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Preface

The purpose of this book is to provide a bridge between new research results
motivated by the financial crisis and classical literature on interest rate modeling.

Motivation. The traditional textbooks on interest rate modeling are no longer
adequate in a modern context as overviews of the techniques needed for the
valuation of interest rate derivatives. In the years following the crisis, the problem
of developing new models for interest rate derivatives has attracted significant
attention, both from researchers working in financial institutions, as well as
researchers working in academia. Various models are continually being proposed.
The aim of this book is therefore two-fold. On the one hand, it aims at providing an
overview of the state-of-the art techniques in modern interest rate modeling and, on
the other hand, it attempts to clarify the link between these models and the classical
literature. From the practical point of view, the importance of up-to-date interest
rate models can be best illustrated when viewing the fixed-income market as a part
of the global derivatives market. According to the yearly statistics provided by the
Bank for International Settlements, the notional amounts outstanding each year for
over-the-counter (OTC) interest rate derivatives sum up to 80 % of the total trade
volume in OTC derivatives ($505 trillion out of the total volume of $630 trillion
corresponded to interest rate derivatives in 2014).

Audience. The book is intended to serve as a guide for graduate students,
researchers, and practitioners interested in the paradigm change that affected all
fixed-income markets due to the financial crisis. More generally, we intend to
address people who are already quite knowledgeable of mathematical finance, who
have some familiarity with classical interest rate theory, but who have little or no
familiarity with issues on multi-curve modeling. As mathematical prerequisites we
expect the reader to have a basic knowledge of probability theory together with
notions from stochastic processes and stochastic calculus that are commonly used in
the mathematical finance literature.
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Approach. Our approach to multiple curves consists mainly in modeling for the
purpose of pricing interest derivatives, rather than in view of hedging and/or risk
management. It corresponds to what in the classical single-curve interest rate theory
is called “martingale modeling” in the sense that the models are defined under a
martingale measure Q that has as numéraire the money market account and has to
be calibrated to each specific basket of products, given that the market as such is
incomplete. From this measure Q, and using the discount curve, one can then derive
the various forward measures used for pricing of interest rate derivatives. After
calibration, this will lead to unique prices. We can and shall follow the same
procedure also in the multi-curve setup after justifying (see Sect. 1.3.1 below) the
choice of a single specific curve for discounting future cash flows and with it the
money market account and thus also a reference martingale measure Q.

For simplicity of exposition we limit ourselves to Wiener-driven models, but
extensions to jump-diffusions can in most cases be obtained in a relatively
straightforward manner. In each of the chapters, when it comes to pricing, we
consider only what according to some of the literature is called “clean valuation”
and in Sect. 1.2.3 of the introductory Chap. 1 we justify this choice. Even limiting
ourselves to clean valuation, there are various possible approaches that one can find
in the literature over the past years. Multi-curve modeling is very recent as a
research topic and it is still early to evaluate the advantages of one multi-curve
approach with respect to others; we therefore opted to limit ourselves to an
overview.

Structure. In the classical pre-crisis interest rate theory one considers various
models and model classes and there does not exist a single model that is uniformly
better than the others. Different model classes are in fact suited for different situ-
ations and products. Consequently, also when passing to multi-curve modeling, one
considers various model classes as well. The following major classical interest rate
model classes have so far found an extension to the multi-curve setting and form the
basis for this monograph: (i) short-rate and rational pricing kernel models; (ii) for-
ward rate models (Heath–Jarrow–Morton setup); (iii) Libor market models (more
generally, market forward rate models). In the pre-crisis setting there are also other
interest rate models that are briefly cited in Chap. 1. The above ordering of the three
classes reflects a “bottom-up” point of view and in our exposition we follow this
ordering. In fact, starting from the introductory Chap. 1 where we explain the main
notions and concepts related to the post-crisis fixed-income markets, we then
proceed with three chapters as follows:

Chapter 2: This chapter concerns mainly the classical, strict-sense short-rate
models, but also some wider sense short-rate models represented by the rational
pricing kernel models. For the strict-sense short-rate models, we consider for
each tenor a short-rate spread to be added to the short rate from the outset.
For the dynamics of the short rate and the spreads we consider factor models
that belong to the exponentially affine or the exponentially quadratic model
classes. We develop in detail the results for the exponentially affine class, for
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which we are able to obtain closed or semi-closed formulas for the prices of
linear and optional interest rate derivatives. For linear derivatives we are able to
compare directly single curve (pre-crisis) and multiple curve (post-crisis)
derivative values by means of an adjustment factor. Finally, we summarize
recent multiple curve extensions of rational pricing kernel models.
Chapter 3: This chapter concerns forward rate models in a Heath–Jarrow–
Morton (HJM) setup. Similarly to the short rate and its additive spreads in
Chap. 2, here we consider the reference forward OIS rate and the corresponding
spreads. Major emphasis is put on obtaining arbitrage-free models by deriving
for them no-arbitrage conditions in the form of a “drift condition” analogous to
the classical HJM condition. Since the HJM framework is situated in between
the short-rate models and the Libor market models (LMMs), we proceed
essentially along two ways: (i) mimicking the LMMs by a hybrid LMM–HJM
approach, where we consider a linear transform of the Libor rate that is modeled
directly under the standard martingale measure, but by its definition has to be a
martingale under the forward measure; this then leads to no-arbitrage conditions.
We shall call these “real no-arbitrage conditions” in the sense that they represent
intrinsic no-arbitrage conditions in relation to the basic traded assets that are
FRA contracts; (ii) the other alternative consists in reproducing the pre-crisis
relationship between discretely compounding forward rates and bond prices also
for the forward Libor rates in the post-crisis setup, but replacing the standard
zero coupon bonds by fictitious ones that are supposed to be affected by the
same risk factors as the Libor rates. In this latter context we obtain no-arbitrage
conditions analogously to point (i) by imposing that the ratio of fictitious bond
prices in this relationship has to be a martingale under the forward measure.
In addition to this, we also discuss “pseudo no-arbitrage conditions” by
assigning different interpretations to the fictitious bond prices, in particular via a
credit risk and a foreign exchange analogy. The last part of the chapter concerns
interest rate derivative pricing in this HJM context.
Chapter 4: This chapter presents basically an overview of two major existing
approaches to obtain multi-curve models on a discrete tenor in the spirit of the
Libor market models. The first approach concerns a series of papers by Mercurio
and co-authors, as well as by authors related to them, in which multiple curve
extensions of the classical LMMs are developed. The other approach is
concerned with an affine Libor model for multiple curves. The spreads in the
above approaches are additive; we conclude the chapter by mentioning
approaches based on modeling multiplicative spreads.

The material presented in these chapters corresponds to a selection that we had to
make among the possible material to fit into the allowable size of the monograph
within the “SpringerBriefs” series. Among the topics that we were not able to
include we would like to mention the issues of numerical implementation and
calibration of the presented models, for which we shall always refer to corre-
sponding articles dealing with this, as well as the questions of hedging and risk
management in the multi-curve environment, which have currently been less well
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studied in a systematic way in the available literature, although they are of utmost
practical importance. In particular, in view of hedging, one might also raise the
issue of defining the price of a derivative as a cost of its hedging portfolio and a
related issue of possible non-uniqueness of prices. As mentioned above, here we
opt rather for the approach based on martingale modeling, where an existence of a
martingale measure is assumed, the models are developed under this measure, and
the prices defined as corresponding conditional expectations. This approach has the
advantage of allowing to compute various post-crisis valuation adjustments such as
CVA, which have to be computed for the whole aggregate portfolio of derivatives
between two counterparties, and thus require a unified pricing method for all
derivatives.

During the preparation of the manuscript, in the European markets we have
witnessed a continuous important decrease in the level of all interest rates, as well
as the appearance of negative interest rates, firstly only for the Swiss Franc, but
more recently also for the Euro. This phenomenon has been observed for several
months already and it has by now occurred not only at the shortest end of the
interest rate curve, but also in the midterm rates. Negative rates arise because of
frictions not addressed by the models, such as the “cost of carry” associated with
keeping large amounts of cash. Due to this current market situation we are
prompted to slowly readjust one of the long-standing modeling axioms that the
interest rates should be positive. This is an interesting modeling situation, where the
models in which the interest rates can become negative suddenly seem to be per-
fectly suited for the task at hand. One should still be cautious when addressing this
issue because, even though negative rates have been observed, the multiple curve
spreads still remain positive, so ideally one would need a model which combines
both of these features. In this book we present some models that ensure positive
interest rates and some models that do not have this property and, as mentioned
above, we do not evaluate the approaches based on this quality. However, we do
mention when discussing certain models providing positive interest rates that they
can be modified without increasing the level of their complexity to allow for the
rates to fall below zero. It is still left to be seen if the negative rate phenomenon will
persist in the future as well and will become a standing modeling requirement, such
as it was the case with the multiple interest rate curves.

Literature. The literature on interest rates is too vast to mention it all. Our
monograph concerns multiple curves. While we made an effort to cite the relevant
literature for interest rates in general, we found it most natural to concentrate mainly
on the literature that concerns models that so far have found an extension to the
multi-curve setting. We have tried to be as complete as possible and we apologize
for having possibly overlooked some relevant literature. It is also not an easy task to
keep track of all work, especially the more recent, since the subject is currently in
rapid evolution and some of the key work after the crisis has been made inside the
investment banks, and cannot be accessed as long as it remains inside the com-
panies. Furthermore, it would bring us too far if for each concept we would trace
back its evolution over time in the literature and thus we limited ourselves to
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references that in some sense summarize previous achievements. On the other hand,
given that one of our purposes is to provide an overview of the state-of-the-art of
multi-curve modeling, instead of taking the approach of addressing “who did what,”
it was natural to make repeated references since each reference does not treat only a
single topic, but touches upon various arguments.
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Chapter 1
Post-Crisis Fixed-Income Markets

The terminology fixed-income market designates a sector of the global financial
market on which various interest rate-sensitive instruments, such as bonds, forward
rate agreements, swaps, swaptions, caps/floors are traded. Zero coupon bonds are the
simplest fixed-income products, which deliver a constant payment (often set to one
unit of cash for simplicity) at a pre-specified future time called maturity. However,
their value at any timebeforematurity depends on the stochastic fluctuation of interest
rates. The same is true for other fixed-income derivatives. Fixed-income instruments
represent the largest portion of the global financial market, even larger than equities.
Developing realistic and analytically tractable models for the dynamics of the term
structure of interest rates is thus of utmost importance for the financial industry.
From the theoretical point of view, interest rate modeling presents a mathematically
challenging task, in particular due to the high-dimensionality (possibly even infinite)
of the modeling objects. In this sense interest rate models substantially differ from
equity price models.

The credit crisis in 2007–2008 and the Eurozone sovereign debt crisis in 2009–
2012 have impacted all financial markets and have irreversibly changed the way they
functioned in practice, as well as the way in which their theoretical models were
developed. One may thus distinguish between a pre-crisis and a post-crisis setting.
The key features that were put forward by the crises are counterparty risk, i.e. the risk
of a counterparty failing to fulfill its obligations in a financial contract, and liquidity
or funding risk, i.e. the risk of excessive costs of funding a position in a financial
contract due to the lack of liquidity in the market. The fixed-income market has been
particularly concerned by both of these issues. The reason for this is the following:
the underlying interest rates for most fixed-income instruments are the market rates
such as Libor or Euribor rates and the manner in which the market quotes for these
rates are constructed (see Sect. 1.1 for details) reflects both the counterparty and
the liquidity risk of the interbank market. Inspection of quoted prices for related
instruments reveals that the relationships between Libor rates of different maturities
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2 1 Post-Crisis Fixed-Income Markets

that were previously considered standard, and held reasonably well before the crisis,
have broken down and nowadays each of these rates has to be modeled as a separate
object. Moreover, significant spreads are also observed between Libor/Euribor rates
and the swap rates based on the so-called overnight indexed swaps (OIS), whichwere
following each other very closely before the crisis. Simultaneous presence of these
various interest rate curves is referred to in the current literature as the multiple curve
issue and the post-crisis interest ratemodels are often referred to as themultiple curve
models (multi-curvemodels). This book aims at providing a guide for development of
interest rate models in line with these changes, accompanied by a detailed overview
of some current research articles, in which, to the best of our knowledge, such a
development has been studied. The recent monograph by Henrard (2014) and the
article collection Bianchetti and Morini (2013) also concern post-crisis multiple
curve modeling, reflecting in particular the practitioners’ perspective.

Pre-crisis interest rate models can be divided into various classes, in particular
the following: the short-rate models, where the short interest rate is modeled, includ-
ing pricing kernel models; the Heath–Jarrow–Morton (HJM) framework, where the
zero coupon bond prices, or equivalently, the forward instantaneous continuously
compounded rates are modeled; the Libor market models, where the market for-
ward rates are modeled directly. The books by Björk (2009), Brigo and Mercurio
(2006), Cairns (2004), Filipović (2009), Hunt and Kennedy (2004) and Musiela and
Rutkowski (2005) provide an excellent introduction to interest rate theory, as well
as an extensive overview of the existing modeling approaches in this field. The first
short-rate models were introduced in the seminal papers by Vasiček (1977), Cox et
al. (1985) and Hull and White (1990). The HJM framework was developed in Heath
et al. (1992). Furthermore, rational pricing models were pioneered by Flesaker and
Hughston (1996), models using potential approach were developed in Rogers (1997)
and Markov functional models in Hunt et al. (2000). Finally, Libor market models
were proposed by Brace et al. (1997) and Miltersen et al. (1997) and later developed
further especially by practitioners. Various extensions and generalizations of all these
model classes can be found in the literature, which is too vast to mention it all here.

In order to give a first flavor and illustrate the issues presented above, we shall
give a closer look at a prototypic interest rate derivative, a forward rate agreement,
which is a building block for all linear interest rate derivatives and is also related
to the underlying rate of nonlinear derivatives, as its price represents the market
expectation about the future value of the Libor rate. Precise definitions of all the
notions used below, as well as a more detailed treatment of the pricing of FRAs will
be presented in Sect. 1.4.1.

Let us firstly recall the classical, pre-crisis connections between zero coupon
bonds, FRA rates and Libor rates. As mentioned above, a zero coupon bond is a
financial contract which delivers one unit of cash at its maturity date T > 0. Its
price at time t ≤ T , denoted by p(t, T), represents therefore the expectation of the
market concerning the future value of money. Obviously, p(T , T) = 1. Traditionally,
interest rates are defined to be consistent with the zero coupon bond prices p(t, T).
For discretely compounding forward rates this leads to
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F(t; T , S) = 1

S − T

(
p(t, T)

p(t, S)
− 1

)
, t < T < S (1.1)

This formula can also be justified as representing the fair fixed rate at time t of a
forward rate agreement (FRA), where the floating rate received at time S is

F(T; T , S) = 1

S − T

(
1

p(T , S)
− 1

)
(1.2)

The rate (1.1) is therefore also called the FRA rate. Note that we have assumed,
without loss of generality, the notional equal to 1 here, as we are interested only in
the rates. The arbitrage-free price at time t of such an FRA is, using the forward
martingale measure QS (see Sect. 1.3.2),

PFRA(t; T , S, R) = p(t, S)(S − T) EQS {F(T; T , S) − R | Ft} (1.3)

where R denotes the fixed rate of the FRA. This price is zero for

R = EQS {(F(T; T , S) | Ft}

= EQS
{

1
S−T

(
p(T ,T)

p(T ,S)
− 1
) ∣∣∣Ft

}
= 1

S−T

(
p(t,T)

p(t,S)
− 1
)

Therefore, one obtains the following key relation between the bond prices and the
forward rates thanks to the connection between the floating rate and the zero coupon
bond prices (1.2):

Definition 1.1 The discretely compounded forward rate at time t ≥ 0 for the future
time interval [T , S], where t ≤ T ≤ S, is the rate given by

F(t; T , S) = EQS {(F(T; T , S) | Ft} = 1

S − T

(
p(t, T)

p(t, S)
− 1

)
(1.4)

Before the crisis, the Libor rate, which is an interest rate obtained as an arithmetic
average of submitted daily quotes from a panel of banks participating in the London
interbank market (see Sect. 1.1), was assumed to be equal to the floating rate defined
using zero coupon bond prices, i.e.

L(T; T , S) = F(T; T , S) = 1

S − T

(
1

p(T , S)
− 1

)
(1.5)

where L(T; T , S) stands for the Libor rate at time T for the period [T , S]. This
was rightfully done so, since the Libor panel, which is refreshed on a regular basis
in such a way that the banks of deteriorating credit quality are replaced with the
banks of a better credit quality, contained virtually no counterparty and liquidity risk,
making thus plausible the assumption of risk-freeness,which is implicitlymadewhen
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assuming (1.5). Consequently, the FRA rate F(t; T , S) was also called the forward
Libor rate (since it represented the market expectation of the future value of the
Libor rate) and often denoted by L(t; T , S). Hence, the forward Libor rate was given
either as a conditional expectation of the spot Libor rate under the forwardmartingale
measure, or expressed using the quotient of the bond prices, cf. (1.4):

L(t; T , S) = EQS {(L(T; T , S) | Ft} = 1

S − T

(
p(t, T)

p(t, S)
− 1

)
= F(t; T , S) (1.6)

Due to the crisis and in view of the manner in which the spot Libor rate quotes
are produced, in the post-crisis market the assumption that the Libor rate is free of
various interbank risks is no longer sustainable and hence the connection (1.5) to the
zero coupon bonds, which are assumed risk-free, is lost:

L(T; T , S) �= 1

S − T

(
1

p(T , S)
− 1

)

The question what these zero coupon bonds are in the post-crisis setup is also far
from a trivial one and is tackled in Sect. 1.4.4; here for simplicity we do not enter into
it. Let us now consider again the same type of the forward rate agreement as above,
to exchange a payment based on a fixed interest rate R against the one based on the
spot Libor rate L(T; T , S), cf. Definition 1.3. The payoff of the FRA at maturity S
being equal to

PFRA(S; T , S, R) = (S − T)(L(T; T , S) − R)

its value at time t ≤ T is calculated as the conditional expectation with respect to
the forward measure QS associated with zero coupon bond p(·, S) as numéraire and
is given by

PFRA(t; T , S, R) = p(t, S)(S − T)EQS {L(T; T , S) − R|Ft}

We use the same symbol for the value of the FRA here as in (1.3) since it is basically
still the same contract, only the underlying rate L(T; T , S) does not satisfy (1.5)
anymore. Hence, the key quantity is the conditional expectation of the spot Libor
rate that we denote by L(t; T , S) and define

Definition 1.2 The forward Libor rate at time t ≥ 0 for the future time interval
[T , S], where t ≤ T ≤ S, is the rate given by

L(t; T , S) := EQS {L(T; T , S) |Ft}, 0 ≤ t ≤ T ≤ S
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The crucial difference with respect to the classical pre-crisis forward Libor rate is
the following one:

L(t; T , S) = EQS
[(L(T; T , S) | Ft] �= 1

S − T

(
p(t, T)

p(t, S)
− 1

)
= F(t; T , S) (1.7)

Typically, the former quantity will be greater than the latter and this provides the
very first example of the post-crisis spreads (or equivalently multiple curves):

S(t; T , S) := L(t; T , S) − F(t; T , S) (1.8)

This spread depends, moreover, also on the difference Δ := S − T , i.e. the length of
the period to which the Libor rate applies, also known as tenor. In practice, the tenor
Δ ranges from one day to several months (up to twelve months) and the observed
market spreads are typically increasing with respect to the tenor, i.e. the function
Δ �→ S(t; T , T +Δ) is an increasing function for fixed t and T . This and other types
of spreads will be defined in Sect. 1.4.4.

1.1 Types of Interest Rates and Market Conventions

In this section we describe the most important market rates and their main char-
acteristics. Note that all these rates are quoted as annualized rates. This means for
example that a quote of 1% for a 3-month interest rate corresponds to the following
interest: 1 unit of cash invested at this rate yields 1+ 3

120.01 = 1.0025 units of cash
in 3 months.

1.1.1 Basic Interest Rates: Libor/Euribor, Eonia/FF and OIS
Rates

The most widely known market rates are the Libor rates because they are reference
rates for a variety of fixed income products, but even a person without any experience
in the financial industry might have seen this rate as an underlying floating rate in
bank loans for example. Therefore, we begin this section by giving a description and
the main characteristics of the Libor rates. The LIBOR stands for London Interbank
Offered Rate and the description below is taken from the ICE Benchmark Admin-
istration (IBA) webpage https://www.theice.com/iba/libor, which is an independent
entity administering the Libor as of February 1st, 2014. The Financial Conduct Au-
thority (FCA) serves as a regulator, which supervises the panel banks and has a power
to take individuals to court for benchmark-related misconduct. We quote from the
ICE Benchmark Administration:

“ICE Libor is designed to reflect the short term funding costs of major banks
active in London, the world’s most important wholesale financial market. Like many
other financial benchmarks, ICE Libor (formerly known as BBA Libor) is a polled

https://www.theice.com/iba/libor
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rate. This means that a panel of representative banks submits rates which are then
combined to give the ICE Libor rate. Panel banks are required to submit a rate in
answer to the ICE Libor question: At what rate could you borrow funds, were you
to do so by asking for and then accepting inter-bank offers in a reasonable market
size just prior to 11 a.m.? Although banks now use transaction data to anchor their
submissions, having a polled rate is crucial to ensure the continuous publication of
such a systemic benchmark, even in times when liquidity is low and there are few
transactions onwhich to base the rate. Currently only bankswith a significant London
presence are on the ICE Libor panels, yet transactions with other non-bank financial
institutions can often inform panel banks’ submissions. Reasonable market size is
intentionally unquantified. The definition of an appropriate market size depends
on the currency and tenor in question, as well as supply and demand. The current
wording therefore avoids the need for frequent and confusing adjustments. 11 a.m.
was chosen because it falls in the most active part of the London business day. It is
also sufficiently early in the day to allow the users of ICELibor to use each day’s rates
for valuation processes, which may take place in the afternoon. All ICE Libor rates
are quoted as annualized interest rates. This is a market convention. For example,
if an overnight Pound Sterling rate from a contributor bank is given as 0.5000%,
this does not indicate that a contributing bank would expect to pay 0.5% interest on
the value of an overnight loan. Instead, it means that it would expect to pay 0.5%
divided by 365.”

Note that the ICE Libor rates are produced each business day for five different
currencies (US Dollar, Euro, British Pound Sterling, Japanese Yen, Swiss Franc)
and seven maturities (1 day, 1 week, 1, 2, 3, 6 and 12 months). For each currency, a
different panel of representative banks is selected, ranging from 11 to 18 banks. The
ICE Libor daily quote for each currency and eachmaturity is the “trimmed arithmetic
mean” of all of the panel banks’ submissions, i.e. the highest and lowest 25% of the
submissions are removed and the rest is averaged.

In the Eurozone, an interest rate with very similar features to those of the Libor
is called the Euribor, see http://www.emmi-benchmarks.eu for details. The entity
administering the Euribor is the European Money Markets Institute (EMMI) as of
June 20th, 2014. Similarly to the Libor, the Euribor is also produced from quotes
submitted by a panel of banks from EU countries, as well as large international banks
from non EU-countries, participating in Eurozone financial operations. The choice of
banks quoting for Euribor is based on market criteria and the panel consists currently
of 26 contributing banks, which submit a rate at which they believe “Euro interbank
term deposits are offered by one prime bank to another prime bank within the EMU
zone”. The Euribor rates are quoted for eight different maturities (1 and 2 weeks, 1,
2, 3, 6, 9, 12 months) and are “calculated at 11:00 a.m. (CET) for spot value (T+2)”
as a trimmed average of the quotes submitted by the panel banks. Figure1.1 displays
the historical series of the Euribor rates for maturities 1, 2 and 3 months. The starting
month in the graph is January 2010 and the last month is September 2015.1

1The figure is taken from http://www.emmi-benchmarks.eu/euribor-org/about-euribor.html.

http://www.emmi-benchmarks.eu
http://www.emmi-benchmarks.eu/euribor-org/about-euribor.html
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Fig. 1.1 Historical series of the Euribor rates for maturities 1, 2 and 3 months. The starting month
in the graph is January 2010 and the last month is September 2015

The reference rate for the shortest maturity of one day in the Eurozone is the Eonia
(Euro OverNight Index Average) rate. The Eonia rate is computed as a “weighted
average of all overnight unsecured lending transactions in the interbank market,
undertaken in the European Union and European Free Trade Association (EFTA)
countries by the panel banks. It is reported on an act/360 day count convention and
is displayed to three decimal places”. The panel banks for the Eonia rate are the
same as the ones for the Euribor. Note that these banks contribute daily data on their
total volume of transactions in unsecured overnight money and the average interest
rate for this daily volume; the Eonia rate is then calculated from these contributions
as a weighted average interest rate, where the weighting is done according to the
transaction volumes of the contributors. In the left graph of Fig. 1.2 the yearly average
values of the Euribor rates with maturities 1, 2 and 3 months are displayed and in
the right graph the average Eonia rates.2

A corresponding overnight rate in the United States to the Eonia rate in the Euro-
zone is the Federal Funds (FF) effective rate, which is the weighted average across
all overnight transactions between depository institutions trading balances held at
the Federal Reserve, which are called federal funds. Similarly to the transactions
contributing to the Eonia rate, these transactions are also unsecured.

Finally, the name OIS rate refers to a market swap rate of an overnight indexed
swap (OIS), which is, as any interest rate swap, defined on a discrete tenor structure
and in which, at every tenor date, payments based on a fixed rate are exchanged
for payments based on a floating rate. This floating rate is a discretely compounded

2The figures are taken from http://www.emmi-benchmarks.eu/euribor-org/about-euribor.html and
http://www.emmi-benchmarks.eu/euribor-eonia-org/about-eonia.html.

http://www.emmi-benchmarks.eu/euribor-org/about-euribor.html
http://www.emmi-benchmarks.eu/euribor-eonia-org/about-eonia.html
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Fig. 1.2 Left Yearly average for Euribor rates with maturities 1, 2 and 3 months, 2009–2014. Right
Yearly average for Eonia rates, 2009–2014

rate obtained by compounding the overnight rates over the corresponding intervals
between two subsequent tenor dates (the reason why the swap is called overnight
indexed swap). The reference overnight rate in the Eurozone is the Eonia and in the
US the FF rate. Overnight indexed swaps and corresponding OIS rates are precisely
defined and studied in detail in Sect. 1.4.4.

1.2 Implications of the Crisis

As already mentioned in the introduction to this chapter, a number of anomalies
that were not previously observed in the fixed income markets appeared due to the
financial crisis. The interest rates whose dynamics were very closely following each
other have started to diverge substantially, thus prompting the introduction of various
spreads measuring this divergence.

1.2.1 Spreads and Their Interpretation: Credit and Liquidity
Risk

Thefirst type of post-crisis spreads,mentioned already at the beginning of the chapter,
concerns the spreads between the Libor rates and the OIS rates of the same maturity
(see Sect. 1.4.4 and in particular, Eq. (1.33) for the precise definition), which have
been far from negligible since the crisis. Moreover, also the spreads between the
swap rates of the Libor-indexed interest rate swaps and the OIS rates (see Sect. 1.4.4,
Eq. (1.37) for definition) have appeared. The former type of spreads is known as
the Libor-OIS spread and the latter as the Libor-OIS swap spread. In Fig. 1.33 (left)

3The figure is taken from Crépey et al. (2012).
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Fig. 1.3 Left Historical Euribor-Eonia swap spreads 2005–2010. Right Discount curves boot-
strapped on September 2, 2010

the historical Euribor-Eonia swap spreads in the period 2005–2010 are plotted for
maturities ranging from 1month to 12 months. As one can clearly see, before the
crisis these spreads were practically negligible, whereas at the peak of the crisis
they were greater than 200 basis points for some maturities. Furthermore, the Libor
rates of different maturities have exhibited notably diverse behavior, reflected in
basis swap spreads, which are appearing in connection to basis swaps (cf. Sect. 1.4.5
for definition of a basis swap and Eq. (1.40) for the related basis swap spread).
Figure1.44 shows the evolution of the Euribor-OIS spread, as well as the 3-month
versus 6-month basis swap spread, for a time period from January 2004 until April
2014. As the graphs indicate, even after 2012 these spreads did not revert back to
their pre-crisis levels. This is why practitioners nowadays tend to produce different
yield curves for different tenors; compare Remark 1.2 and see Fig. 1.3 (right), which
displays discount curves related to the Eonia swap rates, the 3-month and the 6-month
Euribor rates.

The question that immediately comes to mind is if such observed large spreads
present arbitrage opportunities in the market. However, as pointed out by Chang
and Schlögl (2015), these spreads have persisted since the crisis, implying that such
opportunities have not been exploited. The reason is that the spreads are due to the
various risk levels, therefore Chang and Schlögl (2015) conclude that the expected
gains from a possible arbitrage have to be offset by the expected losses at the different
risk levels, which would imply that those arbitrage opportunities are only illusory
and hence cannot be exploited.

In the chapters below we shall present models for the dynamic evolution of the
spreads. Notice that the first approaches to spread modeling considered them as de-
terministic quantities (see Henrard 2007, 2010). The advantage of this deterministic
modeling is that it allows the pre-crisis single curve pricing formulas for both linear
and optional derivatives to be applied in the same form also to the multiple curve

4The figure is taken from Grbac et al. (2014).
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Fig. 1.4 Spread Development from January 2004 to April 2014

setup. In particular, for the case of optional derivatives, it suffices to modify the
strike by simple deterministic shifting or scaling (see also more detailed comments
in Sect. 4.3). For this reason, this way of modeling seems to be still often used in
practice in spite of contrary evidence from empirical data (see Fig. 1.4), as well as of
possible anomalies introduced by these simplistic assumptions. One such anomaly
is mentioned e.g. in Mercurio and Xie (2012) (see also the last part of Sect. 4.1.1)
who point out that a deterministic spread assumption would wrongly lead to a zero
price for out-of-the-money Libor-OIS swaptions.

The various risks driving the spreads are the risks related to the interbank market,
in particular to the banks participating in the Libor panel. Therefore, these risks are
sometimes jointly referred to as interbank risk. One important component of this risk
is default risk. The rolling construction of the Libor panel is intended to reduce the
possibility of actual defaults within the panel. However, the deterioration of the credit
quality of the Libor contributors during the length of a Libor-based loan is greater
with longer tenors. Moreover, interbank risk arises also from liquidity risk. Strategic
gaming can also play a role (Michaud and Upper 2008). Such considerations might
from time to time incite a bank to declare as its Libor contribution a number different
from its internal conviction regarding “The rate at which an individual Contributor
Panel bank could borrow funds, were it to do so by asking for and then accepting
interbank offers in reasonable market size, just prior to 11.00 London time” (the
definition of Libor). All this results in a spread between the Libor rates of different
tenors (OIS rates in the limiting case of an overnight tenor).

Filipović andTrolle (2013) analyze the decomposition of the interbank risk driving
spreads into default and liquidity risk components. Using a data set covering the

http://dx.doi.org/10.1007/978-3-319-25385-5_4
http://dx.doi.org/10.1007/978-3-319-25385-5_4
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period August 2007–January 2011, the authors show that the default component is
overall the main dominant driver of interbank risk, except for short-term contracts
in the first half of the sample (see Figs. 3 and 4 in their paper). The remaining risk
is attributed to liquidity risk, an observation made in Morini (2009) as well. The
liquidity risk component driving the Libor-OIS spreads is studied and explicitly
modeled in Crépey and Douady (2013). A recent work by Gallitschke et al. (2014)
provides an endogenous explanation of spreads and constructs a structural model for
Libor rates, deriving them from fundamental risk factors, namely: interest rate risk,
credit risk and liquidity risk. The emphasis is on liquidity risk, which is shown to be
mainly induced by the tenor basis.

1.2.2 From Unsecured to Secured Transactions

Broadly speaking, in finance the term collateral refers to assets or cash posted by a
borrower to a lender in order to secure a loan. In otherwords, if for various reasons the
borrower fails to make the promised loan payments, the lender can cover (partially
or fully) the occurred losses using the collateral. If this has not been the case, the
collateral is returned to the borrower after the loan has been fully repaid, together
with the possibly accumulated interest. Collateral can be posted also in connection
with various other financial transactions which expose one or both counterparties to
the risk of non-payment (default risk). Since collateral thus provides certain security,
a financial transaction with posted collateral is called secured, as opposed to an
unsecured transaction which does not have collateral. The question of unsecured
versus secured transactions in financial markets gained extreme importance in view
of the previously discussed counterparty risk. Since it is by now generally understood
that no financial institution is “too big to default”, various mechanisms of reducing
the exposure to counterparty risk in OTC derivatives have been put forward.

In particular, a large number of OTC bilateral contracts is collateralized, i.e. the
value of the contract is periodically marked-to-market and the party whose position
has lost in value has to post collateral in the collateral account. The posted col-
lateral remains the property of the collateral payer and is remunerated. In case no
default occurs during the lifetime of the contract, the collateral provider receives it
back, together with the accumulated interest. The details regarding the frequency of
posting the collateral, eligible currencies and securities which can serve as collat-
eral, specifications of close-out cash flows are all described in CSA (Credit Support
Annex) agreements. The ISDA (International Swaps and Derivatives Association)
nowadays provides standard CSAs for OTC derivatives, which “is part of ISDA’s
continuing efforts to increase efficiency and improve standardization in the OTC
derivatives markets”. These standard CSAs in particular promote adoption of the
OIS discounting.

An alternative to collateral posting directly between two counterparties is “central
clearing” of a bilateral contract, which is done via central counterparties (CCPs) or
clearing houses. Nowadays many financial contracts are cleared in this way and a
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number of CCPs exist specializing in particular types of markets and products. For
example, some of the main CCPs for interest rate swaps and credit default swaps are
SwapClear, ICE Trust US and ICE Clear Europe. A short description of functioning
of a CCP given here is based on the article by Heller and Vause (2011).

The role of a CCP is to act as an intermediary between two counterparties in a
bilateral contract and to take on their own respective counterparty risks. TheCCP thus
becomes the newcounterparty for both parties in the contract, which are consequently
only exposed to the counterparty risk of the CCP. This risk should, however, be small
as the CCP is well capitalized and thus well equipped to face possible defaults of its
members. In order to manage the counterparty risk of the members, the CCP relies
on several mechanisms. The first one are participation constraints, which exclude
counterparties with default probability above a certain acceptable threshold from
dealing with the CCP. Upon initiation of a bilateral contract through the CCP, each
party is required to post an initial margin to the CCP, usually in form of cash or
highly liquid securities. This initial margin serves to cover most possible losses in
case of default of a counterparty, whose positions are then inherited by the CCP.
In particular, this concerns the period between the last time the defaulting party’s
positionwas valued and variationmarginswere paid and the close-out of the position.
Variationmargins represent a thirdmechanism of protection and concern the changes
in the market value of counterparties’ positions in the contract. The counterparty
whose position has lost in value is obliged to post the variation margin to the CCP
(which is necessarily done in cash as opposed to collateral agreements). The CCP
typically passes this margin to the other counterparty. The variation margins are
usually calculated and collected daily. Finally, as the fourth line of defense against
losses due to defaults of itsmembers, theCCPalso disposes of a non-margin collateral
such as default funds which contain collateral posted by all members of the CCP.

Acknowledging the role of collateralization and central clearing in mitigation of
counterparty risk in OTC derivatives (we refer in particular to Cont et al. (2011)
who found significant differences in the values of cleared and uncleared interest rate
swaps), one still has to be aware of the remaining liquidity risk that might even get
more pronounced as a consequence of need to finance the collateral postings and
variation margin calls in adverse mark-to-markets conditions.

1.2.3 Clean Prices Versus Global Prices

The term “clean price” was introduced in the post-crisis literature in Crépey (2015)
and Crépey et al. (2014) and refers to a price of an OTC derivative in a hypothetical
situation where default and liquidity risk of the two counterparties are assumed to be
negligible. In particular, in case of interest rate derivatives, this means that the coun-
terparty and liquidity risk of the two parties are ignored, whereas the counterparty
and liquidity risk of the interbank market, which directly influence the reference
rates in these contracts and create the multiple curve phenomenon, are still taken
into account. Hence, in this sense the interest rate derivative prices studied in this
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book are clean, multiple curve prices. This is also supported by the fact that most
market quotations of derivative prices reflect collateralized transactions, thus leading
to clean prices.

On the other side, a global price of a derivative is a price including also the
adjustments due to counterparty and liquidity risk. This can be done in two ways:
either by developing a pricing framework which takes these issues into account from
the beginning, or by computing firstly the clean prices and then “adjusting” them for
these risks by CVA (credit valuation adjustment), DVA (debt valuation adjustment)
and FVA (funding valuation adjustment), as well as other adjustments referred to
simply by XVA. The computation and the interplay of these adjustments in order to
obtain the global price of a derivative are far from trivial.

Even though both of these approaches have their advantages and disadvantages
for OTC pricing in general, in our view the second approach seems to be well suited
for the case of interest rate derivatives. Firstly, the “splitting” of the pricing proce-
dure into two parts corresponds in fact to common practice, where the clean prices
are computed on the case by case basis (derivative by derivative) and then used as
an underlying to produce the valuation adjustments, for which the whole portfo-
lio between two counterparties, and not only one specific derivative, plays a role.
Secondly, in contrast to credit derivatives, the wrong-way risk and the gap risk in
interest rate derivatives are rather small, hence disregarding counterparty risk when
computing clean interest rate derivative prices seems to be a reasonable assumption.
Finally, since already the clean pricing of interest rate derivatives requires com-
plex models due to the multiple curve issue, we feel that the two-step approach in
obtaining the global derivative prices should be preferred in this case. The treatment
in this book therefore concerns only the clean pricing of interest rate derivatives.
For a detailed overview of the global pricing of financial derivatives we refer the
interested reader to Brigo et al. (2013), Pallavicini and Brigo (2013), Crépey et al.
(2014) and the references therein.

1.3 The New Paradigm: Multiple Curves at All Levels

Let us fix a finite time horizon for all market activities, denoted by T∗ > 0. Having
seen in the previous sections that the key role in the post-crisis fixed-income markets
is played by the tenor of the underlying interest rate, let us now formalize these
discussions and introduce the notation and the needed probabilistic framework.

A discrete tenor structure T x with tenor x is a finite sequence of dates

T x := {0 ≤ Tx
0 < Tx

1 < · · · < Tx
Mx

≤ T∗} (1.9)

We denote δx
k := Tx

k − Tx
k−1 the year fraction corresponding to the length of the

interval (Tx
k−1, Tx

k ], for k = 1, . . . , Mx. Typically, the distance between the dates in
the tenor structure will be constant, i.e. δx

k = δx, for all k.
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Fig. 1.5 Illustration of different tenor structures

Remark 1.1 In this book, for sake of clarity of the exposition, we put aside the
practical issue of day count conventions. We acknowledge that in practice, however,
there is a variety of day count conventions that have to be taken into account and
refer to e.g. Ametrano and Bianchetti (2013) for more details on these conventions.

As already seen in the previous sections, in practice the tenor x ranges from one
day (δx = 1

360 ) to twelve months (δx = 1). In the multi-curve setup one has to
consider different possible tenor structures simultaneously. We shall thus denote by
X := {x1 < x2 < · · · < xn} a collection of tenors and by T xi = {0 ≤ Txi

0 <

· · · < Txi
Mxi

} the associated tenor structures for i = 1, . . . , n, thereby assuming that
T xn ⊂ T xn−1 ⊂ · · · ⊂ T x1 ⊆ T , where T := {0 ≤ T0 < T1 < · · · < TM ≤ T∗}
can be seen as a reference tenor structure containing all the others. Moreover, assume
that Txi

Mxi
= TM , for all i, meaning that all tenor structures have a common terminal

date. Typically, we haveX = {1, 3, 6, 9, 12}months. As an example, Fig. 1.5, taken
from Grbac et al. (2014), illustrates the relation between different tenor dates in the
1-month, 3-month and 6-month tenor structures, assuming that the 1-month tenor
structure is the reference tenor structure.

Having in mind the discussion at the beginning of this chapter and the impact
of the underlying tenor on the values of the Libor rates, after the crisis, instead of
having Libor rates of different tenors connected by no-arbitrage relations, one has to
associate to each tenor x ∈ X a different curve. In other words, at time t = 0, for
each x the following rates are observable, where here and below by “observable” we
mean quantities that are either directly observable or can be computed from market
data as will be explained further in Remark 1.2:

L(0; Tx
k−1, Tx

k ), k = 1, . . . , Mx (1.10)

Hence, one can define the associated discount curve by imposing the following
classical relation:

px(0, Tx
k−1)

px(0, Tx
k )

:= 1 + δx
k L(0; Tx

k−1, Tx
k ), k = 1, . . . , Mx (1.11)

and deriving from it the x-bond prices px(0, Tx
k ), cf. Ametrano and Bianchetti (2013)

and Miglietta (2015). Note, as pointed out also by Miglietta (2015), that there is no
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unique inverse relationship between the initial Libor curve L(0; Tx
k−1, Tx

k ) and the

initial x-bond term structure, only the quotients
px(0,T x

k−1)

px(0,T x
k )

are uniquely determined.
Clearly, the simultaneous presence of several, mutually “disconnected” Libor curves
that cannot be associated to only one common discount curve T �→ p(0, T), as it was
the case in the pre-crisis setup, gives rise to the first obvious question of choice of the
discount curve (or curves), as well as to other questions related to the mathematically
sound and practically reasonable modeling of multiple curves.

Remark 1.2 (Tradable quantities and market data) Regarding the tradable quantities
and bootstrapping of the yield curves based on market quotes, we briefly summarize
the most important points from the paper by Ametrano and Bianchetti (2013), which
provides a very detailed overview of the procedure of calibration and yield curve
construction for the instruments traded in the European market. According to this
paper, in the European market the most important tenors that are considered are the
following ones: 1 day, 1, 3, 6 and 12 months and the most liquidly traded instru-
ments are based on these tenors as underlyings. Constructions of the yield curves
corresponding to the mentioned tenors is done by bootstrapping both from available
market prices of traded instruments, as well as from prices of synthetic instruments,
which are used for replacing the missing market quotes. These instruments include
deposits (depos), FRAs, interest rate swaps, overnight indexed swaps and basis
swaps based on various tenors. The most important yield curve is the one related
to the 1-day tenor. This curve is constructed on the basis of the market OIS rates for
overnight indexed swaps and is therefore usually called the OIS yield curve. More
precisely, analogously to what is done in the pre-crisis setting, starting from the mar-
ket OIS rates one can construct by bootstrapping the OIS bond prices (see Eq. (1.32)
and Remark 1.6 in Sect. 1.4.4). This gives the OIS discount curve that in turn leads in
the usual way to the OIS yield curve. The importance of the OIS discount curve (or
equivalently the OIS yield curve) lies in the fact that it is the most commonly used
discount curve for pricing of other interest rate derivatives. We recall, as mentioned
already at the end of Sect. 1.1, that the underlying overnight rate of overnight indexed
swaps in the European market is the Eonia rate.

