
Chapter 3
Nabla Fractional Calculus

3.1 Introduction

As mentioned in the previous chapter and as demonstrated on numerous occasions,
the disadvantage of the discrete delta fractional calculus is the shifting of domains
when one goes from the domain of the function to the domain of its delta fractional
difference. This problem is not as great with the fractional nabla difference as
noted by Atici and Eloe. In this chapter we study the discrete fractional nabla
calculus. We then define the corresponding nabla Laplace transform motivated by a
particularly general definition of the delta Laplace transform that was first defined
in a very general way by Bohner and Peterson [62]. Several properties of this nabla
Laplace transform are then derived. Fractional nabla Taylor monomials are defined
and formulas for their nabla Laplace transforms are presented. Then the discrete
nabla version of the Mittag–Leffler function and its nabla Laplace transform is
obtained. Finally, a variation of constants formula for an initial value problem for
a �-th, 0 < � < 1, order nabla fractional difference equation is given along with
some applications. Much of the work in this chapter comes from the results in Hein
et al. [119], Holm [123–125], Brackins [64], Ahrendt et al. [3, 4], and Baoguo et al.
[49, 52].

3.2 Preliminary Definitions

We first introduce some notation and state elementary results concerning the nabla
calculus, which we will use in this chapter. As in Chaps. 1 and 2 for a 2 R, the sets
Na and N

b
a, where b � a is a positive integer, are defined by

Na WD fa; a C 1; a C 2; : : : g; N
b
a WD fa; a C 1; a C 2; : : : ; bg:
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For an arbitrary function f W Na ! R we define the nabla operator (backwards
difference operator), r, by

.rf /.t/ WD f .t/ � f .t � 1/; t 2 NaC1:

For convenience, we adopt the convention that rf .t/ WD .rf /.t/. Sometimes it is
useful to use the relation

rf .t/ D �f .t � 1/ (3.1)

to get results for the nabla calculus from the delta calculus and vice versa. Since
many readers will be interested only in the nabla calculus, we want this chapter to
be self-contained. So we will not use the formula (3.1) in this chapter. The operator
rn is defined recursively by rnf .t/ WD r�rn�1f .t/

�
for t 2 NaCn, n 2 N1, where

r0 is the identity operator defined by r0f .t/ D f .t/. We define the backward jump
operator, � W NaC1 ! Na, by

�.t/ D t � 1:

Also we let f � denote the composition function f ı �. It is easy (Exercise 3.1) to see
that if f W N ! R and rf .t/ D 0 for t 2 NaC1; then

f .t/ D C; t 2 Na; where C is a constant.

The following theorem gives several properties of the nabla difference operator.

Theorem 3.1. Assume f ; g W Na ! R and ˛; ˇ 2 R. Then for t 2 NaC1;

(i) r˛ D 0I
(ii) r˛f .t/ D ˛rf .t/I

(iii) r .f .t/ C g.t// D rf .t/ C rg.t/I
(iv) if ˛ ¤ 0, then r˛tCˇ D ˛�1

˛
˛tCˇI

(v) r .f .t/g.t// D f .�.t//rg.t/ C rf .t/g.t/I
(vi) r

�
f .t/
g.t/

�
D g.t/rf .t/�f .t/rg.t/

g.t/g.�.t// ; if g.t/ ¤ 0; t 2 NaC1.

Proof. We will just prove (iv) and (v) and leave the proof of the other parts to the
reader. To see that (iv) holds assume that ˛ ¤ 0 and note that

r˛tCˇ D ˛tCˇ � ˛t�1Cˇ

D Œ˛ � 1�˛t�1Cˇ

D ˛ � 1

˛
˛tCˇ:
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Next we prove the product rule (v). For t 2 NaC1, consider

rŒf .t/g.t/� D f .t/g.t/ � f .t � 1/g.t � 1/

D f .t � 1/Œg.t/ � g.t � 1/� C Œf .t/ � f .t � 1/�g.t/

D f .�.t//rg.t/ C rf .t/g.t/;

which is the desired result. ut
Next we define the rising function.

Definition 3.2. Assume n is a positive integer and t 2 R. Then we define the rising
function, tn; read “t to the n rising,”by

tn WD t.t C 1/ � � � .t C n � 1/:

Readers familiar with the Pochhammer function may recognize this notation in
its alternative form, .k/n. See Knuth [139].

The rising function is defined this way so that the following power rule holds.

Theorem 3.3 (Nabla Power Rule). For n 2 N1, ˛ 2 R,

r.t C ˛/n D n .t C ˛/n�1;

for t 2 R.

Proof. We simply write

r.t C ˛/n D .t C ˛/n � .t � 1 C ˛/n

D Œ.t C ˛/.t C ˛ C 1/ � � � .t C ˛ C n � 1/�

� Œ.t C ˛ � 1/.t C ˛/ � � � .t C ˛ C n � 2/�

D .t C ˛/.t C ˛ C 1/ � � � .t C ˛ C n � 2/

� Œ.t C ˛ C n � 1/ � .t C ˛ � 1/�

D n .t C ˛/n�1:

This completes the proof. ut
Note that for n 2 N1,

tn WD t.t C 1/ � � � .t C n � 1/

D .t C n � 1/.t C n � 2/ � � � .t C 1/ � t

D .t C n � 1/.t C n � 2/ � � � t � �.t/

�.t/

D �.t C n/

�.t/
; t … f0; �1; �2; � � � g;

where � is the gamma function (Definition 1.6). Motivated by this we next define
the (generalized) rising function as follows.
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Definition 3.4. The (generalized) rising function is defined by

tr D �.t C r/

�.t/
; (3.2)

for those values of t and r so that the right-hand side of equation (3.2) is sensible.
Also, we use the convention that if t is a nonpositive integer, but t C r is not a
nonpositive integer, then tr WD 0.

We then get the following generalized power rules.

Theorem 3.5 (Generalized Nabla Power Rules). The formulas

r.t C ˛/r D r .t C ˛/r�1; (3.3)

and

r.˛ � t/r D �r.˛ � �.t//r�1; (3.4)

hold for those values of t, r, and ˛ so that the expressions in equations (3.3) and
(3.4) are sensible. In particular, t0 D 1; t ¤ 0; �1; �2; � � � .

Proof. Consider that

r.t C ˛/r D .t C ˛/r � .t � 1 C ˛/r

D �.t C ˛ C r/

�.t C ˛/
� �.t C ˛ C r � 1/

�.t C ˛ � 1/

D Œ.t C ˛ C r � 1/ � .t C ˛ � 1/�
�.t C ˛ C r � 1/

�.t C ˛/

D r
�.t C ˛ C r � 1/

�.t C ˛/

D r.t C ˛/r�1:

Hence, (3.3) holds. Next we prove (3.4). To see this, note that

r.˛ � t/r D .˛ � t/r � .˛ � t C 1/r

D �.˛ � t C r/

�.˛ � t/
� �.˛ � t C 1 C r/

�.˛ � t C 1/

D Œ.˛ � t/ � .˛ � t C r/�
�.˛ � t C r/

�.˛ � t C 1/

D � r
�.˛ � t C r/

�.˛ � t C 1/
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D � r
�.˛ � �.t/ C r � 1/

�.˛ � �.t//

D � r.˛ � �.t//r�1:

This completes the proof. ut

3.3 Nabla Exponential Function

In this section we want to study the nabla exponential function that plays a similar
role in the nabla calculus that the exponential function ept does in the continuous
calculus. Motivated by the fact that when p is a constant, x.t/ D ept is the unique
solution of the initial value problem

x0 D px; x.0/ D 1;

we define the nabla exponential function, Ep.t; s/ based at s 2 Na, where the
function p is in the set of (nabla) regressive functions

R WD fp W NaC1 ! R W 1 � p.t/ ¤ 0; for t 2 NaC1g;

to be the unique solution of the initial value problem

ry.t/ D p.t/y.t/; t 2 NaC1 (3.5)

y.s/ D 1: (3.6)

After reading the proof of the next theorem one sees why this IVP has a unique
solution. In the next theorem we give a formula for the exponential function Ep.t; s/.

Theorem 3.6. Assume p 2 R and s 2 Na. Then

Ep.t; s/ D
(Qt

�DsC1
1

1�p.�/
, t 2 Ns

Qs
�DtC1Œ1 � p.�/�, t 2 N

s�1
a :

(3.7)

Here it is understood that
Qt

�DtC1 h.�/ D 1 for any function h.

Proof. First we find a formula for Ep.t; s/ for t � s C 1 by solving the IVP (3.5),
(3.6) by iteration. Solving the nabla difference equation (3.5) for y.t/ we obtain

y.t/ D 1

1 � p.t/
y.t � 1/; t 2 NaC1: (3.8)
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Letting t D s C 1 in (3.8) we get

y.s C 1/ D 1

1 � p.s C 1/
y.s/ D 1

1 � p.s C 1/
:

Then letting t D s C 2 in (3.8) we obtain

y.s C 2/ D 1

1 � p.s C 2/
y.s C 1/ D 1

Œ1 � p.s C 1/� Œ1 � p.s C 2/�
:

Proceeding in this matter we get by mathematical induction that

Ep.t; a/ D
tY

�DsC1

1

1 � p.�/
;

for t 2 NsC1. By our convention on products we get

Ep.s; s/ D
sY

�DsC1

Œ1 � p.�/� D 1

as desired. Now assume a � t < s. Solving the nabla difference equation (3.5) for
y.t � 1/ we obtain

y.t � 1/ D Œ1 � p.t/�y.t/; t 2 NaC1: (3.9)

Letting t D s in (3.9) we get

y.s � 1/ D Œ1 � p.s/�y.s/ D Œ1 � p.s/�:

If s � 2 � a, we obtain by letting t D s � 1 in (3.9)

y.s � 2/ D Œ1 � p.s � 1/�y.s � 1/ D Œ1 � p.s/� Œ1 � p.s � 1/� :

By mathematical induction we arrive at

Ep.t; s/ D
sY

�DtC1

Œ1 � p.�/�; for t 2 N
s
a:

Hence, Ep.t; s/ is given by (3.7). ut
Theorem 3.6 gives us the following example.

Example 3.7. If s 2 Na and p.t/ � p0, where p0 ¤ 1 is a constant, then

Ep.t; s/ D .1 � p0/s�t; t 2 Na:
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We now set out to prove properties of the exponential function Ep.t; s/. To
motivate some of these properties, consider, for p; q 2 R, the product

Ep.t; a/Eq.t; a/ D
tY

�DaC1

1

1 � p.�/

tY

�DaC1

1

1 � q.�/

D
tY

�DaC1

1

Œ1 � p.�/� Œ1 � q.�/�

D
tY

�DaC1

1

1 � Œp.�/ C q.�/ � p.�/q.�/�

D
tY

�DaC1

1

1 � .p � q/.�/
if .p � q/.t/ WD p.t/ C q.t/ � p.t/q.t/

D Ep�q.t; a/

for t 2 Na.
Hence, we deduce that the nabla exponential function satisfies the law of

exponents

Ep.t; a/Eq.t; a/ D Ep�q.t; a/; t 2 Na;

if we define the box plus addition � on R by

.p � q/.t/ WD p.t/ C q.t/ � p.t/q.t/; t 2 NaC1:

We now give an important result concerning the box plus addition �.

Theorem 3.8. If we define the box plus addition, �, on R by

p � q WD p C q � pq;

then R, � is an Abelian group.

Proof. First, to see that the closure property is satisfied, note that if p; q 2 R, then
1 � p.t/ ¤ 0 and 1 � q.t/ ¤ 0 for t 2 NaC1. It follows that

1 � .p � q/.t/ D 1 � Œp.t/ C q.t/ � p.t/q.t/� D .1 � p.t//.1 � q.t// ¤ 0;

for t 2 NaC1, and hence the function p � q 2 R.
Next, notice that the zero function, 0, is in R, since the regressivity condition

1 � 0 D 1 ¤ 0 holds. Also

0 � p D 0 C p � 0 � p D p; for all p 2 R;

so the zero function 0 is the identity element in R.
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We now show that every element in R has an additive inverse let p 2 R. So, set
q D �p

1�p and note that since

1 � q.t/ D 1 � �p.t/

1 � p.t/
D 1

1 � p.t/
¤ 0; t 2 NaC1

we have that q 2 R; and we also have that

p � q D p � �p

1 � p
D p C �p

1 � p
� �p2

1 � p
D 0;

so q is the additive inverse of p. For p 2 R; we use the following notation for the
additive inverse of p:

ˇp WD �p

1 � p
: (3.10)

The fact that the addition � is associative and commutative is Exercise 3.4. ut
We can now define box minus subtraction, ˇ; on R in a standard manner as

follows.

Definition 3.9. We define box minus subtraction on R by

p ˇ q WD p � Œˇq�:

By Exercise 3.5 we have that if p; q 2 R, then

.p ˇ q/.t/ D p.t/ � q.t/

1 � q.t/
; t 2 Na:

In addition, we define the set of (nabla) positively regressive functions, RC; by

RC D fp W NaC1 W! R; such that 1 � p.t/ > 0 for t 2 NaC1g:

The proof of the following theorem is left as an exercise (see Exercise 3.8).

Theorem 3.10. The set of positively regressive functions, RC, with the addition �,
is a subgroup of R.

In the next theorem we give several properties of the exponential function
Ep.t; s/.

Theorem 3.11. Assume p; q 2 R and s; r 2 Na. Then

(i) E0.t; s/ D 1, t 2 NaI
(ii) Ep.t; s/ ¤ 0, t 2 NaI

(iii) if p 2 RC, then Ep.t; s/ > 0; t 2 NaI
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(iv) rEp.t; s/ D p.t/Ep.t; s/, t 2 NaC1; and Ep.t; t/ D 1; t 2 NaI
(v) Ep.�.t/; s/ D Œ1 � p.t/�Ep.t; s/, t 2 NaC1I

(vi) Ep.t; s/Ep.s; r/ D Ep.t; r/; t 2 NaI
(vii) Ep.t; s/Eq.t; s/ D Ep�q.t; s/; t 2 NaI

(viii) Eˇp.t; s/ D 1
Ep.t;s/ ; t 2 NaI

(ix) Ep.t;s/
Eq.t;s/ D Epˇq.t; s/; t 2 Na.

Proof. Using Example 3.7, we have that

E0.t; s/ D .1 � 0/s�t D 1

and thus (i) holds.
To see that (ii) holds, note that since p 2 R, it follows that 1 � p.t/ ¤ 0, and

hence we have that for t 2 Ns

Ep.t; s/ D
tY

�DsC1

1

1 � p.�/
¤ 0

and for t 2 N
s�1
a

Ep.t; s/ D
sY

�DtC1

Œ1 � p.�/� ¤ 0:

Hence, (ii) holds. The proof of (iii) is similar to the proof of (ii), whereas property
(iv) follows from the definition of Ep.t; s/.

Since, for t 2 Ns;

Ep.�.t/; s/ D
t�1Y

�DsC1

1

1 � p.�/

D Œ1 � p.t/�
tY

�DsC1

1

1 � p.�/

D Œ1 � p.t/�Ep.t; s/

we have that (v) holds for t 2 NsC1. Next assume t 2 N
s�1
aC1. Then

Ep.�.t/; s/ D
sY

�D�.t/C1

Œ1 � p.�/�

D
sY

�Dt

Œ1 � p.�/�
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D Œ1 � p.t/�
sY

�DtC1

Œ1 � p.�/�

D Œ1 � p.t/�Ep.t; s/:

Hence, (v) holds for t 2 N
s�1
aC1. It is easy to check that Ep.�.s/; s/ D

Œ1 � p.s/� Ep.s; s/. This completes the proof of (v).
We will just show that (vi) holds when s � r � a. First consider the case t 2 Ns.

In this case

Ep.t; s/Ep.s; r/ D
tY

�DsC1

1

1 � p.�/

sY

�DrC1

1

1 � p.�/

D
tY

�DrC1

1

1 � p.�/

D Ep.t; r/:

Next, consider the case t 2 N
s�1
r . Then

Ep.t; s/Ep.s; r/ D
sY

�DtC1

Œ1 � p.�/�

sY

�DrC1

1

1 � p.�/

D
tY

�DrC1

1

1 � p.�/

D Ep.t; r/:

Finally, consider the case t 2 N
r�1
a . Then

Ep.t; s/Ep.s; r/ D
sY

�DtC1

Œ1 � p.�/�

sY

�DrC1

1

1 � p.�/

D
tY

�DrC1

Œ1 � p.�/�

D Ep.t; r/:

This completes the proof of (vi) for the special case s � r � a. The case a �
s � r is left to the reader (Exercise 3.9). The proof of the law of exponents (vii) is
Exercise 3.10. To see that (viii) holds, note that for t 2 Ns
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Eˇp.t; s/ D
tY

�DsC1

1

1 � .ˇp/.�/

D
tY

�DsC1

Œ1 � p.�/�

D 1

Ep.t; s/
:

Also, if t 2 N
s�1
a

Eˇp.t; s/ D
sY

�DtC1

Œ1 � .ˇp/.�/�

D
sY

�DtC1

1

1 � p.�/

D 1

Ep.t; s/
:

Hence (viii) holds for t 2 Na. Finally, using (viii) and then (vii), we have that

Ep.t; s/

Eq.t; s/
D Ep.t; s/Eˇq.t; s/ D Ep�Œˇq�.t; s/ D Epˇq.t; s/;

from which it follows that (ix) holds. ut
Next we define the scalar box dot multiplication, �.

Definition 3.12. For ˛ 2 R; p 2 RC the scalar box dot multiplication, ˛ � p, is
defined by

˛ � p D 1 � .1 � p/˛:

It follows that for ˛ 2 R; p 2 RC

1 � .˛ � p/.t/ D 1 � f1 � Œ1 � p.t/�˛g
D Œ1 � p.t/�˛ > 0

for t 2 NaC1. Hence ˛ � p 2 RC.
Now we can prove the following law of exponents.
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Theorem 3.13. If ˛ 2 R and p 2 RC, then

E˛
p .t; a/ D E˛�p.t; a/

for t 2 Na.

Proof. Consider that, for t 2 Na,

E˛
p .t; a/ D

"
tY

�DaC1

1

1 C p.�/

#˛

D
tY

�DaC1

1

Œ1 C p.�/�˛

D
tY

�DaC1

1

1 � Œ1 � .1 � p.�//˛�

D
tY

�DaC1

1

1 � Œ˛ � p�.�/

D E˛�p.t; a/:

This completes the proof. ut
Theorem 3.14. The set of positively regressive functions RC, with the addition �
and the scalar multiplication �, is a vector space.

Proof. From Theorem 3.10 we know that RC with the addition � is an Abelian
group. The four remaining nontrivial properties of a vector space are the
following:

(i) 1 � p D pI
(ii) ˛ � .p � q/ D .˛ � p/ � .˛ � q/I

(iii) ˛ � .ˇ � p/ D .˛ˇ/ � pI
(iv) .˛ C ˇ/ � p D .˛ � p/ � .ˇ � p/;

where ˛; ˇ 2 R and p; q 2 RC. We will prove properties (i)–(iii) and leave property
(iv) as an exercise (Exercise 3.12).

Property (i) follows immediately from the following:

1 � p D 1 � .1 � p/1 D p:

To prove (ii) consider

.˛ � p/ � .˛ � q/

D ˛ � p C ˛ � q � .˛ � p/.˛ � q/
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D Œ1 � .1 � p/˛� C Œ1 � .1 � q/˛� � Œ1 � .1 � p/˛�Œ1 � .1 � q/˛�

D 1 � .1 � p/˛.1 � q/˛

D 1 � .1 � p � q C pq/˛

D 1 � .1 � p � q/˛

D ˛ � .p � q/:

Hence, (ii) holds. Finally, consider

˛ � .ˇ � p/ D 1 � .1 � ˇ � p/˛

D 1 �
�
1 � �

1 � .1 � p/ˇ
� 	˛

D 1 � .1 � p/˛ˇ

D .˛ˇ/ � p:

Hence, property (iii) holds. ut

3.4 Nabla Trigonometric Functions

In this section we introduce the discrete nabla hyperbolic sine and cosine functions,
the discrete sine and cosine functions and give some of their properties. First we
define the nabla hyperbolic sine and cosine functions.

Definition 3.15. Assume p; �p 2 R. Then the generalized nabla hyperbolic sine
and cosine functions are defined as follows:

Coshp.t; a/ WD Ep.t; a/ C E�p.t; a/

2
; Sinhp.t; a/ WD Ep.t; a/ � E�p.t; a/

2

for t 2 Na.

The following theorem gives various properties of the nabla hyperbolic sine and
cosine functions.

Theorem 3.16. Assume p; �p 2 R. Then

(i) Coshp.a; a/ D 1; Sinhp.a; a/ D 0I
(ii) Cosh2

p.t; a/ � Sinh2
p.t; a/ D Ep2 .t; a/; t 2 NaI

(iii) rCoshp.t; a/ D p.t/ Sinhp.t; a/; t 2 NaC1I
(iv) rSinhp.t; a/ D p.t/ Coshp.t; a/; t 2 NaC1I
(v) Cosh�p.t; a/ D Coshp.t; a/; t 2 NaI

(vi) Sinh�p.t; a/ D �Sinhp.t; a/; t 2 Na.
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Proof. Parts (i), (v), (vi) follow immediately from the definitions of the nabla
hyperbolic sine and cosine functions. To see that (ii) holds, note that

Cosh2
p.t; a/ � Sinh2

p.t; a/

D
�
Ep.t; a/ C E�p.t; a/

�2 � �
Ep.t; a/ � E�p.t; a/

�2

4

D Ep.t; a/E�p.t; a/

D Ep�.�p/.t; a/

D Ep2 .t; a/:

To see that (iii) holds, consider

rCoshp.t; a/ D 1

2
rEp.t; a/ C 1

2
rE�p.t; a/

D 1

2
ŒpEp.t; a/ � pE�p.t; a/�

D p
Ep.t; a/ � E�p.t; a/

2

D p Sinhp.t; a/:

The proof of (iv) is similar (Exercise 3.13). ut
Next, we define the nabla sine and cosine functions.

Definition 3.17. Assume ip; �ip 2 R. Then we define the nabla sine and cosine
functions as follows:

Cosp.t; a/ D Eip.t; a/ C E�ip.t; a/

2
; Sinp.t; a/ D Eip.t; a/ � E�ip.t; a/

2i

for t 2 Na.

Using the definitions of Cosp.t; a/ and Sinp.t; a/ we get immediately Euler’s
formula

Eip.t; a/ D Cosp.t; a/ C iSinp.t; a/; t 2 Na (3.11)

provided ip; �ip 2 R.
The following theorem gives some relationships between the nabla trigonometric

functions and the nabla hyperbolic trigonometric functions.

Theorem 3.18. Assume p is a constant. Then the following hold:

(i) Sinip.t; a/ D iSinhp.t; a/; if p ¤ ˙1I
(ii) Cosip.t; a/ D Coshp.t; a/; if p ¤ ˙1I
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(iii) Sinhip.t; a/ D iSinp.t; a/; if p ¤ ˙iI
(iv) Coship.t; a/ D Cosp.t; a/; if p ¤ ˙i;

for t 2 Na.

Proof. To see that (i) holds, note that

Sinip.t; a/ D 1

2i
ŒEi2p.t; a/ � E�i2p.t; a/�

D 1

2i
ŒE�p.t; a/ � Ep.t; a/�

D i
Ep.t; a/ � E�p.t; a/

2

D i Sinhp.t; a/:

The proof of parts (ii), (iii), and (iv) are similar. ut
The following theorem gives various properties of the generalized sine and cosine

functions.

Theorem 3.19. Assume ip; �ip 2 R. Then

(i) Cosp.a; a/ D 1; Sinp.a; a/ D 0I
(ii) Cos2

p.t; a/ C Sin2
p.t; a/ D E�p2 .t; a/; t 2 NaI

(iii) rCosp.t; a/ D �p.t/ Sinp.t; a/; t 2 NaC1I
(iv) rSinp.t; a/ D p.t/ Cosp.t; a/; t 2 NaC1I
(v) Cos�p.t; a/ D Cosp.t; a/; t 2 NaI

(vi) Sin�p.t; a/ D �Sinp.t; a/; t 2 Na.

Proof. The proof of this theorem follows from Theorems 3.16 and 3.18. ut

3.5 Second Order Linear Equations
with Constant Coefficients

The nonhomogeneous second order linear nabla difference equation is given by

r2y.t/ C p.t/ry.t/ C q.t/y.t/ D f .t/; t 2 NaC2; (3.12)

where we assume p; g; f W NaC2 ! R and 1 C p.t/ C q.t/ ¤ 0 for t 2 NaC2. In this
section we will see that we can easily solve the corresponding second order linear
homogeneous nabla difference equation with constant coefficients

r2y.t/ C pry.t/ C qy.t/ D 0; t 2 NaC2; (3.13)

where we assume the constants p; q 2 R satisfy 1 C p C q ¤ 0.
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First we prove an existence-uniqueness theorem for solutions of initial value
problems (IVPs) for (3.12).

Theorem 3.20. Assume that p; q; f W NaC2 ! R, 1 C p.t/ C q.t/ ¤ 0, t 2 NaC2,
A; B 2 R; and t0 2 NaC1. Then the IVP

r2y.t/ C p.t/ry.t/ C q.t/y.t/ D f .t/; t 2 NaC2; (3.14)

y.t0 � 1/ D A; y.t0/ D B; (3.15)

where t0 2 NaC1 and A; B 2 R has a unique solution y.t/ on Na.

Proof. Expanding equation (3.14) we have by first solving for y.t/ and then solving
for y.t � 2/ that, since 1 C p.t/ C q.t/ ¤ 0,

y.t/ D 2 C p.t/

1 C p.t/ C q.t/
y.t � 1/

� 1

1 C p.t/ C q.t/
y.t � 2/ C f .t/

1 C p.t/ C q.t/
(3.16)

and

y.t � 2/ D �Œ1 C p.t/ C q.t/�y.t/ C Œ2 C p.t/�y.t � 1/ C f .t/: (3.17)

If we let t D t0 C 1 in (3.16), then equation (3.14) holds at t D t0 C 1 iff

y.t0 C 1/ D Œ2 C p.t0 C 1/�B

1 C p.t0 C 1/ C q.t0 C 1/
� A

1 C p.t0 C 1/ C q.t0 C 1/

C f .t0 C 1/

1 C p.t0 C 1/ C q.t0 C 1/
:

Hence, the solution of the IVP (3.14), (3.15) is uniquely determined at t0 C 1. But
using the equation (3.16) evaluated at t D t0 C 2, we have that the unique values of
the solution at t0 and t0 C1 uniquely determine the value of the solution at t0 C2. By
induction we get that the solution of the IVP (3.14), (3.15) is uniquely determined
on Nt0�1. On the other hand if t0 � a C 2, then using equation (3.17) with t D t0,
we have that

y.t0 � 2/ D �Œ1 C p.t0/ C q.t0/�B C Œ2 C p.t0/�A C f .t0/:

Hence the solution of the IVP (3.14), (3.15) is uniquely determined at t0 � 2.
Similarly, if t0 � 3 � a, then the value of the solution at t0 � 2 and at t0 � 1 uniquely
determines the value of the solution at t0 � 3. Proceeding in this manner we have
by mathematical induction that the solution of the IVP (3.14), (3.15) is uniquely
determined on N

t0�1
a . Hence the result follows. ut
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Remark 3.21. Note that the so-called initial conditions in (3.15)

y.t0 � 1/ D A; y.t0/ D B

hold iff the equations y.t0/ D C, ry.t0/ D D WD B � A are satisfied. Because of this
we also say that

y.t0/ D C; ry.t0/ D D

are initial conditions for solutions of equation (3.12). In particular, Theorem 3.20
holds if we replace the conditions (3.15) by the conditions

y.t0/ D C; ry.t0/ D D:

Remark 3.22. From Exercise 3.21 we see that if 1Cp.t/Cq.t/ ¤ 0, t 2 NaC2, then
the general solution of the linear homogeneous equation

r2y.t/ C p.t/ry.t/ C q.t/y.t/ D 0

is given by

y.t/ D c1y1.t/ C c2y2.t/; t 2 Na;

where y1.t/, y2.t/ are any two linearly independent solutions of (3.13) on Na.

Next we show we can solve the second order linear nabla difference equation
with constant coefficients (3.13). We say the equation

�2 C p� C q D 0

is the characteristic equation of the nabla linear difference equation (3.13) and the
solutions of this characteristic equation are called the characteristic values of (3.13).

