer) A linear operator A, defined on B,
is self-conjugate if and only if iA and —i A are generators of isometric
SEMIGroups.

Theorem 5.48. The operator A, defined on B, is self-conjugate if and
only if it is naturally self-adjoint.

Proof. Let A and A* be the closed densely defined extensions of A
and A* to Ho. On Ha, A is naturally self-adjoint if and only if 74
generates a unitary group, if and only if it is self-conjugate. Thus,
both definitions coincide on Hsy. It follows that the restrictions coincide
on B. (]

Additional discussion of the adjoint for operators on Banach spaces
can be found in the Appendix (Sect.5.3).

5.3. Appendix

The appendix is devoted to a number of topics that are not directly
related to our main direction, but have independent interest for func-
tional analysis and operator theory. We first discuss the existence of
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an adjoint for spaces that are not uniformly convex. We then apply
our results in subsequent sections to show that the spectral theory
that is natural for Hilbert spaces and the Schatten theory of compact
operators can also be partially extended to Banach spaces.

5.4. The Adjoint in the General Case

In this section we continue our discussion of the adjoint for an operator
on Banach space with an S-basis B, which is not uniformly convex.

5.4.1. The General Case for Unbounded A. A Banach space is
said to have the approximation property if every compact operator
is the limit of operators of finite rank. It is known that every clas-
sical Banach space has the approximation property. However, it is
also known that there are separable Banach spaces without the ap-
proximation property (see Diestel [DI]). Theorem 5.15 tells us that
if B C M, then L[B] C L[Hs] as a continuous embedding. (It’s not
hard to show that if B has the approximation property, the embedding
is dense.)

Let A € C[B], the closed densely defined linear operators on B.
By definition, A is of Baire class one if it can be approximated by a
sequence, {A,}, of bounded linear operators. In this case, it is natural
to define A*= s-lim A’ (see below). However, if B is not uniformly
convex there may be operators A € C[B] that are not of Baire class
one, so that it is not reasonable to expect Theorem 5.11 to hold for all
of C[B]. First, we note that every uniformly convex Banach space is
reflexive. In order to understand the problem, we need the following:

Definition 5.49. A Banach space B is said to be:
(1) quasi-reflexive if dim {B"/B} < oo, and
(2) nonquasi-reflexive if dim {B”/B} = .

A theorem by Vinokurov et al. [VPP] shows that, for every
nonquasi-reflexive Banach space B (for example, C[0; 1] or L'[R"], n €
N), there is at least one closed densely defined linear operator A, which
is not of Baire class one. It can even be arranged so that A~! is a
bounded linear injective operator (with a dense range). This means,
in particular, that there does not exist a sequence of bounded linear
operators A,, € L[B] such that, for g € D(A), A,g — Ag, as n — oo.
The following result shows that whenever B’ C Hs, every operator of
Baire class one has an adjoint.
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Theorem 5.50. If A € C[B] and B' C Ha, then A is in the first Baire
class if and only if it has an adjoint A* € C[B].

Proof. Let H1 C B C Hs and suppose that A has an adjoint
A* € C[B]. Let T = [A*A]'Y/2, T = [AA*]Y/2. Since T is m-accretive
and naturally self-adjoint, for all @ > 0, I + T has a bounded inverse
S(a) = (I +aT) L Tt is easy to see that AS(«) is bounded and, for
g € D(A), AS(a)g = S(a)Ag = (I + oT)"1Ag. Using this result, we
have:

lim AS(a)g = lim S(a)Ag = Ag, for g € D(A).

a—0t a—07t
It follows that A is in the first Baire class.

To prove the converse suppose that A € C[B] is of first Baire class.
If {A,,} is a sequence of bounded linear operators with A,,g — Ag, for
all g € D(A), then each A,, has an adjoint A%. Since B’ C Ha, each
A, A} has a bounded extension A, flj‘l to Ho. Furthermore, since A
is densely defined, it has a closed densely defined extension A on Ha.
Let A* be the adjoint of A. Then, for all g € D(A), h € B, we have:
hm (Angv h)?—LQ = nILHSO (Q, A:lh)HQ = (A97 h)’]—{,z

n—oo
= (Ag.h),,,

From here, we see that A* = lim,,_,» A} is a densely defined linear

operator. If we let D(A*) C B be the dense set, then for h € D(A*)
i (0, by, = fim (9.4°)y, = (0. ),
so that A* is the restriction of A* to B. g

Corollary 5.51. If A € C[B] is in the first Baire class and B' C Ha,
then A =WT, where W is a partial isometry and T = [A*A]'/2.

