Chapter 4
Examples

We are now ready to compute the curvature tensors on all of the examples
constructed in chapter 1. After a few more general computations, we will exhibit
Riemannian manifolds with constant sectional, Ricci, and scalar curvature. In par-
ticular, we shall look at the space forms S}, products of spheres, and the Riemannian
version of the Schwarzschild metric. We also offer a local characterization of certain
warped products and rotationally symmetric constant curvature metrics in terms of
the Hessian of certain modified distance functions.

The examples we present here include a selection of important techniques
such as: Conformal change, left-invariant metrics, warped products, Riemannian
submersion constructions etc. We shall not always develop the techniques in
complete generality. Rather we show how they work in some basic, but important,
examples. The exercises also delve into important ideas that are not needed for
further developments in the text.

4.1 Computational Simplifications

Before we do more concrete calculations it will be useful to have some general
results that deal with how one finds the range of the various curvatures.

Proposition 4.1.1. Let e; be an orthonormal basis for T,M. If e; A e; diagonalize
the curvature operator

R (6,‘ AN Ej) = )L[je; A\ e,

then for any plane w in T,M we have sec (1) € [min Ajj, max )&U]

Proof. If v,w form an orthonormal basis for the plane 7, then we have sec (1) =
g(R (v Aw), (v Aw)), so the result is immediate. O
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Proposition 4.1.2. Let ¢; be an orthonormal basis for T,M. If R (e;, ;) ex = 0,
when the indices are mutually distinct, then e; A e; diagonalize the curvature
operator.

Proof. If we use

g (9% (e,- A ej) ,(ex A e,)) =—g (R (ei, ej) €k> 61)
= g(R(eiej)er ),

then we see that this expression is O when i, j, k are mutually distinct or if i, j, [ are
mutually distinct. Thus, the expression can only be nonzero when {k, [} = {i,}.
This gives the result. O

We shall see that this proposition applies to all rotationally symmetric and doubly
warped products. In this case, the curvature operator can then be computed by
finding the expressions R (e;, e;, ¢j, ¢;). In general, however, this will definitely not
work.

There is also a more general situation where we can find the range of the Ricci
curvatures:

Proposition 4.1.3. Let e; be an orthonormal basis for T,M. If
g (R(ei.¢)) ex.e)) =0,

when three of the indices are mutually distinct, then e; diagonalize Ric.

Proof. Recall that

n

g (Ric(e) ,¢j) = Zg (R (eir ex) ex. €))

k=1

so if we assume that i # j, then g (R (ei, er) ex, ej) = 0 unless k is either i or j.
However, if k = i, j, then the expression is zero from the symmetry properties of R.
Thus, e; must diagonalize Ric. O

4.2 Warped Products

So far, all we know about curvature is that Euclidean space has R = 0. Using this,
we determine the curvature tensor on S"~!(R). Armed with that information we can
in turn calculate the curvatures on rotationally symmetric metrics.



4.2 Warped Products 117
4.2.1 Spheres

On R" consider the distance function r(x) = |x| and the polar coordinate
representation:

g =dr’ + g, = dr* + r*ds*

n—1°

where ds?_, is the canonical metric on $"~'(1). The level sets are O, = S"~!(r)
with the usual induced metric g, = r*ds2_,. The differential of r is given by dr =

¥ vt and the gradient is 9, = Lxd,. Since ds>_, is independent of r we can
Ldx' and the grad 9, = 1x'0;. Since ds?_, is independent of
compute the Hessian of r as follows:
2Hessr =Ly g
= Ly, (dr*) + Ly, (ds;_,)
= Ly, (dr)dr + drLy, (dr) + 0, (rz) dsﬁ_l + r2L3,_ (dsﬁ_l)
=0, (rz) ds?

= 2rds?_,

=278
The tangential curvature equation (see theorem 3.2.4) tells us that
R'(X.Y)Z = r2(g.(Y,2)X — g.(X.2)Y),
since the curvature on R” is zero. In particular, if ¢; is any orthonormal basis, then
R" (e[, ej) e = 0 when the indices are mutually distinct. Therefore, S”_l(R) has
constant curvature R~2 provided n > 3. This justifies our notation that S is the

rotationally symmetric metric art + sn,% (r)ds,zﬁ1 when k > 0, as these metrics have
curvature k in this case. In section 4.2.3 we shall see that this is also true when k < 0.

4.2.2 Product Spheres

Next we compute the curvatures on the product spheres

sgxs,'f=s"(%)xsm(%).

The metric g, on " (r) is g, = r*ds2, so we can write
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n m n m 1 2 1 2
Sox Sy = 8" x 8", —ds, + —ds,, | .
a b

Let Y be a unit vector field on S”, V a unit vector field on §”, and X a unit vector
field on either §” or $™ that is perpendicular to both Y and V. The Koszul formula
shows that
26(WyX, V) =g ([Y.X], V) + g ([V.Y].X) — g (X, V].Y)
=0,
as [Y, X] is either zero or tangent to §" and likewise with [X, V]. Thus VyX = 0 if X
is tangent to S™ and VyX is tangent to S” if X is tangent to S”. This shows that VyX

can be computed on S”. We can then calculate R knowing the curvatures on the two
spheres from section 4.2.1 and invoke proposition 4.1.2 to obtain:

RXAV)=0,
RXAY)=aX NY,
RWUAV)=DbUAYV.

In particular, proposition 4.1.1 shows that all sectional curvatures lie in the interval
[0, max{a, b}]. It also follows that

Ric(X) = (n — 1)aX,
Ric (V) = (m—1)bV,
scal = n(n — 1)a + m(m — 1)b.

Therefore, we conclude that S, x S} always has constant scalar curvature, is an
Einstein manifold exactly when (n — 1)a = (m — 1)b (which requires n,m > 2 or
n = m = 1), and has constant sectional curvature only when n = m = 1. Note also
that the curvature tensor on S x S}' is always parallel.

4.2.3 Rotationally Symmetric Metrics

Next we consider what happens for a general rotationally symmetric metric
ar* + p*ds_,.

The metric is of the form g = dr* + g, on (a,b) x $"7', with g, = p*ds>_,. As
ds>_, does not depend on r we have that
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2Hessr = L, g,
= Ly, (p*ds, )
= 9, (0*) dsp—; + p’La, (ds; )
= 20 (3,p) ds,_,

drp

=2—g
o

The Lie and covariant derivatives of the Hessian are computed as follows:

9rp
Ly Hessr = L, gr
0
0, 0,
= ar (_p) & + pLar (gr)
p p

32p) p — (9,p)* 3,.0\>
:M&H(_p) .

02
dp drp ?
= &+ ( ) 8r
P P
dzp

= gr + Hess? r
0

and

d,
Vs, Hessr = V,, ( 'Og,)
P

9,p 9,p
= 0y ( ) g+ vf)r (gr)
p p

(02p) p — (3,p)°

p? '
P (arp)z
- 8r — 8r
P p
82
= ’pg, — Hess?r
0

The fundamental equations from proposition 3.2.11 show that when restricted to
5"~! we have

9,
Hessr = —pgr,
0
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ap
8r-
0

R ('7 arv ar’ ') = —

This implies that

%yx if X is tangent to S"!,
anr - p
0 if X =0,.
%X ifXis tangent to "1,
R(X.9,)9, =1 ¢
if X =0,.

Next we calculate the other curvatures on
(I xS"' dr* + p*(r)ds;_,)

n—1

that come from the tangential and mixed curvature equations (see theorems 3.2.4
and 3.2.5)

gRX. V)V, W) =g (R'(X.Y)V,W) —1I(Y, V) IL(X, W) + II(X, V) IL(Y, W),
g(RX,Y)Z,3,) = — (Vx 1) (Y, Z) + (Vy 1) (X, Z) .

Using that g, is the metric of curvature 0—12 on the sphere, we have from
section 4.2.1 that

1
&R X VV.W) = SgXAY.WAV).
P

Combining this with II = Hess r we obtain from the first equation that

_ 2
¢ (RX,Y)V, W) = li#g,(x AY,WAV).

Finally we show that the mixed curvature vanishes as % depends only on r :
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From this we can use proposition 4.1.2 to conclude

82 ..
RX AI,) = —L'OX/\ 0, = —BX/\B,,
p p
1—(3,p)° 1—p°
R(XAY) = %XM/: —Zxny
p p

In particular, we have diagonalized R. Hence all sectional curvatures lie between the

. 1— %) . .
two values —ﬁ and pz” . Furthermore, if we select an orthonormal basis E; where

E, = 0,, then the Ricci tensor and scalar curvature are

Ric(X) = Y R(X.E)E;
i=1

n—1
=) RX.E)E +R(X.0,) 9,

i=1

= ((n—2) ! _2‘52 — E)x,
p p

Ric(3,) = —(n—1) 2o,
I

g 1 _ -2 ..
scal:—(n—1)£+(n—1) ((n—Z) 2'0 _B)
o p p
. 1 2
= 20—+ - 1m-2—L.
o o
When n = 2, it follows that sec = —é, as there are no tangential curvatures.

This makes for quite a difference between 2- and higher-dimensional rotationally
symmetric metrics.

