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Abstract
Ultrasound nondestructive evaluation methods are popular since they are nonin-
vasive, can be done by a trained technician, and can be used in situ. Pulse echo
measurements with a single transducer and more advanced material examination
using phased arrays allow for the detection of cracks and cavities in homogeneous
materials. However, some types of damage remain invisible to traditional ultra-
sound nondestructive testing (NDT). Early stage fatigue damage, closed cracks,
or delaminations in composites are typically difficult to discern. This chapter
deals with the assessment of nonlinear wave distortion due to the presence of
damage. In nonlinear elastic materials, resonance frequencies depend on the
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excitation amplitude. Nonlinear reverberation spectroscopy (NRS) exploits this
small frequency shift in the ringing of a sample that was harmonically excited at
resonance. Two successful applications are described. First, NRS was used to
quantify thermal damage of carbon fiber reinforced polymers (CFRP) samples.
The nonlinear parameters are much more sensitive to the microdamage than linear
properties, such as a change of the Young’s modulus or the damping coefficient.
Moreover, the NRS results correlate well with optically gathered crack density
values, and they can be modeled using a hysteretic elastic constitutive equation.
The second example is the detection of early fatigue damage. A single closed
crack in a steel sample can be exposed and even located when combining the
NRS results with a finite element modal analysis.

Nonlinear Elasticity and Nondestructive Testing

Introduction

Traditional techniques for nondestructive testing (NDT), acoustical as well as
others, are based on a contrast between the damaged zone and the intact material.
This contrast can be a change in mechanical impedance, causing reflections and
absorption of elastic waves (echography, sonar, acoustic scans) or a change in
electromagnetic impedance (eddy current spectroscopy) (Mix 2005). When using
ultrasound methods to assess materials, scale limitations arise. In general, the
defect detection sensitivity increases for smaller wavelengths (Schmerr 2016).
However, high frequency pulses are highly attenuated thereby limiting the appli-
cation field. Sub-wavelength sized cracks can be detected by analyzing ultrasonic
array signals, which requires costly equipment (Zhang 2016). Even then, there
are certain cases where these techniques are not always successful. A single closed
crack for instance establishes a particular problem for the strength of a material,
but is nearly invisible for traditional acoustic techniques since an incoming wave is
not reflected. A possible approach to overcome this problem is using nonlinear
wave propagation properties of damaged materials (Guyer and Johnson 2009).

The phenomenon of nonlinear elastic behavior has been discovered as early as the
eighteenth century, but its practical repercussions were only addressed halfway the
twentieth century (Hamilton 1986). Whereas most homogeneous solid materials,
like metals, show a linear stress-strain relationship, a lot of anomalies are known
(Guyer and Johnson 2009; Nazarov and Radostin 2015). For large stresses in the
elastic regime, the strain of most materials deviates from the linear Hooke’s law.
Other materials like sandstone show a strong nonlinear stress-strain relationship at
much lower elastic stresses and even hysteresis when a stress cycle is applied. These
effects have been investigated thoroughly over the past decades, and models were
developed to describe the particular nonlinearity of different classes of materials.

Linear materials with local damage or with a distribution of microcracks show a
higher nonlinear elastic behavior than an undamaged reference material (Van Den
Abeele et al. 1997; Nagy 1998; Kim et al. 2011). In some cases where classical NDT
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techniques fail, the measurement of a slight variation in the nonlinear material
parameters can reveal early damage. The idea behind this concept is the fact that
small cracks or delaminations are activated by the applied dynamic stress field,
resulting in a response signal that is different from the expected response in the linear
regime. The larger the activation energy, the larger the nonlinear response. The
observation of this amplitude dependency will be used as an alternative for the
classically used and widely spread commercial techniques available. Techniques
based on nonlinear material behavior are commonly called nonlinear elastic wave
spectroscopy (NEWS).

In this chapter, a short introduction to some widely used nonlinear material
models is given first. The section is restricted to models necessary for the compre-
hension of the nonlinear NDT method. After an outline of the models, some
examples of measurable footprints, produced by acoustic waves passing through
nonlinear elastic zones, are given. The NEWS technique described in this chapter,
nonlinear reverberation spectroscopy, are based on the detection of these nonlinear
footprints.

Classical and Nonclassical Nonlinear Elasticity

Classical Nonlinearity
The relation between stress and strain determines the elastic modulus K, which is
defined as

K ¼ dσ

dϵ
, (1)

in which σ is the applied stress and ϵ is the strain. In linear materials, the elastic
modulus is a constant K0, resulting in Hooke’s law

σ ¼ K0ϵ: (2)

The simplest case of nonlinear behavior can be described using a series expansion
for the stress as a function of strain (Landau and Lifshitz 1959). This behavior can be
described analytically as

σ ¼ K0ϵþ K0β
�ϵ2 þ K0δ

�ϵ3 þ . . . (3)

which can be rewritten using Eq. 1 as an elastic modulus

K ¼ K0 1þ βϵþ δϵ2 þ . . .
� �

: (4)

The perturbations βϵ and δϵ2 are typically much smaller than 1, and they describe the
nonlinear hardening or softening of the material when a stress is applied. These
perturbations are a function of the second and third (in the case of β) and even fourth
(in the case of δ) order elastic constants of the material. When a sine wave is passing
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through a medium and meets a zone governed by this constitutive relation, the original
sine will be deformed and harmonics will be created. In case of first-order nonlinearity
only, meaning that δ= 0, even and odd harmonics show up in the resulting signal.When
only second-order nonlinearity is present (β = 0), only odd harmonics will be created.

A material whose deformation is described by this relationship is called a
classical nonlinear material. In linear elastic materials such as metals or Plexiglas
without any damage, this nonlinear behavior is normally very small and difficult to
measure. The sources of this nonlinearity however are well described and can be
linked to deformations and dislocations at the atomic scale (Landau and Lifshitz
1959; Hamilton 1986). Classical nonlinearity is therefore also referred to as atomic
nonlinearity. Since any material contains a certain amount of atomic defects, the
nonlinear parameters will never be zero. It is important to know the natural non-
linearity level in order to quantify the influence of developing damage.

