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Preface

The theory of metric spaces was created by Fréchet [39] and Hausdorff [43] a
century ago. In its basis is the notion of distance between any two points of a set.
Usually (but not necessarily), the algebraic structure of the set does not play any
role in the metric space analysis. If the set under consideration has a rich algebraic
structure, e.g., it is a linear space, metrics, or distance functions, on the set can
be defined by means of norms. In particular, the theory of Banach spaces [5] (i.e.,
complete normed linear spaces) is of fundamental importance in modern functional
analysis. Despite the well-known Kuratowski’s theorem [58] on the embedding of
a metric space X into a Banach space (of bounded functions on X), the language
of metric spaces is indispensable in expressing nonlinear properties of various
phenomena and objects in metric spaces. Many results of the Banach space theory
are extended to the metric linear space theory (Rolewicz [95]).

At the same time, a century ago, Lebesgue’s theory [59] of measure and integral
was developed, which is the theory of Banach space L; of summable functions
equipped with the L;-norm. Lebesgue’s theory was extended by Riesz in his paper
on L,-spaces [94] (1 < p < o0). In [87, 88], Orlicz defined and studied his
famous normed Orlicz spaces L, of ¢-summable functions, where ¢ is a convex
(Orlicz) function on the reals R. For nonconvex functions ¢, F-normed L,-spaces
were introduced by Masur and Orlicz [71] and Musielak and Orlicz [77] in the
context of modular spaces. From different perspectives, the theory of Orlicz spaces
is presented in many monographs, e.g., Adams [1], Krasnosel’skii and Rutickii [56],
Lindenstrauss and Tzafriri [65], Maligranda [68], Musielak [75], and Rao and
Ren [92, 93].

Modular spaces are extensions of Lebesgue, Riesz, and Orlicz spaces of inte-
grable functions. A general theory of modular linear spaces was founded by Nakano
in his two monographs [80, 81], where he developed a spectral theory in semi-
ordered linear spaces (vector lattices) and established the integral representation for
projections acting in his modular space; Nakano’s modulars on real linear spaces
are convex functionals. Nonconvex modulars and the corresponding modular linear
spaces were constructed by Musielak and Orlicz [77] (we refer to Musielak [75]
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viii Preface

for a more comprehensive account). Orlicz spaces and modular linear spaces have
already become classical tools in modern nonlinear functional analysis.

In spite of the significant generality of the modular spaces theory over linear
spaces or spaces equipped with an additional algebraic structure, the notions of
modular (which in particular extends the notion of norm) and the corresponding
modular linear space are too restrictive. This is concerned, e.g., with the problems
from the multivalued analysis such as the definition of metric functional spaces,
characterization of set-valued superposition operators, (pointwise) selection princi-
ples, and existence of regular selections of multifunctions (Chistyakov [11-21]).

The purpose of this contribution is to develop a general theory of modulars on
arbitrary sets and present a comprehensive background on metric and topological
properties of the corresponding modular spaces. In our approach, a modular w on a
set X is a parametrized family w = {w; }1 of functions of two variables of the form
w), 1 XxX — [0, oo] satisfying certain natural axioms in both nonconvex and convex
situations. On the one hand, if the family w is independent of parameter A, we get
the notion of (extended) metric w on X. On the other hand, if X is a linear space
and p : X — [0, 0o] is a classical modular on X (in Nakano’s or Musielak-Orlicz’s
sense), then the family w corresponding to w) (x,y) = p((x—y)/A) (x,y € X) defines
a modular on X in our sense. Thus, our theory of modular spaces is consistent with
the theories of metric spaces and modular linear spaces.

Depending on the context, modulars w allow different interpretations. For
instance, the quantity wy(x,y) may be thought of as a (absolute value of non-
linear) mean velocity between points x and y in time A > 0. It is known that
in classical Newtonian mechanics, the deterministic principle says that the initial
state of a mechanical system (the collections of its positions and velocities at a
certain moment of time) determines uniquely the whole movement of the system.
Accordingly, a modular w on X generates a distance function between any two
points of X (actually, several distance functions can be defined on X). A subset
of X, where the distance function assumes finite values (and so becomes a metric),
is called a modular space. A natural (canonical) modular on a metric space (X, d) is
given by wy (x,y) = d(x,y)/A, which is the “real” mean velocity, and the induced
distance function is d(x,y) on the modular space X. In this way, we restore the
original metric space by means of the canonical modular. More modulars can
be considered on the metric space X, e.g., w(x,y) = d(x,y)/A? (p = 0), or
wy (x,y) = exp(d(x,y)/A) — 1, and they generate different distance functions on X.

Naturally, a modular space endowed with the generated metric is a metric
modular space (hence the title of the book), and so, the standard metric space
theory and its terminology apply to it. However, modulars are far from being
metrics in general: they do not satisfy the usual triangle inequality. Having the
ability to efficiently generate metrics, modulars might have been called premetrics
or prametrics. However, the last two terms are already in use in topology (see Deza
and Deza [36, p. 4]). So having in mind the connections with the modular linear
theory, we adopt a more adequate term metric modular (for w as above) for its
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full name, or simply modular as its abbreviation (if no ambiguity with classical
modulars arises).

Being dependent on the parameter A, modulars give rise to a nonmetric, more
weak convergence on a modular space, called the modular convergence. In the
modular linear space theory, this notion was introduced by Musielak and Orlicz [77].
Correspondingly, the modular space is a topological space equipped with the
modular topology, which, as a rule, is nonmetrizable. These notions are more subtle,
and we postpone their definition and discussion until Chap. 4.

We apply the approach to the theory of modular spaces on arbitrary sets based on
the author’s papers [14, 16, 18-29], and [31]. We have added many new results and
examples and made the exposition as self-contained as possible. The prerequisites
for the reading of this book are some background knowledge of real and functional
analysis, linear algebra, and rudiments of general topology. Thus the text, or much
of it, is quite accessible to the university undergraduate students.

The plan of the exposition is as follows. The material is tacitly divided into two
parts: Theory (Chaps. 1, 2, 3 and 4) and Applications (Chaps. 5-6). In Chap. 1, we
define the notion of (metric) modulars, give their classification, obtain elementary
properties, and present many examples useful in the sequel. In Chap.2, we treat
the metrizability of modular spaces: in contrast to the modular theory on linear
spaces, where only few norms and F-norms are known, we define infinitely many
metrics on our modular space and study their properties and relations between
them. Further extensions of the notion of modular are given in Chap. 3, where we
also study tools (transforms), by means of which new modulars can be produced.
The most important are the right/left inverse modulars exhibiting the “duality”
between modular spaces (Theorem 3.3.8). Chapter 4 is devoted to the classical
topological aspects of the modular spaces, connected with the metric and modular
convergences. In Chap. 5, a special N-valued pseudomodular is introduced, whose
induced modular spaces are the sets of all bounded and regulated mappings on
an interval. This pseudomodular is crucial for obtaining a powerful pointwise
selection principle, from which previously known pointwise selection principles
follow, including Helly’s theorem. The final Chap.6 addresses some important
classes of mappings of bounded generalized variation, which we interpret as the
modular spaces for specifically constructed modulars. The results include the
description of superposition operators acting in modular spaces, the existence of
regular selections of set-valued mappings, the new interpretation of Lipschitzian and
absolutely continuous mappings, and the existence of solutions to the Carathéodory-
type ordinary differential equations in Banach spaces with the right-hand side from
the Orlicz space.

Each chapter ends with Bibliographical Notes and Comments containing appro-
priate references, comments, and supplementary material.

Acknowledgements Iam indebted to Panos M. Pardalos (University of Florida, USA) for inviting
me to publish with Springer and for constant encouragement. I thank Razia Amzad (Springer) for
her assistence and Patrick Muldowney (Londonderry, Northern Ireland) for useful suggestions.
My special thanks go to Lech Maligranda (Luleda, Sweden) for sending me (around 2000) the
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two-volume collection of Orlicz’s original papers [89], which has influenced my research in the
theory of modular spaces a lot. My work on this contribution was partially supported by LATNA
Laboratory, NRU HSE, RF government grant, ag. 11.G34.31.0057.

Nizhny Novgorod, Bogorodsk, Russia Vyacheslav V. Chistyakov
June 2015



Contents

1 Classesof Modulars. .............cooviiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiieees 1
1.1  Modulars Versus MetriCS . ........uuuuuuunniiiiiiiiiiiiiiiiiinns 1

1.2 The Classification of Modulars ..............ccooiiiiiiiiiiiiiiiinnn.. 4

1.3 Examples of Modulars ...........coooiiiiiiiiiiiiiiiiiiiiiiiiiiee 7
1.3.1 Separated Variables ...........ccooiiiiiiiiiiiiiiiiiiiiiiiinn, 8

1.3.2  Families of Extended (Pseudo)metrics........................ 9

1.3.3 Classical Modulars on Real Linear Spaces ................... 11

1.3.4  @-Generated Modulars ...........ccooiiiiiiiiiiiiiiiiiiiinnnn. 13

1.3.5 Pseudomodulars on the Power Set ...............ccooovvnnnnn. 15

1.4 Bibliographical Notes and Comments.............ccceevviniieeeennn.. 16

2 Metrics on Modular Spaces..................oooiiiii 19
2.1 Modular Spaces......ovviiiiiiii e 19
2.2 The Basic MetriC ..oovviiiiiiiii it 20
2.3 The Basic Metric in the Convex Case ..............covvvvvveeeeenn.... 27
2.4 Modulars and Metrics on Sequence Spaces ...........ovvvveeeennn... 31
2.5 Intermediate MEtriCS ....ovvvvirriiiiiiiii it eeeeeeeeeeannn, 35
2.6 Bibliographical Notes and Comments.................oovvveeeennn.... 43

3 Modular Transforms .................ii 45
3.1  Variants of Modular Axioms and Metrics .............ccoeveuuuunnnnn. 45
3.1.1  @-Convex Modulars ..........ccoouuuuuuuiiiiiiiiiiiiinnn, 46

3.1.2 Modulars Over a Convex CONe............c.uuuuuuuuuuunnnnnnn. 47

3.1.3 Complex Modulars ...........ccouuuuuuuuiiiiiiiiiiinann. 48

3.2 Miscellaneous Transforms ...........cooooiiiiiiiiiiiiiiiiiiiiiinnn, 49
3.3 Right and Left INVerses. . ........uuuuiiiiiiiiiiiiiiiiiiiiiiieeea 50
3.4  Convex Right INVErSes ...t 60
3.5 Bibliographical Notes and Comments...............cooeuuuuuuunnnnnn. 63

xi



xii Contents
4 Topologies on Modular Spaces .....................ooiiiiiiiiiiiinn.... 65
4.1  The Metric Convergence and Topology ...........c.oooviiiiiiiiinnn. 65
4.1.1 The Metric CONVEIZeNCe.....cevviuuruttteeeniiieeeeennnnas 65

4.1.2 The Metric TOPOIOZY......uveeiiiiiiiiiiiii it 66

4.2 The Modular CONVergence .........cceuvviuiiieeeeniniiiieeeennnne. 69

4.3 The Modular TOPOlogY ...coovnniiiiiiiiiii e 73
4.4  Bibliographical Notes and Comments...........cccovvuiieeeeennnnnn. 78

5 Bounded and Regulated Mappings ..........................oeeeeee.L L. 79
5.1  The N-Valued Pseudomodular ...............ccooiiiiiiiiiiiie. .. 79

5.2 The Pointwise Selection Principle.....................oeviieie..... 87

5.3 Bibliographical Notes and Comments.................covvveeeennn.... 91

6 Mappings of Bounded Generalized Variation ............................ 93
6.1 The Wiener-Young Variation..............oovviiiiiiieiiinnnnnnnnnnn.. 93

6.2 Lipschitzian Operators ........ovvveeiieieiiiiieiieieeieeeeeeeenennennn. 99

6.3 Superposition Operators.......covveeereiiiieiieeieieeeeeeeeeeeeeneennn. 100
6.4  Selections of Bounded Variation.............cccoviiiiiiiiiiiiiie... 103

6.5 Absolutely Continuous Mappings ..........ooovvviiiiiiieeneennnnnn... 107

6.6  The Riesz-Medvedev Generalized Variation.......................... 110

6.7 Bibliographical Notes and CommentS.................covvveeeenn.... 121
APPENAIX .. ..o 123
A.l Superadditive, Subadditive, and Convex Functions................... 123
A.2 The Hausdorff DiStance .............ccooviiiiiiiiiiiiiiiiiieennnnn. 126
A.3  Metric Semigroups and Abstract Convex COnes...................... 127
References. ... .......ooiiiii 129



Acronyms

R = (—o0,00) The set of all real numbers; oo means +o00
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(a,b) The open interval of real numbers
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BV(I; M) Mappings of bounded Wiener-Young variation
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AC(I; M) Absolutely continuous mappings
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Spaces of mappings from I = [a, b] into a Banach space M:

Li(I; M) Strongly measurable and Bochner integrable mappings
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Chapter 1
Classes of Modulars

1.1 Modulars Versus Metrics

In order to motivate the notion of modular on a set, we begin by recalling the notion
of metric. Let X be a nonempty set.

A function d : X x X — R is said to be a metric on X if, for all elements
(conventionally called points) x, y, z € X, it satisfies the following three conditions
(axioms):

(d.1) x =y ifand only if d(x,y) = 0 (nondegeneracy);
(d.2) d(x,y) = d(y,x) (symmetry);
(d.3) d(x,y) <d(x,z) +d(z,y) (triangle inequality).

The pair (X, d) is called a metric space. (Actually, two axioms suffice to define
a metric, because conditions (d.1)—(d.3) are equivalent to (d.1), and (d.3) written
in the ‘strong’ form as d(x,y) < d(x,z) + d(y,z): in fact, putting z = x and then
interchanging x and y, we obtain (d.2). Traditionally, the symmetry property of d is
introduced explicitly.)

Clearly, a metric d assumes nonnegative (and finite) values, and if X has at least
two elements (which is tacitly assumed throughout), then d # 0 on X x X. If the
value oo is allowed for d satisfying (d.1)—(d.3), then d is called an extended metric
on X, and the pair (X, d) is called an extended metric space.

Ifd: X x X — [0, o] satisfies (d.2), (d.3) and (only) a weaker condition

(d.1') d(x,x) =0 forall x € X,

then d is called a pseudometric on X, and it is called an extended pseudometric on X
if the value ‘infinity’ is allowed for d.

© Springer International Publishing Switzerland 2015 1
V.V. Chistyakov, Metric Modular Spaces, SpringerBriefs in Mathematics,
DOI 10.1007/978-3-319-25283-4_1



2 1 Classes of Modulars

Fig: 1.1 Variants of metric (d.1),(d.2),(d.3) (d.1),(d.2),(d.3),(o allowed)
! !
(d.1),(d.2),(d.3) (d.1"),(d.2),(d.3),(c allowed)

pseudometric‘ — | extended pseudometric‘

The notion of metric reflects our geometric intuition of what a distance function
on a set should be: to any two points x, y € X, a number

0<d(x,y) <oo (the distance between x and y)

is assigned, satisfying properties (d.1)—(d.3). The implications between the above
four metric notions are presented in Fig. 1.1.

The idea of modular w on X can be expressed in physical terms as follows: to any
parameter A > 0, interpreted as time, and any two points x, y € X, a quantity

0 < wy(x,y) < oo (the velocity between x and y in time A)

is assigned, satisfying three axioms to be discussed below, and the one-parameter
family w = {wy : A > 0} = {wy}1~0 of functions of the form w, : X x X — [0, o]
is a (generalized, nonlinear) velocity field on X.

Now we address the axioms of a modular. By a scaling of time A > 0 we mean
any value i(A) > 0 such that the function A — A /A(A) is nonincreasing in A (e.g.,
given p > 1, k(1) = A, or (1) = exp(A?) — 1, or h(1) = Ae*, etc.). Let (X, d) be
a metric space, and x,y € X. Consider the quantity

dxy) A dxy)
h(A)  h(d) A

wy(x,y) = (1.1.1)

which is a scaled mean velocity between x and y in time A. For A(A) = A, this is
the mean (or uniform) velocity, and so, in order to cover the distance d(x, y), it takes
time A to move between x and y with velocity w) (x,y) = d(x,y)/A.

The following natural-looking properties of quantity (1.1.1) hold.

(i) Two points x and y from X coincide (and d(x,y) = 0) if and only if any time
A > 0 will do in order to move from x to y with velocity wy (x, y) = 0 (that is, no
movement is needed at any time). Formally, given x, y € X, we have:

x =y if and only if w)(x,y) = 0 forall A > 0 (nondegeneracy).

(ii) For any time A > 0, the mean velocity during the movement from point x to point
y is equal to the mean velocity in the opposite direction, i.e., given x,y € X,

wi(x,y) = wy(y,x) forall A > 0 (symmetry).
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(iii) The third property of quantity (1.1.1), which is, in a sense, a counterpart of the
triangle inequality (for velocities!), is new and the most important. Suppose that
movements from x to y happen to be made in two ways, but the duration of time
is the same in each of the cases: (a) passing through a third point z € X, or
(b) moving directly from x to y. If A is the time needed to move from x to z and p
is the time needed to move from z to y, then the corresponding mean velocities are
equal to wy (x, z) and wy (z, y). The total time spent during the movement in case
(a) is equal to A + p. It follows that the mean velocity in case (b) should be equal
to w4, (x,y). It may become clear from the physical intuition that the velocity
Wi+ (x,y) does not exceed at least one of the velocities wy (x, z) or w,(z, y). This
is expressed as

Wi (x,y) < max{wy (x,2), wu (2, y)} < wax,2) +wy(z.y) (1.1.2)

for all points x,y,z € X and times A, i > 0. These inequalities can be verified
rigorously: since (A + w)/h(A + p) < A/h(A), it follows from (1.1.1) and (d.3)
that

d(x,y) <d(x,z)+d(z,y)< A dxz)  p dzy)
hMA+ )~  h(A+p) A+ A A+ k()

Wit (X, y) =

A
— pu wa (x, z)—i—ﬁ wu(z,y) S walx,2)+wu(z,y).  (1.1.3)

By (in)equality (1.1.3), conditions wj(x,z2) < wiyu(x,y) and wy(z,y) <
Wi 44 (x, y) cannot hold simultaneously, which proves the left-hand side inequal-
ity in (1.1.2).

A modular on a set X is any one-parameter family w = {w; },> of functions w;
mapping X xX into [0, oo] and satisfying properties (i), (ii), and (iii) meaning (1.1.2).
(The interpretation of modular as a generalized nonlinear mean velocity field has
been chosen as the most intuitive and accessible; there are different interpretations
of modular such as a double joint generalized variation of two mappings x and y.)

Even on a metric space (X, d), modulars may look unusual: given A > 0 and
x,y € X,setwy(x,y) = c0if A <d(x,y),and wy(x,y) = 0if A > d(x,y).

The difference between a metric (= distance function) and a modular (= velocity
field) on a set is now clearly seen: a modular depends on a positive parameter A
and may assume infinite values (to say nothing of the axioms). The equality
w) (x,y) = oo may be thought of as there is no possibility (or there is a prohibition)
to move from x to y in time A. For instance, the distance d(x,y) = 10,000km
between two cities x and y cannot be covered physically in A = 1,2,...,100s;
however, for times A large enough, a certain finite velocity will do.

The essential property of a modular w (e.g., (1.1.1)) is that the velocity w) (x, y)
is nonincreasing as a function of time A > 0.
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A modular w on X gives rise to a modular space around a (chosen) point
x° € X—this is the set

X! = {x € X : wy(x,x°) is finite for some A = A(x) > 0}

of those points x, which are reachable from x° with a finite velocity. The knowledge
of (mean) velocities wy (x, y) for all A > 0 and x, y € X provides more information
than simply the knowledge of distances d(x, y) between points x and y. In fact, if w
satisfies (i), (ii) and the left-hand side (in)equality in (1.1.3), then the modular space
X is metrizable by the following (implicit, or limit case) metric:

d*(x,y) = inf{A > 0: w;(x,y) < 1}.

Naturally, the pair (X, d}) is called a metric modular space. For instance, the
original metric space (X, d) is restored via the (mean velocity) modular (1.1.1) with
h(A) = A as the ‘limit case’ in that X, = X and d},(x,y) = d(x,y) forall x,y € X.
This book is intended as the general study of modulars, modular spaces and
metric modular spaces generated by modulars. Since the metric space theory is a
well-established and rich theory, the main emphasis of this exposition is focused
(where it is possible) on non-metric features of modulars and modular spaces.

Essentially, modulars serve two important purposes:

— to define new metric spaces, such as (X, &) and others, in a unified and general
manner, and
— to present a new type of convergence in the modular space X, the so called

modular convergence, whose topology is weaker (coarser) than the d-metric
topology and, in general, is non-metrizable.

1.2 The Classification of Modulars

In the sequel, we study functions w of the form w : (0,00) x X x X — [0, o],
where X is a fixed nonempty set (with at least two elements). Due to the disparity
of the arguments, we may (and will) write wy(x,y) = w(A,x,y) forall A > 0
and x,y € X. In this way, w = {wj}i~¢ is a one-parameter family of functions
wy : X X X — [0, 00]. On the other hand, given x,y € X, we may set w*'(1) =
w(A,x,y) for all A > 0, so that w* : (0,00) — [0, o0]. In the latter case, the
usual terminology of Real Analysis can be applied to w = {w*"}, ,ex. For instance,
the function w is called nonincreasing (right/left continuous, etc.) on (0, co) if the
function w*” is such for all x, y € X.

Definition 1.2.1. A function w : (0,00) X X x X — [0, 00] is said to be a metric
modular (or simply modular) on X if it satisfies the following three axioms:

(i) givenx,y € X, x =y if and only if w)(x,y) = 0 forall A > 0;
(i) wy(x,y) = wy(y,x) forallA > 0 and x,y € X;
(iii) wagpu(x,y) <wa(x,2) + wy(z,y) forall A, u > Oand x,y,z € X.
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Weaker and stronger versions of conditions (i) and (iii) will be of importance. If,
instead of (i), the function w satisfies (only) a weaker condition

i) wi(x,x) =0 forall A > 0 and x € X,

then w is said to be a pseudomodular on X. Furthermore, if, instead of (i), the
function w satisfies (i’) and a stronger condition

(is) givenx,y € X withx # y, wy(x,y) # 0 forall A > 0,

then w is called a strict modular on X.
A modular (or pseudomodular, or strict modular) w on X is said to be convex if,
instead of (iii), it satisfied the (stronger) inequality (iv):

"
pn vtq(x,z)+)L n

A few remarks concerning this definition are in order.

iv) wipu(x,y) < wy(z,y)forallA, u > Oandx,y,z € X.

Remark 1.2.2. (a) The assumption w : (0, 00) xXxX — (—00, o] in the definition
of a pseudomodular does not lead to a greater generality: in fact, setting y = x
and u = A > 01in (iii) and taking into account (i’) and (ii), we find

0 = wa(x,x) < wa(x,2) +war(z,x) = 2wy (x, 2),

and so, w) (x,z) > 0 or wy(x,z) = oo forallA > 0 and x,7z € X.

(b) If wy(x,y) = w, is independent of x,y € X, then, by (i'), w = 0. Note that
w = 0 is only a pseudomodular on X (by virtue of (i)).

If wy (x,¥) = w(x,y) does not depend on A > 0, then axioms (i)—(iii) mean
that w is an extended metric (extended pseudometric if (i) is replaced by (i')) on
X; wis a metric on X if, in addition, it assumes finite values.

(c) Axiom (i) can be written as (x = y) <& (W™ = 0), and part (ie) in
it—as (x # y) = (W™ # 0). Condition (i) says that (x # y) =
(W*Y(X) # 0 forall A > 0), and so, it implies (i<). In other words, (is) means
that if w) (x,y) = 0 for some A > 0 (and not necessarily for all A > 0 as in
(i), then x = y. Thus, (') + (i) = (i) = (@@). Clearly, (iv) = (iii). Thus, a
(convex) strict modular on X is a (convex) modular on X, and so, it is a (convex)
pseudomodular on X. These implications are shown in Fig. 1.2, and it will be
seen later that none of them can be reversed.

(i'),(3s), (i), (iv) (@),3),(iv) (i"),(ii), (iv)

’ strict convex modular ‘ — ’ convex modular ‘ — ’ convex pseudomodular ‘
(i"),(is).(i1).(iii) (@),(ii),(iii) (i), (i), (iii)
strict modular — modular — pseudomodular

Fig. 1.2 Classification of modulars



6 1 Classes of Modulars

(d) Rewriting (iv) in the form (A + p)wat,(x,y) < Awa(x,2) + uw,(z.y), we see
that the function w is a convex (pseudo)modular on X if and only if the function
wy (x,y) = Awy (x, y) is simply a (pseudo)modular on X. This somewhat unusual
observation on the convexity of w will be justified later (see Sect. 1.3.3).

The essential property of a pseudomodular w on X is its monotonicity: given
x,y € X, the function w* : (0, 00) — [0, 00] is nonincreasing on (0, 0o). In fact, if
0 < u < A, then axioms (iii) (with z = x) and (i) imply

wr (X, y) = Wi+ (%, ) < Wi (6, %) + wy(x,y) = wy(x,y). (1.2.1)

As a consequence, given x, y € X, at each point A > 0 the limit from the right
W10)a(x,y) = wapolx,y) = HEIAI}FOWH(X, y) = sup{w,(x,y) : > A} (1.2.2)

and the limit from the left

(W—0)r(x.y) = wio(x,y) = MEI/P—O wu(x,y) = inf{w, (x,y) : 0 < u < A}
(1.2.3)
exist in [0, 0], and the following inequalities hold, for all 0 < p < A:

W0, Y) Swa (X, ¥) Swa—o (X, Y) SWuqo0 (X, ) Swu (6, y) Swpo(x,y).  (1.2.4)

To see this, by the monotonicity of w, forany 0 < u < u; < Ay < A, we have:

wa(x,y) S wy () < wy () S wulx,y),

and it remains to pass to the limitsas Ay - A —Oand u; — u + 0.

Proposition 1.2.3. Let w be a convex pseudomodular on X, and x,y € X. We
have:

(a) functions A +— wy (x,y) and A — Awy(x,y) are nonincreasing on (0, 00), and

wi(x,y) < (u/MDwu(x,y) <wulx,y) forall 0<p <A; (1.2.5)

(b) if w™ £ 0 (e.g., wis a convex modular and x # ), then lim,,_ o w,, (x, y) =00;
(c) if w* £ oo, then lim) 0 W) (x,y) = 0.

Proof. (a) is a consequence of (1.2.1) and Remark 1.2.2(d) concerning w.

(b) follows from the fact that wy(x,y) = w*'(1) € (0,00] for some A > 0
and the left-hand side inequality in (1.2.5): w,(x,y) > (1/u)Aw; (x,y) for all
0 < p < A. In particular, by Remark 1.2.2(c), if w is a convex modular and
x # y, then w™ 2 0.

(c) Since wy(x,y) < oo for some u > 0, the assertion is a consequence of the
left-hand side inequality in (1.2.5). O
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Definition 1.2.4. Functions wq, w—g : (0,00) XX XX — [0, 0¢], defined in (1.2.2)
and (1.2.3), are called the right and left regularizations of w, respectively.

Proposition 1.2.5. Let w be a pseudomodular on X, possibly having additional
properties shown in Fig. 1.2 on p. 5. Then w4y and w—q are also pseudomodulars
on X having the same additional properties as w. Moreover, w is continuous from
the right and w_y is continuous from the left on (0, 00).

Proof. Since properties (i), (ii), (iii), and (iv) are clear for w4y and w_g, we verify
only (i), the strictness, and one-sided continuities.

Suppose w is a modular. Let x,y € X, and (w4o),(x,y) = O for all u > 0.
Given A > 0, choose u such that 0 < pu < A. Then (1.2.4) and (1.2.2) yield
0 < wa(x,y) < wugolx,y) = 0, and so, by axiom (i), x = y. Now, assume that
(w—0)2(x,y) = 0 for all A > 0. Since wy (x,y) < wy_o(x,y) = 0, axiom (i) implies
X =y.

Let w be strict, and x,y € X, x # y. By condition (is) and (1.2.4),

0 # wi(x,y) < wiso(x,y) < wugolxy), 0<p <A,

and so, (w—g)x(x,y) # Oforall A > 0 and (w4),(x,y) # O forall u > 0.

Let us show that w.( is continuous from the right on (0, co) (the left continuity
of w_y is treated similarly). Since w4 is a pseudomodular on X, it is nonincreasing
on (0,00), and so, if u > 0, x,y € X, and y = (W0),+o0(x,y), we have, by (1.2.4),
¥ < (W40).(x,y). In order to obtain the reverse inequality, we may assume that y
is finite. For any & > 0 there exists (o = uo(e) > w such that, if © < u' < o,
we have (W4o),/(x,y) < y + &. Given A with 4 < A < po, choosing ' such that
u < p' < A, we find, by virtue of (1.2.4), that wy (x,y) < wy4o(x,y) < y + &.
Passing to the limit as A — p + 0, we get the inequality (w4¢),(x,y) <y + ¢ for
alle > 0. O

Remark 1.2.6. In the above proof, we have shown that (w4¢)4+¢ = w4 (as well as
(w—0)—o = w—g), and one can show that (W_¢)4+9 = wio and (W4¢)—o = w—o.

1.3 Examples of Modulars

In order to get a better feeling of the notion of modular, we ought to have a
sufficiently large reservoir of them. This section serves this purpose (to begin with).
Where a metric notion is needed, we prefer a metric space context; generalizations
to extended metrics and pseudometrics can then be readily obtained in a parallel
manner. Instead of referring to the family w = {w; },-o, it is often convenient and
nonambiguous to term a (pseudo)modular the value w; (x, y).
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1.3.1 Separated Variables

Let (X, d) be a metric space, and g : (0, 00) — [0, o0] be an extended (nonnegative)
valued function. We set

wi(x,y) =g@)-d(x,y), A>0, =xyeX, (1.3.1)

with the convention that oo -0 = 0, and 0o - a = oo for all a > 0.
By (d.1) and (d.2), the family w = {w; }, -0 satisfies axioms (i’) and (ii). It follows
that the modular classes of w on X (cf. Fig. 1.2) are characterized as follows:

(A) wis a pseudomodular on X iff axiom (iii) is satisfied;
(B) wis amodular on X iff conditions (i) and (iii) are satisfied;
(C) wiis a strict modular on X iff (is) and (iii) are satisfied.

Replacing (iii) by (iv) in the right-hand sides of (A)—(C), we get the characterization
of w to be a convex pseudomodular / modular / strict modular.
Properties (i), (is), (iii), and (iv) of w from (1.3.1) are expressed as follows.

Proposition 1.3.1. (a) (i) is equivalent to g # 0;

(b) () if and only if g(A) # 0 for all A > 0;

(¢) (iii) if and only if g is nonincreasing on (0, 00);

(d) (iv) if and only if A — Ag(A) is nonincreasing on (0, 00).

Proof. LetA,u > 0andx,y,z € X.

(a) (=) To show that g % 0, choose x # y, so that d(x,y) # 0. If g = 0,
then wy(x,y) = 0 for all A > 0, and, by virtue of (i), x = y, which is a
contradiction.

(<) Let wy(x,y) = 0 for all A > 0. Since g # 0, there exists Ao > 0 such
that g(Ao) # 0, and since g(A¢)d(x,y) = 0, we have d(x,y) = 0, and so, x = y.

(b) If x # y, then d(x,y) # 0, and so, wy (x,y) = g(A)d(x,y) # 0forall A > 0 if
and only if g(A) # O forall A > 0.

(c) (=) By (iii) for w as above, g(A + p)d(x,y) < g(A)d(x,z) + g(u)d(z,y).
Choosing x # y = z we find g(A + wd(x,y) < gh)dx,y), ie.,
g(A +p) =g(A).

(<) The triangle inequality (d.3) and inequality g(A + @) < g(A) imply

Wit (x,y) = gA+p)d(x,y) < g(Q)d(x,2)+g(n)d(z,y) = wi(x,2)+wu(z,y).

(d) Apply (c) to the function w; (x,y) = Aw; (x,y) (see Remark 1.2.2(d)). O

Let us consider some particular cases of modulars (1.3.1). Note that w = 0 is the
only pseudomodular on X (corresponding to g = 0), which is not a modular on X.

Example 1.3.2. (1) Setting g(A) = 1/A1in(1.3.1), we get the convex strict modular
wy(x,y) = d(x,y)/A (the mean velocity between x and y in time A from
Sect. 1.1), called the canonical modular on the metric space (X, d). Another
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natural strict modular w) (x,y) = d(x,y) on X, corresponding to g = 1, is
nonconvex. Due to this, the canonical modular admits more adequate properties
in order to ‘embed’ the metric space theory into the modular space theory.
More generally, w; (x,y) = d(x,y)/A” (p > 0) is a strict modular on X,
which is convex if and only if p > 1 (here A? may be replaced by exp(A?) — 1,
or e, etc.).
The modular w given by w; (x,y) = d(x,y)/Aif 0 < A < 1, and wy(x,y) = 0
if A > 1, is convex and nonstrict. If we replace the first equality by w; (x,y) =
d(x,y) if 0 < A < 1, then the resulting modular w on X is nonconvex and
nonstrict.
Given a set X, denote by 8 the discrete metric on X (i.e., §(x,y) = 0ifx =y,
and 8(x,y) = 1if x # y), and letd = § in (1.3.1).
If g = oo, we get the infinite modular on X, which is strict and convex:

0 if x=y,

forall A > 0.
00 if x £ . ora >

wi(x,y) = 00 -8(x,y) =

Let Ag > 0,and a > 0 or a = oo. Define g(1) by: g(A) = aif 0 < A < Ao,
and g(A) = 0if A > Ay. The step-like modular w on X is of the form:

0 if x=yand A > 0,
wi(x,y) = g(A) - 8(x,y) =3 a if xZyand0 < A < A,
0 if x# yand A > A.

It is nonstrict, convex if a = oo, and nonconvex if a > 0 (is finite).

1.3.2 Families of Extended (Pseudo)metrics

A generalization of previous considerations in Sect. 1.3.1 is as follows.

Given A > 0, letd) : X x X — [0,00] be an extended pseudometric on X.

Setting w = {wy }as0 With wy (x,y) = dy(x,y), x,y € X, we find that w satisfies (")
and (ii). So, modular classes of w on X (including convex w) are characterized as in
assertions (A)—(C) of Sect. 1.3.1, where properties (i), (is), (iii), and (iv) are given
in terms of functions w*” (in place of the function g in Proposition 1.3.1):

(a) (i) < w" #£O0forallx,y e X withx #y
<= condition ‘d)(x,y) = 0 forall A > 0’ implies x = y;
(b) () < w"(A) #O0forallA >0andx,y € X withx # y
<= d, is an extended metric on X for all A > 0;
(¢) (ili) <= A+ d,(x,y) is nonincreasing on (0, co) for all x,y € X;
(d) (iv) < A+ Ad,(x,y) is nonincreasing on (0, co) for all x,y € X.
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Note only that in establishing assertion (c)(<) we have: since A — d;(x,y) is
nonincreasing, the triangle inequality for wyy,, = d)+, implies

Wit (6, Y) < dju(x,2) + datp,(2,y) < da(x,2) +dyu(z,y) = walx, 2) + wul(z,y),

which proves the inequality in axiom (iii).

Now, we expose two particular cases of families of (extended) metrics.

Example 1.3.3. (1) Let (X, d) be a metric space, and & : (0,00) — (0,00) be a

@)

nondecreasing function. Setting

d(x,y)

—, A>0, x,yeX, 1.3.2
(%) + dx.y) Y (132

W)L(-xv y) =

we find that w = {w;},-¢ is a family of metrics on X such that the function
A = w; (x,y) is nonincreasing on (0, 00), and so, by (b) and (c) above, w is a
strict modular on X. For instance, the triangle inequality for w, is obtained as
follows: the function

t h(A)

“rmar s Tamr 7T

JAU)
is increasing in ¢ > 0, which together with the triangle inequality for d gives

d(x, d(z,
Wi03) = () = 1(d02) + ) = o

__ dx2) d(z,y)
T h(A) +dx,z2)  h(A) +d(z,y)

=wy(x,2) + wa(z.y).

The modular w is nonconvex: this is a consequence of Proposition 1.2.3(b) and
the fact that w; (x, y) tends to d(x, y)/(h(4+0) + d(x,y)) < 1 as A — +0 for all
x,y € X.

Let T C [0,00), (M,d) be a metric space, and X = M” be the set of all
mappings x : T — M from T into M. If w is defined by

wa(x,y) = supe Md(x(1), y(t)), A>0, x,yeX,
teT

then w; is an extended metric on X, for which the function A — w; (x,y) is
nonincreasing on (0, 00). Hence, w = {w; },¢ is a strict modular on X. Let us
show that w is nonconvex. Choose xg, yo € M, xo # Yo, and set x(f) = xp and
y(t) = yo forall t € T. Then x # y, and w; (x,y) = exp(—Ainf T)d(xy, yo).
It follows that, as A — 40, we have w; (x,y) — d(xp,yo) < oo. It remains to
refer to Proposition 1.2.3(b).
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1.3.3 Classical Modulars on Real Linear Spaces

Let X be a real linear space. A functional p : X — [0, oo] is said to be a classical
modular on X in the sense of H. Nakano, J. Musielak and W. Orlicz if it satisfies the
following four conditions:

(p-1)  p(0) =0;

(p.2) ifxe X, and p(ox) = 0 forall @ > 0, then x = 0;

(p.3) p(=x) = p(x) forall x € X;

(p4)  plax+ By) < px) + p(y) forallo, B > Owithae + f = 1,and x,y € X.

If, instead of the inequality in (p.4), p satisfies
(p-5)  plax+ By) < ap(x) + Bp(y),

then it is said to be a classical convex modular on X.

An example of a classical convex modular on X is the usual norm (i.e., a
functional || - || : X — [0, co) with properties: ||x|| =0 < x =0, |jax| = |o] - ||x],
and ||x + y|| < ||x|| + ||y|| for all x,y € X and « € R).

In the next two Propositions, we show that modulars in the sense of Defini-
tion 1.2.1 are extensions of classical modulars on linear spaces.

Proposition 1.3.4. Given a functional p : X — [0, 0o], we set

X=y
A

wl(x,y):p< ), A>0, x,yeX. (1.3.3)
Then, we have: p is a classical (convex) modular on the linear space X if and only
if wis a (convex) modular on the set X.

Proof. Since the assertions (p.1) < (i'), (p.2) < (ie), and (p.3) < (ii) are clear, we
show only that (p.5) < (iv) (the equivalence (p.4) <> (iii) is established similarly).
(p.5)= (iv). Given A, u > 0 and x, y, z € X, we have

xX—y A x—z woooz=y / /
= . + . =ax + By, 1.3.4
A+p  A4+p A A+u o X Py ( )

where

A m xX—z z—y
o= — >O’ = >O’ o+ = 17 x’: and ! — e —
A+ p P A+ p p A Y w

By virtue of (1.3.3) and (p.5), we obtain the inequality in axiom (iv) as follows:

wiea(e) = p(370) = Pl + ) < ap) + o)

A w
=i a wa(x,z) + mwu(ay)-
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(iv) = (p.5). Assume that @ > 0, > 0, and @ + B = 1 (otherwise, (p.5) is
obvious). Taking into account (1.3.3) and (iv), for x, y € X, we get

ax — (—=py)

p(ax+ﬂy)=p( "

) = warplax.—By)

T,B we (ax, 0) + %,3 wg (0, —By)

= ap(2) + ﬁp(/;y ) =apl) + Bp0). O

Proposition 1.3.5. Suppose the function w : (0, 00) X X x X — [0, co] satisfies the
following two conditions:

I A

@D wilx+z,y+2) =w(x,y) forall A > 0and x,y,z € X;
(I wa(ux,0) = wy/u(x,0) forall A, > 0and x € X.

