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Abstract. In this paper, we develop an adaptive dynamic programming-
based robust tracking control for a class of continuous-time matched
uncertain nonlinear systems. By selecting a discounted value function
for the nominal augmented error system, we transform the robust track-
ing control problem into an optimal control problem. The control matrix
is not required to be invertible by using the present method. Meanwhile,
we employ a single critic neural network (NN) to approximate the solu-
tion of the Hamilton-Jacobi-Bellman equation. Based on the developed
critic NN, we derive optimal tracking control without using policy iter-
ation. Moreover, we prove that all signals in the closed-loop system are
uniformly ultimately bounded via Lyapunov’s direct method. Finally, we
provide an example to show the effectiveness of the present approach.
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1 Introduction

During the past several decades, robust tracking control of nonlinear systems has
attracted considerate attention [1-3]. Many significant approaches have been
proposed. Among these methods, the feedback linearization approach is often
employed. However, to use the feedback linearization method, the control matrix
needs to be invertible. This requirement is usually hard to satisfy in applications.

Recently, adaptive dynamic programming (ADP) [4] is applied to give
the optimal tracking control of nonlinear systems. In [5], Heydari and
Balakrishnan proposed a single network adaptive critic architecture to obtain the
optimal tracking control for continuous-time (CT) nonlinear systems. By employ-
ing the architecture, the control matrix was no longer required to be invertible.
After that, Modares and Lewis [6] introduced a discounted value function for
the CT constrained-input optimal tracking control problem. By proposing an
ADP algorithm, the optimal tracking control was obtained without requiring
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the control matrix to be invertible either. Though the aforementioned literature
provides important insights into deriving optimal tracking control for CT nonlin-
ear systems, the ADP-based robust tracking control for CT uncertain nonlinear
systems is not considered.

In this paper, an ADP-based robust tracking control is developed for CT
matched uncertain nonlinear systems. By choosing a discounted value function
for the nominal augmented error dynamical system, the robust tracking control
problem is transformed into an optimal control problem. The control matrix is
not required to be invertible in the present method. Meanwhile, a single critic
neural network (NN) is used to approximate the solution of the Hamilton-Jacobi-
Bellman (HJB) equation. Based on the developed critic NN, the optimal tracking
control is obtained without using policy iteration. In addition, all signals in the
closed-loop system are proved to be uniformly ultimately bounded (UUB) via
Lyapunov’s direct method.

The rest of the paper is organized as follows. Preliminaries are presented in
Sect. 2. The problem transformation is given in Sect. 3. Approximating the HJB
solution via ADP is shown in Sect. 4. Simulation results are provided in Sect. 5.
Finally, several conclusions are given in Sect. 6.

2 Preliminaries

Consider the CT uncertain nonlinear system given by

#(t) = f(2(t)) + g(x(t))u(t) + Af(z(t)) (1)

where x(t) € R™ is the state vector available for measurement, u(t) € R™ is
the control vector, f(z(t)) € R™ and g(x(t)) € R"*™ are known functions with
f(0) = 0, and Af(x(t)) € R™ is an unknown perturbation. f(z) + g(x)u is
Lipschitz continuous on a compact set {2 C R™ containing the origin, and system
(1) is assumed to be controllable.

Assumption 1. There exists a constant gps > 0 such that 0 < ||g(x)]| < gm
Ve € R". Af(z) = g(x)d(x), where d(z) € R™ is unknown function bounded by
a known function dys(x) > 0. Moreover, d(0) = 0 and dp(0) = 0.

Assumption 2. x4(t) is the desired trajectory of system (1). Meanwhile, x4(t)
is bounded and produced by the command generator model q4(t) = n(xq(t)),
where n: R™ — R™ is a Lipschitz continuous function with n(0) = 0.

Objective of Control: Without the requirement of the control matrix g(z) to be
invertible, a robust control scheme based on ADP is developed to keep the state
of system (1) following the desired trajectory z4(t) to a small neighborhood of
the origin in the presence of the unknown term d(z).
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3 Problem Transformation

Define the tracking error as eq.(t) = x(t) — z4(t). Then, the tracking error
dynamics system is derived as

éerlf (t) = f(iﬁd(t) + €err (t)) + g(xd(t) + 6err(t))u(t)
—n(zq(t)) + Af(2q(t) + e (1)). (2)

In this sense, the robust tracking control can be obtained by giving a control
such that, without the requirement of g(-) to be invertible, system (2) is stable
in the sense of uniform ultimate boundedness and the ultimate bound is small.