Theorem 3.23 (Distinct Roots). Assume 1 C p C q ¤ 0 and �1 ¤ �2 (possibly
complex) are the characteristic values of (3.13). Then

y.t/ D c1E�1.t; a/ C c2E�2.t; a/

is a general solution of (3.13) on Na.

Proof. Since �1, �2 satisfy the characteristic equation for (3.13), we have that the
characteristic polynomial for (3.13) is given by

.� � �1/.� � �2/ D �2 � .�1 C �2/� C �1�2
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and hence

p D ��1 � �2; q D �1�2:

Since

1 C p C q D 1 C .��1 � �2/ C �1�2 D .1 � �1/.1 � �2/ ¤ 0;

we have that �1; �2 ¤ 1 and hence E�1.t; a/ and E�2.t; a/ are well defined. Next
note that

r2E�i.t; a/ C p rE�i.t; a/ C q E�i.t; a/

D Œ�2
i C p�i C q�E�i.t; a/

D 0;

for i D 1; 2. Hence E�i.t; a/, i D 1; 2 are solutions of (3.13). Since �1 ¤ �2, these
two solutions are linearly independent on Na, and by Remark 3.22,

y.t/ D c1E�1.t; a/ C c2E�2.t; a/

is a general solution of (3.13) on Na. ut
Example 3.24. Solve the nabla linear difference equation

r2y.t/ C 2ry.t/ � 8y.t/ D 0: t 2 NaC2:

The characteristic equation is

�2 C 2� � 8 D .� � 2/.� C 4/ D 0

and the characteristic roots are

�1 D 2; �2 D �4:

Note that 1 C p C q D �5 ¤ 0, so we can apply Theorem 3.23. Then we have that

y.t/ D c1E�1.t; a/ C c2E�2.t; a/

D c1E2.t; a/ C c2E�4.t; a/

D c1.�1/a�t C c25a�t

is a general solution on Na.



3.5 Second Order Linear Equations with Constant Coefficients 167

Usually, we want to find all real-valued solutions of (3.13). When a characteristic
value �1 of (3.13) is complex, E�1.t; a/ is a complex-valued solution. In the next
theorem we show how to use this complex-valued solution to find two linearly
independent real-valued solutions on Na.

Theorem 3.25 (Complex Roots). Assume the characteristic values of (3.13) are
� D ˛ ˙ iˇ, ˇ > 0 and ˛ ¤ 1. Then a general solution of (3.13) is given by

y.t/ D c1E˛.t; a/Cos	 .t; a/ C c2E˛.t; a/Sin	 .t; a/;

where 	 WD ˇ

1�˛
.

Proof. Since the characteristic roots are � D ˛ ˙ iˇ, ˇ > 0, we have that the
characteristic equation is given by

�2 � 2˛� C ˛2 C ˇ2 D 0:

It follows that p D �2˛ and q D ˛2 C ˇ2, and hence

1 C p C q D .1 � ˛/2 C ˇ2 ¤ 0:

Hence, Remark 3.22 applies. By the proof of Theorem 3.23, we have that y.t/ D
E˛Ciˇ.t; a/ is a complex-valued solution of (3.13). Using

˛ C iˇ D ˛ � i
ˇ

1 � ˛
D ˛ � i	;

where 	 D ˇ

1�˛
, ˛ ¤ 1, we get that

y.t/ D E˛Ciˇ.t; a/ D E˛�i	 .t; a/ D E˛.t; a/Ei	 .t; a/

is a nontrivial solution. It follows from Euler’s formula (3.11) that

y.t/ D E˛.t; a/Ei	 .t; a/

D E˛.t; a/ŒCos	 .t; a/ C iSin	 .t; a/�

D y1.t/ C iy2.t/

is a solution of (3.13). But since p and q are real, we have that the real part, y1.t/ D
E˛.t; a/Cos	 .t; a/, and the imaginary part, y2.t/ D E˛.t; a/Sin	 .t; a/, of y.t/ are
solutions of (3.13). But y1.t/, y2.t/ are linearly independent on Na, so we get that

y.t/ D c1E˛.t; a/Cos	 .t; a/ C c2E˛.t; a/Sin	 .t; a/

is a general solution of (3.13) on Na. ut
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Example 3.26. Solve the nabla difference equation

r2y.t/ C 2ry.t/ C 2y.t/ D 0; t 2 NaC2: (3.18)

The characteristic equation is

�2 C 2� C 2 D 0;

and so, the characteristic roots are � D �1 ˙ i. Note that 1 C p C q D 5 ¤ 0. So,
applying Theorem 3.25, we find that

y.t/ D c1E�1.t; a/Cos 1
2
.t; a/ C c2E�1.t; a/Sin 1

2
.t; a/

is a general solution of (3.18) on Na.

The previous theorem (Theorem 3.25) excluded the case when the characteristic
roots of (3.13) are 1 ˙ iˇ, where ˇ > 0. The next theorem considers this case.

Theorem 3.27. If the characteristic values of (3.13) are 1 ˙ iˇ, where ˇ > 0, then
a general solution of (3.13) is given by

y.t/ D c1ˇa�t cos
h


2
.t � a/

i
C c2ˇa�t sin

h


2
.t � a/

i
;

t 2 Na.

Proof. Since 1�iˇ is a characteristic value of (3.13), we have that y.t/ D E1�iˇ.t; a/

is a complex-valued solution of (3.13). Now

y.t/ D E1�iˇ.t; a/

D .iˇ/a�t

D
�
ˇei 


2

�a�t

D ˇa�tei 

2 .a�t/

D ˇa�t
n
cos

h


2
.a � t/

i
C i sin

h


2
.a � t/

io

D ˇa�t cos
h


2
.t � a/

i
� iˇa�t sin

h


2
.t � a/

i
:

It follows that

y1.t/ D ˇa�t cos
h


2
.t � a/

i
; y2.t/ D ˇa�t sin

h


2
.t � a/

i
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are solutions of (3.13). Since these solutions are linearly independent on Na, we
have that

y.t/ D c1ˇa�t cos
h


2
.t � a/

i
C c2ˇa�t sin

h


2
.t � a/

i

is a general solution of (3.13). ut
Example 3.28. Solve the nabla linear difference equation

r2y.t/ � 2ry.t/ C 5y.t/ D 0; t 2 N2:

The characteristic equation is �2 � 2� C 5 D 0, so the characteristic roots are
� D 1 ˙ 2i. It follows from Theorem 3.27 that

y.t/ D c12�t cos
�


2
t
�

C c22�t sin
�


2
t
�

;

for t 2 N0.

Theorem 3.29 (Double Root). Assume �1 D �2 D r ¤ 1 is a double root of the
characteristic equation. Then

y.t/ D c1Er.t; a/ C c2.t � a/Er.t; a/

is a general solution of (3.13).

Proof. Since �1 D r is a double root of the characteristic equation, we have that
�2 � 2r� C r2 D 0 is the characteristic equation. It follows that p D �2r and
q D r2. Therefore

1 C p C q D 1 � 2r C r2 D .1 � r/2 ¤ 0

since r ¤ 1. Hence, Remark 3.22 applies. Since r ¤ 1 is a characteristic root, we
have that y1.t/ D Er.t; a/ is a nontrivial solution of (3.13). From Exercise 3.14, we
have that y2.t/ D .t � a/Er.t; a/ is a second solution of (3.13) on Na. Since these
two solutions are linearly independent on Na, we have from Remark 3.22 that

y.t/ D c1Er.t; a/ C c2.t � a/Er.t; a/

is a general solution of (3.13). ut
Example 3.30. Solve the nabla difference equation

r2y.t/ C 12ry.t/ C 36y.t/ D 0; t 2 NaC2:

The corresponding characteristic equation is

�2 C 12� C 36 D .� C 6/2 D 0:
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Hence r D �6 ¤ 1 is a double root, so by Theorem 3.29 a general solution is
given by

y.t/ D c1E�6.t; a/ C c2.t � a/E�6.t; a/

D c17a�t C c2.t � a/7a�t

for t 2 Na.

3.6 Discrete Nabla Integral

In this section we define the nabla definite and indefinite integral, give several of
their properties, and present a nabla fundamental theorem of calculus.

Definition 3.31. Assume f W NaC1 ! R and b 2 Na. Then the nabla integral of f
from a to b is defined by

Z b

a
f .t/rt WD

bX

tDaC1

f .t/; t 2 Na

with the convention that

Z a

a
f .t/rt D

aX

tDaC1

f .t/ WD 0:

Note that even if f had the domain Na instead of NaC1 the value of the integralR b
a f .t/rt does not depend on the value of f at a. Also note if f W NaC1 ! R, then

F.t/ WD R t
a f .�/r� is defined on Na with F.a/ D 0.

The following theorem gives some important properties of this nabla integral.

Theorem 3.32. Assume f ; g W NaC1 ! R, b; c; d 2 Na, b � c � d, and ˛ 2 R.
Then

(i)
R c

b ˛f .t/rt D ˛
R c

b f .t/rtI
(ii)

R c
b .f .t/ C g.t//rt D R c

b f .t/rt C R c
b g.t/rtI

(iii)
R b

b f .t/rt D 0I
(iv)

R d
b f .t/rt D R c

b f .t/rt C R d
c f .t/rtI

(v) j R c
b f .t/rtj � R c

b jf .t/jrtI
(vi) if F.t/ WD R t

b f .s/rs, for t 2 N
c
b; then rF.t/ D f .t/, t 2 N

c
bC1;

(vii) if f .t/ � g.t/ for t 2 N
c
bC1; then

R c
b f .t/rt � R c

b g.t/rt.

Proof. To see that (vi) holds, assume

F.t/ D
Z t

b
f .s/rs; t 2 N

c
b:
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Then, for t 2 N
c
bC1, we have that

rF.t/ D r

Z t

b
f .s/rs

�

D r
 

tX

sDbC1

f .s/

!

D
tX

sDbC1

f .s/ �
t�1X

sDbC1

f .s/

D f .t/:

Hence property (vi) holds. All the other properties of the nabla integral in this
theorem hold since the corresponding properties for the summations hold. ut
Definition 3.33. Assume f W N

b
aC1 ! R. We say F W N

b
a ! R is a nabla

antidifference of f .t/ on N
b
a provided

rF.t/ D f .t/; t 2 N
b
aC1:

If f W Nb
aC1 ! R, then if we define F by

F.t/ WD
Z t

a
f .s/rs; t 2 N

b
a

we have from part (vi) of Theorem 3.32 that rF.t/ D f .t/, for t 2 N
b
aC1, that is,

F.t/ is a nabla antidifference of f .t/ on N
b
a. Next we show that if f W Nb

aC1 ! R,
then f .t/ has infinitely many antidifferences on N

b
a.

Theorem 3.34. If f W Nb
aC1 ! R and G.t/ is a nabla antidifference of f .t/ on N

b
a,

then F.t/ D G.t/ C C, where C is a constant, is a general nabla antidifference of
f .t/ on N

b
a.

Proof. Assume G.t/ is a nabla antidifference of f .t/ on N
b
a. Let F.t/ WD G.t/ C C,

t 2 N
b
a, where C is a constant. Then

rF.t/ D rG.t/ D f .t/; t 2 N
b
aC1;

and so, F.t/ is a antidifference of f .t/ on N
b
a.

Conversely, assume F.t/ is a nabla antidifference of f .t/ on N
b
a. Then

r.F.t/ � G.t// D rF.t/ � rG.t/ D f .t/ � f .t/ D 0
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for t 2 N
b
aC1. This implies F.t/ � G.t/ D C, for t 2 N

b
a, where C is a constant.

Hence

F.t/ WD G.t/ C C; t 2 N
b
a:

This completes the proof. ut
Definition 3.35. If f W Na ! R, then the nabla indefinite integral of f is defined by

Z
f .t/rt D F.t/ C C;

where F.t/ is a nabla antidifference of f .t/ and C is an arbitrary constant.

Since any formula for a nabla derivative gives us a formula for an indefinite
integral, we have the following theorem.

Theorem 3.36. The following hold:

(i)
R

˛tCˇrt D ˛
˛�1

˛tCˇ C C; ˛ ¤ 1I
(ii)

R
.t � ˛/rrt D 1

rC1
.t � ˛/rC1 C C; r ¤ �1I

(iii)
R

.˛ � �.t//rrt D � 1
rC1

.˛ � t/rC1 C C; r ¤ �1I
(iv)

R
p.t/ Ep.t; a/rt D Ep.t; a/ C C; if p 2 RI

(v)
R

p.t/Coshp.t; a/rt D Sinhp.t; a/ C C; if ˙ p 2 RI
(vi)

R
p.t/Sinhp.t; a/rt D Coshp.t; a/ C C; if ˙ p 2 RI

(vii)
R

p.t/Cosp.t; a/rt D Sinp.t; a/ C C; if ˙ ip 2 RI
(viii)

R
p.t/Sinp.t; a/rt D �Cosp.t; a/ C C; if ˙ ip 2 R;

where C is an arbitrary constant.

Proof. The formula

Z
˛tCˇrt D ˛

˛ � 1
˛tCˇ C C; ˛ ¤ 1;

is clear when ˛ D 0, and for ˛ ¤ 0 it follows from part (iv) of Theorem 3.1. Parts
(ii) and (iii) of this theorem follow from the power rules (3.3) and (3.4), respectively.
Part (iv) of this theorem follows from part (iv) of Theorem 3.11. Parts (v) and (vi) of
this theorem follow from parts (iv) and (iii) of Theorem 3.16, respectively. Finally,
parts (vii) and (viii) of this theorem follow from parts (iv) and (iii) of Theorem 3.19,
respectively. ut

We now state and prove the fundamental theorem for the nabla calculus.

Theorem 3.37 (Fundamental Theorem of Nabla Calculus). We assume f W
N

b
aC1 ! R and F is any nabla antidifference of f on N

b
a. Then

Z b

a
f .t/rt D F.t/

ˇ̌b
a WD F.b/ � F.a/:
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Proof. By Theorem 3.32, (vi), we have that G defined by G.t/ WD R t
a f .s/rs, for

t 2 N
b
a; is a nabla antidifference of f on N

b
a. Since F is a nabla antidifference of f on

N
b
a, it follows from Theorem 3.34 that F.t/ D G.t/ C C, t 2 N

b
a; for some constant

C. Hence,

F.t/
ˇ̌b
a D F.b/ � F.a/

D ŒG.b/ C C� � ŒG.a/ C C�

D G.b/ � G.a/

D
Z b

a
f .s/rs �

Z a

a
f .s/rs

D
Z b

a
f .s/rs:

This completes the proof. ut
Example 3.38. Assume p ¤ 0; 1 is a constant. Use the integration formula

Z t

a
Ep.t; a/rt D 1

p
Ep.t; a/

ˇ̌t
a

to evaluate the integral
R 4

0
f .t/rt; where f .t/ WD .�3/�t; t 2 N0. We calculate

Z 4

0

.�3/�trt D
Z 4

0

.1 � 4/0�trt

D
Z 4

0

E4.t; 0/rt

D 1

4
E4.t; 0/

ˇ̌4
0

D 1

4
ŒE4.4; 0/ � E4.0; 0/�

D 1

4
Œ.�3/�4 � 1�

D �20

81
:

Check this answer by using part (i) in Theorem 3.36.

Using the product rule (part (v) in Theorem 3.1) we can prove the following
integration by parts formulas.
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Theorem 3.39 (Integration by Parts). Given two functions u; v W Na ! R and
b; c 2 Na, b < c, we have the integration by parts formulas:

Z c

b
u.t/rv.t/rt D u.t/v.t/

ˇ̌
ˇ
c

b
�
Z c

b
v.�.t//ru.t/rt; (3.19)

Z c

b
u.�.t//rv.t/rt D u.t/v.t/

ˇ
ˇ̌c

b
�
Z c

b
v.t/ru.t/rt: (3.20)

Example 3.40. Given f .t/ D .t �1/31�t for t 2 N1, evaluate the integral
R t

1
f .�/r� .

Note that

Z t

1

f .�/r� D
Z t

1

.� � 1/E�2.�; 1/r�:

To set up to use the integration by parts formula (3.19), set

u.�/ D � � 1; rv.�/ D E�2.�; 1/:

It follows that

ru.�/ D 1; v.�/ D �1

2
E�2.�; 1/; v.�.�// D �3

2
E�2.�; 1/:

Hence, using the integration by parts formula (3.19), we get

Z t

1

f .�/r� D
Z t

1

.� � 1/E�2.�; 1/r�

D �1

2
.� � 1/E�2.�; 1/

ˇ̌
ˇ
�Dt

�D1
C 3

2

Z t

1

E�2.�; 1/r�

� 1

2
.t � 1/E�2.t; 1/ � 3

4
E�2.�; 1/

ˇ̌
ˇ
�Dt

�D1

D �1

2
.t � 1/E�2.t; 1/ � 3

4
E�2.t; 1/ C 3

4

D �3

2
t



1

3

�t

� 1

4



1

3

�t

C 3

4
;

for t 2 N1.
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3.7 First Order Linear Difference Equations

In this section we show how to solve the first order nabla linear equation

ry.t/ D p.t/y.t/ C q.t/; t 2 NaC1; (3.21)

where we assume p; q W NaC1 ! R and p 2 R. At the end of this section we will
then show how to use the fact that we can solve the first order nabla linear equation
(3.21) to solve certain nabla second order linear equations with variable coefficients
(3.13) by the method of factoring.

We begin by using one of the following nabla Leibniz’s formulas to find a
variation of constants formula for (3.21).

Theorem 3.41 (Nabla Leibniz Formulas). Assume f W Na � NaC1 ! R. Then

r

Z t

a
f .t; �/r�

�
D
Z t

a
rtf .t; �/r� C f .�.t/; t/; (3.22)

t 2 NaC1. Also

r

Z t

a
f .t; �/r�

�
D
Z t�1

a
rtf .t; �/r� C f .t; t/; (3.23)

for t 2 NaC1

Proof. The proof of (3.22) follows from the following:

r

Z t

a
f .t; �/r�

�
D
Z t

a
f .t; �/r� �

Z t�1

a
f .t � 1; �/r�

D
Z t

a
Œf .t; �/ � f .t � 1; �/�r� C

Z t

t�1

f .t � 1; �/r�

D
Z t

a
rtf .t; �/r� C f .�.t/; t/

for t 2 NaC1. The proof of (3.23) is Exercise 3.22. ut
Theorem 3.42 (Variation of Constants Formula). Assume p; q W NaC1 ! R and
p 2 R. Then the unique solution of the IVP

ry.t/ D p.t/y.t/ C q.t/; t 2 NaC1

y.a/ D A
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is given by

y.t/ D AEp.t; a/ C
Z t

a
Ep.t; �.s//q.s/rs; t 2 Na:

Proof. The proof of uniqueness is left to the reader. Let

y.t/ WD AEp.t; a/ C
Z t

a
Ep.t; �.s//q.s/rs; t 2 Na:

Using the nabla Leibniz formula (3.22), we obtain

ry.t/ D Ap.t/Ep.t; a/ C
Z t

a
p.t/Ep.t; �.s//q.s/rs C Ep.�.t/; �.t//q.t/

D p.t/

�
AEp.t; a/ C

Z t

a
Ep.t; �.s//q.s/rs

	
C q.t/

D p.t/y.t/ C q.t/

for t 2 NaC1. We also see that y.a/ D A. And this completes the proof. ut
Example 3.43. Assuming r 2 R, solve the IVP

ry.t/ D r.t/y.t/ C Er.t; a/; t 2 NaC1 (3.24)

y.a/ D 0: (3.25)

Using the variation of constants formula in Theorem 3.42, we have

y.t/ D
Z t

a
Er.t; �.s//Er.s; a/rs

D Er.t; a/

Z t

a
Er.a; �.s//Er.s; a/rs

D Er.t; a/

Z t

a

Er.s; a/

Er.�.s/; a/
rs

D Er.t; a/

Z t

a

Er.s; a/

Œ1 � r.s/�Er.s; a/
rs

D Er.t; a/

Z t

a

1

1 � r.s/
rs:

If we further assume r.t/ D r ¤ 1 is a constant, then we obtain that the function
1

1�r .t � a/Er.t; a/ is the solution of the IVP

ry.t/ D ry.t/ C Er.t; a/; y.a/ D 0:
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A general solution of the linear equation (3.21) is given by adding a general
solution of the corresponding homogeneous equation ry.t/ D p.t/y.t/ to a
particular solution to the nonhomogeneous difference equation (3.21). Hence,

y.t/ D cEp.t; a/ C
Z t

0

Ep.t; �.s//q.s/rs

is a general solution of (3.21). We use this fact in the following example.

Example 3.44. Find a general solution of the linear difference equation

ry.t/ D .ˇ3/y.t/ C 3t; t 2 N1: (3.26)

Note that the constant function p.t/ WD ˇ3 is a regressive function on N1. Hence,
the general solution of (3.26) is given by

y.t/ D cEp.t; a/ C
Z t

a
Ep.t; �.s//q.s/rs

D cEˇ3.t; 0/ C 3

Z t

0

sEˇ3.t; �.s//rs

D cEˇ3.t; 0/ C 3

Z t

0

sE3.�.s/; t/rs

D cEˇ3.t; 0/ � 6

Z t

0

sE3.s; t/rs;

for t 2 N0. Integrating by parts we get

y.t/ D cE�3.t; 0/ � 2sE3.s; t/
ˇ̌t
sD0

C 2

Z t

0

E3.�.s/; t/rs

D cEˇ3.t; 0/ � 2t � 4

Z t

0

E3.s; t/rs

D cEˇ3.t; 0/ � 2t � 4

3
E3.s; t/

ˇ̌t
0

D cEˇ3.t; 0/ � 2t � 4

3
C 4

3
E3.0; t/

D ˛Eˇ3.t; 0/ � 2t � 4

3

D ˛.�2/t � 2t � 4

3

for t 2 N0.
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Example 3.45. Assuming r ¤ 1, use the method of factoring to solve the nabla
difference equation

r2y.t/ � 2rry.t/ C r2y.t/ D 0; t 2 Na: (3.27)

A factored form of (3.27) is

.r � rI/.r � rI/y.t/ D 0; t 2 Na: (3.28)

It follows from (3.28) that any solution of .r � rI/y.t/ D 0 is a solution of (3.27).
Hence y1.t/ D Er.t; a/ is a solution of (3.27). It also follows from the factored
equation (3.28) that the solution y.t/ of the IVP

.r � rI/y.t/ D Er.t; a/; y.a/ D 0

is a solution of (3.27). Hence, by the variation of constants formula in Theorem 3.42,

y.t/ D
Z t

a
Er.t; �.s//Er.s; a/rs D Er.t; a/

Z t

a
Er.a; �.s//Er.s; a/rs

D Er.t; a/

Z t

a
E�r.�.s/; a/Er.s; a/rs

D Er.t; a/

Z t

a
Œ1 � �r�E�r.s; a/Er.s; a/rs

D Er.t; a/

Z t

a
Œ1 � �r�rs D Er.t; a/

Z t

a

1

1 � r
rs

D 1

1 � r
.t � a/Er.t; a/

is a solution of (3.27). But this implies that y2.t/ D .t � a/Er.t; a/ is a solution of
(3.27). Since y1.t/ and y2.t/ are linearly independent on Na;

y.t/ D c1Er.t; a/ C c2.t � a/Er.t; a/

is a general solution of (3.27) on Na.

3.8 Nabla Taylor’s Theorem

In this section we want to prove the nabla version of Taylor’s Theorem. To do this we
first study the nabla Taylor monomials and give some of their important properties.
These nabla Taylor monomials will appear in the nabla Taylor’s Theorem. We then
will find nabla Taylor series expansions for the nabla exponential, hyperbolic, and
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trigonometric functions. Finally, as a special case of our Taylor’s theorem we will
obtain a variation of constants formula for rny.t/ D h.t/.

Definition 3.46. We define the nabla Taylor monomials, Hn.t; a/, n 2 N0, by
H0.t; a/ D 1, for t 2 Na, and

Hn.t; a/ D .t � a/n

nŠ
; t 2 Na�nC1; n 2 N1:

Theorem 3.47. The nabla Taylor monomials satisfy the following:

(i) Hn.t; a/ D 0; a � n C 1 � t � a; n 2 N1I
(ii) rHnC1.t; a/ D Hn.t; a/; t 2 Na�nC1; n 2 N0I

(iii)
R t

a Hn.�; a/r� D HnC1.t; a/; t 2 Na; n 2 N0I
(iv)

R t
a Hn.t; �.s//rs D HnC1.t; a/; t 2 Na; n 2 N0.

Proof. Part (i) of this theorem follows from the definition (Definition 3.46) of the
nabla Taylor monomials. By the first power rule (3.3), it follows that

rHnC1.t; a/ D r .t � a/nC1

.n C 1/Š

D .t � a/n

nŠ

D Hn.t; a/;

and so, we have that part (ii) of this theorem holds. Part (iii) follows from parts (ii)
and (i). Finally, to see that (iv) holds we use the integration formula in part (iii) in
Theorem 3.36 to get

Z t

a
Hn.t; �.s//rs D 1

nŠ

Z t

a
.t � �.s//nrs

D �1

.n C 1/Š
.t � s/nC1

ˇ̌
ˇ
sDt

sDa

D .t � a/nC1

.n C 1/Š

D HnC1.t; a/:

This completes the proof. ut
Now we state and prove the nabla Taylor’s Theorem.

Theorem 3.48 (Nabla Taylor’s Formula). Assume f W Na�n ! R; where n 2 N0.
Then

f .t/ D pn.t/ C Rn.t/; t 2 Na�n;
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where the n-th degree nabla Taylor polynomial, pn.t/, is given by

pn.t/ WD
nX

kD0

rkf .a/
.t � a/k

kŠ
D

nX

kD0

rkf .a/Hk.t; a/

and the Taylor remainder, Rn.t/, is given by

Rn.t/ D
Z t

a

.t � �.s//n

nŠ
rnC1f .s/rs D

Z t

a
Hn.t; �.s//rnC1f .s/rs;

for t 2 Na�n. (By convention we assume Rn.t/ D 0 for a � n � t < a.)

Proof. We will use the second integration by parts formula in Theorem 3.39, namely
(3.20), to evaluate the integral in the definition of Rn.t/. To do this we set

u.�.s// D Hn.t; �.s//; rv.s/ D rnC1f .s/:

Then it follows that

u.s/ D Hn.t; s/; v.s/ D rnf .s/:

Using part (iv) of Theorem 3.47, we get

ru.s/ D �Hn�1.t; �.s//:

Hence we get from the second integration by parts formula (3.20) that

Rn.t/ D
Z t

a
Hn.t; �.s//rnC1f .s/rs

D Hn.t; s/rnf .s/
ˇ̌
ˇ
sDt

sDa
C
Z t

a
Hn�1.t; �.s//rnf .s/rs

D �rnf .a/Hn.t; a/ C
Z t

a
Hn�1.t; �.s//rnf .s/rs:

Again, using the second integration by parts formula (3.20), we have that

Rn.t/ D � rnf .a/Hn.t; a/ C Hn�1.t; s/rn�1f .s/
ˇ̌
ˇ
sDt

sDa

C
Z t

a
Hn�2.t; �.s//rn�1f .s/rs

D � rnf .a/Hn.t; a/ � rn�1f .a/Hn�1.t; a/

C
Z t

a
Hn�2.t; �.s//rn�1f .s/rs:
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By induction on n we obtain

Rn.t/ D �
nX

kD1

rkf .a/Hk.t; a/ C
Z t

a
H0.t; �.s//rf .s/rs

D �
nX

kD1

rkf .a/Hk.t; a/ C f .t/ � f .a/H0.t; a/

D �
nX

kD0

rkf .a/Hk.t; a/ C f .t/

D �pn.t/ C f .t/:

Solving for f .t/ we get the desired result. ut
We next define the formal nabla power series of a function at a point.

Definition 3.49. Let a 2 R and let

Za WD f: : : ; a � 2; a � 1; a; a C 1; a C 2; : : : g:

If f W Za ! R, then we call

1X

kD0

rkf .a/
.t � a/k

kŠ
D

1X

kD0

rkf .a/Hk.t; a/

the (formal) nabla Taylor series of f at t D a

The following theorem gives some convergence results for nabla Taylor series
for various functions.

