A Study of (m,k)-Methods for Solving
Differential- Algebraic Systems of Index 1

Alexander I. Levykin® and Eugeny A. Novikov?®™)

! Institute of Computational Mathematics and Mathematical Geophysics,
Academy of Sciences, Siberian Branch, pr. Ak. Lavrent’eva 6, Akademgorodok,
630090 Novosibirsk, Russia
lai@Qosmf.sscc.ru
http://www.sscc.ru/

2 Institute of Computational Modeling, Academy of Sciences, Siberian Branch,
Akademgorodok 50, Str. 4, 660036 Krasnoyarsk, Russia
novikov@icm.krasn.ru
http://icm.krasn.ru/

Abstract. A class (m,k)-methods is discussed for the numerical solution
of the initial value problems for implicit systems of ordinary differential
equations. The order conditions and convergence of the numerical solu-
tion in the case of implementation of the scheme with the time-lagging
of matrices derivatives for systems of index 1 are obtained. At k < 4 the
order conditions are studied and schemes optimal computing costs are
obtained.
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1 Introduction

Many applied problems lead to systems of differential equations given implicitly
as [1-4]

F(z,2') =0, z(to) = mo, to <t < t, (1)

where x and F are functions of the same dimension, and F' is assumed to have suf-
ficiently many bounded derivatives. Such problems arise in simulation of chem-
ical reaction kinetics [4], electrical networks [5-6], control engineering etc. A
non-autonomous systems F'(z,z’,t) = 0 is brought to the form (1) by adding
the equation for the independent variable, t' = 1.

The modern methods for numerical solution of the initial-value problem for
systems of ordinary differential equations (ODE) suppose usually the explicit
dependence of the derivative of the solution [7]

a' = (), z(to) = w0, to <t < ti. (2)
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However, a reduction of (1) to the form (2) requires a large additional numerical
costs at every integration step, because this is connected with the inversion of
the matrix F, = 0F/0y which generally is singular. The numerical problem
appeares to be more complicated because of the stiffness of explicit equations
systems: in this case it is necessary to apply of special methods with conversion of
the Jacobian matrix . A class of the schemes is offered [8], in which the reduction
to the form (1) and the calculation of the approximate solution are carried out
simultaneously. The given methods were generated by the (m, k)-schemes [9] for
solving the explicit ODE systems.

We use classification of implicit systems, based on the concept of the index
for such systems [1-2]. We say that system (1) is:

a) of index 0, if || F, || < ¢ < oo (i.e., when (1) is solvable);
b) of index 1, if (1) can be reduced to

o = f(z,y), 0=g(z,y), 3)

where ||g, || < ¢ < oo;
c) of index 2, if (1) can be reduced to

x' = f(l‘vy)’ 0= g(l‘),

where [[(g£,)~!]| < ¢ < oc.

In addition, it is assumed that functions F, f, and g are Lipschitz bounded,
which ensures existence and uniqueness of the solution to problem (1) [10].
Using the notation ' = y, problem (1) can be written in the form

xl =Y, F(l’,y) = 07 Sﬁ'(to) = X, y(to) = Yo, tO S t S tk- (4)
The additional condition y(tp) = yo can be found, for example, by solving the

problem F'(zg,y) = 0 and using the stabilization technique.

2 The Numerical Schemes

We define the class of the (m, k)—schemes for solving problem (4). Let m and k,
(m > k) be given integers and consider the sets
M, ={1,...,m},
My, ={m; |m1 =1, mi_1 <m;, m; <m, 2 <7<k}, (5)
Ji={m; —1|j>1, mj € My,m; <i}, 2<i<m.