Given x € X, we set p(x) = wi(x, 0). Then, we have:

(a) equality (1.3.3) holds;
(b) w is a (convex) modular on the set X if and only if p is a classical (convex)
modular on the real linear space X.

Proof. (a) By virtue of assumptions (I) and (II), we find

wi(r,y) = wilx—y,y—y) = m(? ,0) = p(x;y).

(b) As in the proof of Proposition 1.3.4, we verify only that (iv) < (p.5).

(iv)= (p.5). Givena, > 0witha+ B = 1, and x, y € X, equalities (1.3.3),
(I), and (II), and condition (iv) imply

wy (ax, 0) + % wg (0, —By)

= aWa/a(x,0) + Bwpp(y. 0) = ap(x) + Bp(y).

plo+ ) = wilem—fy) =

(p.5) = (iv). Taking into account equality (1.3.3), this is established as the
corresponding implication in the proof of Proposition 1.3.4. O

Remark 1.3.6. Proposition 1.3.4 provides tools for further examples of metric
modulars w, generating them from classical modulars by means of formula (1.3.3).
In view of Proposition 1.3.5, modulars w on a real linear space X, not satisfying
conditions (I) or (IT), may be nonclassical (e.g., modulars (1.3.1) and (1.3.2)).

Example 1.3.7 (the generalized Orlicz modular). Suppose (§2, X, i) is a measure
space with measure i and ¢ : 2 x [0,00) — [0, 00) is a function satisfying the
following two conditions: (a) for every t € §2, the function ¢(z, ) = [u — @(¢, u)]
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is nondecreasing and continuous on [0,00), ¢(f,u) = 0 iff u = 0, and
lim,— 00 (2, ) = o0; (b) for all u > 0, the function ¢(-,u) = [t — @(t,u)] is
Y -measurable. Let X be the set of all real- (or complex-)valued functions on £2,
which are Y'-measurable and finite p-almost everywhere (with equality w-almost
everywhere). Then, for every x € X, the function ¢t — ¢(¢, |x(7)|) is X -measurable
on £2, and

p(x) = / o(t, |x(®)])dp is a classical modular on X,
o)

known as the generalized Orlicz modular (note that p(x) = 0 iff x = 0).

1.3.4 ¢@-Generated Modulars

Let ¢ : [0,00) — [0, 0] be a nondecreasing function such that ¢(0) = 0 and

0 #0.
Given a normed space (X, || - ||) (i.e., X is a linear space and | - || is a norm on it),

the functional p(x) = ¢(]J|x]|), x € X, is a classical modular on X; in addition, p is a
convex modular on X if and only if ¢ is convex on [0, 00). Since d(x,y) = |x — y||
is a metric on X, taking into account equality (1.3.3), we proceed as follows.

Proposition 1.3.8. Let (X, d) be a metric space. Set

d(x,y)
A

wl(x,y):qo( ), A>0, x,yeX. (1.3.5)
Then w is a modular on X. Moreover, if ¢ is convex, then w is a convex modular, and
if o(u) # 0 for all u > 0, then w is strict.

Proof. We shall verify some of the properties of w directly (with no reference to p).
To see that (i<) holds, suppose x,y € X, and wy(x,y) = 0 forall A > 0. If
x # y, then d(x,y) > 0, and so, given u > 0, setting A, = d(x,y)/u, we find that
o) = e(dx,y)/Ay) = wy,(x,y) = 0. Since ¢(0) = 0, we have ¢ = 0 on [0, 00),
which is in contradiction with the assumption on ¢. Thus, x = y.
In checking axiom (iii) for w, the following observation plays a key role. Given
a,B>0,a0+ B <1,and uy,uy > 0, we have

(o + B) min{uy, ur} < oy + Bun < max{uy, ua},
and so, since ¢ is nondecreasing on [0, c0),

@(auy + Buy) < max{p(u1), p(u2)} < @(ur) + @(uz). (1.3.6)
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Now, if A, u > 0 and x, y, z € X, the triangle inequality for d implies

o qd(x,y) A d(x,z) wo d(z,y)
WA+M(x,y)—¢(m) E(p(x_'_’u- 3 +k+u' ) (1.3.7)
d(x,z) d(z,y)\
Sw( T )—i—tp( m )—wk(x,z)—i-w,t(z,y).
If, in addition, ¢ is convex, then we proceed from (1.3.7) as follows:
A d(x,z) © d(z,y)
Wl_HL(x’y)S/X—}—/L(p( 1 )+A+/¢L ( m )
A I
= )L_’_/LWA(X,Z) + mwﬂ(z,y). O (1.3.8)

Example 1.3.9. Letp(u) =0if0 <u < 1,and ¢(u) = aifu > 1, where a > 0 or
a = 00. Then modular (1.3.5), called the (a, 0)-modular, is of the form:

a if 0 <A <d,y),

0 if A >d(x,y). (1.3.9)

W)L(-x!y) =

It is nonstrict, convex if a = 0o, and nonconvex if a > 0.
If (#) = oo for all u > 0, we get the infinite modular from Example 1.3.2(3).

Let (M, || - ||) be a normed space and X = M™ the set of all sequences x : N — M
equipped with the componentwise operations of addition and multiplication by
scalars. As usual, given x € X, we set x,, = x(n) for n € N, and so, x is also denoted
by {x,}°2, = {x,}. The functional p(x) = Y oo, [x,[|” (p > 1) is a classical convex
modular on the linear space X.

This gives an idea to replace the function u — u”, defining p, by the function ¢
as above and consider the following more general construction.

Example 1.3.10. Let (M,d) be a metric space, X = M™, and 4 : [0, 00) — [0, 00)
be a superadditive function (see Appendix A.1). Define w : (0,00) x X x X —
[0, 00] by

oo

d nsJn
Wi, y) = ZM%) A>0, xyeX. (1.3.10)
n=1

Then w is a modular on X. For axioms (iii) and (iv), it is to be noted only that, by
virtue of (1.3.6), we have (instead of (1.3.7))

(d()c,,,yn)>S ( h(A) 'd(xn,Zn)_i_ h() .d(Zn’yn)>

h(A + ) h(A +w)  h(}) h(A + ) h(w)
< d(xn s Zn) d(zn , )’n)
_</>( ey )+<p( ) ) (13.11)
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This example can be further generalized if we allow d, ¢ and h to depend on n,
ie., d(x,y) = d,(x,y), o(u) = ¢,(u), and h(A) = h, ().

1.3.5 Pseudomodulars on the Power Set

Given a set X, we denote by Z(X) = 2X the family of all subsets of X, also called
the power set of X. We employ the convention that sup & = 0 and inf & = oco.

Let w be a (pseudo)modular on a set X (in the sense of (i), (i)—(iii)). Following
the idea of construction of the Hausdorff distance (see Appendix A.2), we are going
to introduce a pseudomodular W on the power set & (X), induced by w.

Given A > 0 and nonempty sets A, B € & (X), we put

E)(A,B) = ilelE ‘l)IGllf; wy(x,y) € [0, oo]. (1.3.12)
Furthermore, we set
E,(@,B) =0 forall A >0 and B € Z(X), (1.3.13)
and
Ey(A,0) =00 forall A >0 and A € Z(X), A # O. (1.3.14)

Proposition 1.3.11. The function E : (0, 00) x Z(X) x Z(X) — [0, o] is well-
defined and has the following two properties:

(@) Ex(A,B) =0forall A >0and A C B C X;

(b) Exyu(A,C) <E(A,B)+E,(B,C) forall A\, >0and A,B, C € Z(X).

Proof. (a) If A = @, then the assertion follows from (1.3.13), and if A # @,
then, given x € A (so that x € B), we have, by (i'), 0 < infyegwi(x,y) <
wy (x,x) = 0. Since x € A is arbitrary, (1.3.12) implies E) (A, B) = 0.

(b) If at least one of the sets A, B, or C is empty, then we have the possibilities
shown in Table 1.1.

Now, assume that A, B and C are nonempty and apply (1.3.12). Given x € A,

y € B,and A, u > 0, by virtue of (iii) for w, we have

inf Wit (%,2) S wapp(x,z1) S walx,y) + wu(y,z1) forall z € C.
Z
(1.3.15)

Taking the infimum over all z; € C, we get, forall y € B,

inf wyt,(x,2) < walx,y) + inf w,(y,z1) < walx,y) + EL(B,C).
z€C z1€C
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Table 1.1 Inequality (b) when at least one of the sets A, B, or C is empty

Sets A, B, C Ey+.(A.C) |Ei(A,B) |E,(B.C) | Apply
A=O.B=3,C=@ |0 0 0 (1.3.13)

A+ B B=23.C=0 | oo 0 0 (1.3.14),(1.3.13)
A=@3.B£3,C=0 |0 0 o (1.3.13),(1.3.14)
A=0.B=@,C#D |0 0 0 (1.3.13)

AP B+D,C=02 | oo I~ (1.3.14),(1.3.12)

A+ DB B=O,C+D |- o 0 (1.3.12),(1.3.14), (1.3.13)
A=@. BB, C+T |0 0 (1.3.13),(1.3.12)

Now, taking the infimum over all y € B, we find, for all x € A,

12£ W)L+/L(x’ 7) < Helg wa(x,y) + E/L(B7 C) <Ey(A,B) + Eu(B,O),
z y

and it remains to take the supremum over all x € A. O

Definition 1.3.12. The function W : (0, 00) x Z(X) x Z(X) — [0, <], defined by
Wi (A, B) = max{E;(A,B),E,(B,A)}, A>0, A,Be ZX),

has the following properties, forall A, u > 0 and A, B, C € Z(X):

(A) Wy(A,A) =0;
(B) Wi(A,B) = W,(B,A);
©) W/H—;L(A’ C) < W,(A,B) + W#(B, 0).

Thus, W is (only) a pseudomodular on the power set & (X), called the Hausdorff
pseudomodular, induced by w.

Note that W, (@, @) = 0, while W) (A, ) = 0 if @ # A € Z(X) and A > 0.
If w is a convex (pseudo)modular on X, then applying axiom (iv) in (1.3.15) instead
of (iii), we find that W is a convex pseudomodular on & (X).

Further properties of W will be presented below (see Theorem 2.2.13,
Example 3.3.11, and Theorem 4.1.3).

1.4 Bibliographical Notes and Comments

Section 1.1. An exposition of the theory of metric spaces can be found in many
monographs and textbooks, e.g., Aleksandrov [2], Copson [33], Kaplansky [51],
Kolmogorov and Fomin [54], Kumaresan [57], Kuratowski [58], Schwartz [97],
Shirali and Vasudeva [98] (to mention a few). A good source of metric and distance
notions is a recent book by Deza and Deza [36]. The ‘strong’ form of the triangle
inequality is due to Lindenbaum [64]. The classical reference on pseudometric
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spaces is Kelley’s book [52]. Extended metrics, also called generalized metrics,
were studied by Jung [50] and Luxemburg [67] in connection with an extension
of Banach’s Fixed Point Theorem from [4].

The interpretation of a modular as a generalized velocity field was initiated by
Chistyakov in [26, 28].

Section 1.2. Definition 1.2.1 of (metric) modular w on a set X appeared
implicitly in Chistyakov [18, 19] in connection with the studies of (bounded
variation and the like) selections of set-valued mappings, and multivalued super-
position operators. Explicitly and axiomatically, (pseudo)modulars were introduced
in Chistyakov [22], and their main properties were established by the author in
[23-25]. The strictness condition (is) and modular regularizations w.y were defined
in Chistyakov [28].

Section 1.3. Examples of (pseudo)modulars relevant for specific purposes are
contained in [18-29]. In Sect. 1.3 and furtheron, we add some new and more general
ones. An extended metric as in Example 1.3.3(2) was first defined by Bielecki [8] in
order to obtain global solutions of ordinary differential equations (see also Goebel
and Kirk [41, Sect. 2]).

The term modular on a real linear space X, extending the notion of norm, was
introduced by Nakano [80, 81], where he developed the theory of modular spaces.
Nakano’s axioms [81, Sect. 78] of a modular p : X — [0, oo] include (p.1)—(p.3),
(p.5), and (p.6) p(x) = sup{p(ax) : 0 <a < 1} forallx € X = X; (see Sect. 1.3.3
and Remark 2.3.4(1)), i.e., p is a left-continuous convex semimodular on X in the
sense of Musielak [75, Sect. 1].

In the special case of p-integrable functions on [0, 1] and ¢-summable sequences,
a theory (of not necessarily convex) modulars was initiated by Mazur and
Orlicz [71], and a general theory of modular spaces was developed by Musielak and
Orlicz [77]. The key axiom in the nonconvex case is axiom (p.4).

Propositions 1.3.4 and 1.3.5 are taken from Chistyakov [22, 24]. They show that
our approach to (metric) modulars on arbitrary sets X is an extension of the classical
approach of Nakano, Musielak and Orlicz applied to modulars on linear spaces. In
particular, classical modulars are metric modulars via (1.3.3). The same situation
holds for function modulars on linear spaces developed by Kozlowski [55].

For h(A) = A, modular (1.3.2) can be obtained from the classical nonconvex
modular p(x) = |x|/(1+1x|), x € R, by means of (1.3.3) (cf. Maligranda [68, p. 8]).

In Example 1.3.7, we follow Musielak [75, Chap. II,Sect. 7].

The material of Sects. 1.3.4 and 1.3.5 is new.



Chapter 2
Metrics on Modular Spaces

Abstract In this chapter, we address the metrizability of modular spaces.

2.1 Modular Spaces

A pseudomodular w on X (cf. Fig. 1.2 on p. 5) induces an equivalence relation ~ on
X as follows: given x,y € X,

x~y iff W™ £ o0 iff wy(x,y) < oo forsome A > 0,

where A = A(x,y), possibly, depends on x and y. A modular space is any
equivalence class with respect to ~. More explicitly, let us fix an element x° € X.
The set

X =X,(x°) ={xeX:31=A(x) > 0 such that wy(x,x°) < oo}

is called a modular space (around x°), and x° is called the center of X, (x° is a
representative of the equivalence class X). Note that w* # oo for allx,y € X\.

If wio and w_ are the right and left regularizations of w, then (1.2.4) imply
XV";+0 =X, , =X

Two more modular spaces (around x°) can be defined making use of other

equivalence relations on X:
X0 =X0(x°) = {x € X 1wy (x,x°) — 0 as A — oo}
and
X = xin(x°) = {x € X : w(x,x°) < oo forall A > 0}.

Asabove, X, ==X,  =X)andX]" =X[" =X
Clearly, X C X* and X" C X (with proper inclusions in general). However,
if w is convex, then Xg = X (see Proposition 1.2.3(c)); moreover, note that this

property is independent of the center x°, i.e., X? (x°) = X (x°) for all x° € X.

© Springer International Publishing Switzerland 2015 19
V.V. Chistyakov, Metric Modular Spaces, SpringerBriefs in Mathematics,
DOI 10.1007/978-3-319-25283-4_2
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Example 2.1.1. The inclusion relations between the three modular spaces are
illustrated by the modular wy (x,y) = g(A1)d(x,y) on a metric space (X,d) from
(1.3.1):

e (B i g =00, o (0] i limag(3) £0,
v X if g # oo, v X if limy o g(A) =0,

and

xfin — {x°} if g(A) = oo for some A > 0,
vl X if g() <ooforall A > 0.

In particular, for modulars Wy (x, y) = d(x, y) (nonconvex) and w; (x,y) = d(x,y)/A
(convex) from Example 1.3.2(a), we have

X, = CcXp =X = x =X = x* = xn,

In the sequel, by the modular space we mean the set X (the largest among the
three) if not explicitly stated otherwise.

2.2 The Basic Metric

We begin by introducing the basic (pseudo)metric d°, on the modular space X*.

Theorem 2.2.1. Let w be a (pseudo)modular on X. Set
d(x,y) =inf{A>0:wy(x,y) <A}, xyeX (inf@=00).

Then d° is an extended (pseudo)metric on X. Furthermore, if x,y € X, d°(x,y) < 00
is equivalent to x ~ 'y, and so, d° is a (pseudo)metric on X* = X*(x°)
(for any x°€X).

Proof. 1. Clearly, d%(x,y) € [0,00], d°(x,x) = 0, and d°(x,y) = d°(y,x) for
all x,y € X. Now, suppose w is a modular on X, and x,y € X are such that
d?(x,y) = 0. The definition of d, implies wy (x,y) < u for all > 0. So, for all
A >0and 0 < pu < A, we have from (1.2.1): w(x,y) < wy(x,y) < u — Oas
s — +0. Thus wy (x,y) = 0 for all A > 0, and so, by axiom (i), x = y.

In order to prove the triangle inequality d°(x,y) < d%(x,z) + d°(z,y) for
all x,y,z € X, we assume that d°(x,z) and d’(z,y) are finite (otherwise, the
inequality is obvious). By the definition of d, given A > d%(x,z) and u >
d%(z,y), we find wy(x,z) < A and w;,(z,y) < u, and so, axiom (iii) implies

W)L"l‘ll-('x’y) S Wl(xa Z) + W/L(Z’y) S A’ + /.L

It follows that d°(x,y) < A + u, and it remains to take into account the
arbitrariness of A and p as above.
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. Ifd(x,y) < oo, then, for any A > d°(x,y), we have w; (x,y) < A < oo, which

means that x ~ y. Conversely, suppose x ~ y, i.e., w,(x,y) < oo for some
u > 0. We set A = max{u, w,(x,y)}. Since A > u, the monotonicity (1.2.1) of
w implies wy (x,y) < wy(x,y) < A, and so, d%(x,y) < A < oc.

. Givenx,y € X*, we have x ~ y, and so, d° (x,y) < co. By step 1, this means that

d? is a (pseudo)metric on X*. |

The pair (X*, d°), being a (pseudo)metric space generated by the (pseudo)modular

w?

w, is called a (pseudo)metric modular space, and we will apply this terminology if
we are interested in metric properties of X7 with respect to d® (or some other metric
induced by w). We call X} the modular space if the main concern is its modular
properties (Sects. 4.2 and 4.3), which are outside the scope of metric properties.

Example 2.2.2. Suppose w) (x,y) = g(A)d(x,y) is the modular from (1.3.1), where

8

: (0,00) — [0,0¢] is a nonincreasing function, g # 0, and g # oo. In the

examples 1-6 below, we have X = X, and x,y € X and A, > O are given.

1.

If g(A) = 1/A” (p = 0), then d%(x, y) = (d(x,y))"/@*+D,

2. Letg(A) = 1if 0 < A < Ag, and g(A) = 0if A > Ay. Then w is nonstrict and

nonconvex, and d° (x,y) = min{Ao, d(x,y)}.

. Ifg(A) =1/Afor0 < A < Ag, and g(A) = 0 for A > A, then w is nonstrict and

convex, and d° (x,y) = min{Ao, \/d(x,y)}.

. For g(1) = max{1, 1/A}, we have: w is strict and nonconvex, and d° is given by

dd(x,y) = max{d(x,y), /d(x.y)}.

. Ifg(d) = ocofor0 < A < A, and g(A) = 0 for A > A, then w is nonstrict and

convex, and d° (x,y) = Ao8(x,y), where § is the discrete metric on X.

. Putting d = 8§, for any function g as above, we have d° (x,y) = g°(x,y) with

g’ =inf{l >0:g(1) <A

Remark 2.2.3. 1. If p is a classical modular on a real linear space X (cf. Sect. 1.3.3),

the set X, = {x € X : limy— 40 p(ax) = 0} is called the modular space (with
zero as its center). The modular space X, is a linear subspace of X, and the
functional | - |, : X, — [0, 00), given by |x|, = inf{e > 0 : p(x/e) < &}, is
an F-norm on X, i.e., given x,y € X,,, it satisfies the conditions: (F.1) |x[, = 0
iftx = 0; (F2) |—x|, = |x|,; (F3) x4+, < |x],+1ylp; and (F.4) |cpx,—cx|, — O
as n — oo whenever ¢, — cinR and |x, — x|, — 0 as n — oo (where x, € X,
for n € N). The modular space X9, which is a counterpart of X,, does not play
that significant role in our theory as X, does in the classical theory of modulars
(see also Remark 2.4.3(3)).

. Under the assumptions of Proposition 1.3.5, where X is a real linear space and

p(x) = wi(x,0), we also have: X, = X%(0) is a linear subspace of X, and the
functional |x|, = d?v(x, 0), x € X,,, is an F-norm on X,,.
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In Theorem 2.2.1 (and Example 2.2.2(6)), we have encountered the quantity
g’ =inf{l >0:g(1) <A}, (2.2.1)

evaluated at the nonincreasing function g = w*Y : (0,00) — [0, 0o], which we
denoted by d? (x,y) = (w*)". This quantity is worth a more detailed study.

Lemma2.24. If ¢ : (0,00) — [0,00] is a nonincreasing function, then
g% € [0, 00], and

(a) g° = infy-omax{A, g(1)} (where max{\, oo} = oo for A > 0);
(b) g° < oo ifand only if g # oo (so, g° = co & g = 00);
(c) g°#0ifand onlyifg # 0 (so, g* =0 & g =0).

Proof. 1. Let us prove inequality (<) in (a) and implication (<) in (b). We may
assume g # oo (otherwise, (a) reads inf @ = oo and holds trivially). For each
A > 0 such that g(1) < oo, we set A; = max{A, g(1)}. Then A; € (0, c0),
g(X) < Ay, and since A < A; and g is nonincreasing, g(1;) < g(1). So, g(1;) <
A1 It follows that g% < A; = max{A, g(1)}. This proves (b)(<=). Taking the
infimum over all A > 0 such that g(1) < oo (or over all A > 0), we establish the
inequality g° < ... in (a).

2. Let us prove inequality (>) in (a) and implication (=) in (b). Suppose g* is finite.
Given A; > g° we have g(1;) < A1, and so, g # oo. This establishes (b)(=).
Moreover (note that the monotonicity of g is not used),

/{Ilf(; max{A,g(1)} < A>0:;?{)<mmaX{A’g(A)} < max{A,g(A1)} = A;.

Passing to the limit as A; — g°, we obtain the inequality g° > ... in (a).
3. (c)(=) If g = 0, then g° = inf(0, 00) = 0 (equivalently, if g° # 0, then g # 0).
(c)(«<) Let g = 0. Then g(u) < p for all w > 0. Given A > 0, for any
0 < u < A, by virtue of the monotonicity of g, we get 0 < g(1) < g(n) < u.
Letting 4 — 40, we find g(A) = O for all A > 0, i.e., g = 0. In other words, we
have shown that g # 0 implies g° # 0. O

Remark 2.2.5. Tt is seen from the proof of Lemma 2.2.4(a) that
g’ =inf {max{A, g(A)} : A > 0 such that g(1) < oo} € [0,00) if g # .

Following the same lines as in the proof of Lemma 2.2.4, it may be shown that
g =sup{A >0:g(L) > 1} (sup@ = 0) and g° = sup,_, min{A, g(1)}.

As a consequence of Theorem 2.2.1 and Lemma 2.2.4, we get the following
Corollary 2.2.6. dg,(x, y) = in‘(f) max{A, wy(x,y)}, x,y € X.

Given a nonincreasing function g : (0,00) — [0, c0], we denote by g4 and
g—o the right and left regularizations of g, defined (as in (1.2.2) and (1.2.3)) by:
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g+0(A) = g(A +0) and g_o(A) = g(A — 0) for all A > 0. Functions g4, and
g—o map (0, 00) into [0, co] and are nonincreasing on (0, co). Furthermore, g4¢
is continuous from the right and g_, is continuous from the left on (0, c0), and
inequalities similar to (1.2.4) hold:

gl) <g(A—0) <g(n+0) <g(pn) in [0,00] forall 0 < pu < A. (2.2.2)

Taking the above and (2.2.1) into account, we have

Lemma 2.2.7. If g : (0, 00) — [0, 00] is nonincreasing, then (g10)° =g° = (g_o)°.

Proof. Inequalities (g40)° < g° < (g_0)° are consequences of the inclusions
A>0:gA—-0)<A}C{A>0:gA) <A} C{A>0:g(A4+0) <A},

which follow from (2.2.2). Now, we may assume that g % oo. Then g4 # oo and
g_o # 00, which ensures that g%, (g40)°, and (g_o)° are finite.

Let us show that g° < (g40)°. Given A > (g40)° choose u such that
(g+0)° < p < A. By (2.2.2) and definition of (g4¢)°, we get

g(A) =g +0) = gro(u) = < A.

Hence g° < A. Since A > (g0)° is arbitrary, we find g° < (g4)°.
In order to show that (g_)° < g° we let A > g°. Then, for any ;& > 0 such that
g% < u < A, inequalities (2.2.2) and definition of g® imply

(8-0)(A) =g(A —0) < g(n) <p <A.

Therefore (g_o)° < A. Letting A — g°, we get (g—o)° < g°. O

Putting, for a (pseudo)modular w on X, g = w*” in Lemma 2.2.7 and noting that

g+0 = (wxo)™ and dy,, (x,y) = (g+0)", we have

Corollary 2.2.8. d?wro (x,y) = d?v,o (x,y) = d°(x,y) for all x,y € X.

In particular, if w and w are (pseudo)modulars on X such that wyy = W4 or
w_o = W_g, then d?v = de\, onX x X.

We conclude that the right and left regularizations of a (pseudo)modular w on X
provide no new modular spaces as compared to X*, X9 and X" (cf. Sect.2.1) and
no new (pseudo)metrics as compared to d°.

Yet, in Sect.2.5, we establish the existence of continuum many (equivalent)
metrics on the modular space X

This section is continued by studying the basic metric d°(x,y) at the level of
the map g > g°, applied later to nonincreasing functions g = w*>. Our next lemma
clarifies the definition of go and Lemma 2.2.7 and, along with (2.2.1), gives a method
for evaluating g° in terms of solutions of certain inequalities.
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Lemma 2.2.9 (inequalities for g°). Ler g : (0,00) — [0, 00] be a nonincreasing
function with 0 < g° < oo (i.e., g # 0 and g # o), and A > 0. We have:

(@) g° < Aifand only if g(A —0) < A;
(b) g° > Aifand only if g(A +0) > A;
(c) g = Aifandonlyif g(A +0) <A < g(A —0).

Proof. (a)(=) Suppose g’ < A. Given A; and A, such that g < A, < A, < A,
by the monotonicity of g, g(A2) < g(A;), and the definition of g° implies g(1;) <
A1. Hence g(A;) < A;. Passing to the limits as A, — g° and A, — A, we get
g(A —0) < g% where g° < A, and so, g(A — 0) < A.

(a)(«) By the assumption, g(A —0) < A, where g(A —0) = lim, o g(t) and
A =1lim,3—o . So, there exists po with 0 < p19 < A such that g(p) < p forall p
with ;1o < ;< A. By the definition of g°, we find g° < u, which implies g° < A.

(b)(=) Let ¢g° > A. For any A, and A, such that g° > 1, > A; > A, we have
g(A1) > g(A2) > A,, where the last inequality follows from the definition of g°: if,
on the contrary, g(A;) < A, then g° < A,, which contradicts the inequality g° > .
Therefore g(A1) > A,. Letting A, — g% and A; — A, we find g(A + 0) > g* > A.

(b)(«<=) Since limy,3408(n) = g(A +0) > A = lim,_ 4o U, there exists
io > A such that g(p) > wu for all u with A < . < po. It follows that g° > u
(otherwise, if g° < pu, then the definition of g implies g(1) < u, which is a
contradiction). Since ;1 > A, we get g* > A.

(c) The statement in (a) is equivalent to the following:

g’ > A ifandonlyif g(A —0) > A, (2.2.3)
and the one in (b) is equivalent to the assertion:
g’ < A ifand only if g(A +0) < A. (2.2.4)

From these two observations, (c) follows. O

Remark 2.2.10. (a) Actually, alittle bit more is shown in the proof of Lemma 2.2.9:
P <A=gl—-0)<g’<lin(a),and g° > 1 = g(A +0) > g° > X in (b).

(b) We have g° = inf{L > 0: g(A) < A} = g% (cf. (2.2.1) and Lemma 2.2.4).
In fact, this is clear if g = O or g = o0, solet 0 < g° < oo. Since
A>0:80) <A} C {A > 0: g(A) < A}, we get g% < g% Now, given
A > g°, inequalities (2.2.2) and Lemma 2.2.9(a) imply g(1) < g(A — 0) < A,
and so, g” < A, which yields g% < g°.

(c) Assuming one-sided continuity of g on (0, 00), in view of (2.2.4) and (2.2.3),
we get some useful particular cases of Lemma 2.2.9:

g’ <A & g(A) < A, provided g is continuous from the right;
g’ <A & g(1) < A, provided g is continuous from the left;
g’ =1 & g(A) = A (i.e., A is a fixed point of g), provided g is continuous.
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(d) To illustrate Lemma 2.2.9, consider g : (0, c0) — (0, 00) defined by: g(A) = 3
if0 <A < 1,gd) =2if A = 1,and g(A) = 0if A > 1. Clearly, g is
nonincreasing and g° = inf(1, 0o) = 1. Inequalities in Lemma 2.2.9(c) are of
the form:

g14+0)=0<g"=1<3=g(1-0).
Although strict inequality g(1 —0) = 3 > 1 = A holds in (2.2.3), we have
g’ =A=1.Similarly, g(1+0) =0<1=21in(224)andg’ =1 = A.

Setting ¢ = w*” in Lemma 2.2.9 (for x,y € X), we obtain the following
important result for modulars w on X (cf. also Remark 2.2.10(a), (c)).

Theorem 2.2.11. Let w be a (pseudo)modular on the set X, X, be the modular
space, A > 0, and x,y € X}\. Then we have:

(a) condition d°(x,y) < A implies wi—o(x,y) < d°(x,y) < A, and conversely,
condition wy_o(x,y) < A implies d°(x,y) < A;

(b) inequality d°(x,y) > A implies wj4o(x,y) > d°(x,y) > A, and conversely,
inequality wy1o(x,y) > A implies d° (x,y) > A;

(¢) equality d°(x,y) = A is equivalent to wy1o(x,y) < A < wa_o(x,y).

Under the continuity assumptions on w, additional equivalences hold:

(d) if w is continuous from the right, then d°(x,y) <A < wy(x,y) < A;
(e) if wis continuous from the left, then d°(x,y) < A < wy(x,y) < A;
(f) if wis continuous on (0, 00), then d°(x,y) = A & wy(x,y) = A.

The conclusions of Theorem 2.2.11 are sharp (cf. Remark 2.2.10(d) and (1.3.1)).
Example 2.2.12. Let w be given by (1.3.2) with k(1) = A? (p > 0). Since w is

continuous on (0, 00), by virtue of Theorem 2.2.11(f), the value A = d (x, y) with
x # y satisfies the equation w; (x,y) = A, that is,
M d(x,y)A —d(x,y) = 0. (2.2.5)

If p = 1, then solving the corresponding quadratic equation, we get

_ V@) +4dxy) —dxy)

> (2.2.6)

) (x,)

For p = 2, the solution A of the corresponding cubic equation (2.2.5) is given by
Cardano’s formula:

o= {5+ O+ @ {5+ @@ e
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where a = d(x, y), and the square and cube roots of positive numbers have uniquely
determined positive values. The solution by radicals of the fourth-order equation
(for p = 3) can be obtained by Ferrari’s method, and is left to the interested reader.

Note that, for any function / from (1.3.2), we have d° (x,y) < 1.

In fact, if & is continuous on (0, 00), equality w,(x,y) = A is of the form
f(A) =0, where f(1) = Ah(A)—(1—A)d(x,y), and Ah(L) — 0as A — +0. Setting
Ah(A) = 0if A = 0, we find that f is continuous on [0, 00), f(0) = —d(x,y) < 0
(if x # y), and f(1) = h(1) > 0. By the Intermediate Value Theorem, f (1) = 0 for
some 0 < A < 1,and so, d°(x,y) = A < 1.

In the general case, we first show that if there exists ;. > 0 such that

wi—o(x,y) < p forall A > 0 and x,y € X, then d?v(x,y) < pforallx,y € X.

Since wy (x,¥) < wa—o(x,y) < W, and this holds for A = pu, we find d° (x,y) < p.
If we assume that d° (x,y) = u (for some x # y), then, by Theorem 2.2.11(b), we
have wy (x,y) > wato(x,y) > A forall 0 < A < d%(x,y) = w, and so, wy,—o(x,y)
is equal to limy—,—o wy (x,y) > u, which contradicts the assumption. It remains to
note that wy_o(x,y) < 1 = pu for our modular w from (1.3.2).

One more example of a (pseudo)metric from Theorem 2.2.1 is given by the
quantity d9}, on the power set 2 (X) of X, where W is the Hausdorff pseudomodular
on Z(X) induced by a (pseudo)modular w on X. There are two ways of obtaining a
distance function on & (X) starting from w on X, namely

Theorem 2.2.1

Appendix A.1
wonX ————== 4%onX _Appendix A1,

Dd& on e@(X)

and

Section 1.3.5

wonx —Sectionl3d .y oy gp(x) Theorem221,

d, on 2(X).

Fortunately, the resulting distance functions Dy and dy, coincide on 2 (X) as the
following theorem asserts.

Theorem 2.2.13. Let w be a (pseudo)modular on X, D = Dy be the Hausdorff

distance on P (X) generated by the extended (pseudo)metric d°, on X, and W be the
Hausdorff pseudomodular on 2 (X) induced by w. Then

d%(A,B) = D(A,B) for all A,B € P(X).

Proof. Since d%(@, @) = 0 = D(2, @), and d% (A, @) = co = D(A, @) for all
A # @, we may assume that A # @ and B # @.

(>) Suppose dY,(A, B) = inf{A > 0 : Wy (A, B) < A} is finite, and A > d,,(A, B).
Applying (1.2.4) and Theorem 2.2.11(a) (cf. also Remark 2.2.10(b)), we get
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Wy (A, B) = max{E, (A, B),E;(B,A)} < A,

and so, E3(A,B) < A and E;(B,A) < A. By (1.3.12), we have infyeg wi(x,y) < A
for all x € A. So, for each x € A there exists y, € B (depending also on A) such that
wa(x,y:) < A. The definition of d° gives d° (x,y,) < A. Since

inf d(x,y) <d’(x,y)) <A forall x € A,
yE

we get e(A,B) = sup,e, infyepd’(x,y) < A. Similarly, E;(B,A) < A implies
inequality e(B,A) < A. Therefore D(A, B) = max{e(A, B),e(B,A)} < A for all
A > dY%(A, B), and so, D(A, B) < d,(A, B) < .

(<) Let D(A,B) < 0o, and A > D(A, B) be arbitrary. Then A > e(A, B) as well
as A > e(B,A). Inequality A > e(A, B) = sup,¢, infyep d° (x, y) implies that, given
x €A, A > infiep d?v(x, ¥). So, for every x € A there exists y, € B (also depending
on A) such that A > d° (x,y,). By the definition of d°, we have w; (x, y,) < A. Since

W

ing wr(x,y) <wa(x,y) <A forall x € A,
S

we find E) (A, B) = sup,, infyep wy(x,y) < A. Similarly, inequality A > e(B,A)
implies E;(B,A) < A. Hence Wy (A,B) = max{E;(A,B),E;(B,A)} < A. The
definition of dY, yields d{,(A,B) < A for all A > D(A, B), and so, dy,(A,B) <
D(A, B) < oo. O

2.3 The Basic Metric in the Convex Case

Now we treat the case when a (pseudo)modular w on X is convex: w gives rise to an
additional (pseudo)metric on the modular space X, to be studied below.

We make use of the following observation. As we have seen in Remark 1.2.2(d),
the convexity of a (pseudo)modular w on X is equivalent to the fact that the function
wa(x,y) = Awy(x,y) is a (pseudo)modular on X. On the other hand, if a function w
on (0, 00) x X x X is initially given, then we have: w is a (pseudo)modular on X if
and only if w) (x,y) = wy(x,y)/A is a convex (pseudo)modular on X.

From Sect. 2.1, we find

X\ cx)=X'=X; and X"=X"CX:=X;. (2.3.1)
By Theorem 2.2.1, W generates a (pseudo)metric on X;; of the form
dd(x,y) =inf{d > 0: W (x,y) <A} =inf{A > 0:wy(x,y) < 1}. (2.3.2)

The last expression is given in terms of w and is denoted by &} (x, y).
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Properties of d are gathered in the following theorem, where Theorem 2.2.1 and
Corollary 2.2.6 are applied to w; (x,y) = Aw; (x,y) and expressed via w.

Theorem 2.3.1. Let w be a convex (pseudo)modular on X. Then
di(x,y) =inf{d > 0:wy(x,y) <1} = )iLnE max{A, Aw; (x,y)}, x,y€X,
>

(2.3.3)

is an extended (pseudo)metric on X (with d(x,y) < 0o < x ~ y), whose restriction
to the modular space X, is a (pseudo)metric on X,

Furthermore, d° and d* are nonlinearly equivalent in the following sense: given
x,y € X, we have

min{d%(x,y), \/d5(x,y)} < do(x,y) < max{d}(x,y), /d*(x,y)}. (2.3.4)
or, equivalently (written in a different way),
do(x,y) -min{1,d"(x,y)} < di(x.y) < dd(x.y) - max{l,d’(x,y)}. (2.3.5)

Only the second part of Theorem 2.3.1 is to be verified. For this, we need some
precise inequalities for d = dﬁ» which are reformulated from Theorem 2.2.11
(applied to w) in terms of w and stated, for ease of reference, as

Theorem 2.3.2. Let w be a convex (pseudo)modular on X, A > 0, and x,y € X}.
Then we have:

(a) di(x,y) < Aimplies wy—o(x,y) < d}(x,y)/A < 1, and conversely,
wi—o(x,y) < 1 implies d}i(x,y) < A;

(b) di(x,y) > Aimplies wyyo(x,y) > di(x,y)/A > 1, and conversely,
Wwito(x,y) > 1implies di(x,y) > A;

(c) di(x,y) = A is equivalent to wy4o(x,y) < 1 < wy_o(x,y).

In addition, under the continuity assumptions on w, we get:

@) di(x,y) <A & wilx,y) < 1, provided w is continuous from the right;
(e) di(x,y) <A & wa(x,y) < 1, provided w is continuous from the left;
) di(x,y) = A & walx,y) = 1, provided w is continuous on (0, 00).

Proof (of Theorem 2.3.1 (second part)). In steps 1 and 2, we show that inequalities
d%(x,y) < 1and d*(x,y) < 1 are equivalent, and if one of them holds, then

di(x,y) < dp(x.y) < \/dE(x.y). (2.3.6)

Since d(x,y) < limplies d}(x,y) < /d*(x,y), inequality (2.3.6) proves (2.3.4).

1. Suppose d° (x,y) < 1. Letus show that &*(x,y) < d°(x,y) (and so, d*(x,y) < 1).
In fact, for any number A such that d?(x,y) < A < 1, the definition of d° gives
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wy(x,¥) < A < 1, whence, by the definition of &}, d;(x,y) < A. Passing to the
limit as A — dg, (x,y), we obtain the left-hand side inequality in (2.3.6).

2. Assume that d*(x,y) < 1. Let us prove that &° (x,y) < /d*(x,y), which is the
right-hand side inequality in (2.3.6) (and so, d°(x,y) < 1). Since d*(x,y) <

VdE(x,y) < 1, for any A such that \/d}(x,y) < A < 1, inequalities (1.2.4) and,
by virtue of convexity of w, Theorem 2.3.2(a) imply

* 2
wi(x,y) < wa—o(x,y) < hlxy) L. A

A A
By the definition of d°, d° (x,y) < A. Letting A tend to \/d*(x,y), we obtain the
desired inequality.

As a consequence of steps 1 and 2, inequalities d° (x,y) > 1 and d*(x,y) > 1
are equivalent, as well. In steps 3 and 4, we show that if one of these inequalities

holds, then
Vantey) = dy(xy) < djy(x.y). (2.3.7)

Since d};(x,y) > 1 implies d%(x,y) > /d*(x,), (2.3.7) establishes (2.3.4).