Theorem 3.50. Assume jpj < 1 is a constant. Then the following hold:

(i) Ep.t; a/ D P1
nD0 pnHn.t; a/I

(ii) Sinp.t; a/ D P1
nD0.�1/np2nC1H2nC1.t; a/I

(iii) Cosp.t; a/ D P1
nD0.�1/np2nH2n.t; a/I

(iv) Coshp.t; a/ D P1
nD0 p2nH2n.t; a/I

(v) Sinhp.t; a/ D P1
nD0 p2nC1H2nC1.t; a/;

for t 2 Na.

Proof. First we prove part (i). Since rnEp.t; a/ D pnEp.t; a/ for n 2 N0, we have
that the Taylor series for Ep.t; a/ is given by

1X

nD0

rnEp.a; a/Hn.t; a/ D
1X

nD0

pnHn.t; a/:
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To show that the above Taylor series converges to Ep.t; a/ when jpj < 1 is a constant,
for each t 2 Na, it suffices to show that the remainder term, Rn.t/, in Taylor’s
Formula satisfies

lim
n!1 Rn.t/ D 0

when jpj < 1, for each fixed t 2 Na,
So fix t 2 Na and consider

jRn.t/j D
ˇ̌
ˇ
ˇ

Z t

a
Hn.t; �.s//rnC1Ep.s; a/rs

ˇ̌
ˇ
ˇ

D
ˇ̌
ˇ̌
Z t

a
Hn.t; �.s//pnC1Ep.s; a/rs

ˇ̌
ˇ̌ :

Since t is fixed, there is a constant C such that

jEp.s; a/j � C; a � s � t:

Hence,

jRn.t/j � C
Z t

a
Hn.t; �.s//jpjnC1rs

D CjpjnC1

Z t

a
Hn.t; �.s//rs

D CjpjnC1HnC1.t; a/ by Theorem 3.47, (iv)

D CjpjnC1 .t � a/nC1

.n C 1/Š
:

By the ratio test, if jpj < 1, the series

1X

nD0

jpjnC1.t � a/nC1

.n C 1/Š

converges. It follows that if jpj < 1, then by the n-th term test

lim
n!1

jpjnC1.t � a/nC1

.n C 1/Š
D 0:

This implies that if jpj < 1, then for each fixed t 2 Na

lim
n!1 Rn.t/ D 0;
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and hence if jpj < 1,

Ep.t; a/ D
1X

nD0

pnHn.t; a/

for all t 2 Na. Since the functions Sinp.t; a/, Cosp.t; a/, Sinhp.t; a/, and Coshp.t; a/

are defined in terms of Ep.t; a/, parts (ii)–(v) follow easily from part (i). ut
We now see that the integer order variation of constants formula follows from

Taylor’s formula.

Theorem 3.51 (Integer Order Variation of Constants Formula). Assume
h W NaC1 ! R and n 2 N1. Then the solution of the IVP

rny.t/ D h.t/; t 2 NaC1

rky.a/ D Ck; 0 � k � n � 1; (3.29)

where Ck, 0 � k � n � 1, are given constants, is given by the variation of constants
formula

y.t/ D
n�1X

kD0

CkHk.t; a/ C
Z t

a
Hn�1.t; �.s//h.s/rs; t 2 Na�nC1:

Proof. It is easy to see that the given IVP has a unique solution y that is defined on
Na�nC1. By Taylor’s formula (see Theorem 3.48) with n replaced by n � 1 we get
that

y.t/ D
n�1X

kD0

rky.a/Hk.t; a/ C
Z t

a
Hn�1.t; �.s//rny.s/rs

D
n�1X

kD0

CkHk.t; a/ C
Z t

a
Hn�1.t; �.s//h.s/rs;

t 2 Na�nC1. ut
We immediately get the following special case of Theorem 3.51. This special

case, which we label Corollary 3.52, is also called a variation of constants formula.

Corollary 3.52 (Integer Order Variation of Constants Formula). Assume
the function h W NaC1 ! R and n 2 N0. Then the solution of the IVP

rny.t/ D h.t/; t 2 NaC1

rky.a/ D 0; 0 � k � n � 1 (3.30)
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is given by the variation of constants formula.

y.t/ D
Z t

a
Hn�1.t; �.s//h.s/rs; t 2 Na�nC1:

Example 3.53. Use the variation of constants formula to solve the IVP

r2y.t/ D .�2/a�t; t 2 NaC1

y.a/ D 2; ry.a/ D 1:

By the variation of constants formula in Theorem 3.51 the solution of this IVP is
given by

y.t/ D C0H0.t; a/ C C1H1.t; a/ C
Z t

a
H1.t; �.s//.�2/a�srs

D 2H0.t; a/ C H1.t; a/ C
Z t

a
H1.t; �.s//E3.s; a/rs

D 2H0.t; a/ C H1.t; a/ C 1

3
H1.t; s/E3.s; a/

ˇ̌
ˇ
t

sDa
C 1

3

Z t

a
E3.s; a/rs

D 2H0.t; a/ C H1.t; a/ � 1

3
H1.t; a/ C 1

9
E3.s; a/

ˇ̌
ˇ
t

a

D 2H0.t; a/ C H1.t; a/ � 1

3
H1.t; a/ C 1

9
E3.t; a/ � 1

9

D 2 C 2

3
H1.t; a/ C 1

9
.�2/a�t � 1

9

D 17

9
C 2

3
.t � a/ C 1

9
.�2/a�t;

for t 2 Na�1.

3.9 Fractional Sums and Differences

With the relevant preliminaries established, we are now ready to develop what we
mean by fractional nabla differences and fractional nabla sums. We first give the
motivation for how we define nabla integral sums.

In the previous section (see Corollary 3.52) we saw that

y.t/ D
Z t

a
Hn�1.t; �.s//f .s/rs
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is the unique solution of the nabla difference equation rny.t/ D f .t/; t 2 NaC1

satisfying the initial conditions r iy.a/ D 0, 0 � i � n � 1; for t 2 Na. Integrating
n times both sides of rny.t/ D f .t/ and using the initial conditions r iy.a/ D 0,
0 � i � n � 1; we get by uniqueness

Z t

a

Z �1

a
� � �
Z �n�1

a
f .�n/r�n � � � r�2r�1

D
Z t

a
Hn�1.t; �.s//f .s/rs: (3.31)

The formula (3.31) can also be easily proved by repeated integration by parts.
Motivated by this we define the nabla integral order sum as in the following
definition.

Definition 3.54 (Integral Order Sum). Let f W NaC1 ! R be given and n 2 N1.
Then

r�n
a f .t/ WD

Z t

a
Hn�1.t; �.s//f .s/rs; t 2 Na:

Also, we define r�0f .t/ WD f .t/.

Note that the function r�n
a f depends on the values of f at all the points a C 1 �

s � t, unlike the positive integer nabla difference rnf .t/, which just depends on the
values of f at the n C 1 points t � n � s � t. Another interesting observation is
that we could think of r�n

a f .t/ as defined on Na�nC1, from which we obtain that
f .t/ D 0; a C n � 1 � t � a by our convention that the nabla integral from a point
to a smaller point is zero (see Definition 3.31). The following example appears in
Hein et al. [119].

Example 3.55. Use the definition (Definition 3.54) of the fractional sum to find
r�2

a Ep.t; a/; where p ¤ 0; 1 is a constant. By definition we obtain, using the second
integration by parts formula (3.20),

r�2
a Ep.t; a/ D

Z t

a
H1.t; �.s//Ep.s; a/rs

D 1

p
Ep.s; a/H1.t; s/

ˇ̌t
sDa C 1

p

Z t

a
Ep.s; a/rs

D �1

p
H1.t; a/ C 1

p2
Ep.s; a/

ˇ̌t
sDa

D �1

p
H1.t; a/ C 1

p2
Ep.t; a/ � 1

p2

D �1

p
.t � a/ C 1

p2
.1 � p/a�t � 1

p2
:
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Note that if n 2 N1, then

Hn.t; a/ D .t � a/n

nŠ
D .t � a/n

�.n C 1/
:

Motivated by this we define the fractional �-th order nabla Taylor monomial as
follows.

Definition 3.56. Let � ¤ �1; �2; �3; � � � . Then we define the �-th order nabla
fractional Taylor monomial, H�.t; a/; by

H�.t; a/ D .t � a/�

�.� C 1/
;

whenever the right-hand side of this equation is sensible.

In the next theorem we collect some of the properties of fractional nabla Taylor
monomials.

Theorem 3.57. The following hold:

(i) H�.a; a/ D 0I
(ii) rH�.t; a/ D H��1.t; a/I

(iii)
R t

a H�.s; a/rs D H�C1.t; a/I
(iv)

R t
a H�.t; �.s//rs D H�C1.t; a/I

(v) for k 2 N1, H�k.t; a/ D 0, t 2 Na;

provided the expressions in this theorem are well defined.

Proof. Part (i) follows immediately from the definition of H�.t; a/. The proofs of
parts (ii)–(iii) of this theorem are the same as the proof of Theorem 3.47, where we
used the fractional power rules instead of the integer power rules. Finally, part (v)
follows since

H�k.t; a/ D .t � a/�k

�.�k C 1/
D 0

by our earlier convention when the denominator is undefined but the numerator is
defined. ut

Now we can define the fractional nabla sum in terms of the nabla fractional
Taylor monomial as follows.

Definition 3.58 (Nabla Fractional Sum). Let f W NaC1 ! R be given and assume
� > 0. Then

r��
a f .t/ WD

Z t

a
H��1.t; �.s//f .s/rs;

for t 2 Na, where by convention r��
a f .a/ D 0.

The following example appears in Hein et al. [119].
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Example 3.59. Use the definition (Definition 3.58) of the fractional sum to find
r��

a 1. By definition

r��
a 1 D

Z t

a
H��1.t; �.s// � 1rs

D
Z t

a
H��1.t; �.s//rs

D H�.t; a/; t 2 Na

by part (iv) of Theorem 3.57.

For those readers that have read Chap. 2 we gave a relationship between a certain
delta fractional sum and a certain nabla fractional sum. This formula is sometimes
useful for obtaining results for the nabla fractional calculus from the delta fractional
calculus. Since we want this chapter to be self-contained we will not use this formula
in this chapter.

Theorem 3.60. Assume f W Na ! R and � > 0. Then

���
a f .t C �/ D r��

a f .t/ C H��1.t; �.a//f .a/;

for t 2 Na. In particular, if f .a/ D 0, then

���
a f .t C �/ D r��

a f .t/;

for t 2 Na.

Proof. Note that f W Na ! R implies ���
a f .t C �/ is defined for t 2 Na. Using the

definition of the �-th order fractional sum (Definition 3.58) we find that

���
a f .t C �/ D

Z tC1

a
h��1.t C �; �.�//f .�/r�

D
tX

�Da

h��1.t C �; �.�//f .�/

D
tX

�Da

.t C � � �.�//��1

�.�/
f .�/

D
tX

�Da

�.t C � � �/

�.�/�.t C � � �/

D
tX

�Da

.t � � C 1/��1

�.�/
f .�/

D r��
a f .t/

for t 2 Na. ut
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We next define the nabla fractional difference (nabla Riemann–Liouville frac-
tional difference) in terms of a nabla fractional sum. The Caputo fractional sum
(Definition 3.117) will be considered in Sect. 3.18.

Definition 3.61 (Nabla Fractional Difference). Let f W NaC1 ! R, � 2 R
C and

choose N such that N � 1 < � � N. Then we define the �-th order nabla fractional
difference, r�

a f .t/, by

r�
a f .t/ WD rNr�.N��/

a f .t/ for t 2 NaCN :

We now have a definition for both fractional sums and fractional differences;
however, they may still be unified to a similar form. We will show here that the
traditional definition of a fractional difference can be rewritten in a form similar to
the definition for a fractional sum. The following result appears in Ahrendt et al. [3].

Theorem 3.62. Assume f W Na ! R; � > 0, � 62 N1, and choose N 2 N1 such that
N � 1 < � < N. Then

r�
a f .t/ D

Z t

a
H���1.t; �.�//f .�/r�; (3.32)

for t 2 NaC1.

Proof. Note that

r�
a f .t/ D rNr�.N��/

a f .t/

D rN


Z t

a
HN���1.t; �.�//f .�/r�

�

D rN�1r

Z t

a
HN���1.t; �.�//f .�/r�

�

D rN�1


Z t

a
HN���2.t; �.�//f .�/r� C HN���1.�.t/; �.t//f .t/

�

D rN�1

Z t

a
HN���2.t; �.�//f .�/r�:

By applying Leibniz’s Rule N � 1 more times, we deduce that

r�
a f .t/ D

Z t

a
H���1.t; �.�//f .�/r�;

which is the desired result. ut
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In the following theorem we show that the nabla fractional difference, for each
fixed t 2 Na, is a continuous function of � for � > 0. The following theorem appears
in Ahrendt et al. [3].

Theorem 3.63 (Continuity of the Nabla Fractional Difference). Assume f W
Na ! R. Then the fractional difference r�

a f is continuous with respect to � for
� > 0.

Proof. It is sufficient for this proof to show that for f W Na ! R, N � 1 < � � N,
and m 2 N0, the following hold:

r�
a f .a C N C m/ is continuous with respect to � on .N � 1; N/, (3.33)

r�
a f .a C N C m/ ! rNf .a C N C m/ as � ! N�; (3.34)

and

r�
a f .a C N C m/ ! rN�1f .a C N C m/ as � ! .N � 1/C: (3.35)

Let � be fixed such that N � 1 < � < N. We now show that (3.33) holds. To see
this note that we have the following:

r�
a f .a C N C m/ D

Z t

a
H���1.t; �.�//r�

D 1

�.��/

tX

�DaC1

.t � �.�//���1

ˇ̌
ˇ̌
tDaCNCm

f .�/

D 1

�.��/

aCNCmX

�DaC1

.a C N C m � �.�//���1f .�/

D
aCNCmX

�DaC1

�.a C N C m � � C 1 � � � 1/

�.a C N C m � � C 1/�.��/
f .�/

D
aCNCmX

�DaC1

.a C N C m � � � � � 1/ � � � .��/�.��/

.a C N C m � �/Š�.��/
f .�/

D
aCNCm�1X

�DaC1

.a C N C m � � � � � 1/ � � � .��/

.a C N C m � �/Š
f .�/ C f .a C N C m/:

Letting i WD a C N C m � � , we get

r�
a f .a C N C m/
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D
NCmX

iD1

.i � 1 � �/ � � � .1 � �/.��/

iŠ
f .a C N C M � i/ C f .a C N C M/:

This shows that the �-th order fractional difference is continuous on N �1 < � < N,
showing (3.33) holds.

Now we consider the case � ! N� in order to show that (3.34) holds:

lim
�!N�

r�
a f .a C N C m/

D lim
�!N�

NCmX

iD1

.i � 1 � �/ � � � .1 � �/.��/

iŠ
f .a C N C M � i/

C f .a C N C M/

D
NCmX

iD1



.i � 1 � N/ � � � .�N/

iŠ
f .a C N C m � i/

�
C f .a C N C m/

D
NCmX

iD0



.�1/i .N C 1 � i/ � � � .N/

iŠ
f .a C N C m � i/

�

D
NCmX

iD0

.�1/i

 
N

i

!

f .a C N C m � i/

D
NX

iD0

.�1/i

 
N

i

!

f .a C m C N � i/

D rNf .a C N C m/:

Finally we want to show (3.35) holds. So we write

lim
�!.N�1/C

r�
a f .a C N C m/

D lim
�!.N�1/C

NCmX

iD1

.i � 1 � �/ � � � .1 � �/.��/

iŠ
f .a C N C M � i/

C f .a C N C M/

D
NCmX

iD1

.i � N/.i � N � 1/ � � � .1 � N/

iŠ
f .a C N C m � i/

C f .a C N C m/
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D
NCmX

iD0

.�1/i .N � i/.N C 1 � i/ � � � .N � 1/

iŠ
f .a C N C m � i/

D
NCmX

iD0

.�1/i

 
N � 1

i

!

f .a C m C 1 C N � 1 � i/

D rN�1f .a C N C m/:

This completes the proof. ut
To prove various properties for the nabla fractional sums and differences it is

convenient to develop the theory of the nabla Laplace transform, which we do in the
next section.

3.10 Nabla Laplace Transforms

Having established the necessary preliminaries, we are now ready to discuss
an important application of this material: the Laplace transform. The Laplace
transform, as in the standard calculus, will provide us with an elegant way to solve
initial value problems for a fractional nabla difference equation. In this section, we
will lay the groundwork for this method, prove the basic properties, and establish a
means in which to solve various initial value (nabla) fractional difference equations.
We begin this section by defining the nabla Laplace transform operator La (based at
a) as follows:

Definition 3.64. Assume f W NaC1 ! R. Then the nabla Laplace transform of f is
defined by

Laff g.s/ D
Z 1

a
Eˇs.�.t/; a/f .t/rt;

for those values of s ¤ 1 such that this improper integral converges.

In the following theorem we give another formula for the Laplace transform,
which is often more convenient to use.

Theorem 3.65. Assume f W NaC1 ! R. Then

Laff g.s/ D
1X

kD1

.1 � s/k�1f .a C k/; (3.36)

for those values of s such that this infinite series converges.
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Proof. Assume f W NaC1 ! R. Then

Laff g.s/ D
Z 1

a
Eˇs.�.t/; a/f .t/rt

D
Z 1

a
Œ1 � ˇs�a�tC1f .t/rt

D
Z 1

a



1

1 � s

�a�tC1

f .t/rt

D
Z 1

a
.1 � s/t�a�1f .t/rt

D
1X

tDaC1

.1 � s/t�a�1f .t/

D
1X

kD1

.1 � s/k�1f .a C k/;

for those values of s such that this infinite series converges. ut
In the definition of the nabla Laplace transform we assumed s ¤ 1 because we

do not define Eˇ1.t; a/. But the formula of the nabla Laplace transform (3.36) is
well defined when s D 1. From now on we will always include s D 1 in the domain
of convergence for the nabla Laplace transform although in the proofs we will often
assume s ¤ 1. In fact the formula (3.36) for any f W NaC1 ! R gives us that

Laff g.1/ D f .a C 1/:

Example 3.66. We use the last theorem to find Laf1g.s/. By Theorem 3.65 we
obtain

Laf1g.s/ D
1X

kD1

.1 � s/k�11

D
1X

kD0

.1 � s/k

D 1

1 � .1 � s/
; for j1 � sj < 1

D 1

s
:

That is

Laf1g.s/ D 1

s
; js � 1j < 1:
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Theorem 3.67. For all nonnegative integers n, we have that

LafHn.�; a/g.s/ D 1

snC1
; for js � 1j < 1:

Proof. The proof is by induction on n. The result is true for n D 0 by the previous
example. Suppose now that LafHn.�; a/g.s/ D 1

snC1 for some fixed n � 0 and js �
1j < 1. Then consider

LafHnC1.�; a/g.s/ D
Z 1

a
Eˇs.�.t/; a/HnC1.t; a/rt:

We will apply the first integration by parts formula (3.19) with

u.t/ D HnC1.t; a/; and rv.t/ D Eˇs.�.t/; a/ D �1

s
ˇ sEˇs.t; a/:

It follows that

ru.t/ D Hn.t; a/; v.�.t// D �1

s
Eˇs.�.t/; a/:

Hence by the integration by parts formula (3.19)

LafHnC1.�; a/g.s/ D
Z 1

a
Eˇs.�.t/; a/HnC1.t; a/rt

D �1

s
Eˇs.t; a/HnC1.t; a/

ˇ̌1
a C 1

s

Z 1

a
Eˇs.�.t/; a/Hn.t; a/rt

D �1

s
.1 � s/t�aHnC1.t; a/

ˇ̌1
a C 1

s
LfHn.�; a/g.s/:

Using the nabla form of L’Hôpital’s rule (Exercise 3.19) we calculate

lim
t!1 j.1 � s/t�aHnC1.t; a/j D lim

t!1
HnC1.t; a/

j1 � sja�t

D lim
t!1

Hn.t; a/

Œ1 � j1 � sj�j1 � sja�t

D lim
t!1

Hn�1.t; a/

Œ1 � j1 � sj�2j1 � sja�t

D � � �

D lim
t!1

H0.t; a/

Œ1 � j1 � sj�nC1j1 � sja�t

D 0;
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since js � 1j < 1. Thus we have that

LafHnC1.�; a/g.s/ D 1

snC2
; js � 1j < 1

completing the proof. ut
Definition 3.68. A function f W NaC1 ! R is said to be of exponential order r > 0

if there exist a constant M > 0 and a number T 2 NaC1 such that

jf .t/j � Mrt; for all t 2 NT :

Theorem 3.69. For n 2 N1, the Taylor monomials Hn.t; a/ are of exponential order
1 C  for all  > 0. Also, H0.t; a/ is of exponential order 1.

Proof. Since

jH0.t; a/j D 1 � 1t; t 2 NaC1;

H0.t; a/ is of exponential order 1. Next, assume n 2 N1 and  > 0 is fixed. Using
repeated applications of the nabla L’Hôpital’s rule, we get

lim
t!1

Hn.t; a/

.1 C /t
D lim

t!1
Hn�1.t; a/


1C
.1 C /t

D lim
t!1

Hn�2.t; a/

. 
1C

/2.1 C /t

� � �

D lim
t!1

H0.t; a/

. 
1C

/n.1 C /t

D 0:

It follows from this that each Hn.t; a/, n 2 N1, is of exponential order 1 C  for all
 > 0. ut
Theorem 3.70 (Existence of Nabla Laplace Transform). If f W NaC1 ! R is a
function of exponential order r > 0, then its Laplace transform exists for js�1j < 1

r .

Proof. Let f be a function of exponential order r. Then there is a constant M > 0

and a number T 2 NaC1 such that jf .t/j � Mrt for all t 2 NT . Pick K so that
T D a C K, then we have that

jf .a C k/j � MraCk; k 2 NK :
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We now show that

Laff g.s/ D
1X

kD1

.1 � s/k�1f .a C k/

converges for js � 1j < 1
r . To see this, consider

1X

kDK

j.1 � s/k�1f .a C k/j D
1X

kDK

j1 � sjk�1jf .a C k/j

�
1X

kDK

j1 � sjk�1MraCk

D MraC1

1X

kDK

Œrjs � 1j�k�1;

which converges since rjs � 1j < 1. It follows that Laff g.s/ converges absolutely
for js � 1j < 1

r . ut
Theorem 3.71. The Laplace transform of the Taylor monomial, Hn.t; a/, n 2 N0,
exists for js � 1j < 1.

Proof. The proof of this theorem follows from Theorems 3.69 and 3.70. ut
Similarly, by Exercise 3.30 each of the functions Ep.t; a/, Coshp.t; a/; Sinhp.t; a/,

Cosp.t; a/, and Sinp.t; a/ is of exponential order j1Cpj, and hence by Theorem 3.70
their Laplace transforms exist for js � 1j < 1

j1Cpj .

Theorem 3.72 (Uniqueness Theorem). Assume f ; g W NaC1 ! R. Then f .t/ D
g.t/, t 2 NaC1; if and only if

Laff g.s/ D Lafgg.s/; for js � 1j < r

for some r > 0.

Proof. Since La is a linear operator it suffices to show that f .t/ D 0 for t 2 NaC1 if
and only if Laff g.s/ D 0 for js � 1j < r for some r > 0. If f .t/ D 0 for t 2 NaC1,
then trivially Laff g.s/ D 0 for all s 2 C. Conversely, assume that Laff g.s/ D 0 for
js � 1j < r for some r > 0. In this case we have that

1X

kD1

f .a C k/.1 � s/k�1 D 0; js � 1j < r:

This implies that

f .t/ D 0; t 2 NaC1:

This completes the proof. ut
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3.11 Fractional Taylor Monomials

To find the formula for the Laplace transform of a fractional nabla Taylor monomial
we will use the following lemma which appears in Hein et al [119].

Lemma 3.73. For � 2 CnZ and n � 0, we have that

.1 C �/n D .�1/n�.��/

�.�� � n/
: (3.37)

Proof. The proof of (3.37) is by induction for n 2 N0. For n D 0 (3.37) clearly
holds. Assume (3.37) is true for some fixed n � 0. Then,

.1 C �/nC1 D .1 C �/n.� C n C 1/

D .�1/n�.��/.� C n C 1/

�.�� � n/
; by the induction hypothesis

D .�1/nC1�.��/

�.�� � .n C 1//
:

The result follows. ut
We now determine the Laplace transform of the fractional nabla Taylor

monomial.

Theorem 3.74. For � not an integer, we have that

LafH�.�; a/g.s/ D 1

s�C1
; for js � 1j < 1:

Proof. Consider for js � 1j < 1; jsjp > 1

LafH�.�; a/g.s/ D
1X

kD1

.1 � s/k�1H�.a C k; a/ D
1X

kD1

.1 � s/k�1 k�

�.� C 1/

D
1X

kD1

.1 � s/k�1 �.k C �/

�.k/�.� C 1/
D

1X

kD0

.1 � s/k �.k C 1 C �/

�.k C 1/�.� C 1/

D
1X

kD0

.1 � s/k .1 C �/k

�.k C 1/

D
1X

kD0

.�1/k.1 � s/k �.��/

�.k C 1/�.�� � k/
(by Lemma 3.73)

D
1X

kD0

.�1/k.1 � s/k Œ�.� C 1/�k

�.k C 1/
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D
1X

kD0

.�1/k

 
�.� C 1/

k

!

.1 � s/k

D Œ1 � .1 � s/��.�C1/ (by the Generalized Binomial Theorem)

D 1

s�C1
:

This completes the proof. ut
Combining Theorems 3.67 and 3.74, we get the following corollary:

Corollary 3.75. For � 2 Cnf�1; �2; �3; : : : g, we have that

LafH�.�; a/g.s/ D 1

s�C1
; for j1 � sj < 1:

Theorem 3.76. The following hold:

(i) LafEp.�; a/g.s/ D 1
s�p ; p ¤ 1I

(ii) LafCoshp.�; a/g.s/ D s
s2�p2 ; p ¤ ˙1I

(iii) LafSinhp.�; a/g.s/ D p
s2�p2 ; p ¤ ˙1I

(iv) LafCosp.�; a/g.s/ D s
s2Cp2 ; p ¤ ˙iI

(v) LafSinp.�; a/g.s/ D p
s2Cp2 ; p ¤ ˙iI

where (i) holds for js�1j < j1�pj, (ii) and (iii) hold for js�1j < minfj1�pj; j1Cpjg;
and (iv) and (v) hold for js � 1j < minfj1 � ipj; j1 C ipjg.

Proof. To see that (i) holds, note that

LafEp.�; a/g.s/ D
1X

kD1

.1 � s/k�1Ep.a C k; a/

D
1X

kD1

.1 � s/k�1.1 � p/�kI

D 1

1 � p

1X

kD1



1 � s

1 � p

�k�1

D 1

1 � p

1

1 � 1�s
1�p

; for

ˇ̌
ˇ̌ 1 � s

1 � p

ˇ̌
ˇ̌ < 1

D 1

s � p
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for js�1j < j1�pj. To see that (ii) holds, note that for js�1j < minfj1�pj; j1Cpjg

LafCoshp.�; a/g.s/ D 1

2
LafEp.�; a/g.s/ C 1

2
LafE�p.�; a/g.s/

D 1

2.s � p/
C 1

2.s C p/

D s

s2 � p2
:

To see that (iv) holds, note that

LafCosp.�; a/g.s/ D LafCoship.�; a/g.s/
D s

s2 � .ip/2

D s

s2 C p2

for js � 1j < minfj1 � ipj; j1 C ipjg. The proofs of parts (iii) and (v) are left as an
exercise (Exercise 3.31). ut

3.12 Convolution

We are now ready to investigate one of the most important properties in solving
initial-value fractional nabla difference equations: convolution. This definition is
motivated by the desire to express the fractional nabla sums and fractional nabla
differences as convolutions of arbitrary functions and Taylor monomials. As a
consequence, the resulting properties that stem from this definition are, in fact,
consistent with the standard convolution. Many of the results in this section appear
in Hein et al. [119] and Ahrendt et al. [3].

Definition 3.77. For f ; g W NaC1 ! R, we define the nabla convolution product of
f and g by

.f 	 g/.t/ WD
Z t

a
f .t � �.�/ C a/g.�/r�; t 2 NaC1:

Example 3.78. Use the definition of the nabla convolution product to find 1 	
Sinp.�; a/, p ¤ 0; ˙i. By Definition 3.77,

.1 	 Sinp.�; a//.t/ D
Z t

a
1 � Sinp.�; a/r�

D
Z t

a
Sinp.�; a/r�
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D �1

p
Cosp.�; a/

ˇ̌t
a

D 1

p
� 1

p
Cosp.t; a/;

for t 2 NaC1.