The procedure of constructing the yield curves from market data is based in
general on two types of algorithms: the best-fit, where a functional form for the yield
curves, such as Nelson-Siegel or Svensson, is assumed and then the parameters are
calibrated, and the exact-fit, where a number of pre-selected market instruments is
repriced exactly by bootstrapping and then the interpolation is used to obtain the
remaining maturities. Ametrano and Bianchetti (2013) also provide details on the
baskets of instruments used in the construction of each of the yield curves.

In the subsequent sections we define various probability measures used for pricing
of interest rate derivatives in the sequel. In order to do so, we introduce a filtered
probability space (Ω,F , (Ft)0≤t≤T∗ , Q), where the filtration (Ft)0≤t≤T∗ is assumed
to satisfy the usual conditions. All price processes introduced in the remainder of the
chapter are defined on this probability space and adapted to the filtration (Ft)0≤t≤T∗ .
We shall use the notation X, (Xt)0≤t≤T∗ or simply Xt to denote a stochastic process.
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1.3.1 Choice of the Discount Curve

In the presence of multiple curves, the choice of the curve for discounting of the
future cash flows, and a related choice of the standard martingale measure used
for pricing (in other words, the question of absence of arbitrage), becomes non-
trivial. One could possibly choose a different discounting curve depending on the
tenor of the underlying interest rate and consider each x-tenor market as a separate
market. However, note that this requires imposing in addition certain relations that
ensure the absence of arbitrage between these markets that are interconnected by
means of interest rate derivatives whose payments depend on more than one tenor
simultaneously. The other possibility is to choose a common discounting curve that
will apply to all future cash flows, regardless of their tenor. In fact, this is the choice
that has beenwidely accepted and became practically standard, with theOIS discount
curve (i.e. the discount curve stripped from the OIS rates) as the common discount
curve, cf. also the comments in Remark 1.2. One of the main arguments justifying
this choice, which is typically evoked, is the fact that in practice the majority of
traded interest rate derivatives are nowadays being collateralized and the rate used
for remuneration of the collateral is exactly the overnight rate, which is the rate
the OIS are based on. Moreover, the overnight rate bears very little risk due to its
short maturity and therefore can be considered relatively risk-free. For more detailed
discussions on this issue we refer to Ametrano and Bianchetti (2013), Filipović and
Trolle (2013) and Hull and White (2013).

A formal derivation of the OIS discount curve will be presented in Sect. 1.4.4. In
the remainder of the book we shall assume that the discount curve is the OIS discount
curve T �→ pOIS(t, T) for any t and, in order to simplify the notation, we shall just
use p(t, T). We shall call OIS bonds the, in general hypothetical, bonds with price
p(t, T) = pOIS(t, T). These bonds are not necessarily traded since they correspond
to OIS rates that are based on an averaging procedure.5 In the literature they are
however often assumed to be tradable assets as e.g. in Mercurio (2010a).

From the OIS bonds p(t, T)wemay formally derive corresponding instantaneous
forward rates via the classical relationship

f (t, T) := − ∂

∂T
log p(t, T) (1.12)

and from here then obtain the spot rate rt = f (t, t) that we shall call the OIS short
rate. In practice, this rate will be approximated by the overnight rate that corresponds
to the shortest available tenor.

5We would like to thank Darrell Duffie for having clarified to us some issues pertaining to OIS
bonds in relation to the standard traded bonds.
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1.3.2 Standard Martingale Measure and Forward Measures
Related to OIS Bonds

Given the OIS short rate rt,wemay define in the usual way the corresponding money
market account as

Bt = exp

(∫ t

0
rsds

)

We consider as standard martingale measure a probability measure Q, equiva-
lent to the physical measure P, under which all traded assets, discounted by B as
numéraire, are (local) martingales.

By analogy to the classical bond price formula we now postulate for the OIS
bonds the relationship

p(t, T) = EQ

{
Bt

BT

∣∣∣Ft

}
= EQ

{
exp

[
−
∫ T

t
rsds

] ∣∣∣Ft

}
(1.13)

which implies that the process
(

p(t,T)

Bt

)
t≤T

is, for each T , a Q-martingale. The mean-

ingfulness of the above relationship between rt and p(t, T) stems from the fact that,
whenever the OIS bonds are actually traded, their prices should be arbitrage-free.
Formula (1.13) for p(t, T), viewed as discount curve, can also be found in Kijima
et al. (2009). Notice, furthermore, that formula (1.13) corresponds to formula (3),

namely Pc(t, T) = EQ
{
exp

[
− ∫ T

t rc(s)ds
]

| Ft

}
in Filipović and Trolle (2013),

which gives the price Pc(t, T) of a collateralized zero coupon bond when the collat-
eral rate rc is the overnight rate (see also Piterbarg 2010 and Fujii et al. 2011). This is
typically the case in practice as mentioned in Sect. 1.3.1. In this sense the OIS bonds
correspond to collateralized zero coupon bonds that may actually be traded.

Since the process
(

p(t,T)

Bt

)
t≤T

is aQ-martingale, we can use it as density process for

an equivalent measure change. In fact, we may now introduce the standard forward
martingale measures defining, for a generic T ∈ [0, T∗], the T -forward measure QT

as given by

dQT

dQ

∣∣∣
Ft

= p(t, T)

Bt

B0

p(0, T)
= p(t, T)

Btp(0, T)
, 0 ≤ t ≤ T (1.14)

Note that the forward measure QT is associated to the OIS bond p(·, T) as numéraire,
hence the density process is a ratio of the two numéraires.Moreover, the link between
two forward measures associated to the dates T , S ∈ [0, T∗] is given by

dQT

dQS

∣∣∣
Ft

= p(t, T)

p(t, S)

p(0, S)

p(0, T)
, 0 ≤ t ≤ T ∧ S (1.15)
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The forward martingale measures are particularly relevant in the context of interest
rate derivative pricing, but also for the direct modeling of the forward interest rates;
see the seminal paper byGeman et al. (1995), where the idea of changing a numéraire
(and thus changing a measure) has been first proposed in financial modeling as a tool
in asset pricing.

1.4 Interest Rate Derivatives

In this section an overview of the most standard interest rate derivatives is given
with precise definitions and connections between different derivatives. Moreover,
the quantities which may serve as building blocks for pricing models presented in
the sequel are identified.

A. Linear Derivatives
We begin by presenting the linear interest rate derivatives such as coupon bonds,
forward rate agreements and various types of interest rate swaps. A reader familiar
with the basics of the interest rate theory will know that before the crisis the prices
of these derivatives were given simply as linear combinations of zero coupon bond
prices. Now they are functions of both OIS bond prices and forward Libor rates.

1.4.1 Forward Rate Agreements

Definition 1.3 A forward rate agreement (FRA) is an OTC derivative that allows
the holder to lock in at any date 0 ≤ t ≤ T the interest rate between the inception
date T and the maturity S > T at a fixed value R. At maturity S, a payment based on
R is made and the one based on the relevant floating rate (generally the spot Libor
rate L(T; T , S)) is received. The notional amount is denoted by N .

As discussed at the beginning of the chapter, before the crisis the FRA rate was
exactly the rate given by (1.4), where the last equality results from a no-arbitrage
argument in which one “locks-up” a rate between T and S by buying and selling
bonds of maturities T and S. Following a widely accepted practice in the post-crisis
literature, we now define the post-crisis forward OIS rate, based on the OIS bond
prices p(t, T), as the discretely compounded forward rate given by

F(t; T , S) = 1

S − T

(
p(t, T)

p(t, S)
− 1

)
(1.16)

Notice that, although (1.16) coincideswith the last expression in (1.4), the bonds there
are the pre-crisis zero coupon bonds, while here they are the OIS bonds. Sometimes,
the forward OIS rates F(t; T , S) are also denoted by LD(t; T , S) to make explicit the
relation to the discount curve. In the pre-crisis framework, the forward Libor rate



1.4 Interest Rate Derivatives 19

L(t; T , S) was assumed to be free of interbank risk and thus to coincide with the
forward OIS rate, namely the following equality was supposed to hold

L(t; T , S) = LD(t; T , S) = F(t; T , S)

Coming back to the FRA rates implied by FRA contracts on the spot Libor rate
L(T; T , S), recall that the spot Libor rate is no longer assumed to be free of various
interbank risks and thus is no longer connected to the OIS bonds, i.e.

L(T; T , S) �= 1

S − T

(
1

p(T , S)
− 1

)

The payoff of the FRA with notional amount N at maturity S is equal to

PFRA(S; T , S, R, N) = N(S − T)(L(T; T , S) − R)

where L(T; T , S) is the T -spot Libor rate for the time interval [T , S]. Thus, the value
of the FRA at time t ≤ T is calculated as the conditional expectation with respect to
the forward measure QS associated with the OIS bond with maturity S as numéraire
and is given by

PFRA(t; T , S, R, N) = N(S − T)p(t, S)EQS {L(T; T , S) − R|Ft} (1.17)

Hence, the key quantity is the conditional expectation of the spot Libor rate that we
denote by L(t; T , S) and define by

L(t; T , S) := EQS {L(T; T , S) |Ft} , 0 ≤ t ≤ T < S (1.18)

As stated in Definition 1.2 we call this quantity the forward Libor rate, but we
emphasize again the crucial difference with respect to the classical pre-crisis forward
Libor rate, namely the connection to the bond prices which is now lost:

L(t; T , S) = EQS {L(T; T , S) | Ft} �= 1

S − T

(
p(t, T)

p(t, S)
− 1

)
(1.19)

The value of the FRA at time t is then simply given by

PFRA(t; T , S, R, N) = N(S − T)p(t, S) (L(t; T , S) − R) (1.20)

and the forward rate Rt implied by this FRA at time t ≤ T , i.e. the rate R such that
PFRA(t; T , S, R, N) = 0, is obviously equal to L(t; T , S).

Remark 1.3 We mention here that the traded FRA contracts are in fact defined in a
slightly different way. More precisely, the payoff of the market FRA (as opposed to
the standard, textbook FRA defined above) is given by
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PmFRA(T; T , S, R, N) = N
(S − T)(L(T; T , S) − R)

1 + (S − T)L(T; T , S)

= PFRA(S; T , S, R, N)

1 + (S − T)L(T; T , S)
(1.21)

and is paid at the beginning of the reference interval, i.e. at time T (in contrast to the
payment at time S in the case of the standard FRA). Intuitively speaking, the payoff
of the market FRA equals the payoff of the standard FRA paid at T instead of S,
where the amount is discounted by a discount factor coming from the Libor curve

1
1+(S−T)L(T ;T ,S)

(and not from the OIS curve). Obviously, in the pre-crisis setup the
market and the standard FRA definitions were equivalent, as it can be easily checked
by a simple calculation.

In the sequel, when writing only FRA, we shall always mean the standard FRA.
The difference in definitions should be kept in mind when calibrating a model to
market data, although it has been pointed out by e.g. Mercurio (2010b) that the
actual difference in value of the contract is small enough to be neglected.

Remark 1.4 The forward Libor rate together with the OIS bond prices are the build-
ing blocks for the prices of other linear interest rate derivatives such as various types
of swaps. Many models in the recent literature consider either directly the forward
Libor rate, or one of the related spreads, as amodeling object. These are themodels in
the spirit of the classical Libor market models, which are treated in Chap.4. Another
approach is to focus on the pre-crisis connection of the spot Libor rates and bond
prices and introduce the following relation:

L(T; T , S) = 1

S − T

(
1

p̄(T , S)
− 1

)
(1.22)

and set according to Definition 1.2

L(t; T , S) = EQS

{
1

S − T

(
1

p̄(T , S)
− 1

) ∣∣∣Ft

}
(1.23)

where p̄(T , S) can be interpreted as price of a fictitious risky bond that is supposed
to be affected by the same risk factors as the Libor rate. Here, we kept the classical
formal relationship between the Libor rates and the bond prices, but replaced the
prices p(T , S) in the classical relationship by the prices p̄(T , S) of the fictitious
bonds. Note that these fictitious bonds are not traded assets, but can be considered
as being issued by an average Libor bank, see Ametrano and Bianchetti (2013) and
Morini (2009). This is why these bonds are referred to as the Libor bonds by some
authors. In Gallitschke et al. (2014) they are called interbank bonds, since interbank
cash transactions can be represented as interbank bonds. The models for these bonds
are then specified by specifying the dynamics of the process (p̄(t, S))0≤t≤S either
directly (HJM approach, see Chap.3), or via a suitable short-rate process (for the
short-rate approach see Chap.2).

http://dx.doi.org/10.1007/978-3-319-25385-5_4
http://dx.doi.org/10.1007/978-3-319-25385-5_3
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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1.4.2 Fixed and Floating Rate Bonds

Definition 1.4 A fixed rate bond (fixed rate note) is a financial instrument offering
to its holder a stream of future payments called coupons. Denoting by 0 ≤ T0 <

T1 < · · · < Tn a discrete tenor structure with δk = Tk − Tk−1 and by N the notional
amount, the fixed rate bond pays out the amount Nδkck at date Tk , for ck ∈ (0, 1)
and k = 1, . . . n. The notional amount N is paid in addition to the coupon payment
at maturity Tn. In a floating rate bond (floating rate note) the coupon payments
are based on a floating rate (generally the spot Libor rate for a given period), i.e.
the floating rate bond pays out the amount NδkL(Tk−1; Tk−1, Tk) at date Tk , where
L(Tk−1; Tk−1, Tk) is the spot Libor rate fixed at Tk−1 for the period [Tk−1, Tk] with
k = 1, . . . n. In the sequel we shall use the shorthand notation Qk = QTk for the
forward measures.

The price at time t ≤ T0 of the fixed rate bond is given by

pc(t, Tn) =
n∑

k=1

Nδkp(t, Tk)ck + Np(t, Tn) (1.24)

Similarly, the price of the floating rate bond at time t ≤ T0 can be expressed as

pfloat(t, Tn) =
n∑

k=1

Nδkp(t, Tk)E
Qk {L(Tk−1; Tk−1, Tk)|Ft} + Np(t, Tn)

=
n∑

k=1

Nδkp(t, Tk)L(t; Tk−1, Tk) + Np(t, Tn) (1.25)

We recall that, before the crisis, the price of the floating rate bond was simply

pfloat(t, Tn) =
n∑

k=1

Nδkp(t, Tk)L(t; Tk−1, Tk) + Np(t, Tn)

=
n∑

k=1

Nδkp(t, Tk)
1

δk

(
p(t, Tk−1)

p(t, Tk)
− 1

)
+ Np(t, Tn)

= Np(t, T0) (1.26)

due to the pre-crisis connection between the forward Libor rates and the bond
prices as specified in (1.6). The third equality follows by cancellations in the tele-
scopic sum. This means that the spot starting floating rate bond was worth par,
i.e. pfloat(T0, Tn) = N .
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1.4.3 Interest Rate Swaps

In full generality, a swap is a financial contract between two parties to exchange one
stream of future payments for another one.

Definition 1.5 An interest rate swap is a financial contract in which a stream of
future interest rate payments linked to a pre-specified fixed rate denoted by R is
exchanged for another one linked to a floating interest rate, based on a specified
notional amount N . The floating rate is generally taken to be the Libor rate, with
various possible conventions concerning the fixing and the payment dates. The swap
is initiated at time T0 ≥ 0 and T1 < · · · < Tn, where T1 > T0, denote a collection of
the payment dates, with δk := Tk − Tk−1, for all k = 1, . . . , n.

Note that in this book we shall always use the convention where the floating rates
are fixed in advance and the payments are made in arrears. Moreover, note also that
there exist other possible choices for the floating rate besides the Libor rates. One
such example is treated below, namely the overnight indexed swap (OIS), in which
the floating rate is obtained by compounding the overnight rates. Further examples
include constant maturity swaps, in which the floating rates are market swap rates of
Libor-indexed swaps.

We recall that if the fixed rate is paid and the floating rate is received, the swap is
called a payer swap, as opposed to a receiver swap, where the fixed rate is received
and the floating rate is paid. If not specified otherwise, we shall always consider a
payer swap. The time-t value of the swap, where t ≤ T0, is given as a difference of
the time-t values of the floating leg and the fixed leg and is equal to

PSw(t; T0, Tn, R, N) = N
n∑

k=1

δkp(t, Tk)E
Qk {L(Tk−1; Tk−1, Tk) − R|Ft}

= N
n∑

k=1

PFRA(t; Tk−1, Tk, R, 1)

= N
n∑

k=1

δkp(t, Tk) (L(t; Tk−1, Tk) − R) (1.27)

where L(t; Tk−1, Tk) is given by (1.18), for every k = 1, . . . , n. The swap rate
R(t; T0, Tn) is the rate that makes the time-t value PSw(t; T0, Tn, R, N) of the swap
equal to zero and it is easily seen that it is given by

R(t; T0, Tn) =
∑n

k=1 δkp(t, Tk)L(t; Tk−1, Tk)∑n
k=1 δkp(t, Tk)

(1.28)

=
n∑

k=1

wkL(t; Tk−1, Tk)

i.e. the swap rate is a convex combination of the forward Libor rates, with weights
wk := δkp(t,Tk)∑n

i=1 δip(t,Ti)
, k = 1, . . . , n, which are functions of the OIS bond prices.
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Remark 1.5 In practice the floating rate payments and the fixed rate payments of
the swap defined above typically do not occur with the same frequency, as we have
assumed to simplify the notation. For example, in the European markets, the fixed
leg payments typically occur on a one-year tenor structure, whereas the floating rate
payments adopt the tenor of the underlying Libor rate (from one month to three
months and up to one year). In that case one has to work with two different tenor
structures and modify the above formulas accordingly. In particular, if we denote by
T x the tenor structure for the floating rate payments and by T y the tenor structure
for the fixed rate payments, the time-t value of this interest rate swap is given, with
some abuse of notation concerning the symbol PSw for the swap value, by

PSw(t;T x,T y, R, N) = N

⎛
⎝ nx∑

i=1

δx
i p(t, Tx

i )L(t; Tx
i−1, Tx

i ) − R

ny∑
j=1

δ
y
j p(t, Ty

j )

⎞
⎠

which follows exactly by the same reasoning as (1.27). The corresponding swap rate
is given by

R(t;T x,T y) =
∑nx

i=1 δx
i p(t, Tx

i )L(t; Tx
i−1, Tx

i )∑ny

j=1 δ
y
j p(t, Ty

j )

1.4.4 Overnight Indexed Swaps (OIS)

In an overnight indexed swap (OIS) the counterparties exchange a stream of fixed rate
payments for a stream of floating rate payments linked to a compounded overnight
rate. Let us assume the same tenor structure as in the previous subsection is given
and denote again the fixed rate by R. The time-t value POIS(t; T0, Tn, R, N)fix of the
fixed leg payments is given by

POIS(t; T0, Tn, R, N)fix = NR
n∑

k=1

δkp(t, Tk),

whereas to compute the value of the floating leg POIS(t; T0, Tn, R, N)float we pro-
ceed as follows: the floating rate for each interval (Tk−1, Tk] is given by simply
compounding the overnight rates between these two dates, i.e.

RON (Tk−1, Tk) = 1

δk

⎛
⎝ nk∏

j=1

[
1 + δtk

j−1, tk
j
RON (tk

j−1, tk
j )
]

− 1

⎞
⎠

where Tk−1 = tk
0 < tk

1 < · · · < tk
nk

= Tk is the subdivision into dates of the fixings
of the overnight rate (i.e. working days) and δtk

j−1,t
k
j

:= tk
j − tk

j−1, with RON (tk
j−1, tk

j )
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denoting thus the overnight rate for the period (tk
j−1, tk

j ]. The payment based on the
discretely compounded rate RON (Tk−1, Tk) is made at Tk . In order to find the value at
time t of this payment, we proceedwith a calculation inspired by the one inAmetrano
and Bianchetti (2013). The overnight rate RON (tk

j−1, tk
j ) is assumed to be linked to

the OIS bond prices via the classical pre-crisis forward rate formula

RON (tk
j−1, tk

j ) = 1

δtk
j−1,t

k
j

(
p(tk

j−1, tk
j−1)

p(tk
j−1, tk

j )
− 1

)
(1.29)

We refer to Filipović and Trolle (2013, Sect. 2.5) for a derivation of the above for-
mula based on continuous compounding of the instantaneous rate approximating the
overnight rate. Hence, the value of the floating leg is given by

POIS(t; T0, Tn, R, N)float = N
n∑

k=1

δkp(t, Tk)R
ON (t; Tk−1, Tk)

where

RON (t; Tk−1, Tk) = EQTk
{
RON (Tk−1, Tk)|Ft

}

= 1

δk
EQTk

⎧⎨
⎩
⎛
⎝ nk∏

j=1

[
1 + δtk

j−1,t
k
j
RON (tk

j−1, tk
j )
]

− 1

⎞
⎠∣∣∣Ft

⎫⎬
⎭

= 1

δk

⎛
⎝EQTk

⎧⎨
⎩

nk∏
j=1

p(tk
j−1, tk

j−1)

p(tk
j−1, tk

j )

∣∣∣Ft

⎫⎬
⎭− 1

⎞
⎠

= 1

δk

(
p(t, Tk−1)

p(t, Tk)
− 1

)
(1.30)

The third equality follows from (1.29) and the fourth one is based on a sequence
of subsequent measure changes from QTk to Qtk

j
, for j = nk − 1, . . . , 0 (recall that

Tk = tk
nk
). To be more precise, in the first step, making use of the density between

the forward measures Qtk
nk
and Qtk

nk −1
given in (1.15) and applying the abstract Bayes

rule, we have

EQTk

⎧⎨
⎩

nk∏
j=1

p(tk
j−1, tk

j−1)

p(tk
j−1, tk

j )

∣∣∣Ft

⎫⎬
⎭ =

E
Q

tknk −1

{∏nk−1
j=1

p(tk
j−1,t

k
j−1)

p(tk
j−1,t

k
j )

∣∣∣Ft

}

E
Q

tknk −1

{
p(tk

nk −1,t
k
nk

)

p(tk
nk −1,t

k
nk −1)

∣∣∣Ft

}

= p(t, tk
nk−1)

p(t, tk
nk

)
E

Q
tknk −1

⎧⎨
⎩

nk−1∏
j=1

p(tk
j−1, tk

j−1)

p(tk
j−1, tk

j )

∣∣∣Ft

⎫⎬
⎭

Repeating the same procedure, we obtain the following telescopic product
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EQTk

⎧⎨
⎩

nk∏
j=1

p(tk
j−1, tk

j−1)

p(tk
j−1, tk

j )

∣∣∣Ft

⎫⎬
⎭ =

nk∏
j=1

p(t, tk
j−1)

p(t, tk
j )

= p(t, Tk−1)

p(t, Tk)

which concludes the derivation of (1.30). Consequently,

POIS(t; T0, Tn, R, N)float = N
n∑

k=1

δkp(t, Tk)
1

δk

(
p(t, Tk−1)

p(t, Tk)
− 1

)

= N (p(t, T0) − p(t, Tn))

where the second equality follows by cancellations in the telescopic sum.
Therefore, the time-t value, for t ≤ T0, of the payer OIS (i.e. the OIS in which

the floating rate is received and the fixed rate is paid) is given by

POIS(t; T0, Tn, R, N) = N

(
p(t, T0) − p(t, Tn) − R

n∑
k=1

δkp(t, Tk)

)
(1.31)

The OIS rate ROIS(t; T0, Tn), for t ≤ T0, is the rate R such that the value of the OIS
at time t is equal to zero, i.e. POIS(t; T0, Tn, R, N) = 0. It is given by

ROIS(t; T0, Tn) = p(t, T0) − p(t, Tn)∑n
k=1 δkp(t, Tk)

(1.32)

and coincides with the classical pre-crisis swap rate, compare also Filipović and
Trolle (2013, Sect. 2.5, Eq. 11).

Remark 1.6 Note that the OIS discount curve is obtained by stripping the OIS bond
prices based on the expression (1.32) for theOIS rate, seeRemark 1.2.More precisely,
assuming a collection ofmarket quotes for OIS rates of overnight indexed swapswith
various lengths is given, the relationship (1.32) allows to obtain the OIS bond prices
p(t, Tk) by solving a corresponding system of equations.

The additive spot Libor-OIS spread at time T , for the interval [T , T + Δ], where
T ≥ 0 and Δ > 0, is thus given by

S(T; T , T + Δ) := L(T; T , T + Δ) − ROIS(T; T , T + Δ) (1.33)

= L(T; T , T + Δ) − 1

Δ

(
1

p(T , T + Δ)
− 1

)

where we have used (1.32) with a single payment date. Note that since a swap with a
single payment date is in fact an FRA,we haveROIS(T; T , T +Δ) = F(T; T , T +Δ),
where F(T; T , T + Δ) is a discretely compounded forward rate from Eq. (1.16).
Even though it is not directly observable in the market, for modeling purposes, a
multiplicative spot Libor-OIS spread sometimes turns out to be more convenient:
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Σ(T; T , T + Δ) := 1 + ΔL(T; T , T + Δ)

1 + ΔROIS(T; T , T + Δ)
(1.34)

see Henrard (2014) and Cuchiero et al. (2015). Note here that the quantity in the nu-
merator above is exactly the inverse of the Libor discount factormentioned in connec-
tion to market FRAs in Remark 1.3. Therefore, multiplying the payoff of the market
FRA PmFRA(T; T , S, R, N) by the multiplicative Libor-OIS spread Σ(T; T , T + Δ)

one can express it as a payoff of the standard FRA discounted with an OIS discount
factor.

Similarly, the additive forward Libor-OIS spread at time t ≤ T , for the interval
[T , T + Δ], is given by

S(t; T , T + Δ) := L(t; T , T + Δ) − ROIS(t; T , T + Δ) (1.35)

= L(t; T , T + Δ) − 1

Δ

(
p(t, T)

p(t, T + Δ)
− 1

)

and the multiplicative forward Libor-OIS spread is

Σ(t; T , T + Δ) := 1 + ΔL(t; T , T + Δ)

1 + ΔROIS(t; T , T + Δ)
(1.36)

The Libor-OIS swap spread at time t ∈ [0, T0] is by definition the difference
between the swap rate (1.28) of the Libor-indexed interest rate swap and the OIS rate
(1.32) and is given by

R(t; T0, Tn)−ROIS(t; T0, Tn) =
∑n

k=1 δkp(t, Tk)L(t; Tk−1, Tk) − p(t, T0) + p(t, Tn)∑n
k=1 δkp(t, Tk)

(1.37)

Remark 1.7 Similarly to Remark 1.5, in practice the floating rate payments and the
fixed rate payments of the OIS take place on different tenor structures. Hence, if we
denote by T x the tenor structure for the floating rate payments and by T y the tenor
structure for the fixed rate payments, the time-t value of this OIS is given by

POIS(t;T x,T y, R, N) = N

(
p(t, T0) − p(t, Tx

nx
) − R

ny∑
k=1

δ
y
kp(t, Ty

k )

)

which follows exactly by the same reasoning as (1.31). The corresponding swap rate
is given by

ROIS(t;T x,T y) = p(t, T0) − p(t, Tx
nx

)∑ny

k=1 δ
y
kp(t, Ty

k )
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1.4.5 Basis Swaps

Abasis swap is an interest rate swap, where two floating payments linked to the Libor
rates of different tenors are exchanged. For example, a buyer of such a swap receives
semiannually a 6m-Libor and pays quarterly a 3m-Libor, both set in advance and
paid in arrears. Note that there also exist other conventions regarding the payments
on the two legs of a basis swap. Below we give a definition of a generic basis swap.

Definition 1.6 A basis swap is a financial contract to exchange two streams of
payments based on the floating rates (typically Libor rates) linked to two different
tenor structures denoted by T 1 = {T 1

0 < · · · < T 1
n1} and T 2 = {T 2

0 < · · · < T 2
n2},

where T 1
0 = T 2

0 ≥ 0, T 1
n1 = T 2

n2 , and T 1 ⊂ T 2. The notional amount is denoted
by N , T 1

0 = T 2
0 is called the initiation date, T 1

n1 = T 2
n2 the maturity date of the basis

swap and the first payments are due at T 1
1 and T 2

1 , respectively.

The time-t value of the basis swap is, for t ≤ T 1
0 = T 2

0 , given by

PBSw(t;T 1,T 2, N) = N

( n1∑
i=1

δ1i p(t, T 1
i )EQT1i

{
L(T 1

i−1; T 1
i−1, T 1

i )|Ft
}

−
n2∑

j=1

δ2j p(t, T 2
j )EQ

T2j {
L(T 2

j−1; T 2
j−1, T 2

j )|Ft
})

(1.38)

Thus, we have

PBSw(t;T 1,T 2, N) = N

( n1∑
i=1

δ1i p(t, T 1
i )L(t; T 1

i−1, T 1
i )

−
n2∑

j=1

δ2j p(t, T 2
j )L(t; T 2

j−1, T 2
j )

)
(1.39)

where L(t; Tx
k−1, Tx

k ) is given by (1.18), for each tenor structure T x, x = 1, 2 and
k = 1, . . . , nx.

Note that in the classical one-curve setup the time-t value of such a swap is zero,
whereas since the crisis markets quote positive basis swap spreads that have to be
added to the payments made on the smaller tenor leg. More precisely, recalling that
the smaller tenor leg corresponds to T 2, the floating interest rate L(T 2

j−1; T 2
j−1, T 2

j )

at T 2
j is replaced by L(T 2

j−1; T 2
j−1, T 2

j ) + S, for every j = 1, . . . , n2, where S is the
basis swap spread. The value of the basis swap with the added spread S is denoted
by PBSw(t;T 1,T 2, S, N) and is given by an expression analogous to (1.39), which
follows from (1.38), where L(T 2

j−1; T 2
j−1, T 2

j ) is replaced by L(T 2
j−1; T 2

j−1, T 2
j ) + S,

for every j. The fair basis swap spread SBSw(t;T 1,T 2) at the time t when the swap



28 1 Post-Crisis Fixed-Income Markets

is contracted is the spread S which makes the t-value of the swap equal to zero, i.e.
it results from solving PBSw(t;T 1,T 2, S, N) = 0 and is given by

SBSw(t;T 1,T 2) =
∑n1

i=1 δ1i p(t, T 1
i )L(t; T 1

i−1, T 1
i ) −∑n2

j=1 δ2j p(t, T 2
j )L(t; T 2

j−1, T 2
j )∑n2

j=1 δ2j p(t, T 2
j )

(1.40)
We may check that the value of the basis swap in a pre-crisis one-curve setup

is indeed zero. To this purpose recall first that in this setup the pre-crisis forward
Libor rates, which in (1.6) were defined using the risk-free zero coupon bonds as(

L(t; T , T + Δ) = 1
Δ

(
p(t,T)

p(t,T+Δ)
− 1
))

0≤t≤T
, are martingales under the correspond-

ing forward measures. We thus have

PBSw(t;T 1,T 2, N) = N

( n1∑
i=1

δ1i p(t, T 1
i )EQT1i

{
L(T 1

i−1; T 1
i−1, T 1

i )|Ft
}

−
n2∑

j=1

δ2j p(t, T 2
j )EQ

T2j {
L(T 2

j−1; T 2
j−1, T 2

j )|Ft
})

= N

( n1∑
i=1

δ1i p(t, T 1
i )L(t; T 1

i−1, T 1
i )

−
n2∑

j=1

δ2j p(t, T 2
j )L(t; T 2

j−1, T 2
j )

)

= N
(
(p(t, T 1

0 ) − p(t, T 1
n1)) − (p(t, T 2

0 ) − p(t, T 2
n2))
)

= 0

by the assumptions T 1
0 = T 2

0 and T 1
n1 = T 2

n2 .
In themultiple curve setupwe cannot use the same calculation, since now theLibor

rates are not connected to the bond prices as above. Hence, one ends up with formula
(1.39), which in general yields a non-zero value of the basis swap and produces a
non-zero basis swap spread (1.40). The market spreads are typically positive, hence
multiple curvemodels are usually constructed in such away that ensures this property
of the model spreads (1.40).

Remark 1.8 Note that the price of a basis swap PBSw(t;T 1,T 2) with tenor struc-
turesT 1 andT 2 can be expressed as a difference of prices of two interest rate swaps
which share the same tenor structure T 3 for the fixed rate payments and the same
fixed rate R, and the floating rate payments are made respectively on the two tenor
structures T 1 and T 2 of the basis swap. More precisely, we have

PBSw(t;T 1,T 2, N) = PSw(t;T 1,T 3, R, N) − PSw(t;T 2,T 3, R, N) (1.41)

where PSw(t;T 1,T 3, R, N) and PSw(t;T 1,T 3, R, N) are defined as in Remark
1.5. Clearly, one could take the tenor structure of the fixed leg to coincide with the



1.4 Interest Rate Derivatives 29

tenor structure of one of the floating legs, but, as mentioned already, in practice the
fixed leg is often paid on a one-year tenor structure (at least in the European markets)
and is thus common for both interest rate swaps, but the floating payments are made
on twodifferent tenor structures in general. Finally,wewant to point out that, based on
the representation (1.41), we could follow a slightly different convention concerning
the basis swap spread (see Ametrano and Bianchetti 2013), namely by defining

SBSw(t;T 1,T 2) = R(t;T 1,T 3) − R(t;T 2,T 3)

where R(t;T i,T 3), i = 1, 2, is the swap rate as defined in Remark 1.5. Notice that
the difference with the definition in (1.40) consists in the denominator which, in the
new formulation, stems from the fixed leg with tenor T 3.

B. Optional Derivatives
The most common nonlinear interest rate derivatives are caps, floors and swaptions.
All these derivatives are of optional nature, therefore we refer to them as optional
derivatives. Caps (floors) consist of a series of call (put) options on a floating interest
rate and swaptions are options which allow to enter into an underlying interest rate
swap of the various types described in the previous part A.

1.4.6 Caps and Floors

Recall that an interest rate cap, respectively floor, is a optional financial derivative
defined on a pre-specified discrete tenor structure. The buyer of a cap, respectively
floor, has a right to payments at the end of each sub-period in the tenor structure
in which the interest rate exceeds, respectively falls below, a mutually agreed strike
level K . These payments, made by the seller, are thus given as a positive part of
the difference between the interest rate and the strike K for the cap, respectively a
positive part of the difference between the strike K and the interest rate for the floor.
Every cap, respectively floor, can be decomposed into a series of options applying to
each sub-period, which are called caplets, respectively floorlets. Belowwe thus focus
on a single caplet with generic inception date and maturity, whereas the reasoning
for a floorlet is completely symmetric.

Definition 1.7 A caplet with strikeK , inception dateT ≥ 0 andmaturity dateT +Δ,
with Δ > 0, on a nominal N is a financial contract whose holder has the right to a
payoff at maturity given by NΔ(L(T; T , T + Δ) − K)+, where (L(T; T , T + Δ) is
the spot Libor rate fixed at time T for the time interval [T , T + Δ].
Note that the caplet can be seen as a call option with maturity T +Δ and strike K on
the Libor rate, where the Libor rate is known already at time T , i.e. the caplet is said to
be settled in arrears (again, similarly to Sect. 1.4.3, we adopt one of several possible
settlement conventions). In the sequel we shall assume without loss of generality that
the nominal is equal to one, i.e. N = 1.
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The time-t price, for t ≤ T , of the caplet is given by

PCpl(t; T + Δ, K) = Δ p(t, T + Δ)EQT+Δ {
(L(T; T , T + Δ) − K)+ |Ft

}

In case of (1.22), we further have

PCpl(t; T + Δ, K) = p(t, T + Δ)EQT+Δ

{(
1

p̄(T , T + Δ)
− K̄

)+ ∣∣∣Ft

}

(1.42)

where K̄ = 1 + ΔK .
It is worthwhile mentioning that, when using the representation (1.22), the classi-

cal transformation of a caplet into a put option on a bond does notwork in themultiple
curve setup. More precisely, the fact that the payoff

(
(1 + ΔL(T; T , T + Δ)) − K̄

)+
at timeT+Δ is equivalent to the payoff p(T , T+Δ)

(
(1 + ΔL(T; T , T + Δ)) − K̄

)+
at time T is still valid, since the OIS discounting is used. However, this will not yield
the desired cancellation of discount factors. Since the Libor rate depends on the fic-
titious bonds p̄(T , T + Δ) and the OIS bonds p(T , T + Δ) are used for discounting,
we have

p(T , T+Δ)
(
(1 + ΔL(T; T , T + Δ)) − K̄

)+ = p(T , T+Δ)

(
1

p̄(T , T + Δ)
− K̄

)+

which cannot be simplified further as in the one-curve case.

1.4.7 Swaptions

Definition 1.8 Consider a generic fixed-for-floating (payer) interest rate swap with
inception date T0, maturity date Tn and nominal N . A swaption is an option to enter
the underlying swap at a pre-specified swap rate R, called the swaption strike rate,
and a pre-specified date T ≤ T0 called the maturity of the swaption.

Let us consider the Libor-indexed interest rate swap from Sect. 1.4.3 and assume
that the notional amount is N = 1. Moreover, for simplicity we choose the maturity
of the swaption to coincide with the starting date of the swap, i.e. T = T0. Therefore,
the payoff of the swaption at maturity is given by

(
PSw(T0; T0, Tn, R)

)+
and we

shall use the shorthand notation PSw(T0; Tn, R) = PSw(T0; T0, Tn, R). The value
PSwn(t; T0, Tn, R) of the swaption at time t ≤ T0 is
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PSwn(t; T0, Tn, R) = p(t, T0)E
QT0
{(

PSw(T0; Tn, R)
)+ |Ft

}

= p(t, T0)E
QT0

{(
n∑

k=1

δkp(T0, Tk)L(T0; Tk−1, Tk)

−R
n∑

k=1

δkp(T0, Tk)

)+ ∣∣∣Ft

}
(1.43)

= p(t, T0)E
QT0

{
n∑

k=1

δkp(T0, Tk) (R(T0; T0, Tn) − R)+
∣∣∣Ft

}

= p(t, T0)

n∑
k=1

δkEQT0
{
p(T0, Tk) (R(T0; T0, Tn) − R)+ |Ft

}

The second equality follows from (1.27) and the third one from (1.28), where
R(T0; T0, Tn) is the swap rate of the underlying swap at time T0. Note that the last
equality allows to perceive a swaption as a sequence of payments
δk (R(T0; T0, Tn) − R)+, k = 1, . . . , n, fixed at time T0, that are received at pay-
ment dates T1, . . . , Tn. These payments are equivalent to the payments p(T0, Tk)

δk (R(T0; T0, Tn) − R)+, k = 1, . . . , n, received at T0, cf. Musiela and Rutkowski
(2005, Sect. 13.1.2, p. 482).

To price a swaption, it is convenient to introduce the following process

At :=
n∑

k=1

δkp(t, Tk), t ≤ T1

Because At is a linear combination of OIS prices, the process
(

At
p(t,T0)

)
t≤T0

is a (pos-

itive) martingale with respect to the QT0 -forward measure, see Sect. 1.3.2. Thus,
(At)t≤T0 can be used as a numéraire to define the following change of measure

dQswap

dQT0

∣∣∣
Ft

= At

p(t, T0)

p(0, T0)

A0
(1.44)

Changing the measure to the swap measure in (1.43), the price of the swaption can
be expressed as a price of a call option with strike R on the swap rate R(T0; T0, Tn):

PSwn(t; T0, Tn, R) = AtE
Qswap {

(R(T0; T0, Tn) − R)+ |Ft
}

(1.45)

Remark 1.9 Recalling the definition of the OIS from Sect. 1.4.4, one could also
consider an option with maturity T = T0 to enter in an OIS as an underlying swap.
Assume again that the nominal of the underlying OIS is set to N = 1. In this case,
the price at time t of the corresponding swaption is given by (see 1.31)
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PSwn(t; T0, Tn, R) = p(t, T0)E
QT0
{(

POIS(T0; Tn, R)
)+ |Ft

}

= p(t, T0)E
QT0

{(
1 −

n∑
k=1

ckp(T0, Tk)

)+ ∣∣∣Ft

}
(1.46)

where ck = Rδk , for k = 1, . . . , n − 1, and cn = 1 + Rδn, which can be recognized
as a classical pre-crisis transformation of a swaption into a put option with strike
1 on a coupon bearing bond. Note that, as can be easily seen from Eqs. (1.27) and
(1.19), such a pre-crisis transformation is no longer available in the post-crisis setup
for Libor-indexed interest rate swaps. On the other hand, the expression for the OIS
swaption price similar to (1.43)

PSwn(t; T0, Tn, R) = p(t, T0)

n∑
k=1

δkEQT0
{

p(T0, Tk)
(
ROIS(T0; T0, Tn) − R

)+ |Ft

}

remains valid.

Remark 1.10 Similarly, a basis swaption is an option to enter into a basis swap.
Considering a basis swap defined in Sect. 1.4.5 with nominal N = 1 as an underlying
basis swap and T0 = T 1

0 = T 2
0 as a maturity date of the option, the price of the basis

swaption with strike basis spread S at time t is given by

PBSwn(t; T0,T
1,T 2, S)

= p(t, T0)E
QT0
{(

PBSw(T0;T 1,T 2, S)
)+ |Ft

}

= p(t, T0)E
QT0

{( n1∑
i=1

δ1i p(T0, T 1
i )L(T0; T 1

i−1, T 1
i )

−
n2∑

j=1

δ2j p(T0, T 2
j )(L(T0; T 2

j−1, T 2
j ) + S)

)+∣∣∣Ft

⎫⎬
⎭

= p(t, T0)E
QT0

⎧⎨
⎩

n2∑
j=1

δ2j p(T0, T 2
j )
(
SBSw(T0;T 1,T 2) − S

)+ ∣∣∣Ft

⎫⎬
⎭ (1.47)

by Eq. (1.40). Hence, we can define, analogously as for swaptions, a numéraire
process

A2
t :=

n2∑
j=1

δ2j p(t, T 2
j )

and the corresponding (basis) swap measure
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dQswap,2

dQT

∣∣∣
Ft

= A2
t

p(t, T0)

p(0, T0)

A2
0

(1.48)

such that the price of the basis swaption can be expressed as a price of a call option
on the basis swap spread SBSw(T0;T 1,T 2):

PBSwn(t; T0,T
1,T 2, S) = A2

t EQswap,2
{(

SBSw(T0;T 1,T 2) − S
)+ ∣∣∣Ft

}
(1.49)



Chapter 2
Short-Rate and Rational Pricing Kernel
Models for Multiple Curves

In this chapter we shall consider mainly strict-sense (classical) short-rate models
in view of constructing multiple curves. For this we shall base ourselves and partly
extend previouswork in this setting, in particularKijima et al. (2009),Kenyon (2010),
Filipović and Trolle (2013) and Morino and Runggaldier (2014). Because the pre-
crisis rational pricing kernel models can also be considered as short-rate models in a
wider sense, we shall furthermore present in this chapter some recent multiple curve
extensions of these models based on Crépey et al. (2015b) and Nguyen and Seifried
(2015).

The short rate will be given by the OIS short rate as it was introduced in Sect. 1.3.1
(see also the subsequent Sect. 1.3.2). We also recall here the relationship (1.13) that
expresses the OIS bond prices in terms of the OIS short rate via an expectation under
the martingale measure Q.