3. Inequality d*(x,y) > 1 implies d° (x,y) < d*(x,y): in fact, by the definition of
dy, wi(x,y) < 1forall A > d}(x,y), and since A > 1, wy(x,y) < A. From
the definition of d°, we get d°(x,y) < A. The assertion follows thanks to the
arbitrariness of 1 > d (x, ).

4. Suppose d°(x,y) > 1, and let us show that \/d*(x,y) < d°(x,y), which is the
left-hand side inequality in (2.3.7). Given A > d(x,y), we have w; (x,y) < A,
and since A > 1, A> > A. The convexity of w and (1.2.5) imply

A A
w2 (x,y) < ﬁwx(x,y) < [E A =1,
whence d(x,y) < A2, Letting A go to dﬂ,(x, y), we get dj (x,y) < (dgv (x, )%

O

Remark 2.3.3. 1. If w is nonconvex, the quantity d}(x,y) € [0, oo] from (2.3.3)
has only two properties: d;;(x,x) = 0, and d;(x,y) = d;(y, x). It follows from
(2) in this Remark that d}j(x,y) = 0 > x = y, and from (4)—that the triangle
inequality may not hold for d;.

2. The convexity of w is essential for inequalities (2.3.4) and (2.3.5): modular
(1.3.2) is nonconvex, and d?v is a well-defined metric on X (e.g., (2.2.6) and
(2.2.7)), but, since wy(x,y) < 1 forall A > 0, we have d;(x,y) = 0 for all
x,y € X (and, in particular, d; is not a metric on X).

3. In the proof of Theorem 2.3.1, the implications in steps 1 and 3, which are
of the form d)(x,y) < 1 = df(x.y) < do(x,y), and di(x,y) > 1 =
d%(x,y) < d*(x,y), do not rely on the convexity of w and are valid for
those (pseudo)modulars w, for which the quantity dJ(x, y) is well-defined. The
example in (2) above is consistent with the former implication.
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4. For the modular w) (x,y) = d(x,y)/A? (p > 0) from Example 2.2.2(1), we have
d’(x,y) = (d(x,y))/®*D and d*(x,y) = (d(x,y))"/?, where we note that d*
is a metric on X if and only if w is convex, i.e., p > 1. So, for p > 1, setting
a = d(x,y), inequalities (2.3.6) and (2.3.7) assume the form:

1 1 1 1 L.
<artl <a if 0<a<1,and a%» <art! <gqr if a>1.

-

a

5. Inequalities (2.3.4) are the best possible: see Example 2.3.5(1).

Remark 2.3.4. 1. If p is a classical convex modular on a real linear space X
(cf. Sect.1.3.3 and Remark 2.2.3), then the modular space X, coincides with
the set X; = {x € X : p(ax) < oo forsomea > 0}, and the functional
[xl, = inf{e > 0:p(x/e) < 1} (x € X7) is a norm on X, = X, which is
nonlinearly equivalent to the F-norm [x|, in the same sense as in Theorem 2.3.1.
Moreover, under the assumptions of Proposition 1.3.5, where X is a linear space
and p(x) = wi(x, 0), we have: X = X (0) = X, is a linear subspace of X, and
the functional ||x||, = d}(x,0), x € X7, is anorm on X}.

2. Similar to Corollary 2.2.8, if w is convex, thendy, = dy = djonX x X.In
fact, W) (x,y) = wi(x,y) = Awy(x,y) is also a (pseudo)modular on X, and
(Wx0)® = (W)xo = (W")xo, which can be seen as follows. Given A > 0 and
x,y € X, (1.2.2) and (1.2.3) imply

(W=0)"), (x.y) = A(wx0)a(x.y) = Awpzo(x.y) = Mli)ﬁo Uw i (x, y)

MEI&O(WA);L(X, y) = Wrzox.y) = ((W)+0), (x. ).

By virtue of (2.3.3) and (2.3.2), d} = d?vm and Corollary 2.2.8 yields

* _ 40 _ 40 40  _ g*
dwio - d(w:to)A - d(w/\)io - YN = dw'

Example 2.3.5. Consider the modular w; (x,y) = ¢(d(x,y)/A) from (1.3.5), where
the function ¢ : [0, 00) — [0, o] is nondecreasing and such that ¢(0) = 0, ¢ # 0,
and ¢ # oo, (X, d) is a metric space, x,y € X, = X, and A > 0.

1. Let o(u) = u” (p > 0). Then w is strict, convex if p > 1, and nonconvex if
0 < p < 1. For any p > 0, we have

d(x,y) = (d(x,y)”/P*Y and  di(x.y) = d(x,y).

To show that inequalities (2.3.4) are the best possible, we note that if p = 1, then
d°(x,y) = \/d*(x,y), and if p > 1, then (w is convex and) we find

d)(x,y) = (d(x,y)"/ PV - d¥(x,y) as p— oo.
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2. Let w be the (a,0)-modular from (1.3.9). If a = oo, then w is nonstrict and
convex, and we have: d%(x,y) = d*(x,y) = d(x,y). Now, if a > 0, then w is
nonstrict and nonconvex, and we have: d%(x,y) = min{a, d(x,y)}, d*(x,y) = 0
ifa <1,and d}(x,y) = d(x,y)ifa > 1.

3. if o(u) = ufor0 <u <1,and ¢(u) = 1 for u > 1, then the modular

d(x,y)

wilx,y) =11if 0 < A <d(x,y), and w (x,y) = if A >d(x,y),

is strict and nonconvex, and d° (x,y) = min{1, \/d(x, y)}.
4. Letp(u) =0for0 <u <1,and ¢(u) = u— 1 for u > 1. We have:

d(x,y)

T 1if 0 <A <d(x,y),and wy(x,y) =0 if A > d(x,y),

WA(X, y) =

is nonstrict and convex, and (note that d° (x, y) < d(x,y) if x # y)

d9(x,y) = 1+4d2(x’y)_1 and di(x,y)=d(xz’y).

5. Suppose p(0) =0, p(u) = 1if0 <u < 1, and ¢(u) = uifu > 1. Given A > 0
and x,y € X, we have: wy(x,y) = 0ifx = y, and if x # y,

d(x,y)
A

wy(x,y) = if 0 <A <d(x,y),and wy(x,y) =1 if A > d(x,y).

Then the modular w is strict and nonconvex, d(x,y) = max{l, \/d(x,y)} if
x#y,andd’(x,y) = 0ifx = y.

6. Suppose ¢ is given by: () = uif 0 <u < 1,¢om) = 1if 1 < u < 2, and
@) = u—1if u > 2. The corresponding modular w is strict and nonconvex,
and we have: d° (x,y) = /d(x,y) if d(x,y) < 1,d%(x,y) = 1if | <d(x,y) <2,
and d9(x,y) = (/1T + 4d(x.y) — 1) if d(x,y) > 2.

2.4 Modulars and Metrics on Sequence Spaces

Let (M, d) be a metric space, X = M"—the set of all sequences x = {x,} from M,
and x° = {x;} C M—a given sequence (the center of a modular space). In this
section, we study two special modulars defined on X.

1. The modular w from (1.3.10) with ¢(u) = u” (p > 0) and h(X) = A9 (¢ > 1) is
strict and continuous, and it is convex if p > 1. The modular spaces (around x°)
are given by
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X5 =X = X = {x =t} € X1 D (00 x7)) < oo}

n=1

(if M = R with metric d(x,y) = |x —y| and x° = 0 = {0}°2,, then X (0) is the
usual space £, of all real p-summable sequences).
Let H(A) = A(h(X))? = AP7+!. The metric d° on X* is of the form:

oo

o0 1/(pg+1)
Ay =1 (Lt ) = (Zwwmor)

n=1 n=1

where H~! () = p!/®4+1 is the inverse function of H on [0, 00).
If p > 1, then w is convex, and we also have metric d; on X7 of the form:

1/pq

aicy =17 ([atsnar] ") = (Sawonr)
n=1 n=1

where 17! : [0,00) — [0, c0) is the inverse function of 4 (see Example 1.3.10,
and Appendix A.l concerning general superadditive functions £).
2. Given A > O0and x = {x,},y = {y,} € X = MV, we set
d(xn, yn)\ 1/
M) . 2.4.1)

wy(x,y) = Sup( T

neN

Proposition 2.4.1. w = {w) },-¢ is a strict nonconvex continuous modular on X.

Proof. Axioms (i), (is), and (ii) are clear, and axiom (iii) follows from inequalities
(1.3.11) with ¢(u) = u'/" and h(1) = A.

In order to see that w is nonconvex, we show that X°(x°) # X*(x°) for some
x° € X (cf. Sect.2.1). Choose any x° € M and x € M, x # x°, and let x° = {x°}°2 |
and x = {x}72, also denote the corresponding constant sequences from X. Given
A > d(x,x°) > 0, we find

d(x/»\x"))”” = lim (d(x’xo))l/" =1,

wi(x,x°) = sup( Jim_

neN
and so, x € X*(x°) \ X2(x°).
Let us show that wy (x,y) < wjto(x,y) and wy—o(x,y) < wy(x,y) forall A > 0

and x,y € X, which, by virtue of inequalities (1.2.4), establish the continuity
property of w. For any n € N and u > A, the definition of w implies

(d(xn, Yn)

1/n
" ) <wux,y),
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and so, as . — A + 0, we get

(M)]/n < wato(x, y).

Taking the supremum over all n € N, we obtain the first inequality above. Now,
given A, u > 0, we have

d ns Yn 1/n AN1/n n
() = sup (L2 (5) 7 = mi s (/)"

neN neN
= wa(x,y) -max{l, )L//L}, x,yeX. (2.4.2)
It follows that if 0 < p < A, then wy, (x,y) < wx(x,y) - A/, and so, passing to the
limit as p — A — 0, we get wy_o(x,y) < wa(x,y). O

Note that (2.4.2) with y = x° proves that X"(x°) = X*(x°), and establishes the
following characterization of this modular space in terms of sequences x = {x,} and
x° = {x7} themselves:

xeX*(x°) ifandonlyif wi(xx%) = sup (d(x,x))"" < co. (2.4.3)

neN
The modular space X0 (x°) is characterized in the following way.
Proposition 2.4.2. Givenx € X, x € X°(x°) if and only if lim (d(xn,x,‘i))l/ "=0.
n—>oQ

Proof. Suppose x € X°(x°). Then wj (x,x°) — 0 as A — oo, and so, for each & > 0
there exists Ag = Ag(g) > 0 such that

d(xy, ;)\ 1/n
Wi, (x,x°) = sup (%) <e. (2.4.4)
neN 0

This inequality is equivalent to
(dCen )" < (A0)'/"-& forall neN, (2.4.5)

Passing to the limit superior as n — 0o, we get

1/n§8

lim sup (d(x,, 7))

n—>oo

Due to the arbitrariness of & > 0, (d(x,, x°))"/" — 0 as n — oo.

n
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Now, assume that (d(xn,x,‘;))l/” — 0 as n — oo. Given ¢ > 0, there exists a
number ny = ny(e) € N such that (d(x,,,xﬁ))l/” < ¢ for all n > ny. Setting

A1(e) = max{l,1/&"} - max d(x,,x;)

1<n<ny
and noting that

d(x,, x;
d(x,,x;) = M ce" < Ai(g)- " for all 1 <n <ny,
Sﬂ
we obtain (2.4.5) with Ay = A¢(¢) = max{l, A;(e)}. It follows that inequality
(2.4.4) holds, whence, by virtue of (1.2.1), wy(x,x°) < wy,(x,x°) < ¢ for all
A > Ao. This means that wj (x,x°) — 0 as A — 00, i.e., x € X0 (x°). O

The metric d° on the modular space X*(x°) is given by

1/(n+1 °
4 (x,y) = sup (A ) /""", xy e XE(O). (2.4.6)

neN

Recalling that w is nonconvex, we note that d(x,y) = sup,ey d(x,, y,) is only an
extended metric on X} (x°) and X (however, d); is a metric on the set of all bounded
sequences in M; see Remark 2.4.3 below).

Writing x = {x,} € c(x°) if lim,—o0 d(x,,x;) = 0, and x = {x,} € Loo(x°) if
Sup,en d(x4, X;) < 00, we have the following (proper) inclusion relations:

X0(x°) C e(x°) C Loo(x®) C XI(x°) = X*(x°). (2.4.7)

(Here ¢(x°) is the set of all sequences in M, which are metrically equivalent to
x° = {x;}, and £ (x°) is the set of all sequences in M, which are bounded relative
to x°.) The first inclusion is a consequence of Proposition 2.4.2, and the third one is
established as follows: if b = sup, ¢y d(x,, X)) < 00, then, for all A > 0, we have:

< sup (;)l/n = max{1,b/1} < oo.

neN

d(x,,,x;’))l/n

wy(x,x°) = sup( p

neN

Remark 2.4.3. 1. If x° = {x}} is a convergent sequence in M, then every sequence
x = {x,} € c(x°) is also convergent in M (to the limit of x°), and if x° is bounded
in M (i.e., sup, ey d(x;, X;,) < 00), then every x € £o0(x°) is also bounded in M.

2. In the particular case when M = R with metric d(x,y) = [x — y| and x° = O is
the zero sequence, we have: ¢y = ¢(0) is the set of all real sequences convergent
to zero, and £, = £ (0) is the set of all bounded real sequences. The following
examples are illustrative (see (2.4.7)): (a) {1/n} € co \ X°(0); (b) {2"} € X*(0) \
loo; (€) 1277} € X0(0); (d) {27} & X2(0); () if x = {n}, then x € X}(0),
d° (x,0) = sup,cy n'/ "D < 0o, while d*(x,0) = sup,cy 1 = 00.
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3. The classical F-norm |x|, = d%(x,0) = sup,ey |[x:|"/"*D, corresponding to
p(x) = wi(x,0) with w from (2.4.1) and M = R, is well-defined for x = {x,}
from X, = XS,(O) C ¢ and satisfies conditions (F.1)—(F.4) from Remark 2.2.3.
However, on the larger modular space X; = X (0) (see Remark 2.3.4(1)), the
functional | - |, does not satisfy the continuity condition (F.4): for instance, if
x = {2"*1}%  and a; = 1/k, then x € X} \ X, and ox — 0 as k — o0, but

. 1\ /(41
|ogx|, = sup (ozk . 2”+1)1/( L. 2 sup (—) =2 forall keN.
neN

neN

2.5 Intermediate Metrics

In Theorem 2.2.1 and Corollary 2.2.6, we have seen two expressions for metric d°
on X (see also Theorem 2.3.1 if w is convex). In this section, we define and study
infinitely many metrics on the modular space X

Theorem 2.5.1. Let w be a (pseudo)modular on the set X. Given 0 < 6 < 1 and
X,y € X, setting

di(x.y) = inf [(1 = 0y max{a wy (w00} + 0 + waw.v) | (2.5.1)

we have: d“i is an extended (pseudo)metric on X, and a (pseudo)metric on the
modular space X, = X (x°) for any x° € X, and the following (sharp) inequalities
hold:

dy(x.y) < (1=0)dy)(x. y)+0d,,(x.y) < d(x.y) < d),(x.y) < 2d(x.y). (252)

Proof. Clearly,0 < d’(x,y) < ooforallx,y € Xand0 <6 < 1.

1. First, we prove our theorem for 6 = 0 and 8 = 1 simultaneously (for d?v, this
is the second proof). Given u, v € [0, o], we denote by u @ v either max{u, v}
oru+v(andu®v = ooif u = ocoorv = 00). Then d(x,y) and d! (x, y) are
expressed by the formula:

d®(x,y) = i‘lg A®wy(x,y), xyeX. (2.5.3)

la. If x,y € X, then dj‘f(x,y) < 00. In fact, since x ~ y, there exists Ay > 0
such that wy,(x,y) < oo, and so, the set {1 @ w,(x,y) : A > 0} \ {oo} is
nonempty and bounded from below by O (i.e., is contained in [0, c0)).

1b. Given x € X, we have, by (i"), A ® wy(x,x) = A ® 0 = A forall A > 0, and
S0, d;? (x,x) = infys9 A = 0. Now, suppose w is a modular. Let x, y € X, and
d®(x,y) = 0. If we show that wy (x,y) = 0 for all A > 0, then axiom (i) will
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imply x = y. On the contrary, assume that wy,(x,y) # 0 for some Ay > 0.
Given A > 0, we have two cases: if A > A, then

A@wi(x,y) =A®0=21> A,
and if A < Ao, then, by the monotonicity (1.2.1) of w, we find
ADwi(x,y) = 0D wilx,y) = walx,y) = wy,(x,y).

Hence A @ wy(x,y) > min{Ag, w;,(x,y)} = A; for all A > 0. By
the definition of d®, we get d®(x,y) > A; > 0, which contradicts the
assumption.

Axiom (ii) for w implies the symmetry property of d®.

Let us establish the triangle inequality d® (x, y) < d®(x,z) + d®(z, y) for all
x,y,z € X. The inequality is clear if at least one summand on the right is
infinite. So, we assume that both of them are finite. By (2.5.3), given ¢ > 0,
there exist A = A(¢) > 0 and u = u(e) > 0 such that

ADwy(x,z) < ds,a(x,z) +¢e and p@®wu(z,y) < dga(z,y) + &.
Since @ is max or +, (2.5.3) and axiom (iii) imply

d®(x,y) < (A + 1) & waru(x.y) < (A + 1) & (Wa(x.2) + wu(z.y))
(2.5.4)

<(Aewmn)+ (k@ wuzy) <d®(x2) +e+d2(zy) +e

It remains to take into account the arbitrariness of ¢ > 0.

2. That dﬁ, is well-defined, nondegenerate (when w is a modular), and symmetric
can be proved along the same lines as in steps la—1c. Let us show that dz satisfies
the triangle inequality. Suppose dﬁ(x, z) and dﬁ(z, y) are finite. Given & > 0, by
virtue of (2.5.1), there exist A = A(¢) > 0 and u = p(e) > 0 such that

(1 —0)ymax{A, wi(x,2)} + O(A + wa(x,2)) < d’(x,2) +e,

(1= 0)ymax{p, wu(z.y)} + (1 +wu(z,y) <di(z.y) +e.

Taking into account (2.5.1), axiom (iii) and the last inequality in (2.5.4), we get:

df(x.y) < (1= 0) max{A 4 p.wat (6. 9)} + 0 (A + 1+ wiu(x.y))
<(1 — 6) max{A+pu, wa (x, 2)Fwp (2, ¥) } +0 (A+u+wa (x, 2)+wu(z. )

<(1- 9)[max{k,wl(x, )} + max{u,wﬂ(z,y)}]

+ G[A +walx,2) +p+ WH(Z,Y)]
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= [(1 — ) max{A, wi(x,2)} + 0 (X + wi(x, z))]

+ [(1 — G)max{u,wﬂ(z,y)} +0(u+ w#(z,y))]

< dﬁ,(x, z)+e+ dz(z, y) +e.

By the arbitrariness of ¢ > 0, the triangle inequality for dﬂ follows.
3. The inequalities max{u, v} < u + v < 2max{u, v} for u, v > 0 imply

d(x,y) <dl(x,y) <2d°(x,y) forall x,yeX. (2.5.5)
This proves also the first and fourth inequalities in (2.5.2). Since, for any A > 0,
d(x,y) < max{A, wi(x,y)} and d,(x,y) < A+wilx,y),
we find
(1= 0)d)(x,y) + 0d),(x.y) < (1 —0) max{A, wy(x,y)} + O(A +wa(x,))
<A+ walxy),

which establishes the second and third inequalities in (2.5.2). O
The sharpness of inequalities (2.5.2) is elaborated in Examples 2.5.5 and 2.5.6.

Remark 2.5.2. Not only intermediate (pseudo)metrics dfv between d?v and d! can be
introduced as in (2.5.1): given ¢, B > 0 with o + B # 0, we set

dP(x,y) = irlg [a max{A, w(x,y)} + B(A + wx(x,y))], x,y€X.

In this case, we have d%” (x,y) = (a + B)d’ (x,y) with & = B/(a + B).

Remark 2.5.3. Different binary operations & on [0, 00) can be used in formula
(2.5.3) to define d® (x, ), but then only the generalized triangle inequality holds:

d®(x,y) < C(d®(x,2) + d®(z,y)) with C> 1. (2.5.6)

This can be seen as follows. Suppose ¢ : [0, c0) — [0, o0) is a continuous function
such that ¢(0) = 0, ¢(u) > 0 for u > 0 and, for some constant C > 1,

go(HTv) <o) +¢) <pu+v) foral uwv=>0. (2.5.7)
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(Here the right-hand side inequality is the superadditivity property of ¢, which is
satisfied, e.g., by any convex function ¢; see Appendix A.1). Denoting by ¢! the
inverse function of ¢ and setting

u®v =09 "(¢u) +¢) foral urv>0, (2.5.8)
we find, from (2.5.7), that
udv<u+v=<Cudvv). (2.5.9)

For instance, if (1) = u” with p > 1, then u @ v = (” + v?)"/?, and inequalities
(2.5.9) hold with sharp constant C = 21=0/p) and if o) =e"— 1, thenu v =
log(e*+e”—1), and (2.5.9) hold with sharp constant C = 2. Now, in order to obtain
(2.5.6), we take into account (2.5.3) and (2.5.9), and find that the right-hand side in
(2.5.4) is less than or equal to

A+ )+ (Wi x,2) +wuzy) = (A +wax2) + (1 4+ wu(z.y))
< C[(A®wi(x,2) + (1 ® wu(z.))]
< C[df?(x,z) +e+ dj‘f(z,y) + 8], e>0.

The generalized triangle inequality (2.5.6) can also be obtained if, instead of
d&? (x,y) from (2.5.3), we consider the quantity

a7 (x,y) = inf (max{2, wi(x,)}) & (2 + wa(x.y)

with the operation & on [0, co) of the form (2.5.8).

As in Corollary 2.2.8, the right w4 and left w_, regularizations of w do not
produce new metrics of the form (2.5.1) in the following sense.

Proposition 2.54. d; . (x.y) = dj_ (x.y) = dj(x.,y) forall 0 < 6 < 1 and
x,y € X.

Proof. For instance, let us verify this for § = 1. By virtue of (1.2.4), we have
A+ wirol,y) <A +wilx,y) <A+ wy—o(x,y) forall A>0,

whence d,,  (x,y) < d,(x,y) <d,_ (x.y).

Let us show that d! Ly = d! (x,y). Suppose d! @y < oo, and u >
dvlv+0(x’)’)~ Letu > u; > dvlv+0(x’)’)~ By (2.5.1) with 8 = 1, there exists A; > 0

such that

Ajglﬁ@ +wi(x,y) = A1 + wa +ox,y) < up <.



2.5 Intermediate Metrics 39

It follows that A, 4+ wy, (x,y) < u for some A, > A, which implies

dl(x,y) = inf (A + wa(ey) = 22 + wip(xy) <

and it remains to pass to the limit as u — d., +o (x,y).
Now, we show that d! (x,y) > d!_(x,y). Letd! (x,y) < oo, and u > d!(x,y).

w—0
Choose u; such that u > u; > d! (x,y). By (2.5.1) with 6 = 1, there exists u; > 0
such that p; + wy, (x,y) < uy < u. It follows from (1.2.4) that

wi—o(x,y) <wy (x,y) <u—py forall Ay > py,
and so,
d&y_o(x!y) = A1 +WA]_0(X,y) < )Ll + Uu—pup.

Passing to the limit as A; — u; + 0, we get dvlv_0 (x,y) < u, and it remains to take
into account the arbitrariness of u as above. O

Example 2.5.5 (metric dvlv).

1. Let wy(x,y) = A7Pd(x,y) be of the form (1.3.1) with p > 0. By Exam-
ple 2.2.2(1), d° (x,y) = (d(x,y))"/¢+D.

Let us calculate d!(x,y) = infi=of(X), where f() = A + A7Pd(x,y)
(and x # y). The derivative f/(A) = 1 — pA™7'd(x,y) vanishes at 1y =
(pd(x, )PV (1) < 0if 0 < A < Ao, and f/(A) > 0if A > A, and so,
f attains the global minimum on (0, co) at the point A¢, which is equal to

dL(x,y) = f(ko) = y(p) - (d(x,y))"/?TD for all x,ye€X,

where

y(p) = (p+ HpY, - p>o.
Note that 1 < y(p) < 2, y(p) = 2 ifand only if p = 1, and y(1/p) = y(p).
The inequalities for y(p) can be established directly by taking the logarithm and

investigating the resulting function for extrema, or they follow from (2.5.5). In
particular, if p = 1, the expressions for dg, and dvlv are of the form:

d?v(x,y) = /d(x,y) and d}v(x,y) = 24d(x,y), x,yeX.

2. Formulas for d° and d!, above are valid in a somewhat more general case when a
(pseudo)modular w on X is p-homogeneous with p > 0 in the sense that

wa(x,y) = APwi(x,y) for all A >0 and x,y € X.
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In this case, we have

d(x,y) = (e y)/P*D and  d)(x,y) = y(p) - (wi(x,) 0.
(2.5.10)
One more example of a p-homogeneous modular w on a metric space (X, d)

is given by wy (x,y) = (d(x,y)/A)? = APw;(x,y) (see Example 2.3.5(1)).

3. Given a metric space (X,d) and a convex function ¢ : [0,00) — [0, 00)
vanishing at zero only, we set (cf. (1.3.5))

d(x,y)
A

wA(x,y)z)L(p( ), A>0, x,yeX.
Then w is a strict modular on X (cf. (1.3.8)), and since ¢ is increasing, continuous,
and admits the continuous inverse ¢!, we find

dy(x.y) = inf{X > 0: p(d(x,y)/2) < 1} = d(x,3) /¢~ (1).

In particular, if ¢(u) = u” with p > 1, we have d°(x,y) = d(x,y), and taking
into account that

d(x,y)

W) = A5

p
) =270y = 27w ),
we conclude from (2.5.10) (replacing p there by p — 1) that

dy(x,y) =y = 1) - w1 )P = pp = PP - d(x, y).

4. Setting w; (x,y) = e *d(x,y) and following the same reasoning as in Exam-
ple 2.5.5(1), we get

d(x,y) if dix,y) <1,

dy(x,y) = i
W) =0 log d(x,y) if d(x,y) > 1,

x,y € X.

Example 2.5.6 (metric d°). Tn order to be able to calculate the value d’ (x,y) from
(2.5.1) explicitly for all 0 < 6 < 1, here once again we consider the modular
wy(x,y) = A7Pd(x,y) of the form (1.3.1) with p > 0. Since the cases 6 = 0
and & = 1 were considered in Example 2.5.5(1), we are left with the case when
0 < 8 < 1 (in calculations below, we assume that x # y).

To begin with, we note that @’ (x,y) = infy~f(6, 1), where the function f(6, 1)
under the infimum sign in (2.5.1) is expressed as

— fl(k) = W/\(x9y) + oA it A =< WA(X,}’),

f(ev)\‘) fZ(A) =)+ le(x’y) if A > WA(xay)’
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with fi(A) = A7Pd(x,y) + 6A and 4(A) = A + OA7Pd(x,y), and the inequality
A < wi(x,y) = A7Pd(x,y) is equivalent to A < A9 = d%(x,y) = (d(x,y))/P*D.
Hence

6 _ . . .
d, (x,y) = min 0<1An5fxofl (L), A13{0]3(/\) , (2.5.11)

where we note that f1(1o) = f2(Ao) = Ao(1 + 6).

The derivative f{(A) = —A7P"pd(x,y) + 0 is equal to zero only at the point
At = Ao(p/O)VPFTD fI(A) <0if 0 < X < Ay, and f{(X) > 0if A > Ay, and so, the
global minimum of f; on (0, co) is attained at A; and is equal to

(A1) = Aoy (p)oP/ @ Hh,

Similarly, the derivative f;(A) = 1 — A"~ '0pd(x,y) is equal to zero at the point
Ay = )to(Gp)l/(P“),fz’(k) <0for0 <A < Ay, and fj(A) > 0 for A > A,, and so, f>
attains the global minimum on (0, c0) at A,, where it has the value

£(A2) = Aoy ()0 ¥ th.

Givenp > 0and 0 < 8 < 1, we have four cases: (I) p > 1 and 6 < 1/p; (IN)
p>landl/p<8;(Ill)p<landf <p;and IV)p < landp < 6.

Cases (I), (Il1). We have p > 1 > 0 in case (I), and p > 6 in case (III), and
s0, A9 < A;. Since f; decreases on (0, A;], the value infy<y, fi(1) is equal to
fi(Ao) = Ap(1 4 6). Also, we have 8p < 1 in case (I), and Op < 1 in case (III),
and so, A, < A. Since f; increases on [A;, 00), the value inf) ., f2(1) is equal to
£(Xo) = Ao(1 + 0). By virtue of (2.5.11), d? (x,y) = Xo(1 + 0).

Case (II). As in case (I), since p > 1 > 6, infi<;,i(A) = Ao(1 + 0).
Furthermore, 8p > 1 implies 4y < A,, where A, is the point of minimum of
f> on [Ag, 00), and so,

Aiillfofz(k) = f2(A2) < fa(Ao) = Ao(1 4+ 0) = Aigfofl(k)-

It follows from (2.5.11) that d% (x, y) = fr(A2) = Aoy(p)8"/®+D.
Case (IV). Inequality p < 6 implies A; < A¢, and since A; is the point of
minimum of f; on (0, A¢], we find

Jnf fi () = fi(d1) <fi(Ro) = Ao(1 4 0).

As in case (III), since Op < 1, infy,,f2(A) = Ao(1 + ). By (2.5.11), we
conclude that dﬁ,(x,y) = fi(A1) = Aoy (p)or/®P+D,
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In this way, we have shown that

1+6 if0<f<1/p<lor
0<0=<p<l,

Y/t if 0 <1/p <6 <1,

y(@OP/Pt) if 0 <p <6 <1.

i (x,y) = (d(x,y) /@D (2.5.12)

A few comments on this formula are in order. If # = 0 or 6 = 1, then it gives
back the values d° (x, y) and d! (x,y) from Example 2.5.5(1). If p > 1and 6 = 1/p
in the third line of (2.5.12), then y(p)#"/®+D = 140 (as in the first line). Similarly,
if p < 1 and @ = p in the fourth line of (2.5.12), then y(p)6?/?*+D =1 4 4.

Note that, for any p > 0 and 0 < 6 < 1, we have (cf. (2.5.2))

(1= 0)d(x,y) + 0d.(x,y) = (1 — 0 + 0y(p)) - (d(x, )"/ "FD.

Forp # 1, wehave 1 < y(p) < 2,s0if (a)p > 1and0 < 6 < 1,0r (b) p < 1 and
0<0<p,thenl -6+ 0y(p) <1+ 6, and so,

(1—0)d%(x,y) + 0d.(x,y) < d’(x,y), x#».

Now, if p = 1, then y(p) =2 and 1 — 0 + Oy(p) = 1 + 6, which imply

dz(x,y) =(1+6)ydx,y) =01- Q)dg,(x, y) + delv(x, y) forall0 <6 <1.

For a convex (pseudo)modular w on X, wy(x,y) = Awy(x,y) is a
(pseudo)modular on X, so setting dﬁ* = d?v and applying Theorem 2.5.1, we
get

Theorem 2.5.7. Ifw is a convex (pseudo)modular on X and 0 < 6 < 1, then
dﬁ@yﬁz?ﬂﬂ—9ﬁmﬂkkw&yﬂ+9@+km@y»} XyeX,
>

is an extended (pseudo)metric on X and a (pseudo)metric on X*, and

di(x,y) < (1= 0)di(x,y) + 0dL (x.y) < d2* (x,y) < df(x,y) < 2d%(x,y),

where (see (2.3.3)) d*(x,y) = d°*(x,y).

Remark 2.5.8. Given 0 < 0 < 1,d%(x,y) < 1 implies d?*(x,y) < d’(x, y). In fact,
for any r such that d’ (x,y) < r < 1 there exists A = A(r) > 0 such that

(1 =6)ymax{A, wy(x, )} + (A +wr(x,y)) <r< 1.
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It follows that A = (1 — O)A + 04 < 1,
max{A, Aw; (x,y)} < max{A,wy(x,y)} and A+ Awy(x,y) <A+ wi(x,y),
and so,
d?* (x,y) < (1 — 0) max{A, Awy (x,y)} + O(A + Aws(x,y)) < 7.

It remains to pass to the limit as r — d? (x, y).

Example 2.5.9. Let p > 1 and w,(x,y) = (d(x,y)/A)’ be the p-homogeneous
modular from Example 2.3.5(1). Then, by Example 2.5.5(1), (2),

d(x,y) if p=1,

1 _ . /(p+1) 1% _
d,(x,y) = y(p) - (d(x, )’ and d,"(x,y) V(o — Ddx.y) if p> 1.

2.6 Bibliographical Notes and Comments

Sections 2.1 and 2.2. Modular spaces X} and X! were introduced in
Chistyakov [22] and studied in [24, 25, 28]. The space X?V is a counterpart
of the classical modular space X, defined in Musielak and Orlicz [77]; see
Remark 2.2.3(1), in which the main results of [77] are briefly described. As
condition (p.4) from Sect.1.3.3 is crucial for defining the F-norm |x|, on X,,
axiom (iii) in Definition 1.2.1 is a proper tool to define the (pseudo)metric d° (x, y)
on the space X, which is larger than X°.

The properties of d? (x,y) are based on the properties of quantity g° from (2.2.1)
(recall that d°(x,y) = (w*)°). This allows us to obtain an alternative expression
for the (pseudo)metric d? (x,y) in Corollary 2.2.6.

Modular space X is (natural and) new. Its role will be more clear below (see
Theorem 3.3.8): some ‘duality’ holds between the modular spaces.

Corollary 2.2.8 was first established in Chistyakov [28].

Lemma 2.2.9 and Theorem 2.2.11 are sharp refinements of Theorem 2.10 from
Chistyakov [24]. Counterparts of Theorem 2.2.11(d), (e) for classical modulars are
presented in Maligranda [68, Theorem 1.4].

Theorem 2.2.13 is new.

Section 2.3. In the convex case, the results of the classical modular theory are
presented in Remark 2.3.4(1). They were established by Nakano [81, Sect. 81],
Musielak and Orlicz [78], and Orlicz [90] (for s-convex modulars with 0 < s < 1).
For Orlicz modulars (i.e., integral modulars of the form p(x) = [, ¢(|x(1))dp),
the norm |[x[|, = inf{e > 0 : p(x/e) < 1} on X7 was considered by Morse
and Transue [73] and Luxemburg [66]. Note that the norm ||x||, is the Minkowski
functional p4(x) = inf{e > 0 : x/e € A} of the convex set A = {x:p(x)<1}.
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Furthermore, Musielak and Orlicz [78] proved inequalities of the form (2.3.6)
and (2.3.7) for classical convex modulars p, and Orlicz [90] established the
representation ||x||, = inf,-o sup{r~"', p(tx)r~'} (cf. the second equality in (2.3.3)).

The (pseudo)metric &} (x, y) on X was introduced in Chistyakov [22]. It is seen
from the expressions for 4} (x,y) and ||x||, that d};(x,y) is a counterpart of the
norm |[|x||,. Interestingly, the idea of definition of &*(x,y) = ()" has no relation
with the idea of Minkowski’s functional of a convex set, and relies on g0 from
(2.2.1), however, by virtue of the ‘embedding’ (1.3.3), for convex modulars p on
linear spaces, we get ||x||, = d};(x, 0) (see Remark 2.3.4(1)).

Section 2.4. The first modular stands for illustrative purposes—its idea is to
generalize, in a straightforward way, the well-known space £, of p-summable
sequences. The second modular (2.4.1), mentioned in [24, Example 3.2], is more
interesting and studied in detail (see also Example 4.2.7(2)). Note that modular
(2.4.1) can be obtained, via (1.3.3), from the classical modular p(x) = sup,,cy W
for x = {x,} € RY, see Rolewicz [95, Example 1.2.3].

Section 2.5. The whole material of Sect.2.5 is new. Connections with the
classical modular theory are as follows. Metric df;(x, y) from (2.5.1) for 6 = 1
is a counterpart of the F-norm |x|/'7 = info(1 + to(tx))/t, x € X, from Koshi and
Shimogaki [53], where inequality |x|, < |x|/1) < 2|x|, of the form (2.5.5) was also
established; here |x|, = inf{e > 0 : p(x/e) < &} is the Musielak-Orlicz F-norm.

The idea to define the operation @ in (2.5.8) is taken from Musielak [74] and
Musielak and Peetre [79] (see also Musielak [75, Sect. 3]).

The classical variant of Example 2.5.5 was elaborated in Maligranda [68, p. 4].

Metric d?* (x,y) from Theorem 2.5.7 for § = 1 is a counterpart of the Amemiya
norm ||x||/1) = inf;-o(1 + p(tx))/t, x € X;‘ = X, (see Nakano [81, Sect. 81], Hudzik
and Maligranda [48], Maligranda [68, p. 6], Musielak [75, Theorem 1.10]).

For more information about the modular theory on linear spaces and Orlicz
spaces we refer to Adams [1], Kozlowski [55], Krasnosel’skii and Rutickii [56],
Lindenstrauss and Tzafriri [65], Luxemburg [66], Maligranda [68], Musielak [75],
Nakano [80, 81], Orlicz [89], Rao and Ren [92, 93], Rolewicz [95].



Chapter 3
Modular Transforms

Abstract In this chapter, we study variants of modular axioms and transformations
of modulars, which preserve the modularity property. It is shown that these
transforms are more flexible than the metric transforms.

3.1 Variants of Modular Axioms and Metrics

The following Proposition (and its proof) shows that new metrics, defined in it, do
not lead to a greater generality as compared with metrics d° and d_..

Proposition 3.1.1. Ifw is a (pseudo)modular on the set X and ¢ : [0, co) — [0, c0)
is a superadditive function, then

0% (x,3) = inf (4> 0 wa(e,y) < ()} = inf max{A, @™ (v (x. )}

and
4, (cy) = inf (A +¢7 m(xy),  xyeX,
>
are extended (pseudo)metrics on X and (pseudo)metrics on X = X;,]OW,
where (7' o w),(x,y) = @ '(wy(x,y)) is also a (pseudo)ymodular on X and,

moreover, a’?v-’«J (x,y) < dylv’w(x, y) < ng,’(p (x,y) forallx,y € X.

Proof. Taking into account Theorems 2.2.1 and 2.5.1 (with 6 = 1) and Corol-
lary 2.2.6, it suffices to verify only that ¢! o w is a (pseudo)modular on X: axioms
i), (i), and (ii) are clear, and (iii) follows from the subadditivity of the inverse
function ¢! It remains to note that

dy?(x,y) =inf{l > 0: o '(wi(x,y)) <A} = inf max{A, ¢~ (wa(x,y))}. O
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46 3 Modular Transforms
3.1.1 ¢-Convex Modulars

Let ¢ : [0,00) — [0, 00) be an increasing function (continuous or not) such that
¢(0) =0, ¢(u) > 0 foru > 0, and p(c0) =

Definition 3.1.2. A function w : (0, 00) X X x X — [0, 0o] is said to be a ¢-convex
modular on X if it safisfies axioms (i), (ii) and, instead of (iv), the inequality

WoG+p (X, Y) < Woa) (X, 2) + ———— Wy (2,Y)

_)k—i- )L—f-

forall A, u > 0 and x, y, z € X. If, instead of (i), w satisfies only (i'), then it is called
a @-convex pseudomodular.

