Chapter 1

Preliminary
Background

This chapter is composed of two parts: Basic Analysis and Intermedi-
ate Analysis.

The first part is a review of some of the basic background that is
required from the first 2 years of a standard program in mathematics.
There are program differences so that some areas may receive more
coverage while others receive less. Our purpose is to provide a reference
point for the reader and establish notation. In a few important cases,
we have provided proofs of major theorems. In other cases, we delayed
a proof when a more general result is proven in a later chapter.

In the second part of this chapter, we include some intermediate
to advanced material that is required later. In most cases, motivation
is given along with additional proof detail and specific references.

Part I: Basic Analysis

The first part of this chapter is devoted to a brief discussion of the
circle of ideas required for advanced parts of analysis and the basics
of operator theory. Those with a strong background in theoretical
chemistry or physics but little or no formal training in analysis will
find Reed and Simon (vol.1) to be an excellent copilot (see below).
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2 1. Preliminary Background

General references for this section are Dunford and Schwartz [DS],
Jones [J], Reed and Simon [RS], Royden [RO], and Rudin [RU].

1.1. Analysis

1.1.1. Sets. Let X be a nonempty set, let () be the emptyset, and let
P(X) be the power set of X (i.e., the set of all subsets of X).

Definition 1.1. Let A, B, A, € P(X),n € N, then

(1) A°={a € X :a¢ A}, the compliment of A.
(2) A\B = An B".
(3) (De Morgan’s Laws)

UAk :ﬂAC, ﬂAk :UA;.
k=1 k=1 k=1 k=1
We define the liminf and limsup for sets by:

liminf A, = U ﬂ Ag ligl_}S;pAn = m U Ayg.

n—oo
n=1k=n n=1k=n

Theorem 1.2. Let {A,} C P(X),n € N, then the liminf and lim sup
satisfy:

(1)

liminf A,, C limsup A,.

n—00 n—o00
(2)

limsup A, = {a: a € A, for infinitely many k}.

n—oo

(3)

liminf A,, = {a: a € A, for all but finitely many k}.

n—oo

(4)

(limsup A,)¢ = liminf Af.

n—00 n—o0

(5) If Ay, D Aptq, then

oo
liminf A, = limsup A4, = lim A, = ﬂ Ag.
n—oo

n—00 n—o00
k=1
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(6) If A, C Aptq, then

n—o0 n—00

liminf A, = limsup A4, = lim A, = U Ag.

Definition 1.3. Let A, B C X. (We assume they are nonempty.)
(1) The cartesian product, denoted A x B, is defined by
Ax B={(a,b):a€ A, be B}.

In general, A x B # B x A, so that the order matters. If
{Ay} is a countable collection of subsets of X, we define the
cartesian product by:

1T 4r ={(a1,02,...) : ax € A}
k=1

Definition 1.4. A map f: A — B (a function, or a transformation),
with domain D(f) C A and range R(f) C Bisasubset f C Ax B such
that, for each = € A, there is one and only one y € B, with (z,y) € f.
We write y = f(x) and call f(A) = {f(x) : x € A} C B, the image
of f and, call f~1(B) = {z : f(z) € B} C A, the inverse image of B.
We say that f is one to one or injective, if for all z1 # x2 € A, we have
that y1 = f(z1) # y2 = f(x2) € B. We say that f is onto or surjective
if, for each y € B, there is a x € A, with y = f(x).

1.1.2. Topology. We only consider Hausdorff spaces or spaces with
the Hausdorff topology (see below). For an elementary introduction
to topology, we recommend Mendelson [ME]. Dugundji [DU] is more
advanced, but is also worth consulting.

Definition 1.5. Let X be a nonempty set and let 7 be a set of subsets
of X. We say that 7 defines a Hausdorff topology on X, or that X is
Hausdorf, if

(1) X and 0 € 7.
(2) If Oq,..., Oy is a finite collection of sets in 7, then (), O;€T.

(3) If I' is a index set and, for each v € I, there is a set O, € T,
then . O, € 7.

(4) If z,y € X are any two distinct points, there are two disjoint
sets 01,09 € 7 (i.e., O1 N Oy = ), such that z € O; and
y € Os.

~yel



4 1. Preliminary Background

We call the collection 7 the open sets of the topology for X. A set
N € 7is called a neighborhood for each point € IV, and the set 7, C 7
of all neighborhoods for z is called a complete neighborhood basis for x.
Thus, any set O, containing x, also contains some neighborhood basis
set N(x) € 7.

A set P is said to be closed if P¢ is open. It follows that, if T" is
any index set and, for each v € I, there is a closed set P, € 7, then
by De Morgan’s Law, ﬂvel“ P, is also closed. Thus, we can also define
the same topology 7, using closed sets.

Let M # (), be a subset of X.

(1) The interior of M, denoted int(M), is the union of all O € 7
such that O C M. If x € int(M), we say that = is an interior
point of M.

(2) The closure of M, which we denote by M, is the set of all
x € X such that, for all N(z) € 7, N(x) M # 0.

(3) We say that M is dense in X if M = X. If M is also count-
able, we say that X is separable.

If M and N are any two subsets of X, then MUN = M U N and,
M = M if and only if M is closed.

We say that zp € X is a limit point of M C X, if zg € M\{zo} or
equivalently, for every N(xg) € 7,, there is a y € N(xg) and y ¢ M.

Definition 1.6. Let (X;,71) and (X2,72) be two Hausdorff spaces.
A function f, with D(f) = X7 and R(f) C Xa, is said to be continuous
at a point € X if, for each neighborhood basis set N[f(x)] € T2,
there is a neighborhood basis set N(x) € 11, such that f[N(x)] C
N[f(z)]. In terms of inverse images, this says that f~1{N[f(z)]} is
open in X for each N|[f(x)] in Xs. (A little reflection shows that the
above definition may be translated to the one we learned in elementary
calculus, using €’s and ¢’s, when X; = X9 = R.) We say that f is
continuous on X if it is continuous at each point of Xj.

The topological space (X, 7) is said to be connected if it is not the
disjoint union of two open sets. In a connected space X and () are the
only two sets that are both open and closed.

If I' is a index set, {A, : v € I'} C X is called a cover of M C X,
if M C U, er Ay Heach Ay € 7, we call {A,:v €I} an open cover
of M. If in addition I' is finite, we call it a finite open cover of M.
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We say that M is compact if, for every open cover {A, : v € '}, there
always exists a finite subset of I', 71, ..., v, such that M C [J{_; 4,

Definition 1.7. Let (X1, 71) and (X3, 72) be two topological spaces,
with X7 N X3 = 0. The coproduct space (X,7) = (X1,71) & (X2, 72)
is the unique topological space, with the property that each open set
O C X is of the form O = O1 U Og, where O1 € 7, and O3 € 7.

(X, 7) is also known as the disjoint union space or direct sum space.
(If (X1, 1) and (X2, 72) are Hausdorff, then it is easy to see that (X, 7)
is Hausdorft.)

1.1.3. o-Algebras.

Definition 1.8. Let A C P(X) be a collection of subsets of X = ().
We say that A is an algebra if the following holds:

(1) X,0 € A and,

(2) If A,B € Athen A°,B°c Aand AUB € A.
It is easy to verify that:

(3) AnBe Aand A\ B e A.

(4) If n is finite and {Ax} C A, 1 <k < n, then

U Are A () Ak € A
k=1 k=1

Definition 1.9. Let A C P(X) be an algebra. We say that A is a
o-algebra if

(o)
U Ak S .A,
k=1
for any countable family of sets {Ax} € A. It is also easy to see that

ﬂ Ak € A,
k=1
along with
liminf 4,, € A

n—oo
and

limsup A, € A.
n—oo
Definition 1.10. If ¥ is a nonempty class of subsets of X, the smallest
o-algebra A, with ¥ C A is called the o-algebra generated by ¥ and
is written A(X).
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Remark 1.11. Since ¥ C P(X), there is at least one o-algebra con-
taining X.

Lemma 1.12. If J is an index set and for each o € J, A, is o-algebra,
then A = (\,csAa is a o-algebra.

Definition 1.13. If A is a o-algebra of subsets of a nonempty set X,
we call the couple (X,.4) a measurable space.

Definition 1.14. If A is a o-algebra of subsets of a nonempty set X,
we call a sequence { Ay} C A a partition of X if the sequence is disjoint
and po Ap = X

Definition 1.15. If X is a topological space and ¥ is the class of open
sets of X, then A(X) = B(X) is called the Borel o-algebra of X.

1.1.4. Measure Spaces.

Definition 1.16. Let X be a nonempty set. An outer measure v* is
a function on P(X) — [0, 00|, such that

(1) v*(0) = 0.
(2) If B C A, then v*(B) < v*(A).
(3) If A C Uy, Ak, then

A) <) U (Ap).
k=1

If for each sequence of disjoint sets {Ax} C A,
o
(U Ak) = v(Ap),
k=1
we say that v is a measure. We also say that v is o-additive and call

the triple (X, A, r) a measure space.

Definition 1.17. Let (X,.A) be a measurable space and let v(A) € C,
the complex numbers, for each A € A. We say that v is a complex
measure if v()) = 0 and for each disjoint countable union (J3= ; Ay of
sets in A, we have

()

where the convergence on the right is absolute.
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Definition 1.18. Let (X, .A,v) a measure space.

(1) We say that v is a finite measure if v(X) < oco.

(2) We say that v is concentrated on a set A € A, if A = U and
U is the largest open set with the property that v(U) = 0.
We also call A the support of v.

(3) We say that v is a regular measure if given A € A, for each
e > 0, there is a open set O and a closed set K such that:
KCcACOandv(O\K) <e.

(4) We say that v is a o-finite measure if there is a sequence
{Ak} C A, with

X = U Ay, and v(Ag) < oo.
k=1
(5) We say that v is a Radon measure, if the set K in (3) can be
chosen as compact or the sequence {Ax} C A in (4) can be
chosen with each Ay is compact.