Then (m, k)-methods for the systems of index 0 have the form

Tpt1 = Tp + Z Hikzis  Yngl = Yn + Z,Ufikyia (6)

=1 i=1
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where the internal stages are given by
D, = As + ahAq,

i1 i1 i1
Dykyi = h[A2(yn + Zﬁijkyj) — F(zy + Zﬁijkm]‘wn + Zﬁijkyj)H‘
Jj=1 j=1

Jj=1

+nAsz Z @ijkaj + (1 —n)hA; Z Yijkzj

J€J; Jj€J;
i—1
1

kyi = —[kai = h(yn + D Biskys) =0 Y ijkay — (L= Y vijky),

Jj=1 JEJ; Jj€Ji
if i € My, and

Dka:z_nAQ zzl+za2] a:] _l)hAl xll""ZVzg :Ej

Jjedi je€J;

1
kyi = E(k:m - x(z 1) + Z a’L] w] 1 - )h(ky(zfl) + Z ’Yzjk;yj)
Jj€J; Jj€J;

when i € M,,\My. Here, a, 1;, B, a;; and ~y;; are parameters defining properties
of stability and accuracy (6), h is the integration step, A; and As are matrices
approximating the derivatives F,, = 0F (2, yn)/0y and F,; = OF (2, y,)/0x.
In what follows we use the notation ¢;; = f;; + 7ij, where v;; = 0 if j ¢ J; and
Viji—1 = 1 if j € M;,\ M. The matrix D,, is non-singular because det F,, # 0.
For the systems of index 1 or 2 the stages of the method are given by

i1 i1
(E — ahAq)ky; — ahAsky; = 0;hf(xy, + Zﬂzjkw‘, Yn + Z Bijky;) +
=1 =1
+n Z aijky; + (1 —n)h Z Yij(Arkej + A2ky;), (7)
Jj€Ji Jjedi
i1 i1
—aBika; — aBokyi = 6;g(xn + Y Bijkejstn + Y Bijhys) +
=1 =1
+(1 *U)hZ’Yij(Blkmj + Baky;), (8)
JE€J;

where A1, Ay, By, By are matrices approximating the derivatives

_Ofan) G | Oaew) Do)
nx O sy Jny = 6y s Ynx Oz s Yny 6y )

and §; = 1 if i € My, 5i=0ifiEMm\Mk.
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Reversibility of the matrix D,, is ensured for systems of index 1 by the
reversibility of the matrix g,, while for systems of index 2 — by the matrix
9z fy-

The parameter 7 equals to 0 or 1. At n = 0, the schemes are preferable for
computations, since they require less multiplications of a matrix by vector, and
at 7 = 1 the schemes are more convenient in implementation .

The main feature of the schemes presented when compared to the conven-
tional methods [11-14] is that in (m, k)—schemes the function F is evaluated k
times at each step, and the number of stages is equal to m, m > k. The given
schemes can be considered as a special form of ROW-methods, in which the set
of definition of the scheme parameters is given more exactly. This simplifies the
analysis of the order conditions, and the study of the problem how to use the
time-lagged matrix D,, are carried out. The linear system of algebraic equations,
arising in calculation of stages, is solved by the LU-decomposition of the matrix
D,,. At every step once decomposition of the matrix D,, is evaluated, the func-
tion of the right side of a differential problem k times is calculated, backward in
the Gauss method m times is executed. For given m and k the cost of one step
is completely determined, and numbers my, ..., my do only distribute this costs
inside the step.

Two implementations of (6) for the systems of index 1 will be further con-
sidered:

a) the matrix D, is reevaluated at each integration step;

b) the matrix D,, and the integration step h similar to [5] are not changed
at several steps, thus D, = Dy g, hy = hpyy, —Q < 9 < 0 where Q is the
maximum number of steps in the time-lagging of matrices derivatives.

3 Convergence and Order Conditions

The local error of the scheme (6) when solving (3) is defined as the difference
between the exact and the numerical solution provided the initial values are
choosen on the exact solution

0:(t) =a1 —x(t+h), 6y(t) =y1 —y(t+h).

We recall that order of consistency with respect to x is p and with respect to y
is q, if

5.(1) = O(h™*Y), 8, (t) = O(h7*),
The condition for the parameters of a scheme ensuring the required order con-
sistency can be obtained by equating the coefficients of the expansion of the
approximate solution 1, y,+1 to the exact solution

2ty +h) =zp+ Y F > F®)n, (9)
r=1

' teLT1X
p(t)=r
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Wt h) =t 3 S (P W), (10)