Nonclassical Nonlinearity: Hysteresis and the Preisach-Mayergoyz
Approach
Micro-inhomogeneous materials like sandstone or concrete exhibit an even more
complex demeanor when stress is applied. It has been known for a long time that
rocks show a hysteretic behavior, comparable with the well-known hysteresis in
ferromagnetic materials. When a cyclic stress is applied, the resulting strain exhibits
a loop because of a different strain response when the material is compressed or
stretched (Guyer and Johnson 1999). An example for sandstone is shown in Fig. 1.

As a result, the elastic modulus has discontinuities when the applied stress
changes from positive to negative. In general, this can be described by

K ¼ K ϵ, _ϵð Þ, (5)

the time derivative _ϵ describing the dependency of the modulus on the direction in
which the strain is varying, and its rate of change. When the strain diminishes, the
value for K is different than when the strain increases. This dependency of the
change of strain in time implies a memory effect of the hysteretic behavior. The
memory shows up in the hysteretic curve in Fig. 1, where all inner loops arrive at the
exact same place as where they started. This phenomenon is called endpoint
memory, and it has been observed in a variety of materials.

More explicitly, the hysteretic stress-strain relation for a cyclic stress function can
be described to first order by the equation

K ϵð Þ ¼ K0 1� α Δϵ þ ϵ sign _ϵð Þ½ �ð Þ, (6)

where Δϵ is the amplitude during the last period and α is a constant describing the
hysteretic behavior. The consequences of this elastic law for harmonic waves were
described in a quasi-analytical way by Van Den Abeele et al. (1997). The most
important result is that in this case of nonclassical nonlinear elasticity only odd
harmonics are generated and that their amplitudes are proportional to the square of
the fundamental strain amplitude.
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The physical explanation of this macroscopic behavior is commonly attributed
to friction between the grains of a material (Walsh 1966; Mason 1969; Mavko
1979), although Sharma and Tutuncu (1994) found some discrepancies in this
theorem and they added adhesion to this model. Most of these models however are
purely descriptive, and very little analytical work is done (Pecorari 2004). All
models however are based on the mesoscopic of materials. Mesoscopic refers to
the scale between the nanolevel (atomic level, cf. classical nonlinearity) and the
macroscopic properties, in this case the behavior of grains in stone or metals with a
size varying from 0.1 to 10 μm. Since the bonds between the grains typically
behave completely different than the material inside the grains, this results in
nonclassical stress-strain relationships (Ten Cate and Shankland 1996; Darling
et al. 2004).

A phenomenological approach to describe hysteresis is the use of the Preisach-
Mayergoyz (PM) framework. This model was originally developed for the descrip-
tion of hysteresis in ferromagnetic materials but can also be used to deal with static
and dynamic mechanical hysteresis (McCall and Guyer 1994; Guyer et al. 1995).
The basis of this approach is to represent the material as an ensemble of features
called hysterons. These entities can be either in an open or closed state. The stress
value for which a hysteron opens (σo) or closes (σc) can be different for each
individual hysteron. The strain caused by the opening of a single hysteron is
assumed to be a constant value γ. The distribution of all hysterons can be represented
in a space defined as a density of entities as function of the switching values σo and
σc. This space is called the PM-space and the PM-space density ρPM(σo, σc). This is
represented schematically in Fig. 2.

The PM space, and the exact distribution of hysterons in particular, is usually
applied as a purely mathematical tool to describe and model the hysteretic properties
of a material. Some researchers however are investigating a universal theory about
the physical grounds of the exact distribution of hysterons in PM space. Work is

Fig. 1 Example of hysteretic behavior of Serena sandstone. The stress-strain relation (b) is shown
for an applied stress protocol (a). Internal closed loops are visible
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done by Aleshin and Van Den Abeele (2005, 2007, 2009) in the case of Hertzian
friction between microscale material cells, but in most cases, a simple analytical
distribution is used to approximate the reality. Some possibilities found in literature
include a uniform distribution or an exponential distribution, scaled in such a way
that the entire volume is equal to one. Experimental work on the dependency of the
PM distribution on external factors such as humidity was done on concrete by Van
Den Abeele et al. (2002).

The approach to calculate the strain from the stress is completely different than
in the case of classical (nonlinear) elasticity and is only based on the amount of
hysterons that are open and closed. The total strain of the medium is calculated as
the amount of open hysterons, multiplied by the hysteron strain value γ. The
amount of open and closed hysterons not only depends on the current stress and
stress rate but on the entire history of the stress, on the initial states of the
hysterons, and on the distribution of the hysterons in the PM space. The following
example explains the procedure to calculate the strain for a certain stress cycle
shown in Fig. 3a.

The PM space is represented in a plane defined by σc on the horizontal and σo on
the vertical axis. The distribution of the hysterons in the PM space is situated in a
triangular zone defined by the first bisector (for which σc = σo) and a horizontal and
vertical line defining the maximum values of the opening and closing stresses. In
theory, the vertical and horizontal limits of this zone can be infinite, but for practical
calculations mostly finite borders are chosen. An example of the evolution of closed
and open hysterons due to a predefined stress cycle is shown in (Fig. 3). In every
situation, one single continuous line divides the set of open (on the upper right side)
and the closed (on the lower left side) hysterons.

A purely hysteretic model does not take into account any classical elasticity. Most
materials showing hysteretic behavior however can best be described using a
combination of both hysteretic and classic elasticity. In for example sandstone, the
sand grains can be seen as elastic building blocks of the material, whereas the bonds
between the grains will behave in a hysteretic way. This model was, for instance,
used in the simulation of resonant bars with localized damage (Van Den Abeele et al.
2004b).