(6) We say that v is a complete measure if A € A, with B C A
and v(A) =0 then B € A and v(B) = 0.
(7) We say that v is a probability measure if v(X) = 1.

(8) We say that a complex measure v is of bounded variation if

o0
V(X)) =sup ) |v(Ap)| < oo,
k=1
where the supremum is taken over all partitions of X. We call
|v| (X) the total variation of v.

(9) We say that the complex measure v is a signed measure if
both |v|+v and |v| —v are real valued. In this case, we define
the positive part and the negative part by: v+ = I(|v| +v)
and v~ = 1(|v| — v). We call this the Jordan Decomposition.

Theorem 1.19 (The Hahn Decomposition Theorem). Let v be a

signed measure on (X, A). Then there exists a partition X1, Xo of
X such that, for every A € A:

vH(A) =v(AN X)) and v~ (A) = —v(AN X3).

Theorem 1.20 (The Jordan Decomposition Theorem). Let v be a
signed measure on (X, A). If u1 and us are positive measures and
v =p1 — pa, then vt < py and v~ < ps.
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Thus, the Jordan decomposition v = v+ — v, has the above
minimal property. If v is complex, this decomposition becomes v =

vih — v +i(vy — vy ), for two positive measures, v and vs.

Definition 1.21. We say that X is an Abelian group if for each pair
z,ye X, zdy € X and

(1) x®y =y ®x. (The Abelian property.)

(2) Forall z,y,2€ X (z@y)Dz=a2® (y P 2).

(3) There is an element 0 € X called the identity and = & 0 =
0®dz=0,forall z e X.

(4) For each y € X, there is a unique element y~ € X, such that
yoy =y dy=0.

(5) We say that Y is a subgroup of X if Y C X and for all
y1,y2 €Y, y1 @y €Y, satisfying conditions (1)—(4) above.

The real or complex numbers form an Abelian group with addition
(or multiplication if we exclude zero). The rational numbers (real or
complex) form a subgroup, with the same exception for multiplication.

When X is an Abelian group (with @ = +4) and (X, A4,v) is a
measure space, we say that ¥ is an admissible translation invariance
group for (X, A,v) if ¥ is a subgroup of X and v(A —t) = v(A), for
allt € T. If T = X, we say that v is translation invariant on X.

1.1.5. Integral. Let (X, .A,vr) a measure space.

Definition 1.22. Let f be a function on X, f : X — K, where
K=RorC.

(1) We say that f is measurable if f~1(B) € A, for every set
B € B[K], the Borel algebra on K. In this case, we say that
f e M[X] or M, when X is understood.

(2) We say that two functions f and g are equal almost every-
where and write f(z) = g(z), v-(a.e.), if they have the same
domain and v{z : f(x) # g(x)} = 0. In general, a property
is said to hold v-(a.e.) on X if the set of points where this
property fails has v-measure zero.

Definition 1.23. A (nonnegative) simple function s is defined on X by

s@) =S apxa, (@),
k=1
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where the a; € [0,00) and the family of measurable sets { A} form a
(finite) partition of X (i.e., v(4;NA;) =0, 4 # j and J,_, A = X).

(By convention, if need be, we can always add a set A, ;1 to the
collection and define a, 11 = 0 so that the union is always X.)

Lemma 1.24. If 0 < f € M, then there is a sequence of simple
functions {s,}, with s, < sp4+1 and s, — f (a.e.) at each point of X,
as n — oo.

Definition 1.25. If f : X — [0,00] is a measurable function and
A € B(X), we define the integral of f over A by:

/f(m)dy: lim [ s, (x)dv,
A

n—oo A
where {s,} is any increasing family of simple functions converging
to f(x).

Theorem 1.26. If f, g are nonnegative measurable functions and 0 <
c < 0o, we have:

1) [y f(x)dv(zx) is independent of the family of simple functions
used;

(2) 0< [y f(@)dv(z) < oo;

(3) [x cf(@)dv(x) = c [ f(x)dv ()
(4)

/X (@) + g(a)]dv(z) = /X f(@)dv(x) + /X o(x)dv (z).

(5) If f < g, then [y f(x)dv(z) < [y g(z)dv(z).

Theorem 1.27 (Fatou’s Lemma). Let {f,} C M be a nonnegative
family of functions, then:

/ <liminffn(m)) dv(z <hm1nf/ fn(z)dv(z

x \ n—00 n—00

Theorem 1.28 (Monotone Convergence Theorem). Let {f,} C M be
a nonnegative family of functions, with f, < fny1. Then:

nh_)ngo an(:v)dl/(x) :/B(nli_{rolofn(x)) dv(x).

Definition 1.29. If f € M, we define

/fdu /f+dy /f z)dv(z
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where fi(z) = 5 (If(@)|+ f(z)) and f-(z) = 3(f(2)]- f(z)).
We say that f is integrable whenever both integrals on the right are fi-
nite. The set of all integrable functions is denoted by £1[X,B(X),v] =
£Xx].

Remark 1.30. As is carefully discussed in elementary analysis, the
functions in £1[X] are not uniquely defined. Following tradition, we let
L'[X] denote the set of equivalence classes of functions in £![X] that
differ by a set of v-measure zero. By a slight abuse, we will identify
an integrable function f as measurable (in £![X]) and its equivalence
class in L'[X]. The same convention also applies to functions in LP[X]
and will be used later without further comment.

Theorem 1.31 (Dominated Convergence Theorem). Let f, € M[X,
v, n € N, g € LY(X), with g > 0 and |f.(z)] < g(z), v-(ae.). If
lim,, o0 fn(x) emists v-(a.e.), then lim, o fn € L'[X] and

lim an(:v)du(x) = /X < lim fn(x)) dv(x).

n—oo n—oo

1.2. Functional Analysis

In this section, we include a few basic background results from func-
tional analysis and Banach space theory. Detailed discussions can be
found in Dunford and Schwartz [DS], Hille and Phillips [HP], Lax [L1],
Reed and Simon [RS], Rudin [RU], or Yosida [YS].

1.2.1. Topological Vector Spaces.

Definition 1.32. A vector space X over C is an Abelian group under
addition that is closed under multiplication by elements of C. That is:
(1) Foreach z,y € X, v +y € X.
(2) Forallz,y,z€e X,z +y=y+zand (x+y)+2z =2+ (y+2).

(3) There is a unique element 0 € X called zero and = + 0 =
O+x=xforall x € X.

(4) For all x € X, there is a unique element —z € X and z +
(—z) = (—x)+z=0.

(5) For all z,y € X and a,b € C, ax € X, 1lx = x, (ab)z = a(bx)
and a(x +y) = ax + ay. We call b € C a scalar.

If X is a vector space over C, a mapping p(:) : X — [0,00) is a
seminorm on X if:
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(1) For each z, y € X, p(x) > 0 and p(z +y) < p(z) + p(y)-
(2) For each A € C and each z € X, p(Ax) = |A| p(z

~—

Definition 1.33. Let V be a subset of X.

(1) We say that V is a convex subset of X if for each =,y €
V,ar+ (1 —a)y eV, for all a € [0, 1].

(2) We say that V' is an balanced subset of X if for each x € V
and a € C, with |a| <1, ax € V.

(3) We say that V is an absolutely convex subset of X if it is both
convex and balanced.

(4) We say that V' is a absorbent subset of X if for each = €
X, ax € V, for some o > 0. Thus, every point in € X is in
aV for some positive a.

Definition 1.34. A locally convex topological vector space is a vector
space with its topology defined by a family of semi-norms {p,}, where
v is in some index set I'. Given any x € X, a base of e-neighborhoods
about z is a set of the form Vp, .(x), where Iy is a finite subset of I
and

Vre(z) ={yeX:py(z—y)<e,yel}
Definition 1.35. A locally convex topological vector space X is a
Fréchet space if it satisfies the following:
(1) X is a Hausdorff space.

(2) The neighborhood base about each x € X is induced by a
countable number of seminorms (i.e., I' is a countable set).

(3) X is a complete relative to the family of seminorms.

Theorem 1.36. The vector space X is a Fréchet space if and only if:

(1) X is a locally convez.
(2) There is a metric d : XxX — [0, 00) such that, for all x,y, z €
X, dz+zy+2)=dzy).

(3) X is a complete relative to the metric d(-,-).

Remark 1.37. If the index I'" for the family of semi-norms is count-
able, then we can define a metric d(z,y) by:

[e.e]

_ L pu(z—y)
@) = Z271+pn(w—y)'

n=1
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A sequence {z,} in a metric space X converges to a limit € X if and
only if lim,,_ood (2, z) = 0. In this case, by the triangle inequality

d(xn, Tm) < d(xn,z) +d(xm,x) .

We say that a sequence satisfies the Cauchy convergence condition, or
is a Cauchy sequence if

lim d(xn,x,) =0.
m,n—o00

A metric space is said to be complete if every Cauchy sequence con-
verges to a point in the space.

1.2.2. Separable Banach Spaces. Hilbert and Banach spaces are
discussed further in Chaps.4 and 5. Let B be a vector space over
R or C. We say that B is separable if it contains a countable dense
subset.

Definition 1.38. A norm on a vector space B is a mapping ||-|5 :
B — [0, 0], such that

1) ||z||z = 0 if and only if z = 0.

2) |lazx||z = |a| ||z||z for all z € B and a € C.

3) lle+ylg <zl +llylg, for all z,y € B.
)

4) We say that B is uniformly convex if, for each € > 0, there is
a 0 = d(e) > 0 such that, for all z,y € B with

(
(
(
(

max ([|z|, yl) <1, [z—yl>e =35 |z+y| <1-06

The topology on B is generated by the metric defined by:

d(l‘,y) = H$ - yHBa
so that {x : ||z — y||g < r} is an open ball about y of radius r.

The space B is complete if every Cauchy sequence in the above
norm converges to an element in B. A complete normed space is called
a Banach space.