Starting from the strict-sense short-ratemodels, the setupwhichwill be considered
is the one of exponentially affine and exponentially quadratic models with several
stochastic factors. These factors will be driven by Wiener processes, although the
extension to jump-diffusions can be obtained in a relatively straightforward manner
as will be brieflymentioned in Sect. 2.1.1. Such types of models have been developed
and well studied in the context of interest rate modeling before the crisis and have
been widely accepted and used because of their generality and flexibility coupled
with analytical tractability. More precisely, by exploiting also results from the theory
of affine processes we are able to obtain in this setting closed or semi-closed formulas
for the prices of linear and optional interest rate derivatives.

When extending the strict-sense short-rate models we profit from the well-
established pre-crisis exponentially affine and quadratic modeling approaches in
order to develop suitable short-rate models of multiple curves and to price inter-
est rate derivatives. In particular, in the case of linear derivatives, we shall directly
compare the pre-crisis and the post-crisis derivative values and obtain “adjustment
factors” allowing one to pass from one value to the other. For optional derivatives,

© The Author(s) 2015
Z. Grbac and W.J. Runggaldier, Interest Rate Modeling: Post-Crisis
Challenges and Approaches, SpringerBriefs in Quantitative Finance,
DOI 10.1007/978-3-319-25385-5_2

35

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1


36 2 Short-Rate and Rational Pricing Kernel Models for Multiple Curves

we shall show how to learn from the pre-crisis valuation methods to derive the post-
crisis formulas for option prices. Therefore, the chapter will provide a full treatment
of multiple curve pricing techniques applicable in the given modeling framework,
with explicit formulas for each derivative type and model specification.

Moreover, we shall show that our exponentially affine model class includes the
short-ratemulti-curvemodels that have been introduced previously in themulti-curve
literature (see Sect. 2.6). One peculiarity of our model class is also that we allow for
correlation between the short rate and the spreads, which was not taken into account
in most short-rate multi-curve models having appeared so far in the literature.

We shall consider the short rate rt itself and a short-rate spread st to be added
to the short rate from the outset. Since we may have one curve for each tenor Δ,
we may have to consider a spread sΔ

t for each tenor. Without loss of generality and
in order to keep the presentation as simple as possible, we may consider just two
different tenors Δ1 and Δ2. While rt does not necessarily need to be restricted to
take only positive values, this is however desirable for the spreads. In addition, also
the difference between the spreads for two tenors Δ1 and Δ2 such that Δ2 ≥ Δ1

should be positive as discussed in Sect. 1.2.1. Denoting then by s1t and s2t the spreads
corresponding to the tenors Δ1 and Δ2 respectively, we let ρt := s2t − s1t and since,
s2t = s1t + ρt , in what follows we shall consider as spread only s1t and simply denote
it by st . Summarizing we shall use the notation

rt : short rate
st : spread for tenor Δ1

ρt : difference between the spreads for tenors Δ2 and Δ1

To model the dynamics of (rt, st, ρt) we shall introduce two classes of factor models
for the short rate and the spreads. The two classes correspond to what for single-
curve models may be called respectively exponentially affine (see Björk 2009,
Brigo and Mercurio 2006, Filipović 2009) and Gaussian, exponentially quadratic
models (see El Karoui et al. 1992, Pelsser 1997, Gombani and Runggaldier 2001,
Leippold and Wu 2002, Chen et al. 2004, Gaspar 2004, Kijima et al. 2009). Note
that in both classes positivity of factors can be obtained: in the exponentially affine
class by choosing for example CIR processes as driving processes, where the posi-
tivity is ensured via the presence of the square-root in the defining SDE of the CIR
processes, and in the exponentially quadratic class by applying the quadratic func-
tion to a Gaussian process. For sake of brevity of exposition, we shall concentrate
mainly on the exponentially affine model class in the subsequent sections, refer-
ring for a more detailed treatment of the Gaussian, exponentially quadratic case to
Grbac et al. (2015).

In the last part of the chapter we shall synthesize the main ideas concerning
multi-curve extensions of rational pricing kernel models contained in Crépey et al.
(2015b) and Nguyen and Seifried (2015). Rational pricing kernel models in the pre-
crisis setting have been developed, among others, in Flesaker and Hughston (1996),
Rogers (1997) and, more recently, in Filipović et al. (2014).

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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The chapter is organized as follows. The exponentially affinemodels are presented
in Sect. 2.1, considering in particular the square-root and the Vasiček-type model
classes.Weemphasize that byVasiček-typemodelswemean theVasičekmodel itself,
as well as the Hull-White extension of the model to time-dependent coefficients.
For simplicity of presentation, the results will be given for the case of the Vasiček
model, noting however that they can be extended in a straightforward manner to the
Hull-White extension of this model. In Sect. 2.1.1 we describe more specifically the
square-root and Vasiček-type exponentially affine models, Sect. 2.1.2 summarizes
some technical preliminaries, and in Sect. 2.1.3 we shall derive explicit represen-
tations for the bond prices and the Libor rate in the exponentially affine model
class. In Sect. 2.2 we summarize some relevant features of the Gaussian, exponen-
tially quadratic model class. We shall then discuss pricing of linear and optional
derivatives for the models of Sect. 2.1, following a same approach that applies to
both model classes, namely the square-root and the Vasiček-type model class. In
Sect. 2.3 the linear derivatives will be considered. We shall show that one can obtain
an “adjustment factor” allowing one to pass from pre-crisis values to the correspond-
ing post-crisis ones, in otherwords, from the one-curve to themulti-curve (two-curve)
setting. Section2.4 concerns the pricing of caps, while swaption pricing is studied
in Sect. 2.5. Here it is also shown that the price of a swaption can be expressed as
a linear combination of “caplet prices” with random strikes. In Sect. 2.6 we shall
show more explicitly how other models from the literature, in particular the model
of Filipović and Trolle (2013), can be obtained as special cases of our affine model
class. Finally, Sect. 2.7 summarizes the main ideas on multiple curve rational pricing
kernel models contained in Crépey et al. (2015b) and Nguyen and Seifried (2015).

2.1 Exponentially Affine Factor Models

2.1.1 The Factor Model and Properties

We shall consider a number of factor processes Ψ i and model their dynamics under
a martingale measure Q as mean-reverting square-root processes, namely

dΨ i
t = (ai − biΨ i

t )dt + σi
√

ciΨ i
t + di dwi

t (2.1)

with wi mutually independent Wiener processes so that also the factors are mutually
independent. Furthermore, the coefficients are supposed to be positive, except for ci

and di that might also be zero (ci equal to zero reduces (2.1) to a Vasiček model),
and satisfying ai ≥ ci(σi)2

2 (such that in case ci > 0 and di = 0 which yields a CIR
model, the solution Ψ i

t is a.s. positive).
We shall next model the short rate and the spreads in terms of the above factors.

Although this has not been considered in the previous literature onmulti-curve short-
rate models (see, however, Morino and Runggaldier 2014), we shall also allow for
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correlation between the short rate and the spreads. By analogy to the credit risk
setting, where the spread st corresponds to a default intensity, we shall model the
correlation by considering a common factor driving the short rate, as well as the
spreads (see e.g. Example9.29 in McNeil et al. 2005). The other factors will be
considered as idiosyncratic factors and, always for the sake of keeping complexity
at a minimum, we shall have just one idiosyncratic factor for each of the quantities
rt, st, ρt .

Finally, to allow for the possibility to derive below an “adjustment factor” between
pre- and post-crisis prices of linear derivatives, the common factor is supposed to sat-
isfy a pure mean-reverting (Vasiček or Hull-White) model. In this way short rate and
short-rate spreadsmight take negative values, although onlywith small probability. A
possibility to prevent this from happening for the spreads is to model their dynamics
with an additive jump process taking only positive values, see also Sect. 2.6.2.

Considering, as discussed above, one common factor and one idiosyncratic factor
for the short rate and each of the spreads, we shall put

⎧⎨
⎩

rt = Ψ 1
t + Ψ 2

t
st = κs Ψ 1

t + Ψ 3
t

ρt = κρ Ψ 1
t + Ψ 4

t

(2.2)

with κs and κρ expressing the intensity of the correlation and with Ψ i
t satisfying, for

i = 1, 2, ⎧⎨
⎩

dΨ 1
t = (a1 − b1Ψ 1

t )dt + σ1 dw1
t

dΨ 2
t = (a2 − b2Ψ 2

t )dt + σ2
√

c2Ψ 2
t + d2 dw2

t

(2.3)

and, for i = 3, 4,

dΨ i
t = (ai − biΨ i

t )dt + σi
√

ciΨ i
t + di dwi

t + δiμi(dt, dz) (2.4)

with δi ≥ 0 (δi = 0 reduces the dynamics to those of a mean-reverting square-root
process). In (2.4) μi(dt, dz) are jump measures where the compensators may be
chosen to be of the form

ν i(dt, dz) = Ψ̄ i
t dt + μi(dz) (2.5)

withμi(·) a probabilitymeasure over a givenmark space, andwith Ψ̄ i
t being additional

factors of the usual mean reverting square-root form

dΨ̄ i
t = (āi − b̄iΨ̄ i

t )dt + σ̄i
√

Ψ̄ i
t dw̄i

t i = 3, 4 (2.6)

where w̄i are independent Wiener processes, independent of those wi in (2.3) and
(2.4). Notice that, with some assumptions on the jump measure, also jump diffusion
models as in (2.4) lead to an affine term structure (see Björk et al. 1997).
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Remark 2.1 The coefficients ai, i = 1, 2, 3, 4, in (2.3) and (2.4) have, for simplicity
of presentation, been assumed to be constant parameters. They may more generally
be taken to be time varying and the results below can be extended without additional
conceptual difficulties to this more general case, for which only the computations
become more involved. Note that taking time-varying coefficients in the first SDE
in (2.3) yields the Hull-White extension of the Vasiček model. With time varying ai

in the factor dynamics one obtains time varying coefficients also in the dynamics,
induced by (2.2), for the short rate and the spreads. Time varying coefficients have
the advantage of allowing for a good fit to the initial term structure; on the other hand
they lead to more complex calculations. Alternatively to time varying ai one may,
instead of (2.2), postulate for rt a relation of the form

rt = Ψ 1
t + Ψ 2

t + φt

with φt a deterministic time function (deterministic shift extension). This leads to
what is called a CIR2++ model, or, when Ψ 1

t , Ψ 2
t both follow a Vasiček model (both

are Gaussian processes) a G2++ model, see Brigo and Mercurio (2006). The “2” in
CIR2++ and G2++ refers to the fact that there are two factorsΨ 1

t , Ψ 2
t , while the “++”

refers to the deterministic shift. A generalization of the deterministic shift extension
to the multi-curve setup has been developed in Grasselli and Miglietta (2014).

Remark 2.2 For what concerns the coefficients bi that, as ai, are modeled as constant
parameters, below we shall occasionally end up with a time varying coefficient b2

due to the transformation from the martingale measure Q to the forward measure
QT+Δ in the CIR dynamics of Ψ 2

t . In particular, this happens in Sect. 2.4 where in
(2.70) the parameters c2 and λ2 depend on t.

Finally, notice that the coefficients may even be adapted stochastic processes,
which may be described by additional factors of the same form as the Ψ̄ i

t in (2.6);
this is e.g. the case with the dynamics (30) and (33) in Filipović and Trolle (2013).

In order not to overburden the treatment, from now on we shall consider only
affine factor models of the pure diffusion type and limit ourselves to the short rate
and the single spread st defined as in (2.2) (the spread ρt can be treated by full analogy
with st).

2.1.2 Technical Preliminaries

In this subsection we recall some known facts for the affine model class (2.1) that
shall be used repeatedly below. We assume the processes to be given on a filtered
probability space

(
Ω,F , (Ft)t≥0, Q

)
with a martingale measure Q; we denote by

E the expectation under Q.
The lemma below applies to the Hull-White/Vasiček version of the model class

(2.1), where, as explained in the introduction, in order to keep the formulas simpler,
we focus on the pure Vasiček model.
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Lemma 2.1 Consider the Vasiček version of the model class (2.1), namely, setting
ci = 0, di = 1, for a generic process Ψ we assume

dΨt = (a − bΨt)dt + σ dwt (2.7)

For any γ, K ∈ R we have the following

E

{
exp

[
−
∫ T

t
γΨsds − KΨT

] ∣∣∣Ft

}
= exp [A(t, T) − B(t, T)Ψt] (2.8)

where the coefficients satisfy

{
Bt(t, T) − bB(t, T) + γ = 0 , B(T , T) = K
At(t, T) = aB(t, T) − σ2

2 B2(t, T) , A(T , T) = 0
(2.9)

and are given by

⎧⎪⎪⎨
⎪⎪⎩

B(t, T) = − γ
b

[(
− bK

γ
+ 1
)

e−b(T−t) − 1
]

= Ke−b(T−t) − γ
b

(
e−b(T−t) − 1

)
A(t, T) = −a

∫ T
t B(s, T)ds + σ2

2

∫ T
t (B(s, T))2ds

(2.10)

In the last expression the integrals are easy to compute, but lead to lengthy expres-
sions. The proof can be found in most textbooks treating the affine term structure.

Lemma 2.2 Consider the CIR version of the model class (2.1), namely, setting
ci = 1, di = 0, for a generic process Ψ we assume

dΨt = (a − bΨt)dt + σ
√

Ψt dwt (2.11)

For any T > 0 define the set

IT := {u ∈ R : E
{
euΨT

}
< ∞} (2.12)

i.e. the set of u ∈ R for which the moment generating function of ΨT is well-defined.
Then for any γ > 0 and any K ∈ R such that −K ∈ IT we have the following

E

{
exp

[
−
∫ T

t
γΨsds − KΨT

] ∣∣∣Ft

}
= exp [A(t, T) − B(t, T)Ψt] (2.13)

where the coefficients satisfy

{
Bt(t, T) − bB(t, T) − σ2

2 B2(t, T) + γ = 0 , B(T , T) = K
At(t, T) = aB(t, T) , A(T , T) = 0

(2.14)
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and are given by

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

B(t, T) = K(h+b+eh(T−t)(h−b))+2γ(eh(T−t)−1)
Kσ2(eh(T−t)−1)+h−b+eh(T−t)(h+b)

, where h := √b2 + 2γσ2

A(t, T) = −a
∫ T

t B(s, T)ds = 2a
σ2 log

(
2he

(T−t)(h+b)
2

Kσ2(eh(T−t)−1)+h−b+eh(T−t)(h+b)

) (2.15)

The proof can also be found in many textbooks treating the affine term structure. The
explicit expressions reported here come from Lamberton and Lapeyre (2007). Note
that the result therein is provided for K > 0 (which obviously satisfies −K ∈ IT ),
but it can be extended in a straightforward manner also to the case K < 0 satisfying
−K ∈ IT .

Remark 2.3 Although A(t, T) and B(t, T) in Lemmas2.1 and 2.2 depend on the
constants γ and K , we do not make this dependence explicit in order not overburden
the notation. The specific values of γ and K to be used in the various applications of
the two lemmas in the sequel will become clear from the context.

Remark 2.4 The lemma above will be applied several times in this chapter, also
under different forward measures. If the expectation in (2.12) is given with respect
to the forward measure QS , for any generic date S > 0, then we set:

I S
T :=

{
u ∈ R : EQS {

euΨT
}

< ∞
}

(2.16)

In view of the next lemma recall from (1.14) that the density process for a change
from Q to the forward measure QT+Δ is

Lt = dQT+Δ

dQ

∣∣∣∣
Ft

= p(t, T + Δ)

p(0, T + Δ)

1

Bt
(2.17)

leading to

dLt= 1

p(0, T + Δ)

(
p(t, T + Δ)d(B−1

t ) + dp(t, T + Δ)

Bt

)

= 1

p(0, T + Δ)

(
−p(t, T + Δ)Btrtdt

B2
t

+ dp(t, T + Δ)

Bt

)
(2.18)

Lemma 2.3 Consider three factor processes Ψ 1, Ψ 2, Ψ 3 satisfying, under Q, the
following system related to (2.3),

⎧⎨
⎩

dΨ 1
t = (a1 − b1Ψ 1

t )dt + σ1 dw1
t

dΨ i
t = (ai − biΨ i

t )dt + σi
√

ciΨ i
t + di dwi

t , i = 2, 3
(2.19)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Then under the (T + Δ)-forward measure the same processes satisfy

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dΨ 1
t =

(
a1 − (σ1)2B1(t, T + Δ) − b1Ψ 1

t

)
dt + σ1 dw1,T+Δ

t

dΨ 2
t =

(
a2 − d2(σ2)2B2(t, T + Δ) − Ψ 2

t (b2 + c2(σ2)2B2(t, T + Δ))
)

dt

+σ2
√

c2Ψ 2
t + d2 dw2,T+Δ

t

dΨ 3
t = (a3 − b3Ψ 3

t

)
dt + σ3

√
c3Ψ 3

t + d3 dw3,T+Δ
t

(2.20)
where wi,T+Δ, i = 1, 2, 3, are independent QT+Δ-Wiener processes and B1(t, T)

corresponds to the B(t, T) in Lemma2.1, while B2(t, T) corresponds to the B(t, T)

in Lemma2.2, in both cases with γ = 1 and K = 0.

Proof For the short rate rt expressed according to (2.2) in terms of the factors Ψ i
t ,

i = 1, 2, that satisfy the Q-dynamics (2.19), we have from Lemmas2.1 and 2.2 with
γ = 1 and K = 0, as well as from (1.13), that the OIS bond prices can be expressed
as

p(t, T) = EQ
{
exp
[
−
∫ T

t
(Ψ 1

u + Ψ 2
u ) du

]∣∣∣Ft

}

= exp
[
A(t, T) − B1(t, T)Ψ 1

t − B2(t, T)Ψ 2
t

]
(2.21)

where A(t, T) := A1(t, T) + A2(t, T), for all T ≥ 0 and t ≤ T . Under the measure
Q the dynamics of p(t, T + Δ) is then

dp(t, T + Δ) = p(t, T + Δ)
(

rt dt − σ1B1(t, T + Δ) dw1
t

− σ2B2(t, T + Δ)

√
c2Ψ 2

t + d2 dw2
t

)
(2.22)

implying that

dLt = Lt

(
−σ1B1(t, T + Δ) dw1

t − σ2B2(t, T + Δ)

√
c2Ψ 2

t + d2 dw2
t

)
(2.23)

Let then ⎧⎪⎨
⎪⎩

dw1,T+Δ
t = dw1

t + σ1B1(t, T + Δ) dt

dw2,T+Δ
t = dw2

t + σ2B2(t, T + Δ)
√

c2Ψ 2
t + d2 dt

dw3,T+Δ
t = dw3

t

(2.24)

By the multidimensional Girsanov theorem the processes in (2.24) are Wiener
processes under the measure QT+Δ thus leading to the statement of the
lemma. �

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Lemma 2.4 On a given filtered probability space with filtration (Ft)t≥0 and an
(Ft)-Wiener process w consider the equation

dXt = (atXt + bt) dt + σtdwt (2.25)

with at, bt,σt bounded and adapted processes. Then the equation has a unique strong
solution given by

Xt = Φt

(
X0 +

∫ t

0
Φ−1

s bsds +
∫ t

0
Φ−1

s σsdws

)
, t ≥ 0 (2.26)

where Φt is the fundamental solution satisfying

d

dt
Φt = atΦt, t ≥ 0, Φ0 = 1

The proof can be found in most textbooks on stochastic analysis. In the next lemma
we give explicit distributions for the three factors Ψ

j
t , j = 1, 2, 3. This is possible in

two cases: when ci = 1, di = 0 (CIR case), or when ci = 0, di = 1 (Vasiček case),
for i = 2, 3.

Lemma 2.5 Denote by N(α,β) a Gaussian distribution with mean α and variance
β. Denote, furthermore, by χ2(v,λ) a non-central χ2-distribution with v degrees of
freedom and non-centrality parameter λ.

The factor process Ψ 1, with dynamics given by (2.19) under Q, has the following
distribution under QT+Δ:

Ψ 1
t ∼ N(α1

t ,β
1
t ) (2.27)

with the parameters given by

⎧⎪⎪⎨
⎪⎪⎩

α1
t = e−b1t

(
Ψ 1
0 +

(a1

b1
− (σ1)2

(b1)2

)
(eb1t − 1) + (σ1)2

2(b1)2
e−b1(T+Δ)(e2b1t − 1)

)

β1
t = (σ1)2

2(b1)
e−2b1t(e2b1t − 1)

(2.28)
For ci = 1, di = 0, i = 2, 3, the two factor processes Ψ 2, Ψ 3 satisfying, under Q,

the system (2.19), under QT+Δ have the following distributions

Ψ 2
t ∼ χ2(v2,λ2

t )

c2t
, Ψ 3

t ∼ χ2(v3,λ3
t )

c3t
(2.29)
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with the parameters given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c2t = 4(b2 + (σ2)2B2(t, T + Δ))

(σ2)2(1 − e−t(b2+(σ2)2B2(t,T+Δ)))

v2 = 4a2

(σ2)2

λ2
t = c2t Ψ

2
0 e−t(b2+(σ2)2B2(t,T+Δ))

v3 = 4a3

(σ3)2

c3t = 4b3

(σ3)2(1 − e−b3t)

λ3
t = c3t Ψ

3
0 e−b3t

(2.30)

where B2(t, T) corresponds to the B(t, T) in Lemma2.2.
For ci = 0, di = 1, i = 2, 3, the two factor processes Ψ 2, Ψ 3 satisfying, under Q,

the system (2.19), under QT+Δ have the following distributions

Ψ 2
t ∼ N(α2

t ,β
2
t ), Ψ 3

t ∼ N(α3
t ,β

3
t ) (2.31)

with the parameters given by

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α2
t = e−b2t

(
Ψ 2
0 +

(a2

b2
− (σ2)2

(b2)2

)
(eb2t − 1) + (σ2)2

2(b2)2
e−b2(T+Δ)(e2b2t − 1)

)

β2
t = (σ2)2

2(b2)
e−2b2t(e2b2t − 1)

α3
t = e−b3t

(
Ψ 3
0 + a3

b3
(eb3t − 1)

)

β3
t = (σ3)2

2(b3)
e−2b3t(e2b3t − 1)

(2.32)

Proof For the factor process Ψ 1
t the proof follows immediately from (2.20) using

Lemma2.4, as well as for the processes Ψ i
t , i = 2, 3 in case ci = 0, di = 1. For the

processesΨ i
t , i = 2, 3 in case ci = 1, di = 0, we refer to Brigo andMercurio (2006),

Sect. 3.2.3, always using the dynamics in (2.20). �

Remark 2.5 In defining the dynamics of the factor processesΨ i
t in (2.1) we followed

the traditional “martingale modeling” whereby the dynamics are assigned in the
standard martingale measure Q with numéraire Bt . This leads to the standard way
of defining the OIS bond prices p(t, T) according to (1.13) and, analogously, p̄(t, T)

in (2.35). On the other hand, for the pricing of the interest rate derivatives we shall
use the forward measure that implies the more complex dynamics for the factors
as specified in (2.20) and this in turn induces more complex pricing formulas. One
might then expect that a direct modeling of the factor dynamics under the forward
measure might be computationally more advantageous. This is indeed true as long as

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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one has to deal with only one forward measure QT+Δ as it would occur in the pricing
of FRAs and single caplets. However, for the majority of the derivatives, namely full
caps and floors, as well as swaps and swaptions, one has to consider different forward
measures, one for each interval of the tenor structure so that one cannot avoid the
more complex dynamics resulting from a measure transformation.

2.1.3 Explicit Representation of the Libor Rate

As discussed in detail in Sect. 1.4.1, in the post-crisis fixed-income markets multiple
yield curves have appeared. In the following description we may without loss of
generality consider just a single generic tenor Δ and set S = T + Δ. Recalling that
the Libor rates L(T; T , T + Δ) are determined by the Libor panel that takes into
account various factors such as credit risk, liquidity, etc., in the post-crisis framework
these rates have to be considered as risky and, as it is documented also empirically,
one has that in general

L(T; T , T + Δ) �= F(T; T , T + Δ) = 1

Δ

(
1

p(T , T + Δ)
− 1

)

thus leading to a Libor-OIS spread, cf. Eq. (1.33).
In this chapter, we shall take the approach outlined in Remark1.4. More pre-

cisely, we keep the classical formal relationship between discretely compounding
forward rates and bond prices also for the Libor rates, but replace the bond prices
p(t, T) by fictitious ones p̄(t, T) that are supposed to be affected by the same fac-
tors as the Libor rates. Recall that the fictitious bonds are not traded assets, but one
still assumes p̄(T , T) = 1. Actually, since discretely compounding forward rates are
usually given by FRA rates where at the maturity of the FRA a fixed rate payment
is made in exchange of the Libor rate L(T; T , T + Δ) payment, we postulate the
classical relationship only at the inception time t = T . Since the various interest
derivatives concern the spot Libor rates, it is thus sufficient to define the Libor rates
in our context as being given by

L(T; T , T + Δ) = 1

Δ

(
1

p̄(T , T + Δ)
− 1

)
(2.33)

This implies that we need explicit expressions for p̄(T , T + Δ) and, more generally,
for p̄(t, T). To this effect recall that, in a pure credit risk setting where τ denotes the
default time of the counterparty, the price pd(t, T) of a defaultable bond with zero
recovery can be expressed as

pd(t, T) = EQ

{
exp

[
−
∫ T

t
rsds

]
1{τ>T}

∣∣∣Gt

}
(2.34)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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whereGt = Ft ∨ Ht , with (Ht)0≤t≤T∗ denoting the filtration generated by the default
indicator process 1{τ≤t}. Using the intensity approach to credit risk, pd(t, T) in (2.34)
can be given the following form

pd(t, T) = 1{τ>t} p̄(t, T)

where

p̄(t, T) = EQ

{
exp

[
−
∫ T

t
(ru + su)du

] ∣∣∣Ft

}
(2.35)

with st representing the hazard rate (default intensity). In the present context we
assume the relation (2.35) also for our fictitious bonds thereby considering st to
represent more generically a “short-rate spread” that incorporates not only credit
risk, but also the various other risks in the interbank sector that affect the Libor rates.
Since here we consider a single generic tenor Δ, we also consider only one spread
st . Below we shall obtain explicit expressions for p̄(t, T) and this will then allow us
to obtain explicit expressions also for derivative prices and adjustment factors.

Corresponding to (2.2) and basing ourselves on Morino and Runggaldier (2014),
we shall consider the model {

rt = Ψ 1
t + Ψ 2

t
st = κ Ψ 1

t + Ψ 3
t

(2.36)

where κ corresponds to κs in (2.2) and Ψ 1
t , Ψ 2

t satisfy (2.3). To avoid more compli-
cated notation, we shall without loss of generality assume in this section, as well as in
the following analogous ones, thatΨ 3

t also satisfies just a mean-reverting square-root
model of the same form as Ψ 2

t instead of a jump-diffusion model as defined in (2.4).
In the sequel we shall study two affine model specifications: the common factor

Ψ 1 is always of the mean-reverting Vasiček type, and the factors Ψ 2 and Ψ 3 are
given in the first specification as CIR processes (di = 0) and in the second one as
mean-reverting Vasiček-type processes (ci = 0). The first specification corresponds
thus to a factor model with the three factors Ψ 1

t , Ψ 2
t , Ψ 3

t that, under the measure Q,
are assumed to satisfy

⎧⎨
⎩

dΨ 1
t = (a1 − b1Ψ 1

t )dt + σ1 dw1
t

dΨ 2
t = (a2 − b2Ψ 2

t )dt + σ2
√

Ψ 2
t dw2

t

dΨ 3
t = (a3 − b3Ψ 3

t )dt + σ3
√

Ψ 3
t dw3

t

(2.37)

and the second one to the three factors Ψ 1
t , Ψ 2

t , Ψ 3
t given, under the measure Q, by

⎧⎨
⎩

dΨ 1
t = (a1 − b1Ψ 1

t )dt + σ1 dw1
t

dΨ 2
t = (a2 − b2Ψ 2

t )dt + σ2 dw2
t

dΨ 3
t = (a3 − b3Ψ 3

t )dt + σ3 dw3
t

(2.38)
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We first recall the expression for the OIS bond prices that is given by (see (2.21))

p(t, T) = exp
[
A(t, T) − B1(t, T)Ψ 1

t − B2(t, T)Ψ 2
t

]
(2.39)

From Lemma2.1 we obtain in particular

B1(t, T) = − 1

b1

(
e−b1(T−t) − 1

)
(2.40)

On the other hand, for the fictitious bond prices p̄(t, T) we have according to (2.35),

p̄(t, T) = EQ

{
exp

[
−
∫ T

t
(ru + su)du

] ∣∣∣Ft

}

= EQ

{
exp

[
−
∫ T

t
((κ + 1)Ψ 1

u + Ψ 2
u + Ψ 3

u )du

] ∣∣∣Ft

}

= exp
[
Ā(t, T) − B̄1(t, T)Ψ 1

t − B̄2(t, T)Ψ 2
t − B̄3(t, T)Ψ 3

t

]
(2.41)

where, analogously to A(t, T), Bi(t, T), the functions Ā(t, T), B̄1(t, T), B̄2(t, T) and
B̄3(t, T) are determined according to Lemmas2.1 and 2.2 with Ā(t, T) = Ā1(t, T) +
Ā2(t, T) + Ā3(t, T). In particular, for B̄1(t, T) we have

B̄1(t, T) = − κ + 1

b1

(
e−b1(T−t) − 1

)
= (1 + κ) B1(t, T) (2.42)

while B̄2(t, T) = B2(t, T). The linear relationship betweenB1(t, T) and B̄1(t, T)will
be important below to derive an “adjustment factor”. For this reason in the model
class (2.37) we postulated a Vasiček-type model for the common factor Ψ 1

t , while
the other, idiosyncratic, factors are assumed to follow a mean-reverting CIR model.

Summarizing, from (2.39), (2.41) and taking (2.42) into account, we have the
following

Proposition 2.1 Assume that the OIS short rate r and the spread s are given by
(2.36) with the factor processes Ψ i

t , i = 1, 2, 3, evolving according to either (2.37)
or (2.38) under the standard martingale measure Q. The time-t price of the OIS bond
p(t, T), as given in (1.13), is obtained as

p(t, T) = exp
[
A(t, T) − B1(t, T)Ψ 1

t − B2(t, T)Ψ 2
t

]
, (2.43)

and the time-t price of the fictitious bond p̄(t, T), as defined in (2.35), by

p̄(t, T) = exp
[
Ā(t, T) − B1(t, T)Ψ 1

t − B2(t, T)Ψ 2
t

− B̄3(t, T)Ψ 3
t − κB1(t, T)Ψ 1

t

]

= p(t, T) exp
[
Ã(t, T) − κB1(t, T)Ψ 1

t − B̄3(t, T)Ψ 3
t

]
(2.44)

http://dx.doi.org/10.1007/978-3-319-25385-5_1


48 2 Short-Rate and Rational Pricing Kernel Models for Multiple Curves

with Ã(t, T) := Ā(t, T) − A(t, T), where A(t, T) and Ā(t, T), as well as B2(t, T)

and B̄3(t, T), are expressed according to Lemmas2.1 and 2.2 and where B1(t, T) is
explicitly given by (2.40). Moreover, for the Libor rate L(T; T , T + Δ) in (2.33) we
have

L(T; T , T + Δ) = 1
Δ

(
exp
[
−Ã(T ,T+Δ)+κB1(T ,T+Δ)Ψ 1

T +B3(T ,T+Δ)Ψ 3
T

]
p(T ,T+Δ)

− 1

)
(2.45)

Notice that (2.44) allows one to express p̄(t, T) in terms of p(t, T). Based on this
relationship in Sect. 2.3.2 we shall derive an adjustment factor allowing to pass from
pre-crisis quantities to the corresponding post-crisis quantities.

2.2 Gaussian, Exponentially Quadratic Models

In the exponentially affine model class (2.37) we had postulated a CIR dynamics
for all the factors, except for the common factor Ψ 1

t that satisfies a mean-reverting
Vasiček-type model. This guarantees sufficient tractability and, except for a small
probability, positivity of rates and spreads. The positivity implied by the CIR dynam-
ics comes at the expense of a chi-square distribution for the corresponding factors
(see (2.29), (2.30)), which is computationally more cumbersome to deal with than a
Gaussian distribution. An alternative that has similar advantages but leads to Gaus-
sianity for all the factors is to assume a Vasiček or Hull-White dynamics for all the
factors but, instead of (2.2), postulating that

⎧⎨
⎩

rt = Ψ 1
t + (Ψ 2

t )2

st = κs Ψ 1
t + (Ψ 3

t )2

ρt = κρ Ψ 1
t + (Ψ 4

t )2
(2.46)

Limiting ourselves for descriptive purposes to a single tenorΔ and thus to spot Libor
rates of the form L(T; T , T + Δ) as done in Sect. 2.1.3, wemay analogously to (2.36)
consider the simpler system

{
rt = Ψ 1

t + (Ψ 2
t )2

st = κ Ψ 1
t + (Ψ 3

t )2
(2.47)

For the three factors Ψ 1
t , Ψ 2

t , Ψ 3
t we shall assume that, under the measure Q, they

satisfy a Gaussian model of the form (2.38), namely the following dynamics that for
simplicity we take as zero mean-reverting

dΨ i
t = −biΨ i

t dt + σi dwi
t , i = 1, 2, 3 (2.48)
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Using results from Gombani and Runggaldier (2001) it can be shown that, corre-
sponding to (2.39) and (2.41), the OIS bond prices p(t, T) and the fictitious ones
p̄(t, T) satisfy the following relations

p(t, T) = EQ
{

e− ∫ T
t rudu|Ft

}
= EQ

{
e− ∫ T

t (Ψ 1
u +(Ψ 2

u )2)du|Ft

}

= exp
[
A(t, T) −

∑3

i=1
Bi(t, T)Ψ i

t −
∑3

i,j=1
Cij(t, T)Ψ i

t Ψ
j
t

]

and

p̄(t, T) = EQ
{

e− ∫ T
t (ru+su)du|Ft

}
= EQ

{
e− ∫ T

t ((1+κ)Ψ 1
u +(Ψ 2

u )2+(Ψ 3
u )2)du|Ft

}

= exp
[
Ā(t, T) −

∑3

i=1
B̄i(t, T)Ψ i

t −
∑3

i,j=1
C̄ij(t, T)Ψ i

t Ψ
j
t

]

respectively, where the coefficients satisfy suitable first order differential equations
that, for the second order coefficients C(t, T), are given by a matrix Riccati equa-
tion,while the remaining coefficients satisfy ordinaryfirst order differential equations
whereby, as in the exponentially affine case, B(t, T) is determined on the basis of the
values of C(t, T), and A(t, T) on those of C(t, T) as well as B(t, T). Analogously
for C̄(t, T), B̄(t, T), Ā(t, T). It thus follows that, with the dynamics (2.48) and the
relations (2.47), one ends up with an exponentially quadratic term structure where all
the factors are Gaussian. This guarantees good computational tractability and, as for
the affine model class of Sect. 2.1, positivity of short rates and spreads except for a
small probability (seeKijima andMuromachi (2015) for an alternative representation
guaranteeing positivity of st).

Since the results that we shall derive below for the pricing of linear and nonlinear
derivatives for the case of the exponentially affine class can be extended to the
Gaussian exponentially quadratic class without additional conceptual difficulties,
we shall not report them here. For this, as well as other details concerning the subject
of this section, we refer to Grbac et al. (2015).

2.3 Pricing of FRAs and Other Linear Derivatives

We start by recalling the notion of an FRA as given in Definition1.3. As we have
seen in Sect. 1.4, FRAs are prototypes of other linear derivatives such as interest rate
swaps and so we shall concentrate here mainly on the pricing of an FRA.

Consider an FRA with the inception date T , the maturity T + Δ, the fixed rate R
and the notional N . Having just a single tenor, the no-arbitrage price of the FRA at
t < T is then given, as in (1.17), by

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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PFRA(t; T , T + Δ, R, N) = NΔp(t, T + Δ)ET+Δ
{

L(T ; T , T + Δ) − R | Ft

}

= Np(t, T + Δ)ET+Δ

{
1

p̄(T , T + Δ)
− (1 + ΔR)

∣∣∣Ft

}

(2.49)

having used the underlying relationship between Libor rates and the fictitious bond
prices as established in (2.33) and where for the pricing we have used the (T + Δ)-
forward measure (see Sect. 1.3.2). Notice also that the simultaneous presence of
p(t, T + Δ) and p̄(t, T + Δ) does not allow for a convenient reduction of the formula
to a simpler form as in the one-curve setup. From (2.49) we see that the crucial
quantity to compute in order to obtain the value PFRA(t; T , T + Δ, R, N) is

ν̄t,T := ET+Δ

{
1

p̄(T , T + Δ)

∣∣∣Ft

}
(2.50)

and it is crucial also for all other linear derivatives. It follows that the fixed rate to
make the FRA a fair contract at t, namely such that PFRA(t; T , T + Δ, R, N) = 0, is
then

R̄t = 1

Δ
(ν̄t,T − 1) (2.51)

Notice also that this is exactly the forward Libor rate as defined in Definition1.2,
hence we have

L(t; T , T + Δ) = 1

Δ
(ν̄t,T − 1) (2.52)

2.3.1 Computation of FRA Prices and FRA Rates

To compute now the value of ν̄t,T in (2.50), notice that the expectation there is under
the (T + Δ)-forward measure, while the dynamics of the factors Ψ 1

t , Ψ 2
t , Ψ 3

t that
according to (2.41) drive the fictitious bond price process p̄(t, T) are defined under
the standard martingale measure Q. We therefore perform a change from Q to the
forward measure QT+Δ recalling from (2.17) that the corresponding density process
isLt = p(t,T+Δ)

p(0,T+Δ)Bt
. We can thus write

ν̄t,T = ET+Δ

{
1

p̄(T , T + Δ)

∣∣∣Ft

}
= L −1

t EQ

{
LT

p̄(T , T + Δ)

∣∣∣Ft

}

= 1

p(t, T + Δ)
EQ

{
exp

[
−
∫ T

t
rudu

]
p(T , T + Δ)

p̄(T , T + Δ)

∣∣∣Ft

}
(2.53)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Recalling the relationship (2.44) between p(t, T) and p̄(t, T), one may write

p(T , T + Δ)

p̄(T , T + Δ)
= exp

[
−Ã(T , T + Δ) + κB1(T , T + Δ)Ψ 1

T + B̄3(T , T + Δ)Ψ 3
T

]
(2.54)

With this last expression Eq. (2.53) becomes

ν̄t,T = 1

p(t, T + Δ)
EQ

{
exp

[
−
∫ T

t
rudu

]

· exp
[

− Ã(T , T + Δ) + κB1(T , T + Δ)Ψ 1
T

+ B̄3(T , T + Δ)Ψ 3
T

]
| Ft

}

= 1

p(t, T + Δ)
exp
[
−Ã(T , T + Δ)

]
EQ
{

eB̄3(T ,T+Δ)Ψ 3
T | Ft

}

· EQ
{

e− ∫ T
t (Ψ 1

u +Ψ 2
u )dueκB1(T ,T+Δ)Ψ 1

T | Ft

}
(2.55)

Given the independence of the factors and the affine structure of their dynamics under
Q, namely (2.37) and (2.38), the two expectations in the second equality in (2.55)
can easily be calculated explicitly, see Lemmas2.1 and 2.2, as exponentially affine
functions ofΨ 1

t , Ψ 2
t andΨ 3

t . In particular, for themodel (2.37)we have to assume that
B̄3(T , T + Δ) ∈ IT , so that Lemma2.2 can be applied. From the expression for ν̄t,T

in (2.55), by (2.49) we obtain immediately the value of PFRA(t; T , T + Δ, R, N) and,
by (2.51), also the FRA rate (fair fixed rate).

2.3.2 Adjustment Factors for FRAs

Next we want to compare the quantity ν̄t,T in (2.50) with the analogous quantity

νt,T := ET+Δ

{
1

p(T , T + Δ)

∣∣∣Ft

}
= p(t, T)

p(t, T + Δ)
(2.56)

in the single-curve case, where p(t, T) are the prices of the OIS bonds and where
the second equality follows from the fact that p(·,T)

p(·,T+Δ)
is a martingale under the

(T + Δ)-forward measure. The fair fixed rate in the single curve case is then

Rt = 1

Δ

(
νt,T − 1

) = 1

Δ

(
p(t, T)

p(t, T + Δ)
− 1

)
(2.57)

Notice that, since the OIS bonds can be considered as observable (they are stripped
from the OIS rates), contrary to what happens with R̄t , to compute Rt no interest
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rate model is needed. Notice also that, before the crisis, the difference between the
standard zero coupon bonds and the OIS bonds was negligible. From a method-
ological point of view we may therefore consider the comparison of ν̄t,T with νt,T

also as a comparison between the multi-curve (post-crisis) ν̄t,T and the single-curve
(pre-crisis) νt,T .

We shall now derive an “adjustment factor” allowing to pass from the single-curve
(pre-crisis) value of νt,T to the corresponding multi-curve (post-crisis) ν̄t,T that bears
some analogy with the “multiplicative forward basis” in Bianchetti (2010) and the
multiplicative spread defined in Sect. 7.3.2 of Henrard (2014). Note that the idea of
an adjustment factor in the post-crisis setup has been considered also in Piterbarg
(2010), who introduces a convexity adjustment between CSA and non-CSA prices
of a forward contract. We shall in fact prove the following

Proposition 2.2 For the affine factor model classes (2.37) and (2.38), assuming in
addition that B̄3(T , T + Δ) ∈ IT for the model class (2.37), we have

ν̄t,T = νt,T · AdT ,Δ
t · ResT ,Δ

t (2.58)

where we shall call “adjustment factor” the second factor on the right given by

AdT ,Δ
t := EQ

{
p(T , T + Δ)

p̄(T , T + Δ)

∣∣∣Ft

}

= e−Ã(T ,T+Δ)EQ
{

eκB1(T ,T+Δ)Ψ 1
T +B̄3(T ,T+Δ)Ψ 3

T |Ft

}
(2.59)

and the “residual factor” the last factor on the right given by

ResT ,Δ
t = exp

[
−κ

(σ1)2

2(b1)3

(
1 − e−b1Δ

) (
1 − e−b1(T−t)

)2]
(2.60)

The residual factor drops out for the case when the correlation κ between the short
rate and the spread reduces to zero.

Remark 2.6 Notice that the expectation in (2.59) can be explicitly computed on the
basis of Lemmas2.1 and 2.2 as a function of the set θ := (ai, bi,σi, i = 1, 2, 3) of
all parameters in the model, of the correlation coefficient κ and of the current values
Ψ 1

t , Ψ 2
t , Ψ 3

t of the factors. Recall that, for the model class (2.37), the parameters
have to be such that B̄3(T , T + Δ) ∈ IT .