Denote z(t) = [el (t),2](t)]T € R?". By Assumption 2 and using (2), we
derive an augmented system for the error dynamics as

(t) = F(2() + G(z(t))u(t) + AF(2(t)) 3)

where F': R?" — R?" and G': R?" — R?"X™ are, respectively, defined as

Fz(t) = J(zalt) + ee(zrrd(zg)— U(xd(t))} . G(x(t) = [g(xd(t) —(l)— Corr (1))
)

and AF(=()) = G(=())d(=(t)) with d(=(t)) € R™ and [[d(()]] < das(=(2)).
In what follows we show that the robust tracking control problem can be

transformed into the optimal control problem with a discounted value function

for the nominal augmented error system (i.e., system (3) without uncertainty).
The nominal augmented system is given as

(1) = F(2(1) + G(2(1))u(?). (4)
The value function for system (4) is described by

vu@>ZmeO“tWMﬂ@v»+U@wxMﬂﬂm- (5)

where o > 0 is a discount factor, p = Apax(R?), and Amax(R) denotes the max-
imum eigenvalue of R, U(z,u) = 2"Qz + ' Ru with Q = diag{Q, 0,,x»}, and
Q € R™™ and R € R™*™ are symmetric positive definite matrices.

According to [7], the optimal control for system (4) with the value function
(5) is

u*(2) = =(1/2)R'GT(2)V (6)

where V = 0V*(z)/0z and V*(z) denotes the optimal value of V(z) given in
(5). Meanwhile, the corresponding HJB equation is derived as

pdar(2) + VIT (F(2) + G(2)u*) — aV*(2) + 27 Qz + u* T Ru* = 0. (7)

Theorem 1. Consider the CT nominal system described by (4) with the value
function (5). Let Assumptions 1 and 2 hold. Then, the optimal control u*(x)
given in (6) ensures system (2) to be stable in the sense of uniform ultimate
boundedness and the ultimate bound can be kept small.
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Proof. Taking the derivative of V*(z) along the system trajectory z = F(z) +
G(z)u* + AF(2), we have V*(z) = VT (F(2) + G(z)u*) + V;TAF(z). Noticing
that V;TAF(z) = —2u*TRd(z) and by (7), we obtain V*(z) = —pd3,(z) —
2TQz — w*TRu* — 2u*TRd(z) + aV*(z). Then it can be rewritten as V*(z) =
—pd%,(2)—el  Qeer— (u*—l—d(z))TR(u* +d(2))+d" (z) Rd(z)+aV*(z). Observing
that p = Amax(R) and [|d(2)|| < dar, we derive V*(2) < —Amin(Q)|l€erc||> +
aV*(z). Because u* is actually an admissible control, there exists a constant
by > 0 such that [|[V*(2)|| < by~. Thus, V*(2) < —Amin(Q)|l€ere]|® + aby-. So,

V(z) < 0 as long as e, is out of the set 2., = {eerr: ||€err|| < v/ @by+ /Amin(Q)}-

By Lyapunov Extension Theorem [8], we obtain that the optimal control u*
guarantees eq,(t) to be UUB with ultimate bound /@by / Amin(Q). Moreover,
if «v is selected to be very small, then \/aby« / Amin (@) can be kept small enough.

From Theorem 1, we can find that the robust tracking control can be obtained
by solving the optimal control problem (4) and (5). In other words, we need
get the solution of (7). In what follows, a novel ADP-based control scheme is
developed to obtain the approximate solution of (7). Before proceeding further,
we present an assumption used in [9,10].

Assumption 3. Let Li(z) € C' be a Lyapunov function candidate for system
(4) and satisfied L1(z) = L1, (F(2)+G(2)u*) < 0 with L. the partial derivative
of L1(z) with respect to z. In addition, there exists a symmetric positive definite

matriz A(z) € R***™ such that L{,(F(z) + G(z)u*) = —L{,A(2)L1..

4 Approximate the HJB Solution via ADP

By using the universal approximation property of NNs, V*(z) given in (7) can
be represented by a single-layer NN on a compact set {2 as

Vi(2) = Wl o(2) +e(2) (8)

where W, € RN is the ideal NN weight, o(2) = [01(2),02(2),...,0n5,(2)]T €
RMo is the activation function with o;(z) € C'(£2) and 0;(0) = 0, the set
{oj(2)}2° is often selected to be linearly independent, Ny is the number of
neurons, and €(z) is the NN function reconstruction error.

