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Abstract. In Interval AHP, our uncertain judgments are denoted as
interval weights by assuming a comparison as a ratio of the real val-
ues in the corresponding interval weights. Based on the same concept as
Interval AHP, this study denotes uncertain judgments as fuzzy weights
which are the extensions of the interval weights. In order to obtain the
interval weight for estimating a fuzzy weight, Interval AHP is modified
by focusing on the lower bounds of the interval weights similarly to the
viewpoint of belief function in evidence theory. It is reasonable to max-
imize the lower bound since it represents the weight surely assigned to
one of the alternatives. The sum of the lower bounds of all alternatives is
considered as a membership value and then the fuzzy weight is estimated.
The more consistent comparisons are given as a result of the higher-level
sets of fuzzy weights in a decision maker’s mind.
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1 Introduction

AHP (Analytic Hierarchy Process) is a useful tool to extract a decision maker’s
preference from his/her intuitive judgments [9]. When a decision maker gives the
comparisons of all pairs of alternatives, his/her preferences are obtained as the
weights of alternatives. It is easy for a decision maker to give his/her intuitive
judgments as pairwise comparisons since s/he focuses on comparing a pair of
alternatives without caring for the other alternatives. As a result, an alternative
is compared several times and the given comparisons are seldom consistent each
other.

The inconsistency of the given comparisons is well-known and discussed a lot
in AHP. One of the ways to treat inconsistency is to introduce the consistency
index and distinguish whether the given comparisons are too inconsistent [1,8].
On the other hand, Interval AHP [10,11] takes the comparisons possibly into
consideration, instead of distinguishing them. It is based on the idea that a
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decision maker does not perceive a precise weight of an alternative but a range
of its weight in his/her mind. In Interval AHP, a comparison is considered as a
part of the rational decision so that the interval weights are obtained so as to
include the given comparisons. In short, AHP and Interval AHP induce plausible
and possible preferences from the given judgments, respectively.

Based on the same idea as Interval AHP, this paper assumes that our judg-
ments are uncertain and obtains the possible preferences reflecting the uncer-
tainty. Instead of the interval weights, such uncertain judgments are denoted as
the fuzzy weights. Therefore, the method to estimate the fuzzy weights from the
given crisp comparisons is proposed. In some fuzzy approaches in AHP [2,4,7], a
fuzzy or interval comparison matrix is used. From the viewpoint of uncertainty,
several models of Interval AHP have been proposed [6]. This paper modifies
Interval AHP by focusing on the lower bound of an interval weight since it rep-
resents the weight surely assigned to an alternative similarly to the viewpoint of
belief function in evidence theory [5]. The left weight is considered as ignorance
since it is common of some alternatives and possible to be assigned to more than
two alternatives. The upper bound of an interval weight includes such a weight
as possibly assigned to an alternative. It is reasonable to assign the weight to one
of the alternatives as much as possible so that the lower bounds are maximized.
Then, the sum of the lower bounds of all alternatives is considered as a member-
ship value of a fuzzy weight in a decision maker’s mind. The more consistent the
given comparisons are, the higher the membership value becomes. The decision
maker gives the comparisons based on this certain level sets of the fuzzy weights
of alternatives.

The given comparison is represented as the ratio of the weights of the cor-
responding alternatives. In Interval AHP, the inclusion relation between a com-
parison and the interval ration of its corresponding interval weights are used
to obtain the interval weights. In the proposed model, the relation between a
comparison and a ratio of weights is reconsidered. It assumes that the weight of
an alternative is estimated by the corresponding comparisons and the weights of
the other alternatives. The interval weight of an alternative is estimated by the
other alternatives and the relation between the weight and its estimations are
used to obtain the interval weights. Since the proposed model is based on the
lower bound, the estimations by the lower bounds of the others are used. Such
lower bounds of estimations are compared to the upper bound of an interval
weight so that the interval weight and its estimations are common.

