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Notation

Let R be the space of d-dimensional column vectors of real numbers. For x € R?
we write x = (x1,X2,...,Xq), and we denote the transpose of x by x”. Let {-,-) be
the usual inner product on RY, i.e., if x,y € R? then (x,y) = xTy = 3% x;y;. Let

| - | be the usual norm on R, i.e., if x € R? then |x| = /(x,x) = \/Zf]:lxiz. Let
ST = {x e R? : |x| = 1}, and let C¢ be the space of d-dimensional column vectors
of complex numbers. For z € C? we write iz to denote the real part of z and Iz to
denote the imaginary part of z. Let R be the collection of all d x d-dimensional
matrices with real entries, and for A € R?* let trA be the trace of A. Let B(R?) and
B(S?1) denote the Borel sets on R? and S?~!, respectively.

If p is a probability measure on (R?, B(R?)), we write 2(z) = [pa € 1(dx)
for z € R to denote its characteristic function, and we write X ~ 1 to denote that
X is a random variable taking values in RY with distribution . Further, we write

X1, X2,..., X, S W to denote that Xi, X», ..., X, are independent and identically
distributed random variables taking values in R?, each with distribution . For two

. . d
random variables X and Y, we write X = Y to denote that X and Y have the same
distribution.
For a sequence of random variables X, X, ..., we write d-limX,, to denote

C U . d P
the limit in distribution. We also use the more standard notations — and — to
denote, respectively, convergence in distribution and convergence in probability. For

. . w
sequences of probability measures, we write — to denote weak convergence, and

for sequences of Radon measures, we write ~ to denote vague convergence.

We write ID(A, M, b) to denote the infinitely divisible distribution on R with
Gaussian part A, Lévy measure M, and shift 5. We write N(b,A) to denote the
Gaussian distribution on R¢ with mean vector b and covariance matrix A, and
we write S, (0, b) to denote the infinite variance a-stable distribution on R? with
spectral measure o and shift b. We write TS, (R, b) to denote the p-tempered c-stable
distribution on R¢ with Rosifiski measure R and shift b, and we write ETS% (A, v, b)
to denote the extended p-tempered o-stable distribution on R? with Gaussian
part A, extended Rosiiski measure v, and shift b. Several parametric families of

xi



xii Notation

tempered stable distributions are introduced in Chapter 6. These are denoted by
STLF (c_,cq , £_, Ly, b), TWE(c,L,b), TW,(c,L,b), PT;(c_,cy,v_,vy,b), and
GTh(c_,cq,v_,vy, £_, Ly, b).

If o is a collection of subsets of some space E, we write o (<) to denote the
o-algebra generated by <7, i.e., the smallest o-algebra that contains <7. If f and g
are real-valued functions, ¢ € {0, o0}, and k € R, we write

f(t) ~kg(t)ast — ¢
to denote

f(@)/g(t) > kast— c.

Note that this is somewhat nonstandard notation in the case when k = 0. When
dealing with infinity we adopt the conventions that

1/oo =0and 1/0 = co.

For x,y € R we write x A y to denote the minimum and x V y to denote the
maximum. Further, we define log™ x := log (1 v x). For a set H we denote the
indicator function on H by 1y. This means that 15(x) = 1ifx € H and 1y (x) = 0if
x ¢ H. We also write 1,y to denote this. For a € R? we write §, to denote the Dirac
delta measure at a. This means that for any Borel set H, we have §,(H) = 1g(a).
We denote the gamma function by I"(x). When x > 0 we have

I'(x) :/ e 'rdr.
0

Further, we extend the gamma function to any x € R withx # 0, —1,—2, ... by the
relation

x4+ 1) =xI"(x).
If P is a probability measure on the measurable space (£2,.%), we write Ep

to denote the expectation with respect to P. Further, when there is no chance of
ambiguity, we write E instead of Ep.



Chapter 1
Introduction

It has been observed that infinite variance stable distributions provide a good fit to
data in a variety of situations. However, the extremely heavy tails of these models
are not realistic for most real-world applications. In practice, there are all kinds
of obstacles limiting the size of random phenomena. This has led researchers to use
models that are similar to stable distributions in some central region, but with lighter
tails. Tempered stable distributions are a rich class of models that capture this type
of behavior. They have been shown to provide a good fit to data in a number of
applications including actuarial science [36, 37], biostatistics [1, 39, 59], computer
science [16, 74, 75], mathematical finance [17, 46, 50, 60], and physics [14, 55].
Discussions of the mechanisms by which such models appear in applications are
given in [19, 35], and [34], see also Chapter 7 in this brief.

The idea of using models that are “stable-like” in the center but with lighter
tails seems to have originated in the physics literature with the influential paper
of Mantegna and Stanley [52]. That paper introduced the class of truncated Lévy
flights.! These models start with a stable distribution and then truncate its tails.
More formally, let f(x) be the density of a one-dimensional infinite variance a-stable
distribution and let T > 0 be a truncation level. We define a truncated Lévy flight
(TLF) with truncation level 7T to be a probability measure with density

frx) = crf () 1y <r,

where c7 is a normalizing constant. If T is very large, then the models corresponding
to the densities f(x) and f7(x) may be statistically indistinguishable even for very

'Lévy flights are random walks, where the step sizes are independent and identically distributed
draws from an infinite variance a-stable distribution, see [52]. The term “truncated Lévy flight”
was also originally used to refer to a random walk, but has now come to refer to the underlying
distribution.

© Michael Grabchak 2016 1
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2 1 Introduction

large datasets. However, the tail behavior of these models is vastly different. Stable
distributions have an infinite variance, while TLFs have all moments finite.

Although these models capture the basic idea of modifying the tails of stable
distributions to make them lighter, they have a number of limitations. First, unlike
stable distributions TLFs are not infinitely divisible,?> which means that the rich
theory of infinitely divisible distributions cannot be used to analyze their behavior
and that we cannot define Lévy processes with such marginal distributions. Another
issue, one which has major ramifications for risk estimation, is that it is essentially
impossible to estimate the truncation parameter 7 from a finite dataset, yet different
values of T give vastly different estimates of risk. Aside from these considerations,
it is generally desirable to allow for more flexible tail behavior than what is allowed
by these models.

With issues such as these in mind, Koponen [48] suggested a different approach
to modifying the tails of stable distributions to make them lighter. The idea begins
by observing that an infinite variance «-stable distribution is infinitely divisible with
no Gaussian part and a Lévy measure® given by

L(dx) = c_|x| 77 Leodx + cox %1 odx,

where c_, c+ > 0. Noting that the tails of the Lévy measure are intimately related
to the tails of the distribution, the idea is to modify the tails of the Lévy measure
to make them lighter and yet to keep the Lévy measure virtually unchanged in
some central region. For this reason Koponen [48] introduced an infinitely divisible
distribution with a Lévy measure given by

M(dx) = c—|x| 77 M1 dx + cqpx T e 1 gdx, (1.1)

where c_,cy,> 0and £_, ¢4 > 0. Clearly, if £_ and £ are very large, then the
Lévy measure will be close to that of the corresponding «-stable distribution in the
center and, potentially, quite far into the tails. However, ultimately, the tails of such
a Lévy measure will decay exponentially fast. This leads to exponential decay in the
tails of the corresponding probability measure as well.

Infinitely divisible distributions with no Gaussian part and a Lévy measure given
by (1.1) have come to be known as smoothly truncated Lévy flights (STLF).
However, in the financial literature they are also sometimes referred to as the CGMY
model (named after Carr, Geman, Madan, and Yor, the authors of [17]) or the
KoBoL model (named after Koponen, the author of [48], and Boyarchenko and
Levendorskii, the authors of [15]). It should be mentioned that a number of special
classes of STLFs had previously appeared in the literature. These include the inverse
Gaussian (see, e.g., [71]) and some of its extensions given in [1, 39, 77], and [58].

2This is because infinitely divisible distributions cannot have a bounded support, see Theorem 24.3
in [69].

3Background on infinitely divisible distributions and Lévy measures is given in Section 2.2.
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However, in these cases, the models were introduced not from the perspective of
modifying the tails of a stable distribution, but from other considerations.

Despite the usefulness of STLFs, they have a number of limitations. For one
thing they have exponential tails, which are too restrictive for many applications. In
particular, there is evidence that the distributions of financial returns have regularly
varying tails (see, e.g., [21]), yet this type of behavior cannot be captured by STLFs.
Further, the class of STLFs is not closed under aggregation, i.e. the sum of two
independent STLFs is not, in general, an STLF.

To deal with these limitations Rosinski [65] introduced the class of tempered
a-stable distributions. The idea comes from considering the sum of n STLFs. Let
Xi,...,X, be independent random variables such that the distribution of X; is that
of an STLF with Lévy measure given by (1.1) and parameters c’_, ¢, , £", €', . We
assume that all of the X;s have the same parameter . The distribution of the sum
>, X; is infinitely divisible with no Gaussian part and a Lévy measure given by

M(dx) = ||~ (Z i e—'*"/f"—) Licodx + 1717 (Z c;ex/f'%) 1= odx
i=1 i=1
o0 oo
= a7 / ¢ MO (dn) Lcody 427177 / 701 (dN)1sodx,
0 0
where Q_(dr) = Y/ "8,/ (dr) and Q4 (dr) = Y, ¢\ §, A (df). This can
easily be generalized by considering other forms for the measures Q_(ds) and
Q4 (dr). Further, this approach can be extended to d-dimensions by allowing a
different measure Q, (dt) for each direction u € S?~!, where S*~! is the unit sphere

in d-dimensions. Specifically, noting that the Lévy measure of a d-dimensional
a-stable distribution is given by

L(B) = /;H /000 1g(ru)r~"%dro(du), B € B(RY),

where ¢ is a finite measure on S?!, Rosifiski [65] defined the class of tempered
a-stable distributions as infinitely divisible distributions with no Gaussian part and
a Lévy measure of the form

M(B) = /S . /O Oolg(ru)q(r,u)r_l_“dra(du), B € B(RY), (1.2)

where the function ¢, called the tempering function, is assumed to be of the form

a(ru) = /0 0, (1)

for some measurable family of Borel measures {Q,},ecgi—1-
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In [27], the wider class of p-tempered c-stable distributions (7S, ), where p > 0
and o € (—o0, 2), was introduced. Here the tempering function is assumed to be of

the form
o0
| o,
0

The parameter p controls the amount of tempering, while « is the index of stability
of the corresponding stable distribution. Clearly, the case where « < 0 no longer
has any meaning in terms of tempering stable distributions, however it allows the
class to be more flexible. In fact, within certain subclasses, the case where ¢ < 0
has been shown to provide a good fit to data, see, e.g., [1] or [17]. Rosinski’s class
corresponds to the case when p = 1 and o € (0, 2). Tempered infinitely divisible
distributions defined in [9] are another subclass corresponding to the case when
p =2and « € [0,2). If we allow the distributions to have a Gaussian part, then we
would have the class J, , defined in [51]. This, in turn, contains important subclasses
including the Thorin class (when p = 1 and o = 0), the Goldie-Steutel-Bondesson
class (when p = 1 and @ = —1), the class of type M distributions (when p = 2 and
a = 0), and the class of type G distributions (when p = 2 and « = —1). For more
information about these classes see the references in [6] and [3].

An important feature of p-tempered «-stable distributions is that their associated
Lévy processes are multiscaling, i.e. their behavior in a short time frame may be
very different from their behavior in a long time frame. This is in contrast to c-stable
Lévy processes, which have the same type of behavior at all time scales.

Multiscaling behavior is observed in many applications. For example, evidence
of multiscaling behavior in human mobility is given in [26, 61, 64], and [16], while
evidence of multiscaling behavior in animal foraging patterns is given in [43] and
the references therein. Another important example comes from financial modeling,
where it has been observed that very frequent returns (at say the half-hour level) are
often well approximated by infinite variance stable distributions. However, returns
tend to exhibit aggregational Gaussianity and at large aggregation levels (say at the
weekly level) they are well approximated by the Gaussian, see [21] or [35].

The main topic of this brief is the study of p-tempered «-stable distributions
and the multiscaling behavior of their associated Lévy processes. Toward this end
we begin in Chapter 2 by reviewing some background topics. In Chapter 3 we
formally introduce p-tempered «-stable distributions and discuss many properties.
It turns out that the class TS is not closed under weak convergence. In Chapter 4
we introduce the closure of this class and characterize weak convergence in it. In
Chapter 5 we characterize the multiscale properties of p-tempered a-stable Lévy
processes. Then in Chapters 6 and 7 we give some examples and applications. In
particular, in Chapter 6 we explore a number of parametric classes of p-tempered
a-stable distributions, and in Chapter 7 we discuss applications to mathematical
finance and to mobility models. Further, we discuss a theoretical mechanism by
which p-tempered «-stable distributions appear in applications.



Chapter 2
Preliminaries

In this chapter we bring together background material on several topics that will be
important in the sequel.

2.1 Basic Topology

In this section we review some basic concepts from topology. For more details see,
e.g., [13] or Chapter 7 in [8]. We begin by defining a topological space.

Definition 2.1. Let [E be a set. If 7 is a collection of subsets of E such that

1. 0,Ee 7,
2. 7 is closed under finite intersections, and
3. 7 is closed under arbitrary unions,

then 7 is called a topology, (E, .7) is called a topological space, and the sets in
7 are called open sets. The complement of an open set is called a closed set. If, in
addition, for any a,b € E with a # b there are A,B € .7 witha € A, b € B, and
A N B = @, then we say that the space is Hausdorff.

For any topological space (E,.7) the class of Borel sets is the o-algebra
generated by 7 and is denoted by B(E, 7). Thus B(E,.T) = o(7). When
the collection .7 is clear from context we sometimes write B(E) = B(E, 7).
In particular, when working with R¢ we generally assume that .7 are the usual open
sets. In this case B(R?,.7) are the usual Borel sets, which we denote by B(R9).
Any measure on the space (I, B(E)) is called a Borel measure on (E, 7) or just a
Borel measure when the space is clear from context.

If A C E, then the interior of A (denoted A°) is the union of all open sets
contained in A, and the closure of A (denoted A) is the intersection of all closed

© Michael Grabchak 2016 5
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6 2 Preliminaries

sets containing A. Note that A° C A C A. We write JA = A \ A° to denote the
boundary of A. We conclude this section by recalling the definition of a compact
set.

Definition 2.2. Let (E, .77) be a Hausdorff space and let A C [E. If for any collection
Jo C T with A C | 9 there is a finite subcollection 7] C % with A C |J 7,
then A is called a compact set. If A is such that its closure is compact, then A is
called relatively compact.

2.2 Infinitely Divisible Distributions and Lévy Processes

In this section we review some important results about infinitely divisible distri-
butions and their associated Lévy processes. Comprehensive references are [69]
and [21]. A probability measure 1 on R? is called infinitely divisible if for any
positive integer n there exists a probability measure 1, on R? such that if X ~ p

and Yf"), Lyl L, then

n
X3
i=1

We denote the class of infinitely divisible distributions by ID. The characteristic
function of an infinitely divisible distribution x on RY is given by [i(z) =
exp{C(z)} where

Cu(z) = —%(Z,AZ> +i(b,z) +/]R

izx) _ 1 _ (Z,)C)
d(e 1 z]+|x|2)M(dx), @2.1)

A is a symmetric nonnegative-definite d x d matrix, b € RY, and M satisfies
M({0}) = 0 and f (Jx]* A 1M (dx) < oo. (2.2)
R4

We call C,, the cumulant generating function of ., A the Gaussian part, b the
shift, and M the Lévy measure. The measure u is uniquely identified by the Lévy
triplet (A, M, b) and we will write

= ID(A,M,b).

The class of infinitely divisible distributions is intimately related with the class of
Lévy processes. These processes are defined as follows.

Definition 2.3. A stochastic process {X, : t > 0} on (£2, .%, P) with values in R? is
called a Lévy Process if X; = 0 a.s. and the following conditions are satisfied:
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1. (Independent increments) Foranyn > land 0 <t <t < --- < t, < 00, the
random variables X;,, X, — X;,,...,X;, — X, _, are independent.

2. (Stationary increments) X, — X; 4 X, for any s,7 > 0.

. (Stochastic continuity) For every t > 0 and € > 0 lim,—,, P (|X; — X;| > €) = 0.

4. (Cadlag paths) There is §2p € .% with P(£29) = 1 such that for every w € £2,
X,(w) is right-continuous in ¢ > 0 and has left limits in ¢ > 0.

W

Since a Lévy process {X; : t > 0} has the cadlag paths property it follows that,
with probability 1, lim,, X; = X, and limyy, X, exists. We define X, := limy, X;
and we write AX; = X, — X, to denote the jump at time ¢. The connection between
Lévy processes and infinitely divisible distributions is highlighted by the following
result, which is given in Theorem 7.10 of [69].

Proposition 2.4. 1. If ju is an infinitely divisible distribution on R?, then there is a
Lévy process {X; : t > 0} with X; ~ L.

2. Conversely, if {X, : t > 0} is a Lévy process on RY, then for any t > 0 the
distribution |4, of X, is infinitely divisible and [1,(z) = [{11(z)]".

3. If{X, : t > 0} and {X| : t > 0} are Lévy processes on R with X, £ X|, then
{X; 1t >0} and {X] : t > O} have the same finite dimensional distributions.

In the context of Lévy processes, the Lévy measure has a simple interpretation.
Specifically, if {X; : t > 0} is a Lévy process with X; ~ ID(A, M, b), then

M(B) = E[#{r e [0,1]: AX, # 0, AX, € BY], B e B(RY). 2.3)

In other words, M(B) is the expected number of times ¢ € [0, 1] at which the Lévy
process has a jump (i.e., X; — X;— # 0) and the value of this jump is in the set B. See
Sections 3.3-3.4 in [21] for details.

An important subclass of infinitely divisible distributions is the class of stable
distributions. A probability measure p on R? is called stable if for any n and any

Xi,..., X, S W there are a, > 0 and b, € R4 such that
d n
X = ay, ZX/( —b,. 2.4
k=1

It turns out that, necessarily, a, = n~'/% for some « € (0, 2]. We call this parameter
the index of stability and we refer to any stable distribution with index « as
a-stable. Comprehensive references are [68] and [78].

Fix @« € (0,2] and let u be an «-stable distribution. If « = 2, then u =
ID(A, 0, b) is a multivariate normal distribution, which we denote by u = N(b, A).
If @ € (0,2), then u = ID(0, L, b) where

L) = ]S;H /000 La(ur)r~""%dro (du), A € B(RY,
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for some finite Borel measure o on SY~!. We call o the spectral measure of the
distribution and we write u = S, (0, b). All a-stable distributions with & € (0, 2)
and 0 # 0 have an infinite variance and are sometimes called infinite variance
stable distributions.

One reason for the importance of stable distributions is that they are the only
possible limits of scaled and shifted sums of iid random variables. Specifically, let
X1, X, S w for some probability measure p and define S, = 2:1: 1 Xi. If there
exists a probability measure v and sequences a, > 0 and b, € R? such that for
Y~v

(anSn — by) = Y, 2.5)

then v is a stable distribution. When this holds we say that  (or equivalently X;)
belongs to the domain of attraction of v (or equivalently of ¥). When v is not
degenerate its domain of attraction is characterized in [23] for the case d = 1 and in
[67] and [54] for the case d > 2. We now give a related fact, which further explains
the importance of stable distributions.

Lemma 2.5. Fix ¢ € {0,00}. Let {X, : t > 0} be a Lévy process and let Y be
a random variable whose distribution is not concentrated at a point. If there exist
functions a, > 0 and b, € R? with

(a, X, — b)) —d> Yast— ¢ (2.6)
then Y has an a-stable distribution for some o € (0, 2].

Proof. Fix N € N. Let YV Y@ Y™ be iid copies of ¥ and let {X,(") it >0},
n = 1,2,...,N, be independent Lévy processes with Xf") 4 X;. From (2.6) it
follows that

d-lim (aNtXN, - le) =Y.
t—>c

The fact that Lévy processes have independent and stationary increments gives

N
d-lim (X, — Nby) = d-lim )~ [ar (X = Xom1yr) — b1]

n=1
N N
_ W _ 7\ = Ny
- dtlan; (a,x, b,) - X; Y™,
n= n=

Since Y is not concentrated at a point, neither is ZnN=1 Y™ and by the Convergence
of Types Theorem (see, e.g., Lemma 13.10 in [69]) there are constants cy > 0 and
dy € R such that

N
Z Y(n) i CNY - dN,

n=1

which implies that Y has a stable distribution by (2.4). O
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2.3 Regular Variation

Regularly varying functions are functions that have power-like behavior. Compre-
hensive references are [11, 23, 62], and [63]. For ¢ € {0, 0} and p € R, a Borel
function f : (0, 00) + (0, 00) is called regularly varying at ¢ with index p if

@ o tp.
)

In this case we write f € RV[. If f € RV], then there is an L € RV such that
f(x) = xPL(x). If h(x) = f(1/x), then

lim
X—>C

f€RVSifandonlyif h € RVY<. (2.7)
If f € RV; with p > 0 and f (x) = inf{y > 0 : f(y) > x}, then
e RV, (2.8)
and < is an asymptotic inverse of f in the sense that

FE@) ~fT () ~x as x> c.

When ¢ = oo this result is given on page 28 of [11]. The case when ¢ = 0 can
be shown using an extension of those results and (2.7). We now summarize several
important properties of regularly varying functions.

Proposition 2.6. Fixc € {0,00}and p € R. Letf, g,h : (0,00) — (0, 00).
1. Iff € RVS, then

. 1/cifp <O

| 1) = .