γ

stress
σO σC

σo

σc

strain

(a) (b)

Fig. 2 Hysteron (a) and PM space distribution (b)
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Nonlinear Behavior of Damaged Materials

It is well known that the nonlinear elastic behavior of materials increases in the
presence of damage, such as cracks (Nagy 1998; Van Den Abeele et al. 2000a, b).
Early experiments using nonlinear methods for detecting small cracks in various
materials such as steel, concrete, or carbon were performed by Antonets et al. (1986),
Shkolnik (1993), Korotkov and Sutin (1994), Sutin et al. (1995). The exact physical
basis of nonlinearity generation by cracks however is not completely understood,
and a variety of models have been developed.

When applying a shear stress on a crack, both sides will slide. Mesoscopic friction
models describe a stick-slip mechanism that is highly nonlinear. Theoretical inves-
tigations were done by Lawn and Brian (1998), Pecorari (2003), and more recently
by Aleshin and Van Den Abeele (2007). Pecorari proved the presence of classical
and hysteretic nonlinear effects, resulting in even and odd harmonics, respectively,
whereas Aleshin related the contact of rough surfaces to a description of PM space
distributions.
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Fig. 3 Example of the evolution in PM space when applying the stress cycle shown in (a). The
resulting strain can be seen in (i). The dark zone matches with closed hysterons, the lighter zone
stands for open hysterons
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The nonlinearity of a sample is directly related to the damage state (Sutin et al.
2003; Gliozzi et al. 2006; Zumpano and Meo 2007); thus, the knowledge of the
nonlinearity parameters can be used to detect and quantify the damage, and even to
distinguish the type of damage from its specific nonlinear behavior (classical or
hysteretic). Waves passing through the nonlinear elastic zones are distorted in a way
that can be distinguished macroscopically. Most of these effects are based on
amplitude dependent frequency changes and the generation of new frequencies in
a sample when an external monochromatic sound wave is applied.

Harmonics generation The most direct effect of a nonlinear stress-strain
relationship to assess damage is the generation of harmonics. Since the nonlinear
contributions to the elastic modulus deform any sinusoidal wave traveling through
a medium, harmonics will be generated. This approach has been successfully
applied for cracks in aluminum samples (Buck et al. 1978; Morris et al. 1979)
and carbon fiber-reinforced polymers (Kawashima et al. 2006; Solodov and
Busse 2007).

Although the generation of harmonics is of large theoretical interest, experi-
ments are often disturbed by nonlinear contributions from signal amplifiers
that also deform sinusoidal signals. When using high amplitude excitation, it is
therefore not easy to distinguish the harmonics produced by the damaged
sample and the electronics used. Reference measurements on linear samples
using the same electronic setup can be performed in order to filter out the
erroneous effects.

Nonlinear wave modulation Another well-known nonlinear phenomenon is the
mixing of two independent waves with frequencies f0 and f1( f0 > f1) when passing
through a nonlinear medium. The waves interact, causing amplitude modulation
effects. The resulting signal will not only consist of the original frequencies and their
harmonics, but sideband frequencies f0 � f1, f0 � 2f1, . . . will also be created (Van
Den Abeele et al. 2000b). The presence and amplitude of the sidebands depend on
the type of nonlinearity.

The first experiments based on this particular nonlinear feature (nonlinear
waveform modulation spectroscopy or NWMS) were performed in the 1990s by
Sutin and Donskoy (1998). The technique is mostly used to detect cracks, for
instance, by Courtney et al. (2008) and Zagrai et al. (2008), and for the evaluation
of multilayered structures (Antonets et al. 1986). Kazakov et al. (2002) developed
a way of localizing damage, comparable to the method described using harmonics
detection.

Extensive work was done by Van Den Abeele et al. (2000b) in developing
experiments to detect single cracks in Plexiglas and automotive parts. The authors
were able to distinguish higher order modulation effects using a high frequency
transducer and a low frequency shaker, and they compared the results with those of
the harmonics detection. In the same paper, a method is described that uses a short
impact (transient excitation) on the sample to produce a broadband low frequency
signal consisting of the eigenfrequencies of the material. This technique is called
impact modulation.

302 B. Van Damme and K. Van Den Abeele



The main advantage of modulation effects over harmonics detection is the possi-
bility of using independent wave sources for both signals. If there is no electronic
connection between both sources, modulation frequencies can only be generated by the
nonlinear material properties since no other nonlinear sources are present.

Amplitude-dependent eigenfrequency Since the eigenfrequencies of a material
directly depend on the stiffness, an amplitude-dependent elastic modulus will result in
an amplitude dependency of the eigenfrequencies. This phenomenon has, for instance,
extensively been studied in inherently nonlinear materials, such as rocks (Johnson et al.
1996, 2004; Johnson and Sutin 2005) and for many other materials (Van Den Abeele
et al. 2000a, 2006; Van Den Abeele and De Visscher 2000). The resonance frequency
in sandstone shifts to lower values for increasing amplitudes. The nonlinear effect
increases in damaged materials. An example is given in Fig. 4 for an undamaged and a
damaged slate beam (Van Den Abeele et al. 2000a).

The authors developed a method of detecting damage based on the relative
frequency shift, which they called Single Mode Nonlinear Resonance Acoustic/
Ultrasound Spectroscopy (SiMoNRAS/SiMoNRUS). Resonance peaks are mea-
sured doing a step-by-step sweep over a fixed frequency range for increasing
amplitudes.
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Fig. 4 Resonance curves of
an intact (a) and damaged (b)
slate beam sample measured
for increasing driving
amplitudes. (Reproduced
from Van Den Abeele et al.
2000a, with the permission of
the American Society for
Nondestructive Testing, Inc.)
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This frequency domain method has shown to be effective for detecting damage in
a variety of materials (Van Den Abeele et al. 2006), but the method is time
consuming.

Slow dynamics It has been observed that the elastic properties of a material
temporarily change after applying an elastic load. It is clear from the previous section
that the resonance frequency of a sample decreases for larger amplitudes. In addition,
after performing a SiMoNRAS experiment on sandstone at relatively high ampli-
tude, a new sweep at low amplitude will result in a lower resonance frequency than
was found in the original low amplitude sweep, which means the material has been
softened by the previous high amplitude sweep. If the same frequency sweep at low
strain amplitude is repeated, the resonance frequency shifts back toward its original
value, indicating a relaxation in time of the material. This phenomenon is called slow
dynamics.