Remark 2.7 Here we want to remark that, in the case when all three factors satisfy
a Vasiček-type model (2.38), the adjustment factor can also be computed as an
unconditional expectation. We have in fact by (2.59) and the independence of the
factors
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AdT ,Δ
t = e−Ã(T ,T+Δ)EQ

{
exp(κB1(T , T + Δ)Ψ 1

T )|Ft

}
EQ
{
exp(B̄3(T , T + Δ)Ψ 3

T )|Ft

}

= e−Ã(T ,T+Δ)EQ
{
exp(κB1(T , T + Δ)(Ψ 1

T − Ψ 1
t )) exp(κB1(T , T + Δ)Ψ 1

t )|Ft

}

· EQ
{
exp(B̄3(T , T + Δ)(Ψ 3

T − Ψ 3
t )) exp(B̄3(T , T + Δ)Ψ 3

t )|Ft

}

= e−Ã(T ,T+Δ) exp(κB1(T , T + Δ)Ψ 1
t + B̄3(T , T + Δ)Ψ 3

t )

· EQ
{
exp(κB1(T , T + Δ)(Ψ 1

T − Ψ 1
t ) + B̄3(T , T + Δ)(Ψ 3

T − Ψ 3
t ))|Ft

}
(2.61)

Let now ∀s ≥ t and j = 1, 3, Zj
s := Ψ

j
s − Ψ

j
t . Thus Zj

t = 0 and we have

dZj
s = dΨ j

s = (aj − bjZj
s − bjΨ

j
t )dt + σjdwj

s

so that

Zj
s = e−bjs

(aj

bj
(ebjs − ebjt) − Ψ

j
t (e

bjs − ebjt) + σj
∫ s

t
ebjudwj

u

)

= V j
s − Ψ

j
t (1 − e−bj(s−t))

where V j
s := aj

bj (1 − e−bj(s−t)) + σje−bjs
∫ s

t ebjudwj
u is independent of Ft . Conse-

quently

AdT ,Δ
t = e−Ã(T ,T+Δ)e(κB1(T ,T+Δ)Ψ 1

t +B̄3(T ,T+Δ)Ψ 3
t )

· e(−κB1(T ,T+Δ)(1−e−b1(T−t))Ψ 1
t )EQ

{
eκB1(T ,T+Δ)V 1

T

}

e(−B̄3(T ,T+Δ)(1−e−b3(T−t))Ψ 3
t )EQ

{
eB̄3(T ,T+Δ)V 3

T

}
(2.62)

Proof of Proposition2.2: Recalling from (2.55) that

ν̄t,T = 1

p(t, T + Δ)
exp
[
−Ã(T , T + Δ)

]
EQ
{

eB̄3(T ,T+Δ)Ψ 3
T | Ft

}

· EQ
{

e− ∫ T
t Ψ 2

u du | Ft

}
EQ
{

e− ∫ T
t Ψ 1

u du+κB1(T ,T+Δ)Ψ 1
T | Ft

}
(2.63)

let us compute the last term on the right-hand side. Note that, for the model class
(2.37), the first expectation on the right-hand side is finite thanks to
B̄3(T , T + Δ) ∈ IT . We have by Lemma2.1 (with K = −κB1(T , T + Δ) and
γ = 1 therein) and with B1(t, T) as given in (2.40).

EQ
{

e− ∫ T
t Ψ 1

u du+κB1(T ,T+Δ)Ψ 1
T | Ft

}

= exp
[
−B1(t, T)Ψ 1

t + κB1(T , T + Δ)e−b1(T−t)Ψ 1
t

− a1
∫ T

t
B1(u, T)du + a1κB1(T , T + Δ)

∫ T

t
e−b1(T−u)du

]
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· exp
[
(σ1)2

2

∫ T

t
(B1(u, T))2du + (σ1)2

2
(κB1(T , T + Δ))2

∫ T

t
e−2b1(T−u)du

]

· exp
[
−κB1(T , T + Δ)(σ1)2

∫ T

t
B1(u, T)e−b1(T−u)du

]

= EQ
{

e− ∫ T
t Ψ 1

u du | Ft

}
EQ
{

eκB1(T ,T+Δ)Ψ 1
T | Ft

}

· exp
[
−κ(σ1)2B1(T , T + Δ)

∫ T

t
B1(u, T)e−b1(T−u)du

]
(2.64)

Therefore,

ν̄t,T = 1

p(t, T + Δ)
exp
[
−Ã(T , T + Δ)

]
EQ
{

eB̄3(T ,T+Δ)Ψ 3
T | Ft

}

· EQ
{

e− ∫ T
t Ψ 2

u du | Ft

}
EQ
{

e− ∫ T
t Ψ 1

u du | Ft

}
EQ
{

eκB1(T ,T+Δ)Ψ 1
T | Ft

}

· exp
[
−κ(σ1)2B1(T , T + Δ)

∫ T

t
B1(u, T)e−b1(T−u)du

]

= p(t, T)

p(t, T + Δ)
EQ

{
p(T , T + Δ)

p̄(T , T + Δ)

∣∣∣Ft

}

· exp
[
−κ(σ1)2B1(T , T + Δ)

∫ T

t
B1(u, T)e−b1(T−u)du

]
(2.65)

by expression (2.39) for the OIS bond prices and Eq. (2.54), and we obtain

ν̄t,T = νt,T · AdT ,Δ
t · ResT ,Δ

t

where the pre-crisis value νt,T is given by (2.56), AdT ,Δ
t is defined in (2.59) and

ResT ,Δ
t in (2.60), noticing that

B1(T , T + Δ)

∫ T

t
B1(u, T)e−b1(T−u)du = 1

2(b1)3

(
1 − e−b1Δ

) (
1 − e−b1(T−t)

)2
(2.66)

The following immediate corollary establishes a relation between the FRA rate R̄t

in an actual (post-crisis) FRA and the corresponding single-curve (pre-crisis) rate Rt :

Corollary 2.1 The following relationship holds

R̄t =
(

Rt + 1

Δ

)
· AdT ,Δ

t · ResT ,Δ
t − 1

Δ
(2.67)

Notice that the residual factor is equal to 1 for zero correlation, i.e. for κ = 0.

Remark 2.8 The adjustment factor AdT ,Δ
t allows also for some intuitive interpre-

tations. The easiest one is obtained for the case when κ = 0 (independence of
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rt and st): in this case we have rt + st > rt implying p̄(T , T + Δ) < p(T , T + Δ) so
that AdT ,Δ

t ≥ 1. Moreover, the residual factor in (2.58) is equal to 1. As expected,
from Proposition2.2 and Corollary2.1 it then follows that

ν̄t,T ≥ νt,T , R̄t ≥ Rt (2.68)

For some intuition in the cases when κ �= 0 we refer to Morino and Runggaldier
(2014).

2.3.2.1 Comments on Calibration to the Initial Term Structure

For what concerns calibration of the model to observed initial term structures of OIS
bond prices (stripped from theOIS rates) andFRAcontracts notice that this procedure
can be decoupled in the following way. The coefficients a1, a2, b1, b2,σ1,σ2 can be
calibrated in the usual way on the basis of the observations of OIS bond prices
p(t, T). To calibrate a3, b3,σ3, notice that, contrary to p(t, T), the fictitious bond
prices p̄(t, T) are not observable. Considering the special case of (1.32) for n = 1,

one can however observe the OIS FRA rates Rt = 1
Δ

(
p(t,T)

p(t,T+Δ)
− 1
)
, as well as the

FRA rates R̄t . Recalling then Corollary2.1 and the fact that AdT ,Δ
t is, see Remark2.6,

a function of the type A(θ,κ, Ψ 1
t , Ψ 3

t ) with θ := (ai, bi,σi, i = 1, 2, 3), notice that,
having calibrated ai, bi,σi (i = 1, 2), from the observations of Rt and R̄t one could
thus calibratea3, b3,σ3, aswell as the correlation parameterκ.Moreover,wemention
that if the adjustment factorAdT ,Δ

t would be directly observable, then the relationship
between Rt and R̄t as expressed in Corollary2.1 would allow to easily recover κ from
the residual factor ResT ,Δ

t defined in (2.60).
As already mentioned in Remark2.1, a perfect fit to the initial term structure

can be achieved in the model either by passing to time varying parameters, or by
introducing a deterministic shift. Finally we recall that, as pointed out in Crépey
et al. (2015a), calibration to clean prices is sufficient also when using the model to
compute possible CVA and other valuation adjustments.

2.4 Pricing of Caps and Floors

A cap is a first basic example for a nonlinear interest rate derivative, in particular of
an “optional derivative”. As recalled in Sect. 1.4.6 a cap consists of a series of caplets
and so we shall derive here the price for a generic caplet with strike K on the Libor
rate L(T; T , T + Δ), fixed at time T for the time interval [T , T + Δ].

In Proposition2.3 we shall derive an explicitly computable expression for the
price, at t < T , of a caplet for a generic interval [T , T + Δ] and for the affine factor
model classes (2.37) and (2.38). The price will be computed under the forward
measure QT+Δ, while the models are defined under the standard martingale measure
Q. We shall thus make use of Lemma2.5 that specifies the distribution under QT+Δ

at a generic t < T + Δ, of each of the Ψ 1
t , Ψ 2

t , Ψ 3
t , defined by (2.37) and (2.38).

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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For ease of reference, in the four points (i)–(iv) below we summarize the notation
that we shall use in this subsection and that, for the points (i)–(iii), follows from
Lemma2.5. Thereby we shall assume that the processes start at a generic time t < T
so that all distributions and corresponding expectations below will be conditional on
Ft . To alleviate notation, we shall count time from t onwards and, in particular, set
τ := T − t.

(i) The factor Ψ 1
t has, at time T and under QT+Δ, a Gaussian density N(α1

τ ,β
1
τ )

with

⎧⎪⎪⎨
⎪⎪⎩

α1
τ = e−b1τ

(
Ψ 1

t +
(a1

b1
− (σ1)2

(b1)2

)
(eb1τ − 1) + (σ1)2

2(b1)2
e−b1(t+τ+Δ)(e2b1τ − 1)

)

β1
τ = (σ1)2

2(b1)
e−2b1τ (e2b1τ − 1) > 0.

(2.69)
In the sequel we shall denote this density by fΨ 1

T
(·) = f1(·).

(ii) In themodel class (2.37), the factorsΨ i (i = 2, 3) have, see Brigo andMercurio
(2006, Sect. 3.2.3), at time T and under QT+Δ a density fΨ i

T
(ζ) that can be

expressed as equal to c2τ g2(c2τ ζ) and c3τ g3(c3τ ζ) respectively, where gi(·) denotes
the density of a non-central chi-square distribution with vi degrees of freedom
and non-centrality parameter λi

τ . The parameter values are given by (see (2.30))

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

c2τ = 4(b2 + (σ2)2B2(τ , t + τ + Δ))

(σ2)2(1 − e−τ (b2+(σ2)2B2(τ ,t+τ+Δ)))
> 0

v2 = 4a2

(σ2)2

λ2
τ = c2τΨ

2
t e−τ (b2+(σ2)2B2(τ ,t+τ+Δ))

v3 = 4a3

(σ3)2

c3τ = 4b3

(σ3)2(1 − e−b3τ )
> 0

λ3
τ = c3τΨ

3
t e−b3τ

(2.70)

(iii) In the model class (2.38), the factors Ψ i (i = 2, 3) have at time T and under
QT+Δ a Gaussian density N(αi

τ ,β
i
τ ), denoted by fi(·), i = 2, 3, with

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

α2
τ = e−b2τ

(
Ψ 2

t +
(a2

b2
− (σ2)2

(b2)2

)
(eb2τ − 1) + (σ2)2

2(b2)2
e−b2(t+τ+Δ)(e2b2τ − 1)

)

β2
τ = (σ2)2

2(b2)
e−2b2τ (e2b2τ − 1)

α3
τ = e−b3τ

(
Ψ 3

t + a3

b3
(eb3τ − 1)

)

β3
τ = (σ3)2

2(b3)
e−2b3τ (e2b3τ − 1)

(2.71)



2.4 Pricing of Caps and Floors 57

(iv) Consider then the shorthand notations

Ā := Ā(T , T + Δ), B̄1 := B̄1(T , T + Δ), B̄2 := B̄2(T , T + Δ),

B̄3 := B̄3(T , T + Δ), K̄ := 1 + ΔK

where Ā(·) and B̄j(·), j = 1, 2, 3 correspond to those in (2.41) and are deter-
mined according to Lemmas2.1 and 2.2. Finally let, for y ∈ R and z ∈ R,

x̄(y, z) = log(K̄) + Ā − B̄2y − B̄3z

B̄1
(2.72)

We can now state and prove the following

Proposition 2.3 Assume that the correlation intensity satisfies κ > −1 and that,
for the case of the factor model class (2.37), B̄2, B̄3 ∈ I T+Δ

T , for I T+Δ
T defined in

(2.16). The price of a caplet for the interval [T , T + Δ] with strike K on the Libor
rate L(T; T , T + Δ) can be expressed for both model classes (2.37) and (2.38) as
follows

PCpl(t; T + Δ, K) = p(t, T + Δ)

∫
R2

e−Ā+B̄2y+B̄3z

[∫ +∞
x̄(y,z)

(eB̄1x − eB̄1x̄(y,z))f
Ψ 1

T
(x)dx

]
f
Ψ 2

T
(y)dyf

Ψ 3
T
(z)dz

= p(t, T + Δ)∫
R2

e−Ā+B̄2y+B̄3zCall(t, St, K̄(y, z), T + Δ)f
Ψ 2

T
(y)dyf

Ψ 3
T
(z)dz

(2.73)

where Call(t, St, K̄(y, z), T + Δ) is formally the time-t price of a call option with
(random) strike defined by K̄(y, z) = eB̄1 x̄(y,z), maturity T + Δ and underlying asset
St = eB̄1Ψ 1

t and is given by

Call(t, St, K̄, T + Δ) = e( 12 (B̄1)2β1
τ +α1

τ B̄1)N

⎛
⎝α1

τ + B̄1β1
τ − x̄√

β1
τ

⎞
⎠− eB̄1x̄(y,z)N

⎛
⎝α1

τ − x̄√
β1

τ

⎞
⎠

(2.74)

where N(·) denotes the cumulative standard Gaussian distribution function.

Proof Using the forward measure QT+Δ as pricing measure, we have to compute
(see (1.42) and recall (2.41))

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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PCpl(t; T + Δ, K) = p(t, T + Δ)ET+Δ

{(
1

p̄(T , T + Δ)
− K̄

)+ ∣∣∣Ft

}

= p(t, T + Δ)ET+Δ
{(

e−Ā+B̄1Ψ 1
T +B̄2Ψ 2

T +B̄3Ψ 3
T − K̄

)+ | Ft

}

= p(t, T + Δ)

∫
R3

(
e−Ā+B̄1x+B̄2y+B̄3z − K̄

)+
fΨ 1

T
(x)fΨ 2

T
(y)fΨ 3

T
(z)dxdydz (2.75)

Consider next the function

g(x, y, z) = e−Ā+B̄1x+B̄2y+B̄3z (2.76)

For any given y ∈ R, z ∈ R, it is a monotonically increasing and continuous function
of x ∈ R (notice that B̄1 = B̄1(T , T + Δ) is, according to its expression given in
(2.42) together with (2.40), positive provided κ > −1) and has the property that

lim
x→−∞ g(x, y, z) = 0 , lim

x→+∞ g(x, y, z) = +∞

There exists thus a unique x̄(y, z) such that g(x̄, y, z) = K̄ and it is given by (2.72).
Furthermore,

x ≥ x̄(y, z) ⇔ g(x, y, z) ≥ g(x̄(y, z), y, z)

Consequently, (2.75) becomes

PCpl(t; T + Δ, K) = p(t, T + Δ)

∫
R2

e−Ā+B̄2y+B̄3z

(∫ +∞

x̄(y,z)
(eB̄1x − eB̄1 x̄(y,z))fΨ 1

T
(x)dx

)
fΨ 2

T
(y)dyfΨ 3

T
(z)dz

(2.77)

where, for the model class (2.37), the assumption B̄2, B̄3 ∈ I T+Δ
T ensures that the

integrals above are finite.
For the second equality in (2.73), note that the inner integral in the equation above

can be computed as

∫ +∞

x̄(y,z)
(eB̄1x − eB̄1 x̄(y,z))fΨ 1

T
(x)dx =

∫
R

(eB̄1x − eB̄1 x̄(y,z))+fΨ 1
T
(x)dx

= ET+Δ{(eB̄1Ψ 1
T − K̄(y, z))+ | Ft} = Call(t, St, K̄(y, z), T + Δ) (2.78)

Notice that, since we deal with caplets, although the maturity is T + Δ, the underly-
ingΨ 1

t is evaluated at t = T . Taking into account thatΨ 1
T ∼ N(α1

τ ,β
1
τ )with (α1

τ ,β
1
τ )

given as in (2.69), Call(t, St, K̄(y, z), T + Δ) can be explicitly computed in the fol-
lowing way (using the shorthand notation x̄ = x̄(y, z))



2.4 Pricing of Caps and Floors 59

Call(t, St, K̄, T + Δ) =
∫ +∞

x̄
eB̄1xf1(x)dx −

∫ +∞
x̄

eB̄1x̄ f1(x)dx

=
∫ +∞

x̄
eB̄1x 1√

2πβ1
τ

e
− 1

2
(x−α1τ )2

β1τ dx − eB̄1x̄
∫ +∞

x̄

1√
2πβ1

τ

e
− 1

2
(x−α1τ )2

β1τ dx

= e( 12 (B̄1)2β1
τ +α1

τ B̄1)

∫ +∞
(x̄−(α1τ +B̄1β1τ ))√

β1τ

1√
2π

e− ζ2

2 dζ − eB̄1x̄
∫ +∞

x̄−α1τ√
β1τ

1√
2π

e− ζ2

2 dζ

= e( 12 (B̄1)2β1
τ +α1

τ B̄1)N

(
α1

τ +B̄1β1
τ −x̄√

β1
τ

)
− eB̄1x̄(y,z)N

(
α1

τ −x̄√
β1

τ

)

�

Note that the assumptions in the above proposition put some restrictions on the
parameters of the CIR model (2.37) for the factors Ψ 2

t and Ψ 3
t . Inserting now the

density functions fΨ 2
T
(·) and fΨ 3

T
(·) for each model specification, we obtain

Corollary 2.2 Under the assumptions from Proposition2.3, the price of a caplet for
the interval [T , T + Δ] with strike K on the Libor rate L(T; T , T + Δ) in the factor
model (2.37) is given by

PCpl(t; T + Δ, K) = p(t, T + Δ)

c2τ c3τ

∫
R2

e−Ā+B̄2y+B̄3zCall(t, St, K̄(y, z), T + Δ)g2(c
2
τ y)dyg3(c

3
τ z)dz

(2.79)

where g2(·) and g3(·) are non-central chi-square densities as in (ii) with parameters
given by (2.70), and in the model (2.38) by

PCpl(t; T + Δ, K) = p(t, T + Δ)∫
R2

e−Ā+B̄2y+B̄3zCall(t, St, K̄(y, z), T + Δ)f2(y)dyf3(z)dz
(2.80)

where f2(·) and f3(·) are Gaussian densities as in (iii) with parameters given by
(2.71).

Remark 2.9 Notice that, for both model classes (2.37) and (2.38), we have B̄3 :=
B̄3(T , T + Δ) > 0. More precisely, for model (2.38), from (2.41) and Lemma2.1

with γ = 1 and K = 0, we have B̄3(T , T + Δ) = − 1
b3

(
e−b3Δ − 1

)
> 0. For (2.37),

again from (2.41) and this time from Lemma2.2, always with γ = 1 and K = 0 so
that h = √(b3)2 + 2(σ3)2, we have

B̄3(T , T + Δ) = 2
(
ehΔ − 1

)
h − b3 + ehΔ(h + b3)

= 2
(
ehΔ − 1

)
2h + (b3 + h)

(
ehΔ − 1

) > 0 (2.81)
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Consequently, the function g(x, y, z) in (2.76) is, for each fixed x ∈ R, y ∈ R,
monotonically increasing and continuous also in z ∈ R with

lim
z→−∞ g(x, y, z) = 0 , lim

z→+∞ g(x, y, z) = +∞

so that there exists a unique z̄(x, y) for which g(x, y, z̄) = K̄ and

z ≥ z̄(x, y) ⇔ g(x, y, z) ≥ g(x, y, z̄(x, y))

Therefore, since g(x, y, z) is increasing with z, we have

(
e−Ā+B̄1x+B̄2y+B̄3z − K̄

)+ = e−Ā+B̄1x+B̄2y
(

eB̄3z − eB̄3 z̄
)

for z ≥ z̄(x, y) and zero otherwise. We may then rewrite (2.77) as

PCpl(t; T + Δ, K) = p(t, T + Δ)

∫
R2

e−Ā+B̄1x+B̄2y

(∫ +∞

z̄(x,y)
(eB̄3z − eB̄3 z̄(x,y))fΨ 3

T
(z)dz

)
fΨ 1

T
(x)dxfΨ 2

T
(y)dy

= p(t, T + Δ)

∫
R2

e−Ā+B̄1x+B̄2y

Call(t, St, K̄(x, y), T + Δ)f1(x)dxfΨ 2
T
(y)dy

(2.82)

with K̄(x, y) = eB̄3 z̄(x,y) and St = eB̄3Ψ 3
t .

In the model (2.38) an alternative expression for the price PCpl(t; T + Δ, K) of
the caplet can be derived, thereby exploiting the Gaussianity of the factor processes
Ψ 2 and Ψ 3. We have in fact

Proposition 2.4 The price of a caplet for the interval [T , T + Δ] with strike K on
the Libor rate L(T; T , T + Δ) can be expressed, for the factor model (2.38) and with
τ = T − t, as follows

PCpl(t; T + Δ, K) = p(t, T + Δ)
[
exp
(στ

2
− μτ

)
N(dτ + √

στ ) − K̄ N(dτ )
]

(2.83)

where N(·) is the cumulative standard Gaussian distribution function and

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

dτ = − log(K̄) + μτ√
στ

μτ = Ā(T , T + Δ) − B̄1(T , T + Δ)α1
τ − B̄2(T , T + Δ)α2

τ − B̄3(T , T + Δ)α3
τ

στ = (B̄1(T , T + Δ))2β1
τ + (B̄2(T , T + Δ))2β2

τ + (B̄3(T , T + Δ))2β3
τ

K̄ = 1 + ΔK
(2.84)
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with α1
τ ,β

1
τ as in (2.69) and α2

τ ,β
2
τ ,α

3
τ ,β

3
τ as in (2.71).

Proof We may write

PCpl(t; T + Δ, K) = p(t, T + Δ)ET+Δ

{(
1

p̄(T , T + Δ)
− K̄

)+ ∣∣∣Ft

}

= p(t, T + Δ)

(
ET+Δ

{
1

p̄(T , T + Δ)
1{ 1

p̄(T ,T+Δ)
>K̄}
∣∣∣Ft

}

−K̄QT+Δ

{
p̄(T , T + Δ) < 1/K̄ | Ft

})

(2.85)

Notice now that, since p̄(T , T + Δ) is given by (2.41), by Lemmas2.4 and 2.5, we
have that it is distributed as exp(Y) with Y ∼ N(μτ ,στ ) where

{
μτ = Ā(T , T + Δ) − B̄1(T , T + Δ)α1

τ − B̄2(T , T + Δ)α2
τ − B̄3(T , T + Δ)α3

τ

στ = (B̄1(T , T + Δ))2β1
τ + (B̄2(T , T + Δ))2β2

τ + (B̄3(T , T + Δ))2β3
τ

(2.86)
For the second term on the right in (2.85) we then obtain

QT+Δ
{

p̄(T , T + Δ) < 1/K̄ | Ft

}
= P

[
Y < log(1/K̄)

]

= P

[
N(0, 1) <

log(1/K̄) − μτ√
στ

]
= N(dτ ).

(2.87)

On the other hand, for the first term on the right in (2.85) we obtain

ET+Δ

{
1

p̄(T , T + Δ)
1{ 1

p̄(T ,T+Δ)
>K̃}
∣∣∣Ft

}
= ET+Δ

{
e−Y 1{e−Y >K̄} | Ft

}

=
∫ dτ

−∞
exp
[−√

στ x − μτ

] 1√
2π

e− x2

2 dx

= e−μτ + στ
2

∫ dτ

−∞
1√
2π

e− (x+√
στ )2

2 dx = e−μτ + στ
2 N(dτ + √

στ ) (2.88)

Inserting (2.87) and (2.88) into (2.85) we obtain the result. �

2.5 Pricing of Swaptions

We first recall from Sects. 1.4.3 and 1.4.7 the most relevant aspects of a (payer)
swaption as we shall use them in this section. Given a collection of payment dates
T1 < · · · < Tn with δ = δk := Tk − Tk−1, (k = 1, . . . , n) and given a fixed rate R,
we first recall the price of a payer swap, initiated at T0 < T1 and evaluated at t ≤ T0.
It is given by (see (1.27))

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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PSw(t; T0, Tn, R) = δ

n∑
k=1

p(t, Tk)E
Qk {L(Tk−1; Tk−1, Tk) − R|Ft}

= δ

n∑
k=1

p(t, Tk) (L(t; Tk−1, Tk) − R) (2.89)

where, for simplicity, we have assumed the notional to be 1, i.e. N = 1. A swaption
is then the option to enter the swap at a pre-specified initiation date T , which is thus
also the maturity of the swaption and that, for simplicity of notation we assume to
coincide with T0, i.e. T = T0, see Sect. 1.4.7. Its price at t ≤ T0 can be computed as
(see the first equality in (1.43))

PSwn(t; T0, Tn, R) = p(t, T0)E
QT0
{(

PSw(T0; Tn, R)
)+ |Ft

}
(2.90)

where we have used the shorthand notation PSw(T0; Tn, R) = PSw(T0; T0, Tn, R) and
PSwn(t; T0, Tn, R) = PSwn(t; T0, T0, Tn, R). In this sectionwe shall compute this price
by first working out an explicit expression forPSw and then computing the expression
on the right in (2.90).

Here we consider simultaneously the model classes (2.37) and (2.38), and as a
preliminary, we shall prove Proposition2.5, where the following shorthand notations
are being used:

(a) a shorthand for various coefficients determined in Lemmas2.1 and 2.2 for the
representation of p(T0, Tk) according to (2.39) and p̄(Tk−1, Tk) according to
(2.41), related to both systems (2.37) and (2.38)

Ak := A(T0, Tk) , Āk := Ā(Tk−1, Tk)

Bj
k := Bj(T0, Tk) , B̄j

k := B̄j(Tk−1, Tk) , j = 1, 2, 3

(b) a series of coefficients ᾱj(t, Tk−1), β̄j(t, Tk−1) appearing in the representations

EQk {eB̄j
kΨ

j
Tk−1 |Ft} = eᾱj(t,Tk−1)−β̄j(t,Tk−1)Ψ

j
t , j = 1, 2, 3

Furthermore

Dk := e−Ākexp[ᾱ1(T0, Tk−1) + ᾱ2(T0, Tk−1) + ᾱ3(T0, Tk−1)]

We have in both models (2.37) and (2.38)

β̄1(t, Tk−1) = −B̄1
ke−b1(Tk−1−t)

ᾱ1(t, Tk−1) = −(a1 − (σ1)2B1(t, Tk))

∫ Tk−1

t
β̄1(u, Tk−1)du

+ (σ1)2

2

∫ Tk−1

t
(β̄1(u, Tk−1))

2du

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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For (2.37) we have, furthermore,

β̄2
t (t, Tk−1) − β̄2(t, Tk−1)[b2 + (σ2)2B2(t, Tk)] − 1

2 (σ
2)2(β̄2(t, Tk−1))

2 = 0
β̄2(Tk−1, Tk−1) = −B̄2

k

ᾱ2(t, Tk−1) = −a2
∫ Tk−1

t β̄2(u, Tk−1)du

β̄3(t, Tk−1) = −2b3B̄3
k

−B̄3
k (σ

3)2(eb3(Tk−1−t)−1)+2b3eb3(Tk−1−t)

ᾱ3(t, Tk−1) = −a3
∫ Tk−1

t β̄3(u, Tk−1)du

and, for (2.38),

β̄2(t, Tk−1) = −B̄2
ke−b2(Tk−1−t)

ᾱ2(t, Tk−1) = −(a2 − (σ2)2B2(t, Tk))

∫ Tk−1

t
β̄2(u, Tk−1)du

+ (σ2)2

2

∫ Tk−1

t
(β̄2(u, Tk−1))

2du

β̄3(t, Tk−1) = −B̄3
ke−b3(Tk−1−t)

ᾱ3(t, Tk−1) = −a3
∫ Tk−1

t
β̄3(u, Tk−1)du + (σ3)2

2

∫ Tk−1

t
(β̄3(u, Tk−1))

2du

(c) finally
B̃j

k := β̄j(T0, Tk−1) + Bj
k , j = 1, 2, B̃3

k := β̄3(T0, Tk−1)

We have now

Proposition 2.5 Consider both model classes (2.37) and (2.38) and, for the class
(2.37), assume that B̄2

k , B̄3
k ∈ I Tk

Tk−1
, for I Tk

Tk−1
defined in (2.16). The price of the swap

according to (2.89) is given at the inception time T0 by

PSw(T0; Tn, R) =
∑n

k=1

[
DkeAk e

−Ψ 1
T0

B̃1
k−Ψ 2

T0
B̃2

k −Ψ 3
T0

B̃3
k − (Rδ + 1)eAk e

−Ψ 1
T0

B1
k−Ψ 2

T0
B2

k

]
(2.91)

Proof Considering the first equality in (2.89), the crucial quantity to compute is

EQk {δL(Tk−1; Tk−1, Tk)|FT0} = EQk
{

1
p̄(Tk−1,Tk)

∣∣∣FT0

}
− 1

= exp(−Āk)
∏3

j=1 EQk {exp(B̄j
kΨ

j
Tk−1

)|FT0} − 1
= Dk exp[−β̄1(T0, Tk−1)Ψ

1
T0

− β̄2(T0, Tk−1)Ψ
2
T0

− β̄3(T0, Tk−1)Ψ
3
T0

] − 1
(2.92)

where the second equality follows by (2.41). For the third equality we first apply
Lemma2.3 to express the factors Ψ

j
Tk−1

, j = 1, 2, 3, under the forward measure Qk

and then we apply Lemmas2.1 and 2.2 with K = −B̄j
k (note that B̄2

k , B̄3
k ∈ I Tk

Tk−1

by assumption), j = 1, 2, 3, to obtain the coefficients ᾱj(t, Tk−1), β̄j(t, Tk−1) in the
affine representation of the conditional expectation. The shorthand notations in (a),
(b), (c) above have been used.
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Combining this with the representation of the bond price p(T0, Tk) given in (2.39),
we obtain the result (2.91). �

Let us now derive the expressions for the swaption price. Denote

{
g(x, y, z) =∑n

k=1 DkeAk exp[−B̃1
kx − B̃2

ky − B̃3
kz]

h(x, y) = (Rδ + 1)
∑n

k=1 eAk exp[−B1
kx − B2

ky] (2.93)

Below, when mentioning a density, we shall mean the density conditional on Ft .

Proposition 2.6 Let the assumptions from Proposition2.5 be satisfied and for the
model class (2.37) we assume in addition that b3 > σ3

2 and −B̃2
k ,−B̃3

k ∈ I T0
T0

, for

I T0
T0

defined in (2.16). The value of PSwn(t; T0, Tn, R) as defined in (2.90) is given
for both model classes (2.37) and (2.38) by

PSwn(t; T0, Tn, R) = p(t, T0)
∑n

k=1 eAk Dk

∫
R2

exp
[
−B̃1

kx − B̃2
ky
]

·
(∫ +∞

z̄(x,y)

[
e−B̃3

k z − e−B̃3
k z̄(x,y)

]
fΨ 3

T0
(z)dz

)
fΨ 2

T0
(y)fΨ 1

T0
(x)dydx

(2.94)

where z̄(x, y) is the unique solution of the equation g(x, y, z) = h(x, y) for
x, y, z ∈ R

3.

Proof Notice that from (2.90) and (2.91) we have

PSwn(t; T0, Tn, R) = p(t, T0)∫
R3

[ n∑
k=1

DkeAk exp(−B̃1
kx − B̃2

ky − B̃3
kz)

−∑n
k=1(Rδ + 1)eAk exp(−B1

kx − B2
ky)
]+

fΨ 1
T0

(x)fΨ 2
T0

(y)fΨ 3
T0

(z)dxdydz

(2.95)

where we have used the fact that the factor processesΨ j, j = 1, 2, 3, are independent.
Notice next that B̃3

k = β̄3(T0, Tk−1) < 0, for each k = 1, . . . , n, provided in the

model class (2.37) we have b3 > σ3

2 . In fact, fromRemark2.9, setting δ = Tk − Tk−1,
we first have that B̄3

k > 0 for both model classes. Now, for the model class (2.38) we
simply have (see point (b) above)

β̄3(t, Tk−1) = −B̄3
ke−b3(Tk−1−t) < 0

On the other hand, for the model class (2.37) recall first fromRemark2.9 that, always
for δ = Tk − Tk−1 and h = √(b3)2 + 2(σ3)2,

B̄3
k = 2

(
ehδ − 1

)
2h + (b3 + h)

(
ehδ − 1

) > 0 (2.96)
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Furthermore, from point (b) above we have that, being B̄3
k > 0, the property

β̄3(t, Tk−1) < 0 is equivalent to requiring that (σ3)2B̄3
k − 2b3 < 0 which, given

(2.96), becomes equivalent to

2(σ3)2
(
ehδ − 1

)
< 4b3h + 2

[
(b3)2 + b3h

] (
ehδ − 1

)
(2.97)

Now, if according to the assumption we have b3 > σ3

2 , it follows that

(b3)2 + b3h = (b3)2 + b3
√

(b3)2 + 2(σ3)2 > (σ3)2

[
1

4
+ 1

2

√
1

4
+ 2

]
= (σ3)2

implying that
2(σ3)2

(
ehδ − 1

)
< 2

[
(b3)2 + b3h

] (
ehδ − 1

)

and thus, a fortiori, (2.97).
It follows that, for each x, y ∈ R, the function g(x, y, z) in (2.93) is monotonically

increasing and continuous in z ∈ R with

lim
z→−∞ g(x, y, z) = 0 , lim

z→+∞ g(x, y, z) = +∞

Analogously to Proposition2.3 and Remark2.9 there exists thus a unique z̄(x, y) for
which g(x, y, z̄) = h(x, y) and

z ≥ z̄(x, y) ⇔ g(x, y, z) ≥ g(x, y, z̄(x, y))

Here z corresponds to the factor Ψ 3
t and we have

[∑n

k=1
DkeAk exp(−B̃1

kx − B̃2
ky − B̃3

kz) −
∑n

k=1
(Rδ + 1)eAk exp(−B1

kx − B2
ky)
]+

=
∑n

k=1
DkeAk exp[−B̃1

kx − B̃2
ky]
(

e−B̃3
k z − e−B̃3

k z̄(x,y)
)

for z ≥ z̄(x, y). We may then continue (2.95) as

PSwn(t; T0, Tn, R) = p(t, T0)
∫
R2

[∑n
k=1 DkeAk exp

[
−B̃1

kx − B̃2
ky
]

(∫∞
z̄(x,y)

[
e−B̃3

k z − e−B̃3
k z̄(x,y)

]
fΨ 3

T0
(z)dz

)]
fΨ 1

T0
(x)fΨ 2

T0
(y)dydx

(2.98)

which is exactly (2.94). Note that all the integrals above are finite; in the model class
(2.37) this is guaranteed by the assumptions. �

Remark 2.10 Proposition2.6 is based on solving the equation g(x, y, z) = h(x, y)
with respect to z. For caps we had in Sect. 2.4 a related equation, namely
g(x, y, z) = K̄ , that was solved with respect to x (see (2.72)). There, in line with
Remark2.9, we could equivalently have chosen a z̄(x, y) to solve the same equation.
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Here we cannot choose by analogy to the caps an x̄(y, z) since we set g(x, y, z) not
equal to a constant, but to a function h(x, y) of x, y. The reason why here we have
to consider the function h(x, y) comes from the fact that the fixed rate R is here
multiplied by

∑n
k=1 δp(t, Tk) and the p(t, Tk) depend on Ψ 1

T0
and Ψ 2

T0
, see (2.89).

Let us now givemore explicit representations of the swaption price for eachmodel
class. We begin with the model class (2.37). Similarly as for caplets, note that the
assumptions from Propositions2.5 and 2.6 put some restrictions on the parameters
of the model (2.37) for what concerns the CIR equations for Ψ 2

t and Ψ 3
t .

Corollary 2.3 Under the assumptions from Propositions2.5 and 2.6, the swaption
price PSwn(t; T0, Tn, R) for the model class (2.37) is given by

PSwn(t; T0, Tn, R) = p(t, T0)c2τ0c
3
τ0

∑n
k=1 eAk Dk

∫
R2

exp
[
−B̃1

kx − B̃2
ky
]

·
(∫ +∞

z̄(x,y)

[
e−B̃3

k z − e−B̃3
k z̄(x,y)

]
g3(c

3
τ0

z)dz

)
g2(c2τ0y)f1(x)dydx

(2.99)

where z̄(x, y) is the unique solution of the equation g(x, y, z) = h(x, y) for x, y, z ∈ R

and f1(·), g2(·) and g3(·) are as in points (i) and (ii) of Sect. 2.4, with

τ0 := T0 − t ; c2τ0 = 4(b2+(σ2)2B2(τ0,t+τ0))

(σ2)2
(
1−eτ0(b2+(σ2)2B2(τ0 ,t+τ0))

) ;

λ2
τ0

= c2τ0Ψ
2
t e−τ0(b2+(σ2)2B2(τ0,t+τ0))

(2.100)

and c3τ0 and λ3
τ0

correspond to the above formulas for c2τ0 and λ2
τ0

by changing all
superscripts to 3 and setting the factor B2(τ0, t + τ0) = 0.

By assuming now the Vasiček model (2.38) for all three factors we do not have
to impose any restrictions on the parameters and also we can obtain a more explicit
formula for the swaption price due to the Gaussianity of the factors. We have

Corollary 2.4 For the model class (2.38), the swaption price PSwn(t; T0, Tn, R) is
given by

PSwn(t; T0, Tn, R) = p(t, T0)
∑n

k=1 DkeAk
∫
R2 e−xB̃1

k−yB̃2
k

[
e

1
2 (B̃3

k )
2β3−α3B̃3

k N
(

α3−B̃3
kβ

3−z̄(x,y)√
β3

)
− e−B̃3

k z̄(x,y)N
(

α3−z̄(x,y)√
β3

)]
f2(y)f1(x)dydx

(2.101)
where N(·) is the cumulative standard Gaussian distribution function, α1 = α1

τ0
,

β1 = β1
τ0

with α1
τ0
,β1

τ0
as given in Eq. (2.69) of (i) in Sect.2.4. Furthermore, for j =

2, 3, fj(·), are Gaussian densities with parameters αj = αj
τ0
, βj = βj

τ0
with αj

τ0
,βj

τ0
as given in (2.71).
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Proof Since the factors Ψ
j
T0
, j = 1, 2, 3, have Gaussian distribution, the swaption

price given in (2.94) can be further computed as

PSwn(t; T0, Tn, R) = p(t, T0)
∑n

k=1 eAk Dk

∫
R2

exp
[
−B̃1

kx − B̃2
ky
]

·
(∫ +∞

z̄(x,y)

[
e−B̃3

k z − e−B̃3
k z̄(x,y)

]
f3(z)dz

)
f2(y)f1(x)dydx

(2.102)

where fj(·) ∼ N(αj,βj) is a Gaussian density withαj = αj
τ0
, βj = βj

τ0
whereαj

τ0
,βj

τ0
are given as in (2.69) and (2.71).

Due to the fact that f3(·) is the density of a Gaussian distribution N(α3,β3), the
integral in the second line can be computed explicitly and we have straightforwardly

∫ +∞

z̄(x,y)
e−B̃3

k zf3(z)dz = e
1
2 (−B̃3

k )
2β3−α3B̃3

k

∫ +∞
z̄(x,y)−(α3−B̃3k β3)√

β3

1√
2π

e− ζ2

2 dζ

and ∫ +∞

z̄(x,y)
e−B̃3

k z̄(x,y)f3(z)dz = e−B̃3
k z̄(x,y)

∫ +∞

z̄(x,y)−α3√
β3

1√
2π

e− ζ2

2 dζ

thus leading to the conclusion. �

Remark 2.11 It is interesting to note that the price of a swaption can be obtained as
linear combination of expressions that may be interpreted, at least formally, as caplet
prices. In fact, for both model classes (2.37) and (2.38), starting from formula (2.94)
for the price of the swaption, we can express the inner integrals as

∫ +∞

z̄(x,y)
e−B̃3

k zf3(z)dz −
∫ +∞

z̄(x,y)
e−B̃3

k z̄(x,y)f3(z)dz

= ∫
R

(
e−B̃3

k z − e−B̃3
k z̄(x,y)

)+
fΨ 3

T0
(z)dz = EQT0

{
(e−B̃k

3Ψ
3
T0 − K̄k(x, y))+ | Ft

}
= Call(t, Sk

t , K̄k(x, y), T0)

(2.103)
where, see also Proposition2.3, Call(t, Sk

t , K̄k(x, y), T0) is formally the price at t of a
call option with maturity T0, underlying Sk

t = e−B̃k
3Ψ

3
t and (random) strike K̄k(x, y) =

e−B̃k
3 z̄(x,y). The second equality follows from the monotonicity of the exponential

function and the fact that B̃3
k < 0, as shown after Eq. (2.95).

Formula (2.94) then writes as follows

PSwn(t; T0, Tn, R) = p(t, T0)
[∑n

k=1
DkeAk

∫
R2

exp(−B̃1
kx − B̃2

ky)

Call(t, Sk
t , K̄k(x, y), T0)fΨ 1

T0
(x)fΨ 2

T0
(y)dxdy

]
(2.104)
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On the other hand, recall from Remark2.9, Eq. (2.82), that the price of a caplet can
be written as

PCpl(t; T + Δ, K) = p(t, T + Δ)

∫
R2

e−Ā+B̄1x+B̄2y Call(t, St, K̄(x, y), T + Δ)

fΨ 1
T
(x)fΨ 2

T
(y)dxdy

:= Cpl
(
Ā, B̄1, B̄2, B̄3, z̄(x, y), t, T + Δ

)
(2.105)

With the arguments in the function Call(·) given here by St = eB̄3Ψ 3
t , K̄(x, y) =

eB̄k
3 z̄(x,y), formula (2.104) becomes the following expression as a linear combination

PSwn(t; T0, Tn, R) =
n∑

k=1

DkCpl
(
−Ak,−B̃1

k,−B̃2
k ,−B̃3

k, z̄(x, y), t, T0

)
(2.106)

We conclude this subsection with an alternative swaption pricing formula that
exploits the Gaussianity of the factor processes and corresponds to Proposition2.4
for the caplets.