Constant curvature: First, we compute the curvature of dr® + sn(r)ds2_; on S}.

1—p2
2

Since p = sny solves g + kp = 0 it follows that sec(X, d,) = k. To compute
recall from section 1.4.3 that if p = sn,(r), then

P = csg,
1 —p? = kp°.
Thus, all sectional curvatures are equal to k, as promised.
Next let us see if we can find any interesting Ricci flat or scalar flat examples.
Ricci flat metrics: A Ricci flat metric must satisfy
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1-p

(n=2) 2

Hence, p = 0 and p> = 1, when n > 2. Thus, p (r) = a &+ r. In case n = 2 we only
need 6 = 0. In any case, the only Ricci flat rotationally symmetric metrics are, in
fact, flat.

Scalar flat metrics: To find scalar flat metrics we need to solve

. _2 1_ -2
2(n—1)(—‘—)+” : 2p)=0,
P 2 P

when n > 3. We rewrite this equation as

n—2p"—1 _
2 P N

0.

P+

This is an autonomous second-order equation and can be made into a first-order
equation by using p as a new independent variable. If p = G(p), then § = G'p =
G'G and the first-order equation becomes

n-2G"-1 _
. =

GG+ 0.

Separation of variables shows that G and p are related by
=G =1+ Cp™,
which after differentiation yields:

n—2
2

ﬁ — C pl—n.
We focus on solutions to this family of second-order equations. Note that they will
in turn solve p> = 1 4+ Cp>™", when the initial values are related by (p (0))> =
14 C(p(0))* ™"
To analyze the solutions to this equation that are positive and thus yield Riemannian
metrics, we need to study the cases C > 0, C = 0, C < 0 separately. But first, notice
that if C # 0, then both p and p approach +oo at points where p approaches 0.

C = 0: In this case § = 0 and p*>(0) = 1. Thus, p = a + r is the only solution
and the metric is the standard Euclidean metric.

C > 0: p is concave since
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Thus, if p is extended to its maximal interval, then it must cross the “r-axis,” but as
pointed out above this means that p becomes undefined. Consequently, we don’t get
any nice metrics this way.

C < 0: This time the solutions are convex. If we write C = —pg_z, then the
equation p> = 1 — (%0)2 ’ shows that 0 < pg < p. In case p (a) = py, it follows
that p (a) = 0 and 5 (a) > 0. Thus a is a strict minimum and the solution exists in
a neighborhood of a. Furthermore, |p| < 1 so the solutions can’t blow up in finite
time. This shows that p is defined on all of R. Thus, there are scalar flat rotationally
symmetric metrics on R x §"~ 1.

We focus on the solution with p(0) = po > 0, which forces p(0) = 0. Notice that
p is even as p (—r) solves the same initial value problem. Consequently, (r,x) —
(—r, —x) is an isometry on

(R x S"V dr* + pz(r)dsi_l) .
Thus we get a Riemannian covering map
Rx S8 — 1 (RP")

and a scalar flat metric on © (RIP’”_I), the tautological line bundle over RP"~!,
If we use p as the parameter instead of r, then

n—2
dp* = p*dr* = <1 - (@) )dﬂ.
P

When r > 0 it follows that p > p, and the metric has the more algebraically explicit
form

1
er =+ pz(r)dslzl_l = —n_zdpz + pzdsﬁ_l.
- (%)

P
This shows that the metric looks like the Euclidean metric dp® + /oza’si_1 as p — oo.
In section 5.6.2 we show that R x §"~! n > 3, does not admit a (complete)
constant curvature metric. Later in section 7.3.1 and theorem 7.3.5, we will see that
if R x §"~! has Ric = 0, then $"~! also has a metric with Ric = 0. Whenn = 3 or
4 this means that S? and S have flat metrics, and we shall see in section 5.6.2 that

this is not possible. Thus we have found a manifold with a nice scalar flat metric
that does not carry any Ricci flat or constant curvature metrics.
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4.2.4 Doubly Warped Products

We wish to compute the curvatures on
(I x 8 x 87, dr* + p*(r)ds, + ¢*(r)ds}) .
This time the Hessian looks like
Hessr = (9,p) pds; + (0,9) ¢ds§.
and we see as in the rotationally symmetric case that
VxII = 0.
Thus the mixed curvatures vanish. Let X,Y be tangent to S” and V, W tangent
to §9. Using our curvature calculations from the rotationally symmetric case (see

section 4.2.3) and the product sphere case (see section 4.2.2) the tangential curvature
equations (see theorem 3.2.4) yield

RO, AX) = Lo AxX,
o

RO AV)= —gam v,

1—p2
REAY) = —L XY,

1—¢?
RUAV) = 2¢ UAYV,

¢

p

%(X/\V):—EX/\V.

From this it follows that all sectional curvatures are convex linear combinations
of

p_$1-p 1-¢> pé

po¢ PP T ph
Moreover,
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()(_(p>__¢)

0? o
r a2 .
Ric(V) = (%vL(q—l) ¢2¢ _p.%) V.

4.2.5 The Schwarzschild Metric

We wish to find a Ricci flat metric on R? x §"~2. Choose p = n—2 and ¢ = 1 in
the above doubly warped product case so that the metric is on (0, c0) x "2 x S,
We’ll see that this forces dr? + p? (r) dsl%_z to be scalar flat (see also exercise 4.7.16
for a more general treatment).

The equations to be solved are:

¢
—m-2FE-T =,

(v )p ¢

p 1=p p$
£ —3— L

p+(n ),02 pe

¢ pp
L _m-22 —o.

s "D g

Subtracting the first and last gives

b_ o

p PP
If we substitute this into the second equation we simply obtain the scalar flat
equation for dr? + p? (r) ds>_,:
2

1—p

2 = 0.

Y +(n—=3)
p

We use the solution p (r) from section 4.2.3 that is even in r and satisfies:

p (0) = po,
n—3
(3
P

Next note that % = ﬁ—g implies that g = c is constant. Thus we can define ¢
using p = c¢.
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n—3 n—3
Since p? =1 — (%) we obtain 2> =1 — (%0) . This forces ¢ (0) = 0.

n—2
From 25 = (n— 3) % (%) we get

. 1 00 n—2
20¢=(n—3)—(—) .
Po \ P

To obtain a smooth metric on R x §"~2 we need ¢ to be odd with ¢ (0) = 1. This
. n—2 .
forces ¢ = % py ! and gives us ¢ = (%0) . Since p is even this makes ¢ even
and hence ¢ odd as ¢ (0) = 0. We also see that ¢ = 52 (2 —n) pp—>p'~"¢. This
shows that the first equation, and hence the other two, are satisfied:
n—3
2

n—3 n—2 1—n n—3 1—n
—(n=2) == p' ™" - Q2-nmpgp' " =0.
If we use p as a parameter instead of r as in section 4.2.3, then we obtain the
more explicit algebraic form

1 4 00 n—3 5
————dp* + s, P ——— [ 1 - (—) de?.
(=) RCEES P

P

Thus, the metric looks like R"~! x S! at infinity, where the metric on S! is suitably
scaled. Therefore, the Schwarzschild metric is a Ricci flat metric on R? x §"~2 that
at infinity looks approximately like the flat metric on R"~! x S!.

The classical Schwarzschild metric is a space-time metric and is not smooth at p =
po. The parameter ¢ above is taken to be the speed of light and is not forced to
depend on py. We also replace S' by R. The metric looks like:

1—£&

1
dp® + pids? — — (1 - @) e
0

c? 0

4.3 Warped Products in General

We are now ready for a slightly more general context for warped products. This
will allow us to characterize the rotationally symmetric constant curvature metrics
through a very simple equation for the Hessian of a modified distance function.
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4.3.1 Basic Constructions

Given a Riemannian metric (H, gg) a warped product (over I) is defined as a metric
on I x H, where I C R is an open interval, with metric

g =dr’+p(r) gn,
where p > 0 on all of /. One could also more generally consider

V2 (r)dr* + p* (r) gn.

However, a change of coordinates defined by relating the differentials dp = v (r) dr
allows us to rewrite this as

dp® + p° (r (p)) gu-

Important special cases are the basic product g = dr?> + gy and polar coordinates
dr? + r’ds>_, on (0, 00) x S"~! representing the Euclidean metric.

The goal is to repackage the information that describes the warped product
representation with a goal of finding a simple characterization of such metrics.
Rather than using both r and p we will see that just one function suffices. Starting
with a warped product dr? 4+ p? (r) gy construct the function f = [ pdr on
M =1 x H. Since df = pdr it is clear that

1
p* ()

Proposition 4.3.1. The Hessian of f has the property

dr’ + p* (r) gn = df* + p* (r) gn.

Hessf = pg.

Proof. The Hessian of f is calculated from the Hessian of ». The latter is calculated
as in section 4.2.3

1
Hessr = —L;
2 drg

1
5L, (dr* + p* (r) gn)

%ar (7 () g

= pPPgH.
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So we obtain

(Hessf) (X, Y) = (Vxdf) (Y)
= (Vxpdr) (Y)
= pdr (X)dr(Y) + pHessr(X,Y)
= pdr* (X,Y) + pHessr (X, Y)
= pdr* (X, Y) + pp’gn
= pg.
O

In other words we have shown that for a warped product it is possible to find a
function f whose Hessian is conformal to the metric. In fact the relationship
. _dp _dpdf _dp _ 1d|Vf]’
P " arar " T2

tells us that the warped product representation depends only on f and |Vf| since we
have

1

= df* + | V£’ g,
1d|Vf|?
Hessf:z |d]{|

Before turning to the general characterization let us consider how these construc-
tions work on our standard constant curvature warped products.

