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Abstract

We consider Bayesian nonparametric density estimation with a Dirichlet process
kernel mixture as a prior on the class of Lebesgue univariate densities, the
emphasis being on the achievability of the error rate n~'/2, up to a logarithmic
factor, depending upon the kernel. We derive rates of convergence for the Bayes’
estimator of super-smooth densities that are location-scale mixtures of densities
whose Fourier transforms have sub-exponential tails. We show that a nearly
parametric rate is attainable in the L'-norm, under weak assumptions on the
tail decay of the true mixing distribution and the overall Dirichlet process base
measure.

1 Introduction

Consider the estimation of a density fy on R from observations X, ..., X, taking
a Bayesian nonparametric approach. A prior is defined on a metric space of
probability measures with Lebesgue density and a summary of the posterior, e.g.,
the posterior expected density, is employed. The so-called what if approach, which
consists in investigating frequentist asymptotic properties of the posterior, under the
non-Bayesian assumption that the data are generated from a fixed density, provides
a way to validate priors on infinite-dimensional spaces. Desirable asymptotic prop-
erties of posterior distributions are consistency, minimax-optimal concentration rate
of the posterior mass around the “truth” as the sample size grows, possibly with full
adaptation to the regularity level of fp, if unknown, and distributional convergence.
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For bounded and convex distances, posterior contraction rates yield upper bounds on
convergence rates of the Bayes’ estimator, thus motivating the interest in their study.
Since the seminal articles of Ferguson [2] and Lo [4], the idea of constructing priors
on spaces of densities by convoluting a fixed kernel with a random distribution has
been successfully exploited in density estimation. Even if much progress has been
done during the last decade in understanding frequentist asymptotic properties of
mixture models, the choice of the kernel is a topic largely ignored in the literature,
except for the article of Wu and Ghosal [9], mainly focussed on consistency.
Posterior contraction rates for Dirichlet process kernel mixture priors have been
investigated by Ghosal and van der Vaart [3] and Scricciolo [5]. One key message
is that some constraints on the regularity of the kernel and on the tail decay of the
true mixing distribution are necessary to accurately estimate a density. Most of the
literature has dealt with the estimation of mixtures, with normal (or generalized
normal) kernel and mixing distribution having either compact support or sub-
exponential tails, finding a nearly parametric rate, up to a logarithmic factor, in
the L!-distance, but there are almost no results beyond the Gaussian kernel. The aim
of this work is to contribute to the understanding of the role of the kernel choice
in density estimation with a Dirichlet process mixture prior. The main result states
that a nearly parametric rate can be attained to estimate mixtures of super-smooth
densities having Fourier transforms that decay exponentially, whatever the kernel
tail decay, heavy tailed distributions, like Student’s-# or Cauchy, being included,
which have been proved to be extremely useful in accurately modeling different
kinds of financial data. For example, individual stock indices can be modeled as
stable laws. Multivariate stable laws have been fruitfully used in computer networks,
see Bickson and Guestrin [1]. The assumption on the exponential tail decay of the
true mixing distribution seems unavoidable in order to find a finite approximating
mixture with a sufficiently restricted number of points. This step is a delicate
mathematical point in the proof, see Lemma 1. Such an approximation result, which
is reported in the Appendix, may be of autonomous interest as well. In Sect. 2, we
fix the notation and present the result.

2 Main Result

We derive rates for location-scale mixtures of super-smooth densities. The model is
frc(x) == fOOO(F * K5)(x)dG(0), x € R, where K is a kernel density, F ~ D,
is a Dirichlet process with base measure ¢ = «a(R)@, for 0 < a¢(R) < oo
and & a probability measure on R, and G ~ Dg, with finite and positive base
measure B on (0, co). We assume that fo = fr, c,,» With Fy and Gy denoting the
true mixing distributions for the location and scale parameters, respectively. We use
the following assumptions.
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(A) The true mixing distribution Gy for the scale parameter satisfies

o0 o0 1
/ 0 dGy(o) < 00 and / —dGy(0) < o0. (1)
0 o O
Also, for constants di, d, > 0 and 0 < y?, yg < o0,

0 0
— e _ Y
Go(s) S e ds Tt a9s—>0 and 1-— Go(s) Se D5 a5 5 — 00.