Since slow dynamics is a proof of mesoscale nonlinearity, it can again be used for
the detection of hysteretic features. Bentahar et al. (2006) and Johnson and Sutin
(2005) compared fast (SiMoNRAS) and slow dynamic techniques for damage
detection in concrete, both in a numerical way and experimentally. The authors
found that damaged materials need much more time for the relaxation after applying
a load, and the relative frequency change is much higher than in intact samples.

Nonlinear Reverberation Spectroscopy

Nonlinear resonance techniques investigate the conduct of objects when they are
excited by increasing amplitudes. Generally, a single resonance mode of the object
with its associated frequency is selected. In SiMoNRUS (Johnson et al. 1996; Van
Den Abeele et al. 2000a), the object is subjected to a frequency sweep around this
resonance frequency at constant excitation amplitude. The true resonance character-
istics, frequency and damping (or quality factor), are then analyzed from fits of the
resulting frequency response amplitude (resonance curve). Multiple resonances of
complex objects can be exploited for a better estimation of the linear elastic
properties.

The experiment can be repeated for increasing excitation amplitudes to analyze
the nonlinearity of the object. Intact materials show no change in the resonance
characteristics, whereas damaged materials generally show a decrease in the reso-
nance frequency with amplitude (nonlinear softening) and an increase in the
damping factor (πf0/Q, with Q as the quality factor) due to nonlinear attenuation
(Van Den Abeele and De Visscher 2000; Van den Abeele et al. 2002; Johnson and
Sutin 2005).

Nonlinear reverberation spectroscopy (NRS) is the time domain analogy of
SiMoNRUS. In NRS, a sample is excited using a constant excitation at a single
frequency for a certain period of time. The frequency is chosen in the neighborhood
of one of the resonance frequencies of the sample. After a number of cycles,
sufficient to reach a steady-state response, the continuous wave excitation is stopped,
say, at t = t0. The reverberation response of the sample is measured from t0 to t1 and
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stored for analysis. The recorded signal is a typical decaying time signal, with large
amplitudes near t0 and smaller amplitudes near t1. This response is analyzed using a
successive fitting of an exponentially decaying sine function,

Ake
�ξk t sin 2πf k t þ ϕkð Þ (7)

to small time windows (approximately 20 cycles). Here, Ak denotes the amplitude, ξk
is the decay parameter, fk is the frequency, and ϕk is the phase of the signal in the kth
window. This allows the creation of a parametric plot of the true resonance frequency
fk and of the decay parameter ξk as a function of the amplitude Ak, thereby providing
information on the occurrence of nonlinearity. If the material is linear, the frequency
in different windows of the reverberation signal remains constant. If the material is
nonlinear, the frequency in the reverberation signal gradually increases with decreas-
ing amplitude and thus with time, in agreement with the nonlinear softening effect on
the modulus due to the presence of nonlinearity (Guyer and Johnson 1999; Guyer
et al. 1998).

SiMoNRUS and NRS can be performed in a fully noncontact mode by means of a
loudspeaker as exciter and a laser Doppler vibrometer for the response measurement.
The schematic setup and a typical NRS response and analysis of the data for one of
the samples considered in section “Application to Thermally Loaded CFRP” (ther-
mally shocked CFRP) can be found in Fig. 5a, b. The amplitude dependence of the
resonance frequency and damping are clear markers of the nonlinear material
behavior. When the amplitudes are recalculated in terms of strain (see section
“NRS Results”), a NRS nonlinearity parameter can be deduced from the proportion-
ality relation as the slope of the relative change.

Applications of NRS

Application to Thermally Loaded CFRP

CFRP and Heat Damage
Carbon fiber-reinforced polymers (CFRPs) are commonly used in the aircraft con-
struction industry. It is expected that the next generation of airplanes will consist of
more than 60% of composite structures (Taylor 2011). Even though composite
materials hold important advantages over aluminum, CFRP is also prone to various
degradation mechanisms. The exposure to heat, for instance, induces chemical and
microstructural changes affecting the mechanical behavior of the composite lami-
nate, even at moderate temperatures (Matzkanin 1999). Traditional nondestructive
quality control techniques are often limited in their capabilities of detecting and
characterizing subtle changes in the material properties associated with heat damage.
A review of the mechanisms of heat damage in composites and a state of the art of
nondestructive evaluation (NDE) techniques currently used to evaluate heat damage
can be found in a comprehensive article by Matzkanin (1999).
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Studies have shown that thermal degradation is typically matrix dominated since by
the time fiber properties such as tensile strength and modulus are affected, all other
mechanical integrity is lost. Mechanical metrics such as compressive, shear, and
flexural strength and stiffness properties are believed to be the most sensitive properties
for use in the early detection of thermal degradation, as opposed to nonmechanical
parameters such as thermal and dielectric properties. Most of the work reported in the
literature dealing with NDE for heat damage in composites deals with the following
five methods: thermal (IR), ultrasonics, acoustic emission, dielectric properties, and
radiography. These methods, while being readily available and well developed, are
limited in their capabilities to detect and characterize the changes in composite material
properties associated with heat damage. For instance, the detectability threshold of heat
damage (1 h exposure at temperatures 200–300 �C in unidirectional AS4-8552 CFRP
laminates using conventional ultrasonics (immersed transmission C-scan imaging at
5 MHz)) was found at 290 �C (Hyllengren 2001). This can be seen in the C-scan
examples in Fig. 6. Nevertheless, the measured value of the interlaminar shear strength
for the same type of samples changed from 121 MPa for nonexposed samples to
114 MPa when exposed at 200 �C, to 84 MPa for 285 �C, and to 43 MPa for samples
exposed at 300 �C for the duration of 1 h.