ImfO=1 ifp>o

2. If f is a monotone function and there are sequences of positive numbers A,, and
b, such that b, — ¢, lim,_,00 A,/ Ap+1 = 1, and if for all x > 0

lim A f (bux) =2 x(x) (2.9)

exists and is positive and finite, then there is a p € R such that y(x)/x(1) = x”
andf € RV},

3. Let f € RV} and assume that h(x) — c as x — c. If for some k > 0 we have
g(x) ~ kh(x) as x — ¢, then f(g(x)) ~ k°f(h(x)) as x — c.

4. Ifk>0,p>0,andf,g € RV;, then

f@&) ~kg(t)ast — ¢
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if and only if
@)~k VPg () ast — c.

Proof. For the case ¢ = oo Parts 1-3 are given in Propositions 2.3 and 2.6 in [63].
Extensions to the case ¢ = 0 follow from (2.7). Part 4 is an immediate consequence
of Part 3 and the asymptotic uniqueness of asymptotic inverses of regularly varying
functions, see Theorem 1.5.12 in [11]. O

Another useful result is Karamata’s Theorem, a version of which is as follows.

Theorem 2.7. Fix ¢ € {0,00} and let f € RV, for some p € R. If p > —1 and
Jo f(n)dt < oo for all x > 0, then

x)
Ifp < —land [ f(1)dt < co for all x > 0, then
v

Proof. For ¢ = oo this follows from Theorem 2.1 in [63]. Now assume that ¢ = 0.
To verify (2.10) let g(x) = x~%f(1/x) and note that (2.7) implies that g € RV _ o
By change of variables we have

x—0 f(;f([)dt X—00 fol/xf(l)dl X—>00 f;coo g(t)dl‘ X—>00 Loo g(t)dt ’

where the final equality follows by (2.11) for the case ¢ = oo and the fact that
—2 — p < —1. The proof of (2.11) is similar. O

We will also work with matrix-valued functions. While regular variation of
invertible matrix-valued functions is defined in [5] and [54], we need a different
definition to allow for the non-invertible case.

Definition 2.8. Fix ¢ € {0, 00}, p € R, and let A, : (0, 00) > R™? If trA, € RV
and there exists a B € R?? with B # 0 and
A

lim— =B
t—c trA;

we say that A, is matrix regularly varying at ¢ with index p and limiting matrix
B. In this case we write A, € MRV (B).

In the above definition, we can allow scaling by a function other than trA,.
However, this choice is convenient for our purposes. One way to interpret matrix
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regular variation is in terms of quadratic forms. It is straightforward to show that
A, € MRV;'(B) means that there exists an L € RV such that for any z € R4

(z,Az) ~ (z,Bz)t"L(t) as t — c. (2.12)

We also need to define regular variation for measures. Assume that R is a Borel
measure on RY with

R(|x| > §) < oo forany § > 0. (2.13)

Note that this condition holds for all probability measures and all Lévy measures.

Definition 2.9. Fix p < 0 and ¢ € {0,00}. A Borel measure R on R4 satisfy-
ing (2.13) is said to be regularly varying at ¢ with index p if there exists a finite,
non-zero Borel measure o on S~! such that for all D € B(S?~") with o(dD) = 0

R<|x| > rt’ﬁ GD) o(D)
lim =1 .
r—c R(|x| > r) o (S4-1)

(2.14)

When this holds we write R € RV (0) and we refer to o as a limiting measure.

Clearly, the measure o is unique only up to a multiplicative constant. For D €
B(S?1) define

Up(t) = R(|x| > t,x/|x| € D), t>0. (2.15)
When o(D) > 0, 0(dD) = 0, and R € RV (0)

o(D) o8 _

Up(rt) — Up(rt) Usa—1(r) .

li = = =1,
e Up(r) e Ugi () Up(r) ' o871 o(D)
and hence
Up € RVE. (2.16)

In particular, we have Ugi—1 € RV]. Now take L(1) = Ugi—1(1)/ [t"a(Sd_l)], and
note that L € RV{. Combining this with (2.14) gives the following.

Lemma 2.10. R € RV (o) if and only if there is an L € RV such that for all
D € B(S1) with 0 (D) = 0

Up(t) ~ o (D)t"L(t) as t — c. 2.17)

The next result will be fundamental to the discussion in Chapter 5.
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Proposition 2.11. Fix ¢ € {0,00}, p < 0, let 6 # 0 be a finite Borel measure on
S9! and let R be a Borel measure on R? satisfying (2.13).

1. IfR € RVi(0) and q = 0 with 0 < q + |p|, then for any k > O there exists a
Sfunction a; > 0 with lim,_,. a, = 1/c such that

lim tafR (|x| > r/a, L e D) = ko (D)r’ (2.18)
t—>c |x|

forall r € (0,00) and all D € B(S*~") with 6(dD) = 0.

2. If there exists a function a, > 0 with lim,—. a, = 1/c such that for all r € (0, c0)
and all D € B(S™") with o(dD) = 0 (2.18) holds for some g > 0 and some
Kk >0, then R € RV (0).

3. IfR € RV{(0) and g = 0 with 0 < g + |pl, then (2.18) holds for some function
a; > 0 with limy,.a, = 1/c if and only if a, ~ K"/UP1F9 )V (1) where K =

ko (S and V(t) = t4/R(|x| > ). Moreover, in this case, as € RVil/(qu‘).

Proof. Fix D € B(S?!) with 0(dD) = 0. We begin with the first part. Assume that
R € RV[(0) and let a, ~ K'/(rl+9) /y<(1), where V and K are as in Part 3. Note

that ae € RVil/(q_le) and thus that lim,_,. a, = 1/c. By Proposition 2.6 we have

o O'(D) im R (|x| > rs, El € D)
o (Sl s R(|x| > s)

aiR (|x| > r/a iy € D)
= lim 7
g a,;R(|x| > 1/a,)

— lim V(1/a,)a/R (|x| > rla, = e D)
—c |x|

= K ' lim V(K" P1+9 /4)a?R (|x| > r/a,, |x—| € D)
t—>c X

=K! }im V(V<(@)alR (|x| > r/a, |x_| € D)
—>C X

L timeR (18] > rja - e D
= — lim1ia X r/a;, —
ko (S1) e "

as required. To show the second part assume that (2.18) holds for some g > 0, some
k > 0, and some function a, > 0 satisfying lim,_,. a, = 1/c. We have

R (|x| > sr, |X7| € D) talR (|x| > r/ay, ﬁ € D) o(D)
lim = lim = P
se R(|x| > s) i=c  1a{R(1x| > 1/ay) o (847
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We now turn to the third part. Assume that a, > 0 is such that lim,—,.a, = 1/c¢
and that a, satisfies (2.18) for all r € (0, 00) and all D € B(S*~") with 6(dD) = 0.
In particular, this means that lim,_,. @R (|x| > 1/a;) = ko (S™"), or equivalently
that V(1/a,) ~ t/K as t — ¢. Combining this with Proposition 2.6 gives

i a, i K=V pl+ay<(p)
IE}} Kl/(|P|+6I)/V<—(t) - 1533 1/a,
V<(t/K) L V<(t/K) _

T VEW(Ta)) e Ve@/K)
which concludes the proof. O

When R € RV;°(0) we sometimes say that R has regularly varying tails. In
this case we refer to |p| as the tail index. The following result helps explain these
definitions.

Proposition 2.12. Let o # 0 be a finite Borel measure on S*~' and let R be a Borel
measure on R? satisfying (2.13). IfR € RV°(0) for some p < 0, then for any §>0

/ |x|VR(dx)%<OOify<|’O|.
S =ooify > |p|

Proof. When y < 0 the result follows immediately from the fact that R sat-

isfies (2.13). Now assume that y > 0 and fix § > 0. By Fubini’s Theorem
(Theorem 18.3 in [10])

||
/ |x|”R(dx) = / / yu? " duR(dx)
|x|=6 [x|>8 JO
o0
= §"R(|x| = §) + / v TIR(x| = wydu =1, + L.
8
Clearly, Iy < oo. From (2.16) it follows that R(|x| > u) = u’L(u) for some
L € RV§®. Proposition 1.3.6 in [11] implies that for any € > 0 there exists a §c > §

such that for all u > 8, we have u™¢ < L(u) < u¢. When y > |p| fixe € (0,y —|p|)
and note that

o0
L > / )/uy_l_“’l_edu = o0.
8(
When y < |p| fix € € (0, |p| — ) and note that
Se 00
L < / yu' "'R(|x| = u)du +/ yu 7P ldy < o
B

€

This completes the proof. O



Chapter 3
Tempered Stable Distributions

In this chapter we formally define tempered stable distributions and discuss many
properties. These distributions were first introduced in [65]. From here the class
was expanded in several directions in [9, 51, 66], and [27]. Our discussion mainly
follows [27].

3.1 Definitions and Basic Properties

Fix a € (0,2), let o be a finite Borel measure on S¢~!, and recall that the Lévy
measure of an «-stable distribution with spectral measure ¢ is given by

o0
L(A) = / / La(ru)r® tdro(du), A € B(RY). (3.1
sd—1 Jo
Now, fix p > 0 and define a new Lévy measure of the form
o0
M(A) = / / La(ru)g(P, w)r " 'dro (du), A € B(RY), (3.2)
st Jo

where ¢ : (0,00) x S! > (0, 00) is a Borel function such that, for all u € S,
q(-, u) is completely monotone and satisfies

/1 =g, uydr < oo, /00 PG wydr < oo, (3.3)
0 1
and
lim g(r,u) = 0. (3.4)
r—>00
© Michael Grabchak 2016 15
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The conditions in (3.3) guarantee that this is a valid Lévy measure, while the fact
that (3.4) holds implies that the tails of M are lighter than those of L. This implies
that the tails of the associated infinitely divisible distribution are lighter as well.

The complete monotonicity' of g(-, u) means that, for each u € S¢!, the function
q(r, u) is infinitely differentiable in r and

8)1

ar"

(=D)"——q(r,u) = 0. (3.5)
In particular, this implies that g(-, u) is a monotonely decreasing function for each
u e S By (3.4) and Bernstein’s Theorem (see, e.g., Theorem la in Section
XII1.4 of [23] or Remark 3.2 in [6]) it follows that there exists a measurable family2
{0.},esi—1 of Borel measures on (0, co) with

o7 u) = / "0, (ds). (3.6)
(0,00)

From here it follows that, so long as Q,, # 0, we have g(+”, u) > 0 for all r > 0.

Note that, under the given conditions on the function g, (3.2) defines a valid
Lévy measure even for o outside of the interval (0, 2). However, since (-, u) is a
decreasing function for each u € S¢1, when & > 2 condition (3.3) holds only with
g = 0. For this reason, we only consider the case « € (—o0, 2). This leads to the
following definition.

Definition 3.1. Fix « < 2 and p > 0. An infinitely divisible probability measure p
is called a p-tempered «-stable distribution if it has no Gaussian part and its Lévy
measure is given by (3.2), where o is a finite Borel measure on S¢~! and ¢ : (0, o) x
S?1 1 (0, 00) is a Borel function such that for all u € S, g(-, u) is completely
monotone and satisfies (3.3) and (3.4). We denote the class of p-tempered a-stable
distributions by TS5,

We use the term tempered stable distributions to refer to the class of all
p-tempered a-stable distributions with all ¢ < 2 and p > 0.

Remark 3.1. Under appropriate integrability conditions, one can define Lévy mea-
sures of the form (3.2) with p < 0. The case p = 0 corresponds to the class of
a-stable distributions and only makes sense for @ € (0,2). The case p < 0 has
significantly different behavior from the case p > 0 and will not be considered here.

Remark 3.2. From Theorem 15.10 in [69] it follows that p-tempered «-stable
distributions belong to the class of self-decomposable distributions if and only if
q(¥’, u)r~ is a decreasing function of r for every u € S?~!. This always holds when

A general reference on completely monotone functions is [72].

2The measurability of the family means that for any Borel set A the function f(u) = Q,(A) is
measurable.
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a € [0,2), but it may fail when & < 0. Thus, when « € [0, 2), p-tempered a-stable
distributions possess all properties of self-decomposable distributions. In particular,
if they are nondegenerate, then they have a density with respect to Lebesgue measure
in d-dimensions and when d = 1 they are unimodal.

In Definition 3.1, the case when o < 0 no longer corresponds to the idea of
modifying the tails of a stable distribution. Nevertheless, such distributions serve
to make the class richer and more robust. It should be added that, even in the case
when « € (0, 2) we may no longer have a Lévy measure that looks much like that of
an «-stable distribution. For that to hold, we would need the function g to be close
to 1 in some region near zero. This leads to the following definition.

Definition 3.2. Fix p > 0 and o < 2. Let u be a p-tempered «-stable distribution
with Lévy measure M. If M can be represented in the form (3.2) where

liin q(r,u) = 1 forevery u € s (3.7
rd0

then u is called a proper p-tempered «-stable distribution.

Proper p-tempered «-stable distributions with ¢ € (0,2) are the ones that
correspond to the original motivation of modifying the tails of stable distributions
to make them lighter.

Remark 3.3. In [9, 65], and [27] proper p-tempered «-stable distributions are
defined to be ones where M is of the form (3.2) and (3.7) holds. However, it
may happen that g does not satisfy (3.7), but that there is a Borel function ¢ :
S > (0, 00) such that ¢'(r,u) = q(r,u)/c(u) satisfies (3.7). In this case we
can take o’(du) = c(u)o (du) and write M as (3.2) but with ¢’ and ¢’ in place of g
and o. In this case we still want to consider M to be a proper p-tempered «-stable
distribution. For this reason we need the somewhat more subtle formulation given
in Definition 3.2.

Remark 3.4. Assume that ¢(r, u) satisfies (3.6). The Monotone Convergence The-
orem implies that g(r, u) satisfies (3.7) if and only if (3.6) holds with Q, being a
probability measure for every u € S,

Remark 3.5. When « € (0,2) and p > 0, the class of proper p-tempered «-stable
distributions belongs to the class of Generalized Tempered Stable Distributions
introduced in [66].

It is somewhat artificial to work with the family of measures {Q,},es—1 and
the measure o separately. Ideally, we would like to combine these into one object.
Toward this end, let Q be a Borel measure on R? given by

Q) = / / 14(ru)Q,(dr)o (du), A€ %(Rd), (3.8)
si=1 J(0,00)
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and note that Q({0}) = 0. Now define a Borel measure R on R? by

X o
R(A) = /R a (IxI‘T/") lx|*7Q(dx), A€ BRY, (3.9)

and again note that R({0}) = 0. To get the inverse transformation we have

0(A) = / (| |’p“+1) XIER(), A€ BERY). (3.10)
From here it follows that
OR’) = /R el R(d). (3.11)

We now write the Lévy measure M in terms of R. By (3.2) and (3.6) for any
A € B(R?) we have

M(A) = /S . /(O’OO) /O h La(ru)r* e~ *drQ, (ds)o (du)

o0
= / / / La(es™ Py e d1s*/P 0, (ds)o (du)
s4=1 J(0,00)

/Rd/ ( NIl )t‘l_“e"”dt|x|“/”Q(dx),

where the second equality follows by the substitution t = rs'/?. From here (3.10)
gives

M(A) = / / - Ly () %" dtR(dx), A € B(RY). (3.12)
R4 JO

This is the form of the Lévy measure that tends to be the most convenient to work
with.

This representation raises several questions: If we are given a measure of the
form (3.12), under what conditions will it be a Lévy measure? When it is a Lévy
measure, is it necessarily the Lévy measure of a p-tempered «-stable distribution?
Is there a one-to-one relationship between the measures M and R? The answers are
provided by the following.

Theorem 3.3. I. Fix p > 0 and let M be given by (3.12). M is the Lévy measure
of an infinitely divisible distribution if and only if either « € R and R = 0 or
o <2

R({0}) =0, (3.13)
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and
/Rd (Ix? A [x]%) R(dx) < oo if e € (0,2),
/Rd (Ix* A [1 + log* [x[]) R(dx) < 00 ifa =0, (3.14)
/Rd (X A1) R(dx) <00 ifa <0.

2. Fixp > 0, ¢ < 2, and let M be given by (3.12). If R satisfies (3.13) and (3.14),
then M is the Lévy measure of a p-tempered o.-stable distribution and it uniquely
determines R. Moreover, M is the Lévy measure of a proper p-tempered o-stable
distribution if and only if

/ Ix|*R(dx) < oo. (3.15)
R4

Proof. We begin with Part 1. By (2.2) M is a Lévy measure if and only if M({0}) =
0 and fRd(|x|2 A 1)M(dx) < oo. Assume R # 0, since the other case is trivial. For
any ¢ € R

M{0}) = /R ) /0 - Loy () 'e™" deR(dx) = /{0} /0 Oot_l_“e_tpdtR(dx),

which equals zero if and only if R({0}) = 0.
Now assume that fRd(|x|2 A 1)M(dx) < oco. We will show that this implies that
o < 2 and that R satisfies (3.14). Fix € > 0 and note that

x| =1
00 >/ |x|>M (dx) :/ |x|2/ t]_“e_’pdtR(dx)
[x[<1 R4 0

€ €
> / |x)? / 7% " dtR(dx) > e / |x|2R(dx) / 1 7odr.
|x|<1/e 0 [x|<1/e 0

Since R # 0, for this be finite for all € > 0 it is necessary that ¢ < 2. Taking € = 1
gives the necessity of flx\<1 |x|*R(dx) < co. Observing that

o0
o0 > M(dx) = f f 17" drR(dx)
laf=1 RY S

o) 1
> / e dr / R(dx) + ¢! / 17 drR(dx)
1 [x[>1 [x[=1 J x|~
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gives the necessity of f|x|>1 R(dx) < oo and f\xl>1 f\)ld—l t~17*dtR(dx) < oo. When
a < 0 we are done. When o = 0 we have -

1
/ / 7% diR(dx) = f log |x|R(dx),
RESE N lxl>1

and when o € (0, 2) we have

1 1
/|X21/|xlt diR(dx) = — /|x|zl (Jxl* — 1) R(dx).

which together with the necessity of flx\>1 R(dx) < oo gives (3.14).
Now assume that ¢ < 2 and that R satisfies (3.14). We have

!
/| | 1|x|2M(dx) = /l; ) x| /0 17" dtR(dx)
x| <

00 x| !
5/ |x|2R(dx)/ tl‘“e"”dH—/ |x|2/ 1'% drR(dx)
i<t 0 Ixl>1 0

_ -1 2__0‘) o2 -l e
—p F( : /|x|51"R(d’“)+(2 ! [ k@,

Jx|>1

which is finite. Now let D = sup, £2~%¢~" and note that

o0
M (dx) =/ / 17" drR(dx)
=1 R J |y

o0 o0 )
D / / 3drR(dx) + / 17" drR(dx)
[xl<1 J|x|7! [x[>1 J]x[~1

1
/ %" drR(dx)
x|t

IA

5D / [x|*R(dx) +
[x[<1

[x|>1

o0
+/ t_l_“e_’pdt/ R(dx),
1 [x[>1

which is finite since the second integral is bounded by | ix\> | \x|°;—1 R(dx) whena # 0
and by [, log |x|R(dx) when o = 0.

We now turn to Part 2. First we show that M is, necessarily, the Lévy measure
of a p-tempered «-stable distribution. From R define Q by (3.10) and note
that Q({0}) = 0. By a straightforward extension of Lemma 2.1 in [6], Q has a
polar decomposition, i.e. there exists a finite Borel measure o on S?! and a
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measurable family of Borel measures {Q,},cse—1 on (0,00) such that Q(A) =
Jsi—1 f(O,oo) 14(ru)Q,(dr)o (du) for A € B(R?). Define ¢(s, u) := f(O,oo) e Q,(dr)
and note that (3.14) implies that for every o < 2

00 > /Rd (x> A 1x|*) R(dx) = /Rd (Ix| 77 A 1) Q(dx)

= /Sd—l /(;) ) (r_(2—ot)/1’ A 1) 0.(dr)o(du),

which means that for o a.e. u the function g(s, u) is finite for every s > 0. For
A € B(RY) we have

o0
M(A) = /}R ) /0 1o ()t~ =" deR(dx)
o0
= / / La (x| 71171 =2 e de|x|*/P O (dx)
R Jo

o
=/ / / La(tur™ Py =% der*/P Q. (dr) o (du)
sa=1 J(0,00) J0

= / / / ~ 1a(us)s™ ™" "dsQ, (dr)o (du)
sa=1 J(0,00) JO

= / [ = 14 (us)g (s, u)s™ ~%dso (du), (3.16)
si—=1 Jo

which means that this is the Lévy measure of a p-tempered «-stable distribution.

Now to show the uniqueness of R. Assume that two measures R' and R’
satisfy (3.12), (3.13), and (3.14). For each i = 1, 2 define Q' by (3.10), let {Q;}uesd—l
and o' be a polar decomposition of @, and define ¢'(s, u) := Jo.00) e Q! (dr).
From (3.16) it follows that we can decompose M into polar coordinates in two ways.
First as {g'(s”, u)s™'"ds},cse—1 and o' and second as {g?(s”,u)s™' *ds},cqi—1
and o2. By the uniqueness of polar decompositions (see Lemma 2.1 in [6]) there
exists a Borel function c(u) such that 0 < c¢(u) < oo,

ol (du) = c(u)o?(du),
and
c(u)g' (sP, u)s™ ' %ds = ¢*(s", u)s~ ' "%ds for ! ae. u.