Example 3.79. Use the definition of the (nabla) convolution product to find

�
Ep.�; a/ 	 Eq.�; a/

�
.t/; p; q ¤ 1; p ¤ q:

Assume q ¤ 0. By Definition 3.77 and using the second integration by parts
formula, we have that

�
Ep.�; a/ 	 Eq.�; a/

�
.t/

D
Z t

a
Ep.t � �.�/ C a; a/Eq.�; a/r�

D 1

q
Ep.t � � C a; a/Eq.�; a/

ˇ
ˇ�Dt

�Da C p

q

Z t

a
Ep.t � �.�/ C a; a/Eq.�; a/r�

D 1

q
Eq.t; a/ � 1

q
Ep.t; a/ C p

q

�
Ep.�; a/ 	 Eq.�; a/

�
.t/:

Solving for
�
Ep.�; a/ 	 Eq.�; a/

�
.t/, we obtain

�
Ep.�; a/ 	 Eq.�; a/

�
.t/ D 1

p � q
Ep.t; a/ C 1

q � p
Eq.t; a/

for t 2 NaC1. We leave it to the reader to show that this last formula is also valid if
q D 0.

Theorem 3.80. Assume � 2 Rnf0; �1; �2; : : : g and f W NaC1 ! R. Then

r��
a f .t/ D .H��1.�; a/ 	 f /.t/;

for t 2 NaC1.

Proof. The result follows from the following:

.H��1.�; a/ 	 f /.t/ D
Z t

a
H��1.t � �.�/ C a; a/f .�/r�

D
Z t

a

.t � �.�/ C a � a/��1

�.�/
f .�/r�
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D
Z t

a

.t � �.�//��1

�.�/
f .�/r�

D
Z t

a
H��1.t; �.�//f .�/r�

D r��
a f .t/;

for t 2 NaC1. ut
Theorem 3.81 (Nabla Convolution Theorem). Assume f ; g W NaC1 ! R and
their nabla Laplace transforms converge for js � 1j < r for some r > 0. Then

Laff 	 gg.s/ D Laff g.s/Lafgg.s/;

for js � 1j < r.

Proof. The following proves our result:

Laff 	 gg.s/ D
1X

kD1

.1 � s/k�1.f 	 g/.a C k/

D
1X

kD1

.1 � s/k�1

Z aCk

a
f .a C k � �.�/ C a/g.�/r�

D
1X

kD1

.1 � s/k�1

aCkX

�DaC1

f .a C k � �.�/ C a/g.�/

D
1X

kD1

kX

�D1

.1 � s/k�1f .k � �.�/ C a/g.� C a/

D
1X

�D1

1X

kD�

.1 � s/k�1f .k � �.�/ C a/g.a C �/

D
 1X

�D1

.1 � s/��1g.a C �/

! 1X

kD1

.1 � s/k�1f .a C k/

!

D Lafgg.s/Laff g.s/

for js � 1j < r. ut
With the above result and the uniqueness of the Laplace transform, it follows that

the convolution product is commutative and associative (see Exercise 3.32).
We next establish properties of the Laplace transform that will be useful in

solving initial value problems for integer nabla difference equations.
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Theorem 3.82 (Transformation of Fractional Sums). Assume � > 0 and the
nabla Laplace transform of f W NaC1 ! R converges for js � 1j < r for some
r > 0. Then

Lafr��
a f g.s/ D 1

s�
Laff g.s/

for js � 1j < minf1; rg.

Proof. The result follows since

Lafr��
a f g.s/ D LafH��1.�; a/ 	 f g.s/

D LafH��1.�; a/g.s/Laff g.s/

D 1

s�
Laff g.s/;

for js � 1j < minf1; rg. ut
Assuming that � is a positive integer, this result is consistent with the formula

in the continuous case for the Laplace transform of the n-th iterated integral of a
function. We want to establish similar properties for fractional differences; however,
we will first establish integer-order difference properties.

Theorem 3.83 (Transform of Nabla Difference). Assume f W Na ! R is of
exponential order r > 0. Then

Lafrf g.s/ D sLaff g.s/ � f .a/

for js � 1j < r.

Proof. Note that since we are assuming that f W Na ! R, we have that rf W NaC1 !
R and so we can consider Lafrf g.s/. Since f W Na ! R is of exponential order
r > 0, it follows that rf W NaC1 ! R is of exponential order r > 0. It follows that
for js � 1j < r;

Lafrf g.s/ D
1X

kD1

.1 � s/k�1rf .a C k/

D
1X

kD1

.1 � s/k�1 Œf .a C k/ � f .a C k � 1/�

D Laff g.s/ �
1X

kD1

.1 � s/k�1f .a C k � 1/

D Laff g.s/ �
1X

kD0

.1 � s/kf .a C k/
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D LaC1ff g.s/ � f .a/ � .1 � s/
1X

kD1

.1 � s/k�1f .a C k/

D Laff g.s/ � f .a/ � .1 � s/Laff g.s/
D sLaff g.s/ � f .a/:

This completes the proof. ut
The following is a simple example where we will use the Nabla Convolution

Theorem and Theorem 3.83 to solve an initial value problem.

Example 3.84. Use the Nabla Convolution Theorem to help you solve the IVP

ry.t/ � 3y.t/ D E4.t; a/; t 2 NaC1

y.a/ D 0:

If y.t/ is the solution of this IVP and its Laplace transform, Ya.s/, exists, then we
have that

sYa.s/ � y.a/ � 3Ya.s/ D 1

s � 4
:

Using the initial condition and solving for Ya.s/ we obtain

Ya.s/ D 1

s � 4

1

s � 3
:

Using the Nabla Convolution Theorem we see that

y.t/ D .E4.�; a/ 	 E3.�; a// .t/:

Using Example 3.79 we find that

y.t/ D E4.t; a/ � E3.t; a/

D .�3/a�t � .�2/a�t

is the solution of our given IVP on Na. Of course, in this simple example one could
also use partial fractions to find y.t/.

We can then generalize this result for an arbitrary number of nabla differences.

Theorem 3.85 (Transform of n-th-Order Nabla Difference). Assume
f W Na�nC1 ! R is of exponential order r > 0. Then

Lafrnf g.s/ D snLaff g.s/ �
nX

kD1

sn�krk�1f .a/: (3.38)

for js � 1j < r; for each n 2 N1.
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Proof. Note that since f is of exponential order r > 0, rnf is of exponential order
r > 0 for each n 2 N1. Hence Lafrnf g.s/ converges for js�1j < r for each n 2 N1.
The proof of (3.38) is by induction for n 2 N1. The base case n D 1 follows from
Theorem 3.83. Now assume n � 1 and (3.38) holds for js � 1j < r. Then, using
Theorem 3.83, we have that

LafrnC1f g.s/ D Lafr Œrnf �g.s/
D sLafrnf g.s/ � rnf .a/

D s

"

snLaff g.s/ �
nX

kD1

sn�krk�1f .a/

#

� rnf .a/

D snC1Laff g.s/ �
nC1X

kD1

s.nC1/�krk�1f .a/:

Hence, (3.38) holds when n is replaced by n C 1 and the proof is complete. ut
Example 3.86. Solve the IVP

r2y.t/ � 6ry.t/ C 8y.t/ D 0; t 2 NaC1

y.a/ D 1; ry.a/ D �1:

If y.t/ is the solution of this IVP and we let Ya.s/ WD Lafyg.s/; we have that

�
s2Ya.s/ � sy.a/ � ry.a/

� � 6 ŒsYa.s/ � y.a/� C 8Ya.s/ D 0:

Using the initial conditions we have

�
s2Ya.s/ � s C 1

� � 6 ŒsYa.s/ � 1� C 8Ya.s/ D 0:

Solving for Ya.s/ we have that

Ya.s/ D s � 7

s2 � 6s C 8

D s � 7

.s � 2/.s � 4/

D 5

2

1

s � 2
� 3

2

1

s � 4
:

It follows that

y.t/ D 5

2
E2.t; a/ � 3

2
E4.t; a/
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D 5

2
.�1/a�t � 3

2
.�3/a�t

for t 2 Na�1.

3.13 Further Properties of the Nabla Laplace Transform

In this section we want to find the Laplace transform of a �-th order fractional
difference of a function, where 0 < � < 1.

Theorem 3.87. Assume f W NaC1 ! R is of exponential order r > 0 and 0 < � <

1. Then

Lafr�
a f g.s/ D s�Laff g.s/

for js � 1j < r.

Proof. Using Theorems 3.82 and 3.83 we have that

Lafr�
a f g.s/ D Lafrr�.1��/

a f g.s/
D sLafr�.1��/

a f g.s/ � r�.1��/
a f .a/

D s

s1��
s�Laff g.s/

s�Laff g.s/

for js � 1j < 1. ut
Next we state and prove a useful lemma (see Hein et al. [119] for n D 1 and see

Ahrendt et al. [3] for general n).

Lemma 3.88 (Shifting Base Lemma). Given f W NaC1 ! R and n 2 N1, we have
that

LaCnff g.s/ D



1

1 � s

�n

Laff g.s/ �
nX

kD1

f .a C k/

.1 � s/n�kC1
:

Proof. Consider

LaCnff g.s/ D
1X

kD1

.1 � s/k�1f .a C n C k/

D
1X

kDnC1

.1 � s/k�n�1f .a C k/
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D 1

.1 � s/n
Laff g.s/ �

nX

kD1

f .a C k/

.1 � s/n�kC1
;

which is what we wanted to prove. ut
With this, we are ready to provide the general form of the Laplace transform of

a �-th order fractional difference of a function f , where 0 < � < 1.

Theorem 3.89. Given f W NaC1 ! R and 0 < � < 1. Then we have

LaC1fr�
a f g.s/ D s�LaC1ff g.s/ � 1 � s�

1 � s
f .a C 1/:

Proof. Consider

LaC1fr�
a f g.s/

D LaC1frr�.1��/
a f g.s/

D sLaC1fr�.1��/
a f g.s/ � r�.1��/

a f .a C 1/; by Theorem 3.83

D sLaC1fr�.1��/
a f g.s/ � f .a C 1/; by Exercise 3.27.

From this and Lemma 3.88, we have that

LaC1fr�
a f g.s/

D s



1

1 � s
Lafr�.1��/

a f g.s/ � 1

1 � s
r�.1��/

a f .a C 1/

�
� f .a C 1/

D s�

1 � s
Laff g.s/ � 1

1 � s
f .a C 1/ (by Theorem 3.82):

Applying Lemma 3.88 again we obtain

LaC1fr�
a f g.s/

D s�



LaC1ff g.s/ C 1

1 � s
f .a C 1/

�
� 1

1 � s
f .a C 1/;

which is the desired result. ut
The following theorem was proved by Jia Baoguo.
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Theorem 3.90. Let f W Na�NC1 ! R and N � 1 < � < N be given. Then
we have

LaC1fr�
a f g.s/ Ds�LaC1ff g.s/ C s� � sN�1

1 � s
f .a C 1/

�
NX

kD2

sN�krk�1f .a C 1/:

Proof. We first calculate

LaC1fr�
a f g.s/

D LaC1frNr�.N��/
a f g.s/

Theorem 3.85D sNLaC1.r�.N��/
a f /.s/ �

NX

kD1

sN�krk�1r�.N��/
a f .a C 1/

Lemma 3.88D sN

1 � s
Lafr�.N��/

a f g.s/ � sN r�.N��/
a f .a C 1/

1 � s

�
NX

kD1

sN�krk�1r�.N��/
a f .a C 1/

Theorem 3.82D sN

1 � s
� 1

sN��
Laff g.s/ � sN r�.N��/

a f .a C 1/

1 � s

�
NX

kD1

sN�krk�1r�.N��/
a f .a C 1/

Theorem 3.88D s�

1 � s
Œ.1 � s/LaC1ff g.s/ C f .a C 1/� � sN r�.N��/

a f .a C 1/

1 � s

�
NX

kD1

sN�krk�1r�.N��/
a f .a C 1/:

Since

r�.N��/
a f .a C 1/ D

Z aC1

a
HN���1.a C 1; a/f .s/rs

D HN��.a C 1; a/f .a C 1/ D f .a C 1/;
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we have

LaC1fr�
a f g.s/

D s�LaC1ff g.s/ C s�

1 � s
f .a C 1/ � sNf .a C 1/

1 � s

�
NX

kD1

sN�krk�1f .a C 1/

D s�LaC1ff g.s/ C s� � sN�1

1 � s
f .a C 1/ �

NX

kD2

sN�krk�1f .a C 1/:

ut
Remark 3.91. When N D 1, Theorem 3.90 becomes the Theorem 3.89. When N D
2, we can get the following Corollary.

Corollary 3.92. Let f W Na ! R and 1 < � < 2 be given. Then we have

LaC1fr�
a f g.s/ D s�LaC1ff g.s/ C s� � s

1 � s
f .a C 1/ � rf .a C 1/

D s�LaC1ff g.s/ C s� � 1

1 � s
f .a C 1/ C f .a/:

3.14 Generalized Power Rules

We now see that with the use of the Laplace transform it is very easy to prove the
following generalized power rules.

Theorem 3.93 (Generalized Power Rules). Let � 2 R
C and � 2 R such that �,

� C �, and � � � are nonnegative integers. Then we have that

(i) r��
a H�.t; a/ D H�C�.t; a/I

(ii) r�
a H�.t; a/ D H���.t; a/I

(iii) r��
a .t � a/� D �.�C1/

�.�C�C1/
.t � a/�C� I

(iv) r�
a .t � a/� D �.�C1/

�.���C1/
.t � a/��� I

for t 2 Na.

Proof. To see that (i) holds, note that

Lafr��
a H�.�; a/g.s/ D 1

s�
LafH�.�; a/g.s/

D 1

s�C�C1

D LafH�C�.�; a/g.s/:
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Hence, by the uniqueness theorem (Theorem 3.72) we have that

r��
a H�.t; a/ D H�C�.t; a/; t 2 NaC1:

Also, this last equation holds for t D a and hence (i) holds. To see that (i) implies
(iii), note that

r��
a .t � a/� D �.� C 1/r��

a H�.t; a/

D �.� C 1/H�C�.t; a/

D �.� C 1/

�.� C � C 1/
.t � a/�C�:

To show that part (ii) holds we will first show that

Lafr��
a H�.�; a/g.s/ D LafH���.�; a/g.s/; (3.39)

for js � 1j < 1. On the one hand, using Lemma 3.88 with n D 1 we have that

LaC1fH���.�; a/g.s/ D 1

1 � s
LafH���.�; a/g.s/ � H���.a C 1; a/

1 � s

D 1

1 � s

1

s���C1
� 1

1 � s
: (3.40)

On the other hand, using Theorem 3.89 we have that

LaC1fr�
a H�.�; a/g.s/ D s�LaC1fH�.�; a/g.s/ � 1 � s�

1 � s
H�.a C 1; a/

D s�
h 1

1 � s
LafH�.�; a/g.s/ � 1

1 � s

i
� 1 � s�

1 � s

D s�

1 � s

h 1

s�C1
� 1

i
� 1 � s�

1 � s

D 1

1 � s

1

s���C1
� 1

1 � s
: (3.41)

From (3.40) and (3.41) we get that (3.39) holds. Hence, by the uniqueness theorem
(Theorem 3.72)

r�
a H�.t; a/ D H���.t; a/

for t 2 NaC1. But this last equation also holds for t D a. Thus, part (ii) holds for
t 2 Na. The proof of (iv) is left to the reader (Exercise 3.34). ut

Next we consider the fractional difference equation

r�
a x.t/ D f .t/; t 2 NaCN ; (3.42)
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where N � 1 < � < N, N 2 N1. First we prove the following existence-uniqueness
theorem for the fractional difference equation 3.42.

Theorem 3.94. Assume f W NaCN ! R and N � 1 < � < N, N 2 N1. Then the IVP

r�
a x.t/ D f .t/, t 2 NaCN

x.a C k/ D ck, 1 � k � N;

where ck, for 1 � k � N, are given constants, has a unique solution, which is defined
on NaC1.

Proof. First note that if we write the fractional equation r�
a x.t/ D h.t/ in expanded

form we have that

t�1X

�Da

H���1.t; �.�//x.�/ C x.t/ D f .t/:

It follows that the given IVP is equivalent to the summation equation

x.t/ D f .t/ �
t�1X

�Da

H���1.t; �.�//x.�/ (3.43)

x.a C k/ D ck; 1 � k � N: (3.44)

Letting t D a C N C 1 in this summation IVP we have that x.t/ solves our IVP at
t D a C N C 1 iff

x.a C N C 1/ D f .aC/ �
t�1X

�Da

ckH���1.t; �.�//x.�/:

ut
Theorem 3.95. Assume � > 0 and N � 1 < � � N. Then a general solution of
r�

a x.t/ D 0 is given by

x.t/ D c1H��1.t; a/ C c2H��2.t; a/ C � � � C cNH��N.t; a/

for t 2 Na.

Proof. For 1 � k � N; we have from (3.58) that

r�
a H��k.t; a/ D rkr��k

a H��k.t; a/

D rkH0.t; a/ .by Theorem 3.93/

D rk1

D 0
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for t 2 Na. Since these N solutions are linearly independent on Na we have that

x.t/ D c1H��1.t; a/ C c2H��2.t; a/ C � � � C cNH��N.t; a/

is a general solution of r�
a x.t/ D 0 on Na. ut

The next theorem relates fractional Taylor monomials based at values that differ
by a positive integer. This result is in Hein et al. [119] and Ahrendt et al. [3].

Theorem 3.96. For � 2 Rnf�1; �2; :::g and N; m 2 N,

H��N.t; a C m/ D
mX

kD0

 
m

k

!

.�1/kH��N�k.t; a/:

Proof. The proof is by induction on m for m � 1. Consider the base case m D 1

H��N.t; a/ � H��N�1.t; a/

D .t � a/��N

�.� � N C 1/
� .t � a/��N�1

�.� � N/

D �.t � a C � � N/

�.� � N C 1/�.t � a/
� �.t � a C � � N � 1/

�.� � N/�.t � a/

D �.t � a C � � N � 1/

�.t � a/�.� � N C 1/

�
.t � a C � � N � 1/ � .� � N/

�

D .t � �.a//�.t � a C � � N � 1/

�.t � a/�.� � N C 1/

D �.t � a C � � N � 1/

�.t � �.a//�.� � N C 1/

D Œt � .a C 1/���N

�.� � N C 1/

D H��N.t; a C 1/:

Hence the base case, m D 1, holds. Now assume m � 1 is fixed and

H��N.t; a C m/ D
mX

kD0

 
m

k

!

.�1/kH��N�k.t; a/:

From the base case with the number a replaced by the number a C m we have that

H��N.t; a C m C 1/ D H��N.t; a C m/ � H��N�1.t; a C m/:
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Applying the induction hypothesis to both terms on the right side of this equation
gives

H��N.t; a C m C 1/

D
mX

kD0

 
m

k

!

.�1/kH��N�k.t; a/ �
mX

kD0

 
m

k

!

.�1/kH��N�1�k.t; a/

D
mX

kD0

 
m

k

!

.�1/kH��N�k.t; a/ �
mC1X

kD1

 
m

k � 1

!

.�1/k�1H��N�k.t; a/

D
mC1X

kD0

 
m

k

!

.�1/kH��N�k.t; a/ �
 

m

m C 1

!

.�1/mC1H��N�m�1.t; a/

�
mC1X

kD0

 
m

k � 1

!

.�1/k�1H��N�k.t; a/ C
 

m

�1

!

.�1/�1H��N.t; a/

D
mC1X

kD0

  
m

k

!

C
 

m

k � 1

!!

.�1/kH��N�k.t; a/

D
mC1X

kD0

 
m C 1

k

!

.�1/kH��N�k.t; a/:

This completes the proof. ut

3.15 Mittag–Leffler Function

In this section we define the nabla Mittag–Leffler function, which is useful for
solving certain IVPs. First we give an alternate proof of part (i) of Theorem 3.50.

Theorem 3.97. For jpj < 1, we have that Ep.t; a/ D P1
kD0 pkHk.t; a/ for t 2 Na.

Proof. We will show that Ep.t; a/ and
P1

kD0 pkHk.t; a/ have the same Laplace
transform. In order to ensure convergence, we restrict the transform domain such
that jsj < jpj, j1 � sj < 1, and j1 � sj < j1 � pj. First, we determine the Laplace
transform of the exponential function as follows:

La
˚
Ep.�; a/

�
.s/ D

1X

kD1

.1 � s/k�1.1 � p/�k

D 1

1 � p

1X

kD0



1 � s

1 � p

�k

D 1

s � p
:
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Next, we have

La

 1X

kD0

pkHk.�; a/

�
.s/ D

1X

kD0

pkLafHk.�; a/g.s/

D 1

s

1X

kD0

�p

s

�k D 1

s � p
:

Finally, Ep.a; a/ D 1 by definition, and
P1

kD0 pkHk.a; a/ D 1 since p0H0.a; a/ D
1 and pkHk.a; a/ D 0 for k � 1. Therefore, we obtain the desired result on Na. ut

Next we define the nabla Mittag–Leffler function, which is a generalization of
the exponential function Ep.t; a/.

Definition 3.98 (Mittag–Leffler Function). For jpj < 1, ˛ > 0, ˇ 2 R, we define
the nabla Mittag–Leffler function by

Ep;˛;ˇ.t; a/ WD
1X

kD0

pkH˛kCˇ.t; a/; t 2 Na:

Remark 3.99. Since H0.t; a/ D 1, we have that E0;�;0.t; a/ D 1 and Ep;�;0.a; a/ D 1.
Also note that Ep;1;0.t; a/ D Ep.t; a/; for jpj < 1.

Theorem 3.100. Assume jpj < 1, ˛ > 0, ˇ 2 R. Then

r�
�.a/Ep;˛;ˇ.t; �.a// D Ep;˛;ˇ��.t; �.a// (3.45)

for t 2 Na.

Proof. Since

r�
�.a/Ep;˛;ˇ.t; �.a// D r�

�.a/

 1X

kD0

pkH˛kCˇ.t; �.a//

!

D
1X

kD0

pkr�
�.a/H˛kCˇ.t; �.a//

D
1X

kD0

pkH˛kCˇ��.t; �.a//

D Ep;˛;ˇ��.t; �.a//

we have that (3.45) holds for t 2 Na. ut
Theorem 3.101. Assume N � 1 < � � N, N 2 N and jcj < 1. Then

E�c;�;��i.t; �.a// 1 � i � N
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are N linearly independent solutions on Na of

r�
�.a/x.t/ C cx.t/ D 0, t 2 NaCN :

In particular, a general solution of the fractional equation r�
�.a/x.t/ C cx.t/ D 0 is

given by

x.t/ D c1E�c;�;��1.t; �.a// C c2E�c;�;��2.t; �.a// C � � � C cNE�c;�;��N.t; �.a//;

for t 2 Na.

Proof. If c D 0, then this result follows from Theorem 3.95. Now assume c ¤ 0.
Fix 1 � i � N and consider for t 2 NaC1;

r�
�.a/E�c;�;��i.t; �.a// D E�c;�;�i.t; �.a//; by (3.45)

D
1X

kD0

.�c/kH�k�i.t; �.a//

D
1X

kD1

.�c/kH�k�i.t; �.a//

D
1X

kD0

.�c/kC1H�.kC1/�i.t; �.a//

D �c
1X

kD0

.�c/kH�kC.��i/.t; �.a//

D �cE�c;�;��i.t; �.a//:

Hence, for each 1 � i � N; E�c;�;��i.t; �.a// is a solution of r�
�.a/x.t/ C cx.t/ D 0

on Na. It follows that a general solution of r�
�.a/x.t/ C cx.t/ D 0 is given by

x.t/ D c1E�c;�;��1.t; �.a// C c2E�c;�;��2.t; �.a// C � � � C cNE�c;�;��N.t; �.a//

for t 2 Na. ut
The following example was suggested by Jia Baoguo.

Example 3.102. Consider the second order nabla difference equation

r2x.t/ C cx.t/ D 0; 0 < c < 1: (3.46)
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From Definition 3.98, Theorem 3.50, and Theorem 3.101, we have the following are
two solutions of (3.46):

E�c;2;1.t; a/ D
1X

kD0

.�c/kH2kC1.t; a/

D 1p
c

1X

kD0

.�1/k.
p

c/2kC1H2kC1.t; a/

D 1p
c

Sinp
c.t; a/: (3.47)

and

E�c;2;0.t; a/ D
1X

kD0

.�c/kH2k.t; a/

D
1X

kD0

.�1/k.
p

c/2kH2kC1.t; a/

D Cosp
c.t; a/: (3.48)

The characteristic values of the equation (3.46) are �1;2 D ˙p
ci. So the solutions

of (3.46) are x1.x; a/ D Ep
ci.t; a/ and x2.x; a/ D E�p

ci.t; a/. So

E�p
ci D .1 C p

ci/a�t D .1 C c/
a�t

2 Œcos � C i sin ��a�t

D .1 C c/
a�t

2 Œcos.a � t/� C i sin.a � t/�� (3.49)

and

Ep
ci D .1 � p

ci/a�t D .1 C c/
a�t

2 Œcos.a � t/� � i sin.a � t/��; (3.50)

where cos � D 1p
1Cc

, sin � D
p

cp
1Cc

.

From the definitions (see Definition 3.17) of Cosp
c.t; a/ and Sinp

c.t; a/, we have

Cosp
c.t; a/ D Ep

ci.t; a/ C E�p
ci.t; a/

2

D .1 C c/
a�t

2 cos.a � t/� (3.51)

and

Sinp
c.t; a/ D Ep

ci.t; a/ � E�p
ci.t; a/

2i

D �.1 C c/
a�t

2 sin.a � t/�: (3.52)



3.15 Mittag–Leffler Function 215

Consequently, using (3.47), (3.48), (3.51), and (3.52), we find that

E�c;2;1.t; a/ D � 1p
c

.1 C c/
a�t

2 sin.a � t/�

and that

E�c;2;0.t; a/ D .1 C c/
a�t

2 cos.a � t/�:

Thus, from Theorem 3.101, the general solution of the equation (3.46) is given by

x.t/ D .1 C c/
a�t

2 Œc1 sin.a � t/� C c2 cos.a � t/��:

Finally, the real part

y1.t; a/ D .1 C c/
a�t

2 cos.a � t/�

and the imaginary part

y2.t; a/ D .1 C c/
a�t

2 sin.a � t/�

are solutions of (3.46).

We will now determine the Laplace transform of the Mittag–Leffler function.

Theorem 3.103. Assume jpj < 1 a constant, ˛ > 0, and ˇ 2 R. Then

LafEp;˛;ˇ.�; a/g.s/ D s˛�ˇ�1

s˛ � p
:

for j1 � sj < 1, js˛j > jpj.
Proof. Note that

LafEp;˛;ˇ.�; a/g.s/ D
1X

kD0

pkLafH˛kCˇ.�; a/g.s/

D 1

sˇC1

1X

kD0

� p

s˛

�k

D s˛�ˇ�1

s˛ � p
:

This completes the proof. ut
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3.16 Solutions to Initial Value Problems

We will now consider a �-th order fractional nabla initial value problem and give a
formula for its solution in case 0 < � < 1.

Theorem 3.104 (Fractional Variation of Constants Formula [119]). Assume f W
Na ! R, jcj < 1 and 0 < � < 1. Then the unique solution of the fractional initial
value problem

(
r�

�.a/x.t/ C cx.t/ D f .t/; t 2 NaC1;

x.a/ D A; A 2 R
(3.53)

is given by

x.t/ D �
E�c;�;��1.�; �.a// 	 f .�/�.t/ C �

A.c C 1/ � f .a/
�
E�c;�;��1.t; �.a//:

(3.54)

Proof. We begin by taking the Laplace transform based at a of both sides of the
fractional equation in (3.53) to get that

Lafr�
�.a/xg.s/ C cLafxg.s/ D Laff g.s/:

Applying Theorem 3.89 and using the initial condition, we have that

.s� C c/Lafxg.s/ � A



1 � s�

1 � s

�
D Laff g.s/:

Using Lemma 3.88 implies that

.s� C c/

�
1

1 � s
L�.a/fxg.s/ � 1

1 � s
x.a/

	

„ ƒ‚ …
DLafxg.s/

�A



1 � s�

1 � s

�

D 1

1 � s
L�.a/ff g.s/ � 1

1 � s
f .a/

„ ƒ‚ …
DLaff g.s/

:

Multiplying both sides of the preceding equality by .1 � s/ and then solving for
L�.a/fxg.s/ we obtain

L�.a/fxg.s/ D 1

s� C c
L�.a/ff g.s/ C ŒA.c C 1/ � f .a/�

1

s� C c
:
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Since

L�.a/fE�c;�;��1.�; �.a//g.s/ D 1

s� C c
;

we have by the convolution theorem that

x.t/ D �
E�c;�;��1.�; �.a// 	 f .�/�.t/ C ŒA.c C 1/ � f .a/� E�c;�;��1.t; �.a//

(3.55)

for t 2 NaC1. ut
Letting c D 0 in the above fractional initial value problem, we get the following

corollary.