5.4.1.1. The Adjoint Is Not Unique. In this section we show that
if A is defined on a fixed Banach space B, then two different Hilbert
space riggings can produce two different adjoints for A.

Recall that a regular o-finite measure on the o-algebra of Borel
sets of a Hausdorff topological space is called a Radon measure, and
a function u is of bounded variation on , or u € BV[Q)], if u € L[]
and there is a Radon vector measure Du such that

[ w@) Vot = - [ o@pute)
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for all functions ¢ € CX[2,R"], the R"-valued infinitely differentiable
functions on 2 with compact support. It is easy to see that VVO1 1 Q] C
BV[Q]. (In this case, we can show that Du(z) = Vu(x)dz.)

Let us return to the two pair of Hibert spaces HZ[Q] C Co[Q] C
Hy[Q] and H;1[Q] C Co[?] C H2[S?] of Example 3.32 in Chap. 3.

Let A = [—-A] be defined on Cy[€?], with domain:
D.(A) = {Au € Cy[Q]|u =0 0n 002 }.

It is easy to see that A extends to a self-adjoint operator on H[{2],
with domain

Dy(A)={Au € Hp[?] |lu=0 on 0N and, Vu is absolutely continuous} .

To begin, we first compute the adjoint A*, of A directly as an operator
on Cy[]. The dual space of Co[Q] is C{[Q}] = rca[Q], the space of
regular countable additive measures on €.

(Au,v) /Au

(u, A*v) = —/Qu(a:)Av(x)da:

It follows from

that

and

D.(A*) ={u:Aue BV[Q]|u=0o0n 00},
so that D.(A) C D.(A*) (proper). Thus, if we restrict A* to D.(A) it
becomes a self-adjoint operator on Cy[€2] without the rigging.

We now investigate the adjoint obtained from use of the first rig-
ging, H}[Q C Co[Q] C Ho[Q] (see Barbu [B], p. 4). In this case,
J1 = [-A] and J3 = I, the identity operator on Hy[f2], so that

A =J7M ATy, = 1o

In the second rigging, Hi[2] C Co[Q2] C H2[Q], constructed in

Example 3.10 in Chap. 3, we have

Ay =J7 AT,

In this case,

T@) ="t en v en)z, o) =D taFu(v)Fa(-)

and
(en,v)2 = Z:;l tr B (v) F(en) =tn F(v),
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so that J1(v) = 302, F,(v)(+, en)2. However,
(- en)2 = Zk:l teFl(en)Fi(-) =tnFu(-), so that J; = Jo.

It follows that Jo(Aju) = Jo2(Au), so that A5 = A = [-A], with the
same domains.

It follows that the natural adjoint obtained on Cy[Q?] coincides with
the adjoint constructed from our special rigging. On the other hand,
we also see that different riggings can give distinct adjoints. (It is clear
that the requirements of Theorem 5.5 are satisfied by both adjoints.)

Definition 5.52. We say that #; and Hs is an adjoint canonical pair
for B if H1 C B C H2 as continuous dense embeddings and B’ C Hos.
In this case, when A € C[B], A* is called the canonical adjoint.

5.4.2. Operators on B.

Definition 5.53. Let B have an S-basis, U be bounded, A € C[B] and
let U, V be subspaces of B. Then:
(1) A is said to be naturally self-adjoint if D(A) = D(A*) and
A= A"
(2) A is said to be normal if D(A) = D(A*) and AA* = A*A.
(3) U is unitary if UU* =U*U =1
(4) The subspace U is L to V if, for each v € V and Vu €
U, (v,J(u)) =0 and, for each u € Y and Vv € V, (u, J(v)) =
0 (J(u) respectively J(v) may be multivalued).

The last definition is transparent since, for example,
(v, J(w)) =0 & (v, Ja(u)) = (v,u)y =0 Yv € V.
Thus, orthogonal subspaces in Ho induce orthogonal subspaces in B.
Theorem 5.54. (Gram—Schmidt) For each fized basis {@;, 1 < i <

oo} of B, there is at least one set of dual functionals {S;} such that
{{wi}, {Si}, 1 < i < oo} is a biorthonormal set of vectors for B, (i.e.,

(i, Sj) = dij).
Proof. Since each ¢; is in Hs, we can construct an orthogonal set of

vectors {¢;, 1 < i < oo} in Hy by the standard Gram—Schmidt pro-
cess. Set v; = ¢;/| ¢l 5, choose S; € J(q/)l)/HszHg{ and restrict it to the
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subspace M; = [1;] C B. For each i, let Mf- be the subspace spanned
by {#;, i # j}. Now use the Hahn-Banach Theorem to extend S;
to S, defined on all of B, with S; = 0 on M; (see Theorem 1.47).
From here, it is easy to check that {{u;}, {Si}, 1 < i < oo} is a
biorthonormal set. If B is reflexive, the family {S;} is unique. O