By Theorem 16.10 in [10] and the continuity in s of ¢’(s, u) for i = 1, 2 this implies
that for 0! a.e. u

c(q' (" u) = (" u), s> 0
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which can be rewritten as
0o » o0 »
/ e e(u)Ql(dr) = / e™"'Q2(dr), s> O0foro' ae. u.
0 0

Since Laplace transforms uniquely determine measures we have c(u)Q!(-) = 0*(")
for 0! a.e. u. Thus for any A € B(RY)

1 _ e 1 ’ 1
cw=[ [ oo a

N fgdﬂ f(om) La(r ”)C(”)Qi(dr)%al(du)

c(u

_ / [ L () Q2(dr o> (du) = Q(A).
si—1 J(0,00)

By (3.9) this implies that R' (A) = R*(A) as well.

We now consider the case of proper p-tempered a-stable distributions. Let Q
be given by (3.10). From Remark 3.4 it follows that Q corresponds to a proper
p-tempered o-stable distribution if and only if there is a polar decomposition of Q
into {Q,},esi—1 and o such that Q, is a probability measure for each u € S?~! and
o is a finite Borel measure on S¢~!. Such a polar decomposition of Q exists if and
only if Q is finite. From here the result follows by (3.11). O

Definition 3.4. Fix o < 2,p > 0, and let u € TS,. Then . = ID(0, M, b) for some
b € R? and some Lévy measure M, which can be written in the form (3.12) for a
unique measure R. We call R the Rosinski measure of 1 and we write TS5 (R, b) to
denote this distribution.

An important property of p-tempered «-stable distributions is that they are closed
under shifting, scaling, and convolution. Specifically, from (3.12) and (2.1) we get
the following.

Proposition3.5. Fixa < 2andp > 0. 1. If X ~ TSL(R,b) and a € R, then
aX ~ TSh (R4, b,), where

R = [ law@r@,  ae@)
and

be = ab + / / ” D P e dR(dy)
“ = Jo 1 +a22|x|>2 1+ 2x)?

=ab+a(l —d*) /‘00 Slall )%™ diR(dx)
reJo (I 4+ a22|x)2) (A + 2|x|? '
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2.If Xy ~ TSH(R1, by) and X, ~ TSE(R», b)) are independent and b € RY, then
X1+ Xy + b~ TS (R) + Ry, by + by + b),

where Ry + R, is the Borel measure defined by (R; + R»)(B) = R|(B) + R»(B) for
any B € B(RY).

For proper p-tempered «-stable distributions we can recover the representation
of the Lévy measure given by (3.2) as follows.

Proposition 3.6. Fix @ < 2, p > 0, and let M be the Lévy measure of a proper
p-tempered a-stable distribution with Rosiriski measure R. M can be represented
by (3.2) with q(r, u) satisfying (3.7) and

o(B) = / (| |) |x|“R(dx), B e B(S7. (3.17)

If, in addition, o € (0,2), then the Lévy measure of an a-stable distribution with
spectral measure o is given by

oo
L(B) = / / 15 (tx) % 'drR(dx), B € B(RY).
r? Jo
Proof. Let Q be derived from R by (3.10). Remark 3.4 implies that there is a
finite Borel measure ¢ on S~ and a measurable family of probability measures
{O.},ese—1 such that O can be represented in terms of ¢ and {Q,},cs¢—1 as in (3.8)
and that M can be represented by (3.2) where g(r,u) = f(o.oo) e *"Q,(dr). From
here it follows that g(r, u) satisfies (3.7) by the Monotone Convergence Theorem

and the fact that Q, is a probability measure for each u € S9=1. Further, for any
A e B

Joa () emian = [ 14 (5) @00
= / Q.(ds)o(du) = o(B).
A J(0,00)
The second part follows from the first and the fact that for any A € B(RY)
o0
LA) = / / 15(su)s™* 'dso (du)
sa=1 Jo

_ [ [ s/ )~ ds x| “R(d)
R4 JO

_ /R d /0 L0 dR(dY),

where the third equality follows by the substitution t = s/|x|. O
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3.2 Identifiability and Subclasses

In Theorem 3.3 we saw that for fixed p > 0 and @ < 2 there is a one-to-one
relationship between the Rosifiski measure R and the Lévy measure M. We may
further ask whether all of the parameters are jointly identifiable. Unfortunately, the
answer is negative. In fact, even for fixed p > 0, the parameters o and R are not
jointly identifiable. However, for fixed p > 0, in the subclass of proper tempered
stable distribution, they are jointly identifiable. On the other hand, for fixed o < 2,
even in the subclass of proper tempered stable distributions, the parameters p and
R are not jointly identifiable. These facts will be verified in this section. We begin
with a lemma.

Lemma 3.7. Fixa < 2, p > 0, and let M be the Lévy measure of a p-tempered
a-stable distribution with Rosiriski measure R # 0.

1. The map s — s*M(|x| > s) is decreasing and limy_, oo sS*M(|x| > 5) = 0.
2. Ifa €(0,2), then

1
lims*M(|x| > s) = —/ |x|*R(dx)
530 o Jrd
and if o < 0, then
lims*M(|x| > s) = oo.
530
3. Ifa <0, then

. 1
lims*M(|x| <s) = — |x|*R(dx)
540 || Jwa

and if a € [0,2), then for all s > 0
M(|x| < s) = oc.

Proof. We begin with the first part. Since
© 2
S*M(|x|] > 5) = sa/ / 17%¢™" dtR(dx)
Rd Js|x|~1
o0
= / / 1%V diR(dx), (3.18)
R4 mfl

the map s +— s*M(|x] > s) is decreasing. For large enough s, the integrand
in (3.18) is bounded by 1, /|X|t_1_°‘e_’1’, which is integrable. Thus by dominated
convergence lim,_, o, s*M(|x| > 5) = 0.
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For the second part, by (3.18) and the Monotone Convergence Theorem
o0
lims*M(|x| > 5) = / / 17 dR(dx).
530 Re J |31
Thus if o € (0, 2), then

1
lims*M(|x| > s) = —f |x]“R(dx),
530 o Jrd
and if @ < 0, then

lims*M(|x| > s) = oo.
540

We now show the third part. If & € [0, 2), then for all s > 0

sl 7!
M(x| <s) = / / 17" drR(dx)
R4 Jo

—1

slx|
z / e_(S/lxl)p/ t—l—(xdtR(dx) = 00,
R4 0

and if @ < 0, then

slx| ™!
lim s*M(|x| < s) = lim s / / 7" diR(dx)
540 530 0

R4

Ix~!
= lim / / 7%= " dsR(dx)
s30 Jrd Jo

|x|~! 1
= / / 1% dR(dx) = — / |x|“R(dx),
R7 Jo || Jga

where the third line follows by the Monotone Convergence Theorem. O
Combining Lemma 3.7 with (3.15) gives the following.

Proposition 3.8. In the subclass of proper tempered stable distributions with
parameter p > 0 fixed, the parameters R and « are jointly identifiable.

However, in general, the parameters « and p are not identifiable. This will
become apparent from the following results.

Proposition 3.9. Fixa < 2, f € (,2), and let K = [;° s/~ le™ds. If p =
TS’/; (R, b) and
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1
R(A) =K / / La(ux)u™P71 (1 — w?) B~ quR(dx),
R4 Jo

then R' is the Rosiriski measure of a p-tempered o-stable distribution and u =
TSL (R, b).

Proof. We begin by verifying that R’ is the Rosifiski measure of some p-tempered
a-stable distribution. Let C = max,epo_s) (1 — u”)“3 ~0/P=1 We have

IA]x|!
K / |x|?R'(dx) = / |x|? / u' 7P (1 — ) F=0P=1quR (dx)
x| <1 Rd 0

1
= / |x|2R(dx)[ W P (1 — up)F-o/r=1qy
lx|<2 0

x|~
+C/ |x|2/ Ml_ﬂduR(dx)
[x|>2 0
1
:/ |x|2R(dx)/ Ml—ﬁ(l _MP)(ﬁ—a)/p—ldu
[x|<2 0

c
+— x| R(dx) < oo.
2- [x[>2

If ¢ € (0,2), then

1
K / |x|“R’(dx) = |x|* / u P11 — ) B R (dx)
[x[>1 [x[~1

[x[>1

1/2
< f |x[* / u P11 — ) B/ 4R (dx)
[x[>2 |

x| 1

1
+ / |x]* / w1 — wh) BmOPTyR (dx)
[x[>1 1/2

o0
< C/ |x|°'/ u® =P~ duR(dx)
[x|=2 Ix !

1
+ / |x|#R(dx) / w1 = wp) By,
[x|=1 1/2

which is finite since the first integral equals ﬂ—fa f\xlzz |x|#R(dx) < oo. Now assume

a = 0and fix € € (0,8). By 4.1.37 in [2] there exists a C. > 0 such that for all
u > 0,logu < Ccuf. Thus

xR’ (dx),
1

|x[>

K/ log |x|R'(dx) < KCG/
Jx|>1
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which is finite by arguments similar to the previous case. When o < 0

1
K / R'(dx) = [ / u P11 = ) B=O/P= 1 quR (dx)
x|>1 [x|>1 J|x|~1

|
1
< C/ / u P~ duR(dx)
Ix[=2 J x|~

1
+ / R(dx) / u PN — wh) Pl gy,
[x=1 1/2

which is finite since for 8 # 0 the first integral is % le|>2 (|x|’3 — 1) R(dx) < o0
and for B = 0 it is f\x|>2 log |x|R(dx) < oo. Now, let M’ be the Lévy measure of
TSh(R',b). By (3.12) for A € B(R?) we have

00 1
p = _
M(A) = K_lf / / La(uex)t ™ e u P (1 —uw?) 7 ' dudtR(dx)
rJo Jo

[ee] t B—a
=K' / / / La(x) e v (1 —vP /) 7 " dudeR(dx)
R Jo  Jo
o) 0o =«
— k! / / / L ™e™ v — o) drduR(dx)
R4 JO v
00 o0
=K—1/ / lA(vx)e_“pv_ﬂ_ldvR(dx)/ e sPme1ds
re Jo 0

o0
=// La(ux)e ™ v 1dvR(dx),
R Jo

where the second line follows by the substitution v = ut and the fourth by the
substitution s” = ## — v”. O

To show a similar result for the parameter p we need some additional notation.
For r € (0, 1), let f, be a probability density with f,(x) = 0 for x < 0 and

/000 e (x)dx = e .

Such a density exists, and is, in fact, the density of a certain type of r-stable
distribution, see Proposition 1.2.12 in [68]. The only case where an explicit formula
is known is

1
2Jm

(see Examples 2.13 and 8.11 in [69]). From Theorem 5.4.1 in [78] it follows that if
B > 0, then

o1/ =3/2 o)

fs(s) =

fws_ﬂﬁ(s)ds < 00.
0
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Proposition 3.10. Fixa <2and0 < p < q. If u = TSH(R, b) and

R(A) = f ) fo - 14 (s~ 9x)s*/ £, (s)dsR(dx),

then R' is the Rosiniski measure of a q-tempered o-stable distribution and y =
TSE(R', b). Moreover; i is a proper p-tempered a-stable distribution if and only if
it is a proper q-tempered «-stable distribution.

This implies that, for fixed o, the parameters p and R are not jointly identifiable
even within the subclass of proper tempered stable distributions.

Proof. We begin by verifying that R’ is, in fact, the Rosiiski measure of a
g-tempered «-stable distribution. We have

o0
[ |x|?R (dx) = / |x|? / s~C0/ag, (s)dsR(dx)
[x|<1 R4 x|

2 [* —(2—a)/q
- /|x|51 a /0 S foyq(s)dsR(dx)
+/;|>1 |x| R(dx)/o fp/q(s)ds < 00.

Ifaa #0and B = a Vv 0, then

Il
/| | 1|x|ﬂR'(dx) = fR i|x|ﬂ f s—B=lag, (s)dsR(dx)
x| > a 0

o
< / |x|? / s~Cmaf, (s)dsR(dx)
[xl<1 0
oo
+ / |x|? / sTBm/ag (s)dsR(dx) < oo.
|x|>1 0

If « = 0, then

e
/ log [x|R'(dx) = / / log xs™ /4|, , (s)dsR(dx)
x|>1 rd Jo

A

5 / - |x|2R(dx) /0 52/, 4 (s)ds
+/x|>1 log |x|R(dx)/0 fp/q(s)ds

o0
+ / R(dx) / sTVaf,),(s)ds < oo,
[x|>1 0

where the inequality uses the fact that log |x| < |x| (see 4.1.36 in [2]).
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If M’ is the Lévy measure of TS&(R’, b), then by (3.12) for any A € B(RY)
o0 o0
M'(A) = / / / Ly (s~ V) =" des® 9, (s)dsR(dx)
R4 JO 0
o0 o0
= / / Ta(vx)v~ 17 / e_"qsfp/q(s)dsdvR(dx)
R’ Jo 0
o0
_ / / 1 (v~ e duR(dx),
R Jo
where v = s~!/9¢. The last part follows from (3.15) and the fact that

/R . |X|“R’ (dx) = [1; ) |x|%R(dx) fo sT/agelaf (s)ds = /R | |x|*R(dx).

This concludes the proof. O
Propositions 3.9 and 3.10 give a constructive proof of the following.
Proposition 3.11. Fixa <2, p > 0, and let i € TSh.

1. Forany q > p, n € TSE.
2. Forany B <o, i € TS’;.

We now characterize when a p-tempered «-stable distribution is f-stable for
some B € (0,2).

Proposition 3.12. Fixa < 2, p > 0, and B € (0,2). Let p = Sg(o, b), where
0 #0.Iff <o, thenju ¢ TS If B € (OV a,2), then u = TSH(RE, b) and

Rﬁ(A):K—I/ / Lu(ruyr"Pdro(du), A € BRY), (3.19)
st Jo

where K = fooo Pele=" 4y,

Combining (3.15) with the fact that

oo
/ lx|*RE(dx) = Ko (S47") / r P07y = oo,
R4 0

shows that no stable distributions belong to the subclass of proper p-tempered
a-stable distributions.

Proof. If u € TS, then its Lévy measure can be written as (3.2). By uniqueness
of the polar decomposition of Lévy measures (see Lemma 2.1 in [6]) there exists
a nonnegative Borel function c(u) with o ({u : c(u) > 0}) > 0 such that g(r,u) =
c(u)r@=P)/P_This does not satisfy (3.4) when 8 < a.
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Now assume that § > «. In this case Rg ({0}) = 0 and for any y € [0, B)

o0
/ (Ix]> A [x]) RE(dx) = K_la(Sd_l)/ P A PPN < o0
R4 0

Thus, by Theorem 3.3, Rg is the Rosinski measure of a p-tempered «-stable
distribution. If M is the Lévy measure of 7S5 (R, b), then for any A € B(RY)

o0 o0
M) = K™ / / / La(rtu) ™ e dr P dro (du)
si—1Jo  Jo
o0 o0
=K' / tﬁ_“_le_’pdt/ / 14 (ru)r " 7P dro (du)
0 si=1 Jo

o0
_ / / 1y (=P dros (du),
sd—1 Jo

which is the Lévy measure of u. O

Recall that a probability measure p is called compound Poisson if its character-
istic function can be written as

) = exp { A (e —1) M(dx)} . zeRY

where M is a finite Lévy measure. To classify when tempered stable distributions
are compound Poisson we begin with a lemma.

Lemma 3.13. Let M be given by (3.12). M is finite if and only if either R = 0 or
o < 0 and R is a finite measure.

Proof. Observing that

1 0o
R(RY)e™! / m17dr < / / e "1 drR(dx)
R Jo

0
1 00
< R(RY) (/ t_l_o‘dt+/ e"”t“‘“dr)
0 1

gives the result. o
This immediately gives the following.

Proposition 3.14. If & = TSh(R,b), then u is compound Poisson if and
only if either R = 0 or « < 0, R is a finite measure, and b =
Jea I5° T5 R ~%e" dtR(dx).
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3.3 Tails of Tempered Stable Distributions

Since the motivation for introducing p-tempered «-stable distributions is to get
models with tails lighter than those of «-stable distributions, it is important to
understand how the tails behave. One of the easiest ways to describe the tails of
a distribution is to characterize which moments are finite. Toward this end we
present several results that were proved in [27]. Throughout this section we adopt
the convention that 0° = 1.

Theorem 3.15. Fixa <2, p > 0, and let u = TSH(R, b).

1. Ifa € (0,2)and qy,...,q4 = O with q := Zf:ﬁlj < «, then

d
[ ATt | w@o < [ 1o < o
RA \ : R
j=1
2. Ifa €(0,2), then
/ |x|* w(dx) < o0 <= / |x|* log |x|R(dx) < .
R4 |x|>1

Additionally, if q1, . ..,qq > 0 with Zﬁ:] g; = a, then

d
[Tl ) wao < oc
R\

if and only if
d
/ [ ] 119 | log |x|R(dx) < oo. (3.20)
|x|>1 i=1
3. If g > (o VO0), then
/ |x|?pn(dx) < oo <— |x|?R(dx) < oo.
Rd [x[>1

Additionally, if qy, . ..,qqs = 0 with Zle q; > (a v 0), then

d
x| (dx) < coforallr, € [0,qi], k=1,...,d
Rd ! #

J=1
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if and only if

d
/ [[ 117 | R(dx) < coforallrc € [0.qi). k=1.....d. (3.21)
Ixl>

J=1

Further, we can find explicit formulas for the moments and the mixed moments.
However, these formulas can get quite complicated. When working with infinitely
divisible distribution it is often easier to find the cumulants instead. Recall that for
any infinitely divisible distribution w the function C,, given by (2.1) is called the
cumulant generating function. This name is explained by the following. Let k =
(k1, k2, ..., ky) be a d-dimensional vector of nonnegative integers and let

— >k
cr = (—1 C,(z s
€= 8Z§d~-8zlf' M()Z—O

whenever the derivative exists and is continuous in a neighborhood of zero. We call
this the cumulant of order k. The cumulants can be uniquely expressed in terms of
the moments, see, e.g., [73]. In particular let X ~ p. When k; = 1 and k; = O for
all j # i then ¢; = E[X;], when k; = 2 and k; = O for all j # i then ¢; = var(X)),
and when for some i # j we have k; = k; = 1 and k; = 0 for all £ # i,j then
cx = cov(X;, X;). The following is given in [27]

Theorem 3.16. Fix « < 2, p > 0, and let u = TSy(R,b). Let q1,...,qq be
nonnegative integers and let g4 = Z;jzl qi- Further, if g = «a = 1, assume
that (3.20) holds and if g+ > «o, that (3.21) holds. If g; = q+ = 1 for some i, then

|'x|2 —P
Cqrda) = bi +/]Rd/ 1+| |2t2 2% " qsR(dx).

p

d
— q+ — .
Cq1,qa) = P 1F( )/Rd ijq’ R(dx).
Jj=1

We now turn to the question of exponential moments.
Theorem 3.17. Fixa <2,p € (0,1], and § > 0. Let . = TSh(R, b).
1. Ifa € (0,2), then [, e’ p(dx) < oo if and only if

R(|x| > 677y = 0.

2. Ifa =0, then [, ¢ p(dx) < oo if and only if

R(|lx| = 67"/7) = 0 and / [log(|x| ™" — 0)| R(dx) < 0.

0<|x|=P—6<1
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3. Ifa <0, then [y, ®™V ju(dx) < oo if and only if

R(lx] = 677y = 0 and / (|x] ™7 — 0)*/PR(dx) < oo.

0<|x|7P—6<1

Further, from Theorem 4 in [27] it follows that if p > 1 and there exists an € > 0
such that

/| | MV~ D R(dx) < o0, (3.22)
x|>1
then

fR ) ™M 1(dx) < oo forall @ > 0. (3.23)
However, the tails cannot be too light and if R # 0, then

/Rd Mgl (dx) = oo forall 6 > 0.

When the exponential moments exist, we can evaluate them. Specifically, if 4 =
TSy(R,b) and z € C7 is such that [y, M) ) (dx) < oo, then Theorem 25.17 in
[69] implies that [5, |e®|u(dx) < 0o and that [, e p(dx) is given by

* (x,2)t t(x’ Z) —l—a —
exp e — 1 — t e "dtR(dx) 4+ (z.b); . (3.24)
RI Jo 1+ [x|?

For the case p = 1 more explicit formulas will be given in Section 3.5.

Another way to analyze the tails of a probability measure is to ask when they
are regularly varying. First consider the case where i = TSy (R, b) with a € (0, 2).
Theorem 3.15 implies that [p, [x|7u(dx) < oo for all n € [0, ), and hence, by
Proposition 2.12, p cannot have regularly varying tails with tail index |y| < «.
However, other tail indices are possible. The following result from [27] characterizes
this.

Theorem 3.18. Fixa < 2 and p > 0. Let 1 = TSh(R, b) and let M be the Lévy
measure of w. If y < (—a) A0, then

W € RV;°(0) <= M € RV;°(0) <= R € RV} (0).
Moreover, if M € RV;°(0), then forall D € B(S 1) with (D) = 0 and (D) > 0
R(x| > rx/lxleD) —  p

00 M (x| > r.x/[x[ €D) (m—a)‘
p
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Now recall that for 8 € (0,2) a probability measure y belongs to the domain
of attraction of a fB-stable distribution with spectral measure o # 0 if and only if
u e RVE‘/’3 (0). See, e.g., [67] or [54] although they make the additional assumption
that the limiting stable distribution is full. This leads to the following.

Corollary 3.19. Fixa < 2, p > 0, let u = TSy(R, b), and let ¢ # 0 be a finite
Borel measure on S~ If B € (0V «, 2), then u belongs to the domain of attraction
of a B-stable distribution with spectral measure o if and only if R € RVE‘/’S (0).

3.4 Tempered Stable Lévy Processes

Fix ¢ < 2 and p > 0. A Lévy process {X; : t > 0} is called a p-tempered
a-stable Lévy process if X; ~ TSh(R,b). In this section we discuss properties
of such processes.