Proposition 2.7 For the model class (2.38) the value PSwn(t; T0, Tn, R) can also be
expressed as

PSwn(t; T0, Tn, R)

= p(t, T0)
∑n

k=1

[
eAk

∫
R2

(
Dke−B̃1

k x−B̃2
k ye

1
2 (B̄3

k )
2β3−α3B̃3

k N

(
α3 − B̃3

kβ
3 − z̄(x, y)√
β3

)

−(Rδ + 1) exp(−B1
kx − B2

ky)N

(
α3 − z̄(x, y)√

β3

))
f1(x)f2(y)dxdy

]
(2.107)

Proof Starting from (2.102), and recalling the definition of z̄(x, y) in Proposition2.6
as well as that of h(x, y) in (2.93), we may alternatively write

PSwn(t; T0, Tn, R)

= p(t, T0)

n∑
k=1

[
DkeAk

∫
R2

exp(−B̃1
kx − B̃2

ky)

(∫ +∞

z̄(x,y)
e−B̃3

k zf3(z)dz

)
f1(x)f2(y)dxdy

−(Rδ + 1)eAk

∫
R2

exp(−B1
kx − B2

ky)

(∫ +∞

z̄(x,y)
f3(z)dz

)
f1(x)f2(y)dxdy

]
(2.108)

and from here one obtains the conclusion by computing the integrals with respect to
z on the right as was done in the proof of Corollary2.4. �
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2.6 Relationship with Models from the Literature

Here we briefly discuss some of the main short-rate models, which in the context
of multi-curves have appeared in the literature and show how they can be seen
as particular cases of our affine factor model of Sect. 2.1, including the Gaussian,
exponentially quadratic model of Sect. 2.2.

2.6.1 The Models of Kenyon (2010) and Kijima et al. (2009)

Kenyon (2010) considers for the short rate, called there rD(t), a G1++ type model
(these models are recalled in Remark2.1) of the form

rD(t) = Ψ (t) + φD(t)

where Ψ (t) satisfies a Vasiček equation of the kind of the first equation in (2.3)
(equivalently (2.37)) with a1 = 0. The author then considers a “fixing curve” rf Δ(t)
that corresponds to rt + st in our case and for this curve he also assumes a G1++
model.Hepoints out how the short-ratemodeling has a strong connection to intensity-
based credit risk modeling.

Kijima et al. (2009) consider three short rates associated to three “discounting
curves” characterized by the pedixes D (for discounting cash flows), L (relating to
Libor), G (relating to government bonds). They model separately the short rate rD(t)
and the spreads hL(t) := rL(t) − rD(t), hG(t) := rG(t) − rD(t). Their process rD(t)
may be considered to correspond to our rt , rL(t) to our st and rL(t) − rG(t) = hL(t) −
hG(t) to our ρt (see (2.2)). They consider two model setups: (i) a quadratic Gaussian
model for rD(t) (corresponds to what we call Gaussian exponentially quadratic, see
Sect. 2.2) and a Vasiček model for hL(t) and hG(t). To derive formulas in closed
form in this first setup, they have to assume short rate and spreads to be mutually
independent. To allow also for dependence they then consider the second setup (ii):
short rate and spreads all satisfy a Vasiček model with correlated noises. Their model
can thus be fully included in our setup.

2.6.2 The Model of Filipović and Trolle (2013)

The short rate and the spread dynamics of the paper Filipović and Trolle (2013) are
described in their Sect. 3.2.

We start by showing that their short-rate model (26) can be obtained as particular
case of the affine factor model for the short rate presented in Sect. 2.1.3. For this
purpose we start from a two-factor model where each of the factors satisfies a pure
mean-reverting Gaussian model as in (2.38) namely
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dΨ i
t = (ai − biΨ i

t )dt + σi dwi
t , i = 1, 2 (2.109)

with independent Wiener processes w1
t , w2

t . For γ1, γ2 ∈ R
+ put

rt = γ1Ψ 1
t + γ2Ψ 2

t (2.110)

Given the two Wiener processes w1
t , w2

t , define w̄1
t as

dw̄1
t = γ1σ1dw1

t + γ2σ2dw2
t√

(γ1σ1)2 + (γ2σ2)2
(2.111)

From (2.110) we can then write

drt = [(γ1a1 + γ2a2) − b1(γ1Ψ 1
t + γ2Ψ 2

t ) + (b1 − b2)γ2Ψ 2
t

]
dt

+
√

(γ1σ1)2 + (γ2σ2)2dw̄1
t

= b1

[
γ1a1 + γ2a2

b1
+ b1 − b2

b1
γ2Ψ 2

t − rt

]
dt +

√
(γ1σ1)2 + (γ2σ2)2dw̄1

t

(2.112)

Define next

γt := γ1a1 + γ2a2

b1
+ b1 − b2

b1
γ2Ψ 2

t (2.113)

so that

dγt = b1 − b2

b1
γ2
[
(a2 − b2Ψ 2

t )dt + σ2 dw2
t

]

= b1 − b2

b1
γ2

[(
a2 + b1b2

γ2(b1 − b2)

γ1a1 + γ2a2

b1

)
− b1b2

γ2(b1 − b2)
γt

]
dt

+ b1 − b2

b1
γ2σ2 dw2

t

:= κγ[θγ − γt] dt + σγdw2
t (2.114)

with κγ = b2, θγ = a2γ2(b1−b2)
b1b2 + γ1a1+γ2a2

b1 , σγ = b1−b2

b1 γ2σ2 while from (2.112)
and (2.113) we get

drt = κr[γt − rt] dt + σrdw̄1
t (2.115)

with κr = b1, σr = √(γ1σ1)2 + (γ2σ2)2.
Relations (2.115) and (2.114) come close, but are not yet equal to (26) in Filipović

and Trolle (2013), in particular w̄1
t and w2

t are not independent.
On the other hand we have independence between w̄1

t and the following process
w̄2

t defined as
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w̄2
t :=

√
(γ1σ1)2 + (γ2σ2)2

σ2γ2

(
w1

t − σ1γ1√
(γ1σ1)2 + (γ2σ2)2

w̄1
t

)
(2.116)

In fact, both are Gaussian random processes and

E
{
w̄1

t w̄2
t

} = σ1γ1

σ2γ2
t − σ1γ1

σ2γ2
t = 0

From (2.116) we may now write

w1
t = σ2γ2√

(γ1σ1)2 + (γ2σ2)2
w̄2

t + σ1γ1√
(γ1σ1)2 + (γ2σ2)2

w̄1
t (2.117)

so that

σ1γ1

σ2γ2
dw1

t = σ1γ1√
(γ1σ1)2 + (γ2σ2)2

dw̄2
t + (σ1γ1)2

σ2γ2
√

(γ1σ1)2 + (γ2σ2)2
dw̄1

t (2.118)

On the other hand, from (2.111) we have

dw2
t = 1

σ2γ2

(√
(γ1σ1)2 + (γ2σ2)2 dw̄1

t − σ1γ1 dw1
t

)

which, combined with (2.118), leads to

dw2
t =

[√
(γ1σ1)2+(γ2σ2)2

σ2γ2 − (σ1γ1)2

σ2γ2
√

(γ1σ1)2+(γ2σ2)2

]
dw̄1

t − σ1γ1√
(γ1σ1)2+(γ2σ2)2

dw̄2
t

= σ2γ2√
(γ1σ1)2+(γ2σ2)2

dw̄1
t − σ1γ1√

(γ1σ1)2+(γ2σ2)2
dw̄2

t

(2.119)
Concluding, with relation (2.119) the system (2.115) and (2.114) can be rewritten

as ⎧⎨
⎩

drt = κr[γt − rt] dt + σr dwr
t

dγt = κγ[θγ − γt] dt + σγ

[
ρ dwr

t + √
1 − ρ dwγ

t

] (2.120)

where κr,κγ, θγ,σr,σγ are as before, while ρ := σ2γ2√
(γ1σ1)2+(γ2σ2)2

. Furthermore,

wr
t = w̄1

t and wγ
t = w̄2

t are independent Wiener processes, where w̄1
t and w̄2

t are in
turn related to the original w1

t and w2
t via (2.111) and (2.116). The system (2.120)

now corresponds exactly to (26) in Filipović and Trolle (2013).
We come now to the remaining affine processes in Sect. 3.2 in Filipović and

Trolle (2013). One is the process νt , which represents the intensity of the jump
process driving the default intensity of the average bank (this takes into account the
default component in the actual Libor). It is defined in Filipović and Trolle (2013)
through the dynamics in (29) or, more generally, in (30), and can be obtained in our
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setting as follows. Consider two independent factor processes of the mean-reverting
square-root form in (2.6), call them Ψ ν

t and Ψ
μ
t and identify νt with Ψ ν

t and μt with
Ψ

μ
t . Notice that, asmentioned after (2.6), the constant parameters āi are here replaced

by stochastic processes.
The last process concerns ζt defined in Filipović and Trolle (2013) in (32) or, more

generally, in (33). It represents the liquidity risk factor in the Libor rate. Again it can
be obtained in our setup by considering two further independent factor processes
of the form in (2.6), call them this time Ψ

ζ
t and Ψ ε

t and identify ζt with Ψ
ζ
t and εt

with Ψ ε
t .

2.7 Multiple Curve Rational Pricing Kernel Models

In this sectionwe present amodeling approachwhich is different from themartingale
modeling discussed earlier in the chapter. The modeling is done directly under the
real-worldmeasureP using a pricing kernel or state-price density (deflator) approach,
also referred to as potential approach in Rogers (1997). We refer to the book by Hunt
and Kennedy (2004) for more details on this approach and the related references.
Regarding the modeling under the real-world measure, we mention also the paper
by Platen and Tappe (2015) set in a single-curve HJM setup, where a so-called
benchmark approach, presented in Platen and Heath (2010), is exploited. The focus
in this section will be put on rational pricing models, which were introduced by
Flesaker and Hughston (1996). A particularly suitable specification of these models
is the one in which the bond prices and the short rate are expressed as rational
functions of one or a linear combination of several Markovian factors—this is why
these models are referred to as linear rational models. The factors are often given a
lognormal dynamics in which case themodel is called rational lognormal model. The
appealing features of linear rational models is that they can easily ensure positive
interest rates and they allow for analytic pricing formulas for caps and swaptions;
see in particular Filipović et al. (2014) for a detailed analysis of the properties of
these models. Regarding further models in which the bond prices and interest rates
are expressed as functionals of Markovian factors we refer also to Hunt et al. (2000),
and among papers studying the pricing kernel approach, we mention Brody and
Hughston (2004) (pricing kernels based on the Wiener chaos expansion technique),
Hughston and Macrina (2012) and Akahori et al. (2014) (heat kernel approach for
pricing kernels, also referred to as information-based approach), as well as other
related studies cited in these papers.

The extensions of the rational pricing kernel approach to multiple curves have
very recently appeared in Crépey et al. (2015b) and Nguyen and Seifried (2015).
In particular, Nguyen and Seifried (2015) exploit the foreign exchange analogy to
construct their model using multiplicative spreads and Crépey et al. (2015b) provide
also the CVA computations in addition to the clean pricing model based on the direct
modeling of the forward Libor rate. As calibration examples, both papers study a
two-factor lognormal model specification, which is shown to provide very good fit
to swaption market data. Note that these models allow to establish a link between
a risk-neutral measure and the real-world measure—an important feature for
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analyzing and managing risk exposures required to comply with regulatory
obligations, especially in insurance.

Below we present the main ideas of the construction of multiple curve rational
pricing kernel models.

Let a probability space (Ω,F , (Ft)0≤t≤T∗ , P) be given, where T∗ is a finite time
horizon, the filtration (Ft)0≤t≤T∗ is assumed to satisfy the usual conditions and P is
the real-world probabilitymeasure. The pricing kernel (πt)0≤t≤T∗ is a semimartingale
such that for a given generic, non-dividend paying asset with cash flow ST at a fixed
date T , its arbitrage-free price at time t ≤ T , denoted by StT , can be expressed as

StT = 1

πt
EP{πT ST |Ft} (2.121)

For a detailed account on the pricing kernel approach we refer to Hunt and Kennedy
(2004). Note that as soon as the pricing kernel π and the cash flow ST are specified,
the above expression provides a pricing formula for the asset S at all times t. In order
to apply now this setup to the multiple curves, one considers the OIS bonds and the
FRA contracts as the basic assets.

More precisely, denoting as earlier by p(t, T) the OIS bond price at time t,
Eq. (2.121) yields

p(t, T) = 1

πt
EP{πT |Ft} (2.122)

since the cash flow at maturity T is p(T , T) = 1. In general, it can be shown that
the term structure T �→ p(t, T) is decreasing in T (i.e. the implied interest rates are
nonnegative) if and only if the pricing kernel π is a nonnegative supermartingale, see
e.g. Proposition 2.1 in Nguyen and Seifried (2015).

Next consider the FRA contracts. Recall that an FRA, as given in Definition1.3,
with the inception date T , maturity T + Δ, fixed rate R and notional N , provides the
following cash flow at maturity T + Δ

HT+Δ = NΔ(L(T; T , T + Δ) − R)

Applying again the general pricing equation (2.121) results in the price process for
the FRA given by

Ht,T+Δ = 1

πt
EP{πT+ΔNΔ(L(T; T , T + Δ) − R)|Ft}

Thus, the fair FRA rate Rt at time t is

Rt =
1
πt

EP{πT+ΔL(T; T , T + Δ)|Ft}
1
πt

EP{πT+Δ|Ft}
= 1

p(t, T + Δ)

1

πt
EP{πT+ΔL(T; T , T + Δ)|Ft} (2.123)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Based on this expression Crépey et al. (2015b) define the Libor process L̃(t; T ,

T + Δ) by

L̃(t; T , T + Δ) := 1

πt
EP{πT+ΔL̃(T; T , T + Δ)|Ft} (2.124)

putting L̃(T; T , T + Δ) := L(T; T , T + Δ). Hence, the FRA rate can be written as

Rt = L̃(t; T , T + Δ)

p(t, T + Δ)
(2.125)

Note that the Libor process is not exactly the forward Libor rate as given in Def-
inition1.2, but rather the forward Libor rate multiplied by the OIS discount factor
p(t, T + Δ) for the corresponding maturity. We point out that Crépey et al. (2015b)
use the notation L(t; T , T + Δ) to denote the Libor process, which in this section we
have replaced with L̃(t; T , T + Δ) to distinguish it from the notation L(t; T , T + Δ)

used in this monograph for the forward Libor rate. Nguyen and Seifried (2015) write
Ht,T+Δ as

Ht,T+Δ = 1

πt
EP{πT p(T , T + Δ)NΔ(L(T; T , T + Δ) − R)|Ft}

= 1

πt
EP

{
πT p(T , T + Δ)N

(
�(T; T , T + Δ)

p(T , T + Δ)
− (1 + ΔR)

) ∣∣∣Ft

}

= 1

πt
EP{πT N (�(T; T , T + Δ) − p(T , T + Δ)(1 + ΔR)) |Ft } (2.126)

which follows by expressing the FT -measurable cash flow HT+Δ at time T + Δ

as a cash flow p(T , T + Δ)HT+Δ at time T using the OIS discounting. Again we
have adjusted the notation used in Nguyen and Seifried (2015) to correspond to
the notation used in this monograph, in particular instead of SΔ

m (T , T) therein we
use �(T; T , T + Δ) to denote the multiplicative spread as defined in (1.34). Note
moreover that πt corresponds exactly to the state-price density Dt in Nguyen and
Seifried (2015). Introducing now a process πΔ such that πΔ

t = πt�(t; t, t + Δ), the
fair FRA rate Rt , and thus also the forward Libor rate L(t; T , T + Δ), is given by

L(t; T , T + Δ) = Rt = 1

Δ

(
p(t, T)

p(t, T + Δ)

EP{πΔ
T |Ft}

EP{πT |Ft} − 1

)
(2.127)

Summarizing, Eq. (2.124) together with (2.125) and Eq. (2.127) establish a link
between the forward Libor rate, denoted again by L(t; T , T + Δ), and the pricing
kernel π via the OIS bonds. In Crépey et al. (2015b) this means that in order to
construct the rational pricing kernel model one has to specify the spot Libor rate
L(T; T , T + Δ) and in Nguyen and Seifried (2015) it means specifying the process
πΔ in addition to π. Both papers suggest a linear rational pricing model, in which
the OIS bond prices p(t, T) and the forward Libor rates L(t; T , T + Δ) are given as
rational functions of linear combinations of several Markovian factors. Skipping the

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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details, whereby referring the interested reader to both papers, one obtains that the
OIS bond price p(t, T) is given by

p(t, T) = p(0, T) + b1(T)M1
t

p(0, t) + b1(t)M1
t

(2.128)

where t �→ p(0, t) is the initial term structure of the OIS bonds, b1 is a deterministic
function andM1 aMarkovian factor, which is a positivemartingalewithM1

0 = 0 such
that the process p(0, t) + b1(t)M1

t is a nonnegative supermartingale with respect to
P. The forward Libor rate is given by

L(t; T , T + Δ) = L(0; T , T + Δ) + b2(T , T + Δ)M2
t + b3(T , T + Δ)M3

t

p(0, T + Δ) + b1(T + Δ)M1
t

(2.129)
where b2 and b3 are deterministic functions and M2 and M3 are Markovian factors,
which are martingales with respect to P. Moreover, from (2.128) it easily follows
that the short rate rt = − ∂

∂T log p(t, T)|T=t is given by

rt = −
d
dt p(0, t) + d

dt

(
b1(t)

)
M1

t

p(0, t) + b1(t)M1
t

We emphasize that the approach presented in Crépey et al. (2015b) is slightly differ-
ent, using an auxiliary probability measure, equivalent to P, and assuming that the
pricing kernel π is given under this measure. Then Eq. (2.122) and the corresponding
measure change are used to infer the OIS bond prices and the forward Libor rates.
Therefore, the model presented above is only a special case of the more general
approach in Crépey et al. (2015b). Note that our Markovian factors Mi, i = 1, 2, 3,
are martingales with respect to the real-world measure P, whereby the Markovian
factors denoted Ai, i = 1, 2, 3, in their paper, are martingales with respect to the
auxiliary probability measure. On the other hand, Nguyen and Seifried (2015) define
the pricing kernel π and the process πΔ as linear functions of the Markovian factors
directly under the real-world measure P.

Remark 2.12 The framework developed in Crépey et al. (2015b), where the model
is set up under an auxiliary probability measure, linked in a suitable way to the real-
world measure P, allows for quite substantial modeling freedom. In particular, the
joint dynamics of the factors under P may in general be quite complicated, capturing
some desirable statistical properties (for instance dependence, or a known law at
some fixed future time point). However, one may then begin by using an auxiliary
measure denoted by M, equivalent to P, with respect to which the factors may be
independent or have a joint law which allows for semi-closed-form pricing formulas.
Thus, one can do all the calculations thanks to the tractability of the model under the
measure M, while achieving the desired statistical properties under the real-world
measure P. This is particularly important in view of risk management which is done
under the real-world measure. This line of reasoning can be extended to the risk-
neutral measure Q, as pointed out in Sect. 2.3 of Crépey et al. (2015b). The model
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presented above can thus also be developed under the risk-neutralmeasureQ, starting
by specifying the short rate r as it was done in the short-rate models presented earlier
in this chapter. More precisely, the short rate is constructed as a rational function of
the Markovian factor process M1

t under the auxiliary measure M, together with the
density process between this measure and the risk-neutral measure Q. The explicit
link between the measures Q and M allows in particular to calibrate the model to
option price data under Q, using the tractable pricing formulas under M. In this sense
the pricing kernel approach can be seen as a real-worldmeasuremodeling framework
which is a counterpart of the martingale modeling short-rate approach, as they are
both based on the bottom-up modeling idea.

Remark 2.13 (Lognormal driving factors) The martingales Mi, i = 1, 2, 3, in
(2.128) and (2.129) can be specified in various ways. Often they are assumed to
be of the form Mi

t = Mi(t, Xi
t ), where Xi are Markov processes under P and Mi

some deterministic functions. The examples considered in Crépey et al. (2015b) and
Nguyen and Seifried (2015) are lognormal, i.e.

Mi
t = exp

(
aiw

i
t − 1

2
a2

i t

)
− 1 (2.130)

where wi areWiener processes and ai > 0 are the volatility parameters of the factors,
for i = 1, 2, 3. In particular, Crépey et al. (2015b) assume w1 = w3 and w1 and w2

are correlated with correlation parameter ρ. Nguyen and Seifried (2015) consider a
two-factor model driven by M1 and M2, given as above, for both the OIS bond prices
and the forward Libor rates, while allowing the volatilities ai to be time-dependent.

Remark 2.14 (Pricing and calibration) Analogously to the previous parts of the
chapter, the next step is to derive the pricing formulas for linear and optional deriva-
tives in this setup. As shown in both Crépey et al. (2015b) and Nguyen and Seifried
(2015), the pricing formulas for linear derivatives are easily obtained by combining
the general formulas from Sect. 1.4, part A, with (2.128) and (2.129). For caps and
swaptions the pricing formulas are obtained by using the general pricing formulas
in Sect. 1.4, part B, Eqs. (2.128) and (2.129), as well as the log-normal distributions
of the factors, which allows to obtain semi-explicit (up to the numerical root finding
for the payoff function) pricing formulas as integrals over the Gaussian densities.
We refer to both papers for the explicit expressions in all cases. We emphasize, how-
ever, that thanks to the rational structure of the model, the pricing of swaptions is
especially convenient. In particular, the payoff function contains a sum of only three
exponential terms related to the two Markovian factors, hence the numerical com-
putation of the price is a very easy task. The swaption price formulas can be found
in Sect. 3.3 in Crépey et al. (2015b) and Sect. 5.2 in Nguyen and Seifried (2015).

Concerning calibration, the examples provided in both papers show that a two-
factor lognormal rational model, despite the simple dynamics of the driving factors
in (2.130), provides a very good fit to the swaption market prices without need for
stochastic volatility or more general Lévy drivers. This property allows to profit from
the simple dynamics of the underlying processes, which are easy to simulate in an
exact and fast manner.

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Chapter 3
Multiple Curve Heath–Jarrow–Morton
(HJM) Framework

This chapter concerns the HJM framework in amulti-curve setup and is mainly based
on the papers Fujii et al. (2011), Crépey et al. (2012), Moreni and Pallavicini (2014),
Crépey et al. (2015a), and the Ph.D. thesis by Miglietta (2015). As in Chap.2, also
in this chapter we shall model a basic OIS rate and the various risky rates as spreads
over the OIS rate. While the rates modeled in Chap.2 are short rates and short-rate
spreads, here we deal with forward rates and their spreads. Since the actual risky
rates are generally larger than the corresponding OIS rates, this can be obtained by
modeling the additive spreads possibly as positive processes.

TheHJM framework is situated in between the pure “bottom-up” short-rate frame-
work and the pure “top-down” framework of the LMMs.With respect to the short-rate
framework, it has the advantage of allowing for an automatic fit to the initial Libor and
OIS term structures (as well as for convenient calibration of the model parameters to
derivative prices). With respect to the LMMs, depending on the volatility structure,
it allows for low-dimensional Markovian representations of the term structure and
this turns out to be beneficial in various contexts, in particular in CVA and other
valuation adjustment computations. In addition to the pure HJM approach, in this
chapter we shall also consider an approach that can be seen as a hybrid HJM-LMM
approach and which can be advantageous in the multiple curve setup.

Since the ultimate goal of interest rate theory is the pricing of interest rate deriv-
atives and the main underlying quantity in these derivatives are the Libor rates,
one of the first objectives is to derive models for the dynamics of the Libor rates
that are arbitrage-free. For simplicity of exposition, and analogously to Moreni and
Pallavicini (2014) and Miglietta (2015), we shall limit ourselves to Wiener driven
models, while Crépey et al. (2012) and Crépey et al. (2015a) consider Lévy driven
models although with deterministic coefficients. By allowing volatility to be sto-
chastic, one may still account for smile effects and thereby compensate for possible
shortcomings of Wiener modeling with respect to Lévy modeling in case of deter-
ministic coefficients.

In order to develop an arbitrage-free model in the multiple curve HJM setup, we
shall in the first step consider a model for the OIS prices, set up directly under the

© The Author(s) 2015
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martingale measure Q. This model is developed in complete analogy to the standard
pre-crisis HJM model. In the second step, suitable quantities connected to the FRA
contracts will be chosen and also modeled in the spirit of the HJM framework in
such a way that the complete model is free of arbitrage. To identify those quantities,
we first recall the expressions for the spot and forward Libor rates as given by (see
Remark 1.4 with (2.33), as well as (1.18))

L(T ; T, T + Δ) = 1
Δ

(
1

p̄(T,T +Δ)
− 1
)

L(t; T, T + Δ) = ET +Δ {L(T ; T, T + Δ) | Ft }
= 1

Δ
E T +Δ

{(
1

p̄(T,T +Δ)
− 1
) ∣∣∣Ft

} (3.1)

where, we recall, the symbol p̄(t, T ) was introduced to denote generically fictitious
risky bond prices that are assumed to be affected by the same factors as the Libor
rates (can be seen as a bond issued by a representative bank from the Libor group) and
are such that the classical relationship between forward rates and bonds is preserved
also for the actual Libor rates, but only at the spot level (first equation above).

Since the HJM framework is situated in between the short-rate models and the
LMMs, the following two possible approaches may be considered:

(i) Mimicking the LMMs, model directly the forward Libor rates in a suitable way
thereby establishing also a link with Chap. 4. We shall call this the hybrid HJM-
LMM approach. We shall do this in Sect. 3.2, where we consider the following
quantities, namely the forward Libor rates multiplied by the length of the interval
to which they apply

G(t; T, T + Δ) = ΔET +Δ {L(T ; T, T + Δ) | Ft } (3.2)

that, by definition, are martingales under the forward measure. The no-arbitrage
conditions, therefore, translate directly into martingale conditions on the process
G(·; T, T + Δ). Another possibility, which is more in the spirit of the HJM
approach, is to introduce the fictitious bonds as in (3.1), but to require that the
relationship between the forward rates and the bonds is preserved, not only at the
spot level, but at all levels t . Introducing a new notation pΔ(t, T ) to emphasize
this difference, we therefore have

L(t; T, T + Δ) = E T +Δ {L(T ; T, T + Δ) | Ft }
= 1

Δ
E T +Δ

{(
1

pΔ(T,T +Δ)
− 1
) ∣∣∣Ft

}
=: 1

Δ

(
pΔ(t,T )

pΔ(t,T +Δ)
− 1
)
(3.3)

The modeling quantities are thus the pΔ(t, T )-bonds, whose dynamics are mod-
eled according to anHJMapproach. The no-arbitrage conditions, hence, translate
into martingale conditions on the ratios pΔ(·,T )

pΔ(·,T +Δ)
of fictitious bond prices.

(ii) The secondHJMapproach is to obtain, as inChap.2, the dynamics of L(·; T, T +
Δ) via dynamics of p̄(·, T ), where the connection between theLibor rates and the
p̄(·, T )-bonds is established only at the spot level. The difference with Chap.2
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is the way in which the dynamics of p̄(·, T ) are modeled. To this effect we shall
consider two specific ways to interpret these bond prices, which are inspired
by a credit risk analogy and a foreign exchange analogy, both situated in the
HJM setup. Regarding p̄(·, T )-bonds, each of these two interpretations will
yield specific conditions on their dynamics to exclude arbitrage possibilities in
the respective models. In line with the traditional HJM approach, we shall also
consider the instantaneous forward rates f̄ (t, T ) := − ∂

∂T log p̄(t, T ), associated
to p̄(t, T ) and assume that they are given by

f̄ (t, T ) = f (t, T ) + g(t, T )

where f (t, T ) are the forward rates corresponding to the OIS bonds p(t, T ),
while g(t, T ) are the forward rate spreads. This approach will be the subject
of Sect. 3.3. In these models the crucial quantity for computations of derivative
prices is given by the following conditional expectation (see also (2.50))

ν̄t,T = E T +Δ

{
1

p̄(T, T + Δ)

∣∣∣Ft

}
(3.4)

Summarizing the definitions introduced above, we get the following equivalent
representations for the forward Libor rate

L(t; T, T + Δ) =

⎧⎪⎨
⎪⎩

1
Δ

G(t; T, T + Δ) (used in Section 3.2)
1
Δ

(
pΔ(t,T )

pΔ(t,T +Δ)
− 1
)
(used in Section 3.2)

1
Δ

(
ν̄t,T − 1

)
(used in Section 3.3)

(3.5)

from which it also follows that

ν̄t,T = pΔ(t, T )

pΔ(t, T + Δ)
= G(t; T, T + Δ) + 1 (3.6)

and these relations will be useful in the pricing of linear interest rate derivatives.
Notice that the chosen ordering of (i) and (ii) reflects the fact that the models in
(i) lead to intrinsic no-arbitrage conditions in reference to the traded assets (FRA
contracts), while the models in (ii) lead to what one may call pseudo no-arbitrage
conditions since they stem from interpreting the fictitious bonds in a specific way,
rather than from absence of arbitrage with respect to the traded FRA contracts,
which is ensured already by model construction (note the martingale property of ν̄t,T

resulting from (3.4)).
Regardingwork from the literaturementioned at the beginningof this introduction,

Fujii et al. (2011), Moreni and Pallavicini (2014), Crépey et al. (2015a) andMiglietta
(2015) focus on the first HJM-LMM hybrid approach, whereas Crépey et al. (2012)
is based on the credit risk analogy and Miglietta (2015) briefly mentions a possible
foreign exchange analogy, however, without providing the details for the HJM setup.
The authors in Moreni and Pallavicini (2014) model instantaneous rates and forward
Libors under the forward measure and, to do so, they use a specific representation

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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in terms of a Markovian factor process showing the efficiency of their modeling
approach for the purpose of model calibration. In the context of model calibration see
furthermore Pallavicini and Tarenghi (2010), where a hybrid HJM-LMMapproach is
used as well. In addition to these references, we want to mention also Cuchiero et al.
(2015), who study a multiplicative spread approach in a general hybrid HJM-LMM
semimartingale setup, which is discussed in Sect. 4.3.

The remaining part of this chapter is structured as follows. Section3.1 gives the
necessary preliminaries on the HJM approach and its adaptation to themultiple curve
setup. As already mentioned, in Sects. 3.2 and 3.3 we shall describe the modeling
approaches corresponding to the above points (i) and (ii) respectively. For each
of these sections we shall derive, besides the models, the no-arbitrage conditions.
We shall also discuss possible volatility structures in view of obtaining Markovian
representations and, as in the standard HJM, short-rate models implied by the various
forward rate models. In Sect. 3.4 we shall consider derivative pricing for linear and
optional interest rate derivatives in the context of all model types, those in Sect. 3.2
and those in Sect. 3.3. Finally, in Sect. 3.5 we shall carry over (when applicable) also
to the HJM setting the idea of an adjustment factor as introduced in Chap. 2 (see
Sect. 2.3.2).

3.1 Adapting the Classical HJM Approach

In this section we first present the model for the OIS bonds p(·, T ) and the generic
bonds related to the Libor rates that we denoted by p̄(·, T ). Later on we shall dis-
tinguish between the three possible interpretations of these bonds mentioned in the
introductory part of this chapter and introduce also the corresponding notation. The
HJM drift conditions for the OIS bonds, as we shall see below, will be the classi-
cal ones, whereas for the p̄(·, T ) they will depend on the specific model and the
interpretation of these bonds.

We begin with the modeling part. Corresponding to the short rate rt and the short-
rate spread st of Chap.2, here we start from the following quantities:

⎧⎨
⎩

f (t, T ) : the instantaneous, continuously compounded forward OIS interest
rate

g(t, T ) : the forward rate spread

at time t with maturity T ≥ t , where T ∈ [0, T̄ ] and T̄ is a finite time horizon. Recall
that f (t, T ) is related to the OIS bond prices p(t, T ) via the usual relationship (1.12),
which in turn yields

p(t, T ) = exp

[
−
∫ T

t
f (t, u)du

]
(3.7)

For the continuously compounded forward rates f̄ (t, T ) we postulate that

http://dx.doi.org/10.1007/978-3-319-25385-5_4
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f̄ (t, T ) = f (t, T ) + g(t, T )

and similarly as above we define the fictitious bond prices p̄(t, T ) as follows (notice
the analogy with (2.35))

p̄(t, T ) = exp

[
−
∫ T

t
f̄ (t, u)du

]
= exp

[
−
∫ T

t
( f (t, u) + g(t, u))du

]
(3.8)

As in the traditional HJM approach we use martingale modeling assuming that,
on (Ω,F , (Ft )0≤t≤T̄ , Q) with Q a standard martingale measure related to the OIS
curve, the forward rates and spreads satisfy

d f (t, T ) = a(t, T )dt + σ(t, T ) dwt

dg(t, T ) = a∗(t, T )dt + σ∗(t, T ) dwt

d f̄ (t, T ) = ā(t, T )dt + σ̄(t, T ) dwt

(3.9)

with ā(·) = a(·) + a∗(·), σ̄(·) = σ(·) + σ∗(·), and where the coefficients may be
generic adapted processes satisfying the implicit integrability conditions. For sim-
plicity we assume here that the driving random process is a d-dimensional Wiener
process. Note that thismeans that wemight not necessarily have the desired positivity
for the spreads. Below we shall however consider mean-reverting Gaussian models
for the short-term spreads g(t, t) which implies that they may become negative only
with a small probability.With Lévy drivenmodels as in Crépey et al. (2012) positivity
of the spreads can be guaranteed under certain assumptions.

Letting all the required regularity assumptions, such as differentiation under the
integral sign, be satisfied, for the OIS and the fictitious bond prices we obtain

dp(t, T ) = p(t, T )

[
(rt − A(t, T ) + 1

2
|Σ(t, T )|2)dt − Σ(t, T )dwt

]
(3.10)

d p̄(t, T ) = p̄(t, T )

[
(r̄t − Ā(t, T ) + 1

2
|Σ̄(t, T )|2)dt − Σ̄(t, T )dwt

]
(3.11)

where A(t, T ) := ∫ T
t a(t, u)du , Σ(t, T ) := ∫ T

t σ(t, u)du, rt = f (t, t) and, analo-
gously for Ā(t, T ), Σ̄(t, T ), r̄t as well as A∗(t, T ),Σ∗(t, T ). Recall from Sect. 1.3.2
that the discounted OIS bond prices have to be martingales under Q, which leads to
the classical HJM drift condition for A(t, T ), and thus also for a(t, T ), namely

A(t, T ) = 1

2
|Σ(t, T )|2 (3.12)

As far as the p̄(t, T )-bonds are concerned, note that, since we are dealing with
bond prices stemming fromdifferent interpretations, we cannot derive the drift condi-
tions by requiring directly that the discounted values of p̄(t, T ) be martingales under
Q and so we proceed separately for each of the cases in the forthcoming sections.
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3.2 Hybrid HJM-LMM Models

In this section we shall discuss the modeling approach outlined in (i) of the introduc-
tory part of this chapter, where we assume an HJM model for the OIS bond prices
p(t, T ) and in addition we consider two possible modeling quantities related to the
forward Libor rates. The first model is a model for the processes G(·; T, T + Δ),
which represent the Libor rates multiplied by the length of the interval to which they
apply, and the second one is a model for the pΔ(t, T )-bonds.

3.2.1 HJM-LMM Model for the Forward Rates

Based on Crépey et al. (2015a), we shall model the OIS bond prices p(t, T ) as in
Sect. 3.1 together with the processes G(·; T, T + Δ) as defined in (3.2) that we recall
here, namely

G(t; T, T + Δ) = ΔE T +Δ {L(T ; T, T + Δ) | Ft } (3.13)

Notice that these processes correspond, modulo the factor Δ, to the forward Libor
rates in Definition 1.2 in Chap.1 (see also 4.2 in the next chapter) and, by definition,
are martingales with respect to the corresponding forward measures. Modeling the
forward Libor rates multiplied by the length of the corresponding interval Δ is a
choice made for convenience reasons only; as pointed out in Crépey et al. (2015a)
it gives rise to slightly simpler formulas in this set-up. These quantities are, for
short maturities, directly observable on the market and, for longer maturities, can be
bootstrapped from observable Libor swap rates. Mercurio and co-authors derive the
dynamics of the forward Libor rates in the standard LMM framework. Here, based
on Crépey et al. (2015a), we follow instead an HJM approach that for forward Libor
rates appears to have been first applied by Moreni and Pallavicini (2014) and that
allows to have low-dimensional Markovian representations, as well as to access the
induced short-rate process rt , which are features that are relevant for practical CVA
computations. With respect to the previous chapter on short-rate models notice that,
by (3.6), we model here a quantity at the level of ν̄t,T .

3.2.1.1 Model and No-Arbitrage Conditions

As already mentioned, following Crépey et al. (2015a), we shall model here directly
the dynamics of theOIS bond prices p(t, T ), as well as the processesG(t; T, T + Δ)

in the form as they were recalled in (3.13).
We assume given a filtered probability space (Ω,F , (Ft )0≤t≤T̄ , Q), whereF =

FT̄ with T̄ a fixed finite horizon and Q is the OIS pricing measure related to Bt as a
numéraire. For the OIS bond prices we start from the representation (3.10), namely

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_4
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dp(t, T ) = p(t, T )

[
(rt − A(t, T ) + 1

2
|Σ(t, T )|2)dt − Σ(t, T )dwt

]
(3.14)

The coefficients have to satisfy the classical HJM drift condition (3.12). Contrary
to the HJM approach for the instantaneous forward rate model of Sect. 3.1, the
coefficients A(t, T ) and Σ(t, T ) are here given directly and do not result from an
integration of the coefficients in the instantaneous forward rate dynamics.

Concerning G(t; T, T + Δ), following Crépey et al. (2015a) we impose the
dynamics

G(t; T, T + Δ) = G(0; T, T + Δ) (3.15)

exp

[∫ t

0
α(s; T, T + Δ)ds +

∫ t

0
σ(s; T, T + Δ)dws

]

that guarantees their positivity.While in Crépey et al. (2015a) the driving process is a
Lévy process and the coefficients are deterministic time functions, here we consider
for simplicity a driving d-dimensional Wiener process. In exchange we may allow
for stochastic volatility that partly compensates the reduction from Lévy to Wiener
processes. To complete the model, it remains to impose conditions guaranteeing that
G(·; T, T + Δ) are, as they should be according to their definition,martingales under
the corresponding forward measures. To this effect we have

Proposition 3.1 In the model for G(t; T, T + Δ) given by (3.15) we have the
no-arbitrage drift condition

α(t; T, T + Δ) = −1

2
|σ(t; T, T + Δ)|2 + 〈σ(t; T, T + Δ),Σ(t, T + Δ)〉

(3.16)
which, replaced in the original model (3.15), leads to an arbitrage-free model for
the Libor rates under the measure Q.

Proof In order to derive the no-arbitrage condition, we first have to change the
measure from Q to QT +Δ. Recall from (1.14) that the density process for the change
from Q to QT +Δ is given by

L T +Δ
t := d QT +Δ

d Q

∣∣∣
Ft

= p(t, T + Δ)

Bt p(0, T + Δ)

Using Itô’s formula, from (3.10), the drift condition (3.12), as well as the fact that

Bt = exp
[∫ t

0 rsds
]
, we obtain

dL T +Δ
t = −L T +Δ

t Σ(t, T + Δ) dwt

By Girsanov’s theorem it follows that wT +Δ
t as given by

dwT +Δ
t = dwt + Σ(t, T + Δ)dt (3.17)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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is a Wiener process under QT +Δ.
Again by using Itô’s formula, from (3.15) together with (3.17) we obtain the

following QT +Δ-dynamics for G(t; T, T + Δ)

d G(t; T, T + Δ) = G(t; T, T + Δ) ·
[(

α(t; T, T + Δ) + 1
2 |σ(t; T, T + Δ)|2

−〈σ(t; T, T + Δ),Σ(t, T + Δ)〉) dt

+σ(t; T, T + Δ) dwT +Δ
t

]
(3.18)

In order that G(·; T, T + Δ) is a QT +Δ-martingale, the drift term in (3.18) has to
vanish, which implies (3.16). �

Remark 3.1 Now we can see why the model (3.14)–(3.15) presented above can be
seen as a hybrid derived from the HJM and the LMM approaches. The modeling
objects are the OIS bond prices as in the HJM framework and the forward Libor
rates (modulo the factor Δ) as in the LMM framework. Moreover, the modeling
is done under the martingale measure Q and not under the forward measures, as
one would have done in the LMM spirit. The main reason for this is to profit from
the low-dimensional Markovian representations that can be obtained in the HJM
framework, as opposed to the LMM framework. More details on this can be found
in the introduction of Crépey et al. (2015a).

3.2.1.2 Markovianity and Induced Short Rates (Vasiček-Type Volatility
Structure)

In this subsection we want to show that, for specific volatility structures, which here
are the OIS bond price volatility Σ(t, T ) and the volatility σ(t; T, T + Δ) of the
process G(·; T, T + Δ), one obtains a Markovian factor representation for the OIS
bond prices and the process G(·; T, T + Δ). Thereby one obtains also an induced
dynamic model for the factors, one of which results to be the short rate rt . We limit
ourselves for illustration purposes to one of the most significant cases, namely that
of a Vasiček-type term structure.

Let us begin with the OIS bond price model, which is given via the instantaneous
forward rate f (t, T ), whose dynamics is

f (t, T ) = f (0, T ) +
∫ t

0
〈Σ(s, T ),σ(s, T )〉ds +

∫ t

0
σ(s, T )dws (3.19)

which follows from (3.9) by using the drift condition (3.12) for a(t, T ) in terms of
σ(t, T ). This representation is infinite-dimensional and, in complete analogy to the
classical HJM, we may investigate whether with a suitable choice of the volatilities
σ(t, T )wemay obtain a finitely parametrized representation and aMarkovian model
for the induced short rate rt = f (t, t).
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We start from a two-dimensional driving (Q,Ft )-Wiener process wt = (w1
t , w2

t )

and, for given positive constants σ,σ∗, as well as non-zero b, b∗ ∈ R, we let the
volatilities be given by

σ(t, T ) = (
σe−b(T −t), 0

)

σ(t; T, T + Δ) = (
σ
b e−b(T −t)

(
1 − e−bΔ

)
, σ∗

b∗ e−b∗(T −t)
(
1 − e−b∗Δ)) (3.20)

respectively, where Σ(t, T ) = ∫ T
t σ(t, u)du.

We consider first the forward rates f (t, T ) given above and the induced short rate
rt . From (3.20) we obtain

f (t, T ) = f (0, T ) + ∫ t
0

σ2

b

(
e−b(T −s) − e−2b(T −s)

)
ds + σe−bT

∫ t
0 ebsdw1

s

= f (0, T ) + σ2

b2 e−bT
(
ebt − 1 − 1

2e−bT +2bt + 1
2e−bT

)+ σe−bT
∫ t
0 ebsdw1

s

= f (0, T ) + σ2

b2

(
e−b(T −t) − e−bT

)
+ σ2

2b2

(
e−2bT − e−2b(T −t)

)+ σe−bT

∫ t

0
ebsdw1

s

(3.21)

It follows that the short rate rt = f (t, t) is given by

rt = f (0, t) + σ2

b2

(
1 − e−bt

)+ σ2

2b2

(
e−2bt − 1

)+ σe−bt
∫ t
0 ebsdw1

s

=: m(t) + σe−bt
∫ t
0 ebsdw1

s

(3.22)

This implies

drt = (m ′(t) − bσe−bt
∫ t
0 ebsdw1

s ) dt + σ dw1
t

= (m ′(t) − b(rt − m(t)))dt + σ dw1
t

(3.23)

Defining
ρ(t) := m(t) + 1

b m ′(t)
= f (0, t) + 1

b
∂
∂t f (0, t) + σ2

2b2

(
1 − e−2bt

) (3.24)

we obtain that the induced short rate rt satisfies the following Hull–White extended
Vasiček model

drt = b(ρ(t) − rt )dt + σ dw1
t (3.25)

Since we have followed an HJM approach by which the model is automatically
calibrated to the initial term structure f (0, t), at least one of the coefficients in
the Vasiček-type model (3.25), namely ρ(t), is infinite-dimensional (Hull–White
extension).