Corollary 3.105. Let f W Na ! R and 0 < � < 1. Then the unique solution of the
fractional IVP

(
r�

�.a/x.t/ D f .t/; t 2 NaC1

x.a/ D A; A 2 R

is given by

x.t/ D r��
�.a/f .t/ C �

A � f .a/
�
H��1.t; �.a//: (3.56)

Proof. First, we observe that

E0;�;��1.t; �.a// D H��1.t; �.a//:

Finally, we have
�
E0;�;��1.�; �.a// 	 f .�/�.t/ D ŒH��1.�; �.a// 	 f .�/� .t/ D

r�.a/a�� f .t/ by Theorem 3.80. From this, the stated solution to the initial value
problem follows. ut
Example 3.106. Use Corollary 3.105 to solve the IVP

r 1
2

�.0/x.t/ D t; t 2 N1

x.0/ D 2:

By the variation of constants formula (3.56), the solution of this IVP is given by

x.t/ D r� 1
2

�.0/H1.t; 0/ C .2 � 1/H� 1
2
.t; �.0//

D r� 1
2

�.0/H1.t; 0/ C .t � �.0//� 1
2

�. 1
2
/
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D
Z 0

�.0/

H� 1
2
.t; �.s//srs C

Z t

0

H� 1
2
.t; �.s//srs C .t � �.0//� 1

2

�. 1
2
/

D
Z t

0

H� 1
2
.t; �.s//srs C .t � �.0//� 1

2

�. 1
2
/

D r� 1
2

0 H1.t; 0/ C .t � �.0//� 1
2

�. 1
2
/

D r� 1
2

0 H1.t; 0/ C .t C 1/� 1
2

�. 1
2
/

D H 3
2
.t; 0/ C 1p



.t C 1/� 1

2

D t
3
2

�. 5
2
/

C 1p



.t C 1/� 1
2

D 4

3
p



t

3
2 C 1p



.t C 1/� 1

2 ;

where we used Theorem 3.93 in step seven.

3.17 Nabla Fractional Composition Rules

In this section we prove several composition rules for nabla fractional sums and
differences. Most of these results can be found in Ahrendt et al. [3]. First we prove
the following formula for the composition of two fractional sums.

Theorem 3.107. Assume f W NaC1 ! R, and �; � > 0. Then

r��
a r��

a f .t/ D r����
a f .t/; t 2 Na:

Proof. Note that

Lafr��
a r��

a f g.s/ D 1
s� Lafr��

a f g.s/
D 1

s�C� Lff g.s/
D Lafr����

a f g.s/:
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By the uniqueness theorem for Laplace transforms (Theorem 3.72), we have

r��
a r��

a f .t/ D r����
a f .t/

for t 2 NaC1. Also

r��
a r��

a f .a/ D 0 D r����
a f .a/:

ut
Next we prove a theorem concerning the composition of an integer-order

difference with a fractional sum and with a fractional difference. This result was
first proved in this generality by Ahrendt et al. [3].

Lemma 3.108. Let k 2 N0, � > 0, and choose N 2 N such that N � 1 < � � N.
Then

rkr��
a f .t/ D rk��

a f .t/; (3.57)

and

rkr�
a f .t/ D rkC�

a f .t/: (3.58)

for t 2 NaCk.

Proof. Assume k 2 N0, � > 0, and choose N 2 N1 such that N � 1 < � � N. First
we prove (3.57) for � D N. To see this first note that

rr�1
a f .t/ D r

Z t

a
H0.t; �.�//f .�/r�

D r
Z t

a
f .�/r�

D f .t/; t 2 NaC1:

So, then, for the case of � D N we have

rkr�N
a f .t/ D rk�1Œrr�1

a .r�.N�1/
a f .t//�

D rk�1r�.N�1/f .t/

D rk�2r�.N�2/f .t/

� � �
D r�.N�k/f .t/

D rk�Nf .t/; t 2 NaCk:
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Hence (3.57) holds for � D N. Now we consider (3.58). It is trivial to prove (3.58)
when � D N; so we assume N � 1 < � < N. First we will show that (3.58) holds
for the base case

rr�
a f .t/ D r1C�

a f .t/; t 2 NaC1:

This follows from the following:

rr�
a f .t/

D r

Z t

a
H���1.t; �.�/f .�/r�

�

D
Z t

a
H���2.t; �.�//f .�/r� C H���1.�.t/; �.t//f .t/ .by (3.22)/

D
Z t

a
H���2.t; �.�//f .�/r�

D r1C�
a f .t/:

Then, for any k 2 N0,

rkr�
a f .t/ D rk�1.rr�

a f .t//

D rk�1r1C�
a f .t/

D rk�2r2C�
a f .t/

� � �
D rkC�

a f .t/; t 2 NaCk;

which shows (3.58) holds for this case. In case N � 1 < � < N, noticing that
rkC�

a f .t/ can be obtained from rk��
a f .t/ by replacing � by ��, we obtain by a

similar argument that (3.57) holds for the case N � 1 < � < N. And this completes
the proof. ut
Theorem 3.109. Assume f W Na ! R and �; � > 0. Then

r�
a r��

a f .t/ D r���
a f .t/:

Proof. Let �; � > 0 be given, and N 2 N such that N � 1 < � � N. Then we have

r�
a r��

a f .t/ D rNr�.N��/
a r��

a f .t/

D rNr�.N��/��
a f .t/ by Theorem 3.107
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D rN�NC���
a f .t/ by Lemma 3.108

D r���
a f .t/:

This completes the proof. ut
The following theorem for N D 1 appears in Hein et al. [119] and for general N

appears in Ahrendt et al. [3].

Theorem 3.110. Assume the nabla Laplace transform of f W NaC1 ! R exists for
js � 1j < r, r > 0, � > 0, and pick N 2 N1 so that N � 1 < � � N. Then

LaCNfr�
a f g.s/ D s�LaCNff g.s/ C

N�1X

kD0

�
s�

.1 � s/N�k
f .a C k C 1/

� sN

.1 � s/N�k
r�.N��/

a f .a C k C 1/

� rN�k�1r�.N��/
a f .a C N/sk

	
;

for js � 1j < r.

Proof. Consider

LaCNfr�
a f g.s/ D LaCNfrNr�.N��/

a f g.s/

D sNLaCNfr�.N��/
a f g.s/ �

NX

kD1

sN�krk�1r�.N��/
a f .a C N/ by (3.85)

D sN

"
1

.1 � s/N
Lafr�.N��/

a f g.s/ �
NX

kD1

r�.N��/
a f .a C k/

.1 � s/N�kC1

#

�
N�1X

kD0

skrN�k�1r�.N��/
a f .a C N/ by Lemma 3.88

D s�

.1 � s/N
Laff g.s/ � sN

NX

kD1

r�.N��/
a f .a C k/

.1 � s/N�kC1

�
N�1X

kD0

skrN�k�1r�.N��/
a f .a C N/

D s�

�
LaCNff g.s/ C

NX

kD1

f .a C k/

.1 � s/n�kC1

	
� sN

NX

kD1

r�.N��/
a f .a C k/

.1 � s/N�kC1
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�
N�1X

kD0

skrN�k�1r�.N��/
a f .a C N/ by Lemma 3.88

D s�LaCNff g.s/ C
N�1X

kD0

�
s�

.1 � s/N�k
f .a C k C 1/

sN

.1 � s/N�k
r�.N��/

a f .a C k C 1/ � rN�k�1r�.N��/
a f .a C N/sk

	
;

which is what we wanted to prove. ut
Theorem 3.111. Assume f W Na ! R, � > 0 and k 2 N0. Then

r��
aCkrkf .t/ D rk��

aCkf .t/ �
k�1X

jD0

r jf .a C k/H��kCj.t; a C k/:

Proof. Integrating by parts on two different occasions below we get

r��
aCkrkf .t/ D

Z t

aCk
H��1.t; �.�//rkf .�/r�

D
Z t

aCk
H��1.t; �.�//rrk�1f .�/r�

D rk�1f .�/H��1.t; �/
ˇ̌t
aCk C

Z t

aCk
H��2.t; �.�//rk�1f .�/

D �rk�1f .a C k/H��1.t; a C k/ C H��1.t; a C k/rk�1f .�/

D r�.��1/
aCk rk�1f .t/ � rk�1f .a C k/H��1.t; a C k/

D rŒr��
aCkrk�1f .t/� � rk�1f .a C k/H��1.t; a C k/

D r�.��2/
aCk rk�2f .t/ � rk�2f .a C k/H��2.t; a C k/

� rk�1f .a C k/H��1.t; a C k/:

Integrating by parts k � 2 more times gives

r��
aCkrkf .t/ D rk��

aCkf .t/ �
k�1X

jD0

r jf .a C k/H��kCj.t; a C k/;

which was what we wanted to prove. ut
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Theorem 3.112. Let � > 0 and k 2 N0 be given and choose N 2 N such that
N � 1 < � � N. Then

r�
aCkrkf .t/ D rkC�

aCk f .t/ �
k�1X

jD0

r jf .a C k/H���kCj.t; a C k/:

Proof. Consider

r�
aCkrkf .t/ D rN.r�.N��/

aCk rkf .t//

D rN

0

@rk�.N��/
aCk f .t/ �

k�1X

jD0

r jf .a C k/HN���kCj.t; a C k/

1

A

D rkC�
aCk f .t/ �

k�1X

jD0

r jf .a C k/HN���kCj.t; a/

D rkC�
aCk f .t/ �

k�1X

jD0

r jf .a C k/rN�1HN���kCj.t; a/

D rkC�
aCk f .t/ �

k�1X

jD0

r jf .a C k/rN�1HN���kCj�1.t; a/:

Taking the difference inside the summation N � 1 more times, we get

r�
aCkrkf .t/ D rkC�

aCk f .t/ �
k�1X

jD0

r jf .a C k/H���kCj.t; a C k/;

which is what we wanted to prove. ut
Theorem 3.113. Assume 1 < � � 2. Then the unique solution of the fractional IVP

r�
a x.t/ D 0; t 2 NaC2

x.a C 2/ D A0;

rx.a C 2/ D A1;

where A0; A1 2 R; is given by

x.t/ D Œ.2 � �/A0 C .� � 1/A1�h��1.t; a/

C Œ.� � 1/A0 � �A1�h��2.t; a/; (3.59)

for t 2 NaC1.
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Proof. Let x.t/ be the solution of the IVP (3.59) r�
a x.t/ D 0. Then

x.t/ D c1H��1.t; a/ C c2H��2.t; a/:

Using the IC’s we get that

x.a C 1/ D x.a C 2/ � rx.a C 2/ D A0 � A1:

It follows from this that

x.a C 1/ D c1H��1.a C 1; a/ C c2H��2.a C 1; a/ D A0 � A1:

Since H��1.a C 1; a/ D H��2.a C 1; a/ D 1; we have that

c1 C c2 D A0 � A1:

Since rx.t/ D c1H��2.t; a/ C c2H��3.t; a/; we get that

rx.a C 2/ D c1H��2.a C 2; a/ C c2H��3.a C 2; a/

D c1.� � 1/ C c2.� � 2/

D A1:

Solving the system

c1 C c2 D A0 � A1

.� � 1/c1 C .� � 2/c2 D A1

we get

c1 D .2 � �/A0 C .� � 1/A1; c2 D .� � 1/A0 � �A1:

Hence,

x.t/ D Œ.2 � �/A0 C .� � 1/A1�h��1.t; a/ C Œ.� � 1/A0 � �A1�h��2.t; a/;

for t 2 NaC1. ut
Next, we look at the nonhomogeneous equation with zero initial conditions.

Theorem 3.114. Let g W Na ! R and 1 < � � 2. Then, for t 2 NaC2, the fractional
initial value problem

r�
a x.t/ D g.t/; t 2 NaC2

x.a C 2/ D 0

rx.a C 2/ D 0
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has the unique solution

x.t/ D r��
a g.t/ � Œg.a C 1/ C g.a C 2/�h��1.t; a/

C g.a C 2/h��2.t; a/: (3.60)

Proof. We take the Laplace transform based at a C 2 of both sides of the equation.

LaC2fr�
a xg.s/ D LaC2fgg.s/:

Next, we use Theorem 3.110 and Lemma 3.88 on the left-hand side and the Laplace
transform shifting theorem on the right-hand side of the equation.

s�

.1 � s/2
Lafxg.s/

� .
s

1 � s
/2r�.2��/

a x.a C 1/ � rr�.2��/
a x.a C 2/

� .
s2

1 � s
/r�.2��/

a x.a C 2/ � sr�.2��/
a x.a C 2/

D 1

.1 � s/2
Lafgg.s/ � 1

.1 � s/2
g.a C 1/ � 1

1 � s
g.a C 2/:

Using x.a C 2/ D 0 D rx.a C 2/; we obtain

s�

.1 � s/2
Lafxg.s/ D 1

.1 � s/2
Lafgg.s/ � 1

.1 � s/2
g.a C 1/

� 1

1 � s
g.a C 2/:

Next, we solve for the Laplace transform of x.t/ to obtain

Lafxg.s/ D 1

s�
Lafgg.s/ � 1

s�
g.a C 1/ � .1 � s/

s�
g.a C 2/

D ŒLafh��1.t; a/g.s/Lafgg.s/� � 1

s�
g.a C 1/

� 1

s�
g.a C 2/ C 1

s��1
g.a C 2/:

Finally, we take the inverse Laplace transform and note that

r��
a g.t/ D h��1.t; a/ 	 g.t/;
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which yields

x.t/ D Œh��1.�; a/ 	 g.�/� � Œg.a C 1/ C g.a C 2/�h��1.t; a/

C g.a C 2/h��2.t; a/

D r��
a g.t/ � Œg.a C 1/ C g.a C 2/�h��1.t; a/ C g.a C 2/h��2.t; a/

for t 2 NaC2. ut

3.18 Monotonicity for the Nabla Case

Most of the results in this section appear in the paper [49]. These results were
motivated by the paper by Dahal and Goodrich [67]. The results of Dahal and
Goodrich are treated in Sect. 7.2. First, we derive a nabla difference inequality which
plays an important role in proving our main result on monotonicity.

Theorem 3.115. Assume that f W Na ! R, r�
a f .t/ � 0, for each t 2 NaC1, with

1 < � < 2. Then

rf .t/ � �f .a C 1/ŒH���1.t; a/ C H��.t; a C 1/�

�
t�1X

�DaC2

H��.t; �.�//rf .�/ (3.61)

D �f .a C 1/
.�� C 1/t��.a/

.t � �.a//Š
�

t�1X

�DaC2

.�� C 1/t��

.t � �/Š
rf .�/ (3.62)

for t 2 NaC1, where for t � � ,

H��.t; �.�// D .�� C 1/t��

.t � �/Š
< 0: (3.63)

Proof. Note that

r�
a f .t/ D

Z aC1

a
H���1.t; �.�//f .�/r� C

Z t

aC1

H���1.t; �.�//f .�/r�

D H���1.t; a/f .a C 1/ C
Z t

aC1

H���1.t; �.�//f .�/r�: (3.64)

Integrating by parts and using the power rule

r� H��.t; �/ D �H���1.t; �.�//
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we have that (where we use H��.t; �.t// D 1)

Z t

aC1

H���1.t; �.�//f .�/r�

D �f .�/H��.t; �/jt�DaC1 C
Z t

aC1

H��.t; �.�//rf .�/r�

D f .a C 1/H��.t; a C 1/ C
tX

�DaC2

H��.t; �.�//rf .�/

D f .a C 1/H��.t; a C 1/ C
t�1X

�DaC2

H��.t; �.�//rf .�/

CH��.t; �.t//rf .t/

D f .a C 1/H��.t; a C 1/ C
t�1X

�DaC2

H��.t; �.�//rf .�/ C rf .t/: (3.65)

Using (3.64) and (3.65), we obtain

0 � ��
af .t/

D ŒH���1.t; a/ C H��.t; a C 1/�f .a C 1/

C
t�1X

�DaC2

H��.t; �.�//rf .�/ C rf .t/;

for t 2 NaC1 by assumption. Solving this last inequality for rf .t/ we obtained the
desired inequality (3.61). Next we show that (3.63) holds. This follows from the
following:

H��.t; �.�//

D .t � �.�//��

�.�� C 1/

D .t � � C 1/��

�.�� C 1/

D �.t C 1 � � � �/

�.t � � C 1/�.�� C 1/

D .�� C t � �/.�� C t � � � 1/ � � � .�� C 1/

.t � �/Š
.since t � � � 1/
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D .�� C 1/t��

.t � �/Š

< 0

since 1 < � < 2. Also

�ŒH���1.t; a/ C H��.t; a C 1/�

D �
h .t � a/���1

�.��/
C .t � �.a//��

�.�� C 1/

i

D �
h�.�� C t � �.a//

�.t � a/�.��/
C �.�� C t � �.a//

�.t � �.a//�.�� C 1/

i

D � .�� C t � �.a//.�� C t � a � 2/ � � � .�� C 2/.�� C 1/

.t � �.a//Š

D � �.�� C t � a/

�.�� C 1/.t � �.a//Š

D � .�� C 1/t��.a/

.t � �.a//Š

> 0:

This completes the proof. ut
Theorem 3.116. Assume f W NaC1 ! R, r�

a f .t/ � 0, for each t 2 NaC1, with
1 < � < 2. Then rf .t/ � 0, for t 2 NaC2.

Proof. We prove that rf .a C k/ � 0, for k � 0 by the principle of strong induction.
Since r�

a f .a C 1/ D f .a C 1/; we have by assumption that f .a C 1/ � 0. When
t D a C 2, it follows that

r�
0 f .a C 2/ D

Z aC2

a
H���1.a C 2; � � 1/f .�/r�

D f .a C 2/ � �f .a C 1/

D rf .a C 2/ � .� � 1/f .a C 1/:

From our assumption r�
a f .a C 2/ � 0 and the fact that r�

a f .a C 1/ D f .a C 1/, we
have

rf .a C 2/ � .� � 1/f .a C 1/ � 0:

Suppose k � 2 and that rf .a C i/ � 0, for i D 2; 3; 4; � � � ; k. Then from
Theorem 3.115, we have rf .a C k C 1/ � 0, so this completes the proof. ut
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3.19 Caputo Fractional Difference

In this section we define the �-th Caputo fractional difference operator and give
some of its properties. Many of the results in this section and related results are
contained in the papers by Anastassiou [7–13] and the paper by Ahrendt et al. [4].

Definition 3.117. Assume f W Na�NC1 ! R and � > 0. Then the �-th Caputo
nabla fractional difference of f is defined by

r�
a�f .t/ D r�.N��/

a rNf .t/

for t 2 NaC1; where N D d�e.

One nice property of the Caputo nabla fractional difference is that if � � 1 and
C is any constant, then

r�
a�C D 0:

Note that this is not true for the nabla Riemann–Liouville fractional difference, when
C ¤ 0 and � > 0 is not an integer (see Exercise 3.28).

The following theorem follows immediately from the definition of the Caputo
nabla fractional difference and the definition of the Taylor monomials.

Theorem 3.118. Assume � > 0 and N D d�e. Then the nabla Taylor monomials,
Hk.t; a/, 0 � k � N � 1, are N linearly independent solutions of r�

a�x D 0 on
Na�NC1.

The reader should compare this theorem (Theorem 3.118) to Theorem 3.95 which
gives the analogue result for the nabla Riemann–Liouville case r�

a x D 0. That is,
H��k.t; a/, where 0 � k � N � 1, are N linearly independent solutions of r�

a x D 0.
The following result appears in Anastassiou [7].

Theorem 3.119 (Nabla Taylor’s Theorem with Caputo Differences). Assume f W
Na�NC1 ! R, � > 0 and N � 1 < � � N. Then

f .t/ D
N�1X

kD0

Hk.t; a/rkf .a/ C
Z t

a
H��1.t; �.�//r�

a�f .�/r�;

for t 2 Na�NC1.

Proof. By Taylor’s Theorem (Theorem 3.48) with n D N � 1, we have that

f .t/ D
N�1X

kD0

Hk.t; a/rkf .a/ C
Z t

a
HN�1.t; �.�//rNf .�/r�;
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for t 2 Na�NC1. Hence to complete the proof we just need to show that

Z t

a
HN�1.t; �.�//rNf .�/r� D

Z t

a
H��1.t; �.�//r�

a�f .�/r�; (3.66)

holds for t 2 Na�NC1. By convention both integrals in (3.66) are equal to zero for
t 2 N

a
a�NC1. Hence it remains to prove that (3.66) holds for t 2 Na. To see that this

is true note that

Z t

a
H��1.t; �.�//r�

a�f .�/r� D r��
a r�

a�f .t/

D r��
a r�.N��/

a rNf .t/

D r���NC�
a rNf .t/ by Theorem 3.107

D r�N
a rNf .t/;

D
Z t

a
HN�1.t; �.�//rNf .�/r�

for t 2 Na. ut

3.20 Nabla Fractional Initial Value Problems

In this section we will consider the nabla fractional initial value problem (IVP)

(
r�

a�x.t/ D h.t/; t 2 NaC1

rkx.a/ D ck; 0 � k � N � 1;
(3.67)

where we always assume that a; � 2 R, � > 0, N WD d�e, ck 2 R for 0 � k � N �1,
and h W NaC1 ! R. In the next theorem we will see that this IVP has a unique
solution which is defined on Na�NC1.

Theorem 3.120. The unique solution to the IVP (3.67) is given by

x.t/ D
N�1X

kD0

Hk.t; a/ck C r��
a h.t/;

for t 2 Na�NC1, where by convention r��
a h.t/ D 0 for a � N C 1 � t � a.

Proof. Define f W Na�NC1 ! R by

rkf .a/ D ck;
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for 0 � k � N � 1 (note that this uniquely defines f .t/ for a � N C 1 � t � a), and
for t 2 NaC1 define f .t/ recursively by

rNf .t/ D h.t/ �
Z t�1

a
HN���1.t; �.�//rNf .�/r�

D h.t/ �
t�1X

�DaC1

HN���1.t; �.�//rNf .�/:

So for any t 2 NaC1,

rNf .t/ C
Z t�1

a
HN���1.t; �.�//rNf .�/r� D h.t/: (3.68)

It follows that

r�
a�f .t/ D r�.N��/

a rNf .t/

D
Z t

a
HN���1.t; �.�//rNf .�/r�

D
Z t�1

a
HN���1.t; �.�//rNf .�/r� C rNf .t/

D h.t/ by (3.68)

for t 2 NaC1. Therefore, f .t/ solves the IVP (3.67). Conversely, if we suppose that
there is a function f W Na�NC1 ! R that satisfies the IVP, reversing the above steps
would lead to the same recursive definition. Therefore the solution to the IVP is
uniquely defined. By the Caputo Discrete Taylor’s Theorem, x.t/ D f .t/ is given by

x.t/ D
N�1X

kD0

Hk.t; a/rkx.a/ C r��
a r�

a�x.t/

D
N�1X

kD0

ckHk.t; a/ C r��
a h.t/:

ut
The following example appears in [4].

Example 3.121. Solve the IVP

(
r0:7

0� x.t/ D t; t 2 N1

x.0/ D 2:
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Applying the variation of constants formula in Theorem 3.120 we get

x.t/ D
0X

kD0

tk

kŠ
2 C r�0:7

0 h.t/

D 2 C
Z t

0

H�:3.t; �.s//srs

for t 2 N0. Integrating by parts, we have

x.t/ D 2 � sH:7.t; s/
ˇ̌sDt

sD0
C
Z t

0

H:7.t; �.s//rs

D 2 � H1:7.t; s/
ˇ̌sDt

sD0

D 2 C 1

�.2:7/
t1:7

for t 2 N0.

Corollary 3.122. For � > 0, N D d�e, and h W NaC1 ! R, we have that

r�.N��/
a rN��

a h.t/ D h.t/; t 2 NaC1:

Proof. Assume N ¤ �; otherwise, the proof is trivial. Let � > 0, N D d�e, and
h W NaC1 ! R. Let ck 2 R for 0 � k � N � 1, and define f W Na�NC1 ! R in terms
of h by

f .t/ WD
N�1X

kD0

.t � a/k

kŠ
ck C r��

a h.t/:

Then by Theorem 3.120, f .t/ solves the IVP

(
r�

a�f .t/ D h.t/; t 2 NaC1

rkf .a/ D ck; 0 � k � N � 1:

With repeated applications of the Leibniz rule (3.22) we get

rNf .t/ D rN

� N�1X

kD0

Hk.t; a/ck C r��
a h.t/

	

D rNr��
a h.t/
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D rN

� Z t

a
H��1.t; �.�//h.�/r�

	

D rN�1

� Z t

a
H��2.t; �.�//h.�/r� C H��1.�.t/; �.t//h.t/

	

D rN�1

� Z t

a
H��2.t; �.�//h.�/r�

	

D rN�2

� Z t

a
H��3.t; �.�//h.�/r� C H��2.�.t/; �.t//h.t/

	

D rN�2

� Z t

a
H��3.t; �.�//h.�/r�

	

D � � �

D r
� Z t

a
H��N.t; �.�/h.�/r�

	

D
Z t

a
H��N�1.t; �.�//h.�/r� C H��N.�.t/; �.t//h.t/

D
Z t

a
H��N�1.t; �.�//h.�/r�

D
Z t

a
H�.N��/�1.t; �.�/h.�/r�

D rN��
a h.t/:

It follows that

r�.N��/
a rN��

a h.t/ D r�.N��/
a rNf .t/ D r�

a�f .t/ D h.t/;

and the proof is complete. ut

3.21 Monotonicity (Caputo Case)

Many of the results in this section appear in Baoguo et al. [49]. This work is
motivated by the paper by R. Dahal and C. Goodrich [67], where they obtained some
interesting monotonicity results for the delta fractional difference operator. These
monotonicity results for the delta case will be discussed in Sect. 7.2. In this section,
we prove the following corresponding results for Caputo fractional differences.

Theorem 3.123. Assume that N � 1 < � < N, f W Na�NC1 ! R, r�
a�

f .t/ � 0 for
t 2 NaC1 and rN�1f .a/ � 0. Then rN�1f .t/ � 0 for t 2 Na.
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Theorem 3.124. Assume N � 1 < � < N, f W Na�NC1 ! R, and rNf .t/ � 0 for
t 2 NaC1. Then r�

a�

f .t/ � 0, for each t 2 NaC1.

When N D 2 in Theorem 3.123 we get the important monotonicity result.

Theorem 3.125. Assume that 1 < � < 2, f W N�.a/ ! R, r�
a�

f .t/ � 0 for t 2 NaC1

and f .a/ � f .�.a//. Then f .t/ is an increasing function for t 2 N�.a/.

Also the following partial converse of Theorem 3.123 is true.

Theorem 3.126. Assume 0 < � < 1, f W N�.a/ ! R and f is an increasing function
for t 2 Na. Then r�

a�

f .t/ � 0, for each t 2 NaC1.

We also give a counterexample to show that the above assumption f .a/ � f .�.a//

in 3.125 is essential. We begin by proving the following theorem.

Theorem 3.127. Assume that f W Na�NC1 ! R, and r�

a�

f .t/ � 0; for each t 2
NaC1, with N � 1 < � < N. Then

rN�1f .a C k/

�
k�1X

iD1

h .k � i C 1/N���2

�.N � � � 1/

i
rN�1f .a C i � 1/

C HN���1.a C k; a/rN�1f .a/; (3.69)

for k 2 N1 (note by our convention on sums the first term on the right-hand side is
zero when k D 1).