Proposition 3.20. Let {X, : t > 0} be a Lévy process with X, ~ TSh(R,b), and
assume that R # 0.

1. The paths of {X; : t > 0} are discontinuous a.s.

2. The paths of {X, : t > 0} are piecewise constant a.s. if and only if ¢ < 0, Ris a
finite measure, and b = [gq [° ﬁt“"e"pdm(d}c).

3. If « < 0 and R is a finite measure, then, almost surely, jumping times are
infinitely many and countable in increasing order. The first jumping time has
an exponential distribution with mean 1/a, where a = RR)p~' I (|a|/p).

4. If ¢ > 0 or R is an infinite measure, then, almost surely, jumping times are
countable and dense in [0, 00).

Proof. Part 1 follows by Theorem 21.1 in [69]. Part 2 follows by Theorem 21.2
in [69] and Proposition 3.14. Parts 3 and 4 follow by Theorem 21.3 in [69] and
Lemma 3.13. O

A useful index that determines many properties of Lévy processes was introduced
by Blumenthal and Getoor [12]. It is defined as follows.

Definition 3.21. Let {X, : t > 0} be a Lévy process with X; ~ ID(0, M, b). The
number

ﬂ:inf{y>0:/ |x|” M (dx) < oo
lx<1

is called the Blumenthal-Getoor index.

From the definition of a Lévy measure, it is clear that the Blumenthal-Getoor
index is a number in [0, 2].
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Lemma 3.22. Fixp > 0, o < 2, and let {X; : t > 0} be a Lévy process with
X| ~ TSG(R, b). IfR # 0, then the Blumenthal-Getoor index of this process is

B=avr, (3.25)

where
r=inf{y>0:/ [x]YR(dx) < o0
lx[<1

This follows immediately from the following.

Lemma 3.23. Fix @ < 2, p > 0, let R be the Rosiriski measure of a p-tempered
a-stable distribution, and let M be the corresponding Lévy measure. If R # 0, then
forany q € (—o0,2)

[ |x]7M(dx) < 00 <= « < g and / |x|?R(dx) < oo.
lx|=1

lx[<1

Proof. First assume that lel <1 [*[%M(dx) < oo and choose r > 0 such that
R(|x| < r) > 0. We have -

00 > / |x|2M (dx)
[x[<1

x| ™!
> / |x|? / 117" 1e™" dtR(dx)
|x|<r 0

—1

,

>e " / |x|“R(dx) / 1,
|x|<r 0

which implies that @ < ¢ and fl |x|YR(dx) < oo. Now assume that ¢ < ¢ and

fMSl |x|9R(dx) < co. We have

Ix| =
/ | 1|x|‘1M(dx) = A; Il /0 171" 1R (dx)
x| < 4

) x| 71
< / |x|7R(dx) f e s + / |x|? / 17 dsR (dx)
[x|<1 0 [x]>1 0

o0
< / |x|"R(dx)/ 7 et 4 (g — ) 7! / |x|“R(dx),
[xl<1 0 Jx|>1

x|<1

which is finite. ad
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Combining Lemma 3.22 with (3.15) tells us that the Blumenthal-Getoor index
of a proper p-tempered «-stable Lévy processes with @ € (0,2) is . It may be
interesting to note that « is also the Blumenthal-Getoor index of any a-stable Lévy
process, see, e.g., [12]. We now discuss several properties that are characterized by
this index.

Let X = {X, : t > 0} be a Lévy process with X; ~ TSh (R, b) and let B be given
by (3.25). From [12] it follows that, with probability 1,

coify <p

limsup =7 |X,| = % . )
0 ify>p

t—0

Now, fix 0 <a < b < 0o, y > 0, and define
Vy(X:a.b) =sup » _|X, — X,_,|".
j=1

where the supremum is taken over all finite partitions a = fp < t; < -++ <, <
t, = b of the interval [a, b]. This is called the y-variation of X. From [12] and [56]
it follows that for any 0 < a < b < oo with probability 1

=oc0ify <f

. 2
<ocoify > 8 (3.26)

V,(X;a, b) {
Finiteness of y-variation gives useful results about how one can define stochastic
integrals with respect to these processes. It is well known that if a process has finite
1-variation, then one can define a Stieltjes integral with respect to it. When the
1-variation is infinite, under certain assumptions about the finiteness of y-variation
for some y > 0, one can define generalizations of Stieltjes integrals, see [22] for
details.

We sometimes refer to l-variation as simply variation. Thus (3.26) and
Lemma 3.22 imply that a p-tempered a-stable Lévy process has finite variation
if and only if @ < 1 and flx\sl |x|R(dx) < oo. In particular, in light of (3.15), all
proper p-tempered «-stable Lévy processes with o < 1 have finite variation. We
now turn to a related concept.

A one-dimensional Lévy process, which is nondecreasing almost surely is
called a subordinator. Such a process necessarily has finite variation. Further, by
combining the above discussion with Theorems 21.5 and 21.9 in [69] we can fully
characterize when a p-tempered «-stable Lévy process is a subordinator.

Proposition 3.24. Let {X, : t > 0} be a one-dimensional Lévy process with
X, ~ TSH(R,b) with R # 0. The process is a subordinator if and only if o < 1,
R((—00,0)) = 0, [,y ¥R(dx) < 00, and b > [io oo fo 5ot e " diR(dx).
Remark 3.6. A Lévy process is a subordinator if and only if the distribution of
X, has its support contained in [0, 00) for every t. Further, if {X;, : + > 0}
is a subordinator with X; ~ TS4(R,b) and R # O then, by Theorem 24.10
in [69], the support of the distribution of X, is given by [t{, 00), where { =

00 I
b_f(o,oo)fo Traal “e " diR(dy).
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We conclude this section by discussing when the distribution of a proper
p-tempered «-stable Lévy process (with a € (0, 2)) is absolutely continuous with
respect to the distribution of the «-stable Lévy process that is being tempered.
Our presentation follows [66] closely. Let 2 = D([0, 00), RY) be the space of
mappings w(-) from [0, co) into RY that are right-continuous with left limits. Let
X = {X, : t > 0} be the collection of functions from £2 into R? with X;(0) = w(?).
Assume that £2 be equipped with the g-algebra .# = o(X; : s > 0) and the right-
continuous natural filtration (.%;),>0 where ., = ()., 0(X, : u < s). In this case
X is called the canonical process. The distribution of this process is completely
determined by a probability measure P on (£2, .%). Let P|z denote the restriction
of P to the o-algebra .%,.

Theorem 3.25. Fix ¢ € (0,2) and p > 0. In the above setting, consider two
probability measures Py and P on (82,.%) and let X = {X, : t > 0} be the canonical
process. Assume that, under P, X is a Lévy process with X; ~ TSh(R, b), where R
satisfies (3.15).3 Derive o from R by (3.17) and let q(u, r) be as in Proposition 3.6.
If, under Py, X is a Lévy process with X; ~ Sy(a, o), then

1. Py|.z, and P|z, are mutually absolutely continuous for every t > 0 if and only if

1
/ / [1— g, w)*r* 'dro(du) < oo (3.27)
sd—1 Jo
and
b— —/ /w e —1)dR(dy) (3.28)
“= reJo 14 |x?2 ¢ ' -

2. If Pyz, and Pz, are not mutually absolutely continuous for some t > 0, then
they are singular for all t > 0.
3. If (3.27) and (3.28) hold, then for every t > 0

dP) 4
i E7 eU’, Py a.s.
dP0|g;,
where
AX,
U, = lim lo AX P, ——
im0 togg(Jaxr S

{s€(0,1]:] AX;|>€

+t\/§.d—l/; 1 _q(rp’”)]r_a_ldrﬁ(du)} ,

3 This implies that X; has a proper p-tempered a-stable distribution.
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and the convergence is uniform in t on any bounded interval, Py a.s. Further,
{U, : t > 0} is a one-dimensional Lévy process defined on the probability space
(82, F, Py). It satisfies Uy ~ ID(0, My, by), where

o) = [ [ i toelat oo @n. 4 € B®)

0 y
by = — v Y Y Myy).
v /_w( 1+|y|2) v()

Note that Proposition 3.6 implies that ¢(r’,u) € (0, 1], and hence that My
satisfies My ([0, 00)) = 0.

and

Proof. By Remark 3.5 all proper p-tempered a-stable distributions with @ € (0, 2)
belong to the class of generalized tempered «-stable distributions. For these,
analogues of Parts 1 and 2 are given in Theorem 4.1 of [66]. In [66] the analogue
of (3.27) is actually

1
/ / 1 =g, w]"**r*dro (du) < .
si=1 Jo
As observed in [65], this is equivalent to (3.27) since for any x € [0, 1]
25(1—x)2? < (1—/x)? < (1 -x7,

and g(r’,u) € [0, 1] for all r and u. For any Lévy process, an analogue of Part 3
is given in Theorem 33.2 of [69]. To specialize it to our situation we just need to
apply (3.2). O

Under additional conditions, representations of the process U; in terms of
certain extensions of y-variation can be given, see [24]. As pointed out in [65]
condition (3.27) fails when the function g(r”, u) decreases too quickly near zero.
In other words when there is too much tempering near zero. This is illustrated by
the following.

Corollary 3.26. Fix o € (0,2) and p > 0. Let Py, P, and {X; : t > 0} be as in
Theorem 3.25. If p < a/2, then Py, and P\ gz, are mutually singular for all t > 0.

Proof. By Remark 3.4 we can write g(r’,u) = f(o’oo) e”""50,(ds) for some
measurable family of probability measures {Q,},esi—1. Since 1 — e™ > =

m fOI'
any x > 0 (see, e.g., 4.2.32 in [2]) it follows that

1
f / [1— g, w)*r  'dro(du)
st Jo

_ fS(H /0 l [ /(Oqoo)(l—e_’PS)Q,,(ds)]zr_“_ldra(du)
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>/ /] |:/ —SQ ( S)i|2r a—ldro-(d )

Sa—=1 Jo (0,00) 14+ s u d u
Q d o(du 2p—a—1

>/Sd‘|:/(ooo)1+s u( S)i| ( )/ P dr

which equals infinity when p < «/2. From here the result follows by Part 2 of
Theorem 3.25. a

3.5 Exponential Moments Whenp = 1

A representation for the exponential moments of p-tempered «-stable distributions
is given by (3.24). In this section we derive significantly simpler formulas for the
case* where p = 1. Throughout this section we use the principle branch of the
complex logarithm, i.e. we make a cut along the negative real axis. This implies that
for z € C with %z > 0 we have log(z) = log |z| + iarctan(3z/Nz), where arctan
refers to the branch of the arctangent whose image is (—% %) We begin with a
lemma.

Lemma3.27. Fixa < 2,p = 1, and p = TSolt(R, b). Let X ~ p, let S be the
support® of R, and fix z € C?. When a € (0,2) we have

EMﬂW<m (3.29)

if and only if sup ¢ N (z,x) < 1. When o < 0 a sufficient® condition for (3.29) is
sup,eg Mz, x) < 1.

Proof. We will need the following fact from 6.1.1 in [2]. When ¢ < 0 and w € C
with iw > 0 we have

o0
/ e dr = W' (—a). (3.30)
0

By Theorem 25.17 in [69] (3.29) is equivalent to f =1 € {ex) p(dx) < oo where
¢ = Nz and M is the Lévy measure of . When ¢ = 0 this always holds so assume
that ¢ # 0. By (3.12) we have

“The only other case where reasonable representations are known is when p = 2 and « € (0, 2).
In this case [9] gives formulas in terms of confluent hypergeometric functions.

SThis means that S is the smallest closed subset of R with R(S¢) = 0.

%In light of Theorem 3.17, it is clear that this is not a necessary condition when & < 0.
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oo
f eI M (dx) = / / el ™! iR (dx)
Jx|>1 S Jx|~!
o0
/ / N1 q1R (d)
SN[l =<1/@leh] S x|~

o0
f / NI g 1R (dx)
SO[ll>1/2lell) V171

=:1i(a) + h(a).

Let K := sup ¢ /2>~ and note that for every & < 2 we have
>2|c|
o0
Li(x) < / / 2717 drR(dx)
[xI=<1/2lel) J x|
o0
<K / / 3dR(dx) = 5K / [x|*R(dx) < oo.
lxI=<1/@lel) J1x| ! [x|<1/(2le))

Thus, finiteness of the exponential moment is determined by I,(«). Define 6 =
sup,es{c, x). We begin with the case @ € (0,2). If 8 < 1, then

o
L(a) < / / e 1T drR (dx)
SO[lx[>1/@lell) Il !

o0
< / / 17 AR(dy) = 7! / |x|*dR(dx) < oo.
Ixl>1/lel) J |2l ! Ixl>1/(lel)

On the other hand, if 8 > 1, then there is an € > 0 and a Borel set S, C S N [|x| >
1/(2|c|)] with R(S¢) > 0 such that for every x € S, we have (x,c) > 1 + €. This
implies that

o0
L(a) z/ / e 1T q1R (d)
€ ‘Xl_l

o0
2 / / e(l+€)te—tt—l—adtR(dx)
e J2|c|

o0
= R(S,) 17 = oo.
2|c|

Now assume that « < 0 and 6 < 1. For & < 0 we can use (3.30) to get

o0
L) < f / e 0= 1= 1R (dx)
k>1/lel) Jo

=(1-60)""r(ua) R(dx) < oo,
Ixl>1/(2le)
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and for ¢ = 0 we get

2|C| 1 o0
L(0) < / / 1dtR(dx)+R(|x| > —) / e =071y
lel>1/lel) J x|~ 2[cl ) Jyel

1 o0
= / log (2|c||x|) R(dx) + R (|x| > —)/ =014 < o0,
x[>1/(2lel) ¢/ J2

lc]
which completes the proof. O

We now give the main result of this section.

Theorem 3.28. Fixa < 2, p = 1, u = TSY(R,b), and let X ~ p. Let S be the
support of R and fix z € CY such that either a) sup,cs R(z,x) < 1 or b) Iz = 0,
SUp,es Nz, x) <1, and o € (0, 2). In both cases (3.29) holds and we have:

1 f [pa lx|p(dx) < oo, then

el = exp! [ vl + ()] (331

where

2
by =b+ /d/ 1+||| el e dtR(dx) (3.32)
R

and

r'—o)[(1=5)*—14asja #0,1
Vals) = § —log(l —s) —s a=0. (3.33)
(1—s)log(l —35) +s a=1

In particular this holds when 1 < o < 2, or
a=1 and /II 1 |x|log |x|R(dx) < oo,
x|>
or
a<1 and /Rd |x|R(dx) < oo.

2. Ifa < 1and flx\sl |x|R(dx) < oo, then

et = exp! [ v(aDR@n) + (ool (334)
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where
oo d —a ,—t
by = b—[l‘{d/(; mt e dtR(dx) (3.35)
and
0y ) =9 =1]a#0
Vo () = { ~tog(1 — ) ye0" (3.36)

In particular, this holds if i is a proper TS), distribution with a < 1.

In the above we take ¥ (1) = 1, which is the limiting value of the function ¥, (s)
in both s and «. A simple way to ensure that the assumption of Theorem 3.28 holds
is as follows. Fix § > 0. If R(|x| > 6~') = 0, then for any z € C? with |Rz| < 6
we have sup,c(Nz, x) < sup,eq [(Nz,x)| < sup,g |NRz||x| < 8/0 = 1. The vectors
by and by given above have the following interpretations. When [p, [x|p(dx) < oo
we have by = [, xt(dx), and when o < 1 and f\xlsl |x|R(dx) < oo the vector by is
the drift.

Proof. Our proof will use the following. If t € (0, 1), s € C, and @ < 1, then

Z |st|n o 1 —t

[(e — 1 — sy te|

IA

_ e, |st|"™ 2
- sf* Zn(n D(n—2)!

—t |Sl|n 2
s |ZZ( —

= /=D, (3.37)

| /\

Lemma 3.27 implies that we can use (3.24) to get a representation for the
exponential moment. We begin with the case f]Rd |x|p(dx) < oo. In this case by
is definable as a vector in R? and from (3.24) it follows that

oo
Eel™X) = exp{ / / (e(“)’— 1— {x, z)t) 17T diR(dx) + (2, bl)}
R4 JO

= exp{ /S /0 ” (e(”)' —1—{(x, z)t) 7% AR (dx) + (z,bl)} .

Fix x € S. For simplicity of notation let s = (x,z) and note that, by assumption,
when o < 0 we have %is < 1 and R(1 —5) > 0 and when « € (0,2) we have
Ms < 1and N(1 —5) > 0. When o < 0 we can use (3.30) to get
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o0 o0
/ (e —1—ste 'r*dr = / (7= — ™" — se™'1) " ds
0 0
=T'(—o)[(1—-s5)*—14 as].
When o = 0 we can use I’Hopital’s rule’ to get

o0 o0
/ (e —1—ste 't dr = / lim(e* — 1 — st)e” 't dt
0 0o of0

o0
=1lim | (" —1—s)e 't 'de
at0 Jo

=lim "(—a)[(1 —$)* — 1 4 as]
a0

. Fl—o)[(1—9% =1+ as]
m

=1l
a0 —o
(=9 —1+as
= lim
a0 —Q
= —log(1 —s) — s,

where we can interchange limit and integral using dominated convergence. Specif-
ically, for o € (—1,0) if r € (0, 1), then (3.37) gives a bound that is integrable on
(0,1) and if r > 1, then

(e —1—st)r @ le™| < e 4 (1 4 |s|n)e™,
which is integrable on [1, co) since fs < 1.

Now assume that & € (0, 1). For any v,w € C with w satisfying fiw > 0 and v
satisfying either Hv > 0 or v = 0 integration by parts and (3.30) give

o0
/ (€7 — &™) 71 7%dr = I'(—a) (V™ — w®), (3.38)
0
which implies

o0 o0 o0
/ (e —1—st)e ' dr = / (079 — e 1dr — s/ e 170~ dr
0 0 0

=I(—a)[(1 —9)% =1+ sa].

7We can use 1"Hopital’s rule because the denominator is real. However, in general, I’ Hopital’s rule
may fail for complex valued functions of real numbers, see [18].
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Now assume that & € (1,2). For any v,w € C with w satisfying iw > 0 and v
satisfying either iv > 0 or v = 0 integration by parts and (3.38) give

/00 (e —e™ + (v—w)) 7%t = I'(—a) (v — %),
0

which implies
o0 o0
/ (€' —1—ste 'r* dr = / (eI — o™ — sy ds
0 0

* 1— —t (l—o()—ld
+sf0 (1—et t
=I(—o)[(1—9% =1+ sa].

Now consider the case @ = 1. By I’Hopital’s rule

o0 o0
/ (e —1—s0)e” ' 2dr = / lim(e” — 1 — st)e™'r %" 1ds
0 o ofl

o0
=lim | (" —1—st)e 't 'dr
atl Jo

= lin11 I'(—a)[(1 =s5)* — 1 + sa]

— lim I'2—o)
atl (¢ — Do
= (1 —s)log(l —s) + s,

———[(1—=9)" =1 +sa]

where the second line follows by dominated convergence. Specifically, for o €
(.5,1) if t € (0, 1), then (3.37) gives a bound that is integrable on (0, 1), and for
t > 1 we have

|(est —1 _St)t—a—le—t| < e—t(l—ms)t—.S—] + (1 + |S|)€_t,

which is integrable on [1, co) since Ns < 1.
We now turn to the case when flxl <1 |x|R(dx) < oo and @ < 1. In this case by is
definable as a vector in R? and (3.24) implies that

o0
Eel#X) =exp{ [ [ (g(“)’—l)t_l_ae_’dtR(dx)—f-(Z,bo)
RY JO

The fact that [ (e%" — 1) r~!=%¢~"ds has the required form can be shown in a
similar way to the previous part. The conditions to guarantee [p, [x|p(dx) < oo
follow from Theorem 3.15, while the fact that flxl <1 |x|R(dx) < oo for all proper

TS! distribution with & < 1 follows by Theorem 3.3. |
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Note that the assumption of Theorem 3.28 always holds when 3z = 0. This gives
the following representation for the characteristic function.

Corollary 3.29. Fixa <2, p =1, and let u = TSL(R, b).
1 f [pa lx|p(dx) < oo, then

i@ =ew] [ volilepr@ +itab] . e

where by is given by (3.32) and v, is given by (3.33).
2. Ifa < 1 and le\ <1 |x|R(dx) < oo, then the characteristic function is given by

i@ = e [ v k@ +ibf . e

where by is given by (3.35) and wg is given by (3.36).

Now consider the case when X ~ TS.(R,b) is a one-dimensional random
variable with R((—o0, 0)) = 0. In this case the support, S, of R satisfies S C [0, 00).
Thus for all z € R with z < 0 we have sup,¢(zx) < 1 and we can use Theorem 3.28
to get the following representation for the Laplace transform.

Corollary 3.30. Fixa < 2,p = 1, let u = TS\ (R, b) be a 1-tempered a-stable
distribution on R with R((—00,0)) = 0, and let X ~ L.

1. IfE|X| < oo, then
Ele™] = exp {/ Vo (—20)R(dx) — Zbl} . 220,
(0,00)

where by is given by (3.32) and 4 is given by (3.33).
2. Ifa < 1and fIX\<1 |x|R(dx) < oo, then

Ele™] = exp { Y (—20R(dx) ~ zbo§ 220,

(0,00)

where by is given by (3.35) and ¥ is given by (3.36).