(B) The base measure f of the Dirichlet process prior for G has a continuous and
positive Lebesgue density 8’ on (0, co) such that, for constants C,D; > 0,
J=1L ..., 4 q,q,n rn>0and0 <y, y» < o0,

Cio™ e~ C2o M (log(1/o))t '3/(0) < Cy0 0 e~ Cao " (log(1/0)" 2)
for all o in a neighborhood of 0, and
Dyo2e™P207 1020 < Bl(g) < Dyg2e~Pro7(020)” (3)
for all o large enough.

Remark 1 The right-hand side requirement in (1) has also been postulated by
Tokdar [7], see condition 3 of Lemma 5.1 and condition 4 of Theorem 5.2, pp. 102—
103. If, for example, Gy is an IG(v, 1), with shape parameter v > 0 and scale
parameter A > 0, then fooo 07 1dGo(0) = (v/A) < oo. If Gy is a right-truncated
distribution, then the requirement on the upper tail is satisfied with )/g = 00. Aright-
truncated Inverse-Gamma distribution meets all the requirements of assumption

(A).

Remark 2 Condition (2) is satisfied (with r; = 0) if B’ is an Inverse-Gamma
distribution. It can be seen that (2) implies that

C n\" P
B((0, s]) < exp { —74S_m (log _) } Se 2t ass — 0.
s

Condition (3) has been considered by van der Vaart and van Zanten [8], p. 2660, and
implies that B((s, 00)) < exp{—Da4s"?/2} as s — 00, see Lemma 4.9, p. 2669.

We assess rates for location-scale mixtures of symmetric stable laws. The result
goes through to location-scale mixtures of Student’s-¢ distributions.

Theorem 1 Let K be the density of a symmetric stable law of index 0 < r < 2.
Suppose that fy = fooo (Fo * K;) dGo(0), with the true mixing distribution F for the
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location parameter satisfying the tail condition
Fo({0 : 10] > 1}) < exp {—cor' T10:20/0=Dyv forjarge s > 0, 4)

for some constant co > 0, and the true mixing distribution Gy for the scale
parameter satisfying assumption (A), with yg = oo. If the base measure o has
a density o' such that, for constants b > 0 and 0 < § < 1+ I y(r)/(r — 1),
satisfies

o(B) e’ heR, (5)

the base measure B satisfies assumption (B), with 0 < y; < yo < ocoandy; < y]
ifrj > 0,j = 1, 2, then the posterior rate of convergence relatlve to the Hellinger
distance is €, = n~"/?(log n)*, with k > 0 depending on 7’1 , V1, Y2, and 1.

Proof The proof is in the same spirit as that of Theorem 4.1 in Scricciolo [6], which,
for space limitations, cannot be reported here. Let &, = n~"/?(logn)* and &, =
n~2(logn)?, with k > t > 0 whose rather lengthy expressions we refrain from
writing down. Let 0 < s, < E(log(1/£,))™>/",0 < S, < F(log(1/£,))*/7, and
0 < a, < L(log(1/&,))*/%, with E, F, L > 0 suitable constants. Replacing the
expression of N in (A.19) of Lemma A.7 of Scricciolo [6], with that in Lemma 1,
we can estimate the covering number of the sieve set

Fn ={fr.c: F([—an, ay)) = 1 —=8,/2, G([su, Su]) = 1—£,/2}

and show that log D(&,, %, du) < (logn)* = ng2. Verification of the remaining
mass condition 7 (Z¢) < exp{—(cz + 4)né?} can proceed as in the aforementioned
theorem using, among others, the fact that 27 > 1.