Proof. If t D a C 1, we have that

0 � r�

a�

f .a C 1/ D r�.N��/
a rNf .t/

D
Z aC1

a
HN���1.a C 1; �.s//rNf .s/rs

D HN���1.a C 1; a/rNf .a C 1/

D rNf .a C 1/ D rN�1f .a C 1/ � rN�1f .a/;

where we used HN���1.a C 1; a/ D 1. Solving for rN�1f .a C 1/ we get the
inequality

rN�1f .a C 1/ � rN�1f .a/;

which gives us the inequality (3.69) for t D aC1. Hence, the inequality (3.69) holds
for t D a C 1.
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Next consider the case t D a C k for k � 2. Taking t D a C k, k � 2 we have that

0 � r�

a�

f .t/

D r�.N��/
a rNf .t/

D
Z t

a
HN���1.t; �.s//rNf .s/rs

D
Z aCk

a
HN���1.a C k; �.s//rNf .s/rs

D
kX

iD1

HN���1.a C k; a C i � 1/rNf .a C i/

D
kX

iD1

HN���1.a C k; a C i � 1/
�rN�1f .a C i/ � rN�1f .a C i � 1/

�

D
kX

iD1

HN���1.a C k; a C i � 1/rN�1f .a C i/

�
kX

iD1

HN���1.a C k; a C i � 1/rN�1f .a C i � 1/

D rN�1f .a C k/ C
k�1X

iD1

HN���1.a C k; a C i � 1/rN�1f .a C i/

� HN���1.a C k; a/rN�1f .a/

�
kX

iD2

HN���1.a C k; a C i � 1/rN�1f .a C i � 1/;

where we used HN���1.a C k; a C k � 1/ D 1. It follows that

0 � rN�1f .a C k/ C
k�1X

iD1

HN���1.a C k; a C i � 1/rN�1f .a C i/

� HN���1.a C k; a/rN�1f .a/ �
k�1X

iD1

HN���1.a C k; a C i/rN�1f .a C i/

D rN�1f .a C k/ � HN���1.a C k; a/rN�1f .a C i/

�
k�1X

iD1

h
HN���1.a C k; a C i/

� HN���1.a C k; a C i � 1/
i
rN�1f .a C i/:
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Hence,

0 �rN�1f .a C k/ � HN���1.a C k; a/rN�1f .a/

�
k�1X

iD1

rsHN���1.a C k; s/jsDaCirN�1f .a C i/

DrN�1f .a C k/ � HN���1.a C k; a/rN�1f .a/

C
k�1X

iD1

HN���2.a C k; a C i � 1/rN�1f .a C i/

DrN�1f .a C k/ � HN���1.a C k; a/rN�1f .a/

C
k�1X

iD1

h .k � i C 1/N���2

�.N � � � 1/

i
rN�1f .a C i/:

Solving the above inequality for rN�1f .a C k/, we obtain the desired inequality
(3.69).

Next we consider for 1 � i � k � 1

.k � i C 1/N���2

�.N � � � 1/
D �.N � � C k � i � 1/

�.k � i C 1/�.N � � � 1/

D .N � � C k � i � 2/ � � � .N � � � 1/

.k � i/Š
< 0

since N < � C 1. Also

HN���1.a C k; a/ D kN���1

�.N � �/

D �.N � � C k � 1/

�.k/�.N � �/

D .N � � C k � 2/ � � � .N � �/

.k � 1/Š
> 0:

And this completes the proof. ut
From Theorem 3.127 we have the following

Theorem 3.128. Assume that N � 1 < � < N, f W Na�NC1 ! R, r�
a�

f .t/ � 0 for
t 2 NaC1 and rN�1f .a/ � 0. Then rN�1f .t/ � 0 for t 2 Na.
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Proof. By using the principle of strong induction, we prove that the conclusion of
the theorem is correct. By assumption, the result holds for t D a. Suppose that
rN�1f .t/ � 0, for t D a; a C 1; : : : ; a C k � 1. From Theorem 3.127 and (3.69), we
have rN�1f .a C k/ � 0, and the proof is complete. ut

Taking N D 2 and N D 3, we can get the following corollaries.

Corollary 3.129. Assume that 1 < � < 2, f W N�.a/ ! R, r�
a�

f .t/ � 0 for t 2 NaC1

and f .a/ � f .�.a//. Then f .t/ is increasing for t 2 N�.a/.

Corollary 3.130. Assume that 2 < � < 3, f W Na�2 ! R, r�
a�

f .t/ � 0 for t 2 NaC1

and r2f .a/ � 0. Then rf .t/ is increasing for t 2 Na.

One should compare the next result with Theorem 3.128.

Theorem 3.131. Assume that N � 1 < � < N, f W Na�NC1 ! R, and rNf .t/ � 0

for t 2 NaC1. Then r�
a�

f .t/ � 0, for each t 2 NaC1.

Proof. Taking t D a C k, we have

r��

a�

f .t/

D r�.N��/
a rNf .t/

D
Z t

a
HN���1.t; �.s//rNf .s/rs

D
kX

iD1

HN���1.a C k; a C i � 1/rNf .a C i/: (3.70)

Since

HN���1.a C k; a C i � 1/

D .k � i C 1/N���1

�.N � �/

D �.k C N � i � �/

�.N � �/�.k � i C 1/

D .�� C k C N � i/ � � � .N � � C 1/.N � �/

.k � i/Š
> 0; (3.71)

where we used � < N, from (3.70) and (3.71) we get that r�
a�

f .t/ � 0, for each
t 2 NaC1, ut

Taking N D 1 and N D 2, we get the following corollaries.

Corollary 3.132. Assume that 0 < � < 1, f W N�.a/ ! R and f is an increasing
function for t 2 Na. Then r�

a�

f .t/ � 0, for t 2 NaC1.
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Corollary 3.133. Assume that 1 < � < 2, f W N�.a/ ! R and r2f .t/ � 0 for
t 2 NaC1. Then r�

a�

f .t/ � 0, for each t 2 NaC1.

In the following, we will give a counterexample to show that the assumption in
Corollary 3.129 “f .a/ � f .�.a//” is essential. To verify this example we will use
the following simple lemma.

Lemma 3.134. Assume f 2 C2.Œa; 1// and f 00.t/ � 0 on Œa; 1/. Then r�
a�

f .t/ � 0,
for each t 2 NaC1, with 1 < � < 2.

Proof. By Taylor’s Theorem,

f .a C i C 1/ D f .a C i/ C f 0.a C i/ C f 00.� i/

2
; � i 2 Œa C i; a C i C 1� (3.72)

and

f .a C i � 1/ D f .a C i/ � f 0.a C i/ C f 00.�i/

2
; �i 2 Œa C i � 1; a C i� (3.73)

for i D 0; 1; : : : ; k � 1. Using (3.72) and (3.73), we have

r2f .a C i C 1/ D f .a C i C 1/ � 2f .a C i/ C f .a C i � 1/ (3.74)

D f 00.� i/ C f 00.�i/

2

� 0:

From (3.74) and Corollary 3.133, we get that r�
a�

f .t/ � 0, for each t 2 NaC1, with
1 < � < 2. ut
Example 3.135. Let f .t/ D �p

t, a D 2. We have f 00.t/ � 0, for t � 1. By
Lemma 3.134, we have r�

a�

f .t/ � 0.

Note that f .�.a// D f .1/ D �1 > f .a/ D �p
2. Therefore f .x/ does not satisfy

the assumptions of Corollary 3.129. In fact, f .x/ is decreasing, for t � 1.
Corollary 3.129 could be useful for solving nonlinear fractional equations as the

following result shows.

Corollary 3.136. Let h W NaC1 � R ! R be a nonnegative, continuous function.
Then any solution of the Caputo nabla fractional difference equation

r�
a�

y.t/ D h.t; y.t//; t 2 NaC1; 1 < � < 2 (3.75)

satisfying ry.a/ D A � 0 is increasing on N�.a/.
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3.22 Asymptotic Behavior and Comparison Theorems

In this section we will determine the asymptotic behavior of solutions of a nabla
Caputo fractional equation of the form

r�
a�x.t/ D c.t/x.t/; t 2 NaC1; (3.76)

where c W NaC1 ! R; 0 < � < 1. We will prove important comparison theorems
to help us prove our asymptotic results. Most of the results in this section appear in
Baoguo et al. [52]. The following lemma will be useful.

Lemma 3.137. Assume that c.t/ < 1, 0 < � < 1. Then any solution of

r�
a�x.t/ D c.t/x.t/; t 2 NaC1 (3.77)

satisfying x.a/ > 0 is positive on Na.

Proof. Using the integrating by parts formula (3.23) and

rsH��.t; s/ D �H���1.t; �.s//;

we have

r�
a�x.t/ D r�.1��/

a rx.t/

D
Z t

a
H��.t; �.s//rx.s/rs

D H��.t; s/x.s/jtsDa C
Z t

a
H���1.t; �.s//x.s/rs

D �H��.t; a/x.a/ C
tX

sDaC1

H���1.t; �.s//x.s/:

Taking t D a C k, we have

r�
a�x.t/ Dr�

a�x.a C k/

Dx.a C k/ � �x.a C k � 1/ � �.�� C 1/

2Š
x.a C k � 2/ � � � �

� �.�� C 1/ � � � .�� C k � 2/

.k � 1/Š
x.a C 1/

� .�� C 1/ � � � .�� C k � 1/

.k � 1/Š
x.a/:

Using (3.77), we get
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x.a C k/

D 1

1 � c.a C k/

h
�x.a C k � 1/ C �.�� C 1/

2Š
x.a C k � 2/ C � � �

C �.�� C 1/ � � � .�� C k � 2/

.k � 1/Š
x.a C 1/

C .�� C 1/ � � � .�� C k � 1/

.k � 1/Š
x.a/

i
:

From the strong induction principle, 0 < � < 1, and x.a/ > 0, it is easy to prove
that x.a C k/ > 0, for k 2 N0. ut

The following comparison theorem plays an important role in proving our main
results.

Theorem 3.138. Assume c2.t/ � c1.t/ < 1, 0 < � < 1, and x.t/; y.t/ are solutions
of the equations

r�
a�

x.t/ D c1.t/x.t/; (3.78)

and

r�
a y.t/ D c2.t/y.t/; (3.79)

respectively, for t 2 NaC1 satisfying x.a/ � y.a/ > 0. Then

x.t/ � y.t/;

for t 2 Na.

Proof. Similar to the proof of Lemma 3.137, taking t D a C k, we have

x.a C k/

D 1

1 � c1.a C k/

h
�x.a C k � 1/ C �.�� C 1/

2Š
x.a C k � 2/ C � � �

C �.�� C 1/ � � � .�� C k � 2/

.k � 1/Š
x.a C 1/ C .�� C 1/ � � � .�� C k � 1/

.k � 1/Š
x.a/

i

(3.80)
and

y.a C k/

D 1

1 � c2.a C k/

h
�y.a C k � 1/ C �.�� C 1/

2Š
y.a C k � 2/ C � � �

C �.�� C 1/ � � � .�� C k � 2/

.k � 1/Š
y.a C 1/ C .�� C 1/ � � � .�� C k � 1/

.k � 1/Š
y.a/

i
:

(3.81)
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We will prove x.a C k/ � y.a C k/ > 0 for k 2 N0 by using the principle of strong
induction. By assumption x.a/ � y.a/ > 0 so the base case holds. Now assume that
x.a C i/ � y.a C i/ > 0, for i D 0; 1; : : : ; k � 1. Using c2.t/ � c1.t/ < 1,

�.�� C 1/ � � � .�� C i � 1/

iŠ
> 0;

the base case k D 1 for i D 2; 3; � � � k � 1,

.�� C 1/.�� C 2/ � � � .�� C k � 1/

.k � 1/Š
> 0;

(3.80), and (3.81) we have

x.a C k/ � y.a C k/ > 0:

This completes the proof. ut
Remark 3.139. Since H0.t; a/ D 1, we have that E0;�;0.t; a/ D 1 and Ep;�;0

.a; a/ D 1.

Lemma 3.140. Assume that 0 < � < 1, jbj < 1. Then

r�
a�

Eb;�;0.t; a/ D bEb;�;0.t; a/

for t 2 NaC1.

Proof. Integrating by parts, we have

r�
a�

Eb;�;0.t; a/

D
Z t

a
H��.t; �.s//rEb;�;0.s; a/rs

D ŒH��.t; s/Eb;�;0.s; a/�tsDa C
Z t

a
H���1.t; �.s//Eb;�;0.s; a/rs

D �H��.t; a/ C
Z t

a
H���1.t; �.s//

1X

kD0

bkH�k.s; a/rs; (3.82)

where we used H��.t; t/ D 0 and Eb;�;0.a; a/ D 1. In the following, we first prove
that the infinite series

H���1.t; �.s//
1X

kD0

bkH�k.s; a/ (3.83)

for each fixed t is uniformly convergent for s 2 Œa; t�.
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We will first show that

jH���1.t; �.s//j D
ˇ
ˇ̌
ˇ

�.�� C t � s/

�.t � s C 1/�.��/

ˇ
ˇ̌
ˇ � 1

for a � s � t. For s D t we have that

jH���1.t; �.t//j D 1:

Now assume that a � s < t. Then

ˇ̌
ˇ
ˇ

�.�� C t � s/

�.t � s C 1/�.��/

ˇ̌
ˇ
ˇ D

ˇ̌
ˇ
ˇ
.t � s � � � 1/.t � s � � � 2/ � � � .��/

.t � s/Š

ˇ̌
ˇ
ˇ

D
ˇ̌
ˇ̌ t � s � .� C 1/

t � s

ˇ̌
ˇ̌
ˇ̌
ˇ̌ t � s � 1 � .� C 1/

t � s � 1

ˇ̌
ˇ̌ � � �

ˇ̌
ˇ
��

1

ˇ̌
ˇ

� 1:

Also consider

H�k.s; a/ D �.�k C s � a/

�.s � a/�.�k C 1/

D .�k C s � a � 1/ � � � .�k C 1/

.s � a � 1/Š
:

Note that for large k it follows that

H�k.s; a/ � .�k C s � a � 1/s�a�1

� .�k C t � a � 1/t�a�1

for a � s � t. Applying the Root Test to the infinite series in (3.83) we get that for
each fixed t

lim
k!1

k
p

jbjk.�k C t � a � 1/t�a�1 D jbj < 1:

Hence, for each fixed t the infinite series in (3.83) is uniformly convergent for
s 2 Œa; t�. So from (3.82), integrating term by term, we obtain, using (3.32) and
r�

a H�k.s; a// D H�k��.s; a/, that

r�
a�Eb;�;0.t; a/ D �H��.t; a/ C

1X

kD0

bk
Z t

a
H���1.t; �.s//H�k.s; a/rs
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D �H��.t; a/ C
1X

kD0

bkr�
a H�k.t; a/

D �H��.t; a/ C
1X

kD0

bkH�k��.t; a/

D
1X

kD1

bkH�k��.t; a/

D bEb;�;0.t; a/;

where we also used H0.t; a/ D 1. This completes the proof. ut
With the aid of Lemma 3.140, we now give a rigorous proof of the following

result.

Lemma 3.141. Assume that 0 < � < 1, jbj < 1. Then Eb;�;0.t; a/ is the unique
solution of Caputo nabla fractional IVP

r�
a�

x.t/ D bx.t/; t 2 NaC1 (3.84)

x.a/ D 1:

Proof. It is easy to see that the given IVP has a unique solution. If b D 0, then

E0;�;0.t; a/ D 1

is the solution of the given IVP. For b ¤ 0 the result follows from Lemma 3.140
and the uniqueness. ut

We will see that the following lemma, given in Pudlubny [153], is useful in
proving asymptotic properties of certain fractional Taylor monomials and certain
nabla Mittag–Leffler functions.

Lemma 3.142. Assume <.z/ > 0. Then

�.z/ D lim
n!1

nŠnz

z.z C 1/ � � � .z C n/
:

The following lemma is an asymptotic property for certain nabla fractional
Taylor monomials.

Lemma 3.143. Assume that 0 < � < 1. Then we have

lim
t!1 H�k.t; a/ D 1; for k � 1;

lim
t!1 H�k.t; a/ D 1; for k D 0:
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Proof. Taking t D a C n, n � 0, we have

lim
t!1 H�k.t; a/ D lim

n!1 H�k.a C n; a/ D lim
n!1

n�k

�.�k C 1/

D lim
n!1

�.�k C n/

�.n/�.�k C 1/

D lim
n!1

.�k C n � 1/.�k C n � 2/ � � � .�k C 1/

.n � 2/Š.n � 2/�kC1
� .n � 2/�kC1

n � 1
: (3.85)

Using Lemma 3.142 with z D �k C 1 and n replaced by n � 2, we have

lim
n!1

.�k C 1 C n � 2/.�k C 1 C n � 3/ � � � .�k C 1/

.n � 2/Š.n � 2/�kC1
D 1

�.�k C 1/
;

and

lim
n!1

.n � 2/�kC1

n � 1
D 1; for k � 1;

lim
n!1

.n � 2/�kC1

n � 1
D 1; for k D 0:

Using (3.85), we get the desired results. ut
Theorem 3.144. Assume 0 < b2 � c.t/ < 1, t 2 NaC1, 0 < � < 1. Further assume
x.t/ is a solution of Caputo nabla fractional difference equation

r�
a�

x.t/ D c.t/x.t/; t 2 NaC1 (3.86)

satisfying x.a/ > 0. Then

x.t/ � x.a/

2
Eb2;�;0.t; a/;

for t 2 NaC1.

Proof. From Lemma 3.141, we have

r�
a�

Eb2;�;0.t; a/ D b2Eb2;�;0.t; a/

and Eb2;�;0.a; a/ D 1.

In Theorem 3.138, take c2.t/ D b2 . Then x.t/ and

y.t/ D x.a/

2
Eb2;�;0.t; a/
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satisfy

r�
a�

x.t/ D c.t/x.t/; (3.87)

and

r�
a�

y.t/ D b2y.t/; (3.88)

respectively, for t 2 NaC1 and

x.a/ >
x.a/

2
Eb2;�;0.a; a/ D y.a/:

From Theorem 3.138, we get that

x.t/ � x.a/

2
Eb2;�;0.t; a/;

for t 2 Na. This completes the proof. ut
From Lemma 3.143 and the definition of Eb2;�;0.t; a/, we get the following

theorem.

Theorem 3.145. For 0 < b2 < 1, we have

lim
t!1 Eb2;�;0.t; a/ D C1:

From Theorem 3.144 and Theorem 3.145, we have the following result holds.

Theorem 3.146. Assume 0 < � < 1 and there exists a constant b2 such that 0 <

b2 � c.t/ < 1. Then the solutions of the equation (3.76) with x.a/ > 0 satisfy

lim
t!1 x.t/ D C1:

Next we consider the case c.t/ � b1 < 0, t 2 Na. First we prove some
preliminary results.

Lemma 3.147. Assume f W Na ! R, 0 < � < 1. Then

r�.1��/
a rf .t/ D rr�.1��/

a f .t/ � f .a/H��.t; a/: (3.89)

Proof. Using integration by parts and H��.t; t/ D 0, we have

r�.1��/
a rf .t/ D

Z t

a
H��.t; �.s//rf .s/rs

D H��.t; s/f .s/jtsDa C
Z t

a
H���1.t; �.s//f .s/rs

D �H��.t; a/f .a/ C
Z t

a
H���1.t; �.s//f .s/rs: (3.90)
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Using the composition rule r�
a r��

a f .t/ D r���
a f .t/, for �; � > 0 in Theorem 3.109,

we have

rr�.1��/
a f .t/ D r�

a f .t/

D
Z t

a
H���1.t; �.s//f .s/rs: (3.91)

From (3.90) and (3.91), we get that (3.89) holds. ut
From Lemma 3.147, it is easy to get the following corollary which will be useful

later.

Corollary 3.148. For 0 < � < 1, the following equality holds:

r��
a rf .t/ D rr��

a f .t/ � H��1.t; a/f .a/: (3.92)

for t 2 Na.

Lemma 3.149. Assume that 0 < � < 1 and x.t/ is a solution of the fractional
equation

r�
a�

x.t/ D c.t/x.t/; t 2 NaC1 (3.93)

satisfying x.a/ > 0. Then x.t/ satisfies the integral equation

x.t/ D
Z t

a
H��1.t; �.s//c.s/x.s/rs C x.a/

D
tX

sDaC1

.t � s C 1/��1

�.�/
c.s/x.s/ C x.a/:

Proof. Using Lemma 3.147 and the composition rule

r˛
a r�ˇ

a f .t/ D r˛�ˇ
a f .t/;

for ˛; ˇ > 0 given in Theorem 3.109, we get

r�
a�x.t/ D r�.1��/

a rx.t/

D rr�.1��/
a x.t/ � x.a/H��.t; a/

D r�
a x.t/ � x.a/H��.t; a/:

From (3.93), we have

r�
a x.t/ D c.t/x.t/ C x.a/H��.t; a/:
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Applying the operator r��
a to each side we obtain

r��
a r�

a x.t/ D r��
a c.t/x.t/ C x.a/r��

a H��.t; a/;

which can be written in the form

r��
a rr�.1��/

a x.t/ D r��
a c.t/x.t/ C x.a/r��

a H��.t; a/:

Using Corollary 3.148, we obtain

rr��
a r�.1��/

a x.t/ � .t � a/��1

�.�/
r�.1��/

a x.t/
ˇ̌
ˇ
tDa

D r��
a c.t/x.t/ C x.a/r��

a H��.t; a/:

On the other hand, using

r�.1��/
a x.t/

ˇ̌
ˇ
tDa

D
Z a

a
H��.a; �.s//x.s/rs D 0;

we obtain

rr��
a r�.1��/

a x.t/ D r��
a c.t/x.t/ C x.a/r��

a H��.t; a/:

By the composition rule, namely Theorem 3.107, it follows both that
r��

a r�.1��/
a x.t/ D r�1

a x.t/ and that rr�1
a x.t/ D x.t/, from which it follows

that

x.t/ D r��
a c.t/x.t/ C x.a/r��

a H��.t; a/:

Finally, by the power rule r��
a H��.t; a/ D H0.t; a/ D 1, we obtain

x.t/ D r��
a c.t/x.t/ C x.a/

D
Z t

a
H��1.t; �.s//c.s/x.s/rs C x.a/

D
tX

sDaC1

H��1.t; �.s//c.s/x.s/ C x.a/

D
tX

sDaC1

.t � s C 1/��1

�.�/
c.s/x.s/ C x.a/: (3.94)

And this completes the proof. ut
The following lemma appears in [34].
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Lemma 3.150. Assume that 0 < � < 1, jbj < 1. Then the Mittag–Leffler function
Eb;�;��1.t; �.a// D P1

kD0 bkH�kC��1.t; �.a// is the unique solution of the IVP

r�
�.a/x.t/ D bx.t/; t 2 NaC1

x.a/ D 1

1 � b
: (3.95)

Lemma 3.151. Assume 0 < � < 1, jbj < 1. Then any solution of the equation

r�
�.a/x.t/ D bx.t/; t 2 NaC1 (3.96)

satisfying x.a/ > 0 is positive on Na.

Proof. From (3.32), we have for t D a C k

r�
�.a/x.t/ D

Z t

�.a/

H���1.t; �.s//x.s/rs

D
aCkX

sDa

H���1.a C k; s � 1/x.s/

D x.a C k/ � �x.a C k � 1/ � �.�� C 1/

2
x.a C k � 2/

� � � � � �.�� C 1/ � � � .�� C k � 1/

kŠ
x.a/:

Using (3.92), we have that

.1 � b/x.a C k/

D �x.a C k � 1/ C �.�� C 1/

2
x.a C k � 2/

C � � � C �.�� C 1/ � � � .�� C k � 1/

kŠ
x.a/: (3.97)

We will prove x.a C k/ > 0 for k 2 N0 by using the principle of strong induction.
Since x.a/ > 0 we have that the base case holds. Now assume that x.a C i/ > 0, for
i D 0; 1; � � � ; k � 1. Since

�.�� C 1/ � � � .�� C i � 1/

iŠ
> 0

for i D 2; 3; � � � k � 1, from (3.97), we have x.a C k/ > 0. This completes the proof.
ut
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Lemma 3.152. Assume that 0 < � < 1, �1 < b < 0. Then

lim
t!1 Eb;�;0.t; a/ D 0:

Proof. From Lemma 3.150 and Lemma 3.151, we have Eb;�;��1.t; �.a// > 0, for
t 2 NaC1. So we have

rEb;�;0.t; a/ D
1X

kD0

bkrH�k.t; a/

D
1X

kD0

bkH�k�1.t; a/ D
1X

kD1

bkH�k�1.t; a/

D b
1X

kD1

bk�1H�k�1.t; a/ D b
1X

jD0

bjH�jC��1.t; a/

D bEb;�;��1.t; a/ D bEb;�;��1.t � 1; �.a// < 0;

for t 2 NaC1, where we used H�1.t; a/ D 0. Therefore, Eb;�;0.t; a/ is decreasing for
t 2 NaC1. From Lemma 3.137, we have Eb;�;0.t; a/ > 0 for t 2 NaC1. Suppose that

lim
t!1 Eb;�;0.t; a/ D A � 0:

In the following, we will prove A D 0. If not, A > 0. Let x.t/ WD Eb;�;0.t; a/ > 0.
From Lemma 3.149, we have

x.t/ D
Z t

a
H��1.t; �.s//bx.s/rs C x.a/

D bŒx.t/ C �x.t � 1/ C �.� C 1/

2Š
x.t � 2/

C � � � C H��1.t; a/x.a C 1/� C x.a/:

For fixed k0 > 0 and large t, we have (since b < 0)

x.t/ � b
h
x.t/ C �x.t � 1/ C �.� C 1/

2Š
x.t � 2/

C � � � C �.� C 1/ � � � .� C k0 � 1/

k0Š
x.t � k0/

i
C x.a/:
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Letting t ! 1, we get that

0 < A � bA
h
1C�C �.� C 1/

2Š
C� � �C �.� C 1/ � � � .� C k0 � 1/

k0Š

i
Cx.a/: (3.98)

Notice (using mathematical induction in the first step) that

1 C � C �.� C 1/

2Š
C � � � C �.� C 1/ � � � .� C k0 � 1/

k0Š

D .� C 1/.� C 2/ � � � .� C k0/

k0Š

D .� C 1/.� C 2/ � � � .� C 1 C k0 � 1/

.k0 � 1/Š.k0 � 1/�C1

.k0 � 1/�C1

k0

! C 1;

as k0 ! 1; where we used (see Lemma 3.142)

1

�.� C 1/
D lim

k0!1
.� C 1/.� C 2/ � � � .� C 1 C k0 � 1/

.k0 � 1/Š.k0 � 1/�C1
:

So in (3.98), for sufficiently large k0, the right side of (3.98) is negative, but the left
side of (3.98) is positive, which is a contradiction. So A D 0. This completes the
proof. ut
Theorem 3.153. Assume c.t/ � b1 < 0, 0 < � < 1, and x.t/ is any solution of the
Caputo nabla fractional difference equation

r�
a�

x.t/ D c.t/x.t/; t 2 NaC1 (3.99)

satisfying x.a/ > 0. Then

x.t/ � 2x.a/Eb1;�;0.t; a/;

for t 2 Na.

Proof. Assume that b1 > �1. Otherwise we can choose 0 > b0
1 > �1, b0

1 > b1 and
replace b1 by b0

1. From Lemma 3.141, we have

r�
a�

Eb1;�;0.t; a/ D b1Eb1;�;0.t; a/

and Eb1;�;0.a; a/ D H0.a; a/ D 1.
In Theorem 3.138, take c2.t/ D b1. Then it holds that x.t/ and y.t/ D

2x.a/Eb1;�;0.t; a/ satisfy

r�
a�

x.t/ D c.t/x.t/; (3.100)



3.22 Asymptotic Behavior and Comparison Theorems 251

and

r�
a�

y.t/ D b1y.t/; (3.101)

respectively, for t 2 NaC1 and

x.a/ < 2x.a/ D 2x.a/Eb1;�;0.a; a/ D y.a/:

From Theorem 3.138, we get that

x.t/ � 2x.a/Eb1;�;0.t; a/;

for t 2 Na. This completes the proof. ut
From Theorem 3.153 and Lemma 3.152, we get the following result.

Theorem 3.154. Assume 0 < � < 1 and there exists a constant b1 such that c.t/ �
b1 < 0. Then the solutions of the equation (3.76) with x.a/ > 0 satisfy

lim
t!1 x.t/ D 0:

Next we consider solutions of the �-th order Caputo nabla fractional difference
equation

r�
a�

x.t/ D c.t/x.t/; t 2 NaC1; (3.102)

satisfying x.a/ < 0.
By making the transformation x.t/ D �y.t/ and using Theorem 3.146 and

Theorem 3.154, we get the following theorem.