Next we try to see whether in the present setting, where we model directly the
process G(·; T, T + Δ), we are able to obtain quantities that can be viewed as cor-
responding to a spread (forward or short-rate spread). We begin by deriving an
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explicit expression for G(t; T, T + Δ), thereby using the shorthand notation G(t, T )

for G(t; T, T + Δ) and, similarly, with α(t, T ). The starting point is (3.15), where
α(t, T ) has to be chosen so that the no-arbitrage drift condition (3.16) is satisfied.
Given (3.20), this drift condition allows one to obtain an explicit expression for
α(t, T ) as a function of (b, b∗,σ,σ∗); for simplicity of notation, below we shall
keep this symbol α(t, T ) to represent the above function of (b, b∗,σ,σ∗). Further-
more, we shall also use the function m(t), implicitly defined in (3.22) so that, always
by (3.22), we may write

σ e−bt
∫ t

0
ebsdw1

s = rt − m(t)

Then we first have that the OIS bond price p(t, T ) can be expressed as an
exponentially affine function of the current level of the short rate rt . More precisely,
inserting the volatility (3.20) into the bond price expression (3.56) we have

p(t, T ) = exp[a(t, T ) + b(t, T )rt ]

where

a(t, T ) = log

(
p(0, T )

p(0, t)

)
+
∫ t

0
(A(s, t) − A(s, T )) ds − b(t, T )m(t)

and

b(t, T ) = 1

b

(
e−b(T −t) − 1

)

as in the classical HJM setup with Vasiček volatility. Moreover, for G(t, T ) we have

G(t, T ) = G(0, T ) exp
[∫ t

0 α(s, T )ds + ∫ t
0

σ
b e−b(T −s)

(
1 − e−bΔ

)
dw1

s

+ ∫ t
0

σ∗
b∗ e−b∗(T −s)

(
1 − e−b∗Δ) dw2

s

]

= G(0, T ) exp
[∫ t

0 α(s, T )ds + σ
b ebt

(
e−bT − e−b(T +Δ)

)
e−bt

∫ t
0 ebsdw1

s

+σ∗
b∗ eb∗t

(
e−b∗T − e−b∗(T +Δ)

)
e−b∗t

∫ t
0 eb∗sdw2

s

]
= G(0, T ) exp

[∫ t
0 α(s, T )ds + 1

b ebt
(
e−bT − e−b(T +Δ)

)
(rt − m(t))

+σ∗
b∗ eb∗t

(
e−b∗T − e−∗b(T +Δ)

)
e−b∗t

∫ t
0 eb∗sdw2

s

]
= exp[m(t, T ) + n(t, T )rt + n∗(t, T ) qt ]

(3.26)
where

m(t, T ) = log(G(0, T )) +
∫ t

0
α(s, T )ds − 1

b
ebt
(
e−bT − e−b(T +Δ)

)
m(t)

and is thus completely specified by G(0, T ) and (b, b∗,σ,σ∗). Furthermore,
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{
n(t, T ) = 1

b ebt
(
e−bT − e−b(T +Δ)

)
n∗(t, T ) = σ∗

b∗ eb∗t
(
e−b∗T − e−b∗(T +Δ)

)

which are also completely specified in terms of (b, b∗,σ,σ∗). Finally

qt := e−b∗t
∫ t

0
eb∗sdw2

s (3.27)

and satisfies thus
dqt = −b∗qt dt + dw2

t , q0 = 0 (3.28)

Notice that all dynamics are under the standard martingale measure Q.

Remark 3.2 By (3.26), we have ended up with a two-factor exponentially affine
Markovian representation for G(t; T, T + Δ). Of the two Markovian factors that
drive G(t; T, T + Δ), one is the short rate rt . The other factor would in a sense
correspond to the short-rate spread considered in Chap.2 (see also Sect. 3.2.2.2,
where the second factor is st that satisfies (3.43) and corresponds to a short-rate
spread). Here it has however no specific economic meaning. In fact, by deriving the
induced short-rate model, we follow a top-down approach and so not all resulting
quantities at the lower level need to have a clear economic meaning. The situation
is different when following instead a bottom-up approach as in Chap. 2, where we
start from the quantities at the lowest (lower) level.

3.2.2 HJM-LMM Model for the Fictitious Bond Prices

We recall that we shall use the symbol pΔ(t, T ) for the fictitious bond prices that we
sometimes refer to also as Libor bonds, which are defined by the following implicit
relation with the forward Libor rates (see (3.1) and (3.3))

L(T ; T, T + Δ) = 1
Δ

(
1

pΔ(T,T +Δ)
− 1
)

L(t; T, T + Δ) = 1
Δ

E T +Δ
{(

1
pΔ(T,T +Δ)

− 1
) ∣∣∣Ft

}
= 1

Δ

(
pΔ(t,T )

pΔ(t,T +Δ)
− 1
)
(3.29)

In words, the fictitious bonds pΔ(·, T + Δ) are bonds consistent with the forward
Libor curve L(·; T, T + Δ) in the sense of the second relation in (3.29). This is
done in order to reproduce the classical relationship between the Libor rates and the
bond prices not only at the level of the spot Libor rates L(T ; T, T + Δ); compare
Eq. (1.11) in Sect. 1.3 where the same was done for the initial Libor curve at time
t = 0. Note that here the definition of the bond prices pΔ(·, T + Δ) implies the
martingale condition on the ratio pΔ(t,T )

pΔ(t,T +Δ)
with respect to the forward measure

QT +Δ. These fictitious bonds in the formof pΔ(t, T )were considered also inKenyon
(2010) and correspond to what in Henrard (2014) are called pseudo-discount factor

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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curves (see Chap.3 there). Henrard (2014) also sees the relationship (3.29) as being
of the “wrong number used in the wrong formula to obtain the correct result” type
of approach.

3.2.2.1 Model and No-Arbitrage Condition for the pΔ(t, T )-Bonds

Recall that for the pΔ(t, T )-bonds we had assumed (3.29), where L(t; T, T + Δ)

is a QT +Δ-martingale, implying that also the process νΔ
t,T := pΔ(t,T )

pΔ(t,T +Δ)
is a QT +Δ-

martingale. This martingale condition is directly implied by the absence of arbitrage
imposed on the FRA contracts. As usual, the no-arbitrage condition can be derived
by determining the drift in the dynamics of νΔ

t,T under QT +Δ and setting it equal to
zero.

The model for the dynamics of the OIS bond prices p(t, T ) and the fictitious bond
prices pΔ(t, T ) is obtained following the HJM approach outlined in Sect. 3.1, which
is based on the modeling of the instantaneous forward rate f (t, T ) and the forward
spread g(t, T ), which are given by their dynamics in (3.9), namely

d f (t, T ) = a(t, T )dt + σ(t, T ) dwt

dg(t, T ) = a∗(t, T )dt + σ∗(t, T ) dwt
(3.30)

As in Sect. 3.1, the dynamics of the OIS bond prices is thus given by

dp(t, T ) = p(t, T )

[
(rt − A(t, T ) + 1

2
|Σ(t, T )|2)dt − Σ(t, T )dwt

]
(3.31)

with the drift condition (3.12). Replacing all the quantities denoted by a “bar” in
Sect. 3.1 with a superscript Δ, we obtain the following dynamics for the pΔ(t, T )-
bond prices

dpΔ(t, T ) = pΔ(t, T )

[
(rΔ

t − AΔ(t, T ) + 1

2
|ΣΔ(t, T )|2)dt − ΣΔ(t, T )dwt

]

(3.32)
We have now

Proposition 3.2 For the model (3.32), we have the following no-arbitrage drift con-
dition

AΔ(t, T + Δ) − AΔ(t, T ) = − 1
2 |ΣΔ(t, T + Δ)) − ΣΔ(t, T )|2

+〈Σ(t, T + Δ),ΣΔ(t, T + Δ) − ΣΔ(t, T )〉
(3.33)

Proof On the basis of (3.32) we have
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dνΔ
t,T = νΔ

t,T

[
(AΔ(t, T + Δ) − AΔ(t, T ) + 1

2 |ΣΔ(t, T + Δ)) − ΣΔ(t, T |2)dt

+(ΣΔ(t, T + Δ) − ΣΔ(t, T ))dwt

]
= νΔ

t,T

[
(AΔ(t, T + Δ) − AΔ(t, T ) + 1

2 |ΣΔ(t, T + Δ)) − ΣΔ(t, T )|2
−〈Σ(t, T + Δ),ΣΔ(t, T + Δ) − ΣΔ(t, T )〉dt

+(ΣΔ(t, T + Δ) − ΣΔ(t, T ))dwT +Δ
t

]
(3.34)

where wT +Δ
t is a Wiener process under QT +Δ as given in (3.17) and so the condition

(3.33) follows immediately. �

Remark 3.3 Contrary to the standard HJM drift condition, condition (3.33) does
not define uniquely the coefficient AΔ(t, T ); in fact, we get a constraint only on
AΔ(t, T + Δ) − AΔ(t, T ). This is related to the non-unique definition of pΔ(t, T )

via the second relation in (3.29) in terms of a given forward Libor rate. More detail
on this can be found in Chap.3 of Miglietta (2015).

Remark 3.4 The same drift condition as (3.33) is obtained in Theorem 3.3.3 of
Miglietta (2015) (see also Theorem 3.4.3 therein). Miglietta (2015) derives this con-
dition by using the fact that p(t,T +Δ) Δ L(t;T,T +Δ)

Bt
is a martingale under the standard

martingale measure Q with numéraire Bt . In fact, p(t, T + Δ)Δ L(t; T, T + Δ)

is the price process of a traded asset, namely the time-t price of the floating
leg in an FRA on the Libor that is setting at T and paying at T + Δ. The fact
that the two approaches lead to the same result is not surprising since, due to
d QT +Δ

d Q |Ft = p(t,T +Δ)

Bt p(0,T +Δ)
, the Q-martingality of p(t,T +Δ)Δ L(t;T,T +Δ)

Bt
is equivalent to

the QT +Δ-martingality of Δ L(t; T, T + Δ).

3.2.2.2 Markovianity and Induced Short Rates (Vasiček-Type Volatility
Structure)

The underlying quantities in the present Sect. 3.2.2 are the forward rates f (t, T )

and the spreads g(t, T ). Their dynamics are determined (see (3.30)) by their respec-
tive drifts a(t, T ), a∗(t, T ) and volatilities σ(t, T ),σ∗(t, T ). For the coefficients
a(t, T ),σ(t, T ) of the forward rates we have the explicit condition (3.12), while for
a∗(t, T ),σ∗(t, T ) we have a no-arbitrage condition implicitly contained in (3.33).
Note that this condition does not uniquely determine a∗(t, T ) once σ∗(t, T ) and
σ(t, T ) have been chosen. We shall see below that we are nevertheless able to obtain
Markovianity and an induced model for the short-rate spread even without imposing
the no-arbitrage condition (3.33).

From (3.30) and using the drift condition (3.12) for a(t, T ) in terms of σ(t, T ),
but leaving a∗(t, T ) generic, we obtain

f (t, T ) = f (0, T ) +
∫ t

0
〈Σ(s, T ),σ(s, T )〉ds +

∫ t

0
σ(s, T )dws (3.35)
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as well as

g(t, T ) = g(0, T ) +
∫ t

0
a∗(s, T )ds +

∫ t

0
σ∗(s, T )dws (3.36)

Similarly to Sect. 3.2.1.2, the representations in (3.35) and (3.36) are infinite-
dimensional and again we shall investigate whether with a suitable choice of the
volatilities σ(t, T ) and σ∗(t, T )we may obtain finitely parametrized representations
and Markovian models for the induced short-rate rt = f (t, t) and short rate spread
st = g(t, t). Again we limit ourselves for illustration purposes to just one example
of Vasiček-type volatilities.

By analogy to the example in Sect. 3.2.1.2 also here we consider a
two-dimensional Wiener process wt = (w1

t , w2
t ) and, for given positive constants

σ,σ∗, as well as non-zero b∗, b ∈ R, assume the following volatility structures

σ(t, T ) = (
σ e−b(T −t), 0

)
σ∗(t, T ) = (

0, σ∗ e−b∗(T −t)
) (3.37)

so that f (t, T ) is driven only by w1
t and g(t, T ) only by w2

t . It also follows that

Σ(t, T ) = ∫ T
t σ(t, u)du = ( σ

b

(
1 − e−b(T −t)

)
, 0
)

Σ∗(t, T ) = ∫ T
t σ∗(t, u)du = (0, σ

b∗
(
1 − e−b∗(T −t)

)) (3.38)

As in Sect. 3.2.1.2, here too we consider first the forward rates f (t, T ) and the
induced short rate rt = f (t, t). Since Σ(t, T ) has here the same structure as the
corresponding volatility in Sect. 3.2.1.2 (see (3.20)), we obtain the same results also
here for f (t, T ) and rt , namely we have again a Hull–White extended Vasiček model
for rt given by (3.25) thus leading to an affine Markovian term structure for the OIS
bonds.

Consider next the induced model for the short-rate spread st = g(t, t) without
imposing a drift condition on a∗(t, T ). From (3.36) and (3.37) it follows that

g(t, T ) = g(0, T ) +
∫ t

0
a∗(s, T )ds + σ∗e−b∗T

∫ t

0
eb∗sdw2

s (3.39)

From here we obtain for the short-rate spread st = g(t, t)

st = g(0, t) + ∫ t
0 a∗(s, t)ds + σ∗e−b∗t

∫ t
0 eb∗sdw2

s

=: μ(t) + σ∗e−b∗t
∫ t
0 eb∗sdw2

s
(3.40)

It implies

dst =
(
μ′(t) − b∗σ∗e−b∗t

∫ t
0 eb∗sdw2

s

)
dt + σ∗dw2

t

= (
μ′(t) − b∗(st − μ(t))

)
dt + σ∗dw2

t

(3.41)
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Defining then (under the assumption that a∗(s, t) is differentiable in t)

ρ∗(t) := μ(t) + 1
b∗ μ′(t)

= g(0, t) + ∫ t
0 a∗(s, t)ds

+ 1
b∗

[
∂
∂t g(0, t) + a∗(t, t) + ∫ t

0
∂
∂t a∗(s, t)ds

] (3.42)

we obtain that also the induced short-rate spread satisfies a Hull–White extended
Vasiček model, namely

dst = b∗(ρ∗(t) − st )dt + σ∗ dw2
t (3.43)

and this has been obtainedwithout previously imposing a no-arbitrage drift condition
as we had done it for rt . Note that the short rate r is driven solely by the Wiener
process w1 and the short-rate spread s solely by the Wiener process w2, which is
implied by the specific assumptions on the volatility structures and does not require
w1 and w2 to be independent.

Remark 3.5 Other volatility structures may lead to analogous results, among them
CIRmodels with stochastic volatility (see Crépey et al. 2012). In all these cases, both
the induced models for the short rate and the short-rate spread are Markov and affine
and so have all the benefits that are typical for affine term structure models when
determining the prices of various interest rate derivatives (see Sects. 2.4 and 2.5).

3.3 Foreign Exchange and Credit Risk Analogy

In this sectionwe shall elaborate on the approachmentioned in (ii) of the introduction
to this chapter, namely the modeling of the dynamics of the actual Libor rates via the
dynamics of fictitious bond prices that were generically denoted by p̄(t, T ). Recall
that the forward Libor rates are then given by the third equality in (3.5), namely
L(t, T, T + Δ) = 1

Δ

(
ν̄t,T − 1

)
, with ν̄t,T given by (3.4).

3.3.1 Models and No-Arbitrage Conditions

In Chap.2 we had followed the classical short-rate approach to obtain arbitrage-
free prices p̄(t, T ) by starting from the OIS short rate and adding to it a spread,
analogously to what is done in credit risk, where the spread corresponds to the
default intensity. Since here we are already at the higher level of the bond prices or,
equivalently, the instantaneous forward rates, we have to derive conditions directly
on the dynamics of p̄(t, T ) or, equivalently, on f̄ (t, T ). To this effect, we describe
below two possible specific interpretations of these fictitious bonds recalling that
we had postulated (3.1). As mentioned in the introduction to this chapter, these

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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interpretations lead to pseudo no-arbitrage conditions since they are not implied by
absence of arbitrage in reference to the traded FRA contracts, which is ensured here
directly by model construction, due to the martingale property of the process ν̄t,T

resulting from (3.4). This is why we shall refer to these conditions as pseudo no-
arbitrage conditions—in contrast to the previous section where the drift conditions
(3.16) and (3.33) were needed to ensure the martingale property of the processes
G(·, T, T + Δ) and pΔ(·,T )

pΔ(·,T +Δ)
in order to guarantee absence of arbitrage in reference

to the FRA contracts.

(a) Interpretation of the p̄(·, T )-bonds as pre-default values of credit risky bonds.

This interpretation results from viewing the fictitious bonds p̄(t, T ) as issued by
an average Libor bank (see also Ametrano and Bianchetti 2013, Morini 2009,
and Filipović and Trolle 2013) defaulting at a random time τ ∗. In this sense
in Crépey et al. (2012) no-arbitrage conditions are introduced using a credit-
risk analogy. This interpretation was also already implicit in the previous use of
p̄(·, T ) above and corresponds in some sense also to the interpretation given in
Chapter 2, where the short-rate spread was introduced by analogy to the default
intensity in credit risk. For this reason, we shall keep the symbol p̄(t, T ) for this
first interpretation.

(b) Interpretation based on a foreign exchange analogy.

In this case we shall use the symbol p f (t, T ) and interpret these bonds as de-
nominated in a foreign currency. The relationships are the same as in (3.1) by
replacing p̄(t, T ) with p f (t, T ). This approach has been suggested firstly by
Bianchetti (2010) in the Libor market model setup (see also Miglietta 2015) and
here we shall develop the same analogy for the HJM setup.

Both models for p̄(·, T ) and for p f (·, T ) can be obtained by proceeding as in
Sect. 3.1, where we used the “bar-notation”. By analogy to the classical HJM ap-
proach, we shall again start by modeling directly the forward rates f̄ (t, T ) :=
− ∂

∂T log p̄(t, T ) via the spread g(t, T ). This yields the following model for the
OIS bond prices p(t, T ) and the p̄(t, T )-bonds:

dp(t, T ) = p(t, T )
[
(rt − A(t, T ) + 1

2 |Σ(t, T )|2)dt − Σ(t, T )dwt
]

d p̄(t, T ) = p̄(t, T )
[
(r̄t − Ā(t, T ) + 1

2 |Σ̄(t, T )|2)dt − Σ̄(t, T )dwt
] (3.44)

with A(t, T ) satisfying the drift condition (3.12).
For the p f (·, T )-bonds we proceed in perfect analogy simply by replacing the

quantities denoted by a “bar” with respective quantities with superscript “ f ”. It
means that, e.g., the volatility of the p f (·, T )-bond will be denoted Σ f (·, T ) and so
forth.

We shall continue this sectionwith the no-arbitrage drift conditions, separately for
each of the variants p̄(·, T ) and p f (·, T ). Note that these conditions are implied by
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different interpretations of the bonds and are not directly implied by the no-arbitrage
condition for the FRA contracts, as it was the case in Sect. 3.2.

3.3.1.1 No-Arbitrage Condition for the p̄(t, T )-Bonds.

In order to deal with the bonds p̄(t, T ), we view them as pre-default values of credit
risky bonds p̄R(t, T ) with recovery R ∈ [0, 1], following the approach suggested in
Crépey et al. (2012). To arrive at a particularly convenient form of the no-arbitrage
condition on p̄(t, T ), Crépey et al. (2012) assume in fact the fractional recovery of
a market value scheme for the risky bonds, which specifies that in case of default of
the bond issuer, the fraction of the pre-default value of the bond is paid at default
time τ ∗. We obtain the following drift condition for the coefficients in the dynamics
of p̄(t, T ):

Ā(t, T ) = 1

2
|Σ̄(t, T )|2 (3.45)

The derivation of this no-arbitrage condition is not straightforward without entering
into a detailed analysis of the credit risk setup which is used in Crépey et al. (2012)
and is thus omitted in order not to overburden the treatment. Very concisely, the value
at maturity T of the risky bond in case of the fractional recovery of a market value
scheme is given by

p̄R(T, T ) = 1{τ ∗>T } + 1{τ ∗≤T } R p̄(τ ∗−, T )p(τ ∗, T )−1

since receiving the amount 1{τ ∗≤T } R p̄(τ ∗−, T ) at time τ ∗ is equivalent to receiving
1{τ ∗≤T } R p̄(τ ∗−, T )p(τ ∗, T )−1 at time T . Hence, the time-t price of the p̄R(t, T )

bond can be shown to be expressed as

p̄R(t, T ) = 1{τ ∗>t} p̄(t, T ) + 1{τ ∗≤t} R p̄(τ ∗, T )p(τ ∗, T )−1 p(t, T )

under some standard assumptions from the intensity-based credit risk modeling. The
above drift condition is then obtained by using some classical techniques from credit
risk theory, where the details can be found in Sect. 2.3.2 of Crépey et al. (2012) for
the case of a Lévy driving process, which in turn relies on Sect. 13.1.9 in Bielecki
and Rutkowski (2001).

3.3.1.2 No-Arbitrage Condition for the p f (t, T )-Bonds

Here we derive no-arbitrage conditions on the basis of a foreign exchange analogy
developed in the HJM setup.

We start from the forward Libor rate, namely (see (3.1))

L(t; T, T + Δ) = ET +Δ {L(T ; T, T + Δ) | Ft }



94 3 Multiple Curve Heath–Jarrow–Morton (HJM) Framework

but instead of L(T ; T, T + Δ) expressed as in (3.1) in terms of p̄(t, T ), we replace
here p̄(t, T ) with p f (t, T ), namely

L(T ; T, T + Δ) = 1

Δ

(
1

p f (T, T + Δ)
− 1

)
(3.46)

where the p f (t, T ) are now interpreted as bonds denominated in a different, foreign
currency. They can then be considered as traded assets in the foreign economy and
this requires to impose no-arbitrage conditions on them.

In order to derive conditions for absence of arbitrage in the domestic and the for-
eign economies, we have to link the two markets. To this effect let a wealth X f

t in the
foreign currency be denoted by X̄ f

t when expressed in the domestic currency. It fol-
lows that X̄ f

t = St X f
t where St is the spot exchange rate. In particular, St p f (t, T ) is

the price of a foreign bond in the domestic currency and can be considered as tradable
asset in the domestic economy, which means that the discounted price process

(
St p f (t, T )

Bt

)
t≤T

must be a Q-martingale. This will give us the required no-arbitrage conditions on the
bonds p f (t, T ). Let us nowdefine amodel for the bonds p f (t, T ). Since the p f (t, T )

now play the role that was previously played by p̄(t, T ), we assume for p f (t, T )

a model completely analogous to that for p̄(t, T ), having coefficients A f (t, T ) and
Σ f (t, T ) in the dynamics of p f (t, T ) under Q as given in (3.44). Having now the
dynamics for p(t, T ) and p f (t, T ), we have to postulate a dynamics for the spot
exchange rate St , always under Q and so we make

Assumption 3.1 The spot exchange rate St satisfies

d St = St (αt dt + βt dwt ) (3.47)

with the drift α = r − r f , where r f is the foreign short rate, and the volatility β an
adapted processes satisfying the implicit integrability conditions.

The specific form of the drift above is needed to ensure the absence of arbitrage
between the two markets, cf. for example Musiela and Rutkowski (2005, Sect. 14.1).

We can now state and prove

Proposition 3.3 For the model (3.9), where ā(t, T ), σ̄(t, T ) and, correspondingly
Ā(t, T ), Σ̄(t, T ) are replaced by a f (t, T ),σ f (t, T ), A f (t, T ),Σ f (t, T ) respec-
tively, we have the no-arbitrage drift condition

A f (t, T ) = 1
2 |Σ f (t, T )|2 − 〈βt ,Σ

f (t, T )〉 (3.48)

Proof Writing down the dynamics of St p f (t,T )

Bt
with p f (t, T ) as given in (3.44) and

simplifying some terms in the drift, it follows
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d

(
St p f (t, T )

Bt

)
= St p f (t, T )

Bt

·
((

αt + r f
t − A f (t, T ) − rt + 1

2
|Σ f (t, T )|2

− 〈βt ,Σ
f (t, T )〉)dt + (βt − Σ f (t, T ))dwt

)
(3.49)

Condition (3.48) then follows by setting the drift in (3.49) equal to zero and using
Assumption 3.1. �

Remark 3.6 Note that condition (3.48) on the drift term A f (t, T ) contains an
additional term in comparison to the standard HJM drift condition, which depends
on the volatility βt of the exchange rate St and which is due to the transformation of
the foreign bond price (i.e. fictitious bond price in the multiple curve setup) to the
domestic economy (i.e. OIS-based economy in the multiple curve setup) via St .

Moreover, the condition from Assumption 3.1 imposes in addition a special form
of the drift for the exchange rate, which has to be linked to the short domestic and
foreign rates r and r f (i.e. the short OIS and the short fictitious Libor rate).

Remark 3.7 Introducing now a foreign bank account

B f
t = exp

(∫ t

0
r f

s ds

)

related to the short rate r f, one can easily verify that the discounted foreign bond price
process p f (t,T )

B f
t

is a martingale with respect to a foreign martingale measure Q f with

numéraire B f , which is linked to the measure Q via the following Radon-Nikodym
density

d Q f

d Q

∣∣∣
Ft

= St B f
t

Bt
= E

(∫ ·

0
βsdws

)
t

(3.50)

Remark 3.8 The forward exchange rate fixed at time t for date T ≥ t and denoted by
S(t, T ) can be defined as the T -forward domestic price of a unit of foreign currency,
given by

S(t, T ) = St p f (t, T )

p(t, T )
(3.51)

Note that the spot exchange rate is then expressed as St = S(t, t). The process S(t, T )

is a QT -martingale and it represents the price of a traded asset St p f (t, T ) in the
domestic economy using the p(t, T )-bond as numéraire. We can then introduce the
foreign forward measure Q f,T +Δ by its Radon-Nikodym density

d Q f,T +Δ

d QT +Δ

∣∣∣
Ft

= S(t, T + Δ)

S(0, T + Δ)
= const

p f (t, T + Δ)

p(t, T + Δ)
St (3.52)
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By straightforward calculations one finds that the foreign forward price process

Π f (t, T ) := p f (t, T )

p f (t, T + Δ)

is a Q f,T +Δ-martingale as expected. We mention that in the LMM foreign exchange
analogy presented in Bianchetti (2010) the forward exchange rate S(t, T ) is modeled
directly under the forward measure QT .

3.4 Pricing of Interest Rate Derivatives

The interest rate derivatives that we are considering here are, as in the previous chap-
ters, essentially derivatives whose underlying is the Libor rate. Based on Crépey
et al. (2012) and Crépey et al. (2015a), we shall consider the pricing of such deriva-
tives, limiting ourselves to clean prices that correspond to collateralized transactions
with funding at the OIS rate (see the discussion in Chap.1, in particular Sect. 1.2.3).
We shall distinguish between linear derivatives, namely interest rate swaps and their
variants, and nonlinear (optional) derivatives, in particular caps/floors and swaptions.
For the linear derivatives we shall determine, in addition to their clean prices, also
various associated spreads, in particular Libor-OIS swap spreads and basis swap
spreads (see the definitions in Sects. 1.4.4 and 1.4.5). We shall see that the relation-
ship (3.6) will allow us to set up the pricing of linear derivatives on a common basis
for both modeling approaches described in Sects. 3.2 and 3.3 respectively. The spe-
cific calculations will however differ for each specific model and we shall show the
resulting values next to one another. More precisely, we shall present the results for
theHJM-LMMhybridmodel for the processG(t, T, T + Δ) described in Sect. 3.2.1,
for the HJM-LMM pΔ(t, T )-bond price model described in Sect. 3.2.2 and for the
two models described in Sect. 3.3. The treatment of the last two models is, from the
mathematical point of view, completely unified, hence, we shall in the sequel always
treat these two models as one model type, i.e. the p̄(t, T )-model. In order to obtain
the corresponding results for the p f (t, T )-model, all quantities denoted by a “bar”
in the p̄(t, T )-model have to be replaced with respective quantities with superscript
f . The only difference between the two models is in the drift conditions, (3.45) for
the p̄(t, T )-model and (3.48) for the p f (t, T )-model. Hence, in the remainder of
the chapter we distinguish between three model types: the G(t, T, T + Δ)-model
from Sect. 3.2.1, the pΔ(t, T )-model from Sect. 3.2.2 and the p̄(t, T )-model type
applying to both models in Sect. 3.3.

Before coming to the pricing of the individual derivatives, let us start with some
preliminaries related to the p̄(t, T )-model type thatwill be useful below. In particular,
we shall derive an explicit expression for the quantity

ν̄t,T = E T +Δ

{
1

p̄(T, T + Δ)

∣∣∣Ft

}

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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which is the crucial quantity for derivative pricing in this model type, cf. (3.4). We
first derive a more convenient expression for the bond prices as defined in (3.10) and
(3.11). A direct integration leads to

p(t, T ) = p(0, T ) exp

[∫ t

0
(rs − A(s, T ))ds −

∫ t

0
Σ(s, T ) dws

]
(3.53)

and

p̄(t, T ) = p̄(0, T ) exp

[∫ t

0
(r̄s − Ā(s, T ))ds −

∫ t

0
Σ̄(s, T ) dws

]
(3.54)

Setting T = t in these two relations one obtains

Bt := exp

[∫ t

0
rsds

]
= 1

p(0, t)
exp

[∫ t

0
A(s, t)ds +

∫ t

0
Σ(s, t) dws

]
(3.55)

with an analogous expression for B̄t := exp
[∫ t

0 r̄sds
]
. Substituting the latter expres-

sions back into (3.53) and (3.54) one obtains

p(t, T ) = p(0,T )
p(0,t) exp

[∫ t
0 (A(s, t) − A(s, T ))ds + ∫ t

0 (Σ(s, t) − Σ(s, T ))dws

]

= p(0,T )
p(0,t) exp

[
1
2

∫ t
0

(
|Σ(s, t)|2 − |Σ(s, T )|2

)
ds
]

+ ∫ t
0 (Σ(s, t) − Σ(s, T ))dws

(3.56)
where the second equality follows from the no-arbitrage drift condition (3.12), and

p̄(t, T ) = p̄(0, T )

p̄(0, t)
exp

[∫ t

0
( Ā(s, t) − Ā(s, T ))ds +

∫ t

0
(Σ̄(s, t) − Σ̄(s, T ))dws

]

(3.57)
The expressions in (3.56) and (3.57) are under the martingale measure Q with the
Wiener processwt . Belowwe shall also need these expressions under various forward
measures, in particular under QT +Δ with the Wiener process wT +Δ

t that is obtained
from wt by the translation specified in (3.17).

For their use in the sequel,we cannowderivemore explicit expressions forνt,T and
ν̄t,T that were first introduced in (2.56) and (2.50) and where ν̄t,T is also recalled in
(3.4). We do it here explicitly for the model expressed by A(t, T ), Ā(t, T ), Σ(t, T )

and Σ̄(t, T ). For the alternative model expressed by A f (t, T ) and Σ f (t, T ), the
results are completely analogous.

For νt,T the expression under Q is given by

νt,T = p(t,T )

p(t,T +Δ)
= p(0,T )

p(0,T +Δ)

· exp
[
1
2

∫ t
0

(|Σ(s, T + Δ)|2 − |Σ(s, T )|2) ds + ∫ t
0 (Σ(s, T + Δ)

−Σ(s, T ))dws]

(3.58)

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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and, under QT +Δ, one obtains it immediately by applying (3.17).
For what concerns ν̄t,T , let us for convenience of notation introduce a process Ψ T

satisfying, under Q,

dΨ T
t = (Σ̄(t, T + Δ) − Σ̄(t, T ))dwt (3.59)

From the definition of ν̄t,T and (3.57), as well as (3.17), we now have

ν̄t,T = ET +Δ
{

1
p̄(T,T +Δ)

| Ft

}

= p̄(0,T )
p̄(0,T +Δ)

exp
[∫ T

0
(

Ā(s, T + Δ) − Ā(s, T )
)

ds
]

· exp
[∫ t

0
(
Σ̄(s, T + Δ) − Σ̄(s, T )

)
dws

]

·ET +Δ
{
exp

[∫ T
t
(
Σ̄(s, T + Δ) − Σ̄(s, T )

)
dws

]
| Ft

}

= cT eΨ T
t exp

[
− ∫ T

t 〈Σ(s, T + Δ), Σ̄(s, T + Δ) − Σ̄(s, T )〉ds
]

·ET +Δ
{
exp

[∫ T
t
(
Σ̄(s, T + Δ) − Σ̄(s, T )

)
dwT +Δ

s

]
| Ft

}

= cT eΨ T
t exp

[
− ∫ T

t 〈Σ(s, T + Δ), Σ̄(s, T + Δ) − Σ̄(s, T )〉ds
]

· exp
[
1
2

∫ T
t |Σ̄(s, T + Δ) − Σ̄(s, T )|2ds

]

= cT eΨ T
t exp

[
1
2

∫ T
t

(
|Σ̄(s, T + Δ) − Σ̄(s, T ) − Σ(s, T + Δ)|2 − |Σ(s, T + Δ)|2

)
ds
]

(3.60)
where we have used the shorthand notation

cT := p̄(0, T )

p̄(0, T + Δ)
exp

[∫ T

0

(
Ā(s, T + Δ) − Ā(s, T )

)
ds

]
(3.61)

In this expression the factor p̄(0,T )

p̄(0,T +Δ)
has to be considered as a parameter to be

calibrated and Ā(t, T ) has to satisfy the no-arbitrage drift conditions for the model
under consideration ((3.45), respectively (3.48)).

In contrast to this, in the model for pΔ(·, T )-bonds, we directly obtain (see (3.29))
by using (3.54) and replacing all the quantities therein with the corresponding ones
with superscript Δ

pΔ(t, T )

pΔ(t, T + Δ)
= pΔ(0, T )

pΔ(0, T + Δ)
exp

[∫ t

0

(
AΔ(s, T + Δ) − AΔ(s, T )

)
ds

]

· exp
[∫ t

0

(
ΣΔ(s, T + Δ) − ΣΔ(s, T )

)
dws

]

= cΔ
T Ψ T,Δ

t (3.62)

with

cΔ
T := pΔ(0, T )

pΔ(0, T + Δ)
exp

[∫ t

0

(
AΔ(s, T + Δ) − AΔ(s, T )

)
ds

]
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and (compare also (3.59))

dΨ T,Δ
t = (ΣΔ(t, T + Δ) − ΣΔ(t, T ))dwt

Here we emphasize that the initial ratio pΔ(0,T )

pΔ(0,T +Δ)
is a market observable quantity,

as opposed to p̄(0,T )

p̄(0,T +Δ)
and p f (0,T )

p f (0,T +Δ)
that have to be considered as parameters to be

calibrated to the market.

3.4.1 Linear Derivatives: Interest Rate Swaps

From (1.27), the price of a Libor indexed payer swap can be expressed as follows
(the various δk correspond to what for the single tenor case we had denoted by Δ)

P Sw(t; T0, Tn, R, N ) = N
∑n

k=1 δk p(t, Tk)E Qk {L(Tk−1; Tk−1, Tk) − R|Ft }

=

⎧⎪⎨
⎪⎩

N
∑n

k=1 p(t, Tk) (G(t; Tk−1, Tk) − δk R)

N
∑n

k=1 p(t, Tk)
(

pΔ(t,Tk−1)

pΔ(t,Tk )
− R̄k

)
N
∑n

k=1 p(t, Tk)
(
ν̄t,Tk−1 − R̄k

)
(3.63)

with R̄k := 1 + δk R, for the three model classes of Sects. 3.2.1, 3.2.2 and 3.3,
respectively.

For the two models of Sects. 3.2.1 and 3.2.2 we can directly determine the various
G(t; Tk−1, Tk), respectively

pΔ(t,Tk−1)

pΔ(t,Tk )
(see e.g. the Vasiček example in Sects. 3.2.1.2

and 3.2.2.2) and thus also the price of the swap. For the models described in Sect. 3.3,

we first determine ν̄t,Tk−1 = E QTk
{

1
p̄(Tk−1,Tk )

| Ft

}
, just as it was the case in the short-

rate approach of Chap. 2, and then follow the third alternative in (3.63) to determine
the price of the swap (recall that in (3.60) we have derived an explicit expression for
ν̄t,Tk−1 ). For each model type we can, therefore, obtain the expressions for the price
of the Libor indexed swap and the corresponding swap rate R(t; T0, Tn), namely the
rate R that makes equal to zero the time-t value P Sw(t; T0, Tn, R, N ) as it results
from (3.63). Corresponding to the three equivalent alternative expressions in (3.63),
we obtain in fact

R(t; T0, Tn) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑n
k=1 p(t,Tk )G(t;Tk−1,Tk )∑n

k=1 δk p(t,Tk )

∑n
k=1 p(t,Tk )

(
pΔ(t,Tk−1)

pΔ(t,Tk )
−1

)
∑n

k=1 δk p(t,Tk )∑n
k=1 p(t,Tk )(ν̄t,Tk−1−1)∑n

k=1 δk p(t,Tk )

(3.64)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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3.4.2 Linear Derivatives: Specific Swaps and Ensuing
Spreads

While in the previous subsection we considered the standard interest rate swap in
the multi-curve HJMmodels, here we consider some specific swaps, some of which,
such as the basis swaps, were motivated by the crisis itself. We consider also the
related spreads that before the crisis would have been negligible.

3.4.2.1 FRA Rates

We start, for completeness, from the simplest swap, namely the standard forward
rate agreement (FRA) (see Sects. 1.4.1 and 2.3) that can be seen as a particular case
of the standard interest rate swap for n = 1. Its price can thus be expressed as

P F R A(t; T, T + Δ, R, N ) =

⎧⎪⎨
⎪⎩

N p(t, T + Δ) (G(t; T, T + Δ) − Δ R)

N p(t, T + Δ)
(

pΔ(t,T )

pΔ(t,T +Δ)
− (1 + Δ R)

)
N p(t, T + Δ)

(
ν̄t,T − (1 + Δ R)

) (3.65)

for the two model types in Sects. 3.2.1, 3.2.2 and that of Sect. 3.3 respectively. It
follows that the FRA rate RF R A(t; T, T + Δ), namely the rate R that makes the
time-t value P F R A(t; T, T + Δ, R, N ) equal to zero, is given by

RF R A(t; T, T + Δ) =

⎧⎪⎨
⎪⎩

1
Δ

G(t; T, T + Δ)
1
Δ

(
pΔ(t,T )

pΔ(t,T +Δ)
− 1
)

1
Δ

(
ν̄t,T − 1

) (3.66)

Note that RF R A(t; T, T + Δ) = L(t; T, T + Δ), cf. Definition 1.2. Recalling that
the forward OIS rate as defined in (1.16) is given by

F(t; T, T + Δ) = 1

Δ

(
p(t, T )

p(t, T + Δ)
− 1

)
, t ≤ T (3.67)

we have that the spread of the FRA rate RF R A over the forward OIS rate, which was
defined in (1.35) and referred to as the forward Libor-OIS spread, is

S(t; T, T + Δ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
Δ

(
G(t; T, T + Δ) + 1 − p(t,T )

p(t,T +Δ)

)
1
Δ

(
pΔ(t,T )

pΔ(t,T +Δ)
− p(t,T )

p(t,T +Δ)

)
1
Δ

(
ν̄t,T − p(t,T )

p(t,T +Δ)

) (3.68)

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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3.4.2.2 OIS Swaps and Spreads

These swaps have been discussed in Sect. 1.4.4, from where it also follows that the
OIS rate, namely the rate R such that the value of the OIS at time t is equal to zero,
is given by (see (1.32))

RO I S(t; T0, Tn) = p(t, T0) − p(t, Tn)∑n
k=1 δk p(t, Tk)

(3.69)

We can now obtain the Libor-OIS swap spread at time t (see (1.37)) as

R(t; T0, Tn) − RO I S(t; T0, Tn) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∑n
k=1 p(t,Tk )G(t;Tk−1,Tk )−p(t,T0)+p(t,Tn)∑n

k=1 δk p(t,Tk )

∑n
k=1 p(t,Tk )

(
pΔ(t,Tk−1)

pΔ(t,Tk )
−1

)
−p(t,T0)+p(t,Tn)∑n

k=1 δk p(t,Tk )∑n
k=1 p(t,Tk )(ν̄t,Tk−1−1)−p(t,T0)+p(t,Tn)∑n

k=1 δk p(t,Tk )

(3.70)

for the three model types respectively.

3.4.2.3 Basis Swaps and Spreads

These swaps were discussed in Sect. 1.4.5. Calculating the swap spread as defined
in (1.40) in the three specific model types, one obtains

SBSw(t;T 1,T 2) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∑n1
i=1 p(t,T 1

i )G(t;T 1
i−1,T

1
i )−∑n2

j=1 p(t,T 2
j )G(t;T 2

j−1,T
2
j )∑n2

j=1 δ2j p(t,T 2
j )

∑n1
i=1 p(t,T 1

i )

(
pΔ(t,T 1

i−1)

pΔ(t,T 1
i )

−1

)
−∑n2

j=1 p(t,T 2
j )

(
pΔ(t,T 2

j−1)

pΔ(t,T 2
j )

−1

)
∑n2

j=1 δ2j p(t,T 2
j )

∑n1
i=1 p(t,T 1

i )

(
ν̄t,T 1

i−1
−1

)
−∑n2

j=1 p(t,T 2
j )

(
ν̄t,T 2

j−1
−1

)
∑n2

j=1 δ2j p(t,T 2
j )

(3.71)

3.4.3 Caps and Floors

We shall concentrate here on the pricing of a caplet, from where the pricing of an
entire cap, respectively floor, can be easily deduced. We derive the price of a generic
caplet in parallel for the case of the models of Sects. 3.2.1 and 3.2.2 and the model
type of Sect. 3.3, namely

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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PCpl(t; T + Δ, K ) = Δp(t, T + Δ)E QT +Δ {
(L(T ; T, T + Δ) − K )+ |Ft

}

=

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

p(t, T + Δ)E QT +Δ
{(

G(T ; T, T + Δ) − K̄ 1
)+ |Ft

}

p(t, T + Δ)E QT +Δ

{(
1

pΔ(T,T +Δ)
− K̄ 2

)+ ∣∣∣Ft

}

p(t, T + Δ)E QT +Δ

{(
1

p̄(T,T +Δ)
− K̄ 2

)+ ∣∣∣Ft

}

(3.72)
where K̄ 1 := ΔK , K̄ 2 := 1 + Δ K .