Chapter 4
Limit Theorems for Tempered Stable
Distributions

In this chapter we discuss the weak limits of sequences of p-tempered «-stable
distributions. It turns out that this class is not closed under weak convergence. To
see this note that the class has elements with a finite variance (see Theorem 3.15)
and is closed under shifting, scaling, and taking convolutions (see Proposition 3.5).
Thus, by the central limit theorem, there are sequences in this class that converge
weakly to Gaussian distributions. However, Gaussian distributions were explicitly
excluded from the class. Further, as we will see, we also need to include «-stable
distributions, which do not belong to this class by Proposition 3.12. Thus, to get
closure under weak convergence we need to extend the class.

4.1 Extended Tempered Stable Distributions

In this section we define a class of distributions, which, as we will show, is the
smallest class that contains 7', and is closed under weak convergence. To do this
we must allow for a Gaussian part and remove the assumption that (3.4) holds. We
will see that removing this assumption is equivalent to allowing for an a-stable part.

Definition 4.1. Fix o < 2 and p > 0. An infinitely divisible probability measure p
is called an extended p-tempered a-stable distribution if its Lévy measure is given
by (3.2) where o is a finite Borel measure on S*~! and ¢ : (0, 00) xS~ = (0, 00) is
a Borel function such that for all u € S¢~! g(-, u) is completely monotone and (3.3)
holds. We denote the class of extended p-tempered -stable distributions by ETSS.

Remark 4.1. When o < 0(3.4) is necessary for (3.3) to hold. Thus, whenever @ < 0
an ETS,, distribution is just a 7S, distribution with a Gaussian part.

Remark 4.2. For o < 2 and p > 0, the class of distributions in 7S, but allowing for
a Gaussian part was introduced in [51] under the name J, ,. By Remark 4.1 when
o < 0 we have J, , = ETS,. However, when o € (0,2) we have J,, < ETS,,.
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Remark 4.3. From (3.5) it follows that the sum of completely monotone functions
is completely monotone, which implies that the class ETS} is closed under taking
convolutions.

By Bernstein’s Theorem (see, e.g., Theorem la in Section XIII.4 of [23] or
Remark 3.2 in [6]) the complete monotonicity of g(-,u) implies that there is a
measurable family {Q,},esi—1 of Borel measures on [0, o0) such that

q(r,u) =/ e "0, (ds). 4.1)
[0,00)

Note that unlike (3.6) we now allow Q, to have a point mass at 0. By the Dominated
Convergence Theorem, it follows that

lim g(ru) = Q,({0}). 42)

Thus, by Remark 4.1, when & < 0 we have Q,({0}) = 0 for every u € S*~!. Letting

q1 (V, I/t) = / E_rSQM(dS) (43)
(0,00)
gives
q(r’ u) = q (', u) + Q. ({0}). (4.4)

The Lévy measure of a distribution in ETS}, can now be written as
o0
M(B) = [ / 13(ru) g1 (PP, u)r—*~'dro (du)
sa=1 Jo

+ / / - 15(ru)r " 1drQ,({0))o (du), B e B(RY). (4.5)
sd—t Jo

Note that M is the sum of the Lévy measure of a p-tempered «-stable distribution
and (when « € (0, 2)) an a-stable distribution with spectral measure Q, ({0})o (du).
If R is the Rosifiski measure of the p-tempered «-stable part, then

M(B) = /R ) /0 15(rx)r~ ' "%~ drR(dx)
+/ /00 1g(ru)r~ 1 7%drQ,({0})o (du), B e B(RY). (4.6)
st Jo

Remark 4.4. A distribution is an element of ETS, if and only if it can be written as
the convolution of a Gaussian distribution, an element of 7S5, and (when a € (0, 2))
an a-stable distribution.
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Note that M is defined in terms of two measures R(dx) and Q,({0})o (du). To
make it easier to work with, we would like to combine these into one measure.
Since R is already defined on all of R? and Q,,({0})o (du) requires a sphere, it makes
sense to put it on a sphere at infinity. To do this we need to define an appropriate
compactification of RY.

4.2 Interlude: A Compactification of R?

In this section we develop a compactification of R? with a sphere at infinity
and discuss vague convergence of Radon measures on this space. This will be
fundamental for deriving weak limit theorems for distributions in the class ETS,.

4.2.1 Definitions

Let Rj = R“\ {0} and note that for x € R we have x = |x|{;. Thus we can uniquely
identify every element of R¢ with an element of (0, 00) x S Let Rg = (0, 00] x
S and R? = ]1_%1 U {0}. For simplicity of notation define [*~! = {oo} x S*~!. For
u € S we write cou = {oo} x {u} and for D C S¥~! we write coD = {oo} x D.
We introduce the functions £ : R? > S¢~' U {0} and & : R? > [0, o0] as follows.
Let £(0) = 9¥(0) = 0.Ifx € Rg, then x = {r} x {u} and we define £(x) = u and
¥ (x) = r. For simplicity, we sometimes write |x| := #(x). When x € I~! we have

. R R?
|x| = oo and we adopt the convention |x|~™! = 1/|x| = 0. Let — and — denote,
respectively, the usual convergence on [0, oo] and on RY. If x, x|, xp,-+- € Rg, we

d
write x,, — x or lim,,—sc0 X, = x when ¥ (x,,) R—>+ ¥ (x) and £(x,) LN £ (x).

Let 7y be the topology induced by this definition of convergence (i.e., let 7y be
the class of subsets of Rg such that A € 7 if and only if for any x € A and any
X1, %2, ++ € R¢ with x, — x there is an N such that for all n > N, x, € A). In this
topology compact sets are closed sets that are bounded away from 0. We denote
the Borel o-algebra on (RZ, 79) by B(RY), i.e. B(RY) = o(1).

To define convergence of a sequence in R?, we first define convergence to a
point x # 0 as in the previous case. For xi,x;,--- € RY we write x, — 0or

R _
limy_se0 X, = O when @ (x,) — 0. Note thatif x, x1, s, - - - € RI\! then x, — xif

]Rd
and only if x, — x. Let T be the topology induced by this definition of convergence,
and let B(R?) = o(t) be the Borel o-algebra on R? with this topology. In this
space the compact sets are just the closed sets.

A set A is said to be bounded away from 0 if 0 is not in the closure of A, i.e. 0 ¢ A.
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For notational convenience, we identify Borel measures on Rg with Borel
measures on R? that place no mass at zero. Likewise, we identify Borel measures
on R? with Borel measures on R? that place no mass on 14~

4.2.2 Vague Convergence

Although we are mainly interested in vague convergence of measures on R and its
compactifications, we will need several results from the general theory. Let E be a
set equipped with a topology 7. Throughout, we assume that (E, .7) is a locally
compact Hausdorff space with a countable basis. By locally compact we mean that
every x € [E is contained in a relatively compact open set, and by countable basis
we mean that there exists a countable collection of open sets {G,} such that every
open set G can be written as a finite or countable union of elements in {G,}. By
Theorem 7.6.1 in [8] this implies that [ is a Polish space and is thus metrizable as
a complete and separable metric space. As usual, we denote the Borel o-algebra by
B(E) = 6(7). A Borel measure on E is called a Radon measure if it is finite on
any compact subset of E. We denote the space of all Radon measures on [E by M(E).

Definition 4.2. If u, uy, o, - € M(E), we say that {u,,} converges vaguely to

n on E and write pu, > 1 on E if for any continuous, real-valued function f on E
vanishing outside of some compact set

Tim fE FE () = /E FORd). @)

When working with vague convergence, the following definition is useful.

Definition 4.3. Let u be a Borel measure on E. A set B € B(E) is called a
continuity set of u if w(dB) = 0.

One of the most important results about vague convergence is the so-called
Portmanteau Theorem. Its proof is given in, e.g., [62].

Proposition 4.4. Let w, 1, U2, ... be a sequence in M(E). The following are
equivalent:

1. w, > nonk;

2. un(B) = u(B) for all relatively compact continuity sets B of i;

3. limsup,_, o, #n(K) < u(K) and liminf, oo 0, (G) > w(G) for all compact sets
K and all open, relatively compact sets G;

4. for all relatively compact continuity sets B of jt and all measurable functions f,
which are continuous and bounded on B, [ f(x)p,(dx) — [, f(x)p(dx).

Condition 2 of Proposition 4.4 is often the easiest to use, but showing conver-
gence on all relatively compact continuity sets may still be quite difficult. It turns
out that in many cases it suffices to show convergence only on certain simpler
collections of sets.
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Proposition 4.5. Let u, (i1, 2, ... be a sequence in M(E) and let o7 C B(IE) be
a class of relatively compact open sets satisfying:

1) o is closed under finite intersections, and
2) any relatively compact open set is a countable union of elements of <7 .

If
lim g0, (A) = p(A)

forevery A € o/, then u, > W
Proof. If A, B € </, then by condition 1) A N B € </ and

(AU B) = py(A) + un(B) — pn(A N B)
— u(A) + u(B) — n(ANB) = u(AUB).

By induction it follows that for any m € Nif A|,A,, ..., A,, € < then

nllglo Mn (OAI) =M (0A1> .
i=1 i=1

Now, let G € B(E) be a relatively compact open set. By condition 2) there is a
sequence Aj,A,, -+ € & with G = U,oil A;. Thus, for any € > 0 there exists an
m € N such that

WG —e=p (UA,»).
i=1

It follows that,
m m o0
1(G)—e < (UlAi) = lim p, (UAi) < liminf z, (UIA,-) =liminf 11, (G) .

and hence
w(G) < liminf w, (G).
n—>o0

Now, let K € B(E) be a compact set. Since E is locally compact, there exists
an open cover of K made up of relatively compact sets. Further, by condition 2)
there is an open cover of K made up of sets in 7. Since K is compact this means
that there is a finite cover of K made up of elements of <. In other words, there
existan m € N and Ay,A,,..., A, € & such that K C U?1=1Ai =: A. Since A
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is a finite union of sets in .27 and A N K¢ is a relatively compact open set we have
lim, 00 iy (A) = p(A) and liminf, o 1, (A N K) > w(A N K¢). Thus observing
that K = A \ (A N K°) gives

lim sup 14, (K) = limsup [, (A) — pa(A N K°)]

n—>oo n—>odo

< limsup u,(A) — liminf u,(A N K°)
n—>od

n—>oo

= () — n(ANK) = u(K).

From here the result follows by Part 3 of Proposition 4.4. O

It is not difficult to see that (R?, 7) and (RY, 7o) are locally compact Hausdorff
spaces with a countable basis. On R the class of Radon measures, M (Rd), consists
of all finite Borel measures. Further, if w, u, o, - € M (Rd), then w, e L on R4
if and only if

Jim [ oo = [ e @8
R4 R4

for all continuous real-valued function f on R¢. On Rg the class of Radon measures,
M (Rg), consists of all Borel measures that are finite on any subset that is bounded
away from 0. Thus all Lévy measures and all Rosiriski measures are Radon measures
on Rg. Further, if u, w1, o, -+ € M(Rg), then w, = W on ]Rg if and only if (4.8)
holds for all continuous, real-valued functions f vanishing on a neighborhood of
Zero.

The following result is a version of Helly’s Selection Theorem; it is given in a
somewhat more general form in [62].2

Proposition 4.6. Let i1, [L2. ... be a sequence of Borel measures on R? with

sup p,(RY) < oo.
n

There exist a subsequence {{L,,} and a finite Borel measure [ on R such that
v _
W, — 1 on RY,
We now give a useful characterization of vague convergence on R¢ for the special
case when none of the measures place mass on I~!. Let C” be the class of Borel

functions mapping R¢ into R, which are continuous and bounded on R? \ T~!. We
make no assumption about their behavior on 1~

2Specifically, Propositions 3.16 and 3.17 in [62] imply that M(R9) is vaguely relatively compact
and metrizable as a complete and separable metric space. From here the result follows from the fact
that relative compactness and sequential relative compactness are equivalent in metrizable spaces,
see, e.g., pages 4-5 in [13].
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Lemma 4.7. Let [, ji1, [L2, ... be finite Borel measures on RY with n(I1¢=") = 0
and (147" = 0 forn = 1,2,.... In this case i, > w on R if and only if
Jaaf @ pa(dx) = [zaf(x)p(dx) for all f € C".

Proof. Assume that 5 ponR? let H = {T € (0,00) : u(lx| = T) = 0},
and fix f € CP. This means that there is a K such that |[f(x)| < K for all x € R
Without loss of generality assume that f(x) > 0. From the Portmanteau Theorem
(Proposition 4.4) it follows that for any 7 € H

im [ fCun(dr) = /| _Jom@)

n—>oo IX‘ET

Thus, by the Monotone Convergence Theorem and the fact that u(I7!) = 0

IV

lim lim Fx0) pn(dx)

H3Ttoo 100 J|y <1

liminf /R (@)

im [ sy = [ reou,

H3T1oo Jix|<T

Further, since u(I¢"!) = 0, forany § > 0 thereis a T € H with u(|x| > Ts) < §/K.
Thus

A% Fu@) = [ F@m@) + Kua(lel > 75)

[x|<Ts

e f@p(dx) + Kp(lx| > Ts)

[x|<Ts

= [ foma+s.

Since this holds for all § > 0, limsup,_, o [zaf()ia(dx) < [z.f(x)p(dx), and
hence

tim [ FO0 () = /R Fom().

n—>oo ]Rd

The other direction follows from the definition of vague convergence on R?. O

We now recall a standard result about convergence of infinitely divisible dis-
tributions in terms of vague convergence of their Lévy measures. The following
is a variant of Theorem 3.1.16 and Corollary 3.1.17 in [54]. Here and throughout
convergence of matrices should be interpreted as pointwise convergence of the
components.
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Proposition 4.8. Let i, = ID(A,, My, b,). If iy —> 1, then w = ID(A, M, b).
Moreover, |, = W if and only if M, 5 Mon Rg, b, — b, and

lim lim (A,l + / xxTM,l(dx)) =A. (4.9)
[x|<e

€¢0 n—>o00

The result remains true if (4.9) is replaced by

lim lim inf (A,, + / xxTM,,(dx)) = lim lim sup (A,, + / xxTM,,(dx))
el nm>o0 ll<e €40 n—o0 ll<e

= A. (4.10)

Many of the situations that we are interested in have a limiting distribution with
a specific structure that we can exploit. In such cases we can use the following.

Lemma 4.9. Let pu,, JEI be a sequence of Radon measures on Rd, and let | be
a Radon measure on Rg such that (|x| = a) = 0 for every 0 < a < oo and

pr= [ [ v

for some finite Borel measure o on S*~' and some Borel measure v on (0, oo] that
is finite outside any neighborhood of 0. Then i, = U on Rg if and only if

pn (|x] > 1,6 (x) € D) — p(|x| > 1,&(x) € D) (4.11)
for every t € (0, 00) and every D € B(S?™!) with 6 (dD) = 0.
Proof. If w, 5 W on ]Rg, then Part 2 of Proposition 4.4 implies that (4.11) holds.
Now assume that (4.11) holds. Let o7 be the class of measurable sets such that

A € & if and only if A is bounded away from 0 and w,(A) — u(A). If A,B € o
and A C B, then

pn(B\A) = pn(B) = ptn(A) = p1(B) — () = w(B\ A),
and hence B\ A € /. By assumption sets of the form
{xeR’: |x| > 1.£(x) € D} (4.12)

for D € B(S!) with 0(dD) = 0 and ¢ € (0, o) are elements of .<7. Thus so are
sets of the form

{xeR?:a>|x| > b,E(x) € D},
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where D € B(S?!) with 6(dD) = 0and 0 < b < a < co. Moreover, by continuity
from above, for t € (0, 00)

limsup w, (Jx| =1, &(x) € D) < limlimsup w, (t > |x| >t —¢€,&(x) € D)
n—>00 el0 p—o0

=liﬁ)1/x(t2 |x| >t—¢€,6(x) e D) =0,
€

which means that all sets of the form
{xeR':a>|x| > b,E(x) € D}, (4.13)

where D € B(S9™!) with 6(dD) = 0and 0 < b < a < oo are elements of o7

Let &/’ be the class of sets that includes the empty set and all sets of the
form (4.12) and (4.13) with D of the required form. We claim that <7’ satisfies the
assumptions of Proposition 4.5. It is immediate that .7’ is a collection of relatively
compact open sets and is closed under finite intersections. Thus Assumption 1) is
satisfied. Assumption 2) follows from the facts that Rg is separable and that for any
open set G and any x € G there is a set A € &/’ such that x € A C G. Thus, since
for any A € &/’ we have w,(A) — w(A), the result holds by Proposition 4.5. O

4.3 Extended Rosinski Measures

We now return to our discussion of the Lévy measures of extended p-tempered
a-stable distributions. Recall that the Lévy measure of such a distribution can be
given by (4.6). In this section we will put it into a form that is often easier to work
with. First, let v be a Borel measure on R? such that if B € B(R?) then

Jaa 18(0) (Jx> A x]%) R(dx)

+ fsa—1 15(00u)Q,({0})o (du) if @ € (0,2)
Jra 18() (IX* A1 +1og® X)) R(dx) ifa=0
Jra 15(0) (Ix]* A 1) R(dx) ifao <0

V(B) = (4.14)

Note that v({0}) = 0 and that for @ < 0 we have v(I¢"") = 0. Note further that
by (3.14) v is a finite measure and thus v is a Radon measure on R?. We call it the
extended Rosinski measure of the corresponding p-tempered a-stable distribution.
From v we get R back by

(P A 1x[2) ™ vy, () ifa € (0,2)
R(dx) = { (X2 A1+ log* [x[]) " v, (v ifa =0 4.15)
(P A1)y, (d) ifa <0

where v|_, is the restriction of v to R?.
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Remark 4.5. Let v be any finite Borel measure on R¢ with v({0}) = 0. For any
p > 0and o € (0,2), v is the extended Rosifiski measure of some distribution in
ETSh,. If, in addition, v(I¢~") = 0, then for any p > 0 and & < 2, v is the extended
Rosifiski measure of some distribution in ETS5.

Note that v is uniquely determined by R(dx) and Q,({0})o (du), which, in turn,
uniquely determine the Lévy measure, M, of the corresponding ETS", distribution.
Moreover, M uniquely determines R(dx) and Q,({0})o (du). To see this note that
by (4.2) M can be uniquely decomposed into the sum of a Lévy measure of a
p-tempered «-stable distribution and that of an «-stable distribution. Theorem 3.3
showed that R is uniquely determined by the Lévy measure of the p-tempered
a-stable part and Remark 14.4 in [69] says that Q,({0})o (du) is uniquely deter-
mined by the Lévy measure of the «-stable part. This leads to the following.

Proposition 4.10. For a fixed « < 2 and p > 0, the extended Rosiriski measure
v is uniquely determined by the Lévy measure of the extended p-tempered o-stable
distribution.

Definition 4.11. A distribution in ETS}, with Gaussian part A, extended Rosifiski
measure v, and shift b is denoted by ETS, (A, v, D).

We conclude this section by giving a representation for the Lévy measure of a
distribution in ETS}, in terms of its extended Rosifski measure. Fix n e ETSh, with
Lévy measure M given by (4.6), and let f be any Borel function, which is integrable
with respect to M. If o < 0, then

/ FOOM(dn) = / / P e i — @, @16)
R4 R4 JO

I A Jx?

if ¢ = 0, then

o 1
_ -1 _—
/I.{df(x)M(dx) = /@4/0 fx)t e " dt P AL+ logt |XHv(dx), (4.17)

and if & € (0, 2), then

/ FOOM(dr) = / / Fl 10, ({0})o (du)
Rd Sd—l 0
+ / / ” F(x)r "% drR(dx)
re Jo
B / / " FuE oy e ()
]Id—l 0

* —1—a —(t/Ix])" o
+/]Rd/o ftE(x))t e dt|x|*R(dx)

o0 —(t/ Iy
= / FleE @S drv(dx). (4.18)
R4 Jo

I A |x]?e
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4.4 Sequences of Extended Tempered Stable Distributions

We now characterize the weak limits of extended p-tempered «-stable distributions.

Theorem 4.12. Fixa < 2, p > 0, and let p, = ETSY(Ay, vn, by). If pn — 1, then
w = ETSY(A, v, b). Moreover, ji, = W if and only if v, S von Rg, b, — b, and

lim lim (A, + H) = A, (4.19)
€0 n—>00
where
xxl bl v
H = / e (e v, (d). (4.20)
[x|<4f€ |x|

The result remains true if (4.19) is replaced by

limliminf (A, + H{) = limlimsup (A, + HS) = A. 4.21)

el0 n—o00 el0 >0
Remark 4.6. The extended Rosinski measure does not contribute to the Gaussian

part if and only if

Jx| !
lim lim sup trHS = lim lim sup/ / e drv,(dx) = 0. (4.22)
Ix|<i/f€

el0 n—soo el0 n—oo

Since for any € € (0, 1)

! oo
/ Un(d-x)/ e dr < trH; < / v,,(dx)/ =" ds,
[x|<e 0 </ 0

(4.22) holds if and only if

limlim sup v, (|x| < €) = limlim sup/ |x|*R,(dx) = 0. (4.23)
€l0 n—o0 30 n—>o0 Jx|<e

Remark 4.7. When « < 0 the condition v, % von Rg is equivalent to the condition

R, % Ron Rg and

lim lim sup/ log [x|R,(dx) =0, ifa=0 (4.24)
|x|>N

—0 p—o0

hm limsupR,(|x| > N) =0 ifa <0. (4.25)

n—>oo



58 4 Limit Theorems for Tempered Stable Distributions

When o € (0,2) and v,(I¢"") = 0 for every n then the limit does not have an
a-stable part if and only if

lim lim sup/ |x|“R,(dx) = 0. (4.26)
|x|>N

=0 p—o00

In this case, the condition v, % von ]Rg is equivalent to the condition R, % Ron
R¢ and (4.26) holds.

To facilitate the proof of Theorem 4.12, we begin with several lemmas.