We close this section with the following observation about the use
of Ho = KS?, when B is one of the classical spaces. Let A be any
closed densely defined positive naturally self-adjoint linear operator on
B with a discrete positive spectrum {);}. In this case, —A generates

a Cp-contraction semigroup, so that it can be extended to Ho with

. . AY,S . . .
the same properties. If we compute the ratio < < f 5 w>> in B, it will be
#Sy

Ay
ﬂ in Ho. On the other hand, note that
()3,

we can use the min-max theorem on Hs to compute the eigenvalues
and eigenfunctions of A via A exactly on Hs. Thus, in this sense, the
min-max theorem holds on B.

“close” to the value of

5.5. The Spectral Theorem

5.5.1. Background. Dunford and Schwartz define a spectral opera-
tor as one that has a spectral family similar to that defined in The-
orem 5.29 of Chap.4, for self-adjoint operators. (A spectral opera-
tor is an operator with countably additive spectral measure on the
Borel sets of the complex plane.) Strauss and Trunk [STT] define a
bounded linear operator A, on a Hilbert space H, to be spectralizable
if there exists a nonconstant polynomial p such that the operator p(A)
is a scalar spectral operator (has a representation as in Eq. (4.27) in
Chap. 4). Another interesting line of attack is represented in the book
of Colojoara and Foiag [CF], where they study the class of generalized
spectral operators. Here, one is not opposed to allowing the spectral
resolution to exist in a generalized sense, so as to include operators
with spectral singularities.

The following theorem was proven by Helffer and Sjostrand [HSJ]
(see Proposition 7.2):

Theorem 5.55. Let g € CP[R] and let § € C°[C] be an extension of
g, with gg =0 on R. If A is a self-adjoint operator on H, then

__L[[95, _ p5
g(A) = - / 55 (z— A)" " dxdy.
C
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This defines a functional calculus. Davies [DA] showed that the
above formula can be used to define a functional calculus on Banach
spaces for a closed densely defined linear operator A, provided p(A) N
R = (). In this program the objective is to construct a functional
calculus pre-supposing that the operator of concern has a reasonable
resolvent.

5.5.1.1. Problem. The basic problem that causes additional difficulty
is the fact that many bounded linear operators are of the form A =
B + N, where B is normal and N is nilpotent (i.e., there is a k € N,
such that N¥*1 = 0, N* £ 0). In this case, A does not have a rep-
resentation with a standard spectral measure. On the other hand,
T =[N*N ]1/ 2 is a self-adjoint operator, and there is a unique partial
isometry W such that N = WT. If E(-) is the spectral measure as-
sociated with T, then WE(Q)z is not a spectral measure, but it is a
measure of bounded variation. This idea was used in Chap.4 (Theo-
rem 4.57) to provide an alternate approach to the spectral theory. In
this section, we consider the same possibly for operators on Banach
spaces.

To begin, we note that in either of the Strauss and Trunk [STT],
Helffer and Sjostrand [HSJ], or Davies [DA] theory, the operator A is
in Baire class one. Thus, A has an adjoint, so that, by Corollary 5.51
A =WT, where W is a partial isometry and T is a nonnegative self-
adjoint linear operator.

5.5.2. Scalar Case.

Theorem 5.56. If B’ C Hy and A € C[B] is an operator of Baire
class one, then there exists a unique vector-valued function Fy(X\) of
bounded variation such that, for each x € D(A), we have:

(1) D(A) also satisfies

D(A) = {x€B|
o

for each z* € J(x) and

(2) Az = lim | AdF,()\), for all z € D(A).

n—oo 0

Proof. Let A = WT, where W is the unique partial isometry and
T = [A*A]'/2. Let T be the extension of T' to Hs. It follows that there
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is a unique spectral measure E(2) such that for each x € D(T):

Tx = lim ME (d))zx. (5.18)
n—oo 0
Furthermore, E()\)z is a vector-valued function of bounded variation
and, if W is the extension of W, WE.()\) is of bounded variation,
with Var(WE;,R) < Var(E;,R). If we set F.(\) = WE.()), for
each interval (a,b) C [0, 00),

{W/abAdEm(A)} :/abAde(A).