Noting that in the above equation, the payoff of the caplet takes exactly the same
form for the model of Sect. 3.2.2, as well as for the models in Sect. 3.3, we proceed
below only with the treatment of the first two cases; the third one is then completely
analogous to the second one.

In the three subsections below we shall discuss three possible approaches for the
Wiener driven models, namely one leading to a Black-Scholes-type formula, one
based on Fourier transform methods and finally one for the special structures of the
volatility for which one can derive a corresponding short-rate model (see e.g. the
Vasiček-type structures in Sects. 3.2.1.2 and 3.2.2.2); the approach in this latter case
becomes then analogous to that in Chap.2.

3.4.3.1 Black-Scholes-Type Approach

We shall now evaluate the right-hand side of (3.72) for which, in order to avoid
needless formal complication, we shall set t = 0. Furthermore, for this subsection
and the next one it is convenient to introduce two random variables X1 and X2,
defined via

eX1 := G(T ; T, T + Δ) ; eX2 := 1

pΔ(T, T + Δ)
(3.73)

so that, for t = 0, (3.72) becomes

PCpl(0; T + Δ, K ) =
⎧⎨
⎩

p(0, T + Δ)E QT +Δ
{(

eX1 − K̄ 1
)+}

p(0, T + Δ)E QT +Δ
{(

eX2 − K̄ 2
)+} (3.74)

for the models of Sects. 3.2.1 and 3.2.2 respectively.
To evaluate the right-hand side of (3.74) we need the distributions of X1 and X2

under QT +Δ that, for our models, turn out to be Gaussian. The evaluation in (3.74)
can thus be obtained via a Black-Scholes-type formula as shown in Proposition 3.4
below.

We start from X1, where the underlying model is (3.15). Using the transformation
of the Wiener process when passing from Q to QT +Δ (see (3.17)), we obtain the
following expression under QT +Δ

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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X1 := logG(T ; T, T + Δ)

= logG(0; T, T + Δ) − 1
2

∫ T
0 |σ(s; T, T + Δ)|2ds + ∫ T

0 σ(s; T, T + Δ)dwT +Δ
s

(3.75)

where we have already taken into account the no-arbitrage condition expressed by
the drift condition (3.16). Defining

Γ 1
T :=

∫ T

0
|σ(s; T, T + Δ)|2ds

γ1
T := logG(0; T, T + Δ) − 1

2Γ
1

T

(3.76)

we may rewrite (3.75) as
X1 = γ1

T + Y 1
T (3.77)

with Y 1
T ∼ N (0, Γ 1

T ), namely a Gaussian random variable with mean zero and co-
variance Γ 1

T .
Coming to X2, the underlying model is (3.32). Using again the transformation of

the Wiener process when passing from Q to QT +Δ and re-writing (3.32) in a form
analogous to the representation in (3.57), we obtain the following expression under
QT +Δ

X2 := log 1
pΔ(T,T +Δ)

= log pΔ(0,T )

pΔ(0,T +Δ)
+ ∫ T

0

(
AΔ(s, T + Δ) − AΔ(s, T )

)
ds

− ∫ T
0 〈Σ(s, T + Δ),ΣΔ(s, T + Δ) − ΣΔ(s, T )〉ds

+ ∫ T
0

(
ΣΔ(s, T + Δ) − ΣΔ(s, T )

)
dwT +Δ

s

(3.78)

The coefficients AΔ(s, T ) have to satisfy the no-arbitrage drift condition (3.33).
Recall that, when a similar expression is derived for the case of p̄(t, T )-bonds,
respectively p f (t, T )-bonds, the drift conditions on the coefficients Ā(t, T ) and
A f (t, T ) are expressed in (3.45) and (3.48) respectively.

Define, analogously to (3.76)

Γ 2
T :=

∫ T

0
|ΣΔ(s, T + Δ) − ΣΔ(s, T )|2ds

γ2
T := log pΔ(0,T )

pΔ(0,T +Δ)
+ ∫ T

0

(
AΔ(s, T + Δ) − AΔ(s, T )

)
ds

− ∫ T
0 〈Σ(s, T + Δ),ΣΔ(s, T + Δ) − ΣΔ(s, T )〉ds

(3.79)

we can rewrite (3.78) as
X2 = γ2

T + Y 2
T (3.80)

with Y 2
T ∼ N (0, Γ 2

T ).
In this way we have the same expression Xi = γi

T + Y i
T (i = 1, 2) for the two

cases, which allows us to state the following Proposition in a unified form for all
models. We have in fact the following analog of Proposition 2.4, namely

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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Proposition 3.4 The price, at t = 0, of a caplet for the interval [T, T + Δ] with
strike K on the Libor rate L(T ; T, T + Δ) can be computed as

PCpl(0; T + Δ, K ) = p(0, T + Δ)eγi
T

[
e

Γ i
T
2 N

(
1√
Γ i

T

(
log
(

1
K̃ i

)
+ Γ i

T

))

−K̃ i N

(
1√
Γ i

T

log
(

1
K̃ i

))] (3.81)

where, depending on the model, we set i = 1 or i = 2, N (·) is the cumulative standard
Gaussian distribution function and K̃ i := K̄ i e−γi

T with K̄ i as in (3.72).

Proof (analogous to the proof of Proposition 2.4). With the above notations we have

PCpl(0; T + Δ, K )

= p(0, T + Δ)ET +Δ
{(

eXi − K̄ i
)+}

= p(0, T + Δ) ET +Δ
{

eγi
T eY i

T 1{eγi
T eY i

T >K̄ i }
}

− K̄ i E T +Δ
{

1{eγi
T eY i

T >K̄ i }
}

= p(0, T + Δ)eγi
T

[
E T +Δ

{
eY i

T 1{Y i
T >log(K̃ i)}

}
− K̃ i E T +Δ

{
1{Y i

T >log(K̃ i)}
}]

= p(0, T + Δ)eγi
T

·
⎡
⎢⎣
∫ ∞

log(K̃ i)√
Γ i

T

ex
√

Γ i
T

1√
2π

e− 1
2 x2

dx − K̃ i P

⎧⎨
⎩N (0, 1) >

1√
Γ i

T

log
(

K̃ i
)⎫⎬
⎭
⎤
⎥⎦

= p(0, T + Δ)eγi
T

·
⎡
⎢⎣e

Γ i
T
2

1√
2π

∫ ∞
log(K̃ i)√

Γ i
T

e− (x−
√

Γ i
T )2

2 dx − K̃ i N

⎛
⎝ 1√

Γ i
T

log

(
1

K̃ i

)⎞
⎠
⎤
⎥⎦

= p(0, T + Δ)eγi
T

[
e

Γ i
T
2 N

(
1√
Γ i

T

(
log
(

1
K̃ i

)
+ Γ i

T

))

−K̃ i N

(
1√
Γ i

T

log
(

1
K̃ i

))]
(3.82)

�

Remark 3.9 Note that the expression for the caplet price (3.81) in case of the model
(3.15) (which corresponds to setting i = 1 in the formula) is almost exactly Black’s
formula for caplet prices in the log-normal Libor market model. This is obvious since
in this case, the modeling object is the process G(·; T, T + Δ), which is the forward
Libor rate multiplied by the length of the interval Δ. Hence, the caplet corresponds
to a call option on the underlying G(T ; T, T + Δ), which, according to (3.75), has
log-normal distribution under the forward measure QT +Δ.

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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3.4.3.2 Fourier Transform-Based Approach

To evaluate the right-hand sides in (3.74), following Crépey et al. (2012) and Crépey
et al. (2015a), one may also use the Fourier transform method (see Carr and Madan
1999 or Eberlein et al. 2010). To this effect notice that the generic payoff of the
caplet, namely g(x) := (ex − K̄ )+, has the generalized Fourier transform

ĝ(x) =
∫
R

eizx g(x)dx = K̄ 1+i z

i z (1 + i z)
(3.83)

for z ∈ C with I m(z) > 1. We have now the following result that applies to both
situations considered in (3.74) above, namely

Proposition 3.5 The price, at t = 0, of a caplet for the interval [T, T + Δ] with
strike K on the Libor rate L(T ; T, T + Δ) can be computed as

PCpl(0; T + Δ, K ) = p(0,T +Δ)

2π

∫
R

ĝ(iR − v) MT +Δ
X (R + iv)dv

= p(0,T +Δ)

2π

∫
R

K̄ 1−iv−RMT +Δ
X (R+iv)dv

(R+iv) (R+iv−1) dv
(3.84)

where MT +Δ
X (z) is the moment generating function MT +Δ

X (z) := E QT +Δ {
ezX
}

with
X = X1 or X = X2 respectively and where R ≥ 1.

Remark 3.10 Although the right-hand side in (3.84) depends formally on R, it is
actually independent of the particular choice of a value for R. On the other hand,
this value affects however the complexity of a numerical evaluation of the integral.

It remains thus to determine MT +Δ
X (z) for X = X1 and X = X2 respectively.

We start from the case X1. We have from (3.75) and performing the measure
transformation from QT +Δ to Q

E QT +Δ
{

ezX1
}

= E Q
{
L T +Δ

T ezX1
}

= exp
[
z
(
logG(0; T, T + Δ) + ∫ T

0 α(s; T, T + Δ)ds
)]

· E Q
{
exp
[∫ T

0 −Σ(s, T + Δ)dws − 1
2

∫ T
0 |Σ(s, T + Δ)|2ds

+z
∫ T
0 σ(s; T, T + Δ)dws

]}

= exp

[
z

(
logG(0; T, T + Δ)

+
∫ T

0

(
− 1

2
|σ(s; T, T + Δ)|2 + 〈σ(s; T, T + Δ)Σ(s, T + Δ)〉

)
ds

)

+ 1
2

∫ T

0
|zσ(s; T, T + Δ) − Σ(s, T + Δ)|2ds − 1

2

∫ T

0
|Σ(s, T + Δ)|2ds

]

= exp

[
z

(
logG(0; T, T + Δ) + 1

2 (z − 1)
∫ T

0
|σ(s; T, T + Δ)|2ds

)]

(3.85)
where the right-hand side can be computed explicitly.
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Coming next to the case X = X2, we have from the expression for X2 in (3.78)
and performing the same measure transformation as before from QT +Δ to Q

E QT +Δ {
ezX2

} = E Q
{
L T +Δ

T ezX2
}

= exp

[
z

(
log pΔ(0,T )

pΔ(0,T +Δ)
+
∫ T

0

(
AΔ(s, T + Δ) − AΔ(s, T )

)
ds

)]

· E Q

{
exp

[∫ T

0
−Σ(s, T + Δ)dws − 1

2

∫ T

0
|Σ(s, T + Δ)|2ds

+z
∫ T

0

(
ΣΔ(s, T + Δ) − ΣΔ(s, T )

)
dws

]}

= exp

[
z

(
log pΔ(0,T )

pΔ(0,T +Δ)
+
∫ T

0

(
AΔ(s, T + Δ) − AΔ(s, T )

)
ds

)

+ 1
2

∫ T

0
|z (ΣΔ(s, T + Δ) − ΣΔ(s, T )

)− Σ(s, T + Δ)|2ds

− 1
2

∫ T

0
|Σ(s, T + Δ)|2ds

]

(3.86)
where the right-hand side can be computed explicitly. Further simplifications can be
obtained by inserting the no-arbitrage condition (3.33).

3.4.3.3 Exponentially Affine Structure

Here we recall that, for the model of Sect. 3.2 with Vasiček-type volatilities, we had
in Sect. 3.2.1.2 derived the following expression for the process G(·; T, T + Δ) (see
(3.26) and the shorthand notations used there)

G(t; T, T + Δ) = exp[m(t, T ) + n(t, T )rt + n∗(t, T )qt ] (3.87)

given in terms of the Markovian factors rt and qt which, under Q, satisfy (see (3.25)
and (3.28)) {

drt = b (ρ(t) − rt ) dt + σ dw1
t

dqt = −b∗qt dt + dw2
t , q0 = 0

(3.88)

This allows for an alternative derivation of the price of a caplet as specified in the first
equivalent representation in (3.72), which thus becomes analogous to the pricing of
a call option on a bond for the case of an exponentially affine term structure. This
is in line with the fact that, since for Vasiček-type volatilities one obtains a model
for a corresponding short rate and an additional Markovian factor that may be seen
as playing the role of a short-rate spread, we can proceed as in the affine short-rate
models of Chap.2.

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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3.4.4 Swaptions

Recall from Sect. 1.4.7 that the price, at t ≤ T , of a payer swaption with maturity
T , which we assume in the sequel to coincide with the inception time T0, can be
expressed as

P Swn(t; T0, Tn, R) = p(t, T0)

n∑
k=1

δk E QT0
{

p(T0, Tk) (R(T0; T0, Tn) − R)+ |Ft
}

(3.89)
where R(T0; T0, Tn) is the swap rate, evaluated at T0, which for the three model
types of this chapter is given by (3.64) when setting t = T0. Since the expression
for R(T0; T0, Tn) is essentially equivalent in the three types of models, namely those
in Sect. 3.2 and that in Sect. 3.3 (where we treat in fact two models together as one
type), only the dynamics of G(t; Tk−1, Tk),

pΔ(t,Tk−1)

pΔ(t,Tk )
and ν̄t,Tk−1 vary according to the

chosen model type, we shall derive the various details for the pricing in the case of
the model for G(t; Tk−1, Tk) and at the end of the section point out the changes when
passing to the other models. Assuming in the sequel δk = δ, for all k, and substituting
the first of the relations (3.64) into (3.89), we obtain

P Swn(t; T0, Tn, K ) = p(t, T0)E QT0

{(
n∑

k=1

p(T0, Tk)G(T0; Tk−1, Tk)

−Rδ

n∑
k=1

p(T0, Tk)

)+ ∣∣∣Ft

}
(3.90)

Recall now that G(t; Tk−1, Tk) is a QTk -martingale and its dynamics is given under
the measure Q by (3.15), while p(t, Tk) corresponds to (3.56).

Since the swaption price has to be computed as an expectation under the forward
measure QT0 , we rewrite (3.56) and (3.15) in terms of the QT0 -Wiener process wT0

(see (3.17)), thus obtaining

p(T0, Tk ) = p(0,Tk )
p(0,T0)

exp
[∫ T0

0 (A(s, T0) − A(s, Tk ) − 〈Σ(s, T0), Σ(s, T0) − Σ(s, Tk )〉)ds

+ ∫ T0
0 (Σ(s, T0) − Σ(s, Tk ))dw

T0
s

]
G(T0; Tk−1, Tk ) = G(0; Tk−1, Tk )

· exp
[∫ T0

0 (α(s; Tk−1, Tk ) − 〈Σ(s, T0), σ(s; Tk−1, Tk )〉)ds

+ ∫ T0
0 σ(s; Tk−1, Tk )dw

T0
s

]
(3.91)

where A(s, T0) and A(s, Tk) have to satisfy the drift condition (3.12) and
α(s; Tk−1, Tk) that in (3.16). To proceed, we make now an additional assumption
on the volatilities Σ(s, T ) and σ(s; Tk−1, Tk).

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Assumption 3.2 Assume that the volatilities have the following structure:

1. Firstly, let
Σ(t, T ) = [Σ1(t, T ),Σ2(t, T )

]
σ(t, T, S) = [σ1(t, T, S),σ2(t, T, S)

] (3.92)

with Σ1(t, T ),σ1(t, T, S) being d1−subvectors, and Σ2(t, T ),σ2(t, T, S) cor-
responding to d2−subvectors, where d1 + d2 = d. Furthermore, we assume that
Σ2(t, T ) = 0 and σ1(t, T, S) = Σ1(t, S) − Σ1(t, T ).

2. Moreover, the volatilities are separable, i.e.

Σ1(t, T ) = Λ(t)Ξ(T ),

σ2(t, T, S) = ς(t)ξ(T, S)
(3.93)

where Λ : [0, T ] → R
d1+ and Ξ : [0, T ] → R+, and ς : [0, T ] → R

d2+ and ξ :
[0, T ] × [0, T ] → R+.

Note that both assumptions are satisfied for the Vasiček-type volatility structures
described in Sect. 3.2.1.2. As we shall see in the sequel, the first assumption will
enable us to express the swaption price as an expectation of a function of independent
Gaussian variables, similarly towhat was done in Sect. 2.5, Corollary2.4. The second
assumptionwill reduce the total number of variables to two and is oftenmade in HJM
models for swaption pricing purposes (cf. Crépey et al. 2015a).

Let now

ZT0 = (Z1
T0

, Z2
T0

) :=
(∫ T0

0
Λ(s)dwT0,d1

s ,

∫ T0

0
ς(s)dwT0,d2

s

)

where wT0,d1 denotes the first d1 components and wT0,d2 the last d2 components of
the QT0 -Wiener process wT0 . Then

Z1
T0

∼ N

(
0,
∫ T0

0
| Λ(s) |2 ds

)
=: N (0, Γ̄ 1

T0
)

and

Z2
T0

∼ N

(
0,
∫ T0

0
| ς(s) |2 ds

)
=: N (0, Γ̄ 2

T0
)

with Z1
T0
and Z2

T0
independent. Moreover, we have

p(T0, Tk) = eak+bk Z1
T0

G(T0; Tk−1, Tk) = eāk+b̄k,1Z1
T0

+b̄k,2Z2
T0

(3.94)

where

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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ak = log
p(0, Tk)

p(0, T0)
+
∫ T0

0
(A(s, T0) − A(s, Tk) − 〈Σ(s, T0),Σ(s, T0) − Σ(s, Tk)〉)ds

bk = Ξ(T0) − Ξ(Tk)

āk = logG(0; Tk−1, Tk) +
∫ T0

0
(α(s; Tk−1, Tk) − 〈Σ(s, T0), σ(s; Tk−1, Tk)〉)ds

b̄k,1 = Ξ(Tk) − Ξ(Tk−1)

b̄k,2 = ξ(Tk−1, Tk)

are deterministic constants, and the swaption price in (3.90) can be expressed as (for
simplicity we shall treat the case t = 0)

P Swn(0; T0, Tn, K ) = p(0, T0)

· E QT0

{(∑n
k=1 eak+āk+(bk+b̄k,1)Z1

T0
+b̄k,2Z2

T0

−Rδ
∑n

k=1 eak+bk Z1
T0

)+}

= p(0, T0)E QT0

{(∑n
k=1 eÃk+B̃1

k Z1
T0

+B̃2
k Z2

T0

−Rδ
∑n

k=1 eAk+B1
k Z1

T0

)+}
(3.95)

with Ãk = ak + āk , B̃1
k = bk + b̄k,1, B̃2

k = b̄k,2, Ak = ak and B1
k = bk . This allows

us to derive an expression for the swaption price in a completely similar way as in
Proposition 2.6 and Corollary 2.4. In order to do so, let us denote

{
g(z1, z2) =∑n

k=1 eÃk exp[B̃1
k z1 + B̃2

k z2]
h(z1) = Rδ

∑n
k=1 eAk exp[B1

k z1] (3.96)

We have the following analog of Proposition 2.6 together with Corollary 2.4.

Proposition 3.6 The price at time t = 0 of the swaption described above with
maturity T0 can be computed as

P Swn(0; T0, Tn, K ) = p(0, T0)
∑n

k=1 eÃk

∫
R

eB̃1
k z1

·
(∫ +∞

z̄2(z1)

[
eB̃2

k z2 − eB̃2
k z̄2(z1)

]
f2(z2)dz2

)
f1(z1)dz1

= p(0, T0)
∑n

k=1 eÃk
∫
R

eB̃1
k z1[

e
1
2 (B̃2

k )2Γ̄ 2
T0 N
(

B̃2
k Γ̄ 2

T0
−z̄2(z1)√
Γ̄ 2

T0

)
− eB̃2

k z̄2(z1)N
(

−z̄2(z1)√
Γ̄ 2

T0

)]
f1(z1)dz1

(3.97)
where z̄2(z1) is the unique solution of the equation g(z1, z2) = h(z1) for z1, z2 ∈ R,
fi denotes the density function of the normal variable Zi

T0
, for i = 1, 2, and N is the

cumulative standard Gaussian distribution function.

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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Proof From the swaption price expression (3.95), it immediately follows that

P Swn(0; T0, Tn, K ) = p(0, T0)

∫
R2

(
n∑

k=1

eÃk+B̃1
k z1+B̃2

k z2 − Rδ

n∑
k=1

eAk+B1
k z1

)+

× f1(z1) f2(z2)dz1dz2,

due to the independence of the random variables Z1
T0
and Z2

T0
. Now, in complete anal-

ogy to the proof of Proposition 2.6, and noticing that B̃2
k > 0, for every k = 1, . . . , n

by Assumption 3.2, it follows that for each z1 ∈ R, the function g(z1, z2) in (3.96) is
monotonically increasing and continuous in z2 ∈ R with limz2→−∞ g(z1, z2) = 0
and limz2→+∞ g(z1, z2) = +∞. Hence, there exists a unique z̄2(z1) for which
g(z1, z2) = h(z1) and z2 ≥ z̄2(z1) ⇔ g(z1, z2) ≥ g(z1, z̄2(z1)), hence we obtain

P Swn(0; T0, Tn, K ) = p(0, T0)
∑n

k=1 eÃk

∫
R

eB̃1
k z1

·
(∫ +∞

z̄2(z1)

[
eB̃2

k z2 − eB̃2
k z̄2(z1)

]
f2(z2)dz2

)
f1(z1)dz1

(3.98)

where fi denotes the density function of the Gaussian variable Zi
T0
, for i = 1, 2. The

second equality in (3.97) now follows in a straightforward manner, just as in the
proof of Corollary 2.4. �

Remark 3.11 Note that for the pΔ(t, T )-model of Sect. 3.2.2 the same reasoning
as above leads to an analogous result as in Proposition 3.6, taking into account the
dynamics of the ratios pΔ(t,T )

pΔ(t,T +Δ)
and making a corresponding assumption on the

volatility of these bond prices. By doing so, one ends up again with a swaption price
expression of exactly the same form (3.95) (with different coefficients) and therefore,
an analog of Proposition 3.6 can be derived. The same comment applies also to the
models of Sect. 3.3, in which the dynamics of ν̄t,Tk−1 plays the crucial role.

Remark 3.12 By analogy to Remark 3.9 for caplets, one may wonder if a Black-type
formula for the swaption price could be obtained. This would indeed be possible in a
multiple curve version of the swap market model, where the modeling object would
be the swap rate R(t; T0, Tn) itself and the swaption could then be seen as a call
option on the swap rate, priced under the swap measure, see (1.45). The swaption
price (3.97) obtained in Proposition 3.6 is obviously not of Black-type, since it is
implied by the log-normal dynamics of individual forward Libor rates and the swap
rate is a convex combination of those, with coefficients which are functions of the
OIS rates, see (1.28). This does not yield log-normal dynamics for the swap rate
under the swap measure (similarly as in the log-normal Libor market model versus
the swap market model).

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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3.5 Adjustment Factors

It was mentioned at the beginning of this chapter that the quantity ν̄t,T recalled in
(3.4) plays a basic role in the multi-curve framework: it is crucial for linear deriva-
tive pricing in short-rate models (see Sect. 2.3) and HJM instantaneous forward rate
models such as those of Sect. 3.3; furthermore, we also have the relation (3.6) linking
this quantity with G(t; T, T + Δ). An analogous role is played in the single-curve
framework by the corresponding quantity νt,T given by νt,T = p(t,T )

p(t,T +Δ)
(see (2.56)).

It may thus be very convenient to have an easy way to pass from νt,T to ν̄t,T bymeans
of an “adjustment factor”. Such a factor has already been derived in Sect. 2.3.2 for
the short-rate setup of Chap.2. Always in Sect. 2.3.2 it was shown that the adjustment
factor can also be used as a factor to pass directly from a single-curve FRA rate to
a corresponding multi-curve FRA rate. The basic relationship, derived in Chap.2, is
of the form (see (2.58))

ν̄t,T = νt,T · AdT,Δ
t · ResT,Δ

t (3.99)

and here we shall derive an analogous relationship also in the context of the models
of this chapter, more precisely those of Sect. 3.3, as well as the pΔ(t, T )-model of
Sect. 3.2.2, where ν̄t,T is simply given by ν̄t,T = pΔ(t,T )

pΔ(t,T +Δ)
.

3.5.1 Adjustment Factor for the Instantaneous Forward Rate
Models

In the following proposition we present now a result, completely analogous to Propo-
sition 2.2 in Chap.2, which serves our original purpose here. The result is stated for
the model A(t, T ),Σ(t, T ), Ā(t, T ), Σ̄(t, T ), but it can be derived in the exact same
manner also for the models A f (t, T ),Σ f (t, T ) and AΔ(t, T ),ΣΔ(t, T ). We have
in fact

Proposition 3.7 The following relation holds

ν̄t,T = νt,T · AdT,Δ
t · ResT,Δ

t (3.100)

where AdT,Δ
t will be called “adjustment factor” (see also (2.59)) and it is given by

AdT,Δ
t := E Q

{
p(T,T +Δ)

p̄(T,T +Δ)
| Ft

}
= cT,T +Δ exp

[∫ t
0 (Σ

∗(s, T + Δ) − Σ∗(s, T ))dws

]
· exp

[
1
2

∫ T
t |Σ∗(s, T + Δ) − Σ∗(s, T )|2ds

] (3.101)

with

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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cT,T +Δ := p(0,T +Δ)

p(0,T )

p̄(0,T )

p̄(0,T +Δ)

· exp
[∫ T

0 (A∗(s, T + Δ) − A∗(s, T ))ds
] (3.102)

The factor ResT,Δ
t is a residual factor that in some cases is equal to 1 (see e.g.

Sect.3.5.1.1 below). It is given by

ResT,Δ
t := exp

[
1
2

∫ T
t

(
|Σ∗(s, T + Δ) − Σ∗(s, T ) − Σ(s, T )|2

−|Σ∗(s, T + Δ) − Σ∗(s, T )|2 − |Σ(s, T )|2
)

ds
]

= exp
[
− ∫ T

t 〈Σ(s, T ),Σ∗(s, T + Δ) − Σ∗(s, T )〉 ds
]

(3.103)

The proof of this proposition consists in a simple verification that, with the
expressions for νt,T and ν̄t,T in (3.58) and (3.60) respectively and that of AdT,Δ

t

given by the rightmost term in (3.101) one obtains for ResT,Δ
t := ν̄t,T

νt,T
(AdT,Δ

t )−1

the expression on the right-hand side of (3.103). For this purpose one has also to
use the drift condition on A(t, T ) expressed by (3.12) noticing that, by definition,
we have A∗(t, T ) = Ā(t, T ) − A(t, T ) andΣ∗(t, T ) = Σ̄(t, T ) − Σ(t, T ). Always
with these meanings of A∗(t, T ) and Σ∗(t, T ), the rightmost expression in (3.101)

follows from the definition of AdT,Δ
t as AdT,Δ

t := E Q
{

p(T,T +Δ)

p̄(T,T +Δ)
| Ft

}
by standard

Itô calculus.

3.5.1.1 Vasiček-Type Volatility Structure

We show here that for the Vasiček example of Sect. 3.2.2.2, the adjustment factor
can be given an explicit expression in terms of the model parameters and that the
corresponding residual factor is ResT,Δ

t = 1.
With σ(t, T ) and σ∗(t, T ) as in (3.37) we have in fact, (see (3.38))

Σ(t, T ) =
(σ

b

(
1 − e−b(T −t)

)
, 0
)

(3.104)

and, analogously,

Σ∗(t, T ) =
(
0,

σ∗

b∗
(
1 − e−b∗(T −t)

))
(3.105)

which implies that, on the basis of (3.101),

AdT,Δ
t = cT,T +Δ exp

[∫ t
0

σ∗
b∗
(
e−b∗(T −s) − e−b∗(T +Δ−s)

)
dw2

s

]
· exp

[
1
2

∫ T
t

(
σ∗
b∗
)2 (

e−b∗(T −s) − e−b∗(T +Δ−s)
)2

ds
] (3.106)
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where, in the expression (3.102) for cT,T +Δ, the function A∗(t, T ) := ∫ T
t a∗(t, u)du

is a function such that

A∗(t, T + Δ) − A∗(t, T ) = Ā(t, T + Δ) − Ā(t, T ) − (A(t, T + Δ) − A(t, T ))

(3.107)
where A(t, T ) has to satisfy the drift condition in (3.12) and Ā(t, T ) has to be
compatible with the no-arbitrage condition (3.45) (condition (3.48) for A f (t, T ),
respectively condition (3.33) for AΔ(t, T )).

Concerning, finally, the residual factor ResT,Δ
t , notice that the structure ofΣ(t, T )

and Σ∗(t, T ) according to (3.104) and (3.105) implies that

〈Σ(t, T + Δ),Σ∗(t, T + Δ) − Σ∗(t, T )〉 = 0

so that, by (3.103), ResT,Δ
t = 1.

3.5.2 Adjustment Factor for the HJM-LMM Forward Rate
Model

Recall that the adjustment factor was intended to be a factor to pass directly from
νt,T to ν̄t,T . As in the previous Sect. 3.5.1, we shall start also here by deriving explicit
expressions for νt,T and ν̄t,T , this time in the context of the HJM-LMM forward rate
model, namely the model (3.15) for the processes G(·; T, T + Δ). Recall that in this
model we still consider, as before, the OIS bonds, defined according to (3.14) and
having the explicit expression in (3.56), where A(t, T ) is supposed to satisfy the drift
condition (3.12). On the other hand, instead of the fictitious bonds, we consider here
directly the processes G(·; T, T + Δ) satisfying (3.15) with α(t; T, T + Δ) subject
to the drift condition (3.16).

It follows that for νt,T we have the same expression as in the instantaneous forward
rate model, namely (3.58) that we reproduce here for convenience

νt,T = p(t,T )

p(t,T +Δ)

= p(0,T )

p(0,T +Δ)
exp

[∫ t
0 (|Σ(s, T + Δ)|2 − |Σ(s, T )|2)ds + ∫ t

0 (Σ(s, T + Δ)

−Σ(s, T ))dws]
(3.108)

On the other hand, for ν̄t,T we simply have the relation (see (3.6))

ν̄t,T = G(t; T, T + Δ) + 1 (3.109)

To obtain also here an adjustment factor, we start from working out the ratio ν̄t,T

νt,T

on the basis of the above expressions for ν̄t,T and νt,T . It turns out that, for this
purpose, the direct relation (3.109) is not very convenient but that a more convenient
form can be obtained by first differentiating (3.109) thereby taking into account the
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drift condition (3.16) and then integrating. Defining the shorthand symbol

g(t) := G(t; T, T + Δ)

G(t; T, T + Δ) + 1

this leads to (see also (3.18) with (3.17))

d ν̄t,T = d G(t; T, T + Δ)

= G(t; T, T + Δ)
[
(α(t; T, T + Δ) + 1

2 |σ(t; T, T + Δ)|2)dt + σ(t; T, T + Δ)dwt
]

= ν̄t,T
[(

g(t)α(t; T, T + Δ) + 1
2 g(t)|σ(t; T, T + Δ)|2) dt + g(t)σ(t; T, T + Δ)dwt

]
= ν̄t,T [g(t)〈σ(t; T, T + Δ),Σ(t, T + Δ)〉dt + g(t)σ(t; T, T + Δ)dwt ]

(3.110)
where in the last equality we have taken the drift condition (3.16) into account.
Integration now leads to

ν̄t,T = ν̄0,T exp
[∫ t

0

(
g(s)〈σ(s; T, T + Δ),Σ(s, T + Δ)〉 − 1

2 g(s)2|σ(s; T, T + Δ)|2
)

ds

+ ∫ t
0 g(s)σ(s; T, T + Δ)dws

]
(3.111)

which, together with (3.108), gives us in turn the adjustment factor in the form

ν̄t,T

νt,T
= ν̄0,T p(0,T +Δ)

p(0,T )
exp

[∫ t
0

(
g(s)〈σ(·),Σ(s, T + Δ)〉 − 1

2g(s)2|σ(·)|2
+ 1

2

(|Σ(s, T )|2 − |Σ(s, T + Δ)|2)) ds
]

· exp
[∫ t

0 (g(s)σ(·) + Σ(s, T ) − Σ(s, T + Δ)) dws

] (3.112)

where (·) stands for (s; T, T + Δ). Note that this corresponds to the multiplicative
spread in Sect. 7.3.2 of Henrard (2014).



Chapter 4
Multiple Curve Extensions of Libor Market
Models (LMM)

This chapter deals with multiple curve models on a discrete tenor in the spirit of
the Libor market models (LMM) and, somewhat differently from the previous two
Chaps. 2 and 3, we present here basically just an overview of the major existing
approaches.

The Libor market models that were originated by Miltersen et al. (1997) and
Brace et al. (1997), were later further developed in several works by Mercurio and
co-authors, as well as authors related to them. Consequently these authors were also
among the first ones to extend the LMMs to a multi-curve setting. Starting from
papers like Morini (2009) and Bianchetti (2010), where the latter uses the analogy
with cross-currency modeling to develop a two-curve interest rate model, a series
of papers have appeared extending the LMMs to a multi-curve setting, among them
Mercurio (2009, 2010a, b, c), Mercurio and Xie (2012) and Ametrano and Bianchetti
(2013). This series of papers, in particular Mercurio (2010a) and Mercurio and Xie
(2012), which include the developments contained in previous papers authored/
co-authored by Mercurio, form the first approach of which we give an overview
in Sect. 4.1. We do not, however, enter into the details of the pricing formulas and the
calibration examples, for which we therefore refer to the original papers. Related to
the papers by Mercurio (2010a) and Mercurio and Xie (2012) is the paper Ametrano
and Bianchetti (2013), where the authors deal in particular with the bootstrapping
of various multiple-tenor yield curves, thereby considering essentially only linear
interest rate derivatives; here too we simply refer to the original paper.

The other approach, that is alternative to the one just mentioned and that proposes
a further theoretical development, is the one in Grbac et al. (2014) which concerns
an affine Libor model with multiple curves. A description of this further approach is
presented in Sect. 4.2.

The above papers concern mainly “clean valuation” approaches. A more compre-
hensive, multi-currency, multi-curve approach has been initiated in Fujii et al. (2010,
2011), see also Piterbarg (2010). In parallel, Henrard has developed a more practi-
cally oriented approach, for which we refer to his recent book Henrard (2014) that

© The Author(s) 2015
Z. Grbac and W.J. Runggaldier, Interest Rate Modeling: Post-Crisis
Challenges and Approaches, SpringerBriefs in Quantitative Finance,
DOI 10.1007/978-3-319-25385-5_4
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synthesizes his previous production, but it is not exactly in the context of an LMM
that is our main concern in this chapter. On the other hand Henrard has considered,
see e.g. Henrard (2010), multiplicative spreads as example of a form of spreads that
are alternative to the additive spreads considered in the above papers and that may
turn out to be advantageous in some situations. Multiplicative spreads form also the
basis of the approach presented in the paper Cuchiero et al. (2015). Section4.3 con-
tains a brief overview of the approach in Henrard (2010), as well as that in Cuchiero
et al. (2015).

4.1 Multi-curve Extended LMM

Asmentioned above, this section is essentially a synthesis of work done byMercurio
and related authors and partly also by Ametrano and Bianchetti (2013).

The classical Libor market models are based on the joint evolution of consecutive
forward Libor rates corresponding to a given tenor structure. We recall from the
discussion in Chap.1 that in the classical setup the Libor rate L(t; T , S)was assumed
to coincide with the corresponding forward OIS rate F(t; T , S), but this assumption
is no longer valid after the crisis.

Recalling the definition of the forward OIS rate in (1.16),

F(t; T , S) = EQS {F(T; T , S) | Ft} = 1

S − T

(
p(t, T)

p(t, S)
− 1

)
(4.1)

notice that this rate is directly related to the OIS bond prices p(t, T), namely to the
discount curve and so the first issue concerns the proper modeling of the discount
curve, which occasionally we shall also denote by pD(t, T). Notice, furthermore, that
the discount curve intervenes also in other situations, for example we have that

(i) Swap rates can be represented as linear combinations of forward Libor rates,
which are referred to as FRA rates in Mercurio (2010a), with coefficients that
depend solely on the discount curve (cf. 1.28).

(ii) Pricing measures correspond to numéraires given by portfolios of OIS bonds
and affect thus the drift correction in a measure change.

As already discussed in Chap. 1, a general choice of the discount curve is the OIS
curve and we shall do so here as well. This choice is supported by various arguments
(recall also Sect. 1.3.1). In particular, collaterals in cash are revalued daily at a rate
equal or close to the overnight rate. Note, however, that collaterals can be based
also on bonds or other assets, such as foreign currency. In the latter case appropriate
adjustments have to be performed for the remuneration rate (see Fujii et al. 2010).
The OIS curve is commonly accepted as discount curve and for possible situations,
such as in exotics or different currencies, where different discounting is adopted, it
can still be considered as a good proxy of the risk-free rate.

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Remark 4.1 In this chapter the standing assumption will be that the OIS bonds are
tradable assets, see for example Mercurio (2010a) and the comments in Sect. 1.3.1.
Note that in the spirit of the Libor market models we do not assume the existence
of the OIS short rate r derived from the OIS bond prices and the related martingale
measureQ as in the previous chapters, but insteadwework directly under the forward
measures using the OIS bonds as numéraires.

Since the forward rate F(t; T , S) can also be considered as the fair fixed rate
at time t ≤ T of a forward rate agreement, where the floating rate received at S is
F(T; T , S), we shall call F(t; T , S) the forward OIS curve (recall that in practice it
can be stripped from OIS swap rates; see also the middle part of Remark 1.2).

Concerning the Libor rates, in the work by Mercurio and related authors an FRA
rate is considered that is given as the fair fixed rate at t ≤ T to be exchanged at time
S for the Libor rate L(T; T , S), namely such that this swap has zero value at t ≤ T .
Denoting by QS the S-forward measure with numéraire p(t, S), the FRA rate is then
given by

FRA(t; T , S) = EQS {L(T; T , S) | Ft} (4.2)

where EQS
denotes expectation with respect to QS . This definition, that corresponds

to the forward Libor rate L(t; T , S) as in Definition 1.2, has the following advantages

(i) The rates FRA(t; T , S) coincide with the corresponding spot Libor rates at their
reset times; they can thus generate any payoff depending on the Libor rates.

(ii) The rates FRA(t; T , S) are martingales under the corresponding forward mea-
sures.

(iii) The fact that swap rates can be written as linear combinations of FRA rates with
coefficients depending solely on the discount curve is convenient for bootstrap-
ping purposes (see Mercurio 2010a).

In the sequel we shall continue consistently using the name forward Libor rates,
keeping in mind that these are by definition the same as the FRA rates fromMercurio
(2010a).

4.1.1 Description of the Model

According to a practice followed in the post-crisis setting, the forward Libor rate is
mostly viewed as a sum of the forward OIS rate plus a basis/spread (thereby thinking
of this basis as a factor driving the Libors in conjunction with the OIS curve). In
line with this practice, in the more recent work of Mercurio and related authors an
additive spread between the Libor and the OIS curves is considered.

We startwith some notation keeping it in linewith the above-mentioned papers.As
in Sect. 1.3, for given a tenor x, let T x = {0 ≤ Tx

0 < · · · < Tx
Mx

} be a tenor structure
compatible with x and denote by δx

k the year fraction of the length of the generic
kth interval (Tx

k−1, Tx
k ]. Denote by p(t, Tx

k ) the price of the OIS bond maturing at Tx
k

(discount curve) and set (see (1.16) or (4.1))

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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Fx
k (t) := F(t; Tx

k−1, Tx
k ) = 1

δx
k

[
p(t, Tx

k−1)

p(t, Tx
k )

− 1

]
(4.3)

Furthermore, as mentioned at the end of the previous subsection, since the FRA rates,
as given in (4.2), were introduced in relation to the FRAs with the underlying Libor
rates, set

Lx
k(t) := FRA(t; Tx

k−1, Tx
k ) (4.4)

and call Lx
k(t) the forward Libor rate.

Notice that the FRA rates as introduced in (4.2) correspond to what is called a
standard (or text-book) FRA. This has to be contrasted with the so-called “market
FRA”, cf. Remark 1.3, which differ from the standard ones in that the payment is
made at the beginning of the reference interval, discounted by the corresponding
Libor rate. Hence, taking T = Tx

k−1, S = Tx
k for a generic k, one has

PmFRA(Tx
k−1; Tx

k−1, Tx
k , R, 1) = δx

k (L(Tx
k−1; Tx

k−1, Tx
k ) − R)

1 + δx
k L(Tx

k−1; Tx
k−1, Tx

k )
(4.5)

implying that (see Appendix A in Mercurio 2010b), at t < Tx
k−1 one has,

RmFRA(t; Tx
k−1, Tx

k ) = 1

δx
k

⎡
⎣ 1

EQTx
k−1
{

1
1+δx

k L(T x
k−1;T x

k−1,T
x
k )

| Ft

} − 1

⎤
⎦ (4.6)

As recalled in Remark 1.3, Mercurio (2010b) (see also Ametrano and Bianchetti
2013) points out that the difference in the values PmFRA(Tx

k−1; Tx
k−1, Tx

k , R, 1) and
PFRA(Tx

k−1; Tx
k−1, Tx

k , R, 1) is generally small, so that one can limit oneself to standard
FRA rates also for what concerns a possible bootstrapping from market FRA rates.

As already mentioned, following the practice to build Libor curves at a spread
over the OIS curve, Mercurio and the related authors consider additive spreads that
can now be defined as

Sx
k (t) := Lx

k(t) − Fx
k (t) (4.7)

Additive spreads have the advantage that, since Lx
k and Fx

k are martingales under QT x
k ,

so is also Sx
k . To model their dynamics under QT x

k one thus needs to specify only the
volatility and correlation structure.

Having now the three quantitiesLx
k (t), Fx

k (t), Sx
k (t), we need to introduce dynamics

for them. Given the relationship (4.7), we need only the joint dynamics of two of
the three quantities, which then induces the dynamics also for the third one. The aim
thereby should be to achieve model tractability in view of interest rate derivative
pricing, as well as a convenient setup for calibration and bootstrapping. In Mercurio
(2010a, b) the author chooses to jointly model Fx

k (t) and Sx
k (t) that has as main

advantage the direct modeling of the spread allowing thus to model its dynamics
so that it remains positive. Such a choice is made also in Fujii et al. (2011). Notice

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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furthermore that when, as required for a multi-curve setup, one has to model multiple
tenors simultaneously, i.e. Fxi

k (t) and Sxi
k (t) for different values xi of the tenor x, one

has to properly account for possible no-arbitrage relations that have to hold across
different time intervals. To this effect notice that only forwardOIS rateswith different
tenors are constrained by no-arbitrage relations; the associated spreads are relatively
free to move independently from one another. Given this freedom, one may try to
derive models that preserve the tractability of the single tenor case, especially in view
of pricing optional derivatives in closed form. In this sense, in Mercurio (2010a, b)
an approach is presented by choosing the dynamics of the OIS rates and related
spreads so that they are similar for all considered tenors. Furthermore, as the title in
Mercurio and Xie (2012) puts it, the spread should by all means be stochastic. In fact,
a relatively simple approach would be to elect a given forward OIS curve as reference
curve and model all other curves at a deterministic spread over the reference curve.
However, this is in contrast with the empirical evidence (see Figs. 1.3 (left) and 1.4)
and furthermore, with a deterministic basis, the Libor-OIS swaption price would in
some situations, e.g. OTM swaptions, turn out to be zero. Although the impact of
a stochastic basis on the pricing of exotic products is difficult to assess a priori, in
Mercurio and Xie (2012) it is shown that also with a suitably modeled stochastic
basis one may achieve very good tractability.