We now turn to consider the small ball probability condition. For 0 < ¢ < 1/4,
let a; := (cy'log(1/(see)))/IHaa0/=D) and 5, := (dl_llog(l/s))_l/y?. Let
G} be the re-normalized restriction of Gy to [s,, So], with Sy the upper endpoint
of the support of Gy, and Fj the re-normalized restriction of Fy to [—a,, a.]. Then,
frz.6x —folli < &. By Lemma 1, there exist discrete distributions F{, := Zi\;l ;e
on [—a,. a;] and G, := Y N_, qi8s, on [s¢. Sol, with at most N < (log(1/¢))* !
support points, such that || fr; ; — frz 6t oo < €. For Tp 1= (2a, v gVt 0)),

~

s, 6, =S ol S Tellfey, 6 —fre g lloo + T S &' 71/ H010),

Without loss of generality, the 8;’s and o} ’s can be taken to be at least 2&-separated.
For any distribution F on R and G on (0, co) such that

N N
Z|F([9j—£, Oi+¢])—pjl <e and ZIG([ok —& 0 +e€]) —qi| < e,

Jj=1 k=1
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by the same arguments as in the proof of Theorem 4.1 in Scricciolo [6],

fr.c —fr).qlli < e

Consequently,

di(fr.6: J0) < Wfr.6 —fry.aplh + W6y = fre.ae I+ W — ol

< 81—1/(r+1(o. 1)

By an analogue of the last part of the same proof, we get that 7 (B (fo; £2)) 2
exp {—cné2}.

Remark 3 Assumptions (4) on Fy and (5) on o’ imply that supp(Fy) < supp(a),
thus, Fy is in the weak support of D,. Analogously, assumptions (A) on Gy and
(B) on f’, together with the restrictions on yjo, vj,J = 1, 2, imply that supp(Go) <
supp(B), thus, Gy is in the weak support of Dg.

Remark4 If yy = y» = oo, then also y? = yg = 00, ie., the true mixing
distribution Gy for o is compactly supported on an interval [so, Sp], for some
0 < 5o < So < o0, and (an upper bound on) the rate is given by &, = n~"/?(log n)*,
with ¥ whose value for Gaussian mixtures (r = 2) reduces to the same found by
Ghosal and van der Vaart [3] in Theorem 6.1, p. 1255.

Appendix

The following lemma provides an upper bound on the number of mixing com-
ponents of finite location-scale mixtures of symmetric stable laws that uniformly
approximate densities of the same type with compactly supported mixing distribu-
tions. We use E and IE’ to denote expectations corresponding to priors G and G’ for
the scale parameter X', respectively.

Lemma 1 Let K be a density with Fourier transform such that, for constants A, p >
Oand 0 < r < 2, Ox(t) = AeP t e R Let0 <€ < 1,0 < a < oo and
0 <5 <8 < oo be given, with (a/s) > 1. For any pair of probability measures F
on [—a, a] and G on [s, S), there exist discrete probability measures F' on [—a, d]
and G' on [s, S|, with at most

a5 (3) (log L)' it 0<r<lI,

S€

N <

~

s'e

max{(%)r/(r—l) ’ (g)r/(r—l) (10g L)l/(r—l)} ’ i | <r<2.

support points, such that |E[F * Ks] — E'[F' * Ks]|leo S €.
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Proof We consider first the case where 1 < r < 2 because, since (a/s) > 1 by
assumption, we can appeal to Lemma A.1 of Scricciolo [6]. The arguments of the
first part of the proof can be then used to deal also with the case where 0 < r < 1.
Foreachs < o < §, since f_ozo |®k(ot)| df < oo, the inversion formula can be
applied to recover both F % K, and F’ % K,. Forany M > 0 and x € R,

[E[(F * Kx)(x)] = E'[(F" x Kx) ()]

S 00
= % /Y /_ N e Py (0t)Pr () dt dG(o)

- / ’ / - e Py (a1)Ppr (1) dt dG (o)

= % ( /h - + /h |>M) e[ Ppr(DE[@k (Z1)] — @p ()E [@k (Z1)]] def.
Let
— L / ¢~ [@p (NE[Bx (E1)] — B (VE [Pk (Z1)]] di
27 | Ji<m
and

1

Vi=—
2

/| & orBio(Z] ~ o OF @e(Z0)] a1
t|I>M

For M > (p'/"s)"! (log(1/(s"e))) /",

A s .
V=os / / e A(G + G0y dr £ e
T Jitl>m Js

In order to find an upper bound on U, we apply Lemma A.1 of Ghosal and van der
Vaart [3], p. 1260, to both F and G. There exists a discrete probability measure F’
on [—a, a], with at most N; + 1 support points, where N; is a positive integer to
be suitably chosen later on, such that it matches the (finite) moments of F up to the
order Ny, ie., E'[@] = E[@] forallj = 1, ..., N;. Analogously, there exists a
discrete probability measure G’ on [s, S], with at most N, support points, where N,
is a positive integer to be suitably chosen later on, such that

S S
E'[27] ::/ o"dG’(a)Z/ ot dG(o) = E[Z"™], t=1,...,N,—1.
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Both N; and N, will be chosen to be increasing functions of ¢. In virtue of the latter
matching conditions,

|E[@x (0] — E'[ox (D] <

No—1
o )

£=0
No—1 n{
[mzr) R aptile ”
£=0
2A N
< eI e R (®)

— (W)!