Lemma 4.13. Fixa <2andp > 0. If s € Rwith |s| < 1, then

®© , 1, (! :
[ (cos (ts) — 1) 1% "dr < ——s2/ =" dr. (4.27)
0 24 Jo

Proof. Since cos(x) < 1 we have

o0 1
/ (cos (ts) — 1) e dr < / (cos (ts) — 1) 7% ds
0 0

1 4.4 2.2
r t
/ LI
, \24 2

11 ! ,
——s? / =" dy,
24 0

where the second line follows by the Taylor expansion of cosine and the remainder
theorem for alternating series. O

IA

IA

Lemma 4.14. Let {i,,} be as in Theorem 4.12.

1. If u, 5 W for some probability measure i, then sup v, (RY) < oo.

2. Ifv, S von Rg Sfor some finite measure v, then sup, v,(|x| > €) < oo for any
€>0.
3. If (4.21) holds, then there exists an € > 0 such that sup v,(|x| < €) < oo.

Proof. We begin with the first part, assume that u, 5 © and get R, from v,
by (4.15). Combining (2.1) and (3.12) with Lemma 4.13 implies that for |z| < 1

()] < exp { /| . /0 (cos (1(x.2)) — 1>r—‘—“e—’”dan<dx>}

1! ,
< exp %_ﬁ/ e dt/ {x, z)2R,,(dx)} ,
0 Ix[<1

where the first inequality follows by the fact that we can write u,, as the convolution
of a Gaussian, an element of TS5, and (when « € (0, 2)) an «e-stable distribution. By
Proposition 2.5 in [69] |1,(z)| — |/t(z)| uniformly on compact sets, and there exists
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a b > 0 such that |i(z)| > b on a neighborhood of zero. Thus, for large enough n
and all z in this neighborhood with |z| < 1 we have

11 !
b < exp ——/ tl_"e_’pdt/ (x,2)?R,(dx)}
24 <1

which implies that for all such z we have sup,, f,, -, {x.z)?R.(dx) < co. Clearly, if
this holds on a neighborhood of zero, it must hold for every z € R<. Now observe
that [x2 = Y0 %2 = 2% (x.e;)% where ¢; € R such that ¢; has zeros in all
coordinates except for a 1 in the ith position. It follows that

sup / XPRy(dx) = sup v, (3] < 1) < oo,
lx|<1 n

n

By Proposition 4.8, u is infinitely divisible. Let M), be the Lévy measure of u,
and let M be the Lévy measure of . Let fj be a nonnegative, continuous, bounded,
real-valued function vanishing on a neighborhood of zero with f(y) = 1 for |y| > 1.
When « € (0,2) by (4.18)

o0
/ i (OM, (dx) zf / @)
o [ J1
2
+/ / t_l_ag_(t/lxl)pdtvn(dx)
oo>‘x|21 1

-1 d—1 21
>o v, (]I ) +e o

vy(00 > |x| > 1)

> 72
a2¢
Similarly, when o = 0 by (4.17)

e 1 —p Vv, (dx)
/d/ fitnr e dt|x|2/\(1+10g+|x|)

, L (dx
> e “”/ f RGN =e v, (x| = 1).
=1 Jx =1 1+10g 1+ log |x]

and when o < 0 by (4.16)

vn(lxl >1).

/ £ (OM,(dn)
]Rd

[ aeoman = [ [ penrteet a @

oo 2
va(lx| = 1) f e dr,
1

IV

Proposition 4.8 implies that the left side converges to [p, fi (x)M(dx) in all three
cases. Thus, since [, fi (x)M(dx) < oo, we have sup, v, (|x| > 1) < oo.
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The second part follows immediately from Proposition 4.4. The third part follows
from the fact that (4.21) implies that there exists an € > 0 such that

elx !
oo > limsup trHS = lim sup / / 17" drv, (dx)
[x|<f€ JO

n—>oo n—oo
Je
. —a —fP
> lim sup/ 1! dt/ v, (dx),
n—o00 JO [x|</€
and hence sup, v, (|x| < /€) < oo. O

Lemma 4.15. Let {1,} be as in Theorem 4.12 and let M, be the Lévy measure of
. If sup v, (RY) < oo, then

lim lim (An + / xxTM,,(dx))
€¢0 n—>o0o |x|§e

xxT elx|™! )
=lim lim [A, + / / e drv, (dx) | , (4.28)
| 0

elo n—o00 r<ve X2

whenever at least one of the limits exists. The result remains true if we replace
lim, o0 by liminf, .o or limsup,_, .

Proof. We give the proof for the case when @ € (0, 2) only, as the other cases are
similar. We can write

g = ‘ T 11—«
/)456 M = /H /0 E@IE ] dr, ()

€lx| 7!
+ f [ xxT 117%™ drlx| v, (dx)
oo>|x|>1J0
elx| 7! )
—|—/ f xxT 17" dt]x| "% v, (dx)
1>|x|> /€ Jo

+ / / a xxl 177%™ dtlx| 72 v, (dx)
ll<ve Jo
= I+ L+ I+ I°.
Set C := sup,, v, (RY) < oo and note that
2—a

limlimsup tr/7" < lim C =0,
€0 n_)oop L= o 2—«

=1 2—a

€lx
lim lim sup trfy € < / |x|2_°‘/ '~%drv,(dx) < limC € =0,
el0 n—oo co>x|>1 0 o 2—«
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and
lim lim sup tr/3 < lim lim sup / / 7%drv, (dx)
0 p—soo 0 p—o0 1>[x|>4/€ JO
) € 1—a/2
<limC =0.
o 2—«o
From here the result follows immediately. O

Proof (Proof of Theorem 4.12). Throughout this proof let M, denote the Lévy
measure of .

Assume that 5 . By Proposition 4.8  is infinitely divisible with some Lévy
triplet (A, M, b) such that b, — b, M, % Mon R¢, and (4.9) holds. Combining this
with Lemmas 4.14 and 4.15 gives (4.19) which implies (4.21). It remains to show
that there is an extended Rosifiski measure v such that © = ETSh(A,v,b) and

Vp — v on RY. )

By Lemma 4.14, sup v,(R?) < oo. Thus, Proposition 4.6 implies that there is a
finite Borel measure ¥ on R? and a subsequence {vn } with vy, % P onRY. Let v be
a finite Borel measure on R with

V(A) =7 (A\{0}), A e BRY.

Note that v({0}) = 0 and that v, 5 von ]1_%6’. Let f be any continuous nonnegative

function on R¥ such that there are €, K > 0 with f(x) = 0 whenever |x| < € and
f(x) < K for all x € R?. For x € R define

(e} ——q e 1x)P
JZrE@n! fo/lz;)m & ae(0.2)
ga(x) = j;T;—lf(-Xt) ! mdl a=0 . 4.29)

o

fj;,. flxnyr = I}‘:‘;Mdt a < 0.

We will show that
tim [ a0 = [ eutop@. (4.30)
R

j—)

Assume for the moment that this holds. Observing that g, (0) = 0 gives
| rom@ = tim [ om0 = tim [ gm0
R4 J7>00 JRd J7>0 JRd

=/_ ga(x)f}(dx)=/_ 8o (X)v(dx),
Rd R4
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which implies that M is the Lévy measure of an extended p-tempered «-stable
distribution with extended Rosifski measure v. This proves that the class ETS, is
closed under weak convergence. Moreover, since, by Proposition 4.10, v is uniquely
determined by M, v, % von Rg.

We now complete the proof of this direction by showing that (4.30) holds. By the
definition of vague convergence on R¢ it suffices to show that for each « the function

g« is bounded and continuous. When « € (0, 2) the facts that f;o ~17*dt < oo and
that f(&¢ (x)t)% is uniformly bounded for x € R? and t > ¢ show that g, is

bounded and, by dominated convergence, it is continuous on R?. When o < 0,

_—

1 e
L efo—1yf ()1 e

— <Ke " (t—l—ot + tl—a€—2) ’

which is integrable on [0, 00). Thus g, is bounded, and by dominated convergence
it is continuous on R?. When o = 0, by Lemma 4.7, it suffices to show that g, is
bounded and continuous only on R, so fix x € R. If |x| < I, then

e GO e~ 1|72 < TimgKe 216 ™,

which is integrable with respect to ¢. If |x| > 1 fix § € (0, |x] — 1) and let X’ be such
that [x' — x| < 8. Then 1 < |¥/| < |x| 4+ § and

-

—1 = —1 —
1[,>€|x/|71]f(x’t)t le 4 [1 + IOg |x'|] = l[lZ€(|X‘+5)7l]Kt le s

which is integrable with respect to ¢. Thus, by dominated convergence g, is
continuous on R?. To show that go(x) is bounded, note that if |x| < 1 then, as
before,

o0
go(x) < K(z/ te™"dr < o0,
0

and if |x| > 1 then

€e o0
go(x) < K[l +log |x|]_'/ ldr + K/ e dr
€

€lx|~1 e

o0
=K+ K[ e " dr.
€e
We now turn to the other direction. Assume that b, — b, (4.21) holds, and

Vn % von Rg. We need to show that pu, = i, where u = E]_"Sﬁ'((A, v, b). Let
M be the Lévy measure of u. Lemma 4.14 implies that supv,(R) < oo. Thus

combining (4.21) with Lemma 4.15 gives (4.10). To show that M, % Mon Rg we
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will show that every subsequence has a further subsequence that does this. Let {n;}
be any increasing sequence in N. By Proposition 4.6 there is a subsequence {ny,}
and a finite Borel measure » on RY such that Vi 2 % on R, Clearly, v, = 7|,
K _ 0 R0
where Vi and f)|]R , are the restrictions, respectively, of v and v to Rg. Let f be a
0 0

continuous nonnegative function on R satisfying the same assumptions as in the
previous direction, and define g, by (4.29). Observing that g, (0) = 0 gives

[ reom, @0 = [ guom, @
R4 R4 ’

= [ auwp@) = [ e = [ rooma.

where the convergence follows by arguments similar to the previous direction. 0O

4.5 Closure Properties

In this section we show that ETS?, is, in fact, the smallest class that contains 7S5 and
is closed under weak convergence.

Proposition 4.16. Fix o <2 andp > 0.

1. If . = N(0, A), then there is a sequence {ji,,} in TSy with [, 5 I

2. Ifa € (0,2) and u = S,(0,0), then there is a sequence {i,} in TSy with
Mn —> [

3. The class ETSL, is the smallest class that contains TSh and is closed under weak
convergence. Moreover, this class is closed under taking convolutions.

Proof. First observe that

i{xz)rs 1 _ _ilxzg)sr
li e 1 1+|xr[2s2 1 2.2
im > =—=(x,2)°r.
s—0 N 2

Let R = N(0, cA), where ¢ = [.fooo rl_“e_”pdr]_l. LetX = (X1,...,X;)T ~Rand
define

R,(B) = n2/ 15(xn)R(dx), B € B(RY).
R4

By (3.14) this is the Rosifiski measure of some distribution in TSh. If w, =
TS5 (R,, 0), then the cumulant generating function of u,, satisfies
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o .

c = iear _q _ ix, z)r —lma " 4R (dx
10 (2) /Rd/ (e I+ kP r e rR,(dx)
R 1 + |x/n|?>r?

— ——f {x,z2) 2R(dx)/ e " ar
2 Jpa

:__ZZZ,ZJ XX~ = (zAz) C(),

i=1 j=1

where C,, is the cumulant generating function of p and the third line follows by
dominated convergence. This implies that the first part holds. For the second part let

o
R(B) = / / 1g(ut)e™ "t *dto (du), B € B(RY),
sd—1 Jo
and note that
o®) = [ 1 (1) KER@). B e BE.
R |x|
Let

R,(B) =n“ /R ) 13(xn)R(dx), B € B(RY).

By (3.14) this is the Rosifiski measure of some distribution in TSh. If wu, =
TS (R, 0), then the cumulant generating function of p, satisfies

Cun (@) = /1;41/ ( e ] _f_ |x|)2rr2) e drR, (dx)
W N (L PR
= Ad/ ( i)/l _q _ (x1 itt/zlxl) 1Y gy e R )
- A‘y/ ( e/l _ | _ (x1 itt/zlxl) 1 xR ()

_ ey~ MDY e @y = ¢
/S;:H /0 (e 147 7 (du) M(ZL
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where the third line follows by the substitution ¢ = rn|x| and the fourth by
dominated convergence. The third part follows from the first two, Theorem 4.12,
and Remark 4.3. O

Definition 4.17. For « < 2 and p > 0, a random variable is said to have an
elementary p-tempered o-stable distribution on R if it can be written as Ukx,
where x € R? is a nonrandom vector and U ~ ID(0, M, b) is an infinitely divisible
random variable on R with » € R and M(dr) = cl[,>0]t_1_"‘e_’1’dt, for some ¢ > 0.

For A € R, we have

Ee*V = exp c/w &M —_1— iAt e dr +idbY . (4.31)
0 1+

Thus for z € R?

o .
i{z,Ux) _ i(zx)t 1 i(z, x)t N —1P .
Ee''sY* _exp{c[) (e X, 1 1+t2 f %y dl+l(Z,xb)

o0 .
- e _ = DN e gip () + iz b
P {/Rd/o (e 1+ [y]222 e (dy) +i{z,xb) ¢ ,

where R(dy) = ¢8.(dy) and &' = b + ex(1 = xP) [i° pmmaen e dr.
Thus, Ux ~ TSh(cé,, b'). Further, a distribution p is the distribution of a finite
sum of independent elementary p-tempered «-stable random variables if and only if
w = TSH(R, b) with R concentrated on a finite number of points. We now show that
every distribution in ETS/, can be approximated by such distributions.

Theorem 4.18. Fix o < 2 and p > 0. The class ETS}, is the smallest class of
distributions closed under convolution and weak convergence and containing all
elementary p-tempered a-stable distributions. In fact, n € ETSh, if and only if there
are probability measures |iy, [L3, ... on RY with 5 W such that each [, is the
distribution of the sum of a finite number of independent elementary p-tempered
a-stable random variables.

For the case p = 1 and o € {—1, 0} this was shown in Theorem F of [6]. There
the result followed from the properties of a certain integral representation. A similar
representation for the case ¢ < 2 and p > 0 is given in [51]. However, when
a € (0, 2) the properties of the representation are quite different, and it appears that
a proof analogous to that of [6] cannot be constructed in this case. Instead, we base
our proof on Theorem 4.12.

Proof. In light of Proposition 4.16, it suffices to show that we can approximate any
distribution in TSh. Let ; = TSh (R, b) and let v be its extended Rosinski measure.
Let {v,} be any sequence of finite measures on R? with finite supports such that
v,({0}) = 0, v, (1) = 0, and v, “ v on RY (such measures exist by, e.g.,
Theorem 7.7.3 in [8]). By the Portmanteau Theorem (Proposition 4.4)
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limlimsup v, (Jx| <€) <limv (Jx|] <€) =v (Jx|] =0) = 0.
€0 n—o0 €0
Thus, if u,, = ETS5(0, v, b), then u, 5 1 by (4.23) and Theorem 4.12. O

Since all elementary p-tempered «-stable distributions are proper, we get the
following.

Corollary 4.1. ETS!, is the smallest class of distributions closed under convolution
and weak convergence and containing all proper p-tempered a-stable distributions.



Chapter 5
Multiscale Properties of Tempered Stable
Lévy Processes

In this chapter we characterize the multiscale properties of p-tempered «-stable
Lévy processes. Specifically, let X = {X, : t > 0} be a p-tempered «-stable Lévy
process. We will show when there exist deterministic function @, > 0 and b, € R
and a random variable Y not concentrated at a point such that

aX,—b, 5 Yast—c (5.1)

for ¢ € {0, 00}. When ¢ = oo this is called long time behavior and when ¢ = 0 it
is called short time behavior.

From Lemma 2.5 it follows that in both cases Y must follow some S-stable
distribution. Further, by Theorem 4.12 it must have a distribution in ETS,. The only
B-stable distributions in ETS, are those with B € [a, 2] if & € (0,2) and those with
B € (0,2] if < 0. Thus, these are the only possible limiting distributions.

An important consequence of long and short time behavior is that it can be
extended to convergence at the level of processes. For 2 > 0 consider the time
rescaled process X" = {X;, : t > 0}. Theorem 15.17 in [41] implies that, if (5.1)

holds, then there exist processes X" £ X" such that for all ¢ >0

sup |ah)~('§‘ — by =Yy Loash—c, (5.2)

s<t

where {Y; : t > 0} is a Lévy process with Y; Ly, Thus, in a sense, long time
behavior corresponds to what the process looks like when we “zoom out” and short
time behavior corresponds to what the process looks like when we “zoom in” on it.
When the long and short time behavior of a process are different, the process is
multiscaling: it behaves differently in a long time frame from how it behaves in a
short time frame.
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5.1 Long and Short Time Behavior

In this section we characterize the long and short time behavior of tempered
stable Lévy processes. The proofs are deferred until Section 5.2. First note that if
{X, 1t > 0} is a Lévy process with X; ~ TS (R, b), then by Proposition 3.5 for any
a, > 0 and b, € R? the distribution of a,X, — b, is given by T'S%(R;, 1;), where

R(A) =t / 14 (a;x)R(dx), A € BRY) (5.3)
R4
and ), is given by
ta;b + ta,(1 — a2)/ /00 Slall e rP7%drR(dx) — b
SO T edo (U PRa) 1+ x2) )
(5.4)

We begin with the case where the limiting distribution is -stable with 8 € (0 v
«,?2). From Proposition 3.12 it follows that all such B-stable distributions belong
to the class TS5 and have a Rosifiski measure given by Rg as in (3.19). Note that,
by Theorem 4.12 and Remark 4.7, for the long (or short) time behavior of u to be
B-stable it is necessary that

v -
R —REonRfast—c,

where ¢ = oo (or ¢ = 0). We will show that this is also sufficient and that it is
equivalent to the regular variation of R at c¢. For a # 0 a version of this result was
given in [30]. Our proof, which we defer until Section 5.2, allows for the case « = 0
and is shorter and simpler.

Theorem 5.1. Fixc € {0,00}, 0 <2, p >0, 8 € (0V ,2), and let o # 0 be a
finite Borel measure on S\, Let {X, : t > 0} be a p-tempered a-stable Lévy Process
with X1 ~ TSy(R,b) and let Y ~ Sg(0,0). There exist non-stochastic functions
a, > 0 and b, € R? such that

a,X; — b, i) Yast — ¢ 5.5)
if and only if R € RViﬂ (0). Moreover, in this case, de € RVil/ﬂ,
a, ~K"P/V=(t)ast — c, (5.6)

where K = B~'0(S4™") and V(t) = 1/R(|x| > 1), and b is such that, if ne is as
given by (5.4), thenn, — Oast — c.
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We now turn to the case when « € (0, 2) and the limiting stable distribution has
the same index of stability as the one being tempered. In this case, instead of the
Rosiriski measure or the extended Rosiriski measure, we prefer to work with

v!(dx) = [x|"R(dx),

which we call the modified Rosinski measure. Theorem 3.3 implies that this is
a finite measure if and only if R is the Rosifiski measure of a proper p-tempered
a-stable distribution.

Theorem 5.2. Fix c € {0,000}, @ € (0,2), p > 0, and let 0 # 0 be a finite Borel
measure on S, Let {X, : t > 0} be a p-tempered a-stable Lévy Process with
X, ~ TSh(R,b) and let Y ~ S,(0,0). There exist non-stochastic functions a; > 0
and b, € R? such that

aX; — b, —d> Yast — ¢ 5.7

if and only if v! € RV§(0), where v!(dx) = |x|*R(dx). Moreover; in this case,
de € RVﬁl/a with
a; ~ KV /V () ast — c, (5.8)

where K = o(S9™") and V(t) = 1*/v'(|x| > 1), and bs is such that, if e is as given
by (5.4), thenn; — Oast — c.

Combining this with facts about the domains of attraction of infinite variance
stable distribution given in, e.g., [30] we get the following result, which extends
Theorem 3.18.

Corollary 5.3. Fixa € (0,2), p > 0, and let = TSY(R,b). If M is the Lévy
measure of jt and v' (dx) = |x|*R(dx), then

W € RV (0) <= M € RVZ,(0) <= v' € RV{°(0). (5.9)

It turns out that when ¢ = 0 and X; has a proper p-tempered «-stable distribution
the result of Theorem 5.2 always holds. In this case Theorem 3.3 implies that v! is
a finite measure, and hence v! € RV{)(0) with

o(B) = / (| |)v (dx) = / (| |)|x|“R(dx) B e B(S.

In this case
V(i) ~t“/Kast ] 0
and by Proposition 2.6

a;~1Yas 1] 0.



70 5 Multiscale Properties of Tempered Stable Lévy Processes
Thus Theorem 5.2 implies that if Y ~ S, (o, 0), then for properly chosen b,

tim (1~/X, ~ by L vastlo. (5.10)
0

This is not surprising because by Remark 3.5 all proper p-tempered «-stable
distributions with o« € (0,2) belong to the class of generalized tempered stable
distributions, and, for this class, results analogous to (5.10) are given in [66].

We conclude this section by turning to the case where the limiting distribution is
Gaussian, i.e. where it is a $-stable distribution with § = 2.