Definition 1.39. Let B be a Banach space and let A be a transfor-
mation on B, with domain D(A) (i.e., A: D(A) C B — B).
(1) We say that A is a linear operator on B, if A(az + by) =
aAx + bAy, for all a,b € C and all z,y € D(A).
(2) We say that A is densely defined if D(A) is dense in B.
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(3) We say that A is a closed linear operator if and only if the
following condition is satisfied: {z,} C D(A),z, — z and
Az, — z always implies that x € D(A) and z = Auz.

(4) We say that A is a bounded linear operator if and only if
D(A) = B and

sup || Azx|z < oo.
[l 5<1

In this case we define the norm of A, |A|z, by the above
supremum.

1.2.2.1. Dual Spaces.

Definition 1.40. Let B be a Banach space.

(1) The dual space B’ is the set of all bounded linear operators
xz* : B — C (called bounded linear functionals on B). The
norm of x* is defined by:

|lz*|g = sup |z"(x)] = sup [(z,z")].
zllz<1 llzllz<1
With this norm B’ is a Banach space. We write B’ as B, and
call it the strong dual. The topology is known as the strong
topology.

(2) The weak and weak* topology are defined on B and B’
respectively in the following manner:

e A sequence {z,} C B is said to converge in the weak
topology to « € B if and only if, for each bounded linear
functional y* € B/,

Jimy*(zn) = y* (2).
We also write w — limy, oo T, = .

e A sequence {x}} C B’ is said to converge in the weak*

topology to x* € B’ if and only if, for each y € B,

Jim a7, (y) = 27 (y)-
We also write w* — lim,,_,oc ), = 2*.
(3) If B=DB", we say that B is reflexive.

(4) A duality map J : B+ B is a set

() = {u eB

uw(u) = (u,u*) = |jul® = Hu*||2} , for all u € B.
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Remark 1.41. The following remarks are important.

(1)

The

In the definition, we used z* to represent an element in B'.
The notation used varies with the tradition of the particular
topical area. To the extent possible, we will try to be con-
sistent within topics studied and the tradition of the field so
that the reader will see some correspondence when consulting
references for different topics.

It is easy to see that

" (zn) =y (2)] < llon — 2[5 [ly" ]| 5

for all y* € B, so that norm convergence in B always implies
weak convergence. It is also easy to see that

20 (y) — 2" (y)] < [l — 2"l 5 Iyl

for all y € B, so that norm convergence in B’ always implies
weak™ convergence. However (in both cases), the reverse is
not true (see Lax [L1, p. 106]).

It is known that every uniformly convex Banach space is re-
flexive. Furthermore, when B is uniformly convex, the duality
set J(u), is single valued and uniquely defined by u. How-
ever, if B is not uniformly convex, the duality set J(u) can
have the power of the continuum.

following examples will help one see what is possible in con-

crete cases.

(1)

(2)

If A\, is Lebesgue measure on R”, v € LP[R"], 1 < p < oo and
q is such that % + % =1, then

T () (@) = [[u)) 2P ju(z)[P~? u(z) = u* € LR,
and
(u, u*) = ||ul27" /Rn |u(@)[P dAn(z) = [|ull5 = [|u*]|2.

Thus, it is easy to see that (LP[R™])” = LP[R"], so that LP[R"]
is reflexive for 1 < p < oo.

The space L}[R"] is not reflexive, for if u € L'[R"], then

J(u)(2) = {v e LZR] : v(@) € {{ull, sign[u(z)]}},



1.2. Functional Analysis 15

where
1, wu(z)>0,
sign [u(z)] = -1, wu(z) <0,
[—1,1], wu(z)=0.

It follows that J(u)(x) is uncountable for each u € L![R"].

The transpose matrix on R™ or the transpose conjugate matrix on
C™ has its parallel for Banach spaces. In this case, they are known
as dual operators. They are also known as adjoint operators, but we
will reserve this term for a special class of operators on Banach spaces,
discussed in Chap. 5. We will also use adjoint for the same class defined
on Hilbert spaces in the next section and explain the distinction.

Definition 1.42. Let A : D(A) — B be a closed linear operator on
B with a dense domain D(A). The dual of A, A’ is defined on B’ as
follows. Its domain D(A’) is the set of all y* € B’ for which there
exists an «* € B’ such that

(Az,y") = (,27)
for all x € D(A); in this case we define A'y* = z*.

A proof of the following theorem can be found in [HP] or [YS].
Theorem 1.43. Let A : D(A) — B be a closed linear operator on B
with a dense domain D(A).

(1) Then A" : D(A") — B is a closed linear operator on B’ and
its domain D(A") is dense in B'.

(2) If, in addition, ||A|lz < oo, then D(A") = B and ||A||z =
1Al -

1.2.2.2. Hilbert Space.

Definition 1.44. An inner product on B = H is a bilinear mapping
(-, )u : H x H — C, such that
(1) (z,x)y >0 and (z,z)y = 0 if and only if z = 0.
(2) (az + by, 2)y = a(z,2)y + b(y, 2)n and (w,az + by)y =
a(w, z)y + b°(w, y)u.

If (+, )3 is a inner product, it induces a norm on H by

lz =yl = V(& —y,2 = y)n.

If H is complete with this norm, we call it a Hilbert space.
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If (-, )% is the inner product on the Hilbert space #H, then the same
Cauchy-Schwarz inequality from R™ still holds, |(x, y)u| < ||zl [|¥l5-

The following polarization identity also holds for a general Hilbert
space:

(.90 =+ (I + 91, — e =l
if the field of ‘H is R and
(@) = £ { (Il + 9l = llz = yli3) +i (ke + iyl3 — o — iyl
if the field of H is C.

Definition 1.45. Let A : D(A) — H be a closed linear operator on
H with a dense domain D(A). The adjoint of A, A* is defined on H
as follows. Its domain D(A*) is the set of all y € H for which there
exists an x € H such that

(Axa y)?—[ = (.CC, A*y)?-[

We will always call A* the adjoint of A when it is defined on the
same space and A’, the dual of A when it is defined on the dual space.
In Chap. 5, we will see that the adjoint is also possible for a certain
class of Banach spaces, which include the uniformly convex ones.

Theorem 1.43 can be slightly modified to show that D(A*) is dense
in H and, if |Al|;, < oo, then D(A*) = H and [|A*||,, = ||A|ly-

Recall that, two functions f,g € H are orthogonal, if (f,g),, = 0
and they are orthonormal if in addition, | f|l,, = [lgll,; = 1. A set
{¢n} C H is an orthonormal basis for # if they are orthonormal and
each € H can be written as © = Y~ ax¢y, for a unique family of
scalars {a,} C C.

Definition 1.46. Let A be a linear operator defined on H.
(1) We say that A is a projection operator if A%z = Ax for all
x € H.
(2) We say that A is the self-adjoint if D(A) = D(A*) and Az =
A*zx, for all x € D(A).

(3) We say that a bounded linear operator A is the compact, if
for every bounded sequence {z,} C H, the sequence {Ax,}
has a convergent subsequence.

(4) We say that a compact operator A is trace class if, for some
orthonormal basis {¢,} of H, the trace of A, tr[A] is finite,
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where

= (Adn, 6n).
n=1

It is easy to check that the trace (if it exists) is independent of the
basis used.
1.2.3. The Hahn—-Banach Theorem.

Theorem 1.47. Let B be a Banach space over C and let p: B — R
be such that, for all x,y € B

plaz + by) < |a|p(x) + |a| p(y), whenever |a| +[b|=1. (1.

If L is a linear functional defined on a subspace D C B, with ‘f)

p(x), for all x € D, then L can be extended to a linear functional
on B such that |L(x)| < p(z), = € B and L(x) = L(z) on D.

1)
<
L

Proof. We first assume that the field is R. Suppose that x € B but
x ¢ D. Let £ = (x,D) be the vector space spanned by = and D. If we
have an extension L of L from D to &, it must satisfy

L (ax + by) = A\L(z) + L(y), y € D.
and from (1.1), |a| + |b] = 1 implies that
plaz +by) < la| p(z) + |b] p(y).
Suppose that y1,42 € D, a,b >0, a+b=1. Then
aL(y1) + bL(y2) = Lay1 + bya) < pla(yr — o) + b(ya + 52)]
<ap(yr — ;o) + bp(yz + 32).
We see that for all y;,y2 € D and all a,b >0, a+b =1, we have

L [=ply — az) + L(y1)] < 3 [p(y2 + bx) — L(y2)] -

It now follows that we must be able to find a number ¢ such that for
all a > 0,

sup 1 [—ply — az) + L(y)] < ¢ < inf L [p(y + ax) — L(y)] .

yeD yeD

We can define L(z) = c. It is easy to check that L(xz) < p(x), for
all z € £. We now appeal to Zorn’s Lemma (see Yosida [YS, p. 2]), to
show that L can be extended to all of B, when the field is R.
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To extend our result to complex linear functionals, let L be given
on D and define L'(x) = Re{L(z)}, so that it is a real linear functional
on D. Since

L'(iz) = Re{iL(x)} = —Im{L(x)},
we see that L(x) = L'(x) — iL/(ix). Furthermore, since L' is real, it
has an extension L, to all of B such that L(z) < p(x), for all z € B.
We can now define F'(z) = L(x) — iL(ix). It is easy to check that F’
is a complex linear functional.

Since |a| = 1 implies that p(azx) = p(z), we can set § = Arg{F(z)}.
If we now use the fact that Re{F'} = L, we have

|F(z)| = e P F(z) = Fle %2) = L(e™"2) < p(e ) = p(x),
we are done. O
Theorem 1.48. Let M be a linear subspace of B. If xo € B, with

0 < ¢ =d(M,xy), then there exists a bounded linear functional L(-)
defined on B such that

1
L(zo) =1, |L|lzg = - L(z) =0, for all z € M.

Proof. Let M; = (M,xo) be the subspace spanned by M and xo.
Thus, each point z € Mj is of the form z = y + A\zg, where y € M and

A € C are uniquely determined by z. Define F(-) on B by F(y + Azo)
= A. Clearly F'is a bounded linear functional, and if X # 0 then

Y
rota = £+ 3.
Iy -+ Mol = |+ I > el
It follows that [F(z)] < 1|z|g, so that |F|z < . If {z,} C
M, [|xo — zn|| — ¢, then
1 = F(zo — 2n) < lals 170 — 2] B — ¢ | Fl5.