Clearly, w is a g-convex (pseudo)modular on X if and only if the function w,
given by Wy (x,y) = Awy)(x,), is a (pseudo)modular on X.
It follows from Theorem 2.2.1 (cf. also (2.3.2) and Theorem 2.3.1) that

dy?(x,y) = inf{d > 0 : wyo)(x,y) <1} = ing max{A, Aw,)(x,y)},  x,y€X,
>

is an extended (pseudo)metric on X and a (pseudo)metric on X7:.
Furthermore, the function w*”, i.e., A — w; (x, y), is nonincreasing on (0, co) for
all x,y € X: in fact, given 0 < u < A, we have, by (1.2.4),

AWy (X, ) = Wa(x,y) < Wu(x,y) = uw (x,y),

and so,

-1
(;T&L)) wu(x,y) < wux,y).

wa(x,y) =
By Lemma 2.2.4, the quantity d° (x,y) € [0, oo] from Theorem 2.2.1 is well-defined
for x,y € X and is finite for x,y € X}, and the following inequalities hold, which
generalize inequalities (2.3.5) from Theorem 2.3.1:

¢ Ya)min{1,a} < dr¥(x,y) < ¢ a)max{l,a} with a= d?v(x, y). (3.1.1)

The following observation shows that the notion of a ¢-convex (pseudo)modular
does not give a much greater generality as compared to the notion of a convex
(pseudo)modular. In fact, setting wy (x, y) = wy(a) (X, ¥), or wi (X, y) = Wy—1(3(x, ),
we have: w is ¢-convex if and only if w is convex. This assertion is a consequence
of the following (in)equalities:

B
Wi (X, Y) = Weitp (6, y) < pyrn W) (X, 2) to Tt W) (2, Y)

= A_}_MWA(X .2) + +Mwu(z,y)
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On the other hand, g-convex modulars are generalizations of classical s-convex
(with 0 < s < 1) modulars p : X — [0, oo] on a real linear space X, which, along
with conditions (p.1)—(p.3) from Sect. 1.3.3, satisfy the inequality (of generalized
convexity):

plax + By) < &’p(x) + Bp(y) forall x,yeX, o,>0, 0"+ p°=1.

In fact, if wy (x,y) = p((x —y)/A) forall A > 0 and x,y € X (cf. (1.3.3)), then w is
a g-convex modular on X with ¢(u) = u'/*: noting that

— A 1/s — 1/s —
X—=y :( ) X Z+( W ) Z yEOt-x/-i-,B-yl,

A+ p)l/s A+ A A4 wl/s
where
. ! A
a°+ﬁ°=m+ﬁ=1,
we find
w6 = (G i) = Pl Bo3) < 0%pW) £ F00)
A+

. A xX—2z n 78 zZ—y
T+ n PO ) T o P

A Q
=it Wo) (x,2) + Tt Wo(u) (2. Y)-

In particular, inequalities (3.1.1) for ¢(u) = u'/* with 0 < s < 1 are of the form:

min{a*, @'} < d*¢(x,y) < max{a’,a't'} with a=d%(x,y).

3.1.2 Modulars Over a Convex Cone

A further generalization of the notion of modular wy (x, y) is obtained if we replace
the parameter A > 0 by an element A from a convex cone (see Appendix A.3).

Suppose (A, d, +, ) is an abstract convex cone, A = A\ {0}, and |A| = d(A,0)
is the absolute value of A € A.

Definition 3.1.3. A functionw : A x X x X — [0, o0] is said to be a modular over
A on X if, given x, y, z € X, the following four conditions are satisfied:

(1a) x=y ifandonlyif w;(x,y) = 0forall X € A;
(27)  wa(x,y) = wi(y,x) forall A € A;
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Ba) walx,y) =wyu(x,y) forall A, u € A such that |A| = |ul;

(4n) Watp(xy) Swalx,z) +wy(z,y) forall A, u € A with |A + pu| = [A] +[u].
If, instead of the inequality in (4, ), we have

|A| ||

wi(x,z) +

A+ ul A+ pl

then w is called a convex modular over A on X.

(SA) WA+M(X»)’) = WM(Zvy)’

The essential property of a modular w over A is its monotonicity with respect to
the first variable A € A in the following sense: if x,y € X and A, u € A are such
that 0 < |u| < |A], then wy(x,y) < w,(x,y). In fact, noting that A = A; + uy,
where A1 = (|A| = [wDA, w1 = [u|A', A" = A/|A], and |A'] = 1, we find that
A pn € A, [M] = [A|—|pfand [p] = |, and so, [A1 41| = |A] = [Ar] + [l
Thus, conditions (44), (14), and (34) imply

WA, Y) = Wiy (6, ) < way (60) + wyy (1Y) = wy, (8 y) = wi(x,y).
Now, it follows from Lemma 2.2.4 that the quantity

d2(x,y) = inf{|A] : 2 € A and w; (x.y) < |A|} = inf max{|A|, w; (x.y)},
reh

defined for x,y € X, is an extended metric on X and a metric on the modular space
X:(x°) = {x e X :wy(x,x°) < oo forsome A = A(x) € A}, where x° € X.

Every (convex) modular w on X in the sense of (i)—(iv) can be considered as a
(convex) modular over A on X: if Wy (x,y) = wyy(x,y) forall A € Aandx,y € X,
then w satisfies (15)—(54).

3.1.3 Complex Modulars

Let C be the set of all complex numbers, || denote the absolute value of { € C, and
i = v/—1 be the imaginary unit.

Suppose X is a complex linear space and p is a classical (convex) modular on
X, ie., p: X — [0, o] satisfies conditions (p.1)—(p.5) from Sect. 1.3.3 except that
axiom (p.3) is replaced by the condition

(0.3c) p(e’x) = p(x) for all x € X and r € R.
Setting

wi(x,y) = p()%) forall AeC=C\{0}andx,y€X,

we have: w is a (convex) modular over A = C on X in the sense of (15)—(54). In
order to see this, we verify only conditions (35) and (54). If A, u € Cand |A| = |u],
then A = ,uei’ for some r € R, and so, by (p.3¢),

wi(x,y) = p(?) = p(e_i’ )%) = p(x;y) = wpu(x,y).
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In particular, since | — 1| = 1, we get wy (x,y) = wa(, x).
Now, assume that x,y,z € X and A, u € C are such that |[A + u| = |A| + |ul-
Taking into account (1.3.4), where, for some r, s € R,

N

a:mzltﬂe and ,3=m=|ﬂ|e‘v
and noting that
o noy Lo Rl
|“|+|’3|_‘A+u)+‘k+/x‘_(WHM')')MLM‘_ T

we find from (p.5) that (cf. (1.3.4) one more time)
A=) ’ ’ ir / is /
Witu(x,y) = pl —— ) = plax + < |x|ple"x) + €

penle) = p(570) = Pl + B) = lalo(e"¥) +IBlo(e"y)
u
A4

A
= lalo) + 18100") = |35 w9+ [ e,
which implies the inequality (54 ).
One more modification of the notion of modular, called an F-modular and

based on the notion of a generalized addition operation, is presented in Chistyakov
[22, 23].

3.2 Miscellaneous Transforms

Here we present further examples of (pseudo)modulars and provide methods to
generate new (pseudo)modulars by means of modular transforms.

The following assertions are similar to the properties of metrics.

Let w be a (pseudo)modular on X and g : (0,00) — [0, 00] be a nonincreasing
function. Given A > 0 and x, y € X, we set

wi(x,y) = g(M)wa(x,y)  (g-scaling of w)

and
wh (x,y) = min{g(A), ws(x,y)}  (g-truncation of w).

Then w* and w' are pseudomodulars on X, and if, in addition, w is a modular on
X and g(A) # O for all A > 0, then w* and w' are also modulars on X. If w
is convex, or the function A — Ag(A) is nonincreasing, then w* is convex. In
particular, wY (x,y) = wx(x,y)/A is always convex. Furthermore, if w is convex
and A — Ag(}) is nonincreasing, then w' is convex (here the monotonicity of Ag(4)
is essential, e.g., if wy(x,y) = 0if x = y, and wy(x,y) = ocoif x # y, then w is
convex, while w} (x,y) = min{l, w, (x, y)} is not).
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Clearly, the sum of two (pseudo)modulars and the maximum of two (pseudo)mo-
dulars on X are also (pseudo)modulars on X.
If b : (0, 00) — (0, 00) is a nondecreasing function (cf. (1.3.2)), then

wy (X, y)

——————— isa(pseudo)modularon X (oco/oc0 =1).
W) Fwitey) P /

(A, x,y) —

More generally, let ¢, ¥ : [0,00) — [0, 00), where ¢ is superadditive and v
is subadditive. Set w/ (x,y) = wyq)(x,y) and w/(x,y) = ¥ (wa(x,y)) for A > 0
and x,y € X. Then w’ and w” are (pseudo)modulars on X (cf. Proposition 3.1.1 and
Sect. 3.1.1). Note that the function ¥ above, given by ¥ («) = u/(h(A) + u), u > 0,
is concave (because its second derivative is negative), and so, it is subadditive.

3.3 Right and Left Inverses

Let w be a (pseudo)modular on the set X.

Definition 3.3.1. The right w* and left w™ inverses of w are the functions wt, w™ :

(0,00) x X x X — [0, o] defined, for all © > 0 and x, y € X, by the rules:
wlj'(x,y) = (w+)H(x,y) = inf{A >0:wy(x,y) <u} (@(infz=o00), (3.3.1)

w, (6, y) = (W )ulx,y) =sup{d > 0:wix.y) = up  (sup@ =0). (332

The properties of wT and w™ are gathered in the following Theorem.

Theorem 3.3.2. Functions w and w™ are (pseudo)modulars on X such that w
is continuous from the right and w= is continuous from the left on (0, 00), and the
following (in)equalities hold in [0, o0], forall A, u > 0 and x,y € X:

wif (x,y) <wj (x,y), and

wy T ) =wl () = wao(x y)<wale ) swa—o(x,y) = wy (%) = wi T(x.),

where w™ T = (W) T, wiT =wH T, w— = W), and wt™ = (wh)™.
Proof. 1. Let us verify only axioms (i) and (iii) for w* and w™.

(i) Suppose x,y € X, and w; (x,y) = 0 (or w, (x,y) = 0) for all u > 0. Given
A > 0, we have A > wf[(x,y) (or A > w (x,y)), and so, (3.3.1) (or (3.3.2))
implies wy (x,y) < w (or wy(x,y) < u, for, otherwise, wy(x,y) > u and
(3.3.2) yield w, (x,y) = A) for all u > 0. So, wx(x,y) = 0 forall A > 0,
which, by axiom (i) for w, means that x = y.

(iii) Let us show that Wit+ M (x,y) < wljE (x,2) + wljf (z,y), where we may assume
that the right-hand side is finite. Given § > w}' (x,z) and n > w;f (z,y)
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(or £ >wy(x,z) and n > w,(z.y)), the definition of wt (or w™) gives
we(x,z) < A and wy(z,y) < p (or we(x,z) < A and wy(z,y) < ), and
s0, by axiom (iii) for w,

Wepn(x,y) S we(x,2) +wy(z,y) <A+

(or wgyp(x,y) < A + p in the case of w™). By virtue of definition (3.3.1) (or
(3.3.2)), we find WL_M (x,y) <&+n(or w;+#(x, y) < £+n, for, otherwise, the
inequality £ 4+ n < WL_M(x,y) and (3.3.2) would imply we4,(x,y) > A + ),
and it remains to take into account the arbitrariness of £ and 7 as above.

2. Since w, w¥, and w™ are (pseudo)modulars on X, functions g(A1) = w;(x,y),
gt (pn) = w:[ (x,y), and g~ (u) = w), (x,y) are nonincreasing in A and p from
(0,00) for all x,y € X (see (1.2.1)), and so, the remaining properties of w*
and w~ from Theorem 3.3.2 follow from Lemma 3.3.4 below concerning further
properties of nonincreasing functions on (0, 00). O

Remark 3.3.3. 1. By Theorem 3.3.2, wtt*™ = w™: in fact, given A > 0 and
x,y € X,

wi Ty = WOy = WHasolxy) = wi o)) = wi (x,).

Similarly, w—~~ = w™. Moreover, if w is continuous from the right (from the
left), then wT+ = w (W™= = w, respectively).

2. The term the ‘right inverse’ for wt has been chosen from the fact that wt is
continuous from the right. Alternatively, w* may be called the ‘lower inverse’
of w, because wt < w~. Similarly, the ‘left inverse’ w™ of w sounds more
suggestive than the ‘upper inverse’.

3. The following two properties of w—, observed in the proof of (i) and (iii) of
Theorem 3.3.2, will also be useful in the sequel:

(a) if A > g7 () = w), (x,y), then g(A) = wa(x,y) < p3
(b) ifg(A) = wa(x,y) < p,then A > g7 (u) = w, (x,y).

Given a nonincreasing function g : (0, 00) — [0, 00], its right inverse g* and left
inverse g~ are defined by (cf. (3.3.1) and (3.3.2)): g (u) = inf{A > 0: g(A) < u}
and g7(p) = sup{A > 0 : g(A) > u} for all u > 0. Clearly, functions g™+
and g~ are well-defined, map (0, oo) into [0, oc], and are nonincreasing on (0, co).
Furthermore, g7 =0 ¢g=0& ¢ =0,andgt =0 & g=00 & g~ = 0.

Lemma 3.3.4. Let g : (0,00) — [0, 00] be a nonincreasing function. We have:

(a) g* is continuous from the right and g~ is continuous from the left on (0, 00);

(b) g* () < g~ (w) forall p > 0;

(© & (1) =g (u—0)and g*(u) = g~ (1 + 0) for all > 0;

(d) g is (strictly) decreasing on (0, 00) if and only if 0 < g(A) < oo forall A > 0
and g* () = g~ (u) for all ;1 > 0 (and so, g™ = g~ is continuous on (0, 00));
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(e)
®
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@) = )T =g +0) < gl) =g -0) = (7)) =
(g")~ () forall A > 0;
(g7)° = g% = (g7)° where g° =inf{d > 0: g(A) < A} (c¢f (2.2.1)).

Proof. (a) By (2.2.2), g7 (u+0) < gt (n)and g~ () < g (u—0) forall u > 0.

(b)
©

Let us establish the reverse inequalities. Suppose g*(u + 0) < oo, and let
A > gt(u + 0). Then, there exists g > pu such that A > g*(u') for all
i < w < po. By the definition of g%, g(A) < p/ forall u < ' < Lo,
and so, g(A) < u. Hence g% (u) < A for all A > g¥(u + 0), which implies
gt () < gt (u+0). Thus, gt (+0) = g7 (w),ie., g" is continuous from the
right at & > 0. Now, suppose g~ (i) < 0o, and let A > g~ (u). The definition
of g~ implies g(A) < pu, and so, for each ' > 0 such that g(1) < u' < u,
we have g~ (u') < A. Therefore, passing to the limit as 4’ — u — 0, we get
g (u—0) < Aforall A > g~ (). This yields g~ (u — 0) < g~ (u) and proves
that g~ (u — 0) = g~ (u), i.e., g~ is continuous from the left at . > 0.
Assuming that g7 () < oo and A > g~ (u), we get g(A) < u, which implies
gt () < A, andso, as A — g~ (u), we obtain g¥(u) < g~ ().

By (b), g7 (1) < g (u') for all 0 < u’ < u. Passing to the limit as u/ —
w— 0, we find, by (a), g7 (1 — 0) < g~ (0 — 0) = g~ (u). To prove the reverse
inequality, we assume that g* (. —0) < oo, and let A > g™ (. —0). Then, there
exists 0 < o < u such that A > g™ (') for all u’ with g < ' < u, and so,
by the definition of g™, g(A) < u’. Hence g(1) < u, and the definition of g~
implies g~ (i) < A. Taking into account the arbitrariness of A > g (u —0), we
get g~ (n) < gt (u—0).

The second equality in (c) is established similarly.

(d)(=) Since g is decreasing, given 0 < A; < A, we have 0 < g(4,) < g(A;) <

00, i.e., 0 < g(A;) and g(A,) < oo, and so, g is positive and finite valued.
Now, by (b), it suffices to prove that g™ (1) > g~ (u) for u > 0. This
inequality will follow from the definition of g™ if we show that, given A > 0
with g(1) < u, we have A > g7 (). On the contrary, if A < g~ (u),
then we may choose A’ such that A < A’ < g7 (). Since g is decreasing,
g(A) > g(1'), and the definition of g~ implies g(A") > u, whence g(1) >
1, which contradicts the inequality g(1) < u.

(d)(«<=) Since g is nonincreasing, g(1;) > g(4;) forall 0 < A; < A,. Assume that

(e)

g(A1) = g(A;) = p for some A; < A;. By the assumption, 0 < u < oo.
The definitions of g™ and g~ and equalities g(A;) = w and g(Ay) = u
imply g™ (1) < Ay and g7 (1) > A2. S0, Ay < g7 (w) = g™ (n) < Ay,
which contradicts A; < A,. Thus, g(4;) > g(A,) forall A, < A,, i.e., gis
decreasing on (0, 00).

The inequalities in the middle of the line in (e) are known from (2.2.2). In order
to prove the left-hand side equalities in (e), we show that

EHTR) = @)™ g +0) < DT W.
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First, note that if g, g, : (0, 00) — [0, 00] are nonincreasing functions such
that g; < g, (i.e., g1(A) < g2(A) for all A > 0), then g < g and g7 < g5
Since g7 < g~ (by virtue of (b)), we get (g1 < (g7)*.

Second, we claim that (g7) (1) < g(A) for all A > 0. In fact, if g(1) < co
and u > g(A), then, by the definition of g=, g~ () < A. The definition of
(g7) " implies (g7)T(A) < u, and so, passing to the limit as u — g(1), we get
(g7)T(A) < g(A). Hence (g7) (1)) < g(A') forall A’ > A, and letting A’ tend
to A + 0, we find, by (a), (¢7)T(X) = (g7)T (A +0) < g(A + 0).

Third, suppose (g7)* (1) < oo. Given i > (g7)T (1), the definition of
(g7)T yields gT () < A. If g7 () < A, then g(1) < pu, and so, g(A + 0) <
g(A) < p. Now, if g7 () = A, then, for any A’ > A = g7 (), the definition
of g* implies g(1') < u, whence, as A’ — A + 0, we get g(A + 0) < . Since
w > (g7) T () is arbitrary, the inequality g(A + 0) < (g7)* (1) follows.

The right-hand side equalities in (e) are established similarly by proving
inequalities g(A —0) < (g")"(X) < (g7)~ (1) < g(A —0).

(f) 1. Let us prove the first equality (g7)° = g°.

(<) Suppose g° < oo, and let i > g°. By the definition of g°, we have
g(u) < m,ie, pu € {A > 0 : g(d) < u}l. So, the definition of g™
implies gt (u) < . It follows that (g7)° < u. Since u > g° is arbitrary,
(g0 < g < o0.

(>) Suppose (g7)° < oo, and let A > (g7)°. The definition of (g7)°
implies g™ (1) < A.If g™ (1) < A, then, by the definition of g™, g(1) < A,
and so, g1o(A) = g(A +0) < g(A) < A. If g7(1) = A, then, for any
A > A = gt (L), the definition of g implies g(1') < A, and so, as
A — A+ 0, we get g19(A) = g(A + 0) < A. Thus, in both cases,
g+o(A) < A. Hence (g49)° < A, which, together with Lemma 2.2.7,
gives g% = (g40)° < A. Passing to the limit as A — (g7)°, we find
g =< (g7’ < o0

2. Now we establish the second equality, g° = (g7)°, employing the formula

for g° from Remark 2.2.5, which is g = sup {1 > 0: g(1) > A}.

(<) In view of Lemma 2.2.4(c), we may assume that g° # 0. Given
0<u<g® wehave g(u) > p,andso, u € {1 > 0 : g(A) > uk.
By the definition of g~, g~ (1) > p, which implies (g7)° > u. Since
u < g° is arbitrary, we get (g7)° > g°, and, in particular, (g7)° # 0.

(>) Let (g7)° # 0, and suppose 0 < A < (g7)° Then, g~ (1) > A. If
g (A) > A, then, by the definition of g—, g(A) > A, and so, g—o(A) =
g —0) > g(A) = L. If g7 (L) = A, then, forany 0 < M < A =
g~ (A), the definition of g~ implies g(A’) > A, and so, as A’ — A — 0,
we get g_o(A) = g(A —0) > A. Thus, in both cases, g_o(A) > A. By
Lemma 2.2.7, we get

g" =(g-0)" =sup{u>0:g0(n) = p}>A.

Passing to the limit as A — (g7)°, we find g° > (¢7)°, and, in particular,
g’ #0.
This completes the proof of Lemma 3.3.4. O
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Remark 3.3.5. Conditions on the right in Lemma 3.3.4(d) are sharp as the following
example shows. The function g cannot assume the value 0: if g : (0, 00) — [0, c0)
is defined by g(A) = 1—A41if0 <A < 1,and g(A) = 0if A > 1, then g is (only)
nonincreasing and g = g~ = g on (0, 0o). Furthermore, the function g cannot
assume the value oo: setting g;(A) = 1/g(1/1) for A > 0, we find g, (1) = oo if
0<A<l,and gi(A) = A/(A—=1)if A > 1, and so, g; : (0,00) — (1,00] is
nonincreasing and gfr =g = g1 on(0,00).
Ifa > 0 and g(A) = aforall A > 0, then (cf. also Lemma 3.3.4(b))

o if0<pu<a, o if0<p<a,

and - =
0 if u>a g (w)

A OES

0 if u>a.
One more example: if g(A) = (1/A) 4+ 1 for A > 0, then (draw the graphs)

if0<p<l,

+ — o —
g (n) =g (n) = Vi) it >

Keeping in mind that g(A) = w;(x,y), and in order to be specific, we study
some more properties of g+ (see Lemma 3.3.4(c)). Clearly, given u > 0, we have:
gt (n) = 0 & g(+0) < u (or, equivalently, g* () > 0 < g(+0) > ), and
gt (1) = 00 & g(A) > uforall A > 0.

The following Lemma is a counterpart of Lemma 2.2.9.

Lemma 3.3.6. If g : (0,00) — [0, o] is a nonincreasing function and A, it > 0,
then

(@) g*(w) > A ifand only if g(A + 0) > u;
(b) g(A —0) < w implies g+ () < A, and g (1) < A implies g(A — 0) < u;
(©) g*(n) = A implies g(A +0) < u < g(A —0).

Proof.

(a)(=) For any A; and A, such that g*(u) > A, > A; > A, by the definition of
gt, we have g(1,) > 1, and the monotonicity of g implies g(A;) > g(1»).
Passing to the limit as A; — A + 0, we get g(A + 0) > g(A,), and so,
gA+0) > pu.

(a)(<) If g(A + 0) > pu, then there exists Ay > A such that g(1') > u for all
A < A/ < A¢. By the definition of g™, gt (1) > A (otherwise, g*(u) < A/
implies g(A’) < ), and so, g+ () > A > A.

(b) If g(A — 0) < u, then there is 0 < Ay < A such that g(A') < u for all A/
with Ag < A’ < A. By the definition of g™, g™ (1) < A/, which implies
ghw <A

Now, suppose g7 (1) < A. Given A; and A, such that g (u) < A <

Ay < A, the definition of g¥ implies g(1;) < u, and the monotonicity

of g gives g(A;) < g(A;). Passing to the limit as A, — A — 0, we find
g(A —0) < g(41), whence g(A — 0) =< p.

(c) is a consequence of (a) and (b). O



33

Right and Left Inverses 55

Remark 3.3.7. 1. If, in Lemma 3.3.6, g is decreasing on (0, c0) (or it suffices to

assume that g(A) < g(A') forall 0 < A’ < 1) and g(1) = pu, then g7 () = A.
In fact, g(A + 0) < g(A) = p imply g7 () < A (by Lemma 3.3.6(a)), and so,
g7 (1) = A (for, otherwise, if g7 (1) < A and g (1) < A’ < A, then g(1) < p,
which contradicts 4 = g(1) < g(1)).

. Ifg(A+0) < g(A—0)and g(A +0) < u < g(A —0), then g™ (1) = A (see

Lemma 3.3.6(a), (b)).

. Lemma 3.3.6 and remarks (1) and (2) above can be illustrated by functions g and

g1 from Remark 3.3.5 and, for instance, the following function:

3if0<A<l, oo if 0 <<,
if gA)=42if A=1, then gh(u) =41 if l<pu<3,
1 if A>1, 0 if = 3.

The following relations hold between modular spaces for w, wT, and w™.

Theorem 3.3.8. Given a (pseudo)modular w on X, we have:
(a) X:+ =X'=X';
(b) X0, = X" = X)— and X, = X), = X}

©
(d)

d?v+ (x,y) = d°(x,y) = d°~(x,y) for all x,y € X (and X*);
dvler (x,y) =d! (x,y) = d' - (x,y) forall x,y € X (and X).

Proof. We will prove the equalities only for w™. Taking into account Remark
3.3.3 (3), the equalities for w™ are established similarly.

(a)

(b)

()

(d)

To see that X*, C X7, letx € X* . We have wf[(x, x°) < oo for some p > 0.
Choose A > 0 such that w;[ (x,x°) < A. By the definition of wT, wy (x,x°) <
1 < oo, and so, x € X;. To show the reverse inclusion, suppose x € X}.
Then, there exists A > 0 such that w; (x,x°) < oo. Let © > 0 be such that
wy (x,x°) < u. The definition of w* implies wlf (r,x°) <A <oo,ie,xeX’,.
Ifx € X3+, then w;[(x,x") — 0as u — oo, and so, given A > 0, there
exists (o(A) > 0 such that w;r (x,x°) < A for all u > po(X) or, equivalently,
w;:om(x, x°) < A. By the definition of wt, wy(x,x°) < uo(A) < oo for all
A > 0, which implies x € X", Now, assume that x € X", Then, given ¢ > 0,
we(x, x°) < 00, and so, if uy = wo(e) > 0 is such that w,(x,x°) < o, then
w;[o(x,x°) < ¢. Hence wf[(x,x°) < w;ro(x,x°) < g for all © > po; in other
words, w:[(x, x°) — 0as . — oo, and so, x € Xg+.
Exchanging wt and w in this proof, we get X° = val-lr

Given x, y € X, Lemma 3.3.4(f), applied to the function g(1) = w; (x,y), A > 0,
yields d° (x.y) = (¢7)" = g° = dl(x. ).

(<) Suppose d}v(x, y) < 0o, and let p > dvlv(x,y). Then, by (2.5.1) with 8 = 1,
there exists Ag = Ao(p) > 0 such that Ao + wy,(x,y) < p. Since wy,(x,y) <
it — Ao, the definition of w™ implies w:_ 20 (x,¥) < A¢, and so, by the definition
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ofd  ,d! , (x,y) < (u—ko)+w:_A() (x,y) < . Since u > d! (x,y) is arbitrary,
we get dvlv +(x,y) < dl(x,y) < oo. The reverse inequality (>) is proved along
the same lines by exchanging wt and w. O

In order to be specific, we evaluate the right inverse w* in the examples below.

Example 3.3.9 (modulars w of the form (1.3.1)). Here we consider modulars,
already encountered in Examples 1.3.2, 2.2.2, and 2.5.5. Let (X, d) be a metric
space.

1. Let wy(x,y) = d(x,y)/AP with p > 0. If p > 0, then w/'f(x,y) = (d(x,y)/p)'/?
(cf. Examples 2.3.5(1) and 2.5.5(2)). In particular, if p = 1, then w = w. Note
that, for p > 1, w is convex, and its right inverse wT is not convex (because
function u +— ,uw:(x, y) is increasing in > 0 if x # y). If 0 < p < 1, then
w is nonconvex and w™ is convex (in this case o(u) = WP, u > 0, is a convex
function).

For p = 0, modular w; (x, y) = d(x, y) is nonconvex, and w™ is convex:

W:(X,y) _ ) %f 0<p<dy), _ (d(x,y))’ (333)
0 if p = d(x.y), 2
where p(u) = 0if 0 < u < 1, and ¢p(u) = oo if u > 1 (see (1.3.5) and (1.3.9)).
Modular spaces from Theorem 3.3.8 are X0 = {x°} = XS‘_‘F, X, =X=X,,
and X3+ =X = X" and so, X° C Xng properly.

On the other hand, if we consider the left regularization of (3.3.3), that is,
wy(x,y) = oo for 0 < A < d(x,y), and wy(x,y) = O for A > d(x,y), then w
is a nonstrict convex modular on X, w;f (x,y) = d(x,y) is strict and nonconvex,
w;'+(x,y) = wj4o(x,y), and X(V]V+ =} cXx=Xx%

2. Given Ap > 0,let g(A) = 1if 0 < A < A, and g(1) = 0if A > Ay. The modular

dx, if0<k<k )
wi(x,y) = g(Md(x,y) = { (Oy) it A AZ

is nonstrict and nonconvex, and its right inverse is given by

Ao if 0 < p <d(x,y), d(x,y)
+ _ 0 lu y — ~ 77
wu(x,y)—{ 0 i e die, ( - )

where ¢(u) = 0if 0 < u < 1, and ¢(u) = Ao if u > 1. So, w™ is nonstrict and
nonconvex. (Formally, w™ is the same as (3.3.3) for A = 00.)
3. Consider the following nonstrict (and convex for p > 1) modular

d(x, . .
wl(x,y)z%lf O0<A<l, wyx,y)=0if A>1 (p>0).
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Its right inverse wT is of the form, which is strict and nonconvex:

p .
)i = de)

. d(x, y)\!
w:(x,y) =1if 0 <pu <d(x,y), w:(x,y) = ( m

(the nonconvexity of w follows from Proposition 1.2.3(b)). Moreover,

0 (x,y) = d) 1 (x,y) = min{1, (d(x,y)"/"*V}  (p > 0),
d(x,y) = min{l, d(x,y))"/?} (p = 1). (3.3.4)

4. For g(A) = max{l, 1/A”} (p > 0), we have a strict nonconvex modular

d(x,y)

Wiy = =2

if 0<A<l1, wilx,y)=d(xy if A>1,

and so, its right inverse wT is of the form

w:(x,y) =o0 if 0 < p <d(x,y), w:(x,y) = if u>dx,y),

(d(x, y) ) 1/p

u
which is strict, and convex for 0 < p < 1. Also, for modular spaces, we have the
following: X{, = {x°}, X°, = X*, =X} = X, and

dy(x.y) = d?ﬁ (x,y) = max{d(x, ), (d(x, y))l/(p+1)}.

5.If wylx,y) = dx,y)/(h(A) + d(x,y)) is the modular from (1.3.2) (and
Example 2.2.12), then

1 1/p
wlf(x,y)z ((——l)d(x,y)) if 0<u<l1, and =0 if u>1.
N

Example 3.3.10 (modulars w of the form (1.3.5)). Suppose ¢ : [0,00) — [0, o0]
is a nondecreasing function such that ¢(0) = 0 and ¢ # 0. The function goj_l :
[0,00) — [0, 00], defined by (pjr‘(v) = sup{u > 0: ¢(u) <v}forallv > 0,is
called the right inverse of ¢. Clearly, (pjrl is nondecreasing and continuous from the
right on [0, 00).

L If wi(x,y) = ¢(d(x,y)/A), A > 0,x,y € X, is a modular on X of the form
(1.3.5), then (under conventions 1/0 = 0o, 1/00 = 0, and co - 0 = 0)

1
wi(x,y) = ——-d(x,y) forall u>0 and x,ye€X. (3.3.5)

oy (W)

This equality means that the right inverse of a modular from (1.3.5) is a modular
of the form (1.3.1) (and vice versa).
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To prove (3.3.5), we assume that x # y, and set a = d(x,y) > 0. Since
w:(x,y) =inf{l > 0:¢(a/A) <pu}=a-inf{l/u:u>0and (1) < u},
it suffices to show that

inf{l/u>0:¢u <u}= l/go_;l(u) for all p > 0. (3.3.6)

On the one hand, since (pjrl(,u) = oo is equivalent to {u > 0 : p(u) < u} =
(0, 00), which is equivalent to {1/u > 0 : ¢p(u) < u} = (0, 00), equality (3.3.6)
follows. On the other hand, (pj_l(u) = O is equivalent to {u > 0 : (1) > u} =
(0, 00), which is equivalent to {1/u > 0 : ¢(u) < u} = @, and, once again,
(3.3.6) follows. Now, suppose 0 < (pjrl(,u) < 00, so that the left-hand side in
(3.3.6) is also positive and finite. If # > 0 is such that ¢(u) < u, then, by the
definition of ', u < ¢7'(n), and so, 1/u > 1/¢7"'(1). This establishes the
inequality (>) in (3.3.6). To prove the reverse inequality, let £ > 1/ <pjrl(u).
Since 1/§ < ¢3! (1), the definition of ¢! implies ¢(1/§) < u, and so (putting
u=1/§€), we get

(E>0:6>1/9 (W} C{1/u>0:9) < p.

Taking the infima, we obtain the inequality (<) in (3.3.6).

. Here we assume that ¢ : [0,00) — [0, 00) is a nondecreasing and unbounded
function such that ¢(4+0) = 0, and ¢(u) > O for u > 0. By virtue of
Theorem 3.3.8(c) and (3.3.5), given x, y € X, we have

dy(x.y) = d)y (x.y) = inf{u>0:wi(xy) < pu}
=inf{p >0:pe;'(n) = d(x.y)} = @-'(d(x.y)).

where the function @ : [0, 00) — [0, 00), given by @(u) = u(p_?l(u) foru > 0
and @(0) = 0, is increasing on [0, 00), and @~'(v) = inf{u > 0 : ®(u) > v},
v > 0, is the left inverse of @, which is nondecreasing and continuous on [0, c0).
For instance, let () = uif 0 < u < 1, o) = 1if 1 < u < 2, and
ow) =u—1ifu > 2.Then<p;l(u) =pif0 < pu < l,and(pll(u) =u+1
ifu > 1,andso, ®~'(v) = Jvif0<v <1, ®'(v) =1if 1 <v <2, and
&~ '(v) = (V4v +1—1)/2if v > 2 (cf. Example 2.3.5(6)).
. Suppose ¢(u) = 0if0 <u < 1, and ¢(u) = logu if u > 1. Then

_dy)y Y log(d(x,y)/A) if 0 < A < d(x,y),
Wil y) = ")< ) ) - { 0 it A >dxy).

Since (pf(v) =e', v > 0, formula (3.3.5) gives w: (x,y) = e *d(x,y), which
is the modular from Example 2.5.5(4).
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4. Consider the modular w from Example 2.3.5(5). We have

0 if x=yand u>0,
w:(x,y) = 00 if x#yand 0 <p <1, (3.3.7)
dx,y)/u if x#yand pu> 1.

This modular is strict and convex on X, and so,

. 0 if x=y

d*, (x,y) =inf{u > 0:wl(xy <1} = ’

wt (oY) = inf{u W ) <1 max{l,d(x,y)} if x # y.
(3.3.8)

5. Let wy(x,y) = supneN(d(xn,y,,)/)L)l/" be the modular from (2.4.1) with A > 0
andx = {x,},y = {y,} € X = MY, where (M, d) is a metric space. The right
inverse modular w is given, for u > 0 and x, y € X, by

d(Xn, Yn)

n

w:[ (x,y) = sup (3.3.9)

neN
Clearly, w™ is strict and, by Theorem 3.3.2, continuous from the right. (It is not
continuous from the left: e.g., if ¥ = R, x,y € R, x # y, x = {x}°2, and
y = g2, then wi (x,y) = oo forall 0 < u < 1, and wi(x,y) = |x —y|.)
Moreover, w is convex: in fact, since, for each n € N, the function A — A/A"
is nonincreasing on (0, c0), we have

1 - A
A+~ A4+p A"

for all A,u >0,

and so,

d(xnvyn) < d(x,,, Zn) + d(Znayn) < A . d(-xns Zn) + 14 . d(vayn)
A+ A+ p) TAtp A" Atp op

=

w;f' (x,2) + w: (z,y) forall neN.

o
A+pu A4

Taking the supremum over all n € N, we obtain the convexity property (axiom
(iv)). Hence (Sect. 2.1) Xg+ = X:’;+ , and metric d::+ from (2.3.3) is well-defined
onX*_ :

d* . (x.y) = sup (o) " = wix.y). (3.3.10)

neN

By virtue of Theorem 3.3.8 (see also Sect. 2.4.2), we have

XM o=X) CXp =X =X0 =X (3.3.11)

w w
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The first two equalities provide alternative descriptions of modular spaces X° and
X (see Proposition 2.4.2 and (2.4.3)) as follows:

x € X0(x°) & {A"d(x,,x°)}%, is bounded in R for all A > 0;

x €XI(x°) & {A'd(x,,x7)}22, is bounded in R for some A > 0.

Example 3.3.11 (the right inverse of the Hausdorff pseudomodular). Let w be a
(pseudo)modular on X. Denote the quantities (1.3.12), (1.3.13) and (1.3.14) by
Eiw) (A, B), showing the dependence on w explicitly. By virtue of Sect. 1.3.5,

W (A, B) = max{E" (A, B), E(B,A)}, A,BCX,

is the Hausdorff pseudomodular on £ (X), induced by w. Let w* be the right inverse
of w and W7 be the right inverse of W), Given A, B € Z(X), the following
inequalities hold:

WO @A, B) < W (A, B) < WO (@A, B) for all 0 < p < A.

The proof follows the lines of the proof of Theorem 2.2.13 with suitable modifica-
tions, and so, is omitted.

3.4 Convex Right Inverses

As we have seen in Examples 3.3.9 and 3.3.10, the right w* (and left w™) inverse
of a (convex) modular w may be nonconvex. Now, we exhibit a transform of
(pseudo)modulars, which preserves the convexity property of w and the two metrics
d* from (2.3.3) and d'* from Theorem 2.5.7 (with 6 = 1).

Recall that if w is a convex (pseudo)modular on X, then the function w) (x,y) =
W™ (x,y) = Awa(x,y) is a (pseudo)modular on X. Given y > 0 and x,y € X, we
define the convex right inverse of w by

~+
. Wi (x.y) .
wij”)(x, y) = ’“LT, where w1 = (w

/\)-‘r .
By virtue of Sect. 3.2 and Theorem 3.3.2, w(T9) is a convex (pseudo)modular on X,
which is continuous from the right on (0, c0).

Theorem 3.4.1. Let w be a convex (pseudo)modular on X. Given x,y € X, we
have:

() w,(fc)(x,y) =inf{A > 0: Awy,(x,y) < 1} forall p > 0;

(b) w&+c)(+c)(x,y) = wito(x,y) < wr(x,y) forall A > 0;
© d¥y(x,y) =dy(x,y) and d'}, (x,y) = d\) (x,y);



3.4 Convex Right Inverses 61

fi 0 _ — Y* — fi
@) X" C Xl = Xiqog =X = X5, D Xt

Proof. (a) Changing the variables in the infimum, we get

1
w9 y) = — inf{A > 0:W(x,y) < puy = inf(A/p > 0: Awa(x,y) < )
N

=inf{A > 0: Auwy,(x,y) < pu} =inf{d > 0: Awy,(x,y) < 1}.

(b) Since W(Jr )(x,y) /qu (x y) = /‘L"(x, y), > 0, taking into account
Theorem 3.3.2, we find

WL ) = £ ) ) = 3 i > 05w < 4)

1
= XW,\ Ty =< WA+0()C y) = N “Awigo(x,y).

(c) By definition (2.3.3) and Theorem 3.3.8(c), we have
Ao (ny) = inf{p > 0:wit9(x,y) < 1} = inf{u > 0: W (x,y) < p}
=d)  (x,y) =dl(x.y) =inf{l > 0: My (x.y) <A}
=inf{d > 0:wy(x,y) < 1} = d}(x,y).
The second equality in (c) follows from (2.5.1) and Theorem 3.3.8(d):
', (xy) = inf (A + w9, y) = inf (A + W) ()
= dgs (6,y) = di(x,y) = inf (A + b (x.y))
= ir;g ()& + Aw; (x, y)) =d*(x,y).
(d) The first inclusion C follows from (2.3.1) and Theorem 3.3.8(b):
valn = X?vn = Xgﬁ - X&ﬁ),
and the last inclusion D is a consequence of Theorem 3.3.8(b) and (2.3.1):
XML, =X =X) CX).

Since w(t) and w are convex, we get the first and last equalities in (d). Finally,
by Theorem 3.3.8(a) and (2.3.1), we obtain the equality in the middle:

X'y =Xl =X;=X;. O

w
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Example 3.4.2 (modulars w+®).