Theorem 3.155. Assume 0 < � < 1 and there exists a constant b2 such that 0 <

b2 � c.t/ < 1; t 2 NaC1. Then the solutions of the equation (3.102) with x.a/ < 0

satisfy

lim
t!1 x.t/ D �1:

Theorem 3.156. Assume 0 < � < 1 and there exists a constant b1 such that c.t/ �
b1 < 0, t 2 NaC1. Then the solutions of the equation (3.102) with x.a/ < 0 satisfy

lim
t!1 x.t/ D 0:



252 3 Nabla Fractional Calculus

3.23 Self-Adjoint Caputo Fractional Difference Equation

Let Da WD fx W Na ! Rg, and let La W Da ! DaC1 be defined by

.Lax/.t/ WD rŒp.t C 1/r�
a�x.t C 1/� C q.t/x.t/; t 2 NaC1; (3.103)

where x 2 Da; 0 < � < 1, p.t/ > 0; t 2 NaC1 and q W NaC1 ! R. Most of the
results in this section appear in Ahrendt et al. [4].

Theorem 3.157. The operator La in (3.103) is a linear transformation.

Proof. Let x; y W Na ! R, and let ˛; ˇ 2 R. Then

LaŒ˛x C ˇy�.t/

D r
�

p.t C 1/r�
a�Œ˛x.t C 1/ C ˇy.t C 1/�

	
C q.t/Œ˛x.t/ C ˇy.t/�

D r
�

p.t C 1/Œ˛r�
a�x.t C 1/ C ˇr�

a�y.t C 1/�

	
C ˛q.t/x.t/ C ˇq.t/y.t/

D rŒ˛p.t C 1/r�
a�x.t C 1/ C ˇp.t C 1/r�

a�y.t C 1/� C ˛q.t/x.t/ C ˇq.t/y.t/

D ˛rŒp.t C 1/r�
a�x.t C 1/� C ˛q.t/x.t/ C ˇrŒp.t C 1/r�

a�y.t C 1/� C ˇq.t/y.t/

D ˛Lax.t/ C ˇLay.t/;

for t 2 NaC1. ut
Theorem 3.158 (Existence and Uniqueness for IVPs). Let A; B 2 R be given
constants and assume h W NaC1 ! R. Then the IVP

(
Lax.t/ D h.t/; t 2 NaC1

x.a/ D A; rx.a C 1/ D B;
(3.104)

has a unique solution on Na.

Proof. Let x W Na ! R be defined uniquely by

x.a/ D A; x.a C 1/ D A C B;

and for t 2 NaC1; x.t/ satisfies the summation equation

x.t C 1/ D x.t/ �
tX

�DaC1

.t � � C 2/��

�.1 � �/
rx.�/

C 1

p.t C 1/

"

h.t/ � q.t/x.t/ C p.t/
tX

�DaC1

.t � � C 1/��

�.1 � �/
rx.�/

#

:
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We will show that x solves the IVP (3.104). Clearly the initial conditions are
satisfied. Now we show that x is a solution of the nabla Caputo self-adjoint equation
on Na. To see this note that for t 2 NaC1, we have from the last equation

rx.t C 1/ C
Z t

a
H��.t C 1; �.�//rx.�/r�

D 1

p.t C 1/

�
h.t/ � q.t/x.t/ C p.t/r�.1��/

a rx.t/
�

: (3.105)

But

r�
a�x.t C 1/

D r�.1��/
a rx.t C 1/

D
Z tC1

a
H��.t C 1; �.�//rx.�/r�

D H��.t C 1; t/rx.t C 1/ C
Z t

a
H��.t C 1; �.�//rx.�/r�

D rx.t C 1/ C
Z t

a
H��.t C 1; �.�//rx.�/r�:

Hence, from this last equation and (3.105) we get that

p.t C 1/r�
a�x.t C 1/ D h.t/ � q.t/x.t/ C p.t/r�.1��/

a rx.t/

D h.t/ � q.t/x.t/ C p.t/r�
a�x.t/:

It follows that

rŒp.t C 1/r�
a�x.t C 1/� C q.t/x.t/ D h.t/

for t 2 NaC1. Reversing the preceding steps shows that if y.t/ is a solution to the
IVP (3.104), it must be the same solution as x.t/. Therefore the IVP (3.104) has a
unique solution. ut
Theorem 3.159. Let 0 < � < 1 and let x W Na ! R. Then

r�
a�x.a C 1/ D rx.a C 1/:
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Proof. Let 0 < � < 1. Then by the definition of the nabla Caputo fractional
difference it holds that

r�
a�x.a C 1/ D r�.1��/

a rx.a C 1/

D
Z aC1

a
H��.a C 1; �.�//rx.�/r�

D H��.a C 1; a/rx.a C 1/

D rx.a C 1/;

which is what we wanted to prove. ut
Theorem 3.160 (General Solution of the Homogeneous Equation). We
assume x1; x2 are linearly independent solutions of Lax D 0 on Na. Then the general
solution to Lax D 0 is given by

x.t/ D c1x1.t/ C c2x2.t/; t 2 Na

where c1; c2 2 R are arbitrary constants.

Proof. Let x1; x2 be linearly independent solutions of Lax.t/ D 0 on Na. If we let

˛ WD x1.a/; ˇ WD x1.a C 1/; 	 WD x2.a/; ı WD x2.a C 1/;

then x1; x2 are the unique solutions to the IVPs

8
<

:

Lx1 D 0;

x1.a/ D ˛;

x1.a C 1/ D ˇ;

and

8
<

:

Lx2 D 0;

x2.a/ D 	;

x2.a C 1/ D ı:

Since La is a linear operator, for any c1; c2 2 R, we have

LaŒc1x1.t/ C c2x2.t/� D c1Lax1.t/ C c2Lax2.t/ D 0;

so x.t/ D c1x1.t/ C c2x2.t/ solves Lax.t/ D 0. Conversely, suppose x W Na ! R

solves Lax.t/ D 0. Note that if A WD x.a/ and B WD x.a C 1/, then x.t/ is the unique
solution of the IVP

(
Lx D 0;

x.a/ D A; x.a C 1/ D B:

It remains to show that the matrix equation

�
x1.a/ x2.a/

x1.a C 1/ x2.a C 1/

	 �
c1

c2

	
D
�

A
B

	
(3.106)
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has a unique solution for c1; c2. Then x.t/ and c1x1.t/ C c2x2.t/ solve the same IVP,
so by Theorem 3.158, every solution to Lax.t/ D 0 may be uniquely expressed as a
linear combination of x1.t/ and x2.t/. The above matrix equation can be equivalently
expressed as

�
˛ 	

ˇ ı

	 �
c1

c2

	
D
�

A
B

	
:

Suppose by way of contradiction that

ˇ̌
ˇ̌˛ 	

ˇ ı

ˇ̌
ˇ̌ D 0:

Without loss of generality, there exists a constant k 2 R for which ˛ D k	 and
ˇ D kı. Then x1.a/ D k	 D kx2.a/, and x1.a C 1/ D kı D kx2.a C 1/. Since kx2.t/
solves Lax.t/ D 0, we have that x1.t/ and kx2.t/ solve the same IVP. By uniqueness,
x1.t/ D kx2.t/. But then x1.t/ and x2.t/ are linearly dependent on Na, so we have a
contradiction. Therefore, the matrix equation (3.106) must have a unique solution.

ut
Corollary 3.161. Assume x1; x2 are linearly independent solutions of Lax.t/ D 0 on
Na and y0 is a particular solution to Lax.t/ D h.t/ on Na for some h W NaC1 ! R.
Then the general solution of Lax.t/ D h.t/ is given by

x.t/ D c1x1.t/ C c2x2.t/ C y0.t/;

where c1; c2 2 R are arbitrary constants, for t 2 Na.

Proof. This proof is left to the reader. ut
Next we define the Cauchy function for the Caputo fractional self-adjoint

equation, Lax D 0. Later we will see its importance for finding a variation of
constants formula for Lax D h.t/ and also its importance for constructing Green’s
functions for various boundary value problems.

Definition 3.162. The Cauchy function for Lax.t/ D 0 is the real-valued function
x with domain a � s � t such that, for each fixed s 2 Na, x satisfies the IVP

8
<̂

:̂

Lsx.t/ D 0; t 2 NsC1

x.s; s/ D 0;

rx.s C 1; s/ D 1
p.sC1/

:

(3.107)
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Note by Theorem 3.159, the IVP (3.107) is equivalent to the IVP

8
<̂

:̂

Lsx.t/ D 0 t 2 NsC1;

x.s; s/ D 0;

r�
s�x.s C 1; s/ D 1

p.sC1/
:

Example 3.163. We show that the Cauchy function for

rŒp.t C 1/r�
a�y.t C 1/� D 0; t 2 NaC1

is given by the formula

x.t; s/ D r��
s



1

p.t/

�
D
Z t

s

H��1.t; �.�//

p.�/
r�: (3.108)

for t � s � a. We know for each fixed s, the Cauchy function satisfies the equation

rŒp.t C 1/r�
s�x.t C 1; s/� D 0;

for t � s � a. It follows that

p.t C 1/r�
s�x.t C 1; s/ D ˛.s/

r�
s�x.t C 1; s/ D ˛.s/

p.t C 1/
:

Letting t D s and using the initial condition

rx.s C 1; s/ D r�
s�x.s C 1; s/ D 1

p.s C 1/

we get that ˛.s/ D 1. Hence we have that

r�
s�x.t C 1; s/ D 1

p.t C 1/
:

By the definition of the Caputo difference, this is equivalent to

r�.1��/
s rx.t C 1; s/ D 1

p.t C 1/

r1��
s r�.1��/

s rx.t C 1; s/ D r1��
s



1

p.t C 1/

�

rx.t C 1; s/ D r1��
s



1

p.t C 1/

�
:
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Replacing t C 1 with t yields

rx.t; s/ D r1��
s



1

p.t/

�
:

Integrating both sides from s to t and using x.s; s/ D 0 we get

x.t; s/ D
Z t

s
r1��

s

1

p.�/
r�

D
Z t

s
rr��

s

1

p.�/
r�

D
�
r��

s

1

p.�/

	�Dt

�Ds

D r��
s



1

p.t/

�
� r��

s



1

p

�
.s/

D r��
s



1

p.t/

�
D
Z t

s

H��1.t; �.�//

p.�/
r�:

Example 3.164. Find the Cauchy function for

rr�
a�y.t C 1/ D 0; t 2 NaC1:

From Example 3.163 we have that the Cauchy function is given by

x.t; s/ D r��
s



1

p.t/

�
D
Z t

s

H��1.t; �.�//

p.�/
r�

D
Z t

s
H��1.t; �.�//r�

D �H�.t; �/

ˇ
ˇ̌
ˇ

�Dt

�Ds

D H�.t; s/:

Note that if � D 1 we get the well-known result that the Cauchy function for
r2x.t C 1/ D 0 is given by x.t; s/ D t � s.

Theorem 3.165 (Variation of Constants). Assume h W NaC1 ! R. Then the
solution of the IVP

(
Lay.t/ D h.t/; t 2 NaC1

y.a/ D y.a C 1/ D 0;
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is given by

y.t/ D
Z t

a
x.t; s/h.s/rs; t 2 Na;

where x.t; s/ is the Cauchy function for Lax D 0.

Proof. Let y.t/ D R t
a x.t; s/h.s/rs; t 2 Na. We first note that y.t/ satisfies the initial

conditions:

y.a/ D
aX

sDaC1

x.a; s/h.s/ D 0;

y.a C 1/ D
aC1X

sDaC1

x.a C 1; s/h.s/ D x.a C 1; a C 1/h.a C 1/ D 0:

Next, note that by the Leibniz formula (3.23), we have that

ry.t/ D
Z t�1

a
rtx.t; s/h.s/rs C x.t; t/h.t/

D
Z t�1

a
rtx.t; s/h.s/rs: (3.109)

We now show that

r�
a�y.t/ D

Z t�1

a
r�

s�x.t; s/h.s/rs; (3.110)

for t 2 NaC2. By the definition of the Caputo fractional difference,

r�
a�y.t/ D r�.1��/

a ry.t/

D
Z t

a
H��.t; �.�//ry.�/r�

D
Z t

a
H��.t; �.�//

Z ��1

a
rtx.t; s/h.s/rsr�; by (3.109)

D
Z t

a

Z ��1

a
H��.t; �.�//rtx.t; s/h.s/rsr�

D
tX

�DaC1

��1X

sDaC1

H��.t; �.�//rtx.t; s/h.s/
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D
tX

�DaC2

��1X

sDaC1

H��.t; �.�//rtx.t; s/h.s/

D
t�1X

sDaC1

tX

�DsC1

H��.t; �.�//rtx.t; s/h.s/

D
Z t�1

a

Z t

s
H��.t; �.�//rtx.t; s/h.s/r�rs

D
Z t�1

a
r�.1��/

s rtx.t; s/h.s/rs

D
Z t�1

a
r�

s�x.t; s/h.s/rs

for t 2 NaC2. Hence (3.110) holds. Then by (3.110) we have that

p.t C 1/r�
a�y.t C 1/ D

Z t

a

�
p.t C 1/r�

s�x.t C 1; s/
�

h.s/rs:

Using the Leibniz formula (3.23) we get that

r �
p.t C 1/r�

a�y.t C 1/
�

D
Z t�1

a
r �

p.t C 1/r�
s�x.t C 1; s/

�
h.s/rs C p.t C 1/r�

s�x.t C 1; t/h.t/

D
Z t�1

a
r �

p.t C 1/r�
s�x.t C 1; s/

�
h.s/rs C h.t/

It follows that

Lay.t/ D rŒp.t C 1/r�
a�y.t C 1/� C q.t/y.t/

D
Z t�1

a
r �

p.t C 1/r�
s�x.t C 1; s/

�
h.s/rs C h.t/ C

Z t�1

a
q.t/x.t; s/h.s/rs

D
Z t�1

a

�
rŒp.t C 1/r�

s�x.t C 1; s/� C q.t/x.t; s/

	
h.s/rs C h.t/

D h.t/ C
Z t�1

a
Lsx.t; s/h.s/rs

D h.t/:

Thus, y.t/ solves the given IVP. ut
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Theorem 3.166 (Variation of Constants Formula). Assume p; q W NaC1 ! R.
Then the solution to the IVP

8
ˆ̂<

ˆ̂:

Lay.t/ D h.t/;

y.a/ D A;

ry.a C 1/ D B;

for t 2 NaC1, where A; B 2 R are arbitrary constants, is given by

y.t/ D y0.t/ C
Z t

a
x.t; s/h.s/rs;

where y0.t/ solves the IVP

8
ˆ̂<

ˆ̂:

Lay.t/ D 0;

y.a/ D A;

ry.a C 1/ D B;

for t 2 NaC1.

Proof. The proof follows from Theorem 3.165 by linearity. ut
Corollary 3.167. Assume p; h W NaC1 ! R. Then the solution of the IVP

(
rŒp.t C 1/r�

a�y.t C 1/� D h.t/; t 2 NaC1

y.a/ D ry.a C 1/ D 0;

is given by

y.t/ D
Z t

a
r��

s



1

p.t/

�
h.s/rs:

Proof. From Theorem 3.165, we know that the solution is given by

y.t/ D
Z t

a
x.t; s/h.s/rs;

where x.t; s/ is the Cauchy function for

rŒp.t C 1/r�
a�y.t C 1/� D 0:
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By Example 3.163, we know the Cauchy function for the above difference equation

is x.t; s/ D r��
s

�
1

p.t/

�
. Hence the solution of our given IVP is given by

y.t/ D
Z t

a
r��

s



1

p.t/

�
h.s/rs;

for t 2 Na. ut
The following example appears in [4].

Example 3.168. Solve the IVP

(
rr0:6

0� x.t C 1/ D t; t 2 N1;

x.0/ D rx.1/ D 0:

Note that for this self-adjoint equation, p.t/ � 1 and q.t/ � 0. From Example
(3.164) we have that x.t; s/ D H:6.t; s/

Then by Theorem 3.165

x.t/ D
Z t

0

x.t; s/srs

D
Z t

0

H:6.t; s/srs:

Integrating by parts we get from Exercise 3.37 that

x.t/ D 1

�.3:6/
.t � 1/2:6;

for t 2 N0.

3.24 Boundary Value Problems

Many of the results in this section appear in Ahrendt et al. [4]. In this section we
will consider the nonhomogeneous boundary value problem (BVP)

8
ˆ̂<

ˆ̂
:

Lax.t/ D h.t/; t 2 N
b�1
aC1

˛x.a/ � ˇrx.a C 1/ D A;

	x.b/ C ırx.b/ D B;

(3.111)
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and the corresponding homogeneous BVP

8
ˆ̂
<

ˆ̂:

Lax.t/ D 0; t 2 N
b�1
aC1

˛x.a/ � ˇrx.a C 1/ D 0;

	x.b/ C ırx.b/ D 0;

(3.112)

where h W Nb�1
aC1 ! R, p.t/ > 0, t 2 N

b
aC1, 0 < � � 1, and ˛; ˇ; 	; ı; A; B 2 R for

which ˛2 C ˇ2 > 0 and 	2 C ı2 > 0. Also we always assume b � a is a positive
integer and b � a is large enough so that the boundary conditions are not equivalent
to initial conditions. The following theorem gives an important relationship between
these two BVPs.

Theorem 3.169. The homogeneous BVP (3.112) has only the trivial solution iff the
nonhomogeneous BVP (3.111) has a unique solution.

Proof. Let x1; x2 be linearly independent solutions to Lax.t/ D 0 on N
b
a. By

Theorem 3.160, a general solution to Lax.t/ D 0 is given by

x.t/ D c1x1.t/ C c2x2.t/;

where c1; c2 2 R are arbitrary constants. If x.t/ solves the homogeneous boundary
conditions, then x.t/ is the trivial solution if and only if c1 D c2 D 0. This is true if
and only if the system of equations


˛Œc1x1.a/ C c2x2.a/� � ˇrŒc1x1.a C 1/ C c2x2.a C 1/� D 0;

	Œc1x1.b/ C c2x2.b/� C ırŒc1x1.b/ C c2x2.b/� D 0;

or equivalently,


c1Œ˛x1.a/ � ˇrx1.a C 1/� C c2Œ˛x2.a/ � ˇrx2.a C 1/� D 0;

c1Œ	x1.b/ C ırx1.b/� C c2Œ	x2.b/ C ırx2.b/� D 0;

has only the trivial solution c1 D c2 D 0. In other words, x.t/ solves (3.112) if and
only if

D WD
ˇ̌
ˇ̌˛x1.a/ � ˇrx1.a C 1/ ˛x2.a/ � ˇrx2.a C 1/

	x1.b/ C ırx1.b/ 	x2.b/ C ırx2.b/

ˇ̌
ˇ̌ ¤ 0:

Now consider the nonhomogeneous BVP (3.111). By Corollary 3.161, a general
solution of the nonhomogeneous equation Lay.t/ D h.t/ is given by

y.t/ D a1x1.t/ C a2x2.t/ C y0.t/;

where a1; a2 2 R are arbitrary constants, and y0 W Na ! R is a particular
solution of the nonhomogeneous equation Lay.t/ D h.t/. Then y.t/ satisfies the
nonhomogeneous boundary conditions in (3.111) if and only if
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8
<

:

˛Œa1x1.a/ C a2x2.a/ C y0.a/�

�ˇr�
a�Œa1x1.a C 1/ C a2x2.a C 1/ C y0.a C 1/� D A;

	Œa1x1.b/ C a2x2.b/ C y0.b/� C ırŒa1x1.b/ C a2x2.b/ C y0.b/� D B:

This system is equivalent to the system

8
ˆ̂<

ˆ̂:

a1Œ˛x1.a/ � ˇrx1.a C 1/� C a2Œ˛x2.a/ � ˇrx2.a C 1/�

D A � ˛y0.a/ C ˇry0.a C 1/;

a1Œ	x1.b/ C ırx1.b/� C a2Œ	x2.b/ C ırx2.b/�

D B � 	y0.b/ � ıry0.b/:

Thus, y.t/ satisfies the boundary conditions in (3.111) iff D ¤ 0. Therefore the
homogeneous BVP (3.112) has only the trivial solution iff the nonhomogeneous
BVP (3.111) has a unique solution. ut

In the next theorem we give conditions for which Theorem 3.169 applies.

Theorem 3.170. Let

� WD ˛	r��
a

1

p.b � 1/
C ˛ı

p.b/
C ˇ	

p.a C 1/
:

Then the BVP
8
ˆ̂<

ˆ̂:

rŒp.t C 1/r�
a�

x.t C 1/� D 0; t 2 N
b�1
aC1;

˛x.a/ � ˇr�
a�

x.a C 1/ D 0;

	x.b/ C ır�
a�

x.b/ D 0;

(3.113)

has only the trivial solution if and only if � ¤ 0.

Proof. Note that x1.t/ D 1; x2.t/ D r��
a

1
p.t/ are linearly independent solutions to

rfp.t C 1/r�
a�

x.t C 1/g D 0:

Then a general solution of the difference equation is given by

x.t/ D c1x1.t/ C c2x2.t/ D c1 C c2r��
a

1

p.t/
:

The boundary conditions ˛x.a/ � ˇr�
a�

x.a C 1/ D 0; and 	x.b/ C ır�
a�

x.b/ D 0

give us the linear system

c1˛ C c2

�
� ˇ

p.a C 1/

	
D 0;
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c1	 C c2



ı

p.b/
C 	r��

a

1

p.b/

�
D 0:

The determinant of the coefficients of this system is given by

ˇ
ˇ̌
ˇ̌
˛ � ˇ

�.aC1/

	 ı
p.b/

C 	r��
a

1
p.b/

ˇ
ˇ̌
ˇ̌ D ˛	r��

a

1

p.b � 1/
C ˛ı

p.b/
C ˇ	

p.a C 1/
D �:

Hence, the BVP has only the trivial solution if and only if � ¤ 0. ut
Corollary 3.171. Assume ˛; ˇ; 	 , and ı are all greater than or equal to zero with
˛2 C ˇ2 ¤ 0 and 	2 C ı2 ¤ 0. Then the homogeneous BVP

8
ˆ̂<

ˆ̂:

rŒp.t C 1/r�
a�

x.t C 1/� D 0; t 2 N
b�1
aC1;

˛x.a/ � ˇr�
a�

x.a C 1/ D 0;

	x.b/ C ır�
a�

x.b/ D 0;

(3.114)

has only the trivial solution.

Proof. The hypotheses of this theorem imply that � > 0. Hence the conclusion
follows from Theorem 3.170. ut
Definition 3.172. Assume the homogeneous BVP (3.112) has only the trivial
solution. Then we define the Green’s function, G.t; s/, for the homogeneous
BVP 3.112 by

G.t; s/ WD


u.t; s/; a � t � s � b;

v.t; s/; a � s � t � b;

where for each fixed s 2 N
b
aC1, u.t; s/ is the unique solution (guaranteed by

Theorem 3.169) of the BVP

8
<

:

Lau.t/ D 0; t 2 N
b�1
aC1

˛u.a; s/ � ˇru.a C 1; s/ D 0;

	u.b; s/ C ıru.b; s/ D �Œ	x.b; s/ C ırx.b; s/�;

and

v.t; s/ WD u.t; s/ C x.t; s/;

where x.t; s/ is the Cauchy function for Lax.t/ D 0.

Note that for each fixed s 2 N
b
a, v.t; s/ D u.t; s/ C x.t; s/ is a solution of

Lax.t/ D 0 and since



3.24 Boundary Value Problems 265

	v.b; s/ C ıru.b; s/ D 	Œu.b; s/ C x.b � 1; s/� C ırŒu.b; s/ C x.b; s/�

D Œ	u.b; s/ C ırtu.b; s/� C Œ	x.b; s/ C ırx.b; s/�

D �Œ	x.b; s/ C ırtx.b; s/� C Œ	x.b; s/ C ırx.b; s/�

D 0;

we have that for each fixed s 2 N
b
a the function v.t; s/ satisfies the homogeneous

boundary condition in (3.112) at t D b.

Theorem 3.173 (Green’s Function). If (3.112) has only the trivial solution, then
the unique solution to the BVP

8
ˆ̂<

ˆ̂:

Lay.t/ D h.t/; t 2 N
b�1
aC1

˛y.a/ � ˇry.a C 1/ D 0;

	y.b/ C ıry.b/ D 0;

(3.115)

is given by

y.t/ D
Z b

a
G.t; s/h.s/rs; t 2 N

b
a;

where G.t; s/ is the Green’s function for the homogeneous BVP (3.112).

Proof. Let

y.t/ WD
Z b

a
G.t; s/h.s/rs D

Z t

a
G.t; s/h.s/rs C

Z b

t
G.t; s/h.s/rs

D
Z t

a
v.t; s/h.s/rs C

Z b

t
u.t; s/h.s/rs

D
Z t

a
Œu.t; s/ C x.t; s/�h.s/rs C

Z b

t
u.t; s/h.s/rs

D
Z b

a
u.t; s/h.s/rs C

Z t

a
x.t; s/h.s/rs

D
Z b

a
u.t; s/h.s/rs C z.t/;

where z.t/ WD R t
a x.t; s/h.s/rs. Since x.t; s/ is the Cauchy function for Lax.t/ D 0,

it follows that z solves the IVP
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8
<

:

Laz.t/ D h.t/; t 2 N
b�1
aC1

z.a/ D 0;

z.a C 1/ D 0;

for t 2 N
b
aC1, by Theorem 3.165. Then,

Lay.t/ D
Z b

a
Lau.t; s/h.s/rs C Laz.t/

D 0 C h.t/ D h.t/;

for t 2 N
b
aC1. It remains to show that the boundary conditions hold. At t D a, we

have

˛y.a/ � ˇry.a C 1/ D
Z b

a
Œ˛u.a; s/ � ˇru.a C 1; s/�h.s/rs

C Œ˛z.a/ � ˇrz.a C 1/� D 0;

and at t D b, we have

	y.b/ C ıry.b/

D 	z.b/ C
Z b

a
	u.b; s/h.s/rs C ırz.b/ C

Z b

a
ıru.b; s/h.s/rs

D 	

Z b

a
x.b; s/h.s/rs C ır

Z b

a
x.b; s/h.s/rs

C
Z b

a
Œ	u.b; s/ C ıru.b; s/�h.s/rs

D �
Z b

a
Œ	x.b; s/ C ırx.b; s/�h.s/rs C

Z b

a
Œ	x.b; s/ C ırx.b; s/�h.s/rs

D 0:

This completes the proof. ut
Corollary 3.174. If the homogeneous BVP (3.112) has only the trivial solution,
then the unique solution of the nonhomogeneous BVP (3.111) is given by

y.t/ D z.t/ C
Z b

a
G.t; s/h.s/rs; t 2 N

b
a;
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where z is the unique solution to the BVP

8
<

:

Laz.t/ D 0; t 2 N
b�1
aC1

˛z.a/ � ˇrz.a C 1/ D A;

	z.b/ C ırz.b/ D B:

Proof. This corollary follows directly from Theorem 3.173 by linearity. ut
Theorem 3.175. Assume a; b 2 R and b � a 2 N2. Then the Green’s function for
the BVP

(
rr�

a�x.t C 1/ D 0; t 2 N
b�1
aC1

x.a/ D x.b/ D 0;
(3.116)

is given by

G.t; s/ D
(

u.t; s/; a � t � s � b;

v.t; s/; a � s � t � b;

where

u.t; s/ D � .b � s/�.t � a/�

�.1 C �/.b � a/�

and

v.t; s/ D u.t; s/ C .t � s/�

�.� C 1/
:

Proof. By the definition of the Green’s function for the boundary value problem
(3.116) we have that

G.t; s/ D
(

u.t; s/; a � t � s � b;

v.t; s/; a � s � t � b;

where u.t; s/ for each fixed s solves the BVP
8
ˆ̂<

ˆ̂:

rŒr�
a�u.t C 1; s/� D 0;

u.a; s/ D 0;

u.b; s/ D �x.b; s/;

for t 2 NaC1, and v.t; s/ D u.t; s/ C x.t; s/. By inspection, we see that x1.t/ D 1 is
a solution of

rŒr�
a�y.t C 1/� D 0;
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for t 2 NaC1. Also if x2.t/ WD .r��
a 1/.t/ we have that

rŒr�
a�x2.t C 1/� D rŒr�

a�r�
a .1/�

D rŒr�.N��/
a rNr�

a .1/�

D rŒr�.N��/
a r.N��/

a .1/�

D .r1/.t/

D 0;

so x2.t/ also is a solution rŒr�
a�y.t C 1/� D 0. Since x1.t/ and x2.t/ are linearly

independent, by Theorem 3.160 the general solution is given by

y.t/ D c1 C c2.r��
a 1/.t/ D c1 C c2

.t � a/�

�.1 C �/
;

and it follows that

u.t; s/ D c1.s/ C c2.s/
.t � a/�

�.1 C �/
:

The boundary condition u.a; s/ D 0 implies that c1.s/ D 0. The boundary condition
u.b; s/ D �x.b; s/ then yields

�x.b; s/ D u.b; s/ D c2.s/
.b � a/�

�.1 C �/
:

From Example 3.163, we know that

x.b; s/ D .r��
s 1/.b/ D .b � s/�

�.1 C �/
;

and thus

c2.s/ D � .b � s/�

.b � a/�
:

Hence the Green’s function is given by

G.t; s/ D

8
ˆ̂<

ˆ̂:

� .b � s/�.t � a/�

�.1 C �/.b � a/�
; a � t � s � b;

� .b � s/�.t � a/�

�.1 C �/.b � a/�
C .t � s/�

�.1 C �/
; a � s � t � b:

ut
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Remark 3.176. Note that in the continuous and integer-order discrete cases, the
Green’s function is symmetric. This is not necessarily true in the fractional case. By
way of counterexample, take a D 0, b D 5, and � D 0:5. Then one can show that

G.2; 3/ D u.2; 3/ D � .2/0:5.2/0:5

�.1:5/.5/0:5
D �32

35
;

but

G.3; 2/ D v.3; 2/ D � .3/0:5.3/0:5

�.1:5/.5/0:5
C .1/0:5

�.1:5/
D �3

7
:

Theorem 3.177. Assume a; b 2 R and b � a 2 N2. Then the Green’s function for
the BVP

(
rr�

a�x.t C 1/ D 0; t 2 N
b�1
aC1

x.a/ D x.b/ D 0;

satisfies the inequalities

(i) G.t; s/ � 0;

(ii) G.t; s/ � �



b � a

4

�

�.b � a C 1/

�.� C 1/�.b � a C �/

�
;

(iii)
Z b

a
jG.t; s/jrs � .b � a/2

4�.� C 2/
;

for t 2 N
b
a, and

(iv)
Z b

a
jrtG.t; s/jrs � b � a

� C 1
;

for t 2 N
b
aC1.

