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Foreword

During July 23th to 27th, 2012, the first session of the Barcelona Summer School
on Stochastic Analysis was organized at the Centre de Recerca Matematica (CRM)
in Bellaterra, Barcelona (Spain). This volume contains the lecture notes of the two
courses given at the school by Vlad Bally and Rama Cont.

The notes of the course by Vlad Bally are co-authored with her collabora-
tor Lucia Caramellino. They develop integration by parts formulas in an abstract
setting, extending Malliavin’s work on abstract Wiener spaces, and thereby being
applicable to prove absolute continuity for a broad class of random vectors. Prop-
erties like regularity of the density, estimates of the tails, and approximation of
densities in the total variation norm are considered. The last part of the notes is
devoted to introducing a method to prove existence of density based on interpola-
tion spaces. Examples either not covered by Malliavin’s approach or requiring less
regularity are in the scope of its applications.

Rama Cont’s notes are on Functional It6 Calculus. This is a non-anticipative
functional calculus extending the classical It6 calculus to path-dependent func-
tionals of stochastic processes. In contrast to Malliavin Calculus, which leads to
anticipative representation of functionals, with Functional It6 Calculus one ob-
tains non-anticipative representations, which may be more natural in many ap-
plied problems. That calculus is first introduced using a pathwise approach (that
is, without probabilities) based on a notion of directional derivative. Later, after
the introduction of a probability on the space of paths, a weak functional calculus
emerges that can be applied without regularity conditions on the functionals. Two
applications are studied in depth; the representation of martingales formulas, and
then a new class of path-dependent partial differential equations termed functional
Kolmogorov equations.

We are deeply indebted to the authors for their valuable contributions. Warm
thanks are due to the Centre de Recerca Matematica, for its invaluable support
in the organization of the School, and to our colleagues, members of the Organiz-
ing Committee, Xavier Bardina and Marta Sanz-Solé. We extend our thanks to
the following institutions: AGAUR (Generalitat de Catalunya) and Ministerio de
Economia y Competitividad, for the financial support provided with the grants
SGR 2009-01360, MTM 2009-08869 and MTM 2009-07203.

Frederic Utzet and Josep Vives
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Part 1

Integration by Parts Formulas,
Malliavin Calculus, and
Regularity of Probability Laws

Vlad Bally and Lucia Caramellino






Preface

The lectures we present here turn around the following integration by parts for-
mula. On a probability space (2, F,P) we consider a random variable G, and a
random vector F' = (Fy,...,F,) taking values in R?. Moreover, we consider a
multiindex o = (aq,...,qm,) € {1,...,d}™ and we write Oy = Oy -+ Oyam . We
look for a random variable, which we denote by H,(F;G) € LP(Q2), such that the
following integration by parts formula holds:

IBP,,,(F, G) E(9uf(F)G) = E(f(F)HA(F;G)), VYf € CRY),

where Cp°(R?) denotes the set of infinitely differentiable functions f: RY — R
having bounded derivatives of any order. This is a set of test functions, that can be
replaced by other test functions, such as the set C°(R?) of infinitely differentiable
functions f: R? — R with compact support.

The interest in this formula comes from the Malliavin calculus; this is an
infinite-dimensional differential calculus associated to functionals on the Wiener
space which permits to construct the weights H,(F;G) in the above integration
by parts formula. We will treat several problems related to IBP, ,(F, &) that we
list now.

Problem 1

Suppose one is able to produce IBP, ,(F, &), does not matter how. What can we
derive from this? In the classical Malliavin calculus such formulas with G = 1 have
been used in order to:

(1) prove that the law of F' is absolutely continuous and, moreover, to study the
regularity of its density;

(2) give integral representation formulas for the density and its derivatives;
(3) obtain estimates for the tails of the density, as well;

(4) obtain similar results for the conditional expectation of G with respect to F,
assuming If IBP,, ,(F, G) holds (with a general G).

Our first aim is to derive such properties in the abstract framework that we de-
scribe now.
A first remark is that IBP, ,(F,G) does not involve random variables, but

the law of the random variables: taking conditional expectations in the above
formula we get E(Ouf(F)E(G | o(F))) = E(f(F)E(Ho(F;G) | o(F)). So, if we
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denote g(z) = E(G | F = x), 0,(9)(z) = E(Hy(F;G) | F = ), and if pp(dz) is
the law of F', then the above formula reads

/ O (2)g (@) dpi / F(2)0a(9) (2 dpr ().

If pp(dx) is replaced by the Lebesgue measure, then this is a standard integration
by parts formula and the theory of Sobolev spaces comes on. But here, we have
the specific point that the reference measure is up, the law of F. We denote
0tr g = 0,(g) and this represents somehow a weak derivative of g. But it does
not verify the chain rule, so it is not a real derivative. Nevertheless, we may
develop a formalism which is close to that of the Sobolev spaces, and express our
results in this formalism. Shigekawa [45] has already introduced a very similar
formalism in his book, and Malliavin introduced the concept of covering vector
fields, which is somehow analogous. The idea of giving an abstract framework
related to integration by parts formulas already appears in the book of Bichteler,
Gravereaux and Jacod [16] concerning the Malliavin calculus for jump processes.

A second ingredient in our approach is to use the Riesz representation for-
mula; this idea comes from the book of Malliavin and Thalmaier [36]. So, if Q4 is
the Poisson kernel on R?, i.e., the solution of AQg = dp (6 denoting the Dirac
mass), then a formal computation using IBP,, ,,(F, 1) gives

d d
pr(z) =E(0(F — z)) = ZE(@?%(F — 1)) = ZE(@@(F —x)H;(F,1)).

This is the so-called Malliavin—Thalmaier representation formula for the density.
One may wonder why do we perform one integration by parts and not two? The
answer is that Qg is singular in zero and then 9?Q, is “not integrable” while
0;Qq is “integrable”; so, as we expect, integration by parts permits to regularize
things. As suggested before, the key issue when using Q4 is to handle the inte-
grability problems, and this is an important point in our approach. The use of
the above representation allows us to ask less regularity for the random variables
at hand (this has already been remarked and proved by Shigekawa [45] and by
Malliavin [33]).

All these problems —(1), (2), (3), and (4) mentioned above— are discussed
in Chapter 1. Special attention is given to localized integration by parts formulas
which, roughly speaking, means that we take G to be a smooth version of 1{peay.
This turns out to be extremely useful in a number of problems.

Problem 2

How to construct IBP, ,(F,G)? The strategy in Malliavin calculus is roughly
speaking as follows. One defines a differential operator D on a subspace of “regular
objects” which is dense in the Wiener space, and then takes the standard extension
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of this unbounded operator. There are two main approaches: the first one is to
consider the expansion in Wiener chaos of the functionals on the Wiener space.
In this case the multiple stochastic integrals are the “regular objects” on which
D is defined directly. We do not take this point of view here (see Nualart [41]
for a complete theory in this sense). The second one is to consider the cylindrical
functions of the Brownian motion W as “regular objects”, and this is our point of
view. We consider F,, = f(AL,...,A2") with Ak = W(k/2") =W ((k—1)/2") and
f being a smooth function, and we define D,F = 9 f(AL, ..., A2")if (k—1)/2" <
s < k/2™. Then, given a general functional F', we look for a sequence F}, of simple
functionals such that F,, — F in L*(Q), and if DF,, — U in L?([0,1] x Q), then
we define D, F = Us.

Looking to the “duality formula” for DF,, (which is the central point in Malli-
avin calculus), one can see that the important point is that we know explicitly the
density p of the law of (AL,...,A2") (Gaussian), and this density comes on in
the calculus by means of Inp and of its derivatives only. So we may mimic all the
story for a general finite-dimensional random vector V = (V4,...,V,,) instead of
A = (AL,...,A2"). This is true in the finite-dimensional case (for simple func-
tionals), but does not go further to general functionals (the infinite-dimensional
calculus). Nevertheless, we will see in a moment that, even without passing to
the limit, integration by parts formulas are useful. This technology has already
been used in the framework of jump type diffusions in [8, 10]. In Chapter 2, and
specifically in Section 2.1, we present this “finite-dimensional abstract Malliavin
calculus” and then we derive the standard infinite-dimensional Malliavin calculus.
Moreover, we use these integration by parts formulas and the general results from
Chapter 1 in order to study the regularity of the law in this concrete situation.
But not only this: we also obtain quantitative estimates concerning the density of
the law as mentioned in the points (1), (2), (3), and (4) from Problem 1.

Problem 3

There are many other applications of the integration by parts formulas in addition
to the regularity of the law. We mention here few ones.

Malliavin calculus permits to obtain results concerning the rate of conver-
gence of approximation schemes (for example the Euler approximation scheme for
diffusion processes) for test functions which are not regular but only measurable
and bounded. And moreover, under more restrictive hypotheses and with a little
bit more effort, to prove the convergence of the density functions; see for exam-
ple [12, 13, 27, 28, 30]. Another direction is the study of the density in short time
(see, e.g., Arous and Leandre [14]), or the strict positivity of the density (see, e.g.,
Bally and Caramellino [3]). We do not treat here these problems, but we give a
result which is central in such problems: in Section 2.4 we provide an estimate of
the distance between the density functions of two random variables in terms of the
weights H,, (F, G), which appear in the integration by parts formulas. Moreover we



6 Preface

use this estimates in order to give sufficient conditions allowing one to obtain con-
vergence in the total variation distance for a sequence of random variables which
converge in distribution. The localization techniques developed in Chapter 1 play
a key role here.

Problem 4

We present an alternative approach for the study of the regularity of the law
of F. The starting point is the paper by Fournier and Printems [26]. Coming
back to the approach presented above, we recall that we have defined D,F =
lim,, Dy F,, and then we used DF in order to construct IBP, ,(F,1). But one may
proceed in an alternative way: since DF,, is easy to define (it is just a finite-
dimensional gradient), one may use elementary integration by parts formulas (in
finite-dimensional spaces) in order to obtain IBP, ,(F,,1). Then passing to the
limit n — oo in IBP,, ,(F,, 1), one obtains IBP,, ,,(F, 1). If everything works well,
then we are done —but we are not very far from the Malliavin calculus itself. The
interesting fact is that sometimes this argument still works even if things are “going
bad”, that is, even when H, (F),, 1) 1T co. The idea is the following. We denote by
pr the Fourier transform of F' and by pg, the Fourier transform of F),. If we are
able to prove that [ |ﬁp(§)\2 d€ < oo, then the law of F' is absolutely continuous.
In order to do it we notice that 97e** = (i¢)™e** and we use IBP,, ,(F,,1) in
order to obtain

~ 1 X 1 )
pr.(§) = WE(ag’Le“") = (ig)mE(eZEF”Hm(Fn, 1)).

Then, for each m € N,

PF(©)] < [PF(&) = PR, (O] + Pr, (§)] < [E|E(|F — Fu]) + ﬁEUHm(le)‘)'
So, if we obtain a good balance between E(|F — F,,|) | 0 and E(|H,,(Fy,,1))| T oo,
we have a chance to prove that [p, |]3F(§)|2 d¢ < oo and so to solve our problem.
One unpleasant point in this approach is that it depends strongly on the dimension
d of the space: the above integral is convergent if |pr(£)| < Const [¢]™* with o >
d/2, and this may be rather restrictive for large d. In [20], Debussche and Romito
presented an alternative approach which is based on certain relative compactness
criterion in Besov spaces (instead of the Fourier transform criterion), and their
method is much more performing. Here, in Chapter 3 we give a third approach
based on an expansion in Hermite series. We also observe that our approach fits
in the theory of interpolation spaces and this seems to be the natural framework
in which the equilibrium between E(|F' — F,|) . 0 and E(|H,,,(F,,1)|) T oo has to
be discussed.

The class of methods presented above goes in a completely different direc-
tion than the Malliavin calculus. One of the reasons is that Malliavin calculus is
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somehow a pathwise calculus —the approximations F,, — F and DF,, — DF are
in some LP spaces and so, passing to a subsequence, one can also achieve almost
sure convergence. This allows one to use it as an efficient instrument for analy-
sis on the Wiener space (the central example is the Clark—Ocone representation
formula). In particular, one has to be sure that nothing blows up. In contrast,
the argument presented above concerns the laws of the random variables at hand
and, as mentioned, it allows to handle the blow-up. In this sense it is more flexible
and permits to deal with problems which are out of reach for Malliavin calculus.
On the other hand, it is clear that if Malliavin calculus may be used (and so real
integration by parts formulas are obtained), then the results are more precise and
deeper: because one does not only obtain the regularity of the law, but also inte-
gral representation formulas, tail estimates, lower bounds for densities and so on.
All this seems out of reach with the asymptotic methods presented above.

Conclusion

The results presented in these notes may be seen as a complement to the classical
theory of Sobolev spaces on R¢ that are suited to treat problems of regularity
of probability laws. We stress that this is different from Watanabe’s distribution
theory on the Wiener space. Let F': W — R?. The distribution theory of Watan-
abe deals with the infinite-dimensional space W, while the results in these notes
concern iy, the law of F', which lives in R¢. The Malliavin calculus comes on in
the construction of the weights H, (F,G) in the integration by parts formula (1)
and its estimates. We also stress that the point of view here is somehow different
from the one in the classical theory of Sobolev spaces: there the underling measure
is the Lebesgue measure on RY, whereas here, if F'is given, then the basic measure
in the integration by parts formula is p . This point of view comes from Malliavin
calculus (even if we are in a finite-dimensional framework). Along these lectures,
almost all the time, we fix F'. In contrast, the specific achievement of Malliavin
calculus (and of Watanabe’s distribution theory) is to provide a theory in which
one can deal with all the “regular” functionals F' in the same framework.

Vlad Bally, Lucia Caramellino



Chapter 1

Integration by parts formulas and the
Riesz transform

The aim of this chapter is to develop a general theory allowing to study the
existence and regularity of the density of a probability law starting from integration
by parts type formulas (leading to general Sobolev spaces) and the Riesz transform,
as done in [2]. The starting point is given by the results for densities and conditional
expectations based on the Riesz transform given by Malliavin and Thalmaier [36].
Let us start by speaking in terms of random variables.

Let F and G denote random variables taking values on R? and R, respectively,
and consider the following integration by parts formula: there exist some integrable
random variables H;(F,G) such that for every test function f € C2°(R?)

IBP,(F,G) E(8,f(F)G) = —E(f(F)H,(F,G)), i=1,...,d.

Malliavin and Thalmaier proved that if IBP;(F,1),4=1,...,d, hold and the law
of F has a continuous density pg, then

d

pr(x) = = E(0:;Qa(F — )H(F,1)),

i=1

where Qg denotes the Poisson kernel on R?, that is, the fundamental solution of
the Laplace operator. Moreover, they also proved that if IBP;(F,G), 1 =1,...,d,
a similar representation formula holds also for the conditional expectation of G
with respect to F'. The interest of Malliavin and Thalmaier in these representa-
tions came from numerical reasons —they allow one to simplify the computation
of densities and conditional expectations using a Monte Carlo method. This is
crucial in order to implement numerical algorithms for solving nonlinear PDE’s or
optimal stopping problems. But there is a difficulty one runs into: the variance of
the estimators produced by such a representation formula is infinite. Roughly
speaking, this comes from the blowing up of the Poisson kernel around zero:
0;Qq € LP for p < d/(d — 1), so that 9;Qq ¢ L? for every d > 2. Hence, esti-
mates of E(|9;Qq(F — )|”) are crucial in this framework and this is the central
point of interest here. In [31, 32], Kohatsu-Higa and Yasuda proposed a solution
to this problem using some cut-off arguments. And, in order to find the optimal
cut-off level, they used the estimates of E(]0;Qq(F — z)|”) which are proven in
Theorem 1.4.1.

© Springer International Publishing Switzerland 2016 9
V. Bally et al., Stochastic Integration by Parts and Functional It6 Calculus,
Advanced Courses in Mathematics - CRM Barcelona, DOI 10.1007/978-3-319-27128-6_1



10 Chapter 1. Integration by parts formulas and the Riesz transform

So, our central result concerns estimates of E(|9;Qq4(F — )|”). It turns out
that, in addition to the interest in numerical problems, such estimates represent a
suitable tool for obtaining regularity of the density of functionals on the Wiener
space, for which Malliavin calculus produces integration by parts formulas. Before
going further, let us mention that one may also consider integration by parts
formulas of higher order, that is

IBP,(F,G) E(9af(F)) = (-1)*E(f(F)Ha(F. G)),

where a = (a1, ...,a;) € {1,...,d}* and |a| = k. We say that an integration by
parts formula of order k holds if this is true for every a € {1,...,d}*. Now, a first
question is: which is the order k£ of integration by parts that one needs in order
to prove that the law of F' has a continuous density pp? If one employs a Fourier
transform argument (see Nualart [41]) or the representation of the density by
means of the Dirac function (see Bally [1]), then one needs d integration by parts
if F € R%. In [34] Malliavin proves that integration by parts of order one suffices to
obtain a continuous density, independently of the dimension d (he employs some
harmonic analysis arguments). A second problem concerns estimates of the density
pr (and of its derivatives) and such estimates involve the LP norms of the weights
H,(F,1). In the approach using the Fourier transform or the Dirac function, the
norms || Hy(F,1)||, for || < d are involved if one estimates ||pr||c. However,
Shigekawa [45] obtains estimates of ||pp||o depending only on ||H;(F,1)]|,, so on
the weights of order one (and similarly for derivatives). To do this, he needs some
Sobolev inequalities which he proves using a representation formula based on the
Green function, and some estimates of modified Bessel functions. Our program is
similar, but the main tools used here are the Riesz transform and the estimates of
the Poisson kernel mentioned above.

Let us be more precise. First, we replace pp with a general probability mea-
sure p. Then, IBP;(F, G) may also be written as

/ 0, f (2)g(x)p(dz) = — / F(@)0 g (x)uld),

where = pp (the law of F), g(z) := E(G | F = z) and 9"g(z) := E(H(F,G) |
F = z). This suggests that we can work in the abstract framework of Sobolev
spaces with respect to the probability measure p, even if p may be taken as a
general measure. As expected, if p is taken as the usual Lebesgue measure, we
return to the standard Sobolev spaces.

So, for a probability measure i, we denote by Wﬁ’p the space of those func-
tions ¢ € LP(du) for which there exist functions 6; € LP(du), i = 1,...,d, such
that [ ¢d;fdu = — [0, fdu for every test function f € C°(R?). If F is a ran-
dom variable of law y, then the above duality relation reads E(¢(F)0; f(F)) =
—E(0;(F)f(F)) and these are the usual integration by parts formulas in the prob-
abilistic approach; for example —6;(F) is connected to the weight produced by
Malliavin calculus for a functional F' on the Wiener space. But one may consider
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other frameworks, such as the Malliavin calculus on the Wiener Poisson space,
for example. This formalism has already been used by Shigekawa in [45] and a
slight variant appears in the book by Malliavin and Thalmaier [36] (the so-called
divergence for covering vector fields).

In Section 1.1 we prove the following result: if 1 € W,}’p (or equivalently
IBP;(F,1),i=1,...,d, holds) for some p > d, then

sup Z/\a Qaly — )"V dy) < Cap 11557,

z€RC

where ¢4, > 0 denotes a suitable constant (see Theorem 1.4.1 for details). More-
over, pu(dx) = pu(x)de, with p, Hélder continuous of order 1 — d/p, and the
following representation formula holds:

pu(e Z/aczd (y — 2)01 (y) ().

More generally, let pg(dz) == ¢(z)u(dz). If ¢ € WP, then pg(de) = py, (x)dx
and p,, is Holder continuous. This last generalization is important from a proba-
bilistic point of view because it produces a representation formula and regularity
properties for the conditional expectation. We introduce in a straightforward way
higher-order Sobolev spaces W7"?, m € N, and we prove that if 1 € W7, then
pp is m — 1 times differentiable and the derivatives of order m — 1 are Holder
continuous. And the analogous result holds for ¢ € WP. So if we are able to
iterate m times the integration by parts formula we obtaln a density in C™1.
We also obtain some supplementary information about the queues of the den51ty
function and we develop more the applications allowing to handle the conditional
expectations.

1.1 Sobolev spaces associated to probability measures

Let g denote a probability measure on (RY, (R%)). We set

g={os [l ua <o}, witn ol = [ |¢(:v)|pu(dx))l/p.

We also denote by W;’p the space of those functions ¢ € LI for which there
exist functions ¢; € L¥, 1 = 1,...,d, such that the following integration by parts
formula holds:

[os@ot@mtdn) = - [ f@p@nia) v e o).
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We write 0/'¢ = 0; and we define the norm

d
Il = 16lg + 3 1061 -

i=1

We similarly define higher-order Sobolev spaces. Let k € Nand o = (g, ..., ax) €
{1,...,d}* be a multiindex. We denote by |a| = k the length of a and, for a
function f € C¥(R?), we denote by 0o f = O, * - Oa, f the standard derivative
corresponding to the multiindex o. Then we define W/™? to be the space of those
functions ¢ € LI such that for every multiindex a with |a| = k& < m there exist
functions 6, € Lﬁ such that

/8af(x)¢(fﬂ)u(d$) = (-l /f($)9a(fﬂ)u(d$) vf € C2(RY).
We denote 0% ¢ = 0, and we define the norm

||¢HW/:””’: Z ||3g¢||Lﬂa

0<|al<m

with the understanding that 04¢ = ¢ when « is the empty multiindex (that is,
la| = 0). It is easy to check that (WP, - [|ym») is a Banach space.

It is worth remarking that in the above definitions it is not needed that u be
a probability measure: instead, a general measure p can be used, not necessarily
of mass 1 or even finite. Notice that one recovers the standard Sobolev spaces
when g is the Lebesgue measure. And in fact, we will use the notation LP, WP
for the spaces associated to the Lebesgue measure (instead of u), which are the
standard LP and the standard Sobolev spaces used in the literature. If D C R? is
an open set, we denote by WP (D) the space of those functions ¢ which verify the
integration by parts formula for test functions f with compact support included
in D (so WP = W;”W(Rd)). And similarly for W7 (D), LP(D), L% (D).

The “derivatives” O defined on the space WP generalize the standard
(weak) derivatives being, in fact, equal to them when p is the Lebesgue measure.
A nice difference consists in the fact that the function ¢ = 1 does not necessarily
belong to Wj’p . The following computational rules hold.

Proposition 1.1.1. (i) If ¢ € Wi ? and ¢ € C}(R?), then ¢ € Wi and
O (Vo) = Y0l o + i (1.1)
in particular, if 1 € Wl}’p, then for any v € C}(R?) we have ¢ € W;,p and

Olp = 1 + D). (1.2)
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(ii) Suppose that 1 € WiP. If ¢ € CL(R™) and if u = (u1,...,Upm): R — R™ is
such that uj € Cg(Rd), j=1,....,m, theniou € WI}J’ and

(1) o u) :Z (0j9) o udtuy + Ty oudi'l,

j=1

where
d
Ty(a) = ¥l@) — Y 050w,

Proof. (i) Since 1 and 9;¢ are bounded, ¢, 0! ¢, iy € L% So we just have to
check the integration by parts formula. We have

Oifvodu= [ 0i(f)pdp— | fopddu=— [ fooi'¢du— [ fospddu
Jovoan= | / oo |

and the statement holds.
(ii) By using (1.2), we have

Ol (You) =y oudl+di(pou) =voudl+y (1) o0udu;.

j=1
The formula now follows by inserting d;u; = 0f'u; — u;0!'1, as given by (1.2). O

Let us recall that a similar formalism has been introduced by Shigekawa [45]
and is close to the concept of “divergence for vector fields with respect to a prob-
ability measure” developed in Malliavin and Thalmaier [36, Sect. 4.2]. Moreover,
also Bichteler, Gravereaux, and Jacod [16] have developed a variant of Sobolev’s
lemma, involving integration by parts type formulas in order to study the existence
and regularity of the density (see Section 4 therein).

1.2 The Riesz transform

Our aim is to study the link between W7 and W™?P, our main tool being the
Riesz transform, which is linked to the Poisson kernel )4, i.e., the solution to the
equation AQy = & in R? (§y denoting the Dirac mass at 0). Here, Qg has the
following explicit form:

Q1(z) = max{z,0}, Qz(r) =a;'ln|z| and Qu(z)=—a;" >, d > 2,
(1.3)
where a, is the area of the unit sphere in R?%. For f € C!(R?) we have

f=(VQa)*VFf, (1.4)
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the symbol # denoting convolution. In Malliavin and Thalmaier [36, Theorem 4.22],
the representation (1.4) for f is called the Riesz transform of f, and is employed in
order to obtain representation formulas for the conditional expectation. Moreover,
similar representation formulas for functions on the sphere and on the ball are
used in Malliavin and Nualart [35] in order to obtain lower bounds for the density
of a strongly non-degenerate random variable.
Let us discuss the integrability properties of the Poisson kernel. First, let
d > 2. Setting Ay =1 and for d > 2, Ay = d — 2, we have
0iQalx) = a; ' Ag—. (1.5)

||

By using polar coordinates, for R > 0 we obtain

R
/| | |0:Qu(x)| M da < a;“+5>Aiﬁ5ad/
z|<R

0

6 A1+0 o 1
= ay Ad /0 7r5(d—1)dr’

which is finite for any § < 1/(d — 1). But |82Qq(z)| ~ |z| % and so,

/ |33Qd(:17)| dr = oo.
|lz|<1

This is the reason why we have to integrate by parts once and to remove one
derivative, but we may keep the other derivative.
On the other hand, again by using polar coordinates, we get

+o0 1

1+6 —6 4146
0; dx < A ———dr, 1.7
/w|>R| Qd(x)| x<ay; A; /R 51 r (1.7)

and the above integral is finite when 6 > 1/(d — 1). So, the behaviors at 0 and oo
are completely different: powers which are integrable around 0 may not be at oo,
and viceversa —one must take care of this fact.

In order to include the one-dimensional case, we notice that

d
WD) 3 gy ),

so that powers of this function are always integrable around 0 and never at co.
Now, coming back to the representation (1.4), for every f whose support is
included in Br(0) we deduce

[flloe = IVQa * Vflow < CrplI VSl (1.8)

for every p > d, so a Poincaré type inequality holds. In Theorem 1.4.1 below we
will give an estimate of the Riesz transform providing a generalization of the above
inequality to probability measures.
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1.3 A first absolute continuity criterion:
Malliavin—Thalmaier representation formula

For a function ¢ € L}L we denote by pe the signed finite measure defined by

o (d) = d(x)u(de).

We state now a first result on the existence and the regularity of the density which
is the starting point for next results.

Theorem 1.3.1. (i) Let ¢ € W', Then

/ 10:Quly — )0 d(y)|uldy) <

for a.e. x € RY, and py(dx) = py, (x)dz with
Py (@ Z / 0:Qaly — 20" 6(y)u(dy). (1.9)

(ii) If ¢ € VVA’L"1 for some m > 2, then p,, € W™~b1 and, for each multiindex
a of length less than or equal to m — 1, the associated weak derivative can be
represented as

Oupy (@ Z / 0Qaly — )9 own(dy).  (1.10)

If, in addition, 1 € Wﬁ’l, then the following alternative representation for-
mula holds:

OaPuy (¥) = pu(r)050(2); (L.11)

in particular, taking ¢ =1 and o = {i} we have
81“1 = ].{p“>0}6¢ hlpu. (112)

Remark 1.3.2. Representation (1.9) has been already proved in Malliavin and
Thalmaier [36], though written in a slightly different form, using the “covering
vector fields” approach. It is used in a probabilistic context in order to represent
the conditional expectation. We will see this property in Section 1.8 below.

Remark 1.3.3. Formula (1.9) can be written as p,, = —VQq *, 0"$, where x,
denotes the convolution with respect to the measure u. So, there is an analogy
with formula (1.4). Once we will be able to give an estimate for VQg in Lf, we
will state a Poincaré type estimate similar to (1.8).
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Proof of Theorem 1.3.1. (i) We take f € C}(R?) and we write f = A(Qq * f) =
Z?=1(6iQd) * (3zf) Then

[ fdna= [ soau— Z [ utdryo) [0.Qu0:1( - 2)as
. =1
-3 [0Qute) [ utdoro@oss e - 2z
- —i [0Qute) [ utdo) s - 2)0to(a)a
:—Z/ (dz)d ¢ (z /BQd flz—2)dz
- —E:j [ utaziorow) [0.Qutw - )swiy

= /f(y) ( - i/@‘@d(m - y)aﬂ(w)u(dw))dya

which proves the representation formula (1.9).

In the previous computations we have used several times Fubini’s theorem,
so we need to prove that some integrability properties hold. Let us suppose that
the support of f is included in Bg(0) for some R > 1. We denote Cr(z) = {y :
|z] — R < |y| < |z| + R}, and then Bgr(z) C Cg(x). First of all

|6(2)8:Qa(2)8: f (x = 2)| < [10ifl o [6(2)]|0iQa(2) Lo (a) (2)]
and

lzl+R .
/ |8 Qa(z |dz<Ad/ -~ x ri~ldr = 2RA,.
Cr(= lz|-r T

Therefore,
[ [ 6@0.0uz10.5( - 2l dzutie) < 284007 o [ 660)] i) < o0
Similarly,
[ [1ors@acusta - 2)dutan = [ [ |orowouts - viwaman)
< 2RA4|f] [ 100000 n(do) < ox

and so, all the needed integrability properties hold and our computations are cor-
rect. In particular, we have checked that [ dyf(y) [ 0!¢(2)0;Qa(z — y)| p(dz) <
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oo for every f € CH(R?), and so [0/ ¢(2)d;Qa(x — y)| u(dz) is finite dy almost
surely.

(ii) In order to prove (1.10), we write O, f = Zle 0;Qq*0;0, f. Now, we use
the same chain of equalities as above and we obtain

[ oas@pp )iz = [ 0u s
v [ s - 2_: [ 0:ute = )0t otentas) )

so that Oapu, (y) = — > i ¢ [0:Qalz — y)d (1) @(@)(dz). As for (1.11), we have

/af Dy (2o = [ 0uf@nolds) = [ 2 (@)o(@nldo)
= (1) [ f@ogo@n(ds)

1)l / F(2)06(x)p, () d. 0

Remark 1.3.4. Notice that if 1 € W', then for any f € C2° we have

Now, it is known that the above condition implies the existence of the density, as
proved by Malliavin in [33] (see also D. Nualart [41, Lemma 2.1.1]), and Theo-
rem 1.3.1 gives a new proof including the representation formula in terms of the
Riesz transform.

1.4 Estimate of the Riesz transform
As we will see later, it is important to be able to control V@Q4 under the probability
measure p. More precisely, we consider the quantity ©,(u) defined by

d p—1

0 = sw > ( [ oute - o) L

d
a€R j—y

that is, ©, (1) = sup,cpe >0y [|0iQal- —a)||pa, where ¢ is the conjugate of p. The
main result of this section is the following theorem.

Theorem 1.4.1. Let p > d and let 1 be a probability measure on R® such that
1e Wﬁ’p. Then we have

0, (1) < 2de,!,||1||’€de (1.14)
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1 _ »_ (D— 1 _ _p ka.p

kip=-——"~ and Kgp=1+ 2(ad 1Ad) p—1 ( - 2d (ad lAd)"lad) .
p p—d

Remark 1.4.2. The inequality (1.14) gives an estimate of the kernels 0;Qq, i =
1,...,d, which appear in the Riesz transform; this is the crucial point in our
approach. In Malliavin and Nualart [35], the authors use the Riesz transform on
the sphere and they give estimates of the LP norms of the corresponding kernels
(which are of course different).

Remark 1.4.3. Under the hypotheses of Theorem 1.4.1, by applying Theorem 1.3.1
we get p(dr) = pu(x)dx with p, given by

d
pulz) = — Z/BiQd(y — )0 1(y)u(dy). (1.15)

Moreover, in the proof of Theorem 1.4.1 we prove that p, is bounded and

ka p+1
1Pull o < 2dKap ||1HV;1p,p
I

(for details, see (1.17) below).

The proof of Theorem 1.4.1 needs two preparatory lemmas.
For a probability measure p and a probability density ¢ (a nonnegative mea-
surable function v with fRd Y(x)dx = 1) we define the probability measure v * p

b
' [ 1@ i) = [ o) [ fa+ putdpis

Lemma 1.4.4. Letp > 1. If1 € WP, then 1 € WJ)*’L and H1||W$"’ < [y, for
* L 4

every probability density 1.

Proof. On a probability space (2, F,P) we consider two independent random
variables F' and A such that F' ~ p(dz) and A ~ ¢(x)dx. Then F + A ~ (¢ *
1)(dz). We define 0;(z) = E(0"1(F) | F + A = z) and we claim that 91 = 6;.
In fact, for f € C1(R?) we have

- [as@ @ mdn) = - [devte) [o1(+ ity

—~ [ dwota) [ £+ 9ot 1mta)

=E(f(F+A)2'1(F))
=E(f(F + ME(9['1(F) | F +A))
=E(f(F+A)0;(F + A))

:/f(x)XHi(x)(w*M)(dx)v
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so OY*"1 = ;. Moreover,
/|e )P (¢ p)(de) = E(|0:;(F + A)|") = E(|EQ@UL(F) | F + A)[7)
B(01(F)) = [ 1001()1 (o),

1
so 1€ Wik and [y < |1y O

Lemma 1.4.5. Let p,, n € N, be a sequence of probability densities such that

sup [|pnl| o, = Coc < 00.
n

Suppose also that the sequence of probability measures p,(dx) = p,(x)dz, n € N,
converges weakly to a probability measure p. Then, p(dx) = p(z)dz and ||p||,, <
Coo.

Proof. Since [p?(z)dz < Cs, the sequence p, is bounded in L*(R?) and so it
is weakly relatively compact. Passing to a subsequence (which we still denote by
pn) we can find p € L2(R9) such that [ p,(z)f(z)dz — [ p(x)f(z)dz for every
f € L*RY). But, if f € C.(R?) C L*(RY), then [ p,(z)f(x)dz — [ f(z)u(dz), so
that p(dz) = p(z)dx.

Let us now check that p is bounded. Using Mazur’s theorem, we can construct
a convex combination g, = > i Al'pyts, with AL > 0, 7% AP = 1, such that
¢n — p strongly in L?(R9). Then passing to a subsequence, we may assume
that ¢, — p almost everywhere. It follows that p(z) < sup,, ¢,(2) < Cs almost
everywhere. And we can change p on a set of null measure. O

We are now able to prove Theorem 1.4.1.

Proof of Theorem 1.4.1. We recall Remark 1.4.3: we know that the probability
density p, exists and representation (1.15) holds. So, we first prove the theorem
under the supplementary assumption:

(H) Py is bounded.

We take p > 0 and note that if |z — a| > p, then |9;Qq(x — a)| < aj'Agp~ @Y.
Since p > d, for any a € R? we have

/|8iQd(x—a)|P%1,u(dx) <Bj 1p_(d Dt +/ | |6Z-Qd(x—a)|ﬁp#(x)d:v
z—a|<p

L _ P d,r.
<BJ™! { (=D p= +||puHooad/ dl]a
0

re—1
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in which we have set By = a;lAd. This gives

D e[ _ 1 p-d
/\&Qd(:v—aﬂp”u(dw) <B;" { (@55 +ad||pu||oop7dpv 1] < oo0.

(1.16)
Using the representation formula (1.15) and Holder’s inequality, we get

d
MOEEDS / B:Qaly — )01 (y)u(dy)
d p—1
11llys0 0,:Qaly — )| T u(dy) )
wi 21 </| aly — )| 7 p y)

< s (d+z/ 0Quty ) uta)). (an

By using (1.16), we obtain

IN

_p_ 1
@Mw;gd|uuwﬁp[351<p DT 4l dppl)_+1}

Choose now p = p,, with p, such that

e
that is,
o1
pu = (i_; 24 BT ag ||1||Wﬁ,p> v
Then,
Mﬂmgwummm@%%gdml+0

p=a
Since 5%111 P (2dB§/(p71)ad ||1|\Wi,p)_17 by using (1.16) we obtain

(d=1)p
d

_p_ —1 _p_ p—
—1+42B7" <pd : 2dB;1ad> LT
-

(d— 1)p
W B

(*)p

_r_ —1 _p_ p—d
< {1+2B§‘1 (gd-de;-lad> ] |\1||’“"’ 7,

k
— Kap- 150
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Finally,

1t

Z - [ 10@uty )| ) < a1+ Kag) I < 20

Notice that, by using (1.17), we get

1Pl < 24Ky 11500
fr
as already mentioned in Remark 1.4.3.

So the theorem is proved under the supplementary assumption (H). To re-
move this assumption, consider a nonnegative and continuous function 1 such
that [¢ = 1 and ¢(z) = 0 for |z| > 1. Then we deﬁne n(z) = ndi/)(nx) and
o, = Py * p. We have p,(dz) = p,(z)dx with p,(z) = [, (z — y)p(dy). Using
Lemma 1.4.4 we have 1 € W? and HIHWj;f’ < Hl”Wﬁ"’ < 0. Smce Dr, is bounded,
iy, verifies assumption (H) and so, using the first part of the proof, we obtain

k 1 k 1
IPnlloe < 2dKap |11 il < 2dKap |11 o

Clearly p, — u weakly so, using Lemma 1.4.5, we can find p such that p(dz) =
p(z)dx and p is bounded. So p itself satisfies (H) and the proof is completed. O

1.5 Regularity of the density

Theorem 1.3.1 says that pe has a density as soon as ¢ € W' —and this does
not depend on the dimension d of the space. But if we want to obtain a continu-
ous or a differentiable density, we need more regularity for ¢. The main tool for
obtaining such properties is the classical theorem of Morrey, which we recall now
(see Brezis [18, Corollary IX.13]).

Theorem 1.5.1. Let u € WHP(RY). If 1 —d/p > 0, then u is Hélder continuous of
exzponent ¢ = 1 —d/p. Furthermore, suppose that u € W™P(R?) and m —d/p > 0.
Let k = [m —d/p] be the integer part of m —d/p, and ¢ = {m — d/p} its fractional
part. If k = 0, then u is Hélder continuous of exponent q, and if k > 1, then
u € CF and, for any multiindex o with |a| < k, the derivative Oyu is Hélder
continuous of exponent q, i.e., for any x,y € R?,

|Oatu(z) = Bau(y)] < Capllullwmszs lz -yl

where Cq,p, depends only on d and p.

It is clear from Theorem 1.5.1 that there are two ways to improve the regu-
larity of u: we have to increase m or/and p. If ¢ € WP for a sufficiently large m,
then Theorem 1.3.1 already gives us a differentiable density p,,. But if we want
to keep m low we have to increase p. And, in order to be able to do it, the key
point is the estimate for ©,(x) given in Theorem 1.4.1.
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Theorem 1.5.2. Let p > d and 1 € W;’p. Form > 1, let ¢ € WP, so that
pg(dr) = py, (x)dx. Then, p,, € W™P. As a consequence, p,, € Cm ! and

_ kap(1—1
[pe s < @B 7 11 [l (1.18)
Moreover, for any multiindex o such that 0 < |a| =0 <m —1,
k P
19apm, |l < dBap [l57 1l - (1.19)

Remark 1.5.3. For a = (), (1.19) reads
IPio | < Ay L1552 162 -
Actually, a closer look at the proof will give
IPus o < dEap 11113570 10611
so that, in the notations used in Remark 1.3.3,
1o0all . = 19Qu 40 lloc < Cpa 19"l

for all p > d. This can be considered as the analog of the Poincaré inequality (1.8)
for probability measures.

Proof of Theorem 1.5.2. We use (1.11) (with the notation 9%¢ := ¢ if a = (}) and
obtain

/ |Oapp, (2)| do = / 1046 (2) | |pu(@) [P < |[p, || / |0k ()| pu(x)da.

So, ||8aP#¢HL,, < Hp,LH;l/p ||ag¢||Lﬁ and, by using (1.14), we obtain (1.18). Now,
using the representation formula (1.10), Holder’s inequality, and Theorem 1.4.1
we get

d
10ap1s (@)] < ©p(1) D 1198, 0y < AR apl|L[ 3t ]z e,
=1

and (1.19) is proved. The fact that p,, € C™~! follows from Theorem 1.5.1. O

Remark 1.5.4. Under the hypotheses of Theorem 1.5.2, one has the following
consequences:

i) For any multiindex 8 such that 0 < =k < m — 2, dgp,, is Lipschitz
y BPue
continuous, i.e., for any z,y € R%,

k
|06P1s (@) = Ospp, W)] < d*Kap 111507 16llyasoe [ — gl

In fact, from (1.19) and the fact that if f € C! with ||V f|ls < 0o, then
|f(z) — f(y)] < Zle 10: flloo |2 — yl, the statement follows immediately.
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(ii) For any multiindex § such that [3] = m — 1, dsp,,, is Holder continuous of
exponent 1 — d/p, i.e., for any z,y € R4,

}65pu¢ (z) — aﬂplw (y)} < CdvI’lew ||Wm‘p |a: - y|1_d/p

)

s

where Cy, depends only on d and p. (This is a standard consequence o
Pu, € WP, as stated in Theorem 1.5.1.)

(iii) One has WP C (550 W™ P({p, > 6}). In fact, p,, (v)dr = ¢(z)u(dz)
¢(x)pu(w)dz, so ¢(x) = pu,(x)/pu(x) if pu(r) > 0. And since p,,,pu
WP (R?), we obtain g€ W™P({p, > §}).

Om |l

1.6 Estimate of the tails of the density

We give now a result which allows to estimate the tails of p,,.

Proposition 1.6.1. Let ¢ € C}H(R?) be a function such that 1B,0) < ¢ < 1p,0)-
Set ¢, (y) = d(x —y) and assume that 1 € W;’p with p > d. Then, ¢, € Wﬁ’p and
the following representation holds:

d
pul(r) = Z/@Qd(y — 2)0) G0 () 1{jy—a| <23 4(dy).

As a consequence, for any positive a < 1/d —1/p,
(@) < Op(u) (d+ |1l yy10) p(Ba ()", (1.20)
where p=1/(a+ 1/p). In particular,
lim p,(z)=0. (1.21)

|z|—o00

Proof. By Proposition 1.1.1, ¢, € WP and 9} ¢, = ¢,0)'1+0; ¢y, so that 8} ¢, =
O ¢21p, (). Now, for f e Cl(Bl( )) we have

[ twmtan) = [ 1wo.wntd) = [ f)p., 1)y

-/ f(y)_z [ 0tz — noro.uta)ay
— [ 16 Z/anz— OV ()13 oy (2) (=) .

It follows that for y € By (x) we have

pa(y / 0:Qulz — )06 (2)1 gy o (2)a(d2).
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Let now y = x and take a € (0,1/d — 1/p). Using Holder’s inequality, we obtain

Pul() < u(Ba(a ZI wwhf—(/wdz—x) £,(2) T <dz>)1_a.

Notice that 1 < d(1—a)/(1—da) < p(1—a). We take 8 such that d(1—a)/(1—da) <
B < p(1—a) and we denote by « the conjugate of 8. Using again Holder’s inequality,
we obtain

I; < (/|81Qd(z—x)]ﬁ‘u(dz)>(l_a)/a</|af¢z(z)‘fau(dz)>(l_a)/ﬁ

o (1—a)/«
< ([ loutz - o= u@) oty

We let 81 p(1 — a) so that

a B P _ P
I—a (B-Dl-a) pll-a)—1 p-1
Then we get
I; < O5(n) ||81H¢:E||Lﬂ ;
and so

Pu() < Op(p) |9z llyye (B2 ().

Now, since 9'¢, = ¢,0!'l + 0;¢,, we have [Gallyrr < cod+ |1y, where
cg > 1 1is such that |Vl < ¢y, so that

Pu(x) < O5(p) (co d + |[Ulyy20) u(Ba(x))".

Inequality (1.20) now follows by taking a sequence {¢, },, C C} such that 15, ) <
¢n < 1p,(0) With [[Vo, | <1+ 1/n, and by letting n — ooc.

Finally, 1 Bo(z) — 0 a.s. when |z| = oo, and now the Lebesgue dominated con-
vergence theorem shows that ,u(Bg ) J 1B, (y)u(dy) — 0. Applying (1.20),
we obtain (1.21). O

Remark 1.6.2. One can get a representation of the derivatives of the density func-
tion in a “localized” version as in Proposition 1.6.1, giving rise to estimates for
the tails of the derivatives. In fact, take ¢ € C/"(R?) to be a function such that
1B,(0) £ ¢ < 1B,(0), and set ¢, (y) = ¢p(z —y). If 1 € WP with p > d, then it is
clear that ¢, € W,;"P. And following the same arguments as in the previous proof,
for a multiindex o with |a| < m — 1 we have

6apu - IalZ/an (1 a)d)l( )1{|y7w|<2}/‘(dy)
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1.7 Local integration by parts formulas and local
densities

The global assumptions that have been made up to now may fail in concrete and
interesting cases —for example, for diffusion processes living in a region of the
space or, as a more elementary example, for the exponential distribution. So in
this section we give a hint about the localized version of the results presented
above.

Let D denote an open domain in R?. We recall that

1) = {1+ [ 17 pauta) < oo

and W;?(D) is the space of those functions ¢ € L% (D) verifying the integration
by parts formula [ ¢0; fdu = — [ 6; fdu for test functions f which have a compact
support included in D, and 9" ¢ := 6; € LF(D). The space W,?(D) is defined
similarly. Our aim is to give sufficient conditions for u to have a smooth density
on D this means that we look for a smooth function p,, such that [, f(z)du(z) =
f D x)dzr. And we want to give estimates for p,, and its derivatives in terms
of the Sobolev norms of Wj*?(D).