Example 4.3.2. Consider the warped product given by
dr* + sni (r)ds>_,.

We select the antiderivative of sny () that vanishes at » = 0. When k = 0

7= [ rir=37
= | rdr==r
2 9
Hessf = g.
When k # 0
7= oo =z - e
= kr—k 3 « (),

Hessf =csi (r) g = (1 —kf) g.
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More specifically, when k = 1

f=1—cosr,

Hessf =cosr=1—f
and when k = —1

f =—1+4coshr,
Hessf = coshr =1+ f.

4.3.2 General Characterization

We can now state and prove our main characterization of warped products.

Theorem 4.3.3 (Brinkmann, 1925). [fthere is a smooth function f whose Hessian
is conformal to the metric, i.e., Hessf = Mg, then the Riemannian structure is
locally a warped product g = dr* + p* (r) gy around any point where df # 0.
Moreover, if df (p) = 0 and A (p) # O, then g = dr* + p*(r)ds>_, on some
neighborhood of p.

Proof. We first focus attention on the case where df never vanishes. Thus f can
locally be considered the first coordinate in a coordinate system.
Define p = |Vf| and note that

Dxp? = 2Hessf (Vf, X) = 2Ag (Vf. X),

i.e., dp?> = 2Mdf. Consequently also dA A df = 0. It follows that dp and dA are
both proportional to df and in particular that p and A are locally constant on level
sets of f. Thus we can assume that p = p (f) and A = A (f). This shows in turn that
%df is closed and locally exact. Define r by dr = %df and use 7 as a new parameter.
Note that r is a distance function since

1
0, =Vr=——=—Vf

is a unit vector field. We can then decompose the metric as g¢ = dr?>+g, on a suitable
domain I x H C M, where H C {x € M | r (x) = rp}. When X L 9, it follows that
Vxdr = %def. Thus Hess r = %g, and Ly g, = %g,.



130 4 Examples

Observe that if gy is defined such that g,, = p? (1) gu is the restriction of g to
the fixed level set r = r, then also

22
Ly, (p*gn) = (3-0°) gn = 2Apgn = 7p2gy.

This shows that
g=dr +g =dr + pgy.

Next assume that p is a nondegenerate critical point for f. After possibly
replacing f by of + B, we can assume that Hessf = Ag with f (p) = 0, df|, = 0,
and A (p) = 1. Further assume that M is the connected component of {f < €} that
contains p and that p is the only critical point for f. Since Hess f = g at p there exist
coordinates around p with y’ (p) = 0 and

f(yl’.”’yn) _ % ((y1)2 et (yn)2>
Therefore, all the regular level sets for f are spheres in this coordinates system. We
can use the first part of the proof to obtain a warped product structure dr? + p>gg—1
on M — {p} ~ (0,b) x S"!, where gg—1 is a metric on S" ! and r — 0 as we
approach p. When all functions are written as functions of r they are determined by
A in the following simple way:

=1,

&

E - p (r) )

o,

dr? dr

d
ro=2o=p0=0
r

of o dp
SO ="0=10=1

The goal is to show that ggi—1 = 0lsi_1 . The initial conditions for p guarantee that
the metric dr? + p?ds2_, is continuous at p when we switch to Cartesian coordinates
as in section 1.4.4. We can use a similar analysis here. First assume that dimM = 2
and x = rcos 8,y = rsin 8, where r is as above and 6 coordinatizes S'. The metric
gst on S' must take the form ¢? (8) d9? for some function ¢ : S' — (0, 00). The
metric is then given by g = dr? + p? (r) ¢ (6) dH?. As the new coordinate fields
are
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dy = cosfd, — lsineag,
r
. 1

dy = sin 00, + — cos 00y,
r

the new metric coefficients become

p()

g = €082 0 + ¢? () —— sin* 6,

8y = sin 20 + ¢ (9)p () cos® 6.

As r — 0 we obtain the limits

2w (p) = cos? 0 + ¢* (9) sin’ 6,
gy (p) = sin® 0 + ¢* (0) cos? 6,

since p (0) = 0 and p (0) = 1. However, these limits are independent of 8 as they
are the metric coefficients at p. This implies first that ¢ () is constant since

8 (P) + 8y P =1 +¢2 )

and then that ¢ = 1 as g,, (p) is independent of 6.

This case can be adapted to higher dimensions. Simply select a plane that
intersects the unit sphere S"~! in a great circle ¢ (#), where 6 is the arclength
parameter with respect to the standard metric. The metric g restricted to this plane
can then be expressed as in the 2-dimensional case and it follows that 1 = ¢2 (§) =
ggn—1 (j—;, j—g) As —‘ can be chosen to be any unit vector on "~ it follows that
gg—1 agrees with the standard metric on the unit sphere. O

This theorem can be used to characterize the warped product constant curvature
metrics from example 4.3.2.

Corollary 4.3.4. If there is a function f on a Riemannian manifold such that
f) =0,
dfl, =0,

and

Hessf = (1—kf) .

then the metric is the warped product metric of curvature k in a neighborhood of p
as described in example 4.3.2.
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Proof. Note that A = 1 — kf is an explicit function of f. So we can find f = f (r) as
the solution to

d*f
— = 1—kf,
dr? f
f(0) =0,
) =0,
and the warping function by
af
P =1Vf= 2.
-

The solutions are consequently given by the standard warped product representa-
tions of constant curvature metrics:
Euclidean Space

Constant curvature k£ # 0

g = dr’ + snj (r) ds>

n—1>
f)=1—fesi(n).

In all cases » = 0 corresponds to the point p. O

Remark 4.3.5. A function f : M — R s called transnormal provided |df |2 = 0% (f)
for some smooth function p. We saw above that functions with conformal Hessian
locally have this property. However, it is easy to construct transnormal functions
that do not have conformal Hessian. A good example is the function f = % sin (2r)
on the doubly warped product representation of S* (1) given by dr? + sin” (r) d0? +
cos? (r) d6? on (0,7/2) x S' x SI.

4.3.3 Conformal Representations of Warped Products

If (M, g) is a Riemannian manifold and v is positive on M, then we can construct a
new Riemannian manifold (M, ¥/2g). Such a change in metric is called a conformal
change, and v? is referred to as the conformal factor.

A warped product can be made to look like a conformal metric in two basic ways.

dr* + p* (r) gu = ¥* (p) (dp* + gu) .



4.3  Warped Products in General 133

dr =y (p)dp,
p(r) = v (p)

or
dr® + p* (N gn = ¥ (o) (dp* + p’gn) .

dr =y (p)dp,
p(r) = p¥(p).

4.3.3.1 Conformal Models of Spheres

The first of these changes has been studied since the time of Mercator. The sphere
of radius R and curvature % can be written as

R%ds. = R* (df* + sin’ (t) ds._;)
= dr* + R*sin® (1%) ds?

n—1-

The conformal change envisioned by Mercator takes the form

RS2 = 2 (0) (dp? +ds2)

As
v (p)dp = dr,
¥ (p) = Rsin (§)
we obtain
dr
dp = ———,
P Rsin (%)
1 1 —cos (%)
= —log —— R
P=3 Ogl—i-cos(l,—’e)
Thus

cos(r) _ 1—exp(2p)

R/~ 1 4 exp (2p)
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and

2 g2 (L) = 4P ()
V=R (1) =R e o

showing that

4exp (2p)
(1 + exp (2p))°

Switching the spherical metric to being conformal to the polar coordinate
representation of Euclidean space took even longer and probably wasn’t studied
much until the time of Riemann. The calculations in this case require that we first
solve

Rds? = R? (dp* + ds,_,) -

This integrates to

= 1 —cos (%)
1 4 cos (%)
and implies
n o 1=p
cos (x) = s

The relationship

Rsin (z) = py (p)

then gives us

2 2 4
v (p) =R 010y
and consequently
Rds) = Ry (p) (dp” + p’ds,_,)
= Rﬁ (do” + pds?_)
4R?
T
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This gives us a representation of the metric on the punctured sphere that only
involves algebraic functions. See also exercise 4.7.13 for a geometric construction
of the representation.

4.3.3.2 Conformal Models of Hyperbolic Space

We defined hyperbolic space H" in example 1.1.7 and exhibited it as a rotationally
symmetric metric in example 1.4.6. The rotationally symmetric metric on H" (R)
can be written as

dr* + sny_, (r)ds,_, = dr* + R*sinh’ (%) ds?_,
= R* (df* + sinh® (t) ds._,) .

A construction similar to what we just saw for the sphere leads to the conformal
polar coordinate representation

4R*
R* (dF* + sinb’ (1) ds,_|) = ———— grn.
(1—p?)

This time, however, the metric is only defined on the unit ball. This is also known
as the Poincare model on the unit disc. See also exercise 4.7.13 for a geometric
construction of the representation.

