
Chapter 5
Calculus on Mixed Time Scales

5.1 Introduction

This chapter focuses on what we call the calculus on a mixed time scale whose
elements we will define in terms of a point ˛ and two linear functions. There has
been recent interest in mixed time scales by Auch [37, 38], Auch et al. [39], Estes
[34, 78], Erbe et al. [76], and Mert [145].

5.2 Basic Mixed Time Scale Calculus

In this section, we introduce some fundamental concepts and properties concerning
what we will call a mixed time scale. Throughout this chapter we assume a; b are
constants satisfying

a � 1; b � 0; a C b > 1:

We will use two linear functions to define our so-called mixed time scale. First we
let � W R ! R be defined by

�.t/ D at C b; t 2 R:

Then we define the linear function � to be the inverse function of � , that is

�.t/ D t � b

a
; t 2 R:
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354 5 Calculus on Mixed Time Scales

We call � the forward jump operator and � the backward jump operator. Only
for these two functions we use the following notation. For n � 1 we define the
function �n recursively by

�n.t/ D �.�n�1.t//; t 2 R;

where �0.t/ WD t, and

�n.t/ D �.�n�1.t//; t 2 R;

where �0.t/ WD t: We now define our mixed time scale T˛ , where for simplicity we
always assume ˛ � 0:

T˛ WD f� � � ; �2.˛/; �.˛/; ˛; �.˛/; �2.˛/; � � � g:

By Exercise 5.1, we have that

� � � < �2.˛/ < �.˛/ < ˛ < �.˛/ < �2.˛/ < � � � :

Usually the domains of � and � will be either R or T˛:

Theorem 5.1. If a > 1; then

t >
b

1 � a
; t 2 T˛:

Proof. Since �n.˛/ � 0 > b
1�a for all n � 0, it remains to show that �n.˛/ > b

1�a
for all n � 1. We prove this by induction. First, for the base case note that

�.˛/ D ˛ � b

a
>

b

1 � a
:

Now assume n � 1 and �n.˛/ > b
1�a . Then it follows that

�nC1.˛/ D � .�n.t// D �n.˛/ � b

a
>

b
1�a � b

a
D b

1 � a
:

ut
Note that the above theorem does not hold if a D 1. Also note that when a > 1,

T˛ is not a closed set (see Theorem 5.6 (iii)).

Definition 5.2. For c; d 2 T˛ such that d � c, we define

TŒc;d� WD T˛ \ Œc; d� D fc; �.c/; �2.c/; : : : ; �.d/; dg:



5.2 Basic Mixed Time Scale Calculus 355

We define T.c;d/;T.c;d�; and TŒc;d/ similarly. Additionally, we may use the notation
T

d
c , where T

d
c WD TŒc;d�:

Definition 5.3. We define a forward graininess function, �, by

�.t/ WD �.t/ � t D .at C b/ � t D .a � 1/t C b:

In the following theorem we give some properties of the graininess function �.

Theorem 5.4. For t 2 T˛ and n 2 N0, the following hold:

(i) �.t/ > 0I
(ii) �.�n.t// D an�.t/I

(iii) �.�n.t// D a�n�.t/:

Proof. We just prove (iii) and leave the rest of the proof (see Exercise 5.2) to the
reader. To see that (iii) holds consider for t 2 T˛ the base case

�.�.t// D .a � 1/�.t/ C b D .a � 1/
t � b

a
C b D .a � 1/t C b

a
D a�1�.t/:

Now assume n � 1 and �.�n.t// D a�n�.t/ for t 2 T˛: Then using the induction
assumption we get for t 2 T˛

�.�nC1.t// D �.�n.�.t/// D a�n�.�.t// D a�.nC1/�.t/:

Hence, (iii) holds. ut
Theorem 5.5 (Properties of Forward Jump Operator). Given m; n 2 N0 and
t 2 T˛

(i) for n � 1, �n.t/ D ant C b
n�1P

jD0

ajI
(ii) if m > n, �m.t/ > �.n/.t/I

(iii) if t > 0, lim
n!1 �n.t/ D 1:

Proof. We will only prove (i) and (iii) here. First we will prove property (i) by an
induction argument. The base case clearly holds. Assume that n � 1 and �n.t/ D
ant C

n�1P

jD0

ajb. It follows that

�nC1.t/ D �.�n.t// D �

0

@ant C b
n�1X

jD0

aj

1

A

D a

0

@ant C b
n�1X

jD0

aj

1

AC b D anC1t C
0

@b
nX

jD0

aj

1

A :
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This completes the proof of (i).
Next we prove that (iii) holds. First, consider the subcase in which a > 1. Then

�n.t/ D ant C
n�1X

jD0

ajb � ant:

Since t > 0 and a > 1, we have that lim
n!1 �n.t/ D 1. Next, consider the case in

which a D 1. Then b > 0, and

�n.t/ D ant C
n�1X

jD0

ajb D t C
n�1X

jD0

b D t C nb � nb:

Since b > 0, we have that lim
n!1 �n.t/ D 1. This completes the proof of (iii). ut

Theorem 5.6 (Properties of Backward Jump Operator). Given positive integers
m, n, and t 2 T˛ , the following properties hold:

(i) �n.t/ D a�n

 

t �
n�1P

jD0

ajb

!

I
(ii) if m > n, then �m.t/ < �n.t/I

(iii) lim
n!1 �n.t/ D �1 if a D 1 and D b

1�a if a > 1:

Proof. We will just prove (i) holds (see Exercise 5.3 for parts (ii) and (iii)). So, first
we note that

�1.t/ D t � b

a
D a�1

0

@t �
0X

jD0

ajb

1

A :

Assume that n � 1 and �n.t/ D a�n

 

t �
n�1P

jD0

ajb

!

holds. Then

�nC1.t/ D �.�n.t//

D �

0

@a�n

2

4t �
n�1X

jD0

ajb

3

5

1

A

D
a�n

"

t �
n�1P

jD0

ajb

#

� b

a
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D a�n�1

0

@t �
n�1X

jD0

ajb � anb

1

A

D a�.nC1/

0

@t �
nX

jD0

ajb

1

A :

This completes the proof of (i) by induction. ut
We now define a function N.t; s/, whose value (we will see in Theorem 5.8),

when s; t 2 T˛ with s � t, gives the cardinality, card.TŒs;t//, of the set TŒs;t/.

Definition 5.7. For a > 1, we define the function N W T˛ � T˛ ! Z by

N.t; s/ WD loga

�
�.t/

�.s/

�

:

For simplicity, we will use the notation N.t/ WD N.t; ˛/, for t 2 T˛:

As presented in Estes [34, 78], some properties of the function N are given in the
following theorem.

Theorem 5.8. Assume a > 1 and t; s; r 2 T˛ . Then the following hold:

(i) N.t; t/ D 0I
(ii) N.t; s/ D card.TŒs;t//, if s � tI

(iii) N.s; t/ D �N.t; s/I
(iv) N.t; s/ D N.t; r/ C N.r; s/:

Proof. Since

N.t; t/ D loga

�
�.t/

�.t/

�

D loga 1 D 0;

we have that (i) holds. To see that (ii) holds, let s; t 2 T˛ with s � t. If k D
card.TŒs;t//, then t D � k.s/, and so we have that

N.t; s/ D loga

�
�.t/

�.s/

�

D loga

�
�.� k.s//

�.s/

�

D loga

�
ak�.s/

�.s/

�

D loga ak D k:

To see that (iii) holds, consider

N.t; s/ D loga

�
�.t/

�.s/

�

D � loga

�
�.s/

�.t/

�

D �N.s; t/:

The proof of (iv) is Exercise 5.4. ut
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5.3 Discrete Difference Calculus

In this section, we define a difference operator on our mixed time scale T˛ and study
its properties. Note that if a D q > 1 and b D 0, then D is the q-difference operator
(see Chap. 4), and if a D b D 1, then D is the forward difference operator.

Definition 5.9. Given f W T˛ ! R, the mixed time scale difference operator is
defined by

Df .t/ WD f .�.t// � f .t/

�.t/
; t 2 T˛:

Theorem 5.10 (Properties of Difference Operator). Let f ; g W T˛ ! R and ˛ 2
Œ0; 1/ be given. Then for t 2 T˛ the following hold:

(i) D˛ D 0I
(ii) D˛f .t/ D ˛Df .t/I

(iii) D.f .t/ C g.t// D Df .t/ C Dg.t/I
(iv) D.f .t/g.t// D f .�.t//Dg.t/ C .Df .t//g.t/I
(v) D.f .t/g.t// D f .t/Dg.t/ C .Df .t//g.�.t//I

(vi) D

�
f .t/

g.t/

�

D g.t/Df .t/ � .Dg.t//f .t/

g.t/g.�.t//
if g.t/g.�.t// ¤ 0.

Proof. Since D˛ D ˛ � ˛

�.t/
D 0 we have that (i) holds. Also

D˛f .t/ D ˛f .�.t// � ˛f .t/

�.t/
D ˛

�
f .�.t// � f .t/

�.t/

�

D ˛Df .t/;

so (ii) holds. To see that (iii) holds note that

D.f .t/ C g.t// D Œf .�.t// C g.�.t//� � Œf .t/ C g.t/�

�.t/

D f .�.t// � f .t/

�.t/
C g.�.t// � g.t/

�.t/
D Df .t/ C Dg.t/:

The proof of property (iv) is left to the reader. Property (v) follows from (iv) by
interchanging f .t/ and g.t/. Finally, property (vi) follows from the following:

D

�
f .t/

g.t/

�

D

�
f .�.t//

g.�.t//

�

�
�

f .t/

g.t/

�

�.t/

D f .�.t//g.t/ � g.�.t//f .t/

g.t/g.�.t//�.t/
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D f .�.t//g.t/ � f .t/g.t/ C f .t/g.t/ � g.�.t//f .t/

g.�.t//g.t/�.t/

D
g.t/

�
f .�.t// � f .t/

�.t/

�

� f .t/

�
g.�.t// � g.t/

�.t/

�

g.t/g.�.t//

D g.t/Df .t/ � .Dg.t//f .t/

g.t/g.�.t//
:

And this completes the proof. ut

5.4 Discrete Delta Integral

In this section, we will define the integral of a function defined on the mixed time
scale T˛ . We will develop several properties of this integral, including the two
fundamental theorems for the calculus on mixed time scales.

Definition 5.11. Let f W T˛ ! R and c; d 2 T˛ be given. Then

Z d

c
f .t/Dt WD

8
ˆ̂
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
ˆ̂
:

N.d;c/�1P

jD0

f .� j.c//�.� j.c// if c < d

0 if c D d

�
N.c;d/�1P

jD0

f .� j.d//�.� j.d// if c > d:

Theorem 5.12 (Properties of Integral). Given f ; g W T˛ ! R and c; d; l 2 T˛ ,
the following properties hold:

(i)
R d

c f .t/Dt D � R c
d f .t/DtI

(ii)
R d

c ˛f .t/Dt D ˛
R d

c f .t/DtI
(iii)

R d
c .f .t/ C g.t//Dt D R d

c f .t/Dt C R d
c g.t/DtI

(iv)
R c

c f .t/Dt D 0I
(v)

R d
c f .t/Dt D R l

c f .t/Dt C R d
l f .t/DtI

(vi) if d � c, then
ˇ
ˇ
ˇ
R d

c f .t/Dt
ˇ
ˇ
ˇ � R d

c jf .t/jDtI
(vii) if f .t/ � g.t/ for t 2 TŒc;d/, then

R d
c f .t/Dt � R d

c g.t/Dt; if d � c.

Proof. These properties follow from properties of summations. As an example, we
will just prove property (vi). To this end, we note that
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ˇ
ˇ
ˇ
ˇ

Z d

c
f .t/Dt

ˇ
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

K.d;c/�1X

jD0

f .� j.c//�.� j.c//

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

�
K.d;c/�1X

jD0

ˇ
ˇf .� j.c//�.� j.c//

ˇ
ˇ

D
Z d

c
jf .t/jDt:

ut
Definition 5.13. Assume c; d 2 T˛ and c < d. Given f W TŒc;d� ! R. We say F is
an antidifference of f on TŒc;d� provided DF.t/ D f .t/ for all t 2 TŒc;�.d/�.

The following theorem shows that every function f W T˛ ! R has an
antidifference on T˛:

Theorem 5.14 (Fundamental Theorem of Difference Calculus: Part II).
Assume f W T˛ ! R and c 2 T˛ . If we define F W T˛ ! R by F.t/ D R t

c f .s/Ds,
then F is an antidifference of f on T˛:

Proof. Let F be as defined as in the statement of this theorem. Then for t 2 T˛;

DF.t/ D
R �.t/

c f .s/Ds � R t
c f .s/Ds

�.t/
D
R �.t/

t f .s/Ds

�.t/
D f .t/�.t/

�.t/
D f .t/;

which is what we wanted to show. ut
Theorem 5.15. Assume f W T˛ ! R and F is an antidifference of f on T˛ . Then a
general antidifference of f on T˛ is given by

G.t/ D F.t/ C C; t 2 T˛;

where C is an arbitrary constant.