Thus, ||F||z = 1. Thus, by Theorem 1.47 with L replacing F finishes
the proof. O

The following is a consequence of the last two results.

Theorem 1.49. If B is a Banach space, we have
(1) For any x € B, x # 0, there exists a linear functional L € BB’
such that | L||g =1 and L(z) = ||z|z.
(2) If x # y, there exists a linear functional L € B' with L(z) #
L(y)-
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(3) For x € B,

L(x
Hstizsup| @l _ sup |L(z)|.
0 [[Lllg =1

(4) If M is a subspace of B and g € B, o ¢ M, then there exists
a linear functional L € B’ such that L(xo) = 1 and L(z) =0,
for all x € M.

1.2.4. The Baire Category Theorem. In this section we intro-
duce Baire’s Theorem and some of its consequences. First we need a
definition.

Definition 1.50. Let B be a Banach space. A subset E C B is said
to be nowhere dense if its closure has empty interior. A set is said to
be meager (or of the first category) in B if it is a countable union of
nowhere dense sets. A set in B that is not meager (not of the first
category) in B is said to be nonmeager (of the second category) in B.

Theorem 1.51. (Baire’s Theorem) If B is a Banach space, then the
intersection of every countable collection of dense open subsets of B is
a dense set in B.

Proof. Let {Uy, U, Us, ...} be any countable collection of dense open
subsets of B. If Ty is any ball in B of radius 1, choose a ball T1 of
radius % such that the closure of Ty, T C U; N Tp. (Check that this
is possible.) Continue this process, so that at step n, we choose a ball
T, of radius % such that T,, C U,, N T},_1 and define K by:

o0
K= ()T
n=1

It is easy to see that the centers of our nested balls form a Cauchy
sequence that converges to a point in K, so that K is nonempty. Since
K C Ty and K C T, for each n, we see that the intersection of Ty with
o

() U, is nonempty. O

n=1

The following two lemmas are required for our proof of the Banach—
Steinhaus Theorem in the next section. The second lemma is true for
an arbitrary index set, but for our use the restriction of the index set
to R is sufficient.
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Lemma 1.52. Let B be a Banach space. Suppose that {Vi,Va, Vs, ...}
is a countable collection of closed subsets of B with int(V;,) = 0. Then
V=NV.=0.

n=1

Proof. Since V is meager and int(V) C V, it follows that int(V) is
meager. By Baire’s Theorem, we see that int(V) = . O

Lemma 1.53. Let B be a Banach space. Suppose that {f;}, t € R is
a pointwise bounded family of continuous real-valued functions on B.
Then the family is uniformly bounded on some nonempty open subset

of B.

Proof. Suppose that |f;(¢)| < ¢, for all t € RT and define
Vi ={v e B| |filp)| <n}.

It is clear that V! is closed in B, since f; is continuous. Therefore the
set:

[e.e]
Vo= [{e€B| Ifi(p) <n},

n=1
defined for each n, is also closed in B. Since f; is pointwise bounded,
we have that B = (Jo—; V,,. If int(V,,) = 0 for all m, then from
Lemma 1.52, |J;2, V;, is meager. Since B is of the second category,
this is a contradiction. Therefore, int(V,,) # 0 for some m. If we set
M =m and U = int(V},,), it follows that {f(¢)}, ¢t € RT is uniformly
bounded on U. O

1.2.5. The Banach—Steinhaus Theorem. The next important re-
sult, known in the early literature as the Banach—Steinhaus Theorem,
is much better known now as the principle of uniform boundedness.

Theorem 1.54 (Uniform Boundedness Theorem). Let {T'(t)} be a
family of continuous mappings on the Banach space B for t € RT. If
for each ¢ € B, the family {|T(t)p||lz} is bounded for allt € R, then
the {|T'(t)||g} is a bounded family.

Proof. For each t € Rt define f; : B — RT by fi(p) = [|[T(t)¢| -
Since the norm is continuous, we see that f; is also continuous. From
Lemma 1.53, there is a nonempty open set V,,, C B and f;(¢) < nyg for
all t € RT and all ¢ € V,,,. Without loss of generality, we can assume
that U = {¢| |l¢llg <r} C Vp, for some r > 0. It follows that, for
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vo € U, |filp+719)|lg < no for all t € RT and all ¢ with ||¢]|z < 1.
This implies that
r|Tllg =7 sup [|T(t)¢llz = sup [IT(¢)[po+re] — T(t)eolls
llollz<1 llollz<1
< no + |T(8)eoll 5 < o0

O

The next result (the open mapping theorem) is one of the im-
portant theorems in functional analysis. It is used to prove the two
theorems that follow. The first of the two will be used in the next
section, while the second is fundamental for Chaps. 4 and 5.

Theorem 1.55 (Open Mapping Theorem). Let By, By be two Banach
spaces and let A be a continuous linear surjective mapping of By — Bs.
Then, whenever U is an open set in By, A[U] is an open set in Ba.

Proof. It suffices to show that, for every open ball U about zero in
Bi, A[U] contains an open ball about zero in By. Hence, fix U and
let {Uy, U1, Us,...} be a sequence of open balls of radius r/2", (n =
0, 1, 2,...), where r is chosen so that Uy C U. We are done if we can
prove that there is an open set W such that:

W c A(Uy) C A(U),
where m is the closure of A(Uy). Since Uy — Uy C Uy, we first need
to prove that W C A(U;). To do this, note that:
A(Uy) D A(Us2) — A(Ua) D A(Ua) — A(U3).
We will be done with this part of the proof if we show that the interior

of A(Uz) is nonempty. But

o0
ABy) = | mA(U),
m=1
since Uy is a ball centered at zero and A is a surjection. Therefore,
at least one of the mA(Uz) is of the second category in B2. But, as
the mapping ¢ — my is a homeomorphism of By onto By, A(Us) is

nonmeager in By. Therefore, there exists an open set W C A(Us).

To prove that A(Uy) C A(U), let p1 € A(Ur) be fixed, and observe
by the first part that

(1 —ATR)) N A@W) #0.



22 1. Preliminary Background

Thus, there is a y; € Uy with A(y1) € ¢1 — A(Uz). Now, for any
n > 1, A(U,) contains an open neighborhood of zero. Hence, assume
that ¢, € A(U,) has been chosen with

(o0 = A1) ) N AWU) #0.

This means there is a y, € U, such that A(yn) € ©n —A(Un+1)
Set yn+1 = yn — A(pn). Then y, 41 € A(UnH) and we continue the
construction. It is easy to see that the sums @1 + @ + 3+ -+ + @,
form a convergent Cauchy sequence which converges to some ¢ € B,
and |||l < r. It follows that ¢ € U and, as

m

ZA en) =Y (Un = Ynt1) = Y1 — Y1,

n=1

we see that y,+1 — 0 since A is continuous. Thus, y; = A(¢1) € A(U).
Since ¢ was arbitrary, we see that A(Uy) C A(U). O

Theorem 1.56 (Inverse Mapping Theorem). Let By, B be two Ba-
nach spaces and let A be a continuous bijective linear mapping of
By — By. Then A= : By — By is continuous.

Proof. Since A is continuous, injective, and surjective, it is an open
mapping. As A~! exists and, since A"1{A[O]} = O for all open sets,
A~ is continuous. O

Theorem 1.57 (Closed Graph Theorem). Let B be a Banach space
and let A a closed linear operator on B. If D(A) = B, then A € L[B].

Proof. By definition, G(A) is closed and is a Banach space in the norm
(e, Ap)|l = |l¢llz + I|A¢llz. Consider the two continuous mappings:

1: (o, Ap) = ¢, ma : (@, Ap) — Ap. Since 71 is a bijection, 7r1_1 is
continuous so A = mp o7y 1 is also continuous. O

Part II: Intermediate Analysis

In this second part of this chapter, we introduce a number of topics
that are rarely covered in the first 2 years of the standard graduate
programs. These topics will be used at a number of points in the book
and are collected here for reference as needed.
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S-Basis. In this section, we review a few results that belong to Banach
space theory proper. We provide a few proofs, but all the results can
be found in Carothers [CA]. Let B be a separable Banach space.

Definition 1.58. A sequence (z,) € B is called a Schauder basis
(S-basis) for B if |z,||z = 1 for all n and, for each f € B, there is a
unique sequence (ay) of scalars such that

k 00
z = lim E ApTy = g AT,
k—o0
n=1 n=1

All spaces of interest in this book have an S-basis. However, it is
known that there are separable Banach spaces without an S-basis (see
Carothers [CA] or Diestel [DI]).

Example 1.59. Let B=/{,, 1 <p < 0o, where

1 :{a::(:cl,---):2|mk|p<oo}.
k=1

The set of vectors {ex}, where

k
ek:<0,0,...,1,0,...),

form a norm-one S-basis for this space (see [CA]).
If Q=1[0,1] and B= LP[Q], 1 < p < o0, the family of vectors

{1, cos(27t), sin(27t) cos(4nt),sin(4nt), ... }

is a norm-one S-basis for B (see [CA]).

It is easy to see that every Banach space with an S-basis is sepa-
rable. Let P,z = ), _, arzy and define a new norm on B by

n
PR

k=1

lzllls = sup || Pnz||z = sup
n n B

Example 1.60. Let Q = [0,1] and B = LP[Q] over the complex num-
bers. If x(t) € B, define

1
Cr :/ e ke ()dt, k=0, £1, £2, ...
0
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It is easy to see that,

1| » 2
lalls =sup || 37 ne®] ae
[
defines a norm on B.
Theorem 1.61. The norm |||-|||g, is an equivalent norm on B and

zllg < lllzllls = sup [ Pnz|5 -
n

Proof. Since lim,, P,z — z, it is clear that |||z is finite for all z € B.
Since the identity map of (B, |||-||z) — (B,|| - |l|z) is continuous, by
the Inverse Mapping Theorem (Theorem 1.56), we are done if we can
show that this map has a continuous inverse. It suffices to show that
(B, |||-/|8) is complete (i.e., a Banach space).