1. Let wy(x,y) = d(x,y)/A? (p > 1) be the strict convex modular from
Example 3.3.9(1). By Theorem 3.4.1(a), we have: if p > 1, then

w9 (x,y) = (

’

d(x,y))l/(P—l) _ 1 ‘ (d(x,y))l/(p—l)
/U’ no\ o
and if p = 1, then

W,(f")(x,y) — { OOO %f 0<p<dxy),
if w=>d(x,y).
Furthermore, all modular spaces from Theorem 3.4.1(d) are equal to X, except
that in the case p = 1 we have X", | (x°) = {x°}.
For nonconvex modulars w, e.g., when 0 < p < 1 above, its convex right
inverse w(*¢) may degenerate: ij‘f)(x’ y) = inf{A > 0: A'Pd(x,y) < 1} = 0.
2. For the convex modular wy (x,y) = d(x,y)/A* if 0 < A < 1 (p > 1), and
wy(x,y) = 0if A > 1, from Example 3.3.9(3), we have

w, Ox,y) = p=1) . if p>1,
(d(x.y)/w?) it p>dxy),
and
WO (1. y) = 1/ %f0<u<d(x,y), it o1,
# 0 if u>d(x,y),

The value d;( 1o (x,) is given by equality (3.3.4) (cf. also Theorem 3.4.1(c)).

3. Let g(A) = oo for 0 < A < Ag, and g(A) = 0 for A > A,. Define w by
wy(x,y) = g(A)8(x,y) (.e., = coforx # yand 0 < A < Ay, and = 0 otherwise).
We have wi;™ (x.y) = (Ao/p)8(x. y).

4. Consider modular (3.3.7) from Example 3.3.10(4), written, for x # y, as

00 it0<i<l1
y) = ’ d=0ifx = dA > 0).
wi(x,) {d(x,y)//\ i P (an if x =yan )

Then, for x # y, we have

oo if 0 < u <d(x,y),

and = 0if x = yand u > 0),
Up i g dey). Y= vandp=0

w9 (x,y) =

and metric d:;( 1o (x,y) is given by the right-hand side of (3.3.8).
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5. Rewriting modular (3.3.9) as wy (x,y) = sup,ey d(x, yn) /A", we get, by virtue
of Theorem 3.4.1(a),

00 if 0<p<d(x,y),
d(xn»yn) 1/(n—1) .
(Fa)

w9 (x,y) =

sup = d(x1,y1),

n>2

and d:;( 1o (x,y) is expressed by the middle term of (3.3.10).

Remark 3.4.3. 1. Any modular w on X can be transformed into a convex modular
w’ as follows:

wir(x,y)

w,(x,y) = =inf{l > 0:wy,(x.y) < u},

. . _ 0
in which case we have d, (x,y) = d,,(x, y).
2. Given a convex modular w on X, we may set

wh(x,y) = vAv:(x,y) =inf{d > 0: Aw, (x,y) < u},

and so, d),, (x,y) = d3 | (x,y) = d}(x,y) = d}(x,).

3.5 Bibliographical Notes and Comments

A classical modular p on a linear space X generates the family {p.}.~¢ according
to the rule p.(x) = p(x/¢e) for all x € X (e.g., x|, = inf{e > 0 : p(x/e) < &}).
It follows that any family of the form {(1/&”)p(x/€)}¢>0 is no longer a classical
modular (p > 0 is fixed). Hence multiplication of a classical modular by a non-
increasing function, as in (1.3.1), leads outside the scope of classical modulars.
Metric modulars w = {w, (x,y)}1-0 lack this deficiency and are more flexible and
transformable.

Section 3.1. The material of Proposition 3.1.1 and Sect.3.1.1 is taken from
Chistyakov [23]. In Sect.3.1.1, it is shown that the notion of ¢-convex modulars
generalizes the notion of classical s-convex modulars (0 < s < 1) due to Orlicz [90]
if we set @(u) = u'/* for u > 0. Inequalities (3.1.1) are proved in [23, Theorem 6.
Definition 3.1.3 is new. In particular, it gives, in Sect.3.1.3, a generalization of
classical complex modulars considered in Musielak [75] and Rolewicz [95]. Various
axioms are known in the literature to define modulars on linear spaces or spaces with
a prescribed algebraic structure: Le$niewicz [60, 61], Le$niewicz and Orlicz [63],
Musielak [74, 75], Musielak and Peetre [79], Nakano [80-82], Nowak [84, 85],
Orlicz [89], Turpin [102], Yamamuro [106].
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Section 3.2. We present modular transforms resembling metric transforms, see
Deza and Deza [36, Sect. 4.1].

Sections 3.3 and 3.4. The inverses of a metric (pseudo)modular are a powerful
tool to generate new (pseudo)modulars from given ones. Definition of w* and its
initial properties are presented in Chistyakov [24, Theorem 2.17]. A thorough study
of inverses is given in the sections under consideration.



Chapter 4
Topologies on Modular Spaces

Abstract In this chapter, we introduce, study and compare two kinds of conver-
gences and topologies, induced by a pseudomodular on a set—metric and modular.

4.1 The Metric Convergence and Topology

Throughout this section, w is a (pseudo)modular on a set X. Here we study metric
notions in the extended (pseudo)metric space (X, d’) and (pseudo)metric spaces
(X*,d°), and (X*,d*) when w is convex.

w? W w?w

4.1.1 The Metric Convergence

We begin by considering the d°-convergence of sequences from X, also called
(by some abuse of terminology) the metric convergence: a sequence {x,} C X
converges to x € X if d°(x,,x) — 0, which is denoted simply by x, — x (if it
does not lead to ambiguities, treating a convergence of sequences, we usually omit
‘asn — o00’).

Our primary aim is to characterize this convergence in terms of w.

A set A C X is said to be closed with respect to the metric convergence if, given
a sequence {x,} C A and x € X such that x, — x, we have x € A.

Theorem 4.1.1. (a) Given a sequence {x,} C X and x € X, we have:
x, = x ifand only if w)(x,,x) — 0 for all A > 0. 4.1.1)

Moreover, if w is convex, then (4.1.1) is also equivalent to d}(x,,x) — 0, and if
w is a modular on X, then the limit x from (4.1.1) is unique.

(b) An assertion similar to (4.1.1) holds for Cauchy sequences.
(¢) The modular spaces X*, X°, and X™ (around x° € X) are closed with

w?

respect to the metric convergence.

© Springer International Publishing Switzerland 2015 65
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Proof. (a) Let x, — x. Given ¢ > 0, there exists np = ng(¢) € N such that
d?v(xn,X) < g forall n > ny(e). By (1.2.4) and Theorem 2.2.11(a),

We (X, X) < weg(x,,x) <& for all n > ny(e). 4.1.2)
Hence, if A > 0, then, for any n > ng(min{e, A1}), we find, by (1.2.1),
wy (xn’x) = Wmhin{e,A} (xn’x) < min{s, A} =e

and so, wy (x,,x) — 0. Conversely, if & > 0, then w,(x,,x) — 0, and so, there
is n1(¢) € N such that we(x,,x) < e for all n > ny(¢). The definition of d°
implies d (x,,x) < & for n > ny(g), i.e., d°(x,,x) — 0.

If w is convex, the equivalence of convergences d(x,,x) — 0 and
d?v(xn, x) — 0 s a consequence of Theorem 2.3.1 (see (2.3.6)).

If w is a modular on X, then, by Theorem 2.2.1 (or Theorem 2.3.1), d?v (or
dy) is an extended metric on X and a metric on X}, and so, the limit x from
(4.1.1) is uniquely determined.

(b) The assertion for Cauchy sequences {x,} is of the form:

lim d°(x,,x,) =0 ifandonlyif lim wj(x,,x,) =0 forall A >0,
n,m— o0 n,m— 00

and its proof is similar to the one given for (4.1.1).
(c) Suppose {x,} C X, x € X, and x, — x. Given ¢ > 0, by virtue of (4.1.2) and
axiom (iii), if A9 > 0, then we have, for ny = ng(e),

Wetao (0, %) < we(x, Xng) + Wag (g, X°) < & + Wiy (X, X°). (4.1.3)

If {x,} C X, then x,, € X, and so, there is Ag > O such that
Wi (g, x°) < 00. By (4.1.3), Weqp, (x, x°) < 0o, which means that x € X\.

Suppose {x,} C X°. Then, x,, € X° implies w; (x,,,x°) — 0 as A — oo, and
S0, Wy, (xn, x°) < € for some Ao = A¢(e) > 0. By (1.2.1) and (4.1.3), we find
Wi (X, X%) < Weqp (%, x°) < 2e forall A > ¢+ A, which implies wy (x, x°) — 0
as A — oo, i.e., x € X0.

Finally, let {x,} C X", and A > 0 be arbitrary. Setting ¢ = A/2 and 1o =
A/2in (4.1.2) and (4.1.3), we get, from x,,, € X, that wy, (x,,, x°) < oo, and
$0, (4.1.3) implies wj (x, x°) = wey2,(x,x°) < oco. Thus, x € X, O

4.1.2 The Metric Topology

1. Open sets. Given x € X and r > 0, the open ball of radius r centered at x is the set

B(x,r) = Bd‘q’(x, r)={yeX: d?v(x,y) <r}.
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A nonempty set U C X is open if for every x € U there exists r = r(x) > 0
such that B(x, r) C U. Note that, by Theorem 2.2.1, if x € X (x°), then B(x, r) C
X (x°) for all r > 0. As a consequence, U C X is open if and only if U N X7} (x°)
is open for all x° € X. Thus, we may restrict our considerations to subsets of the
modular space X} (with an arbitrary fixed center x° € X). An open ball in X, the
empty set, and X, itself are examples of open sets. The interior of asetA C X,
denoted by A°, is the largest open set contained in A (i.e., the union of all open
sets U C A). Clearly, A° = {x € A : B(x,r) C A for some r > 0}, A° C A, and A
is open if and only if A° = A.

We denote by t(d°) the metric topology on X, induced by d° (i.e., the family
of all open subsets of X*). Clearly, U € t(d?) if and only if its complement
U¢ = X \ U is closed with respect to the metric convergence.

2. Modular entourages. Given A, u > 0 and x € X, the w-entourage (or modular
entourage) about x relative to A and u is the set

By u(x) =By, (x) = {y € X :walx,y) < p}.

The entourages for the right w4 and left w_ regularizations of w (cf. (1.2.2)
and (1.2.3)) will be denoted by B; 1, (x) and By_¢ . (x), respectively.

Clearly, x € By ;i (x), and B ,, (x) C By, (x) if 0 < 1 < u». By virtue of
inequalities (1.2.4), given 0 < A; < A < A; and u > 0, we have

B)»1+0,M(x) C B)L*O,;L (x) C Bk,u(x) C B/\+0,;L(x) C Blsz,p,(x)a
and so, mappings A — B, ,(x) and i — B; ,,(x) are nondecreasing (in the sense

of the inclusion relation). By Theorem 2.2.11(a), B(x, ) = Bj—o.,(x) for A > 0.
Hence

BM»H(X) C BV_./\()C) C B(x, )&) = B/\_Q.)»(x) C B)M(x) if 0< n < A.
This gives a characterization of open sets in X7} in terms of w:

Ue r(dg,) & VxeU Jpu = p(x) >0 such that B, ,(x) C U.
(4.1.4)

The interior of aset A C X} is A° = {x € A: B, ;,(x) C A for some p > 0}.
Now, suppose w is convex. By virtue of inequalities (2.3.6),

B(x,r) C B%(x,r) CB(x,/r) for O0<r<1,

and so, T(d¥) = t(d°). Noting that Ww; (x,y) = Aw,(x,y) is a (pseudo)modular
onX, d} = df, and By ,(x) = By /2 (x) forall A, ju > 0, we get

Uet(d) & VxeU IA=A(x)> 0 such that By (x) = B} ,(x) C U.
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3. Closed sets. A set A C X\ is closed if its complement A° = X \ A is open; in
other words, (A€)° = A€ (i.e., A is closed with respect to the metric convergence).
Examples of closed sets are &, the closed ball of radius r > 0 centered atx € X

B(x,r) = {y € Xy 1 dy(x.y) =7} = {y € Xt wipolx,y) < 7}

(see Theorem 2.2.11(b)), and the modular spaces X*, X°, and X", The closure
of aset A C X, denoted by A, is the smallest closed set containing A (i.e., the
intersection of all closed sets F D A). Clearly, A = ((A€)°)¢ is closed, A C A,
and A is closed if and only if A = A. Since the closure A is the set of points from

X, which do not belong to (A€)°, we have
A={xeX::ANB,,(x) # @ for all x> 0}.

Note that B(x,r) C B(x,r) and B(x,r) C (B(x,r))° are proper inclusions in
general (e.g., w; (x,y) = 8(x,y) on X and B(x, 1) = {x}).

Lemma 4.1.2. If @ # A C X}, and x € X, the following are equivalent:

(a) x € 4;
(b) there is a sequence {x,} C A such that w (x,,x) — 0 for all » > 0;
(c) forevery A > O there is a sequence {x,(1)} C A such that wy (x,(A),x) — 0.

Proof. (a)<(b) This follows from Theorem 4.1.1 if we note that (a) holds if and
only if there exists a sequence {x,} C A such that d° (x,, x) — 0.

(b)<(c) Clearly, (b) implies (c) with x,, (1) = x, forall A > 0 and n € N. Now,
suppose that (c) holds. Given k € N, there exists a sequence {x,(1/k)}°2, C A
such that wy/(x,(1/k),x) — 0 as n — oo. Choose n; € N such that
wi(xn, (1), x) < 1. Then, pick n, € N such that n, > n; and wy/2(x,,(1/2),x) <
1/2. Inductively, if K > 3 and n;—; € N is already chosen, pick n; € N such that
ng > ng—y and wix(xy, (1/k),x) < 1/k. Define yx = x,,(1/k) for all k € N, so
that {yi )2, C A. We claim that wy (yx,x) — 0 as k — oo for all A > 0. In fact,
given A > 0, let kg = ko(A) € N be such that kg > 1/A. Then, for all k > kg, we
find 1/k < A, and so, by the monotonicity of w, wy (yk, x) < wik(yk, x) < 1/k.

O

We denote by cl (X}) the family of all closed subsets of X

Theorem 4.1.3. If w is a modular on X, then the Hausdorff pseudomodular W
on P (X), induced by w, is a modular on cl(X}), and so (by Theorems 2.2.1 and
2.2.13), d%, = Dd& is an extended metric on cl (X)).

Proof. Taking into account Sect. 1.3.5, it suffices to establish that, given A, B C X7},
we have

E)(A,B) =0 for all A >0 ifandonlyif A C B. 4.1.5)
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In fact, it follows from (4.1.5) that if A, B € CILX;) and W, (A, B) = Oforall A > 0,
then E, (A, B) = E;(B,A) = 0implyingA CB=BandBCA =A,ie,A =B.
To prove (4.1.5), we may assume that A # @ (which also yields B # @).

(=) IfEyA,B) = 0forall A > 0, then, by (1.3.12), given x € A, we find
inf,ep wa(x,y) = 0. Hence, for every A > 0 there is a sequence {y,(4)} C B
(also depending on x) such that w; (x,y,(1)) — 0 asn — oo. Lemma 4.1.2
implies x € B. Thus, A C B.

(&) Suppose A C B. Given x € A, we have x € B, and so, by Lemma 4.1.2, there
is a sequence {y,} C B such that wy (x,y,) — 0 asn — oo for all A > 0. Since
infyep wa(x,y) < wa(x,y,) — 0asn — oo, we get inf,epwy(x,y) = 0 for all
x € Aand A > 0. By (1.3.12), this gives E; (A,B) = 0 forall A > 0. O

4.2 The Modular Convergence

Let w be a (pseudo)modular on X.

As we have seen in Theorem 4.1.1, the metric convergence in X is equivalent
to the convergence in modular w for all parameters A > 0. Formally, we get a more
general (or weak) convergence if we allow for the right-hand side of (4.1.1) to hold
only for some A > 0. In the sequel, modular entourages B; ,(x) play the same
significant role for the modular topology as open (closed) balls do for the metric
topology (note that the entourages may be neither open, nor closed).

Definition 4.2.1. A sequence {x,} C X is said to be w-convergent (or modular

convergent) to x € X (in symbols, x;, = x) if there exists Ao > 0, possibly depending
on {x,} and x, such that wy,(x,,x) — 0. Any such element x is called a w-limit (or
modular limit) of {x,}. (By the monotonicity of w, wy (x,,x) — 0 for all A > A,.)

Clearly, the metric convergence (W.r.t. d?v) implies the modular convergence.
Let us illustrate this definition by an example.

Example 4.2.2. Assume that (X, d) is a given metric space.

(D) Ifp = 0, let wy(x,y) = d(x,y)/A? be the modular from Examples 1.3.2(1)
and 2.2.2(1). Since X* = X and d° (x,y) = "*{/d(x,y), the metric convergence
and modular convergence in X are equivalent to the usual d-convergence in X.

(2) Now, let w be the modular from (1.3.9) and Example 2.3.5(2): w; (x,y) = oo if
0 < A <d(x,y), and wy(x,y) = 0if A > d(x,y), so that we have X* = X0 = X
and d° = d* = d. A sequence {x,} C X*, convergent in metric & = d, is
bounded in (X, d) (cf. Remark 2.4.3(1)), but not vice versa. On the other hand, the
w-convergence of {x,} C X} is equivalent to the boundedness of {x,} in (X, d).

In fact, if x, Nxe X, then w;, (x,,x) — O for some Ay > 0, and so, there is
no € N such that, if n > ng, wy, (x4, x) < 1, which is equivalent to Ay > d(x,, x).
Hence {x,} C B(x, rp) with rp = max{d(x,x),...,d(x,,,x), Ao}. Conversely, if
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{x,} C B(x,r) for some x € X and r > 0, then x, = y for every y € X: since
d(x,,y) < d(x,,x) +d(x,y) < Ao forn € Nand Ag = r + d(x,y), we have
Wi (x,,y) = Oforalln € N.

Remark 4.2.3. Note that modulars from Example 4.2.2 in (1) for p = 0 and (2) are
mutually right inverses of each other (see (3.3.3) in Example 3.3.9) and generate the
same metric d?v = d on X = X, but their modular convergences are different. See
also Example 4.3.4(1) on p. 74.

This section aims at exhibiting fopological aspects of the modular convergence.
We say that elements x,y € X are w-equal (or modular equal) if there is A > 0
such that wy (x, y) = 0 (symbolically: x = y). By axiom (i), given x, y € X,

(x Z y is equivalent to x = y) if and only if (w is strict).

For the modular w from Example 4.2.2(2), we have x = yforall x,y € X.
A set A C X is said to be closed with respect to the modular convergence if,

given {x,} C A such that x, % x € X, we have x € A.

Theorem 4.2.4. (a) Modular spaces X and X?V (around x° € X) are closed with
respect to the modular convergence, while X is generally not.

(b) A modular convergent sequence from X is bounded (in metric d?v), all its
modular limits are w-equal, and if w is a strict modular on X, at most one
modular limit may exist.

Proof. (a) Suppose {x,} C X and x, Y x € X. Then Wi, (X, x) — O for some
Ao > 0, and so, given & > 0, there is ny = ny(¢) € N such that wy,(x,,x) < ¢
for all n > ny. By axiom (iii), it follows that, if A; > 0,

Wagta; (6, x%) < wpg (0, Xg) + Wi, (s X°) < & 4 W, (X, X°). 4.2.1)

Let {x,} C X}. Since x,,, € X\, wy, (%, x°) < oo for some A; > 0, and so,
(4.2.1) implies wy,41, (x,x°) < oo, i.e., x € X}

If {x,} C X°, then x,,, € X°, and s0, wj (%, x°) — 0 as A — oco. Choose
A1 = Ai(e) > 0 such that wy, (xn,,x°) < e. Hence, if A > Ao + Ay, (4.2.1)
implies w) (x,x°) < wy 41, (x,x°) < 2¢,ie., wy(x,x°) - 0as A — oo, and
xeX0.

The corresponding assertion for X" is considered in Example 4.2.7(2).

(b) Suppose {x,} C X and x, 5 xeX By(a),xe X, and there is np € N
such that wy,(x,,x) < Ao for all n > ny, which implies d?v(xn,x) < Xo. By
Theorem 2.2.1, d?v assumes finite values on pairs of elements from X, and so,
{x,} C E(x, r), where r = max{dﬁ,(xl,x), ... ,d?v(xno,x), Ao}

If x, — x and x, — v, then w; (x,,x) — 0 and w,(x,,y) — O for some
A, p > 0. By axiom (iii), wyy,(x,y) < wa(x,x,) + wu(x,,y) — 0, and so,
Wi+ (x,y) = 0. Thus, x = v, and if, in addition, w is strict, then x = y. O
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Definition 4.2.5. We say that w satisfies the A,-condition on X, or simply w is A,
on X, if, given a sequence {x,} C X, x € X and A > 0 such that w; (x,,x) — 0, we
have wj /2 (x,, x) — 0. A similar definition applies with X replaced by X.

Theorem 4.2.6. (a) The w-convergence on X is equivalent to the metric conver-
gence if and only if wis A, on X.

(b) The (pseudo)modular w is not Ay on X if and only if there are a sequence
{x,} CX, x€X, andey > 0 such that x,, X x, and d?v(xn,x) > ¢goforalln € N.

(¢) If wis a nonstrict modular on X, then w is not A, on X.

Proof. (a)(=) Let{x,} C X,x € X, and Ay > 0 be such that w,,(x,,x) — 0.

We have x, S x, and so, by the assumption, d?v(x”,x) — 0. Theorem 4.1.1(a)
implies in particular wy, /2 (x,, x) — 0, i.e., wis A, on X.

(a)(<=) We need to show only that the w-convergence implies the metric one.
Assume {x,} C X and x, % x € X. Then Wy, (xn, x) — 0 for some Ay > 0,
and so, by the Aj-condition, wy,/2(x,,x) — 0. Inductively, wy /o (x,,x) — 0
asn — oo forall k € N. Given A > 0, let k € N be such that A > AO/2k.
The monotonicity of w implies wj (x,, x) < wy 2k (x,,x) — 0 asn — oo.
Thus, w) (x,,x) — 0 for all A > 0, and so, by Theorem 4.1.1(a), x, — x (i.e.,
d° (x4, x) — 0).

(b) Ifwisnot A,, then the w-convergence is not equivalent to the d°-convergence,
and so, there exist a sequence {y;} C X and x € X such that y; % xand Vi 7> X.
So, for some Ay > 0 and gy > 0, w,,(yx,x) — 0, and there is an increasing
sequence {k,}°°, C N such that d° (y,,x) > &o for all n € N. The sequence
{xa} = O, Jo2, has the desired properties.

Conversely, the assumption on the right implies that the w-convergence and
metric convergence are not equivalent, and so, by (a), w is not A, on X.

(c) By the negation of condition (is), there are x,y € X, x # y, and Ay > 0 such
that wy,(x,y) = 0. If u = inf{A > 0 : w, (x,y) = 0}, axiom (i) implies . > 0
(otherwise, if © = 0, then we have x = y). Letting x, = x for all n € N, and
A =3u/2, we get wy(x,,y) = wsau2(x,y) = 0foralln € N, and so, x, N y; at
the same time, wy/2(Xn, ¥) = w3,4(x,y) # Oforalln € N, O

Example 4.2.7. (1) Letg : [0, 00) — [0, 00) be a nondecreasing function such that
©(+0) = 0, p(u) > 0 for u > 0, and p(0c0) = oo. Then, ¢ satisfies the A;-
condition if there is a constant ¢ > 0 such that ¢(2u) < c¢(u) for all u > 0. For
instance, functions ¢ (1) = u” (p > 0) and ¢(u) = (1 + |logu|)u? (forp > 1)
satisfy the A,-condition, while functions ¢(u) = exp(u’) — 1 withp > 1 do

not.
If ¢ satisfies the Aj,-condition, then the modular w from (1.3.10) with
h(A) = A is Ay on X = MY, which is a consequence of the inequality

waa(x,y) < cwa(x,y) forall A > Oand x,y € X.

(2) Modular w from (2.4.1) is A, on X = MY; in fact, by virtue of (2.4.2), we have
wi2(x,y) < 2wy (x,y). We are going to show that its right inverse w, which is
given by (3.3.9), is not A on X. Below we present a sequence {x*}22, X,
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+
with the properties: x® 5ox ¢ Xvﬁvrjr as k — oo (which means that the
modular space X&i is not closed with respect to the wT-convergence), and
dvov " (x®,x) 4 0as k — oo (by Theorem 4.2.6(a), this implies that wt is
not A»).
We set M = R, and so, w is of the form

W =sup B0 = ey = ) ex = B

n
neN

For the center x° = 0 = {0}°2,, embeddings (3.3.11) and Proposition 2.4.2
imply

xin = x0 = {x = {5} € X lim |y|'/" = 0} cxX*, =X,

w

If k € N, we set x0 = (1/k, 15, 13,...,14,0,0,...) (in other words, x¥ =
(9000 with x = 17k, 2P = 1for2 < n <k, and x = 0 foralln >
k—+1). Noting that a wT -convergent sequence converges also coordinatewise, we
define the limit x by x = {x,}°2, = (0,1,1, 1,...). Clearly, all x* belong to
X&'jr whereas, by Theorem 3.3.8(a) and (2.4.3), x € X;Jr =X’ andx ¢ Xﬁ'jr
If u =2, we get

(k)

|Xn~ — x| )@ 1 1 1 1
{—} :(—702’...701(7 ) ) 5"')
un n=1 2k 2k+1 7 2k+2 7 2k+3

and, since 1/2k > 1/2¢+1 > 172842 > | we find wi (x®,x) = 1/2k, i.e.,
£ it X.

On the other hand, by Theorem 3.3.8(c), metric d?v L= d?v is given by (2.4.6),
whence d | (x®, x) = sup,ey Ix® —x,|/®+D = | forall k € N. (The assertion

d’, (x®,x) A 0 also follows indirectly from Theorem 4.1.1(c).)

Remark 4.2.8. The sequence {x®} from the Example above does not w-converge
to x with respect to the original modular w from (2.4.1): if this was not so, Theo-
rem 4.2.4(a) would imply x € X{, = X™, , which contradicts x ¢ X", . Furthermore,

the sequence {x®'} does not converge to x uniformly: since { |xf,k) — x|}, =
(1/k,05,...,00,1,1,1,...), we find sup,cy [x — x,| = 1 for all k € N. Thus,
the w-convergence in X, is intermediate between the uniform and coordinatewise
ones: (uniform convergence) = (w-convergence) = (coordinatewise convergence).
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4.3 The Modular Topology

We begin with the definition of modular open sets and their properties.

Definition 4.3.1. A nonempty set U C X is said to be w-open (or modular open) if
for every x € U and A > 0 there is u > 0 (possibly depending on x and A) such that
B L (x) cU.

Note that if x € X} (x°), then B) ,(x) C X (x°) for all A, u > 0. It follows that
U C X is w-open if and only if U N X7;(x°) is w-open for all x° € X. So, in the
sequel we consider w-open subsets of X (with a fixed center x° € X).

Denote by t(w) the family of all w-open subsets of X. Clearly, t(w) is a
topology on X (i.e., T(w) contains @ and X} and is closed under arbitrary unions
and finite intersections). It is called the w-fopology (or modular topology) on X

Nontrivial examples of w-open sets are given by the following Lemma.

Lemma 4.3.2. Let U,(x) = UJ,.oBxom) (%), where x € X} and ¢ : (0,00) —
(0,00) is a function. Then U,(x) € t(w), provided one of the following two
conditions hold:

(a) @ is nondecreasing on (0, 00);
(b) wis convex and A — A@(1) is nondecreasing on (0, 00).

Proof. In both cases we have to verify that, given y € U, (x) and A > 0, there is a
number p = u(y,A) > 0 such that B, ,(y) C Uy, (x). Since y € U,(x), there exists
Ao = Ao(y) > Osuch thaty € B, o1, (%), i.e., wi, (x,y) < @(Ao).

(@) Set p = u@,A) = (Ao + A) — wy,(x,y). By the monotonicity of ¢, p is
well-defined, i.e., u > @(Ao) — wy,(x,y) > 0. Now, let z € By ,(y). Then
wy(y,z) < p and, by axiom (iii), we find

W)»(H-)»(-xv Z) =< Wlo(xvy) + Wl(ys Z) < WAO(X, y) +u= @(AO + A)v

and s0, z € Bj42.p(10+2)(X) C Uy(x). This shows that B, ,,(y) C U, (x).
(b) Since the function A — A@(A) is nondecreasing on (0, c0), we have

(Ao + Me(ho + A) = Aowae (x.y) = Ao (Ao) — Aowa, (x.y) > 0,

and so, the following quantity is positive:

(Ao +V)@(Ao + 1) — Agwy, (x,y) .

w=p.A) = ;
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If z € B) . (y), then w; (y,z) < u, whence, by axiom of convexity (iv),

Ao
Ao+A

Aowy, (X, y)+Au _
wi (, Z)<T—§0(Ao+/\)-

Wig+a (X, 2) < Wi, (. ¥)+

A
Aot+A
Thus, z € B+ 0(h0+1) (¥) C Uy (x), which proves that B; ,(y) C U, (x). O
Remark 4.3.3. 1t follows from Lemma 4.3.2 that U, = |J,.,Bx(x) € t(w) for
all ¢ > 0, and if w is convex, then Uy, = (J;.oBi.e/a(x) € t(w) for all & > 0.
Thus, modular open sets are rather ‘massive’ (cf. (4.1.4)). Note that the family

{U,r : € > 0} may not form a neighborhood base for t(w) at the point x € X
(see Example 4.3.4(1) concerning modular wy (x, y) = d(x, y)/AP).

Example 4.3.4. (1) We denote by B¢(x, r) and Ed(x, r) the usual open and closed
balls in a metric space (X, d), respectively.
In Example 4.2.2(1), we have, for r > 0 and A, u > 0,

B(x,r)={yeX: d?v(x,y) <r}= Bd(x, P
and
By u(x) ={yeX:wilx,y) < pu} = B(x, AP ).

Since By ,,(x) = B(x, r) with u = P! /A7, we find t(w) = 7(d?).

In Example 4.2.2(2), we have B(x,r) = BY(x,r) and B, ,(x) = Ed(x, A).
Therefore, @ # U € t(w) iff Ed(x, A) C Uforall x € Uand A > 0,
which is equivalent to U = X. Hence, the w-topology t(w) = {@, X} is the
antidiscrete (nonmetrizable!) topology on X = X, which is a proper subfamily

of the metric topology 7(d°) = t(d). Note that the w-convergence x, 5 ox

implies the convergence x,, Tg) x in topology 7(w), but not vice versa: in fact, by
Example 4.2.2(2), only bounded sequences in (X, d) are w-convergent, whereas
all sequences in (X, d) are convergent in the antidiscrete topology (w).

(2) Suppose w is the modular from Example 2.3.5(5). We have X} = X, and the
modular entourages for w are given by

{x} if A>0and 0 < pu <1,

B! () =
L) BY(x,Au) if A >0 and w> 1.

Since d°(x,y) = max{1, /d(x,y)} if x # y (and = 0 if x = y), the metric balls
in (X*, d°) are of the form

X if0<r<l,
B = yeX:dioy <=1 0 0T

Hence t(w) = 1(d%) = Z(X) is the discrete topology on X.
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The right inverse w* of w is given by (3.3.7), X*, = X and, since d’ . = d,

the metric balls with respect to dg . are the same as above. Note that the modular
entourages for w are as follows:

{x} if 0<A<1and u >0,
B (x,Ap) if A>1and u>0.

+
() =

So, t(wt) = t(d) is the metric topology on (X,d). It is to be noted that the
topology T(w™) is metrizable, but not by means of metric d?v L

Theorem 4.3.5. (a) t(w) C 7(d°) (i.e., every w-open set is open);

(b) T(w) = t(d°) iff wis Ay on X*;

(c) t(w) is the finest topology among all topologies t on X} such that, given {x,} C
X and x € X}

w . . T
s Xn — x implies x, — Xx.

Proof. (a) Let U € t(w). Forany x € U and A = 1, there is o = po(x,1) > 0
such that By ,,(x) C U. If u = min{1, uo}, then B, ,(x) C By ,(x) C U, and so,
by virtue of (4.1.4), we get U € t(d°).

(c) Now, we prove (c). First, we show that x, ox implies x;, ﬂ) x. Let U €
7(w) be such that x € U. Since x, 5y Wy, (X4, x) — 0 for some Ay > 0, and
since U is w-open, there exists o = po(x,Ag) > 0 such that By, ,,(x) C U.
Pick ny = no(o) € N such that wy,(x,,x) < o for all n > ny. It follows that

)
{Xn 1 n > no} C By u,(x) C U, and so, x, ke X.

Second, we show that if 7 is a topology on X such that x, 5 implies x,, N X,
then T C ©(w) (i.e., T(w) is the finest among the topologies 7). On the contrary,
assume that U ¢ t(w) for some U € 1. Then, there are xo € U and Ay > 0 such
that for every n € N there exists x, € By, 1/,(x0) with x, ¢ U. From inequality

Wi (0, X0) < 1/n, we get x, = Xo, and so, by the assumption, x, 5 Xo. Since
U € 7 and xy € U, there exists nyg € N such that x, € U for all n > ny, which
contradicts the condition {x, : n € N} C Xy \ U.

(b)(=) By Theorem 4.2.6(a), it suffices to show that the modular convergence

implies the metric convergence. Let {x,} C X and x, L xe X% Item (c)

above implies x, Tg) x and, since T(w) = t(d°) is the metric topology on X*,
d° (x,,x) — 0.

(b)(<) By virtue of item (a), we show only that 7(d®) C 7(w). On the contrary,
assume that there is U € 7(d’) such that U ¢ t(w). Then, there are xy € U and
Ao > O such that, if n € N, there is x,, € By, 1/2(x0) such that x,, ¢ U. It follows that

{x,} € X\ U and wy, (x,,x0) < 1/n for all n € N. Hence x, S Xo and, since w is
A, on X, Theorem 4.2.6(a) implies x, — xo (in metric d°). Noting that X* \ U is
closed, we find xo € X}* \ U, which contradicts xo € U. d
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Definition 4.3.6. The w-interior (or modular interior) of a set A C X, denoted by
A°", is the largest w-open subset of X contained in A; in other words,

A ={xeA:xeUCA for some U € 1(w)}.
Clearly, @ = @, (X)) = X, A € t(w) and A° C A° CAforall A C X,

(see Theorem 4.3.5(a) and Sect.4.1.2), and A € t(w) iff A°” = A. The operation
of taking the modular interior has the usual properties: given A, B C X, we have

ACB = A% C BOW, (AOW)OW :Aow7 (AﬂB)ow =AY NB°", A°YUB® C (AUB)OW.

Definition 4.3.7. A set A C X} is said to be w-closed (or modular closed) if its
complement A = X; \A is w-open (i.e., A° € t(w)), or equivalently, if (A°)*" = A°.

Theorem 4.3.8. (a) A set A C X} is modular closed if and only if A is closed with
respect to the modular convergence.

(b) Every w-closed subset of X, is closed (but not vice versa), and the converse is
true if and only if wis A, on X,

Proof. (a)(=) LetA be w-closed. We must show that, given {x,} C A andx € X
such that x, X x, we have x € A. On the contrary, assume that x ¢ A, i.e.,
x € A° = X \ A. Since x, = x, we get wy, (x,, x) — 0 for some Ay > 0. From
the w-openness of A and x € A¢, there is o > 0 such that B, ,,(x) C A°. Let
np € N be such that wy,(x,,x) < o for all n > ny. Then {x, : n > ny} C
Bjo.u0(x) C A€, which contradicts the assumption {x,} C A.

(a)(«<=) Now, let A be closed with respect to the w-convergence. To show that
A¢ € 1(w), we assume the contrary. Then, there are xg € A and Ay > 0 such
that, if n € N, then we can find x, € By, 1/x(xo) such that x, ¢ A°. Hence

{x,} C A and x, S xo. It follows that x, € A, which contradicts the condition
X € AC.

(b) If A C X is w-closed, then its complement A° is w-open. By Theo-

rem 4.3.5(a), A€ is open, and so (Sect. 4.1.2.3), A is closed.
Theorems 4.1.1(c), 4.2.4(a), and 4.3.8(a) imply that the modular spaces X, Xg,
and Xf" are closed, X;* and X? are w-closed, while X" is not w-closed in general.
One more example of a closed set, which is not w-closed, is given in step (=)
below.

(=) Suppose each closed subset of X7 is w-closed, but w is not A, on X}. By
Theorem 4.2.6(b), there are a sequence {x,} C X, x € X, and &y > 0 such
that x, — x, and d®(x,,x) > go foralln € N.IfA = {x, : n € N} and A is
the (metric) closure of A, then A is closed. However, A is not w-closed: in fact,
{x,} CACAandux, Y x, whereas x ¢ A. This contradicts the assumption.

(<) Suppose w is A, on X*. Let A C X* be closed, ie., A € t(d).
By Theorem 4.3.5(b), 7(d°) = t(w), and so, A° € t(w), which means that A
is w-closed. O
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Definition 4.3.9. The w-closure (or modular closure) of a set A C X}, denoted by
A" = A7V, is the smallest w-closed subset of X containing A. Clearly,

sz{xeX;:AﬂUyéQfor all U € t(w) with x € U},

or, equivalently, A% = ((A°)°")°, where A° = X \ A.

We have " = @, (X*)™ = X*,A" isw-closedand A C A C A" forall A C X7,
and A is w-closed iff A” = A. The operation of taking the modular closure has the
usual properties: given A, B C X;;, we have

ACB=A"CcB", A"y =4", AUB) =A"UB", ANB) cA"nB".

Given A C X7, let £¥(A) designate the set of all modular limits of all modular
convergent sequences from A:

£"(A) = {x €X’:x, % x for some sequence {x,} C A}.

Theorem 4.3.10. (a) £"(A) is the set of all elements x € X}, for which there exists
A = A(x) > 0, such that AN B, (x) # @ forall p > 0;

(b) ACAC L") CA”;

(c) A=A" forall A C XX ifand only if wis Ay on X;

() if x € A", then there are sequences {A,} C (0,00) and {x,} C A such that
wi, (X,,x) = 0asn — oo.

Proof. (a) Suppose x € £*(A). There are a sequence {x,} C A and A > 0 such
that w; (x,,x) — 0. So, given p > 0, there exists np = no(i) € N such that
wi (X, x) < pforalln > ng,ie., {x, : n > no} C By ,(x). Hence ANBy ,,(x) #
@ forall u > 0.

Conversely, if x € X and, for some A > 0, AN B, ,(x) # @ forall u > 0,
then for every n € N choose an element x, € A N By 1/,(x). It follows that
{x,} C A, and w;) (x,,x) < 1/n. Thus, x € £*(A).

(b) The second inclusion is a consequence of Lemma 4.1.2(b) and the definition
of the modular convergence. To obtain the third inclusion, let x ¢ A" Since
x € (A") and (A")¢ is w-open, for every A > 0 there is u > 0 such that
B) .(x) C (A")¢ C A, and s0, A N B, (x) = @. By item (a), x ¢ £"(A).

(c)(=) If wis not A, on X7, then, for the set A from step (=) of the proof of
Theorem 4.3.8(b), we find x € £ (A) C A" and x ¢ A, and so, A # A"
(c)(«=) If wis A, on X7}, then, by Theorem 4.3.5(b), t(w) = r(d?v), and so, (A°)° =
(A°)°", which implies A = A"
(d) Sincex € A", ANU # @ forall U € t(w) withx € U. Taking into account
Remark 4.3.3, given n € N, the set Uy 1/, = ;-0 Bx,1/a(x) is w-open and
x € Ugin. Pickx, € AN Uyyyn, i€, x, € Aand x, € By, 1/,(x) for some
An > 0. It follows that {x,} C A and wy, (x,,x) < 1/nforalln € N. O
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Remark 4.3.11. (1) In general, £"(A) is not w-closed, and so, £"(A) # A"

(2) If the modular topology t(w) is Hausdorff, then w is strict. In fact, suppose
x,y € X, are such that x # y, and A > 0. There are U,, Uy, € 7(w) such
that x € U,,y € U, and U, N U, = &. By the w-openness of U,, there
exists 4 = p(x,A) > 0 such that B; ,(x) C U,. Hence y ¢ B, ,(x), ie.,
wi(x,y) > u > 0. By the definition (is), w is a strict modular.