Theorem 5.4. Fix ¢ € {0,00}, « < 2, p > 0, and let B # 0 be a symmetric
nonnegative-definite matrix. Let {X, : t > 0} be a p-tempered «-stable Lévy process
with X, ~ TSh(R, b) and let

A= / xx! R(dx). (5.11)
lx[<t
There exist non-stochastic functions a, > 0 and b; € R? such that
d
a;X; —b; — N(0,B)ast — ¢ (5.12)
if and only if A, € MRV{(B/trB). Moreover, in this case, de € RVil/2 and

a, ~K V2V (t)ast — c, (5.13)

where K = [° s'%¢™"ds/trB and V(1) = tz/f|
if ne is as given by (5.4), then n; — 0 ast — c.

|x|2R(dx), and b, is such that,

x|<t

Note that in the case fRd |x|2R(dx) < oo dominated convergence implies that
As € MRVS®(B/ttB) where B = [, xx” R(dx). Combining Theorem 5.4 with facts
about the domain of attraction of the multivariate Gaussian given in [29] gives the
following.

Corollary 5.5. Fix c € {0,00}, let 1t = TSH(R, b), and let M be the Lévy measure
of . There exists a nonnegative definite matrix B # 0 with
f xx"R(dx) € MRV{(B) (5.14)
[x|<e

if and only if

/ xx"M(dx) € MRV(B). (5.15)
[x|<e
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Further, if c = oo and one of (5.14) or (5.15) holds, then there is a nonnegative
definite matrix B’ # 0 (possible different from B) such that

/ xx” u(dx) € MRVS®(B).
[x|<e

5.2 Proofs

In this section we prove the results of Section 5.1. We begin with several lemmas.

Lemma 5.6. Fix ¢ € {0, 00}, let Y be a random variable whose distribution is not
concentrated at a point, let as be a positive function, and let {X; : t > 0} be a Lévy
process with X| ~ ID(A, M, b) and M # 0. Assume that there exists a deterministic
function Es taking values in R? such that

d
limaX, — & — Y.
—>c

1. Ifc = 0, then lim, g a; = oo and ay;; ~ ayj+1) ast — oQ.
2. If ¢ = oo, then limy_,o0 a; = 0 and a, ~ a;4 ast — oo.

Proof. First assume ¢ = 0. Let £ := liminf, oa, and assume for the sake of
contradiction that £ < oo. This means that there is a sequence of positive real
numbers {t,} converging to O such that lim, .. a;, = {. Consider a further
subsequence {t,,} such that lim; ;s Stn,- exists (although we allow it to be infinite).

Stochastic continuity of Lévy processes implies that X; Loast 1 0, thus Slutsky’s
Theorem implies that

Y = d-lim(a, X, —&, )< €0— lim &, .
i—00 1 1 v l*)OO 1

which contradicts the assumption that the distribution of Y is not concentrated at a
point. Thus lim, o a; = oo.

Let Cx, (o) be the cumulant generating function of X;. The characteristic function
of ai; X1y — iy is exp (1Cx, (a1y2) — ifz.&171)). If fiy(z) is the characteristic
function of Y, then

N . 1 )
fy(z) = lim exp (—Cxl (ai/iz) — z(z,él/z))
—>00 t

. 1 . t
= r1_1)1(1)10 exp (H—lel (al/,z) — iz, H_—lél/r)) )
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which implies that

d o, t
Y = C}J'gg (611/IX1/(t+1) i 151/:)

4

. ai/e ai/e t
-lim ay e+ X+ — E/a+1)) + El/a+1) — &1 )
-lin (a1/<t+1)( A0 Xy = Syern) o e = ey

Since (al/(,+1)X1/(,+1) — 51/(,“)) i Y as t — oo, the result follows by the
Convergence of Types Theorem, see, e.g., Lemma 13.10 in [69].

Now assume that ¢ = co. Let M; be the Lévy measure of a,X, — & and note that
M,(e) = tM(e/a,). By Lemma 2.5 Y has a stable distribution. Let M’ be its Lévy
measure and note that M’(|x| = s) = 0 for all s > 0. From here Propositions 4.8
and 4.4 imply that for any s > 0

lim tM(|x| > s/a,) = lim M,(|x| > 5s) = M'(|x| > s5) < oo,
t—>00 =00

where the finiteness follows from the fact that M’ is a Lévy measure. This implies
that a, — 0. Now let X’ £ X; be independent of {X; : > 0}. By Slutsky’s Theorem

aX' 5 0ast — oo and
d .
Y = d-lim (@41 X1 — E41)
—>00

d L.
= (};1101331 (a1 Xi + a1 X' — 41

d . a a
4 -hm( T X — £) + '*‘a—sﬁl).

—>00 a; a;

d
Combining this with the fact that (a.X; — &) — Y as t — oo and another application
of the Convergence of Types Theorem gives the result. O

Lemma 5.7. Fix ¢ € {0, 00}. Let M be a Borel measure on R satisfying (2.2). Fix
a, B > 0witha + B € (0,2) and define M (dx) = |x|*M(dx). IfM' € RViﬂ(J)for
some o # 0 and

M,(D) = t/ 1p(ax)M(dx), D € B(RY),
R4
where a, ~ k" B+0) V< (1) for some k > 0 and V(t) = 1*/M"(|x| > t), then

lim lim sup / |x|*M,(dx) = 0.
[x|<s

s=>0 ¢
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Further, if for some n € [0, B + «)

—>c

/ |x|"M(dx) < co, then lim lim sup/ |x|"M,(dx) =0
[x]>1 $—>00 [x[>s
and if o« = 0 and

[ log |x|M(dx) < oo, then lim lim sup[ log |x|M,(dx) = 0.
|x[>1 s [x[>s

=00 ¢

Note that when ¢ = oo Proposition 2.12 implies that if M' € RVS% (o), then
flx\> | 1¥["M (dx) < oo for any n < a + B. However, a similar result does not hold
when ¢ = 0.

Proof. Define

Uu) := /I |x|“M(dx) and U’ (u) := / |x|*M,(dx) = taf U(u/a,).

x| >u

Note that (2.16) implies that U RViﬂ and (2.8) implies that as € RV<, J(B+a)
and hence by Proposition 2.6 lim,_,. a, = 1/¢. By Proposition 2.6 it follows that as
t—c

Ko/ (@+p) k

t ~ V V(— t ~ ~ .
V=) aM'(|x| > KM/t Ja)y  a2U(1/a,)

Combining this with Fubini’s Theorem gives

I
lim |x|?M,(dx) = lim(2 — ) / / u' ~%du|x|*M, (dx)
¢ 0

¢ J |5 <s lxl<s

= lim [(2 —a) /5 W U (wydu — 7 U[(s)]
0

—>c

= limta} [(2 —a) /S ' ™U(u/a)du — s> U(s/a,)]
1—>c 0

|:(2 - a)fos u' = U(u/a))du 2o Us/ar) :|

= limk s
1=c u(1/a,) u(l/a,)
a2—o¢ s/ap ul—a U d
= limk(2 — a)—2 (u)du — ks> P
1=c U(l/ay)
Sla g
U(u)d
= limk(2 — @) Jo " W)t -amp — ks
1—>c

(s/a>U(s/a)"
2—«

— k—s2—a—ﬂ _ kSZ—Ol—ﬂ,
2—a—p
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which approaches 0 as s — 0. In the above the fifth equality follows by change
of variables and the seventh by Karamata’s Theorem (Theorem 2.7). The proofs
of the other parts are similar. We just need to note that by Fubini’s Theorem for
n €0, + «) and s > 0 we have

o0
/ |x|"M,;(dx) = (n — a)/ W U (w)du 4 s"0 U (s)
|x|>s s
and for ¢ = 0 and s > 1 we have
o
/ log |x|M,(dx) = / u U (wydu + U'(s) log(s).
|x|>s s

This completes the proof. O

Proof (Proof of Theorem 5.1). Note that a,X;, — b, ~ TSh(R,,n,), where R, is
given by (5.3) and 7, is given by (5.4). If (5.5) holds, then Lemma 5.6 implies that

lim,—,. a; = 1/c and, by Theorem 4.12 and Remark 4.7, lim,_,. n, = 0 and R, 2 Rg
on Rg as t — c. Since, for all b > 0, Rg(|x| = b) = 0, for any D € B(S") with
0(dD) = 0 the Portmanteau Theorem (Proposition 4.4) implies that

. X . X
lim tR (|x| >b/a, — € D) = limR, (|x| >b,— € D)
—>c —>c

|x] ||
=R§ (|x| >b,i eD)
||
o0
= / / r 1P dro (du)
pJb
= B la(D)b7F.

Thus, by Proposition 2.11, R € RVS‘/’S (0), ae € RVE‘i/ﬂ, and (5.6) holds.
Conversely, assume that R € RVE‘,’S (0). Let R, be as in (5.3) and a;, as in (5.6). By
Proposition 2.11, for any 5 > 0 and D € B(S?~") with o(dD) = 0

limR, (x| > b, = € D) = limR (|| > b/a;, = € D
t—c |x| t—>c |x|

= B o (Db

:/D/boor_]_ﬁdra(du)

8 X
=R’ |x|>b,meD .
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Since, for all b > 0, Rg(|x| = b) = 0 we can use Lemma 4.9 to get R, 5 Rg on Rg
as t — oo. From here the result follows by applying Lemma' 5.7 and Remarks 4.6
and 4.7. O

Proof (Proof of Theorem 5.2). By Proposition 2.11 v! € RV{(o) if and only if
there is a function ae with lim,—,.a, = 1/c such that for all s € (0,00) and all
D e B(S1) with 6(dD) = 0

lim ra'v! (|x| > s/a, ﬁ c D) — o(D). (5.16)

When this holds a. € RVS‘f/a and q, is as in (5.8). Thus, it suffices to show that (5.7)
holds if and only if (5.16) holds.

Let v be the extended Rosiniski measure of X, let vy be the extended Rosinski
measure of Y, and let R, and v; be, respectively, the Rosifiski measure and the
extended Rosiriski measure of a,.X; — b;. For D € B(S‘™") with ¢ (3D) = 0 and
s € (0, 00) define A}, := {|x| > s, §(x) € D} and note that vy(3dA},) = 0.

First assume that (5.7) holds. Lemma 5.6 implies that lim,,.a, = 1/c and

Theorem 4.12 implies that v, > Vy on ]Rg as t — c. By the Portmanteau Theorem
(Proposition 4.4)

}1_r)rg v(A}) = vy(A}) = vy(coD) = o (D). (5.17)

When s > 1

! (") = /| IR R

— [ 1@l R @) = vap)
|x|>s
and similarly when s € (0, 1)
ta‘,”v1 (Af)/“’) = ta’t’lv1 (Allj/a’) + taf‘vl (Ai)/a’> — ta‘,"v1 (A;)/a’>
=)+ [ 1R

1>|x|>s

Now observe that by (5.17) when s € (0, 1) we have

lim 1p(E () 1x|“R(dx) < lim s~ / 1p(§ (%) [x*R;(dx)

¢ J1>|x|>s 1>|x|>s

= lims™%7 [v,(4}) — vi(Ap)]

=5 % [g(D) —o(D)] = 0.

'Tt should be noted that the parameter o means different things in Theorem 5.1 and in Lemma 5.7.
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Putting everything together implies that for any s € (0, co0)

lim v (A;)/“f) = limv,(A)") = (D),
—>c

t—>c

and (5.16) holds as required.
Now assume that (5.16) holds. By Proposition 2.11 a, satisfies (5.8) and a, €
RVﬂl/a. As in the previous case, for s > 1 we have

v (A3) = ta®v! (Az/a’) ,

and for s € (0, 1) we have

A = A + i) ~ Ay = i’ (af) + [ PR )
>|x[>s

Now observe that (5.16) implies that for s € (0, 1)

lim 1p(£(x))|x[*R(dx) < }1_1)1:/1 y 1p(E(x))|x|*R,(dx)

=¢ J1>|x|>s
— lim [m%‘(AS/“') - m%l(A‘/“')]
| id D ' D
=0o(D)—-o(D) =0.
This implies that for all s € (0, 00)

limv,(4},) = limtav' (A5""*) = o (D).

and by Lemma 4.9 it follows that v, 2 Vy on Rg as t — c¢. Thus we have
convergence of the extended Rosifiski measures. It remains to show convergence
of the shifts and Gaussian parts. The convergence of the shifts is equivalent to the
condition that 5, — 0 as t — c¢. By (4.23) the limit will have no Gaussian part so
long as

limsup v (Jx| < 1) =0,

—>c
which follows immediately from Lemma 5.7. This concludes the proof. O

To prove results for convergence to the Gaussian we need a few additional
Lemmas.

Lemma5.8. Fixa < 2, p > 0, and let {R,} be a sequence of measures on R?
satisfying (2.2). If, for any s > 0, lim, oo R, (|x| > s) = 0 and if for some k > 0

sup/ [x|*R,(dx) < oo,
x| <k

n
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then for any a, b, c € (0, c0)

¢/ x|
lim / xx? / e dtR, (dx) — ¢ xx'R,(dx) | =0,
=00 \ Jlxl=a 0 lx|<b

where { = [ 1'% dr.

Proof. Fix € > 0 and let C = sup, [, .,
lim, oo fy 1'%~ dr = ¢, which implies that there exists au’ € (0, co) such that if
u > i/, then |§ — o tl_"‘e_fpdt| < £.Fix d > 0 such that &’ < min{c/u’,a, b, «}.
For any 1 <i,j < d we have

|x|>R,(dx). By dominated convergence

c/Ixl
/ XiXj / 17" iR, (dx) — & xiXiR, (dx)‘
|x|<a 0 [x|<b

A

¢/l
[ XiX;j [ 117" diR, (dx) — ¢ xiX;R,, (dx)
[x|<da’ 0 |x|<a’

/Il ,
/ XiX; / 1'%~ dtR,, (dx)
a <|x|<a 0

+ 'f fa/<|X|§b XinRn(dx)‘

= Al,n + A2,n + A3,n~

_|_

Further,

Arp < ¢ [x[*R,(dx) < a”R,(|x| > a') — 0,

a' <|x|<a

Az, <C [x|*R,(dx) < {BR,(|x| > a') — 0,

a’ <|x|<b

¢/l ,

TR T e
|x|<a’ 0

c/a ,

5/ |x|2 é-_/ Il_ae_t
x| <a’ 0

< isup/ Ix[2Ra(dx) < e,
¢ <o’

n

and

dtR, (dx)

drR, (dx)

which completes the proof. O
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Lemma 5.9. Fix ¢ € {0,00}. Let M be a measure on RY satisfying (2.2) and let
A, = -f\x|<u xx"M(dx). If Ae € MRV{(B) for some B # 0 and

M,D) =1t /R ) 1p(ax)M(dx), D € B(RY),

where a, ~ kY2 )V(t) for some k > 0 and V(t) = t2/f|
following hold.

1. There exists a § > 0 such that if B = (0,8) when ¢ = 0 and B} = (1/8, 00)
when ¢ = 0o, then

|x|>M (dx), then the

x| <t

sup/ |x|>M,(dx) < oo.
[x|<1

teB?

2. If, forn € [0,2),
/ |x]"M (dx) < oo, (5.18)
[x[>1

then lim,—, . le|>s |x|"M;(dx) = O for all s > 0. Moreover, when ¢ = oo (5.18)
holds for every n € [0, 2).
3. Iff\x|>1 log |x|M(dx) < oo, then lim,_, o, lim supt_,cf|

Proof. Let

log |x|M,(dx) = 0.

x|>s

Uu) .= [ [x|*M(dx) = trA, and U'(u) := / |x|*M,(dx) = tan(u/a,).

[x|<u

From Definition 2.8, (2.8), and Proposition 2.6 it follows that U € RVf, ae €
RV, limisear = 1/c, and 1 ~ V(1 [(a k) = [ka?U(1/(aNk)]™' ~
[ka?U(1/a,)] " as t — c. Part 1 follows from the fact that

U
lim |x|2M,(dx) = lim ta? / |x|?M(dx) = lim Yltfa) _ 1/k < oo.
i=¢ Jly<i t—c <1/, t—c kU(]/a[)

Now to show Part 2. By Fubini’s Theorem it follows that for any s > 0
o0
/ |x|"M;(dx) = (2 —1n) / WU (u)du — s72U(s).
[x|>s s

When ¢ = oo the right side is finite by Lemma 2 on Page 277 in [23], and hence the
left side must be finite as well. Further, we have
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lim |x|"M,(dx) = }H)n ta’ |:(2 —n) /00 " 3U(u/a,)du — s"_zU(s/a,):|

t—>c |x‘>s

— limk—l [(2 _ n) ‘/:YOO un_?’U(u/at)du _ Sn_z U(S/a[)}

I=c u(l/a) u(l/a,)
00 n-3
u"U(u)du
— }im k—1(2 —7) fs/ar =2 _ =12

g5

U(s/ar)(s/ar)"=>
= k! (s"_2 - s”_z) =0,

where the third equality follows by change of variables and the fourth by Karamata’s

Theorem (Theorem 2.7). We now turn to Part 3. First consider the case ¢ = oo. The
fact that log |x| < |x| (see, e.g., 4.1.36 in [2]) and the result of Part 2 gives

0 < lim lim sup/ log |x|M,(dx) < lim lim sup/ |x|M,(dx) = 0.
700 1500 Jix|>s 700 1500 Jlx|>s
Now assume that ¢ = 0. In this case a, — oo as t — 0 and we have

limsup/ log |x|M;(dx) = limsupt/ log |xa;|M (dx)
|x|>s [x|>s/a,

t—0 t—0

f|x|>s/at log |xa,|M (dx)

= limsu

ol ka2U(1/ay)
iy Jixjo1 10g [xa,|M (dx)
T 50 P ka?U(1/a,)

f12|x|>s/a1 lOg |xal|M(dx)
katU(1/a,)

=: limsup [, (¢) + L(s,1)].
t—0

Define

a+bloglul _,

FW == 0a7m

)

where

a= / log |x|M(dx) and b = M(dx),
|x]>1

[x[>1



80 5 Multiscale Properties of Tempered Stable Lévy Processes

and note that, by assumption, a,b € (0, 00). The fact that U € RV implies that
f € RVZ and thus by Proposition 2.6

lim/,(f) = limf(a;) = lim f(r) = 0.
t—0 t—0 t—>00
Using the inequality log |x| < |x| again and Fubini’s Theorem gives

/ log |xa,|M(dx) < a,/ |x|M (dx)
1>|x|>s/a; 1>|x|>s/a;

00
= a,/ u_2/ |x|>M (dx)du
s/a; s/ar<|x|<(uAl)

(o)
< a,/ u_2/ |x|>M (dx)du
s/a [x|<(uAl)

1
= a,/ w2 U(u)du + a,U(1)
/

a/s
=a,/ U(l/u)du + a,U(1),
1
where the final line follows by change of variables. This implies that

[P U fuydu U(l)
ka,U(1/ay) ka,U(1/ay)

L(s, 1) < =: D1 (s, 1) + I (1).

By Karamata’s Theorem (Theorem 2.7) and the fact that U(1/e) € RV§® we have

a/s
U(1/u)d
lim limsup b (s, 1) = hm lim supM =1
§700 45 =00 0 k(a;/s)U(s/a;) s—>o00 k

Finally, note that the function of u given by kuUEl)/u) is an element of RV}, which

implies that lim,_, I, () = 0. |

Proof (Proof of Theorem 5.4). Note that a,X, — b, ~ TSy (R;, n,), where R; is given
by (5.3) and 7, is given by (5.4). Before proceeding set { = f si=@e™"ds.

First assume that A, € MRV (B/trB) and that a, is given by (5.13). This implies
that ae € RV, /2 Further, Lemma 5.9 implies that the assumptions of Lemma 5.8
hold. Using this lemma gives

€/l
lim lim xxl f 517%™ dsR,(dx) = lim¢ xxT R, (dx)
0 17¢ Jiy< fe 0 =e” Jl<1/VK

= ¢limta? xx” R(dx)

= /Ixsl/(«/fat)
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T
= {limK™! Ji=1/(Ray ¥ R(dx)
e fiz1/(Ra FIPR(A)

- <1 Rap X5 R(d)
= trBlim 3 =
¢ flui<1/(y/Ray XIPR(dX)

From here the result will follow by Theorem 4.12. We just need to show that
the extended Rosifiski measure goes to zero, which follows by Remark 4.7 and
Lemma 5.9.
Now assume that (5.12) holds. Theorem 4.12 implies that for every s > 0
limR;(Jx| >s) =0
—>c

and

e/l
lim lim xx! / s'™%¢™"dsR,(dx) = B. (5.19)
<€ 0

5\1{0 t—>c

This means that there exist an €’ > 0 and a § > 0 such that

€/lxl
00 > sup/ |x|2/ s'™%¢™" dsR, (dx)
Ix|</e" 0

B’

NZd i
> su x|*R,(dx s ds,
p |x|
v 0

teB?

where B} = (0,8) if c = 0 and B} = (1/8, 00) if ¢ = co. Hence

sup/ |X]?R;(dx) < oo
[x|<v/e’

teBs

and we can use Lemma 5.8, which combined with (5.19) tells us that for any s > 0

¢ lim ta? / xx"R(dx) = ¢ lim xx"R;(dx) = B.
[x|<s/a; 1=c

t—>c | <s

Thus, for any s > 0,

é’}l_r)rg ta,ZU(s/a,) = trB,
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where U(t) = f\xl < |x|?R(dx). Lemma 5.6 implies that the sequential criterion for
regular variation of monotone functions (see Proposition 2.6) holds and thus that
U € RVj. The fact that

S o XxX'R(dx)  Gia} Jii<i Jar xTR(x) B
m = = lim [
t—c ~[|X|Sl |x|2R(dx) t—c é'[atz -/Mil/a, |x|2R(dx) trB

shows that A, € MRV{(B/trB) as required. O



Chapter 6
Parametric Classes

Tempered stable distributions form a semiparametric class of models. However, for
the purposes of specific applications one generally works with particular parametric
subclass. In this chapter we discuss several parametric families and their properties.!
We also discuss the problem of parameter estimation.