Most traditional NDE techniques are capable of detecting physical anomalies
such as cracks and delaminations. However, to be effective for thermal degradation,
they must be capable of detecting initial heat damage, which occurs at a microscopic
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Fig. 5 NRS experimental setup (a) and typical results: (b) Full recorded signal; (c) Analysis of
instantaneous resonance frequency versus particle velocity amplitude for a CFRP sample shocked at
300 �C for 30 min; (d) Analysis of instantaneous damping characteristic versus particle velocity
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10.1121/1.3184583 with the permission of the Acoustical Society of America.)
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scale. Review of the literature from more recent years indicates that a vast number of
NDE methods are currently under development and show various degrees of prom-
ise for characterizing heat damage in composites.

NRS Results
We examined a set of heat damaged composite laminate samples using the above
described NRS technique and quantified their NRS nonlinearity parameters as
function of the heating temperature and exposure time. The set of 21 CFRP
(AS4/8552 quasi-isotropic lay-up) samples consisted of one reference sample,
which was left unexposed, and 20 samples exposed at five different temperatures
(240, 250, 260, 270, and 300 �C) for four different durations (15, 30, 45, and
60 min). The samples were cooled under ambient conditions and tested at room
temperature. The nominal size of the samples was 120 mm(L ) � 20 mm
(W ) � 4 mm(T ). It is expected that thermal damage is induced in a more or less
uniform manner over the sample volume.

The resonance mode under consideration in this study (� 1800 Hz) is the
fundamental flexural mode of a beam. It has a stress concentration in the middle of
the sample and displacement nodes at a distance of 0.224L from both edges, with
L as the length of the sample (120 mm) (Rayleigh 1896; Géradin and Rixen 1994). In
the experimental setup, the sample is hung up by two nylon wires at the node lines
and is excited at a pure tone by a loudspeaker (diameter of 32 mm the sound being
concentrated by a converging cone of 180 mm length and 20 mm exit diameter)
centered in the middle of the sample. The response is measured by a laser vibrometer
(Polytec OFV303, decoder VD02) near one of the edges. All equipment is computer
controlled and operated through LabVIEW and GPIB. The acquisition of the signal
is realized by a PXI-5122 DAQ-card.

In the NRS experiment, the samples were excited by a 1000 period burst
excitation at a given amplitude and with a frequency close to the fundamental
flexural resonance frequency. The recorded signal was 0.6 s (120,000 points at a
sampling rate of 200 kHz) of the reverberation of the sample after the excitation was
stopped. Figure 5b shows a typical response from the start of the excitation to
the steady state together with the reverberation. To achieve a high accuracy in the
recording of the reverberation signal, a variable vertical range acquisition procedure
was implemented based on an automated feedback of the instantaneous amplitude
response. In this procedure, the dynamic range is decreased successively. At each

Fig. 6 Comparison of linear
C-scan results for thermally
loaded CFRP bars. The
samples were exposed to
285 �C (a), 290 �C (b), and
300 �C (c) for 1 h.
Delaminations (in dark blue)
are only visible in the last two
samples
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range, signals are acquired and averaged ten times. The various signals recorded at
decreasing dynamic range are finally matched to create a composed signal with
adequate vertical resolution over the entire time axis. The amplitude, frequency, and
damping information contained in the resulting signal are then analyzed by dividing
the composed signal into several windows (with fixed time duration of 10 ms, which
is typically of the order of 20 periodic oscillations) and by fitting the previously
described exponentially decaying sine function (Eq. 7) to the data using a
Levenberg-Marquardt algorithm to determine the parameters fk, ξk, ϕk and Ak, with
k referring to the kth time window. This yields the evolution of the frequency fk and
damping characteristic (ξk) as a function of the amplitude Ak in the decaying signal.

Figure 7 shows the results for the instantaneous resonance frequency versus
amplitude for the reference sample (a), for two samples exposed for 30 min at
250 and 270 �C, respectively (b and c), and for a sample heated at 300 �C for
45 min (d). The analyzed data for the reference sample nearly follow a horizontal
line, meaning that there is no or minimal dependence of the frequency on the
amplitude. The reference sample is thus close to being a linear material. On the
other hand, the results for longer exposure and higher temperature show an increased
frequency dependence on amplitude, which indicates an increase in the material
nonlinearity. Changing the window size for the analysis of the reverberating signal
(within limits, of course) did not influence the results.
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In order to quantify the degree of nonlinearity, the nonlinearity parameter Γ is
defined as the proportionality coefficient between the relative resonance frequency
shift and the strain amplitude Δϵ:

Δf
f 0

¼ ΓΔϵ, (8)

with f0 as the linear resonance frequency and Δf = f0 � fres. The strain amplitude
values, Δϵ, were calculated from the measured particle velocity amplitude values, ν,
using the strain-velocity conversion expression for beams (Géradin and Rixen 1994;
Rayleigh 1896),

Δϵ � 0:219
T

f
ffiffiffiffiffi
12

p 4:73

L

� �2

v (9)

with thickness T = 4 mm and length L = 120 mm in the case of the used CFRP
samples. It should be noted that because of the global character of the applied NEWS
method, Γ only represents a global quantification of the nonlinearity, integrated over
the whole sample. It contains no direct information on the localization of the defects.
The values for the global NRS nonlinearity parameter Γ obtained in this study
range from 0.6 to 6, and its variation as function of temperature and exposure time
for all samples is summarized in Fig. 8a. We observed an overall increase with
increasing exposure time and heat temperature up to a factor of 10 with respect to
the reference value. The obtained values are comparable to values obtained for intact
samples of heterogeneous materials such as slate (Van Den Abeele et al. 2000a),
pultruded composites (Van Den Abeele et al. 2004a), concrete (Van Den Abeele and
De Visscher 2000), and other materials (Johnson et al. 2004; Johnson and Sutin 2005).

A similar behavior can be observed when analyzing the nonlinearity in the
damping characteristic,

Δξ
ξ0

¼ ΥΔϵ (10)

with ξ0 as the linear time constant (connected to the attenuation) leading to the
damping nonlinear parameter Υ. However, the errors in the analysis results are larger
(support of the samples is very critical for attenuation), and the linear fits are not as
clean as the ones dealing with the resonance frequency shift, which results in a less
pronounced evolution (Fig. 8c).