Consider the metric

2
(xi) ((@x')? + -+ (ax")?)

on the open half space x" > 0. If we define r = log(x"), then this also becomes the
warped product:

g=dr + () ((dx')’ + - + (dx"")?).

The upper half space model can be realized as the Poincaré disc using an
inversion, i.e., a conformal transformation of Euclidean space that inverts in a
suitable sphere. It’ll be convenient to write x = (xl, o ,x”_l) as the first n — 1

coordinates and y = x". The inversion in the sphere of radius +/2 centered at
(0,—1) € R"! x R is given by
F(x.y) = (0,—1) 4 250
S C

=4 (2x, 1— |x]? —yz),
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where 2 = |x|* 4+ (y 4+ 1)*. This maps H to the unit ball since

4
Fay)f=1-==p
.

The goal is to show that F' transforms the conformal unit ball model to the conformal
half space model. This is a direct calculation after we write F out in coordinates:

k

Fk—2x—2,k<n,
r
2 1
oo 20D
1’2

This allows us to calculate the differentials so that we can check how the metric is
transformed:

k<n

)’ (@ 20+ 1)2rdr>2

y2 },-2 (72)2

2
2dx* 2x%2rdr )

() _
+ ; 4y2 2 (7'2)2

1 v+ 1) 2rdr 1 *2rdr\?
o gl )
g Y zn r
2
O+ D2dr\* 1 x*2rdr
k<n k<n
1 G+ 2rdr kxk2rdr
_de 2 ¥ Z
k<n
1 1) 2rd 1 x2rd
__2(y+_2>”d . e
Y r ken "
1, (2rdr
= < (& + gpr—1) + 57 (r_z)
1 2rdr
—FrdrT
1 2rd
——Z%rdr
¥ or
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More generally, we can ask when
Y2 ((dx')? + oo (dX))

has constant curvature? Clearly, ¥ sdxt, .., ¥ - dx" is an orthonormal coframe, and
%81, cees %8,1 is an orthonormal frame. We can use the Koszul formula to compute
V5,0; and hence the curvature tensor. This task is done in exercise 4.7.21 or in [97,

vols. II and IV]. Using
k o\
=(14+-=/
=)

gives the Riemann model for a metric of constant curvature k£ on R” if k > 0 and on
B(0, ﬁ) if k < 0.

The Riemann model with k& = —1 and the Poincaré model from above are also
isometric if we use the map F (x) = 2x. This clearly maps the unit ball to the ball

of radius 2 and the metric is changed as follows
1 n . 2 4 n . )
N2 Z (dF ) = N2 Z (dx ) :
(1—%|F|) pa (1 — x| ) =

4.3.4 Singular Points

The polar coordinate conformal model
dr’ + ¢* (nds,_ = ¥ (p) (dp” + p’ds, )

offers a different approach to the study of smoothness of the metric as we approach
apoint ry € 0l where ¢ (ry) = 0. Assume that the parametrization satisfies p (rg) =
0. When gy = ds>_, smoothness on the right-hand side

v (p) (dp® + pds2_,)

depends only on ¥ (p) being smooth (see Section 1.4.4). Thinking of p as being
Euclidean distance indicates that this is not entirely trivial. In fact we must assume
that ¥ (0) > 0 and ¥©49 (0) = 0. Translating back to ¢ we obtain the usual
conditions: ¢ (0) = %1 and ¢V (0) = 0.
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4.4 Metrics on Lie Groups

We are going to study some general features of left-invariant metrics and show how
things simplify in the biinvariant situation. There are two examples of left-invariant
metrics. The first represents hyperbolic space H?, and the other is the Berger sphere
(see example 1.3.5).

4.4.1 Generalities on Left-invariant Metrics

We can construct a metric on a Lie group G by fixing an inner product (,) on 7,G
and then translating it to T,M using left-translation L, (x) = gx. The metric is also
denoted (X, Y) on G so as not to confuse it with elements g € G. With this metric,
L, becomes an isometry for all g since

(DLg) |h = DLghhfl) |h
D (Lgh ° thl)) |h
DLg) | © (DLy—1) |1

DLy) | o (DLy) )~

~ A~~~

and we have assumed that (DLgh) |e and (DLy) | are isometries.

Left-invariant fields X, i.e., DL, (X|;) = X|,» are completely determined by their
value at the identity. This identifies T,M with g, the space of left-invariant fields.
Note that g is in a natural way a vector space as addition of left-invariant fields is
left-invariant. It is also a Lie algebra as the vector field Lie bracket of two such fields
is again left-invariant. In section 1.3.2 we saw that on matrix groups the Lie bracket
is simply the commutator of the matrices in 7, M representing the vector fields.

If X € g, then the integral curve through e € G is denoted by exp (£X). In case of
a matrix group the standard matrix exponential ¢’X is in fact the integral curve since

d d
Ell:lo (etX) = d_t|s=0 (e("’“)x)
= dith:o (et"xesx)
d
= E|s=0 (LetoxeSX)

= D (Leyox) (%'_y:()esx)
= D (Leox) (X]1)

== X|et0X.
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The key property for ¢ — exp (£X) to be the integral curve for X is evidently that the
derivative at t = 0 is X|, and that ¢ — exp (£X) is a homomorphism

exp ((r + s) X) = exp (#X) exp (sX) .
The entire flow for X can be written as follows
F' (x) = xexp (tX) = Lyexp (tX) = Rexp(x) (¥) .

The curious thing is that the flow maps F* : G — G don’t act by isometries unless
the metric is also invariant under right-translations, i.e., the metric is biinvariant.
In particular, the elements of g are not in general Killing fields. In fact, it is the
right-invariant fields that are Killing fields for left-invariant metrics as their flows
are generated by

F' (x) = exp (1X) x = Ry exp (tX) = Lexp(x) (%) .

We can give a fairly reasonable way of checking that a left-invariant metric is
also biinvariant. Conjugation x > gxg~ ! is denoted Ad, (x) = gxg~' on Lie groups
and is called the adjoint action of G on G. The differential of this action ate € G
is a linear map Ad, : g — g denoted by the same symbol, and called the adjoint
action of G on g. It is in fact a Lie algebra isomorphism. These two adjoint actions
are related by

Ad, (exp (tX)) = exp (t Ad, (X)) .

This is quite simple to prove. It only suffices to check that t +— Ad, (exp (X))
is a homomorphism with differential Ad, (X) at + = 0. The latter follows from
the definition of the differential of a map and the former by noting that it is the
composition of two homomorphisms x — Ad, (x) and # — exp (¢£X). We can now
give our criterion for biinvariance.

Proposition 4.4.1. A left-invariant metric is biinvariant if and only if the adjoint
action on the Lie algebra is by isometries.

Proof. In case the metric is biinvariant we know that both L, and R,—i act by
isometries. Thus also Adg = Lg o R,—1 acts by isometries. The differential is then a
linear isometry on the Lie algebra.

Conversely, assume that Ad, : g — g is always an isometry. Using that

(DR;) |1 = (DRyg) le o (DRy) )~
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it clearly suffices to prove that (DRg) | is always an isometry. This follows from

Ry = Ly 0 Ad1,
(DRy) | = D (Lg) | 0 Ad1 .

ad

In sections 4.4.2 and 4.4.3 we shall see how this can be used to check whether
metrics are biinvariant in some specific matrix group examples.

Before giving examples of how to compute the connection and curvatures for
left-invariant metrics we present the general and simpler situation of biinvariant
metrics.

Proposition 4.4.2. Consider a Lie group G with a biinvariant metric (,) and
X,Y,Z,W € g. Then

VyX = %[Y,X],
RX.Y)Z = —%[[X,Y],Z],
RX.Y.Z, W) = i([x, Y].[W.Z]).

In particular, the sectional curvature is always nonnegative, when (,) is positive
definite.

Proof. We first need to construct the adjoint action ady : g — g of the Lie algebra
on the Lie algebra. If we think of the adjoint action of the Lie group on the Lie
algebra as a homomorphism Ad : G — Aut(g), then ad : g — End (g) is simply
the differential ad = D (Ad) |.. In section 2.1.4 it is shown that ady (Y) = [X,Y].
The biinvariance of the metric shows that the image Ad(G) C O (g) lies in the
group of orthogonal transformations on g. This immediately shows that the image
of ad lies in the set of skew-adjoint transformations since

d
0=—=.2)|=
= (1.2) =0

d
= (Adexp(x) (Y) 2 Adexp(x) (Z)) li=o

(adXY,Z)—i—(Y,adXY)

Keeping this skew-symmetry in mind we can use the Koszul formulaon X, Y,Z €
g to see that
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2(VyX,Z) =Dx (Y,Z) + Dy (Z,X) — Dz (X, Y)
—(X.Y].2) - ([¥.Z].X) + ([2.X]. Y)
=—(X.Y].2) - ([v.Z].X) + ([Z.X].Y)
=—-(X.Y].2) + (V. X].2) + (X.Y].2)
=([v.X].2).