Substituting (8) into (6), we have

u*(z) = —(1/2)R7'GT(2)Vo W, + &, (9)

where Vo = 00(z)/0z and €, = —(1/2)R~*GT(2)Ve. Meanwhile, by using (8),
(7) becomes

WIVoF —aWlo + 2"Qz 4 pd3,(2) — (1/4)W]IVeAVe "W, = enys (10)

where A = G(2)R7'GT(2) and eggp = —Ve'F + ae + (1/2)WIVoAVe +
(1/4)VeT AVe is the HJB approximation error [11].
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Due to the unavailability of W,, u*(z) given in (9) cannot be implemented
in real control process. Therefore, we use a critic NN to approximate V*(z) as

V(z) =W/ o(2) (11)

where W, is the estimated weight of the ideal weight W.. The weight estimation
error for the critic NN is defined as W, = W, — W,.
Using (11), the estimated value of optimal control u*(z) is

W(z) = —(1/2)R'GT (2)Vo T W,. (12)

Combining (7), (11) and (12), we obtain the residual error as § = WIVoF —
aWlo 4+ 27Qz + pd3, (z) — (1/4)WTVUAVUTW By utilizing (10), we have
5= —WT¢+(1/4)WTVO'AVO' We+enyp with ¢ = Vo (F(2)+G(2)d) — ao(z).

To get the minimum value of §, we develop a novel critic NN tuning law as

W, =— w}(nz) 4 pd2,(2) — (1/4)WT voAngWC) + %Z(z, W)Vo ALy,

-
7((K1¢T — Ko)W, + (1/4)ngngWc:’;l Wc> (13)
where d_) = ¢/m§7 o =¢/ms, ms =1 +¢T¢» Y(z) = WCTVJF - aWcTJ + ZTsz
L1, is given as in Assumption 3, K7 and K> are tuning parameter matrices with
suitable dimensions, and X(z,4) is an indicator function defined as

S(ed) 0, if L{,(F(2)+ G(2)a) <0, (14)
Z,u) =
1, otherwise.

Then, we obtain the weight estimation error dynamics of the critic NN as

W, = ¢ (fv*vj 6+ (1/HWIVoAVaTW, + sHJB) - %E(z, A)Vo AL,

- <(K1<PT — K») — (1/4)Vo AV (W, — WC>£

S

) (W, —W,). (15)

In what follows we develop a theorem to show the stability of all signals in
the closed-loop system. Before proceeding further, an assumption is provided as
follows.

Assumption 4. W, is bounded by a known constant Wy > 0. There exist
constants be > 0 and b., > 0 such that ||e(2)|| < be and ||Ve(2)|| < ber ¥z € 2.
There exists a constant b.,, > 0 such that ||ey-|| < be,.. In addition, there exist
constants by > 0 and by, > 0 such that ||o(2)|| < by and |[Va(2)|| < by, Yz € Q2.

Theorem 2. Consider the CT nominal system given by (4) with associated HJB
equation (7). Let Assumptions 1—4 hold and take the control input for system (4)
as given in (12). Meanwhile, let the critic NN weight tuning law be (13). Then,
the function L. and the weight estimation error W, are gquaranteed to be UUB.
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Proof. We provide an outline of the proof due to the space limit. Consider the
Lyapunov function candidate L(t) = Ly (z) + (1/2)WJ~y~'W,. Taking the time

derivative of L(t), we have L(t) = L], (F(z) + G(2)a) + W]I~~'W.. By using
(15) and simplification, and noticing that z = F(z) + G(z)4, we obtain
L(t) < LT.2 = Auin(M)[| 2| + by || 2] = (1/2)2(2, ) LLAVS W, (16)

where Z = [WJ% WJ]T, by is the upper bound of ||N||, M and N are, respec-
tively, given as

I _wlB K] €HIB
M = 8my . 2 N = BT ms -
_BW. _ K _eWeB | BWeo™We | e mr
SmSF 2 K2 dmg 4m + 2WC 1$ WC

with B = Vo AVo'. Due to the definition of ¥(z,4) given in (14), we divide
(16) into the following two cases for discussion:

(i) X(z,4) = 0. In this circumstance, we have L] 2 < 0. By employing dense
property of R [12], we can obtain a positive constant 3 such that 0 < 3 <
|2]| implies LT, 2 < —||L1.||8 < 0. Then (16) can be developed as L(t) <
L2 18+ (1483 Aumin (M) = Aawin M) (2] = (1/2)by /A (M) . Notice
that [|Z]] < v/1+ ||<,0||2HWC|| < (\/5/2)||V~Vc|| Therefore, L(t) < 0 is valid
only if || L1zl > b3 /(48Amin(M)) or [Wel| > 2bx /(V5Amin(M)).