Proof. Let F be an antidifference of f on T˛ . Set G.t/ D F.t/CC for t 2 T˛; where
C is a constant. Then

DG.t/ D DŒF.t/ C C� D f .t/ C 0 D f .t/; for t 2 T˛:

Conversely, assume G.t/ is any antidifference of f on T˛: Then

DŒG.t/ � F.t/� D DG.t/ � DF.t/ D f .t/ � f .t/ D 0; t 2 T˛:

From Exercise 5.6, there is a constant C so that

G.t/ � F.t/ D C; t 2 T˛:



5.4 Discrete Delta Integral 361

Hence,

F.t/ D G.t/ C C; t 2 T˛;

as desired. ut
Definition 5.16. We define the indefinite integral as follows:

Z

f .t/Dt D F.t/ C C;

where F.t/ is any antidifference of f .t/.

Theorem 5.17 (Fundamental Theorem of Difference Calculus: Part I). Assume
f W T˛ ! R and c; d 2 T˛ . Then, if F is any antidifference of f on T˛ , it follows that

Z d

c
f .t/Dt D

Z d

c
DF.t/Dt D F.d/ � F.c/:

Proof. Put

G.t/ WD
Z t

c
f .s/Ds; t 2 T˛:

By Theorem 5.14 G.t/ is an antidifference of f .t/ on T˛ . Let F.t/ be any fixed
antidifference of f .t/ on T˛ . Then by Theorem 5.15 we have that

F.t/ D G.t/ C A; where A is a constant:

It follows that

F.d/ � F.a/ D ŒG.d/ C A� � ŒG.c/ C A� D G.d/ D
Z d

c
f .s/Ds:

ut
Remark 5.18. Note that the Fundamental Theorem of Calculus tells us that given
f W T˛ ! R, a point t0 2 T˛ , and a real number C, the unique solution of the IVP

Dy.t/ D f .t/

y.t0/ D C

is given by y.t/ D R t
t0

f .s/Ds C C, for t 2 T˛:

The integration by parts formulas in the next theorem are very useful.
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Theorem 5.19 (Integration by Parts). Given two functions u; v W T˛ ! R, if
c; d 2 T˛ , c < d, then

Z d

c
u.t/Dv.t/Dt D u.t/v.t/

ˇ
ˇ
ˇ
d

c
�
Z d

c
v.�.t//Du.t/Dt

and

Z d

c
u.�.t//Dv.t/Dt D u.t/v.t/

ˇ
ˇ
ˇ
d

c
�
Z d

c
v.t/Du.t/Dt:

Proof. By the product rule

DŒu.t/v.t/� D v.�.t//Du.t/ C .Dv.t//u.t/:

Using the fundamental theorem of calculus, we get

Z d

c
u.t/Dv.t/Dt C v.�.t//Du.t/Dt D u.d/v.d/ � u.c/v.c/:

It follows that

Z d

c
u.t/Dv.t/Dt D u.t/v.t/jdc �

Z d

c
v.�.t//Du.t/Dt:

This proves the first integration by parts formula. Interchanging u.t/ and v.t/ leads
to the second integration by parts formula. ut

5.5 Falling and Rising Functions

In this section, we define the falling and rising functions for the mixed time scale
T˛ , which are analogous to the falling and rising functions for the delta calculus
in Chap. 1. Several properties of these functions will be given, including the
appropriate power rule.

First we define the appropriate rising and falling functions for the mixed time
scale calculus.

Definition 5.20. Assume n 2 N. We define the rising function, tn, read “t to the n
rising,” by

tn WD
n�1Y

jD0

� j.t/; t0 WD 1;
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for t 2 R: We also define the falling function, tn; read “t to the n falling,” by

tn WD
n�1Y

jD0

�j.t/; t0 WD 1:

for t 2 R:

Definition 5.21. For n 2 Z, we define a-square bracket of n by

Œn�a WD
8
<

:

an � 1

a � 1
for a > 1

n for a D 1
:

Theorem 5.22 (Properties of a-Square Bracket of n). For n 2 Z, and a � 1,

(i) Œ0�a D 0I
(ii) Œ1�a D 1I

(iii) Œn�a C an D Œn C 1�aI
(iv) aŒn�a C 1 D Œn C 1�aI
(v) Œ�n�a D � Œn�a

an
:

Proof. To see that (iii) holds for a > 1, note that

Œn�a C an D an � 1

a � 1
C an D anC1 � 1

a � 1
D Œn C 1�a:

Also (iii) trivially holds for a D 1:

To see that (iv) holds for a > 1 note that

aŒn�a C 1 D a
an � 1

a � 1
C 1 D anC1 � a

a � 1
C a � 1

a � 1

D anC1 � 1

a � 1
D Œn C 1�a:

Also for a D 1 we have that

aŒn�a C 1 D n C 1 D Œn C 1�a:

Property (v) holds for a > 1, since

Œ�n�a D a�n � 1

a � 1
D �a�n an � 1

a � 1
D � Œn�a

an
:

Furthermore, (v) is trivially true for a D 1. ut
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We may use the a-square bracket function to simplify the expressions that we
found for the forward and backward jump operators.

Theorem 5.23. For n 2 N the following hold:

(i) �n.t/ D ant C Œn�abI
(ii) �n.t/ D a�nt C Œ�n�abI

(iii) �n.t/ � t D Œn�a�.t/:

Proof. In order to prove property (i), we have by part (i) of Theorem 5.5 that

�n.t/ D ant C b
n�1X

jD0

aj D ant C b

�
an � 1

a � 1

�

D ant C Œn�ab:

Similarly part (i) of Theorem 5.6 gives us that (ii) holds. Finally, using property
(i) we have that

�n.t/ � t D ant C Œn�ab � t D .an � 1/t C
�

an � 1

a � 1

�

b

D
�

an � 1

a � 1

�

Œ.a � 1/t C b� D Œn�a�.t/;

and hence (iii) holds. ut
Next we prove a power rule.

Theorem 5.24 (Power Rule). For n 2 N the following holds:

Dtn D Œn�a.�.t//n�1; for t 2 R:

Proof. For t 2 R we have that

Dtn D

n�1Q

jD0

� j.�.t// �
n�1Q

jD0

� j.t/

�.t/
D Œ�.n/.t/ � t�

�.t/

n�1Y

jD1

� j.t/

D Œ�.n/.t/ � t�

�.t/

n�2Y

jD0

� j.�.t//

D Œn�a Œ�.t/�n�1 ;

where in the last step we used part (iii) of Theorem 5.23. ut
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Definition 5.25. For n 2 Z and a � 1, we define the a-bracket of n by

fnga WD
8
<

:

an � 1

.a � 1/an�1
for a > 1

n for a D 1.

The following theorem gives us several properties of the a-bracket function.

Theorem 5.26. The following hold:

(i) f0ga D 0I
(ii) f1ga D 1I

(iii) fnga D Œn�a

an�1
I

(iv) fnga D �aŒ�n�aI
(v) �.t/ � �n�1.t/ D fnga�.t/:

Proof. We will just prove part (iv) holds when a > 1. This follows from

fnga D Œn�a

an�1
D �aŒ�n�a;

where the first equality is by part (iii) of this theorem and the second equality is by
part (v) of Theorem 5.22. ut
Theorem 5.27 (Power Rule). For n 2 N the following holds:

Dtn D fngatn�1; for t 2 R:

Proof. To establish the result, we calculate

Dtn D Œ�.t/�n � tn

�.t/
D

n�1Q

jD0

�j.�.t// �
n�1Q

jD0

�j.t/

�.t/

D
�.t/

n�1Q

jD1

�j�1.t/ � �n�1.t/
n�1Q

jD1

�j�1.t/

�.t/

D �.t/ � �n�1.t/

�.t/

n�2Y

jD0

�j.t/

D fngatn�1;

with the last equality by part (v) of Theorem 5.26. ut
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5.6 Discrete Taylor’s Theorem

In this section we will develop Taylor’s Theorem for functions on T˛ . First we define
the Taylor monomials for the mixed time scale T˛ as follows.

Definition 5.28. We define the Taylor monomials for the mixed time scale T˛ as
follows. First put h0.t; s/ D 1 for t; s 2 T˛ . Then for each n 2 N1 we recursively
define hn.t; s/, for each fixed s 2 T˛ , to be the unique solution (see Remark 5.18) of
the IVP

Dy.t/ D hn�1.t; s/; t 2 T˛

y.s/ D 0:

In the next theorem we derive a formula for hn.t; s/ (see Erbe et al. [76]).

Theorem 5.29. The Taylor monomials, hn.t; s/, n 2 N0, for the mixed time scale
T˛ are given by

hn.t; s/ D
nY

kD1

t � � k�1.s/

Œk�a

for t; s 2 T˛:

Proof. For n 2 N0, let

fn.t; s/ WD
nY

kD1

t � � k�1.s/

Œk�a
; for t; s 2 T˛:

We prove by induction on n, for n 2 N0; that fn.t; s/ D hn.t; s/ for t; s 2 T˛ .
By our convention on products f0.t; s/ D 1 D h0.t; s/; and it is easy to see that
f1.t; s/ D t � s D h1.t; s/ for t; s 2 T˛ . Assume n � 1 and fk.t; s/ D hk.t; s/ for
t; s 2 T˛ , 0 � k � n. It remains to show that fnC1.t; s/ D hnC1.t; s/ for t; s 2 T˛ .
First, note that

fnC1.t; s/ D
nC1Y

kD1

t � � k�1.s/

Œk�a
D t � �n.s/

Œn C 1�a

nY

kD1

t � � k�1.s/

Œk�a

D t � �n.s/

Œn C 1�a
fn.t; s/

D t � �n.s/

Œn C 1�a
hn.t; s/

by the induction hypothesis. Fix s 2 T˛ , then using the product rule
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DfnC1.t; s/ D D

�
t � �n.s/

Œn C 1�a
hn.t; s/

�

D �.t/ � �n.s/

Œn C 1�a
hn�1.t; s/ C hn.t; s/

Œn C 1�a

D .at C b � ans � Œn�ab/

Œn C 1�a
fn�1.t; s/ C fn.t; s/

Œn C 1�a
using Theorem 5.23, (i)

D a.t � an�1s � bŒn � 1�a/

Œn C 1�a
fn�1.t; s/ C fn.t; s/

Œn C 1�a
using Theorem 5.22, (iv)

D a.t � �n�1.s//

Œn C 1�a
fn�1.t; s/ C fn.t; s/

Œn C 1�a
using Theorem 5.23, (i)

D aŒn�afn.t; s/

Œn C 1�a
C fn.t; s/

Œn C 1�a

D aŒn�a C 1

Œn C 1�a
fn.t; s/

D fn.t; s/ using Theorem 5.22, (iv)

D hn.t; s/:

Since, for each fixed s, y.t/ D fnC1.t; s/ solves the IVP

Dy.t/ D hn.t; s/; t 2 T˛

y.s/ D 0;

we have by Remark 5.18 that hnC1.t; s/ D fnC1.t; s/ for t 2 T˛ . Finally, notice that
since s 2 T˛ is arbitrary we conclude that hnC1.t; s/ D fnC1.t; s/ for all t; s 2 T˛:

ut
Definition 5.30. For n 2 N0, we define the a-falling-bracket (of n) factorial,
denoted by fngaŠ, recursively by f0gaŠ D 1 and for n 2 N1

fngaŠ D fnga .fn � 1gaŠ/ :

Definition 5.31. For n 2 N0, we define the a-rising-bracket (of n) factorial,
denoted by Œn�aŠ, recursively by Œ0�aŠ D 1 and for n 2 N1

Œn�aŠ D Œn�a .Œn � 1�aŠ/ :

The following theorem is a generalization of the binomial expansion of
.t � t/n D 0, n 2 N1:
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Theorem 5.32 (Estes [34, 78]). Assume n � 1 and t 2 T˛ . Then

nX

iD0

.�1/i
�

ti
� �

tn�i
	

Œi�aŠfn � igaŠ
D 0:

Proof. For n 2 N1, consider

fn.t/ WD
nX

iD0

.�1/i
�

ti
� �

tn�i
	

Œi�aŠfn � igaŠ
:

We will prove by induction on n that fn.t/ D 0. For the base case n D 1 we have

f1.t/ D t � t D 0:

Assume n 2 N1 and fn.t/ D 0. It remains to show fnC1.t/ D 0. Using the product
rule

DfnC1.t/ D D

0

@
nC1X

iD0

.�1/i
�

ti
� �

tnC1�i
	

Œi�aŠfn C 1 � igaŠ

1

A

D D

0

@ .�1/nC1tnC1

Œn C 1�aŠ
C

nX

iD1

.�1/i
�

ti
� �

tnC1�i
	

Œi�aŠfn C 1 � igaŠ
C tnC1

fn C 1gaŠ

1

A

D
nX

iD1

.�1/i .�.t//i�1 .�.t//nC1�i

Œi � 1�aŠfn C 1 � igaŠ

C
nX

iD1

.�1/i
�

ti
� �

tn�i
	

Œi�aŠfn � igaŠ
C .�1/nC1 .�.t//n

Œn�aŠ
C tn

fngaŠ

D
nC1X

iD1

.�1/i .�.t//i�1 .�.t//nC1�i

Œi � 1�aŠfn C 1 � igaŠ
C

nX

iD0

.�1/i
�

ti
� �

tn�i
	

Œi � 1�aŠfn � igaŠ

D �
nX

iD0

.�1/i .�.t//i .�.t//n�i

Œi�aŠfn � igaŠ
C

nX

iD0

.�1/i
�

ti
� �

tn�i
	

Œi�aŠfn � igaŠ

D �fn.�.t// C fn.t/

D 0:

Since DfnC1.t/ D 0, we have that fnC1.t/ D C, with t 2 T˛ , for some constant C.
Note that fnC1.t/ can be expanded to a polynomial in t, and that each term of the sum
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fnC1.t/ D
nC1X

iD0

.�1/i
�

ti
� �

tnC1�i
	

Œi�aŠfn C 1 � igaŠ

is divisible by t. Thus, the polynomial expansion of fnC1.t/ has no constant term
and by the polynomial principle, C D 0. We have shown that fnC1.t/ D 0. This
completes the proof by induction. ut

Next we prove an alternate formula for the Taylor monomials due to
Estes [34, 78].