As for the curvature we then have
R(X,Y)Z = VxVyZ — VyVxZ — VixyZ

= SNV Z - 3V K2 - 5 [IX.1].7]

1 1 1
= X X2 - [V [X. 2] - S {IX. ¥]. 2]

4
1 1 1 1
= X712,
and finally
(R(X.V)ZW) =~ (X ¥].Z]. W)

L2 X1 W)

~ (2w [ )

X7, w.2))

O

We note that Lie groups with biinvariant Riemannian metrics always have
nonnegative sectional curvature and with a little more work it is also possible to
show that the curvature operator is nonnegative (see exercise 3.4.32).

4.4.2 Hyperbolic Space as a Lie Group

Let G be the 2-dimensional Lie group

G={[3?:||a>0,ﬂeR§.
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Notice that the first row can be identified with the upper half plane. The Lie algebra

of Gis
g:%[gﬂm,beﬂ&}.
If we define
X = 10 Y= 01 ’
00 00
then

[X.Y]=XY—YX =Y.

Now declare {X, Y} to be an orthonormal frame on G. Then use the Koszul formula
to compute

VxX =0, VyY =X, VxY =0, VyX = VxY — [X, Y] = —Y.
Hence,
R(X,Y)Y = VxVyY — VyVxY — Vg 1Y = VxX — 0 — VyY = —X,

which implies that G has constant curvature —1.
We can also compute Ad,:

o] ool =Lt leelet]

_ [g —aﬁ0+ boe]

=aX + (—aPf + ba)Y.
10 01
Lo0)-L o)
1-p 0«
o o0 )

This, however, is not an orthonormal basis unless § = 0 and « = 1. Therefore, the
metric is not biinvariant, nor are the left-invariant fields Killing fields.

The orthonormal basis

is then mapped to the basis
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This example can be generalized to higher dimensions. Thus, the upper half plane
is in a natural way also a Lie group with a left-invariant metric of constant curvature
—1. This is in sharp contrast to the spheres, where only §* = SU(2) and S' = SO (2)
are Lie groups.

4.4.3 Berger Spheres

On SU(2) consider the left-invariant metric such that /ll_le, )Lz_le, A;1X3 is an
orthonormal frame and [X;, X;+1] = 2X;4+, (indices are mod 3) as in example 1.3.5.
The Koszul formula is:
2 (V. 5) = (%] X0 + (1%.X0.X) — (%, . X))
From this we can quickly see that as with a biinvariant metric we have: Vx X; = 0.
It also follows that
A2+ A2 =22
Vi Xip1 = (w Xiyo,

2
Ai+2

V. Xi = [Xit1, Xi] + Vx Xit 1

A2+ A =X
— ( i+2 i+1 i XH—Z-

2
Ai+2

This shows that
R(X;, Xi+1)Xi+2 = Vx,Vx . Xit2
_in+1 Vx Xiya — V[Xisxi+l]Xi+2

=0-0-0.

Thus all curvatures between three distinct vectors vanish.
The special case of Berger spheres occur when Ay = ¢ < 1,4, = A3 = 1. In
this case

Vi, Xo = (2— %) X3, Vi, X| = —°X3
VX2X3 = le VX3X2 = _le
VX3X1 = 82X2, VX1X3 = (82 — 2) Xz.

and

R(X1,X2) Xo = °X),
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R(X3,X1) X1 = &'Xs,
R(X, X3) X5 = (4 —3¢%) Xa,

ER(Xl /\X2) = 82X1 /\Xz,
ER(X3 /\X]) = 82X3 N X,
m(Xz /\X3) = (4 — 382) Xo A X;.

Thus all sectional curvatures must lie in the interval [82, 4 — 382]. Note that as
& — 0 the sectional curvature sec (X,, X3) — 4, which is the curvature of the base
space S? (%) in the Hopf fibration.

We should also consider the adjoint action in this case. The standard orthogonal
basis X, X5, X3 is mapped to

Adp 9K = (|z|2— |w|2>X1 — 2Re (wz) X, — 2Im (w2) Xa,
=W 2]
B _ —; - 2 2 2 2
Adr 1% 2iIm (zw) X1 + Re (w* + 2°) Xp + Im (w* + 2°) X3,
[—W 2]
_ _ — - S22 (22
Adr 1% 2Re (zw) X1 + Re (i (22 — w?)) Xo 4+ Im (i (22 — w?)) X;.
[ 2 ]

If the three vectors X, X», X3 have the same length, then we see that the adjoint
action is by isometries, otherwise not.

4.5 Riemannian Submersions

In this section we develop formulas for curvatures that relate to Riemannian
submersions. The situation is similar to that of distance functions, which as we know
are Riemannian submersions. In this case, however, we determine the curvature of
the base space from information about the total space.

4.5.1 Riemannian Submersions and Curvatures

Throughout this section let F : (1\_/1 , g) — (M, g) be a Riemannian submersion.

Like with the metrics we shall use the standard “bar” notation: p and p and X and
X for points and vector fields that are F-related, i.e., F (p) = p and DF (X) = X.
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The vertical distribution consists of the tangent spaces to the preimages F~' (p) and
is given by 75 = kerDF; C T;M. The horizontal distribution is the orthogonal
complement J% = (”//I;)J' C T;M. The fact that F is a Riemannian submersion
means that DF : 7% — T,M is an isometry for all p € M. Given a vector field X on
M we can always find a unique horizontal vector field X on M that is F related to X.
We say that X is a basic horizontal lift of X. Any vector in M can be decomposed
into horizontal and vertical parts: v = v”" + v,

The next proposition gives some important properties for relationships between
vertical and basic horizontal vector fields.

Proposition 4.5.1. Let V be a v_ert_icql vector field on M and X, Y,Z vector fields
on M with basic horizontal lifts X, Y, Z.

(1) [V,)_(] is vertical,
2) (Lvg) (X.Y) = Dvg(X.Y) =0, o )
3) g([x.¥].V) =28 (Vz¥.V) = =23 (VWWX.¥) = 28 (V}V.X),
@) Vi¥ =7 + L [x. 7]
Proof. (1): X is F related to X and V is F related to the zero vector field on M. Thus
DF ([X.V]) = [DF (X) .DF (V)] = [X.0] = 0.
(2): We use (1) to see that

(Lvg) (X.Y) = Dvg (X.¥) —g ([V.X]. V) —g (X.[V.Y])

=Dyg(X.Y).

=

Next we use that F' is a Riemannian submersion to conclude that g ()_( Y ) =
g (X,Y). But this implies that the inner product is constant in the direction of the
vertical distribution.

(3): Using (1) and (2) the Koszul formula in each case reduces to

This proves the claim.

(4) We have just seen in (3) that % [)_( , )_’]/V is the vertical component of V;()_’. We
know that VyY is ‘horizontal so it only remains to be seen that it is the horizontal
component of VzY. The Koszul formula together with F' relatedness of the fields
and the fact that inner products are the same in M and M show that
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28 (Vi¥.Z) = 25 (Vx¥.Z) = 23 (VXY, Z) :

ad

Note that the map that takes horizontal vector fields X,Y on M to [X,Y]”
measures the extent to which the horizontal distribution is integrable in the sense
of Frobenius. It is in fact tensorial and skew-symmetric since

X/ =f1x. 71" + OxN) Y =fIx.7]".

Therefore, it defines a map 5 x ¢ — ¥ called the integrability tensor.

Example 4.5.2. In the case of the Hopf map 3 (1) — $? (%) we have that X is
vertical and X5, X3 are horizontal. However, X,, X5 are not basic. Still, we know that
[X2, X3] = 2X; so the horizontal distribution cannot be integrable.

We are now ready to give a formula for the curvature tensor on M in terms of the
curvature tensor on M and the integrability tensor.

Theorem 4.5.3 (B. O’Neil! and A. Grey). Let R be the curvature tensor on M and
R the curvature tensor on M. These curvature tensors are related by the formula

e 3rs o172
SRENY.X) =RV V.X)+3 ([X, Y]V‘ .
Proof. The proof is a direct calculation using the above properties. We calculate
the full curvature tensor so let X, Y, Z, H be vector fields on M with vanishing Lie

brackets. This forces the corresponding Lie brackets [)_( Y ], etc. in M to be vertical.

g(R(X.)Z.0) = & (VaVsZ — VyVxZ - Vg 7. H)

1lro- — 7 1 _ _
:g(VXVYZ+E X, yz] +5v}—([y,z],H)
lre 97 1 .

3 (WZ+ 5 [1VZ] +5vi[kZ].H
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=g¢gRX,Y)Z,H)
1

-8 ([Y.z].VzH) +

| S
(7). [7.2)
=g(R(X,Y)Z, H)

Lz ([7.7) [R.A]) +

4
1.[#.2])

1 -
When X = H and Y = Z we get the above formula. O

=~

—Eé._’ ([x.

More generally, one can find formulas for R where the variables are various
combinations of basic horizontal and vertical fields.

4.5.2 Riemannian Submersions and Lie Groups

One can find many examples of manifolds with nonnegative or positive curvature
using the previous theorem. In this section we shall explain the terminology in the
general setting. The types of examples often come about by having (1\_/1 , g) with a
free compact group action G by isometries and using M = G\M = M/G. Note we
normally write such quotients on the right, but the action is generally on the left so
G\M is more appropriate. Examples are:

CP}'L — S2ﬂ+1/s1,
TS" = (SO (n + 1) x R") /SO (n)
M = SU(3) /T?.