In order to estimate fuzzy weights from their certain level sets which are inter-
val weights focusing on their lower bounds, it assumes some membership values,
i.e., the sums of the lower bounds from 0 to 1, in addition. The relation between
an interval weight and its estimations are modified depending on whether the
membership value is higher than the certain level or not. In the higher case, the
weight is forced to be assigned to one of the alternatives so that a weight and its
estimations may not be common and the deficiency is minimized. While, in the
lower case, they are always common so that their differences can be minimized.
In each case, the interval weights are obtained based on the proposed model as
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the respective level sets of the fuzzy weight. Then, the fuzzy weight is estimated
such interval weights as its representative level sets.

This paper is organized as follows. In the next section, as the modification
of Interval AHP, the lower bound based Interval AHP which focuses on the
lower bounds is proposed. Then, in section 3, the fuzzy weights are estimated
from some representative interval weights by the proposed model as their level
sets. Section 4 shows two numerical examples and discusses the results. The last
section is the conclusion.

2 Lower Bound Based Interval AHP

A decision maker gives the pairwise comparisons on n alternatives as follows.
A= : R (1)

where a;; is his/her intuitive judgment on the importance ratio of alternative 4
to that of alternative j. The comparisons are identical and reciprocal as a;; = 1
and a;; = 1/a;;. The comparisons are consistent if and only if

Q5 = ailaljaViajvl' (2)

However, (2) is seldom satisfied since an alternative is compared to the other
(n — 1) alternatives.

In AHP, the weights of alternatives are obtained from (1) by eigenvector
method Aw = A\w, where w = (wy,...,w,)T is the eigenvector correspond-
ing to principal eigenvalue. The weights are normalized such that ) w; = 1.
The weight is assigned to one of the alternatives without ignorance so that the
plausible preferences are obtained by AHP.

In Interval AHP, the interval weight W; = [w], wf] which includes the given
comparisons is obtained by the following LP problem [10,11]. It is assumed that
the given comparisons are inconsistent since the weights of alternatives in a
decision maker’s mind are uncertain. A decision maker may use a real value in
interval weight W; in giving comparison a;;, where j > i.

min Y, (wf —wl),
St )iy sz—i—wJL >1,V9,
iz i+ wit <15,
wl wh (3)
I AV
S G5 > 2R Z,

where the first two kinds of constraints are for the normalization of intervals based
on interval probability [3,12]. They are the interval counterparts of the ordinal
crisp probability. When the weights are real values as w?* = wl =

;o= wy = w;, Vi, two
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inequalities are replaced into ), w; = 1. The redundancy of the intervals to make
the sum of any real values in the intervals be 1 is excluded. For instance, the 1st
inequality for j requires wJL not to be too small. The next inequalities for a;; are
the inclusion constraints. They require the obtained interval weights to include
the given comparisons as

aewlz[sz’wlR]: sz wiR (4)
YW [wl, wh wit" wk |’

where the fraction of intervals is defined as its maximum range. By minimizing
the widths of the interval weights, both bounds in the right side of (4) become
the closest to the give comparison in the left side. In other words, the primal
objective is to minimize uncertainty of the interval weight. If the comparisons are
perfectly consistent as in (2), the weights are obtained as real values w!* = w!, Vi
and they equal to those by eigenvector or geometric mean method in AHP. On
the other hand, the more inconsistent the given comparisons are, the wider the
obtained interval weights become. The lower bound of the interval weight is
considered as the weight surely assigned to one of the alternatives. While, its
upper bound includes the possibly assigned weight in addition and such weight is
a common weight of some alternatives. As the surely assigned weight decreases,
the ignorance which is the possibly assigned weight increases.