The main step in our approach is the following truncation argument. Given
—o00 <a<b<ooande >0, we define 9. 4: R = R by

&2
ws,a,b(x) = 1(0,75,0‘] (Z‘) €xXp (1 - o2 _ ({E — a)2) + 1(a,,b) (x)
&2
+ 1 pre) (@) exp <1 - 52—(33—b)2>’
with the convention 1(,_¢ 4) = 0 if a = —o0 and 1 4.y = 0 if b = co. Notice that

YPeap € Cp°(R) and

sup |ax In ws,a,b(x)‘pws,a,b( < 2p+1€ p supy 1 v.
z€(a—e,bte) y>0
For z=(z1,...,zq4) and i€ {1,...,d} we denote (=9 = (z1,...,2; 1, Tiy1,...,2q)
and, for y € R, we put (-9, 9) = (z1,...,%_1,Y, Tis1,...,2q). Then, we define

a(@) = inf {y+ d((2.y), D) > 22},

b(#"Y) = sup {y : d((#\7",y), D) > 2e},
yeR

with the convention a(2#(=") = b(#(=9) = 0 if {y : d((&(~?,y), D°) > 2} = 0.
Finally, we define Up .(z) = H?Zl Vea@-0)pa-0)(@i). We denote D. = {z :
d(z,D¢) > e}, so that 1p,, < ¥p. <1p_.. And we also have

sup [0z In¥p ( )|p\I/D,E(m) < d2PTeTP supy?Pel Y, (1.22)
x€D, y>0
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We can now state the following preparatory lemma.

Lemma 1.7.1. Set jip o (dz) =V p o (z)pu(dx). If g € WP(D), then ¢ € WP (R?).
Moreover, in the case m =1, we get '

a%uD'E(ZS:aZH(ﬁ“F(bailn\I/D,e; i:]-w"ada

and
-1
”¢”Wﬁ’l§',5(Rd) < Chpe HQS”Wﬁ’p(D)'

Proof. If f € C°(RY), then f¥p . € C°(D) and, similarly to what was developed
in Lemma 1.1.1, we have

/ O fodup . — / O, f oW oy = — / O (W .0) fdu

- / (Up.06 + G0, p.) fdu = — / (076 + 60, V) fdup..

so that 9]¢ = 0}'¢+¢d; In U .. Now using (1.22) we have ;"¢ € LF, | (R):
d d

>[I0 ol dune =Y [ 1916+ 60"

=1 i=1

d
<3 [ 1000+ 00V U < e ol
=1

and the required estimate for ||¢|| ;1. (ra) holds. O
KD, e

We are now ready to study the link between Sobolev spaces on open sets
and “local” densities, and we collect all the results in the following theorem. The
symbol v|p denotes the measure v restricted to the open set D.

Theorem 1.7.2. (i) Suppose that ¢ € Wi'(D). Then pg|p is absolutely contin-
wous: fie|p(dx) = py,p(x)dz.

(ii) Suppose that 1 € WJP(D) for some p > d. Then, for each € > 0,
p—1
_ P — k
sup Z (/ 10:Qa(y — )P/ Du(dy)) < Capetar |1 Wie(p)
zeRd ;T Do,

where kqp is given in Theorem 1.4.1.

(iii) Suppose that 1 € WP(D) for some p > d. Then, for ¢ € W»(D) we have
Lo|p(dz) = py p(x)dx and

e Z [ty )20+ 00, )
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for x € Dy.. Moreover, pg p € [.ag W"™P(De) and is m — 1 times differen-

tiable on D.
Proof. (1) Set py.pe(dz) := ¢up(dz) = ¢¥p (z)pu(dr). By Lemma 1.7.1, we
know that ¢ € W1 (R?). So, we can use Theorem 1.5.2 to obtain pg p.c(dz) =
Po.p.e(x)dz, with pg p . € WEH(R?). Now, if f € C2°(D), then for some & > 0 the

support of f is included in Do, so that [ fodu = [ fodupe = [ fps p.e(x)dz.
It follows that pe|p(dz) = py p(x)dx and that, for € D,., we have pg p(x) =

Do, D,e(x)d.
(ii) We have

/D 10;Qa(z — y)|p/(p_1)u(dy) < / 0:Qa(x — y)’p/(p_l)‘I’D,s(y)N(dy)

= / 10:Qa(e — )"V up o (dy),

e>0

so that

p—1

supz( [, 0u PV p(a) " < 6ylun)

z€R? ;7

Now, if 1 € WA}Z’(D) with p > d, then by Lemma 1.7.1, 1 € Wl}g’_E(Rd) with p > d
and Theorem 1.4.1 yields '

ap 3 ( / \ai@d@—x)y”/(p‘”u(dy)) < dkay IS,

z€R ;5
_ ka,
S Cd’p(g 1 ||1||Wﬁ’p(D)) dP’

the latter estimate following from Lemma 1.7.1. Notice that we could state upper
bounds for the density and its derivatives in a similar way.

(iii) All the statements follows from the already proved fact that, for € Da.,
Po.0(2) = py.p.c(2). By Lemma 1.7.1, 1 € W2 (R?) and ¢ € W,5P (R?), so the
result follows by applying Theorem 1.5.2. Note that this result can also be much
more detailed by including estimates, e.g., for ||pg p|lwm.»(p.)- O

1.8 Random variables

The generalized Sobolev spaces we have worked with up to now have a natural
application to the context of random variables: we see now the link between the
integration by parts underlying these spaces and the integration by parts type
formulas for random variables. There are several ways to rewrite the results of the
previous sections in terms of random variables, as we will see in the sequel. Here
we propose just a first easy way of looking at things.
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Let (2, F,P) be a probability space, and denote by E the expectation under
P. Let F and G be two random variables taking values in R and R, respectively.

Definition 1.8.1. Given a multiindexr o and a power p > 1, we say that the in-
tegration by parts formula IBP, ,(F,G) holds if there exists a random variable
H,(F;G) € L? such that

IBP,, ,(F,G) E(0.f(F)G) = E(f(F)Ho(F;G)), Vf e Cll(RY).

We set Wi as the space of the random variables G € LP such that IBP, ,(F, G)
holds for every multiindex o with |a| < m.

For G € W;"P we set
OfG=E(Ho(F;G) | F), 0<|al<m,
with the understanding that 0 G = E(G | F) when |a| = 0, and we define the

norm
IGlwgs= > (B(EGI)".

0<|al<m

It is easy to see that (W, ||HWFp) is a Banach space.

Remark 1.8.2. Notice that E( |8FG| ) < E(|Ho(F;G)[P), so that L' G is the weight
of minimal L? norm which verifies IBP,, ,(F'; G). In particular,

IGllymr < NGl + D I1Ha(F5 Gl

1<]al<m
and this last quantity is the one which naturally appears in concrete computations.

The link between W;"" and the abstract Sobolev space WP is easy to find.
In fact, let pp denote the law of F' and take

plde) = pr(dr) and  ¢(z) = ¢a(r) == E(G | F = z).
By recalling that E(0,f(F)G) = E(0uf(F)E(G | F)) = E(uf(F)¢c(F)) and

F)) =
similarly E(f(F)Ho(F;G)) = E(f(F)E(Ho(F;G) | F)), a re-writing in integral
form of the integration by parts formula IBP,, p(F G) immediately gives

Wie = {GEL 66 e WP} and OEG = (—1)I08 6(F).

And of course, [|Gllyym.r = [|dcllym.r-

So, concerning the density of F (equivalently, of ur), we can summarize the
results of Section 1.1 as follows.
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Theorem 1.8.3. (i) Suppose that 1 € W};p for some p > d. Then pp(dx) =
pr(z)dz and pr € Cy(RY). Moreover,

d
—1)\\ (P=1)/p &
Or(p) = sup >~ (E(:Qu(F = a)”"™")) " < Ky LI
a€R® ;¢
1+kq,
lprlloe < Kap I1l1s"
and
d d

pr(@) ==Y E(0,Qa(F — 2)0]1) =Y "E(0:Qu(F — z)H;(F,1)).

i=1 i=1
(ii) For any positive a < 1/d — 1/p, we have
pr(@) < Or@)(d+ [y ) P(F € Ba(@))”,

where p=1/(a + 1/p).

Next we give the representation formula and the estimates for the conditional
expectation ¢¢. To this purpose, we set

prc(f) =E(f(F)G)

so that ur = pr1. Notice that, in the notations of the previous sections,

prc(dz) = pg(dr) = ¢(z)pu(dr),

with 4 = pp and ¢ = ¢g. So, the results may be re-written in this context as
in Theorem 1.8.4 below. In particular, we get a formula allowing to write ¢¢g in
terms of the representation formulas for the density pr ¢ and pp, of pr ¢ and
1, respectively. And since ¢ stands for the conditional expectation of G given
F', the representation we are going to write down assumes an important role in
probability. Let us also recall that Malliavin and Thalmaier firstly developed such
a formula in [36].

Theorem 1.8.4. Suppose 1 € WEP. Let m > 1 and G € WP,
(i) We have ppg(de) = ppg(r)dr and
pr.c()
=E(G|F=z)=1 —_—
pa(x) ( | x) {pr(z)>0} pr(z)
with

d d

pro(@) =Y E(0,Qu(F —2)0f G) = E(9,Qu(F — 2)H;(F; G)).

=1 =1
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(ii) We have pr.a € W™P and ¢g € (\soo WP ({pr > 0}). Moreover,
k p
(@) llPrcllo < Kap L2 Gl

ka,p(1—1
(b) ||pmuwm,_<2df<dp>1 R (Y ey e[

We also have the representation formula
d d
Oaprc(r) =Y E(0:Qu(F — 2)0, yG) =Y E(0:Qa(F — x)H(a(F; G))
i=1 i=1

for any o with 0 < |a| < m — 1. Furthermore, prg € C™ (R?) and for
any multiindexr o with || =k < m — 2, dupr.q is Lipschitz continuous with
Lipschitz constant

ka,
Lo = d2||1Hmj;p Gl

Moreover, for any multiindex o with || = m—1, dopr,c is Hélder continuous
of exponent 1 — d/p and Holder constant

Lo = Cap llprcllwmr,

where Cq, depends only on d and p.
Finally we give a stability property.

Proposition 1.8.5. Let F,,,G,,, n € N, be two sequences of random variables such
that (F,,Gy) — (F,G) in probability. Suppose that G, € Wy'" and

sup([|Gin llyme + [[Fnll 1n) < 00
" w

for some m € N. Then, G € Wp" and ||G||yym.r < sup, ||Gn||W;;,p.

Remark 1.8.6. Proposition 1.8.5 may be used to get integration by parts formulas
starting from the standard integration by parts formulas for the Lebesgue measure.
In fact, let F,,,G,, n € N, be a sequence of simple functionals (e.g., smooth
functions of the noise) such that F,, — F and G,, — G. By assuming the noise has
a density, we can use standard finite-dimensional integration by parts formulas
to prove that G, € Wy"". If we are able to check that sup, ||Gn||W;z,p < o0,

then, using the above stability property, we can conclude that G € W;"P. Let us
observe that the approximation of random variables by simple functionals is quite
standard in the framework of Malliavin calculus (not necessarily on the Wiener
space).

Proof of Proposition 1.8.5. Write Q,, = (F,,Gp,0"G,,,|a] < m). Since p > 2
and sup,, (|G, ||Wm v + || Full;») < 00, the sequence @y, n € N, is bounded in L?
and consequently Weakly relatively compact. Let @ be a limit point. Using Mazur’s
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theorem we construct a sequence of convex combinations @, = Zf; A Qnti,
(with Zf;l A" = 1 and A" > 0) such that Q, — Q strongly in L2. Passing
to a subsequence, we may assume that the convergence holds almost surely as
well. Since (F,,, Gy) — (F,G) in probability, it follows that Q@ = (F, G, 04, |a| <
m). Using the integration by parts formulas IBP,, ,(F},, G,) and the almost sure
convergence it is easy to see that IBP, ,(F,G) holds with H,(F;G) = 6, so,
0, = O G. Moreover, using again the almost sure convergence and the convex
combinations, it is readily checked that ||GHWm » < sup, ||G||me In all the

above arguments we have to use the Lebesgue domlnated convergence theorem,

so the almost sure convergence is not sufficient. But a straightforward truncation
argument which we do not develop here permits to handle this difficulty. O



Chapter 2

Construction of integration by parts
formulas

In this chapter we construct integration by parts formulas in an abstract framework
based on a finite-dimensional random vector V' = (V4,..., Vy); we follow [8]. Such
formulas have been used in [8, 10] in order to study the regularity of solutions
of jump-type stochastic equations, that is, including equations with discontinuous
coefficients for which the Malliavin calculus developed by Bismut [17] and by
Bichteler, Gravereaux, and Jacod [16] fails.

But our interest in these formulas here is also “methodological”: we want to
understand better what is going on in Malliavin calculus. The framework is the
following: we consider functionals of the form F = f(V'), where f is a smooth
function. Our basic assumption is that the law of V' is absolutely continuous with
density p; € C°°(R7). In Malliavin calculus V is Gaussian (it represents the incre-
ments of the Brownian path on a finite time grid) and the functionals F' defined
as before are the so-called “simple functionals”. We mimic the Malliavin calculus
in this abstract framework: so we define differential operators as there —but now
we find out standard finite-dimensional gradients instead of the classical Malliavin
derivative. The outstanding consequence of keeping the differential structure from
Malliavin calculus is that we are able to construct objects for which we obtain
estimates which are independent of the dimension J of the noise V. This will
permit to recover the classical Malliavin calculus using this finite-dimensional cal-
culus. Another important point is that the density p; comes on in the calculus
by means of dIlnpy(x) only —in the Gaussian case (one-dimensional for simplic-
ity) this is —x/0?, where o2 is the variance of the Gaussian random variable at
hand. This specific structure explains the construction of the divergence opera-
tor in Malliavin calculus and is also responsible of the fact that the objects fit
well in an infinite-dimensional structure. However, for a general random variable
V' with density p; such nice properties may fail and it is not clear how to pass
to the infinite-dimensional case. Nevertheless these finite-dimensional integration
by parts formulas remain interesting and may be useful in order to study the
regularity of the laws of random variables —we do this in Section 2.2.
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2.1 Construction of integration by parts formulas

In this section we give an elementary construction of integration by parts formulas
for functionals of a finite-dimensional noise which mimic the infinite-dimensional
Malliavin calculus (we follow [8]). We stress that the operators we introduce repre-
sent the finite-dimensional variant of the derivative and the divergence operators
from the classical Malliavin calculus —and as an outstanding consequence all the
constants which appear in the estimates do not depend on the dimension of the
noise.

2.1.1 Derivative operators

On a probability space (2, F, P), fix a J-dimensional random vector representing
the basic noise, V.= (V1,..., V). Here, J € N is a deterministic integer. For each
i=1,...,J we consider two constants —oo < a; < b; < oo and we point out that
they may be equal to —oo, respectively to +00. We denote

Oi:{U:(’l}17...,’l}]):ai<1}i<bi, ’i:l,...,J}.

Our basic hypothesis will be that the law of V' is absolutely continuous with respect
to the Lebesgue measure on R/ and the density p; is smooth with respect to v;
on the set O;. The natural example which comes on in the standard Malliavin
calculus is the Gaussian law on R”. In this case a; = —oo and b; = +00. But we
may also take (as an example) V; independent random variables with exponential
law and, in this case, p;(v) = Hle ei(vi) with e;(v;) = 1(g,0)(vi)e™". Since e; is
discontinuous in zero, we will take a; = 0 and b; = .

In order to obtain integration by parts formulas for functionals of V, we
will perform classical integration by parts with respect to ps(v)dv. But boundary
terms may appear in a; and b;. In order to cancel them we will consider some
“weights”

i RT —[0,1], i=1,...,J.

These are just deterministic measurable functions (in [8] the weights m; are allowed
to be random, but here, for simplicity, we consider just deterministic ones). We
give now the precise statement of our hypothesis.

Hypothesis 2.1.1. The law of the vector V = (V1,..., V) is absolutely continuous
with respect to the Lebesgue measure on R’ and we note p; the density. We also
assume that

(i) ps(v) > 0 for v € O; and v; — py(v) is of class C*> on O;;
(ii) for every g > 1, there exists a constant Cy such that

(1+ [v[)ps(v) < Cy,

where |v| stands for the Euclidean norm of the vector v = (v1,...,v7);



2.1. Construction of integration by parts formulas 35

(iii) v; = m;(v) is of class C* on O; and
(a) limy, o, 7 (v)ps(v) = limy, 3, 7 (0)ps(v) = 0,
(b) mi(v) =0 for wv¢ O,
(¢) m0y, Inpy € CSO(RJ),

where CZ?O(RJ ) is the space of functions which are infinitely differentiable
and have polynomial growth (together with their derivatives).

Simple functionals. A random variable F' is called a simple functional if there
exists f € Cp°(R”) such that F = f(V). We denote through S the set of simple
functionals.

Simple processes. A simple process is a J-dimensional random vector, say U =
(U1,...,Uy), such that U; € S for each i = 1,...,J. We denote by P the space of
simple processes. On P we define the scalar product

J
(U,U), =Y "Ul;, UUEeP.
i=1

Note that <U, U>J €Ss.
We can now define the derivative operator and state the integration by parts
formula.

The derivative operator. We define D: § — P by

DF = (DiF)i:I,...,

7 EP, (2.1)

where D, F := m;(V)0; f(V). Clearly, D depends on 7 so a correct notation should
be DI F := m;(V)0; f(V'). Since here the weights 7; are fixed, we do not indicate
them in the notation.

The Malliavin covariance matrix of F' is defined by

J
oM (F) = (DF*, DF¥'); = 3" D;F*D;F"".
j=1

We denote

A(F)={deto(F)#0} and ~(F)(w)=0c "(F)(w), w€A(F).
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The divergence operator. Let U = (Uy,...,Uy) € P, so that U; € S and U; =
u;(V), for some u; € C3°(R7), i =1,...,.J. We define §: P — S by

J
S(U) =Y _6i(U), with 6;(U) := —(0y, (miw;) +miuilo, Oy, Inpy) (V), i =1,...,J.

i=1
(2.2)

The divergence operator depends on 7; so, the precise notations should be
dT(U) and 07 (U). But, as in the case of the derivative operator, we do not mention
this in the notation.

The Ornstein—Uhlenbeck operator. We define L: S — S by
L(F)=46(DF). (2.3)
2.1.2 Duality and integration by parts formulas

In our framework the duality between § and D is given by the following proposition.

Proposition 2.1.2. Assume Hypothesis 2.1.1. Then, for every F € S and U € P,
we have
E((DF,U),) =E(F5(V)). (24)

Proof. Let F' = f(V) and U; = u;(V). By definition, we have E((DF,U) ;) =
Zz]=1 E(D;F x U;) and, from Hypothesis 2.1.1,

E(DiF X Ul) = avl(f)m U; pJ(’Ul,. . 7'Uj)d'U1 : "d?]].
RJ

Recalling that {m; > 0} C O;, we obtain from Fubini’s theorem
b;

E(DiFXUi):/ (/ O, ()i UipJ(Ula---v'UJ)dUi)dvl"'d'Uildvi+1"'dUJ-
RJI—1 ;

The classical integration by parts formula yields

b;
/ avt (f)ﬂz U; pJ(vla cee 7UJ)dUi == [szUzPJ / favl uﬂrsz)dvi-
By Hypothesis 2.1.1, [f’]TZ'LLprJ] i = () so we obtain

b;
/3m(f)7riuipJ(v1,---7 )dv; = /fauluﬂsz)dvz

The result follows by observing that

O, (wimipy) = (O, (wim;) + uilo, mi0y, (Inpy))ps. O
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We have the following straightforward computation rules.
Lemma 2.1.3. (i) Let ¢ € C°(RY) and F = (F',...,F%) € 8. Then, (F) € S

and

d
=> 0.¢(F)DF". (2.5)

(ii) If F € S and U € P, then
S(FU)=Fo(U)—(DF,U),. (2.6)

(ili) For ¢ € C°(RY) and F = (F',..., F?) € 8%, we have

d d
F)=Y"0.¢(F)LF" = Y 0,,¢(F)(DF",DF");.  (2.7)

ror/=1

Proof. (i) is a consequence of the chain rule, whereas (ii) follows from the definition

of the divergence operator ¢ (one may alternatively use the chain rule for the

derivative operator and the duality formula). Combining these equalities we get

(iii). d
We can now state the main results of this section.

Theorem 2.1.4. We assume Hypothesis 2.1.1. Let F = (F*,..., F%) € 8¢ be such
that A(F) = Q and

E(| det v(F)‘p) <oo Vp>1 (2.8)
Then, for every G € S and for every smooth function ¢: R¢ — R with bounded
derivatives,

E(0,0(F)G) =E(¢(F)H,(F,G)), r=1,....d, (2.9)
with
d
H.(F.G) =Y §(Gy""(F)DF")
”';1 (2.10)
Z ( F)DF") — 4" T(F)(DF’"',DG>J).

Proof. Using the chain rule we get

(D¢(F), DF") Z D;¢(F)D,;F"

J d , d ,
-3 (Z aras(F)DjF") D" =3 0,4(F)o™ (F),
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so that 0,¢(F) = Ef,zl(Dqﬁ(F),DF’"/)nyrl”"(F). Since F' € 8% it follows that
$(F) € S and o™ (F) € 8. Moreover, since detv(F) € (1 LP, it follows that
G'y"/”'(F )DF ™ € P and the duality formula gives

E((D$(F),Gy"""(F)DF") )

M=

E(0,¢(F)G) =

’

i
Il
-

E(¢(F)3(Gy™"(F)DF")). O

I
M=~

Il
-

r!

We can extend the above integration by parts formula to higher-order deriva-
tives.

Theorem 2.1.5. Under the assumptions of Theorem 2.1.4, for every multiindex
B=(p1,...,B8q) €{1,...,d}? we have

E(936(F)G) = E((F)HA(F.G)), (2.11)
where the weights HG(F, G) are defined recursively by (2.10) and

-1
HE(F,G) = Hp, (F Hy,  5)(

Proof. The proof is straightforward by induction. For ¢ = 1, this is just Theo-
rem 2.1.4. Now assume that the statement is true for ¢ > 1 and let us prove it for
g+ 1. Let B=(B1,...,B4+1) € {1,...,d}9"!. Then we have

E(85¢(F)G) = E(a(ﬁ27.~~,5q+1)(aﬁldj(F))G) = E(aﬁl(b(F)H(qﬁQ,__ﬁqH)(Fa G))a
and the result follows. O

F,Q)). (2.12)

Conclusion. The calculus presented above represents a standard finite-dimensional
differential calculus. Nevertheless, it will be clear in the following section that the
differential operators are defined in such a way that “everything is independent of
the dimension J of V7. Moreover, we notice that the only way in which the law
of V is involved in this calculus is by means of VInp;.

2.1.3 Estimation of the weights
Iterated derivative operators, Sobolev norms

In order to estimate the weights Hg (F,G) appearing in the integration by parts
formulas of Theorem 2.1.5, we need first to define iterations of the derivative
operator. Let @ = (a1,...,q) be a multiindex, with a; € {1,...,J}, for i =
1,...,k, and |a| = k. Let F € S. For k = 1 we set DLF = D,F and D'F =
(DaF)ae{l’”__"]}. For k > 1, we define recursively

k _ k—1 k _ k
D(al»-uﬂk)F - Dak (D(ozl,...,ozk,l)F) and D"F = (D(a1,---7ak)F>ociE{l,...,J}'

(2.13)
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Remark that DFF € R7/®* and, consequently, we define the norm of D*F as

N J N ) 1/2
|D'F:( Z |D('amak)F|> . (2.14)

at,...,ap=1

Moreover, we introduce the following norms for simple functionals: for F' € S we
set

l l
|Fly,=> |D¥F| and |F|,=|F|+|F|;, =) |D*F| (2.15)
k=1 k=0

and, for F = (F!,... F4) € 89,

d
[Flig=> |F"
r=1

Similarly, for F' = (F’"’r/)wle)wd we set

d
10 and [F[ = Z [F" ;-
r=1

d

d
= [Fy and [Fli= Y |FTL

ror/=1 ror/=1

|F

Finally, for U = (Uy,...,U;) € P, weset D*U = (D*Uy, ..., D*U;) and we define

the norm of D*U as
J 1/2
|DFU| = <Z|D’“U,;|2> :

i=1
We allow the case k = 0, giving |U| = ((U,U) ;)*/2. Similarly to (2.15), we set
l 1
U1y =>_ [D*U| and |U|,=|U|+ U, =) |[D*U|.
k=1 k=0
Observe that for F,G € S, we have D(F x G) = DF x G + F x DG. This leads

to the following useful inequalities.

Lemma 2.1.6. Let F,G € S and U,U € P. We have

FxGl<2" > |Fl,|Gl, (2.16)
li+12<

(8,1 <2 Y 1UIOh. (27)
Li+12<1

Let us remark that the first inequality is sharper than the inequality |F x
G| < Ci|F)i|G|;. Moreover, from (2.17) with U = DF and V = DG (F,G,€ S)
we deduce
[(DF,DG), [ <2" > |Flii1lGlis (2.18)
li+12<
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and, as an immediate consequence of (2.16) and (2.18), we have

|H(DF,DG),[1 <2* Y [Fliy11|Gl1 i1 |Hliy. (2.19)
l1+12+13<I

for F,G,H € S.

Proof of Lemma 2.1.6. We just prove (2.17), since (2.16) can be proved in the
same way. We first give a bound for D* (U,U) , = (DE(U,U) )aeqa,....s3x- For a
multiindex a = (o, ..., ax) with oy € {1,...,J}, we note a(I') = (e )ier, where
I'c{l,...,k} and (') = (;);gr. We have

k J
ZD’“UU :Z lz_:z DY Us x DEE .

Let W' = (WiD)peqn, e = (D’;’(F)Ui X Dggi’)Ui)ae{LwJ}k. Then we have

[e3

the following equality in R7®:

This gives
RRCASHESS >
0T |=k" ! i=1
where
J 2 J J 2
SV D Sl ol
1=1 Ql,“.,akzl =1

By the Cauchy—Schwarz inequality,

J
i,F
Z wi
=1

Consequently, we obtain

UxD“U

J
SZ!D’;(F)UA Z|D2<p’i uil*
i=1

J

Z wir

i=1

2

<y 3w kr>Ul2><ZIDZ<F’iUi|2

aq,...,ap=11i=1

= |D¥U|* x DR T
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This last equality follows from the fact that we sum over different index sets I'
and I'“. This gives

k k
IDF(U,0),| <> > IDFUNIDFF T = Y Cf IDF Ul |ph R O]
k’=0|T|=k' k'=0

k
< CH WU Tl <28 Y (UL [U,-
k’=0 li+lo=k

Summing over k =0, ...,I we deduce (2.18). O

Estimate of |v(F)|;

We give in this subsubsection an estimation of the derivatives of v(F') in terms of
det o and the derivatives of F'. We assume that w € A(F).

In what follows Cj 4 is a constant, possibly depending on the order of deriva-
tion [ and the dimension d, but not on J.

For F € 8%, we set

m(op) = max (1, 1>‘ (2.20)

det o

Proposition 2.1.7. (i) If F € 8%, then VI € N we have

l 2d(1+1
NP < Cram(op) ™ 1+ [FIFEY). (2.21)

(ii) If F, F € 8%, then Vi € N we have
YV (E) = v(E)y

<Cla m(ap)”r1 m(crf)lle (

)2d(l+3)|F _F|1,l+1'
(2.22)
Before proving Proposition 2.1.7, we establish a preliminary lemma.

Lemma 2.1.8. For every G € S, G > 0, we have

CO 1 - 1
<Cl( +2Gk+1 > H|D“G|)§CI(G+ZGkH|G|’fJ).
k<7r117+,7k+£kl§l i=1 k=1

1
G

(2.23)

Proof. For F € 8% and ¢: R? — R a C* function, we have from the chain rule

18|

k
Dfs @ (F) = > 950(F) > HDLF@' PO, (2.24)

‘ﬁ‘:l I‘1U~-~UI“5‘:{1,...J€}
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where 8 € {1,...,d}/"l and Erlu-nurw denotes the sum over all partitions of
{1,...,k} with length |B|. In particular, for G € S, G > 0, and for ¢(z) = 1/x,
we obtain

k
1 1
k Z E : ] [ T
Da <G) ‘ S Ck Gk,_,’_l |Da(1‘ . (225)
k'=1

F1U”-Ul—‘k/:{1,..

We then deduce that

1 S T ot
PE) <X an X e

k'=1 ruU---Uly ={1,...,k} [i=1 RI®FK
k 1 E
_ [T
O Sre S SR ) (1
k'=1 F1U--<UFk/:{1 ,,,,, k} i=1
k 1 K’
— T
=G e 2 (1DIprel).
k'=1 ri+trg =k \1=1

T1yeeesTpr 21

and the first part of (2.23) is proved. The proof of the second part is straightfor-
ward. (]

Proof of Proposition 2.1.7. (i) On A(F') we have that
() = ™ (F)
: — P
7 det o(F) ’

where 6(F) is the algebraic complement of o(F). But, recalling that o”" (F) =
(D"F,D" F) ;, we have

|deto(F)|, < CLalF3%,,  and  [6(F)|, < CLalFIRY. (2.26)

Applying inequality (2.16), this gives

’ |l<Cld Z |(deta ) |l} )|l2'

11+12<1

From Lemma 2.1.8 and (2.26), it follows that

-1 1,01 +1
‘(detU(F)) |11<C (|dt Z|det : |k+1)
< Cllm(aF)h“(l +IFR), (2.27)
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where we have used the constant m(op) defined in (2.20). Combining these in-
equalities, we obtain (2.21).
(ii) Using (2.18), we have

|0'T’T,(F) — " (F)’l < Cra|F _F’LlJrl(‘F

1,0+1 + |F|1,l+1)
and then, by (2.16),
|det o(F) — deto(F)|, < Cpq|F — F’LZH (IF]y 150 + |F‘17l+1)2d_1 (2.28)

and

57 (F) = 5" (F)| < Cua|F =T, pyy (Flyn + [F, )"

Then, by using also (2.27), we have
|[(det o (F))~" — (det o(F)) ™",
< Crgl(deto(F)) 7!, |(det o(F)) ™1, x x| det o(F) — det o(F)|,

— e 2(l4+1)d
< Cram(op) T m(op) TF = Flu (14 [Flu + [Flu) 07

Since 7" (F) = (det o(F))~'6"" (F), a straightforward use of the above esti-
mates gives

YT E) = ()l

< Cram(op) P m(op) T = Flii (14 [Flus + [Flua) % o
We define now
d d
LYF)=>"6(""(F)DF") = > (y""(F)LF" —(Dy"""(F),DF")). (2.29)
=1 =1
Using (2.22), it can easily be checked that VI € N
ILY(F)|, < Cram(ow) > (1 + | FIFE + [L(F)],). (2.30)
And by using both (2.22) and (2.29), we immediately get
|LY(F) = LY(F)|, < CLaQu(F, F)(|F = Flis2 + |L(F = F))|1), (2.31)
where
QF,F) = mlop) Pm(op) (L [FRS Y 4 1LE)|, + [Fls ™ + L)),

(2.32)
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For I € 8%, we define the linear operator T,.(F,0): S — S,r =1,...,d by
T.(F,G) = (DG, (x(F)DF)"),

where (y(F)DF)" = Zf,zl A" "(F)DF" . Moreover, for any multiindex § =
(B1,-..,B,), we denote || = ¢ and we define by induction

Ts(F,G) = Tp, (F, Tip,,...8,-1)(F, G))

Forl € Nand F, F € 8%, we denote

OuF) = m(or) (L+[FIET), (2.33)
OUF,F) = m(op)'m(op) (1 + |[F[7F? 4 [F[742). (2.34)

We notice that ©,(F) < ©,(F, F), ©,(F) < 0,41(F), and ©,(F, F) < ©,41(F, F).

Proposition 2.1.9. Let F,F,G,G € S Then, for every | € N and for every
multiindex 8 with |8] = q > 1, we have

T5(F,G)|, < Clag®fy4(F)|Glisg (2.35)
and
a(g+1) — —
< Cl7d7q@l+ (F F) (1 + |G|l+q + |G|l+q) X (|F - F’lJ,»q + ’G - G|l+q )’
(2.36)

where Cyq,4 denotes a suitable constant depending on l,d,q and universal with
respect to the involved random variables.

Proof. We start by proving (2.35). Hereafter, C' denotes a constant, possibly vary-
ing and independent of the random variables which are involved. For ¢ = 1 we
have

T, (F,G)|: < CIDG|v(F)i|DF|; < Cly(E) 1| DF|141]Gli4a
and, by using (2.21), we get

| T.(F.G)|, < Cm(op) ™ (14 [P IDF | |Glisy < Ot (F)| Gl

The proof for general §’s follows by recurrence. In fact, for |3] = ¢ > 1, we write
B = (P-4, Bq) and we have

\Ts(F,G)|, = |Tp,(F, Ts_,(F,G)|, < COm1 (F)|Ts_,(F,G)|,,,

< CO111(F)O114(F)*Glivg < COLig(F)!|Gli44-
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We prove now (2.36), again by recurrence. For || = 1 we have
T, (F,G) — Tr(Fé)h <|G —§|l+1(\F\l+1 + | Flig) (IW(E) e + v (F)])
+|F = F[, (IGlie1 + [Glisr) (W (E) + [y (F)]1)
+ [y (F) = v(E)|, (IF li1 + [Flisa) (IG i1 + [Glisr).-
Using (2.22), the last term can be bounded from above by
COLA (P, F)(|Glis1 + |Glig1) |F = Flis.

And, using again (2.22), the first two quantities in the right-hand side can be
bounded, respectively, by

CO1(F.F) |G - é|z+1
and
COL1(F, F)(|Glis1 + [Gliga) |[F = Flia
So, we get
T.(F,G)~T.(F,G)|, < CO111(F, F) (1+|Gli41+[Glis1) (|F = Flig1+|G—=Gli41).
Now, for |3| = ¢ > 2, we proceed by induction. In fact, we write
IT3(F,G) — T5(F., G|, =

= |Tp,(F, Tp_,(F,G) — Tp, (F, Ts_,(F,G)|,

< CO(F F) (1 +[Tp_, (F, G w1 + [T, (F, G) 1)

X (|F = Fligr + |Tp_,(F,G) = Ts_,(F,G)|,,.,)-
Now, by (2.35), we have

Ts ,(F,G)|,,, < COI (F)|Gliyq and [Ty (F, )1y < O, (F)|Glitq-

Notice that

Or41(F, F) (O] 4 (F) + 6, () < 20114(F, F)"

so, the factor in the first line of the last right-hand side can be bounded from
above by

COL o (F.F)"(1+ Glisg + [Glusy)-
Moreover, by induction we have

(g—1a
Z

- — -1
e (B F)(1+1Gitq + [Glisg)

X (|F = Fliag + |G = Glisq).

|T5—Q(F7 G) - TB—Q(F’ é)|l-‘y-1 S ©

Finally, combining everything we get (2.36). O
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Bounds for the weights HJ(F, G)

Now our goal is to establish some estimates for the weights H? in terms of the
derivatives of G, F', LF, and ~(F).

For I >1and F,F € 8%, we set (with the understanding that |- [ = | - |)
A(F) = m(op) (14 [T + |LF|i-), (2:37)
A(F,F) = m(op)m(op) ™ (1 + |FF + RN 4 |LF)oy + [LF|iy).

(2.38)

Theorem 2.1.10. (i) For F € S, G € S, 1 € N, and q € N*, there exists a
ungversal constant Cy 4 q such that, for every multiindex 5 = (b1, .., Bq),

HY(F.G)| < CuapaArea(F)'|Gliva, (2:39)

where Aj1q(F) is defined in (2.37).

(ii) For F,F € 8¢, G,G € 8, and for all ¢ € N*, there exists an universal
constant Cy 4 q such that, for every multiindex 8 = (b1,...,Bq),

q(q+ )

|H3(F,G)~H(F,G)|, < Cpq.dAiq(F.F) * (14 |Glivq +1Glirq)"”

X (IF = Flisgi1+|L(F = F)l144-1+|G = Gli44)-
(2.40)

Proof. Let us first recall that
H.(F,G)=GL)(F)—-T.(F,QG),
HY(F,G) = Hp, (FLHE! 5 (F.G)).

Again, we let C' denote a positive constant, possibly varying from line to line, but
independent of the random variables F, F, G, G.
(i) Suppose ¢ =1 and 8 = r. Then,

|H,(F, Gt < CIGRILY(F)| + C|T(F, G)li.
By using (2.30) and (2.35), we can write

[H(F,G)i < Cm(op)*2(1+ |[F[FN + |LF)) |Gy

2d(1+3
+m(op) L+ IS Gl
< A (F)|Gliga-

So, the statement holds for ¢ = 1. And for ¢ > 1 it follows by iteration:
[HE(F, G = [Hg, (F, H" (F,G))li < CAa(F) HE (F,G))li4a
< CA1(F) A g(F) 7 Gliggs
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since Aj11(F) < Aj+4(F), the statement is proved.
(ii) We give a sketch of the proof for ¢ = 1 only, the general case following
by induction. Setting 5 = r, we have

|H,(F,G) — H,(F,G)|, < C(ILYF)1|G = Gl + [GLLY(F) = LY (F)l;
+ |TT(F7 G) - TT‘(F’ é)h)

Now, estimate (2.40) follows by using (2.30), (2.31), and (2.36). In the iteration
for ¢ > 1, it suffices to observe that A;(F) < A;(F,F), A(F) < A;4+1(F) and
Al(FaF)SAH-l(FaF)' U

Conclusion. We stress once again that the constants appearing in the previ-
ous estimates are independent of J. Moreover, the estimates that are usually
obtained/used in the standard Malliavin calculus concern LP norms (i.e., with
respect to the expectation E). But here the estimates are even deterministic so,
“pathwise”.

2.1.4 Norms and weights

The derivative operator D and the divergence operator ¢ introduced in the previ-
ous sections depend on the weights ;. As a consequence, the Sobolev norms |o|,
depend also on m; because they involve derivatives. And the dependence is rather
intricate because, for example, in the computation of the second-order derivatives,
derivatives of 7; are involved as well. The aim of this subsection is to replace these
intricate norms with simpler ones. This is a step towards the L? norms used in
the standard Malliavin calculus.

Up to now, we have not stressed the dependence on the weights m;. We do
this now. So, we recall that

DIF :=m(V)o; f(V), 07 (U) :=— (0w, (mius) + miuilo, v, Inps)(V),
and

D"F = (DI F)i=1....;, 07(U)=>_ 67 (V).

Now the notation D and ¢ is reserved for the case m; = 1, so that
DiF :=0;f(V) 6:(U) := —(d,u; +u;il0,0s, Inpys) (V).

Let us specify the link between D™ and D, and between 6™ and §. We define
T.:P—Pby

.....

Then
D"F =T,DF and ¢"(U)=46(T,U).
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It follows that L™F = §™(D™F) = §(T, T DF) = §(T2 DF) with (n?); = n?.
We go now further to higher-order derivatives. We have defined

T,k _ m,k—1 Tk 7,k
D(ala“~7ak)F - D"‘k (D(alv--wak—l)F) and D™0F = (D(@h---,oék)F)OqG{l ...... J}:

Notice that
D2 P = D7, (DglF) = (T:xD)a, ((T,TD)alF) = T, (V)Da, (wal(V)DalF)

(c1,02)

= Ty (V) (Da27r6n ) (V)Dcn F+ Ty (V)ﬂ-al (V)Daz Dal F.

This example shows that D™FF has an intricate expression depending on 7; and
their derivatives up to order k — 1, and on the standard derivatives of F' of order
j=1,...,k. Of course, if m; are just constants their derivatives are null and the
situation is much simpler.

Let us now look to the Sobolev norms. We recall that in (2.15) we have
defined |F|; »; and |F|.; in the following way:

J 1/2
|D7T,kF‘ —_ ( Z ‘Dzryk F|2>
alu-“7ak)

at,..,ap=1

and
l l

[Flimi = Y IDTFFL, | Fley = |F| 4 |Flisg = Y [D™F.
k=1 k=0
We introduce now the new norms by

s

J
<U, U>ﬂ_ = ZW?UzUz = <T‘ITU7T7TU>J7 |U‘ = <U’ U>7r,J'
=1

The relation with the norms considered before is given by
|DF|_=|D™'F|.

But if we go further to higher-order derivatives this equality fails. Let us be more
precise. Let
PEF = {U = (Ua)jaj=r : Ua = ua(V)}.

Then D* € P®%. On P® we define

w0, =Y (ﬁﬂii>UaUa, Ul = OO (241)

la|=k “i=1

If 7r; are constant, then ‘D’“F’7r = |D™F F| but, in general, this is false. Moreover,
we define
l l

1wy = D ID Flagey 1Flpy = 1FIH NF g = D ID Flag. (242)
k=1 k=0
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Lemma 2.1.11. Let

Il oo =1V, mhax max [|Oams| -

For each k € N there exists a universal constant Cy such that
k k k
IDTFF| < Cr Imlli_y o0 |P F|m. (2.43)
As an immediate consequence

l T 21
‘F‘Tr,l < Cl ||7r||l—l,oo ||F|| |L F|7r,l < Cl ||7T||2l—1,oo ||LF||7Tl ' (244)

Tl

The proof is straightforward, so we skip it.
We also express the Malliavin covariance matrix in terms of the above scalar
product:
o) (F)=(DF',D’F)_

and, similarly to (2.20), we define
my(op) =max (1 ! (2.45)
rlop)=max |1, —— |. .
e det o (F)

By using the estimate in Lemma 2.1.11, we rewrite Theorem 2.1.10 in terms
of the new norms.

Theorem 2.1.12. (i) For F € 8%, G € S, and for all ¢ € N*, there exists a
unsversal constant Cy 4 such that for every multiindex 8 = (f1,. .., Bq)

|H(F,G)| < Cq.aBy(F)!||Gllxq, (2.46)
with

2d 1 3 2d 2
By(F) = mq(op) ot 0 (1 (| |20 || LF 1)

(ii) For F,F € 8%, G,G € S, and for all ¢ € N*, there exists a universal constant
Cq.a such that for every multiindex 5 = (f1,...,084)

a(q+1)

[H§(F,G) = HY(F,G)| < CqaBy(F,F) 2 (14 [Gllnq + IGllx.q)"

X (I1F=Fllx,gs1+ I L(F = F)lr,q-1+1G=GClixq),
(2.47)

with
By(F, F) = ma(op) iy (o)1 7200 D040

q—1,00

2d(q+3 —=12d(g+3 =1
X (L4 [|F|2NED 4 25D || LF |lrget + | LF|lrg—1)-
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2.2 Short introduction to Malliavin calculus

The Malliavin calculus is a stochastic calculus of variations on the Wiener space.
Roughly speaking, the strategy to construct it is the following: a class of “reg-
ular functionals” on the Wiener space which represent the analogous of the test
functions in Schwartz distribution theory is considered. Then the differential op-
erators (which are the analogs of the usual derivatives and of the Laplace operator
from the finite-dimensional case) on these regular functionals are defined. These
are unbounded operators. Then a duality formula is proven which allows one to
check that these operators are closable and, finally, a standard extension of these
operators is taken. There are two main approaches: one is based on the expan-
sion in chaos of the functionals on the Wiener space —in this case the “regular
functionals” are the multiple stochastic integrals and one defines the differential
operators for them. A nice feature of this approach is that it permits to describe
the domains of the differential operators (so to characterize the regularity of a
functional) in terms of the rate of convergence of the stochastic series in the chaos
expansion of the functional. We do not deal with this approach here (the inter-
ested reader can consult the classical book Nualart [41]). The second approach
(that we follow here) is to take as “regular functionals” the cylindrical function-
als —the so-called simple functionals. The specific point in this approach is that
the infinite-dimensional Malliavin calculus appears as a natural extension of some
finite-dimensional calculus: in a first stage, the calculus in a finite and fixed di-
mension is established (as presented in the previous section); then, one proves that
the definition of the operators do not depend on the dimension and so, a calcu-
lus in a finite but arbitrary dimension is obtained. Finally, we pass to the limit
and the operators are closed. In the case of the Wiener space the two approaches
mentioned above are equivalent (they describe the same objects), but if they are
employed on the Poisson space, they lead to different objects obtained. One may
consult, e.g., the book by Di Nunno, @ksendal, and Proske [22] on this topic.

2.2.1 Differential operators
On a probability space (€2, F, P) we consider a d-dimensional Brownian motion
W = (Wl ..., W% and we look at functionals of the trajectories of W. The

typical one is a diffusion process. We will restrict ourself to the time interval [0, 1].
We proceed in three steps:

Step 1: Finite-dimensional differential calculus in dimension n.
Step 2: Finite-dimensional differential calculus in arbitrary dimension.

Step 3: Infinite-dimensional calculus.



2.2. Short introduction to Malliavin calculus 51

Step 1: Finite-dimensional differential calculus in dimension n

We consider the space of cylindrical functionals and we define the differential
operators for them. This is a particular case of the finite-dimensional Malliavin
calculus that we presented in Subsection 2.1.1. In a further step we consider the
extension of these operators to general functionals on the Wiener space.

We fix n and denote

k
th=_— and IN=(ti"1tF], withk=1,...,2",

n 271
and
ART—WiEy Wi, =1, .4,
AE = (AR AR A, = (AL AT,

We define the simple functionals of order n to be the random variables which
depend, in a smooth way, on W (¢¥) only. More precisely let

Sp={F=0(A,) : 6 € CX(R?)},

where C° denotes the space of infinitely-differentiable functions which have poly-
nomial growth together with their derivatives of any order. We define the simple
processes of order n by

PH—{ th YUy, Ukesn,k_L...,z“}.

We think about the simple functionals as forming a subspace of L?(PP), and about
the simple processes as forming a subspace of L?(P;L2([0,1])) (here, L%([0,1])
is the L? space with respect to the Lebesgue measure ds and L*(P : L*([0,1]))
is the space of the square integrable L?([0, 1])-valued random variables). This is
not important for the moment, but will be crucial when we settle the infinite-
dimensional calculus.