4.4 Bibliographical Notes and Comments

Section 4.1. Theorem 4.1.1 was established in Chistyakov [24, Theorem 2.13] and
[28, Theorems 1 and 2]. It is a natural extension of the corresponding result for
modulars on linear spaces in Musielak [75, Theorem 1.6]. In Sect.4.1.2, we apply
the usual metric space terminology to the (pseudo)metric modular space (X*, d°)
(and (X, d}) for convex w) and characterize metrically open and closed sets in
X in terms of w. Modular entourages are good candidates for the description of
topologies on X. Lemma 4.1.2(c) and Theorem 4.1.3 are new.

Section 4.2. The notion of modular convergence for classical modulars was
introduced by Musielak and Orlicz [77] (see Musielak [75, Chap. I, Sect. 5]). Since
our modulars are extensions of classical modulars, we apply the same terminology
as in the classical modular spaces theory (closed with respect to the modular
convergence, A,-condition) with suitable modifications. For metric modulars w,
these notions were considered in Chistyakov [28], where Theorems 4.2.4 and 4.2.6
were established. Example 4.2.7(2) is new.

Section 4.3. The modular topology on linear modular spaces was investigated
by Les$niewicz [60, 61] and LesSniewicz and Orlicz [63] (see also Musielak [75,
Chap. I, Sect. 6], and Nowak [84, 85]). Since modulars in our sense convey
an impression of ‘distorted’ metrics (to a certain extent), we have attempted an
approach to the modular topology on X similar to the one adopted for metric
spaces: a modular closed set (i.e., the complement to a modular open set) must
be closed with respect to the modular convergence, and vice versa. This led exactly
to Definition 4.3.1, and Theorem 4.3.8. Although the material of Sect. 4.3 is new in
the context of metric modulars w, it is quite standard from the point of view of the
general topology.



Chapter 5
Bounded and Regulated Mappings

Abstract In this chapter, we introduce and study a special N-valued modular on the
set of all mappings from an interval of the real line into a metric space. We show that
the sets of all bounded mappings and regulated mappings (i.e., those, whose one-
sided limits exist at each point of the interval) are modular spaces for this modular.
We apply the modular to establish a pointwise selection principle, extending the
classical Helly Selection Theorem.

5.1 The N-Valued Pseudomodular

Let I = [a,b] C R be a closed interval with the end-points a < b, (M,d) be a
metric space with metric d, and X = M’ be the set of all mappings x : I — M from
I into M. Given x € X, the oscillation of x on [ is the quantity

(D] = [x(D]a = sup{d(x(t), x(s)) : s, 1 € I},

also called the diameter of the image x(I) = {x(¢) : t € I} C M. A mapping x is said
to be bounded if |x(I)| < co. We denote by B(I; M) the set of all bounded mappings
from [ into M. Given x,y € X, the quantity doo(x,y) = sup,e; d(x(?), y(?)) is an
extended metric on X and a metric on B(I; M), called the uniform metric (note that
doo(x, y) = d(x(a),y(a)) + |x(D)| + [y(D].

If n € N, we denote by {I;}] < I a collection of two-point subsets [; = I, =
{S,‘,l‘i} of Ii=1,...,n)suchthats) <t <s; <th <+ <51 <ly1 <5, <1y
(and so, the intervals [s1,#],. .., [s,, t,] are non-overlapping). Let x,y € X. The
value |x(I;)| = d(x(t;),x(s;)) is just the increment of x on I;. We define the joint
increment of x,y € X on I; by

(e ) UD)| = sup |d(x(1), v) + d(¥(s:), v) = d(x(s;), v) —d(y(), v)|.  (5.1.1)

This quantity is well-defined: in fact, the absolute value under the supremum sign
in (5.1.1) is less than or equal to (for any v € M)

|d(x(5:), v) — d(x(s:), V)| + |d((s), v) — d (1), V)]
=< d(x(1;), x(s)) + d(y(s;). (1)) = [x(U)| + [y,
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and so, |(x, y)(I;)| < |x(I;)| + |y(I;)|. We define the joint oscillation of x,y € X on
I by

(e, ) (D] = sup |(x.y)Us)|.  where [;; = {s.1}.

s,tel

Clearly, |(x, y)(D)| < [x(D| + [y(D)].
If (M, d, +) is a metric semigroup (see Appendix A.3), then, instead of (5.1.1),
one may consider the quantity

[Ge, Y UD| = dx(t;) + y(si), x(si) + y(2:)), (5.1.2)

whose properties are similar to those of (5.1.1), established (above and) below.
Furthermore, if (M, || - ||) is a normed linear space (over R or C), one may also set

|G D] = e =) (@) = =)l = [Ix(@) + y(si) —x(s:) —y(@)]. (5.1.3)

In what follows, we present arguments mostly for (more general) quantity (5.1.1).

Definition 5.1.1. For A > 0 and x,y € X, we define the quantity wy(x,y) =
w?(x,y,]) valued in {0} U N U {oo} by the rule:

wy (x,y) = sup {n eN: 1r£ii£n |(x,¥)(I;)] > A for some {[;}] < I} (5.1.4)

with sup @ = 0. Replacing / in (5.1.4) by any nonempty set 7 C I, we obtain the
quantity denoted by wy (x, y, T) = wi(x,y, T).

Clearly, if @ # T} C T, C I, we have wy(x,y,T1) < wy(x,y,T>). The two
extreme values of w; (x, y), zero and infinity, are characterized as follows:
walx,y) =0 iff [(x,y)(D)] <4,
and so, |(x,y)(I)] = inf{A > 0 : w, (x,y) = 0} (inf & = 00), and

wilx,y) =00 & VneN I{[;}] <I such that 1min |G, )(UT)| > A
<i<n

Lemma 5.1.2. The function w from (5.1.4) is a pseudomodular on X and, given
X0 € M, amodular on X = {x € X : x(a) = xo}, which is continuous from the right,
nonstrict and nonconvex on X and X.

Proof. As usual, we assume that A, & > O and x, y, z € X.

(i) By (5.1.1), given n € Nand {I;}] < I, |(x,x)(l;)] =Oforalli =1,...,n, and
0, Wy (x,x) = sup @ = 0.
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Now, let us show that if wy (x,y) = 0 forall A > 0, then
t — d(x(t), y(¢)) is a constant function on /.

Set I, = {s,t} C I. Definition (5.1.4) implies |(x,y)(I;;)| < A for all A > 0,
and so, |(x,y)(l;,)| = 0. It follows from (5.1.1) that

d(x(t),v) + d(y(s),v) = d(x(s),v) + d(y(t),v) forall ve M.
Setting first v = y(#) and then v = x(s), we get

d(x(1), y(1)) 4 d(y(s), (1)) = d(x(s5), (1)) = d(x(1), x(s)) + d(y(s), x(5)).

Similarly, setting v = y(s) and then v = x(¢), we find
d(x(s). y(s)) + d((1). y(5)) = d(x(1), y(5)) = d(x(s), x(t)) + d(¥(1), x(1)).

Thus, d(x(1),y(1)) = d(x(s),y(s)) (and d(x(r),x(s)) = d(y(1).y(s))) for all
s,tel.
If, in addition, x, y € X, then d(x(¢), y(£)) = d(x(a), y(a)) = d(xo.x0) = O,
i.e., x(t) = y(¢) forall t € I, and so, x = y.
(i1) Since |(x,y)([;)| = |(y,x)(1;)| in (5.1.1), we have w) (x,y) = wa(y, x).
(iii) In order to obtain inequality (iii) in Definition 1.2.1, first we show that

e, U] =[x, 2DUD] + [z y)UT)| for [ = {s;, i} C 1. (5.1.5)

In fact, if v € M, the quantity under the supremum sign in (5.1.1) is
estimated by

ld(x(#:), v) + d(z(si), v) — d(x(s;), v) — d(z2(5;), V)|
+ 1d(z(#:). v) + d(y(si), v) — d(z(si), v) — d(y(5;). V)|
= x|+ [z ) U)],

and inequality (5.1.5) follows by taking the supremum over all v € M.

Now, we prove that wy4,(x,y) < wi(x,z) + wyu(z,y). We may assume that
Witu(x,y) # 0. Let n € N, and {I;}| < I be such that |(x,y)(/;})] > A + u for
alll <i<nlIfl <i<n, (51.5)implies |(x,z)(I;)| > A or |(z,y)(;)| > u, and so,

{L...ony={1<i<n:|[(x,2U)|> A U{l <i<n:|@y)| > pn
If n; > 0 and n, > 0 designate the numbers of elements in the first and second sets

on the right, then (5.1.4) implies n < n; +n, < wy (x,z) +w,(z,y). The arbitrariness
of n as above yields the inequality in axiom (iii).
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To see that w is nonstrict, let x,y € X be bounded mappings. For any number
A > |x(D)| + |y(D)|, we find A > |(x,y)(I)|, and so, wy (x,y) = sup@ = 0.

Let us show that w is nonconvex. Was it not so, inequality (iv) in Definition 1.2.1
would hold in particular with w = A > Oand z = y, i.e., wor (x,y) < wa(x,y)/2. Let
X0, X1, Y0 € M, xg # x1, and mappings x,y € X be given by: x(r) = xpifa <t < b,
x(b) = x1, and y(t) = yo for all @ <t < b. Since

|G, ) Us)| = sup |d(x(1), v) — d(x(s), v)| = d(x(2), x(s)) (5.1.6)

for any I;, = {s,t} C I, we find

1 if0<A< d()C(),xl),

1.7
0 if A > d(xp,x1). .1.7)

W,\(}C, y) =

Now, if 0 < 24 < d(xg,x1), we get wyy(x,y) = 1 = w;)(x,y), and so, inequality
w2 (x,y) < wa(x,y)/2 does not hold.

Finally, we prove that w is continuous from the right. From (1.2.4), we know
that wyyo(x,¥) < wy(x,y). To prove the reverse inequality, we may assume that
wi(x,y) # 0. Let n € N and {/;}] < I be such that |(x,y)(/;)| > A forall i =
1,...,n. Choose A’ such that min| <;<, |(x,y)(l;)| > A’ > A. It follows from (5.1.4)
and (1.2.4) that n < wy/(x,y) < wato(x,y). The definition of w;(x,y) and the
arbitrariness of n yield w) (x,y) < wato(x,y). (Note that A > w;y (x,y) is locally
constant from the right, and, as (5.1.7) shows, w is not continuous from the left.) O

Now we study the modular spaces X*, X°, and Xf" around a constant mapping
x°(¢) = x° for all t € I, where x° € M. Note that, by (5.1.6), the values |(x, x°)(I;)|
from (5.1.1) and w) (x, x°) from (5.1.4) are independent of x°.

Denote by Reg(I; M) the set of all regulated mappings x : [ — M, i.e., satisfying
the (right and left) Cauchy condition at every point of I: d(x(¢), x(s)) — O as t,s —
T+ 0foreacha <t < b, and d(x(t), x(s)) - Oast,s > t—0foreacha < v < b.
If (M, d) is a complete metric space, then, by virtue of the Cauchy criterion, x €
Reg(7; M) if and only if the right limit x(z 4+ 0) € M exists at every pointa <t < b
(i.e., d(x(#), x(r + 0)) — 0 as t — 7 + 0) and the left limit x(r — 0) € M exists at
every point a < t < b (and so, d(x(t),x(t —0)) = 0ast — 7 —0).

Theorem 5.1.3. Xf" = Reg(I; M) C X* = X° = B(I; M).

In order to prove this theorem, we need a lemma. Recall that a sequence of
mappings {x,} C X converges pointwise on I to a mapping x € X (in symbols:
X, — x pointwise on I) if lim,_, o d(x,(2), x(¢)) = 0 for all ¢t € I. Clearly, if {x,}
converges uniformly to x, i.e., lim,_ o doo (X, x) = 0, then {x,,} converges pointwise
to x (but not vice versa).

Lemma 5.1.4. (a) Givenx,y € X, a < s <t < b, and A > 0, we have: the
quantity n, = wy(x, v, [a,t]) is finite if and only if ny = wy(x,y,[a,s]) and
ng, = wa(x,y,[s, 1]) are finite, in which case we find n, = ns; + ny; + ny with
ny =0o0rne = 1.
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(b) If sequences {x,},{y,} C X converge pointwise on I to mappings x,y € X,
respectively, then w) (x,y) < liminf, oo wy (X, y,) for all A > 0.

Proof. (a) Since ny < n, and n,, < n,, we may suppose n, # 0.

First, we show thatif n, < oo, then ny+n,, < n,. Assume thatn; # 0 and n,, # 0
(otherwise, the inequality is clear). By (5.1.4) with I replaced by [a, s] and [s, 7], there
are collections {I;}* < [a,s] and {J;}]"" < [s, ] such that minj<;<p, |(x, y)(I;)| > A
and min; <j<,,, [(x,y)(J;)| > A. Since {I;}}* U {Jj}’f” < [a,f] and |(x, y)(I;)| > A for
alli=1,...,n,and |(x,y)(J)| > Aforallj=1,...,n,, we getn, + ng; < ny.

Second, assume that n; and ng, are finite, and let us prove that if » € N and
a collection {I;}] < [a,f] with I; = {s;, #;} is such that min;<;<, |(x,y)(l})] > A,
then n < ny + n,, + 1. If this is done, Definition (5.1.4) with I = [a, ] and the
arbitrariness of n as above imply n, < n; + n;, + 1, which establishes the equality
with n, € {0, 1}. We consider three possibilities. (I) If {;}] < [a, s], then n < nj,
and similarly, if {f;}] < [s,#], thenn < n,,. AI) If n > 2 and s = ¢; = s;41 for some
1 <j<n-—1,then {I,-}"'1 < [a, s] and {I,'}]’.’Jrl < [s, f], which implies j < n, and
n—j < ng;, and so, n < ng + ng,. (III) Suppose s; < s < ¢ for some 1 < j < n.
Clearly, if n = 1, then n < ny + n,, + 1, and if n > 2, then we have {Ii}ji_l < [a, s]
and {I,-}J’,‘Jrl < [s,q] (with {/.} = @ = i}, 1) Therefore, (5.1.4) implies j— 1 < ny
andn —j < ng,;,and so, n < ny + ng, + 1.

(b) We may suppose wy (x,y) # 0. Let us show that if wy (x, y) is finite and k =
wy(x,y), or wy(x,y) = oo and k € N is arbitrary, then k < liminf, o wy (x,,, V).
By Definition 5.1.1, there is a collection {I,-}’{ < I with I; = {s;,t;} such that
miny<;<x |(x,y)(I;)] > A. Let A’ > 0 be such that min;<;<; |(x, y)(I})] > A' > A.
Since x,, — x and y, — y pointwise on I, there exists ny € N (depending on {Ii}’{
and A’) such that the quantities d(x, (%), x(t;)), d(x,(s;), x(s:)), d(y. (%), y(t;)), and
d(yu(si), y(s;)) do not exceed (A’ — A)/4 forall 1 <i < k and n > ny. Noting that,
by (5.1.1),

|, xn) )] < d(x(t:), xa (1) + d(x(si), X (57)) (5.1.8)
and applying inequality (5.1.5), we get

A< G )T = G x) )]+ 1[G, ya) TD] + [0y Y) (T
< d(x(t;), x, (1)) + d(x(s:), xa(s:)) + | (s yu) ()]
+ dn (). y(1:)) + d(yn(si), y(si)
< |G, y)T)| + A —A forall 1 <i<kandn>n.

Thus, minj<;<; |(x,, y2) ;)| > A for all n > ny. It follows from definition (5.1.4)
that k < w; (x,, y,) for all n > ny, and so,

k < inf w;)(x,,y,) < liminfw; (x,, y,). O
n>nq n—>oo
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Example 5.1.5. Here we illustrate that condition n, € {0, 1} in Lemma 5.1.4(a)
is essential. Let xo,x1,x2,¥9 € M be such that d(xp,x;) = d(x;,x) = 1 and
d(xp,x3) = 2.Givena < s <t = b, define x,y € X by: x(r) = xpifa <t <s,
x(s) = x1, x(tr) = xpif s < v < b, and y(tr) = yq for all t € [a, b]. Then ny and
ny, are given as in (5.1.7), and so, ny = ny;, = 1if 0 < A < 1, and n;, = ng, = O if
A > 1. Furthermore, n, = wy(x,y,[a,b]) =2if0 <A <1,n,=1if1l <A <2,
andn, = 0if A > 2. Thus, ny = 0if0 <A <lorA >2,andn, =1if1 <A < 2.

Proof (of Theorem 5.1.3).

1. The inclusion B(I; M) C X? is clear: if x € B(I; M), then |(x, x°)(I)| = |x(I)| <
o0, and so, wy (x,x°) = 0 for all A > |(x, x°)(I)|, which implies x € X° C X*.
2. In order to see that X, C B(/; M), we show that

if x € X and |x(I)| = oo, then wy (x,x°) = oo forall A > 0.

Let A > 0. Condition |x(I)| = oo is equivalent to sup,¢; d(x(?), x(s)) = oo for
all s € I. Set 59 = a, and pick s; € I such that d(x(s;), x(so)) > A. Inductively, if
k > 2 and numbers s, 51, ..., 51 € [ are already chosen, we pick s; € I such
that

k—1

d(x(se), x(s-1)) > A + Y d(x(s;), x(si-1)). (5.1.9)

i=1

Given n € N, we re-order the collection of pairwise different points s, 51, ..., S,
in ascending order and denote them by 7y < t; < --- < 1,,. Setting I; = {t,_1,1;}
fori =1,...,n, we find {;}] < I. Since |(x,x°)(l;)|] = |x(I;)|, if we show that
|x(l;)| > A for every i € {1,...,n}, then the arbitrariness of n and (5.1.4) will
imply w; (x,x°) = 00. So, let 1 <i <mnandI; = {sg, s, } forsome 0 < k,m < n.
We have |x(I;)| = d(x(sy), x(s,n)), and we may assume thatm < k. If m = k— 1,
then |x(I;)|] > A thanks to (5.1.9). For m < k — 2, the triangle inequality for d
yields

k—1
d(x(s1), X(s-1)) < d(x(si), x(s)) + D d(x(sim1), x(51))
i=m+1
k—1

< ()] + Y dx(sim1), x(s:),

i=1

which together with (5.1.9) proves that |x(;)| > A.

3. Let us prove that X" C Reg(/; M). Suppose x € X", so that w; (x,x°) < oo
forall A > 0. Given a < 7 < b, let us verify the (right) Cauchy condition at z:
for every ¢ > 0 there is 0 < §(¢) < b — 7 such that d(x(¢), x(s)) < & for all

T < 5,1 < 7 4 §(¢). On the contrary, assume that there exists &g > 0 such that
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if 0 < § < b — 7, then there are ss and f5 such that T < s5 < 5 < v + § and
d(x(ts), x(s5)) > &o. Given 0 < §; < b—1, pick s and #; such that 7 < 57 < #; <
T + 61 and d(x(t1), x(s1)) > &o. Inductively, if i > 2, and 0 < §;—; < b — t and
two points s;—; and t;—; satisfying T < s;—; < t;—; < t + 8;— are already chosen,
we set §; = s;—; —t and pick points s; and #; suchthat T < s; < f; < T+6§; = 5;—1
and d(x(t;), x(s;)) > €9. Letn € N, and I; = {sy—i+1, th—i+1}, i = 1,...,n. By
the construction, {I;}| < (t,b) C [a,b] and |(x,x°)(;)| = |x(I;)| > &o for all
1 < i < n. Since n is arbitrary, (5.1.4) implies w) (x,x°) = oo with A = g,
which is a contradiction.
The arguments for a < v < b and the left Cauchy condition are similar.

4. Now, we show that Reg(l; M) C Xf;". Suppose x is a regulated mapping and, for
contradiction, wy,(x, x°, [a,b]) = oo for some Ay > 0. Set [ag, by] = [a, ]
and ¢co = (ap + bp)/2. By Lemma 5.1.4(a) with y = x°, at least one of
the quantities w;, (x, x°, [ao, co]) or wy, (x,x°, [co, bo]) is infinite. We denote by
[a1, b1] any of the intervals [ay, co] or [co, bg], for which wy,(x,x°, [a1,b1]) =
oo. Inductively, if k > 2 and an interval [ay—;,br—1] C [a,b] such that
Wi, (X, X°, [ax—1, bx—1]) = oo is already chosen, we denote by c¢x—; the middle
point of [ax—1, bx—1] and by [ag, by] one of the intervals [a;—, cx—1] or [ck—1, br—1],
for which wy, (x, x°, [ax, bx]) = oco. In this way, for every k € N we obtain nested
intervals [ax, by] C [ak—1, bx—1] from [a, D] such that wy,(x, x°, [ax, br]) = oo
and by — a; = (b — a)/2*. Let t € [a, b] be the common point of all intervals
[ax, bi], so that @y — t and by — 7 as k — o0o. Assume that a < © < b
(the cases t = a and T = b are considered similarly). Since T € [ay, bi] and
Wi, (X, X°, [ag, by]) = oo for all k € N, Lemma 5.1.4(a) with y = x° implies the
existence of a subsequence {k;}j2, of {k}32, such that wy,(x,x°, [ay, t]) = oo
for all I € N, or wy,(x,x° [7,by]) = oo for all I € N. To be specific,
suppose the latter possibility takes place. Clearly, T < by, for all [ € N. For
every 0 < § < b — t choose I(§) € N such that T < by, =< v + 4.
Since [z, by, ] C [r, T + 8], we find wy,(x,x° [t,7 + §]) = oo. This implies
wi, (X, x°, (t,T 4+ 8]) = oo (see the next paragraph), and so, by (5.1.4) with I
replaced by (t,t + 8], there exist s and 7 such that 7 < s <t < 7 + § and
d(x(2), x(s)) > Ao, which contradicts the (right) Cauchy condition at the point t.

To see that wy, (x, x°, (t, T + §]) = oo, we note that, for every n € N, condition
Wi (x,x°, [t,T + 8]) = oo yields the existence of {[;}] < [r,7 + §] such that
minj <;<, [X(;)| > Ao. It follows that {;}} < (r, 7 + 6] and miny<;<, |x(;)| > Ao.
Hence n — 1 < w;y,(x,x°, (z, T + 8]) for every n € N. |

Example 5.1.6. Let & : [a,b] — M be a Dirichlet-type mapping defined by the
rule: 2(t) = xp if t € [a,b] N Q, and D (¢) = x; if t € [a, b] \ Q, where x¢,x; € M,
Xo # x1. By Theorem 5.1.3, 7 € X}, = X?V and 7 ¢ van. Furthermore,

oo if 0 < A < d(xg,x1),

wi(2,x°, [a,b]) = 0 if A > d(xo, x1).
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By Lemma 5.1.2, w from (5.1.4) is a pseudomodular on X, and so, Theo-
rems 2.2.1 and 5.1.3 imply that d° (x,y) = inf{A > 0 : wy(x,y) < A} is an extended
pseudometric on X and a pseudometric on X, = B(I; M). We are going to study the
relationship between d° and the uniform metric do on B(I; M).

Lemma 5.1.7. Given x,y € B(I; M), we have:

@ dy(x,y) < || = 2doo(x,y) and deo(x, ) < d(x(a), y(a)) + |, »)(D)];
(b) if d(x,y) < 1, then d°(x,y) = |(x,y)(I)|, and so, deo(x,y) < d'(x,y), where
d'(x,y) = d(x(a),y(a)) + d°(x,y) is a metric on B(I; M).

Proof. (a) Since wy(x,y) = 0 < A for all A > |(x,y)(D)|, dx,y) < A,
and so, d°(x,y) < |(x,y)(I)|. This inequality may be strict: in the context of
example (5.1.7), we have |(x,y)(I)| = d(x0,x1), d°(x,y) = d(xo,x1) if d(x0,x1) <
1,and d%(x,y) = 1 if d(xo,x1) > 1.

Now, if I, = {s,t} C I, then (cf. (5.1.8))

|2 Ui < dx(2), y(1) + d(x(s), y(5)) = 2doo(x.Y).

and so, |(x, y)(I)| < 2dw(x,y). On the other hand, given v € M,

|d(x(2), v) = d(y(1), v)| < |d(x(1), v) + d(y(5). v) — d(x(s), v) — d(y(1), V)|
+ |d(x(s), v) — d(y(s), v)|
< [ ) Us )] + d(x(s), ¥(s)),

whence, taking the supremum over all v € M,
dx(0),y(®) < |(x,»)(;0)| + d(x(s),y(s)) for all s,¢€l. (5.1.10)

The second inequality in (a) follows readily with s = a.

(b) For any A > 0 such that d%(x,y) < A < 1, we have w; (x,y) < A < 1,ie,
wy(x,y) = 0. This implies |(x, y)(I)| < A, and so, |(x,y)(I)| < d°(x,y). The reverse
inequality follows from the first inequality in (a).

Inequality doo(x,y) < d'(x,y) is a consequence of the third inequality in (a).
This proves also that d' is a metric on B(I; M): in fact, d'isa pseudometric, and if
d'(x,y) = 0, then doo(x,y) = 0, and s0, x = y. O

The last lemma implies that the d'-convergence and uniform convergence in
B(I; M) are equivalent: if d°(x,y) < 1, then doo(x,y) < d'(x,y) < 3doo(x,y).
In particular, convergences with respect to metrics d°, and do, are equivalent on the
set

X* =X*NX = {x e BI;M) : x(a) = xo}.
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Combining Theorem 4.1.1(c) and Lemma 5.1.7(a), we get:
if {x,} C Reg(l; M), x € X, and d(x,,x) — 0, then x € Reg(I; M).

The modular convergence in X is characterized as follows.

Lemma 5.1.8. Given a sequence {x,} C X; and x € X;': we have: x, 5ox if and
only if limsup,_, o doo(¥n, X) < 00.

Proof. (=) By the definition of the w-convergence, wy, (x,,x) — 0 for some Ay >
0, and so, there is ny € N such that w;,, (x,, x) <1 for alln > ny. Hence wy, (x,,x) =0
implying |(x,, x)(I)| < Ao. Since x,(a) = x(a) = xo, applying Lemma 5.1.7(a), we
get doo (Xp, X) < (x4, ) (I)| < Ag forall n > ng. Thus,

lim sup doo (X, X) < SUP doo (X, X) < Ao < 00.
n—o0o n=ngo

() Suppose lim sup,,_, o, doo (X, X) < Ag < 0o. Then sup,,5,, doo(¥Xn,X) < Ao
for some ny € N, and so, by virtue of Lemma 5.1.7(a),

| (s ) ()] < 2doo (x4, %) <2Ap for all n > ny.

It follows that woy, (x4, x) = 0, n > ny, which implies x, X O

5.2 The Pointwise Selection Principle

In this section, basing on the N-valued pseudomodular w = w" from (5.1.4) we
present a pointwise selection principle for sequences of regulated or non-regulated
mappings (Theorem 5.2.1). This is a far-reaching extension of the classical Helly
Selection Theorem, which we recall now: a uniformly bounded sequence (or infinite
family) of monotone real functions on an interval I = |[a, b] contains a pointwise
convergent subsequence whose pointwise limit is a bounded monotone function on I.

A sequence of mappings {x,} C X = M is said to be pointwise precompact
(on 1) if the closure in M of the set {x,(¢) : n € N} is compact for all 7 € I.

Theorem 5.2.1. Let {x,} C X = M’ be a pointwise precompact sequence, {y,} C

X be a pointwise convergent sequence with the pointwise limit y € X, and

w(Ad) = limsupwy (x,,y,) < oo for all A > 0. (5.2.1)

n—>oo

Then, there is a subsequence of {x,}, which converges pointwise on I to a mapping
x € X such that w) (x,y) < w(}) forall A > 0.



88 5 Bounded and Regulated Mappings

Proof. Denote by Mon(Z; N) the set of all bounded nondecreasing functions, which
map I = [a, b] into N.

Note that, for every A > 0 and n € N, the function ¢t +— f(A,n,7) =
wa (X, Yu» [a, 1]) is nondecreasing on I, and f(A,n,1) < w) (X, yn) = Wi (X4, Yn, 1)
forallr e l.

1. Making use of the diagonal process, let us show that, given a decreasing
sequence {Ar}2, C (0,00) tending to zero, there exists an increasing sequence
{n;}72; C N, and for every k € N there exists a function Ny € Mon(/; N) such that

lim wy, (s Yy [@,1]) = Ni(t)  for all 1€l (5.2.2)
J—>00 ) .

By assumption (5.2.1), for every A > 0 there are m(1),n9(A) € N such that
wa (X, yu) < mo(A) for all n > ng(A). The sequence of functions

{t—>fn 052, ) C Mon(I:N)

is uniformly bounded on I by constant mg(4;), and so, by the Helly Selection
Theorem, there exists an increasing sequence {1 : N — N with £;(1) > ny(4;) and
a function Ny € Mon(/; N) such that f(A1, £1(j), t) converges to N;(¢) as j — oo for
all ¢t € I. Pick the least number j; € N such that £;(j;) > ng(1,). Then, the sequence
of functions {¢ — f(A2,£1(j), t)}]?’ijl C Mon(I; N) is uniformly bounded on I by
constant mg(A,). Applying Helly’s Theorem, we find a subsequence {{>(j)}2; of
{¢ (j)}]‘?‘;jl and a function N, € Mon(/; N) such that f(4,, £,(j), f) converges to N; ()
as j — oo for all t € I. Choose the least number j, € N such that £,(j5) > ny(A3).
Inductively, if & > 3, and an increasing sequence £;—; : N — N and a number
Ji—1 € N such that £;_;(jx—1) > no(A;) are already chosen, then, by the Helly
Selection Theorem applied to the sequence of functions

{0 O 61 (), D32, © Mon(T; N),
which is uniformly bounded by constant mg(4), we find a subsequence {£,(j)}2,
of {€x—1())};2;,_, and a function Ny € Mon(/; N) such that f(Ax, £x(j), 1) converges
to Ny(f) asj — oo forallt € I, i.e.,

lim W,\k(ka(j),y(k(j), [a, l‘]) = Ni(¢r) for all tel.
—00

J

Now, given k € N, the sequence {{;(j)}?2, is a subsequence of {{;(j)}2;, and so,
setting n; = £;(j) for all j € N (i.e., {n;};2, is the increasing diagonal sequence), we
obtain (5.2.2).

For the sake of brevity, we write x; = x,,; and y; = y,, in (5.2.2).
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2. The set Sy C I of discontinuity points of each function N, € Mon(Z; N) is at
most countable. If S denotes the union of all rational numbers from 7 and | ;2 S,
then S is an at most countable dense subset of /. Furthermore, we have:

Ny is continuous at all points of 7\ S for all k € N. (5.2.3)

Since the set {x;(r)}72, is precompact in M for all # € I, and § C [ is at most
countable, we may assume (applying the diagonal procedure and passing to a
subsequence of {x;} if necessary) that, for every s € S, x;(s) converges in M as
Jj — oo to a point denoted by x(s) € M.

Now, we show that, given ¢ € I\ S, the sequence {x;(¢)} is convergent in M. Let
e > 0. Since A, — 0 as k — o0, choose and fix k = k(¢) € N such that A; < &.
By (5.2.3), Ny is continuous at ¢ and, by the density of S in I, there is s = s(¢,k) € S
such that |Ni(r) — Ni(s)| < 1, i.e., Ni(f) = Ni(s). Taking into account (5.2.2), let
J1 = Ji(t, k) and J, = J,(s, k) be two positive integers such that if j > max{J, J»},

wi, (%, yj, [a. 1]) = Ni(r)  and  wy, (x5, y;, [a, s]) = Ni(s).

Assuming that s < ¢ (with no loss of generality) and applying Lemma 5.1.4(a), we
get, for all j > max{J,, J»},

W/‘k(xj»yj’ [S’ t]) = wlk(xj’yj’ [a’ t]) - W)»k(-xj’ Vi [a’ S])
= Ni(t) — Ni(s) = 0.
Hence w;, (xj,y;, [s.1]) = 0. If I,, = {s,t}, from (5.1.4) with [ replaced by [s, 1],
we find |(x;,y))(Ls)| < Ax < € for all j > max{J;,J>}. Being convergent, {x;(s)},

{yi()} and {y;(s)} are Cauchy sequences in M, and so, there exists a positive integer
J3 = Jz(e, t,5) such that if j, j/ > J3, we have

d(xj(s), x7(s)) <&, d(y(D),yy (1) <& and d(y(s).yy(s)) < e.

By the inequality similar to (5.1.8), we get

[0y, y) Us )| < d(yi(0), vy (1) + d(y;(s), vy (5)) < 2e.

Noting that the number J = max{J;,J2,J3} depends only on & and applying
inequalities (5.1.10) and (5.1.5), we find that if j,j > J, then

d(x;(1), x7 (1)) < d(x;(s), %7 (s)) + (x5, x7) s
< d(x;(s), x7 () + | (xj, y) U )| 4+ ¥ ) Ts ) |+ 1Oy X7 ) U o) |
<e+e+2e+¢e=5e
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This proves that {x;(f)} is a Cauchy sequence in M, and, since it is precompact,
x;(¢) converges in M as j — oo to a point denoted by x(f) € M. It follows that the
mapping x : [ = SU (I \ §) — M is well-defined, and it is the pointwise limit on /
of the sequence {x;} = {x,,} (which is a subsequence of the original sequence {x,}).
Noting that {y;} = {y,} converges pointwise on / to the mapping y as j — oo and
applying Lemma 5.1.4(b), we get, for all A > 0,

wa(x,y) < liminfw; (xy;, y,,) < limsupw; (x,, y,) = W (4).
J—>00 n—>00

This completes the proof of Theorem 5.2.1. O

Remark 5.2.2. In Theorem 5.2.1, a pointwise convergent subsequence of {x,} is
extracted with respect to a given convergent sequence {y,} (or a mapping y € X if
yu = y for all n € N). Traditionally (e.g., in Helly’s Theorem), the sequence {y,}
is constant-valued in that, for some yy € M, y,(t) = yo forallt €  and n € N.
The conclusion ‘w; (x,y) < w(A) for all A > 0’ means a certain regularity of the
pointwise limit x € X in the sense that x € X"(y). In particular, if y = x°, then, by
Theorem 5.1.3, we get x € X"(x°) = Reg(I; M).

Example 5.2.3. (1) Condition (5.2.1) is sufficient, but not necessary. In fact, let I
be the unit interval [0, 1], xo, x; € M, xy # x1, and, givenn € Nand ¢ € I, define
x,(t) € M by: x,(t) = xg if n!t € Z, and x,,(t) = x; otherwise. The sequence of
regulated mappings {x,} C X converges pointwise on / to the Dirichlet mapping
2 from Example 5.1.6, and

o 2-n! if 0 <A < d(xp,x1),
nsX 0» 1)) = .

Wi, 27, [0, 1]) 0 if A > d(xg, x1).

(2) The choice of an appropriate sequence {y,} in Theorem 5.2.1 is essential. Let
{xon}, {x1,} C M be two sequences such that xo, — x¢ and x;, — x; asn — 00,
where xo,x; € M, xy # x;. Given n € N, define x,, : I — M by: x,(t) = xg, if
teINQ,and x,(t) = x1, if t € I \ Q. So (cf. Example 5.1.6),

oo if0< A< d(xo,,,xln),
0 if A > d(XOquln)’

w (xn, x°) =
and {x,} converges pointwise on / to the Dirichlet mapping . Since
|d(Xons X1) — d(x0,x1)| < d(x0n, x0) + d(x1,,x1) > 0 as n— oo,
there is ny € N such that d(xq,, x1,) > d(xg,x1)/2 = A¢ for all n > ny. Hence

wi(x,,x°) = oo forall 0 < A < Ag and n > ny, and so, Theorem 5.2.1 is
inapplicable in this context.
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On the other hand, if y, = 2, n € N, and I, = {s, t}, we have (cf. (5.1.8))
|(ns D) Us )| < d(xn(8), 2(1) + d(xa(s), Z(s5)) < 2en,

where ¢, = max{d(xo,, x0), d(x1,,x1)}. Now, if A > 0, there is ny = ng(A) € N
such that 2¢, < A for all n > ny, and so, by (5.1.4), w; (x,, Z) = 0, which implies
condition (5.2.1). It remains to note that the sequence {x,} is pointwise precompact.

5.3 Bibliographical Notes and Comments

Section 5.1. It was discovered in this section that w from (5.1.4) has modular
properties. The restricted quantity w; (x, x°) when x° is a constant mapping and M =
R seems to originate from Dudley and NorvaiSa [37, Part I11, Sect. 2]. Theorem 5.1.3
and Lemma 5.1.4 were established in Chistyakov, Maniscalco and Tretyachenko
[31, Sect. 3] (in different terminology) along with many other properties. Examples
for real-valued functions are presented in Tret’yachenko and Chistyakov [101].

Section 5.2. The first pointwise selection principle for monotone functions is
due to Helly [44]; its exposition can be found in many textbooks, e.g., Kelley
[52], Kolmogorov and Fomin [54], Natanson [83]. The novelty in Theorem 5.2.1,
which is an extension of [31, Theorem 2.1], is the introduction of an appropriate
pointwise convergent sequence {y,} C X. At the same time, this Theorem contains
as particular cases many pointwise selection theorems established for different
classes of functions and mappings in Belov and Chistyakov [7], Chistyakov [10-
12, 14-16, 18, 21, 31], Dudley and Norvaisa [37], Gnitka [40], Musielak and Orlicz
[76], Schramm [96], Waterman [103]. More details can be found in [31].



Chapter 6
Mappings of Bounded Generalized Variation

Abstract Here we follow the notation of Chap 5, and denote the pseudomodular
from Definition 5.1.1 more precisely by wy N(x,y). For I = [a,b] and a metric
space (M, d), we define new pseudomodulars on the set X = M’, whose induced
modular spaces consist of mappings of bounded generalized variation (in the sense
of Jordan, Wiener-Young, Riesz-Medvedev). We prove the Lipschitz continuity of a
superposition operator (of “multiplication”) and establish the existence of selections
of bounded variation of compact-valued BV multifunctions. An application to
ordinary differential equations in Banach spaces is also given.

6.1 The Wiener-Young Variation

Let ¢ : [0, 00) — [0, 00) be a nondecreasing continuous function such that ¢(0) =0,
@) > 0 for u > 0, and ¢(0c0) = oo (i.e., lim,— o ¢(1) = 00). Such functions are
conventionally called ¢-functions.

Definition 6.1.1. Given A > 0 and x,y € X, we define w : (0,00) Xx X X X —
[0, oo] by

wa(x.y) = w?(x.y. 1) =sup%z (Kx y)(I)I) neNand {}h <1\, (6.1.1)

where {t;}3 < I denotes a partitionof I,i.e.,a =ty <ty <--- <t,_| <t, =b,and
|(x, y)(I;)] is given by (5.1.1) (or (5.1.2), or (5.1.3)) with I; = {t;—1,t;},i=1,...,n
(Note that {;}] < I with [; = {s;,#;} is a partition of I iff Y -, |I;| = |I| = b —a,
where |I;| = t; — s;.) The expression ¢(|(x,y)(I;)]/A) under the summation sign
in (6.1.1) is called the variational core of w corresponding to {z;}5 < 1.

Lemma 6.1.2. The function w from (6.1.1) is a pseudomodular on X, and given
X0 € M, a strict modular on X = {x € X : x(a) = xo}. Moreover, w is continuous
from the right, and if ¢ is convex on [0, 00), then w is convex.

© Springer International Publishing Switzerland 2015 93
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Proof. Suppose A, 0 > 0and x,y,z € X.