© teLT1Y
p(t)=r
where [F'(t)],, denotes a value of the elementary differential F'(t) of the order p(t)
at a point (z,y,). Expressions (9), (10), trees set definition T1 = T1XUT1X,
and the corresponding elementary differentials F(t), t € LT1 were introduced
in [3].
Now we find an expansion similar to (9), (10) for the numerical solution at
(an,ynH) for our scheme (6).
Assume that the (m,k)-scheme is implemented with time-lagging of the
matrices derivatives. The following proposition gives the derivatives with respect
to h at h = 0 of the entries of the matrix

Jo(@n +9R) fy(yn + ﬁh)]
Gz (T +Oh) gy(yn + Vh)

at a point (Zn, Yn)-

Proposition 1. Let p= fV g andr =x Vy. Then

P @t oy yniolln=o = D 9[Apr(6)]ns (11)

teLT1X
p(t)=q

where [Ap-(t)]n is a value of the differential

6k+l+1p

= P (F(ty). - F(t.). F .. F

araxkayl( ( 1)7 ) ( k)? (ul)a ) (ul))a

t=[t1, - ,tg, w1, - ,u) € LT1 in the point (Xn,yn).
Differentiating p, with respect to ¢ gives

A% (T, Yn) O IFLp

_ 7(1.@1)7,.. ,w(ak),y(ﬁl)v,.. ,y(ﬁz))’
dta oty Or0xkoy!
p(t)=q
Substituting of the expression for z(®), ... 4(%) obtained from (9), (10) using

the change of variables dt = 9d h, gives the stated result as h — 0.
We denote

t= [tl/\lv"' 7tn)\"]7“; (12)

for the tree t € T1, where the index ); is the multiplicity of a inclusion of a
corresponding subtree t; € T1, r =z V y.
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The number of a possible labelling «(t) of the tree t € T1 is defined recur-
sively by a(t) =1, if

p(t) - E[ )\7 < tz' ) )
where p = (p(t) — D!, if t € T1X, p=p(t)!,if t € T1Y.

The integer number I'(t) corresponding to a tree t € T1 is defined recur-
sively by

rit)=1,if p(t) =1,
re) =p) [T )™ i =[],
i=1
ri) =), it t=[™, -t ],
i=1

We put & = ¢, if i > j, & = a, &; =0,if ¢ < j-w = (w;;) is the inverse of
the matrix (E”)

The expression ¢;(t) = ¢1;(t) + ¢2;(t)/I(t), t € T1, 1 < i < m, is defined
recursively by

¢1i(t) = 04, P2i(t) =0,

if p(t) =1,
n i—1
(bll H Z ﬂiy,.(bur (tr))kra
r=1 v,=1
dou(t) = plt Z%JZ (6,90 O 0t g (1))
r=1
if t = e,

¢1z ZWU ]H Z /le/r¢l/7~ r ",

r=1 v,=1

¢27 Z wu’}/jvz ( )ﬂ(p(t T))d)( ))

1<v<j<i

ift = [t1>‘1, - 7tn>\n]y.
The expansion of the derivatives of the numerical solution is given by the
following proposition.

Proposition 2.

K9 = 3T D)gi(6)[F ()], (13)

teLT1X
p(t)=q
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KP = 3 T®)6:)[F(E)]n. (14)
poR

This proposition generalizes the theorem (4.4) from [3] and , for ¢ = 1, (13),
(14) coincide with the corresponding expressions from [3].
The order conditions are defined by the following proposition.

Proposition 3.

8% = O(hPTY), if the conditions Z wigs(t) =
hold for all trees t 6 T1X of order p(t) <p,
oy = O(he*th), if Z pidi(t) = ( ) hold,
for all trees t € T1Y of order p(t) <

_1
()

A numerical solution converges with order p with respect to  and with order
q with respect to y if the global error

€n =Tn —2(tn), €4 =yn—y(tn)

satisfies

T = O(h?), e¥ = O(h9).

Applying methods (6) for solving the scalar test equation 2’ = Az we obtain
Tnt1 = R(2)xn, z = hA, where R(z) is called a stability function.

The following theorem answers the question on convergence of the (m,k)-
methods (6).