4.1.2 Model Specifications

We mention here specific models considered in Mercurio (2010b) and Mercurio and
Xie (2012) where, in line with the classical LMMs, log-normal and shifted log-
normal models are considered, but with stochastic volatility in form of Heston or
SABR.

For themulti-curve setup consider now, as in Sect. 1.3, different possible tenor val-
ues x1 < x2 < · · · < xn and the associated tenor structures T xi = {0 ≤ Txi

0 < · · · <

Txi
Mxi

}, thereby assuming that T xn ⊂ T xn−1 ⊂ · · · ⊂ T x1 ⊆ T .

Denote then by Lxi
k (t), Fxi

k (t), Sxi
k (t) the corresponding relevant quantities and let

δxi
k be the year fraction of Txi

k − Txi
k−1.

Starting from the forward OIS rates, in Mercurio (2010b) these are modeled
according to the following shifted-type dynamics

dFxi
k (t) = σxi

k (t)V F(t)

[
1

δxi
k

+ Fxi
k (t)

]
dZF,xi

k (t) (4.8)

where σxi
k are deterministic functions and ZF,xi

k are Wiener processes under the for-

ward measures QT
xi
k , for all k = 1, . . . , Mxi . The process V F(t) is a common factor

process with V F(0) = 1 and independent of all ZF,xi
k . As mentioned previously, the

Fxi
k have to satisfy no-arbitrage consistency conditions and in Mercurio (2010b) it is

shown that they are given by

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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σxi
k (t) =

ik∑
j=ik−1+1

σx1
j (t) (4.9)

namely the volatility coefficient σxi
k of Fxi

k has to be equal to the sum of the volatility
coefficients σx1

j of the ratesFx1
j for j ∈ {ik−1 + 1, ik−1 + 2, . . . , ik}. Here j correspond

to the indices of the tenor datesTxi
k−1 = Tx1

ik−1
< Tx1

ik−1+1 < · · · < Tx1
ik

= Txi
k of the tenor

structure T x1 falling between the dates Txi
k−1 and Txi

k of the tenor structure T xi .
Coming now to the Libor-OIS spreads, Mercurio and Xie (2012) start from the

following general model
Sxi

k (t) = φxi
k (Fxi

k (t), Xxi
k (t)) (4.10)

where Xxi
k are factor processes and the functions φxi

k have to be chosen so that Sxi
k are

martingales under QT
xi
k . In particular, in Mercurio and Xie (2012) the functions φxi

k
are chosen to be affine functions with the advantage that the parameters in the affine
specification can be explained in terms of correlations between OIS rates and basis
spreads, as well as in terms of their variances. If also the forward OIS rates follow a
convenient model, then caplets and swaptions can be priced in semi-closed form.

As for the factor processes Xxi
k , things can be simplified without too much loss of

flexibility by taking them to be independent of k, i.e. Xxi
k (t) = Xxi(t), for all k, with

Xxi(t) following a log-normal model. If, then, the OIS rate is, say, of the G1++ form
(i.e. one-factor Hull andWhite (1990) model with deterministic shift to be calibrated
to the initial term structure), with the affine model choice for φxi

k one obtains semi-
analytic pricing formulas for caplets and swaptions in the sense that what is required
is a one-dimensional integration of a closed-form function of the Black-Scholes type
(see Mercurio and Xie 2012 for the case of a swaption).

Remaining always with the Libor-OIS spreads, Mercurio (2010b) assumes more
specifically a model of the form

Sxi
k (t) = Sxi

k (0) Mxi(t) , k = 1, . . . , Mxi (4.11)

where, analogously to the previous case where Xxi
k (t) = Xxi(t), also Mxi remains the

same for all k and is defined by the following SABR-type process

⎧⎨
⎩

dMxi(t) = (Mxi(t))β
xi V xi(t) dZxi(t)

dV xi(t) = εxi V xi(t) dW xi(t)
(4.12)

with βxi ∈ (0, 1], εxi > 0 and where Zxi and W xi are Wiener processes with respect
to each forward measure QT

xi
k , independent of the Wiener processes ZF,xi

k in (4.8),
but which may be correlated, i.e. dZxi dW xi = ρxi dt with ρxi ∈ [−1, 1]. This model
allows for convenient caplet and, in some particular cases, swaption pricing (see
Mercurio 2010b). The fact that the rates and the spreads with different tenors xi

follow the same type of dynamics, leads to similar pricing formulas for caps and
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swaptions even if they are based on different tenors. This is particularly convenient
for simultaneous option pricing across different tenors, as well as for calibration.

4.2 Affine Libor Models with Multiple Curves

In this section we present the model developed in Grbac et al. (2014), which is
also a discrete-tenor model and is based on affine driving processes. This modeling
approach has first been proposed in Keller-Ressel et al. (2013) in the single-curve
case and further extended in Grbac et al. (2014) to the multiple curve setup. Themain
advantage of this framework is its ability to ensure positive interest rates and spreads
by construction, and at the same time, produce semi-analytic caplet and swaption
pricing formulas. In contrast to Mercurio (2010b), the OIS rates Fx

k and the Libor
rates Lx

k are chosen as modeling quantities, which ensures straightforward pricing
of caplets and at the same time the positivity of spreads Sx

k can be easily obtained.
These features are due to a specific model construction, which relies on a family
of parametrized martingales greater or equal to one and increasing with respect to
the parameter. When such martingales are taken as building blocks of the model,
as we shall see below, the positivity of interest rates and spreads follows simply by
construction. The second important point is that affine processes are chosen as driving
processes for this family of martingales, thus guaranteeing analytic tractability of the
model and, consequently, semi-analytic pricing formulas for non-linear derivatives
based on Fourier transform methods.

4.2.1 The Driving Process and Its Properties

In this section we shall fix the probability space and the driving process that we are
going to work with. For sake of simplicity, we choose to work with affine diffusions
in order to present the model in a concise and simple manner. Another reason is
that affine diffusions were already used as driving processes in Chap.2 and, hence,
we can rely on the technical preliminaries from that chapter. Since the model con-
struction requires a positive affine process as a driving process, this boils down to
multidimensional CIR processes. However, we emphasize that the original paper of
Grbac et al. (2014) is not limited to this class and the model is based on general
positive affine processes allowing for jumps as well. This is especially important in
view of model calibration, where the additional flexibility coming from the jumps is
exploited to ensure a better fit to market data.

Let (Ω,F ,F, P) denote a complete stochastic basis, where F = (Ft)t∈[0,T ] and
T denotes some finite time horizon. Consider a stochastic processX = (X1, . . . , Xd),
where each component Xi solves the SDE

http://dx.doi.org/10.1007/978-3-319-25385-5_2
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dXi
t = (ai − biXi

t )dt + σi
√

Xi
t dwi

t (4.13)

withwi aWiener process such that allWiener processeswi, i = 1, . . . , d, aremutually
independent. The coefficients ai, bi and σi are positive and ai ≥ (σi)2

2 .
Denote

IT := {u = (u1, . . . , ud) ∈ R
d : Ex

{
e〈u,XT 〉} < ∞}

where Ex denotes the expectation conditional on X0 = x. Note that this is a multi-
dimensional analog of the set IT defined in (2.12). Then according to Lemma 2.2,
the conditional moment generating function of XT has the following exponentially
affine form:

E
{
exp〈u, XT 〉∣∣Ft

} = exp
(
Au(T − t) + 〈Bu(T − t), Xt〉

)
(4.14)

for all u ∈ R
d+ ∩ IT and 0 ≤ t ≤ T . Here Au(T − t) and Bu(T − t) are obtained by

applying Lemma 2.2 to each component Xi of X and using independence. This yields

Au(T − t) =
d∑

i=1

Au,i(T − t), Bu(T − t) = (Bu,1(T − t), . . . , Bu,d(T − t))

where, for each i = 1, . . . , d, Au,i(T − t) and Bu,i(T − t) correspond to A(t, T) =
A(T − t) and −B(t, T) = −B(T − t) in Lemma 2.2 applied to the process Xi with
γ = 0 and K = −u. In Eq. (4.14) 〈·, ·〉 denotes the inner product on R

d .
An essential ingredient in affine Libor models, as we shall see in the next sub-

section, is the construction of parametrized martingales which are greater than or
equal to one and increasing in this parameter, see the review paper by Papapantoleon
(2010). The following two lemmas, taken fromGrbac et al. (2014) and Keller-Ressel
et al. (2013), summarize the main ideas and properties on which the construction
will be based.

Lemma 4.1 Consider the affine process X defined above and let u ∈ R
d+ ∩ IT . Then

the process Mu = (Mu
t )t∈[0,T ] with

Mu
t = E

{
e〈u,XT 〉|Ft

} = exp
(
Au(T − t) + 〈Bu(T − t), Xt〉

)
(4.15)

is a P-martingale, greater than or equal to one, and the mapping u �→ Mu
t is increas-

ing, for every t ∈ [0, T ].
In the lemma below inequalities involving vectors are interpreted componentwise.

Lemma 4.2 The functions Au(t) and Bu(t) in (4.14) satisfy the following:

1. A0(t) = B0(t) = 0 for all t ∈ [0, T ].
2. For each t ∈ [0, T ], the functions IT  u �→ Au(t) and IT  u �→ Bu(t) are

(componentwise) convex.

http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
http://dx.doi.org/10.1007/978-3-319-25385-5_2
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3. u �→ Au(t) and u �→ Bu(t) are order-preserving: let (t, u), (t, v) ∈ [0, T ] × IT ,
with u ≤ v. Then

Au(t) ≤ Av(t) and Bu(t) ≤ Bv(t) (4.16)

4. u �→ Bu(t) is strictlyorder-preserving: let (t, u), (t, v) ∈ [0, T ] × IT , with u < v.
Then Bu(t) < Bv(t).

4.2.2 The Model

Consider again the tenor structures introduced in Sect. 1.3 and used in Sect. 4.1.2,
T xn ⊂ T xn−1 ⊂ · · · ⊂ T x1 ⊆ T , where T xi = {0 ≤ Txi

0 < · · · < Txi
Mxi

}, for each

i = 1, . . . , n, and where δxi
k denotes the year fraction of Txi

k − Txi
k−1. Recall that we

assume that all Txi
Mxi

coincide and denote by TM the common terminal date for all
tenor structures. As earlier, denote byX := {x1, . . . , xn} the set of all tenors and for
each tenor x ∈ X , let K x := {1, 2, . . . , Mx} denote the collection of all subscripts
related to the tenor structure T x. In the sequel we shall assume for ease of notation
that each tenor structure is equidistant, i.e. δxi

k = δxi .
As earlier, we consider the OIS curve as discount curve. We denote by p(t, T) the

discount factor, i.e. the price of the OIS bond at time t for maturity T .
Moreover, let QTM denote the terminal forward measure, i.e. the martingale mea-

sure associated with the numéraire p(·, TM), which is supposed to be given. The
corresponding expectation is denoted by ETM . Then, we introduce forward measures
QT x

k associated to the numéraires p(·, Tx
k ) for every tenor x and k ∈ K x. The corre-

sponding expectation is denoted by ET x
k . The forward measures QT x

k are equivalent
to QTM , and defined in the usual way via

dQT x
k

dQTM

∣∣∣
Ft

= p(0, TM)

p(0, Tx
k )

p(t, Tx
k )

p(t, TM)
(4.17)

As seen in Sect. 4.1, the mainmodeling objects in the multiple curve LMM setting
are the forward OIS ratesFx

k , the forward Libor rates Lx
k and the spreads Sx

k . Recalling
again Mercurio (2010b), a good model for the dynamic evolution of the forward OIS
and forwardLibor rates, and thus also of their spread, should satisfy certain conditions
which stem from economic reasoning, arbitrage requirements and the definitions of
these rates. Grbac et al. (2014) formulate these conditions as model requirements:

(M1) Fx
k (t) ≥ 0 and Fx

k ∈ M (QT x
k ), for all x ∈ X , k ∈ K x, t ∈ [0, Tx

k−1].
(M2) Lx

k(t) ≥ 0 and Lx
k ∈ M (QT x

k ), for all x ∈ X , k ∈ K x, t ∈ [0, Tx
k−1].

(M3) Sx
k(t) ≥ 0 and Sx

k ∈ M (QT x
k ), for all x ∈ X , k ∈ K x, t ∈ [0, Tx

k−1].
HereM (QT x

k ) denotes the set of QT x
k -martingales.

http://dx.doi.org/10.1007/978-3-319-25385-5_1
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The model presented in the sequel satisfies the above conditions by construc-
tion, while producing tractable dynamics for all three processes under all forward
measures. The approach was first introduced by Keller-Ressel et al. (2013) and then
extended to the multiple curve setup by Grbac et al. (2014). The first step is the
construction of two families of parametrized QTM -martingales driven by the process
X defined in the previous subsection, which is assumed to be affine under the mea-
sure QTM .

More precisely, assume that the process X starts at the canonical value
1 = (1, . . . , 1) and assume that two sequences of vectors (uk)k∈N and (vk)k∈N
in R

d+ ∩ IT are given. Then one constructs two families of parametrized QTM -
martingales following the method described in Lemma 4.1 by setting

Muk
t = exp

(
Auk (TM − t) + 〈Buk (TM − t), Xt〉

)
(4.18)

and
Mvk

t = exp
(
Avk (TM − t) + 〈Bvk (TM − t), Xt〉

)
(4.19)

By Lemma 4.1, Muk
t ≥ 1 and Mvk

t ≥ 1, for all k. Note, moreover, that the ordering
of parameters uk and vk carries over to the martingales related to them; for example,
if uk−1 ≥ uk , then Muk−1

t ≥ Muk
t for all t ≥ 0. Such families of martingales are then

used to model the forward OIS and Libor rates.
Let us fix an arbitrary tenor x and the associated tenor structure T x. We begin by

presenting the model for the OIS rates. This model is completely analogous to the
single-curve model introduced by Keller-Ressel et al. (2013). In the first step, one
notices that

1 + δxFx
k (t) = p(t, Tx

k−1)

p(t, Tx
k )

=
p(t,T x

k−1)

p(t,TM )

p(t,T x
k )

p(t,TM )

(4.20)

where the forward price process p(·,T x
k )

p(·,TM )
is a QTM -martingale for any k ∈ K x. There-

fore, to model the OIS rates Fx
k , one begins by postulating the dynamics of each

forward price process p(·,T x
k )

p(·,TM )
:

p(t, Tx
k )

p(t, TM)
= M

ux
k

t , k ∈ K x, t ≤ Tx
k (4.21)

where ux
k ∈ R

d+ ∩ IT is some vector. The second step follows from (4.20) and (4.21),
namely

1 + δxFx
k (t) = M

ux
k−1

t

M
ux

k
t

(4.22)
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and we note that this process is a QT x
k -martingale since Mux

k−1 is a QTM -martingale
and Mux

k = p(·,T x
k )

p(·,TM )
is the density process for the measure change from QTM to QT x

k

up to a normalizing constant; compare with (4.17). Finally, the third step relies on the
observation that, if the vectors ux

k are chosen to be (componentwise) decreasing with
respect to k, i.e. ux

k−1 ≥ ux
k , it follows Mux

k−1 ≥ Mux
k and therefore 1 + δxFx

k (t) ≥ 1,
or equivalently Fx

k (t) ≥ 0.
Now on top of the model for the OIS rates, it remains to suitably specify the

dynamics of the Libor rates Lx
k in order to completely specify the multiple curve

model. To do so, a similar idea can be used. More precisely, one postulates that

1 + δxLx
k(t) = M

vx
k−1

t

M
ux

k
t

(4.23)

for every k = 2, . . . , Mx and t ∈ [0, Tx
k−1] and where vx

k−1 ∈ R
d+ ∩ IT is some vec-

tor. Hence, the process 1 + δxLx
k is a QT x

k -martingale by exactly the same arguments
as above. In addition, if vx

k−1 ≥ ux
k , then Mvx

k−1 ≥ Mux
k and 1 + δxLx

k(t) ≥ 1, or equiv-
alently Lx

k(t) ≥ 0.
This procedure presents the main modeling idea. The questions that still have to

be answered are, if such sequences of vectors (ux
k) and (vx

k) can be found for any given
initial term structure of the forward OIS and the forward Libor rates. Moreover, in
case of an affirmative answer, do these sequences possess the desired monotonicity
properties?The following proposition,which summarizes the results shownbyGrbac
et al. (2014), describes themain properties of themodel and explains how to construct
it from a given initial term structure of OIS and Libor rates.

Proposition 4.1 Consider the finest tenor structure T , let p(0, Tl), l ∈ K , be the
initial term structure of non-negative OIS bond prices and assume that

p(0, T1) ≥ · · · ≥ p(0, TM)

Moreover, for a fixed tenor x and the corresponding tenor structure T x, let Lx
k(0),

k ∈ K x, be the initial term structure of non-negative forward Libor rates and assume
that for every k ∈ K x

Lx
k(0) ≥ 1

δx

(
p(0, Tx

k−1)

p(0, Tx
k )

− 1

)
= Fx

k (0) (4.24)

Then the following statements are true:

1. There exists a decreasing sequence u0 ≥ u1 ≥ · · · ≥ uM = 0 in R
d+ ∩ IT , such

that

Mul
0 = p(0, Tl)

p(0, TM)
for all l ∈ K (4.25)

Furthermore, for each k ∈ K x, we set
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ux
k := ul (4.26)

where l ∈ K is such that Tl = Tx
k .

2. There exists a sequence vx
0, vx

2, . . . , vx
Mx

= 0 in R
d+ ∩ IT , such that vx

k ≥ ux
k and

M
vx

k
0 = (1 + δxLx

k+1(0))M
ux

k+1
0 , for all k = 0, 1, . . . , Mx − 1 (4.27)

3. If X is one-dimensional, the sequences (ux
k)k∈K x and (vx

k)k∈K x are unique.
4. If all initial forward OIS rates and initial spreads are positive, then the sequence

(ux
k) is strictly decreasing and vx

k > ux
k, for all k = 0, 1, . . . , Mx − 1.

Therefore, from the model construction it follows immediately:

1. Fx
k and Lx

k are QT x
k -martingales, for every k ∈ K x.

2. Lx
k(t) ≥ Fx

k (t) ≥ 0, for every k ∈ K x and t ∈ [0, Tx
k−1].

Remark 4.2 The results of Proposition 4.1 confirm that, for given initial term struc-
tures, the affine Libor model with multiple curves can theoretically be constructed
by choosing sequences (ux

k) and (vx
k) as described above. Regarding the practical

implementation of the model, one notices that when the driving process is multidi-
mensional (which will typically be the case in applications), the vector parameters
(ux

k) and (vx
k) are not unique and it seems that there is no canonical choice for them.

This in turn gives a freedom to devise special cases of the model by pre-choosing
various suitable structures for these sequences and then fitting the initial structures.
One such example is a factor model with common and idiosyncratic components
for each OIS and Libor rate, which is presented in Sect. 8 of Grbac et al. (2014)
and where this is achieved by setting some components of (ux

k) and (vx
k) to zero or

mutually equal in order to exclude the effect of certain components of the driving
process on each specific rate.

Remark 4.3 Themultiple curve affine Libor model is constructed under the terminal
forward measure QTM . Grbac et al. (2014) show that the model structure is preserved
under different forward measures. More precisely, the process X remains an affine
process, although its ‘characteristics’ become time-dependent, under any forward
measure other than QTM . The affine property plays a crucial role in the derivation of
tractable pricing formulas for interest rate derivatives in the next subsection. Note,
furthermore, that the multiple curve affine LIBORmodel fulfills requirements (M1)–
(M3), which are consistent with the typical market observations of nonnegative inter-
est rates and spreads. However, a phenomenon of negative values of various interest
rates has been continually observed in the Europeanmarkets starting from the second
half of 2014 and thus, it is worthwhile mentioning that also negative interest rates can
be easily accommodated in this setup by considering, for example, affine processes
on Rd instead of Rd+ or ‘shifted’ positive affine processes where supp(X) ∈ [a,∞)d

with a < 0. A specification of the multiple curve affine Libor model allowing for
negative rates and positive spreads is presented in Sect. 4.1 of that paper.
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Remark 4.4 (Connection to Libor market models) Having amodel of this Sect. 4.2 in
which the dynamics of the OIS and the Libor rates are given by (4.22) and (4.23), it is
natural to look for a possible relationship between this model and the multiple curve
Libor market models of Sect. 4.1. This relationship has been established in Grbac
et al. (2014).More precisely, starting from (4.22) and the definition of themartingales
Mux

k given in (4.18), as well as the definition of the process X in (4.13), and using
Itô’s formula and some algebraic manipulations, one arrives at the dynamics of the
OIS rate Fx

k under the forward measure QT x
k

dFx
k (t)

Fx
k (t)

= Γ T
x,k(t) dwx,k

t (4.28)

with the volatility structure Γx,k = (Γ 1
x,k, . . . , Γ

d
x,k) ∈ R

d+ provided by

Γ i
x,k(t) := 1 + δxFx

k (t)

δxFx
k (t)

(
Bux

k−1,i(TM − t) − Bux
k ,i(TM − t)

)√
Xi

t σi (4.29)

and the QT x
k -Wiener process wx,k = (wx,k,1, . . . , wx,k,d) given by

wx,k,i := wi −
Mx∑

l=k+1

∫ ·

0

δxFx
l (t)

1 + δxFx
l (t)

Γ i
x,l(t) dt

= wi −
Mx∑

l=k+1

∫ ·

0

(
Bux

l−1,i(TM − t) − Bux
l ,i(TM − t)

)√
Xi

t σi dt. (4.30)

Note from (4.29) that the volatility structure is determined by σi and by the driving
process itself via Bux

k−1,i(TM − t) and Bux
k ,i(TM − t), and also that there is a built-in

shift in the model by construction. Furthermore, we notice that the dynamics of the
OIS rates in Eq. (4.28) correspond to (4.8) in the Libor market model of Sect. 4.1.

In complete analogy, starting from the dynamics of the Libor rates in (4.23) and
introducing the volatility structure Λx,k = (Λ1

x,k, . . . , Λ
d
x,k) ∈ R

d+

Λi
x,k(t) := 1 + δxLx

k(t)

δxLx
k(t)

(
Bvx

k−1,i(TM − t)−Bux
k ,i(TM − t)

)√
Xi

t σi (4.31)

one obtains for Lx
k the followingQT x

k -dynamics in the spirit of the Libormarket model

dLx
k(t)

Lx
k(t)

= ΛT
x,k(t) dwx,k

t (4.32)

where wx,k is the QT x
k -Wiener process given above.
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4.2.3 Pricing in the Multiple Curve Affine Libor Model

Thanks to its tractability under all forward measures, the multiple curve affine Libor
model allows for semi-analytical pricing of interest rate derivatives.Belowwepresent
themain results fromGrbac et al. (2014) and refer to the paper for details. In particular,
the valuation of caplets based onFourier transformmethods is of the same complexity
as the valuation of caplets in the single-curve affine Libor model. In order to obtain
semi-closed pricing formulas for swaptions, Grbac et al. (2014)make use of the linear
boundary approximation proposed bySingleton andUmantsev (2002) combinedwith
Fourier transform methods.

Let us begin by considering linear derivatives, namely interest rate swaps and basis
swaps. We use the definitions and the notation from Sects. 1.4.3 and 1.4.5, assuming
for simplicity that the nominal is N = 1. Since the modeling objects in the multiple
curve affine Libor model are directly the forward Libor rates, it is straightforward
to conclude that the time-t value of the interest rate swap on the tenor structure T x

with fixed rate denoted by R is given by

PSw(t;T x, R) = δx
Mx∑

k=1

p(t, Tx
k )
(
Lx

k(t) − R
)

and the fair swap rate R(t;T x) is therefore

R(t;T x) =
∑Mx

k=1 p(t, Tx
k )Lx

k(t)∑Mx
k=1 p(t, Tx

k )
(4.33)

Similarly, the time-t value of the basis swap defined on the tenor structures T x1 and
T x2 with spread S is expressed as

PBSw(t;T x1 ,T x2) =
Mx1∑
i=1

δx1p(t, Tx1
i )Lx1

i (t) −
Mx2∑
j=1

δx2p(t, Tx2
j )
(
Lx2

j (t) + S
)

(4.34)

The fair basis swap spread SBSw(t;T x1 ,T x2) is thus given by

SBSw(t;T x1 ,T x2) =
∑Mx1

i=1 δx1p(t, Tx1
i )Lx1

i (t) −∑Mx2
j=1 δx2p(t, Tx2

j )Lx2
j (t)∑Mx2

j=1 δx2p(t, Tx2
j )

(4.35)

Passing now to non-linear derivatives, their pricing is based on the affine property
of the driving process under all forward measures and an application of Fourier
transform methods for option pricing. The Fourier transform methods for option
pricing were discussed already in Chap.3.

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_3
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Let us first consider a caplet, as defined in Sect. 1.4.6. A straightforward applica-
tion of the Fourier transform method yields the following pricing formula, which is
proved in Proposition 6.1 in Grbac et al. (2014).

Proposition 4.2 Consider a tenor x and a caplet with strike K and with payoff
δx(Lx

k(T
x
k−1) − K)+ at time T x

k . Its time-0 price is given by

PCpl(0; Tx
k , K) = p(0, Tx

k )

2π

∫
R

K1−R+iw
x

ΘW x
k−1

(R − iw)

(R − iw)(R − 1 − iw)
dw (4.36)

for any R ∈ (1,∞) ∩ I x
k , Kx := 1 + δxK and where

I x
k = {z ∈ R : (1 − z)Bux

k (TM − Tx
k−1) + zBvx

k−1(TM − Tx
k−1) ∈ IT

}
(4.37)

The random variable W x
k−1 is defined as

W x
k−1 = log

(
M

vx
k−1

T x
k−1

/M
ux

k
T x

k−1

)

= Avx
k−1(TM − Tx

k−1) − Aux
k (TM − Tx

k−1)

+ 〈Bvx
k−1(TM − Tx

k−1) − Bux
k (TM − Tx

k−1), XT x
k−1

〉
=: A + 〈B, XT x

k−1
〉 (4.38)

with the moment generating function ΘW x
k−1

under the measure QT x
k given by

ΘW x
k−1

(z) = ET x
k
{
ezW x

k−1
} = ET x

k
{
exp

(
z(A + 〈B, XT x

k−1
〉))}

which is known explicitly thanks to the affine property of the model.

Note that the pricing formula (4.36) has an arbitraryR ∈ (1,∞) ∩ I x
k on the right-

hand side. Theoretically, the value of the right-hand side does not depend on the
specific choice of R. However, different choices of R may affect the efficiency of
the numerical implementation.

Regarding swaption pricing in the affine multiple curve Libor model, let us con-
sider a swaption as defined in Sect. 1.4.7. The time-0 price of a swaptionwith exercise
date Tx

0 and swap rate R, written on an underlying swap with tenor structure T x, is
given by

PSwn(0; Tx
0 ,T

x, R) = p(0, Tx
0 ) EQTx

0
{(

PSw(Tx
0 ;T x, R)

)+}

where PSw(Tx
0 ;T x, R) is the price of the underlying swap at time Tx

0 which can be
expressed as follows

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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PSw(Tx
0 ;T x, R) = δx

Mx∑
k=1

p(Tx
0 , Tx

k )(Lx
k(T

x
0 ) − R) =

Mx∑
k=1

M
vx

k−1

T x
0

M
ux
0

T x
0

−
Mx∑

k=1

Rx

M
ux

k
T x
0

M
ux
0

T x
0

where Rx := 1 + δxR. Here we have used (4.20), (4.22) and the telescopic product
to obtain

p(Tx
0 , Tx

k ) = p(Tx
0 , Tx

k )

p(Tx
0 , Tx

k−1)
· · · p(Tx

0 , Tx
1 )

p(Tx
0 , Tx

0 )
= M

ux
k

T x
0

M
ux
0

T x
0

(4.39)

and Eq. (4.23) for Lx
k(T

x
0 ). Therefore, for the swaption price we have

PSwn(0; Tx
0 ,T

x, R) = p(0, Tx
0 ) EQTx

0

⎧⎨
⎩
⎛
⎝ Mx∑

k=1

M
vx

k−1

T x
0

M
ux
0

T x
0

−
Mx∑

k=1

Rx

M
ux

k
T x
0

M
ux
0

T x
0

⎞
⎠

+⎫⎬
⎭

= p(0, TM) EQTM

⎧⎨
⎩
(

Mx∑
k=1

M
vx

k−1

T x
0

−
Mx∑

k=1

RxM
ux

k
T x
0

)+⎫⎬
⎭ (4.40)

where the second equality follows by a measure change from QT x
0 to QTM , cf. (4.17).

Evaluating the above expectation is a computationally demanding task, due to
the high-dimensionality of the problem. However, in order to arrive at semi-closed
pricing formulas based on the affine property of the model and the Fourier transform
methods, an efficient and accurate linear boundary approximation developed in Sin-
gleton and Umantsev (2002) can be used. Numerical results for this approximation
are reported in Grbac et al. (2014) and below we describe the method and cite the
main result.

Firstly, one defines the probability measures Q
T x

k , for every k ∈ K x, by the
Radon–Nikodym density

dQ
T x

k

dQTM

∣∣∣
Ft

= M
vx

k
t

M
vx

k
0

(4.41)

The process X, defined by its components in (4.13), is a time-inhomogeneous affine

process under every Q
T x

k , which can be shown exactly in the same way as for the

forward measures QT x
k . The expectation with respect to the measure Q

T x
k will be

denoted by E
T x

k below.
Next, starting from the second equality in (4.40) and using the definitions of

martingales Mux
k and Mvx

k−1 given in (4.18) and (4.19), one defines the function f :
R

d+ → R by
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f (y) =
Mx∑
i=1

exp
(
Avx

i−1(TM − Tx
0 ) + 〈Bvx

i−1(TM − Tx
0 ), y〉)

−
Mx∑
i=1

Rx exp
(
Aux

i (TM − Tx
0 ) + 〈Bux

i (TM − Tx
0 ), y〉) (4.42)

This function determines the exercise boundary for the price of the swaption. Since
the characteristic function of f (XT x

0
) cannot be computed explicitly, the method of

Singleton and Umantsev (2002) is used and f is approximated by a linear function.
More precisely, one has

f (XT x
0
) ≈ f̃ (XT x

0
) := C + 〈D, XT x

0
〉 (4.43)

where the constants C andD are determined according to the linear regression proce-
dure described in Singleton and Umantsev (2002, pp. 432–434). The line 〈D, XT x

0
〉 =

−C approximates the exercise boundary, hence C,D are strike-dependent. Let �(z)
denote the imaginary part of a complex number z ∈ C. Now, we have the following
result.

Proposition 4.3 Assume that C,D are determined by the approximation (4.43). The
price of the swaption with swap rate R, option maturity T x

0 , on a swap with tenor
structure T x, is approximated by

PSwn(0; Tx
0 ,T

x, K) ≈ p(0, TM)

Mx∑
i=1

M
vx

i−1
0

[
1

2
+ 1

π

∫ ∞

0

�(ξ̃x
i−1(z)

)
z

dz

]

− Rx

Mx∑
i=1

p(0, Tx
i )

[
1

2
+ 1

π

∫ ∞

0

�(ζ̃x
i (z)

)
z

dz

]
(4.44)

where ζ̃x
i and ξ̃x

i approximate the characteristic functions

ζx
i (z) := ET x

i
{
exp

(
izf (XT x

0
)
)}

and ξx
i (z) := E

T x
i
{
exp

(
izf (XT x

0
)
)}

and are given by

ζ̃x
i (z) := ET x

i
{
exp

(
iz̃f (XT x

0
)
)}

= exp
(
izC + ABux

i (TM−T x
0 )+izD(Tx

0 ) − ABux
i (TM−T x

0 )(Tx
0 )

+ 〈
BBux

i (TM−T x
0 )+izD(Tx

0 ) − BBux
i (TM−T x

0 )(Tx
0 ), X0

〉)
(4.45)

ξ̃x
i (z) := E

T x
i
{
exp

(
iz̃f (XT x

0
)
)}

= exp
(
izC + ABvx

i (TM−T x
0 )+izD(Tx

0 ) − ABvx
i (TM−T x

0 )(Tx
0 )

+ 〈
BBvx

i (TM−T x
0 )+izD(Tx

0 ) − BBvx
i (TM−T x

0 )(Tx
0 ), X0

〉)
(4.46)
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Remark 4.5 Note that an approximate pricing formula for the price of a basis swap-
tion defined in Remark 1.10 can be derived as well. For details we refer to Grbac
et al. (2014).

Remark 4.6 (Calibration) Another important remark regarding the multiple curve
affine model is its flexibility to calibrate to option market data. A specification of
the model based on the CIR driving processes with jumps proves to fit very well the
caplet data, simultaneously for multiple tenors. Since this issue is beyond the scope
of this book, we refer the interested reader to Grbac et al. (2014) for all the details.

4.3 Multiplicative Spread Models

In this section we give an overview of the modeling approaches based on multiplica-
tive spreads. The idea to consider themultiplicative spreads has been first proposed in
Henrard (2007, 2010), see also the recent book Henrard (2014). The same choice for
the modeling quantities has been made in the recent paper by Cuchiero et al. (2015).
Recall from (1.36) of Sect. 1.4.4 (noting that F(t; T , T + Δ) = ROIS(t; T , T + Δ))
that the multiplicative forward Libor-OIS spreads are defined as

Σ(t; T , T + Δ) = 1 + ΔL(t; T , T + Δ)

1 + ΔF(t; T , T + Δ)
(4.47)

where as usual

L(t; T , T + Δ) = EQT+Δ {L(T; T , T + Δ) | Ft}

denotes the forward Libor rate (FRA rate) and the forward OIS rates are defined via
relation (see (1.16))

1 + ΔF(t; T , T + Δ) = p(t, T)

p(t, T + Δ)

Note that the notation Σ(t; T , T + Δ) in (4.47) corresponds to the notation SΔ(t, T)

in Cuchiero et al. (2015). As Henrard (2014) and Cuchiero et al. (2015) point out, the
choice of multiplicative spreads as modeling quantities instead of the forward Libor
rates is made for the convenience of modeling. Empirical findings on the positivity
and monotonicity of the additive spreads with respect to the tenor Δ motivate one
to model directly the spreads instead of the forward Libor rates in order to access
more easily those two features, cf. also the comments in Sect. 4.1. Passing from the
additive to the multiplicative spreads still serves the same purpose, while allowing
for more analytical tractability in the model. Moreover, as noticed by Cuchiero et al.
(2015), the multiplicative spreads are related to the forward exchange rates when the

http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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multiple curve market is considered in a foreign exchange analogy (see Sect. 3.3.1.2,
Remark 3.8).

In the work of Henrard, expressions for the prices of various interest rate deriva-
tives in terms of the multiplicative spreads have been developed. For the dynamics
of the spreads, Henrard introduces some assumptions that, from a modeling point of
view, appear to be rather restrictive. The assumptions are, in particular: the spreads
are supposed to be independent from the forward OIS rates F(t; T , T + Δ), and for
tractable pricing of optional derivatives, an assumption of the spreads being constant
for each maturity is introduced in addition. As stated in Sect. 7.3 of Henrard (2014),
this has the advantage of allowing to determine the price of any instrument in the
post-crisis setting by directly applying the corresponding pre-crisis formula (in the
case of optional derivatives one has only to scale the strike). To model the OIS bond
price dynamics Henrard (2010) considers an HJM 1-factor Gaussian framework; cf.
Sect. 2 therein.

The framework proposed in Cuchiero et al. (2015), that we shall describe in more
detail below, allows for more modeling flexibility and, in fact, it can be shown that
many of the existing modeling approaches can be recovered from their setting. To
this effect the authors develop a general semimartingale HJM framework for the
multiple curve term structure, which is inspired by Kallsen and Krühner (2013).
Their approach is situated in between the HJM and the LMM approaches and in this
sense is similar to the approach taken in Sect. 3.2. Concerning the model choice for
the dynamics of the spreads, the affine specification of the framework by Cuchiero
et al. (2015) can also be seen as a possible extension to continuous tenors of the
model from Sect. 4.2 (see Remark 4.8).

Let us now give an overview of the framework proposed by Cuchiero et al. (2015).
The modeling quantities are the OIS bonds p(t, T) and the multiplicative spreads
Σ(t; T , T + Δ). They consider a finite number of tenors denoted by Δ1, . . . , Δm

(corresponding to tenors from 1day to 12 months). The framework allows to repro-
duce main features of the multiplicative spreads observed in the market (see (4.49)):

Σ(t; T , T + Δi) ≥ 1 and Σ(t; T , T + Δi) ≥ Σ(t; T , T + Δj), for Δi ≥ Δj

The first property is equivalent to the positivity of additive spreads and the second one
is the monotonicity with respect to the tenor. Moreover, the definition (4.47) of the
spreadΣ(t; T , T + Δi) implies that it has to be aQT -martingale because the forward
Libor rate 1 + ΔL(·; T , T + Δ) is aQT+Δ-martingale and dQT

dQT+Δ |Ft = 1+ΔF(t;T ,T+Δ)

1+ΔF(0;T ,T+Δ)

by (1.15) and (1.16).
As stated above, to develop their framework, Cuchiero et al. (2015) make use of

the classical HJM setup presented in the philosophy of Kallsen and Krühner (2013).
The main idea behind this approach is to identify “canonical” assets which are the
underlyings for the assets of interest and then obtain a convenient parametrization (a
“codebook” as referred to inKallsen andKrühner 2013) of the related term structures.
In order to do so, one first specifies simple elementarymodels for the term structure of
the canonical assets to understand the general relations that have to hold between the

http://dx.doi.org/10.1007/978-3-319-25385-5_3
http://dx.doi.org/10.1007/978-3-319-25385-5_3
http://dx.doi.org/10.1007/978-3-319-25385-5_3
http://dx.doi.org/10.1007/978-3-319-25385-5_1
http://dx.doi.org/10.1007/978-3-319-25385-5_1
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fundamentalmodeling quantities and thus obtains the codebooks; then one prescribes
a stochastic evolution for the codebooks, which has to satisfy certain consistency
conditions. Let us illustrate this approach on the first fundamental quantities in the
framework of Cuchiero et al. (2015), which are the OIS bonds p(t, T) (a similar
procedure is then repeated for the second fundamental modeling quantities, i.e. the
multiplicative spreads). The underlying canonical asset for the OIS bonds is the OIS
short rate r. The idea is thus to exploit the connection of the OIS bond prices and the
OIS bank account Bt = exp(

∫ t
0 rsds), supposing firstly that r is a deterministic short

rate. This yields the relation rT = − ∂
∂T log(p(t, T)), which is the codebook for the

bond prices. Now, sincemarket data indicate that− ∂
∂T log(p(t, T)) evolves randomly

over time, this leads to instantaneous forward rates ft(T) = − ∂
∂T log(p(t, T)), for

which then a stochastic model is specified. Setting for the instantaneous forward rate
ft(T) = − ∂

∂T log(p(t, T)) = −ηt(T) and Zt = − logBt = − ∫ t
0 rsds for the short rate

r, Cuchiero et al. (2015) specify an HJM OIS bond price model given by a quintuple
(Z, η0,α,σ, X) such that

p(t, T)

Bt
= eZt+

∫ T
t ηt(u)du

with

ηt(T) = η0(T) +
∫ t

0
αs(T)ds +

∫ t

0
σs(T)dXs (4.48)

where (X, Z) is a general multidimensional semimartingale with absolutely con-
tinuous characteristics (Itô semimartingale) and the processes α and σ satisfy the
implicit measurability and integrability conditions, together with a suitable HJM
drift condition to ensure absence of arbitrage in the OIS bonds. This in particular
yields

p(t, T)

Bt
= E

{
eZT | Ft

}

Similarly, for the multiplicative spreadΣ(t; T , T + Δi), passing via a suitable code-
book, Cuchiero et al. (2015) again obtain an HJM-type model given by a quintuple
(Zi, ηi

0,α
i,σi, X) such that

Σ(t; T , T + Δi) = eZi
t +
∫ T

t ηi
t (u)du

with ηi having a dynamics similar to (4.48) with corresponding αi and σi, which
satisfy a drift condition ensuring theQT -martingale property ofΣ(·; T , T + Δi). The
quantity Zi

t = log(Σ(t; t, t + Δi)) can be seen as the log-spot spread and −ηi
t(T) =

− ∂
∂T log(Σ(t; T , T + Δi)) as the forward spread rate, by analogy to the OIS bond

price model. The martingale property of Σ(·; T , T + Δi) yields

Σ(t; T , T + Δi) = EQT
{

eZi
T | Ft

}
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In order to specify the model further, the semimartingales Zi are assumed to be
of the following form

Zi
t = e〈ui,Yt〉

with a common n-dimensional Itô semimartingale Y for all i, and u1, . . . , um given
vectors inRn. A common driving process Y for all tenorsΔi is a choice which allows
to capture the interdependencies between the spreads associated to different tenors.
The vectors ui enable one to implement easily the ordered spreads 1 ≤ Σ(t; T , T +
Δ1) ≤ · · · ≤ Σ(t; T , T + Δm).More precisely, onewould have to consider a process
Y taking values in some cone C ⊂ R

n and vectors ui ∈ C∗ such that 0 ≺ u1 ≺ · · · ≺
um, where C∗ denotes the dual cone of C with the order relation ≺. This then easily
implies

1 ≤ Σ(t; T , T + Δi) = EQT
{

e〈ui,YT 〉
∣∣∣Ft

}
≤ EQT

{
e〈uj,YT 〉

∣∣∣Ft

}
= Σ(t; T , T + Δj)

(4.49)
for Δi < Δj.

Remark 4.7 Making use of relation (4.47), the payoffs of all linear and optional
interest rate derivatives can be expressed as functions of the OIS bond prices p(t, T)

and the multiplicative spreadsΣ(t; T , T + Δi), cf. Cuchiero et al. (2015) for explicit
expressions in the general framework. The prices of linear derivatives can thus easily
be expressed in terms of these modeling quantities.

Regarding optional derivatives, to obtain a tractable specification of the general
framework, Cuchiero et al. (2015) suggest the class of affine processes as driving
processes, which allows convenient pricing by standard techniques resorting to the
Fourier transform.

Remark 4.8 Even though the approach proposed by Cuchiero et al. (2015) can be
situated in the HJM framework, its affine specification can also be regarded as a
continuous tenor extension of the affine Libor model from Sect. 4.2 with the differ-
ence that the quantities modeled here are not the forward Libor rates, but rather the
multiplicative spreads which in this case are given by

Σ(t; T , T + Δi) = Mv(T ,Δi)
t

Mu(T)
t

where u(·) and v(·,Δi) are mappings from [0, T ] toRd . Similarly to Sect. 4.2, impos-
ing conditions on these mappings allows to ensure positivity and monotonicity of
the spreads in the model.
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