Since Az = WTz and the restriction of A to B is A, we have, for all
x € D(A),

n

Az = lim AdF (). (5.19)

n—oo 0
This proves (2). The proof of (1) follows from (1) in Theorem 4.61 of
Chap. 4 and the definition of z*. O

5.5.3. General Case. In this section, we assume that for each 7, 1 <
1 <n, n €N, B =DBis a fixed separable Banach space. We set
B = x| B;, and represent a vector x € B by x' = [x1, z2, -+, Tp].
An operator A = [A;;] € C[B] is defined whenever A;; : B — B, is in
C[B].

If B C M2 and Aj;j is of Baire class one, then by Theorem 5.54,
there exists a unique vector-valued function Fi (M) of bounded varia-
tion such that, for each € D(A;;), we have:

(1) D(A;j) also satisfies
D(Ay) = {m €B| / N (dFP (N),2*) 5 < oo}
0

for all z* € J(z) and

(2)

Ajjz = lim [ XFY()), for all z € D(A;).

n—o0 0

If we let dF()\) = [dF*“(\)], then we can represent A by:

n

Ax = lim MF (N)x, for all x € D(A).

n—oo 0
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5.6. Schatten Classes on Banach Spaces

In this section, we show how our approach allows us to provide a nat-
ural definition for the Schatten class of operators on B. Here, we as-
sume that the reader has at least read the section concerning compact
operators on Hilbert spaces in Chap. 4.

5.6.1. Background: Compact Operators on Banach Spaces.
Let K(B) be the class of compact operators on B and let F(B) be
the set of operators of finite rank. Recall that, for separable Banach
spaces, K(B) is an ideal that need not be the maximal ideal in L[B].
If M(B) is the set of weakly compact operators and N(B) is the set
of operators that map weakly convergent sequences into strongly con-
vergent sequences, it is known that both are closed two-sided ideals
in the operator norm, and, in general, F(B) C K(B) c M(B) and
F(B) ¢ K(B) C N(B) (see part I of Dunford and Schwartz [DS],
p. 553). For reflexive Banach spaces, K(B) = N(B) and M(B)=LI[B].
For the space of continuous functions C[Q2] on a compact Hausdorff
space €2, Grothendieck [GO] has shown that M(B)=N(B). On the
other hand, it was shown in part I of Dunford and Schwartz [DS] that
for a positive measure space, (22, %, i), on L' (Q,%, i), M(B) C N(B).

5.6.2. Uniformly Convex Spaces. We assume that B is uniformly
convex, with an S-basis. In operator theoretic language, the interpre-
tation of our S-basis assumption is that the compact operators on B
have the approximation property, namely that every compact operator
can be approximated by operators of finite rank. In this section, we
will show that, for the class of uniformly convex Banach spaces with an
S-basis, L[B] almost has the same structure as that of L[#], when H
is a Hilbert space. The difference being that L[B] is not a C*-algebra
(i.e., |[A*A|| = ||A|]?, for all A € L[B]).

In what follows, we fix Ho. Let A be a compact operator on B
and let A be its extension to Hs. For each compact operator A on Ho,
there exists an orthonormal set of functions {@,, |n > 1} such that

A= A (-, @0)y U

Where the p, are the eigenvalues of [A* A]/2 = ‘fl‘, counted by mul-
tiplicity and in decreasing order, and U is the partial isometry asso-
ciated with the polar decomposition of A = U ‘fl‘ Without loss, we
can assume that the set of functions {@, |n > 1} is contained in B
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and {¢y, |[n > 1} is normalized version in B. If S,[H>] is the Schatten
Class of order p in L[Hs], it is well known that if A € S,[H2], its norm
can be represented as:

0 1/P
A 2 A% A 1/ * —
il - {otae ) - {5 e e e
n=1
0 ~ 1/10
~{Smaar}
n=1

Definition 5.57. We represent the Schatten Class of order p in
L[B] by:
SplB] = Sp[Ha] |

Since A is the extension of A € S,[B], we can define A on B by
A= anl pn(A) (- 5 n) Uepn,

where ¢ is the unique dual map in B’ associated with ¢, and U is
the restriction of U to B. The corresponding norm of A on S,[B] is

defined by:
e 1/p
Jal® = {3°7 (A Apn, o}
Theorem 5.58. Let A € S,[B], then HAHp = HAH:“Q

Proof. It is clear that {p, |n > 1} is a set of eigenfunctions for A* A
on B. Furthermore, by Theorem 5.11, A*A is naturally self-adjoint
and, since every compact operator generates a Cp-semigroup, by The-
orem 5.40, the spectrum of A*A is unchanged by its extension to Hs.
It follows that A*Ap, = | (A)]? ¢n, so that

(A*Agn, 03) = |unl® (P, %) = l1n(A)?,
and

118 = {37 (4 apn e} = T ) = ap.
|

It is clear that all of the theory of operator ideals on Hilbert
spaces extend to uniformly convex Banach spaces with an S-basis in a
straightforward way. We state a few of the more important results to
give a sense of the power provided by the existence of adjoints. The
first result extends theorems due to Weyl [WY], Horn [HO], Lalesco
[LE] and Lidskii [LI]. The proofs are all straightforward, for a given
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A extend it to Ho, use the Hilbert space result and then restrict back
to B.