(1) Since [(x,x)(I;)|] = 0 and ¢(0) = 0, we get wy(x,x) = sup{0} = O.
Now, we prove that if A > 0 and w;, (x,y) = 0, then t > d(x(¢),y(?)) is a
constant function on /. This is a consequence of (5.1.10) provided we show
that |(x, y)(I;,)| = O for all I;; = {s, ¢} C I. In fact, definition (6.1.1) implies

YU
ga(l(x yi( ,)I) < Wy (x.y). (6.1.2)

Since w; (x,y) = 0, and ¢(u) = 0 iff u = 0, we find |(x, y)(I;,)| = 0.
If x,y € X, then d(x(7), y(t)) = d(x(a), y(a)) = d(xo,x0) = 0 (i.e., x(t) =
y(t) for all ¢ € I), and so, x = y. This shows that w is strict on X.
(i) Clearly, w) (x,y) = wy(y, x), because |(x, y)(I;)| = |(y,x)(I;)| in (6.1.1).
(iii) , (iv) Since ¢ is nondecreasing on [0,00), given n € N and {f}j < I,
inequalities (5.1.5) and (1.3.6) yield (cf. also (1.3.7))

z":¢(|(x,y)(1i)|><2":(p< A ek .I(z,y)(li)|>

A+u /7 pap A+ A A+ "
— | 2)(@) — @y @)
< So(120) 300

S W)L(x’ Z) + WH(Z7 y)
This implies the inequality in axiom (iii). If ¢ is convex, the convexity property
(iv) of w is established as in (1.3.8).

To see that w is continuous from the right, it suffices to obtain the inequality
wi(x,y) < wigolx,y). Givenn € N, {#;} < I, and u > A, we have

Zw(l(x,ﬁ(li)l) <, (5.).

i=1

Passing to the limitas 4 — A + 0, we get 1/ — (1/A) — 0, and so,

— @)
> ¢<T) < Wato(x,y)
i=1
by virtue of the continuity of ¢. It remains to take the supremum as in (6.1.1). O

If x°(¢) = x° for all ¢ € I, where x° € M, then |(x,x°)(;)| = |x(I;)| in (6.1.1),
and so, the value w; (x, x°) is independent of x°:

wy (x,x°) = sup { Z§0<—d(x(ti)f(ti_l))> :neNand {t;}5 < 1.

i=1
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The quantity V,(x,I) = wi(x,x°) = w(x,x°,1) is known as the g-variation of
x € X on/ in the sense of N. Wiener and L.C. Young, and the mapping x is said to be
of bounded @-variation provided V,,(x, I) < oo. Note that if we set ¢, (1) = ¢(u/A)
for u > 0 and A > 0, then wy (x,x°) = V,, (x,]).

We denote by BV, (I;M) = X = X}(x°) the modular space of mappings
x :I — M of bounded (generalized) ¢-variation on /.

Lemma 6.1.3. BV, (I; M) C Reg(I; M).

Proof. Let x € BV, (I; M), so that wy (x,x°) < oo for some A > 0. First, we note
that x is a bounded mapping on I: in fact, by virtue of (6.1.2),

(D) = (6. x°)(D)] < ApT" (walx.x°)) < oo, (6.1.3)

where (pjrl is the right inverse of ¢ (see Example 3.3.10). To see that x is regulated,
we apply Theorem 5.1.3. To do this, we show that x € ngg,, i.e., wh(x,x°) < oo for

alle > 0.1If & > |x(I)|, then w (x,x°) = 0, so suppose 0 < ¢ < |x(I)|. Givenn € N
and {/;}1 < I such that min;<;<, |x(f;)| > €, by the monotonicity of ¢,

wa(x.x%) = Y " o(IxU)I/A) = D ¢(e/A) = ngp(e/A).

i=1 i=1
ie.,n <wy(x,x°)/@(e/A), and so,

w) (x, x°)

p(e/A)

wh (x,x°%) < < o0, 0 < e < |x()|. (6.1.4)

a

Remark 6.1.4. For a convex function ¢, w from (6.1.1) is convex, and so, XS =
X (see Sect.2.1 and Proposition 1.2.3(c)). If ¢ is nonconvex, the problem of
characterization of the spaces X° and X" is still unsolved even in the case when
M = R and, in particular. it is not known whether the space(s) X° and/or X"
coincide(s) with X = BV,,(I; M) or not.

Lemma 6.1.5. Given x,y € BV, (I; M), we have:
(@) d'(x,y) = d(x(a),y(a)) + d°(x,y) is a metric on BV, (I; M), and

doo(xv y) = d(x(a)7y(a)) + dg’(x’ y) . ‘P;l(dg,(x’ y))v

(b) if, in addition, ¢ is convex, then dy(x,y) = d(x(a), y(a)) + d}(x,y) is a metric
on BV, (I; M) such that doo(x,y) < max{1, ¢~ (1)}du(x, y).

Proof. (a) By Lemma 6.1.2 and Theorem 2.2.1, d° is a pseudometric on the space
X* = BV,(I;M), and d° (x,y) < oo for x,y € X*. For every A > d°(x,y), we
have wy (x,y) < A, which together with (6.1.2) implies |(x, y)(L;,)| < )L(p:f 1),
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and so, passing to the limit as A — d°(x,y), we get |(x,y)(L;,)| < d2(x,y) -
<p;1(d3,(x, y)) for all Iy, = {s,t} C I. Now, the inequality in (a) follows
from (5.1.10) with s = a.

(b) is established similarly: applying Theorem 2.3.1 and noting that A > d}(x,y)
implies w; (x,y) < 1, and ¢ is strictly increasing on [0, c0) (see Appendix A.1),
we get |[(x,)(I;)| < ¢7'(1)A, and so, |(x,y)(s)] < ¢! (1)d;;(x,y) for all
s, t € 1. It follows from (5.1.10) that

d(x(t), y(t)) < d(x(a),y(a)) + ¢~ (1)d*(x,y) for all tel. (6.1.5)

ad

Theorem 6.1.6. (a) Givenx,y € X,a <s <t <b,and A > 0, we have

W/\(x9y9 [Cl,S]) + W/\(x9y9 [Sv t]) = WA(X, Ys [as ])

(b) If{x,}, v} C X, x,y € X, x, > xand y, — y pointwise on I, then wy(x,y) <
liminf,— 00 Wi (Xn, yu) for all A > 0, and d°(x,y) < liminf,— oo d° (xy, yn)-
Furthermore, if ¢ is convex, then d(x,y) < liminf, o0 d}(Xy, Yn).

(¢) Ifthe metric space (M, d) is complete, then (BV,(I; M), d") is a complete metric
space. A similar assertion holds for (BV,(I; M), dy) if ¢ is convex.

Proof. (a) Forn,m € N and partitions {#;}{ < [a, s] and {t;}g” < [s, 1], {t:}y U {t;}g"
is a partition of [a, 7], and so, if I; = {t,_, t;} and Ij’ = {tj’-_1 , t;}, then

n : m x,y)(I!
Z(p(l(xyyz(lzﬂ) " Z‘/’(nyﬂ) < wi(x,y.[a.1)).
i=1 Jj=1

It remains to take the corresponding suprema in the left-hand side.
(b) 1. First, we note that, given n € N and I, = {s, ¢} C I, we have

1050 7 (o) = @) U] < da(a). X(0) + (). 3(6)
+ d(a (), y(1)) + d(ya(s), ¥(s)).  (6.1.6)
In fact, by virtue of (5.1.5) and (5.1.8),
| (ns y) Us )| = [ Gens D) Us )| + (6 V) Us )|+ [0 yn) Uso) |

< d(x, (1), x(1)) + d(xa(5), x(s)) + | (x. y) Uss)|
+ d(y(1). ya(1)) + d(y(5), yu(s)).

Inequality (6.1.6) follows if we exchange x, and x, and y, and y.
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From the pointwise convergence of x, to x, y, to y, and (6.1.6), we find
|Cens y) s )| = |(x,y)Us:)| as n— oo for all s,t€el.

Definition (6.1.1) implies that if m € N and {#;}{} < , then

Zw(wﬂ) < w)(x,,y,) for all n e N.

i=1
Passing to the limit inferior as n — oco, by the continuity of ¢, we get

m

Zw(m) < liminf wy (X, yn)-

i=1

Since m € N and {t;};y < I are arbitrary, we are through.

2. In order to prove the second inequality, it suffices to assume that the
quantity A = liminf, e d° (x,,y,) is finite. It follows that d° (x,,, y,) — A
as k — oo for some subsequence {n;}2, of {n}°2,. So, given & > 0, there is
ko = ko(e) € N such that d° (x,,,ys,) < A + & for all k > ko. By the definition
of d%, wite(Xn,, yu,) < A + & for k > k. Since x,, — x and y,, — y pointwise
on I, we find

Wite(x,y) < liminf wy (X, yn) <A +&.
k—00

This means that d°(x,y) < A + ¢ forall ¢ > 0, and so, & (x,y) < A.
Similar arguments apply to prove the third inequality in (b).
Let {x,} be a Cauchy sequence in BV, (/; M), i.e.,

d' (%, %) = d(x,(a), xu(a)) + a’?v(x,,,xm) —0 as n, m— oo. (6.1.7)
The estimate in Lemma 6.1.5(a) implies that, for every ¢ € I, {x,(¢)} is a Cauchy
sequence in M. By the completeness of M, there exists a mapping x : [ - M
such that d(x,(?),x(t)) — 0 asn — oo for all ¢ € I. Since x,, — x,, and x,,, — x

pointwise on [ as m — oo, item (b) of this Theorem yields

d° (x,,x) <liminf d° (x,,x,) < lim d'(x,,x,) <oo for all n €N,
m—>00 m—>00

It follows from (6.1.7) that

limsup d° (x,,x) < lim lim d'(x,,x,) = 0,
n—>00 n m—>00
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and so, d'(x,,x) — 0 as n — oo. In order to show that x € BV, (I; M), we note
that, by the triangle inequality for d°,

|d3,(xn,x°) — d?v(xm,x°)| < d?v(xn,xm) —0 as n, m— oo.

Hence {dS,(x,,,x")} is a Cauchy sequence in R, and so, it is convergent (and
bounded). Since x,, converges to x pointwise on I, we get

d (x,x°) < liminf d°(x,,x°) = lim d°(x,,x°) < oco.
n—oo n—o0

By Theorem 2.2.1, x ~ x°,i.e., x € X (x°) = BV, (I; M).
The last assertion in (c) is proved similarly. O

A generalization of the classical Helly selection principle for real functions of
bounded Jordan variation is given in the following

Corollary 6.1.7. A pointwise precompact sequence of mappings {x,} C BV, (I; M),
satisfying Cy = sup,en Vo, (0, 1) < 00 for some A > 0, contains a pointwise
convergent subsequence whose pointwise limit x belongs to the space BV ,(I; M).

o

Proof. In order to apply Theorem 5.2.1 with y, = x°, it suffices to verify
condition (5.2.1). Inequality (6.1.3) implies

(D] < @3 Wa (6, x°)) = 207" (Vi (6 1)) < @' (Cr), neN.

For ¢ > |x,(I)|, we have ng(x,,,x") = 0, and if 0 < ¢ < |x,(])|, then, by virtue
of (6.1.4),

W (%, x°) _ Vi, (xn, 1) - C,
p(e/1) o(e/A) T o(e/d)

wh (2, x°) <
It follows that

Cy

N o

sup w, (x,,x°) <

neN p(e/A)

<oo forall €>0,

and so, condition (5.2.1) is satisfied. By Theorem 5.2.1, a subsequence {x,, } of {x,}
converges pointwise on [ to a mapping x € Reg(/; M). Applying Theorem 6.1.6(b),
we get

w (x,x°) < liminf wy (x,,,x°) = liminf V, (x,,.I) < C; < oo,
k—00 k—00

which implies x € X (x°) = BV, (I; M). O
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6.2 Lipschitzian Operators

Let (M, d) and (N, d) be two metric spaces (with different metrics d, in general).
Denote by X = MY the set of all operators T : N — M mapping N into M. Given
A>0andT,S € X, weset W,(T,S) =I(T,S)/A, where

(T, S)Uyy)| . _
Aoy Ly={xy} CN, x#y

and (following the pattern of (5.1.1))

D(T,S) = sup

(T, S)(I,)| = sup |d(Tx, v) + d(Sy,v) — d(Ty, v) — d(Sx, v)|
vEM

If, in addition, (M, d, +) is a metric semigroup, we may replace the last quantity (as
in (5.1.2)) by

(T, S)(I,y)| = d(Tx + Sy, Ty + Sx),  x,y€N. 6.2.1)

For every A > 0, W, is an extended pseudometric on X, and so (see Sect. 1.3.2),
W is a convex pseudomodular on X, and a convex modular on X={T:N->M |
Tuy = vy}, where elements uy € N and vy € M are fixed.

If C: N — M is a constant operator (i.e., Cx = Cy for all x,y € N), then we
have |(T, C)(I,,)| = d(Tx,Ty), x,y € N, and so, W, (T, C) = IL(T)/A, where

L(T) = ID(T, C) = sup {d(Tx, Ty)/d(x,y) i x,y € N, x # y} (6.2.2)
is the least Lipschitz constant of T € X. Clearly, L(T) is independent of C. It follows
that the modular space X§, = X{(C) = {T € X : L(T) < oo} is the set of all
Lipschitzian operators from N into M, which is denoted by Lip(N; M). The function
dyy(T,S) = (T, S) from (2.3.3) is a pseudometric on Lip(N; M), and a metric on

Lipo(N; M) = X3, = {T € Lip(N; M) : Tup = vo}.
Given T, S € Lip(N; M), the following inequalities hold:

[L(T) = L(S)| = I(T,S) < I(T) + L(S),
and, by virtue of (5.1.10), for every x,y € N,

|d(Tx, Sx) — d(Ty. Sy)| < (T, $)(Lxy)| = D(T, S)d(x, y). (6.2.3)
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6.3 Superposition Operators

Suppose (N,d,+) and (M,d,+) are two metric semigroups with (generally,
different) zeros 0. Let T : N — M be an additive operator, i.e., it satisfies the
Cauchy equation T(x + y) = Tx 4+ Ty for all x,y € N. Clearly, we have T'(0) = 0:
in fact, d(0, T(0)) = d(T(0),T(0) + T(0)) = d(T(0), T(0)) = 0. The zero operator
0 : N — M is the constant operator such that 0x = 0 € M for all x € N. We denote
by LA(N; M) the set of all additive operators from Lip(N; M).

Let ¢ be a convex ¢-function. Since D (based on (6.2.1)) is a metric on
LA(N; M), we may replace M by LA(N; M), and d—by D in Lemma 6.1.5(b), and
consider the space BV, (/; LA(N; M)) equipped with the metric

Dy.u(T.S) = D(T(a). S(a)) + DE(T.S). T.S € BV,(I.LAWN:M)), (63.1)

where D*(7,S) = inf{A > 0: W]?(T, S) < 1} (see (2.3.3)) and

W]E)(T, S): sup { Xn:w(D(T(ti)"f_S(ti—liv T(ti—1)+S([i))):n e N and {ti}g <1\

i=1

Also, we denote by 0 the mapping 0(r) = 0, ¢ € 1, so that 0 € BV, (/; LA(N; M)).
Recall that, given a mapping 4 : I x N — M, the operator H = H;, : N| — M/,
defined by (Hx)(t) = h(t,x(t)) forall t € I and x : I — N, is said to be the
superposition (Nemytskii) operator with the generator h.
In the next theorem, we make use of the assumptions above concerning N, M,
and @. It is to be noted that, in Theorem 6.3.1, in order to construct metric spaces
(BV,(I;N),dy) and (BV,(I; M), dpr), we apply (5.1.2) instead of (5.1.1).

Theorem 6.3.1. Given T € BV, (I;LA(N;M)), define the mapping h : I x N — M
by the rule: h(t,x) = T(t)x forallt € I and x € N. Then the superposition operator
H, generated by h, maps the metric space (BV,(I;N),dy) into the metric space
(BV,(I; M), d y) and is Lipschitzian, and the following inequality holds:

dy(Hx, Hy) < y(@)Dym(T,0)d n(x,y) for all x,y € BV,(I;N), (6.3.2)

where y(¢) = max{1,2¢~ (1)}

Proof. Taking into account Lemma 6.1.5(b), we have to estimate the quantity
d y(Hx, Hy) = d((Hx)(a). (Hy)(a)) + d};(Hx, Hy).
Since T'(a) € Lip(N; M), the first term is estimated from (6.2.2):

d((Hx)(a), (Hy)(@)) =d(T(a)x(a), T(a)y(a)) =D(T (a), 0)d(x(a), y(a)) = AoBo,
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where Ay = D(T(a),0) and By = d(x(a), y(a)). Now, it suffices to prove that
d,(Hx,Hy) < AA + uB (6.3.3)

with A = d(x,y), 0 = DX(T,0), A = sup,; D(T(¢),0), and B = doo(x,y). In fact,
noting that, in view of Lemma 6.1.5(b) and equality (6.3.1), dy(x,y) = By + A and
Dy y(T,0) = Ay + w1, and that, by virtue of (6.1.5),

B = sup d(x(t),y(t)) < d(x(a).y(@)) + ¢~ (1)d}(x,y) = Bo + ¢~ (1A,

and similarly (replacing d by D and x—by T in (6.1.5)),

A = sup D(T(1),0) < D(T(a),0) + ¢~ (ND;(T,0) = Ag + ¢~ (D1,

tel

we find dy,(Hx, Hy) < AgBy + AA + uB, which is less than or equal to
AoBo + A(Ag + ¢~ (D) + w(Bo + ¢~ (DA) < 7(9) (Ao + 1) (Bo + ).

The last expression is exactly the right-hand side of the inequality (6.3.2).
Now we establish inequality (6.3.3). Given I, = {s,t} C I, the additivity
property of the operator 7'(¢) implies the equality

[T()x(@) + T(s)y(s)] + [T(O)(x(s) + y(@)] + [T()y(s) + T(s)x(s)]
= [T(s)x(s) + T(@O)y(®)] + [T () (x(2) + y(s)] + [T()x(s) + T(s)y(s)].
(6.3.4)

For k = 0, 1,2, denote by £, (by ry) the (k+ 1)-th term in square brackets in the
left-hand (right-hand) side of this equality, so that £y + £1 + £, = ro + r1 + 1.
Applying inequality (A.3.1) from Appendix A.3, we have

dlo,ro) =dlo+ b+ La,ro+ 41 +42) =d(ro+r1 +ra,r0+ 41 + £2)
=d(ry +r, b + ) <d(r,4,) + d(r, £3). (6.3.5)

Since (Hx)(t) = T(t)x(f) forall t € I and x € N’, (5.1.2) implies

|(Hx, Hy)(I;.0)| = d((Hx) () + (Hy)(s), (Hx)(s) + (Hy)(1))
= d(T(t)x(t) + T(s)y(s), T(s)x(s) + T(t)y(t)).
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By (6.3.4), (6.3.5), (6.2.2), and (6.2.1), this is less than or equal to

d(TO(x(®) + y(5)), T(1)(x(s) + y(1)))
+ d(T(1)x(s) + T(s)y(s), T(1)y(s) + T(s)x(s))
< D(T(1),0)d(x(t) + (), x(s) + y(1)) + [(T(®), T(5)) (u(s) y5)-
Now, it follows from (5.1.2) and (6.2.3) that

|(Hx, Hy)(I;.0)| < D(T(2),0)|(x, y)(s.)| + D(T(2), T(5))d(x(s), y(s))
<A y)Us)| + [(T,0)U,)| - B, (6.3.6)

where, by virtue of (5.1.2),
|(T,0)(s.)| = D(T(#) +0(s), T(s) +0(r)) = D(T(2), T(s)).

If AB = 0,then A = 0 or B = 0 and, since D is a metric on LA(N; M) and d is a
metric on N, we have T'(f) = O for all t € I, or x(¢) = y(¢) for all t € I, and so, the
left- and right-hand sides in (6.3.3) are equal to zero.

Suppose AB # 0. Let A # 0. From (6.3.6), the convexity of ¢, and (6.1.1),
given a partition {#;}; < I (so that [; = {t; ,;}), we find

—~ (|(Hx, Hy)(I))| Mo & (@)
Z‘p( A+ B )SAA+/LBZ¢( 2 )

i=1 i=1

UB <~ (1(T.0)@)
+ AA+uB Z(p( )

i=1 K
uB D
< 9 T?O 9
= %At Nt a0
and so, again by (6.1.1),
Wiaa+us(Hx, Hy) < wa(x,y) + nB w2(T,0). (6.3.7)
K ~ M+uB AM+uB "

By Lemma 6.1.2, functions § — wg(x,y) and n — W?(T, 0) are continuous from
the right on (0, 00), and so, applying Theorem 2.3.2(c), we get wy(x,y) < 1
and WE)(T, 0) < 1. Inequality (6.3.7) implies wya4,p(Hx, Hy) < 1, and now
inequality (6.3.3) follows from definition (2.3.3).

Assume that A = 0. Then |(x,y)(I;,)] < ¢~ '(1)d*(x,y) = 0 (see the proof of
Lemma 6.1.5(b)), and so, (6.3.6) implies

|(Hx, Hy)(I,)| < |(T,0)(I;,)| - B for all s,z €el. (6.3.8)
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If 1 # 0, then it follows from (6.3.8) that w,z(Hx, Hy) < W%(T, 0) < 1 (in place
of (6.3.7)), and so, d} (Hx, Hy) < uB as asserted in (6.3.3). If u = 0, then, similar
to the above, |(T,0)(I;,)| < ¢! (1)D*(T,0) = 0, which implies that the right-hand
side in (6.3.8) is equal to zero for all 5,¢ € I, and so, w,(Hx, Hy) = 0 for all n > 0,
i.e., di(Hx,Hy) = 01in (6.3.3). In the final case when A # 0 and & = 0, we find
[(T,0)(I,;)| = 0 in (6.3.6), which yields wy4 (Hx, Hy) < wy(x,y) < 1. This gives
d*(Hx, Hy) < AA, establishing (6.3.3).

In order to see that H maps BV, (/; N) into BV, (I; M), we set y(f) = 0 for all
t € Iin (6.3.2): since Hy = 0, we find

d:*(Hx’ 0) = dM(H(x)»H(O)) =< y(@)DN.M(TvO)dN(xv 0) < 0.

By Theorem 2.3.1, Hx ~ 0 ~ x°, and so, Hx € X, = BV, (I; M). |

Remark 6.3.2. 1If, in Theorem 6.3.1, N = M is a complete metric semigroup and
T € BV,(I;LA(M;M)) is such that y(¢)Dy »(T,0) < 1, then Theorem 6.1.6(c)
implies that (BV,(/; M), d y) is also a complete metric semigroup, and so, by the
Banach Contraction Theorem, there is a unique x € BV, (/; M) such that x = Hkx,
i.e., x is the unique solution of the functional equation x(t) = T'(¢)x(t) in M (¢ € I).

6.4 Selections of Bounded Variation

Given a metric space (M, d), let us consider a particular case of the pseudomodular
w (x,y) from Definition 6.1.1 on the set X = M’ when (1) = id(u) = u, ie.,
wi (x,y,1) = (1/A) w(x,y,I), where A > 0, x,y € X, and

w(x,y, I) = sup{z |(x,y)(I})| :n e N and {f;}5 < I . (6.4.1)

i=1

Clearly (cf. the proof of Lemma 5.1.2), w is a pseudometric on X.
Theorem 6.1.6(a) can be refined as follows.

Lemma 6.4.1. Givenx,y € Xanda < s <t < b, we have:

w(x, v, [a,s]) + w(x, v, [s,f]) = w(x,y,[a,f]) (additivity of w).

Proof. In order to verify the inequality >, let {t;}; < [a,] be a partition of the
interval [a,t], so that I; = {t;,_,t;},i = 1,...,n,and 4, < s < f; for some
1 < k < n. By virtue of (5.1.1) (or (5.1.2), or (5.1.3)),

|G, ) ()| = |(x»y)(ltk—1,tk)| = |(x»y)(]tk—1,s)| + |(xvy)(ls,tk)|s (6.4.2)
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whence

n k—1 n
D IE U] =D 1@+ 1@y U+ D 1@y )]

i=1 i=1 i=k+1

= W(X, Y, [a’ S]) + W(x’ Ys [57 t])v

and it remains to take the supremum over all n € N and {#;}; < [a, 1]. |

The quantity V(x,I) = Via (x, ) = w(x,x°,1), i.e.,

V(x,I) = sup { > d(x(t;).x(ti1)) :n € N and {t}j < I

i=1

is the usual (C.Jordan) variation of mapping x € X on I, and x is said to be of
bounded variation on I provided V(x,I) < oco.

We denote by BV (I; M) =BV,q (I; M) the modular space of all mappings x : [ —
M of bounded variation on /. The set of discontinuity points of an x € BV(I; M)
is an at most countable subset of I: in fact, given a < s < ¢t < b, by virtue of
Lemma 6.4.1, we have

d(x(1),x(s)) < V(x.[s,1]) = V(x,[a,1]) = V(x. [a, s]), (6.4.3)

where ¢ — V(x, [a, t]) is a nondecreasing function on /, and hence regulated.

Remark 6.4.2. 1f ¢ is a convex ¢-function on [0, c0), then
BV(I; M) C BV,(I; M). (6.4.4)

In fact, since ¢ is superadditive (Appendix A.1), V,(x,I) < ¢(V(x,I)) for all
mappings x € BV(I; M). Moreover, if ¢'(0) > 0, the two spaces in (6.4.4) coincide:
given x € BV, (I; M), there is A > 0 such that V,, (x,]) = wf(x, x°) < oo and,
since ¢’(0) = inf,-o @(u)/u, we have u < Ag;(u)/¢’(0) for all u > 0, which
implies V(x,1) < AV,, (x,1)/¢’(0), and so, x € BV(I; M).

If ¢ is not necessarily convex and limsup,_, ., ¢(u#)/u < oo, then inclusion
(6.4.4) holds, and the reverse inclusion in (6.4.4) holds if lim sup,_, , o u/@(u) < oo.

Recall that a mapping F : [ — £2(M) is said to be a multifunction, and a mapping
f I — M is called a selection of F if f(t) € F(¢) for all t+ € 1. By the Axiom
of Choice, selections always exist. However, in what follows we are interested in
selections preserving certain regularity properties of the original multifunction such
as ‘to be of bounded variation’.

Denote by c(M) the family of all nonempty compact subsets of M, equipped with
the Hausdorff metric D = D, induced by metric d on M (Appendix A.2).
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Theorem 6.4.3 (existence of BV selections). Given F € BV(I;c(M)), ty € I, and
xo € F(ty), there exists x € BV(I; M) such that x(t) € F(¢) forallt € I, x(ty) = xo,
and V(x,I) < V(F,I).

Proof. Since the multifunction F : I — c(M) is of bounded variation (with respect
to D), the set E C I of points of discontinuity of F is at most countable. Denote by S
the set {so, 51,52} U(INQ)UE, where s) = a, s; = ty,and s; = b. Then § = {s_,-}j?'io
is a countable dense subset of [ such that, given n > 2, the collection {s; ]’7:0 is a
partition of /. Ordering the points in {s_,-}j’7=0 in ascending order and denoting the
resulting collection by {#/}/_, we have: {f/}/_, < I (ie,a =15 <] < -+ <
0 <th=>b)t= tZO(n) for some ko(n) € {0, 1,...,n}, and

n—

for every s € S there is ng(s) € N such that s € {r}/_, for all n > ny(s).

(6.4.5)
Taking into account that F(t) € c(M), t € I, we define x] € F(¢) for all i =
0,1,...,n inductively as follows. First, assume that a < fy < b, and so, ky(n) €

{1,...,n—1}.

(a) Set xzo(n) = X0-

(b) Ifi € {ko(n) +1,...,n}and x| € F(t’,) is already chosen, pick an element
x! € F(¢f) such that d(x]_,, x!) = dist (x]_;, F(#})) (see (A.2.1)).

(c) Ifie{l,... . ko(n)} and x € F(¢}) is already chosen, pick x!_, € F(z,) such
that d(x, x! ) = dist (x?, F(£!_))).

Now, if 1ty = a (then ko(n) = 0), we define x! € F(¢!) following (a) and (b), and if
to = b (then ko(n) = n), we define x!' € F(¢!) as in (a) and (c).

Letx, : I - M (n > 2) be a step mapping of the form:

x()=x, if ., <t<t,i=1,...,n, and x,(b) =ux,. (6.4.6)

I

We have x,(ty) = x,l(tzo(n)) = X,y = %o and, by the additivity in Lemma 6.4.1
of V(-,J) = w(-,x°,J) in the variable interval J C I, (b) and (c) above, and the
definition of the Hausdorff metric D (Appendix A.2),

V(xp, 1) = Z V(X [t;l—l’ tzn]) = Zd(xf',x?_l)
i=1 i=1

<Y D(F(#).F(t) < V(F.I) forall n>2. (6.4.7)

i=1

It follows that sup,.., V(x,,I) < 00, and so, in order to apply Corollary 6.1.7, we
ought to verify that the sequence {x,} is pointwise precompact on I.

By (6.4.5),if s € S, then s € {f!}/_, for all n > no(s), and so, (a), (b) and (c)
above, and definition (6.4.6) imply

x,(s) € F(s) for all n > ny(s). (6.4.8)
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Since F(s) C M is compact, the closure of {x,(s) : n > 2} in M is also compact.
Suppose r € I\ S. Then t € (a, b) is a point of continuity of F' (with respect to D).
By the density of S in /, there is a sequence {s;}t>, C SN (a, ) such that 5, — f as
k — oo. By (6.4.5), there is an integer n; = ny(s}) > 2 such that 5] = t?l‘ for some
1 <i; <ny — 1. Setting s = s in (6.4.5), choose an integer n, > max{n(sy),n:},
so that s, = t?zz for some 1 < i < np — 1. Inductively, if k > 3, and n;—; € Nis
already chosen, setting s = s, in (6.4.5), pick an integer ny > max{ny(s,), ng—1}, s0
that we have s, = t;;k for some 1 < iy < m — 1. Since {£/*}% is a partition of I,
there exists a unique integer j; such that iy < ji < n; — 1 and

/ Nk Nk Nk
=100 <pf <<t

o1 for all k€ N. (6.4.9)

By virtue of definition (6.4.6), x,, (1) = x;¢ € F(#}) for all k € N, and (6.4.9)
implies tj';" — t as k — oo. Picking, for every k € N, an element x,(k) € F(t) such
that d(x", My = dist (x, F(t)), by the continuity of F at  and the definition of D,
we find

d(, (1. x") < DF(}), F(1)) - 0 as k — oo.

Since {x}k)},fil C F(¢) and F(¢) is compact, there exists a subsequence of {xfk)},
again denoted by {x,(k)}, which converges in M to an element x; € F(t) as k — oo,
and so,

d(xp, (1), %) < d(xp, (t),xfk)) + d(xik),xt) —0 as k— oo.
This proves the precompactness of the set {x,(r) : n € N}.
By Corollary 6.1.7, there is a subsequence of {x,}, again denoted by {x,,},
which converges pointwise on / to a mapping x € BV(I; M). It follows from

Theorem 6.1.6(b) and (6.4.7) that

V.) < liminf V(x,.1) < V(F.D).
—00

Since x,(tg) = xo for n > 2, we have x(#y) = xo. The inclusion x(z) € F(t) fort € S
follows from (6.4.8). If t € I\ S, then, by virtue of (6.4.9),

dist (x(2), F(1)) < d(x(2), x, (2)) + dist (x,, (1), F(2))
< d(x(t), %, (1)) + D(F (1), F(1)) = 0 as k — oo,

and so, dist (x(¢), F(r)) = 0, i.e., x(1) € F(t) = F(?). |
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6.5 Absolutely Continuous Mappings

An alternative approach to introduce the space BV (I; M) of mappings x : I — M
of bounded Jordan variation is as follows. In place of (6.1.1) with ¢ = id, consider
the pseudomodular w given, for A > 0 and x,y € X = M/, by the rule:

n n
wy (x,y) =sup { Z |(x,¥)(I;)| : neN and {[;} <1 such that A Z |I;] < 1} ,
i=1 i=1

6.5.1)

where (see Sect.5.1) if I; = {s;, #;}, we set |I;| = t; —s;. We also put |I| = b —a.

Lemma 6.5.1. For every A > 0, wy, is an extended pseudometric on X and, given
Xo € M, an extended metric on X = {x : I — M | x(a) = xo}, such that the
function A — w;y (x, ) is nonincreasing and continuous from the right on (0, o) for
all x,y € X. So, by Sect. 1.3.2, w is a pseudomodular on X and a strict modular on
X. Furthermore, w is nonconvex on X and X.

Proof. As usual, in what follows A, 4 > 0 and x, y, z € X.

(i) Since |(x,x)(I;)|] = 0, we have w; (x,x) = sup{0} = 0. Let us show that if
A > 0and wy(x,y) = 0, then ¢t — d(x(¢), y(¢)) is a constant function on I.
By (5.1.10), it suffices to show that |(x,y)(l;,)| = O for all [;, = {s,¢t} C [
with s < t. It follows from definition (6.5.1) of w that if » € N and

{I;}] < I are such that A Z |I;| < 1, then Z |Ce, ) )] < walx,y).
i=1 i=1

(6.5.2)

Let {#;}i < [s.1] be a partition of [s, ] such that max;<j<u(ti — ti-1) < 1/A.
(Clearly, if A < 1/|I|, then A(t —s) < A|]l] < 1, and so, by (6.5.2),
|G, ¥)(sr)| < walx,y) = 0.) Since A(#; — ;1) < 1, condition (6.5.2) implies
|G )Ty i) < walx,y) = Oforalli = 1,...,m. By inequality (6.4.2),
we get

| ))<= Y 106Uy )| =0 for all 5,1 €1,

i=1

which proves that r — d(x(t), y(¢)) is a constant function on 1.
Now, if x, y € X, then d(x(¢), y(t)) = d(x(a), y(a)) = 0 for all t € I, and so,
x = y. This shows that w is strict on X.
(i) Because |(x,y)(l;)| = |(y,x)(;)| in (6.5.1), we have w) (x,y) = wy(y, x).
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(iii) By (5.1.5), forany n € Nand {/;}} < I suchthat A Y ", |;| < 1, we have

D1 =Y @I+ Y @I < walx,2) + wilz.y),
i=1

i=1 i=1
which implies w; (x,y) < wy(x,2) + wi(z,y), and so, w, is an extended
pseudometric on X and extended metric on X.

The function A — wy (x, y) is nonincreasing on (0,00):if 0 < A; < A5, n € N,
and {I;}} < I, then condition A, Y ', |I;| < 1 implies condition A; > ;_, |I;| < 1,
and so, wy, (x,y) < w;, (x,¥). To see that this function is continuous from the right
on (0, 00), we letn € Nand {I;}] < I be suchthat A Y ', |;| < 1. Forevery u > A
such that u Y ', |I;| < 1, definition (6.5.1) implies Y, |(x, y)(I;)| < wu(x.y),
and so, passing to the limitas u — A 4+ 0, we get Y ', [(x,»)(I)| < wato(x, ).
Thus, wy (x,y) < wato(x,y). The reverse inequality follows from (1.2.4).

In order to prove that w is nonconvex, we first note that

wi(x,y) = w(x,y) forall 0<A<1/|I], (6.5.3)
where w is defined in (6.4.1).

In fact, for every {I;}] < I, wehave A ) ., |I;| < A|I| < 1, and so,

wa(x. ) = sup { 1G] n € Nand (1] < 1}

i=1
— sup { S 16 Uy )] 0 € N and {13 < 1} = w(xy).
i=1

Now, the nonconvexity of w follows from Proposition 1.2.3(b) if we note that, for
y=x°x € BV(I; M), x(a) = x°, and x # x°, we have
lim wy(x,x°) = w(x,x°, 1) = V(x,I) < oo. O
A—>—+0

In order to study the corresponding modular spaces, we prove the following

Lemma 6.5.2. Given A > 0and x,y € X, we have:
wax,y) < wx,y) < k)wi(x,y) with k(A) = [AMI]] + 1,

where [a] denotes the greatest integer not exceeding o (for a > 0).

Proof. The left-hand side inequality is clear, because condition ‘{;}| < I such that
A", || < 1’ is more restrictive than simply the condition ‘{/;} < I’.
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To establish the right-hand side inequality, let k € N and {s;}§ < I be a partition
of I such that max; <j<i(s;—sj—1) < 1/A. It follows that |I| = Zj]le(sj—sj_l) <k/A,
which implies £ > A|l], i.e., k > k(A). Given | < j < k, forany n € N and a
partition {f;}5 < [sj—1, ], setting I; = {t;i—y,t;} fori = 1,....n, we find {I;}| < I
and

AN =2 (6 —tiy) = Asj—s;-1) < 1.

i=1 i=1

By (6.5.2), Y iy [(x,y)(I))| < wa(x,y), and the arbitrariness of n and {z;}{; imply
w(x,y, [si-1,5]) < walx,y) forall j = 1,... k. By the additivity property of w
(Lemma 6.4.1), we conclude that

k
wix,y) =Wy, D) = ) Wy Is-1.s]) < kwixy),
=1

and the right-hand side inequality follows with k = k(1). O

Remark 6.5.3. If 0 < A < 1/|I] in Lemma 6.5.2, then k(1) = [A|I]] + 1 = 1, and
so, wy (x,y) = w(x, y), which is exactly equality (6.5.3).

Recall that a mapping x : I — M is said to be absolutely continuous (in symbols,
x € AC(I; M)) if for every & > O there is 6(¢) > 0 such that

> Ix(I)| < & forall n € N and {I}{ < I with Y |I;] < §(z). (6.5.4)

i=1 i=1

Theorem 6.5.4. X° = AC(I; M) C X* = X" = BV(I; M).
Proof. (Recall that x°(r) = x° for all ¢ € I, where x° € M is fixed.)

1. Let us show that BV(I; M) C X" If x € BV(I; M), then V(x,I) = w(x,x°) <
00, and so, by Lemma 6.5.2, we have wy (x, x°) < w(x,x°) < oo forall A > 0,
which means that x € X&“ C X;. Now, we show that X} C BV(I; M). In fact,
if x € X7, then wy (x,x°) is finite for some A > 0. Applying Lemma 6.5.2 once
again, we get w(x, x°) < k(A)wy (x,x°) < 00, i.e., x € BV(I; M).

2. We know from Sect. 2.1 that X0 C X*. To see that X0 C AC(I; M), let x € X?,
ie., wp(x,x°) — 0 as A — oo. This implies that for every ¢ > 0 there is
Ao(e) > 0 such that w) (x,x°) < e forall A > Ay(¢). Setting §(g) = 1/A¢(g), we
find wy/s()(x,x°) < e. By definition (6.5.1), this means that condition (6.5.4)
holds, and so, x € AC(I;M). The reverse inclusion AC(I;M) C X?V is
obtained by reversing the previous arguments. In fact, if x € AC(I; M), then
for each ¢ > 0 there is §(g¢) > 0 such that (6.5.4) holds. Definition (6.5.1)
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implies wi/s5()(x,x°) < e. By Lemma 6.5.1, the function A — w;(x,x°) is
nonincreasing, and so, if A > 1/68(e), w(x,x°) < wis¢)(x, x°) < e. This yields
limy 00 Wi (x, x°) = 0 and x € X°. i

Remark 6.5.5. The pseudometric d°(x,y) = inf{A > 0 : w;(x,y) < A} on the
modular space X = BV(I; M) satisfies the inequalities:

V14 4Iwx,y) —

2|11

1
< d°(x,y) < wix,y).

In order to see this, denote by A the quantity at left-hand side and note that it is the
nonnegative root of the quadratic equation |I/|A> + A — w(x,y) = 0. Now, if 1 > 0
is such that w; (x, y) <A, then, by Lemma 6.5.2, we get

wx,y) < kMwaxy) < (AU + DA < 22| + 4,

and so, Ap < A, which establishes the left-hand side inequality. For the right-hand
side inequality, we have: if A > 0 and A > w(x,y), then Lemma 6.5.2 implies
wi(x,y) < w(x,y) < A, and so, by the definition of %, d° (x,y) < w(x,y).

The above inequalities and Lemma 6.5.2 imply that the d°-convergence and
modular convergence (with respect to w from (6.5.1)) are equivalent on X =

BV(I; M).