The complex projective space will be studied further in section 4.5.3.

The most important general example of a Riemannian submersion comes about
by having an isometric group action by G on M such that the quotient space is
a manifold M = M/G (see section 5.6.4 for conditions on the action that make
this true). Such a submersion is also called fiber homogeneous as the group acts
transitively on the fibers of the submersion. In this case we have a natural map
F : M — M that takes orbits to points, i.e., p = {x-p |x € G} for p € M. The
vertical space ¥; then consists of the vectors that are tangent to the action. These
directions can be found using the Killing fields generated by G. If X € g = T,G,
then we get a vector X|5 € T,—,M by the formula

d _
X5 = 7 (exp (tX) - p) li=0.
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This means that the flow for X on M is defined by F' (p) = exp (%) - p. As the
map p — x - p is assumed to be an isometry for all x € G we get that the flow
acts by isometries. This means that X is a Killing field. The next observation is that
the action preserves the vertical distribution, i.e., Dx (%5) = ¥4;. Using the Killing
fields this follows from

Dx (X[5)

d
Dx (E (exp (tX) - p) |t=0)
_d 0.5
= (x - (exp (%) - P)) |i=o0
d
— 2 (e (07 x5 o
= ((Ad, (exp (tX))) - x - p) |i=0

d
= ((exp (tAd, X)) - x- D) ;=0

(Ad, (X)) |x~l3'

Thus Dx (X | ,—,) comes from first conjugating X via the adjoint action in 7,G and then
evaluating it at x - p. Since (Ad, (X)) |5 € ¥+ We get that Dx maps vertical spaces
to vertical spaces. However, it doesn’t preserve the Killing fields in the way one
might have hoped for. As Dx is a linear isometry it also preserves the orthogonal

complements. These complements are our horizontal spaces J7; = (”I/;,)J' C T;M.
We know that DF : J¢; — T,M is an isomorphism. We have also seen that all of the
spaces J%;.; are isometric to .7Z5 via Dx. We can then define the Riemannian metric
on T,M using the isomorphism DF : J# — T,M. This means that F : M — M
defines a Riemannian submersion.

In the above discussion we did not discuss what conditions to put on the action
of G on M in order to ensure that the quotient becomes a nice manifold. If G is
compact and acts freely, then this will happen. The general situation is studied
in section 5.6.4. In the next subsection we consider the special case of complex
projective space as a quotient of a sphere. There is also a general way of getting
new metrics on M it self from having a general isometric group action. This will be
considered in section 4.5.4.

4.5.3 Complex Projective Space

Recall that CP" = $2"*1/S! where S' acts by complex scalar multiplication on
§2+1 c €1 If we write the metric as

dss,, = dr* + sin®(r)ds3,_, + cos’(r)d0>,
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then we can think of the S' action on $?"*! as acting separately on S?*~! and S'.
Then

cP = o, %] x (52! % s1) /1Y,
and the metric can be written as discussed in section 1.4.6
dr* + sin’(r) (g + cos*(r)h) .
If we restrict our attention to the case where n = 2, then the metric can be written as
dr* + sin®(r) (cos’(r)(6")* + (0%)* + (07)?) .

This is a bit different from the warped product metrics we have seen so far. It
is certainly still possible to apply the general techniques of distance functions to
compute the curvature tensor. Instead we use the Riemannian submersion apparatus
that was developed in the previous section. We shall also consider the general case
rather than n = 2.

The O’Neill formula from theorem 4.5.3 immediately shows that CP" has
sectional curvature > 1. Let V be the unit vector field on $2't! that is tangent to the
S! action. Then i V is the unit inward pointing normal vector to $>**! c C"*!. This
shows that the horizontal distribution, which is orthogonal to V, is invariant under
multiplication by i. This corresponds to the fact that CP" has a complex structure.
It also gives us the integrability tensor for this submersion. If we let X, ¥ be basic
horizontal vector fields and denote the canonical Euclidean metric on C"*! by g,
then

2(3[x71.v) =g (v 7v)

Il
Y
—~
<
'q
i
<
<
~

Thus
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If we let X, Y be orthonormal on CP", then the horizontal lifts X, ¥ are also
orthonormal so

sec (1) = 142 |[x.7]"[
= 1+3[g(V.iX)|
<4,

with equality precisely when ¥ = +iX.

The proof of theorem 4.5.3 in fact gave us a formula for the full curvature tensor.
One can use that formula on an orthonormal set of vectors of the form X,iX, Y,1Y
to see that the curvature operator is not diagonalized on a decomposable basis of the
form E; A Ej as was the case in the previous examples. In fact it is diagonalized by
vectors of the form

XANiIXEYALY,
XAY+XiXAiY,
XAN1YEYALIX

and has eigenvalues that lie in the interval [0, 6].

We can also see that this metric on CP" is Einstein with Einstein constant 2n + 2.
If we fix a unit vector X and an orthonormal basis for the complement Ey, . . ., E>,—»
so that the lifts satisfy i X = E,, then we get that

2n—2
Ric (X, X) = ) _ sec (X, E;)
i=0
2n—2
= sec (X, Ep) + Z sec (X, E;)
i=1
B ~ 2n—2 B B
=143z (E.iX)[" + > (1 +3 |§(Ei,iX)\2)
i=1
2n—2
=1+3[g(iXiX)[+ ) (1 +3 |0|2)
i=1

=143+2n-2
=2n+ 2.
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4.5.4 Berger-Cheeger Perturbations

The construction we do here was first considered by Cheeger and was based on a
slightly different construction by Berger used to construct the Berger spheres.

Fix a Riemannian manifold (M, g) and a Lie group G with a right-invariant
metric (,). If G acts by isometries on M, then it also acts by isometries on G x M
with respect to the product metrics g2 = A(,) + g A > 0 via the action
h-(x,p) — (xh_1 , hp). This action is free as G acts freely on itself. The quotient
(G x M) /G is also denoted by G xg M. The natural map M — G x M — G xg M
is a bijection. Thus the quotient is in a natural way a manifold diffeomorphic to M.
The quotient map Q : G x M — M is explicitly given by Q (x, p) = xp.

As G acts by isometries with respect to the product metrics A (,) + g we obtain
a submersion metric gy on M = G xg M. We wish to study this perturbed metric’s
relation to the original metric g. The tangent space T,M is naturally decomposed
into the vectors ¥, that are tangent to the action and the orthogonal complement
¢,. Unlike the case where G acts freely on M this decomposition is not necessarily
a nicely defined distribution. It might happen that G fixes certain but not all points
in M. For example, at points p that are fixed it follows that %, = {0}. At other
points ¥, # {0}. The nomenclature is, however, not inappropriate. If X € T, G, then
F' (p) = exp (tX) - p defines a 1-parameter group of isometries. If X = %F ") li=0
is the corresponding Killing field on M, then (—%,X | ,,) € T.G x T,M is a vertical
direction for this action at (e, p) € G x M. Therefore, ¥}, is simply the image of the
projection of the vertical distribution to 7,M. Vectors in ., are thus also horizontal
for the action on G x M. All the other horizontal vectors in 7,G x T,M depend on

the choice of A and have a component of the form (|X|,, |§ X, A |X|2 X|,,). The image
of such a horizontal vector under Q : G x M — M is given by

DO (|X|,,|§ x,A |3e|ZX|,,) X1, D (x.0) + 2 [X[* DQ (0.X],)

2 d
- |X|p|gDQ (d_t (e - exp (—1X)) |i=o0, 0)
42120 (0. 5 e (1)) o)
d
=~ [x1,; 2 (@ (exp (=12) .p)) li=0
d
+A|XI* - (Q (e, exp (1) p)) i=o
d
=~ [x1,; 2 exp (=1%) - p) =0

d
+A P - (exp (1) - ) li=o
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= |X|, 2 X], + A X X],
= (1P + X1, [2) X1y

The horizontal lift of X|, € %, to T,G x T,M is consequently given by

_ Xl S
X, = |2 ol SX, 2' ",
M+ (X[, A X+ [XI,
and its length in g, satisfies
2 ‘X|PE | |2

Mo\ d1xP + [x1, 2

2
AxP

— | X
AIEP A+ |X)) i,
2
=,
AXP + X

2
X1, |g .
-7 - - 2 .
X|p| has limit 0 as A — 0 and limit |X|,,|g as A — oo. This
means that the mefg;ic g, is gotten from g by squeezing the orbits of the action
of G. However, the squeezing depends on the point according to this formula. The
only case where the squeezing is uniform is when the Killing fields generated by the
action have constant length on M. The Berger spheres are a special case of this.
Using that we know how to compute horizontal lifts and that the metric on G x M
is a product metric it is possible to compute the curvature of g, in terms of the
curvature of g, A, the curvature of (, ), and the integrability tensor. We will consider
one important special case.
Let X,Y € JZ,. In this case the vectors are already horizontal for the action on
G x M. Thus we have that sec,, (X,Y) > secy (X, Y). There is a correction coming
from the integrability tensor associated with the action on G x M that possibly
increases these curvatures.