Comparison with the Linear Resonance and C-Scan Results
and Discussion
The NRS analysis also provides the linear resonance signatures such as linear
attenuation and linear resonance frequency. Ignoring subtle geometry changes, it is
possible to calculate the global stiffness (Young’s modulus E) for the different
samples from the linear resonance frequency values. However, a systematic
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change as function of the temperature and exposure time was not observed
(Fig. 8b). For the attenuation, on the other hand, the linear value of the quality
factor Q0 (inverse attenuation Q0 = πf0/ξ0) increases with temperature and expo-
sure time (Fig. 8d), meaning that the attenuation (at that frequency) decreases with
increasing damage.

It is obvious that the nonlinear parameters derived in the NRS method show a
considerable gain in sensitivity and provide a consistent interpretation of the results
in contrast with the linear characteristics. The NRS results also show to be more
sensitive to heat damage than traditional C-scan results as shown in Fig. 6. For 1 h
exposures, a clear variation of the nonlinearity Γ is noticed for temperatures as low as
250 �C, whereas the C-scan data only gives decisive damage information from
285 �C.
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Quantification of the NRS Nonlinearity Parameter in Relation
to the Microcrack Density
In order to compare the obtained values of the NRS nonlinearity parameter Γ with
the microcrack density, five of the samples were sliced in the thickness direction and
the crack density from each sample at the surface was calculated. To do so, the
samples were imaged using light optical microscopy (LOM) coupled to a digital
camera. Images are acquired with the magnification level set to 2. The process to
quantify the crack density is described in detail in Van Den Abeele et al. (2009). In
brief, the presence of cracks in layers with out-of-plane fiber orientation is deter-
mined analyzing gray-scale differences. In the selected areas, the crack-to-intact
surface ratio, further referred to as crack density, is calculated.

The results of this treatment applied to all images lead to Fig. 9. Open diamonds
represent the different values of the crack density obtained in several subsets of the
images. The spread of the results is mainly due to the small size of the subset area,
which is analyzed and illustrates the statistical variation as function of the position
along the surface. As one can expect, some areas show almost no cracks, while
others exhibit several of them. The filled circles are the average value for each
sample. A clear relationship between the NRS nonlinearity parameter Γ and the
crack density can be observed.

1. The NRS nonlinearity parameter increases with increasing crack density.
2. The dispersion of the data increases with the NRS nonlinearity parameter. This can

be explained by the nonhomogeneous repartition of the cracks inside the samples.
3. Even though the crack density measurements for the reference sample and the

sample treated at 250 �C for 60 min are not significantly different, a vast increase
(more than a factor of 2) in the NRS nonlinearity parameter is observed. This
could imply that the crack density procedure based on the image treatment is not
sensitive enough to identify the very early features (e.g., increase in dislocation
nuclei) that are responsible for the increased NRS nonlinearity parameter, even
though they definitely exist. It again illustrates the extreme sensitivity of non-
linear techniques to early stages of damage.

Nonlinear Hysteretic Model
As mentioned in section “Nonlinear Elasticity and Nondestructive Testing,” non-
linearity can be included by allowing the Young’s modulus to depend on the stress
and stress rates (and if necessary other history-dependent variables). In the following
simulations, the PM approach, described in section “Nonclassical Nonlinearity:
Hysteresis and the Preisach-Mayergoyz Approach,” is used to take the nonlinearity
into account. The free vibration of the first eigenmode of an Euler-Bernoulli beam
was implemented using a finite difference Scheme. A (linear) constant damping
coefficient was introduced using a relaxation time mechanism described in Blanch
et al. (1995).

Upon performing the numerical simulations, the exact size and mass were
measured for each sample, yielding input values for ρ and I. Five relaxation
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mechanisms are assumed to provide a constant Q0 value over a broad frequency
range (0.1–5000 Hz). Further, the linear value of the Young’s modulus K0 and the
linear quality factor Q0 are adjusted to obtain the correct low amplitude values for
each sample. They are assumed to be uniform over the beam length. The nonlinearity
is introduced by specifying the statistical distribution of the bistable PM elements.
The simplest way, which is most commonly used for dynamic processes, is to
assume a uniform distribution of the elements. In this case, only one parameter is
needed. We call γ̂ the PM background density parameter defined as

γ̂ ¼ ρPM γ, (11)

in which ρPM is the constant PM space density and γ is the strain contribution of one
hysteron. The parameter γ̂ is expressed in units of Pa�2) (McCall and Guyer 1994;
Guyer et al. 1995; Van Den Abeele et al. 2004b; Vanaverbeke and Van Den Abeele
2006) and its value is assumed to be uniform over the length of the sample
(simulating a uniform distribution of damage). The physical meaning of the dimen-
sionless quantity γ̂dσcdσo is that it represents the deformation contribution of the
hysteretic elements in the PM space with opening pressures between σo and σo + dσo
and closing pressures between σc and σc + dσc upon switching from one state to the
other (open to closed or closed to open). The larger γ̂, the larger the nonlinear strain
contribution. This is the only free parameter to be used for fitting the nonlinear
behavior.

The comparison of the results for an exposure to 300 �C for 30 min is shown in
Fig. 10. The simulations track the experimentally observed resonance frequency
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reduction extremely well. For the nonlinearity in the damping, the experimental data
are generally noisier. Nevertheless, it shows more or less the same tendency as was
predicted in the simulations (with a 5% error at 50 microstrain). The discrepancy
could be due to the nonideal support of the beams by the nylon wires located at the
node lines in the experimental setup.

Three important issues about the nonlinearity parameter quantification should be
noted.

1. The use of classical reversible nonlinear models, such as the polynomial expan-
sion of stress versus strain (or vice versa) (Guyer et al. 1998), would lead to a
quadratic behavior of the resonance frequency shift with amplitude and does not
affect the attenuation characteristic. To find the linear decrease observed in the
data for the resonance frequency and the quality factor Q, it is essential to start
from a hysteretic model.