Theorem 5.59. Let A € K(B), the set of compact operators on B,
and let {\,} be the eigenvalues of A counted up to algebraic multiplic-
ity. If ® is a mapping on [0, 00] which is nonnegative and monotone
increasing, then we have:

(1) (Weyl)
Zf; @ (|An(4)]) < Z:; D (1un(A))
and
(2) (Horn) If A1, Az € K(B)

> 2 (Aa(Ad2)) <D0 @ (A in(Az)).
In case A € S1(B), we have:
(3) (Lalesco)

S A<D (4)

and
(4) (Lidskii)
anl An(A) = Tr(A).

Simon [SI1] provides a very nice approach to infinite determinants
and trace class operators on separable Hilbert spaces. He gives a com-
parative historical analysis of Fredholm theory, obtaining a new proof
of Lidskii’s Theorem as a side benefit and some new insights. A review
of his paper shows that much of it can be directly extended to operator
theory on separable reflexive Banach spaces.

5.6.3. Discussion. On a Hilbert space H, the Schatten classes S,(H)
are the only ideals in K(#), and S; (H) is minimal. In a general Banach
space, this is far from true. A complete history of the subject can be
found in the recent book by Pietsch [PI1] (see also Retherford [RE],
for a nice review). We limit this discussion to a few major topics in
the subject. First, Grothendieck [GO] defined an important class of
nuclear operators as follows:

Definition 5.60. If A € F(B) (the operators of finite rank), define
the ideal N1 (B) by:

Ni(B)={AeF(B) INj(A) <o},
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where
Ni(A) =gl {37 falllonl [fo € B, dneB A=3"" 6l fu) }
and the greatest lower bound is over all possible representations for A.
Grothendieck showed that Np(B) is the completion of the finite

rank operators and is a Banach space with norm N (). It is also a
two-sided ideal in K(B). It is easy to show that:

Corollary 5.61. M(B),N(B) and N1(B) are two-sided *ideals.

In order to compensate for the (apparent) lack of an adjoint for
Banach spaces, Pietsch [PI2], [PI3] defined a number of classes of op-

erator ideals for a given B. Of particular importance for our discussion
is the class C,(B), defined by

C,(B) = {A e K(B)

— N7 [6(AVP
CplA) =Y [si(A) <o},
where the singular numbers s, (A) are defined by:
sp(A) =inf {||]A — K|z | rank of K <n}.

Pietsch has shown that C;(B) C Ny(B), while Johnson et al. [JKMR]
have shown that for each A € C1(B), > 7, |An(A)| < co. On the other
hand, Grothendieck [GO] has provided an example of an operator A in
N (L*[0,1]) with 7, |Au(A)| = oo (see Simon [SI], p. 118). Thus,
it follows that, in general, the containment is strict. It is known that if
C1(B) = Ny(B), then B is isomorphic to a Hilbert space (see Johnson
et al.). It is clear from the above discussion that:

Corollary 5.62. C,(B) is a two-sided *ideal in K(B), and S1(B) C
Ny (B).

For a given Banach space, it is not clear how the spaces C,(B) of
Pietsch relate to our Schatten Classes S,(B) (clearly S,(B) C C,(B)).
Thus, one question is that of the equality of S,(B) and C,(B). (We
suspect that S;(B) = C1(B).)

Remark 5.63. In closing, we should point out that if B is not uni-
formly convex, then for a given ¢ € B the set J(¢) € B’ can be multi-
valued and there is no unique way to define S,(B) (i.e., to choose
¢* € J(¢)). If B is strictly convex, J(¢) € B’ is uniquely defined
(single-valued), so that all of our results still hold. However, to our
knowledge, all known examples Banach spaces with B’ strictly convex
are uniformly convex.
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Conclusion. The most interesting aspect of this section is the obser-
vation that the dual space of a Banach space can have more than one
representation. It is well known that a given Banach space B can have
many equivalent norms that generate the same topology. However,
the geometric properties of the space depend on the norm used. We
have shown that the properties of the linear operators on B depend
on the family of linear functionals used to represent the dual space B'.
This approach offers an interesting tool for a closer study of the struc-
ture of bounded linear operators on B.
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