In particular,
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4.6 Further Study

The book by O’Neill [80] gives an excellent account of Minkowski geometry and
also studies in detail the Schwarzschild metric in the setting of general relativity. It
appears to have been the first exact nontrivial solution to the vacuum Einstein field
equations. There is also a good introduction to locally symmetric spaces and their
properties. This book is probably the most comprehensive elementary text and is
good for a first encounter with most of the concepts in differential geometry. The
third edition of [47] also contains a good number of examples. Specifically they
have a lot of material on hyperbolic space. They also have a brief account of the
Schwarzschild metric in the setting of general relativity.

Another book, which contains many more advanced examples, is [12]. This is
also a good reference on Riemannian geometry in general.

4.7 Exercises

Remark. Tt will be useful to read exercises 3.4.23, 3.4.24, and 3.4.25 before doing
the exercises for this chapter.

EXERCISE 4.7.1. Show that the Schwarzschild metric does not have parallel curva-
ture tensor.

EXERCISE 4.7.2. Show that the Berger spheres (¢ # 1) do not have parallel
curvature tensor.

EXERCISE 4.7.3. This exercise covers a few interesting aspects of projective
spaces.

(1) Show that U (n + 1) acts by isometries on CP”. Hint: Use that U (n + 1) acts
by isometries on $?**! (1) and commutes with the quotient action that creates
CP.

(2) Show that for each p € CP” there is an isometry A, € Iso, with DA, |, = —I.

(3) Use the fact that isometries leave V and R invariant to show that VR = 0.

(4) Repeat 1,2,3 for HP" using the symplectic group Sp(n+ 1) of matrices
with quaternionic entries satisfying A*A = I, where A* = A’. See also
exercise 1.6.22 for more on quaternions.

EXERCISE 4.7.4. Assume that a Riemannian manifold (M, g) has a function f such
that

Hessf = A (x) g + 1 (f) df,

where A : M — R and p : R — R. Show that the metric is locally a warped
product.
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A

EXERCISE 4.7.5. Show that if Hessf = Ag, then A = 750

EXERCISE 4.7.6. Consider a function f on a Riemannian manifold (M, g) so that
Vf # 0 and Vf is an eigenvector for S (X) = VxVf. Show that if § has < 2
eigenvalues, then the metric is locally a warped product metric.

EXERCISE 4.7.7 (O’NEILL). For a Riemannian submersion as in section 4.5 define
the A-tensors

.

[
[

We also have the T-tensor from exercises 2.5.26 and 2.5.25 but our notation for
horizontal and vertical fields is the reverse of tangent and normal fields from those
exercises. Note that both A; and 7y make sense. We can extend both tensors by
declaring Ay = 0 and Tz = 0 and thus obtain (1, 2)-tensors on M.

Ax %
Ag Vi

< ~
Il

V]

(1) Show that both A-tensors are tensorial.

(2) Show that Ag¥ = L [X, 7]

(3) Show that g (AzY.V) = —g (Y. AzV).

(4) Show that (VVA)W = _ATVW and (VXA)W = _AAXW-
(5) Show that (V3T); = —TA)_{,‘, and (WT)y = T3
(6) Show that

g((VyA)z V. W) = g(TyV,AzW) — g (TyW,AzV).

EXERCISE 4.7.8 (O’NEILL). This exercise builds on the previous exercise. The
Gauss equations explain how to calculate the curvature tensor on vectors tangent
to the fibers of a submersion. Show that horizontal and “verti-zontal” curvatures can
be calculated by the formulas

R(V.X.X.7) = R(V.X.X.Y) - 3|4z Y|’
and
R(V.X,X,V) =2((ViT), V. X) + A3V — |TvX|”.

Compare the last formula to the radial curvature equation.

EXERCISE 4.7.9. Let (M,g) = (M; xM,, g1 + g») be a Riemannian product
manifold.

(1) Show that R = R; + R, where R; is the curvature tensor of (M;, g;) pulled back
to M.

(2) Assume for the remainder of this exercise that (M;, g;) has constant curvature
¢;. Show that R = c1g1 0 g1 + ¢282 © &.



4.7 Exercises 155

(3) Show that (M, g) is Einstein if and only if (n; —1)c; = (ny — 1) ¢, where
n; = dim M;.

(4) Show that the Weyl tensor for (M, g) vanishes when either ¢c; = —cp, n; = 1,
or n; = 1. Hint: Calculate (g, — g2) o (g1 + g2) and compare it to R.

(5) Show that if none of the conditions in (4) hold, then the Weyl tensor does not
vanish.

EXERCISE 4.7.10. Let (M",g) = (I x N,dr* 4+ p*(r) gv) be a warped product
metric with constant curvature k.

.\ 2
(1) Show that (Nn—l’ p2 (r) gN) has constant curvature k + (%) ifn> 2.

(2) Show explicitly that hyperbolic space can be represented as a warped product
over both hyperbolic space and Euclidean space.

EXERCISE 4.7.11. Consider an Einstein metric (N”_l,gN) with Ric = ﬁkg;v,
A < 0.Findap : R — (0,00) such that (M",g) = (R xN,dr* + p*(r) gn)
becomes an Einstein metric with Ric = Ag.

EXERCISE 4.7.12. Let (N"~!, gy) have constant curvature ¢ with n > 2. Consider

the warped product metric (M, g) = (I x N, dr* + p* (r) gn)-

(1) Show that the curvature of g is given by

c—p?
0

gog —2Ld7og,
0
_-2 .. _.2
=< 2pgog—2(£+—c zp)drzog.
p P

(2) Show that the Weyl tensor vanishes.
(3) Show directly that the Schouten tensor satisfies:

R =

(VxP) (Y.2) = (VyP) (X.Z).

See also exercise 3.4.26 for an indirect approach when n > 3.

EXERCISE 4.7.13. The stereographic projection of x**! = 0 to a hypersurface M C
R"xRR that is transverse to the lines emanating from —e,,+1 = (0, ...,0,—1) is given
by x > S (x) where x € R"” and S (x) = —e,4+1 + A (x) (e4+1 + (x,0)).

(1) When M = S" (1) show that A (1 + |x|2) = 2 and that S is a conformal map
with the property that in these coordinates the metric on S” (1) is given by

4
zan.

(1 + |x|2)
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(2) When M = H" (1) € R™! show that A (1 — |x|2) = 2 and that S is a conformal

map with the property that in these coordinates the metric on H" (1) is Poincaré
disc

=)

EXERCISE 4.7.14. Let § = ¢?V g be a metric conformally equivalent to g and a”~
referring to metric objects in the conformally changed metric.

(1) Show that

8Rn.

VxY = VxY + (Dxy) Y + (Dyy) X — g (X, ) V.
(2) With notation as in exercise 3.4.23 show that

R =R—-2(Hessy — (@y)’) o g~ |dy gog

= R~ (2Hessy —2(dy)” + |dy [ g) o g.
(3) If X, Y are orthonormal with respect to g, show that
e*V§ec (X, Y) = sec (X, Y) — Hess ¢ (X, X) —Hess ¢ (Y,Y)
+(Dxy) + (Dyy)” = |dy [
(4) Show that
Ric = Ric — (n —2) (Hess ¥ — dy?) — (Aw + (-2 |d¢|2) 2.
(5) Show that
eVscal = scal =2 (n— 1) Ay — (n— 1) (n — 2) |dv|*.
(6) Using exercise 3.4.25 show that
W =W.

This is referred to as the conformal invariance of the Weyl tensor under
conformal changes and was discovered by Weyl.
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EXERCISE 4.7.15. Show that
1 = 1
(—,0'6_2 + r2‘") gon = —————dp’ + p’ds; _,.
! (%)
P
where the right-hand side is the scalar flat metric from section 4.2.3. Use this to
rewrite the Schwarzschild metric from section 4.2.5 as

1 % 4 lp8_3 _ r3—n 2
(4_1'08_3 + r3_”) grn—1 + pé <4 ) de>.

(=3 \gp( " +r°7"
EXERCISE 4.7.16 (STATIC EINSTEIN EQUATIONS). Consider a metric of the form
(M,g) = (N xR, gy + w?dr?), where w : N — (0,00) and dimN = n — 1. Let

X, Y, Z be vector fields on N. Note that they can also be considered as vector fields
on M.

(1) Show that VJY = V¥Y and RV (X,Y)Z = RM(X,Y)Z. Conclude that
Ric” (X, 9,) = 0.

(2) Show the vector field 0, satisfies |3¢|2 =w?in (M, g).

(3) Show that

1
Vg43, = —wVw and Vf}’la, = Vg”X = — (Dxw) 0,.
t 1 w

Hint: Show that g (vg{a,, 8,) = 0 and calculate Dy |9,|*.
(4) Show that
RM™ (X,9,) 0, = —wVxVw,
and
Ric” (3,,0,) = —wAw,
Ric™ (X, X) = Ric" (X, X) — &Hess X, X).

(5) Show that Ric” = Ag, A € R, if and only if

1
Ric" - Hessw = Agy,

wAwW + An? = 0,
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if and only if

1
Ric’ —— Hessw = Agy,
w
scal” = (n—2) A.

EXERCISE 4.7.17. A Riemannian manifold (M, g) is said to be locally conformally
flat if every p € M lies in a coordinate neighborhood U where

g=e ((dxl)2 4+ 4 (dx")z) .