Then we define the operators

D:S,— P, 06:P,—S,
as follows. If F' = ¢(A,,), then

DIF = lek A,“An), i=1,...,d. (2.48)

The link with the Malliavin derivatives defined in Subsection 2.1.1 is the following
(we shall be more precise later). The underlying noise is given here by V = A,, =
(Afﬁ)izl,m’d’kzl,m’gn and, with the notations in Subsection 2.1.1,

DLF = Dy, F
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holds for s € I%. Actually, the notation D F may be confused with the one we used
for iterated derivatives: here, the superscript ¢ relates to the i-th coordinate of the
Brownian motion, and not to the order of derivatives. But this is the standard
notation in the Malliavin calculus on the Wiener space. So we use it, hoping to be
able to be clear enough. ’

Now we take U(s) = Zi:l L7k (s)Ug with Uy, = ug(A,) and set

on

; Buk 1>
5;(U) = up(A,) AR — (A)=— ). 2.49
) Z(( Akt - A (2.49)
For U = (U',...,U%) € P4 we define
d .
S(U) = 8:(U").
=1

The typical example of simple process is U'(s) = DF,s € [0,1]. It is clear
that this process is not adapted to the natural filtration associated to the Brownian
motion. Suppose however that we have a simple process U which is adapted and
let s € I¥. Then ux(A,,) does not depend on AF (because AF = W (tF) — W (tk—1)
depends on W (t£) and t£ > s). It follows that duy /OAR(A,,) = 0. So, for adapted
processes, we obtain

2m 1
5(U) = S up(An) AR = / U(s)dW?,
k=1 0

where the above integral is the It6 integral (in fact it is a Riemann type sum, but,
since U is a step function, it coincides with the stochastic integral). This shows
that 0;(U) is a generalization of the It6 integral for anticipative processes. It is
also called the Skorohod integral. This is why in the sequel we will also use the
notation

1 ~ .
(0) = [ .

The link between D and §; is given by the following basic duality formula: for
each F €S, and U € P,,

1
E(/ DLF x Usds) =E(F6;(F)). (2.50)
0
Notice that this formula may also be written as
(D'EU) 2200y = (F20:0)) 20 (2.51)

This formula can be easily obtained using integration by parts with respect to the
Lebesgue measure. In fact, we have already proved it in Subsection 2.1.2: we have
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to take the random vector A,, instead of the random vector V there (we come
back later on the translation of the calculus given for V there and for A,, here).
The key point is that AF? is a centered Gaussian random variable of variance
h, = 27", so it has density

1 .

Paki(y) = W(‘y
n

Then
(Inpare)'(y) = *%
so, (2.50) is a particular case of (2.4).
We define now higher-order derivatives. Let a = (ay,...,a,) € {1,...,d}"
and recall that |« = r denotes the length of the multiindex «. Define
De F=D...DF.

8138 p
This means that if s, € Iif”,p =1,...,r, then
87"

D‘(:ly'uxs'r'F = aAfrclr,ar . aAﬁl,al ¢(An)

We regard D*F as an element of L?(P; L*([0,1]7)).
Let us give the analog of (2.50) for iterated derivatives. For U; € P, i =
1,...,r, we can define by recurrence

1 1
/dwgl-.-/ G (1) - Uy (s).
0 0

Indeed, for each fixed sy, ..., s._1 the process s, — Uy(s1) - - U-(s,) is an element
of P, and we can define 6, (U1(s1) -+ Ur—1(8r—1)U-(0)). And we continue in the
same way. Once we have defined this object, we use (2.50) in a recurrent way and
we obtain

E(/ D¢ Fx U1(31)~-~Ur(sr)dsl---dsT>
.1

) ) (2.52)
= ]E(F/ awe / AW Uy (s1) - - Ur(s,,))
0 0
Finally, we define L: S — S by
d
L(F)=>_6{(D'F). (2.53)
=1

This is the so-called Ornstein—Uhlenbeck operator (we do not explain here the rea-
son for their terminology; see Nualart [41] or Sanz-Solé [44]). The duality property
for L is

E(FLG) = IE((DF, DG)) =E(GLF), (2.54)
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in which we have set

d
E((DF,DG)) =Y E((D'F,D'G)).

i=1

Step 2: Finite-dimensional differential calculus in arbitrary dimension

We define the general simple functionals and the general simple processes by

S = fjsn and P = Dpn.
n=1

n=1

Then we define D: § — P and §: P — S in the following way: if I’ € S,,, then
DF is given by the formula (2.48), and if U € P, then 6;(U) is given by the
formula (2.49). Notice that S,, C S,+1. So we have to make sure that, using the
definition of differential operator given in (2.48) regarding F as an element of S,
or of §;,+1, we obtain the same thing. And it is easy to check that this is the case,
so the definition given above is correct. The same is true for d;.

Now we have D and 0 and it is clear that the duality formulas (2.50) and
(2.52) hold for F € S and U € P.

Step 3: Infinite-dimensional calculus

At this point, we have the unbounded operators
D:ScC L*(Q) — P C L*(Q; L*(0,1))

and
5 P C L*(Q; L*(0,1)) — S C L*(Q)

defined above. We also know (we do not prove it here) that S C L?*(Q) and
P C L*(; L?(0,1)) are dense. So we follow the standard procedure for extending
unbounded operators. The first step is to check that they are closable:

Lemma 2.2.1. Let F € L?(Q) and F,, € S, n € N, be such that lim,, ||Fn||L2(Q) =0
and ;
1171111 ||DZFn - Ui||L2(Q;L2(071)) =0

for some U; € L*(; L*(0,1)). Then, U; = 0.
Proof. We fix U € P and use the duality formula (2.51) in order to obtain
E((U;,U) =lmE((D'F,,U) =lmE(F,0;(U)) = 0.

L2(0,1) ) L2(0,1) )

Since P C L?(Q; L?(0,1)) is dense, we conclude that U; = 0. O

We are now able to introduce
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Definition 2.2.2. Let F € L?(Q). Suppose that there exists a sequence of simple
functionals F,, € S, n € N, such that lim,, F,, = F in L*(Q) and lim,, D'F,, = U;
in L*(; L?(0,1)). Then we say that F € Dom D' and we define D'F = U; =
lim,, D*F,,.

Notice that the definition is correct: it does not depend on the sequence F,,
n € N. This is because D' is closable. This definition is the analog of the definition
of the weak derivatives in L? sense in the finite-dimensional case. So, Dom D :=
N¢_, Dom D? is the analog of H(R™) if we work on the finite-dimensional space
R™. In order to be able to use Holder inequalities we have to define derivatives in
LP sense for any p > 1. This will be the analog of W1P(R™).

Definition 2.2.3. Let p > 1 and let F' € LP(Q2). Suppose that there exists a sequence
of simple functionals F,,, n € N, such that lim,, F,, = F in LP(Q) and lim,, D'F,, =
U; in LP(Q; L%(0,1)), @ = 1,...,d. Then we say that F € DY and we define
D'F = U; = lim,, D'F,.

Notice that we still look at D'F,, as at an element of L?(0,1). The power p
concerns the expectation only. Notice also that P C LP(Q; L?(0,1)) is dense for
p > 1, so the same reasoning as above allows one to prove that D’ is closable as
an operator defined on § C LP(f2).

We introduce now the Sobolev-like norm:

d ) d 1 1/2
|F|1,1 - Z ||DZF||L2(O,1) - Z </0 |D§F|2d5) and |F|; = |F|+ |F|1,1-
i=1 i=1

(2.55)
Moreover, we define

d
170 = 170, + 3 1D Pl |, (2:56)
i=1

P S (E(( [ et )"

It is easy to check that D™ is the closure of S with respect to [[of|; .

We go now further to the derivatives of higher order. Using (2.52) —instead
of (2.50)— it can be checked in the same way as before that, for every multiindex
a = (a1,...,a.) € {1,...,d}", the operator D is closable. So we may give the
following

Definition 2.2.4. Let p > 1 and let F € LP(Q). Consider a multiinder o =
(ai,...,a,) € N Suppose that there exists a sequence of simple functionals F,,
n € N, such that lim,, F,, = F in LP(Q) and lim,, D*F,, = U; in LP(; L?((0,1)")).
Then we define D'F = U; = lim,, D'F,,. We denote by D*? the class of functionals
F for which D™ defined above exists for every multiindex o with |a| < k.
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We introduce the norms

k
|Fly = Z Z ID*Fllr2¢0,1yry  1Fl = FI+|Fly g (2.57)

r=1 ‘al:r

and

(2.58)

k
1/ @
1Pl = EUFE) = 1Fl, + 32 2 | ID°Fll o)

r=1 |a|:7‘

~ ey 35 (s(( [ ) )

r=1|a|=r

’ P

It is easy to check that D*P is the closure of § with respect to o], . Clearly,
]D)Ic,P C ]D)k/,P/ if k> k/, p> p/'

We define

Dk = (| DF?, D> = ﬁ () D*P.

p>1 k=1 p>1

Notice that the correct notation would be D¥°°~ and D~ in order to avoid the
confusion with the possible use of ||o|| ; for simplicity, we shall omit “—”.

We turn now to the extension of §;. This operator is closable (the same
argument as above can be applied, based on the duality relation (2.50) and on the
fact that S C LP(Q) is dense). So we may give the following

Definition 2.2.5. Let p > 1 and let U € LP(Q; L%(0,1)). Suppose that there ex-
ists a sequence of simple processes U, € P, n € N, such that lim, U, = UF
in LP(Q; L2(0,1)) and lim, §;(U,) = F in LP(Q). In this situation, we define
8;(U) = limy,, 6;(Uy). We denote by Domy(0) the space of those processes U €
LP(Q; L?(0,1)) for which the above property holds for everyi=1,...,d.

In a similar way we may define the extension of L.

Definition 2.2.6. Let p > 1 and let F' € LP(Q)). Suppose that there exists a se-
quence of simple functionals F,, € S, n € N, such that lim,, F,, = F in LP(Q) and
lim,, LF,, = F in LP(QY). Then we define LF = lim,, LF,,. We denote by Dom, (L)
the space of those functionals F € LP(Q) for which the above property holds.

These are the basic operators in Malliavin calculus. There exists a fundamen-
tal result about the equivalence of norms due to P. Meyer (and known as Meyer’s
inequalities) which relates the Sobolev norms defined in (2.58) with another class
of norms based on the operator L. We will not prove this nontrivial result here
referring the reader to the books Nualart [41] and Sanz-Solé [44].
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Theorem 2.2.7. Let F' € D*°. For each k € N and p > 1 there ewxist constants cy
and Cy, p, such that

k
Crp 1 Fllp < HLz/zFHp < CrplIF |y, - (2.59)
1=0

In particular, D> C Dom L.

As an immediate consequence of Theorem 2.2.7, for each kK € N and p > 1
there exists a constant C}, , such that

HLF”k,p < Ck,pHF”kJrZ,p' (2-60)

2.2.2 Computation rules and integration by parts formulas

In this subsection we give the basic computation formulas, the integration by parts
formulas (IBP formulas for short) and estimates of the weights which appear in
the IBP formulas. We proceed in the following way. We first fix n and consider
functionals in S,,. In this case we fit in the framework from Section 2.1. We identify
the objects and translate the results obtained therein to the specific context of the
Malliavin calculus. And, in a second step, we pass to the limit and obtain similar
results for general functionals.

We recall that in Section 2.1 we looked at functionals of the form F = f(V)
with V = (V4,...,V;), where J € N. And the law of V' is absolutely continuous
with respect to the Lebesgue measure and has the density p;. In our case we fix n
and consider F € S,,. Then we take V to be AK = Wi(k/2") — Wi((k —1)/2"),
k=1,...,2" i=1,...,d. So, J =d x 2" and p; is a Gaussian density. We work
with the weights 7; = 2~"/2. The derivative defined in (2.1) is (with 7 replaced by
(k. 1))

1 OF
It follows that the relation between the derivative defined in (2.1) and the one
defined in (2.48) is given by

Dy F

oF k-1 k

7 __on/2 _
DSF— 2 / Dk,iF_ aTﬁ’i’ for on S 21’L

Coming to the norm defined in (2.14) we have

d 2" d 1 d
i 2 i 2
PR = 33w =3 [ i s = 30

We identify in the same way the higher-order derivatives and thus obtain the
following expression for the norms defined in (2.15):

l

FR =" > 1D Flf ey |Fl=IFI+Fl,,.
k=1|8|=k
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We turn now to the Skorohod integral. According to (2.2), if we take 7 ; = 27™/2
and V = A,,, we obtain for U = (2‘”/2uk7i(An))k7i:

on

d 2"
Z Z (5k z =-27" Z Z (aAz,qzuk,i + um@Aﬁ,i lnpAﬁ,z)(An)

i=1 k=1 1=1 k=1
Ny AL
2- ;; ( Aklukl n) Uk,l(An) 2—71)
d 2" d 2"
= Z Zuk Z(An>Ak’i N Z Z@Ak iU Z(An)ﬁ
i=1 k=1 i=1 k=1

It follows that

d

L(DF) = §(DF) = Zzhl DZFXA’“—ZZhl )D'D'F 2n,

i=1 k=1 i=1 k=1

and this shows that the definition of L given in (2.53) coincides with the one given
n (2.3).

We come now to the computation rules. We will extend the properties defined
in the finite-dimensional case to the infinite-dimensional one.

Lemma 2.2.8. Let ¢: R — R be a smooth function and F = (F1,... F9) ¢
(DY) for some p > 1. Then ¢(F) € D*P and

d
F)=>0,¢(F)DF". (2.61)

If F € D'? and U € Domd, then
6(FU) = Fé6(U) — (DF, U>L2(0’1) . (2.62)

Moreover, for F = (F',... ,F?) € (Dom L)¢, we have

d d
=Y 0 6(F)LF" = " 0,0 ¢(F)(DF",DF" ) 12(0.1). (2.63)

rr'=1

Proof. If F € 8%, equality (2.61) coincides with (2.5). For general F' € (D'?)¢
we take a sequence F' € 8¢ such that F,, — F in LP(Q2) and DF, — DF in
LP(Q; L?(0,1)). Passing to a subsequence, we obtain almost sure convergence and
so we may pass to the limit in (2.61). The other equalities are obtained in a similar

way. U
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For F € (D'?)? we define the Malliavin covariance matrix o by
o) = (DF'.DF?) . 1)ga) = Z/O DGF'D{Fds, i,j=1,...,d. (2.64)
r=1

If w € {det o # 0}, we define yp(w) = 0" (w). We can now state the main results
of this section, the integration by parts formula given by Malliavin.

Theorem 2.2.9. Let F = (F*,..., F4) € (DY) and suppose that
E(|detop|™) <oco Vp>1. (2.65)

Let ¢: RT — R be a smooth bounded function with bounded derivatives.

() If F = (F',...,F%) € (D>*)¢ and G € D, then for every r = 1,...,d

we have
E (0,¢(F)G) = E (¢(F)H,(F,G)), (2.66)
where
d
H.(F,G) =Y 8(Gy""(F)DF")
:1 (2.67)
= 3" (Go(yp " DF™) = 4" (DF™ , DG 20, 1).
r'=1

(i) If F = (F',...,F%) € (DT1>)d and G € DT>, then, for every multiindex
a=(aq,...,aq) € {1,...,d}? we have

E(0.6(F)G) = E(¢(F)HA(F,G)). (2.68)
with H,(F, G) defined by recurrence:

Hquil) (Fv G) - Hz(Fv ng(F7 G)) (269)

(e,

Proof. We take a sequence F;,, n € N, of simple functionals such that F,, — F' in
||°||2,p for every p € N, and a sequence G,,, n € N, of simple functionals such that
Gn — G in |lo||, ,, for every p € N. We use Theorem 2.1.4 in order to obtain the
integration by parts formula (2.66) for F,, and G, and then we pass to the limit
and we obtain it for F' and G. This reasoning has a weak point: we know that the
non-degeneracy property (2.65) holds for F' but not for F,, (and this is necessary
in order to be able to use Theorem 2.1.4). Although this is an unpleasant technical
problem, there is no real difficulty here, and we may remove it in the following
way: we consider a d-dimensional standard Gaussian random vector U which is
independent of the basic Brownian motion (we can construct it on an extension of
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the probability space) and we define F,, = F}, + %U . We will use the integration by
parts formula for the couple A,, (the increments of the Brownian motion) and U.
Then, the Malliavin covariance matrix will be o = op, + %I , where I is the
identity matrix. Now detop > n~% > 0 so we obtain (2.66) for F,, and G,,. Then
we pass to the limit. So (i) is proved. And (ii) follows by recurrence. O

Remark 2.2.10. Another way to prove the above theorem is to reproduce exactly
the reasoning from the proof of Theorem 2.1.4. This is possible because the only
thing which is used there is the chain rule and we have it for general functionals on
the Wiener space, see (2.61). In fact, this is the natural way to do the proof, and
this is the reason to define an infinite-dimensional differential calculus. We have
proposed the proof based on approximation just to illustrate the link between the
finite-dimensional calculus and the infinite-dimensional one.

We give now the basic estimates for Hg(F ,G). One can follow the same
arguments that allowed to get Theorem 2.1.10. So, for F € (D!2)? we set

m(ap)zmax< ! ) (2.70)

1, —
detop

Theorem 2.2.11. (i) Let g € N*, F € (D?"1>°)4 and G € D%, There exists a
ungversal constant Cy 4 such that, for every multiindex 8 = (b1, .., Byq),

HY(F.G)| < Coaddy(F)|G,, (2.71)

with
2d(q+2
Ag(F) = m(op) ™ (14 [P 4 |LF|g1).
Here, we make the convention A,(F) = oo if detop = 0.
(ii) Let ¢ € N*, F,F € (D9Th°)4 and G,G € D%*°. There exists a universal
constant Cy 4 such that, for every multiindex 8 = (f1, ..., Bq),

a(g+1)

|HA(F,G) — HY(F,G)| < CqaAy(F,F)" 7 x (1+|Gly +1Gly)"

X (‘F _F’q+1 + ’L(F _F)’q—l + |G _é|q>’
(2.72)

with

= 2d(g+3) | 552d(q+3 =
Ag(F,F) =m(op) " m(op) ™ (4P PR D HLF )2+ L),
Proof. This is obtained by passing to the limit in Theorem 2.1.10: we take a
sequence F,,, n € N, of simple functionals such that F,, — F, D*F,, — D*F, and
LF,, — LF almost surely (knowing that all the approximations hold in L?, we
may pass to a subsequence and obtain almost sure convergence). We also take a
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sequence G,,, n € N, of simple functionals such that G,, —» G and D*G,, - D*G
almost surely. Then, we use Theorem 2.1.10 to obtain

[HE(Fny Gn)| < Co,aAq(Fn)?|Ghlg-

Notice that we may have det g, = 0, but in this case we put A,(F,,) = oo and
the inequality still holds. Then we pass to the limit and we obtain |H§(F,G)| <
Cq.aAq(F)9|G|q. Here it is crucial that the constants Cy 4 given in Theorem 2.1.10
are universal constants (which do not depend on the dimension J of the random
vector V involved in that theorem). d

So, the estimate from Theorem 2.2.11 gives bounds for the LP norms of the
weights and for the difference between two weights, as it immediately follows by
applying the Holder and Meyer inequalities (2.60). We resume the results in the
following corollary.

Corollary 2.2.12. (i) Let ¢,p € N*, F € (D#1>)4 and G € DT> such that
(detop)™ € Ny=1LP. There exist two universal constants C, | (depending
on p,q,d only) such that, for every multiindex 8 = (f1,...,Bq),

HHE(E, O)llp < C Byu(F)! |G

a.l> (2.73)

where

_ +1 2d(g+2)
Byu(F) = (14 [[(detop) o) (L4 [|Fllyur,) . (2.74)

(ii) Let q,p € N*, F, F € (D9T5>®) and G,G € D> be such that (detop)™t €
Np>1LP and (det af)_l € Np>1LP. There exists two universal constants C,1
(depending on p,q,d only) such that, for every multiindex 8 = (b1, ..., Bq),

S nlral — a(g+1) o
HHZ(F, G) - Hg(F,G)”p < CBqJ(F, F) 3 (1 4 HG”g,l + ”GHZ,I) (2 75)
X (”F 7F||q+1,l + HG 75"114‘1,[)7
where
Byi(F,F) = (1 +|[(det o) |, + || (det UF)_lnl)%l—H) -

— 2d(q+3)
L+ 1 Fllgrg + 1 Fllgena) .

We introduce now a localization random variable. Let m € N and let ¢ €
C2(R™). We denote by Ay the complement of the set Int{¢ = 0}. Notice that
the derivatives of ¢ are null on Aj = Int{¢ = 0}. Consider now © € (D*>°)™ and
let V= ¢(©). Clearly, V € D*. The important point is that

V=14,(0)V and DV =14,(0)DV (2.77)
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for every multiindex a. Coming back to (2.67) and (2.69), we get
HA(F,Go(0)) = 1a,(0)HA(F,Go(6)). (2.78)

So, in (2.71) we may replace A,(F) and G with 14,(0)A,(F) and G¢(O), respec-

tively. Similarly, in (2.72) we may replace Aq(F,F) and G with 14,(0)A4(F, F)

and G¢(0), respectively. And, by using again the Hélder and Meyer inequalities,

we immediately get

Corollary 2.2.13. (i) Let ¢,p € N*, F € (D+1>)d G € D9, ¢ € Cr(R™)
and © € (D>®)™. We denote V = ¢(O). We assume that 14,(0)(detop) ! €

Np>1LP. There exists some universal constant C,1 (depending on p, q,d only),
such that, for every multiindex 8 = (b1, ..., 08q),

|Esrev)| <cBiE Gl (279

where
- 1 2d(g+2
Byu(F) = (14 |[1a,(©)(detrr) )" 16() gt (1 + ¥ 411,0) (q: )'>
2.80

(ii) Let ¢,p € N*, F,F € (D) gnd G,G € D% and assume that
14,(0)(detop)™t € N1 L” and 14,(0)(det o) ™' € Nps1L”. There ex-
ists some universal constants C,l (depending on p,q,d only) such that, for
every multiindex 5 = (B1,...,Bq),

a(q+1)
2

[H3(F.GV) = HY(F.GV)|, < C By (F.F)" = (1+[|Gllg, + IGIIf,,)

X (”F _FHqul,l +[|G _é”qul,l),
(2.81)

where

B‘Yyl(va) = (1 + ||1A¢(@)(det UF)71||I + ||]-A¢ (@)(det O.F)71||l)2(q+1)

2 = 2d(q+3)
X (L4 @O lg+1,0) (L + [ Fllgria + [Fllgr) "

(2.82)

Notice that we used the localization 14,(0) for (detop)~*, but not for
[Fl[441,,- This is because we used Meyer’s inequality to bound |14, (©)LF|

from above, and this is not possible if we keep 14,(©).

q—1,p

2.3 Representation and estimates for the density

In this section we give the representation formula for the density of the law of a
Wiener functional using the Poisson kernel (Q; and, moreover, we give estimates



2.3. Representation and estimates for the density 63

of the tails and of the densities. These are immediate applications of the general
results presented in Section 1.8. We first establish the link between the estimates
from the previous sections and the notation in 1.8. We recall that there we used
the norm HG”W}Z,;D, and in Remark 1.8.2 we gave an upper bound for this quan-

tity in terms of the weights ||HZ(F,G)|,. Combining this with (2.73), we have
the following: for each ¢ € N, p > 1, there exists some universal constants C, I,
depending only on d, q, p, such that

1Gllwgr < CBi(F)!|Gllg, (2.83)

where B, ;(F) is defined by (2.74). And in the special case G = 1 and ¢ = 1, we
get
Ly 20 < CB1(F), (2.84)

for suitable C,l > 0 depending on p and d. This allows us to use Theorems 1.8.3
and 1.5.2, to derive the following result.

Theorem 2.3.1. (i) Let F = (F',...,F%) € (D**)? be such that, for every
p >0, E(ldet op| ") < co. Then, the law of F is absolutely continuous with
respect to the Lebesque measure and has a continuous density pr € C(R?)
which is represented as

d

pr(z) =Y E(0:Qu(F —x)Hi(F, 1)), (2.85)

i=1
where H;(F,1) is defined as in (2.67). Moreover, with p > d and kyq =
(d—1)/(1 —d/p), there exist C > 0 and p’ > d depending on p,d, such that
E(|VQa(F —2)[77) 7 < CByy(F)*ra, (2.86)

where By, (F) is given by (2.74).

(if) Withp > d, kpq = (d—1)/(1 —d/p), and 0 < a < 1/d — 1/p, there exist
C >0 and p’' > d depending on p,d, such that

pr(x) < OBy (F) T iP(F € By(z))”. (2.87)

(iii) If F € (D?+2°)?  then pr € C1(R?) and, for |a| < q, we have

d
Oapr(x) =Y E(0:Qa(F — 2)Hi o) (F, 1)).

i=1

Moreover, withp > d, kpq = (d—1)/(1—d/p), and 0 < a < 1/d—1/p, there
exist C > 0 and p’ > d depending on p,d, such that, for every multiindex «
of length less than or equal to q,

0apr ()| < CBgsr,y (F)ITFvaP(F € By(x))". (2.88)
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In particular, for everyl and |z| > 2 we have

1

I
0apr ()] < CBgy1p (F)H 40| FY, e

(2.89)

Another class of results concern the regularity of conditional expectations.
Let F' = (F4,...,Fy) and G be random variables such that the law of F' is abso-
lutely continuous with density pr. We define

prc(r) =pr(2)E(G | F = ).
This is a measurable function. As a consequence of the general Theorem 1.8.4 we
obtain the following result.

Theorem 2.3.2. (i) Let F = (F!,... F%) € (D?*°)? be such that for every p > 0
we have E(|det 0| 7) < 0o, and let G € WH°. Then, pr € C(R?) and it
s represented as

d
pra(@) =Y E(0,Qa(F — 2)H,(F,G)). (2.90)

i=1

il € ' an € ° then pra € an ere eris
i) If F Dat2.2)d gnd G € Wathee  ¢h ) C9(R? d th 5t
constants C,l such that, for every multitndexr v of length less than or equal

to q,
|0apr,c(x)| < CBaar i (F)T |Gl g1, (2.91)

2.4 Comparisons between density functions

We present here some results from [3] allowing to get comparisons between two
density functions. In order to show some nontrivial applications of these results,
we need to generalize to the concept of “localized probability density functions”
that is, densities related to “localized” (probability) measures.

2.4.1 Localized representation formulas for the density

Consider a random variable U taking values on [0, 1] and set
dPy = UdP.

Py is a nonnegative measure (but generally not a probability measure) and we set
Ey to be the expectation (integral) with respect to Py. For F' € D¥P, we define

IF|lp.0 =Eu(FI)
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and
1/
IFI; 0 = Eu(IF) "
) p/2\ \ 1/P
+ZZ< (</ |Ds1, s F| dsl---dsk> )> .
r=1 ‘al—r
In other words, || - ||p,u and || - ||x,p,v are the standard Sobolev norms in Malliavin

calculus with P replaced by the localized measure Py;.
For U € D% with ¢ € N*, and for p € N, we set

Myp(U) =1+ |[DInU|g-1p0- (2.92)

Equation (2.92) could seem problematic because U may vanish and then D(InU)
is not well defined. Nevertheless, we make the convention that

1
D(ln U) = ﬁDU ].{U;ﬁo}

(in fact this is the quantity we are really concerned with). Since U > 0, Py-a.s.
and DU is well defined, the relation || InUl|, v < oo makes sense.

We give now the integration by parts formula with respect to Py (that is,
locally) and we study some consequences concerning the regularity of the law,
starting from the results in Chapter 1.

Once and for all, in addition to mg ,(U) as in (2.92), we define the following
quantities: for p > 1, ¢ € N,

SF,U(p) =1+ ||(det O’F)ialyU7 Fe (]D)l,oo)d
Qru(,p) =1+ [|Fllgpu, Fe@D™)! (293
Qpru(@p) =1+ [Flopu + [Fllapw,  Fe D)

with the convention Sg y(p) = +o0 if the right-hand side is not finite.

Proposition 2.4.1. Let k € N* and assume that m, ,(U) < oo for all p > 1, with
My p(U) defined as in (2.92). Let F = (Fy,...,Fy) € (D)4 be such that
Sru(p) < oo for every p € N. Let yp be the inverse of op on the set {U # 0}.
Then, the following localized integration by parts formula holds: for every f &
(O (RY), G € D", and for every multiindex o of length equal to q < k, we have

Ey(0a f(F) G) = Eu (f(F)H (F,G)),

where, fori=1,...,d,

d
H;y(F,G) =Y (GyiLF’ — (D(Gv}), DFY) — Gy}}(DInU, DFV))
= ) (2.94)
= H;(F,G) - Y _G{(DInU, DFV);

j=1
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and, for a general multiindex 5 with || = q,

-1
HE ,(F,G) = Hg, v (FHS | ((FG)).

Moreover, let | € N be such that myi,,(U) < oo for all p > 1, let F,F €
(DHA+L0d with Sp i (p), SF v (p) < o0 for every p, and let G,G € DI+ Then,
for every p > 1 there are two universal constants C > 0 and p' > d (depending on
k,d) such that, for every multiindex 8 with || = q¢ < &,

[ HE ¢ (F,G)li,p,0 < C Biqp v (F) Glligg,p,vs (2.95)

a(q+1)

||Hg7U(F’ G) - Hg,U(F’ é)Hl,p,U < C(Bl+q,p’,U(Fa F) 2 QG,U(Z + q7pl7 U)
X (”F - FHlJqurl,p’,U + ||G - é”lJrq’p’,U)’

(2.96)

where
Bipu(F) =Sku@) ™ Qru+1,p)* 2 m, ,(U) (2.97)
Bipu(F,F) =Sru(p) 'S5 (0) ' Qppp(l+ 1,p)* " my ,(U). (2.98)

We recall that S. y(p), Q. u(l,p) and Q.. u(l,p) are defined in (2.93).

Proof. For |3| = 1, the integration by parts formula immediately follows from the
fact that
Eu (0:f (F)G) = E(9 f (F)GU) = E(f(F)Hi(F,GU)),

so that H; y(F,G) = H;(F,GU)/U, and this gives the formula for H; iy (F,G). For
higher-order integration by parts it suffices to iterate this procedure.

Now, by using the same arguments as in Theorem 2.1.10 for simple function-
als, and then passing to the limit as in Theorem 2.2.11, we get that there exists a
universal constant C', depending on ¢ and d, such that for every multiindex 5 of
length ¢ we have

|HE [ (F,G)|i < C Ao (F) (14 [DInUl11g-1)"|Glitq

and

— q(q+1) a(g+1)

|HE (F.G) — HE ((F,G)i < C Ao (F,F) 5 (14 |DIn Ul )

X (14 [Glisq + [Glisq)?
X (|F = Fliggs1 + [L(F = F)|149-1 + |G — Gli1q),

where A;(F) and A;(F, F) are defined in (2.37) and (2.38), respectively (as usual,
|-]o = |- 1) By using these estimates and by applying the Holder and Meyer
inequalities, one gets (2.95) and (2.96), as done in Corollary 2.2.13. O
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Lemma 2.4.2. Let k € N* and assume that m, ,(U) < oo for every p > 1. Let
F € (D*H12)d be such that Spu(p) < oo for every p > 1.

(i) Let Qq be the Poisson kernel in R®. Then, for every p > d, there exists a
universal constant C' depending on d,p such that

IVQu(F = )|l e, v < ClHu(F, 1)1 (2.99)
where ky 4 = (d—1)/(1 —d/p) and Hy(F,1) denotes the vector in R? whose
i-th entry is given by H; y(F,1).

(ii) Under Py, the law of F is absolutely continuous and has a density ppy €
C*~Y(R?) whose derivatives up to order k — 1 may be represented as

1
dapru (@ X;EU (0:Qa(F — z)HITY (P, 1)), (2.100)
for every multiindex o with || = q < k. Moreover, there exist constants

C, a, and p' > d depending on k,d, such that, for every multiinder o with
|O[| =4q S K — 17

|0apru(z)] < CSpu(P)*Qrulq+2,p")* mu(q+1,p")°, (2.101)

where my ,(U), Sru(p) and Qru(g + 2,p) are given in (2.92) and (2.93),
respectively.

Finally, if V€ D", then for |a] = ¢ < k — 1 we have

0aprov (@) < CSpu(P)*Qru(a +2,0") " mu(q+ 1,0)" IVl 441 0 »
(2.102)
where C, a, and p’ > d depend on k,d.

Proof. (i) This item is actually Theorem 1.8.3 (recall that ||1||W}1,p < ||H(F,1)|l,)
L

with P replaced by Py .

(ii) Equation (2.100) again follows from Theorem 1.8.4 (ii) (with G = 1)
and, again, by considering Py in place of P. As for (2.101), by using the Holder
inequality with p > d and (2.99), we have

1
|Oapru (@) < leVQd = )|l 2, wllHED, o (B D) b

d
Ea.p 1
<CY | Hu(ED, 7 I1HED o (F D),

i=1

and the results follow immediately from (2.95).
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Take now V € D*°°. For any smooth function f we have
Euv (0if(F)) =Eu (VO f(F)) = Eu(f(F)Hiu(F,V)).
Therefore, by using the results in Theorem 1.8.4, for |a| = ¢ < k — 1 we get

Oapuv (T ZEU (0:Qa(F — m)Hé+O}) o (F V),

and proceeding as above we obtain

d
k 2P
|Oapuv (2 Z 1Ho (F, D7 1HE ) o (B V) o

Applying again (2.95), the result follows. g

2.4.2 The distance between density functions

We compare now the densities of the laws of two random variables under Py .

Proposition 2.4.3. Let ¢ € N and assume that mqi2,(U) < oo for every p > 1.
Let F,G € (D973°°)? be such that

Srau(p) =1+ 02&21 [(det ogiar—c) 'lpv <oo, VpeN. (2.103)

Then, under Py, the laws of F' and G are absolutely continuous with respect to
the Lebesgue measure with densities ppy and pa.u, respectively. And, for every
multiinder o with |a| = q, there exist constants C,a > 0 and p’ > d depending on
d,q such that

|0apru(y) — 0apc,u ()] < CSrau®)* Qra,ulg+3.0)" meray (U) (2.104)
X [|F = Gllg+2,p,0,

where my, ,(U) and Qr.c,u(k,p) are given in (2.92) and (2.93), respectively.

Proof. Throughout this proof, C, p’, a will denote constants that can vary from
line to line and depending on d, q.

Thanks to Lemma 2.4.2, under Py the laws of F' and G are both absolutely
continuous with respect to the Lebesgue measure and, for every multiindex o with
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|a| = g, we have

I R

dapru(y) — Oava,u(y)= Y Eu((0;Qa(F —y) — 0;Qa(G — y))H(q;i) o (G, 1))

1
d

+ > Eu(9;Qu(F —y)(H,) (F.1) = HE ) (G 1))
j=1

d d
= ZIJ + Z Jj.
j=1 j=1

By using (2.99), for p > d we obtain

il < CIIVQa(F —y)ll 2, v | HE ) o (F.1) = HEf ) (G Dpo

J

k
< C|[Hy(F )| 1 HE S (F1) — HEFY (G D)o

and, by applying (2.95) and (2.96), there exists p’ > d such that

(a+1)(g+2)
2

|Jj| < CByi1,p,v(F, G)kd’p+ | F = Gllg+2,p,0,

with Byy1,p .0 (F,G) being defined as in (2.98). By using the quantities Sp ¢.u(p)
and Qr.q,u(k,p), for a suitable a > 1 we can write

|Jj| < CSrau®)*Qrau(q+2,0) mg1p (U)* X |F = Gllgrap 0

We now study I;. For A € [0,1] we denote F\ = G + A(F — G) and we use
the Taylor expansion to obtain

d 1

L= Ry, with Ry, = / Eu (9:0,Qa(Fr — ) HY'L (G 1)(F = G))dA
k=1 0

Let Vij = HE ) (G 1)(F = G)y. Since for A € [0, 1), By ((det o) 7P)) < oo for

every p, we can use the integration by parts formula with respect to F to get

1
Ry j =/ Ev (8;Qa(Fx — y)Hiu (Fx, Vi j))dA.
0

Therefore, taking p > d and using again (2.99), (2.95) and (2.96), we get

1
| R 5] S/ 10;Qa(Ex = y)|l 2 vl Hrk,u (Fx, Vi j)llp.udA
0
1
SC/ 1Hu (Fxs Dl | Hior (B, Vi)l dA
0

1
< C/ B v (Fx)f Vil pro dA.
0
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Now, from (2.103) and (2.97) it follows that
Bip,u(F) < CSt u(p)Q¥e,u(2,0) x miy(U).
Moreover,

HVk,j”Lpﬂ = HH(qj—:r;),U(Ga 1)(F - G)k”Lp,U < HHEI;_;) U(G, 1)

1,p’ 7U||F GHl,p',U
< CBq+2,p U (F)q+1 ||G||q+2’p ,U”F GHLP U
and, by using (2.97),
Byiop v(F) < Spau®™®Qrulg+3,0)* 7 x my0 0 (U),
where Qg (1, p) is defined as in (2.93). So, combining everything, we finally have
|I;] < CSrc,u®)'Qre,u(a+3,0") Mgtz (U)|F = Gll1p v
and the statement follows. O

Example 2.4.4. We give here an example of localizing function giving rise to a
localizing random variable U for which m, ,(U) < oo for every p.
For a > 0, set 1,: R — R as

az
'lpa(x) = 1|I|Sa + exp (1 — Ma)2> 1a<‘z‘<2a. (2105)

Then 9, € Cp°(R), 0 < 1P, < 1. For every p > 1 we have

sup|(1n1/1a ) | Yo (z) < v sup (t2pel_t) < 0.
aPl >p

For ©; e D* and a; > 0,i=1,...,¢, we define
¢
U =[] (0 (2.106)
i=1

Then U € DV, U € [0,1], and m4 ,(U) < oo for every p. In fact, we have

¢
[DInUPPU =

< (f: |(In ¢ai)’(@i)|2>p/2<§: |D®Z—|2)p/2 f[ a, (0;)
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for a suitable C), > 0, so that

~

L
1 1
E(U|DWUPP) < Z - xE(U|DOP) < Z 7 % Ol v < o0,

— Z

This procedure can be easily generalized to higher-order derivatives: similar argu-
ments give that, for © € DI+1%°,

[DInUllgpv < CpqOllg+1.p,0 < 00 (2.107)

Let us propose a further example, that will be used soon.

Example 2.4.5. Let V = 9),(H), with 9, as in (2.105) and H € D?*. Consider
also a (general) localizing random variable U € (0,1). Then we have

Vllgpv < ClHIg (2.108)

q,pq,U”

where C' depends on ¢,p only. In fact, since any derivative of %, is bounded,
V], < ClH|¢ and (2.108) follows by applying the Holder inequality.

Using the localizing function in (2.105) and applying Proposition 2.4.3 we
get the following result.

Theorem 2.4.6. Let ¢ € N. Assume that mgi2,(U) < oo for every p > 1. Let
F,G € (D?+3°°) be such that Spi7(p), Sa.u(p) < oo for every p € N. Then, under
Py, the laws of F and G are absolutely continuous with respect to the Lebesque
measure, with densities pr.y and pa.u, respectively. Moreover, there exist constants
C,a >0, and p’ > d depending on q,d such that, for every multiindex o of length
q, we have

10apru(Y)—0apc,u(y)| < C (Sau (@) VSru @) Qreu(a+3,p) mer2,y (U)"
X |IEF = Gllgv2,p0
(2.109)
where my, ,(U) and Qr.g,u(k,p) are as in (2.92) and (2.93), respectively.

Proof. Set R = F — G. We use the deterministic estimate (2.28) on the distance
between the determinants of two Malliavin covariance matrices: for every A € [0, 1]
we can write

|det o g — det og| < Cyq|DR| (|DG| + |DF\)2d‘1
< (@l DRI*(IDG|? + |DF|?)*3

)1/2

)

so that

det g ap > detog — aq(|DRI>(|DG|? + |DF2)* 7). (2.110)
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For v, as in (2.105), we define

, DG|? + |DF|?)*T"
V= H th H = |DR|? (
,(/}1/8( ) Wil | | (det UG)2 )
so that L
VA0 = detogirr > idetGG. (2.111)

Before continuing, let us give the following estimate for the Sobolev norm of H.
First, coming back to the notation |- |; as in (2.15), and using (2.16), we easily get

|H|; < C|(det o) ' (1 + ||DF?|, + [|IDGI?|,) || DR,

By using the estimate concerning the determinant from (2.27) (it is clear that we
should pass to the limit for functionals that are not necessarily simple ones) and
the straightforward estimate |\DF|2|Z < C|F?,,, we have

6dl

[Hlp < Cl(det o)™ P (14 [Flipa +[Gliar) ™ [RIF -

As a consequence, and using the Holder inequality, we obtain
[Hipv < CSa,u(d)*Qraul+1,p)||F — G||l2+1,17,U7 (2.112)

where C, p, a depend on [, d, p.

Now, because of (2.111), we have Spguv(p) < CSqu(p) (C denoting a
suitable positive constant which will vary in the following lines). We also have
muv (k,p) < Cmu (k, p) +my (k, p)). By (2.107) and (2.112), we get

my(q+2,p) < CSquP)*Qrc,ulqg+3,p)°

for some p, a, so that myv (¢ +2,p) < CSq v (p)*Qr.cu(q+3,p)*mu(q+2,p)%
Hence, we can apply (2.104) with localization UV and we get

|0apr,uv (Y) — Oaba,uv (y)]

< CSG,U(p/)aQF,G,U(q + 3ap/)amq+27p’(U>a | F— GHq+2,p’,Ua
(2.113)

with p’ > d, C' > 0, and a > 1 depending on ¢, d. Further,
10apr,u(y) — Oapc,u (Y)| < |0apruv (y) — Oapc,uv ()]
+|0aprua-v)®)| + [Oapa.ov ()|,

and we have already seen that the first term on the right-hand side behaves as
desired. Thus, it suffices to show that the remaining two terms have also the right
behavior.
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To this purpose, we use (2.102). We have
10aprua-v)(@)] < CSpu(p)*Qrulq+2,p)*mu(qg+1,p)* 1 =Vl 11,0
Now, we can write

1= Vllg1p0 =Eu(1 = V) +[DV

q,p,U-

But 1 — V # 0 implies that H > 1/8. Moreover, from (2.108), it follows that

1
DV lgpo < IVlg41pu < CHHHZ.;_Lp(q.,.l),U- So, we have

11 = Vllgs1,p0 < C(Pu(H > 1/8)/7 + [ DV]|¢p,0)
+1 +1
< C(IHlpw + 1H pganyw) S CIHIE pgrenyw (2114)

and, by using (2.112), we get

_ _ +1
11— Vlgr10 < CScu®* ™ Qreau(a+ 2,0 |F - G|20,0)"
But [|[F = Gllg+250 < Qreu(q+2,p), whence

|0arrua-v)()|
< CSru) VSeu®)) Qrau®) mu(qg+2,p)|F — Gllgsamv

for p’ > d and suitable constants C > 0 and a > 1 depending on ¢, d. Similarly,
we get

lpc.va-vyW)| < CSau @) Qraulq+2,p) mu(qg+2,0)IF = Gllgr2p 0,
(2.115)
with the same constraints for p’, C, a. The statement now follows. O

2.5 Convergence in total variation for a sequence of
Wiener functionals

In the recent years a number of results concerning the weak convergence of func-
tionals on the Wiener space using Malliavin calculus and Stein’s method have been
obtained by Nourdin, Nualart, Peccati and Poly (see [38, 39] and [40]). In partic-
ular, those authors consider functionals living in a finite (and fixed) direct sum
of chaoses and prove that, under a very weak non-degeneracy condition, the con-
vergence in distribution of a sequence of such functionals implies the convergence
in total variation. Our aim is to obtain similar results for general functionals on
the Wiener space which are twice differentiable in Malliavin sense. Other deeper
results in this framework are given in Bally and Caramellino [4].

We consider a sequence of d-dimensional functionals F,,, n € N, which is
bounded in D?? for every p > 1. Under a suitable non-degeneracy condition,
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see (2.118), we prove that the convergence in distribution of such a sequence
implies the convergence in the total variation distance. In particular, if the laws of
these functionals are absolutely continuous with respect to the Lebesgue measure,
this implies the convergence of the densities in L'. As an application, we use this
method in order to study the convergence in the CLT on the Wiener space. Our
approach relies heavily on the estimate of the distance between the densities of
Wiener functionals proved in Subsection 2.4.2.

We first give a corollary of the results in Section 2.4 (we write it in a non-
localized form, even if a localization could be introduced). Let 5 be the density of
the centered normal law on R? of covariance 61. Here, § > 0 and I is the identity
matrix.