For this, suppose that let (zx) be a Cauchy sequence in (B, |||-|||5)-
Then (Ppzi) is a Cauchy sequence in (B, |||-[||5), since ||Pnz; — Pnzjll
< |||z — 2j]|| B, for all n (uniformly Cauchy). Thus, if y, = limg_c Pp2k
then limy_,o0 ||Pn2k — Ynllg = 0, uniformly in n.

It now follows using the standard § argument that (y,) is a Cauchy
sequence in (B, |||-/ll5).- If y = limy 00 yn in (B, |||-|||B), we are done if
we show that y = limy_, 25 in (B, ]||]]|B)-

Since there is a unique sequence of scalars (a;) such that y =
Y2, aixi, we see that y, = Y i | a;x;, so that P,y =y, and

12k = yllls = sup [Pnzr — yallp = 0 as k — oc.
n
U

Since, x € B implies that ||P,z|/z < oo for all n, By the Uniform
Boundedness Theorem 1.54, we see that sup || Py||z < oo.
n

Definition 1.62. The set {P,} is called the natural family of projec-
tions associated with the S-basis {z,} and sup||P,||z = K is called
n

the basis constant of {z,}. In terms of the equivalent norm of the last
theorem, K = 1.

Definition 1.63. Let B be a Banach space with an S-basis and let
x} be the linear functional on B defined by z}(z) = a,, where x =
Y peq akxk. Since ) (Tm) = Omn, we say that the sequence of pairs
{z},x,} are biorthogonal. We call the family {z}} the coordinate
functionals.
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Definition 1.64. We define the span of a set of vectors {z,}, in a
vector space B, written span({zy}), to be the set of all finite linear
combinations of subsets of {x,}. When B is a Banach space, we let
[z,,] represent the closed subspace of B generated by span({z,}).

A proof of the next result can be found in Carothers (see [CA,
pp. 67-71]).

Theorem 1.65. If B is a reflexive Banach space and {x,} is an S-
basis for B, then {x}} is an S-basis for B'. Furthermore, the natural
embedding j : B — B" defined by x**(y*) = y*(z) for all y* € B, is an
isometric isomorphism.

1.3. Distributions and Sobolev Spaces

References for this section are Strichartz [SZ], Yosida [YS], Leoni [GL],
Reed and Simon [RS], Rudin [RU1], and Evans [EV]. The purpose of
this section is to establish the basic ideas for use in Chaps.2 and 3.
However, neither this section nor the material in Chaps.2 and 3 is a
substitute for a complete introduction to the subject. Those with no
background should at least consult Strichartz [SZ].

1.3.1. The Test Functions and Distributions.

Definition 1.66. Let a = (a1, a9,...,q,) be a multi-index of non-
negative integers, with || = >}, ai. We define the operators DY
and D, , by

n

o9k 1 0 \™
Dy = Dan: Pt
" Lo Do ’ H (2m 8xk>

k=1

Let C.(R™) be the class of infinitely differentiable functions on R"
with compact support and impose the natural locally convex topology
7 on C.(R™) to obtain ®(R™). A definition in terms of neighborhoods
can be found in Leoni [GL] (see also Yosida [YS] and Reed and Si-
mon [RS)).

Definition 1.67. A sequence {f,,} converges to f € D(R") with
respect to the compact sequential limit topology if and only if there
exists a compact set K C R", which contains the support of f,, — f
for each m and D f,, — D& f uniformly on K, for every multi-index
a e N
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Let u € C!'(R™) and suppose that ¢ € C°(R") has its support in
a ball B,, of radius r» > 0. Integration by parts gives:

/ (g ) = /8 (oS~ [ (o )ir. 1<i<n,

where v is the unit outward normal to B,. Since ¢ vanishes on the
0B;., the above reduces to:

[ w) == [ @oyin 1<i<n

In the general case, for any u € C™[R"] and any multi-index o =
(a1,...,00), la| =Y 0_; a; = m, we have

S(DCu)dA, = (—1)™ / w(DOG) A (1.2)
Rn n

We now observe that the right-hand side of Eq.(1.2) makes sense,
even if D%u does not exist according to our normal definition. This is
the basic idea behind the notion of a distributional derivative. Before
giving the formal definition, recall that a function v € L{ [R"] if it is
Lebesgue integrable on every compact subset of R™.

Definition 1.68. If « is a multi-index and u, v € L [R"], we say

that v is the a‘"-weak (or distributional) partial derivative of u and
write D“u = v provided that

/ w(D%¢)d, = (=D [ v dr,

R"

for all functions ¢ € CX[R"]. Thus, v is in the dual space D'[R"]
of D[R"].

The next result is easy.

Lemma 1.69. If a weak ath-partial derivative exists for u, then it is
unique \p-(a.e.).

Definition 1.70. If m > 0 is fixed and 1 < p < oo, we define the
Sobolev space W™P[R"] to be the set of all locally integrable functions
u : R™ — R such that, for each multi-index a with |a] < m, D%
exists in the weak sense and belongs to LP[R"].
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Extensions and Decompositions. We need an extension theorem for
functions defined on a domain of R"™ and a result which shows that
a domain in R™ can be written as a union of nonoverlapping closed
cubes. (Proofs of these results can be found in Evans [EV] and Stein
[STE], respectively.)

Let D be a bounded open connected set of R" (a domain) with
boundary 0D and closure D.

Definition 1.71. Let k& be a positive integer. We say that 0D is of
class CF if, for every point x € 0D, there is a homeomorphism ¢ of
a neighborhood U of x into R™ such that both ¢ and ¢! have k
continuous derivatives with

e(DNU) C{(z1,...,2,) €ER": 2, > 0}

and

e (@DNU) C{(x1,...,2n) ER" : 2, =0}.
Theorem 1.72. Let D be a domain in R™ with 0D of class C!. LetU
be any bounded open set such that D, the closure of D CC U (i.e., the

closure of D is a compact subset of U). Then there is a linear operator
€ mapping functions on D to functions on R™ such that:

(1) The operator € maps WP[D] continuously into WHP[R™] for
all 1 < p < co.
(2) €(f)Ip=f (e-g., €(-) is an extension operator).
(3) €(f)(x) =0 for x € U¢ (e.g., €(f) has support inside U).
Theorem 1.73. Let D be a domain in R™. Then D is the union of a

sequence of closed cubes {Dy} whose sides are parallel to the coordinate
azres and whose interiors are mutually disjoint.

Thus, if a function f is defined on a domain in R, by Theorem 1.72
it can be extended to the whole space. On the other hand, without
loss of generality, by Theorem 1.73, we can assume that the domain is
a cube with sides parallel to the coordinate axes.

Definition 1.74. If D is a domain in R", we define W;"”[D] to be the
closure of C°(D) in W™P[D].

Remark 1.75. Thus, W;"*[D] contains those functions u € W™ [D]
such that, for all |o| < m — 1, D% = 0 on the boundary of D, oD.

We also note that, when p = 2 it is standard to use H™(D) =
W™m2(D) and HJ' (D) = Wy*(D).
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1.4. Tensor Products

Tensor products of Banach spaces are not a part of the normal graduate
program. This section is an introduction to the finite theory that is
background for the infinite tensor product theory in Chap.6. At this
point, it is assumed that the reader has at least studied Chap.4 or
is already familiar with the material from some other source.

Since tensor products of Banach spaces have a bad reputation,
we should at least comment on this “public relations problem.” This
reputation is due to questions and studies unrelated to partial differen-
tial equations, path integrals, stochastic processes, analysis (proper),
and the many possible applications in science and engineering. We
approach the subject from a more natural point of view, so that its
usefulness for these important and equally interesting areas will be
transparent.

1.4.1. Elementary Background. For those with no background in
tensor products, we begin with R3, a space which is well known from
calculus (any finite dimension will do). There are a number of ways
to patch together two copies of R3 to obtain a new space. The first is
called the direct sum:

R® @ R® = {(a1, a2, a3, b1, b2, b3) : (a1, a2,as), (b1, b, b3) € R*}.

It is clear that R? @ R? is isomorphic to RS. There are also two ways
we can define a product on R?; the first is the dot product

(b1 b2 03] [

3
as :E bia;,
i—1

as

which takes two vectors and produces a scalar. The other is the tensor
product

al [ b1 bg bg ] a1b1 albg (Ilbg
as = | agbr agby agbs |,
as asb1 asby asbs

which takes two vectors and produces a 3 x 3 matrix. It is easy to see
that we can write the resulting matrix as a vector in RY = R3”. Thus,
the tensor product of R3 with itself, written as R3 ® R3, is isomorphic
to RY.
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Implicit in our use of the dot product is the assumption that the
norm induced is the natural one generated by the dot product on R3:

la=bllps = v/(a—b)-(a—b) =

However, there are a number of other norms possible on R3 which are
not induced by a dot product. For example:

3 1/p
la—bl, = [Z\ai—bi\”] , 1<p<oo, p#2,

i=1

(1.3)

la—bl, = max lai — bil.

We will discuss this later. However, the case p = 2 is the standard one
because it is the only (unique) one generated by a dot product (even
in infinite dimensions). Let £, (R?) represent R® with the norm || - || .
It is easy to check that £, (R3) is a Banach space for p # 2 and that
Uy (R3) is a Hilbert space.

We know that R? ® R? = R?. The basic question is, how do we
define the norm, so that £,(R3) @ £,(R3) = £,(R?). It is known that,
on R", all norms are equivalent. That is, for any pair p, ¢, there exists
constants ¢, ¢4, Cp 4, such that, for any vector a,

callally <llall, < Cpqllall,

Thus, we can define the dot product on R and use the norm equiv-
alence to obtain all the others. However, in the infinite-dimensional
case (£,(R*°)), this is no longer true and each of the norms in Eq. (1.3)
generates distinct Banach spaces.