2. The PM background density parameter γ̂ used in the numerical model is quite
small. For the simulation of the nonlinear effects measured in the experiments, a
value of γ̂ between 2.2 � 10�20Pa�2 (reference sample) and 2.2 � 10�19Pa�2

(300 �C for 60 min) was used. As mentioned above, dσcdσo represents the
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deformation contribution of the hysteretic elements in the PM space with opening
pressures between σo and σo + dσo and closing pressures between σc and σc + dσc
upon switching from one state to the other. For a constant density in the statistical
PM space, ranging from �5 to 5 MPa, this would amount to a total hysteretic
contribution to the strain of only

γ̂
ð5 MPa

�5 MPa

ðP0

�5 MPa
1dσcdσo ¼ γ̂

1

2
1014 (12)

� 10�6 � 10�5 (13)

when changing the stress from �5 to 5 MPa.
3. Based on the PM space approach (McCall and Guyer 1994; Guyer et al. 1995;

Van Den Abeele et al. 2004b; Vanaverbeke and Van Den Abeele 2006), the
relative modulus change is – at first order of approximation – proportional to
the constant background density parameter γ̂ of the PM space, the linear modulus
K0, and the stress change itself. Since stress and strain are linked by the modulus,
this results in

K0 � K ϵð Þ
K0

/ γ̂K2
0ϵ: (14)

For those levels of nonlinear behavior observed in this study, giving rise to small
frequency or modulus shifts, we indeed obtain in all cases a constant ratio
between the macroscopically observed NRS nonlinearity parameter Γ and the
theoretically found microscopic nonlinearity, which is expressed by the PM
background density parameter γ:

Γ
γ̂

12

K0

� �2

¼ 1: (15)

Detection of Fatigue Damage in CFRP and Steel

Fatigue Damage in CFRP Bars
Damage induced by thermal shocking is generally quite small and uniformly dis-
tributed over the samples. Damage induced by fatigue loading can be more severe
and is usually highly localized. NRS can also be applied to detect and quantify
fatigue damage, which is highly localized. A zone of delaminations and cracks in
fatigued CFRP beams, and a single surface breaking crack in a steel landing gear
bracket are investigated.

The study on the fatigued CFRP samples shows a clear and sensitive signature
of the nonlinearity (reduction of the frequency with amplitude, and increasing
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attenuation values) for different levels of damage (larger number of fatigue
cycles), as can be seen in Fig. 11a, b. The frequency reduction is approximately
linear in the case of a low number of fatigue cycles (<25000). However, to
reach these nonlinear effects, the local level of microscopic nonlinearity γ̂ at the
localized damage zone must be far larger than in the case of thermal damage.
Confining the zone of nonlinearity to a region of length L/20, centered in the beam,
acceptable agreement with experiments requires simulation input values forγ̂ of the
order of 2 � 10�17 and higher, which is a factor 100 increase with respect to the
thermally treated samples. When the number of fatigue cycles increases, second-
ary effects appear in the form of a reduced reduction rate and a stagnation of the
frequency reduction (Fig. 11b). In the hysteretic PM space model this can be
associated with a gradually decreasing population of the bistable elements in the
statistical PM distribution, away from the PM space diagonal. This more compli-
cated behavior cannot be described by a single parameter anymore. Similar effects
are observed in the nonlinear attenuation.

The evolution of the linear damping parameter is consistent with the intuition that
larger damage causes larger damping levels. The intercept at zero microstrain in
Fig. 11c gradually provides a higher damping value for increasing fatigue cycles.

It is important to note, however, that the sensitivity of the nonlinearity signature is
much larger than the sensitivity of a linear material property such as the attenuation,
as can be appreciated from Fig. 11d. Additionally to the four previously described
samples, four more fatigued samples were included in the analysis. Unfortunately,
the fatigue history of these samples is unknown, but the damage is known to be much
higher than the first series of four.
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Fatigue Damage in a Steel Steering Actuator Bracket
The final example illustrates the NRS technique on a real industrial sample with a
complex geometry: a steering actuator bracket, which is part of the nose landing gear
of a commuter airplane. The bracket is made of POLDI L-ROL low alloy Czech steel
(Czech standard CSN 14331). The sample is represented in Fig. 12.

Three samples with a different damage degree are used:

Bracket 1 was saved in intact state for comparison with brackets 2 and 3.
Bracket 2 had accumulated 11,185 pulsating stress cycles (stress ratio R = 0) using

three point bending at a loading force level of 41,762 N. This level of the load
caused a tensile stress about of 949 MPa in the critical point of the bracket
according to strain gage measurement results. An estimation of crack growth
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propagation was performed by calculations using the PREDIKCE code, VZLU
in-house software (Aeronautical Research and Test Institute, Prague), and data
obtained during fatigue loading of the bracket. The results of these calculations
revealed inherent failure in the critical point of the bracket due to an initial crack.
The estimated equivalent depth of the initial crack was about 0.7 mm.

Bracket 3was fatigued using three point bending until a visible crack was present. It
needed in total 123,808 loading cycles of 43,762 N. This level of the load caused
a tensile stress about of 870 MPa in the critical point of the bracket according to
strain gage measurement results. The existence of a 2.1 mm fatigue crack was
confirmed by an eddy current system.

The shape and dimensions of the samples and the position of the fatigue crack is
shown in Fig. 12. The massive steel body of the test specimen is about 12 � 15 mm
in the zone of the crack location, which corresponds to the weakest point of the
sample.

The experimental setup is essentially the same as for the CFRP samples except for
the fact that the reception is made by means of an accelerometer (PCB Piezotronics
352B10). The results for the three samples are shown in Fig. 13. The experiment was
performed twice, for two different eigenmodes of the bracket. Once again, there is a
clear difference between the intact (red dots) and the damage bracket 1 (black
squares). The measurement performed on the slightly damaged bracket 2 (green
diamonds) is not decisive, as no significant difference with the undamaged bracket
can be noticed. This is probably due to the fact that the single crack size is small
compared to the applied wavelength, and the nonlinear wave distortion is too small
to be measured. The scattering at low amplitude is due to the noise in the tail of the
reverberation signal providing a bad resolution of the fits.