Lemma 2.5.1. Let ¢ € N and F € (D973°°)? be such that ||(detop)~t||, < oo
for every p. There exist universal positive constants C,l depending on d,q, and
there exists 5 < 1 depending on d, such that, for every f € CY(R?) and every
multiindez o with |a] < g and § < dg, we have

[E(0uf(F) — E@a(f + ) (F))| < Ol Arg+3.0'V5  (2116)

with

Ap(k,l) = (1+[(detor) ) (1 + [ Fllxs)- (2.117)
Proof. During this proof C' and [ are constants depending on d and ¢ only, which
may change from a line to another. We define F5 = F'+ By, where B is an auxiliary
d-dimensional Brownian motion independent of W. In the sequel, we consider the
Malliavin calculus with respect to (W, B). The Malliavin covariance matrix of F'
with respect to (W, B) is the same as the one with respect to W (because F'
does not depend on B). We denote by op, the Malliavin covariance matrix of Fjs
computed with respect to (W, B). We have (o5&, &) = §|¢2 + (op&, €). By [16,
Lemma 7.29], for every symmetric nonnegative definite matrix ¢ we have

1 -
/ (@9 d < Cy o o

<C
det@Q —
where C'; and C5 are universal constants. Using these two inequalities, we obtain
detop, > detop/C for some universal constant C. So, we obtain Ap,(¢,l) <
We now denote by pr the density of the law of F' and by pr, the density of
the law of Fs. Using (2.89) with p = d + 1, giving kp g =d?> — 1, a = and
I = 2d, we get

1
2d(d+1)

1

2
10apr ()] < CBgi1 p (F) | P30 (4 ) (el = 2p%-

We notice that Bqu;L7p/(F)‘1erz||F||4d2
on ¢, d, so that

(1) < Ar(q+3,1)! for some [ depending

1

< L
|8apF('T)| = CAF(q + Sal) (|$‘ _ 2|)2d
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And since Ap(q+ 3,1) < CAp(q+3,1), we can also write

1

|0apr; ()] < CAp(q+3,1)! (e[ =22

We use now Theorem 2.4.6: in (2.109), the factor multiplying ||F' — F5||q+2.p.0 =
C§ can be bounded from above by Ax(q+ 3,1)! for a suitable [, so we get

|0apr(2) — Oapr, ()| < C Ap(q+3,0)"6.
We fix now M > 2. By using these estimates, we obtain

(B (00 f (F)) — E@a(f *5)(F))]
- ‘ / FOuprd — / JOupryde

<[ [ foeas| | [ fopmas
{lz|=M} {lz|=M}

<20 fllocAr(q +2,0)' M=% + C| flloo Ar(q + 3,1)! M4
< ClflocAr(a+3,0 (M~ + M)

+ ‘ / f(aap - 3a]96)dw
{lz|<M}

So, by optimizing with respect to M, we get (2.116). O

We now introduce the following distances on the space of probability mea-
sures. For k > 0 and for f € CF(R?) we denote

1flloe = D> sup [daf(x)].
0<al <k PER?

Then, for two probability measures p and v we define

di (1, ) =sup{’/fdu—/fdv

For k = 0 this is the total variation distance, which will be denoted by drv, and
for k = 1 this is the Fortet—Mourier distance, in symbols dgy;. Moreover, for ¢ > 0

we define
[outau~ [ opav

st =su{ 3
0<|a|<q
Notice that for ¢ = 0 we get d_g = dpy. We finally recall that if F;, — F in
distribution, then the sequence of the laws pup , n € N, of F}, converges to the law

n?

pp of F'in the Wasserstein distance dyy, defined by

dw (1, ) = sup{' [ fan- [ sav

e < 1}.

Nl < 1}.

NVl < 1}.
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The Wasserstein distance dvy is typically defined through Lipschitz functions, but
it can be easily seen that the two definitions actually agree. We also notice that
dw > dy = dpM, so the convergence in distribution holds in dpy; as well.
We say that a sequence F,, € D, n € N, is uniformly non-degenerate if for
every p > 1
sup || (det UFn>_1Hp < o0, (2.118)
n

and we say that a sequence F;,, € D9 n € N, is bounded in D?*° if for every
p=1
sup [|[Fn|,, < oo (2.119)
n

Theorem 2.5.2. (i) Let ¢ > 0 be given. Consider F,F, € D9*3> n € N, and
assume that the sequence (Fp,)nen s uniformly non-degenerate and bounded
in DIt3:°° . We denote by ur the law of F and by pr, the law of F,,. Then
for every k € N,

hrILndk('uF7'uF") =0 - hrILnd_q('uF7'uF") =0. (2120)

Moreover, there exist universal constants C,l depending on q and d, such
that, for every k € N and for every large n,

d*q(IJ’F,/Jan) = C(Sup AF" (q + 3’ l)l + AF(q + 3> Z)l>dk(ﬂaﬂn)ﬁv

where Ap, (k,1) and Ap(k,l) are defined in (2.117). This implies that, for
every multiinder o with || < g,

/ |8O¢pFn (ZII) - aapF(JU)|d$
N (2.121)
= C(SupAFn(q +3,0)" + Ap(q+3, l)l)dk(ﬂ, i) T

ii) Suppose that F,F, € > n € N, and assume that the sequence
ii) S that F,F, Dd+a+3,00 N, and that th
(Fp)nen is uniformly non-degenerated and bounded in D930 Then for
every k € N, lim,, di,(up, pr,) = 0 implies

10apF, — Oapr|ly, < C(supAFn (d+q+3,l)l+AF(d+q+3,l)l)dk(u,un)Tlﬂ

(2.122)
for every multiindex o with |a| < q.

As a consequence of (i) in the above theorem we have that, for F, F, €
DIt3:2° n € N, such that (F,)nen is uniformly non-degenerate and bounded in
D932 F, — F in distribution implies that d_,(ur, ur, ) — 0 (because di < dw
and convergence in law implies convergence in dyw). In the special case ¢ = 0, we
have dy = drvy so that, for any sequence which is uniformly non-degenerate and
bounded in D3>, convergence in law implies convergence in the total variation
distance.
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Proof of Theorem 2.5.2. During the proof, C' stands for a positive constant possi-
bly varying from line to line.

(i) We denote by p * 75 the probability measure defined by [ fd(u *~s) =
J [ *~sdp. We fix a function f such that ||f||,, < 1 and a multiindex a with
la] < ¢, and we write

‘ [ousdu~ [ ousin,

< ‘/%fdu - /aafdu %

+‘/3afd,un—/8afd,un*’y§

. ‘ [ outduens = [ ot s
We notice that
/8afdun * 5 = /&x(f s )dpin = E(0a(f *7s)(Fr))

and [ On fdp, = E(9of(Fy)) so that, using Lemma 2.5.1, we can find C,[ such
that, for every small 6,

‘ [ ousdin, ~ [ 0usdn, <

= [E(0af(Fn)) = E(0a(f *75)(Fn))|
< CAp,(g+3.1)8"2.
A similar estimate holds with p instead of u,. We now write
/aafdun * Y5 = /(0af) * Ysdpin = /f * 0o Y5 d .
For each 6 > 0 we have

1F * 0o sl 00 < IIflloc 67" < 07F

so that

‘ / Do felp 75 — / Do filiin * s

- ‘ / J % Baryadys — / £ % Oursdyin

< 6 Fdi (s pin).

Finally, we obtain

] [ outin= [ ousin,

< C(Ar, (q+3,D) + Ap(q+3,1)")8"2 + 6~ di (1, p1n)-
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Using (2.118) and (2.119) and optimizing with respect to J, we get
d-glpir, ) < C(sup Ar, (g +3,0)" + Ap(g +3,0) ) di(p, 1) 777,

where C,1 depend on ¢ and d. The proof of (2.120) now follows by passing to the
limit.

Assume now that F,, — F in distribution. Then it converges in the Wasser-
stein distance dw and, since dw (u,v) > di(u,v), we conclude that F,, — F in dy
and hence in d_,. We write

/ 10apE, () — Bapre ()| dz < sup / F(2) (Oupr, () — Oupp () da
1fll o<1
= sup / daf () (pF, (x) — pr(x))dx
1fll o<1
= s Oa )V pin( Oa Ydpu(
Hfbllljopﬁ / f N / f ,U
Sd—Q(MH’M)v

and so (2.121) is also proved.
(ii) To establish (2.122), we write

and we do the same for 0,pr, (z). This yields

[0upr(z) = Oupr, ()] < [ 101+ 0 (v) — 01+ 0, ()]
R

and the statement follows from (2.121). O

Remark 2.5.3. For ¢ = 0, Theorem 2.5.2 can be rewritten in terms of the total
variation distance dpy. So, it gives conditions ensuring convergence in the total
variation distance.

As a consequence, we can deal with the convergence in the total variation
distance and the convergence of the densities in the Central Limit Theorem on
the Wiener space. Specifically, let X denote a square integrable d-dimensional
functional which is Fpr-measurable (here, Fr denotes the o-algebra generated by
the Brownian motion up to time T'), and let C'(X) stand for the covariance matrix
of X, ie., C(X) = (Cov(X?, X7)); j=1,. 4, which we assume to be non-degenerate.
Let now X}, k € N, denote a sequence of independent copies of X and set

1

S, = 7 c(x)"12 kz::l (Xi — E(Xy)). (2.123)
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The Central Limit Theorem ensures that .S,,, n € N, converges in law to a standard
normal law in R?: for every f € Cy(R9), lim,, o0 E(f(S,)) = E(f(N)), where N is
a standard normal d-dimensional random vector. But convergence in distribution
implies convergence in the Fortet—Mourier distance dpy = dp, so we know that
dem(ps,, pn) = di(ps, , un) — 0 as m — oo, where ug, denote the law of S, and
pn is the standard normal law in R, And, thanks to Theorem 2.5.2, we can study
the convergence in d_, and, in particular, in the total variation distance drv.

For X € (D'2)4, as usual, we set ox to be the associated Malliavin covariance
matrix, and we let Ax denote the smallest eigenvalue of ox:

Ax = |§i|n§f1<UX§’€>'

Theorem 2.5.4. Let X € (D9t3>°)4. Assume that det C(X) > 0 and
E(\Y) < oo for every p > 1.

Let ps, denote the law of S, as in (2.123) and pn the standard normal law in
R®. Then, there exists a positive constant C' such that

d_q(us,, pn) < Cdpn (s, 1in) 3, (2.124)

where dpyy denotes the Fortet—Mourier distance. As a consequence, for ¢ = 0 we
get

drv (s, , iv) < Cdeni(ps,, pv)'?,
where drv denotes the total variation distance. Moreover, denoting by ps, and pn
the density of S, and N, respectively, there exists C' > 0 such that

/ |0aps, (2) — Oapn (z)|dz < Cdpm(ps,  pn) >,
Rd

for every multiindex o of length < q. Finally, if in addition X € (D¥tat3.00)d
then there exists C' > 0 such that for every multiindexr o with |o| < ¢ we have
10aps, — Oapnlloo < Cdrn(ps,, pn ).

Remark 2.5.5. In the one-dimensional case, if E(detox) > 0, then Var(X) > 0.
Indeed, if E(detox) = 0, then |DX|2 = 0 almost surely, so that X is constant,
which is in contradiction with the fact that the variance is non-null. Notice also
that in [38] Nualart, Nourdin, and Poly show that, if X is a finite sum of multiple
integrals, then the requirement E(det ox) > 0 is equivalent to the fact that the
law of X is absolutely continuous.

Remark 2.5.6. Theorem 2.5.4 gives a result on the rate of convergence which is
not optimal. In fact, Berry—Esseen-type estimates and Edgeworth-type expansions
have been intensively studied in the total variation distance, see [15] for a complete
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overview of the recent research on this topic. The main requirement is that the law
of F have an absolutely continuous component. Now, let F' € (D*?)¢ with p > d.
If P(detop > 0) = 1, op being the Malliavin covariance matrix of F', then the
celebrated criterion of Bouleau and Hirsh ensures that the law of F' is absolutely
continuous (in fact, it suffices that F € DV?2). But if P(detop > 0) < 1 this
criterion no longer works (and examples with the law of F' not being absolutely
continuous can be easily produced). In [4] we proved that if P(detop > 0) >
0, then the law of F' is “locally lower bounded by the Lebesge measure”, and
this implies that the law of F' has an absolutely continuous component (see [7]
for details). Finally, the coefficients in the CLT expansion in the total variation
distance usually involve the inverse of the Fourier transform (see [15]), but under
the “locally lower bounded by the Lebesge measure” property we have recently
given in [7] an explicit formula for such coefficients in terms of a linear combination
of Hermite polynomials.

Proof of Theorem 2.5.4. Notice first that we may assume, without loss of gener-
ality, that C(X) is the identity matrix and E(X) = 0. If not, we prove the result
for X = C~1/2(X)(X — E(X)) and make a change of variable at the end.

In order to use Theorem 2.5.2 with F,, = S,, and ' = N, we need that
all the random variables involved be defined on the same probability space (this
is just a matter of notation). So, we take the independent copies Xy, k € N, of
X in the following way. Suppose that X is Fp-measurable for some T > 0, so
it is a functional of Wy, ¢ < T. Then we define X} to be the same functional
as X, but with respect to Wy — Wy, kT < t < (k+ 1)T. Hence, DX, = 0
if s ¢ [KT,(k + 1)T] and the law of (DsX)sekr,(k+1)7] 15 the same as the law
of (DsX)sepo,r)- A similar assertion holds for the Malliavin derivatives of higher
order. In particular, we obtain

n

1
1Sulf = = 31Xl

k=1

We conclude that, for every p > 1,
[1Snllp < 11X,

so that S, € (DI+3>)4 We take N = Wy /v/T, so that N € (D9t3>)¢ and
[(deton) ™|, < oo for every p. Let us now discuss condition (2.118) with F,, = S,,.
We consider the Malliavin covariance matrix of S,,. We have (DX}, DXg> =0 if

k # p, so

N ; ; 1 — . ) 1 y
ok = (DS}, DSI) = ~ S (DX}, DX]) =~ a¥y.
"= "=
Using the above formula, we obtain

1 n
As, > — A
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where Ag, > 0 and Ax, > 0 denote the smallest eigenvalue of og, and ox,,
respectively. By using the Jensen and Hoélder inequalities, for p > 1 we obtain

n

() =2 )

k=1

so that
E(Ag") <E(Y")

and (2.118) does indeed hold. Now, (2.124) immediately follows by applying The-
orem 2.5.2 with kK = 1. And since d_¢ = drvy, we also get the estimate in the
total variation distance under the same hypothesis with ¢ = 0. All the remaining
statements are immediate consequences of Theorem 2.5.2. O



Chapter 3

Regularity of probability laws by using
an interpolation method

One of the outstanding applications of Malliavin calculus is the criterion of reg-
ularity of the law of a functional on the Wiener space (presented in Section 2.3).
The functional involved in such a criterion has to be regular in Malliavin sense,
i.e., it has to belong to the domain of the differential operators in this calculus. As
long as solutions of stochastic equations are concerned, this amounts to regularity
properties of the coefficients of the equation. Recently, Fournier and Printems [26]
proposed another approach which permits to prove the absolute continuity of the
law of the solution of some equations with Holder coefficients —and such func-
tionals do not fit in the framework of Malliavin calculus (are not differentiable in
Malliavin sense). This approach is based on the analysis of the Fourier transform of
the law of the random variable at hand. It has already been used in [8, 9, 10, 21, 26].
Recently, Debussche and Romito [20] proposed a variant of the above mentioned
approach based on a relative compactness criterion in Besov spaces. It has been
used by Fournier [25] in order to study the regularity of the solution of the three-
dimensional Boltzmann equation, and by Debussche and Fournier [19] for jump
type equations.

The aim of this chapter is to give an alternative approach (following [5])
based on expansions in Hermite series —developed in Appendix A— and on some
strong estimates concerning kernels built by mixing Hermite functions —studied in
Appendix C. We give several criteria concerning absolute continuity and regularity
of the law: Theorems 3.2.3, 3.2.4 and 3.3.2. And in Section 3.4 we use them in
the framework of path dependent diffusion processes and stochastic heat equation.
Moreover, we finally notice that our approach fits in the theory of interpolation
spaces, see Appendix B for general results and references.

3.1 Notations

We work on R? and we denote by M the set of the finite signed measures on
R? with the Borel o-algebra. Moreover, M,C M is the set of measures which
are absolutely continuous with respect to the Lebesgue measure. For y € M, we
denote by p,, the density of p with respect to the Lebesgue measure. And for a
measure p € M, we denote by LI the space of measurable functions f: R - R
such that [|f|”du < oo. For f € L), we denote fu € M the measure (fu)(A) =
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J 4 fdp. For a bounded function ¢: R? — R we denote p * ¢ the measure defined

by [fdux ¢ = [fxodu = [ [¢(x —y)f(y)dydu(x). Then, px ¢ € M, and
Purg(®) = [ ¢z —y)du(y).

From now on, we consider multiindices which are slightly different from the
ones we have worked with. One could pass from the old to the new definition
but, for the sake of clarity, in the context we are going to introduce it, it is
more convenient to deal with the new one. So, a multiindex « is now of the

form a = (ay,...,aq) € N Here, we put |a| = Zle a;. For a multiindex «
with |a| = k we denote by J, the corresponding derivative 9g! ---9g¢, with the

convention that dgif = f if a; = 0. In particular, we allow a to be the null
multiindex and in this case one has 9, f = f. In the following, we set N, = N\ {0}.

We denote [|£], = (f | (@) dz) /7, p > 1 and | f]. = supeps |f(2)]. Then
LP = {f:[|f|l, < oo} are the standard LP spaces with respect to the Lebesgue

measure. For f € C*(R?) we define the norms

Iy =D 10afll, and [flee= D l0afl. (3.1)

0< o<k 0<|a| <k
and we denote
Wk’pz{f:Hf||k7p<oo} and Wk’ooz{f:Hf||k7oo<oo}.

For | € N and a multiindex a, we denote f,;(z) = (1 + |2])'0sf(x). Then, we
consider the weighted norms

fllprp =D Ifaul, and WP ={f|f]

0< || <k

klp < OO} (3.2)

We stress that in || - [|x,,, the first index k is related to the order of the
derivatives which are involved, while the second index [ is connected to the power
of the polynomial multiplying the function and its derivatives up to order k.

3.2 Criterion for the regularity of a probability law

For two measures u,v € M and for k € N, we consider the distance di(u,v)
introduced in Section 2.5, that is

)= f e~ f e

We recall that dy = drv (total variation distance) and d; = dpy (Fortet—Mourier
distance). We also recall that d; (u,v) < dw (p, V), where dyy is the (more popular)
Wasserstein distance

i) =supf| [ od— [ oav]s 6 € C®RY, Vol < 1.

b e Co®Y, 9], < 1}- (3.3)
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We finally recall that the Wasserstein distance is relevant from a probabilistic point
of view because it characterizes the convergence in law of probability measures.
The distances di with k& > 2 are less often used. We mention, however, that in
Approximation Theory (for diffusion processes, for example, see [37, 46]) such
distances are used in an implicit way: indeed, those authors study the rate of
convergence of certain schemes, but they are able to obtain their estimates for
test functions f € C* with k sufficiently large (so dj comes on).

Let ¢,k € N, m € N,, and p > 1. We denote by p, the conjugate of p. For
1 € M and for a sequence p,, € My, n € N, we define

oo oo 1
Wq,k,mm(,uy (Mn)n) = Z 2n(q+k+d/p*)dk(ﬂa Un) + Z W Hpuu 2m+q,2m,p ° (34>
n=0 n=0
We also define
Pa,k,mop (1) = 0f g ko mp (15 (f0)n) (3.5)

where the infimum is taken over all the sequences of measures pu,, n € N, which
are absolutely continuous. It is easy to check that pq i m,p is a norm on the space
Sy k,m,p defined by

Sokmp = {1t € M pgmp(p) < 00} (3.6)
We prove in Appendix B that
Sq,kmp = (X, Y)w

with
v q+k+d/p.

Wat2m,2m, =wk
X = qg+2m,2m p’ Y = ! oo’
2m

)

and where (X,Y’), denotes the interpolation space of order v between the Ba-
nach spaces X and Y. The space WE is the dual of W*> and we notice that

e, ) = 1=Vl
The following proposition is the key estimate here. We prove it in Ap-
pendix A.

Proposition 3.2.1. Let ¢,k € N, m € Ny, and p > 1. There exists a universal
constant C (depending on q,k,m,d and p) such that, for every f € C*™T4(R%),
one has

11y < Cpgkmp(i); (3.7)
where p(x) = f(x)dx.
We state now our main theorem:

Theorem 3.2.2. Let g,k € Nym € N, and let p > 1.
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(1) Take g = 0. Then, Sokm,p C LP in the sense that if p € So k,m,p, then u
is absolutely continuous and the density p, belongs to LP. Moreover, there
exists a universal constant C such that

Hp/LHp < Cpokmp(i)-

(ii) Take g > 1. Then

Sqesmp C WP and ”pu”qm < Cpgpmp(B), 1 E Sqk,mp-

1 _ 2 k
(ili) If 2= < dg;qfl), then
Watl.2mp I Sq,k,m,p c Waop

and there exists a constant C such that

1
Bl g < Do) < Cpull 1 (3.8)

Proof. Step 1 (Regularization). For ¢ € (0,1) we consider the density s of the
centred Gaussian probability measure with variance §. Moreover, we consider a
truncation function ®5 € C'*° such that lp, 40 < Ps < 131”71(0) and its deriva-
tives of all orders are bounded uniformly with respect to 6. Then we define

T5: C* — C*, Ts5f = (Psf) * s, (3.9)
f;: Cc* — O, isf = Os(f *75).

Moreover, for a measure 1 € M, we define T§ 11 by
(T5 1, 0) = (1, T59) -
Then T p is an absolutely continuous measure with density prs, € C2° given by
preu(y) = @s5(y) / Ys(2 — y)dp(z).
Step 2. Let us prove that for every p € M and p,(dz) = f,(x)dz, n € N, we have
Tk (Tt (T ) ) < Ot p (1 (1)) (3.10)

Since HT(Sd)Hk,oo S C H(b”k,oo’ we have dk(T§N7Tgun) S Cdk(unun)
For pu,,(dr) = fn(x)dx we have pre ., (y) = Ts fn. Let us now check that

||T5fn||2m+q,2m7p <C an||2m+q,2m,p : (3-11>
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For a measurable function g: R — R and A > 0, we put gx(z) = (1 + |z|)*g(=).
Since (1 + |z)* < (1+ |y (1 + |z — y|)?, it follows that

(T (@) = (14 ) bs(a) [ salate — )y

< /d Ysx(W)ga(x — y)dy = s x * ga().
R

Then, by (3.47), [|(Tsg)all, < lvs.x * 9ll, < Clvsally llgall, < Cligall,. Using this
inequality (with A = 2m) for g = 0, f, we obtain (3.11). Hence, (3.10) follows.
Step 3. Let 1 € Sg.k,m.p 50 that pg k.m p(1) < co. Using (3.7), we have || T p|]
Pq.k,mp(T5 1) and, moreover, using (3.10),

qp—

sup || T5plly,, < C sup pgkmp(T5 1) < pgkmp(p) < oo (3.12)
6€(0,1) 6€(0,1)

So, the family T5p,6 € (0,1) is bounded in WP, which is a reflexive space. So

it is weakly relatively compact. Consequently, we may find a sequence §,, — 0

such that 75 p — f € WP weakly. It is easy to check that Tj' pu — p weakly, so

w(dz) = f(x )dm and f € W%P. As a consequence of (3.12), ||u||qp < Cpg.kemp(t)-

Step 4. Let us prove (iii). Let f € WTh2™P and ps(dz) = f(z)dz. We have
to show that pg mp(ps) < co. We consider a superkernel ¢ (see (3.57)) and
define fs = f * ¢s. We take 6, = 279" with 6 to be chosen in a moment.
Using (3.58), we obtain di(uys,pnyg;, ) < C|f] §9TF+1 and, using (3.59),

— q+1 m,p
we obtain || fs, lomigomp < CIfllyr1m,pdn™ " Then we write, with Oy =

C ||f||q+17m7p7
%) oo 1
Tk pliis igs,) = D 2P g gy )+ D s oo g om
n=0 n=0
1
(q+k+d/p«—0(q+k+1))
< Cf Z 2" ! & (@ + C Z on(2m—0(2m—1))°
n=0

In order to obtain the convergence of the above series we need to choose 6 such
that

q+k+d/p. 2m
qg+k+1 2m —1’
and this is possible under our restriction on p. U

We give now a criterion in order to check that 1 € Sy i m p. For C,r > 0 we
denote by A(C,r) the family of the continuous functions A such that

(i) A:(0,1) — Ry is strictly decreasing,
(ii) gii% A(9) = oo, (3.13)
(iil) A0) <Cs™".
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Theorem 3.2.3. Let g,k € N, m € N, p > 1, and set

k4 d/p,
n>q+ +/p.

o (3.14)

We consider a nonnegative finite measure p and a family of finite nonnegative and
absolutely continuous measures ps(dz) = fs(z)dz, § > 0, fs € W2mta2mp e
assume that there exist C,C’",r >0, and Agmp € A(C,7) such that

[ fsll2m+q.2mp < Agmp(d)  and  Agmp(6)"di(p, ps) < C". (3.15)
Then, p(dz) = f(x)dx with f € WP,

Proof. Fix g9 > 0. From (3.13), Aq.m,p is a bijection from (0,1) to (Agm.p(1),00).
So, if n=(IFe0)g2mn > X o (1) we may take &, = A, (n~(F€0)22mm) With
this choice we have || fs, ll2mtq.2mp < Agmp(0n) = n~=(1+0)22mn g that

o0

1
Z anén 2m+q,2m,p < 00.

n=1

By the choice of n we also have

C/ nn(1+50)
on(g+k+d/p.) 4 < gnlatk+d/p.) o < gnlatk+d/p.) o
k(ﬂ’ﬂgn) = )\q7m,p(6n)n - gner ’

where e1 = 2mn — (¢ + k + d/p.) > 0. Hence,

o0

S 2 D)y (1, g, ) < o0, (3.16)

n=1
and consequently 7 k. m.p (1, (in)) < 00. O

Now we go further and notice that if (3.14) holds, then the convergence of
the series in (3.16) is very fast. This allows us to obtain some more regularity.

Theorem 3.2.4. Let g,k € N, m € N, andp > 1. We consider a nonnegative finite
measure [ and a family of finite nonnegative measures ps(dx) = fs(x)dx, 6 > 0,
and fs € W2m+tat1.2mp - gych that

/(1 + |z|)du(z) + sup/(l + |z|)dps(z) < oo. (3.17)
§>0

Suppose that there exist C,C’',r > 0, and Ag41,mp € A(C,7) such that

| forll2m+q+1,2mp < Ag1,m,p(0)

and
q+k+d/p.

/\q+1,m,p(5)ndk(ﬂ7ﬂé) < Cl, with 1 > S

(3.18)
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We denote
2m77—(q+k+d/p*)/\ n

. 3.19
2mn 1+mn ( )

Sn(qa ka m,p) =

Then, for every multiindex o with |a] = g and every s < sy(q,k,m,p), we have
Oof € B*P, where B*P is the Besov space of index s.

Proof. The fact that (3.18) implies p(dz) = f(x)dx with f € WP is an immediate
consequence of Theorem 3.2.3. We prove now the regularity property: g := 0, f €
B*P for |a| = q and s < s,(q, k,m). In order to do this we will use Lemma 3.6.1,
so we have to check (3.56).

Step 1. We begin with (3.56)(i). The reasoning is analogous with the one in the
proof of Theorem 3.2.3, but we will use the first inequality in (3.8) with ¢ replaced

by ¢ + 1 and k replaced by k — 1. So we define §,, = A;j17m’p(n_222m”) and,

from (3.13)(iii), we have 6, < CY/7279" for § < m/2r. We obtain

g * 8i¢€||p = [|0;0a(f * ¢5)||p <|If=* ¢8Hq+1,p < Pat1,k—1,m,p(K * Oe)

< MR gy (ke e, s, * be)
n=1

oo
+ Z 2—2mn Hf5n * ¢€||2m+q+1,2m,p .

n=1
By the choice of §,,

1
||f5n * ¢5||2m+q+1,2m,p < ||f5nH2m+q+1,2m7p < )\q+1,m7p(6n) < ﬁ2nm

so the second series is convergent.

We now estimate the first sum. Since y * ¢ (R?) = pu(R?) and ps, * ¢-(R?) =
ps, (R?), hypothesis (3.17) implies that sup, ,, do(p * ¢c, ps, * ¢=) < C < oo. It is
also easy to check that

sl s, +02) < oo, ) ([ 1ol duta) + [ Jal s, (@)

so that, using (3.18) and the choice of §,,, we obtain

otk td/pI gy (* dey ps, * d2) < 92”(q+1+d/p*)dk(u, 11s,,)
&

< 92n(q+1+d/p*) 1

T € Agt1,m.p(0n)"
2

< Cn nQﬂ(quler/p*men)'

T €
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Now, fix € > 0, take an n. € N (to be chosen in the sequel), and write

oo Ne
Z otk d/p) gy (1 e, s, * pe) < C Z on(at+k+d/p.)
n=1 n=1
O o9}
+ = Z n2non(gtk+d/p.—2nm)
n=ncs+1

We take a > 0 and we upper bound the above series by

gne(a+k+d/p.+a) + CQRE(q+k+d/p*+a72nm).
3

In order to optimize, we take n. such that 22m7s = % With this choice we obtain

one(a+k+d/pota) o = Gt

We conclude that

atk+d/psxta

lg* Bigel, < Ce™ " =mm

which means that (3.56)(i) holds for s <1 — (¢ + k + d/p.)/(2mn).

Step 2. Let us check now (3.56)(ii). Take u € (0,1) (to be chosen in a moment)
and define
One = Ayt mp(n 227" x e~ (7w),

Then we proceed as in the previous step:

Hai(g * (b;)Hp < Pgt1k—1,mp (e * d%)

<> @R APy (ke ¢ s, x BL)

n=1
e .

+ Z 2_2m" Hf‘snf * ¢2H2m+q+1,2m¢p :
n=1

It is easy to check that ||h = qﬁéHp < e ||hll, for every h € LP, so that, by our choice
of 4, ¢, we obtain

) 22mn (1—w)
7 — —Uu
Hf(s'n.,z * ¢5H2m+q+1,2m,p <e ||f‘$mE 2m-+q+1,2m,p SEX n2 xE ’
It follows that the second sum is upper bounded by Ce".
Since ||0jh* ¢L|_ < C||h|l, it follows that
2
¢ On” _n-w),

dkfl(ﬂ“ * (bE’MJn,E * ¢5) < Cdk(ﬂvﬂ5n,s) < )\q+1,m,p(6n,e)n = 922mnn



3.3. Random variables and integration by parts 91

Since 2mn > q + k + d/p., the first sum is convergent also, and is upper bounded
by Ce"1=") We conclude that

oita 61|, < 02107 4 cen

In order to optimize we take u =n/(1+ 7). O

3.3 Random variables and integration by parts

In this section we work in the framework of random variables. For a random
variable F' we denote by pup the law of F, and if up is absolutely continuous
we denote by pp its density. We will use Theorem 3.2.4 for pup so we will look
for a family of random variables Fjs, § > 0, such that the associated family of
laws pp,, 0 > 0 satisfies the hypothesis of that theorem. Sometimes it is easy
to construct such a family with explicit densities pp,, and then (3.18) can be
checked directly. But sometimes pr, is not known, and then the integration by
parts machinery developed in Chapter 1 is quite useful in order to prove (3.18).
So, we recall the abstract definition of integration by parts formulas and the useful
properties from Chapter 1. We have already applied these results and got estimates
that we used in essential manner in Chapter 2. Here we use a variant of these
results (specifically, of Theorem 2.3.1) which employs other norms that are more
interesting to be handled in this special context. Let us be more precise.

We consider a random vector F' = (F},...,Fy) and a random variable G.
Given a multiindex a = (ay,...,ax) € {1,...,d}* and for p > 1 we say that
IBP, ,(F, G) holds if one can find a random variable H,(F'; G) € L? such that for
every f € C°(R%) we have

E(0.f(F)G) =E(f(F)Hs(F;G)). (3.20)

The weight H,(F;G) is not uniquely determined: the one which has the lowest
possible variance is E(H, (F; G) | o(F)). This quantity is uniquely determined. So
we denote

0. (F,G) = E(Ho(F;G) | o(F)). (3.21)

For m € N and p > 1, we denote by R, ,, the class of random vectors F' € R¢
such that IBP,, ,(F, 1) holds for every multiindex o with || < m. We define the
norm

HE W = IEl, + D 16a(F D], - (3.22)

lo|<m

Notice that, by Hélder’s inequality, [|[E(Ho(F,1) [ o(F))|, < [Ha(F,1)]],. It fol-
lows that, for every choice of the weights H, (F, 1), we have

E Ny < NEN, + D [Ha(F D, (3.23)

lal<m
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Theorem 3.3.1. Let m € N and p > d. Let F' € (5, LP(Q). If F € Rypi1,p,

then the law of F is absolutely continuous and the density pr belongs to C™(R?).
Moreover, suppose that F' € Ry,11,2(a+1)- Then, there exists a uniwversal constant
C (depending on d and m only) such that, for every multiinder o with |a] < m
and every k € N,

a2— = -
10apr ()] < CHIFI sty st oy (L IFIE) (L4 12]) . (3.24)

In particular, for every ¢ > 1, k € N, there exists a universal constant C' (depen-
ding on d,m, k, and p only) such that

d?—1 2(k+d+1
1PFll g < C NI sasn NF s a@sny (L IFIGSGy ) (3:25)

Proof. The statements follow from the results in Chapter 1. In order to see this
we have to explain the relation between the notation used there and the one used
here: we work with the probability measure pp(dz) = P(F € dx) and in Chapter 1
we used the notation 047 g(x) = (—1)I*E(H,(F;g(F)) | F = z).

The fact F' € Ry41,p is equivalent to 1 € Wﬁ;"’l’p so, the fact that F' ~
pr(z)dz with pp € C™(RY) is proved in Theorem 1.5.2 (take there ¢ = 1). Con-
sider now a function 1 € C£°(R?) such that 15, <1 < 1p,, where B, denotes the
ball of radius r centered at 0. In Remark 1.6.2 we have given the representation
formula

d
Oapr () =Y E(0;Qa(F — )0(a,i) (F; ¥(F — 2))1p,(F — x)),
i=1
where Q4 is the Poisson kernel on RY and, for a multiindex a = (ay,. .., az), we
set (o,1) = (1, ..., a,1) as usual. Using Holder’s inequality with p > d we obtain

d

where p, stands for the conjugate of p. We now take p = d + 1 so that p, =
(d+1)/d < 2, and we apply Theorem 1.4.1: by using the norms in (3.22) and the
estimate (3.23), we get
d?—
|0:Qa(F = )|, < CIIFINY 51y
Moreover, by the computational rules in Proposition 1.1.1, we have
0:(F, fg(F)) = f(F)0:(F,g(F)) + (90:f)(F).
Since ¢ € Cg°(RY), setting ¢, (-) = ¢(- — z) the above formula yields

1

16 (F5 0 (F = 2)1p(F = @)|],, < [0 (Fs 0 (F = 2))]|, B(IF -2 < 2)*

< Cw|||F|||\a|+1,2pP(|F_$| < 2)%'
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For |z| > 4
1 ok i
P(IF o1 <2) <P(1F12 51l ) < ZEE(RT)
T

and the proof is complete. O
We are now ready to state Theorem 3.2.4 in terms of random variables.

Theorem 3.3.2. Let k,q € N, m € N, p > 1, and let p. denote the conjugate of p.
Let F, F5, 6 > 0, be random variables and let pp, jip,, 6 > 0, denote the associated
laws. Suppose that F' € (5, LP(Q).

(i) Suppose that Fs € Ropyqri,2(d+1), 0 > 0, and that there exist C > 0 and
0 > 0 such that

1Eslllnogasry < CO~ for every n < 2m+q+1, (3.26)

di(up, prs) < COOMEHa+12m) gy come g > dHkEd/p: (3.27)

2m

Then, pp(dx) = pp(z)dx with pp € WP,
(ii) Let pup, pr;, 6 > 0, be such that

E(|F|) —|—Sl§pE(|F5D < o0. (3.28)

Suppose that Fs € Ropqqi2,.2(d+1), 0 > 0, and that there exist C > 0 and
0 > 0 such that

1 Eslln20a11) < Co7 " for every n<2m+q+2,

q+k+d/p.

S Ca&n(d2+q+2+2m) e

dk(up,upé) for some n >

Then, for every multiindex o with |o| = q and every s < s,(q, k,m,p), we
have Oapr € B*P, where B*? is the Besov space of index s and sy(q, k, m,p)
is given in (3.19).

Proof. Let n € N, [ € N, and p > 1 be fixed. By using (3.25) and (3.26), we obtain
1PElp ., < C5=9(d*+1) S, as a consequence of (3.27) we obtain

||pF||gm+q72m,p di, (MF’ 'uFé) <C
Now the statements follow by applying Theorem 3.2.3 and Theorem 3.2.4. O

Remark 3.3.3. In the previous theorem we assumed that all the random vari-
ables Fs, 06 > 0, are defined on the same probability space (£, F,P). But this
is just for simplicity of notations. In fact the statement concerns just the law of
(Fs, Ho(F5,1), || < m), so we may assume that each Fjy is defined on a different
probability space (s, Fs,Ps). This remark is used in [6]: there, we have a unique
random variable F' on a measurable space (2, F) and we look at the law of F
under different probability measures Ps, § > 0, on (Q, F).
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3.4 Examples

3.4.1 Path dependent SDE’s

We denote by C(R;R?) the space of continuous functions from R, to R?, and
we consider some measurable functions

0j,b: C(Ry;RY) — C(RyRY), j=1,....n

which are adapted to the standard filtration given by the coordinate functions.
We set

Uj(ta QD) = Uj(@)t and b(t,(p) = b(@)ta .7 = ]-a s, N, t Z Oa (RS C(R—HRd)

Then we look at the process solution to the equation

dXy =Y o;(t, X)dW] + b(t, X)dt, (3.29)
j=1
where W = (W1, ..., W") is a standard Brownian motion. If o; and b satisfy some

Lipschitz continuity property with respect to the supremum norm on C(R;R?),

then this equation has a unique solution. But we do not want to make such an hy-

pothesis here, so we just consider an adapted process Xy, t > 0, that verifies (3.29).
We assume that o; and b are bounded. For s < ¢ we denote

Asi(w) = sup |w, —ws|, weC(R;RY),

s<u<t

and we assume that there exists h,C' > 0 such that

h

|loj(t,w) — 0j(s,w)| < ClAg(w)]", Vi=1,...,n. (3.30)

Moreover, we assume that there exists some A > 0 such that
oo*(t,w) >\ Vt>0,we C(R;RY). (3.31)

Theorem 3.4.1. Suppose that (3.30) and (3.31) hold. Let p > 1 be such that p —
1 < hp/2d. Then, for every T > 0, the law of Xt is absolutely continuous with
respect to the Lebesgue measure and the density pp belongs to B*P for some s > 0
depending on p and h.

Remark 3.4.2. In the particular case of standard SDE’s we have o, (¢, w) = o;(w;)
and a sufficient condition for (3.30) to hold is |oj(z)—0o;(y)| < C'|z — yl".

Remark 3.4.3. The proof we give below works for general Itd processes; however,
we restrict ourself to SDE’s because this is the most familiar example.
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Proof of Theorem 3.4.1. During this proof C' is a constant depending on ||b|| .,
llojll.,, and on the constants in (3.30) and (3.31), and which may change from a
line to another. We take § > 0 and define

n
X§ = Xr_s —|—Z<7j(T— 8, X) (Wi — Wi_s).
j=1

Using (3.30) it follows that, for T — § <t < T, we have (for small § > 0)
K 2 g 2
E(|Xr — X9|") <C& + E(|oj(t, X) — o;(T — 6, X)|")dt
-5

< 0§ + COE(Ar—sr(X)*") < O3,

SO
5 1(1+h
dl(:u’XTnu’X%) S]E(|XT7XT|) SC(SZ( )7
where px, and p X3 denote the law of X7 and of X?, respectively.

Moreover, conditionally to o(W;,t < T —§), the law of X is Gaussian with
covariance matrix larger than A > 0. It follows that the law of X% is absolutely
continuous. And, for every m € N and every multiindex «, the density ps verifies

_1
Hp5||2m+1,2m,p < Co 2(2m+1)'

We will use Theorem 3.2.4 with ¢ = 0 and k = 1. Take £ > 0 and

1+ d/ps 1+d/p«
y— +/p+a> +d/py
2m 2m

Then we obtain

1 _1
Hp[ngm+q+1’2m’p dl (MXT’/‘LX,(IS-,) S 052(1+h) 2(2771-‘1-1)777
where ) ) L4 d)
+a/ps+e
0=—-(14+h)—=(2 1) ———.

We may take m as large as we want and ¢ as small as we want so we obtain
0 > h/2 — d/p. and this quantity is strictly larger than zero if h/2 > d(p — 1) /p.
And this is true by our assumptions on p. O

3.4.2 Diffusion processes
In this subsection we restrict ourselves to standard diffusion processes, thus o;, b :

R? — R j=1,...,n, and the equation is

j=1
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We consider h > 0 and ¢ € N and we denote by Cg’h(Rd) the space of those
functions which are ¢ times differentiable, bounded, and with bounded derivatives,
and the derivatives of order ¢ are Holder continuous of order h.

Theorem 3.4.4. Suppose that o; € C’g’h(Rd), j=1,...,n,andb e C’g_l’h(]Rd) for
some q € N (in the case ¢ =0, o; is just Holder continuous of index h, and b is
Just measurable and bounded). Suppose also that

oo*(x) >A>0 VaecRe (3.33)

Then for every T > 0 the law of Xt is absolutely continuous with respect to the
Lebesgue measure, and the density pr belongs to WP with 1 < p < d/(d — h).
Moreover, there exists s, (depending on q,p and which may be computed explicitly)
such that, for every multiindex o of length q, we have O,pr € B%P for s < s,.

Proof. We treat only the case ¢ = 1 (the general case is analogous). During this
proof C' is a constant which depends on the upper bounds of ¢;,b, and their
derivatives, on the Holder constant, and on the constants in (3.33). We take § > 0
and define

X5 = Xp_s+ Zaj (X7—s) (WE — Wi _y)

j=1
S Opp5 (Xrs) / (Wi — Wi_,)dW} + b(Xr_s)6,
= T-5
with 0y, 0; = 2?21 010;0;. Then,
Xr —XT = Z / / &,kaj — 05,0 (Xp— 5))dedWJ
s Jr-s

7,k=1

—I-Z/ A 5 8b0] 8baj(XT,5))ddef

# [ 00 v

It follows that

T t
E(| X7 — X5[%) gc/ / E(|X, — Xp_s|™")dsdt
T—06JT—0

T
+05 [ EB(|X - Xps|)at
T—06

<CoE(_swp |X, - Xro|™) < €%
T—§<t<T
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and, consequently,
di (Xr, X3) < C§'Hh/2,

We have to control the density of the law of X%. But now we no longer have an
explicit form for this density (as in the proof of the previous example) so, we have
to use integration by parts formulas built using Malliavin calculus for W; — Wp_s,
t € (T —0,T), conditionally to o(W;, t <T —¢). This is a standard easy exercise,
and we obtain

E(0of(Xy)) = E(f(X$)Ha(X1,1)%)),

where H, (X2, 1) is a suitable random variable which verifies
[Ha(X$,1)]|, < 673100,

Here, 6 appears because we use Malliavin calculus on an interval of length §. The
above estimate holds for each p > 1 and for each multiindex « (notice that, since we
work conditionally to o(Ws, t < T —6), 0;(Xr—s5) and b(X7_s) are not involved
in the calculus —they act as constants). We conclude that X9 verifies (3.28)
and (3.26). We fix now p > 1 and m € N. Then the hypothesis (3.27) (with ¢ =1
and k = 1) reads

d
ST < 05 (@I with > S
2m

h d d?+1
1+ — 1 1 .
+2><+2p*>(+ 2m)

Since we can choose m as large as we want, the above inequality can be achieved
if p > 1 is sufficiently small in order to have h > d/p.. Now, we use Theorem 3.3.2
and we conclude. O

This is possible if

Remark 3.4.5. In the proof of Theorem 3.4.4 we do not have an explicit expression
of the density of the law of X9 so, this is a situation where the statement of our
criterion in terms of integration by parts becomes useful.

Remark 3.4.6. The results in the previous theorems may be proved for diffusions
with boundary conditions and under a local regularity hypothesis. Hormander non-
degeneracy conditions may also be considered, see [6]. Since this developments are
rather technical, we leave them out here.

3.4.3 Stochastic heat equation

In this section we investigate the regularity of the law of the solution to the
stochastic heat equation introduced by Walsh in [48]. Formally this equation is

Owu(t,x) = 0*u(t, ) + o(u(t,z))W(t,z) + b(u(t,z)), (3.34)
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where W denotes a white noise on Ry x [0,1]. We consider Neumann bound-
ary conditions, that is d,u(t,0) = d,u(t,1) = 0, and the initial condition is
u(0,2) = up(z). The rigorous formulation to this equation is given by the mild
form constructed as follows. Let G(z,y) be the fundamental solution to the deter-
ministic heat equation 9;v(t,x) = d2v(t,x) with Neumann boundary conditions.
Then u satisfies

1 t 1
ult, z) = /0 Go(, y)uo(y)dy + /0 /0 Gy, y)o (uls, 1)) AW (s,y)  (3.35)

i /ot /o1 Gi—s(2,y)b(u(s, y))dyds,

where dW (s, y) is the It6 integral introduced by Walsh. The function Gy(x,y) is
explicitly known (see [11, 48]), but here we will use just the few properties listed
below (see the appendix in [11] for the proof). More precisely, for 0 < ¢ < t, we
have

/ / G2 (z,y)dyds < Ce'/2. (3.36)
t—e

Moreover, for 0 < 27 < --- < xg < 1 there exists a constant C' depending on
min;—; . q(x; — x;-1) such that

€2 > inf / E / (Z@Gt Nes ) dyds = C7'e% 0 (3.37)

This is an easy consequence of the inequalities (A2) and (A3) from [11].

In [42], sufficient conditions for the absolute continuity of the law of u(t, z) for
(t,x) € (0,00) x [0, 1] are given; and, in [11], under appropriate hypotheses, a C'*
density for the law of the vector (u(t, z1),. .., u(t, zq)) with (¢, z;) € (0,00) x {0 #
0}, ¢ = 1,...,d, is obtained. The aim of this subsection is to obtain the same
type of results, but under much weaker regularity hypothesis on the coefficients.
We can discuss, first, the absolute continuity of the law and, further, under more
regularity hypotheses on the coefficients, the regularity of the density. Here, in
order to avoid technicalities, we restrict ourself to the absolute continuity property.
We also assume global ellipticity, i.e.,

o(x) > ¢, >0 forevery x € [0,1]. (3.38)

A local ellipticity condition may also be used but, again, this gives more techni-
cal complications that we want to avoid. This is somehow a benchmark for the
efficiency of the method developed in the previous sections.