Theorem 5.33. Assume n 2 N0 and t; s 2 T˛ . Then

hn.t; s/ D
nX

iD0

.�1/i
�

si
� �

tn�i
	

Œi�aŠfn � igaŠ
:

Proof. Fix s and let

fn.t; s/ WD
nX

iD0

.�1/i
�

si
� �

tn�i
	

Œi�aŠfn � igaŠ
:

We will show by induction that fn.t; s/ D hn.t; s/. The base case f0.t; s/ D h0.t; s/
follows from the definitions. Assume that n 2 N1 and fn.t; s/ D hn.t; s/. From
Theorem 5.32, we know that fn.s; s/ D 0. Also

DfnC1.t; s/ D D

0

@
nX

iD0

.�1/i
�

si
� �

tnC1�i
	

Œi�aŠfn C 1 � igaŠ

1

A

D
n�1X

iD0

.�1/i
�

si
� �

tn�i
	

Œi�aŠfn � igaŠ

D fn.t; s/ D hn.t; s/:

Hence, for each fixed s 2 T˛ , y.t/ D fnC1.t; s/ solves the IVP

Dy.t/ D hn.t; s/; t 2 T˛

y.s/ D 0:

So, by the uniqueness of solutions to IVPs (see Remark 5.18), we have that
fnC1.t; s/ D hnC1.t; s/ for each fixed s 2 T˛: This completes the proof by induction.

ut
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Later we are going to see that we need to take the mixed time scale difference of
hn.t; s/ with respect to its second variable. To do this we now introduce the type-two
Taylor monomials, gn.t; s/, n 2 N0:

Definition 5.34. We define the type-two Taylor monomials gn W T˛ � T˛ ! R,
for n 2 N0, recursively as follows:

g0.t; s/ D 1 for t; s 2 T˛;

and for each n 2 N1, gn.t; s/; for each fixed s 2 T˛ , is the unique solution
(see Remark 5.18) of the IVP

Dy.t/ D �gn�1.�.t/; s/; t 2 T˛

y.s/ D 0:

In the next theorem we give two different formulas for the type-two Taylor
monomials.

Theorem 5.35. The type-two Taylor monomials are given by

gn.t; s/ D hn.s; t/ D
nX

iD0

.�1/i
�

ti
� �

sn�i
	

Œi�aŠfn � igaŠ
D

nY

kD1

s � � k�1.t/

Œk�a
;

for t; s 2 T˛:

Proof. We prove by induction on n that hn.s; t/ D gn.t; s/; t; s 2 T˛ , n 2 N0.
Obviously this holds for n D 0. Assume n � 0 and hn.s; t/ D gn.t; s/ for t; s 2 T˛ .
Fix s 2 T˛ and consider

DhnC1.s; t/ D D

0

@
nC1X

iD0

.�1/i
�

ti
� �

snC1�i
	

Œi�aŠfn C 1 � igaŠ

1

A

D
nC1X

iD1

.�1/i .�.t//i�1
�
snC1�i

	

Œi � 1�aŠfn C 1 � igaŠ
by Theorem 5.24

D �
nX

iD0

.�1/i .�.t//i
�
sn�i

	

Œi�aŠfn � igaŠ

D �hn.s; �.t// D �gn.�.t/; s/ by the induction hypothesis

for t 2 T˛: Also, by Theorem 5.32, hnC1.s; s/ D 0: So, y.t/ D hnC1.s; t/ satisfies
for each fixed s the same IVP

Dy.t/ D �gn�1.�.t/; s/

y.s/ D 0
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as gnC1.t; s/: Hence, by the uniqueness (see Remark 5.18) of solutions to IVPs

fnC1.t; s/ D hnC1.s; t/ D
nX

iD0

.�1/i
�

ti
� �

sn�i
	

Œi�aŠfn � igaŠ
;

for t 2 T˛ . ut
We now can state our power rule as follows.

Theorem 5.36. Assume n 2 N0. Then for each fixed s 2 T˛

DhnC1.t; s/ D hn.t; s/

and

DhnC1.s; t/ D �hn.�.t/; s/

for t 2 T˛:

Proof. By the definition (Definition 5.28) of hn.t; s/ we have for each fixed s 2 T˛

that DhnC1.t; s/ D hn.t; s/ for all t 2 T˛: To see that DhnC1.s; t/ D �hn.�.t/; s/ for
t 2 T˛ , note that by Theorem 5.33

DhnC1.s; t/ D D
nC1X

iD0

.�1/i
�

ti
� �

snC1�i
	

Œi�aŠfn C 1 � igaŠ

D
nC1X

iD1

.�1/i
�
Œ�.t/�i�1

� �
snC1�i

	

Œi � 1�aŠfn C 1 � igaŠ

D �
nX

iD0

.�1/i
�
Œ�.t/�i

� �
sn�i

	

Œi�aŠfn � igaŠ

D �hn.�.t/; s/;

which completes the proof. ut
Theorem 5.37 (Taylor’s Formula). Assume f W T˛ ! R, n 2 N0 and s 2 T˛ .
Then

f .t/ D pn.t; s/ C Rn.t; s/; t 2 T˛;

where the n-th degree Taylor polynomial, pn.t; s/, based at s, is given by

pn.t; s/ D
nX

kD0

Dkf .s/hk.t; s/; t 2 T˛;
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and the remainder term, Rn.t; s/, based at s, is given by

Rn.t; s/ D
Z t

s
hn.t; �.�//DnC1f .�/D�; t 2 T˛:

Proof. We prove Taylor’s Formula by induction. For n D 0 we have

R0.t; s/ D
Z t

s
h0.t; �.�//Df .�/D� D

Z t

s
Df .�/D� D f .t/ � f .s/:

Solving for f .t/ we get the desired result

f .t/ D f .s/ C R0.t; s/ D p0.t; s/ C R0.t; s/; t 2 T˛:

Now assume that n � 0 and f .t/ D pn.t; s/ C Rn.t; s/, for t 2 T˛ . Then integrating
by parts we obtain

RnC1.t; s/ D
Z t

s
hnC1.t; �.�//DnC2f .�/D�

D hnC1.t; �/DnC1f .�/
ˇ
ˇ
ˇ
t

�Ds
C
Z t

s
hn.t; �.�//DnC1f .�/D�

D �hnC1.t; s/DnC1f .s/ C
Z t

s
hn.t; �.�//DnC1f .�/D�

D �hnC1.t; s/DnC1f .s/ C Rn.t; s/

D �hnC1.t; s/DnC1f .s/ C f .t/ � pn.t; s/

D �pnC1.t; s/ C f .t/:

Solving for f .t/ we obtain the desired result

f .t/ D pnC1.t; s/ C RnC1.t; s/; t 2 T˛:

This completes the proof by induction. ut
We can now use Taylor’s Theorem to prove the following variation of constants

formula.

Theorem 5.38 (Variation of Constants Formula). Assume f W T˛ ! R and
s 2 T˛ . Then the unique solution of the IVP

Dny.t/ D f .t/; t 2 T˛

Diy.s/ D Ck; 0 � k � n � 1;



5.6 Discrete Taylor’s Theorem 373

where Ck, 0 � k � n � 1, are given constants, is given by

y.t/ D
n�1X

kD0

Ckhk.t; s/ C
Z t

s
hn�1.t; �.�//f .�/D�;

for t 2 T˛:

Proof. It is easy to see that the given IVP has a unique solution y.t/. By Taylor’s
Formula (see Theorem 5.37) applied to y.t/ with n replaced by n � 1, we get

y.t/ D
n�1X

kD0

Dky.s/hk.t; s/ C
Z t

s
hn�1.t; �.�//Dny.�/D�

D
n�1X

kD0

Ckhk.t; s/ C
Z t

s
hn�1.t; �.�//f .�/D�;

for t 2 T˛: ut
Example 5.39. Consider the mixed time scale where ˛ D 1 and �.t/ D 2t C 1

(so a D 2 and b D 1). Use the variation of constants formula in Theorem 5.38 to
solve the IVP

D2y.t/ D t � 1; t 2 T1

y.1/ D 2; Dy.1/ D 0:

By the variation of constants formula in Theorem 5.38, we have that

y.t/ D 2h0.t; 1/ C 0h1.t; 1/ C
Z t

1

h1.t; �.s//.s � 1/Ds

D 2 C
Z t

1

h1.t; �.s//h1.s; 1/Ds:

Integrating by parts we calculate

y.t/ D 2 C h1.t; s/h2.s; 1/
ˇ
ˇ
ˇ
t

sD1
C
Z t

1

h2.s; 1/Ds

D 2 C h3.s; 1/
ˇ
ˇ
ˇ
t

sD1
D 2 C h3.t; 1/

D 2 C 1

21
.t � 1/.t � 3/.t � 7/;

for t 2 T1: The reader could check this result by just twice integrating both sides of
the equation D2y.t/ D t � 1 from 1 to t.
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5.7 Exponential Function

In this section we define the exponential function on a mixed time scale and give
several of its properties. First we define the set of regressive functions by

R D fp W T˛ ! C such that 1 C p.t/�.t/ ¤ 0 for t 2 T˛g:

Definition 5.40. The mixed time scale exponential function based at s 2 T˛ ,
denoted by ep.t; s/, where p 2 R is defined to be the unique solution, y.t/, of the
initial value problem

Dy.t/ D p.t/y.t/; (5.1)

y.s/ D 1: (5.2)

In the next theorem we give a formula for ep.t; s/.

Theorem 5.41. Assume p 2 R and s 2 T˛: Then

ep.t; s/ D

8
ˆ̂
ˆ̂
ˆ̂
<

ˆ̂
ˆ̂
ˆ̂
:

K.t;s/�1Q

jD0



1 C p.� j.s//�.� j.s//

�
; if t > s

1; if t D s
�K.t;s/Q

jD1

1

Œ1 C p.�j.s//�.�j.s//�
; if t < s:

Proof. It suffices to show (see Remark 5.18) that y.t/ D ep.t; s/ as defined in the
statement of this theorem satisfies the IVP

Dy.t/ D p.t/y.t/; t 2 T˛

y.s/ D 1:

It is clear that ep.s; s/ D 1. It remains to show that Dep.t; s/ D p.t/ep.t; s/. Consider
the case that t D � k.s/ for k � 1. Then

Dep.t; s/ D 1

�.t/

N.�.t/;s/�1Y

jD0



1 C p

�
� j.s/

	
�
�
� j.s/

	�

� 1

�.t/

K.t;s/�1Y

jD0



1 C p

�
� j.s/

	
�
�
� j.s/

	�
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D
p.�N.t;s/.s//�

�
�N.t;s/.s/

	 N.t;s/�1Q

jD0



1 C p

�
� j.s/

	
�
�
� j.s/

	�

�.t/

D p.t/ep.t; s/:

Consider the case when t D s. Then,

Dep.s; s/ D Œ1 C p.s/�.s/� � 1

�.s/
D p.s/ D p.s/ep.s; s/:

Consider the case when t D �.s/. In this case it follows that

Dep.�.s/; s/ D
1 � 1

1 C p .�.s// � .�.s//
� .�.s//

D p .�.s//

1 C p .�.s// � .�.s//

D p .�.s// ep.�.s/; s/:

Finally, consider the case when t D �k.s/ for k � 2. In this final case it then holds
that

Dep.t; s/ D 1

�.t/

�N.�.t/;s/Y

jD1

1

1 C p
�
�.j/.s/

	
�
�
�.j/.s/

	

� 1

�.t/

�N.t;s/Y

jD1

1

1 C p
�
�.j/.s/

	
�
�
�.j/.s/

	

D 1

�.t/

"

1 � 1

1 C p
�
�.�N.t;s//.s/

	
�
�
�.�N.t;s//.s/

	

#

�
�N.�.t/;s/Y

jD1

1

1 C p
�
�.k/.s/

	
�
�
�.k/.s/

	

D p.t/

1 C p�.t/

�N.�.t/;s/Y

jD1

1

1 C p
�
�.k/.s/

	
�
�
�.k/.s/

	

D p.t/ep.t; s/;

which completes the proof. ut
Next we define an addition on R:
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Definition 5.42. We define the circle plus addition, ˚, on the set of regressive
functions R on the mixed time scale T˛ by

.p ˚ r/.t/ WD p.t/ C r.t/ C �.t/p.t/r.t/; t 2 T˛:

Similar to the proof of Theorem 4.16, we can prove the following theorem.

Theorem 5.43. The set of regressive functions R with the addition ˚ is an Abelian
group.