In the same concept as Interval AHP, this paper assumes that our judgments
are often uncertain and then they are represented as fuzzy weights of alternatives,
instead of interval weights. The fuzzy weight can be considered as a set of interval
weights. In order to estimate a fuzzy weight, some representative interval weights
are used. The core interval weights, based on which a decision maker gives the
comparisons, are obtained as follows. We revisit Interval AHP by focusing on the
lower bound of interval weight. It is reasonable to focus more on the weight surely
assigned to one of the alternatives than the weight assigned to more than two
alternatives. Interval AHP by (3) is modified so as to be suitable for fuzzy weight
estimation and we name the proposed model lower bound based Interval AHP. In
Interval AHP, the inclusion relation as in (4) is considered based on the relation
between the given comparison and the corresponding weights as a;; = L‘J’—] In
the proposed lower bound based Interval AHP, based on the same relation, the
weight of an alternative is estimated by the weight of the other alternative as
w; = a;;w;. In case of the crisp weights, there are n—1 estimations of the weight
of alternative ¢ as w; = a;;w;,Vj # i. When the weights are extended to interval
Wi = [wf,w[], its estimations are intervals W/ = [a;;w}, a;jwf],Vj # i. Since
the proposed model is based on the lower bound of the interval weight, the
estimations by the lower bounds aijw]-L,Vj = ¢ are used. The relation between
the interval weight of alternative ¢, W;, and its estimation, W/, by the other
alternative j # i is as follows.

agwk <wf Vi # 1, (5)

which are satisfied if the interval weight and its estimation have at least a value
in common.
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By replacing the inclusion relation (4) in (3) into the estimation (5) and max-
imizing the lower bound w’, the lower bound based Interval AHP is formulated
as the following LP problem.

o =maxy_, wk,

s.t. Z#j wh +ij >1,V,
Zi;ﬁj sz +wf < 1,Vj, (6)
agzwk <wl Vi, j,j # i,

where the optimal objective function value a represents the weight surely
assigned to one of the alternatives and the left weight 1 — « may be assigned to
some alternatives. The lower and upper bounds of the interval weight, wl and
wk, represent the weights surely and possibly assigned to alternative i, respec-
tively. In this way, the possible preferences are obtained by lower bound based
Interval AHP.

Let us denote the maximum surplus of the upper bound of alternative i from
its estimations by the other alternatives Vj # ¢ in (5) as p;. The surplus should

be minimized and (6) is rewritten as follows.

max (3, wl — e3>, pi),
S wh +wl < 1,9, (™)
0 < wR - aijw]l'l < pi7Viaj7j 7é i7

%

where ¢ is a small positive value so that the surplus of the interval weight from
its estimations is minimized secondarily.

When the given comparisons are perfectly consistent as in (2), the optimal
solutions of (7) are w; = wf* = wl,Vi and then o = 1. The more inconsistent

the comparisons are, the less a becomes.

3 Estimating Fuzzy Weight

The weight of alternative 7 in a decision maker’s mind is denoted as fuzzy weight
W;. Let us denote the membership function of fuzzy weight W; as My, - In this
section, the fuzzy weight is estimated by its a-level set obtained by (7) in the pre-
vious section. A decision maker gives the comparisons based on a-level sets of the
fuzzy weights in his/her mind. The sum of the weights of all alternatives surely
assigned to one of the alternatives represents a membership value of a fuzzy
weight. It means that o = py,. (wk) = i, (wh), Vi, i.e., a-level sets of fuzzy
weights W;, Vi are intervals [wE, wk],¥i by (7). They are core interval weights
to estimate the fuzzy weights. The fuzzy weight consists of some representative
interval weights which are their level sets. As far as puy;. is less than a =}, wk
by (7), the relation between an interval weight and its estimations satisfy (5),
however, in the other cases the relation is not satisfied. Therefore, we assume [y
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and v, where a = By < 1 < ... < fBp=landa=v >7 > ... > >0,
respectively, for given m and I. As m and [ increase, the more precise estimations
can be done.

First, let assume fpp5, = OBk, which requires that the weight surely assigned
to an alternative is more than 0. Because of a < (j, they cannot satisfy (5).
The maximum deficiency of interval weight W; from its estimations, g;, should
be minimized.

min ). g;,
st P <>, wiL’B"',

LBi_ L , RBu_1 \,-
wiﬁk 1§wiﬁ",wZRB"§wiﬁk YV

i Wi+ w > 1,5, (8)

3

iy wi™ +wf < 1,5,

%
R LBy PR .
7Q7§wl ﬁk*w]‘ﬁkaijav/l’a]7]?&7’a

qi Z Oa VZ,

where [w”? wfP*] Vi are the variables and [w] ™", w!”*~*] Vi are obtained

previously. By repeating solving (8) from k = 1 to m, sequentially m representa-
tive interval weights are obtained. They are higher-level sets of the fuzzy weight
than a-level one by (7).