We assume the following regularity hypothesis: o, b are measurable and boun-
ded functions and there exists h, C' > 0 such that

lo(x) —o(y)| < Clz —y h, for every z,y € [0,1]. (3.39)
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This hypothesis is not sufficient in order to ensure existence and uniqueness for the
solution to (3.35) (one also needs o and b to be globally Lipschitz continuous). So,
in the following we will just consider a random field u(t, x), (¢, z) € (0,00) x [0,1]
which is adapted to the filtration generated by W (see Walsh [48] for precise
definitions) and which solves (3.35).

Proposition 3.4.7. Suppose that (3.38) and (3.39) hold. Then, for every 0 < x; <

< xg <1andT >0, the law of the random vector U = (w(T, z1), ..., u(T, zq))
is absolutely continuous with respect to the Lebesgue measure. Moreover, if p > 1
is such that p—1 < hp/d, then the density py belongs to the Besov space B>P for
some s > 0 depending on h and p.

Proof. Given 0 < ¢ < T, we decompose
u(T,x) = ue(T,x) + (T, x) + J (T, x), (3.40)

with
1 T 1
ue (T, x) = /o Gi(x,y)uo(y)dy —l—/o /0 GT_S(x,y)U(u(s A (T —e), y))dW(s,y)
T—e 1
+ [ [ G pats. s,
T 1
I(T,z) = /Ti ; Gr—s(x,y) (o (u(s,y)) — o(u(s AT —€),y)))dW (s,y),

s = [ [ Grtptats s

Step 1. Using the isometry property (3.39) and (3.36),
B |L(T, ) =/ / Ga_ (B (o (u(s, y) — o(u(s A (T —£),)))?) dyds
T—e¢
2 2h
< C/ / GT_s(lny)lE( sup _u(s,y) — u(T = 4,y)| )dyds
T—eJO T—0<s<T

< Cez(Hh),

where the last inequality is a consequence of the Holder property of u(s,y) with
respect to s. One also has

T 1 2
Bl < i ([ [ Grteans) <2

E[u(T,2) - ue(T, 2)|* < Ce20+),

so, finally,
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Let p be the law of U = (w(T,z1),...,u(T,2q)) and u. be the law of U, =
(ue(T,x1), ..., us(T,zq)). Using the above estimate we obtain

di (p, pie) < Cea (1), (3.41)

Step 2. Conditionally to Fr_., the random vector U, = (u (T, x1),...,u.(T,xq))
is Gaussian with covariance matrix

T 1
XU = / / G:p_s(gvi,y)GT_S(ch,y)U2 (u(s AN (T — 5),y))clyds7
—eJO
for i,j = 1,...,d. By (3.37),

Cye>%(U.) > é\/E

where C' is a constant depending on the upper bounds of o, and on ¢,.

We use now the criterion given in Theorem 3.2.4 with £k = 1 and ¢ = 0. Let
py. be the density of the law of U.. Conditionally to Fr_., this is a Gaussian
density and direct estimates give

||pUs||2m+1,2m,p < Ce~@m+D/4 ym e N.

We now take e > 0 and n = (1 +d/p. +¢)/2m > (1 4+ d/p.)/2m, and we write

. ||727m+172m7p dy (g, pe) < Ce(1+h)/4=n(2m+1)/4

Finally, for sufficiently large m € N and sufficiently small € > 0, we have

2m—|—1x1—|—d/p*+€20. 0
2m 4

(1+h)—£n(2m+1)2£(1+h)—

| =

3.5 Appendix A:
Hermite expansions and density estimates

The aim of this Appendix is to give the proof of Proposition 3.2.1. Actually, we
are going to prove more. Recall that, for p € M and p, () = fn(x)dz, n € N, and
for p > 0 (with p, the conjugate of p) we consider

o0 N o0 1
T k,mp (s (Hn)n) = Z 2R ) (1, ) + Z Sonm 1Fooll21m1-g,20m. -

n=0 n=0
Our goal is to prove the following result.

Proposition 3.5.1. Let ¢,k € N, m € Ny, and p > 1. There exists a universal
constant C' (depending on q, k,m,d, and p) such that, for every f, f, € C*™T(R?),
n € N, one has

1fllgp < Cmgkimp (15 (1)) (3.42)
where p(x) = f(x)dx and p,(x) = frn(x)dz.



3.5. Appendix A: Hermite expansions and density estimates 101

The proof of Proposition 3.5.1 will follow from the next results and properties
of Hermite polynomials, so we postpone it to the end of this appendix.

We begin with a review of some basic properties of Hermite polynomials and
functions. The Hermite polynomials on R are defined by

2 d" 2
H,(t) = (-1)"¢! 2 € Eon=0,1,...

They are orthogonal with respect to e~t*dt. We denote the L? normalized Hermite
functions by

ha(t) = (2"nly/m) "2 H, (t)e /2

and we have
/ B () ho (£)dt = (27n)/70) 1 / Hy () Hy (H)e ™ dt = 6,y .-
R R

The Hermite functions form an orthonormal basis in L?(R). For a multiindex
a=(ag,...,aq) € N4 we define the d-dimensional Hermite function as

d

Ho() = [[ b (@), 2= (21,...,70).

i=1

The d-dimensional Hermite functions form an orthonormal basis in L2(R?). This
corresponds to the chaos decomposition in dimension d (but the notation we gave
above is slightly different from the one customary in probability theory; see [33, 41,
44], where Hermite polynomials are used. We can come back by a renormalization).
The Hermite functions are the eigenvectors of the Hermite operator D = 7A+|x\2,
where A denotes the Laplace operator. We have

DH, = (2|a| + d)Hy, with |a| = a1 +--- + ag. (3.43)

We denote W,, = Span{H,, : |a| = n} and we have L*(R?) = @ 7, W,,.
For a function ®: RY x R — R and a function f: R — R, we use the
notation

®o ()= [ )iy

We denote by J,, the orthogonal projection on W,,, and then we have

Jov(z) =Hyov(z) with Hy(z,y) = Z Ho () Ho(y). (3.44)

|a|=n

Moreover, we consider a function a: R, — R whose support is included in [1, 4]

4
and we define
qntl_g

ﬁgg(x,y)zi%éf;t)ﬁj(x,y); 3 a@l)ﬁj(az,y), .y € RY

7=0 J:4n—1+1
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the last equality being a consequence of the assumption on the support of a.
The following estimate is a crucial point in our approach. It has been proved
in [23, 24, 43] (we refer to [43, Corollary 2.3, inequality (2.17)]).

Theorem 3.5.2. Let a: Ry — R4 be a nonnegative C*° function with the support
included in [1/4,4]. We denote ||a||, = Zizo SUpP; > |a(i) (t)|. For every multiindex
« and every k € N there exists a constant Cy, (depending on k,«,d) such that, for
every n € N and every =,y € R?,

on(lal+d)
(L+27 |z —y))*

’ o (3.45)

S| < il

Following the ideas in [43], we consider a function a: Ry — Ry of class Cp°
with the support included in [1/4, 4] and such that a(t) +a(4t) = 1 for t € [1/4,1].
We construct a in the following way: we take a function a: [0,1] — R4 with
a(t) =0fort < 1/4 and a(1) = 1. We choose a such that a®(1/4%) = a(17) = 0
for every | € N. Then, we define a(t) = 1 — a(t/4) for t € [1,4] and a(t) = 0 for
t > 4. This is the function we will use in the following. Notice that a has the

property:
[t
Za<4n> =1 Vt>1. (3.46)

n=0

In order to check this we fix n; such that 4™~! < t < 4™ and we notice that
a(t/4™) = 0if n ¢ {ny — Lm}. So, Y oo ya(t/4™) = a(4s) + a(s) = 1, with
s = t/4™ € [+,1]. In the following we fix a function a and the constants in our
estimates will depend on ||a||, for some fixed [. Using this function we obtain the
following representation formula:

Proposition 3.5.3. For every f € L2(R?) one has that
F=>Y Hiof,
n=0

the series being convergent in L?(R?).

Proof. We fix N and denote

N 4N gN+1 .
Sw=Y Hiof Sy=D Hjof, and Ry= Y (”ﬂ”f)“<4Nj+1)'
n=1 Jj=1 J=4N+1

Let j < 4N+ For n > N + 2 we have a(j/4™) = 0. So, using (3.46), we obtain

2o(#) L) () ()

n=1
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Moreover, for j < 4, we have a(j/4V*+1) = 0. It follows that

N oo . N 4Nt? . 4N+t .
=S a(F)Hor =2 T (g )es= X enY a( )
n=1j5=0 n=1 j=0 7=0 n=1

gN+1 4N+1 )
=S Her- X (o Na( g ) = S - Rt
j=0 j=dN 41

NA41 _
One has Sy — f in L? and |R% ||, < [lall Z?:4N+1 |#; © fl|, = 0, so the proof
is complete.

In the following we consider the function p,,(z) = (1+ 2" |2| )7(d+1), and we
will use the following properties (recall that * denotes convolution):

C C
o * fll, < lonlly 11, < 52g £1l, and - loall, < g7 - (3.47)

Proposition 3.5.4. Let p > 1 and let p, be the conjugate of p. Let o be a multiindez.

(i) There exists a universal constant C (depending on «,d, and p) such that

a) |[|8aHs o £, < Cllall gy x 27| £1],,

3.48
b) [[0aHL o fl|. < Cllalyy x 27(eld/p) (3.48)

f

P "

(ii) Let m € N,. There exists a universal constant C (depending on o, m,d, and
p) such that

- Cllallzi
||HZ Oaapr < W ||f||2m+|a\,2m,p ' (349)
(iii) Let k € N. There exists a universal constant C' (depending on «, k,d, and p)
such that
[Hs 0 0a(f =9I, < Cllallgyy x 202 dy (g, pwg). (3.50)

Proof. (i) Using (3.45) with k = d + 1, we get
|0uHy, o f(x)| < C2M0HD ja]| ., /pn(ﬂv —y) ()l dy. (3.51)

Then, using (3.47), we obtain
[8aHs o £, < C20 D Jla]| oy llpw * 111, < C2 D la]| oy llpally £,

< 02"l all 41y 11711,
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and (a) is proved. Again by (3.51) and using Hoélder’s inequality, we obtain

10,7 o £(2)] < Cllall,,, 2717+ / pul@ — ) £ ()] dy

< Cllall gy 21 ol £, -

Using the second inequality in (3.47), (b) is proved as well.
(ii) We define the functions a,,(t) = a(t)t~™. Since a(t) = 0 for ¢ < 1/4 and
for t > 4, we have |la, |4, < Cm.allall gy, Moreover, DH; ov = (25 + d)H; o v,
so we obtain )
7:[j SV = Z(D — d)/]:[] v

We denote Ly, o = (D—d)™ 0. Notice that Lo = > 51<om 22|y <2m+]al cp2P 0,
where cg  are universal constants. It follows that there exists a universal constant
C such that

1Zmadllipy < C 1 Lol 2omp- (3.52)

We take now v € LP+ and write

(0T 0 (0af)) = (FE 00,0 f) ia( ) (T, 00,00 f)

7=0

i(j) iy (D= 0" ov.0.)

J=1

= 4nm2am( > (Hjov,Limaf)
11

= 5 X m(?—ln’"ov,Lm’aﬁ.

Using the decomposition in Proposition 3.5.3, we write Ly, o f = Z;io ﬁ?oLm,af.
For j <n—1 and for j > n+ 1 we have <7:L$Lm ov,ﬂ?oLmyaﬁ = 0. So, using
Hoélder’s inequality,

_ 1 o _
‘<U’Ha 6 f >| - 4nm |<’H(rlzm OU’H?OLm’O‘fﬂ
j=n—1
n+1 B
< 4nm ZlH’H“’"ov . H?OLm,apr
j=n

Using item (i)(a) with « equal to the empty index, we obtain

[#H5 o v, < Cllamllgry [0ll,, < C x Cn,
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Moreover, we have
Hﬁga <>Lm7apr <C ||aHd+1 HLm,apr <C ||a||d+1 ||f”2m+|a\,2m,p7
the last inequality being a consequence of (3.52). We obtain

- Cllall3,,
(v, Ho 0 (0af))] < —gm [|v

D fH2m+|o¢\,2m,p

and, since LP is reflexive, (3.49) is proved.
(iil) Write

[(v, 1o (Dalf — 9))| = [(Hi 0v,0a(f — 9))| = [(DaHE o, f = 9))|

= ’/8QHZ<>vduf —/3a7:lfl<>vdug

We use (3.48)(b) and get

‘/8a7:[fl<>vduf —/aaﬂfLovdug

< Haoc,}:lz OUHk,oo dk(ufaug)

< H,}'—[z © UHkHal,oo di(pgs pg)

< Callgy, 27K FlelF/P)

|’U||p* dk(:ufv :ug)7
which implies (3.50). O
We are now ready to prove Proposition 3.5.1.

Proof of Proposition 3.5.1. Let a be a multiindex with |a| < ¢. Using Proposi-
tion 3.5.3,

Oof =) HpoOaf =) Hpodalf = fa)+ Y Hyoakn

n=1 n=1 n=1

and, using (3.50) and (3.49),

10afll, < 3 1Ha 0 0alf = f)l, + D [ He 0 0atal],
n=1

n=1

oo e o0 1
<cy 2 |+k+d/p*>dk(ﬂf,ﬂfn)+czw||fn||2m+|a|72m7p.

n=1 n=1

Hence, (3.42) is proved. O
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3.6 Appendix B:
Interpolation spaces

In this Appendix we prove that the space Sy i m.p is an interpolation space between
WE (the dual of W) and W42™P_ To begin with, we recall the framework
of interpolation spaces.

We are given two Banach spaces (X, |-||y), (Y, |]ly) with X C Y (with
continuous embedding). We denote by L£(X,X) the space of linearly bounded
operators from X into itself, and we denote by ||L|y yx the operator norm. A
Banach space (W, |-||,) such that X ¢ W C Y (with continuous embedding)
is called an interpolation space for X and Y if £(X,X) N L(Y,Y) Cc L(W, W)
(with continuous embedding). Let v € (0,1). If there exists a constant C' such
that Ll < CILI%.x ILllyy for every L € L£(X,X) N L(Y,Y), then W
is an interpolation space of order 7. And if we can take C' = 1, then W is an
exact interpolation space of order . There are several methods for constructing
interpolation spaces. We focus here on the so-called K-method. For y € Y and
t > 0 define K(y,t) = infrex(|ly — z|ly +t]z||y) and

< dt
ol = [ K@ (XY = eVl <o)

Then it is proven that (X,Y), is an exact interpolation space of order . One may
also use the following discrete variant of the above norm. Let v > 0. For y € Y
and for a sequence z,, € X, n € N, we define

o0

" 1
T (Y, (@n)n) = D2 Iy = wully + g l#nllx (3.53)

n=1

and
p’yXaY(y) = inf 7T»y (y7 (mn)n)7

with the infimum taken over all the sequences x,, € X, n € N. Then a standard
result in interpolation theory (the proof is elementary) says that there exists a
constant C' > 0 such that

1
G il <3 () < Cllyll, (3.54)

so that
Sy (X,Y) = {y: pf’y(y) < oo} =(X,Y),.

Take now g,k e NN meN,, p>1,Y = Wf’oo, and X = W%2mP_ Then, with the
notation from (3.5) and (3.6),

pq,k,vmp(u) = p')y(ﬁy(/i)a Sq7k,m,pp = Sv(Xv Y), (355)
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where v = (¢ + k + d/p.)/2m. Notice that, in the definition of S, x m, p, we do not
use exactly 7+ (y, (z,),), but wgm)(% (zn)n), defined by

m - n 1
7'(',(y )(y, (xn)n) = Z 2 (g+k+d/p«) ||y - xn”Y + % ||l’n||X

n=1
= 1

= Z 22" |ly — |y + S2mn lzallx
n=1

where v = (¢ + k + d/p.)/2m. The fact that we use 22™" instead of 2" has no
impact except for changing the constants in (3.54). So the spaces are the same.

We now turn to a different point. For p > 1 and 0 < s < 1, we denote by B*P
the Besov space and by || f||z., the Besov norm (see Triebel [47] for definitions
and notations). Our aim is to give a criterion which guarantees that a function f
belongs to B*?. We will use the classical equality (WP, LP), = B*P.

Lemma 3.6.1. Let p > 1 and 0 < s’ < s < 1. Consider a function ¢ € C* such
that ¢ > 0 and [¢ = 1, and let ¢s(z) = ¢(x/5)/5¢ and ¢i(x) = x'¢s(z). We
assume that f € LP verifies the following hypotheses: for everyi=1,...,d,

() Tomd'=* 0:(f * 6s)l, < o0

o i (3.56)
() Tmo~ au(f = )], < oo.

Then, f € BS'® for every s’ < s.

Proof. Let f € C'. We use a Taylor expansion of order one and we obtain

flx) = f*¢o(a) = /(f(x) — f(z —y))o:(y)dy
1
_ / dr / (V(x — M), y) d(y)dy
0
1 1 z\ dz
:/0 d)\/(Vf(x—z),Z>/\¢s<)\>/\d
1 dz
:/0 dA/(Vf(aI—Z)7Z>¢E)\(Z)7
d .1 ) d\
= ;/0 6i(f*¢a/\)(x)7'
It follows that

e ) L dr
— x| < Oi(f * o — < dgef = Ce’.
17 =swol, <32 [ llos ot 5 < | :

)\1—5
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We also have || f * ¢c|ly1., < Ce™(17%) 50 that

K(fie) SIf = fx¢ell, +ellf * dellprn < Ce®

We conclude that for s’ < s we have

1 1 1 S
[ wrraZ<c| S5«
o €° € o €% ¢

so fe(Whe LP), = BP. O

e.¢]

3.7 Appendix C:
Superkernels

A superkernel ¢: R? — R is a function which belongs to the Schwartz space S
(infinitely differentiable functions with polynomial decay at infinity), [ ¢(z)dz =
1, and such that for every non-null multi index a = (o, ..., aq) € N? we have

d
[vrowdy=o. o =T (3.57)
=1

See Remark 1 in [29, Section 3] for the construction of a superkernel. The corre-
sponding ¢s, 6 € (0,1), is defined by

¢s(y) = (sld¢<§>

For a function f we denote f5 = f * ¢5. We will work with the norms ||f\|k’Oo and
[ fll,;, defined in (3.1) and in (3.2). We have

Lemma 3.7.1. (i) Let k,q € N, I > d, and p > 1. There exists a universal
constant C such that, for every f € W%bP we have

1f = Follyyroe < CllFllg, 87 (3.58)

(ii) Let !l > d, n,q € N, with n > q, and let p > 1. There exists a universal
constant C' such that

1 fsllnsp < C U fllg, 6. (3.59)

Proof. (i) Without loss of generality, we may suppose that f € C;°. Using a Taylor
expansion of order q + k,

F(@) — folx) = / (F(2) — F()és(x — )y

= /I(ﬂm Y)ds(z —y)dy + /R(w, y)ps(z —y)dy
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with
qtk—1
Z DN
|a\_z
1
R(%y)_(q—&—k / Oaf(x+ ANy —2))(x — y)*dA.

Using (3.57), we obtain [ I(a:, y)gbg(x —y)dy = 0 and, by a change of variable, we
get

/R(x,y)qba(x—y)d Y / /dz¢5 )0af (4 Az)z¥dA.

\Otl q+k
We consider now g € W+ and write
(f(z)=f5(x))g(x)dx Z dX [ dzgs(2)z* [ 0% f(z+Az)g(z)dz.
f 5 5 [ [ f

We write 0, f(xz) = w(z)vy(x) with w(z) = (1 + |z|*)~"/2 and vy(z) = (1 +
|:z:|2)l/26‘.yf(x). Notice that for every | > d, ||lw < 00. Then using Holder’s
inequality we have

/ 10,1 ()] d < C g

P«

p. 1031l < Cllall, 11£1g.p

and so

/ / dzs (= / Do f (2 + A2)g(@)dzd| < C £l 0 9] nc / bs(2) |2 d

< ClFllgap gl o0 6"

(ii) Let « be a multiindex with |a| = n and let 8,7 be a splitting of «
with || = ¢ and |y| = n — ¢. Using the triangle inequality, for every y we have
T+ || < (1 +[y)(A + |z — yl). Then,

u(@) = (1+ [2])! 1D fs(@)] = (L+ [2])! 95 * Oy ba(2)
< / (L+ ) 195 ()] 185 65(x — )| dy < a = Blx),

with
aly) = L+ )" 07 fy)].  B(z) = (L+|2))'[07¢5(2)] .
Using (3.47) we obtain

[ull, < llaxBll, <8l lloll, < -= 6” 7 e, = 5n g sl 0
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Preface

The Functional Ito Calculus is a non-anticipative functional calculus which ex-
tends the It6 calculus to path-dependent functionals of stochastic processes. We
present an overview of the foundations and key results of this calculus, first using
a pathwise approach, based on the notion of directional derivative introduced by
Dupire, then using a probabilistic approach, which leads to a weak, Sobolev type,
functional calculus for square-integrable functionals of semimartingales, without
any smoothness assumption on the functionals. The latter construction is shown
to have connections with the Malliavin Calculus and leads to computable martin-
gale representation formulae. Finally, we show how the Functional It6 Calculus
may be used to extend the connections between diffusion processes and parabolic
equations to a non-Markovian, path-dependent setting: this leads to a new class
of ‘path-dependent’ partial differential equations, namely the so-called functional
Kolmogorov equations, of which we study the key properties.

These notes are based on a series of lectures given at various summer schools:
Tokyo (Tokyo Metropolitan University, July 2010), Munich (Ludwig Maximilians
University, October 2010), the Spring School “Stochastic Models in Finance and
Insurance” (Jena, 2011), the International Congress for Industrial and Applied
Mathematics (Vancouver, 2011), and the “Barcelona Summer School on Stochastic
Analysis” (Barcelona, July 2012).

I am grateful to Hans Engelbert, Jean Jacod, Hans Follmer, Yuri Kabanov,
Arman Khaledian, Shigeo Kusuoka, Bernt Oksendal, Candia Riga, Josep Vives,
and especially the late Paul Malliavin for helpful comments and discussions.
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Chapter 4

Overview

4.1 Functional Ito Calculus

Many questions in stochastic analysis and its applications in statistics of processes,
physics, or mathematical finance involve path-dependent functionals of stochas-
tic processes and there has been a sustained interest in developing an analytical
framework for the systematic study of such path-dependent functionals.

When the underlying stochastic process is the Wiener process, the Malliavin
Calculus [4, 52, 55, 56, 67, 73] has proven to be a powerful tool for investigat-
ing various properties of Wiener functionals. The Malliavin Calculus, which is as
a weak functional calculus on Wiener space, leads to differential representations
of Wiener functionals in terms of anticipative processes [5, 37, 56]. However, the
interpretation and computability of such anticipative quantities poses some chal-
lenges, especially in applications such as mathematical physics or optimal control,
where causality, or non-anticipativeness, is a key constraint.

In a recent insightful work, motivated by applications in mathematical fi-
nance, Dupire [21] has proposed a method for defining a non-anticipative calculus
which extends the It6 Calculus to path-dependent functionals of stochastic pro-
cesses. The idea can be intuitively explained by first considering the variations
of a functional along a piecewise constant path. Any (right continuous) piecewise
constant path, represented as

W(t) = Z xkl[tk,tk+1 [(t)v
k=1

is simply a finite sequence of ‘horizonal’ and ‘vertical’ moves, so the variation of a
(time dependent) functional F(t,w) along such a path w is composed of

(i) ‘horizontal increments’: variations of F'(t,w) between each time point ¢; and
the next, and

(ii) ‘vertical increments’: variations of F'(¢,w) at each discontinuity point of w.

If one can control the behavior of F' under these two types of path perturbations,
then one can reconstitute its variations along any piecewise constant path. Under
additional continuity assumptions, this control can be extended to any cadlag path
using a density argument.

This intuition was formalized by Dupire [21] by introducing directional deri-
vatives corresponding to infinitesimal versions of these variations: given a (time de-
pendent) functional F': [0,T] x D([0,T],R) — R defined on the space D([0,T],R)
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of right continuous paths with left limits, Dupire introduced a directional deriva-
tive which quantifies the sensitivity of the functional to a shift in the future portion
of the underlying path w € D([0,T],R):

Fta + 1 _Ft,
Vo F(t,w) = lim (twte [t’T]) ( w)’

e—0 €

as well as a time derivative corresponding to the sensitivity of F' to a small ‘hor-
izontal extension’ of the path. Since any cadlag path may be approximated, in
supremum norm, by piecewise constant paths, this suggests that one may control
the functional F' on the entire space D([0,T],R) if F is twice differentiable in
the above sense and F, V,, F, V2 F are continuous in supremum norm; under these
assumptions, one can then obtain a change of variable formula for F(X) for any
1t6 process X.

As this brief description already suggests, the essence of this approach is
pathwise. While Dupire’s original presentation [21] uses probabilistic arguments
and It6 Calculus, one can in fact do it entirely without such arguments and derive
these results in a purely analytical framework without any reference to probability.
This task, undertaken in [8, 9] and continued in [6], leads to a pathwise functional
calculus for non-anticipative functionals which clearly identifies the set of paths
to which the calculus is applicable. The pathwise nature of all quantities involved
makes this approach quite intuitive and appealing for applications, especially in
finance; see Cont and Riga [13].

However, once a probability measure is introduced on the space of paths,
under which the canonical process is a semimartingale, one can go much further:
the introduction of a reference measure allows to consider quantities which are
defined almost everywhere and construct a weak functional calculus for stochas-
tic processes defined on the canonical filtration. Unlike the pathwise theory, this
construction, developed in [7, 11], is applicable to all square-integrable functionals
without any regularity condition. This calculus can be seen as a non-anticipative
analog of the Malliavin Calculus.

The Functional 1t6 Calculus has led to various applications in the study of
path dependent functionals of stochastic processes. Here, we focus on two partic-
ular directions: martingale representation formulas and functional (‘path depen-
dent’) Kolmogorov equations [10].

4.2 Martingale representation formulas

The representation of martingales as stochastic integrals is an important result in
stochastic analysis, with many applications in control theory and mathematical
finance. One of the challenges in this regard has been to obtain explicit versions of
such representations, which may then be used to compute or simulate such martin-
gale representations. The well-known Clark—Haussmann—Ocone formula [55, 56],
which expresses the martingale representation theorem in terms of the Malliavin
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derivative, is one such tool and has inspired various algorithms for the simulation
of such representations, see [33].

One of the applications of the Functional It6 Calculus is to derive explicit,
computable versions of such martingale representation formulas, without resort-
ing to the anticipative quantities such as the Malliavin derivative. This approach,
developed in [7, 11], leads to simple algorithms for computing martingale repre-
sentations which have straightforward interpretations in terms of sensitivity anal-
ysis [12].

4.3 Functional Kolmogorov equations and
path dependent PDEs

One of the important applications of the It6 Calculus has been to characterize the
deep link between Markov processes and partial differential equations of parabolic
type [2]. A pillar of this approach is the analytical characterization of a Markov
process by Kolmogorov’s backward and forward equations [46]. These equations
have led to many developments in the theory of Markov processes and stochastic
control theory, including the theory of controlled Markov processes and their links
with viscosity solutions of PDEs [29].

The Functional It6 Calculus provides a natural setting for extending many
of these results to more general, non-Markovian semimartingales, leading to a
new class of partial differential equations on path space —functional Kolmogorov
equations— which have only started to be explored [10, 14, 22]. This class of PDEs
on the space of continuous functions is distinct from the infinite-dimensional Kol-
mogorov equations studied in the literature [15]. Functional Kolmogorov equations
have many properties in common with their finite-dimensional counterparts and
lead to new Feynman—Kac formulas for path dependent functionals of semimartin-
gales [10]. We will explore this topic in Chapter 8. Extensions of these connections
to the fully nonlinear case and their connections to non-Markovian stochastic con-
trol and forward-backward stochastic differential equations (FBSDEs) currently
constitute an active research topic, see for exampe [10, 14, 22, 23, 60].

4.4 Qutline

These notes, based on lectures given at the Barcelona Summer School on Stochastic
Analysis (2012), constitute an introduction to the foundations and applications of
the Functional It6 Calculus.

o We first develop a pathwise calculus for non-anticipative functionals possess-
ing some directional derivatives, by combining Dupire’s idea with insights
from the early work of Hans Follmer [31]. This construction is purely analyt-
ical (i.e., non-probabilistic) and applicable to functionals of paths with finite
quadratic variation. Applied to functionals of a semimartingale, it yields a
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functional extension of the It6 formula applicable to functionals which are
continuous in the supremum norm and admit certain directional derivatives.
This construction and its various extensions, which are based on [8, 9, 21]
are described in Chapters 5 and 6. As a by-product, we obtain a method for
constructing pathwise integrals with respect to paths of infinite variation but
finite quadratic variation, for a class of integrands which may be described as
‘vertical 1-forms’; the connection between this pathwise integral and ‘rough
path’ theory is described in Subsection 5.3.3.

In Chapter 7 we extend this pathwise calculus to a ‘weak’ functional calculus
applicable to square-integrable adapted functionals with no regularity condi-
tion on the path dependence. This construction uses the probabilistic struc-
ture of the Ito integral to construct an extension of Dupire’s derivative op-
erator to all square-integrable semimartingales and introduce Sobolev spaces
of non-anticipative functionals to which weak versions of the functional It6
formula applies. The resulting operator is a weak functional derivative which
may be regarded as a non-anticipative counterpart of the Malliavin deriva-
tive (Section 7.4). This construction, which extends the applicability of the
Functional It6 Calculus to a large class of functionals, is based on [11]. The
relation with the Malliavin derivative is described in Section 7.4. One of the
applications of this construction is to obtain explicit and computable integral
representation formulas for martingales (Section 7.2 and Theorem 7.3.4).

Chapter 8 uses the Functional It6 Calculus to introduce Functional Kol-
mogorov equations, a new class of partial differential equations on the space of
continuous functions which extend the classical backward Kolmogorov PDE
to processes with path dependent characteristics. We first present some key
properties of classical solutions for this class of equations, and their rela-
tion with FBSDEs with path dependent coefficients (Section 8.2) and non-
Markovian stochastic control problems (Section 8.3). Finally, in Section 8.4
we introduce a notion of weak solution for the functional Kolmogorov equa-
tion and characterize square-integrable martingales as weak solutions of the
functional Kolmogorov equation.
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Notations
For the rest of the manuscript, we denote by
° Sj, the set of symmetric positive d x d matrices with real entries;

e D([0,7],R%), the space of functions on [0,7] with values in R¢ which are
right continuous functions with left limits (cadlag); and

e C°([0,T],R%), the space of continuous functions on [0, 7] with values in R

Both spaces above are equipped with the supremum norm, denoted | - ||o. We
further denote by

e COF(R%), the space of k-times continuously differentiable real-valued functions
on R

e H([0,T],R), the Sobolev space of real-valued absolutely continuous func-
tions on [0, T] whose Radon—Nikodym derivative with respect to the Lebesgue
measure is square-integrable.

For a path w € D([0,T],R?), we denote by

o w(t—) =lims s st w(s), its left limit at ¢;

o Aw(t) = w(t) — w(t—), its discontinuity at ¢;
Jeolloe = sup{l(t), ¢ € [0, T}
w(t) € R4, the value of w at ¢;

w; = w(t A -), the path stopped at ¢; and
® Wi = W 1[()715[ + W(t—) 1[t,T]'

Note that w;— € D([0,T],R?) is cadlag and should not be confused with the caglad
path u — w(u—). For a cadlag stochastic process X we similarly denote by

o X (t), its value;
e X; = (X(uANt),0<u<T), the process stopped at ¢; and
o Xy (u) = X(u) L o(u) + X (t=) Lz (u).

For general definitions and concepts related to stochastic processes, we refer to
the treatises by Dellacherie and Meyer [19] and by Protter [62].



Chapter 5

Pathwise calculus for non-anticipative
functionals

The focus of these lectures is to define a calculus which can be used to describe
the variations of interesting classes of functionals of a given reference stochastic
process X. In order to cover interesting examples of processes, we allow X to have
right-continuous paths with left limits, i.e., its paths lie in the space D([0,T],R%)
of cadlag paths. In order to include the important case of Brownian diffusion and
diffusion processes, we allow these paths to have infinite variation. It is then known
that the results of Newtonian calculus and Riemann—Stieltjes integration do not
apply to the paths of such processes. Itd’s stochastic calculus [19, 40, 41, 53, 62]
provides a way out by limiting the class of integrands to mnon-anticipative, or
adapted processes; this concept plays an important role in what follows.

Although the classical framework of 1t6 Calculus is developed in a probabilis-
tic setting, Follmer [31] was the first to point out that many of the ingredients at
the core of this theory —in particular the It6 formula— may in fact be constructed
pathwise. Follmer [31] further identified the concept of finite quadratic variation
as the relevant property of the path needed to derive the It6 formula.

In this first part, we combine the insights from Follmer [31] with the ideas
of Dupire [21] to construct a pathwise functional calculus for non-anticipative
functionals defined on the space 2 = D([0, T],R?) of cadlag paths. We first intro-
duce the notion of non-anticipative, or causal, functional (Section 5.1) and show
how these functionals naturally arise in the representation of processes adapted
to the natural filtration of a given reference process. We then introduce, following
Dupire [21], the directional derivatives which form the basis of this calculus: the
horizontal and the vertical derivatives, introduced in Section 5.2. The introduc-
tion of these particular directional derivatives, unnatural at first sight, is justified a
posteriori by the functional change of variable formula (Section 5.3), which shows
that the horizonal and vertical derivatives are precisely the quantities needed to
describe the variations of a functional along a cadlag path with finite quadratic
variation.

The results in this chapter are entirely ‘pathwise’ and do not make use of
any probability measure. In Section 5.5, we identify important classes of stochastic
processes for which these results apply almost surely.
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5.1 Non-anticipative functionals

Let X be the canonical process on Q = D([0,T],R?), and let FO = (F)¢epo,1) be
the filtration generated by X.

A process Y on (2, F2) adapted to F° may be represented as a family of
functionals Y(¢,-): @ — R with the property that Y (¢,-) only depends on the
path stopped at ¢,

Y(t,w) =Yt w(.At) ),

0 one can represent Y as
Y (t,w) = F(t,w;) for some functional F: [0,T] x D([0,T],R%) — R,

where F(t,-) only needs to be defined on the set of paths stopped at t.

This motivates us to view adapted processes as functionals on the space of
stopped paths: a stopped path is an equivalence class in [0, 7] x D([0,T],R%) for
the following equivalence relation:

(tyw)~ (') <= (=t and w;=wy), (5.1)

where wy = w(t A -).
The space of stopped paths can be defined as the quotient space of [0,T] x
D([0,T],R%) by the equivalence relation (5.1):

A = {(t,w), (t,w)€[0,T] x D([0,T),RY} =[0,7] x D([0,T],R?) / ~ .
We endow this set with a metric space structure by defining the distance:

doo (t,w), (t',w") = sup |wuAt) = (uAt)]+ |t =1
u€[0,T]

= [l — willoo + [t =]
Then, (AdT, d~) is a complete metric space and the set of continuous stopped paths
Wi = {(t,w) € A}, w € C°([0,T], R))}

is a closed subset of (A%, d). When the context is clear we will drop the super-
script d, and denote these spaces Ap and Wy, respectively.

We now define a non-anticipative functional as a measurable map on the
space (Ar,ds) of stopped paths [8]:

Definition 5.1.1 (Non-anticipative (causal) functional). A non-anticipative func-
tional on D([0,T],R?) is a measurable map F: (Ar,ds) — R on the space of
stopped paths, (Ar,ds).

This notion of causality is natural when dealing with physical phenomena as
well as in control theory [30].



5.1. Non-anticipative functionals 127

A non-anticipative functional may also be seen as a family F' = (F})cpo,1
of FP-measurable maps Fy: (D([0,t], R?),|.||c) — R. Definition 5.1.1 amounts to
requiring joint measurability of these maps in (¢,w).

One can alternatively represent F' as a map

F: | J D(0,4,RY) —R
te[0,7]

on the vector bundle Ute[O,T] D([0,t],R%). This is the original point of view devel-
oped in [8, 9, 21], but leads to slightly more complicated notations. We will follow
here Definition 5.1.1, which has the advantage of dealing with paths defined on a
fixed interval and alleviating notations.

Any progressively measurable process Y defined on the filtered canonical
space (2, (]:to)te[O,T]) may, in fact, be represented by such a non-anticipative func-
tional F:

Yt)=F(t, X(tN)) =F(t, X);

see [19, Vol. I]. We will write Y = F(X). Conversely, any non-anticipative func-
tional F' applied to X yields a progressively measurable process Y (t) = F(t, X})
adapted to the filtration Fy.

We now define the notion of predictable functional as a non-anticipative func-
tional whose value depends only on the past, but not the present value, of the path.
Recall the notation:

wi— = w Ly + w(t—)1p 7).

Definition 5.1.2 (Predictable functional). A non-anticipative functional
F: (Ar,ds) — R

is called predictable if F(t,w) = F(t,w:—) for every (t,w) € Ar.

This terminology is justified by the following property: if X is a cadlag and
Fi-adapted process and F' is a predictable functional, then Y (t) = F(¢, X;) defines
an JFy-predictable process.

Having equipped the space of stopped paths with the metric d,, we can now
define various notions of continuity for non-anticipative functionals.

Definition 5.1.3 (Joint continuity in (¢,w)). A continuous non-anticipative func-
tional is a continuous map F: (Ar,ds) — R such that: V(t,w) € A,

Ve > 0,3n > 0,V(t',w') € Ar,doo((t,w), (t' ') <n=|F(t,w) — F(t',w')| <e.
The set of continuous non-anticipative functionals is denoted by C%°(Ar).

A non-anticipative functional F' is said to be continuous at fized times if for
all t € [0, T, the map

F(t,): (D(0,T],RY), ||.lc) — R
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is continuous.
The following notion, which we will use most, distinguishes the time variable
and is more adapted to probabilistic applications.

Definition 5.1.4 (Left-continuous non-anticipative functionals). Define (C?’O(AT)
as the set of non-anticipative functionals F which are continuous at fixed times,
and which satisfy: V(t,w) € Ar, Ve >0, In > 0, V(t',w’) € Ar,
t'<t and doo((t,w), (', w") ) <n= |F(t,w)— F(t',J")| <e.
The image of a left-continuous path by a left-continuous functional is again
left-continuous: VF' € (C?’O(AT),Vw € D([0,T],RY), t — F(t,w,_) is left-continu-
ous.

Let U be a cadlag FP-adapted process. A non-anticipative functional F' ap-
plied to U generates a process adapted to the natural filtration F of U:

Y(t) = F(t,{U(s),0 < s <t}) = F(¢t,Uy).
The following result is shown in [8, Proposition 1]:
Proposition 5.1.5. Let F' € (C?’O(AT) and U be a cadlag F?-adapted process. Then,
(i) Y(t) = F(t,U;_) is a left-continuous F, -adapted process;
(il) Z:[0,T] x Q@ — F(t,Us(w)) is an optional process;

(iii) if F € CO°(Ar), then Z(t) = F(t,U,) is a cadlag process, continuous at all
continuity points of U.
We also introduce the notion of ‘local boundedness’ for functionals: we call
a functional F' “boundedness preserving” if it is bounded on each bounded set of
paths:

Definition 5.1.6 (Boundedness preserving functionals). Define B(Ar) as the set of
non-anticipative functionals F: A7 — R such that, for any compact K C R? and
to < T,

ICk 1, > 0, Vt < tg, Yw € D([0,T], RY), w([0,t]) € K = |F(t,w)| < Ck 1,
(5.2)

5.2 Horizontal and vertical derivatives

To understand the key idea behind this pathwise calculus, consider first the case
of a non-anticipative functional F' applied to a piecewise constant path

w = Zxk]‘[tk,thA[ S D([O,T],Rd)
k=1

Any such piecewise constant path w is obtained by a finite sequence of operations
consisting of
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e “horizontal stretching” of the path from ¢; to ¢y, followed by
e the addition of a jump at each discontinuity point.

In terms of the stopped path (¢,w), these two operations correspond to
e incrementing the first component: (tx,ws, ) = (tg+1,wr, ), and

e shifting the path by (11 — )1, 1)

wtk“ = wtk —+ (.’Ek+1 — xk)l[thrl,T].

The variation of a non-anticipative functional along w can also be decomposed
into the corresponding ‘horizontal’ and ‘vertical” increments:

F(tk+1awtk+1) - F(tlﬁwtk) =
Ftit1,wiy,y) = Ftesr, wiy) + Ftegr, wi) — F(te,wy) -

vertical increment horizontal increment

Thus, if one can control the behavior of F' under these two types of path pertur-
bations, then one can compute the variations of F' along any piecewise constant
path w. If, furthermore, these operations may be controlled with respect to the
supremum norm, then one can use a density argument to extend this construction
to all cadlag paths.

Dupire [21] formalized this idea by introducing directional derivatives corre-
sponding to infinitesimal versions of these variations: the horizontal and vertical
derivatives, which we now define.

5.2.1 Horizontal derivative

Let us introduce the notion of horizontal extension of a stopped path (¢,w;) to
[0, + R]: this is simply the stopped path (¢ + h,w;). Denoting w; = w(t A -) recall
that, for any non-anticipative functional,

Y(t,w) € [0,T] x D([0,T],RY), F(t,w) = F(t,w).

Definition 5.2.1 (Horizontal derivative). A non-anticipative functional F': Ap — R
is said to be horizontally differentiable at (t,w) € Ar if the limit

DF (t,w) = lim LU Mwn) = Fltwr)

Jim, Y exists. (5.3)

We call DF (t,w) the horizontal derivative DF of F at (t,w).

Importantly, note that given the non-anticipative nature of F', the first term
in the numerator of (5.3) depends on w; = w(t A +), not wiyp. If F is horizontally
differentiable at all (t,w) € Ar, then the map DF': (t,w) — DF (t,w) defines a
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non-anticipative functional which is F-measurable, without any assumption on
the right-continuity of the filtration.

If F(t,w) = f(t,w(t)) with f € C11([0, 7] xR?), then DF (t,w) = O, f(t,w(t))
is simply the partial (right) derivative in ¢: the horizontal derivative is thus an ex-
tension of the notion of ‘partial derivative in time’ for non-anticipative functionals.

5.2.2 Vertical derivative

We now define the Dupire derivative or vertical derivative of a non-anticipative
functional [8, 21]: this derivative captures the sensitivity of a functional to a ‘ver-
tical perturbation’

wy = wg +elp (5.4)
of a stopped path (¢,w).

Definition 5.2.2 (Vertical derivative [21]). A non-anticipative functional F is said
to be vertically differentiable at (t,w) € Ar if the map

R? — R,
er— F(t,w; + el )
is differentiable at 0. Its gradient at 0 is called the vertical derivative of F at (t,w):
VoF(t,w) = (0;F(t,w), i=1,...,d), where
F(t,ws + heily 1) — F(t,we)

OF(t,w) = lim : . (5.5)

If F is vertically differentiable at all (t,w) € Ap, then V,F' is a non-anticipative
functional called the vertical derivative of F.

For each e € R? V,F(t,w) - e is simply the directional derivative of F(t,-)
in the direction 1, rje. A similar notion of functional derivative was introduced
by Fliess [30] in the context of optimal control, for causal functionals on bounded
variation paths.

Note that V,, F(t,w) is ‘local’ in time: V, F(¢,w) only depends on the partial
map F(t,-). However, even if w € C°([0,T],R%), to compute V,F(t,w) we need
to compute F outside C°([0,T],R%). Also, all terms in (5.5) only depend on w
through w; = w(t A -) so, if F' is vertically differentiable, then

VoF: (t,w) — V,F(t,w)

defines a non-anticipative functional. This is due to the fact that the perturbations
involved only affect the future portion of the path, in contrast, for example, with
the Fréchet derivative, which involves perturbating in all directions. One may
repeat this operation on V,,F and define V2 F, V¥ F, .. .. For instance, V2 F(t,w)
is defined as the gradient at 0 (if it exists) of the map

e € RY— V, F(t,w+e 1y 7).



5.2. Horizontal and vertical derivatives 131

w

—~— =
=
.

=
=
—_

Figure 5.1: The vertical perturbation (¢,wf) of the stopped path (t,w) € Ar in
the direction e € R? is obtained by shifting the future portion of the path by e:
wy = wt + el[t,T]-

5.2.3 Regular functionals

A special role is played by non-anticipative functionals which are horizontally dif-
ferentiable, twice vertically differentiable, and whose derivatives are left-continuous
in the sense of Definition 5.1.4 and boundedness preserving (in the sense of Defi-
nition 5.1.6):

Definition 5.2.3 ((Cll)’2 functionals). Define (Cll)’2(AT) as the set of left-continuous
functionals F € C?’O(AT) such that

(i) F admits a horizontal derivative DF (t,w) for all (t,w) € Ar, and the map
DFE(t.,): (D([0,T),R%, ||.||c) — R is continuous for each t € [0,T];

(ii) VoF, V2F € C*°(Ap);
(iii) DF,V,F,V2F € B(Ar) (see Definition 5.1.6).

Similarly, we can define the class (C;’k(AT).

Note that this definition only involves certain directional derivatives and is
therefore much weaker than requiring (even first-order) Fréchet or even Gateaux
differentiability: it is easy to construct examples of F' € Ci’Q (A7) for which even
the first order Fréchet derivative does not exist.