Like in Chap. 4, the additive inverse of a function p 2 R is given by

�p WD �p

1 C �p
:

We then define the circle minus subtraction, �, on R by

p � r WD p ˚ .�r/:

It follows that

p � r D p � r

1 C �r
:

In the following theorem we give several properties of the exponential function
ep.t; s/:

Theorem 5.44. Let t; s; r 2 T˛ and p; l 2 R. Then the following properties hold:

(i) e0.t; s/ D 1I
(ii) ep.s; s/ D 1I

(iii) Dep.t; s/ D p.t/ep.t; s/I
(iv) ep.�.t/; s/ D Œ1 C p.t/�.t/� ep.t; s/I
(v) ep.�.t/; s/ D ep.t; s/

Œ1 C p .�.t// � .�.t//�
I

(vi) if 1 C p.t/�.t/ > 0 for all t 2 T˛ then ep.t; s/ > 0I
(vii) ep.t; s/ep.s; r/ D ep.t; r/I

(viii) ep.s; t/ D 1

ep.t; s/
D e�p.t; s/I

(ix) ep.t; s/el.t; s/ D ep˚l.t; s/I
(x)

el.t; s/

ep.t; s/
D el�p.t; s/:

Proof. The proof of this theorem is very similar to the proof of Theorem 4.18. Here
we will just prove first half of part (viii). Consider the case t > s. Then
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ep.s; t/ D
N.t;s/Y

jD1

1

1 C p .�j.t// � .�j.t//

D
N.t;s/Y

jD1

1

1 C p
�
�j.�N.t;s/.s/

	
�
�
�j.�N.t;s/.s/

	

D
N.t;s/Y

jD1

1

1 C p
�
�N.t;s/�j.s/

	
�
�
�N.t;s/�j.s/

	

D
N.t;s/�1Y

jD0

1

1 C p .� j.s// � .� j.s//
D 1

ep.t; s/
:

When t D s, it follows that ep.s; s/ D 1
ep.s;s/ D 1: Finally, consider the case when

t < s. Then

ep.s; t/ D
N.s;t/�1Y

jD0



1 C p

�
� j.t/

	
�
�
� j.t/

	�

D
N.s;t/�1Y

jD0



1 C p

�
�N.s;t/�j.s/

	
�.�N.s;t/�j.s//

�

D
N.s;t/Y

jD1



1 C p

�
�j.s/

	
�
�
�j.s/

	� D 1

ep.t; s/
;

which was to be shown. ut
Next we define the scalar dot multiplication, ˇ, on the set of positively regressive

functions RC WD fp 2 R W 1 C �.t/p.t/ > 0, t 2 T˛g:
Definition 5.45. We define the scalar dot multiplication, ˇ, on RC by

.˛ ˇ p/.t/ WD Œ1 C �.t/p.t/�˛ � 1

�.t/
; t 2 T˛:

Similar to the proof of Theorem 4.21 we can prove the following theorem.

Theorem 5.46. If ˛ 2 R and p 2 RC, then

e˛
p .t; a/ D e˛ˇp.t; a/

for t 2 T˛:

Then similar to the proof of Theorem 4.22, we get the following result.
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Theorem 5.47. The set of positively regressive functions RC on a mixed time scale
with the addition ˚ and the scalar multiplication ˇ is a vector space.

5.8 Trigonometric Functions

In this section, we use the exponential function defined in the previous section to
define the hyperbolic and trigonometric functions for the mixed time scale.

Definition 5.48. For ˙p 2 R, we define the mixed time scale hyperbolic cosine
function coshp.�; s/ based at s 2 T˛ by

coshp.t; s/ WD ep.t; s/ C e�p.t; s/

2
; t 2 T˛:

Definition 5.49. Likewise we define the mixed time scale hyperbolic sine function
sinhp.�; s/ based at s 2 T˛ by

sinhp.t; s/ WD ep.t; s/ � e�p.t; s/

2
; t 2 T˛:

Similar to the proof of Theorem 4.24 one can prove the following theorem.

Theorem 5.50. Assume ˙p 2 R and t; s 2 T˛ . Then the following properties
hold:

(i) coshp.s; s/ D 1I
(ii) sinhp.s; s/ D 0I

(iii) cosh�p.t; s/ D coshp.tI s/I
(iv) sinh�p.t; s/ D � sinhp.t; s/I
(v) D coshp.t; s/ D p.t/ sinhp.t; s/I

(vi) D sinhp.t; s/ D p.t/ coshp.t; s/I
(vii) cosh2

p.t; s/ � sinh2
p.t; s/ D e��p2 .t; s/:

Definition 5.51. Assume ˙ip 2 R. Then we define the mixed time scale cosine
function cosp.�; s/ based at s 2 T˛ by

cosp.t; s/ WD eip.t; s/ C e�ip.t; s/

2
; t 2 T˛:

Definition 5.52. We define the mixed time scale sine function sinp.�; s/ based at
s 2 T˛ by

sinp.t; s/ WD eip.t; s/ � e�ip.t; s/

2i
; t 2 T˛:

Similar to the proof of Theorem 4.27 one can prove the following theorem.
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Theorem 5.53. Assume ˙ip 2 R and t; s 2 T˛: Then the following properties
hold:

(i) cosp.s; s/ D 1I
(ii) sinp.s; s/ D 0I

(iii) cos�p.t; s/ D cosp.t; s/I
(iv) sin�p.t; s/ D � sinp.t; s/I
(v) D cosp.t; s/ D �p.t/ sinp.t; s/I

(vi) D sinp.t; s/ D p.t/ cosp.t; s/I
(vii) cos2

p.t; s/ C sin2
p.t; s/ D e�p2 .t; s/:

Similar to the proof of Theorem 4.26 one can prove the following theorem.

Theorem 5.54. Assume ˙ip 2 R and t; s 2 T˛ . Then the following properties
hold:

(i) sinip.t; s/ D i sinhp.t; s/I
(ii) cosip.t; s/ D coshp.t; s/I

(iii) sinhip.t; s/ D i sinp.t; s/I
(iv) coship.t; s/ D cosp.t; s/;

for t 2 T˛:

It is easy to prove the following theorem.

Theorem 5.55. If p 2 R, then a general solution of

Dy.t/ D p.t/y.t/; t 2 T˛

is given by

y.t/ D cep.t; a/; t 2 T˛:

Theorem 5.56. Assume t; s 2 T˛ and p is a constant. Then the following Taylor
series converge on TŒs;1/.

(i) ep.t; s/ D
1P

nD0

pnhn.t; s/; if p 2 RI

(ii) sinp.t; s/ D
1P

nD0

.�1/np2nC1h2nC1.t; s/; if ˙ ip 2 RI

(iii) cosp.t; s/ D
1P

nD0

.�1/np2nh2n.t; s/; if ˙ ip 2 RI

(iv) sinhp.t; s/ D
1P

nD0

p2nC1h2nC1.t; s/; if ˙ p 2 RI

(v) coshp.t; s/ D
1P

nD0

p2nh2n.t; s/; if ˙ p 2 R:

Proof. Fix t 2 TŒs;1/. Then for some k � 0, it holds that t D � k.s/ � s. Let
M D maxfˇˇep.�; s/

ˇ
ˇ W � 2 TŒs;t�g. Then for n � 1 we have
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jRn.t; s/j D
ˇ
ˇ
ˇ
ˇ

Z t

s
hn.t; �.�//DnC1ep.�; s/D�

ˇ
ˇ
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇ

Z t

s
hn.t; �.�//pnC1ep.�; s/D�

ˇ
ˇ
ˇ
ˇ

� MjpjnC1

ˇ
ˇ
ˇ
ˇ

Z t

s
hn.t; �.�//D�

ˇ
ˇ
ˇ
ˇ

D MjpjnC1 jhnC1.t; s/j : (5.3)

Now if m � k, we have that

jRm.t; s/j � MjpjmC1 jhmC1.t; s/j D MjpjmC1

mC1Y

iD1

t � � i�1.s/

Œi�a
:

Note that since m � k, the product in the above expression contains the factor

t � � k.s/

Œk C 1�a
D t � t

Œk C 1�a
D 0:

Thus, for all m � k,

Rm.t; s/ D 0:

Hence, by Taylor’s Formula (Theorem 5.37) the Taylor series for ep.t; s/ converges
for any t 2 TŒs;1/. The remainder of this theorem follows from the fact that the
functions cosp.t; s/ sinp.t; s/, coshp.t; s/, and sinhp.t; s/ are defined in terms of
appropriate exponential functions. ut
Theorem 5.57. Fix s 2 T˛ . Then the Taylor series for each of the functions in
Theorem 5.56 converges on T.�1;s/ when jpj < a

�.s/ .

Proof. Let s 2 T˛ be fixed. We will first prove that if jpj <
�.s/

a , then the Taylor
series for ep.t; s/ converges for each t 2 T.�1;s/: Fix t 2 T.�1;s/: We claim that for
each a � 1

lim
n!1

�n�1.s/ � t

Œn�a
D �.s/

a
: (5.4)

First we prove (5.4) for a D 1: This follows from the following calculations:

lim
n!1

�n�1.s/ � t

Œn�a
D lim

n!1
an�1s C Œn � 1�ab � t

Œn�a



5.8 Trigonometric Functions 381

D lim
n!1

s C Œn � 1�1b � t

Œn�1

D lim
n!1

s � .n � 1/b � t

n
D b

1
D �.s/

a
:

Next we prove (5.4) for a > 1: To this end consider

lim
n!1

�n�1.s/ � t

Œn�a
D lim

n!1
an�1s C Œn � 1�ab � t

Œn�a
by Theorem 5.5, (i)

D lim
n!1

an�1s C an�1�1
a�1

b � t
an�1
a�1

by the definition of Œn�a

D lim
n!1

.a � 1/an�1s C .an�1 � 1/b � .a � 1/t

an � 1

D .a � 1/s C b

a

D �.s/

a
:

Now consider the remainder term

Rn.t; s/ D
Z t

s
hn.t; �.�//DnC1ep.�; s/D� D

Z t

s
hn.t; �.�//pnC1ep.�; s/D�:

It follows that

jRn.t; s/j � jpjnC1

Z s

t
jhn.t; �.�//jjep.�; s/jD�:

If we let

M WD maxfjep.t; s/j W t � � � s � 1g;

then

jRn.t; s/j � MjpjnC1

Z s

t
jhn.t; �.�//jD�

D MjpjnC1

Z s

t

ˇ
ˇ
ˇ
ˇ
ˇ

nY

kD1

t � � k�1.�/

Œk�a

ˇ
ˇ
ˇ
ˇ
ˇ
D�

D MjpjnC1

Z s

t
.�1/nhn.t; �.�//D�

D MjpjnC1


.�1/nC1hnC1.t; �/

��Ds

�Dt
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D MjpjnC1.�1/nC1hnC1.t; s/

D MjpjnC1

nC1Y

kD1

� k�1.s/ � t

Œk�a
:

Using (5.4) and jpj < a
�.s/ , there is a number r and a positive integer N so that

0 � jpj�
n�1.s/ � t

Œn�a
� r < 1; for n � N:

It follows that

lim
n!1 jRn.t; s/j D lim

n!1 M
1Y

kD1

jpj�
k�1.s/ � t

Œk�a
D 0:

Therefore, by Taylor’s Formula,

ep.t; s/ D
1X

nD0

pnhn.t; s/

for t 2 T.�1;s/:

The remainder of this theorem follows from the fact that the functions cosp.t; s/
sinp.t; s/, coshp.t; s/, and sinhp.t; s/ are defined in terms of appropriate exponential
functions. ut
Theorem 5.58. For fixed t; s 2 T˛ , the power series

f .x/ D
1X

nD0

hn.t; s/xn

converges for jxj <
a

�.s/
:

Proof. First, consider the power series

A.x/ D
1X

nD0

tn

fngaŠ
xn:

We will perform the ratio test with this series:

lim
n!1

ˇ
ˇ
ˇ
ˇ
anC1

an

ˇ
ˇ
ˇ
ˇ D lim

n!1

ˇ
ˇ
ˇ
ˇ

tnC1

fn C 1gatn

ˇ
ˇ
ˇ
ˇ
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D lim
n!1

ˇ
ˇ
ˇ
ˇ

�n.t/

fn C 1ga

ˇ
ˇ
ˇ
ˇ

D lim
n!1

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

a�nt C Œ�n�ab
Œn C 1�a

an

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

D lim
n!1

ˇ
ˇ
ˇ
ˇ

t

Œn C 1�a
� Œn�ab

Œn C 1�a

ˇ
ˇ
ˇ
ˇ :

Since lim
n!1

t

Œn C 1�a
D 0, we have that

lim
n!1

ˇ
ˇ
ˇ
ˇ
anC1

an

ˇ
ˇ
ˇ
ˇ D lim

n!1

ˇ
ˇ
ˇ
ˇ

snC1

fn C 1gatn

ˇ
ˇ
ˇ
ˇ D lim

n!1

ˇ
ˇ
ˇ
ˇ

Œn�ab

Œn C 1�a

ˇ
ˇ
ˇ
ˇ

D lim
n!1

ˇ
ˇ
ˇ
ˇ

.an � 1/b

.anC1 � 1/

ˇ
ˇ
ˇ
ˇ D b

a
:

So, A.x/ converges when jxj <
a

b
. Next, consider the power series

B.x/ D
1X

nD0

.�1/nsn

Œn�aŠ
xn:

Again, we perform the ratio test. Then

lim
n!1

ˇ
ˇ
ˇ
ˇ
anC1

an

ˇ
ˇ
ˇ
ˇ D lim

n!1

ˇ
ˇ
ˇ
ˇ

�n.s/

Œn C 1�a

ˇ
ˇ
ˇ
ˇ D lim

n!1
ans C Œn�ab

Œn C 1�a

D lim
n!1

�
ans

Œn C 1�a
C Œn�ab

Œn C 1�a

�

D lim
n!1

�
an.a � 1/s

an � 1
C Œn�ab

Œn C 1�a

�

D lim
n!1

�
an.a � 1/s

anC1 � 1
C Œn�ab

Œn C 1�a

�

D .a � 1/s

a
C b

a
D �.s/

a
:

So B.x/ converges when jxj <
a

�.s/
. Note that �.s/ > b, so

a

�.s/
<

a

b
for all s.