For this complex sample, with many vibration modes, the origin of the nonlinear
wave distortion can be appreciated from the deformation shapes. The considered
eigenmodes were modeled using finite element calculations. The von Mises stress
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for two modes is shown in Fig. 12. It is clearly visible that the first mode (607 Hz) is
an in-plane bending mode, which allows the crack to open and close while vibrating.
The second mode (660 Hz) is an out-of-plane torsional mode, which causes the
crack’s edges to slide over each other. It can be seen that the stress for both modes is
large in the environment of the crack. Since the nonlinear frequency change of the
first mode is much larger than the one of the second mode, one can assume that the
first mechanism is more efficient than the second.

Discussion

NRS can be considered a time-domain version of the well-established nonlinear
SiMoNRUS method, since both use the amplitude dependent eigenfrequency shift in
order to quantify material nonlinearity. Figure 14 indicates the consistency between
the two resonance methods applied to the first bending mode of a CFRP beam. The
analyzed resonance frequency from the sweeps exhibits the same slope as the fitted
resonance frequency deduced from the reverberation signal. There is a small offset
related to a slight change in experimental conditions. The advantage of the NRS
method is that it requires fewer acquisitions (one time signal at a single excitation
level versus a discrete frequency sweep at various increasing levels of excitation)
and, by such, that it is faster than SiMoNRUS.

For all thermally damaged samples and all moderately fatigued CFRP samples
(less than 25,000 cycles), the results of the SiMoNRUS and NRS techniques are
consistent, independent of the initial excitation amplitude. However, once the fatigue
level is high, we systematically observed a difference between the sweep-based
SiMoNRUS results obtained at increasing levels of excitation and the resonance
frequency analysis from the reverberating signals for similar initial levels of the
excitation. Figure 14b shows a clear example of this observation for a highly
damaged sample. The circles, connected with lines, correspond to the NRS analysis
at different external excitation levels. The red squares correspond to the peak
resonance frequency in the SiMoNRUS analysis at exactly the same levels of
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external excitations. The highest amplitude data point of each NRS analysis matches
quite well the results of the SiMoNRUS technique at the same excitation level.

The robustness of the method, a key feature for reproducible and trustworthy
material evaluation, has been tested in several ways. Being a noncontact experiment,
the only concern that could affect reproducibility is the string support of the sample.
Paying particular attention to attach the supporting strings near the nodes of the
resonance mode under consideration, several experiments were repeated after
dismounting and remounting without invoking significant deviations in the results
(errors of a few percent). In addition, even though experimental conditions may
significantly affect the resonance frequency, the slope of the amplitude dependence,
which yields the measure of the nonlinearity parameter in the NRS experiment, is
independent of the exact resonance frequency value as it merely depends on the
relative changes of it with respect to amplitude. These relative changes seem to be
less dependent on the experimental conditions than the values of the resonance
frequency. On top of this, we also verified that the obtained slope in the proportion-
ality relations is independent of the chosen initial excitation frequency and applied
voltage. The results of these investigations are illustrated in Fig. 15. In Fig. 15a, the
response for three different frequencies close to the actual resonance frequency is
illustrated for a fixed excitation amplitude. In Fig. 15b, the response at a fixed
excitation frequency is illustrated for three different excitation amplitudes. This
shows that the NRS nonlinearity parameter is independent of the initial excitation
frequency (within limits in the order of the full width at half maximum of the
resonance curve) and applied voltage (for regimes that do not involve slow dynam-
ics). This insensitivity to changes in the experimental setup and conditions, in
comparison to linear resonance measurements, is a practical advantage for the
method.

In this chapter, the use of NRS was shown for two materials with very different
properties, both regarding size, geometry, and material. Other researchers have
further investigated the method, mainly to investigate the material nonlinearity due
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to scattered microdamage. Successful measurements were performed on bone
(Haupert et al. 2014; Muller and Renaud 2011). The evaluation of concrete poses
additional experimental difficulties, since the samples are too large to excite in a
noncontact way using a loudspeaker. In this case, repeated hammer strokes with
increasing force were successfully used to excite the first bending mode (Leśnicki
et al. 2011; Jin et al. 2017).

Conclusion

In this chapter, a diagnostic technique for the detection of nonlinear material
behavior was introduced and the efficiency of the NRS technique to detect damage
was demonstrated. NRS is the time domain analogue of the SiMoNRUS technique,
where the nonlinear amplitude dependent resonance frequency can be used to
quantify material damage. Examples for global, heat induced, damage in CFRP
beams were given, and a correlation was found between the nonlinear frequency
changed and the optically measured crack density. This result confirms that the
increase in nonlinearity is linked to an increased network of cracks and that the
nonlinear signature is sensitive to microscopic alterations. Numerical simulations of
bending resonances, using a hysteretic nonlinear constitutive relation within the
sample support the results and relate the macroscopic NRS nonlinearity parameter
to the microscopic PM background density of hysteretic elements (section “Non-
linear Hysteretic Model”).

The technique was furthermore used for the detection of fatigue damage, both in
CFRP beams and in a steel industrial sample (section “Detection of Fatigue Damage
in CFRP and Steel”). The experiments prove that even the presence of a single
fatigue crack shows up in the NRS results, if the crack is not too small. Due to the
low frequencies used, and hence the large wavelengths present in the sample, a small
single crack might be overlooked by this technique. In the complex shaped sample,
the influence of the vibration mode on the NRS results was examined, showing that
the NRS efficiency depends on the considered mode.

The NRS technique has the advantage to be fast, it has few or no restrictions on
the sample geometry and in most cases it can be implemented in a fully noncontact
manner (due to the low frequency nature of the method). On the other hand, it
necessitates free (or at least steady, amplitude-independent) boundary conditions and
is only applicable for low attenuation materials.
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