Proposition 4. Assume that scheme (6) is consistent of order p with respect to x
and of order (q — 1) with respect to y Suppose that the stability factor is such that
|R(c0)| < 1 (stability function at oc). Then numerical solution converges to the
ezxact solution with the order p on variable x and with the order q on variable y,
where the value P is set by above chosen implementation of the scheme a) or b):

a) p = min(p,2q), b) p = min(p, ¢ + 1).

We note, that the given proposition in the case p=q follows from the theorem
1 [3] true for a wider class of the one-step methods.

In Tables1, 2 the order conditions ensuring convergence of (m, k)-methods
up to the fourth order of accuracy are tabulated. We use the notations

V=Y Vb &= Ei6s, Bi= Y Bij;-
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Table 1. Order conditions for the z-component
p(t) t
1 [ ] Zuiéi =1 (15&)
2 / dopiéi =5 (15.b)
3N w20 = (15.0)
3 > > pitijéy = § (15.d)
4 .\I/ Sl 4303 v = g (15.e)
4 \> S wiBiBiicy + 0 miviic + 59% Y iy = & (15.f)
4 Y > wiCii B3 + 203 pwicijvi = 15 (15.g)
4 § > 1i€ijCinCe = 55 (15.h)
A > wiBiBijwikBr + 9 1 (28:Bijwinve + (15.)
1
+yigwikB7) + 9% 30w (Vi + 29iwine) = 3
Table 2. Order conditions for the y - component
p(t) ¢
2 .\O/. > wiwig 3+ 20 30 piwijy; =1 (15.j)
3 \l/. > awig 33 + 307 37 pawigyy = 1 (15.k)
5 > iwii B BjkCr + 0 32 piwig YVikCr + (201)
+359% 3 piwij; = 3
3 1iwi B Bikwrs Bz + 9 Y piwis (2685 Bjxwrs s +
3 (15.m)

+yikwrsB3) + 92 piwi (75 4 27jkwrsYs) = 1
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4 (m,k)-Schemes of the Optimum Order

We study the utmost achievable order of accuracy by (m, k)-schemes for given
k < 4 for system (1) of index 1. First we consider the case of the implementation
a) of the scheme (6).

Let £ = 1 and let us consider the schemes with one evaluation of the function
F at a step. In the case m = 1 the stability function takes the form R(z) =
1+ (p1 —a)z]/(1 —az). Under 3 = 1, a = 0.5 the order conditions of the
second order are satisfied. However, unlike ODE systems, the scheme has only
the first order of accuracy, as far as |R(oo)| = 1. Under 3 = a = 1 we have the
L-stable (R(o0) = 0) scheme of the first order, which in [6] is applied to solve
the problem of index 0.

In the case m = 2 the conditions of the second order yield p; = 1, uo = 0.5a,
and

14 (1 —2a)z+ (0.5 — 2a + a?)z?

_0.5—2a— a?
(1—az)? N '

R(z) = -

Setting a = 1 — 0.5v/2 or a = 1 + 0.5v/2 we obtain the parameters of L-stable
(2,1)-scheme of the second order.

Proposition 5. For all m there exists no (m,1)-method of order higher than 2.

The given proposition is a consequence an analogous statement from [9].

Let k = 2 and we consider the schemes with two evaluation of the function
F on a step. Easily to be convinced, that at m = 2 the maximum order is equal
to 2. In the case m = 3, My = {1,2} the conditions of the third order imply

i = B3° (3631 = 1)/3, m2 = Bo*/3, s = B’ (a = 3a%) /3,
—6a? + 6a — 1 18a® — 21a® +9a -1 ,
€21 =~ o 4 3 7 P — 1,
6a° — 2a 18a* — 12a° + 2a
where a and 21 are free parameters. Under 1/3 < a < 1.068579 [12] a scheme is

A-stable, and under a ~ 0.43587 (i.e. a is root of the a® — 3a% +2a/3 —1/6 = 0)
a scheme is L-stable.

2
B31, €31 =

Proposition 6. For all m and for any choice of sets (5) there exists no (m,3)-
method of order higher than 8 for the y-component.