Now, f .x/ D A.x/B.x/. So, f .x/ converges when jxj <
a

�.s/
. ut
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5.9 The Laplace Transform

Most of the results in this section are due to Auch et al. [39]. In this chapter when
discussing Laplace transforms we assume that r 2 T˛ satisfies r � ˛ � 0, and we
let Tr D ft � r W t 2 T˛g: Also we let Rc denote the set of regressive complex
constants.

Definition 5.59. If f W Tr ! R, then we define the discrete Laplace transform of
f based at r 2 T by

Lrff g.s/ WD
Z 1

r
e�s.�.t/; r/f .t/ Dt;

where Lrff g W Rc ! C.

Definition 5.60. We say that a function f W T˛ ! R is of exponential order k > 0

if for every fixed r 2 T˛ , there exists a constant M > 0 such that

jf .t/j � Mek.t; r/;

for all sufficiently large t 2 Tr.

Theorem 5.61. Suppose f W Tr ! R is of exponential order k > 0. Then Lrff g.s/
exists for jsj > k.

Proof. Since f is of exponential order k > 0, there is a constant M > 0 and a T 2 Tr

such that jf .t/j � Mek.t; r/ for t � T . Pick N 2 N0 such that t D �N.r/. Then we
have

ˇ
ˇ
ˇ
ˇ

Z 1

T
e�s.�.t/; r/f .t/ Dt

ˇ
ˇ
ˇ
ˇ �

Z 1

T
je�s.�.t/; r/f .t/ j Dt

� M
Z 1

T
je�s.�.t/; r/ek.t; r/ j Dt

D M
Z 1

T

ˇ
ˇ
ˇ
ˇ

1

1 C s�.t/
ek�s.t; r/

ˇ
ˇ
ˇ
ˇDt

D M
1X

iDN

ˇ
ˇ
ˇ
ˇ

�.� i.r//

1 C s�.� i.r//
ek�s.�

i.r/; r/

ˇ
ˇ
ˇ
ˇ

D M
1X

iDN

ˇ
ˇ
ˇ
ˇ

ai�.r/

1 C sai�.r/
ek�s.�

i.r/; r/

ˇ
ˇ
ˇ
ˇ:
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We will show that this sum converges absolutely for jsj > k by the ratio test. We have

lim
i!1

ˇ
ˇ
ˇ
ˇ

�
aiC1�.r/ek�s.�

iC1.r/; r/

1 C saiC1�.r/

��
1 C sai�.r/

ai�.r/ek�s.� i.r/; r/

�ˇ
ˇ
ˇ
ˇ

D lim
i!1

ˇ
ˇ
ˇ
ˇ

�
aek�s.�

iC1.r/; r/

1 C aiC1s�.r/

��
1 C sai�.r/

ek�s.� i.r/; r/

�ˇ
ˇ
ˇ
ˇ

D lim
i!1

ˇ
ˇ
ˇ
ˇ

�
aek�s.�

i.r/; r/.1 C kai�.r//

.1 C aiC1s�.r//.1 C sai�.r//

��
1 C sai�.r/

ek�s.� i.r/; r/

�ˇ
ˇ
ˇ
ˇ

D lim
i!1

ˇ
ˇ
ˇ
ˇ
a C kaiC1�.r/

1 C saiC1�.r/

ˇ
ˇ
ˇ
ˇ

D lim
i!1

ˇ
ˇ
ˇ
ˇ
ˇ

1
ai C k�.r/
1

aiC1 C s�.r/

ˇ
ˇ
ˇ
ˇ
ˇ

D k

jsj :

Hence the sum converges absolutely when jsj > k, and therefore Lrff g.s/ converges
if jsj > k. ut
Theorem 5.62 (Linearity). Suppose f ; g W Tr ! R are of exponential order k > 0,
and c; d 2 R. Then

Lrfcf C dgg.s/ D cLrff g.s/ C dLrfgg.s/;

for jsj > k.

Proof. The result follows easily from the linearity of the delta integral. We have, for
jsj > k, that

Lrfcf C dgg.s/ D
Z 1

r
.cf .t/ C dg.t//e�s.�.t/; r/ Dt

D c
Z 1

r
f .t/e�s.�.t/; r/ Dt C d

Z 1

r
g.t/e�s.�.t/; r/ Dt

D cLrff g.s/ C dLrfgg.s/;

which completes the proof. ut
The following lemma will be useful for computing Laplace transforms of various

functions.

Lemma 5.63. If p; q 2 Rc and jpj < jqj, then for t 2 Tr we have

lim
t!1 ep�q.t; r/ D 0:



386 5 Calculus on Mixed Time Scales

Proof. Let p; q 2 Rc with jpj < jqj. First, note that

ˇ
ˇ
ˇ
ˇ lim
t!1

1 C p�.t/

1 C q�.t/

ˇ
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ
ˇ

lim
t!1

1
�.t/ C p

1
�.t/ C q

ˇ
ˇ
ˇ
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇ
p

q

ˇ
ˇ
ˇ
ˇ < 1; since jpj < jqj:

This implies that

lim
t!1

ˇ
ˇep�q.t; r/

ˇ
ˇ D lim

t!1

ˇ
ˇ
ˇ
ˇ
ep.t; r/

eq.t; r/

ˇ
ˇ
ˇ
ˇ D

1Y

iD0

ˇ
ˇ
ˇ
ˇ
1 C p�.� i.r//

1 C q�.� i.r//

ˇ
ˇ
ˇ
ˇ D 0:

Thus, limt!1 ep�q.t; r/ D 0: ut
Remark 5.64. In particular, note that if s > 0, then

lim
t!1 e�s.t; r/ D 0:

Theorem 5.65. Let p 2 Rc. Then for jsj > jpj, we have

Lrfep.t; r/g.s/ D 1

s � p
:

Proof. First, note that ep.t; r/ is of exponential order jpj since

jep.t; r/j D
K.t;r/�1Y

iD0

ˇ
ˇ1 C p�.� i.r//

ˇ
ˇ

�
K.t;r/�1Y

iD0

1 C jpj �.� i.r// D ejpj.t; r/:

Thus, if jsj > jpj, we have

Lrfep.t; r/g.s/ D
Z 1

r
e�s.�.t/; r/ep.t; r/Dt

D
Z 1

r
ep�s.t; r/

1

1 C s�.t/
Dt

D 1

p � s

Z 1

r
ep�s.t; r/

p � s

1 C s�.t/
Dt:

Then note both that Dep�s.t; r/ D .p � s/.t/ ep�s.t; r/ and that .p � s/.t/ D p�s
1Cs�.t/ :

This gives us



5.9 The Laplace Transform 387

Lrfep.t; r/g.s/ D 1

p � s

Z 1

r
Dep�s.t; r/Dt

D 1

p � s

h
lim

t!1 ep�s.t; r/ � ep�s.r; r/
i

D 1

s � p
;

since lim
t!1 ep�s.t; r/ D 0 by Lemma 5.63. ut

The following results describe the relationship between the Laplace transform
and the delta difference.

Lemma 5.66. If f W Tr ! R is of exponential order k > 0, then Df is also of
exponential order k > 0.

Proof. Let jf .t/j � Mek.t; r/ for sufficiently large t. We will prove this lemma by
showing that

lim
t!1

ˇ
ˇ
ˇ
ˇ

Df .t/

ek.t; r/

ˇ
ˇ
ˇ
ˇ � M < 1:

First, consider

ˇ
ˇ
ˇ
ˇ

Df .t/

ek.t; r/

ˇ
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ
f .�.t// � f .t/

�.t/ek.t; r/

ˇ
ˇ
ˇ
ˇ

� jf .�.t//j C jf .t/j
j�.t/ek.t; r/j

� Mek.�.t/; r/ C Mek.t; r/

j�.t/ek.t; r/j

� Mek.t; r/.1 C k�.t// C Mek.t; r/

�.t/ek.t; r/

� Mek.t; r/.2 C k�.t//

�.t/ek.t; r/

� 2M

�.t/
C Mk:

Thus, we have

lim
t!1

ˇ
ˇ
ˇ
ˇ

Df .t/

ek.t; r/

ˇ
ˇ
ˇ
ˇ � Mk:

Then, for any � > 0 and t sufficiently large,

jDf .t/j � .Mk C �/ek.t; r/:
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Therefore, Df is of exponential order k > 0. ut
Corollary 5.67. If f W Tr ! R is of exponential order k > 0, then Dnf is also of
exponential order k > 0 for every n 2 N.

To see that the corollary holds, use the previous result.

Theorem 5.68. If f W Tr ! R is of exponential order k > 0 and n 2 N, then

LrfDnf .t/g.s/ D snLrff g.s/ �
n�1X

iD0

sn�1�iDif .r/;

for jsj > k.

Proof. We will proceed by induction on n. First consider the base case n D 1. Using
integration by parts we have

LrfDf .t/g.s/ D
Z 1

r
e�s.�.t/; r/Df .t/ Dt

D e�s.t; r/f .t/

ˇ
ˇ
ˇ
ˇ

t!1

tDr

C
Z 1

r

s

1 C s�.t/
e�s.t; r/f .t/ Dt

D s
Z 1

r
e�s.�.t/; r/f .t/ Dt � f .r/

es.r; r/

D sLr ff .t/g .s/ � f .r/:

Now assume the statement is true for some n > 1. Then by the base case we have

LrfDnC1f .t/g.s/ D sLrfDnf .t/g.s/ � Dnf .r/

D s

"

snLrff g.s/ �
n�1X

iD0

sn�1�iDif .r/

#

� Dnf .r/

D snC1Lrff g.s/ �
n�1X

iD0

sn�iDif .r/ � Dnf .r/

D snC1Lrff g.s/ �
nX

iD0

sn�iDif .r/;

as desired. ut
To show that the Laplace transform is injective (Theorem 5.70) and therefore

invertible we will use the following lemma.

Lemma 5.69. Let f W Tr ! R be of exponential order k > 0. Then

lim
s!1Lrff g.s/ D 0:
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Proof. Let tn D �n.r/: Since f is of exponential order k, there is a constant M > 0

and a positive integer N such that jf .tn/j � Mek.tn; r/ for all n � N. Then we have

lim
s!1 jLrff g.s/j � lim

s!1

1X

nD0

jf .tn/ e�s.tnC1; r/j �.tn/

D lim
s!1

N�1X

nD0

jf .tn/jje�s.tnC1; r/j�.tn/

C lim
s!1

1X

nDN

je�s.tnC1; r/jjf .tn/j�.tn/

� M lim
s!1

1X

nDN

ek.tn; r/je�s.tnC1; r/j�.tn/

� M lim
s!1

1X

nDN

ek.tn; r/jŒ1 C �s.tn/�.tn/�e�s.tn; r/j�.tn/

D M lim
s!1

1X

nDN

ˇ
ˇ
ˇ

ek.tn; r/

Œ1 C s�.tn/�es.tn; r/

ˇ
ˇ
ˇ�.tn/

� M lim
s!1

1X

nDN

ˇ
ˇ
ˇ
ek.tn; r/

es.tn; r/

ˇ
ˇ
ˇ�.tn/:

We now show that
ˇ
ˇ
ˇ
ˇ
1 C k�.r/

1 C s�.r/

ˇ
ˇ
ˇ
ˇ �

ˇ
ˇ
ˇ
ˇ
1 C k�.tm/

1 C s�.tm/

ˇ
ˇ
ˇ
ˇ

for <.s/; =.s/ > k and for all integers m � 0. To this end, we prove that

j.1 C k�.r//.1 C s�.tm//j � j.1 C k�.tm//.1 C s�.r//j

holds by writing s D <.s/ C i=.s/ and showing

.1 C k�.r//.1 C <.s/�.tm// � .1 C k�.tm//.1 C <.s/�.r//

and

=.s/�.tm/ C k=.s/�.r/�.tm/ � =.s/�.r/ C k=.s/�.tm/�.r/:

Rewriting these inequalities yields

.<.s/ � k/�.tm/ � .<.s/ � k/�.r/
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and

=.s/�.tm/ � =.s/�.r/;

respectively, which are true by assumption. Thus for sufficiently large jsj, we have

jLrff g.s/j �
1X

nDN

ˇ
ˇ
ˇ
ˇ
ek.tn; r/

es.tn; r/
�.tn/

ˇ
ˇ
ˇ
ˇ

D
1X

nDN

�.tn/

n�1Y

mD0

ˇ
ˇ
ˇ
ˇ
1 C k�.tm/

1 C s�.tm/

ˇ
ˇ
ˇ
ˇ

�
1X

nDN

�.r/ an

ˇ
ˇ
ˇ
ˇ
1 C k�.r/

1 C s�.r/

ˇ
ˇ
ˇ
ˇ

n

D �.r/

ˇ
ˇ
ˇ

aCak�.r/
1Cs�.r/

ˇ
ˇ
ˇ
N

1 �
ˇ
ˇ
ˇ

aCak�.r/
1Cs�.r/

ˇ
ˇ
ˇ

! 0

as jsj ! 1. ut
Theorem 5.70 (Injectivity). If f ; g W Tr ! R and Lrff g.s/ D Lrfgg.s/, then
f .t/ D g.t/ for all t � r.