Remark 5.2.4. In the proofs of the key results below, one needs either left- or
right-continuity of the derivatives, but not both. The pathwise statements of this
chapter and the results on functionals of continuous semimartingales hold in either
case. For functionals of cadlag semimartingales, however, left- and right-continuity
are not interchangeable.

We now give some fundamental examples of classes of smooth functionals.
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Example 5.2.5 (Cylindrical non-anticipative functionals). For g € CO(R"*4), h €
CFk(R%), with h(0) = 0, let
F(t,w) =h(w(t) —w(tn—)) iz, glwti—),w(te—),...,w(tn—)).
Then, F € (Ci’k(AT), DF(t,w) = 0 and, for every j = 1,...,k, we have
VIF(t,w) = VI h(wt) — wtn—=)) list, g (w(ti—),w(ta—),...,w(t,—)).

Example 5.2.6 (Integral functionals). Let g € C°(R?) and p: Ry — R be bounded
and measurable. Define

Ft,w) = / (o)) plu)ds (5.6)

Then, F € C,">°(Ar) with
DF(t,w) = g(w(t))p(t), VLF(t,w)=0.

Integral functionals of type (5.6) are thus ‘purely horizontal’ (i.e., they have
zero vertical derivative), while cylindrical functionals are ‘purely vertical’ (they
have zero horizontal derivative). In Section 5.3, we will see that any smooth func-
tional may in fact be decomposed into horizontal and vertical components.

Another important class of functionals are conditional expectation operators.
We now give an example of smoothness result for such functionals, see [12].

Example 5.2.7 (Weak Euler-Maruyama scheme). Let o: (A7, ds) — R¥? be a
Lipschitz map and W a Wiener process on (2, F,P). Then the path dependent
SDE

X(t) = X(0) +/O o(u, Xy)dW (u) (5.7)

has a unique F}V-adapted strong solution. The (piecewise constant) Euler-Maru-
yama approximation for (5.7) then defines a non-anticipative functional ,, X, given
by the recursion

nX (i1, w) = o X (t7,0) + 0 (b, n X, (W) - (W(tj11-) —w(t;—)). (5.8)

For a Lipschitz functional g: (D([0,T],R%), ||.||sc) — R, consider the ‘weak Euler
approximation’

Fo(t,w) = E[g (o X7(Wr)) |FV] (W) (5.9)

for the conditional expectation E [g(XT)|]-'tW }, computed by initializing the sche-
me on [0,¢] with w, and then iterating (5.8) with the increments of the Wiener
process between ¢t and 7. Then F,, € (C;’OO(WT), see [12].



5.2. Horizontal and vertical derivatives 133

This last example implies that a large class of functionals defined as condi-
tional expectations may be approximated in LP norm by smooth functionals [12].
We will revisit this important point in Chapter 7.

If Fe (Ci’Z(AT), then, for any (¢,w) € Ap, the map

Jitw): € € R — F(t,w+ elp, 7))
is twice continuously differentiable on a neighborhood of the origin, and
VWF(taw) = Vg(t,w) (O)a ViF(t,w) = v29(t,w) (O)

A second-order Taylor expansion of the map g ., at the origin yields that any

Fe (C;’Q(AT) admits a second-order Taylor expansion with respect to a vertical
perturbation: V(¢,w) € Ar, Ve € RY,

F(t,w+elpr) = F(t,w) + VoF(t,w) e+ < e, VoF(t,w) e > +o(|e]).

Schwarz’s theorem applied to gy . then entails that V2 F(t,w) is a symmetric
matrix. As is well known, the continuity assumption of the derivatives cannot be
relaxed in Schwarz’s theorem, so one can easily construct counterexamples where
V2 F(t,w) exists but is not symmetric by removing the continuity requirement on
ViF.

However, unlike the usual partial derivatives in finite dimensions, the horizon-
tal and vertical derivative do not commute, i.e., in general, D(V,F) # V,(DF).

This stems from the fact that the elementary operations of ‘horizontal ex-
tension’ and ‘vertical perturbation’ defined above do not commute: a horizontal
extension of the stopped path (¢,w) to t + h followed by a vertical perturbation
yields the path w; + elj4 1), while a vertical perturbation at ¢ followed by a
horizontal extension to ¢ + h yields w; + el 1) # wi + €l4p,7)- Note that these
two paths have the same value at t + h, so only functionals which are truly path
dependent (as opposed to functions of the path at a single point in time) will be
affected by this lack of commutativity. Thus, the ‘functional Lie bracket’

[Da vw]F = D(vwF) - vw(DF)

may be used to quantify the ‘path dependency’ of F'.

Example 5.2.8. Let F' be the integral functional given in Example 5.2.6, with
g € C1(RY). Then, V,F(t,w) = 0 so D(V,F) = 0. However, DF(t,w) = g(w(t))
and hence,

V.DF(t,w) = Vg(w(t)) # D(V,F)(t,w) = 0.

Locally regular functionals. Many examples of functionals, especially those in-
volving exit times, may fail to be globally smooth, but their derivatives may still
be well behaved, except at certain stopping times. The following is a prototypical
example of a functional involving exit times.
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Example 5.2.9 (A functional involving exit times). Let W be real Brownian motion,
b> 0, and M(t) = supy< <, W(s). Consider the F}V-adapted martingale:

Y (t) = Ellayr)ss| FY -

Then Y has the functional representation Y (¢) = F(t, W;), where

b—w(t
F(ta W) = 1sup0SSStw(s)2b + 1SUPo§s§t w(s)<b |:2 —2N < T f t)>:| ’
and where N is the N(0,1) distribution. Observe that F ¢ C)"°(Ar): a path w,
where w(t) < b, but supy<,<, w(s) = b can be approximated in sup norm by paths
where supg<,<; w(s) < b. However, one can easily check that V,F, VZF, and DF
exist almost everywhere.

We recall that a stopping time (or a non-anticipative random time) on
(Q, (F?)ieqo,r) is a measurable map 7: Q — [0, 00) such that V¢ > 0,

{weQ,rw) <t} eF.

In the example above, regularity holds except on the graph of a certain stopping
time. This motivates the following definition:

Definition 5.2.10 (C>(A7)). F € CY°(Ar) is said to be locally regular if there
exists an increasing sequence (T) k>0 of stopping times with 79 = 0, T, T 00, and

F* ¢ C;’Q(AT) such that

F(t,w) =Y FH(t0)1n, ) m @)[(1)-
k>0

Note that (C;’2(AT) CL2(Ar), but the notion of local regularity allows

loc
discontinuities or explosions at the times described by (74, k > 1).
Revisiting Example 5.2.9, we can see that Definition 5.2.10 applies: recall
that

b—wl(t
F(t,w) = 1supogsgtw(s)2b + 1supogsgtw(8)<b [2 — 2N ( ( ))} .

T—1t
If we define
w(t)
71 (w) = inf{t > 0lw(t) =b} AT, F°(t,w —2—2N< )
r(Ww)=T+i—-2, for i>2; Fi(t,w)=1, i>1,

then F’ € Cy*(Ar), so F € Cl2(Ar).
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5.3 Pathwise integration and functional change of
variable formula

In the seminal paper [31], Follmer proposed a non-probabilistic version of the
Ité formula: Follmer showed that if a cadlag (right continuous with left limits)
function x has finite quadratic variation along some sequence m, = (0 = tf <
th < .- < th =T) of partitions of [0, T] with step size decreasing to zero, then
for f € C?(R?) one can define the pathwise integral

T n—1
/0 ViO)de = i V() - (o) - (1) (5.10)
=0

as a limit of Riemann sums along the sequence m = (7,,),>1 of partitions, and ob-
tain a change of variable formula for this integral, see [31]. We now revisit Follmer’s
approach and show how may it be combined with Dupire’s directional derivatives

to obtain a pathwise change of variable formula for functionals in (Cllo’i (Arp).

5.3.1 Quadratic variation of a path along a sequence of partitions

We first define the notion of quadratic variation of a path along a sequence of
partitions. Our presentation is different from Follmer [31], but can be shown to
be mathematically equivalent.

Throughout this subsection © = (7, ),>1 will denote a sequence of partitions
of [0, 7] into intervals:

= 0=ty <ty <--- <tp,,=T),

and |m,| = sup{|t{' ; — t}'[, i = 1,...,k(n)} will denote the mesh size of the
partition m,.

As an example, one can keep in mind the dyadic partition, for which ¢} =
iT/2™, i = 0,...,k(n) = 2", and |m,| = 27™. This is an example of a nested
sequence of partitions: for n > m, every interval [t},t}, ] of the partition m, is
included in one of the intervals of m,,. Unless specified, we will assume that the
sequence T, is a nested sequence of partitions.

Definition 5.3.1 (Quadratic variation of a path along a sequence of partitions). Let
o= (0=t <t <--- <ty =T) be a sequence of partitions of [0,T] with step
size decreasing to zero. A path x € D([0,T],R) is said to have finite quadratic
variation along the sequence of partitions (m,),>1 if for any t € [0,T] the limit

. n 2
[x](t) := nh_)ngo Z (J:(ti_H) — x(t] )) < o0 (5.11)
i <t
exists and the increasing function [x] has a Lebesque decomposition
c 2
(] (8) = [2]5.(0) + Y |Aa(s)]

0<s<t
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where [z]S is a continuous, increasing function.

The increasing function [z, : [0, T] — Ry defined by (5.11) is then called the
quadratic variation of the path = along the sequence of partitions 7 = (7, )n>1, and
[x]S is the continuous quadratic variation of x along w. We denote by Q7 ([0, T],R)
the set of cadlag paths with finite quadratic variation along the sequence of parti-

tions ™ = (T )n>1-

In general, the quadratic variation of a path z along a sequence of partitions
7 depends on the choice of the sequence 7, as the following example shows.

Example 5.3.2. Let w € C°([0,7],R) be an arbitrary continuous function. Let us
construct recursively a sequence , of partitions of [0,T] such that

|| <

S|

and Y |w(tp,) - w(tp)]* <

Tn

1
n
Assume we have constructed 7, with the above property. Adding to 7, the points
kET/(n+ 1), k = 1,...,n, we obtain a partition o,, = (s,4 = 0,...,M,) with

lon] <1/(n+1). For i =0,...,(M, — 1), we further refine [s}, s}, ] as follows.
Let J(i) be an integer with

J(i) > (n+ )My |w(sfy) —w(sH)]

and define 77) = s} and, for k = 1,..., J (i),

T p1 = inf {t > 1, w(t) =w(s)) +
7

Then the points (77, k =1,...,J(i)), define a partition of [s}', s} ;] with

1 lw(siy) —w(sy)]
|71 — | < i and W (/1) — w(Tfy)] = ol =,

J (i)
SO
J (4) n ny|2
n n 2 . |w(si+1) - w(si )| o 1
; ’w(TiJc—H) - W(Ti,k)’ < J(Z) J(Z)Q - (TL + ]-)Mn
Sorting (7%, 7 =0,..., My, k=1,...,J(i)) in increasing order, we thus obtain a
partition m,4; = (t?“) of [0, T such that
1 n ny |2 1
[Tt ] < ntl Z |w(tiy) —w(t?)]” < T
Tn41

Taking limits along this sequence m = (m,,n > 1) then yields [w], = 0.
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This example shows that “having finite quadratic variation along some se-
quence of partitions” is not an interesting property, and that the notion of quadra-
tic variation along a sequence of partitions depends on the chosen partition. Defi-
nition 5.3.1 becomes non-trivial only if one fizes the partition beforehand. In the
sequel, we fix a sequence m = (m,,n > 1) of partitions with |r,| — 0 and all
limits will be considered along the same sequence 7, thus enabling us to drop the
subscript in [x], whenever the context is clear.

The notion of quadratic variation along a sequence of partitions is different
from the p-variation of the path w for p = 2: the p-variation involves taking a
supremum over all partitions, not necessarily formed of intervals, whereas (5.11)
is a limit taken along a given sequence (7,,)n>1. In general [x], given by (5.11), is
smaller than the 2-variation and there are many situations where the 2-variation is
infinite, while the limit in (5.11) is finite. This is in fact the case, for instance, for
typical paths of Brownian motion, which have finite quadratic variation along any
sequence of partitions with mesh size o(1/logn) [20], but have infinite p-variation
almost surely for p < 2, see [72].

The extension of this notion to vector-valued paths is somewhat subtle,
see [31].

Definition 5.3.3. A d-dimensional path x = (z2%,...,2%) € D([0,T],R%) is said
to have finite quadratic variation along ™ = (m,)n>1 if 2* € Q™([0,T],R) and
2t + 27 € Q™([0,T],R) for all i,j = 1,...,d. Then, for any i,j = 1,...,d and
t €10,T], we have

Yo (@) — 2t (1R) - (@0 (th) — 27 (6) " (2] (8)

tREm, tp<t

[ +2](t) — ['](1) — [+](8)
2

The matriz-valued function [z]: [0,T] — S; whose elements are given by

[2* + 29)(t) — [2*](t) — [27](2)

[z]i5(t) = 5

is called the quadratic covariation of the path x: for any t € [0,T],

ST () - 2t) (etr) - a(@) =5 [@](t) € 87

trETn,tn <t

and [x] is increasing in the sense of the order on positive symmetric matrices: for
h >0, [z](t+h) — [z](t) € SF.

We denote by Q™([0,7],R?) the set of Re-valued cadlag paths with finite
quadratic variation with respect to the sequence of partitions m = (7, )n>1.
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Remark 5.3.4. Note that Definition 5.3.3 requires that z* +27 € Q™ ([0, T], R); this
does not necessarily follow from requiring x%, 27 € Q™ ([0, T],R). Indeed, denoting
§z' = 2 (tgs1) — ' (t), we have

|62 + 5xj|2 = 6% + |627|? + 26257,

and the cross-product may be positive, negative, or have an oscillating sign which
may prevent convergence of the series ) dz'dx’ [64]. However, if 2°,27 are dif-

ferentiable functions of the same path w, i.e., ' = f;(w) with f; € C'(R% R),
then

d2'd2’ = fi(w(tp) fi(w(ti))|ow]* + o(|ow]?)
50, Y. dx'dx) converges and

; i§pd — [t
nl;rr;QZéx(;m = [z', 27]

TTn

is well-defined. This remark is connected to the notion of ‘controlled rough path’
introduced by Gubinelli [35], see Remark 5.3.9 below.

For any z € Q" ([0, T], R%), since [z]: [0,T] — S is increasing (in the sense
of the order on S ), we can define the Riemann-Stieltjes integral fOT fd[z] for any

f€CY([0,T)). A key property of Q™([0,T],R?) is the following.

Proposition 5.3.5 (Uniform convergence of quadratic Riemann sums). For every
w e Q™([0,T], RY), every h € CY([0,T], R™?), and every t € [0,T), we have

Yo (A (w(th) = w(t) (W(th) - w(t)) "ﬁ/()(h,d[ad%

et <t

where we use the notation (A, B) = tr(*A - B) for A, B € R4,
Furthermore, if w € C°([0,T],R%), the convergence is uniform in t € [0,T].

Proof. Tt suffices to show this property for d = 1. Let w € Q™([0,T],R) and
h € D(]0,T],R). Then the integral fot h d[w] may be defined as a limit of Riemann

sums:

| ] = g ST e (eza) - ).

Using the definition of [w], the result is thus true for h: [0,7] — R of the form
h=3. aglyp e, (- Consider now h € CY([0,T],R) and define the piecewise
constant approximations

h" = Z h(tZ)l[tﬁvt?H [
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Then h™ converges uniformly to h: ||h — h™||oc — 0 as n — oo and, for each n > 1,

S e —wh)? [,

them, th<t 0
Since h is bounded on [0, 7], this sequence is dominated. We can then conclude
using a diagonal convergence argument. O

Proposition 5.3.5 implies weak convergence on [0, T] of the discrete measures

k(n)—1
"= Z (w(ti) —W(t?))Z(St;L =g = dw],
i=0

where 6; is the Dirac measure (point mass) at t.!

5.3.2 Functional change of variable formula

Consider now w € Q™([0,T],R9). Since w has at most a countable set of jump
times, we may always assume that the partition ‘exhausts’ the jump times in the
sense that

sup  |w(t) — w(t—)| 30, (5.12)
t€[0,T] -7y

Then the piecewise constant approximation

k(n)—1

wn(t) = Z w(ti+1_)1[ti,ti+1[(t) +w(T)1{T}(t) (513)
=0

converges uniformly to w:

sup ||w™(t) —w(t)|| Z30.
te[0,T]

By decomposing the variations of the functional into vertical and horizontal in-
crements along the partition 7,,, we obtain the following result:

Theorem 5.3.6 (Pathwise change of variable formula for C*? functionals, [8]). Let
w e Q™([0,T],R%) verifying (5.12). Then, for any F € C12(Ap), the limit

loc

T k(n)—l
/ Vo F(t, we—)d"w := ILm Z Vo F (] wi) (w(tly) — w(t])) (5.14)
o n—voo £ :

Mn fact, this weak convergence property was used by Féllmer [31] as the definition of path-
wise quadratic variation. We use the more natural definition (Definition 5.3.1) of which Propo-
sition 5.3.5 is a consequence.
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erists, and

T T
FT,wr) — F(0,wp) = /0 DE(t, w)dt + /O %tr(tViF(t,wt,)d[w]C(t))

T
+/ VoF(tw ) w+ 3 [F(tw) — F(tw) — VoF(tw) - Aw(b)].
0 t€10,7]

The detailed proof of Theorem 5.3.6 may be found in [8] under more general
assumptions. Here, we reproduce a simplified version of this proof in the case
where w is continuous.

Proof of Theorem 5.3.6. First we note that, up to localization by a sequence of
stopping times, we can assume that F' € (C;’2(AT), which we shall do in the sequel.
Denote dw] = w(tj, ;) — w(t}). Since w is continuous on [0,77], it is uniformly
continuous, so

n—,oo

nn = sup {|w(u) — w(tf )| + |6y — 7], 0< i <k(n) — 1, w e 67,47, [} = 0.

Since V2 F, DF satisfy the boundedness preserving property (5.2), for n sufficiently
large there exists C' > 0 such that for every ¢t < T and for every w’ € Ar,

dos ((t,w), (', w")) <m0 = [DF(t,0")] < C,

VEF(t,w')| < C.

For i < k(n) — 1, consider the decomposition of increments into ‘horizontal’ and
‘vertical’ terms:

F<t?+1’w%+1*) — F(t?,wf;_) = F(t?ﬂ,w&rﬁ) — F(t?,w%)
+ F(t,win) — F(t], win_). (5.15)
The first term in (5.15) can be written 1 (h}') — (0), where A} =t} | — t* and
Y(u) = F(t;I + u,wZn).

Since F € C;’Q(AT), 1 is right differentiable. Moreover, by Proposition 5.1.5, 1 is
left continuous so,

=t
Pty wp) — Pt wf) = / DF (17 +u,w)y ) du.
: 0 ,
The second term in (5.15) can be written ¢(dw!*) — ¢(0), where
$(u) = F(t7, 0w + ulpn 17).

Since F € Cy*(Ar), ¢ € C*(R?) with
Vé(u) = Vo F (7, win_ +ulpr 11), V2¢(u) = viF(ty,wg_ +ulpn 17).
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A second-order Taylor expansion of ¢ at u = 0 yields

F(t?,w%) - F(t?,w%_) = VwF(t?,wg_ﬁw?

L %tr(ViF(t?,wZn_) - wlowr) + 17,

3

where 7] is bounded by

K|swp|? L V2 F (0, w4 elyp ) — VEE (i, wi ).

Denote i"(t) the index such that t € [t;@(t),t% ( . We now sum all the terms

above from i =0 to k(n) — 1:
e The left-hand side of (5.15) yields F(T,wf}_) — F(0,wy), which converges
to F(T,wr_) — F(0,wy) by left continuity of F, and this quantity equals
F(T,wr) — F(0,wp) since w is continuous.

t)+1[

e The first line in the right-hand side can be written

T
/ DF(u,wfnn( ))du, (5.16)
o G

where the integrand converges to DF(u,w,) and is bounded by C. Hence,
the dominated convergence theorem applies and (5.16) converges to

T
/ DF (u,wy)du
0

e The second line can be written

k(n)—1
S VO W) (w(th) — w(th)
=0
k(n)—1 1 k(n)—1
+ ; S (VEF(E (win ) owfow]') + ; .

The term ViF(t?,wg_)l]t?’thl] is bounded by C' and, by left continuity
of V2 F, converges to V2 F(t,w;); the paths of both are left continuous by
Proposition 5.1.5. We now use a ‘diagonal lemma’ for weak convergence of
measures [8].

Lemma 5.3.7 (Cont-Fournié [8]). Let (pn)n>1 be a sequence of Radon mea-
sures on [0,T] converging weakly to a Radon measure p with no atoms, and
let (fn)n>1 and f be left-continuous functions on [0,T] such that, for every
te€0,T7],

lim fo(8) = f(t) and [|fu(t)]] < K.
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Then,
t t
/ Foditn, "3 / fdp.

Applying the above lemma to the second term in the sum, we obtain:

T T
1 n—oco 1
/ Sr (V2 E(F, Wiy )den) "7 / S (V2 F () dle](w).
0 ‘ 0
Using the same lemma, since |r?| is bounded by €?|dw!|?
to 0 and is bounded by C,

, where €' converges

" (t)-1
Z rr 300,
i=in(s)+1

Since all other terms converge, the limit

k(n)—1
lim_ D VLF (7 wph ) (Wt ) —w(t)))
1=0
exists. O

5.3.3 Pathwise integration for paths of finite quadratic variation

A byproduct of Theorem 5.3.6 is that we can define, for w € Q™([0,7],R%), the
pathwise integral fOT ¢d™w as a limit of non-anticipative Riemann sums

T
/ ¢ d"w:= lim
0

n—oo

k(n)—1

ST o wi) (W(th) —w(t),
=0

for any integrand of the form

o(t,w) =V, F(t,w),

where F € Cll(;i(AT), without requiring that w be of finite variation. This con-

struction extends Follmer’s pathwise integral, defined in [31] for integrands of the
form ¢ = Vf ow with f € C?(R?), to path dependent integrands of the form
¢(t,w), where ¢ belongs to the space

V(A7) = {VLF(-,"), F e Cy*(A4)}. (5.17)

Here, AdT denotes the space of R%-valued stopped cadlag paths. We call such inte-
grands vertical 1-forms. Since, as noted before, the horizontal and vertical deriva-
tives do not commute, V(A%) does not coincide with C,'' (A%).
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This set of integrands has a natural vector space structure and includes as
subsets the space S(m, A%) of simple predictable cylindrical functionals as well as
Follmer’s space of integrands {Vf, f € C?(R%,R)}. For ¢ = V, F € V(A%), the

pathwise integral fot o(t,wi— )d™w is, in fact, given by
T 1 (T
/ ¢(t7wt7)dﬂ'w = F(T7 wT) - F(O7w0) - 5/ <vw¢(tuwt7)7 d[w]ﬂ'>
0 0

—/OTDF(t,wt)dt— S F(tw) - Fltw ) — dltw ) - Aw(t).
0<s<T
(5.18)

The following proposition, whose proof is given in [6], summarizes some key prop-
erties of this integral.

Proposition 5.3.8. Let w € Q™ ([0,T],R?). The pathwise integral (5.18) defines a
map

L,: V(AS) — Q™([0,T],R%),
6 /O 6(t, wp )d"w(t)

with the following properties:
(i) pathwise isometry formula: ¥¢ € S(m,A%), Vs € 0,77,

L@t = [ [ ottwira] 0= [ (0w ) bt d]):

(ii) quadratic covariation formula: for ¢, € S(m, A%), the limit

[Iw(¢)v Iw(w)} :nlgrolo Z (Iw(¢)(t;cl+l) _Iw(gb(t’g)) : (Iw(w)( Z+1) —Iw(d))( Z))

exists and is given by

[1(6), Lo ()] = / (W wi) b (twr), dlw]):

0

(iii) associativity: let ¢ € V(AT), ¥ € V(A}), and « € D([0,T},R) defined by
z(t) = fot ¢(t,wi—)d"w. Then,

/Otw(t,xt)d”x = /Otz/J(t7 (/Ot B(u, wu_)d™w)y)B(t, wp_ )d w.
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This pathwise integration has interesting applications in Mathematical Fi-
nance [13, 32] and stochastic control [32], where integrals of such vertical 1-forms
naturally appear as hedging strategies [13], or optimal control policies and path-
wise interpretations of quantities are arguably necessary to interpret the results
in terms of the original problem.

Thus, unlike Q™ ([0, T],RY) itself, which does not have a vector space struc-
ture, the image Ci’z (w) of w by regular functionals is a vector space of paths with
finite quadratic variation whose properties are ‘controlled’ by w, on which the
quadratic variation along the sequence of partitions 7 is well defined. As argued
in [6], this space, and not Q™([0,T],R%), is the appropriate setting for studying
the pathwise calculus developed here.

Remark 5.3.9 (Relation with ‘rough path’ theory). For F € Ci’Q, integrands of
the form V, F(t,w) with may be viewed as ‘controlled rough paths’ in the sense of
Gubinelli [35]: their increments are ‘controlled’ by those of w. However, unlike the
approach of rough path theory [35, 49], the pathwise integration defined here does
not resort to the use of p-variation norms on iterated integrals: convergence of
Riemann sums is pointwise (and, for continuous paths, uniform in ¢). The reason
is that the obstruction to integration posed by the Lévy area, which is the focus
of rough path theory, vanishes when considering integrands which are vertical 1-
forms. Fortunately, all integrands one encounters when applying the change of
variable formula, as well as in applications involving optimal control, hedging,
ete, are precisely of the form (5.17). This observation simplifies the approach and,
importantly, yields an integral which may be expressed as a limit of (ordinary)
Riemann sums, which have an intuitive (physical, financial, etc.) interpretation,
without resorting to ‘rough path’ integrals, whose interpretation is less intuitive.

If w has finite variation, then the Follmer integral reduces to the Riemann—
Stieltjes integral and we obtain the following result.

Proposition 5.3.10. For any F € C-! (A7) and any w € BV ([0, T])ND([0, T],R%),

loc
T T
F(T,wr) — F(0,wp) = / DF(t,wi—)du + / Vo F(t, we_)dw
0 0

+ Y [F(tw) = Ft,w-) = Vo F(twi-) - Aw(t)],
t€]0,T)

where the integrals are defined as limits of Riemann sums along any sequence of
partitions (7, )n>1 with |m,| — 0.

In particular, if w is continuous with finite variation, we have that, for every
F € Cpl(Ar) and every w € BV([0,7]) N C°([0,T],RY),

loc

T T
F’(T’7 wT) - F‘(O7 OJO) = / DF(t, (J.)t)dt + / VwF(t, wt)dw.
0 0
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Thus, the restriction of any functional F € C\>! (A7) to BV ([0, T])NC°([0, T}, RY)

loc
may be decomposed into ‘horizontal’ and ‘vertical’ components.

5.4 Functionals defined on continuous paths

Consider now an F-adapted process (Y (t))¢cjo,7] given by a functional represen-
tation

Y(t) = F(t, Xy), (5.19)

where F' € (C?’O(AT) has left-continuous horizontal and vertical derivatives DF &
CY(Ar) and V,F € CYO(Ar).
If the process X has continuous paths, Y only depends on the restriction of
F to
Wr = {(t,w) € Ap,w € C°([0,T],R%)},

so the representation (5.19) is not unique. However, the definition of V,F (Defi-
nition 5.2.2), which involves evaluating F' on paths to which a jump perturbation
has been added, seems to depend on the values taken by F' outside Wr. It is cru-
cial to resolve this point if one is to deal with functionals of continuous processes
or, more generally, processes for which the topological support of the law is not
the full space D([0, T], R?%); otherwise, the very definition of the vertical derivative
becomes ambiguous.

This question is resolved by Theorems 5.4.1 and 5.4.2 below, both derived
in [10].

The first result below shows that if F' € (Cll’l(AT), then V,F(t,X:) is
uniquely determined by the restriction of F' to continuous paths.

Theorem 5.4.1 (Cont and Fournié [10]). Consider F', F?> € C;"'(Ar) with left-
continuous horizontal and vertical derivatives. If F' and F? coincide on continu-
ous paths, i.e.,

Vte[0,T[, VYwe C%0,T],RY), F(t,w) = F2(t,w),

then
Vt€[0,T], Ywe C%0,T),RY), V,F'(t,w;) =V, F2(t,w).

Proof. Let F = F' — F? ¢ C}"' (A7) and w € C°([0, 7], R?). Then F(t,w) = 0 for
all ¢ < T. Tt is then obvious that DF(t,w) is also 0 on continuous paths. Assume
now that there exists some w € C°([0, T],R%) such that, for some 1 < i < d and
to € [0,T), 0;F(to,w,) > 0. Let a = 0, F (to,wr,)/2. By the left-continuity of
O0;F and, using the fact that DF € B(Ar), there exists ¢ > 0 such that for any
(tl, w’) € Arp,

[t < to, deo((to,w), (t', ")) < €] = [F(',w') > a and [DF(t', )| < 1].
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Choose t < tg such that deo(w,we,) < €/2, put h := ty — ¢, define the following
extension of w; to [0, T,

(u), u<t,

w
wi(t) +lizj(u—1t), t<u<T, 1<j<d,

and define the following sequence of piecewise constant approximations of z;yp:
2"(u) = 2" = z(u) for wu<t,

h n
z;z(u):wj(t)+1,»:jEZ1%§uit, for t<u<t+h, 1<j<d.

Since [|ze4n — 204 lloo = % —0,

|F(t + R, ze4n) — F(t+hy220)] "5 0.

We can now decompose F'(t + h, 2}, ) — F(t,w) as

" kh
F(t+h,2) Z( (t+,Z?+lm)—F<t+n,Zf+M)>
k=
" kh k—1)h
+3 (F(t—i— ) F(t+ <n>7zt”+<m>h)>7
k=1 "

where the first sum corresponds to jumps of z™ at times t 4+ kh/n and the second
sum to the ‘horizontal’ variations of 2™ on [t + (k — 1)h/n,t + kh/n]. Write

F(t+ kh t+kh) —F<t+ %,z;%_) = ¢(@) - ¢(0),

n

where '
¢(U) F(t+ s t+kh +ueil[t+%,T]>'

Since F is vertically differentiable, ¢ is differentiable and
kh
d)/(u) = alF(t + ;, ZtJer + U@il[t+%7T])
is continuous. For u < h/n we have
kh
doo (t,(.Ut), <t+;’z(t+kh/n)— +U€i1[t+%7T]) < h

0, ¢'(u) > « hence,
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On the other hand write
kh (k—1h , h
F(t"‘?,zt_,’_kh )—F(t—kin ,ZH(k—”l)h):w(*)_w(O)’
where (k- 1)h
S ol (P i
v = Ft+ =
So, 1 is right-differentiable on |0, h/n| with right derivative

k—1)h "
¢:,(u)='DF(t+%+U7 t+(k 1)h>

+ u7z?+(k.,1)h).

Since F' € (Cll’l(AT), 1) is left-continuous by Proposition 5.1.5, so

n _ h
Z (F(t—i— kh’ Hkh )_F(t+(lcrll)fl’zf+w>> :/0 DF (t + u, ") du.

k=1

Noting that

3=

doo ((t +u, 21 ,), (t 4 u, zt+u)) <

we obtain
n—-+oo

DF(t+u,z{,) — DF(t+u,z4u) =0,

since the path of 24, is continuous. Moreover, [DF(t + u, 27", )| < 1 since doo ((t+
u, 2§'y,,), (to,w)) < € so, by dominated convergence, the integral converges to 0 as
n — oo. Writing

F(t+h,z1n) —F(t,w) = [F(t+h, ze4n) — F(t+h, 20 )|+ [F(t+h, 20,) — F(t,w)],
and taking the limit on n — oo leads to F(t + h, zt4n) — F(t,w) > ah, a contra-
diction. 0

The above result implies in particular that, if V,F* € CtY(Ar), D(VF) €
B(Ar), and Fl(w) = F?(w) for any continuous path w, then V2F! and V2 F?
must also coincide on continuous paths. The next theorem shows that this result
can be obtained under the weaker assumption that F* € C1?(Ar), using a proba-
bilistic argument. Interestingly, while the uniqueness of the first vertical derivative
(Theorem 5.4.1) is based on the fundamental theorem of calculus, the proof of the
following theorem is based on its stochastic equivalent, the It6 formula [40, 41].

Theorem 5.4.2. If F1, F? ¢ C;’Q(AT) coincide on continuous paths, i.e.,
Yw e C°[0,T],RY), Vte[0,T), F'(t,w) = F>2(t,w),
then their second vertical derivatives also coincide on continuous paths:

Yw e CO[0,T],RY), Vte[0,T), VAF(t,w)=V2F%(t,w).
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Proof. Let F' = F' — F2. Assume that there exists w € C°([0, 7], R?) such that,
for some 1 < i < d and tg € [0,T), and for some direction h € R% ||h|| = 1, we
have 'h - V2 F(to,wy,) - h > 0, and denote o = (*h - V2 F(tg,wy,) - h)/2. We will
show that this leads to a contradiction. We already know that V, F(¢,w;) = 0 by
Theorem 5.4.1. There exists 7 > 0 such that

V(' ') € Ar, {t' <to,  doo((to,w), (t',0")) <n} = (5.20)
max (|F(t',w')—F(to,ws, )|, |VoF (', )|, [DF({t, ")) <1, *hV2F(t',w')h > a.

Choose t < tg such that du (wi,wi,) < 7/2, and denote € = I A(tg—t). Let W be a

real Brownian motion on an (auxiliary) probability space (Q, B, P) whose generic
element we will denote w, (Bs)s>o its natural filtration, and let

el o).

Define, for ¢’ € [0,T], the ‘Brownian extrapolation’
Up(w) =w(t)ly<e + (w(t) + W({E —t) AT)h) 1>y
For all s < €/2, we have
doo ((t+ 5, Upss(w), (t,wy)) <€, P-as. (5.21)

Define the following piecewise constant approximation of the stopped process W :

n—1
Wn"(s) = ZZ:; W(z% A T) Loclig (i+1)) T+ W(% A 7') ly=e, 0<s< %
Denoting
Z(s) = F(t+s5,Ups), sc[0,T—t], Z"(s)=F(t+sU,), (5.22)
Ul (w) = w(t)lp<i + (w(t) + W =) AT)h) 1>y,
we have the following decomposition:

£(5) 20 - 25) - () 5 (3) - (5 )

+ ni (Z”((i +1)5 - )-2" (Z;n)) (5.23)
=0

The first term in (5.23) vanishes almost surely, since

n—oo

Ut 5 - Ut — 0.

o0
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The second term in (5.23) may be expressed as

2(i5) - 2 (ofy ) oW (if) (o)) o0, G2

where

. € n
gbi(u,w) = F(t + Z%, Ut+iﬁ7(°‘)) + Uh]-[t+iﬁ,T]> .
Note that ¢;(u,w) is measurable with respect to B(;_1)e/2n, Whereas (5.24) is

independent with respect to B(i_1)e/2n- Let 1 C Q and P(Q;) = 1 such that
W has continuous sample paths on €. Then, on i, ¢;(-,w) € C?(R) and the
following relations hold P-almost surely:

€ .
¢;(U,W) = VWF(t‘i’ 74%, Ut-‘riﬁ—(wt) + Uh]'[t'f"bﬁ,T]) . h,
o (u,w) = thViF(t + ii, Uﬁriﬁ,wt) + uhl[tJrii,T]) - h.

So, using the above arguments, we can apply the It6 formula to (5.24) on €.
Therefore, summing on ¢ and denoting i(s) the index such that s € [(i(s) —
1)e/2n,i(s)e/2n), we obtain

CERIES)

% . € n
:/O VNF(t-f-Z(S)Qn, t+i(s)ﬁf
. €
+ (W(s) - W((z(s) - 1)%))h1[t+i(s)ﬁﬂ)dw<s)

€

€

1[5, . N
+ 5/0 <h7vwF<t+7’(S)2nv t4i(s) 5% —
. €
+ (W) —w((its) - 1)%)>h1[t+i(s ;WT]) h)ds.

Since the first derivative is bounded by (5.20), the stochastic integral is a martin-
gale so, taking expectation leads to

P37 (i) - (i - )] 205

21+ =) = 2" (i) = v (5 ) —w(0),

2n 2n

Write

where .
b(u) = F(t tig-tu, Uglﬂ-ﬁ)
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is right-differentiable with right derivative
€ n
P (u) = DF(t + i + u, Utﬂ-ﬁ).
Since F € C?’O([O7 TY)), 9 is left-continuous and the fundamental theorem of calcu-
lus yields
= € € 2
i=0

The integrand converges to DF(t+s,Us4s) = 0 as n — oo, since DF (t+ s,w) =0
whenever w is continuous. Since this term is also bounded, by dominated conver-
gence, we have

It is obvious that Z(e/2) = 0, since F'(t,w) = 0 whenever w is a continuous path.
On the other hand, since all derivatives of F' appearing in (5.23) are bounded, the
dominated convergence theorem allows to take expectations of both sides in (5.23)
with respect to the Wiener measure, and obtain ae/2 = 0, a contradiction. O

Theorem 5.4.2 is a key result: it enables us to define the class (Cll)’2 Wr) of
non-anticipative functionals such that their restriction to Wy fulfills the conditions
of Theorem 5.4.2, say

FeCl’Wr) <= 3FeC?Ar), Fw,=F

without having to extend the functional to the full space Arp.
For such functionals, coupling the proof of Theorem 5.3.6 with Theorem 5.4.2
yields the following result.

Theorem 5.4.3 (Pathwise change of variable formula for C,*(Wr) functionals).
For any F € C,*(Wr) and w € C°([0,T],RY) N Q™ ([0, T],RY), the limit

T k(n)—1
VoF(t,w)d"w := lim VoF (! win) - (w(ti ) — w(t?
| vep() dm 3 VuF () () ()
exists and
F(T,wr) = F(0,wo) =

T T T
1
/ DF(t,wt)dt—i—/ VwF(t,wt)d’rw—i—/ §tr(tViF(t,wt)d[w]).
0 0 0
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5.5 Application to functionals of stochastic processes

Consider now a stochastic process Z: [0,T] x Q@ — R on (Q, F, (Fy)iejo,1), P).-
The previous formula holds for functionals of Z along a sequence of partitions 7
on the set

Q:(Z2)={weQ, Z(,w)eQ"([0,T],RH}.

If we can construct a sequence of partitions 7 such that P(Q.(Z)) = 1, then the
functional It6 formula will hold almost surely. Fortunately, this turns out be the
case for many important classes of stochastic processes:

(i) Wiener process: if W is a Wiener process under P, then, for any nested
sequence of partitions 7 with |7,,| — 0, the paths of W lie in Q™([0,T],R¢)
with probability 1 (see [47]):

P(Q.(W))=1 and Yw e Q (W), [W(-,w)]ﬁ(t) =t.

This is a classical result due to Lévy [47, Sec. 4, Theorem 5]. The nesting
condition may be removed if one requires that |m,|logn — 0, see [20].

(ii) Fractional Brownian motion: if B¥ is a fractional Brownian motion with
Hurst index H € (0.5,1), then, for any sequence of partitions = with n|m,| —
0, the paths of B lie in Q™ ([0, T],R?) with probability 1 (see [20]):

P(Q.(B")) =1 and VYw e Q. (B7),[BY(-,w)](t) = 0.

(iii) Brownian stochastic integrals: Let o: (Ar,ds) — R be a Lipschitz map, B
a Wiener process, and consider the Ito stochastic integral

X = /0 o(t, B,)dB(t).

Then, for any sequence of partitions m with |m,|logn — 0, the paths of X
lie in @™([0,T],R) with probability 1 and

t
2
[X](t, w) :/0 |a(u,Bu(w))‘ du.
(iv) Lévy processes: if L is a Lévy process with triplet (b, A,v), then for any

sequence of partitions 7w with n|m,| — 0, P(Q-(L)) =1 and

Vo€ Qn(L), [LC,w)](t) =tA+ > |L(s,w) — L(s—w)|™

s€[0,t]

Note that the only property needed for the change of variable formula to
hold (and, thus, for the integral to exist pathwise) is the finite quadratic variation
property, which does not require the process to be a semimartingale.
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The construction of the Follmer integral depends a priori on the sequence m
of partitions. But in the case of a semimartingale, one can identify these limits of
(non-anticipative) Riemann sums as It6 integrals, which guarantees that the limit
is a.s. unique, independent of the choice of m. We now take a closer look at the
semimartingale case.



Chapter 6

The functional Ito formula

6.1 Semimartingales and quadratic variation

We now consider a semimartingale X on a probability space (2, F,P), equipped
with the natural filtration F = (F;);>0 of X; X is a cadlag process and the
stochastic integral

¢€S(F)r—>/¢dX

defines a functional on the set S(F) of simple F-predictable processes, with the
following continuity property: for any sequence ¢™ € S(F) of simple predictable
processes,

sup [0 (t,w) — d(tw)| 20 = /gf)"dX v [ sdx,
[0,T]xQ 0 n—=oo Jo

where UCP stands for uniform convergence in probability on compact sets, see [62].
For any caglad adapted process ¢, the Ito integral fo ¢dX may be then constructed
as a limit (in probability) of nonanticipative Riemann sums: for any sequence
(70 )n>1 of partitions of [0,T] with |m,| — 0,

n— oo

T
3 o) (X (tay) — X (A1) —> / dx.

Let us recall some important properties of semimartingales (see [19, 62]):
(i) Quadratic variation: for any sequence of partitions 7 = (7, ),>1 of [0, T] with

|| — 0 a.s,

STX () - X)) 2 [X]T = (X)) + D AX(s)? < oo

(i) It6 formula: for every f € C?(R4, R),

FOXO) = £XO0) + [ VF0IX + [ Ser(R, F)alX))
£ Y0 (F(X () + AX(8)) — F(X(s7)) — VA(X(s)) - AX(s)):

0<s<t
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(iii) semimartingale decomposition: X has a unique decomposition
X = MY+ M° + A,

where M¢ is a continuous F-local martingale, A< is a pure-jump-F-local
martingale, and A is a continuous F-adapted finite variation process;

(iv) the increasing process [X] has a unique decomposition [X] = [M]4 + [M]¢,
where [M]4(t) = Y jc.c; AX(s)? and [M]° is a continuous increasing F-
adapted process; -

(v) if X has continuous paths, then it has a unique decomposition X = M + A,
where M is a continuous F-local martingale and A is a continuous F-adapted
process with finite variation.

These properties have several consequences. First, if F' € (C?’O(AT), then the non-
anticipative Riemann sums

ST R X)) - (X(H) - X))

tREmy

converge in probability to the It6 stochastic integral [ F(¢, X)dX. So, by the a.s.
uniqueness of the limit, the Follmer integral constructed along any sequence of
partitions 7 = (7, )p>1 with |7,| — 0 almost surely coincides with the It6 integral.
In particular, the limit is independent of the choice of partitions, so we omit in
the sequel the dependence of the integrals on the sequence .

The semimartingale property also enables one to construct a partition with
respect to which the paths of the semimartingale have the finite quadratic variation
property with probability 1.

Proposition 6.1.1. Let S be a semimartingale on (Q, F,P,F = (F;)i>0), T > 0.
There exists a sequence of partitions m = (mp)n>1 of [0,T) with |m,| — 0, such
that the paths of S lie in Q7 ([0, T], R?) with probability 1:

P({weQ, S(,w)eQ™([0,T],RY})=1.

Proof. Consider the dyadic partition ¢} = kT/2", k =0,...,2". Since

> (S(tig) = SE))? = [SIr

Tn

in probability, there exists a subsequence (7, ),>1 of partitions such that

Z (S() _S(t?-s-l))Q " [S]r, P-as.

t, €Ty

This subsequence achieves the result. O
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The notion of semimartingale in the literature usually refers to a real-valued
process but one can extend this to vector-valued semimartingales, [43]. For an R?-
valued semimartingale X = (X*,..., X9), the above properties should be under-
stood in the vector sense, and the quadratic (co-)variation process is an Sj—valued
process, defined by

ST (X - X(t2) (X — X (7)) = [X](0),

theEmn, T <t

where t — [X](¢) is a.s. increasing in the sense of the order on positive symmetric
matrices:

Vt>0, VYh>0, [X](t+h)-—[X](E) e€S].

6.2 The functional Ito formula

Using Proposition 6.1.1, we can now apply the pathwise change of variable for-
mula derived in Theorem 5.3.6 to any semimartingale. The following functional Ité
formula, shown in [8, Proposition 6], is a consequence of Theorem 5.3.6 combined
with Proposition 6.1.1.

Theorem 6.2.1 (Functional It6 formula: cadlag case). Let X be an R -valued semi-
martingale and denote, for t > 0, Xy (u) = X(u)ljg(u) + X (t—)1[,7(w). For
any F € CL2(Ar), and t € [0,T],

F(t,Xt)—F(O,XO):/Ot DF(u, X,,)du (6.1)

+ / Vo F(u, X, )dX (u) + /O %tr(ViF(u,Xu) dX)(w)

+ > [F Flu, Xy )=V F(u, X,-) - AX (u)] a.s
u€]0,t]
In particular, Y (t) = F(t,X;) is a semzmartmgale the class of semimartingales

is stable under transformations by CIOC(AT) functionals.

More precisely, we can choose m = (7, ),>1 With

D (X () = X)) (X () = X(t7) = (X](t) as.

Tn

So, setting

Qx ={weq, Z X(tis1) (X (1) — X (tig1)) =3 [X|(T) < 00},
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we have that P(Qx) = 1 and, for any F € C.>(Ar) and any w € Qx, the limit

n—oo "
trEmTy

t
/vwF(u,XU(w))d”X(w) = lim Y VP (8, X[ (W) (X (8, w) = X (1, w))
O 7
exists and, for all ¢ € [0, 77,
t
F(t,X(w)) — F(0, Xo(w / DF (u, X,( du+/ VoF(u, Xy (w))dX (w)
0

n /0 ; (V2 F(u, Xu(w)) d[X (w)])
+ ) [Fu, X)) = Fu, Xo—(w))

u€]0,T]
— Vo F(u, Xy (w)) - AX (w)(u)].