Let k =3, M35 ={1,s,7}, 1 < s <7 < m. We denote

m m m
2
qs = E HiWijs qr = E HiWig, Up = E Brijwii B .
1=s i=r

r>j>1

The conditions of the fourth order (15.c), (15.e), (15.j), (15.k), (15.i), (15.m)

yields
1

T qsB2 + q- B2 = 1,

1
Msﬁ? + MT/672‘ = ga Nsﬁg + ,urﬁs =
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1
qsg? + QTﬁE =1, Mrﬁrur = 17 QTﬁrur =1.

We introduce the matrices

Cfmem ) 4 [BEN . [1B314) 10
A‘{qsqﬁ}’ B_{B,%ﬁ? CE 1 PRy
then the first four equations can be represented in the form of the matrix equality:
AB = C. We notice that 35 # 0, as far as det(C) # 0. The last two equations give

Gr = 4. Multiplying the matrix equality from the right-hand-side by matrix
B~ and from the left by D, we have for the right bottom element of the product

0= ﬂs/(gﬁg(ﬁs - ﬁr))

The obtained contradiction proves the proposition.

However for the explicit problem (2) it is possible to obtain the methods
of the fourth order, in addition ensuring the third order for the problem (4) of
index 1. In the case m = 4, My = {1, 3} the parameters of the A-stable scheme
are

118 16 4
a—2,u1—27,,u2— 275,“’3_277 Hq = 277
3 3 9 21
P31 = T P2 = T3y (2= T G2 =~
and parameters of the L-stable scheme at m = 5, My = {1, 3} are
!  —22a+5 16 ~ —16a + 4
,LL1—27, H2 = 54 aﬂ3f277 Ha = 27 )
_ 48a® —32a% +4a 5 3 s _ —24a+9
H5 = o7 v P31 = g P2 = 39 )

216a* — 864a> + 648a% — 144a + 9
384a? — 256a + 32 ’

—6912a% + 16416a° — 14832a* + 62960 — 1263a2 + 114a — 4
6912a% — 13824a® + 10944a* — 4352a® + 91242 — 96a + 4

cap = [c52(576a° — T68a* + 352a® — 64a” + 4a)—
—216a* 4 4a® + 159a* — 45a — 3] /(192a® — 176a* + 48a — 4),

where a is choosen such that 0.2479 < a < 0.67604 [12].
Note, that the properties of stability of (m, k)-methods depend on the choice
of the set Mj. The following proposition in particular holds.

C32 =

C52 =

Proposition 7. There exists a L-stable (4,3)-scheme of order 4 with respect to
x and of order 3 with respect to y.
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However, the study of methods at M3 = {1,2,3} shows that |R(z)| > 1.
If we consider the case M35 = {1,2,4}, the parameters of the L-stable scheme
are the following;:

PP Tk S k. /L7 SR
1263(082 — Ba)’ 30, ’
(—24a3 + 36a% — 12a + 1) 32 12a® — 8a* + a

C == C - —_

2 2443 — 16a% + 2a P s 1241432

(—12p4c43 + 120% — 12a + 2)32 + (4a — 1)coy
Ca1 =
o 12/14¢4333 ’
/6 - (-8@3 + 3@)52 - 6@2621
437 24,UJ4 (621 + acsy + a)
~ ApaBafasz +a B
Baz = dapsBaBs Ba1 = Ba — Paz,
12044003 — da+ 1
M3 = 1263 3

where G5 and (4 are free parameters, a ~ 0.572816.

Proposition 8. There exist embedded (5,4)-schemes of order 4 and 3 determined
by the set My = {1,3,4,5}. The scheme of order 4 is L-stable and the scheme
of order 8 is A-stable.

Let B3, B4, Bs, P32, Ps4, €54 be, in general, free parameters. We use a short
notation

5 m
2
qs = E HiWwij, Us = E BsjwiBy, s =3,4,5.
i=s+1 s>j>1

The conditions of the fourth order (15.j), (15.k), (15.i), (15.m) yields

1

@305 + quffi =1 - 3g’

s+ @bl =1- —

3M3 4 401’
1

pafBaug + psPsus = T qafBaug = 1.
Having chosen the free parameters, we obtain g3, g4 from the first two equations

and s from the expression ¢ = —a~2csapts.