Example 1.76. Let us see what the norm looks like for R? @ R2.
A direct computation shows that

wo=[ o] [0 0]

a2

_ I: a1b1 a1b2

asby  agby :| - [a1b1,a1b27a2b1’a2b1} .
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and
[all2[bll;
9 121 o 1/2 9 9 1/2
i=1 k=1 i=1 k=1
= [a3t} + at3 + a3t} +a363]"” = a @ b,
This is a special property called the crossnorm (i.e., |a® bl,
= [lally|[bll)-

1.4.2. General Background. We begin with a few concrete exam-
ples and ideas that reveal the landscape. Let f(z) € C(Q4), g(y) €
C(Q2), where Q1 and 2y are compact sets in R™ and R"2, respectively.
If we let F(x,y) = f(z)g(y), then F(z,y) € C(Q1 x Q2). It is clear
that:

(1) 52 p d
MF(%Z/) - [dxf(x)] [dyg(y)]

(2)
| Fewasty = [ 1w [owa.
Q1 xQ9 1951 Qo
If we let S be the set of all finite sums, S = {F},(z,y)}, m € N, where

Fu(r,y) =Y fi@)gly), meN,

it is easy to see that S is dense in C(€; x Q2). We can now ask
the natural question; What norm should we use on S so that the
completion of S, S = C(Q; x Q2)? It is not hard to show that the
appropriate norm is

> fil)giy)]-

i=1

[Fmlloe = sup sup (1.5)

€N yeNo

On the other hand, we could replace Eq. (1.5) with

D 1/p
| Fll, = [ /Q /Q dxdy] ,
2 1

where 1 < p < oo and ask the same question. If we use this norm on
S, we clearly do not expect to get C(2; x Q2). The theory of tensor

> filx)giy)

=1
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products of Banach spaces is designed to make the above precise and
reveal the nature of the resulting space.

1.4.3. Tensor Products of Hilbert Spaces. Tensor products of
Hilbert spaces are the easiest Banach spaces to study, because as noted
earlier, there exists only one norm that will make the result another
Hilbert space.

Let H1,Hs,Hs be three Hilbert spaces over C. A mapping T :
H1 x Ho — Hs is said to be bilinear if for all a,b € C and all x €
Hi, y € Ha,

(1)
T(azy + baz,y) = aT(x1,y) + 0T (22,y)
and
(2)
T(x,ayy + by2) = a°T(x,y1) + 0T (x, y2).
Definition 1.77. The complete tensor product of the Hilbert spaces

‘H1, Ho is a Hilbert space H3 and a bilinear mapping 1" : Hi xXHa — Hs,
such that

(1) The closed linear span of all the vectors T'(z,y), = € Hi1, y €
Ho is equal to Hs.
(2) The inner product for Hs satisfies:

(T(xh 3/1)7 T(x27 yQ))S - (.1'1, $2)1(y1, y2)27 (1'6)

for all pairs 1,29 € H; and y1,y2 € Ho. We call the pair (Hs3,T)
the (complete) tensor product of H; and Hs. We denote the linear
span of the Hilbert spaces H1, Ha by H1@Ha, replace Ha with Hi®Hs
and T'(z,y) by  ® y, which is the standard representation. If we let

71 = @3, y1 = yo in Bq.(1.6), it now reads [lz @ y[|5 = [[«| |yl or
|z ®@ylls = ||=[|; |y|l;- This is the crossnorm relationship we saw in
Eq. (1.4).

The tensor product z ® v is a bilinear mapping of H; x Ha to Hi1QHo,
we can also view it as a functional in the space B(Hi,H2,C) =
B(H1,Hz), of bilinear mappings on H; x Ha to C. That is, from
Eq. (1.6),

(71 ® y1,72 @ Y2)3 = (21, 72)1(Y1,Y2)2-

We will use this interpretation later in the section to define the tensor
product of two Banach spaces.
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Theorem 1.78. If the family {¢,} is a orthonormal basis for H1 and
the family {{m} is a orthonormal basis for Ha, the family {¢pn @ ¥}
s a orthonormal basis for Hs.

Proof. Since ||¢n, @ ¥mll5 = ||énlly |¥ml]lo = 1, they are normal. Fur-
thermore,

(¢n X wma ¢z & wj)g = (Cbna ¢1)1('¢Jma ¢j)2 = 5n,i5m,ja

so they are also orthogonal.

Thus, we are done if we can show that the closure of the linear
span of {¢, ® ¥, } is all of Hs. Let f ® g € Hs, so that f € H; and
g € Ha. Then there exist unique families of constants {a;}, {b;} such
that: f =322, a;id; and g = 3772, bje;. It is now easy to show that
f®g= Z;’? a;bjo; ® ;. A little reflection will convince the reader
that every vector u € Hs3 can be written as u = Z;’j a;jp; ® ;, for
some (unique) constants {a;;}, so that the family {¢; ® 1);} is a basis
for Hs. O

1.5. Tensor Products of Banach Spaces

If B; and Bs are two Banach spaces, the algebraic tensor product of
B and Bs is denoted by B; ® Bs, and every element ¢ € By ® By may
be written as ¢ = > I ; ¢} @ ¢, where {¢i} € By, {¢}} € By and n
is some nonnegative integer. We denote by B(B1,B2) = B(B1, B2, C),
the space of all continuous bilinear functionals on By x By. If [ is a
bilinear form on By x Bs, it generates a natural linear functional [ on
B1 ® Bs defined by evaluation:

(¢©w.0) =1(p.¥), (p,¥) € B x By, 1 € B(By,By).
Also, (By ® Bg, B'1 @ B'3) defines a (strong) dual system by:
<§0 ® 1)[)7 SD* ® ¢*> = <<)0’ 90*> <,¢7 17[)*> ) (90, d})EBl XBQ, (Qp*a ¢*)€B/1XB/2~

It follows that we can consider B; ® By as the space of continuous
bilinear functionals on B’y x B’y (By®Bs C B (B'1,B'3)), and B'1 @ B'5
as the space of continuous bilinear functionals on By x Bs, so that
8,1 & B/Q CB (61,82).

For notation consistent with the field, when studying one of the
LP-type spaces (with 1 < p < 00), we will use Ap(+) in place of [|-[|,,.
Although there are many norms that may be defined on By ® Bs such
that the completion is a Banach space, we will always use the one that
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is natural for the spaces under consideration. This means that we will
restrict our attention to spaces of direct interest for analysis, applied
mathematics, mathematical physics, and probability theory. (Those
with interest in the general theory and other approaches should consult
the nice books by Defant and Floret [DOF] and Ryan [RA], along with
the references therein.)

Let A;, i = 1,2 be closed linear operators with domains D; C B;,
A, D, C B — Bi, i = 1,2. The mapping (¢51,¢52) — Algbl ® Aso
is bilinear from D(A;) x D(As2) — B ® Bs. The corresponding linear
mapping of D(A;) ® D(Asg) into By ® Bs is denoted by A1 ® Ay, and
is called the tensor product of the operators A; and As.

Definition 1.79. Let a be a norm (written || - ||,,) on B; ® B.

(1) We say that « is a crossnorm if for ¢; € By, ¢2 € B, we have
that:

a(d1 @ ¢2) = [|¢1 @ P2l = 10115, l92ll5, - (1.7)

(2) The greatest crossnorm « on B; ® B2 can be defined on the
unit ball in B (B, Ba). For ¢ = > | ¢ @ ¢b € By @ By,

Ioll, = sup {\<¢,Z>r:2¢i®¢é:2wi®wé}-
1€B(B1,82) i=1 k=1

This norm is equivalent to:

|||, = inf {Z [, 108 ]ls, : DA @b => wie wé} :
k=1 =1 k=1

(3) The least crossnorm A is the norm induced on B; ® By by
the topology of bi-equicontinuous convergence in B (B'1, B'3).
That is, for ¢ € By ® Bs and (Fl,Fg) € B x Blg,

ol = sup {[{¢, FL ® F2)| : [|Fillg, <1, [[P2llp, <1}.  (1.8)

Remark 1.80. For the spaces we are interested in, the least crossnorm
A = Ay, while the greatest crossnorm v = Aj.

Definition 1.81. Let a be a given crossnorm on B; ® By. We say
that:

(1) The crossnorm « is a reasonable crossnorm if the dual norm
o/ induced by the dual of By ®“ By is a crossnorm on B'1 @ B'5.
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(2) The crossnorm « is uniform relative to By and Bs if, for ¢ €
B1® By and Ay, As € L[Bl],L[BQ] :

sup [|(A1 ® A2)9ll, < [|A1llg, [[42ls, - (1.9)
lloll, <1
(3) If conditions (1) and (2) are satisfied, we say that the cross-
norm ¢ is a relative tensor norm.

If « is reasonable, then the norm o on B'; ® B2 induced by (B; @
Bs)' is also reasonable. We denote by B1®% By the completion of By ®

By with respect to a, and by B'1&" B'5 the completion of B/ ® B's

with respect to o/. In general, B/ 1®alB’ o can be identified with a closed
subspace of (B1&"By)’ (cf. Schatten [S], in Chap. 6).

Remark 1.82. Our definition of a relative uniform norm depends on
the spaces under consideration. This is a restriction of the conven-
tional definition, which is independent of the spaces, and is called a
uniform norm. We refer to Defant and Floret [DOF] for a complete
discussion of the standard case. They follow Grothendieck and replace
the notion of a uniform norm with the condition that « has the metric
approximation property. This, coupled with the first condition, leads
to the definition of a tensor norm.

We now give some examples of the norms and standard spaces of
interest. Let 2 be a compact domain in R" and let C[Q2] be the set
of bounded continuous functions on £, let LP[Q2,B(2),m| = LP[Q)]
be the space of Lebesgue integrable functions on €2 that have finite LP
norm, where m is a measure on €2, and let B(2) be the Borel o-algebra
generated by the open sets of {2. For any Banach space B, it is easy
to see that C[Q2, B] = C[Q)&B.