Remark 6.2.2. Note that, unlike the usual statement of the It6 formula (see, e.g.,
[62, Ch. II, Sect. 7]), the statement here is that there exists a set Qx on which
the equality (6.1) holds pathwise for any F € (C;’Q([O,T]). This is particularly
useful when one needs to take a supremum over such F', such as in optimal control
problems, since the null set does not depend on F'.

In the continuous case, the functional It6 formula reduces to the following
theorem from [8, 9, 21], which we give here for the sake of completeness.

Theorem 6.2.3 (Functional It6 formula: continuous case [8, 9, 21]). Let X be a
continuous semimartingale and F € CIOC(WT) For any t € [0,T7,

F(t,X;) — F(0, X) = /O t DF(u, X,)du (6.2)

t tl I ty2 u a.s
+/0 VwF(u,Xu)dX(u)—k/O Str(“VEF(u, X,)d[X]) as.

In particular, Y (t) = F(t, X:) is a continuous semimartingale.

If F(t,X:) = f(t,X(t)), where f € C%2([0,7] x R?), this reduces to the
standard It6 formula.

Note that, using Theorem 5.4.2, it is sufficient to require that F' € CIOC(WT)
rather than F' € Cl 2(AT)

Theorem 6.2. 3 shows that, for a continuous semimartingale X, any smooth
non-anticipative functional Y = F(X) depends on F' and its derivatives only via
their values on continuous paths, i.e., on Wy C Ap. Thus, ¥ = F(X) can be
reconstructed from the “second order jet” (V,F,DF,V2F) of the functional F
on Wr.
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Although these formulas are implied by the stronger pathwise formula (Theo-
rem 5.3.6), one can also give a direct probabilistic proof using the It6 formula [11].
We outline the main ideas of the probabilistic proof, which shows the role played
by the different assumptions. A more detailed version may be found in [11].

Sketch of proof of Theorem 6.2.3. Consider first a cadlag piecewise constant pro-
cess

X(t) = Z 1[tk>tk+1[(t)@k’
k=1

where @), are F;, -measurable bounded random variables. Each path of X is a
sequence of horizontal and vertical moves:

X = Xy + (Prvr — Pu) Ly 1
We now decompose each increment of F' into a horizontal and vertical part:

F(tk+1, th+1) — F(tk, th) = F(tk+1, th-H) — F(tk+1, th) (vertical)
+ F(tgy1, Xt,,) — Fte, X)) (horizontal)

The horizontal increment is the increment of ¢(h) = F(tx + h, X3, ). The funda-
mental theorem of calculus applied to ¢ yields

th+1
F(tk+lath) - F(tk?ath> = ¢(tk+l - tk) - ¢(0) = / DF(taXt)dt
ty
To compute the vertical increment, we apply the It6 formula to ¢ € C?(R?) defined
by ¢(u) = F(tgt1, Xi, +ulyy, 7). This yields
Fti1, Xegyy) = Ftgsr, Xe) = (X (te1) — X () — 9(0)
tht1 1 tht1
= / Vo F(t, X¢)dX (t) + 3 / tr(V2F(t, X;)d[X]).
tk tk

Consider now the case of a continuous semimartingale X; the piecewise constant
approximation , X of X along the partition 7, approximates X almost surely in
supremum norm. Thus, by the previous argument, we have

T T
F(T,,Xr)— F(0,Xy) = / DF(t,,X¢)dt +/ VoF(t, nXt)dn X
0 0

T
+ %/0 tr (tViF(nXt)d[nX]) :

Since F € (C;’Q(AT), all derivatives involved in the expression are left-continuous
in the do, metric, which allows to control their convergence as n — oo. Using
the local boundedness assumption V,F,DF,V2F € B(Ar), we can then use the
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dominated convergence theorem, its extension to stochastic integrals [62, Ch. IV
Theorem 32], and Lemma 5.3.7 to conclude that the Riemann-Stieltjes integrals
converge almost surely, and the stochastic integral in probability, to the terms
appearing in (6.2) as n — oo, see [11]. O

6.3 Functionals with dependence on quadratic variation

The results outlined in the previous sections all assume that the functionals in-
volved, and their directional derivatives, are continuous in supremum norm. This
is a severe restriction for applications in stochastic analysis, where functionals may
involve quantities such as quadratic variation, which cannot be constructed as a
continuous functional for the supremum norm.

More generally, in many applications such as statistics of processes, physics
or mathematical finance, one is led to consider path dependent functionals of a
semimartingale X and its quadratic variation process [X] such as

/O o(t, X)d[X](t), G(t.X,[X)) or E[G(T,X(T),[X)(T)|F].

where X (t) denotes the value at time t and X; = (X (u),u € [0,¢]) the path up to
time t.

In Chapter 7 we will develop a weak functional calculus capable of handling
all such examples in a weak sense. However, disposing of a pathwise interpretation
is of essence in most applications and this interpretation is lost when passing to
weak derivatives. In this chapter, we show how the pathwise calculus outlined in
Chapters 5 and 6 can be extended to functionals depending on quadratic variation,
while retaining the pathwise interpretation.

Consider a continuous R%valued semimartingale with absolutely continuous
quadratic variation,

where A is an S;—Valued process. Denote by F; the natural filtration of X.
The idea is to ‘double the variables’ and to represent the above examples in
the form

Y(t) = F(t, {X(u),0 <u<t}, {Aw),0<u<t})=F(t X, A),  (6.3)

where F': [0, T]x D ([0, T],R?) x D([0,T],57) — R is a non-anticipative functional
defined on an enlarged domain D([0,7],R%) x D([0,T],ST), and represents the
dependence of Y on the stopped path X; = {X(u),0 < u < t} of X and its
quadratic variation.

Introducing the process A as an additional variable may seem redundant:
indeed A(t) is itself Fi-measurable, i.e., a functional of X;. However, it is not a
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continuous functional on (Ar,ds). Introducing A; as a second argument in the
functional will allow us to control the regularity of Y with respect to [X](¢) =
fot A(u)du simply by requiring continuity of F' with respect to the “lifted process”
(X, A). This idea is analogous to the approach of rough path theory [34, 35, 49],
in which one controls integral functionals of a path in terms of the path jointly
with its ‘Lévy area’. Here, d[X] is the symmetric part of the Lévy area, while the
asymmetric part does not intervene in the change of variable formula. However,
unlike the rough path construction, in our construction we do not need to resort
to p-variation norms.

An important property in the above examples is that their dependence on
the process A is either through [X] = [; A(u)du, or through an integral functional
of the form [; ¢d[X] = [; ¢(u)A(u)du. In both cases they satisfy the condition

F(t, Xy, Ay) = F(t, Xe, Ay ),
where, as before, we denote
wi— = wlig 4 + w(t—=)1p 77
Following these ideas, we define the space (Sr,d~) of stopped paths
Sr={(t,z(t ), vt A")),(tz,v) €[0,T] x D([0,T],R) x D([0,T],5])},

and we will assume throughout this section that

Assumption 6.3.1. F': (Sr,d) — R is a non-anticipative functional with “pre-
dictable” dependence with respect to the second argument:

Y(t,z,v) € S, F(t,z,v) = F(t,x¢,v:). (6.4)

The regularity concepts introduced in Chapter 5 carry out without any mod-
ification to the case of functionals on the larger space Sp; we define the corre-
sponding class of regular functionals (Cllcf (S1) by analogy with Definition 5.2.10.
Condition (6.4) entails that vertical derivatives with respect to the variable v are
zero, so the vertical derivative on the product space coincides with the vertical
derivative with respect to the variable x; we continue to denote it as V,,.

As the examples below show, the decoupling of the variables (X, A) leads to

a much larger class of smooth functionals.

Example 6.3.1 (Integrals with respect to the quadratic variation). A process

Y (1) = / o(X (u))d[X](u),

where g € C°(R?), may be represented by the functional

F(t,xt,vt)z/o g(z(u))v(u)du.
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Here, F verifies Assumption 6.3.1, F' € C,>°, with DF(t, z,v;) = g(x(t))v(t) and
V&F(t, T, Ut) =0.

Example 6.3.2. The process Y (t) = X (t)2 —[X](t) is represented by the functional

Pt 20, 0) = 2(1)? —/0 o(u)d, (6.5)

Here, F verifies Assumption 6.3.1, and F' € C;’OO(ST), with DF (¢, z,v) = —v(t),
VoF(t,ze,v) = 2x(t), VEF(t,x4,v;) = 2, and VI F(t, 24,v4) = 0 for j > 3.

Example 6.3.3. The process Y = exp(X — [X]/2) may be represented by Y (t) =
Fw(lf7 Xta At)7 with

1 7t
F(t, z¢,v:) = exp (x(t) - 5/ v(u)du).
0
Elementary computations show that F € Cp™(Sy) with
1
DF(t,x,v) = —iu(t)F(tmc,v)

and ViF(t,th,’Ut) = F(t,mt,vt).

We can now state a change of variable formula for non-anticipative functionals
which are allowed to depend on the path of X and its quadratic variation.

Theorem 6.3.4. Let F' € (Cll,’2 (S7) be a non-anticipative functional verifying (6.4).
Then, fort € [0,T],

t t
F(t,XhAt)—FO(XO,AO):/ DuF(Xu,Au)du+/ Vo F (u, Xy, Ay)dX (u)
0 0
t
1
+/ Str (VZF(u, Xy, Ay) d[X]) a.s. (6.6)
0

In particular, for any F € (Cll,’z(ST), Y(t) = F(t, Xy, Ar) is a continuous semi-
martingale.

Importantly, (6.6) contains no extra term involving the dependence on A,
as compared to (6.2). As will be clear in the proof, due to the predictable de-
pendence of F' in A, one can in fact ‘freeze’ the variable A when computing the
increment /differential of F' so, locally, A acts as a parameter.

Proof of Theorem 6.3.4. Let us first assume that X does not exit a compact set
K, and that ||Al|oc < R for some R > 0. Let us introduce a sequence of random
partitions (77}, k = 0,...,k(n)) of [0,¢], by adding the jump times of A to the
dyadic partition (¢ = it/2",i=0,...,2"):

2n 1
7o =0, T,?:inf{s>7',?1|ts €N or ‘A(s)—A(s—)| > n}/\t.
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The construction of (7}, k =0, ...,k(n)) ensures that
t n (oo}
i = sup { 4G~ AGT) +1X () - X () g 4 < 27, we T wil } =50,

Set , X = > i, X (7, 1) L )t X (t)1g4y, which is a cadlag piecewise con-
stant approximation of Xy, and ,A = Y ;2  A(7] SIS o T A(t)1y4y, which is
an adapted cadlag piecewise constant approximation of At Write h}' =74 — 7"
Start with the decomposition

F(Tﬁkl’nXT7:,1*7nAT"+1 ) — F(Tin;nXTi“77nA‘r{17)
= F (100 nXop, —nArp) = F(1 0 Xop nArn)
+F< Ti 7nX‘r'."anAT?‘f) - F(TZL7nXT7{”f>nATi”7)7 (67)

where we have used (6.4) to deduce F(7]",, Xrn,nAsm) = F(77',nXon, nArn ).
The first term in (6.7) can be written ¢ (hl*) — z/J( ), where

’(/)(U) = F(Tin + U,nXTin,nATin).

Since F € C;’Q(ST), ¥ is right-differentiable and left-continuous by Proposi-
tion 5.1.5, so

it1Ti
F(Tﬁ,-la nXTL” s TLATZ]’) _F(Tz'na nXTi" y nAT:’) :/ DF(Tzn + u, nXTi"a nATL")dU
0

The second term in (6.7) can be written ¢(X (7% ;) — X (7*)) — #(0), where ¢(u) =
F(r)", n X nArn). Since F € C,%, ¢ € C*(RY) and

Vo) = Vo (7' o Xz indrp), V20(w) = VEF (7' n Xy nArp).

Applying the It formula to ¢(X (7" + s) — X (77*)) yields

S(X(7 1) — X () — 6(0) = / P (W XX A dx (s)

1 [T+ s
by [ e VRGO X o)
Summing over ¢ > 0 and denoting i(s) the index such that s € [/t 7/, 4 [, we

have shown that

F(t X0, 0 Ar) — F(0, Xo, Ao) /DF S0 Xoy onAry )ds

Ti(s)

X(S) X(7(s))
/ Ve F z(S)’" Tits)” v ’”ATirfs))dX(s)

2 p X (8)=X(7{(s))
+ 2/0 tr [V ( Z(S)7nX - « anATIZ'ES))d[X](S)} :
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Now, F(t, X+, nAt) converges to F(t, X, A¢) almost surely. Since all approxima-
tions of (X, A) appearing in the various integrals have a d..-distance from (X, Ag)
less than 7, — 0, the continuity at fixed times of DF and the left-continuity of
V.F, V2 F imply that the integrands appearing in the above integrals converge,
respectively, to DF(s, X, Ay), Vo F(s, X4, As), V2 F(s, X, As) as n — oo. Since
the derivatives are in B, the integrands in the various above integrals are bounded
by a constant depending only on F', K, R and ¢, but not on s nor on w. The dom-
inated convergence and the dominated convergence theorem for the stochastic
integrals [62, Ch.IV Theorem 32] then ensure that the Lebesgue—Stieltjes integrals
converge almost surely, and the stochastic integral in probability, to the terms
appearing in (6.6) as n — oo.

Consider now the general case, where X and A may be unbounded. Let K,
be an increasing sequence of compact sets with (J,~, Kn = R?, and denote the
stopping times by

o =inf {s <t: X(s) ¢ K" or |A(s)| > n} At

Applying the previous result to the stopped process (Xiar,,Aiar,) and noting
that, by (6.4), F(t, X, A) = F(t, X¢, A;—) leads to

tATh
F(t, Xinm, Ainn,) — F(0, Xo, Ag) = / DF(u, Xo, Ay)du
0

+ %/0 " tr (tViF(U, KXus Au)d[XKu))

tATh
+ / Vo F(u, Xy, Ay)dX
0

t
+ / DF (’U,, Xu/\Tn ’ AU/\Tn ) du.
t

AT

The terms in the first line converges almost surely to the integral up to time ¢
since t A 7, = t almost surely for n sufficiently large. For the same reason the last
term converges almost surely to 0. O



Chapter 7

Weak functional calculus for
square-integrable
processes

The pathwise functional calculus presented in Chapters 5 and 6 extends the Ito
Calculus to a large class of path dependent functionals of semimartingales, of which
we have already given several examples. Although in Chapter 6 we introduced a
probability measure P on the space D([0,T],R%), under which X is a semimartin-
gale, its probabilistic properties did not play any crucial role in the results, since
the key results were shown to hold pathwise, P-almost surely.

However, this pathwise calculus requires continuity of the functionals and
their directional derivatives with respect to the supremum norm: without the (left)
continuity condition (5.1.4), the Functional Ité formula (Theorem 6.2.3) may fail
to hold in a pathwise sense.! This excludes some important examples of non-
anticipative functionals, such as It6 stochastic integrals or the Itd6 map [48, 52],
which describes the correspondence between the solution of a stochastic differential
equation and the driving Brownian motion.

Another issue which arises when trying to apply the pathwise functional
calculus to stochastic processes is that, in a probabilistic setting, functionals of a
process X need only to be defined on a set of probability 1 with respect to PX:
modifying the definition of a functional F outside the support of PX does not affect
the image process F'(X) from a probabilistic perspective. So, in order to work with
processes, we need to extend the previous framework to functionals which are not
necessarily defined on the whole space Ap, but only PX-almost everywhere, i.e.,
PX-equivalence classes of functionals.

This construction is well known in a finite-dimensional setting: given a ref-
erence measure £ on R%, one can define the notions of y-almost everywhere regu-
larity, weak derivatives, and Sobolev regularity scales using duality relations with
respect to the reference measure; this is the approach behind Schwartz’s theory
of distributions [65]. The Malliavin Calculus [52], conceived by Paul Malliavin as
a weak calculus for Wiener functionals, can be seen as an analogue of Schwartz
distribution theory on the Wiener space, using the Wiener measure as reference
measure.? The idea is to construct an extension of the derivative operator using a

IFailure to recognize this important point has lead to several erroneous assertions in the
literature, via a naive application of the functional It6 formula.
2This viewpoint on the Malliavin Calculus was developed by Shigekawa [66], Watanabe [73],
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duality relation, which extends the integration by parts formula. The closure of the
derivative operator then defines the class of function(al)s to which the derivative
may be applied in a weak sense.

We adopt here a similar approach, outlined in [11]: given a square inte-
grable It0 process X, we extend the pathwise functional calculus to a weak non-
anticipative functional calculus whose domain of applicability includes all square
integrable semimartingales adapted to the filtration FX generated by X.

We first define, in Section 7.1, a vertical derivative operator acting on pro-
cesses, i.e., P-equivalence classes of functionals of X, which is shown to be related
to the martingale representation theorem (Section 7.2).

This operator V x is then shown to be closable on the space of square inte-
grable martingales, and its closure is identified as the inverse of the It6 integral
with respect to X: for ¢ € £L%(X), Vx ([ ¢dX) = ¢ (Theorem 7.3.3). In partic-
ular, we obtain a constructive version of the martingale representation theorem
(Theorem 7.3.4) stating that, for any square integrable F;X-martingale Y,

T
Y(T)=Y(0) +/O VxYdX P-as.

This formula can be seen as a non-anticipative counterpart of the Clark—Hauss-
mann—Ocone formula [5, 36, 37, 44, 56]. The integrand V xY is an adapted process
which may be computed pathwise, so this formula is more amenable to numerical
computations than those based on Malliavin Calculus [12].

Section 7.4 further discusses the relation with the Malliavian derivative on
the Wiener space. We show that the weak derivative Vx may be viewed as a
non-anticipative “lifting” of the Malliavin derivative (Theorem 7.4.1): for square
integrable martingales Y whose terminal value Y (7') € D*? is Malliavin differen-
tiable, we show that the vertical derivative is in fact a version of the predictable
projection of the Malliavin derivative, VxY(t) = E[D; H|F].

Finally, in Section 7.5 we extend the weak derivative to all square inte-
grable semimartingales and discuss an application of this construction to forward-
backward SDEs (FBSDEs, for short).

7.1 Vertical derivative of an adapted process

Throughout this section, X: [0,T] x Q — R¢ will denote a continuous, R%-valued
semimartingale defined on a probability space (€2, F,P). Since all processes we
deal with are functionals of X, we will consider, without loss of generality, {2 to be
the canonical space D([0, T],R9), and X (t,w) = w(t) to be the coordinate process.
Then, P denotes the law of the semimartingale. We denote by F = (F;)¢>0 the
P-completion of Fiy.

and Sugita [70, 71].
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We assume that
X](t) = /0 A(s)ds (7.1)

for some cadlag process A with values in Sj. Note that A need not be a semi-
martingale.

Any non-anticipative functional F': A7 — R applied to X generates an F-
adapted process

Y(t) = F(t,X;) = F(t, {X(u At),u € [0,T]}). (7.2)

However, the functional representation of the process Y is not unique: modifying
F outside the topological support of PX does not change Y. In particular, the
values taken by F' outside W do not affect Y. Yet, the definition of the vertical
V' seems to depend on the value of F' for paths such as w+ely; 7y, which clearly
do not belong to Wr.

Theorem 5.4.2 gives a partial answer to this issue in the case where the
topological support of P is the full space C°([0,T],R%) (which is the case, for
instance, for the Wiener process), but does not cover the wide variety of situations
that may arise. To tackle this issue we need to define a vertical derivative operator
which acts on (IF-adapted) processes, i.e., equivalence classes of (non-anticipative)
functionals modulo an evanescent set. The functional 1t6 formula (6.2) provides
the key to this construction. If F € C.2(Wr), then Theorem 6.2.3 identifies
Jo Vo F(t, X;)dM as the local martingale component of Y'(t) = F(t, X;), which
implies that it should be independent from the functional representation of Y.

Lemma 7.1.1. Let F', F? € C,”*(Wr) be such that, for every t € [0,T],
FY(t, X;) = F*(t,X;) P-a.s.
Then,
CVGFN(t, Xy) — Vo F?(t, X)) |A(t—) [V PN (t, Xy) — Vo F?(t, X4)] =0
outside an evanescent set.

Proof. Let X = Z + M, where Z is a continuous process with finite variation and
M is a continuous local martingale. There exists €; € F such that P(Q;) = 1
and, for w € 4, the path ¢ — X(¢,w) is continuous and t — A(t,w) is cadlag.
Theorem 6.2.3 implies that the local martingale part of 0 = F*(t, X;) — F?(t, X)
can be written

0= /t (VwFl(u,Xu) — VWFQ(u,Xu))dM(u).
0
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Computing its quadratic variation we have, on €y,

0= tlt Vo (u, X)) =V F? (u, X)) | A(u=) [V F  (u, X ) = Vo F2 (u, X)) | du
(7.3)

and V,F'(t,X;) = V,F*(t, X;_) since X is continuous. So, on 1, the integrand
in (7.3) is left-continuous; therefore (7.3) implies that, for ¢ € [0, T[] and w € 4,

[VLFH(t, Xe) = Vo F? (1, X)) [A(t-) [VoF! (8, Xe) = VoF?(t, X)) =0, O
O

Thus, if we assume that in (7.1) A(t—) is almost surely non-singular, then
Lemma 7.1.1 allows to define intrinsically the pathwise derivative of any process
Y with a smooth functional representation Y (t) = F(¢, X;).

Assumption 7.1.1. [Non-degeneracy of local martingale component] A(t) in (7.1)
is non-singular almost everywhere, i.e.,

det(A(t)) #0 dt x dP-a.e.

Definition 7.1.2 (Vertical derivative of a process). Define C2(X) as the set of

loc

Fi-adapted processes Y which admit a functional representation in (Cllo’i(AT):

C2(X)={y, FFec?

loc loc»

Y(t)=F(t,X;) dtxP-a.e.}. (7.4)

1,2
loc

Under Assumption 7.1.1, for any Y € C,27(X), the predictable process

VXY (t) = VL F(t, X;)

is uniquely defined up to an evanescent set, independently of the choice of F €
C2(Wr) in the representation (7.4). We will call the process VxY the vertical

loc

derivative of Y with respect to X.

Although the functional V F: A7 — R% does depend on the choice of the
functional representation F' in (7.2), the process VxY (t) = V,F(t, X;) obtained
by computing V, F' along the paths of X does not.

The vertical derivative V x defines a correspondence between F-adapted pro-
cesses: it maps any process Y € Cé "2(X ) to an F-adapted process VxY. It defines
a linear operator

Vx:CA(X) — ¢)0(X)

on the algebra of smooth functionals Ckl)’2 (X), with the following properties: for
any Y, Z € Cé’2(X ), and any F-predictable process A, we have

(i) Fi-linearity: Vx (Y +AZ)(t) = VxY (t) + A(t) - Vx Z(¢);
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(i) differentiation of the product: Vx (Y Z)(t) = Z(t)VxY (t) + Y (t)Vx Z(t);
(iii) composition rule: If U € C.*(Y), then U € C}*(X) and, for every t € [0, 7],

VxU(t) = VyU(t) - VxY (). (7.5)

The vertical derivative operator V x has important links with the It6 stochas-
tic integral. The starting point is the following proposition.

Proposition 7.1.3 (Representation of smooth local martingales). For any local mar-
tingale Y € CL2(X) we have the representation

loc

T
Y(T)=Y(0)+ VxYdM, (7.6)
0
where M is the local martingale component of X.

Proof. Since Y € C?(X), there exists F € CL*(Wr) such that Y (t) = F(t, X).

loc loc

Theorem 6.2.3 then implies that, for ¢ € [0,T),

t t
1
Y()-Y(0) = / DF (u, Xy,)du + 5/ tr ("2 F(u, Xy, )d[X](u))
0 0
t t
+ / Vo F(u, Xo)dZ(u) + / Vo F(t, X, )dM (u).
0 0
Given the regularity assumptions on F', all terms in this sum are continuous
processes with finite variation, while the last term is a continuous local mar-
tingale. By uniqueness of the semimartingale decomposition of Y, we thus have

Y(t) = [o Vo F(u, X,)dM(u). Since F € C°([0,T)), Y(t) = F(T, Xr) ast — T
so, the stochastic integral is also well-defined for ¢ € [0, T'. O

We now explore further the consequences of this property and its link with
the martingale representation theorem.

7.2 Martingale representation formula

Consider now the case where X is a Brownian martingale,
t
X(t) = X(0) —|—/ o(u)dW (u),
0
where o is a process adapted to F}V and satisfying

E(/OT ||a(t)||2dt) < oo and det(o(t)) #0, dt x dP-a.e.
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Then X is a square integrable martingale with the predictable representation
property [45, 63]: for any square integrable Fr measurable random variable H or,
equivalently, any square integrable F-martingale Y defined by Y (t) = E[H|F],
there exists a unique F-predictable process ¢ such that

Y(t):y(0)+/0t¢dx, ie., H:Y(0)+/OT¢>dX, (7.7)

and
E( / e -t¢<u>d[xuu>>) < co. (7.8)

The classical proof of this representation result (see, e.g., [63]) is non-cons-
tructive and a lot of effort has been devoted to obtaining an explicit form for ¢ in
terms of Y, using Markovian methods [18, 25, 27, 42, 58] or Malliavin Calculus |3,
5, 37, 44, 55, 56]. We will now see that the vertical derivative gives a simple
representation of the integrand ¢.

Ify e CIIO’S(X) is a martingale, then Proposition 7.1.3 applies so, compar-
ing (7.7) with (7.6) suggests ¢ = VxY as the obvious candidate. We now show
that this guess is indeed correct in the square integrable case.

Let £2(X) be the Hilbert space of F-predictable processes such that

T
18] = E( | ot tas(u)d[X](u))) < co.

This is the space of integrands for which one defines the usual L? extension of the
It6 integral with respect to X.

Proposition 7.2.1 (Representation of smooth L? martingales). If Y € Cllo’f (X) s
a square integrable martingale, then VxY € L2(X) and
T
Y(T) = Y/(0) + / Vi YdX. (7.9)
0

Proof. Applying Proposition 7.1.3 to Y we obtain that ¥ = Y (0) + [, VxYdX.
Since Y is square integrable, the It6 integral fo VxYdX is square integrable and
the It6 isometry formula yields

T 2
BV (1) - YO)) = 5| [ xvax

_ E(/OT (VA Y () - VXY(u)d[X](u))) < o0,

so VxY € £2(X). The uniqueness of the predictable representation in £2(X) then
allows us to conclude the proof. O
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7.3 Weak derivative for square integrable functionals

Let M?(X) be the space of square integrable F-martingales with initial value zero,

and with the norm ||Y|| = v/ E|Y/(T)|2.

We will now use Proposition 7.2.1 to extend Vx to a continuous functional
on M?(X).

First, observe that the predictable representation property implies that the
stochastic integral with respect to X defines a bijective isometry

Ix: L2(X) — M?*(X),
b —> /0 6dX.
Then, by Proposition 7.2.1, the vertical derivative Vx defines a continuous map
Vx: CA(X) N MA(X) — L3(X)
on the set of ‘smooth martingales’
D(X) = (X) N M2(X).

This isometry property can now be used to extend Vx to the entire space M?(X),
using the following density argument.

Lemma 7.3.1 (Density of Cé’Q(X) in M2(X)). {VxY | Y € D(X)} is dense in
L2(X) and D(X) = Cp*(X) N M?(X) is dense in M?(X).
Proof. We first observe that the set of cylindrical non-anticipative processes of the
form

¢n7f,(t17,..,t”)(t) = f(X(t1)7 e aX(tn))1t>tn7
where n > 1,0 < ¢ < --- < t, < T, and f € Cp°(R™,R), is a total set in
L2(X), i.e., their linear span, which we denote by U, is dense in £2(X). For such
an integrand @y r (¢,,....+,), the stochastic integral with respect to X is given by
the martingale

.....

Y(t) = Ix(Pn.f,(tr,..t0) (t) = F(t, X2),
where the functional F' is defined on Ar as
F(t,w) = f(w(ti=), ..., w(tn=)) (@(t) — w(tn))lest, -
Hence,
VoF(tw) = f(wti—),...,w(tn—))Llest,, VoF(t,w) =0, DE(t,w;) =0,

which shows that F' € C,* (see Example 5.2.5). Hence, Y € C,*(X). Since f is
bounded, Y is obviously square integrable so, Y € D(X). Hence, Ix(U) C D(X).

Since Ix is a bijective isometry from £2(X) to M?(X), the density of U in
L£2(X) entails the density of Iy (U) in M?(X). O
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This leads to the following useful characterization of the vertical derivative
Vx.

Proposition 7.3.2 (Integration by parts on D(X)). Let Y € D(X) = C/*(X) N
M?(X). Then, VxY is the unique element from L£*(X) such that, for every Z €
D(X),

E(Y(T)Z(T)) :E( /0 tr(vXY(t)thZ(t)d[X](t))). (7.10)

Proof. Let Y,Z € D(X). Then Y is a square integrable martingale with Y (0) =0
and E[|Y(T)]?] < co. Applying Proposition 7.2.1 to Y and Z, we obtain Y =
IVXYdX,Z = fVXZdX, SO

E[Y/(T)Z(T)] :E[/OT VxYdX /OT VXZdX}

Applying the It6 isometry formula we get (7.10). If we now consider another
process 1) € L2(X) such that, for every Z € D(X),

E(Y(T)Z(T)) = E(/O tr(w(t)thZ(t)d[X])>,

then, substracting from (7.10), we get
(Y =VxY, VxZ)r2x)=0

for all Z € D(X). And this implies ¢ = VxY since, by Lemma 7.3.1, {VxZ |
Z € D(X)} is dense in £?(X). O

We can rewrite (7.10) as

E(Y(T) /OTqbdX) - E(/OTtr(VXY(t)tgb(t)d[X](t))), (7.11)

which can be understood as an ‘integration by parts formula’ on [0, 7] x Q with
respect to the measure d[X] x dP.

The integration by parts formula, and the density of the domain are the two
ingredients needed to show that the operator is closable on M?(X).

Theorem 7.3.3 (Extension of Vy to M?(X)). The vertical derivative
Vx: D(X) — L%(X)
admits a unique continuous extension to M?*(X), namely
Vx: M*(X) — L3(X),
/0' $dX s o, (7.12)
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which is a bijective isometry characterized by the integration by parts formula: for
Y € M3(X), VxY is the unique element of L2(X) such that, for every Z € D(X),

T
E[Y(T)Z(T)] = E(/ tr(VXY(t)tVXZ(t)d[X}(t))). (7.13)
0
In particular, V x is the adjoint of the Ité stochastic integral

Ix: L%(X) — M?(X),
é— dpdX

in the following sense: Vo € L2(X), VY € M?(X),
T
E[Y(T)/ ¢dX] = (VxY,9)r2(x)-
0

Proof. Any Y € M?(X) can be written as Y (t) = fg #(s)dX (s) with ¢ € L2(X),
which is uniquely defined d[X] x dPP-a.e. Then, the It6 isometry formula guarantees
that (7.13) holds for ¢. To show that (7.13) uniquely characterizes ¢, consider
Y € L2(X) also satisfying (7.13); then, denoting Ix (1)) = fo dX its stochastic
integral with respect to X, (7.13) implies that, for every Z € D(X),

T
(Ix(6) = ¥, Z)sec = B| V(D) - [ wax)z(m)| =
0
and this implies that Ix(¢)) = Y d[X] x dP-a.e. since, by construction, D(X) is
dense in M?(X). Hence, Vx: D(X) +— L2(X) is closable on M?(X). O

We have thus extended Dupire’s pathwise vertical derivative V, to a weak
derivative Vx defined for all square integrable F-martingales, which is the inverse
of the Ito integral Iy with respect to X: for every ¢ € £2(X), the equality

v pdX ) =
X(/O¢> ) ¢
holds in £2(X).

The above results now allow us to state a general version of the martingale
representation formula, valid for all square integrable martingales.

Theorem 7.3.4 (Martingale representation formula: general case). For any square
integrable F-martingale Y and every t € [0,T],

t
Y(t) =Y(0) + / VxYdX P-a.s.
0
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This relation, which can be understood as a stochastic version of the ‘fun-
damental theorem of calculus’ for martingales, shows that Vx is a ‘stochastic
derivative’ in the sense of Zabczyk [75] and Davis [18].

Theorem 7.3.3 suggests that the space of square integrable martingales can
be seen as a ‘Martingale Sobolev space’ of order 1 constructed over £2(X), see [11].
However, since for Y € M?(X), VxY is not a martingale, Theorem 7.3.3 does not
allow to iterate this weak differentiation to higher orders. We will see in Section 7.5
how to extend this construction to semimartingales and construct Sobolev spaces
of arbitrary order for the operator V.

7.4 Relation with the Malliavin derivative

The above construction holds, in particular, in the case where X = W is a Wiener
process. Consider the canonical Wiener space (Q = Co([0,T],R%), || - [|oo, P) en-
dowed with the filtration of the canonical process W, which is a Wiener process
under P.

Theorem 7.3.3 applies when X = W is the Wiener process and allows to
define, for any square integrable Brownian martingale Y € M?2(W), the vertical
derivative VY € L2(W) of Y with respect to W.

Note that the Gaussian properties of W play no role in the construction of
the operator Vyy. We now compare the Brownian vertical derivative Vy with the
Malliavin derivative [3, 4, 52, 67].

Consider an Fp-measurable functional H = H(X(¢t),t € [0,T]) = H(Xr)
with E[|H|?] < oo. If H is differentiable in the Malliavin sense [3, 52, 55, 67,
e.g., H € DY2 with Malliavin derivative D, H, then the Clark-Haussmann-Ocone
formula [55, 56] gives a stochastic integral representation of H in terms of the
Malliavin derivative of H:

H = E[H] + /T PE[D.H | F]dW (t), (7.14)
0

where PE[D; H|F;] denotes the predictable projection of the Malliavin derivative.
This yields a stochastic integral representation of the martingale Y (¢t) = E[H|F]:

Y(t) = E[H|F]|=E[H]+ /OtpE[]D)tH | Fu]dW (u).

Related martingale representations have been obtained under a variety of condi-
tions [3, 18, 27, 44, 55, 58].

Denote by
e L2([0,T] x Q) the set of Fr-measurable maps ¢: [0,7] x Q — R? on [0, 7]
with

T
2 .
E / l6(t)[2dt < oo
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e E[-|F] the conditional expectation operator with respect to the filtration
F = (F,te[0,T]):

E[|F]: H € L*(Q,Fr,P) — (E[H | F],t € [0,T]) € M*(W);
e D the Malliavin derivative operator, which associates to a random variable
H € D"2(0,T) the (anticipative) process (D;H).ej0,7) € L*([0,T] x Q).

Theorem 7.4.1 (Intertwining formula). The following diagram is commutative in
the sense of dt x dP equalities:

MEW) —Y o 2(W)

E[-F]T TE[-F]

Dl’2 T LQ([O,T] X Q)

In other words, the conditional expectation operator intertwines Vy with the
Malliavin derivative: for every H € DY2(Qq, Fr,P),

Vw(E[H|F)) = E[DH|F]. (7.15)

Proof. The Clark—Haussmann—Ocone formula [56] gives that, for every H € D12,
T
H = E[H] +/ PE[D H|F|dWy,
0

where PE[D, H|F;] denotes the predictable projection of the Malliavin derivative.
On the other hand, from Theorem 7.2.1 we know that

T
H=E[H] + / Vi Y (£)dW (1),
0

where Y (t) = E[H|F]. Therefore, PEDH|F;] = VwE[H|F], dt x dP-almost
everywhere. O

The predictable projection on Fy (see [19, Vol. I]) can be viewed as a mor-
phism which “lifts” relations obtained in the framework of Malliavin Calculus to
relations between non-anticipative quantities, where the Malliavin derivative and
the Skorokhod integral are replaced, respectively, by the vertical derivative Vy
and the It stochastic integral.

Rewriting (7.15) as

(VwY)(t) = E[D,(Y(T))| F]

for every t < T, we can note that the choice of T' > t is arbitrary: for any h > 0,
we have

VY (t) = PE[D(Y (t + h)) | Fi].
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Taking the limit h — 0+ yields

VwY(t) = lim "B DY (t+ h) | F].

The right-hand side is sometimes written, with some abuse of notation, as D;Y (¢),
and called the ‘diagonal Malliavin derivative’. From a computational viewpoint,
unlike the Clark—Haussmann—Ocone representation, which requires to simulate
the anticipative process D;H and compute conditional expectations, VxY only
involves non-anticipative quantities which can be computed path by path. It is
thus more amenable to numerical computations, see [12].

Malliavin derivative D Vertical Derivative Vyy
Perturbations H([0,T],R%) {elp 1, e € Rt € [0,T]}
Domain D2 (Fr) MEW)
Range L2([0,T] x Q) L2(W)
Measurability FJ¥ -measurable F}¥V-measurable
(anticipative) (non-anticipative)
Adjoint Skorokhod integral 1to integral

Table 7.1: Comparison of the Malliavin derivative and the vertical derivative.

The commutative diagram above shows that Vyy may be seen as ‘non-
anticipative lifting’ of the Malliavin derivative: the Malliavin derivative on ran-
dom variables (lower level) is lifted to the vertical derivative of non-anticipative
processes (upper level) by the conditional expectation operator.

Having pointed out the parallels between these constructions, we must note,
however, that our construction of the weak derivative operator Vx works for any
square integrable continuous martingale X, and does not involve any Gaussian
or probabilistic properties of X. Also, the domain of the vertical derivative spans
all square integrable functionals, whereas the Malliavin derivative has a strictly
smaller domain D2,

Regarding this last point, the above correspondence can be extended to
the full space L?(P, Fr) using Hida’s white noise analysis [38] and the use of
distribution-valued processes. Aase, Oksendal, and Di Nunno [1] extend the Malli-
avin derivative as a distribution-valued process DF on L2 (P, Fr), where P is the
Wiener measure, Fr is the Brownian filtration, and derive the following general-
ized Clark—Haussman—Ocone formula: for F' € L*(P, Fr),

T —
F = E[F] +/ E[DF | F] o W(t)dt,
0
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where ¢ denotes a ‘Wick product’ [1].

Although this white noise extension of the Malliavin derivative is not a
stochastic process but a distribution-valued process, the uniqueness of the martin-
gale representation shows that its predictable projection E[D;F|F;] is a bona-fide
square integrable process which is a version of the (weak) vertical derivative:

E[D:F|F] = VwY(t) dt x dP-a.c.
This extends the commutative diagram to the full space

Vw

ME(W) L2(W)

(E[~-7'-t])te[o,T]T T(E[th])te[o,q"]
L2(Q, Fr,P) ——=HY([0,T] x Q)
D

However, the formulas obtained using the vertical derivative Vi only involve It6
stochastic integrals of non-anticipative processes and do not require any recourse
to distribution-valued processes.

But, most importantly, the construction of the vertical derivative and the
associated martingale representation formulas make no use of the Gaussian prop-
erties of the underlying martingale X and extend, well beyond the Wiener process,
to any square integrable martingale.

7.5 Extension to semimartingales

We now show how V x can be extended to all square integrable F-semimartingales.
Define A%(F) as the set of continuous F-predictable absolutely continuous
processes H = H(0) + [, h(t)dt with finite variation such that

T
[H|%2 = EIH©0)]* + |2l|72 (s xam) = E(IH(O)I2 +/O Ih(t)lzdt> < 00,
and consider the direct sum
SH(X) = M*(X) @ A*(F). (7.16)

Then, any process S € SV2(X) is an F-adapted special semimartingale with a
unique decomposition S = M + H, where M € M?(X) is a square integrable
F-martingale with M (0) = 0, and H € A?(F) with H(0) = S(0). The norm given
by

IS1% 2 = E (ISI(T)) + [ HII% (7.17)

defines a Hilbert space structure on S?(X) for which A%*(F) and M?(X) are
closed subspaces of S*2(X).
We will refer to processes in S1?(X) as ‘square integrable F-semimartingales’.



176 Chapter 7. Weak functional calculus for square-integrable processes

Theorem 7.5.1 (Weak derivative on S2(X)). The vertical derivative
Vx:CH(X)NSY3(X) — L3(X)

admits a unique continuous extension to the space S¥2(X) of square integrable

F-semimartingales, such that:

(i) the restriction of Vx to square integrable martingales is a bijective isometry
Vx: M*(X) — LX),
[ oax— (7.18)
0

which is the inverse of the Ito integral with respect to X ;
(ii) for any finite variation process H € A*(X), VxH = 0.

Clearly, both properties are necessary since Vy already verifies them on
S'2(X) N Cy*(X), which is dense in S2(X). Continuity of the extension then
imposes Vx H = 0 for any H € A?(F). Uniqueness results from the fact that (7.16)
is a continuous direct sum of closed subspaces. The semimartingale decomposition
of S € 8H2(X) may then be interpreted as a projection on the closed subspaces
A?%(F) and M?(X).

The following characterization follows from the definition of S%?(X).
Proposition 7.5.2 (Description of S12(X)). For every S € S¥2(X) there exists a
unique (h,¢) € L2(dt x dP) x L2(X) such that

S(t) = S(0) + /0 h(u)du + /0 ¢dX,

where ¢ = VxS and

h(t) = jt(S(t) - /Ot VXSdX).

The map Vy: SV2(X) — £2(X) is continuous. So, S1?(X) may be seen as
a Sobolev space of order 1 constructed above £2(X), which explains our notation.

We can iterate this construction and define a scale of ‘Sobolev’ spaces of
F-semimartingales with respect to Vx.

Theorem 7.5.3 (The space S*2(X)). Let S®?(X) = L2(X) and define, for k > 2,
SM2(X):={S eS"*(X), VxSeS (X))} (7.19)

equipped with the norm

k
IS11E2 = 1120 + > IV% S22 (x)-

j=1
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Then (S¥2(X), ||.|lx.2) is a Hilbert space, S¥2(X) N Cy*(X) is dense in S*2(X),
and the maps

Vx: SP*HX) — SFM3(X) and Ix: SFTMA(X) — S(X)

are continuous.

The above construction enables us to define
vk SF2(X) — L£2(X)

as a continuous operator on S*2(X). This construction may be viewed as a non-
anticipative counterpart of the Gaussian Sobolev spaces introduced in the Malli-
avin Calculus [26, 66, 70, 71, 73]; unlike those constructions, the embeddings in-
volve the It6 stochastic integral and do not rely on the Gaussian nature of the
underlying measure.

We can now use these ingredients to extend the horizontal derivative (Def-
inition 5.2.1) to S € S*2(X). First, note that if S = F(X) with F € C;”>(Wr),
then

t 1 [t
S(t) — S(0) — /O VxSdX - 5 /0 (V%S,d[X]) (7.20)
is equal to fot DF(u)du. For S € §??(X), the process defined by (7.20) is almost
surely absolutely continuous with respect to the Lebesgue measure: we use its
Radon-Nikodym derivative to define a weak extension of the horizontal derivative.

Definition 7.5.4 (Extension of the horizontal derivative to $%2). For S € §*%(X)
there exists a unique F-adapted process DS € L2(dt x dP) such that, for every
te 0,71,

t t 1 t
/0 DS(u)du = S(t) — S(0) —/O VxSdX — 5/0 V3 Sd[X] (7.21)

B (/OT |DS(t)|2dt> < 0.

Equation (7.21) shows that DS may be interpreted as the ‘Stratonovich drift’
of S, i.e.,

and

/ DS (u)du = S(t) — S(0) — / VxS o dX,
0 0

where o denotes the Stratonovich integral.
The following property is a straightforward consequence of Definition 7.5.4.

n—oo

Proposition 7.5.5. Let (Y"),>1 be a sequence in S**(X). If |[Y™" — Y22 — 0,
then DY " (t) — DY (t), dt x dP-a.e.
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The above discussion implies that Proposition 7.5.5 does not hold if $*%(X)
is replaced by S12(X) (or L2(X)).

IfS=F(X)with F € (Cll(ﬁ(WT), the Functional It6 formula (Theorem 6.2.3)
then implies that DS is a version of the process DF (¢, X;). However, as the follow-
ing example shows, Definition 7.5.4 is much more general and applies to functionals

which are not even continuous in the supremum norm.

Example 7.5.6 (Multiple stochastic integrals). Let
(@(t))eeior) = (P1(t), -, Pa(t))icio, 1)
be an R¥*“4-valued F-adapted process such that
T d t
ij=1

Then fo ®dX defines an R%valued F-adapted process whose components are in
L2%(X). Consider now the process

Y(t) = /O ( /O ) @(u)dX(u))dX(s). (7.22)
Then Y € S*2(X), VxY(t) = [} ®dX, VY (t) = (t), and
DY (1) = — 5 (2(1), A(H),

where A(t) = d[X]/dt and (P, A) = tr(*®.A).

Note that, in the example above, the matrix-valued process ® need not be
symmetric.

Example 7.5.7. In Example 7.5.6 (take d = 2), X = (W', W?2) is a two-dimensional
standard Wiener process with cov(W?(t), W2(t)) = pt. Let

Then

verifies Y € §*?(X), with

VXY(t)/Ot{JdX<W?(t)), Vg(Y(t)CI)((l) 8), DY:fg.



7.6. Changing the reference martingale 179

In particular, V%Y is not symmetric. Note that a naive pathwise calculation of
the horizontal derivative gives ‘DY = (0’, which is incorrect: the correct calculation
is based on (7.21).

This example should be contrasted with the situation for pathwise-differen-
tiable functionals: as discussed in Subsection 5.2.3, for F € Cp (A7), V2 F(t,w) is
a symmetric matrix. This implies that Y has no smooth functional representation,
. 1,2
ie,Y ¢C 7 (X).