In case of m = 1, (8) is reduced to the following problem where 5, = By, =1

indicates crisp weights as w; = wf Ar— wf A ', Vi. The weight is surely assigned

to one of the alternatives so that there is no ignorance which is possibly assigned
weight to an alternative.

min ). g;,
sty wp =1,
wk < w; < wh, Vi, (9)
—q; < w; — ajjw;, Vi, j,j # i,
qi > 0,Vi,

where wl = wiwo,Vi and wk = wiRBO,W are the optimal solutions of (7). The
weight is forced to be assigned to one of the alternatives without ignorance,
instead of allowing some estimations of an alternative to be more than its crisp
weight. The crisp weights w;, Vi make their estimations be the closest to them
and be included in a-level set of the fuzzy weights denoted as interval weights
W,',Vi by (7)

Next, let assume g3, = 7, which requires that the weight surely assigned to
one of the alternatives is at most 7. Because of o > 74, (5) is satisfied and an
interval weight and its estimations are always common. Since the upper bound
of the interval weight of an alternative is always more than the estimations by
the lower bounds of the others, the constraint of the sum of the lower bounds

is added into (7). The problem to obtained interval weights [wf V’“,wlR T Vi, s
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formulated as follows.

L
max (32, w; 7" —e 32, pi),
st S wk ™ <y,

Lk Lye—1  Rye R )
e <w; M < w] TR < wl RV

Ry L .
Zi;ﬁj w; ™ +wj E 2 1,Vj,

iy 0T+ w T < 1,5,

0<w ™~ wf%az‘j <pi,Vi, J,j # i
where p;,Vi are the surpluses of the weights from their estimations and in the
same way as (8), [wlL Tt wlR "*=1] Vi are obtained previously. By repeating solv-
ing (10) from k = 1 to I, sequentially [ representative interval weights are
obtained and they are lower-level sets of the fuzzy weight than its a-level set.

In case of 4; = 0, the lower bounds of 0-level sets of the fuzzy weights are 0

as wiLW = wl0 = 0,Vi. As a result, the estimations are also 0, as ajiwiLO =0,Vs,
whatever a;; is. In order not to ignore and to reflect the given comparison a;; to
the weight of alternative i, its lower bound is assumed as wZ-LW = szo =g, Vi,
where ¢ is a small positive number so that v; = ne. Then, in case of [ = 1, (10) is

reduced to the following problem to obtain the upper bounds = wZR M= wl0 Vi

min >, wf — &3 7y,
st wl <wlf vi

Zi;ﬁj wf' +e > 1,V (11)

D€ w0 <1,V

0< wa‘RO — €04y < plaVZu]M] 7é i,
where wf " = wl0 Vi are replaced into e and the obtained interval weights
[e, wk0], Vi should include a-level sets of the fuzzy weights [wk, w!?],Vi by (7).
The weight surely assigned to an alternative is reduced to ne < « and the
ignorance is increased to 1 — ne.
_ For simplicity, assuming m = [ = 1, the membership function of fuzzy weight
W; is illustrated as in Figure 1. It is estimated by three representative interval
weights such as its 0-level set [, wF0], its a-level set [wl, wk] as a core interval

weight, and its 1-level set w; as follows.

%x, 0 <z <wk
fyi, () = wi:i}(x w)+1, w <z <wk (12)
3 7
w;o_awf(w—wf)—l—a, wh <z <who
0, who < »
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L

w; w; wh u*R 0

Fig. 1. Membership function of fuzzy weight of alternative 4

The interval weights by any level-sets of the fuzzy weights by (12) are normal-
ized so that they are interval probabilities and satisfy the 1st and 2nd constraints
in (3). For instance, the 1st constraint in case of @ < § < 1 is verified as fol-
lows. Assume interval weights [wiLﬁ,wﬁﬁ],Vi, where fiy,. (szﬁ) fyi, (w Rﬁ) 8.
Their bounds are denoted by the 2nd and 3rd functions in (12) as follows.