(i) X(z,4) = 1. In this case, (16) can be developed as L(t) < L{,(F(z) +
G(2)u*) + LLG(2)(@ — u*) = Anin(M)[| Z])* + b || 2] — 3 LT AVoTW.. By
using Assumption 3 and similar with (i), we can obtain that L(t) < 0 is
valid only if |[Lyz|| > garbe,. /(2Amin(A(2))) + /€ Amin(A(2)) or W >
bN/(\/g)\mm(M)) + 46/(5>‘m1n(M))7 where ¢ = g%/lbgu*/(4)\m1n(/1(z))) +

Combining (7) and (44) and using the standard Lyapunov Extension Theorem
[8], we derive that the function L;, and the weight estimation error W, are UUB.

5 Simulation Results

Consider the CT uncertain nonlinear system given by

T1 = —x1+ T2

iy = — (w1 + 1)wy — 4921 + u + qcos®(x1) sin(z) (17)
where z = [z1,72]" € R?, and the uncertain term d(z) = q cos® (1) sin(zz) with
unknown parameter ¢ € [—1,1]. We choose dps(x) = ||z||. The reference trajec-

tory x4 is generated by 14 = xog and 24 = —49x14 with the initial condition
24(0) = [0.2,0.4]T. Then the augmented tracking error system is derived as

£=C(2) + D(2)(u+d(2)) (18)
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Fig.1. (a) Convergence of critic NN weights (b) Control input u (c¢) Evolution of
tracking errors ecrr, (t) (¢ = 1,2) during NN learning process (d) Tracking errors ecrr,
(¢ = 1,2) between the state of system (17) and the desired trajectory x4 under the
approximate optimal control
where z = [21,22, 23, 24] " = [€crry, Cerry, T1ds T2q) ' With €epr, = T; — 44, and
D(z) =[0,1,0,0]T, and C(2) = [—2z1 + 20 — 23; — (21 + 23) (22 + 24) — 4921 — 23 —
24; 243 —4923). The nominal augmented system is 2 = C'(2)+D(z)u with C(z) and
D(z) is given in (18). The cost function V(z) for nominal augmented error system
is given as (5), where R = 1 and ) = 2I5. The activation function of the critic NN
is chosen with Ny = 10 as o(x) = [z%, 22,22 23 2129, 2123, 2124, 2223, 2224, 23Z4]T,
and the weight of the critic NN is written as W, = (Wer, Wea, ..., Wero] T

The initial system state is 2(0) = [0.5, —0.5]T, and the initial weight for the
critic NN is selected randomly within an interval of [0, 1], which implies that
no initial stabilizing control is required. In addition, « = 0.15 and v = 0.5.
The developed control algorithm is implemented via (12) and (13). The com-
puter simulation results are shown by Fig. 1(a)—(d). Figure 1(a) and (b) indicate
convergence of critic NN weights and control input u, respectively. Figure 1(c)
shows the evolution of tracking errors eepr, (i = 1,2) during NN learning process.
Figure 1(d) illustrates tracking errors e, (i = 1,2) between the state of system
(17) and the desired trajectory x4 under the approximate optimal control. From
simulation results, it is observed that the state z(k) tracks the desired trajectory
x4(k) very well, and all signals in the closed-loop system are bounded.
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6 Conclusions

We have developed an ADP-based robust tracking control for CT matched uncer-
tain nonlinear systems. The robust tracking control is obtained without the
requirement of the control matrix to be invertible. By using Lyapunov’s method,
the stability of the closed-loop system is proved, and all signals involved are UUB.
The computer simulation results show that the developed control scheme can
perform successfully control and attain the desired performance. In our future
work, we focus on studying robust control for CT nonaffine nonlinear systems.
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