6.6 The Riesz-Medvedev Generalized Variation

In this section, I = [a, b], |I| = b —a, (M, d) is a metric space, X = M’, and ® is a
convex function on [0, 0o) such that ®(u) = 0iff u = 0 (see Appendix A.1), and so,
[®] = lim ®(u)/u = sup ®(u)/u € (0, <].

u—>00 u>0
The inverse function ®~! of ® is increasing, continuous, and concave on [0, co).
Moreover, the function we (1) = u ®~!(1 /u), u > 0, is nondecreasing, continuous,
and concave (hence subadditive), and

0g(0) = we(+0) = ME)T_O we(u) = 1/[P] € [0, 00).

Given A > 0 and x, y € X, changing the variational core in (6.1.1), we set

wy (x, y) wa(x,y,l) =sup { Z |IZ|CID(W) :neNand {t;}; <I;,
= 6.6.1)

where I; = {t;i_1, t;}, [li| = t; — t;i—1, {t;}{ is a partition of /, and the joint increment
|(x,¥)(I;)] is given by (5.1.1) (or in particular cases by (5.1.2) or (5.1.3)).

Note that Lemma 6.1.2 holds for the function w from (6.6.1). In this case,
inequality (6.1.2) is replaced by the inequality



6.6 The Riesz-Medvedev Generalized Variation 111

=052 <y, fo=taicn s<
and so,
(e, )Ty < Alt— |7 (Wﬁ%xsyf) s,;tel, st (6.6.2)

If, as usual, x°(#) = x° on [ with x° € M, we find that the quantity

n I;
w; (x,x°) = sup { Z |Ii|<1>(|i(|1.)||) :neNand {;}5 <1
i=1 !

is independent of the constant mapping x°.

The quantity Vo (x,1) = wi(x,x°) = w{(x,x°,I) is known as the generalized
®O-variation of x € X on I in the sense of F. Riesz and Yu. T. Medvedev, and x is
said to be of bounded ®-variation if Vo (x,I) < 0o. Clearly, wy (x,x°) = Vg, (x,1),
where @, (1) = ®(u/A) foru > 0and A > 0.

We denote by GVo(I; M) = X = X (x°) the modular space of all mappings
x : I — M of bounded generalized ®-variation on /. Since ® is convex, by
Lemma 6.1.2, we have X0 = X*.

Let Lip(I; M) be the space of all Lipschitzian mappings x : I — M (it is
introduced by setting N = [ with natural metric in Sect. 6.2). The least Lipschitz
contant (6.2.2) of x € Lip(I/; M) will be denoted by L(x,/) = sup {d(x(t),x(s)) /
|t — s|:t,s€l, t;és}.

Theorem 6.6.1. Lip(/; M) C X" C X* = GVu(I; M) C BV(I; M); moreover,

X" = GVg(I; M) = BV(I; M) if [®] < oo, and (6.6.3)
GVy(I; M) C AC(I; M) if [®] = cc. (6.6.4)

Proof. 1. Letx € Lip(I; M). We have |x(I;)| < L(x, I;)|I;| for any partition {z;}§ < I
with I; = {t;_1, t;}, and so, by the monotonicity of ®,

- I; . L(x, I;
Z|1,»|<1>(|’;(|[')||) < Z|1i|<1>( (’; )) < [I|®(L(x, D)/A).
i=1 ! i=1

Taking the supremum over all partitions of 7, we get

wa(x.x°) = Vo, (x. 1) < [I|®(L(x,))/A), A >0,

which implies x € X" C X* = GVg(I; M).

2. To show that GVg(I; M) C BV(I; M), we argue as follows. If x,y € X are such
that x ~ y, then wy (x,y) < oo for some A = A(x,y) > 0. Given {I;}} < I, setting
a; = |I;] and u; = |(x,y)(I;)|/A|I;| in Jensen’s inequality (A.1.2), we have
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imal y)(li)l) 1 - (l(x, y)(li)l) wi(x,y)
o) . E I;|® < = ,
( A i I = Yimillil & g A )= D i ]

and so, taking the inverse function &', we find

Do) < A(leil)dfl (M) (6.6.5)
i=1 2=l

i=1

Now, if {#;}§ < I is a partition of I with I; = {f,_y,1;}, then ) ., |I;| = |I|, and it
follows from (6.4.1) and (6.6.5) that

w(x,y) = w(x,y,[) < /X|I|d>_l(w/\(x,y, I)/|I|) (6.6.6)

Assuming that x € GVg(I; M) and y = x° in (6.6.6), we get V(x,I) = w(x,x°) <
00, i.e., x € BV(I; M).

3. Let us prove (6.6.3). It suffices to show that BV(/; M) C X If x € BV(I; M)
and {/;}{ < I, then taking into account the inequality ®(u) < [P]u for all u > 0,
we find

- (2] CD]
>l Zl )= V(x 1.
pr Al
In particular, if ), |[;] = |I|, this implies
[©]

w;t(xx)<—V(xI)<oo for all A >0,

and so, x € X&n.

4. In order to establish (6.6.4), let x € GVg(I; M), so that w (x, x°) is finite for some
A > 0. If wa(x,x°) = 0, then (6.6.2) implies d(x(?), x(s)) = |(x,x°)(;,)] = 0
for all s,¢ € I, i.e., x is a constant mapping on /. Assuming that w) (x, x°) # 0,
let {I;}} < I. Since [®] = oo, we find

rETorCD Y wa (6, x°) /1) = wi(x,x°) llrglo @Igu)

Hence, given & > 0 there exists §(¢) > 0 such that r @~ (w; (x,x°)/r) < &/A for
all 0 < r < §(¢). This and inequality (6.6.5) with y = x° yield condition (6.5.4),
and so, x € AC(I; M). O

Due to (6.6.3), in the sequel we mainly study the case when [®] = oo
As the following lemma shows, quantity (6.6.1) is additive in the third variable.

Lemma 6.6.2. Givenx,y€X,a<s<t<b,and A > 0, we have

wa(x,y, [a.s]) +wa e,y [s. 1) = wa(x, . [a.1]).
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Proof. Inequality (<) is established as in Theorem 6.1.6(a), so we concentrate on
the reverse inequality. Let {f;}j < [a,?] be a partition of [a,#]. With no loss of
generality, we may assume that #z—; < s < # for some 1 < k < n. Setting
' =1,,s = {ti—,syand I” = L, = {s, 5}, we find |I| = |I'| + |I”] and,
by virtue of (6.4.2), |(x, y)(Ix)| < |(x,»){")| + |(x,y)(I")|. From the convexity (and
monotonicity) of ®, we have

NN o (1EDON o (1]
'&@( xm|:)§”@( ATl )**’@( A )

Applying this inequality to the k-th term in the sum in (6.6.1) corresponding to
I = [a, 1] and noting that {t; ’6_1 U {s} is a partition of [a, s] and {s} U {#;}] is a
partition of [s, ], we obtain the desired inequality (>). |

The structure of mappings from GVg(I; M) is clarified in the following

Theorem 6.6.3. Given x € BV(I; M), set v(t) = V(x,[a,t]) fort € I, and let J =
v(I) be the image of I under v. We have: x € GVg(I; M) if and only if v € GV«(I; R)
and there is x; € Lip(J; M) such that L(x;,J) < 1 and x(t) = x;(v(¢)) forall t € I.
Furthermore, Vo, (v, 1) = wy(x,x°,1) = Vo, (x,1) in [0, o0] for all A > 0.

Proof. (=) Suppose x € GVg(I; M). Then Vo, (x,I) = w;(x,x°) < oo for some
A>0. By Theorem 6.6.1 and inequality (6.6.6) (with y = x°), the function v is well-
defined, bounded, nondecreasing, and (absolutely) continuous on /. Hence J = [0, £]
where £ = V(x,I). Given a partition {#;}; < I with [; = {t, 1, ¢;} and |[;| = t; — t;_1,
the additivity of w (Lemma 6.4.1) and inequality (6.6.6) imply

wmn=v@rﬂmFo=w@wﬂmﬂ¢Dst¢”Cﬁ@fﬁﬁiﬂ§.

From the monotonicity of ® and Lemma 6.6.2, we get

- v - o o
> |Ii|d>(|k(|1i|) <) w2, [y, 1)) = Wi, 2%, 1) = Ve, (x, ).
i=1 ! i=1

This implies v € GVg(/; R) along with the inequality
Vo, (v, 1) < Vo, (x,1). (6.6.7)
For t € J = [0,4], we set x;(t) = x(t) where t € I is any element such that
7 = v(t) (more explicitly, x; (v(f)) = x(¢)). The mapping x; : J — M is well-
defined: by virtue of (6.4.3), if s € I and v(s) = t, then x(s) = x(¢). In order to see

that L(x;,J) < 1,welett,0 € J,sothat t = v(¢) and 0 = v(s) for some ¢t,s € I.
It follows from (6.4.3) that

d(x1 (7). x1(0)) = d(x(1), x(5)) =< [v(t) —v(s)| = |t —o].



114 6 Mappings of Bounded Generalized Variation

(«) Since v € GVg(I;R), we have Vg, (v,I) < oo for some A > 0, and
by (6.6.4), v € AC(I;R) (and so, J = v(I) is a closed interval in R). For any
partition {#;}j < I of I with I; = {t; 1,1}, we find

(0| 40 (0(8)). 31 0 (E1)))
Zm% ) Zm% A )

= ZV@(L( I’J)|A(IIT|) < Vo, (v, 1),

and so, Vg, (x,I) < Vg, (v, ). It remains to take into account inequality (6.6.7). O

The quantity (6.6.1) with y = x° allows the integral representation as follows.

Theorem 6.6.4. Let (M, | - ||) be a reflexive Banach space and x € GVg(I; M).
Then x is norm-differentiable almost everywhere on 1, its derivative x' is strongly
measurable and Bochner integrable on I, x(t) = x(a) + f;x’(r) dt forallt € I,
and

Vo, (v.1) = Vo(x/A,1) = / cp(”xlf)”) dt. A 0. (6.6.8)
1

Proof. By the assumption, Vg, (x,1) = w; (x,x°,I) < oo for some A > 0.

1. First, we show thatif 0 < s < |I| = b — a, then

b—s _
/ cp(w) dt < Ve, (x.1). (6.6.9)

By Lemma 6.6.2, function ¢t — Vg, (x, [a, f]) is nondecreasing on I and, hence,
Riemann integrable. Since, by (6.6.4), x € AC(I; M), t — ||lx(t + 5) — x(?)| is a
continuous function for ¢ € [a, b — s]. From the definition of the ®,-variation and
Lemma 6.6.2, we have

(IIX(l +5) —X(t)ll)

= = (Vay O fast ) = Vay (1. [ 1)

Integrating over t € [a, b — s] and changing variables appropriately, we get
b—s b
t t
/ @(M) dt < - / Vo, (x,[a,1]) dt < Vo, (x,1).
a s S Jb—s

2. Since x is absolutely continuous on [, all assertions of the theorem, except
(6.6.8), are established in a standard way (see comments in Sect. 6.7). In order to
obtain (6.6.8), we note that

|x(z + ) —x(@)|
N

X0 < hm f for almost every t€l,
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and so, inequality (6.6.9) and Fatou’s Lemma imply

’ b—s _
/1 %M) dir < liminf / @(w) dt < Vo, (x.1).

The reverse inequality follows from the integral representation of x and Jensen’s
integral inequality (A.1.3) (see Appendix A.1): in fact, if {#;}{ is a partition of / and
I; = {ti_1, t;}, we have

|x(1;)] lx(t;) — x(ti=1) ||
ZH ( ) Z(,—, l)cb(—m_ti_l) )
N, 1 0]
_;(r,—z,_l)é(tl__m |5 )

o AON [ (KO
52/‘1’( x )‘”‘/Iq’( 2 )d

Thus Ve, (x,1) < [ <I>(||x/(t) ||//\) dt, which completes the proof. |

Corollary 6.6.5. (a) If (M, | - ||) is a reflexive Banach space, then x € GVg(I; M)
if and only if x € AC(I; M) and fl <I>(||x’(t)||/)k) dt < oo for some A > 0.

(b) If (M, d) is a metric space, x : I — M, and v(t) = V(x,[a,t]) fort € I, then
x € GVo(I; M) if and only if v € AC(I;R) and |, CD(|1/(t)|/)L) dt < oo for some
A > 0, in which case we have

Vo, (x.1) = Vo(v/A.I) = / G divoc [a, t])) dr.

Proof. (a) is a straightforward consequence of Theorem 6.6.4.
(b) follows from item (a), the reflexivity of R, and Theorem 6.6.3. O

Remark 6.6.6. (1) The interest in mappings of bounded generalized Riesz-
Medvedev ®-variation lies in the fact that only such mappings are absolutely
continuous on I: any x € AC(I; M) belongs to some GVg(I; M). In fact,
since v(t) = V(x,[a,t]), t € I, is in AC(I;R), Lebegue’s Theorem on the
differentiation of numerical functions implies that the (almost everywhere)
derivative v’ is Lebesgue integrable on I. It follows from Krasnosel’skii and
Rutickii [56, Sect. 8.1] that there exists a convex ¢-function ® on [0, c0)
with [®] = oo such that f1<I>(|v’(t)|) dt < oo. Corollary 6.6.5(b) yields
x € GVg(I; M).

(2) Similar to Lemma 6.1.5(b), given x,y € GVg(I; M), the function dy(x,y) =
d(x(a),y(a)) + d}(x,y) is a metric on GVg(l; M), for which we have the
inequality doo(x, y) < max{l, we(|])}dy(x,y). In fact, for any A > d*(x,y),
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we get wy (x,y) <1, and so, inequality (6.6.6) implies w(x, y) < Awge(||). Thus
w(x,y) <d*(x,y)ws(|]), and it follows from (5.1.10) that

d(x(1),y(®) < d(x(a),y(a)) + [(x,)Las)| < d(x(a),y(a)) + W(x,y)
< d(x(a),y(a)) + d(x,y)we(|I]) for all te€l.

(3) Note that the d-convergence and w-convergence (see (6.6.6)) on the space
X: = {x € GVy(I; M) : x(a) = xo} imply the uniform convergence.

(4) It follows from (6.6.2) that x € GVg(I; M) has the “qualified” modulus of
continuity of the form d(x(¢), x(s)) < d}(x, x*)we (|t — s|) fort,s € I.

(5) Counterparts of Theorem 6.1.6(b), (c) also hold in the space GVg(I; M). An
analogue of Theorem 6.3.1 holds if we replace BV, by GV, and y(¢)—by
the quantity y(®) = max{l1, 2we¢(|1])}.

Example 6.6.7. Here we present an example when the metric and modular conver-
gences coincide in the space GVg(I; M). In order to be able to calculate explicitly,
weset] = [0,1], M = R, and ®(u) = ¢* — 1 for u > 0. Clearly, [®] = oo,
and @ does not satisfy the A,-condition (see Example 4.2.7(1)). For « > 0, define
Xy 2 [0,1] = R by

Xq(t) = at(1 —logr) if 0<r<1, and x,(0)=0.

Since x/,(1) = —alogt for 0 < r < 1, by virtue of (6.6.8), we have

1 1 (1 U g oo if0<A<a,
wk(xa,0)=/ @('x“()|)dt=/ s-1=1 o
0 o I*

A if A>a.

Hence x, € X (0) = GVg(I; M) for all @ > 0. Noting that
d’(xg,0) = inf{A > 0: wy(x,0) < 1} = 20,

we find that, as &« — 40, d; (x4, 0) — 0 and w) (xy,0) — 0 for all A > 0, and (in
accordance with Theorem 4.1.1) these two convergences are equivalent.

Example 6.6.8. Here we exhibit an example when the modular convergence in
GVg(I; M) is weaker than the metric convergence. Let I, M, and ® be as in the
previous Example 6.6.7. Given 0 < 8 < I, define xg : [0, 1] — R as follows:

xg(1) =t—(t+ B)log(t+ B) + Plogp if p>0 and 0<r<1
and

xo(t)y =t—tlogt if 0<t<1, and xy(0)=0.
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Since x/’s(t) = —log(r+ B) for B > O and r € [0, 1], we have

g ()| =—log(t+p) if 0 <t<1-p, and |xs(r)| = log(t+p) if 1-f <1 <1,

and so, applying the integral formula (6.6.8), we find

0]
W,\(Xﬁ,O)Z | (O] 1 d=1+15L—1, A B >0,

where

; _/l—ﬂ a ﬁ(l—ﬂ@—”/*) if 0<A#1,
! 0 (l‘—i_/—g)l/)L _logIB if A= 1,

and

1
A
I = t ar=—"——(q1 A+D/A 1) for all A > 0.
) l_ﬂ(+ﬂ) A+1((+ﬂ) ) or a >

From Example 6.6.7 with ¢ = 1, we also have w; (x9,0) = c0if 0 < A < 1, and
wi(x0,0) = 1/(A —1)if A > 1. Thus xg € X;(0) = GVo(I; M) forall 0 < < 1.
Clearly, xg converges pointwise on [0, 1] to x as  — 4-0.
Let us calculate the values wy (xg, xo) for A > 0 and d}(xg, xo) and investigate
their convergence to zero as 8 — +0. Since

(xg — x0)'(t) = —log(t + B) + logt for 0<r<1,

we have

(g —x0)' ()| log(r + p) —logt B\
3 = 7 = log(l + 7) ,

and so, applying (6.6.8), we get

) 1 /2
Wl(xﬁ»xo)ZWA(Xﬁ—XO,0)=/1®(M)dt=—1 +/0 (1 + ﬂ) dt.

0 t
If0 < A <1, then

1/A
(l—l—é) Zl—i—é and /1(1+E)dt=oo,
t t 0 t

and so, wy(xg,x9) = ooforall0 < f <land0 <A <.
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Suppose A > 1. We have

B B\ 1 B\
W/\(x/g,xO)Z—l—i-/ (1—}-7) d[+/ (1+7) dlE—l+”1+H2,
0 B

where

Brop\'* » B i g A )
I = — ) dr=(2B) = )V ———.B =
o \1 0 A—1
=21/)‘-ﬁ—>0 as B —+0
A—1
and

Hzf/ﬂl(1+g)dr:(l—ﬂ)—ﬁlogﬂel as B — +0.

It follows that w) (xg, xp) = Oas 8 — +0forall A > 1.
On the other hand, wy (xg,x9) = oo forall0 < 8 < 1and 0 < A < 1, and so,

d(xg,x0) = inf{A > 0 : wy(xg,xp) < 1} > 1,

and d;(xg, xo) does not converge to zero as § — +0.

Next we are going to show that the space GVg(I; M) is adequate for solving
certain Carathéodory-type ordinary differential equations.

Let (M, | - ||) be a reflexive Banach space. We denote by L;(I; M) the space
of all strongly measurable and Bochner integrable mappings x : I — M, and by
La(I; M)—the Orlicz space of all strongly measurable mappings x : I — M such
that p(ax) < oo for some constant & = «(x) > 0, where p(x) = |, <I>(||x(t)||)dt is
the classical Orlicz convex modular (see Musielak [75, Chap. II]).

Given xp € M, we set X; = {x € GVo(I; M) : x(a) = xo}.

Theorem 6.6.9. Let f : I x M — M be a mapping satisfying the following
properties:

(C.1) for each x € M, the mapping f(-,x) = [t — f(t,x)] : I — M is strongly
measurable, and f (-, yo) € Lo(l; M) for some yy € M;

(C.2) there exists a constant L > 0 such that ||f(t,x) — f(t,y)| < L||x — y| for
almostallt € I and all x,y € M.

Then, the integral operator T, defined by
t
(Tx)(®) = xo + /f(s,x(s)) ds, xeX* tel, (6.6.10)

maps X:'; into itself, and the following inequality holds:

wra(Tx, Ty) < wy(x,y) for all A >0 and x,y € X: (6.6.11)
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Proof. 1. First, we show that T is well-defined. Suppose x € X: Since x €
GVy(I; M) and x(a) = xo, so that x € AC(I; M), conditions (C.1) and (C.2) imply
that the composed mapping ¢ +— f (¢, x(¢)) is strongly measurable. Let us prove
that this mapping belongs to L; (I; M). By Theorem 6.6.4, x(f) = xy + fat X' (s) ds
for all ¢ € I, and so, condition (C.2) yields

If (2. x@) = If (2, x(0)) = f (2. yo) | + [ (2. yo)
=< Lllx(®) = yoll + [lf . yo)

< L/IIX/(S)II ds + Lllxo = yol + If .yl (6.6.12)
1

for almost all ¢ € I. Since x € GVg(I; M), Theorem 6.6.4 implies the existence of
a constant A; = A;(x) > 0 such that

C, = V@Al (x, 1) = /@(”x (S)”) ds < 00,
I Al

and since, by (C.1), (-, yo) € Lo(I; M), there is A, = A, (f(:, yo)) > 0 such that

G = p(f(y0) /) = f, ('V(’kzy‘””) < .

Setting Ag = LA{|I| + 1 4 A, and noting that

Ll 1k
o ho A

by the convexity of ®, we find (see (6.6.12))
1 /
o T L i X" ()1l ds + Lilxo — yoll + [If (2 yo) I

_ Ll @) If G yo)ll
<ol [ o)+ g oo + 52 o)

and so, (6.6.12) and Jensen’s integral inequality (A.1.3) yield

IF (2, x@) LA 1| Ul A
/,q)( Ao )‘”5 —;0 G+ T ®(Llxo —yoll) + A—Cz, (6.6.13)

where the right-hand side, denoted by Cy, is finite. Applying Jensen’s integral
inequality once again, we get

e x))]
(A |1|[ e ’“(”)”‘”) |1|/ ( )"“m
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which implies

[1raxoplar < olrio™ (5) < .
Thus, [t = [, x(1))] € Li(I;M). As a consequence, the operator T is well-
defined on X;; and, by (6.6.10), Tx € AC(I; M) for all x € X, which implies
that the almost everywhere derivative (Tx)’ belongs to L;(I; M) and satisfies the
equality

(Tx)'(t) = f(t.x(¢)) for almost all € 1. (6.6.14)

2. Tt is clear from (6.6.10) that, given x € X:ﬁ we have (Tx)(a) = x¢. In order to
show that Tx € GVg(I; M), we take into account (6.6.8), (6.6.14), and (6.6.13):

WAO(TX,O)=/I¢(%;(’)”)dt=/1q>(W)mfc(,,

and so, T maps X;‘; into itself.
3. To prove inequality (6.6.11), let A > 0 and x,y € X};. By virtue of (6.6.8)
and (6.6.14), we find

wra (Tx, Ty) = win (Tx — Ty, 0) = ./[CD(W) dt

_ [ o Wex®) =)
= /ICD( Ll )dt. (6.6.15)

Since x(a) = y(a) = xp, assumption (C.2) and Theorem 6.6.4 imply

If (2. x(@0) = f &yl = Llx(@) —y(D)| < L/jll(x—y)’(S)ll ds,

for almost all # € I, and so, Jensen’s integral inequality, the monotonicity of &
and (6.6.8) yield

1) — ey )] LRSI
q’( R ) (|1| / )

1 =y 1
< m/lé(f) ds = mw,x(x,y).

Now, inequality (6.6.11) follows from (6.6.15). O
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Corollary 6.6.10. Under the assumptions of Theorem 6.6.9, suppose L|I| < 1.
Then, there is x € GVg(I; M) such that X' (t) = f(t,x(t)) for almost all t € I and
x(a) = xo.

Proof. By Remark 6.6.6(5) and Theorem 6.1.6(c), the metric space (X::= dy) is
complete, where X = {x € GVi(I; M) : x(a) = xo} and

du(x,y) = d(x(a), y(@)) + dj(x.y) = d}(x,y) forall x,yeX;.

Let us show that the integral operator 7 from (6.6.10) is contractive on 5(3;; more
precisely, di(Tx,Ty) < L|I|d}(x,y) for all x,y € X: In fact, given A > 0
such that wy(x,y) < 1, inequality (6.6.11) implies wy;; (Tx,Ty) < 1, and so,
definition (2.3.3) of &} gives d(Tx, Ty) < L|I|A. Due to the arbitrariness of A > 0 as
above, the contractiveness of T follows. Applying the Banach Contraction Principle
to the operator 7 on 5(:;, we infer that T admits a fixed point, i.e., Tx = x for some
x € X; Finally, taking into account Theorem 6.6.4, we obtain the result. O

6.7 Bibliographical Notes and Comments

Section 6.1. Functions of bounded @-variation, generalizing functions of bounded
variation in the sense of Jordan [49], were introduced by Wiener [104] and Young
[107]. They were studied in detail by Musielak and Orlicz [76], Le$niewicz and
Orlicz [62], and Ciemnoczotowski, Matuszewska and Orlicz [32]. Goffman, Moran
and Waterman [42] showed that if x € Reg(/;R) and, at each point r € [ of
discontinuity of x, the value x(f) lies between the values min{x(t—0), x(t+0)} and
max{x(t—0), x(t+0)}, then V,(x, ) < oo for some convex g-function ¢ on [0, co0)
such that ¢(u)/u — 0 as u — 0. For a discussion and particular solutions of the
problem from Remark 6.1.4 when M = R, see Herda [45], Matuszewska and Orlicz
[70], Wang and Wu [105]. Corollary 6.1.7 was proved by Musielak and Orlicz [76]
(for M = R), and Chistyakov [18]. In the exposition we follow Chistyakov [19, 25].

Section 6.2. Lipschitzian functions, mappings, and operators are classical in
Functional Analysis. Lipschitzian operators basing on (6.2.1) were studied in
Smajdor and Smajdor [99]. Our (modular) approach is from Chistyakov [25,
Sect. 5.5].

Section 6.3. A treatise on the theory of superposition operators is Appell and
Zabrejko [3]. In this section, we demonstrate the modular approach to superposition
operators. Theorem 6.3.1 generalizes the Banach algebra property from Maligranda
and Orlicz [69], and it is a particular case of the results in Chistyakov [19, 25].

Section 6.4. Continuous and Lipschitzian selections of multifunctions from an
interval into a normed space with (nonconvex) compact values were established by
Hermes [46]. Selections of bounded variation were discovered by Chistyakov [10].
Refinements of the selection theorem from [10] are presented in [7, 11, 12, 14].
A detailed study of selections of bounded (generalized) variation is Chistyakov [18].
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Chistyakov and Galkin [30] showed that multifunctions of bounded ¢-variation
(even with p(u) = u’, u > 0, p > 1) may admit no selections of bounded
@-variation.

Section 6.5. This is an unusual modular approach to absolutely continuous
functions and mappings, which are classically introduced by (6.5.4), e.g., Barbu
and Precupanu [6], Natanson [83], Schwartz [97]. One more time it demonstrates
the flexibility and applicability of metric modulars (even in the classical setting).

Section 6.6. The notion of the ®-variation Vg (x, ) with ®(u) = v’ (p > 1) and
M = R was introduced by Riesz [94], and Medvedev [72] for general convex ¢-fun-
ctions ® with [®] = oo, where they proved the equivalence as in Corollary 6.6.5(a).
The integral formula (6.6.8) is due to Cybertowicz and Matuszewska [34] for
M = R, and Chistyakov [12, 14] for metric space (M, d). Further properties and
generalizations of the ®-variation are contained in Chistyakov [13, 15, 16]. Regular
selections of classes AC and GVyp were established in Belov and Chistyakov [7]
and Chistyakov [18]. The missing details in step 2 of the proof of Theorem 6.6.4
can be found in Barbu and Precupanu [6, Sect. 3.2]. The Banach algebra property
of the space GVg(I;R) was established by Maligranda and Orlicz [69]. Complete
characterization of multivalued Lipschitzian superposition operators in classes GV
is presented in Chistyakov [18, Sect. 13]. Theorem 6.6.3 and Corollary 6.6.5(b) are
due to Chistyakov [14]. Examples 6.6.7 and 6.6.8 and Theorem 6.6.9 are taken from
Chistyakov [28]. Theorem 6.6.9 supplements certain results in the theory of ordinary
differential equations of Carathéodory’s type (see Filippov [38]), where solutions x
of class AC(I; M) are usually considered under the assumption f (-, yo) € L;(I; M).
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A.1 Superadditive, Subadditive, and Convex Functions

A function ¢ : [0, 00) — [0, 00) is said to be superadditive if

(a) (p(+0) = limu—>+0 ‘P(M) = O,
(b) ¢(u) > 0 foru > 0, and
©) o)+ o) <@+ v)forall u,v > 0.

Such a function ¢ is increasing, ¢(0) = 0, and ¢(00) = lim,— 0 @ (1) =
The inverse function ¢! : [0,00) — [0, 00) of ¢ is well-defined, increasing,
¢~ (00) = o0, and subadditive:

@) ¢7'(+0) = ¢7'(0) = 0,
(b1) ¢~ '(u) > 0 foru > 0, and
(c) o ' u+v) <o u) + ¢ ' (v) forall u,v > 0.

Convex functions are an important particular case of superadditive functions.
More precisely, if ¢ : [0,00) — [0, 00) is a convex function such that p(u) = 0
only at u = 0, then ¢ is superadditive and continuous on [0, c0), and the function
u +— ¢(u)/u is nondecreasing on [0, 00), so that

lim <p(u) f w €[0,00) and lim Al = sup Al € (0, o0].
u—>+0 U u—>00 Y u>0 U

In fact, the convexity of ¢ on [0, c0) means that, for all 0 < @ < 1 and u, v > 0,

oleu+ (1 —a)v) <ap() + (1 —a)p(v), (A.1.1)

© Springer International Publishing Switzerland 2015 123
V.V. Chistyakov, Metric Modular Spaces, SpringerBriefs in Mathematics,
DOI 10.1007/978-3-319-25283-4
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and, in particular gp(au) < a@(u). Given 0 < u; < up, setting @ = u;/u, and
u = up, we get p(u1)/uy < ¢(uz)/uz. Since

Ui

o) < o(u; +up) for u; >0 with i = 1,2,

Uy + up
the superadditivity property of ¢ follows.

In order to see that ¢ is continuous on [0, co), we first note that 0 < ¢(a) <
ap(l) for 0 <« < 1, and so, p(4+0) = 0 = ¢(0). Now, suppose u > 0. Since ¢ is
increasing, the one-sided limits ¢ (u — 0) and ¢(u + 0) exist in [0, co), and we have
¢(u—0) < p(u) < ¢(u+ 0). From the convexity of ¢, we get

) — o) _ o) — ()

U— U - Uy — u

forall 0 <u <u<uy,

that is,

@(u2) — ¢(u) '

U —u

o) < o) + (u—u)

Passing to the limit as u; — u — 0, we find (1) < ¢(u — 0). Similarly,

P(u2) — ¢(u) < o) —p(a) W< iy < us,
Uy —u Uz — up
which implies

W) @(uz) — p(u2)
Uz — Uy

P(u2) — (u2 — < ¢(u).

Letting up go to u + 0, we get ¢(u + 0) < ¢(u), which completes the proof of the
continuity of ¢ on [0, 00).
For instance, given u, v > 0, we have:
WP < (w4v)y <227'wh +0P) if p>1,
u+vP < W +v° <2'"Pw+v)y if 0<p<l.
Let ¢ : [0,00) — [0,00) be a convex function such that ¢(u) = 0iff u = 0.
Its inverse go_l is increasing, continuous, and concave on [0, 00). In fact, given

u,v1>0, wesetu = ¢ () and v = ¢~ ' (vy), so that u; = @(u) and v; = @(v).
By (A.1.1),

o™ (w) + (1—)p™ (1) Saw + (I—a)vy;,  0<a<l,
whence, taking the inverse function ¢! from both sides of this inequality,

ap () + (1—a)g ™ (v1) < o (aus + (1—a)vy).

1

Note that since ¢~ is concave, it is subadditive.
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The function w,(u) = up~'(1/u), u > 0, is continuous, nondecreasing, and
concave on (0,00). In fact, given 0 < u; < up, we set v; = ¢~ '(1/u;) and
vy = ¢ '(1/uy). Since 1/uy < 1/u; and ¢~ ! is increasing, we get v, < v, and
since the function v > @(v)/v is nondecreasing, we find ¢(v;) /vy < @(v;)/v; or,

equivalently, v;/¢@(v;) < vy/@(vy). Noting that 1/¢(vy) = uy and 1/¢(v2) = uy,
we have

Wy (1) = wg™ (1/w1) < urp™" (1/u2) = w, (u2).
The concavity of @, on (0, o0) means that
wy(ou + (1—0)v) > aw,(u) + (1-—a)w,(v), «€[0,1], u,v>0,

or, more explicitly,

(@u+ (1=a))g™! (M) = aup™ (1) + (1-apup™ (),

which is equivalent to

. 1 ou _i/1 (1—a)v _i/1
o' )= () e Q)
au+ (1—a)v/ ~ au+ (1—a)v u au+ (1—a)v v
The last inequality follows from the concavity of function ¢!, because

1 . au 1 (1—a)v
au+ (1—a)v  au+(1—a)v u au+ (I—a)

1
=
It is to be noted that
(+0) = lim w,() = li —1(1)— lim —— € [0, 00)
oy _u_lfilow‘/)” _M_l)nﬁougo )= im ) , 00).

Since ¢ is convex, the following Jensen’s inequalities hold:

(p(zl‘j]“i”i) < Zi:lnai(p(ui) (A12)
D i D1
where o; > 0, u; > 0,i=1,...,n, are such that Zl’.’:lai > 0, and
1 [t 1 b
o(5 [ rora) <= [Cetrona (A13)
b—a J, b—a J,

where f : [a, b] — [—00, o0] is a measurable almost everywhere finite function such
that the Lebesgue integrals make sense.

For more information, see Krasnosel’skii and Rutickii [56], Natanson [83], and
Schwartz [97].
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A.2 The Hausdorff Distance

Let (X, d) be a metric space. If @ # A, B C X, the excess of A over B is the quantity

e(A, B) = sup dist (x, B) € [0, 0], (A.2.1)

XEA

where dist (x, B) = infyep d(x,y) is the distance from the point x to the set B (and
dist (x, @) = o0). We also set e(, B) = 0 for all B C X, and e(A, @) = oo for all
& # A C X. Alternatively, the excess e(A, B) can be expressed as

e(A.B) = inf{r > 0: A C 0.(B)},

where 0,(B) = {x € X : dist(x, B) < r} is the r-neighborhood of the set B, i.e.,
the union of all open balls in X with centers at points of B and the same radius
r (and 0,(9) = & for any r > 0). The excess has two main properties: given
A,B,C CX,

(a) e(A,B) =0iff A C B, where B = (=0 Or(B) is the closure of B in X;;
(b) e(A,C) <e(A,B) + e(B, 0).

The Hausdorff distance between any A C X and B C X is defined by

D(A,B) = D,(A,B) = max{e(A,B),e(B,A)}
=inf{r>0:AC 0,(B)and B C 0,(A)},

and the following properties hold, for any A, B, C C X:

(A) D(A,B) =0 iff A =B;
(B) D(A,B) = D(B,A);
(C) D(A,C) < D(A,B) + D(B, C).

Note also that D(@, ) = 0, and D(A, @) = oo forall @ # A C X. It follows
that:

— Dis an extended pseudometric on & (X), the family of all subsets of X;

— D is an extended metric on cl (X), the family of all closed subsets of X (with or
without the empty set);

— D is a metric on cb (X), the family of all nonempty closed bounded subsets of X,
called the Hausdorff metric (induced by d), and in particular,

— D is a metric on ¢ (X), the family of all nonempty compact subsets of X.

The construction of the Hausdorff distance remains valid if d is an extended
(pseudo)metric on X.

For more information, see Castaing and Valadier [9], Hausdorff [43], and
Kuratowski [58].
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A.3 Metric Semigroups and Abstract Convex Cones

1. A triple (M, d, +) is said to be a metric semigroup if (M, d) is a metric space with
metric d, (M, +) is an Abelian semigroup with the operation of addition +, and d
is translation invariant with respect to + in the sense that d(x + z,y + z) = d(x,y)
forall x,y,z € M. Anelement0 € M suchthatx +0 =0+ x = xforallx € M is
called the zero in M (it is determined uniquely).

Given a metric semigroup (M, d, +) and elements x, y,X,y € M, we have:

d(x,y) <d(x+Xxy+Yy) +dx.y),
dx+Xx,y+5y) <dx,y) +d{x.5). (A3.1)

If sequences {x,}, {y.}, {X»}, and {y,} of elements from M converge in M to elements
X, y, X, and y as n — oo, respectively, then, by virtue of (A.3.1),

lim d(x, + X, y, +5,) =dx+*%,y+5),
n—>o0

and, in particular, the addition operation (x,y) + x + y is a continuous mapping
from M x M into M.
Particular cases of metric semigroups are metric linear spaces in Rolewicz [95].
2. A quadruple (M,d, +,-) is said to be an abstract convex cone if (M,d, +)
is a metric semigroup with zero 0 € M, and the operation - : [0,00) x M — M of
multiplication of numbers & > 0 by elements x € M, written as («, X) > o -x = ax,
has the following properties, for all &, B > 0 and x,y € M:

d(ax, ay) = ad(x,y),
ax+y)=ax+ay, (@+p)x=ax+px, o(fx)=(@B)x, 1-x=x
(see Chistyakov [18-20], Smajdor [100]).
A metric semigroup (M, d, +) or an abstract convex cone (M, d, +,-) is said to

be complete if the underlying metric space (M, d) is complete.
Given an abstract convex cone (M, d, +,-), a, 8 > 0, and x,y € M, we have

d(ox + By, Bx + ay) = |a — Bld(x,y). (A3.2)
which implies

d(ax, By) < ad(x,y) + |a — Bld(y.,0), (A3.3)
and so, the operation of multiplication (¢, x) + «x is a continuous mapping from
[0, 00) x M into M.

Note that & -0 = 0 in M for all « > 0: in fact, by (A.3.3),

d(@-0,0) = d(e -0, 1-0) < «d(0,0) + | — 1]d(0,0) = 0.
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Denote by |x| = |x|;=d(x,0) the (so called) ‘absolute value’ of x € M. If xe M,
x#0,and X' = (1/]x]) - x = x/|x|, then |x| = 1:

0 1 1
IX| =d(x¥,0)=d . = —dx0) = —-|x] = 1.
el

|| ||
A simple example of an abstract convex cone is a normed linear space (X, | - ||)
with the induced metric d(x,y) = |lx — y||, x,y € X, and operations + and - from

X. If K C X is aconvex cone (i.e.,x +y, ax € K forall x,y € K and o > 0), then
(K,d, +, ) is an abstract convex cone, which is complete if X is a Banach space and
K is closed in X.

One more example is as follows. Suppose (X, || - ||) is a real linear space. Denote
by cbc (X) the family of all nonempty closed bounded convex subsets of X. Given
A,Becbc(X),wesetA+B={x+y:xeA,ye B} (Minkowski’s sum), ¢A =
{ax:x e A}ifa > 0,and A H B = cl (A + B), where cl (C) designates the closure
in X of the set C C X. The introduced operations in cbc (X) have the properties (see
Hormander [47], Pinsker [86]): AHB = cl (cl (A)+cl (B)), x(AHEB) = (¢A)B(aB),
(¢ + B)A = (¢A) B (BA), a(BA) = (@f)A,and 1 -A = A forall @, 8 > 0. The
Abelian semigroup cbe (X) is endowed with the Hausdorff metric D, generated by
the norm || - || in X, and so, D(A, B) can be written as

D(A,B) =inf{a >0:ACB+aS and BC A + oS},

where S = {x € X : ||x|| < 1} is the unit ball in X. Additional properties of D are as
follows (see De Blasi [35], Radstrom [91]): if A, B, C € cbc (X) and @ > 0, then

D(aA,aB) = aD(A, B),
DABC,BEHC) = DA + C,B+ C) = D(A,B).
Consequently, the quadruple (cbe (X), D, H, -) is an abstract convex cone, which is
complete provided X is a Banach space (see Castaing and Valadier [9]).

More examples of abstract convex cones are presented in Chistyakov
[17-19, 24, 25].
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