Proof. First we show that (i) holds. Let a � t � s � b. Then

G.t; s/ D u.t; s/ D � .t � a/�.b � s/�

�.� C 1/.b � a/�
� 0:

Now let a � s < t � b. Then G.t; s/ D v.t; s/, so we wish to show that v.t; s/
is nonpositive. First, we show that v.t; s/ is increasing. Taking the nabla difference
with respect to t yields

rt

�
� .t � a/�.b � s/�

�.� C 1/.b � a/�
C .t � s/�

�.1 C �/

	
D � .t � a/��1.b � s/�

�.�/.b � a/�
C .t � s/��1

�.�/
:
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This expression is nonnegative if and only if

.t � a/��1.b � s/�

�.�/.b � a/�
� .t � s/��1

�.�/
:

Since t � s is positive, this is equivalent to

.t � a/��1.b � s/�

.b � a/�.t � s/��1
� 1:

By the definition of the rising function,

.t � a/��1.b � s/�

.b � a/�.t � s/��1

D
�

�.t � a C � � 1/

�.t � a/

	 �
�.b � s C �/

�.b � s/

	 �
�.b � a/

�.b � a C �/

	 �
�.t � s/

�.t � s C � � 1/

	

D
�

�.t � a C � � 1

�.t � s C � � 1/

	 �
�.t � s/

�.t � a/

	 �
�.b � a/

�.b � s/

	 �
�.b � s C �/

�.b � a C �/

	

D .t � s C � � 1/.t � s C �/ � � � .t � a C � � 2/

.t � s/.t � s C 1/ � � � .t � �.a//

� .b � s/.b � s C 1/ � � � .b � �.a//

.b � s C �/.b � s C � C 1/ � � � .b � a C � � 1/

D .t � s C � � 1/

.t � s/

.t � s C �/

.t � s C 1/
� � � .t � a C � � 2/

.t � �.a//

� .b � s/

.b � s C �/

.b � s C 1/

.b � s C � C 1/
� � � .b � �.a//

.b � a C � � 1/

� 1

since each factor in the second to last expression is less than or equal to one. Next,
we note that v.t; s/ at the right endpoint, t D b, satisfies

v.b; s/ D � .b � a/�.b � s/�

�.� C 1/.b � a/�
C .b � s/�

�.� C 1/
D 0:

Thus, v.t; s/ is nonpositive for a � s � t � b. Therefore, for t 2 N
b
a, G.t; s/ is

nonpositive.
Next we show that (ii) holds. Since we know that v.t; s/ is always increasing for

a � s � t � b and that for s D t, v.t; s/ D u.t; s/, it suffices to show that

u.t; s/ � �b � a

4



�.b � a C 1/

�.� C 1/�.b � a C �/

�
:
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Let a � t � s � b. Then

G.t; s/ D u.t; s/ D � .t � a/�.b � s/�

�.� C 1/.b � a/�
� � .s � a/�.b � s/�

�.� C 1/.b � a/�
:

Note that for ˛ 2 N1 and 0 < � < 1,

˛� D �.˛ C �/

�.˛/
� �.˛ C 1/

�.˛/
D ˛1:

So

� .s � a/�.b � s/�

�.� C 1/.b � a/�
� � .s � a/1.b � s/1

�.� C 1/.b � a/�

� � . aCb
2

� a/.b � aCb
2

/

�.� C 1/.b � a/�

D � .b � a/.b � a/�.b � a/

4�.� C 1/�.b � a C �/

D � .b � a/�.b � a C 1/

4�.� C 1/�.b � a C �/

D �b � a

4



�.b � a C 1/

�.� C 1/�.b � a C �/

�
;

and hence (ii) holds.
Now we show property (iii) holds. Thus, we compute

Z b

a
jG.t; s/jrs

D
Z t

a
jv.t; s/jrs C

Z b

t
ju.t; s/jrs

D
Z t

a

ˇ̌
ˇ
ˇ � .t � a/�.b � s/�

�.� C 1/.b � a/�
C .t � s/�

�.1 C �/

ˇ̌
ˇ
ˇrs C

Z b

t

.t � a/�.b � s/�

�.� C 1/.b � a/�
rs

D
Z t

a
�
�

� .t � a/�.b � s/�

�.� C 1/.b � a/�
C .t � s/�

�.1 C �/

	
rs C

Z b

t

.t � a/�.b � s/�

�.� C 1/.b � a/�
rs

D
Z b

a

.t � a/�.b � s/�

�.� C 1/.b � a/�
rs �

Z t

a

.t � s/�

�.� C 1/
rs

D � .t � a/�.b � s � 1/�C1

�.� C 2/.b � a/�

ˇ̌
ˇ̌
sDb

sDa

C .t � s � 1/�C1

�.� C 2/

ˇ̌
ˇ̌
sDt

sDa
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D .t � a/�.b � �.a//�C1

�.� C 2/.b � a/�
� .t � �.a//�C1

�.� C 2/

D .t � a/�.b � �.a//.b � a/�

�.� C 2/.b � a/�
� .t � �.a//.t � a/�

�.� C 2/

D .t � a/�

�.� C 2/
Œb � �.a/ � .t � �.a//�

D .t � a/�.b � t/

�.� C 2/
:

Hence,

Z b

a
jG.t; s/jrs � .t � a/.b � t/

�.� C 2/

� . aCb
2

� a/.b � aCb
2

/

�.� C 2/

D .b � a/2

4�.� C 2/
:

Finally, we will show that (iv) holds. First assume that b � a > 1. Taking the
difference with respect to t, we have

rtu.t; s/ D rt
�.t � a/�.b � s/�

�.� C 1/.b � a/�
D ��.t � a/��1.b � s/�

�.� C 1/.b � a/�
� 0:

For t 2 N
b
aC1 we compute

Z b

a
jrtG.t; s/j rs

D
Z t�1

a
jrtG.t; s/j rs C

Z b

t�1

jrtG.t; s/j rs

D
Z t�1

a
jrtv.t; s/j rs C

Z b

t�1

jrtu.t; s/j rs

D
Z t�1

a
rt

��.t � a/�.b � s/�

�.� C 1/.b � a/�
C .t � s/�

�.� C 1/

	
rs

C
Z b

t�1

rt

�
.t � a/�.b � s/�

�.� C 1/.b � a/�

	
rs
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D
Z t�1

a
rt

��.t � a/�.b � s/�

�.� C 1/.b � a/�

	
rs C

Z t�1

a
rt

�
.t � s/�

�.� C 1/

	
rs

C
Z b

t�1

rt

�
.t � a/�.b � s/�

�.� C 1/.b � a/�

	
rs

D
Z t�1

a

"
��.t � a/��1.b � s/�

�.� C 1/.b � a/�

#

rs

C
Z t�1

a

"
�.t � s/��1

�.� C 1/

#

rs C
Z b

t�1

"
�.t � a/��1.b � s/�

�.� C 1/.b � a/�

#

rs

D
Z t�1

a

"
��.t � a/��1Œ.b � 1/ � �.s/��

�.� C 1/.b � a/�

#

rs

C
Z t�1

a

"
�Œ.t � 1/ � �.s/���1

�.� C 1/

#

rs

C
Z b

t�1

"
�.t � a/��1Œ.b � 1/ � �.s/��

�.� C 1/.b � a/�

#

rs

D ��.t � a/��1

�.� C 1/.b � a/�

� �1

� C 1
.b � s � 1/�C1

	sDt�1

sDa

C �

�.� C 1/

��1

�
.t � s � 1/�

	sDt�1

sDa

C �.t � a/��1

�.� C 1/.b � a/�

� �1

� C 1
.b � s � 1/�C1

	sDb

sDt�1

D �.t � a/��1

�.� C 2/.b � a/�

h
.b � t/�C1 � .b � �.a//�C1

i

� 1

�.� C 1/

�
.t � t C 1 � 1/� � .t � �.a//�

�

C ��.t � a/��1

�.� C 2/.b � a/�

h
.b � b � 1/�C1 � .b � t/�

i

D 2�.t � a/��1.b � t/�C1

�.� C 2/.b � a/�
C .t � �.a//�

�.� C 1/
� �.t � a/��1.b � �.a//

�.� C 2/
:

Suppose t D b. This would imply that

Z b

a
jrtG.t; s/j rs D 2�.b � a/��1.0/�C1

�.� C 2/.b � a/�
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C .b � �.a//�

�.� C 1/
� �.b � a/��1.b � �.a//

�.� C 2/

D .� C 1/.b � �.a//�

�.� C 2/
� �.b � a/��1.b � �.a//

�.� C 2/
:

For t D b and b � a D 2, this becomes

Z b

a
jrtG.t; s/j rs D .� C 1/.1/�

�.� C 2/
� �.2/��1.1/

�.� C 2/

D .� C 1/�.� C 1/

�.� C 2/
� ��.� C 1/

�.� C 2/

D 1 � �

� C 1

D 1

� C 1

� 2

� C 1

D b � a

� C 1
:

On the other hand, for t D b and b � a D 3, we have

Z b

a
jrtG.t; s/j rs D .� C 1/.2�/

�.� C 2/
� �.3��1/.2/

�.� C 2/

D .� C 1/�.� C 2/

�.� C 2/
� 2��.� C 2/

�.� C 2/�.3/

D 1

� b � a

� C 1
:

For t D b and b � a � 4, the result holds since

Z b

a
jrtG.t; s/j rs

D .� C 1/.b � �.a//�

�.� C 2/
� �.b � a/��1.b � �.a//

�.� C 2/

D .� C 1/.b � a � 2 C �/ � � � .2 C �/

�.b � �.a//
� ��.b � �.a/ C �/.b � �.a//

�.2 C �/�.b � a/
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D .� C 1/.b � a � 2 C �/ � � � .2 C �/

�.b � �.a//
� ��.b � �.a/ C �/

�.2 C �/�.b � �.a//

D .� C 1/.b � a � 2 C �/ � � � .2 C �/

.b � a � 2/Š
� �.b � a � 2 C �/ � � � .2 C �/

.b � a � 2/Š

D .b � a � 2 C �/ � � � .2 C �/

.b � a � 2/Š

D .b � �.a//.b � a � 2 C �/ � � � .2 C �/

.b � �.a//Š

� .b � �.a//.b � �.a// � � � .3/

.b � �.a//Š

D
1
2
.b � �.a//Š.b � �.a//

.b � �.a//Š
D b � �.a/

2
� b � a

� C 1
:

So the result holds in general when t D b. Now, assume t < b. If t D a C 1, then
we have

Z b

a
jrtG.t; s/j rs

D 2�.1��1/.b � �.a//�C1 C .� C 1/.0�/.b � a/� � �.1��1/.b � �.a//�C1

�.� C 2/.b � a/�

D 2��.�/.b � �.a//.b � a/� � ��.�/.b � �.a//.b � a/�

�.� C 2/.b � a/�

D 2��.�/.b � �.a// � ��.�/.b � �.a//

�.� C 2/

D �.� C 1/.b � �.a//

�.� C 2/
D �.� C 1/.b � �.a//

.� C 1/�.� C 1/

b � �.a/

� C 1
� b � a

� C 1
:

If t D a C 2, then

Z b

a
jrtG.t; s/j rs

D 2�.2��1/.b � a � 2/�C1 C .� C 1/.1�/.b � a/� � �.2��1/.b � �.a//�C1

�.� C 2/.b � a/�

D 2��.� C 1/.b � a � 2/�C1

�.� C 2/.b � a/�
C �.� C 1/�.�/.b � a/�

�.� C 2/.b � a/�

� ��.� C 1/.b � �.a//�C1

�.� C 2/.b � a/�
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D 2��.� C 1/.b � �.a//.b � a � 2/

.� C 1/.b � �.a/ C �/
C 1 � �.b � �.a//

� C 1

� 2�.b � a � 2/

� C 1
C 1 � �.b � �.a//

� C 1

D 2�.b � a � 2/

� C 1
C � C 1

� C 1
� �.b � �.a//

� C 1

D �.b � a � 2/ C 1

� C 1
� b � �.a/

� C 1
� b � a

� C 1
:

If t D a C 3, then

Z b

a
jrtG.t; s/j rs

D 2�.3��1/.b � a � 3/�C1 C .� C 1/.2�/.b � a/� � �.3��1/.b � �.a//�C1

�.� C 2/.b � a/�

D 2��.2 C �/�.b � a � 2 C �/�.b � a/

�.3/�.b � a C �/�.� C 2/�.b � a � 3/
C .� C 1/

� ��.� C 2/.b � �.a//

�.� C 2/�.3/

D �.b � �.a//.b � a � 2/.b � a � 3/

.b � �.a/ C �/.b � a � 2 C �/
C .� C 1/ � �.b � �.a//

2

It follows that

Z b

a
jrtG.t; s/j rs

� �.b � a � 3/ C � C 1 � �.b � �.a//

2

D 2�b � 2�a � 6� C 2� C 2 � �b C �a C �

2

D �.b � a � 3/ C 2

2

� b � a � 3 C 2

2

D b � �.a/

2

� b � a

� C 1
:
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Now suppose that t D a C k, where k 2 N
b��.a/
4 . Then

Z b

a
jrtG.t; s/j rs

D 2�.k/��1.b � a � k/�C1

.b � a/��.� C 2/
C .� C 1/.k � 1/�

�.� C 2/
� �.k/��1.b � �.a//

�.� C 2/

D 2��.k C � � 1/�.b � a � k C � C 1/�.b � a/

�.k/�.b � a C �/�.� C 2/�.b � a � k/
C .� C 1/�.k � 1 C �/

�.� C 2/�.k � 1/

� ��.k C � � 1/.b � �.a//

�.� C 2/�.k/

D 2�.� C 2/ : : : .� C k � 2/.b � �.a// : : : .b � a � k/

.k � 1/Š.b � �.a/ C �/ : : : .b � a � .k � 1/ C �/

C .� C 1/ : : : .� C k � 2/

.k � 2/Š

� �.� C 2/ : : : .� C k � 2/.b � �.a//

.k � 1/Š

Hence,

Z b

a
jrtG.t; s/j rs

� 2�.� C 2/ : : : .� C k � 2/.b � a � k/

.k � 1/Š
C .k � 1/.� C 1/ : : : .� C k � 2/

.k � 1/Š

� �.� C 2/ : : : .� C k � 2/.b � �.a//

.k � 1/Š

D �.� C 2/ : : : .� C k � 2/.2b � 2a � 2k � b C a C 1/

.k � 1/Š

C .k � 1/.� C 1/ : : : .� C k � 2/

.k � 1/Š

D �.� C 2/ : : : .� C k � 2/.b � a C 1 � 2k/ C .k � 1/.� C 1/ : : : .� C k � 2/

.k � 1/Š

� .1/.3/.4/ : : : .k � 1/.b � a C 1 � 2k/ C .k � 1/.2/.3/ : : : .k � 1/

.k � 1/Š

D
1
2
.k � 1/Š.b � a C 1 � 2k/ C .k � 1/.k � 1/Š

.k � 1/Š
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D .b � a C 1 � 2k/ C 2.k � 1/

2

D b � �.a/

2

� b � a

� C 1
:

And this completes the proof. ut
Example 3.178. Use an appropriate Green’s function to solve the BVP

(
rr0:5

0� x.t C 1/ D 1; t 2 N
b�1
1 ;

x.0/ D 0 D x.b/;

where b 2 N2. By Theorem 3.175 we have that the Green’s function for the BVP

(
rr0:5

0� x.t C 1/ D 0; t 2 N1;

x.0/ D 0 D x.b/;
(3.117)

is given by

G.t; s/ D


u.t; s/; 0 � t � s � b;

v.t; s/; 0 � s � t � b;

where

u.t; s/ D � .b � s/0:5t0:5

�.1:5/b0:5
; 0 � t � s � b

and

v.t; s/ D � .b � s/0:5t0:5

�.1:5/b0:5
C .t � s/0:5

�.1:5/
; 0 � s � t � b:

Then the solution of the BVP (3.117) is given by

x.t/ D
Z b

0

G.t; s/h.s/rs

D
Z t

0

v.t; s/h.s/rs C
Z b

t
G.t; s/h.s/rs

D
Z t

0

"

� .b � s/0:5t0:5

�.1:5/b0:5
C .t � s/0:5

�.1:5/

#

rs C
Z b

t

"

� .b � s/0:5t0:5

�.1:5/b0:5

#

rs
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D � t0:5

�.1:5/b0:5

Z b

0

.b � s/0:5rs C
Z t

0

.t � s/0:5

�.1:5/
rs

D � t0:5

�.1:5/b0:5

Z b

0

Œ.b � 1/ � �.s/�0:5rs C
Z t

0

Œ.t � 1/ � �.s/�0:5

�.1:5/
rs

D t0:5

�.1:5/b0:5

Œ.b � 1/ � s�1:5

1:5

ˇ̌
ˇ̌
b

sD0

� Œ.t � 1/ � s�1:5

�.1:5/1:5

ˇ̌
ˇ̌
t

sD0

D � 1

1:5�.1:5/b:5
t:5 C 1

1:5�.1:5/
.t � 1/1:5

D �4.b � 1/1:5

3
p


b0:5
t0:5 C 4

3
p



.t � 1/1:5

for t 2 N
b
0.

3.25 Exercises

3.1. Assume f W Nb
a ! R. Show that if rf .t/ D 0 for t 2 N

b
aC1, then f .t/ D C for

t 2 N
b
a, where C is a constant.

3.2. Assume f ; g W Na ! R. Prove the nabla quotient rule

r



f .t/

g.t/

�
D g.t/rf .t/ � f .t/rg.t/

g.t/g.�.t//
; g.t/ ¤ 0; t 2 NaC1;

which is part (vi) of Theorem 3.1.

3.3. Prove that

.t � r C 1/r D tr:

3.4. Prove that the box plus addition, �, on R is commutative and associative (see
Theorem 3.8).

3.5. Show that if p; q 2 R, then

.p ˇ q/.t/ D p.t/ � q.t/

1 � q.t/
; t 2 Na:

3.6. Show that if p 2 RC, then

1

2
� p D p

1 C p
1 � p

:
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3.7. Prove directly from the definition of the box dot multiplication, �, that if
p 2 R and n 2 N1, then

n � p D p � p � p � � � � p;

where the right-hand side of the above expression has n terms.

3.8. Show that the set of positively regressive constants RC with the addition � is
an Abelian subgroup of R.

3.9. Prove part (vi) of Theorem 3.11 for the case a � s � r. That is, if p 2 R and
a � s � r, then

Ep.t; s/Ep.s; r/ D Ep.t; r/; t 2 Na:

3.10. Assume p; q 2 R and s 2 Na. Prove the law of exponents (Theorem 3.11,
(vii))

Ep.t; s/Eq.t; s/ D Ep�q.t; s/; t 2 Na:

3.11. Prove that if p; q 2 R and

Ep.t; a/ D Eq.t; a/; t 2 Na;

then p.t/ D q.t/, t 2 NaC1.

3.12. Show that if ˛; ˇ 2 R and p 2 RC; then

.˛ C ˇ/ � p D .˛ � p/ � .ˇ � p/:

3.13. Show that if p; �p 2 R, then

rSinhp.t; a/ D p.t/Cosh.t; a/; t 2 Na:

3.14. Show by direct substitution that y.t/ D .t � a/Er.t; a/, r ¤ 1, is a nontrivial
solution of the second order linear equation r2y.t/ � 2rry.t/ C r2y.t/ D 0 on Na.

3.15. Prove part (iii) of Theorem 3.18. That is, if p ¤ ˙i is a constant, then

Sinhip.t; a/ D i Sinp.t; a/; t 2 Na:

3.16. Solve each of the following nabla difference equations:

(i) r2u.t/ � 4ru.t/ C 5u.t/ D 0; t 2 N0I
(ii) r2u.t/ � 4ru.t/ C 4u.t/ D 0; t 2 NaI

(iii) r2u.t/ � 4ru.t/ � 5u.t/ D 0; t 2 Na.
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3.17. Solve each of the following nabla linear difference equations:

(i) r2x.t/ � 10rx.t/ C 25x.t/ D 0; t 2 N0I
(ii) r2x.t/ � 9x.t/ D 0; t 2 NaI

(iii) r2x.t/ C 2rx.t/ C 5x.t/ D 0; t 2 Na.

3.18. Solve each of the following nabla linear difference equations:

(i) r2y.t/ � 2ry.t/ C 2y.t/ D 0; t 2 NaI
(ii) r2y.t/ � 2ry.t/ C 10y.t/ D 0; t 2 Na.

3.19. Prove the nabla version of L’Hôpital’s rule: If f ; g W Na ! R; and

lim
t!1 f .t/ D 0 D lim

t!1 g.t/

and g.t/rg.t/ < 0 for large t, then

lim
t!1

f .t/

g.t/
D lim

t!1
rf .t/

rg.t/

provided limt!1 rf .t/
rg.t/ exists.

3.20. Use the integration formula

Z
˛tCˇrt D ˛

˛ � 1
˛tCˇ C C

to prove the integration formula

Z
Ep.t; a/rt D 1

p
Ep.t; a/ C C:

3.21. Show that if 1 C p.t/ C q.t/ ¤ 0, for t 2 NaC2, then the general solution of
the linear homogeneous equation

r2y.t/ C p.t/ry.t/ C q.t/y.t/ D 0

is given by

y.t/ D c1y1.t/ C c2y2.t/; t 2 Na;

where y1.t/, y2.t/ are any two linearly independent solutions of (3.13) on Na.

3.22. Assume f W Na � NaC1 ! R. Prove the Leibniz formula (3.23). That is,

r

Z t

a
f .t; �/r�

�
D
Z t�1

a
rtf .t; �/r� C f .t; t/;

for t 2 NaC1.
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3.23. Evaluate the nabla integral
R t

0
f .�/r� , when

(i) f .t/ D t.�2/t; t 2 N0I
(ii) f .t/ D H2.�.t/; 0/E3.t; 0/; t 2 N0.

3.24. Use the variation of constants formula in either Corollary 3.52 or Theo-
rem 3.51 to solve each of the following IVPs.

(i)

r2y.t/ D 3�t; t 2 N1

y.0/ D 0; ry.0/ D 0

(ii)

r2y.t/ D Sinh4.t; 0/; t 2 N1

y.0/ D �1; ry.0/ D 1

(iii)

r2y.t/ D t � 2; t 2 N3

y.2/ D 0; ry.2/ D 0

3.25. Show that if � > 0, then

H�.a C 1; a/ D 1 D H��.a C 1; a/:

3.26. Show if � > 0 is not a positive integer, then

H�.t; a/ D 0; for t D a; a � 1; a � 2; � � � .

Also show that if � is a positive integer, then

H�.t; a/ D 0; for t 2 N
a
a��C1.

3.27. Show that if f W NaC1 ! R and � > 0, then

r��
a f .a C 1/ D f .a C 1/:

3.28. Use Definition 3.61 to show that if � > 0 is not an integer and C is a constant,
then

r�
a C D CH��.t; a/; t 2 Na:
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On the other hand, if � D k is a positive integer, show that rk
aC D 0.

3.29. Use the definition (Definition 3.58) of the fractional sum to evaluate each of
the following integer sums.

(i) r�2
a Cosh3.t; a/; t 2 NaI

(ii) r�3
a H1.t; a/; t 2 NaI

(iii) r�2
2 Sin4.t; 2/; t 2 N2.

3.30. For p ¤ 0; 1 a constant, show that each of the functions Ep.t; a/, Coshp.t; a/;

Sinhp.t; a/, Cosp.t; a/, and Sinp.t; a/ is of exponential order 1
j1�pj .

3.31. Prove parts (iii) and (v) of Theorem 3.76.

3.32. Using the definition (Definition 3.77) of the nabla convolution product, show
that the nabla convolution product is commutative—i.e., for all f ; g W NaC1 ! R;

.f 	 g/.t/ D .g 	 f /.t/; t 2 NaC1:

Also show that the nabla convolution product is associative.

3.33. Solve each of the following IVPs using the nabla Laplace transform:

(i)

ry.t/ � 4y.t/ D 2E5.t; a/; t 2 NaC1

y.a/ D �2I

(ii)

ry.t/ � 3y.t/ D 4; t 2 NaC1

y.a/ D �2I

(iii)

r2y.t/ C ry.t/ � 6y.t/ D 0; t 2 NaC2

y.a/ D 3I y.a C 1/ D 0

(iv)

r2y.t/ � 5ry.t/ C 6y.t/ D E4.t; a/; t 2 NaC2

y.a/ D 1; y.a C 1/ D �1:

3.34. Prove part (iv) of Theorem 3.93
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3.35. Use Theorem 3.120 to solve each of the following IVPs:

(i)

r 1
2

0�x.t/ D 3; t 2 N1

x.0/ D 
 I

(ii)

r 1
3

0�x.t/ D t
4
3 ; t 2 N1

x.0/ D 2I

(iii)

r 2
3

a�x.t/ D t � a; t 2 NaC1

x.a/ D 4:

3.36. Use Theorem 3.120 to solve each of the following IVPs:

(i)

r1:6
0� x.t/ D 3; t 2 N1

x.0/ D 2; rx.0/ D �1:

(ii)

r 5
3

0 x.t/ D t
4
3 ; t 2 N1

x.0/ Drx.0/ D 0:

(iii)

r2:7
a� x.t/ D t � a; t 2 NaC1

x.a/ D 0 D rx.a/:

3.37. Show that (see example 3.168)

Z t

0

sH:6.t; s/rs D 1

�.3:6/
.t � 1/2:6

for t 2 N0.
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3.38. Solve the following IVPs using Theorem 3.166:

(i)

(
rr0:5

0� x.t C 1/ D t � a; t 2 NaC1;

x.a/ D rx.a/ D 0:

(ii)

(
rr0:3

0� x.t C 1/ D t; t 2 N1;

x.0/ D 1; rx.0/ D 2:

3.39. Use an appropriate Green’s function to solve the BVP

(
rr0:2

0� x.t C 1/ D 1; t 2 N
b�1
1 ;

x.0/ D 0 D x.b/;

where b 2 N2.
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