Proof. We will first prove that Lrff g.s/ D 0 implies f .t/ D 0 for all t � r. First,
note that by Lemma 5.69, we have

lim
s!1Lrff g.s/ D 0;

for any r 2 T˛ . We will show that f .�n.r// D 0 for all n � 0 by induction. We first
prove the case n D 0. To this end, we observe that if

Lrff g.s/ D 0;

then it follows that
Z 1

r
f .t/ e�s.�.t/; r/ Dt D 0:

And from this it follows that

es.�.r/; r/
Z 1

r
f .t/ e�s.�.t/; r/ Dt D 0;
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whence
Z 1

r
f .t/ e�s.�.t/; �.r// Dt D 0:

Consequently, it holds that

f .r/�.r/ C
Z 1

�.r/
f .t/ e�s.�.t/; �.r// Dt D 0;

from which it follows that

f .r/�.r/ C L�.r/ff g.s/ D 0:

Taking the limit as s ! 1 yields

f .r/�.r/ C lim
s!1L�.r/ff g.s/ D 0;

and so, it holds that

f .r/�.r/ D 0;

hence

f .r/ D 0:

For the inductive step, assume f .� i.r// D 0 for all i < n. Then it follows that

Lrff g.s/ D 0;

from which we obtain
Z 1

�n.r/
f .t/ e�s.�.t/; r/ Dt D 0:

Thus,

es.�
nC1.r/; r/

Z 1

�n.r/
f .t/ e�s.�.t/; r/ Dt D 0:

So, we deduce that

Z 1

�n.r/
f .t/ e�s.�.t/; �nC1.r// Dt D 0:
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All in all, we conclude that

f .�n.r//�.�n.r// C
Z 1

�nC1.r/
f .t/ e�s.�.t/; �nC1.r// Dt D 0;

and so,

f .�n.r//�.�n.r// C L�nC1.r/ff g.s/ D 0:

Taking the limit as s ! 1 yields

f .�n.r//�.�n.r// C lim
s!1L�nC1.r/ff g.s/ D 0:

Therefore,

f .�n.r//�.�n.r// D 0:

Hence, we deduce that

f .�n.r// D 0:

So, f .t/ D 0 for all t � r.
Thus, Lrff g.s/ D 0 if and only if f D 0. Now let g be an arbitrary function

such that Lrff g.s/ D Lrfgg.s/. Then by linearity, we have Lrff � gg.s/ D 0, which
implies f � g D 0. Hence, f .t/ D g.t/ for all t � r. ut
Theorem 5.71 (Shifting). Suppose f W Tr ! R is of exponential order k > 0. Then
for jsj > k, we have:

i)L�n.r/ff g.s/ D es.�
n.r/; r/Lrff g.s/

�
Z �n.r/

r
es.�

n.r/; �.t//f .t/ DtI

ii)L�n.r/ff g.s/ D e�s.r; �n.r//Lrff g.s/

C
Z r

�n.r/
e�s.�.t/; �n.r//f .t/ Dt:

Proof. For part (i), we will proceed by induction on n. For the base case, consider
n D 1 W

L�.r/ff g.s/ D
Z 1

�.r/
e�s.�.t/; �.r//f .t/ Dt:
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Note that

e�s.�.t/; �.r// D .1 C s�.r//

.1 C s�.r//es.�.t/; �.r//

D .1 C s�.r//

es.�.t/; r/
D .1 C s�.r//e�s.�.t/; r/:

Therefore, we have

L�.r/ff g.s/

D
Z 1

�.r/
.1 C s�.r//e�s.�.t/; r/f .t/ Dt

D
1X

jD0



.1 C s�.r//e�s.�

jC1.�.r//; r/f .� j.�.r///�.� j.�.r///
�

D
1X

jD0



.1 C s�.r//e�s.�

jC2.r/; r/f .� jC1.r//�.� jC1.r//
�

D
1X

jD0



.1 C s�.r//e�s.�

jC1.r/; r/f .� j.r//�.� j.r//
�

� .1 C s�.r//e�s.�.r/; r/f .r/�.r/:

Note that

.1 C s�.r//e�s.�.r/; r/ D .1 C s�.r//

es.�.r/; r/
D .1 C s�.r//

.1 C s�.r//es.r; r/
D 1:

We can thus further simplify the expression to

L�.r/ff g.s/ D
Z 1

r
.1 C s�.r//e�s.�.t/; r/f .t/ Dt � f .r/�.r/

D .1 C s�.r//Lrff g.s/ � f .r/�.r/

D es.�.r/; r//Lrff g.s/ �
Z �.r/

r
es.�.r/; �.t//f .t/ Dt;

which proves the base case.
For the inductive step, assume the hypothesis is true for some n � 1. Then by the

base case, we have
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L�nC1.r/ff g.s/
D es.�

nC1.r/; �n.r//L�n.r/ff g.s/

�
Z �nC1.r/

�n.r/
es.�

nC1.r/; �.t//f .t/ Dt

D es.�
nC1.r/; �n.r//

"

es.�
n.r/; r/Lrff g.s/

�
Z �n.r/

r
es.�

n.r/; �.t//f .t/ Dt

#

�
Z �nC1.r/

�n.r/
es.�

nC1.r/; �.t//f .t/ Dt

D es.�
nC1.r/; r/Lrff g.s/ �

Z �n.r/

r
es.�

nC1.r/; �.t//f .t/ Dt

�
Z �nC1.r/

�n.r/
es.�

nC1.r/; �.t//f .t/ Dt

D es.�
nC1.r/; r/Lrff g.s/ �

Z �nC1.r/

r
es.�

nC1.r/; �.t//f .t/ Dt:

We now prove part (ii) similarly. For the base case, consider n D 1. We obtain

L�.r/ff g.s/ D
Z 1

�.r/
e�s.�.t/; �.r//f .t/ Dt

D
Z 1

�.r/

e�s.�.t/; r/

1 C s�.�.r//
f .t/ Dt

D 1

1 C s�.�.r//
Lrff g.s/ C f .�.r//�.�.r//

1 C s�.�.r//

D e�s.r; �.r//Lrff g.s/ C
Z r

�.r/
e�s.�.t/; �.r//f .t/ Dt;

proving the base case. For the inductive step, assume the hypothesis is true for some
n � 1. Then by the base case, we have

L�nC1.r/ff g.s/

D e�s.�
n.r/; �nC1.r//L�n.r/ff g.s/ C

Z �n.r/

�nC1.r/
e�s.�.t/; �nC1.r//f .t/ Dt
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D e�s.�
n.r/; �nC1.r//

"

e�s.r; �n.r//Lrff g.s/

C
Z r

�n.r/
e�s.�.t/; �n.t//f .t/ Dt

#

C
Z �n.r/

�nC1.r/
e�s.�.t/; �nC1.t//f .t/ Dt

D e�s.r; �nC1.r//Lrff g.s/ C
Z r

�n.r/
e�s.�.t/; �nC1.t//f .t/ Dt

C
Z �n.r/

�nC1.r/
e�s.�.t/; �nC1.t//f .t/ Dt

D e�s.r; �nC1.r//Lrff g.s/ C
Z r

�nC1.r/
e�s.�.t/; �nC1.t//f .t/ Dt:

And this completes the proof. ut

5.10 Laplace Transform Formulas

Theorem 5.72. If c 2 R, then Lrfcg.s/ D c
s for jsj > 0.

Proof. Note c D c e0.t; r/ and apply Theorems 5.65 and 5.62. ut
Definition 5.73. If f W Tr ! R, then for any n 2 N, we define the n-th
antidifference of f based at r by

D�n
r f .t/ D

Z t

r

Z xn

r
� � �
Z x3

r

Z x2

r
f .x1/ Dx1 � � � Dxn:

Theorem 5.74. Let f W Tr ! R. Then for any n 2 N,

D�n
r f .t/ D

Z t

r
hn�1.t; �.s//f .s/ Ds:

Proof. Consider the initial value problem

(
Dny.t/ D f .t/;

Dky.r/ D 0 for 0 � k � n � 1:

It is easy to see that the unique solution to this system is given by D�n
r f .t/.

However, by Taylor’s Theorem, y.t/ D Pn�1.t; r/ C Rn�1.t; r/ where

Pn�1.t; r/ D
n�1X

kD0

Dkf .r/hk.t; r/;
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and

Rn�1.t; r/ D
Z t

r
hn�1.t; �.s//Dnf .s/ Ds:

Then we have

f .t/ D Dny.t/ D DnPn�1.t; r/ C DnRn�1.t; r/ D DnRn�1.t; r/;

which implies that Rn�1.t; r/ is also a solution. Thus we have

D�n
r f .t/ D Rn�1.t; r/

D
Z t

r
hn�1.t; �.s//Dny.s/ Ds

D
Z t

r
hn�1.t; �.s//DnD�n

r f .s/ Ds

D
Z t

r
hn�1.t; �.s//f .s/ Ds;

since the solution is unique. ut
The following results are used to obtain the exponential order of the Taylor
monomial, hn.t; r/, and give its Laplace transform.

Lemma 5.75. Let f .t/ be of exponential order k > 0. Then D�1
r f .t/ is also of

exponential order k > 0.

Proof. Let jf .t/j � Mek.t; r/ for all t � x, and let C D ˇ
ˇ
R x

r f .u/ Du
ˇ
ˇ. Then for t � x,

we have

ˇ
ˇD�1

r f .t/
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ

Z t

r
f .u/ Du

ˇ
ˇ
ˇ
ˇ

�
ˇ
ˇ
ˇ
ˇ

Z x

r
f .u/ Du

ˇ
ˇ
ˇ
ˇC

ˇ
ˇ
ˇ
ˇ

Z t

x
f .u/ Du

ˇ
ˇ
ˇ
ˇ

� C C
Z t

r
jf .u/j Du

� C C M
Z t

r
ek.u; r/ Du

D C C M

k
.ek.u; r//

ˇ
ˇ
ˇ
ˇ

uDt

uDr

D C C M

k
.ek.t; r/ � 1/
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� C C M

k
ek.t; r/

�
�

C C M

k

�

ek.t; r/:

As this demonstrates that D�1
r f is of exponential order, the proof of the lemma is

complete. ut
Corollary 5.76. Let f .t/ be of exponential order k > 0. Then D�n

r f .t/ is also of
exponential order k > 0 for all n 2 N.

To see that the corollary holds, use the previous result.

Theorem 5.77. Let f be of exponential order k > 0. Then for jsj > k,

LrfD�n
r f .t/g.s/ D 1

sn
Lrff g.s/:

Proof. We will proceed by induction on n. For the base case, consider n D 1. Then
using integration by parts, we have

Lrff g.s/ D
Z 1

r
e�s.�.t/; r/f .t/ Dt

D e�s.t; r/D�1
r f .t/

ˇ
ˇ
ˇ
ˇ

t!1

tDr

C s
Z 1

r
e�s.�.t/; r/D�1

r f .t/ Dt

D sLrfD�1
r f .t/g.s/:

Thus, LrfD�1
r f .t/g.s/ D 1

sLrff g.s/.
For the inductive step, assume the statement is true for some integer n > 0. Then

we have

LrfD�n�1
r f .t/g.s/ D 1

s
LrfD�n

r f .t/g

D 1

s

�
1

sn
Lrff g.s/

�

D 1

snC1
Lrff g.s/;

as was to be shown. ut
Lemma 5.78. The n-th Taylor monomial hn.t; r/ is of exponential order k D 1.

Proof. We will prove this result for a > 1 (leaving the case a D 1 to the reader) by
induction on n. Consider the base case n D 1. We have
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lim
t!1

ˇ
ˇ
ˇ
ˇ
h1.t; r/

e1.t; r/

ˇ
ˇ
ˇ
ˇ D lim

t!1

ˇ
ˇ
ˇ
ˇ

t � r

e1.t; r/

ˇ
ˇ
ˇ
ˇ

� lim
t!1

ˇ
ˇ
ˇ
ˇ

t

e1.t; r/

ˇ
ˇ
ˇ
ˇC lim

t!1

ˇ
ˇ
ˇ
ˇ

�r

e1.t; r/

ˇ
ˇ
ˇ
ˇ

� lim
t!1

ˇ
ˇ
ˇ
ˇ

t

1 C �.�.t//

ˇ
ˇ
ˇ
ˇ

D lim
t!1

ˇ
ˇ
ˇ
ˇ

t

1 C a�1�.t/

ˇ
ˇ
ˇ
ˇ

D lim
t!1

ˇ
ˇ
ˇ
ˇ

at

a C .a � 1/t C b

ˇ
ˇ
ˇ
ˇ

D lim
t!1

ˇ
ˇ
ˇ
ˇ
ˇ

a

.a � 1/ C aCb
t

ˇ
ˇ
ˇ
ˇ
ˇ

D a

a � 1
:

Thus, for sufficiently large t and any � > 0,

jh1.t; r/j �
� a

a � 1
C �

�
e1.t; r/:

For the inductive step, assume hn.t; r/ is of exponential order 1 for some n. Then,
since D�1

r hn.t; r/ D hnC1.t; r/, applying Lemma 5.75 implies hnC1 is of exponential
order 1. ut
Theorem 5.79. Let jsj > 1. Then

Lrfhn.t; r/g.s/ D 1

snC1
:

Proof. The base case, n D 0, is trivial since Lrf1g.s/ D 1
s . Note that

Lrfhn.t; r/g.s/

D
Z 1

r
e�s.�.t/; r/hn.t; r/Dt

D e�s.�.t/; r/hnC1.t; r/jt!1
tDr C

Z 1

r

s

1 C s�.t/
e�s.t; r/hnC1.t; r/

D
Z 1

r

s

1 C s�.t/
e�s.t; r/hnC1.t; r/

D sLrfhnC1.t; r/g.s/:
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Thus, LrfhnC1.t; r/g.s/ D 1
sLrfhn.t; r/g.s/. Suppose that the theorem holds for

some n. Then it follows that

LrfhnC1.t; r/g.s/ D 1

s
Lrfhn.t; r/g.s/ D 1

s

1

.snC1/
D 1

snC2
;

which completes the induction step and thus proves the result. ut
Lemma 5.80. The discrete trigonometric functions, sinp and cosp, and the hyper-
bolic trigonometric functions, sinhp and coshp, are all of exponential order jpj.
Proof. Let p be such that ˙p 2 Rc: Then for sufficiently large t, we have

j sinhp.t; r/j D 1

2

ˇ
ˇep.t; r/ � e�p.t; r/

ˇ
ˇ

� 1

2
jep.t; r/j C 1

2
je�p.t; r/j

� ejpj.t; r/:

The proof for coshp.t; r/ is analogous.
For cosp, we can use the identity cosp.t; r/ D coship.t; r/ to obtain

j cosp.t; r/j D j coship.t; r/j
� ejipj.t; r/

D ejpj.t; r/:

The proof for sinp.t; r/ is analogous. ut
Theorem 5.81. For jsj > jpj and ˙p 2 Rc, we have

(i) Lrfcoshp.t; r/g.s/ D s
s2�p2 ;

(ii) Lrfsinhp.t; r/g.s/ D p
s2�p2 .