Example 1.83. The following are elementary and most will be proved
later. We present them because they are what one would naturally
expect:
(1) Let B = C[Q] as above, so that (C[Q]@A(C[Q] =C[QxQ]. If
Ay =d/dx, Ay = d/dy, then
1,67 Ay = 0 0wy = d)de@  d/dy = (d/da& 1)(1&"d/dy)
(see Ichinose [IC70], in Chap. 6).
(2) Let By = By = L'[Q], then L'[Q& L'[Q] = L' [ x Q] (see
Dunford and Schatten [DSH], in Chap. 6).
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(3) Let Bs = Bg = LP[Q, then LP[Q)&°PLP[Q] = LP[Q x Q] for
1 <p< oo (see Schatten [S], in Chap. 6), where

1/p
(Z ¢z®<pz =7 {j/‘Zn $i(x) ® pi( y‘ d:rdy} . (1.10)

Remark 1.84. Note that Ay = v, A = A, so that A, is always a
tensor norm relative to LP[] (1 < p < o0). It is easy to show that
L [Q] & Lo [Q] C L™ [Q x Q] with the inclusion proper (see Dunford
and Schatten [DSH], in Chap. 6). [Similar results show that A, is also a
tensor norm relative to the various Sobolev spaces W™P[()] (see Adams
[A], in Chap.6).] Finally, we can allow that  be a locally compact
group or complete separable metric space with minor adjustments.

1.5.1. Basic Results. In this section, we prove a number of basic
results (including some of those mentioned above) about the tensor
product of spaces in the A, norm, 1 <p < oo.

Theorem 1.85. If By and By are Banach spaces, then both v = A
and N = Ay provide norms on By ® Ba, with Ax(¢) < A1(¢) for all
¢ € B ® Bs.

Proof. We prove that A; is a norm and A (¢) < Ai(¢) for all ¢ €
B1 ® Bs. The proof that A, is a norm is left as an exercise.

It is clear that Aj(a¢) = |a| A1(¢). To prove the triangle in-
equality, let € > 0 be given and choose ¢ = > 7 P ® Py, P =
S W @4, so that

- i i €
; [1]]5, 165]l5, < A1(6) + 5
and
- i i €
> ok, s, < 21000+
By definition, this implies that

(¢ +9) < ZH%HBI |¢2H32+ZH%HBI 11,

< A1(¢) +A1(Y) fe.
Since this is true for all £ > 0, A1(¢+ ¢) < A1(d) + A1 ().
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Suppose that Aj(¢) = 0. Then, for each € > 0, there exists a
representation ¢ = Y 1 | ¢} @ ¢% such that > 1, H(ﬁliHBl H‘béng <e.
It follows that, for all (F; ® Fy) € B’y @ B,

(1 ® F2) (ZW ®¢2>

Since B’y ® B'5 is fundamental for By ® B, we must have ¢ = 0.

In order to show that Ay (¢1 ® ¢2) = ||d1]|5, ||#2[5,, first note that
A1(¢1 ® ¢2) < [|¢1llp, l|¢2]l5,, S0 We need to only prove the opposite
relation. Let | ® Iy € B'1 @B’y satisty Fi(¢1) = [|¢1l5, and Fa(¢2) =
[p2]l, (duality maps). Since

(F1 ® Fy) <Z¢1 ®¢2>

< Z\<F1®F2> (@5 @ ¢b)] (1.11)

<D Fi(61) Fa(gh)

=1

<ellFillg, 1F2lls, -

= Z ‘Fl 4)1 F2 ¢2 Z H‘z’ngl H¢2H32
=1
we see that |(F1 ® F2)¢| < Aq(d), where ¢ = > I ¢! ® ¢4. Thus,
(1 @ F2)(91 ® ¢2) = [|¢1]g, [|92]l5, < A1(P1 @ d2).
From Eq. (1.11) we see that |(F} ® F3)¢| < A1(¢) for all ¢ € By ®
Ba. It follows from the definition of Ay that A (¢) < Ai(e). O

Let ©2 be a domain in R", let u be a measure on {2, and let B be a
separable Banach space with a Schauder basis.

Theorem 1.86. The completion of L'[Q, u] @ B with the Ay norm,
LI[Q,M@)AIB, is isometrically isomorphic to L'[Q, u; B], the space of
Bochner integrable functions on Q) with values in B.

Proof. Let J : LY[Q, u] x B — L[Q, u; B, via (¢1, dp) — ¢ = ¢1 @ ¢y
By linearization, this induces a norm one mapping

T LNQ, )& B — LQ, s B).



1.5. Tensor Products of Banach Spaces 37

It follows that ||<]¢H1 < A1(¢) for all ¢ c Ll[Q,H]®AlB. HOWGVQL
if € L'[Q, u;B] is a simple function, then ¢ = S XAk¢]§ and
Jo =Y1_1 XA, ® ¢f. Thus,

81(8) < 3 o) | = 170l
k=1

It follows that Ai(¢) = [J¢||; for all simple functions. Since the
class S of simple functions is dense in L[, u], we see that S ® B

is dense in Ll[Q,,u]®AIB. Since the norm closure of the class of
Bochner integrable functions is all of L![§2, u; B], we see that J is sur-
jective. Furthermore, since Aj(¢) = [|J¢||; on S ® B, the extension

to L1[Q, ,u]®AlB is both injective and isometric. Thus J is an isome-
try. O
Corollary 1.87. If Q1, Qo are domains in R™ with measures p1, po,
then
LN, ] &% LY s, o] = LY x Q
1, )@ LY [Qg, po] = LT[ x Qa, 11 ® pol.

Definition 1.88. Let €21, Q9 be compact domains in R"™, then
C(2) ® C(922) =: {d(z,y) € C(Q1 x Q2) | In €N,

{oh@)}  co@), {ew]} | c @) and sy =3 sh@esw)}-
(If Q; = R™, Q9 = R™ for some n, m, use the one point compactifica-

tion and the result still applies.)

This is why the notation (¢1 ® ¢2)(z,y) = ¢1(x)d2(y) is used to
denote products of functions of two variables (in this case). By the
Weierstrass Approximation Theorem, we see that C(£21) ® C(Qq) is
dense in C(2; x Q).

Theorem 1.89. (C(Q1)®A°°(C(Qg) = C(Q1 x Q7).

Theorem 1.90. Let By, By be separable Banach spaces with a
Schauder basis.

(1) The norm « is a reasonable crossnorm on By @ Bs if and only
if
A (d) < ap) < Ay(¢) for all ¢ € By ® Ba.

(2) If v is a reasonable crossnorm, then the norm o' on B’y @ B's
induced by (B1 @ Bg)' is also a reasonable crossnorm.
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Proof. To begin, we let By, denote the unit ball in B';, i = 1,2.

If « is a reasonable crossnorm on B; ® B, then for any represen-
tation of ¢ =Y " | ¢} ® ¢ € By ® By we have

a(o) < Z a(¢) ® ¢h) ZHdHBI H¢2HBQ
i=1

so that a(¢p) < A1(¢). To see that Ax(¢) < a(¢), let F1 @ Fy and
F =31 F{ ® F§ be in By @ B'>. Then

Asc(9)
=sup {|(F1 ® F2)¢|: F1 ® F» € Bp, ® B/, }

< sup {|(F)¢y :F=> Fl®FcBg, ®B3/2} = a(¢).

i=1
On the other hand, if « is a norm on B ® By with
Ax(p) < ap) < Ai(¢), for all ¢ € By @ Ba,
then A (¢ @) = a(p @ ¢¥) = A1(¢ ® 1), so that « is a crossnorm.

To see that o is a crossnorm on B'1® B9, use Ay < a < Aj to get
that, for ¢ =Y 1" | ¢ @ ¢4 € By ® B,
1E11 5, 1F2 11,
= sup {|(£1 ® [2)¢| : ¢ € B1 ® By, Ai(¢) < 1}
o (F @ F) =sup{|(Fy @ F2)¢|: ¢ € B @ By, a¢) < 1}
sup {[(F1 ® F2)d|| ¢ € B1 ® B2, Axs(9) < 1} = ||| 5, | F2l, -

It follows that o' is a reasonable crossnorm. O

<
<

We denote by B1®%Bsy the completion of By ® By with respect
to «, and by B'1®“ B’y the completion of B'1 ® B’y with respect to

o’. In general, B’1®a/8’ o can be identified with a closed subspace of
(B1®“Bs)" (cf. Schatten [S], in Chap. 6).

Theorem 1.91. IfQ2 is a domain in R™ and p is a measure on B, then
Ay is a reasonable crossnorm on LP[Q,B(Q), pl@ B =: LP[Q]® B, 1 <
p < oo, for any separable Banach space B, and LP[Q]®A”B = LP[Q; B]
forl <p< .

Proof. The proof for p = 1 was given in Theorem 6.8, so we need to
only consider the case for 1 < p < co. Let J : LP[Q] ® B — LP[Q); B]
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be defined by J[f ® ¢] = f(-)¢. This is clearly an injective mapping.
Let g =) p_; ft ® ¢; and define

= | [ Islt duteo) "

1/p
Alf @ o] = [ / |f<w>¢|r%du<w>] — 6lls /1,

so that A,[-] is a crossnorm. To see that A,[] < Aq[-], note that

Ap[g]
P 1/p
dp(w )]

I B

n 1/p
p w)? w

_;Hmug /Q ()P du >]

n
<D lIgwlls Il
k=1

so that Ay[g] < Aq[g]. To see that Ay[] < A o], let FQ@ G [LP) @ B

It is clear that

ka

k=1

N

be in the respective unit balls (i.e., [|[F||, <1, @[z <1, , = 1—7)
Then
(F®®,g)]
' | P @ g dute)
swp - [F@®,g)f = Axlg]
||<1>||<1 £l

<17l | |<<I>,g<w>>|f’du<w>} "

< sup [ /Q |<q>,g<w>>|pdu<w>]1/p=Ap[g].

l[efl<1

Thus, A,[-] is a reasonable crossnorm on LP[Q2] ® B for any p, 1 <p <
oo. If p < oo, then the (equivalence class of) step functions

k=1
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is dense in LP[Q); B]. This implies that LP[Q)] ® B is dense in LP[Q; B].
It follows that
P& B = LP|Q; B).
(]

Corollary 1.92. Let (1,81, 1) and (Q2, B2, p2) be o-finite measure
spaces. Then LP[Q2; X Qo, B1 X Ba, 1 X pa] = Lp[Ql]é@A”Lp[Qﬂ for
1 < p < oo, where By x By is the g-algebra generated by B1 and Bs.