Using arguments of Lemma A.1 in Scricciolo [6] and inequality (6),

U | @ (O El@x (20)] — B (0E [x (Z0)]| di

E -
21 Jj<m

1

<57 ) ch(r)—Z 7 E[|@x(Z1)|] dt
1 (lt) ’ ’
o b q»(r)—jzo 7 =[] E'[| Dk (Z0)|] dt
T Z 'E[O’ L[ [0 - Bl o) a
4AczN1 (N1 +1)/r) 2A N Ny
= rrr(ps’)(Nl"'”/’ F(Nl + 1) (N )l(l + aM) (’O(SM) ) M
A TN+ D/ V2A0 + ad)N (p(SM))M
ar(ps)M+D/r C(Ny + 1) NS/Ze—NzNQ’Z‘l/Z '

where, in the last line, we have used Stirling’s approximation for (N;)!, assuming
N, is large enough. For N; < max{log(1/(s¢)), (a/s)”/"=D},

- 4AaM I'(v +1D/r) <
= )W Ty A 1)

Let M be such that aM > 1 and (p'/"SM) > 2a. Then, for N, > max{(2N; + 1)(r—
D/(r2 = 1)), € (p""SM)7=1 Tog(1/e)},

1+ aM)Nl (p(SM)r)NzM < (pl/rSM)rN2+2N1+l < (pl/rSM)er/(f—l)
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and

V2A(L + a)™ (p(SM))V M _
7[3/26—N2N§’2—1/2 ~

2=

Hence, N, < max{(a/s)"”™D, ((5/s))"""™V (log(1/s7¢))"/ D},

In the case where 0 < r < 1, since (a/s) > 1, we need to restrict the support
of the mixing distribution F. To the aim, we consider a partition of [—a, a] into
k = [(a/s)(log(1/(se)))'/~!] subintervals I, ..., I; of equal length 0 < [ <
2s(log(1/(se)))~1="/" and, possibly, a final interval I+ of length 0 < [;4; < L
Let J be the number of intervals in the partition, which can be either k or k + 1.
Write F = Zle F(I;))F;, where F; denotes the re-normalized restriction of F' to /.
Then, for each s < 0 < S, we have (F * K, )(x) = Z{:l F(I)(F; * K5)(x), x € R.
For any probability measure F’ such that F'([;) = F(I;),j =1, ..., J,

[E[(F * Kx) ()] = E'[(F' * Kx) ()|

J
Z F()[E[(F; % Kg)(0)] —E'[(F] * Ke)®)].  xeR.
Reasoning as in the case where 1 < r < 2, with a to be understood as //2 and N; as
the number of support points of the generic Fj, for M > ((p/2)"/7s) 1 (log(1/e))'/",
|E[(F; * Kx)(0)] = E'[(F; * Kz)0)]| SU+V S (Ui + Uy) +e, xeR.

Since (a/s) < (log(1/(se)))~="/" by construction, for N; = log(1/(s¢)), it turns
out that U; < &. For N, > max{Nj, 2¢*p(SM)"log(1/(se)), log(1/¢)},

(14 aM)™ (p(SM)")">M < M(2p(SM)" log(1/(s¢)))™?

and U, < e. Then, N, < (S/s)"(log(1/(s€)))? and the total number NT of support
points of F’ is bounded above by

S r 1 1+1/r
Jleijstfx(—) (log—) .
S S S€

The proof is thus complete.

Remark5 Lemma 1 does not cover the case where r = 2, i.e., the kernel is
Gaussian: this might possibly be due to the arguments laid out in the proof. This
case can be retrieved from Lemma A.2 in Scricciolo [6] when p = 2.
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