Proof. To see that (i) holds, note that

Lrfcoshp.t; r/g.s/ D 1

2


Lrfep.t; r/g.s/ C Lrfe�p.t; r/g.s/�

D 1

2

1

.s � p/
C 1

2

1

.s C p/

D s

s2 � p2
:

The proof of (ii) is similar. ut
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Theorem 5.82. For jsj > jpj and ˙ip 2 Rc, we have

(i) Lrfcosp.t; r/g.s/ D s
s2Cp2 ;

(ii) Lrfsinp.t; r/g.s/ D p
s2Cp2 :

Proof. To see that (i) holds, recall that cosp.t; r/ D coship.t; r/ and thus,

Lrfcosp.t; r/g.s/ D Lrfcoship.t; r/g.s/

D 1

2

1

.s � ip/
C 1

2

1

.s C ip/

D s

s2 C p2
:

The proof of (ii) is analogous. ut
Lemma 5.83. For p; q 2 Rc and t; r 2 T˛ , let k.t/ D q

1Cp�.t/ : Then the following
functions are of exponential order jpj C jqj:

(i) ep.t; r/ coshk.t; r/I
(ii) ep.t; r/ sinhk.t; r/I

(iii) ep.t; r/ cosk.t; r/I
(iv) ep.t; r/ sink.t; r/:

Proof. We will prove the result for (i). First, note that

p ˚ q

1 C p�.t/
D p C q

1 C p�.t/
C pq�.t/

1 C p�.t/

D p C q.1 C p�.t//

1 C p�.t/

D p C q:

Therefore,

jep.t; r/ coshk.t; r/j D
ˇ
ˇ
ˇ
ˇep.t; r/

ek.t; r/ C e�k.t; r/

2

ˇ
ˇ
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇ
ep˚k.t; r/ C ep˚�k.t; r/

2

ˇ
ˇ
ˇ
ˇ

�
ˇ
ˇ
ˇ
ˇ
ep˚k.t; r/j C jep˚�k.t; r/

2

ˇ
ˇ
ˇ
ˇ

� jes.t; r/j ;
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where

s D maxfjp ˚ kj; jp ˚ �kjg
D maxfjp C qj; jp � qjg
� jpj C jqj:

Thus,

jep.t; r/ coshk.t; r/j � jes.t; r/j � Mes.t; r/;

for some M > 0, and so, ep.t; r/ coshk.t; r/ is of exponential order jpj C jqj. The
proofs of (ii)–(iv) are analogous. ut
Theorem 5.84. Let k.t/ D q

1Cp�.t/ for p; q 2 Rc. Then for jsj > jpj C jqj, we
have

(i) Lrfep.t; r/ coshk.t; r/g.s/ D s�p
.s�p/2�q2 I

(ii) Lrfep.t; r/ sinhk.t; r/g.s/ D q
.s�p/2�q2 I

(iii) Lrfep.t; r/ cosk.t; r/g.s/ D s�p
.s�p/2Cq2 I

(iv) Lrfep.t; r/ sink.t; r/g.s/ D q
.s�p/2Cq2 :

Proof. To prove (i), first note that

p ˚ k D p C q;

as stated above. Therefore,

Lrfep.t; r/ coshk.t; r/g.s/

D 1

2

h
Lr

n
ep˚ q

1Cp�.t/
.t; r/

o
.s/ C Lr

n
ep˚ �q

1Cp�.t/
.t; r/

o
.s/
i

D 1

2


Lr
˚
epCq.t; r/

�
.s/ C Lr

˚
ep�q.t; r/

�
.s/
�

D 1

2

�
1

s � .p C q/
C 1

s � .p � q/

�

D s � p

.s � p/2 � q2
:

The proof of (ii) is similar.
To see that (iii) holds, consider that cosq.t; r/ D coshiq.t; r/ and let q D iq in the

result of the proof of (i) to get

Lrfep.t; r/ cosk.t; r/g.s/ D s � p

.s � p/2 � .iq/2
D s � p

.s � p/2 C q2
:

The proof of (iv) is analogous. ut
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5.11 Solving IVPs Using the Laplace Transform

In this section we will demonstrate how the discrete Laplace transform can be
applied to solve difference equations on Tr.

Example 5.85. Solve:

(
D2f .t/ � 2Df .t/ � 8f .t/ D 0;

Df .r/ D 0I f .r/ D � 3
2
:

We will take the Laplace transform of both sides of the equation and use the initial
conditions to solve this problem. We begin with

0 D LrfD2f .t/ � 2Df .t/ � 8f .t/g.s/
D LrfD2f .t/g.s/ � 2LrfDf .t/g.s/ � 8Lrff g.s/
D 


s2Lff g.s/ � sf .r/ � Df .r/
� � 2 ŒsLff g.s/ � f .r/� � 8Lff g.s/

D
�

s2Lff g.s/ � s

�

�3

2

��

� 2

�

sLff g.s/ �
�

�3

2

��

� 8Lff g.s/

D .s2 � 2s � 8/Lff g.s/ C 3

2
s � 3;

from which it follows that

Lff g.s/ D 3 � 3
2
s

s2 � 2s � 8
:

Using partial fractions, we obtain

Lff g.s/ D 3 � 3
2
s

s2 � 2s � 8
D � 1

2

s � 4
C �1

s C 2
:

Therefore, by the injectivity of the Laplace transform,

f .t/ D �1

2
e4.t; r/ � e�2.t; r/:

Example 5.86. Solve the following IVP:

D2y.t/ C 4y.t/ D 0

y.0/ D 1

Dy.0/ D 1:
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To solve the above problem, we first take the Laplace transform of both sides. This
yields

L0fD2y.t/ C 4y.t/g D L0f0g;

from which it follows that

s2L0fyg � .s C 1/ C 4L0fyg D 0:

We then solve for L0fyg and invert by writing

.s2 C 4/L0fyg D s C 1;

from which it follows that

L0fyg D s

.s2 C 4/
C 1

2

2

.s2 C 4/
:

Thus,

y.t/ D cos2.t; 0/ C 1

2
sin2.t; 0/:

5.12 Green’s Functions

In this section we will consider boundary value problems on a mixed time scale
with Sturm–Liouville type boundary value conditions for a > 1. We will find a
Green’s function for a boundary value problem on a mixed time scale with Dirichlet
boundary conditions, and investigate some of its properties. Many of the results in
this section can be viewed as analogues to results for the continuous case given in
Kelley and Peterson [137].

Theorem 5.87. Let ˇ 2 T�2.˛/ and A; B; E; F 2 R be given. Then the homogeneous
boundary value problem (BVP)

8
ˆ̂
<

ˆ̂
:

� D2y.t/ D 0; t 2 T˛

Ay.˛/ � BDy.˛/ D 0

Ey.ˇ/ C FDy.ˇ/ D 0

has only the trivial solution if and only if

� WD AE.ˇ � ˛/ C BE C AF ¤ 0:
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Proof. A general solution of �D2y.t/ D 0 is given by

y.t/ D c0 C c1h1.t; ˛/:

Using the boundary conditions, we have

Ay.˛/ � BDy.˛/ D Ac0 � Bc1 D 0

and

Ey.ˇ/ C FDy.ˇ/ D EŒc0 C c1.ˇ � ˛/� C Fc0 D 0:

Thus, we have the following system of equations

c0A � c1B D 0

c0E C c1ŒE.ˇ � ˛/ C F� D 0;

which has only the trivial solution if and only if

� WD
ˇ
ˇ
ˇ
ˇ
ˇ

A �B

E Eˇ � E˛ C F

ˇ
ˇ
ˇ
ˇ
ˇ

¤ 0:

It follows that

� WD AŒE.ˇ � ˛/ C F/� C BE

D AE.ˇ � ˛/ C BE C AF;

as claimed. ut
Lemma 5.88. Assume ˇ 2 T�2.˛/ and A1; A2 2 R. Then the boundary value
problem

�D2y.t/ D 0; t 2 T
�2.ˇ/
˛

y.˛/ DA1; y.ˇ/ D A2

has the solution

y.t/ D A1 C A2 � A1

ˇ � ˛
.t � ˛/:

Proof. A general solution to the mixed difference equation D2y.t/ D 0 is given by

y.t/ D c0 C c1h1.t; ˛/ D c0 C c1.t � ˛/:
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Using the first boundary condition, we get

y.˛/ D c0 D A1:

Using the second boundary condition, we have that

y.ˇ/ D A1 C c1.ˇ � ˛/ D A2:

Solving for c1 we get

c1 D A2 � A1

ˇ � ˛
:

Hence,

y.t/ D A1 C A2 � A1

ˇ � ˛
.t � ˛/:

ut
Theorem 5.89. Assume f W T�2.ˇ/

˛ ! R and ˇ 2 T�2.˛/. Then the unique solution
of the BVP

�D2y.t/ D f .t/; t 2 T
�2.ˇ/
˛ (5.5)

y.˛/ D 0 D y.ˇ/; (5.6)

is given by

y.t/ D
Z ˇ

˛

G.t; s/f .s/Ds D
K.ˇ/�1X

jD0

G.t; � j.˛//f .� j.˛//�.� j.˛//;

for t 2 T
ˇ
˛ , where G W T

ˇ
˛ � T

�.ˇ/
˛ ! R is called the Green’s function for the

homogeneous BVP

� D2y.t/ D 0; t 2 T
�2.ˇ/
˛ (5.7)

y.˛/ D 0 D y.ˇ/; (5.8)

and is defined by

G.t; s/ WD
(

u.t; s/; 0 � K.s/ � K.t/ � 1 � K.ˇ/ � 1

v.t; s/; 0 � K.t/ � K.s/ � K.ˇ/ � 1;
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where for .t; s/ 2 T
ˇ
˛ � T

�.ˇ/
˛

u.t; s/ WD h1.ˇ; �.s//

h1.ˇ; ˛/
h1.t; ˛/ � h1.t; �.s//

and

v.t; s/ WD h1.ˇ; �.s//

h1.ˇ; ˛/
h1.t; ˛/:

Proof. Note for the � defined in Theorem 5.87 we have that for A D E D 1,
B D F D 0,

� D AC.ˇ � ˛/ C BC C AD D .ˇ � ˛/ ¤ 0:

Hence, by Exercise 5.13, the BVP (5.5), (5.6) has a unique solution y.t/. Using the
variation of constants formula (Theorem 5.38 with n D 2) we have that

y.t/ D c0h0.t; ˛/ C c1h1.t; ˛/ �
Z t

˛

h1.t; �.s/f .s/Ds

D c0 C c1h1.t; ˛/ �
K.t/�1X

jD0

h1.t; �.� j.˛///f .� j.˛//�.� j.˛//

D c0 C c1h1.t; ˛/ �
K.t/�1X

jD0

h2.t; � jC1.˛//f .� j.˛//aj�.˛/:

Using the first boundary condition, we get

y.˛/ D c0 C c1h1.˛; ˛/ �
Z ˛

˛

h1.t; �.s//f .s/Ds

D c0

D 0;

and using the second boundary condition, we have that

y.ˇ/ D c1h1.ˇ; ˛/ �
K.ˇ/�1X

jD0

h1.ˇ; � jC1.˛//f .� j.˛//�.� j.˛// D 0:

Solving for c1 yields

c1 D
PK.ˇ/�1

jD0 h2.ˇ; � jC1.˛//f .� j.˛//�.� j.˛//

h1.ˇ; ˛/
:
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Thus,

y.t/ D
PK.ˇ/�1

jD0 h1.ˇ; � jC1.˛//f .� j.˛//�.� j.˛//

h1.ˇ; ˛/
h1.t; ˛/

�
K.t/�1X

jD0

h1.t; � jC1.˛//f .� j.˛//�.� j.˛//

D
K.t/�1X

jD0

�
h1.ˇ; � jC1.˛//

h1.ˇ; ˛/
h1.t; ˛/ � h1.t; � jC1.˛//

�

f .� j.˛//�.� j.˛//

C
K.ˇ/�1X

jDK.t/

h1.ˇ; � jC1.˛//

h1.ˇ; ˛/
h1.t; ˛/f .� j.˛//�.� j.˛//

D
K.ˇ/�1X

jD0

G.t; � j.˛//f .� j.˛//�.� j.˛//

D
Z ˇ

˛

G.t; s/f .s/Ds;

for G.t; s/ defined as in the statement of this theorem. ut
Theorem 5.90. The Green’s function for the BVP (5.7), (5.8), satisfies

G.t; s/ � 0; .t; s/ 2 T
ˇ
˛ � T

�.ˇ/
˛

and

max
t2Tˇ

˛

G.t; s/ D G.�.s/; s/; s 2 T
�.ˇ/
˛ :

Proof. First, note both that

G.˛; s/ D h1.ˇ; �.s//

h1.ˇ; ˛/
h1.˛; ˛/ D h1.ˇ; �.s//

h1.ˇ; ˛/
.˛ � ˛/ D 0

and that

G.ˇ; s/ D h1.ˇ; �.s//

h1.ˇ; ˛/
h1.ˇ; ˛/ � h1.ˇ; �.s// D 0:
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Now we will show that DG.t; s/ � 0 for t � s, DG.t; s/ � 0 for s < t, and
G.�.s/; s/ � G.s; s/. So first consider the domain 0 � K.t/ � K.s/ � K.ˇ/ � 1:

DG.t; s/ D h1.ˇ; �.s//

h1.ˇ; ˛/
Dh1.t; ˛/

D ˇ � �.s/

ˇ � ˛
h0.t; ˛/

D ˇ � �.s/

ˇ � ˛

� 0:

Now consider the domain 0 � K.s/ � K.t/ � 1 � K.ˇ/ � 1:

DG.t; s/ D h1.ˇ; �.s//

h1.ˇ; ˛/
Dh1.t; ˛/ � Dh1.t; �.s//

D ˇ � �.s/

ˇ � ˛
h0.t; ˛/ � h0.t; �.s//

D ˇ � �.s/

ˇ � ˛
� 1

� 0;

since ˇ � �.s/ � ˇ � ˛. Now, since G is increasing for t � s and decreasing for
s < t, we need to see which is larger: G.�.s/; s/ or G.s; s/. So consider

G.�.s/; s/ � G.s; s/

D ˇ � �.s/

ˇ � ˛
.�.s/ � ˛/ � .�.s/ � �.s// � ˇ � �.s/

ˇ � ˛
.s � ˛/

D ˇ � �.s/

ˇ � ˛
Œ�.s/ � ˛ � s C ˛�

D ˇ � �.s/

ˇ � ˛
.�.s/ � s/

� 0;

which implies that max
t2Tˇ

˛
G.t; s/ D G.�.s/; s/. Also, since DG.t; s/ � 0 for t 2

TŒ˛;s�, DG.t; s/ � 0 for t 2 T.s;ˇ/, and G.˛; s/ D 0 D G.ˇ; s/, we have G.t; s/ � 0

on its domain. ut
Remark 5.91. Note that in the above proof, we have DG.t; s/ > 0 for t � s < �.ˇ/,
DG.t; s/ < 0 for ˛ < s < t.
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In the next theorem we give some more properties of the Green’s function for the
BVP (5.7), (5.8).

Theorem 5.92. Let G.t; s/; u.t; s/, and v.t; s/ be as defined in Theorem 5.89. Then
the following hold:

(i) G.˛; s/ D 0 D G.ˇ; s/; s 2 T
�.ˇ/
˛ I

(ii) for each fixed s 2 T
�.ˇ/
˛ ; �D2u.t; s/ D 0 D �D2v.t; s/ for t 2 T

�2.ˇ/
˛ I

(iii) v.t; s/ D u.t; s/ C h1.t; �.s//; .t; s/ 2 T
ˇ
˛ � T

�.ˇ/
˛ I

(iv) u.�.s/; s/ D v.�.s/; s/; s 2 T
�.ˇ/
˛ I

(v) �D2G.t; s/ D ıts
�.s/ ; .t; s/ 2 T

�2.ˇ/
˛ � T

�.ˇ/
˛ ; where ıts is the Kronecker delta,

i.e., ıts D 1 for t D s and ıts D 0 for t ¤ s.

Proof. In the proof of Theorem 5.90 we proved (i). The proofs of the properties
(ii)–(iv) are straightforward and left to the reader (see Exercise 5.15). We now use
these properties to prove (v). It follows that for t < s,

�D2G.t; s/ D �D2u.t; s/ D 0 D ıts

�.s/

and for t > s,

�D2G.t; s/ D �D2v.t; s/ D 0 D ıts

�.s/
:

Finally, when t D s, we have using Exercise 5.5

D2G.t; s/

D G.�2.t/; s/�.t/ � G.�.t/; s/Œ�.t/ C �.�.t//� C G.t; s/�.�.t//

Œ�.t/�2�.�.t//

D v.�2.t/; s/�.t/ � u.�.t/; s/Œ�.t/ C �.�.t//� C u.t; s/�.�.t//

Œ�.t/�2�.�.t//

D v.�2.s/; s/�.s/ � u.�.s/; s/Œ�.s/ C �.�.s//� C u.s; s/�.�.s//

Œ�.s/�2�.�.s//

D Œu.�2.s/; s/ C h1.�2.s/; �.s//��.s/

Œ�.s/�2�.�.s//

C �u.�.s/; s/Œ�.s/ C �.�.s//� C u.s; s/�.�.s//

Œ�.s/�2�.�.s//

D h1.�2.s/; �.s//�.s/

Œ�.s/�2�.�.s//
C D2u.s; s/
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D h1.�2.s/; �.s//

�.s/�.�.s//

D �2.s/ � �.s/

�.s/�.�.s//

D 1

�.s/
:

Therefore,

�D2G.t; s/ D ıts

�.s/
;

for .t; s/ 2 T
�2.ˇ/
˛ � T

�.ˇ/
˛ . ut

The following theorem along with Exercise 5.13 is a uniqueness result for the
Green’s function for the BVP (5.7), (5.8).

Theorem 5.93. There is a unique function G W T
ˇ
˛ � T

�.ˇ/
˛ ! R such that

G.˛; s/ D 0 D G.ˇ; s/, for each s 2 T
�.ˇ/
˛ , and that �D2G.t; s/ D ıts

�.s/ , for each

fixed s 2 T
�.ˇ/
˛ .

Proof. Fix s 2 T
�.ˇ/
˛ . Then by Theorem 5.89 with f .t/ D ıts

�.s/ ; t 2 T
�2.ˇ/
˛ ; the BVP

� D2y.t/ D ıts

�.s/
; t 2 T

�2.ˇ/
˛

y.˛/ D 0 D y.ˇ/;

has a unique solution on T
ˇ
˛ . Hence for each fixed s 2 T

�.ˇ/
˛ , G.t; s/ is uniquely

determined for t 2 T
ˇ
˛: Since s 2 T

�.ˇ/
˛ is arbitrary, G.t; s/ is uniquely determined

on T
ˇ
˛ � T

�.ˇ/
˛ : ut

Theorem 5.94. Assume f W T�2.ˇ/
˛ ! R. Then the unique solution of the BVP

� D2y.t/ D f .t/; t 2 T
�2.ˇ/
˛

y.˛/ D A1; y.ˇ/ D A2

is given by

y.t/ D u.t/ C
Z ˇ

˛

G.t; s/f .s/Ds D u.t/

C
K.ˇ/�1X

jD0

G.t; � j.˛//f .� j.˛//�.� j.˛//;
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where u.t/ solves the BVP

( � D2y.t/ D 0; t 2 T
�2.ˇ/
˛

y.˛/ D A1; y.ˇ/ D A2

and G.t; s/ is the Green’s function for the BVP (5.7), (5.8).

Proof. By Exercise 5.13 the given BVP has a unique solution y.t/: By Theorem 5.89

y.t/ D u.t/ C
Z ˇ

˛

G.t; s/f .s/Ds

D u.t/ C z.t/;

where z.t/ WD R ˇ

˛
G.t; s/f .s/Ds is by Theorem 5.89 the solution of the BVP

�D2z.t/ D f .t/; z.˛/ D 0 D z.ˇ/:

It follows that

y.˛/ D u.˛/ C z.˛/ D A1

and

y.ˇ/ D u.ˇ/ C z.ˇ/ D A2:

Furthermore,

�D2y.t/ D �D2u.t/ � D2z.t/ D 0 C f .t/ D f .t/

for t 2 T
�2.ˇ/
˛ : ut

We now prove a comparison theorem for solutions of boundary value problems
of the type treated by Theorem 5.94.

Theorem 5.95 (Comparison Theorem). If u; v W Tˇ
˛ ! R satisfy

D2u.t/ � D2v.t/; t 2 T
�2.ˇ/
˛

u.˛/ � v.˛/;

u.ˇ/ � v.ˇ/:

Then u.t/ � v.t/ on T
ˇ
˛ .
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Proof. Let w.t/ WD u.t/ � v.t/, for t 2 T
ˇ
˛: Then for t 2 T

�2.ˇ/
˛

f .t/ WD �D2w.t/ D �D2u.t/ C D2v.t/ � 0:

If A1 WD u.˛/�v.˛/ � 0 and A2 WD u.ˇ/�v.ˇ/ � 0, then w.t/ solves the boundary
value problem

( � D2w.t/ D f .t/; t 2 T
�2.ˇ/
˛

w.˛/ D A1; w.ˇ/ D A2:

Thus, by Theorem 5.94

w.t/ D y.t/ C
Z ˇ

˛

G.t; s/f .s/Ds t 2 T
ˇ
˛;

where G.t; s/ is the Green’s function defined earlier and y.t/ is the solution of

( � D2y.t/ D 0; t 2 T
�2.ˇ/
˛

y.˛/ D A1; y.ˇ/ D A2:

Since �D2y.t/ D 0 has the general solution

y.t/ D c0 C c1h1.t; ˛/ D c0 C c1.t � ˛/;

and both y.˛/; y.ˇ/ � 0, we have y.t/ � 0. By Theorem 5.90, G.t; s/ � 0, and,
thus, we have

w.t/ D y.t/ C
Z ˇ

˛

G.t; s/f .s/Ds � 0;

for t 2 T
ˇ
˛: ut

5.13 Exercises

5.1. Show that the points in T˛ satisfy

� � � < �2.˛/ < �.˛/ < ˛ < �.˛/ < �2.˛/ < � � � :

5.2. Prove part (ii) of Theorem 5.4.

5.3. Prove parts (ii) and (iii) of Theorem 5.6.
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5.4. Prove part (iv) of Theorem 5.8.

5.5. Assume f W T˛ ! R. Show that

D2f .t/ D f .�2.t//�.t/ � f .�.t//Œ�.t/ C �.�.t//� C f .t/�.�.t//

Œ�.t/�2�.�.t//
:

5.6. Assume c; d 2 T˛ with c < d. Prove that if f W TŒc;d� ! R and Df .t/ D 0 for
t 2 TŒc;�.d/�, then f .t/ D C for all t 2 TŒc;d�, where C is a constant.

5.7. Show that if n 2 N1 and a � 1, then

Œn�a D
n�1X

kD0

ak:

Then use this formula to prove parts (iii)–(v) of Theorem 5.22.

5.8. Prove part (ii) of Theorem 5.23.

5.9. Assume f W T˛ � T˛ ! R: Derive the Leibniz formula

D
Z t

a
f .t; s/Ds D

Z t

a
Df .t; s/Ds C f .�.t/; t/

for t 2 T˛:

5.10. Consider the mixed time scale where ˛ D 2 and �.t/ D 3t C2 (so a D 3 and
b D 2). Use the variation of constants formula in Theorem 5.38 to solve the IVP

D2y.t/ D 2t � 4; t 2 T2

y.2/ D 0; Dy.2/ D 0:

5.11. Use the Leibniz formula in Exercise 5.9 to prove the Variation of Constants
Theorem (Theorem 5.37).

5.12. Prove Theorem 5.43.

5.13. Assume ˇ 2 T�2.˛/, A; B; E; F 2 R and f W T
�2.ˇ/
˛ ! R: Then the

nonhomogeneous BVP

�D2y.t/ D f .t/; t 2 R
ˇ
˛

Ay.˛/ � BDy.˛/ D C1

Ey.ˇ/ C FDy.ˇ/ D C2;
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where the constants C1; C2 are given, has a unique solution if and only if the
corresponding homogeneous BVP

� D2y.t/ D 0; t 2 R
ˇ
˛

Ay.˛/ � BDy.˛/ D 0

Ey.ˇ/ C FDy.ˇ/ D 0

has only the trivial solution.

5.14. Show that for the BVP

� D2y.t/ D 0; t 2 T
�2.˛/
˛

Dy.˛/ D 0 D Dy.ˇ/;

the � in Theorem 5.87 satisfies � D 0. Then show that the given BVP has infinitely
many solutions.

5.15. Prove parts (ii)–(iv) of Theorem 5.92.

5.16. Use Theorem 5.92 to prove directly that the function

y.t/ WD
Z ˇ

˛

G.t; s/f .s/Ds;

for t 2 T
ˇ
˛ , where G.t; s/ is the Green’s function for the BVP (5.7), (5.8), solves the

BVP (5.5), (5.6).
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