Example 7.5.6 is fundamental and can be used to construct in a similar
manner martingale elements of S¥2(X) for any k& > 2, by using multiple stochastic
integrals of square integrable tensor-valued processes. The same reasoning as above
can then be used to show that, for any square integrable non-symmetric k-tensor
process, its multiple (k-th order) stochastic integral with respect to X yields an
element of S¥2(X) which does not belong to C;’k(X).

The following example clarifies some incorrect remarks found in the litera-
ture.

Example 7.5.8 (Quadratic variation). The quadratic variation process Y = [X] is
a square integrable functional of X: Y € §*?(X) and, from Definition 7.5.4 we
obtain VxY =0, V%Y =0 and DY (t) = A(t), where A(t) = d[X]/dt.

Indeed, since [X] has finite variation: Y € ker(Vx). This is consistent with
the pathwise approach used in [11] (see Section 6.3), which yields the same result.

These ingredients now allow us to state a weak form of the Functional It6
formula, without any pathwise-differentiability requirements.

Proposition 7.5.9 (Functional It6 formula: weak form). For any semimartingale
S € 822(X), the following equality holds dt x dP-a.e.:

S(t) = S(0) + /0 U SdxX + /0 t DS(u)dqu% /0 t ("% Sd[X]).  (7.23)

For S € Cllo’f (X) the terms in the formula coincide with the pathwise deriva-
tives in Theorem 6.2.3. The requirement S € S*2(X) is necessary for defining all
terms in (7.23) as square integrable processes: although one can compute a weak
derivative VxS for § € SY2(X), if the condition S € §*%(X) is removed, in
general the terms in the decomposition of S — f VxSdX are distribution-valued

processes.

7.6 Changing the reference martingale

Up to now we have considered a fixed reference process X, assumed in Sections 7.2—
7.5 to be a square integrable martingale verifying Assumption 7.1.1. One of the
strong points of this construction is precisely that the choice of the reference
martingale X is arbitrary; unlike the Malliavin Calculus, we are not restricted to
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choosing X to be Gaussian. We will now show that the operator Vx transforms
in a simple way under a change of the reference martingale X.

Proposition 7.6.1 (‘Change of reference martingale’). Let X be a square integrable
It6 martingale verifying Assumption 7.1.1. If M € M?(X) and S € SY2(M), then
S e SY2(X) and

VxS{t)=VyS(t) - VxM(t) dtx dP-a.e.

Proof. Since M € M?(X), by Theorem 7.3.4, M = [; VxMdX and

[M](t) = /Ot tr(Vx M -* VxMd[X]).

But FM < FX so, A2(M) C A2%(F). Since S € SY2(M), there exists H €
A%(M) C A%(F) and VS € L£L2(M) such that

S:H+/'VMSdM:H+/'vMstMdX
0 0
and
T
E(/ VMS(t)2tr<VXM t VXMd[X]>> =
0

T
0

Hence, S € SY2(X). Uniqueness of the semimartingale decomposition of S then
entails [, VyySVxMdX = [/ VxSdX. Using Assumption 7.1.1 and following
the same steps as in the proof of Lemma 7.1.1, we conclude that VxS(t) =
VaS(t) - VxM(t) dt x dP-a.e. U

7.7 Forward-Backward SDEs

Consider now a forward-backward stochastic differential equation (FBSDE) (see,
e.g., [57, 58]) driven by a continuous semimartingale X:

X(t):X(O)+/O b(u,Xu,,X(u))du—&—/O o (u, X, X (u))dW (u),  (7.24)

Y(t):H<XT)_/t f(&Xsf,X(s),Y(s),Z(s))ds—/t ZdX, (7.25)

where we have distinguished in our notation the dependence with respect to the
path X;_ on [0, ¢[ from the dependence with respect to its endpoint X (), i.e., the
stopped path (¢, X;) is represented as (¢, X;—, X (¢)). Here, X is called the forward
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process, F = (F;);>0 is the P-completed natural filtration of X, H € L?(2, Fr,P)
and one looks for a pair (Y, Z) of F-adapted processes verifying (7.24)—(7.25).
This form of (7.25), with a stochastic integral with respect to the forward
process X rather than a Brownian motion, is the one which naturally appears
in problems in stochastic control and mathematical finance (see, e.g., [39] for a
discussion). The coefficients b: Wr xR? — R4, o: WrxR? — R4 and f: Wrx
R? x R x R? — R are assumed to verify the following standard assumptions [57]:

Assumption 7.7.1 (Assumptions on BSDE coefficients). (i) For each (z,y,z) €
R? x R x RY, b(-,-,x), o(-,-,x) and f(-,-,z,y,2) are non-anticipative func-
tionals;

(ii) b(t,w,-), o(t,w,-) and f(t,w,,-, ) are Lipschitz continuous, uniformly with
respect to (t,w) € Wr;

(iii) E [ (1b(t,-0)[2 + |o(t,-,0)]> + [ f(t,-,0,0,0)[?) dt < oc;
(iv) H € L*(Q, Fr,P).

Under these assumptions, the forward SDE (7.24) has a unique strong solu-
tion X such that E(sup;cp 1 | X (t)]?) < oo and M(t) = fg o(u, Xy—, X (w)dW (u)
is a square integrable martingale, with M € M?2(W).

Theorem 7.7.1. Assume
deto(t, X;—, X (t)) #0 dt x dP-a.e.

The FBSDE (7.24)—(7.25) admits a unique solution (Y,Z) € SY2(M) x L*(M)
such that E(sup,cpo,m Y (t)]?) < 00, and Z(t) = VY (t).

Proof. Let us rewrite (7.25) in the classical form

T
Y(t) = H(Xr) - / Z(w)o(t, Xu_, X (u)) dW (u)

U(t)

T
- / (s X, X (), Y (), Z(0)) + Z(u)b(u, X, X () du. (7.26)

g(u, Xu—, X (u),Y (u),Z (u))

Then, the map ¢ also verifies Assumption 7.7.1 so, the classical result of
Pardoux and Peng [57] implies the existence of a unique pair of F-adapted processes
(Y, U) such that

E(tiﬁé% | ver)ve( [ ' U@l <.

which verify (7.24)—(7.26). Using the decomposition (7.25), we observe that Y
is an FM-semimartingale. Since E(supycor |V (1)?) < 00, Y € SY*(W) with
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VwY(t)=Z(t)o(t, Xt—, X (¢t)). The non-singularity assumption on o (¢, X;—, X (t))
implies that 7 = F/V. Let us define

Z(t)=Ut)o(t, X,—, X(t))"".
Then Z is FM-measurable, and

1 Z)|%2 (M) :E(/OTZdM) :E(/OTUdW>2 :E(/OT ||U(t)||2dt> < o0

so, Z € L2(M). Therefore, Y also belongs to S1:?(M) and, by Proposition (7.6.1),

2

VY (t) = VarY (8). Vi M(t) = VoY (o (t, X, X (1)

VuY () =VwYt)olt, X, , X)) ' =Ut)o(t,X;—, X(t)) "t =2Z@1). O



Chapter 8

Functional Kolmogorov equations

RAMA CONT and DAVID ANTOINE FOURNIE

One of the key topics in Stochastic Analysis is the deep link between Markov
processes and partial differential equations, which can be used to characterize a
diffusion process in terms of its infinitesimal generator [69]. Consider a second-
order differential operator L: Cp*([0,T] x RY) — C9([0,T] x R?) defined, for test
functions f € C%2([0,7T] x R% R), by

Lf(t,z) = %tr(a(t7 z) - o(t,x)02f) + b(t, z)0. f(t, ),
with continuous, bounded coefficients

be CP([0,T] x RLRY), o€ CP([0,T] x R, RY™).
Under various sets of assumptions on b and o (such as Lipschitz continuity and
linear growth; or uniform ellipticity, say, o®o (¢, z) > €l;), the stochastic differential

equation
dX(t) =b(t, X (t))dt + o(t, X (t))dW (t)

has a unique weak solution (2, F, (F;)i>0, W, P) and X is a Markov process under
P whose evolution operator (Pt);, s >t > 0) has infinitesimal generator L. This
weak solution (€, F, (F¢)i>0, W, P) is characterized by the property that, for every
feCr?([0,T] x RY),

fluX@) ~ [ @f + L) (X0
0
is a P-martingale [69]. Indeed, applying It6’s formula yields
flu, X (u)) = (0, X(0)) + /Ou (Ouf + Lf) (8, X(¢))dt
+/u B, (1, X (1))or(t, X (£)) AW
0

In particular, if (0;f + Lf)(¢,z) = 0 for every ¢ € [0,T] and every x € supp(X()),
then M (t) = f(t, X (t)) is a martingale.
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More generally, for f € C12([0,T] x RY), M(t) = f(t,X(t)) is a local mar-
tingale if and only if f is a solution of

Of(t, )+ Lf(t,x) =0 Vt>0, =z €supp(X(¥)).

This PDE is the Kolmogorov (backward) equation associated with X, whose
solutions are the space-time (L-)harmonic functions associated with the differ-
ential operator L: f is space-time harmonic if and only if f(¢, X(t)) is a (local)
martingale.

The tools from Functional 1t6 Calculus may be used to extend these relations
beyond the Markovian setting, to a large class of processes with path dependent
characteristics. This leads us to a new class of partial differential equations on
path space —functional Kolmogorov equations— which have many properties in
common with their finite-dimensional counterparts and lead to new Feynman-Kac
formulas for path dependent functionals of semimartingales. This is an exciting
new topic, with many connections to other strands of stochastic analysis, and
which is just starting to be explored [10, 14, 23, 28, 60].

8.1 Functional Kolmogorov equations and harmonic
functionals

8.1.1 Stochastic differential equations with path dependent
coefficients

Let (2 = D([0,T],R%), F°) be the canonical space and consider a semimartingale
X which can be represented as the solution of a stochastic differential equation
whose coefficients are allowed to be path dependent, left continuous functionals:

dX (t) = b(t, X;)dt + o (t, X, )dW (¢), (8.1)

where b and o are non-anticipative functionals with values in R? (resp., R4*™)
whose coordinates are in C;"’(Ar) such that equation (8.1) has a unique weak
solution P on (2, F0).

This class of processes is a natural ‘path dependent’ extension of the class of
diffusion processes; various conditions (such as the functional Lipschitz property
and boundedness) may be given for existence and uniqueness of solutions (see, e.g.,
[62]). We give here a sample of such a result, which will be useful in the examples.

Proposition 8.1.1 (Strong solutions for path dependent SDEs). Assume that the
non-anticipative functionals b and o satisfy the following Lipschitz and linear
growth conditions:

|b(t,w) — b(t,w/)| + |U(t,w) — U(t,w’)| < K sup |w(s) — w’(s)| (8.2)

s<t
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and

Ib(t,w)| + |o(t,w)| < K(l +sup (s)| + |t\), (8.3)

forallt > ty, w,w’ € C°([0,t],R?). Then, for any & € C°([0,T],RY), the stochastic
differential equation (8.1) has a unique strong solution X with initial condition
Xy = &y- The paths of X lie in C°([0, T],R?) and

(i) there exists a constant C depending only on T and K such that, fort € [to, T,

Bl swp [X(s)F] <C(1+ sup Je(s))eC; (8.4)
s€[0,] s€[0,t0]

(i) fy "[b(to + 5, Xegrs)| + o (to + 5, Xigs) Plds < +00 a.s.;
(i) X(t) — X(to) = [~ b(to + 5, Xeg1s)ds + o(to + 8, Xeo1)dW (5).

We denote P, ¢) the law of this solution.
Proofs of the uniqueness and existence, as well as the useful bound (8.4), can
be found in [62].

Topological support of a stochastic process. In the statement of the link between
a diffusion and the associated Kolmogorov equation, the domain of the PDE is
related to the support of the random variable X (¢). In the same way, the support
of the law (on the space of paths) of the process plays a key role in the path
dependent extension of the Kolmogorov equation.

Recall that the topological support of a random variable X with values in a
metric space is the smallest closed set supp(X) such that P(X € supp(X)) = 1.

Viewing a process X with continuous paths as a random variable on
(CO([0,T],R%), || - |loo) leads to the notion of topological support of a continuous
process.

The support may be characterized by the following property: it is the set
supp(X) of paths w € C°([0,T],R?) for which every Borel neighborhood has
strictly positive measure, i.e.,

supp(X) = {w € C°([0,T],R?) | V Borel neigh. V of w, P(X7 € V) > 0}.

Example 8.1.2. If W is a d-dimensional Wiener process with non-singular covari-
ance matrix, then,

supp(W) = {w € C°([0. 7). B (0) = 0},
Example 8.1.3. For an It6 process

t
X(tw)==x —|—/ o(t,w)dW,
0

if P(o(t,w) - o(t,w) > €Id) =1, then supp(X) = {w € C°([0,T],R?),w(0) = z}.
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A classical result due to Stroock—Varadhan [68] characterizes the topological
support of a multi-dimensional diffusion process (for a simple proof see Millet and
Sanz-Solé [54]).

Example 8.1.4 (Stroock—Varadhan support theorem). Let
b: [0,T) x R* — R4, :[0,T] x R — R4*4

be Lipschitz continuous in z, uniformly on [0,7T]. Then the law of the diffusion
process
dX(t) =b(t, X (t))dt + o(t, X (t))dW(t), X(0)=x,

has a support given by the closure in (C°([0,T],R9), ||.||s) of the ‘skeleton’

z+ {w e H([0,T],R%),3h € H*([0,T],RY), & (t) = b(t,w(t)) + o(t,w(t)h(t)},
defined as the set of all solutions of the system of ODEs obtained when substituting
h € HY([0,T],R9) for W in the SDE.

We will denote by A(T, X) the set of all stopped paths obtained from paths
in supp(X):
AT, X) ={(t,w) € A, w € supp(X)}. (8.5)

For a continuous process X, A(T, X) C Wr.

8.1.2 Local martingales and harmonic functionals

Functionals of a process X which have the local martingale property play an
important role in stochastic control theory [17] and mathematical finance. By
analogy with the Markovian case, we call such functionals P-harmonic functionals:

Definition 8.1.5 (P-harmonic functionals). A non-anticipative functional F is cal-
led P-harmonic if Y (t) = F(t, X¢) is a P-local martingale.

The following result characterizes smooth P-harmonic functionals as solutions
to a functional Kolmogorov equation, see [10].

Theorem 8.1.6 (Functional equation for C1? martingales). If F € (C;’Q(WT) and
DF € (C?’O, then Y (t) = F(t, X;) is a local martingale if and only if F satisfies

DE(twr) + b(t, w) Vo F(t,wy) + %tr[VﬁF(t,w)ato(t,w)] 0 (86)

on the topological support of X in (C°([0,T],R%),|.[le0)-

Proof. If F' € C;’z(WT) is a solution of (8.6), the functional It6 formula (The-
orem 6.2.3) applied to Y (¢t) = F(t,X;) shows that Y has the semimartingale
decomposition

V() = Y(0) + /0 Z(w)du + /O Vo F(, Xo)or (1, X)W (w),
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where
Z(t) = DF(t, X;) + b(t, X;) VL F(t, X;) + %tr(ViF(t, X)oto(t, Xy)).

Equation (8.6) then implies that the finite variation term in (6.2) is almost surely
zero. So, Y (t) = Y (0) +f(f VoF(u, Xy).0(u, X,,)dW (u) and thus Y is a continuous
local martingale.

Conversely, assume that Y = F(X) is a local martingale. Let A(t,w) =
o(t,w)to(t,w). Then, by Lemma 5.1.5, Y is left-continuous. Suppose (8.6) is not
satisfied for some w € supp(X) C C°([0,T],R?) and some ty < T. Then, there
exist n > 0 and € > 0 such that

‘DF(t, w) + b(t,w)V,F(t,w) + %tr [VZE(t,w)A(t,w)] ‘ > €,

for t € [tg—n, to], by left-continuity of the expression. Also, there exist a neighbor-
hood V of w in C°([0,T],R%), ||.||s) such that, for all w’ € V and t € [tg — 7, to],

1
‘DF(t, W)+ b(t, W)V, F(t,w') + Str [VZF(t,w)A(t,w')]

s €
5
Since w € supp (X), P(X € V) > 0, and so

DF(t,w) + b(t,w) Vo F(t,w) + ;tr(ViF(t,w)A(t,w))‘ > 6}

{(t,w) € Wr, 5

has non-zero measure with respect to dt x dP. Applying the functional It6 for-
mula (6.2) to the process Y (t) = F(t, X;) then leads to a contradiction because,
as a continuous local martingale, its finite variation component should be zero
dt x dP-a.e. (]

In the case where F(t,w) = f(t,w(t)) and the coefficients b and o are not
path dependent, this equation reduces to the well-known backward Kolmogorov
equation [46].

Remark 8.1.7 (Relation with infinite-dimensional Kolmogorov equations in Hilbert
spaces). Note that the second-order operator V2 is an iterated directional deriva-
tive, and not a second-order Fréchet or “H-derivative” so, this equation is different
from the infinite-dimensional Kolmogorov equations in Hilbert spaces as described,
for example, by Da Prato and Zabczyk [16]. The relation between these two classes
of infinite-dimensional Kolmogorov equations has been studied recently by Flan-
doli and Zanco [28], who show that, although one can partly recover some results
for (8.6) using the theory of infinite-dimensional Kolmogorov equations in Hilbert
spaces, this can only be done at the price of higher regularity requirements (not
the least of them being Fréchet differentiability), which exclude many interesting
examples.
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When X = W is a d-dimensional Wiener process, Theorem 8.1.6 gives a
characterization of regular Brownian local martingales as solutions of a ‘functional
heat equation’.

Corollary 8.1.8 (Harmonic functionals on Wr). Let F € (C;’Q(WT). Then, (Y (t) =
F(t,Wy),t €10,T)) is a local martingale if and only if for every t € [0,T) and every
w€E C’O([O,T], ]Rd),

DF(t,w) + % tr(VZF(t,w)) = 0.

8.1.3 Sub-solutions and super-solutions

By analogy with the case of finite-dimensional parabolic PDEs, we introduce the
notion of sub- and super-solution to (8.6).

Definition 8.1.9 (Sub-solutions and super-solutions). F € CY?(Ar) is called a
super-solution of (8.6) on a domain U C Ar if, for all (t,w) € U,

DF(t,w) + b(t,w) - V,F(t,w) + %tr [VZF(t,w)o'o(t,w)] <O0. (8.7)

Simillarly, F € C2(Ar) is called a sub-solution of (8.6) on U if, for all (t,w) € U,

loc
1
DF(t,w) + b(t,w) - Vo F(t,w) + Str [VZF(t,w)o'o(t,w)] > 0. (8.8)
The following result shows that P-integrable sub- and super-solutions have a

natural connection with P-submartingales and P-supermartingales.

Proposition 8.1.10. Let F' € C;Q(AT) be such that, for all t € [0,T], we have
E(|F(t, X;)|) < oo. Set Y () = F(t, X;).

(i) Y is a submartingale if and only if F is a sub-solution of (8.6) on supp(X).

(ii)) Y is a supermartingale if and only if F is a super-solution of (8.6) on
supp(X).

Proof. If F € C%? is a super-solution of (8.6), the application of the Functional
It6 formula (Theorem 6.2.3, Eq. (6.2)) gives

Y(t)-Y(0) = /0 Vo F (u, Xy)o(u, Xy, )dW (u)

t
+/ ('DF(u,Xu) + Vo F(u, Xy)b(u, X,,) + %tr(VZF(u,Xu)A(u, Xu))) du a.s.,
0

where the first term is a local martingale and, since F' is a super-solution, the finite

variation term (second line) is a decreasing process, so Y is a supermartingale.
Conversely, let F' € C12(Ar) be such that Y (¢) = F(¢, X;) is a supermartin-

gale. Let Y = M — H be its Doob—Meyer decomposition, where M is a local
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martingale and H an increasing process. By the functional It6 formula, Y has the
above decomposition so it is a continuous supermartingale. By the uniqueness of
the Doob—Meyer decomposition, the second term is thus a decreasing process so,

1
DF(t, X;) + V,F(t, X¢)b(t, X;) + 5tr(vij(t,Xt)A(aXt)) <0 dt x dP-a.e.
This implies that the set

S = {we C°([0,T],R?) | (8.7) holds for all t € [0,T]}

includes any Borel set B C C°([0,T],R%) with P(X7 € B) > 0. Using continuity
of paths,

S= (1 {weC®(0,7],R?) | (8.7) holds for (t,w)}.

t€[0,7]NQ

Since F' € CY2(A7), this is a closed set in (C°([0,T],R%),| - ||oo) s0, S contains
the topological support of X, i.e., (8.7) holds on Ap(X). O

8.1.4 Comparison principle and uniqueness

A key property of the functional Kolmogorov equation (8.6) is the comparison
principle. As in the finite-dimensional case, this requires imposing an integrability
condition.

Theorem 8.1.11 (Comparison principle). Let F € CY“?(Ap) be a sub-solution
of (8.6) and F € C“?(Ar) be a super-solution of (8.6) such that, for every
we C%([0,T],R?), F(T,w) < F(T,w), and

E( sup |E(t, X;) — F(t, Xt)|) < 0.
t€[0,T)

Then, ¥t € [0,T],Vw € supp(X),
F(t,w) < F(t,w). (8.9)

Proof. Since F = F — F € C“?(Ar) is a sub-solution of (8.6), by Proposi-
tion 8.1.10, the process Y defined by Y (t) = F(t, X;) is a submartingale. Since

Y(T)=F(T,Xr)— F(T,Xr) <0, we have
Vie[0, T, Y()<0 Pas.

Define
S ={weC0,T),RY), ¥t € [0,T], F(t,w) < F(t,w)}.

Using continuity of paths, and since F € C%°(Wr),

S= (1 {wesuwp(X), F(t,w) < F(t,w)}
teQn[0,T]
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is closed in (C°([0, T], R?), ||-|lso)- If (8.9) does not hold, then there exist ¢y € [0, T
and w € supp(X) such that F(tg,w) > 0. Since O = supp(X) — S is a non-empty
open subset of supp(X), there exists an open set A C O C supp(X) containing
w and h > 0 such that, for every t € [to — h,t] and w € A, F(t,w) > 0. But
P(X € A) > 0 implies that [ dt x dP 1p(tw,>0 > 0, which contradicts the above
assumption. O

The following uniqueness result for P-uniformly integrable solutions of the
Functional Kolmogorov equation (8.6) is a straightforward consequence of the
comparison principle.

Theorem 8.1.12 (Uniqueness of solutions). Let H: (C°([0,T],R?), | - |[oc) — R be
a continuous functional, and let F', F? € (C;’Q(WT) be solutions of the Functional
Kolmogorov equation (8.6) verifying

FYT,w) = F*(T,w) = H(w) (8.10)
and
B[ swp [Pt X))~ F2(t, X)) | < oc. (8.11)
t€(0,T]

Then, they coincide on the topological support of X, i.e.,
Yw € supp(X), Vte€[0,T], F'(t,w)=F%*(t,w).

The integrability condition in this result (or some variation of it) is required
for uniqueness: indeed, even in the finite-dimensional setting of a heat equation
in R%, one cannot do without an integrability condition with respect to the heat
kernel. Without this condition, we can only assert that F(t, X;) is a local martin-
gale, so it is not uniquely determined by its terminal value and counterexamples
to uniqueness are easy to construct.

Note also that uniqueness holds on the support of X, the process associated
with the (path dependent) operator appearing in the Kolmogorov equation. The
local martingale property of F(X) implies no restriction on the behavior of F
outside supp(X) so, there is no reason to expect uniqueness or comparison of
solutions on the whole path space.

8.1.5 Feynman-Kac formula for path dependent functionals

As observed above, any P-uniformly integrable solution F' of the functional Kol-
mogorov equation yields a P-martingale Y (¢) = F(t, X;). Combined with the
uniqueness result (Theorem 8.1.12), this leads to an extension of the well-known
Feynman—Kac representation to the path dependent case.

Theorem 8.1.13 (A Feynman-Kac formula for path dependent functionals). Let
H: (C°([0, 7)), - lloo) — R be continuous. If, for every w € C°([0,T]), F €
C;’Q(WT) verifies

DF(t,w) + b(t,w) - Vo, F(t,w) + %tr [VZF(t,w)o'o(t,w)] =0,
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F(T,w) = H(w), E[ sup |F(t,Xt)|} < 00,
te[0,T]

then F has the probabilistic representation
Vw € supp(X), F(t,w) = E¥[H(Xr)| Xy = w] = E* ¢ [H(X7)],

where P ) is the law of the unique solution of the SDE dX(t) = b(t, X;)dt +
o(t, X¢)dW (t) with initial condition Xy = wy. In particular,

F(t,X;) = E"[H(X7)|F] dt x dP-a.s.

8.2 FBSDEs and semilinear functional PDEs

The relation between stochastic processes and partial differential equations ex-
tends to the semilinear case: in the Markovian setting, there is a well-known rela-
tion between semilinear PDEs of parabolic type and Markovian forward-backward
stochastic differential equations (FBSDE), see [24, 58, 74]. The tools of Functional
It6 Calculus allows to extend the relation between semilinear PDEs and FBSDEs
beyond the Markovian case, to non-Markovian FBSDEs with path dependent co-
efficients.

Consider the forward-backward stochastic differential equation with path de-
pendent coefficients

X(t) :X(O)—l—/o b(u,Xu,,X(u))du—l—/O o(u, Xoyo, X (w)dW (u),  (8.12)

Y(t):H(XT)+/t f(&Xsf,X(s),Y(s),Z(s))ds—/t ZdM, (8.13)

whose coefficients
b: Wr xR — R, o: Wp xR — R £ Wp xR x R x RY — R?

are assumed to verify Assumption 7.7.1. Under these assumptions,

(i) the forward SDE given by (8.12) has a unique strong solution X with
E(sup,eqo,1y | X (t)]?) < oo, whose martingale part we denote by M, and

(ii) the FBSDE (8.12)—(8.13) admits a unique solution (Y, Z) € S¥2(M)x L2(M)
with E(sup;ejo 7 Y (1)]?) < oo.

Define

B(t,w) = b(t,wt_,w(t)), At,w) = a(t,wt_,w(t))ta(t,wt_,w(t)).
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In the ‘Markovian’ case, where the coefficients are not path dependent, the solution
of the FBSDE can be obtained by solving a semilinear PDE: if f € C12([0,T) x
R?)) is a solution of

0uf (1) + (1, £(1,2), V(1,2)) + blt, 0)V S (1,2) + e ot ) - V2 £(6,2)] =0,

then a solution of the FBSDE is given by (Y'(¢), Z(t)) = (f(t, X (t)), V£(t, X (¢))).
Here, the function u ‘decouples’ the solution of the backward equation from the
solution of the forward equation. In the general path dependent case (8.12)—(8.13)
we have a similar object, named the ‘decoupling random field’ in [51] following
earlier ideas from [50].

The following result shows that such a ‘decoupling random field’ for the path
dependent FBSDE (8.12)—(8.13) may be constructed as a solution of a semilinear
functional PDE, analogously to the Markovian case.

Theorem 8.2.1 (FBSDEs as semilinear path dependent PDEs). Let F€CL2(Wr)
be a solution of the path dependent semilinear equation

DE(t,w) + f(t,wi-,w(t), F(tw), Vo F(t,w))
1
+ B(t,w) - Vo, F(t,w) + §tr [A(t,w). V2 F(t,w)] =0,
for w € supp(X), t € [0,T], and with F(T,w) = H(w). Then, the pair of processes

(Y, Z) given by
(Y(t), Z(t)) = (F(t, X¢), Vo F(t, Xy))

is a solution of the FBSDE (8.12)—(8.13).

Remark 8.2.2. In particular, under the conditions of Theorem 8.2.1 the random
field u: [0,T] x R? x Q — R defined by

u(t,z,w) = F(t, X (t,w) + x1p 1)
is a ‘decoupling random field’ in the sense of [51].

Proof of Theorem 8.2.1. Let F € C2(Wr) be a solution of the semilinear equa-

loc

tion above. Then the processes (Y, Z) defined above are F-adapted. Applying the
functional It6 formula to F'(¢, X;) yields

T
H(Xrp)—F(t,X;) = / VoF(u, X)) dM
. /T (DF(u, Xy) + B(u, X0 )V F(u, Xy,) + %tr[A(u,Xu)ViF(u, Xu)]>du.

Since F' is a solution of the equation, the term in the last integral is equal to

—f(t, X, X (), F(t, X4), Vo F(t, X¢)) = = f(t, Xe—, X (1), Y (1), Z(1))-
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So, (Y(t),Z(t)) = (F(t, X+), V,F(t, X;)) verifies

T T
Y(t):H(XT)*[ f(S,Xs_,X(S),Y(s),Z(s))dsf/t ZdM.

Therefore, (Y, Z) is a solution to the FBSDE (8.12)—(8.13). O

This result provides the “Hamiltonian” version of the FBSDE (8.12)—(8.13),
in the terminology of [74].

8.3 Non-Markovian stochastic control and
path dependent HJB equations

An interesting application of the Functional It6 Calculus is the study of non-
Markovian stochastic control problems, where both the evolution of the state of
the system and the control policy are allowed to be path dependent.

Non-Markovian stochastic control problems were studied by Peng [59], who
showed that, when the characteristics of the controlled process are allowed to
be stochastic (i.e., path dependent), the optimality conditions can be expressed
in terms of a stochastic Hamilton—Jacobi-Bellman equation. The relation with
FBSDEs is explored systematically in the monograph [74].

We formulate a mathematical framework for stochastic optimal control where
the evolution of the state variable, the control policy and the objective are allowed
to be non-anticipative path dependent functionals, and show how the Functional
It6 formula in Theorem 6.2.3 characterizes the value functional as the solution to
a functional Hamilton—Jacobi—Bellman equation.

This section is based on [32].

Let W be a d-dimensional Brownian motion on a probability space (2, F,P)
and F = (F;)¢>0 the P-augmented natural filtration of W.

Let C be a subset of R™. We consider the controlled stochastic differential
equation

dX (t) = b(t, Xy, o(t))dt + o (t, Xy, a(t))dW (1), (8.14)
where the coefficients
b: Wr x C — R, o: Wy x C —s R

are allowed to be path dependent and assumed to verify the conditions of Propo-
sition 8.1.1 uniformly with respect to a € C, and the control « belongs to the set
A(F) of F-progressively measurable processes with values in C' verifying

E(/OT ||a(t)2dt> < .
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Then, for any initial condition (t,w) € Wr and for each o € A(F), the
stochastic differential equation (8.14) admits a unique strong solution, which we
denote by X (h«-),

Let g: (C°([0,T],R?), ||.||oc) — R be a continuous map representing a termi-
nal cost and L: Wr x C — L(t,w,u) a non-anticipative functional representing a
possibly path dependent running cost. We assume

(i) 3K > 0 such that —K < g(w) < K(1 + sup,eg 4 lw(s)]?);
(i) 3K’ > 0 such that —K’ < L(t,w,u) < K'(1+ supye(o 4 |w(s)]?).
Then, thanks to (8.4), the cost functional
T
J(t,w,a) = E{g(Xg’w’a)) —l—/t L(S,th’”’o‘),a(s))ds < 00
for (t,w,a) € Wr x A defines a non-anticipative map J: Wr x A(F) — R.

We consider the optimal control problem

inf J(t,w,a)
acA(F)

whose value functional is denoted, for (¢,w) € Wr,

V(t,w) = aeirjll;F) J(t,w, a). (8.15)

From the above assumptions and the estimate (8.4), V(¢,w) verifies

JK” > 0 such that — K" < V(t,w) < K"(l + sup |w(s)|2>.
s€0,t]

Introduce now the Hamiltonian associated to the control problem [74] as the
non-anticipative functional H: Wy x R¢ x Sj — R given by

H(t,w,p,A) = in

g{;tr(Aa(t,w,u)ta(bw,u)) + b(t,w, u)p + L(t,w,u)},
ue

It is readily observed that, for any « € A(F), the process

t
V(t, X)) +/ L(s, X{0) a(s))ds

to

has the submartingale property. The martingale optimality principle [17] then
characterizes an optimal control a* as one for which this process is a martingale.

We can now use the Functional 1t6 Formula (Theorem 6.2.3) to give a suf-
ficient condition for a functional U to be equal to the value functional V' and for
a control a* to be optimal. This condition takes the form of a path dependent
Hamilton—Jacobi—Bellman equation.
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Theorem 8.3.1 (Verification Theorem). Let U € C,*(Wr) be a solution of the
functional HIB equation,

V(t,w) € Wy, DU(t,w)+ H(t,w,V,U(t,w), VZU(t,w)) =0, (8.16)
satisfying U(T,w) = g(w) and the quadratic growth condition
|U(t,w)| < Csup |w(s)|*. (8.17)
s<t

Then, for any w € C°(0,T],R%) and any admissible control o € A(F),

Ut,w) < J(t,w,a). (8.18)
If, furthermore, for w € C°([0,T],R%) there exists a* € A(F) such that
H(s, X1 v,U (s, X(H0) V2U (s, X [B20)) (8.19)

= L [VEU (5, X{ )0 (5, X040, 0" () s, X () 0 (5)]

+ VUJU(S,th’w’a*))b(57X£t’w’a*)7Oé*(S)) + L(S,th,w,a*)7a*(8))

ds x dP-a.e. for s € [t,T], then U(t,w) = V(t,w) = J(t,w,a*) and o* is an
optimal control.

Proof. Let a € A(F) be an admissible control, + < T and w € C°([0, 7], R?).
Applying the Functional Itd6 Formula yields, for s € [¢,T],

U(s, X)) — U(t,w)

:/ VwU(u,X&t"”’a))o(u,X&t’“’a),a(u))dW(u)
t
- / DU (u, X)) + Vo, U (u, X)) b(u, X, au)) du
t

51
+ / 5t (V2U (u, X))o (u, X)) ) du,
t
Since U verifies the functional Hamilton—Jacobi-Bellman equation, we have

U(s, X)) — U(t,w) > / VU (u, X)) o (u, X () ) dW (u)
t

—/ L(u,X&t’w’o‘),a(u))du.
t
In other words, U (s, X{"“"™) — U(t,w) + N L(u, XS a(u))du is a local sub-

martingale. The estimate (8.17) and the L? estimate (8.4) guarantee that it is
actually a submartingale, hence, taking s — T, the left continuity of U yields

T—t
E {g(Xg’w’O‘)) + /0 L(t+u, Xt(i’;”a), a(u))du| > U(t,w).
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This being true for any a € A(F), we conclude that U(t,w) < J(t,w, ).

Assume now that o* € A(F) verifies (8.19). Taking o« = o* transforms in-
equalities to equalities, submartingale to martingale, and hence establishes the
second part of the theorem. O

This proof can be adapted [32] to the case where all coefficients, except o,
depend on the quadratic variation of X as well, using the approach outlined in
Section 6.3. The subtle point is that if ¢ depends on the control, the Functional It6
Formula (Theorem 6.2.3) does not apply to U(s, X&', [X%]s) because d[X*](s)/ds
would not necessarily admit a right continuous representative.

8.4 Weak solutions

The above results are ‘verification theorems’ which, assuming the existence of a
solution to the Functional Kolmogorov Equation with a given regularity, derive
a probabilistic property or probabilistic representation of this solution. The key
issue when applying such results is to be able to prove the regularity conditions
needed to apply the Functional It6 Formula. In the case of linear Kolmogorov
equations, this is equivalent to constructing, given a functional H, a smooth version
of the conditional expectation E[H|F], i.e., a functional representation admitting
vertical and horizontal derivatives.

As with the case of finite-dimensional PDEs, such strong solutions —with
the required differentiability— may fail to exist in many examples of interest
and, even if they exist, proving pathwise regularity is not easy in general and
requires imposing many smoothness conditions on the terminal functional H, due
to the absence of any regularizing effect as in the finite-dimensional parabolic
case [13, 61].

A more general approach is provided by the notion of weak solution, which
we now define, using the tools developed in Chapter 7. Consider, as above, a
semimartingale X defined as the solution of a stochastic differential equation

X(t) = X(O)+/0 b(u, Xu)du—i—/o o (u, X, )dW (1) = X(0)+/0 b(u, X)du+ M (t)

whose coefficients b, 0 are non-anticipative path dependent functionals, verifying
the assumptions of Proposition 8.1.1. We assume that M, the martingale part of
X, is a square integrable martingale.

We can then use the notion of weak derivative V,; on the Sobolev space
S12(M) of semimartingales introduced in Section 7.5.

The idea is to introduce a probability measure P on D([0,T],R¢), under
which X is a semimartingale, and requiring (8.6) to hold dt x dP-a.e.

For a classical solution F' € (Clla’Q(WT), requiring (8.6) to hold on the support
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of M is equivalent to requiring

1
AF(t,X,) = DF(t, X;) + Vo F(t, X)b(t, X;) + 5tr[viF(t,Xt)gtg(t,Xt)] =0,

(8.20)
dt x dP-a.e.
Let L£2(F,dt x dP) be the space of F-adapted processes ¢: [0,7] x @ — R

with
E 2d > ,
(/0 [o(t)|%dt | < o0

and A?(FF) the space of absolutely continuous processes whose Radon—Nikodym
derivative lies in £2(F,dt x dP):

A%(F) = {<I> € L%(F,dt x dP) | % € L%(F, dt x dIP’)}.
Using the density of A?(F) in £L2(F,dt x dP), (8.20) is equivalent to requiring
T
Vo € A(F), E(/ @(t)AF(t,Xt)dt> =0, (8.21)
0

where we can choose ®(0) = 0 without loss of generality. But (8.21) is well-defined
as soon as AF(X) € £?(dt x dP). This motivates the following definition.

Definition 8.4.1 (Sobolev space of non-anticipative functionals). We define W2 (P)
as the space of (i.e., dt x dP-equivalence classes of) non-anticipative functionals
F: (Ar,ds) — R such that the process S = F(X) defined by S(t) = F(t, Xy)
belongs to SV2(M). Then, S = F(X) has a semimartingale decomposition

t
S(t) = F(t, X;) = S(0) +/ VauSdM + H(t), with % € L2(F, dt x dP).
0

WH2(P) is a Hilbert space, equipped with the norm
IFI3 2 = 1 F(X)]31.

= EH”<F(0,X0)|2+/Ttr(VMF(X) YVuF(X)- d[M])—i—/T

Denoting by L?(P) the space of square integrable non-anticipative function-
als, we have that for FF € WH2(P), its vertical derivative lies in L?(P) and

V.: WH2(P) — L%(P),
F+— V,F
is a continuous map.

Using linear combinations of smooth cylindrical functionals, one can show
that this definition is equivalent to the following alternative construction.
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Definition 8.4.2 (W12(P): alternative definition). WY2(P) is the completion of
(C}J’Q(WT) with respect to the norm

9 T
IIF?,2=EP<!F(0,X0>\ +/0 tr(VwF(t7Xt)tiF(t,Xt)d[M]))

o(|f o)

In particular, C.2(Wr) N WH2(P) is dense in (WH2(P), ||.]1.2).

loc
For F € WL2(P), let S(t) = F(t,X;) and M be the martingale part of X.
The process S(t) — fot VaS(u) - dM has absolutely continuous paths and one can
then define

i(F(t,Xt) - /Ot vwF(u,XU)dM)

t
AF(t, X,) = jt(F(t,Xt) 7/ vwF(u,XU).dM> € L2(F, dt x dP).
0

Remark 8.4.3. Note that, in general, it is not possible to define “DF (¢, X;)” as
a real-valued process for F € WY2(P). As noted in Section 7.5, this requires
F € W22(P).

Let U be the process defined by
T
U(t)y=F(T,Xr)— F(t, X;) —/ VaF(u, X)) dM.
t
Then the paths of U lie in the Sobolev space H*([0,77], R),
dUu

E = —AF(t’Xt), and U(T) = O

Thus, we can apply the integration by parts formula for H' Sobolev functions [65]
pathwise, and rewrite (8.21) as

Vo e A%(F), /OT dt ®(t) jt<F(t,Xt) — /Ot VuF(u, Xu)dM>

_ /OT dt (1) (F(T, Xr) = F(t, X;) — /tT VMF(u,Xu)dM>.

We are now ready to formulate the notion of weak solution in Wh?(P).

Definition 8.4.4 (Weak solution). F' € WH2(P) is said to be a weak solution of

DF(t,w) + b(t,w)V,F(t,w) + %tr [VZF(t,w)o'o(t,w)] =0
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on supp(X) with terminal condition H(-) € L*(Fr,P) if F(T,-) = H(-) and, for
every ¢ € L2(F, dt x dP),

E[/OT dt (t) (H(XT) — F(t,X,) — /tT VMF(u,Xu)dMﬂ =0.  (822)

The preceding discussion shows that any square integrable classical solution
F € C12(Wr) N L2(dt x dP) of the Functional Kolmogorov Equation (8.6) is also
a weak solution.

However, the notion of weak solution is much more general, since equa-
tion (8.22) only requires the vertical derivative V,F(t, X;) to exist in a weak
sense, i.e., in £2(X), and does not require any continuity of the derivative, only
square integrability.

Existence and uniqueness of such weak solutions is much simpler to study
than for classical solutions.

Theorem 8.4.5 (Existence and uniqueness of weak solutions). Let
H e L*(C°([0, T),R"),P).

There exists a unique weak solution F € WY2(P) of the functional Kolmogorov
equation (8.6) with terminal conditional F(T,-) = H(-).

Proof. Let M be the martingale component of X and F': Wy — R be a regular
version of the conditional expectation E(H|F;) :

F(t,w) = E(H|F)(w), dt x dP-a.e.

Let Y(t) = F(t,X;). Then Y € M?(M) is a square integrable martingale so, by
the martingale representation formula 7.3.4, Y € S¥?(X), F € WH2(P), and

T
F(t, X,) :F(T,XT)—/ Vo F(u, X, )dM.
t

Therefore, F' satisfies (8.22). This proves existence.

To show uniqueness, we use an ‘energy’ method. Let F'*, F? be weak solutions
of (8.6) with terminal condition H. Then, F = F! — F? ¢ WL2(P) is a weak
solution of (8.6) with F(T,-) = 0. Let Y (t) = F(¢,X;). Then Y € SH2(M) so,
U(t)=F(T,Xr)—F(t, Xy) —ftT V mF(u, X, )dM has absolutely continuous paths

and

U
= AR X))

is well defined. It6’s formula then yields

T T
V()2 = —2 / Y () Vo F (4, X )dM —2 / Y (w) AF (u, X)du + [Y](t) - [Y](T).
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The first term is a P-local martingale. Let (7,),>1 be an increasing sequence of
stopping times such that

TATy
/ Y(u) -V, F(u, X,,)dM
t

is a martingale. Then, for any n > 1,

E< /t o Y(u)VwF(u,Xu)dM) —0.

Therefore, for any n > 1,
E(Y(tAT,)?) = 2E</t " Y (u)AF(u, Xu)du> +E([Y](tATy) = YT AT)).

Given that F' is a weak solution of (8.6),

T ATy T
E(/ Y(u).AF(u,Xu)du) = E(/ Y(u)1[07m]AF(u,Xu)du> =0,
t t
because Y (u)1 ., € L*(F,dt x dP). Thus,
E(Y({tAT)?) =E([Y]tAT) — [YI(T ATR)),
which is a positive increasing function of ¢; so,
vn>1, E(Y(tA1,)?) <EY(TAT,)?).

Since Y € L2(F,dt x dP) we can use a dominated convergence argument to take
n — oo and conclude that 0 < E (Y (t)?) < E (Y(T)?) = 0. Therefore, Y = 0,
ie., F1(t,w) = F?(t,w) outside a P-evanescent set. O

Note that uniqueness holds outside a P-evanescent set: there is no assertion
on uniqueness outside the support of P.

The flexibility of the notion of weak solution comes from the following char-
acterization of square integrable martingale functionals as weak solutions, which
is an analog of Theorem 8.1.6 but without any differentiability requirement.

Proposition 8.4.6 (Characterization of harmonic functionals). Let F' € L£L2(dt x dP)
be a square integrable non-anticipative functional. Then, Y (t) = F(t,X;) is a
P-martingale if and only if F' is a weak solution of the Functional Kolmogorov
Equation (8.6).

Proof. Let F be a weak solution to (8.6). Then, S = F(X) € S¥?(X) so S is
weakly differentiable with VS € £%(X), N = fo VuS - -dM € M3*(X) is a
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square integrable martingale, and A = S — N € A%(F). Since F verifies (8.22), we
have

Yo € L2(dt x dP), E(/OT (b(t)A(t)dt) =0,

so A(t) = 0 dt x dP-a.e.; therefore, S is a martingale.

Conversely, let F' € £2(dt x dP) be a non-anticipative functional such that
S(t) = F(t,X;) is a martingale. Then S € M?(X) so, by Theorem 7.3.4, S is
weakly differentiable and U(t) = F(T, Xr) — F(t, X¢) — ftT VS -dM = 0. Hence,
F verifies (8.22) so, F' is a weak solution of the functional Kolmogorov equation
with terminal condition F(T, ). O

This result characterizes all square integrable harmonic functionals as weak
solutions of the Functional Kolmogorov Equation (8.6) and thus illustrates the
relevance of Definition 8.4.4.

Comments and references

Path dependent Kolmogorov equations first appeared in the work of Dupire [21].
Uniqueness and comparison of classical solutions were first obtained in [11, 32].
The path dependent HJB equation and its relation with non-Markovian stochas-
tic control problems was first explored in [32]. The relation between FBSDEs and
path dependent PDEs is an active research topic and the fully nonlinear case, cor-
responding to non-Markovian optimal control and optimal stopping problems, is
currently under development, using an extension of the notion of viscosity solution
to the functional case, introduced by Ekren et al. [22, 23]. A full discussion of this
notion is beyond the scope of these lecture notes and we refer to [10] and recent
work by Ekren et al. [22, 23], Peng [60, 61] and Cosso [14].
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