Equations (15.¢), (15.€)

1
Msﬂg + st + H5552 =3
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1
3B + pafBi + ps s = 1

give i3, fa.
Now uy, us are obtained from (15.i), (15.m). Using uy = (3043 we get (3.
Parameters c43, cs3 are obtained from the expression

g3 = a5 (cascss — acss) — apacas]

and from the equation (15.g)

a

1
u4/8§043 + U5 (ﬂ§C53 —+ /83054) — E _ §

The expression
us = a”?[(aBs3 — c13P54) 335 + aBsa 53]

gives (53.
From the conditions (15.1), (15.f)

4333032 + qaf1(Basf3 + Baz) = % - 8ia’

1303832 + 1aBa(Baz + F31843) + s B5(Bs2+

1 a
+ 05443 + 41054 + F31053) = 3 3
the equation
2a2 a
5 4 3
[5C32€C43C54 = G a” +3sa 3 + 21

ensuring the L-stability, and from the conditions (15.h), (15.d), (15.b), (15.a)

1 a 3d? 3

facsacas + 15 (03Ca3C54 + C32653 + CanC54) = 21 3 + o a”,

1
pacsa + pa(f3cas + caz) + ps(B3¢s3 + PaiCsa + Ca3csa + C52) = i +a?,

1
p2 + pafs31 + pa(Bar + cas) + ps(Bs1 + cs53 + c54) = 3o

p1+p3 A+ pa+ps =1

we evaluate sequentially the parameters B42, G52, 32, C42, C52, 11, Ho.
Degeneration of the minor

53 B3 2
32 B3cas + caz Cs2 + P3c53 + c54(Bar + ca3) p s
0 —aBicas —aBicss + csa(Bacas — afi)

corresponding to the parameters fis, fi4, fi5 in the order conditions (15.c), (15.d),
(15.j) of the embedded scheme, ensures the existence of embedded method of the
order 3. This condition gives the algebraic equation at parameter a
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84a* — 1324 + 724> — 154+ 1 =10

having two of the solutions in R : a1 =~ 0.130354, as ~ 0.239192.

Choosing the second value a and setting the free parameter [i5 we obtain
from conditions (15.a) — (15.d) of the embedded scheme other values of the
parameters fi;.

Now we consider the implementation b) with the time-lagging of matrices
derivatives. Assume that the coefficients of the scheme are independent of the
parameter ¢. In the case of order 3 accuracy this yields the two additional order
conditions

Zﬂzﬂi = %7 (15.¢)
meijﬁj =1L (15.5")

Proposition 9. For all m there exists no (m,2)-method of order 3 satisfying
(15.¢), (15.3).

This follows from the inconsistency of (15.¢’), (15.’), and (15.j).
In the case m = 3, k = 3 the parameters of the L-stable scheme are

_(6a—-1)fs—2a a
M= Ba— 18 " T T 5((6a—3)8; —6a+2)’
(6a —3)(1 —2u303) 6a — 2 a(l — 2a)
po = y B2 = y B2 = ————,
4(3a — 1) 6a — 3 2302
6(12 — 6a + 1 1— 2/.1,2021 — 2#3632 —2a
C21 = , €31 = )
6u3cs2 2p3

where a =~ 0.43587, and (3, B32 are free parameters.
In addition in the case of the order 4 accuracy it is necessary to satisfy 7
conditions

Zﬂzﬂzjcj = é - g, (15.f")

Zﬂiczjﬁj = é - % (15.9")

2 Z i Bi Bijw;nBr + Z 1iBijwir B = 1, (15.3")
Zmﬁijwjkﬁk = %, (15.4")

> i Birer = % —a-— %, (15.0)

2 Z 13585 Bikwri B + Z 11i@3j Bikwi B = 3 — 2, (15.m/)
Zui@i]ﬂjkwmﬁl =1- i (15.m")

2a
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Here is © = w — a~'I, where I is the identity matrix.

The following result for the scheme with the time-lagging of matrices deriva-

tives similar to Proposition 7 holds.

Proposition 10. There exists an L-stable (10, 4)-scheme of order 4 accuracy in
both variables with the time-lagging of matrices derivatives.

We present this result without the proof, since the proof is too complicated.
In conclusion we note that at m < 9 there exists no the (m, 4)-scheme of the

order 4 accuracy in both variables with the time-lagging of matrices derivatives.
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