Let By and By be separable Banach spaces, and let Ay € L[B],
AQ c L[BQ]

Theorem 1.93. The operator A1 @ Ay : B1 ® By — B1 ® By has an
unique extension to both 81®A15’2 and 31®A°°Bg as a bounded linear
operator and

|A1®As|| = [| A1l | A2]|-

Proof. We first prove it for A;. Let ;" ¢! ® ¢% be a representation
for ¢ € B1®A182. Then

> A1gh ® Ardh ¢1|[ |62

i=1

Ai[(A1 ® A2) @] = Ay

b
Ba

S EHIENDY
i=1

B1

so that Al[(Al ® Ag) ¢] < HA1H ”AQH A1[¢] It follows that HAI ® AQH
< [[Ar]|[| Azl However, from (A1 ® Ag)(¢1 ® ¢2) = (A1¢1) @ (A2¢2),
we see that (using the crossnorm property of Aj)

| Ax |l || Azl

[(A101) 15, [[(A2602) ||,
o1lls, 92115,
[(A1d1 @ A2¢2)| A,
1115, 925,
(A1 ® A2) (¢1 ® ¢2)|la,
[($1 @ ¢2)lla,

= sup

= sup <A1 @ Ao

It follows that ||A; ® As|| = ||A1] [[A2]]. It is clear that this equality
holds for the unique extension A;®As of A; ® Ay to all of 31®A182.
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To prove the result for A, let ¢ = > ¢4 ® ¢4. Then

Aco[(A1 @ A2) ¢]

= sup {Z Fi(A11)Fa(A2gh) : L€ B'1, Fo € B'a; |1 <1, ||| < 1}

i=1

= sup {Z(AiFl)(dﬁ)(A’ze)(%) t R eBh, B e By R <1, IR < 1}

i=1

< AL A2 ]| Avo[8] = [|Av]| [|A2]] Aco[8]-

Thus, A1 ® As has a bounded extension to 81®A°°Bz. Now let € > 0
and choose ¢1 € By, ¢2 € By with [[¢1]|5, <1, [[¢2]/5, <1 and, such
that

[A1d1llg, = (1 =€) [[Aullg, :  [[A202ll5, = (1 =€) [[A2], -
Thus, Ax(¢1 ® ¢2) < 1 and

14161115, [ A202]l5, = Acc[(A1 @ A2) (é1 @ 62)] = (1= €)* [|Au| | A2

Since € is arbitrary, |A; ® As| = ||A1]| ||A2||. It follows that the same

is true for the unique extension A;®As of A1 ® A, to all of 81®A°° Bs.
O

From Theorem 1.93, we see that Ay and A, are uniform for all
Banach space couples (tensor norms). The following example shows
that, for 1 < p < oo, we cannot expect A, to be uniform for all Banach
space couples.

Let L?[R] and ¢;(R) have the standard definitions, and let § be
the Fourier transform on L?[R], which is an isometry, and let I; be the
identity on ¢1(R). If By = L?(R), B2 = £1(R) and a = Ay, we have
9 1/2

dx
B

(S gm ey =ter [~
277;@ /_Oo

Example 1.94. Set f, = 30" 1 Ximm+1) ® €m, where Xm m11)(x) is
the characteristic function of the interval [m,m + 1), and e, is the
mth unit basis vector of £1(R). Then

Ag(fn) = /Z

9 1/2
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However, if we look at the norm of (§ @ 14)fn, we get:

1§ ©11) fulla,

9 1/2
= / \ﬁ/ —izy [Z Xmom+1) (Y €m] dy|| dz
l1
9 1/2
l1
1/2

2
]dw

2 % Z ‘ —i(m+1)z 6[—imz}

_ m{/_(: ‘m(x)_lrd@n}l/z =n.

It follows that §® Iy cannot extend to a bounded operator on L*[R]&®
(1(R). Thus, Ay is not uniform with respect to L?[R] and ¢1(R), so
that Ag is not a tensor norm. However, it is a relative tensor norm
for the right space. To see this in the above case, replace ¢1(R) by
l3(R) and note that, if ey, is the mth unit basis vector of ¢2(R), then

fneL? [R]@AZ l5(R) and we have:

Aa(fn) = /_Z

If we now look at the norm of (§ ® I2) fr, we get (the expected result):

Ag

9 1/2

dx =/n.

l2

Z X[m,m~+1) (x)e
m=1

I(F @ 1I2) fnlla,

\/127/ ey [Z X[m,m-1] (y)em] dy
> m=1

9 1/2

dzx

la
) 1/2

dx

l2

8=

[Z {e[fi(m+1)w} - e[zmx}}em]
m=1
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) 1/2
\/% {/ x2 Z ‘ —i(m+1)z e[—imx] dﬂj}

\/@{/m dx}l/Q:\/ﬁ.

It follows that (§ ® I) can be extended to a bounded operator on
L2[R]&™2 ly(R).

exp(—iz) — 1
T

By a theorem of Kwapienn [KP], in Chap.6, B is isomorphic to a

Hilbert space if and only if (§ ® Ig) is continuous on L2 [R]@AQB. The
point is that As is a relative tensor norm which is not a tensor norm.

On the other hand, if « is any tensor norm, § ® I; has an extension
to a bounded linear operator on L2[R]&"1;(Z) (see [DOF, p. 147]).

We now show that A, is uniform relative to the tensor product of
LP spaces.

Theorem 1.95. Let (21,81, 1) and (22, B2, pa) be o-finite measure
spaces. Let Ay : LP[Q] — LP[Q4] and Ag : LP[Qy] — LP[Qs]. Then,
for 1 < p < oo, the operator

AL ® Ag : LP[Q|®LP[Qs] — LP[Q]|®LP[g]
has an unique extension to a bounded linear operator

A1®Ay : IP[O4]® pr[QQ] — LP[Q x g,
and || A1®Az|| = || A1]| || A2]].

Proof. We first show that I; ® As is bounded as an operator mapping
Lp[Ql](X)Lp[QQ] — Lp[Ql X QQ]

Let {¢%} be a Schauder basis for LP[2s] and, for 1 <i <n, n € N,
let 15 = Aa¢h. Then, for all scalars aq, ..., a,, we have

n . n .
> i > aidh
i=1 » i=1 »
It follows that, for arbitrary functions ai(-),...,a,(:) € L[],

p
/Q Z az 7;[)2 Z a‘l ¢2

a(dy) < | AsP /
i=1 Qs i=1

< Azl

p2(dy).
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Integrating both sides with respect to p;, we see that

/521 /92 ;az‘(m’)%(y) pi2(dy) i ()
(1.12)
’ / /2 ZZ; 5(y)| p2(dy)m

Since pp and p9 are o-finite, we can use Fubini’s Theorem to get

P
/ / Zaz )V (y)| pa(dy)p (dz)
0 JQ | =y
(1.13)
/ Zaz ¢2 M2(dy)'
=1
If we set ®(z) = |31 ai(w ()p, x € O, then
n p
/ > 4 ) ali)
Q||
i (1.14)
_ P
- /qu’ ) (dz) / ()] ().
If we combine Egs. (6.8)7(6.10), we get
n p
| estwi| matin) < 2el? (Vb)) malay).
2 lli=1 p p

It follows that ||I; © Aa|| < ||As||”.

Since
= |4y Zai(w)%(y)”

)(x,y) :

n

> aiz)vi(y)

i=1

= ‘ ((11 ® Ag)

n
Zai®¢é

=1
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we see that

‘ Ao (Z z‘(')%(')) > a;i ® Ayeh
p i=1 Ap
H<I1®Ag Zaz®¢2 > <L @ Aol | as @ ¢
i=1 Ap =1 Ap

Thus we see that ||} ® As| = [|A2]|.

The same proof (with minor adjustments) shows that (A; ® I3)
is also bounded as an operator mapping LP[Q]QLP[Qa] — LP[Q; x
QQ]. Since A1 ® Ay = (Il X AQ)(Al X IQ), we see that ||A1 X A2|| =
([ Al || A2]l- 0

Thus, we see that A, is always a tensor norm relative to LP[Q)]
(1 <p<oo).

Theorem 1.96. [Schatten [S], in Chap. 6] The norms X, vy are tensor
norms on By ® Ba and A\ < 7. Furthermore, if a is any norm with
A< a <y, then a is a reasonable crossnorm which is a relative tensor
norm that need not be a tensor norm, and v < o/ < XN (i.e., o is a
crossnorm on B'y @ By, and v = X\, N =~).

Definition 1.97. A relative tensor norm « is said to be faithful if
the natural linear mapping of B;&” By into L (B'1, B'5), obtained by
extending the identity I1 ® I on By ® By C Bl®)‘l32 by continuity to
the entire space Bi®" Ba, is one-to-one.

To say that « is faithful means that, if an element of B1&% By
vanishes on B’y ® B'5, it is the zero function. For all of the above
spaces, the relative tensor norm is faithful. Indeed, it has been shown
by Gelbaum and Gil de Lamadrid [GG], in Chap. 6, that, if both B;
and By have Schauder bases and « is a relative tensor norm, then
B1&% By has a Schauder basis so that « is faithful. The following
result is due to Ichinose [IC70], in Chap. 6.

Theorem 1.98. Let A1 and As be closed densely defined linear oper-
ators on By and By respectively, and let o be a faithful relative tensor
norm. Unless one of the extended spectra o.(A1) and o.(As2) contains
0 while the other contains oo,

(A1 L) (118 Ag) = (1% A2)(A107 ) = A1 & As. (1.15)
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