(1) Show that the space forms S} with metrics dr? 4 snj (r)ds?_, are locally
conformally flat.

(2) Show that if an Einstein metric is locally conformally flat, then it has constant
curvature.

(3) When n = 2 Gauss showed that such coordinates always exit. They are called
isothermal coordinates. Assume that dimM = 2.

(a) Show that if du # 0 on some open subset O C M, then up to sign there is
a unique 1-form w = iy, vol, that satisfies: |du| = |w| and g (du, w) = 0.

(b) Show that dw = (Agu) vol,.

(c) Show that isothermal coordinates exit provided that for each p € M it is
possible to find u on a neighborhood of p so that A u = 0 and du|, # 0.

EXERCISE 4.7.18 (SCHOUTEN 1921). Let (M, g) be a Riemannian manifold of
dimension n > 2.

(1) Show that g is locally conformally flat if and only if W = 0 and locally
there is a function ¥ so that P = 2Hess ¥ — 2 (dy)* + |dy|* g. Note that
the condition W = 0 is redundant when n = 3. Hint: You have to use the
curvature characterization of being locally Euclidean (see exercise 3.4.20 or
theorem 5.5.8).

(2) Show that if g is locally conformally flat then

(VxP) (Y. 2) = (VyP) (X.Z).

Hint: When n > 3, this follows from exercise 3.4.26. When n > 3, use that
R = P o g, the specific form of P from (1), and show that

(VxHessy) (Y,Z) — (VyHess¢¥) (X,Z) =R(X,Y,Vvy,2).
EXERCISE 4.7.19 (SCHOUTEN 1921). In this exercise assume that we have a

Riemannian manifold of dimension n > 2 such that W = 0 and (VxP) (Y,Z2) =
(VyP) (X, 2).
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(1) Show that if there is a 1-form w such that

1 1
Vo = P+’ — = |o|’g,
> 5 lwl”s

then locally @ = di and P = 2Hess ¥ — 2 (dy)* + |Vy|* g.
(2) The integrability condition for finding such an w in the sense of exercise 3.4.20
can be stated using only covariant derivatives. On the left-hand side we take

one more derivative V)% yw and use the Ricci formula for commuting covariant
derivatives as an alternative to Clairaut’s theorem on partial derivatives:

V)Z(’Ya) — V)z,qxw = Ry yw.
Show that if Vo = 1P + w? — 1 |w|* g, then
) 1
(Viyo) (@) = 5 (VxP) (Y. 2)

+ (Vxo) (V) 0 (2) + o (Y) (Vxo) (Z)
—g(Vxo,w)g(Y,Z).

(3) Use Vo = 1P + 0? — ! |0 g again to show that

1 1
Vi yw — Vi o EP(X, Z)yw (Y) — EP(X, V)g(Y,2)

—%P Y. 2)w (X)) + %P Y, V)g(X,2)

(Pog)(X,Y,V,2),

where V is the vector field dual to w.
(4) Now use R = P o g to show that

(Rxyw) (Z) = (Pog) (X.Y.V.Z).

(5) Finally, show that this implies that the integrability conditions for solving for @
are satisfied and conclude that the manifold is locally conformally flat.

EXERCISE 4.7.20. Consider a product metric (N> x R, gy + gr).

(1) Show that Pyxr = *5% (gy — gr).
(2) Show that this product metric is conformally flat if and only if scaly is constant.
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EXERCISE 4.7.21. Let (M", g), n > 2 have constant curvature k.

(1) Use exercise 4.7.19 to show that the metric is locally conformally flat.
(2) Show that if g = =2V ((dxl)2 Foet (dx”)z), then

20" itye’ = (k+ Y (he”)’) 8

Hint: Use part 2 of 4.7.14.
(3) Show that

eV =a+Zbixi+cZ(xi)2,

where k = 4ac — Y b?.
EXERCISE 4.7.22. The Heisenberg group with its Lie algebra is

[1ac]
G = 01b||abceRy,
| 001 |
[0 x 7]
g= 00y ||ab,ceR
| 000 |
A basis for the Lie algebra is:
010 000 001
X=(000|,Y=]001],Z=]000
000 000 000

(1) Show that the only nonzero brackets are
X, Y]=—[Y.X] =Z.

Now introduce a left-invariant metric on G such that X, Y, Z form an orthonor-
mal frame.

(2) Show that the Ricci tensor has both negative and positive eigenvalues.

(3) Show that the scalar curvature is constant.

(4) Show that the Ricci tensor is not parallel.

EXERCISE 4.7.23. Consider metrics of the form

dr* + p*(r) (p*(N(©@")? + (6)* + (07)°) -
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(1) Show that if

p=0e,
p2 =1— kp—4
1,
p(0) =k+,p(0) =0,
¢ (0) = 0.4 (0) =2,
then we obtain a family of Ricci flat metrics on T'S%.
(2) Show that p(r) ~ r, p(r) ~ 1, p(r) ~ 2kr™ as r — oo. Conclude that all
curvatures are of order #~° as r — oo and that the metric looks like (0, 00) x
RP* = (0, 00) x SO (3) at infinity. Moreover, show that scaling one of these

metrics corresponds to changing k. Thus, we really have only one Ricci flat
metric; it is called the Eguchi-Hanson metric.

EXERCISE 4.7.24. For the general metric
dr* + p*(r) (¢* (N (0")? + (067> + (7)°)
show that the (1, 1)-tensor, which in the orthonormal frame looks like

—-100
00
0
1

OOHO

0
00—
0 0
yields a Hermitian structure.

(1) Show that this structure is Kéhler, i.e., parallel, if and only if p = ¢.

(2) Find the scalar curvature for such metrics.

(3) Show that there are scalar flat metrics on all the 2-dimensional vector bundles
over S2. The one on 752 is the Eguchi-Hanson metric, and the one on $? x R?
is the Schwarzschild metric.

EXERCISE 4.7.25. Show that t (IR]P’”’I) admits rotationally symmetric metrics
dr* + p? (r)ds>_, such that p(r) = r for r > 1 and the Ricci curvatures are
nonpositive. Thus, the Euclidean metric can be topologically perturbed to have
nonpositive Ricci curvature. It is not possible to perturb the Euclidean metric in
this way to have nonnegative scalar curvature or nonpositive sectional curvature.
Try to convince yourself of that by looking at rotationally symmetric metrics on R”
and t (RP’“I).

EXERCISE 4.7.26. We say that (M, g) admits orthogonal coordinates around p € M
if we have coordinates on some neighborhood of p, where

gij = O0fori # j,
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i.e., the coordinate vector fields are perpendicular. Show that such coordinates
always exist in dimension 2, while they may not exist in dimension > 3. To find
a counterexample, you may want to show that in such coordinates the curvatures
Rﬁjk = 0 if all indices are distinct. It can be shown that such coordinates always
exist in 3 dimensions.

EXERCISE 4.7.27. Show that the Weyl tensors for the Schwarzschild metric and the
Eguchi-Hanson metrics are not zero.

EXERCISE 4.7.28. In this problem we shall see that even in dimension 4 the
curvature tensor has some very special properties. Throughout we let (M, g) be a
4-dimensional oriented Riemannian manifold. The bivectors A2TM come with a
natural endomorphism called the Hodge * operator. It is defined as follows: for any
oriented orthonormal basis e, e;, €3, e, we define *x (e; A e3) = e3 A ey.

(1) Show that his gives a well-defined linear endomorphism which satisfies:
*x = [. (Extend the definition to a linear map: * : APTM — A9YTM, where
p+q=n Whenn =2, wehave: x : TM — TM = A'TM satisfies: x* = —I,
thus yielding an almost complex structure on any surface.)

(2) Now decompose A2TM into 41 and —1 eigenspaces AT TM and A~TM for *.
Show that if e|, e,, e3, e4 is an oriented orthonormal basis, then

epNey ez Ney € A:I:TM,
eitNestesNey € A:I:TM,

epNesteynes € A:tTM

(3) Thus, any linear map L : A>TM — A>TM has a block decomposition

[ [A D] ’

BC
C ATTM — ATTM,
CATTM — ATTM,
:ATTM — ATTM,
cATTM - ATTM.

a x U »

In particular, we can decompose the curvature operator % : A2TM — A2TM:

a-[12]
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Since fR is symmetric, we get that A, C are symmetric and that D = B* is the
adjoint of B. One can furthermore show that

scal

A=WH+ —1,
+ 12

C—Ww + scall

B 127
where the Weyl tensor can be written

+

W= W 0_ .
0w

Find these decompositions for both of the doubly warped metrics:

I xS x 82, dr* + p* (r)d6* + ¢* (r) ds%,
Ix 8%, d + p*(r) (9> (1 (c")? + (07)* + (¢7)?).

Use as basis for TM the natural frames in which we computed the curvature
tensors. Now

find the curvature operators for the Schwarzschild metric, the Eguchi-Hanson
metric, S x §2, $*, and CIP2.

Show that (M, g) is Einstein if and only if B = 0 if and only if for every plane
7 and its orthogonal complement 71 we have: sec (1) = sec (nl).
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