1l -« (’wLﬁ— LB 1—6 L ﬂ—Oé

_ L .
e A i et et DA
a—1  gg rg_1=-B p B—-a .

b wZR—wi(wZ wi) +1 o w; 1—a +1—aw“ !

where [wF, wF], Vi by (7) satisfy the 1st constraint in (3) so that D wfiitwl >
1,Vj and wz,‘v’z by (9) satisfy ), w; = 1. The 1st constraint in (35 for B-level

sets of the fuzzy weights [wf p wf’ o ], Vi is verified as follows.
E#J w;” + w]
S (1 o)« (1t +420m)
= (S el b+ (S 2 1

Similarly, the 2nd constraint in (3) for §-level sets is verified. In case of 0 < v < ¢,
in the same way, it is verified that ~y-level sets of the fuzzy weights satisfy the 1st
and 2nd constraints in (3). Therefore, any-level sets of the fuzzy weights which
are denoted as interval weights are normalized from the viewpoint of interval
probability.
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In general, the membership function of fuzzy weight W; is denoted by the
representative interval weights by (8) and (10) as follows.

o, () =

M L'Yk Ly, Lyg—1 _
wmkli L%(fﬂ— )+ Vis w;" <@ < wy; yk=1...,1

"B — B LBr_1 L
W(x—w )+ Br-1, w; <z<w™® k=1,....m
wRﬁk 1_wRﬁk i k> i ST S W ) yeees
M _ Bt R’Yk—l Ry 1.
wa_waH(x w; )+ Ve—1, w; <z<w " kE=1,...,1
OZ (2 wR,n<x

9 i >~

(14)

The fuzzy weights denoted as in Figure 1 are obtained from a crisp compari-
son matrix A in (1) reflecting the uncertainty in A. They reflect the possibilities
of the given information with membership values. When a rigid order of alterna-
tives is needed, the interval weight by a high-level set of a fuzzy weight is used
and a crisp weight is found as a focal point in case of 1-level set. While, when
the possibility of an alternative is a concern, the low-level set is useful.

4 Numerical Examples

Two decision makers A and B give the pairwise comparison matrices on 4 alter-
natives as shown in Table 1. By (7), the core interval weights for fuzzy weight
estimation are obtained and they are shown next to each matrix. The weight
is assigned to each alternative as much as possible. The sum of lower bounds
of the interval weights by decision maker B, ap = 0.929, is more than that by
decision maker A, vy = 0.813, so that B gives the comparisons based on higher
membership value than A. These interval weights are assumed as 0.813-level
sets and 0.929-level sets of their fuzzy weights, respectively. For comparison, the
interval weights by (3), where the widths are minimized, are shown at the right
column of Table 1. Their sums of the lower bounds are shown at the 1st rows
and they are less than those by (7). It mentions that the more weight is surely
assigned to one of the alternatives by the proposed (7) than (3). Since the lower
bound is more suitable to represent a membership value than the width, Interval
AHP is modified by focusing on the lower bounds of the interval weights and
the proposed model is used to estimate a fuzzy weight.

In addition, the representative interval weights by Ga1 = 0.9, Bas = 1,
va1 = 0.5, and y42 = ne = 0.004 for decision maker A and those by 61 = 1,
~vp1 = 0.5, and vyp2 = 0.004 for decision maker B are obtained by (8) and (10).
Then, the fuzzy weights by decision makers A and B are estimated by (14) and
illustrated as in Figures 2 and 3, respectively. It is noted that the numbers of
representatives, m and [, are arbitrary and the more they are, the more pre-
cisely a fuzzy weight is estimated. For instance, we can obtain 11 representative
interval weights assuming membership values, 5 or v, as 0, 0.1, ..., 0.9, and 1.0.
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Table 1. Two comparison matrices

Al A2 A3 A4 a4=0.813 by (7) 0.785 by (3)
Al 1 1/3 7 1/7 [0.037,0.224] [0.025, 0.230]
A2 3 1 6 4 [0.671,0.671] [0.689, 0.689]

I ]
] ]

A31/71/6 1 3 [0.032,0.219] [0.033,0.115
A4 7 1/41/3 1 [0.073,0.260] [0.038, 0.172

Bl B2 B3 B4 ap=0.929 by (7) 0.914 by (3)
Bl 1 7 1 9 [0.463,0.534] [0.444, 0.444
B21/7 1 1/71/9 [0.015, 0.066] [0.015, 0.063
B3 1 7 1 3 [0.392,0463] [0.406, 0.444
B41/9 9 1/3 1  [0.059,0.131] [0.049, 0.135

=l=AW]1 =4=AW2 =@=AW3 AW4

B i

0.2 0.4 0.6 0.8

Fig. 2. Fuzzy weights by decision maker A

As for the fuzzy weights from the crisp comparisons by decision maker A,
alternative A2 is apparently better than the other alternatives regardless of
levels. Among the other alternatives, alternative A4 is a little better than alter-
natives Al and A3 at 0.813-level. As higher the level becomes to 0.9 or 1, it
becomes more apparent that A4 is better than them. The common weight of
some alternatives is assigned more to alternative A4 than to alternatives Al
and A3. It may be because decision maker A potentially evaluates alternative
A4 better but s/he is not very sure of it. While, at 0-level, where the weight is
assigned to more than two alternatives, the possible weight of alternatives A3
increases, instead of the decrease of the weight surely assigned to alternative A2,
because alternatives A2 and A3 are similar and substitutes in a sense.

As for the fuzzy weights from the crisp comparisons by decision maker B,
at 0.929-level alternative B1 is better than B3, however, at 1-level their weights
are the same. The weight surely assigned to Bl does not increase when the
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=i=BW1 =¢=—=BW2 =—@=—BW3 BW4

e

0.4 - \
0.2

Fig. 3. Fuzzy weights by decision maker B

membership value is higher than 0.929. Most of the left weight, 0.069 of 0.071,
is assigned to B3 at 1-level since decision maker B may not know alternative B3
well. S/he is sure of the weight of alternatives B1, B2 and B4 so that they are
assigned little weight at 1-level sets of their fuzzy weights.

5 Conclusion

Based on the idea that the decision maker’s judgments are uncertain, the fuzzy
weights have been obtained from the given crisp comparisons. This paper pro-
posed the lower bound based Interval AHP which obtains the interval weights
of alternatives from the given crisp comparisons for fuzzy weight estimation. In
the proposed model, the lower bound of an interval weight is focused on. It is
reasonable to maximize the lower bound since it represents the weight surely
assigned to one of the alternatives and an alternative is assigned the weight as
much as possible. The left weight is considered as ignorance and it is common of
some alternatives. The upper bound includes such a weight as possibly assigned
to the alternative, in addition to the lower bound. For fuzzy weight estimation,
the sum of the lower bounds of all alternatives is considered as a membership
value of a fuzzy weight in a decision maker’s mind. In other words, it is consid-
ered that the decision maker gives comparisons based on the certain level set
of the fuzzy weight in his/her mind. The comparisons are more consistent each
other when a decision maker gives them based on the higher membership values
of his/her fuzzy weights. The sums of the lower bounds are assumed to some
values from 0 to 1 so as to estimate a fuzzy weight. The relation between an
interval weight and its estimations are modified depending on whether the value
is higher than the certain level or not. For the higher-level set of the fuzzy weight,
whose extreme case is a crisp weight, the maximum deficiency of a weight from
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its estimations is minimized, while for its lower-level set, where some weights
are assigned to more than two alternatives, the maximum surplus of a weight
from its estimations is minimized. Then, the fuzzy weight is estimated by the
representative interval weights by the proposed lower bound based Interval AHP
as its level sets.
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