6.1 Smoothly Truncated Lévy Flights

Smoothly truncated Lévy flights form, what is perhaps, the simplest and most
heavily used class of tempered stable distributions. These models have been known
under a variety of names including classical tempered stable, KoBoL, and CGMY.
In the case p = 1 they have been discovered and rediscovered multiple times, see,
e.g., [39,58,77], and [48]. A detailed survey for the case whenp = 1 and @ € (0, 1)
is given in [49]. We begin our discussion with the definition.

For p > 0 and @ < 2, a distribution 7S5 (R,b) on R is called a smoothly
truncated Lévy flight (STLF) if

R(dx) = c£Z%8_¢_(dx) + c+£5" 8¢, (dx),
where {_, £, > 0 and c_, c. > 0. We use the notation STLF(c_,c4£_, {4, b) to
denote this distribution. From Theorem 3.3 it follows that this is a proper p-tempered

a-stable distribution with Lévy measure

M(dx) = c— |x|_1_"‘e_(|x‘/z—)p Iecodx + c+x_1_°‘e_(x/£+)p 1,>0dx.

! Additional parametrizations are explored in [46, 76], and [60].

© Michael Grabchak 2016 83
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Further, when o € (0, 2) we can write M(dx) = ¢ <|x|” i) L(dx), where

>
L(dx) = C—|x|_1_a Lycodx + C+x_1_a1x>0
is the Lévy measure of the a-stable distribution being tempered and

e ify =1

qrtu) = { eI ify = 41

is the tempering function.
Now fixp > 0,a < 2,and let X ~ STLFh(c_,c4{_,{,b). From Theorem 3.15
it follows that for every 8 > 0
E|X|? < oo,

and by Theorem 3.16 the cumulants are given by

* C+€3+_a et I
K1=E[X]=b+/0 (1—|—£3_[2_1—|—€2t2 t e dt,

Ky = Var(X) =p~'I" (2_706) [c_éz:o‘ + c+€if°’] ,
and forn > 3
kp=p ‘I (?) [co (=) + e 7]
Theorem 3.17 implies that if p € (0, 1] and 6y = min{¢_", £."}, then

0|X| < oo iff < 6
Ele ]{:oo it6 > 6

and

E|:600|X|] < oo ifa €(0,2)
=00 ife <0 '

Hence the distribution has exponential tails in this case. However, by (3.22)
and (3.23) whenever p > 1 we have

E [eg‘xl] < ooforall§ >0,

and the distribution has lighter than exponential tails in this case.



6.1 Smoothly Truncated Lévy Flights 85

Now let {X, : t > 0} be a Lévy process with X; ~ STLFy(c_,cq,{_, {4, b).
Since X; has a proper p-tempered «-stable distribution with a finite variance,
Theorems 5.4 and 5.2 imply that this process has Gaussian long time behavior and
when o € (0, 2) it has a-stable short time behavior.

In the remainder of this section we focus on an important subclass, which
corresponds to the case when ¢ = 0. In this case the parameter £_ is irrelevant, and
for simplicity we denote ¢ = ¢4+ and £ = £ . In this case the Rosifiski measure is

R(dx) = c£™8,(dx). 6.1)

We use the notation TW%(c, £, b) to denote the distribution TSh (R, b) when R is
given by (6.1),> and we use the notation TW}, to denote the class of all distributions
of this form. These distributions are closely related to the class of elementary
p-tempered «-stable distributions introduced in Definition 4.17. Specifically, every
elementary p-tempered a-stable distribution is the distribution of a random variable
of the form Ux, where x € RY and U ~ TW.(c,£,b) for some ¢ > O,
£ > 0, and b € R. Further, Theorem 4.18 implies that every p-tempered a-stable
distributions on R is the limit, in distribution, of a sequence of linear combinations
of independent random variables with distributions in TWJ.

The case p = 1 is particularly important and, for simplicity, we write TW,, =
TWoll and TWy(c,£,b) = TW;(C,Z,b). If w = TW4(c, £, D), then Corollary 3.29
implies that the characteristic function is given by fi(z) = e“+@+i1 where for
zeR

AT (—a)[(1 —izh)* — 1 +iazf] @ # 0,1
Cu(z) = § —cllog(1 —izl) + izf] a=0 (6.2)
7 —izl) log(1 — izl) + izl] a=1

and

o0
1
b, = dx) = b+ 3™ % dr. 6.3
o= [ = b ee [T 6.3)

In the case of TWo(c, £,b) with b = cf — c€® [ ;7zz1*e™"dt the characteristic
function reduces to

e—clog(l—iz() — (1 _ izﬁ)_c, 7€ R,

which is the characteristic function of the gamma distribution with probability
density

1 1
c— —x/ll ]
e ¢ 0

2We use this notation in honor of Tweedie [77], who first introduced these distributions in the case
a€(0,1)andp = 1.
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In the case TWs(c, £, b) with b = —.5¢0"/2"(=.5) — c£>/? fooo H_lwﬁ/ze_’dt the
characteristic function reduces to

exp {c™2 I (=1/2)[(1 — iz0) /> — 1]} = exp {—26\/}[\/1/@ —iz— \/1/_@]} :

where we use the fact that I'(—1/2) = —-2I'(1/2) = —2./m. This is the
characteristic function of the inverse Gaussian distribution with probability density

C,EZCme—x/é—ncz/xx—,?/Z1X>0’
see Section 4.4.2 in [21].

We now turn to the question of when the distribution of a Lévy process
with marginal distributions in TW,, is absolutely continuous with respect to the
distribution of the «-stable Lévy process that is being tempered. First, as in the
discussion just prior to Theorem 3.25 let X = {X, : r > 0} be the canonical process
on the space 2 = D([0, 00), R) equipped with the o-algebra # = o(X; : t > 0)
and the right-continuous natural filtration .%, = (., 0(X, : u < s).

Fix ¢ € (0,2), ¢, > 0, and a,b € R. Consider two probability measures
Py and P on the space (£2,.%). Assume that, under P, X is a Lévy process with
Xy ~ TWy(£,c,b) and that, under Py, X is a Lévy process with X; ~ S,(a,0)
where o({—1}) = 0 and o({1}) = c. Thus, under Py the Lévy measure of X; is
L(dx) = cx '7%1,.0dx, and under P it is g(x, x/|x|)L(dx), where g(x,1) = e/
and g(x,—1) = 0. Assume that

oo
1
b—a= cﬁl_“/(; mt_a (e_t - 1) dt, (64)

and note that

1 1
/ / [1 —q(r,w)]’ r'~*dro (du) =c/ [1— e r'~dr < 0.
s Jo 0

From here Theorem 3.25 implies that the measures Py and P are mutually absolutely
continuous. From (2.3) it follows that the process X has only positive jumps Py-a.s.
thus AX; > O for all s > 0 Py-a.s. From the Lévy-Itd decomposition (see, e.g.,
Proposition 3.7 in [21] or Theorem 19.2 in [69]) it follows that Py-a.s.

1
lim AX(s —tc/ r %dr
lim > () e |

{s€(0,1]:AX;>€
o0 1
=X, —ta—t < — —— | r “dr. 6.5
r—la C/(; ( <1 1+r2) rodar (6.5)
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Further, Theorem 3.25 implies that the Radon-Nikodym process is given by

AX;
U, =1li 1 AXql,
' E1i101 Z ogq(l | |AXS|)
{s€(0,1]:| AX;|>€

+1 /S ) / 00[1 —q(r, u)]r_"‘_ldro(du)}

o
=1lim{—¢7! Z AX, + tc/ [1—e o dr
€

€Yo {s€(0,1]:AX;>¢

1
= —lim{ ¢! AXS—I/ —ad
sliI,IOl Z C j r r

{s€(0,1]:AX;>e€

o0
+tc/ [e™/ =1+ rﬁ_llrﬁl]r_“_ldr§ .
Applying (6.5) and dominated convergence gives
o 1
—0'X, + 0 ta + K_ltc[ ly<i ——— ) r %dr
0 - 1+ r2
(o)
—tc/ e/t =14+ 07l ar
0

*© ‘
= 07X, + " ta - tc/ et 1+ r/ el
0 1+ 72

U

Note that Theorem 25.17 in [69] implies

_ [ _ r/l _—
logEp,[e X’/é] = Z‘C/ [6 1 + m] r 7 dr —ta/t
0 r

and hence

1

U — X/t
e =e —_— -
EPO [e_X’/Z]

This means that for any Borel function F for which the expectation exists we have

1

EFOO] = Br, [FOe ] g

(6.6)

and

1

EnlFOO] = B [FOO] g

(6.7)
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From Theorem 3.28 it follows that
Ep [¢¥/'] = exp {tct™ (2 — &) /o + th1 /L],

and hence

Ep, [e7/'] = = exp {—tcl T2 —a)/a —thy L},

Ep [exf/l]
where by = Ep[X|] is as given by (6.3). Noting that (6.6) and (6.7) do not depend
on the structure of the space on which the process is defined gives the following.

Proposition 6.1. Fix @ € (0,2). Let {X, : t > 0} be a Lévy process with X|; ~
TWy(L,c,b) and let {Y; : t > 0} be a Lévy process with Y; ~ Sy(a,o) where
o({—1}) = 0and o ({1}) = c. If a and b satisfy (6.4) and by = E[X{], then

E[F(X,)] = E[F(Y)e "/*]exp {tct *I'(2 — a) /o + tby / £}
and
E[F(Y))] = E[F(X,)e"/" | exp {—1cl™I'(2 — &) /o — thy / £}

for any Borel function F for which the expectation exists.

This means that we can evaluate such expectations using Monte-Carlo methods
without needing to simulate TW, (¢, ¢, b) random variables. Instead, it suffices to
simulate from a stable distribution, which can be done using techniques given
in [20]. Further, Proposition 6.1 immediately gives the following.

Theorem 6.2. If u = TW, (£, c, b) witha € (0,2), then i has a probability density

m(x) — e—x/eg(x)6027°‘F(Z—a)/a-{—h]/Z’

where by is given by (6.3) and g(x) is the probability density of the distribution
S« (0, a) where a is given by (6.4) and we have o6 ({—1}) = 0 and 0 ({1}) = c.

This result can be used to find computationally nice forms for the density m(x).
In particular, a computationally tractable integral representation of g(x) is given
in [57]. Further, several series expansions for g(x) are available, see, e.g., Section 14
in [69]. In addition, this result can be used to simulate random variables with density
m(x) using an accept-reject algorithm, see [4] or [42].
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6.2 Heavy Tails

In this section we discuss two classes of p-tempered «-stable distributions with
regularly varying tails. Such tails are heavier than those of the STLF models
discussed in Section 6.1, but, in general, lighter than those of «-stable distributions.
Models of this type are useful for a variety of applications. In particular, it is often
thought that the distributions of financial returns have regularly varying tails, see,
e.g., Section 7.3 in [21].

6.2.1 Power Tempering

In this section we focus on the class of p-tempered «-stable distributions with
Rosiniski measures of the form

R(dx) = c—(1 + )™= codx + e (1 407"+ 1oodx, 6.8)

where c_,cy > Oand v_, vy > o V0. We write PT%(c_, ¢4, v_, vy, b) to denote a
distribution TS, (R, b) where R is as in (6.8). From (3.2) and substitution it follows
that the Lévy measure of this distribution is given by

M(dx) = c_q(]x]?, —1)|x|_l_“ Lecodx + cg(x”, Dx™ %1, odx,

where
o0 —v——1
q(r,—1) =p_1/ e (14w VP Ty ey
0
and

o0
q(r,1) =p~! / e ™ (l + u_l/p)_w_1 u T /r=1qy,
0

Moreover, it can be readily checked that when & € (—1, 2) we have jR |x|*R(dx) <
00, and hence Theorem 3.3 implies that all such distributions are proper p-tempered
a-stable distributions. Now, let X ~ PT,(c—,cy,v—, vy, b), let v = min{v_, vy},
and fix 8 > 0. From Theorem 3.15 it follows that

E|X|? < oo if and only if 8 < v.
When this holds formulas for the cumulants are as follows.

Proposition 6.3. Let jt = PTE(c_,cq,v_, vy, b) and letv = min{v_,vy}. Ifm €
N such that 1 < m < v, then the mth cumulant exists and is given by

=b+ / / - %" drR(dx)
T+ |)c|2t2
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ifm = 1 and by

R m—a — kM c— (=1)"c4+
km=p r(—p );( n (k)(v__k+ v+_k)

if m > 2. In particular, when v > 2 the variance exists and is given by

(59 [ ]
p V(- —=DO-=2) vy —Dvy —2)

Proof. Theorem 3.16 gives the formula for «; when it exists and tells us that for
m € N with 2 < m < v we have

-1 m—«a R R o —vp—1
Km=p I T c— XML+ |x])7"= dxHcy X"+ x)"" dx| .
0

—00

Change of variables and the binomial theorem imply that

0 o0
0

= (—1)" /Ooo[(x +1) = 11"(1 4+ )™ "'dx

m

= (D" (',f) i /0 (1 -+ dx

k=0

" 1
=S ") ——.
k v_—k
k=0
A similar argument gives

/ooxm(l +x)—v+—1dx — Zm: m (_1)k+m 1
0 =0 k vy —k’

which completes the proof. O

We conclude this section by characterizing the tail behavior of these distributions.
We begin by noting that for r > 0 we have

00
RGx>r) = c+/ (1 4x)"""+dy = z—+(1 + )7 € RV,
r +

and

o0
R(—x > —r) = c_/ (1+x)""-dx = C—_(l +r)"" e RVE_.
f v_
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Thus R € RV® (0), where v = min{v_, v} and o is a measure on S° given by

Cc—
0({_1}) = c +ct lv_=v+ + lv_<u+
and
C+
1 = —1\) =p_ 11)_ Voo
O({ }) C_+C+ + + > +

From here Theorem 3.18 implies that

PT:(c—,cq,v—,v4,b) € RVE (0).
Now let {X; : t > 0} be a Lévy process with X; ~ PTh(c_,cq,v—,v4,b).
Theorems 5.1 and 5.4 imply that the long time behavior is v-stable if v € (@ Vv 0, 2)
and Gaussian if v > 2. Further, when o € (0, 2), Theorem 5.2 and the fact that X;

has a proper p-tempered «-stable distribution imply that the short time behavior is
a-stable.

6.2.2 Gamma Tempering

Another parametric family of tempered stable distributions with heavy tails was
introduced in [76] under the name “gamma tempered stable.” A gamma tempered
stable distribution is 7S5 (R, b) where R is given by

R(dx) = c_|x| ™= "le ML odx + cqpx Ve d
with c_,c4+ > 0, v_,vy > o v 0,and £_,£4 > 0. It is straightforward to check
that R satisfies the required conditions to be the Rosiiiski measure of a p-tempered
a-stable distribution, and, in fact, it is a proper p-tempered «-stable distribution for
every o < 2. We denote this distribution by
GT(I;(C_, Cqy,V_,Vy, K_, €+, b)
From (3.2) and substitution it follows that the Lévy measure is given by

M(dx) = cq(|xP. =) x| " Lecodx + c4.g (2, Dx™' " 1oodx,

where

q(r,—1) = (r + £_)~0=—/pp=1 (v_ - a)
P



92 6 Parametric Classes

and
q(r.1) = (r+ L)~ p7ir (ﬂ) .
p

Note that, in each direction, the function g is, up to multiplication by a constant, the
Laplace transform of a Gamma distribution. Hence the name “gamma tempering.”

Now let X ~ GTh(c—,cy,v—,vy,£_, L4, b), let v = min{v_, v}, and fix
B > 0. From Theorem 3.15 it follows that

E|X|? < oo if and only if B < v.

When this holds formulas for the cumulants are as follows.

Proposition 6.4. Let ¢ = GTh(c_,co,v_,vi,b_, 0y, b) and let v =
min{v_,v4}. If m € N such that 1 < m < v, then the mth cumulant exists
and is given by

|x|2 2o,
—b —a =" 4R (dx
p +// e k()

ifm = 1and by

- —(v—m v -
K = p 2T (mT) I:C+E+( + )/pr( +p m)

ety () |
p

ifm> 2.

Proof. Theorem 3.16 gives the formula for «; when it exists and tells us that for
m € N with2 <m < v we have

_ 0 0o
Km=p T (mp a) |:c_/ x| V=l M gy c+/0 xmx_”+_1e_[+/xpdxi| .
-0

Change of variables gives

0 o)
/ X’n|x|_l)7_1€_[7/‘x|pdx — (_1)111/ ‘xm—uf—le—lf/xpdx
—00 0

o0
_ (C1ymp g / ommm/p1 g
0

= (—1)"ptez—mirp (V‘p_ m) :
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Similarly, we have
*© Ve —m
/ KVl gy = p—lgl(wr*m)/pr ( + ) ’
0 p

and the result follows. ad

We conclude this section by characterizing the tail behavior of these distributions.
Let f(x) = e~“*" for some £ > 0 and note that f € RVge. Thus, for any v > 0
Karamata’s Theorem (Theorem 2.7) implies that

o0
/ e Ay ~ 0T e as r — o0
r
It follows that for » > 0 we have

o0
— — — 4 -1 — —
R(x>r) :c_,./ X Y A v e ERVE
r

and
oo
R(—x > —-r) = c_/ x e dx ~ eyl e e RV .
r

Thus R € RV (), where v = min{v_, v4} and o is a measure on S° given by

c_
—1}) = —1v_=v lu_ v
L Tt
and
C+
o({1}) = mlqu:u_ + 1.

From here Theorem 3.18 implies that
GTg(C_, Cq,V—, Vy, E_, €+, b) € RVEOV(U).

Now let {X, : t > 0} be a Lévy process with X; ~ GTh(c_,cq,v_, vy, L_, Ly, b).
Theorems 5.1 and 5.4 imply that the long time behavior is v-stable if v € (@ Vv 0, 2)
and Gaussian if v > 2. Further, when « € (0, 2), Theorem 5.2 and the fact that X;
has a proper p-tempered «-stable distribution imply that the short time behavior is
«-stable.
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6.3 Parameter Estimation

Let ® C R’ for some J € N and assume that {1y : 8 € @} is a parametric family
of tempered stable distributions on R. Depending on the situation we may assume
that the parameters o and p depend on 6 or that they are fixed and known. Assume

that we have a sample X;, X5, ..., X, u Mo+ for some (unknown) 8* € @, and that
we want to use this sample to estimate 8*. In this section we discuss the two most
common approaches.

The first approach is the method of cumulant matching, which is a version of the
method of moments. Assume that

/ x|/ ;tg (dx) < oo for each 6 € O,
R

and let k1(0), k2(0), . .., x;(0) be the first J/ cumulants of . These can be obtained
using Theorem 3.16. Let

1
ﬁzjzr-lZX;forjzl,z,...,K
(=1

be the sample moments. We convert these into sample cumulants using the following
recursive formula given in [73]. Let &; = m; and let

j—1 .
-1
k]:ﬁ/lj—z( K )/Qj_gﬁuforjzl...,.].

(=1

Now solve the nonlinear system of equations

k(@) =kjforj=1,...,J. (6.9)
We denote the solution to this system 6CM and call this the cumulant matching

estimator. The main issue is that there is no guarantee that (6.9) has a solution, nor
that the solution (when it exists) is unique. For certain classes of STLFs the existence
and uniqueness of solutions is verified in [49]. However, more general results are not
yet known.

The second approach is the method of maximum likelihood. In this case, instead
of making assumptions about the finiteness of certain moments, we assume that for
every 0 € O the distribution ¢ has a density f; with respect to Lebesgue measure.’
The maximum likelihood estimator (MLE) is given by

n
GMLE — argmax Hf@(X().
he6

30ne can, of course, perform maximum likelihood estimation even when the density does not exist,
but we do not consider that case here.
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While there are, in general, no simple formulas for the density fy, it can be evaluated
by inverting the characteristic function, see [60] and the references therein for
descriptions of numerical approaches.

We now turn to the question of consistency. From Remark 3.2 we know that
all tempered stable distributions with o« € [0,2) belong to the class of self-
decomposable distributions, and all self-decomposable distributions that are not
concentrated at a point have a density with respect to Lebesgue measure. Conditions
for the existence and strong consistency of the MLE for parametric families of
self-decomposable distributions are given in [31]. These can be used to verify
consistency of the MLE for tempered stable distributions as well. In fact, [31]
verified that the MLE is consistent for several important classes of STLFs. In
particular, the following was shown.

Proposition 6.5. Fixe € (0,1), K > ¢, andlet ® = [¢,2—¢]x[e, 00)? x[e, K]> xR.
For0 € ® wewrite 0 = (a,c—,cq,l_, Ly, b)and pg = STLF&(C_, ct, 0,04+, D).
Within the parametric family {jtg : 6 € O} the MLE is strongly consistent.

However, [31] showed that the MLE is not always consistent. In fact, if we take
€ € (0,.5) and replace @ in the above by @ = [0,2—¢] x [¢, 00)? x [€, K]*> xR (note
that o is no longer bounded away from 0), then the MLE will not be consistent. In
fact, the likelihood function will become unbounded and the MLE will not exist.



Chapter 7
Applications

In this chapter we discuss two applications of tempered stable distributions. The
first is to option pricing and the second is to mobility models. This latter application
is important in a number of fields including ecology, anthropology, and computer
science. We also discuss the mechanism by which tempered stable distributions
appear in applications.

7.1 Option Pricing

It has been observed that standard models do not do a good job of modeling the
fluctuations of financial returns. In particular, the tails of Gaussian distributions are
too light, while the tails of infinite variance stable distributions are too heavy. On
the other hand, tempered stable distributions, which have a tail behavior somewhere
between these two, seem to do a good job, see the empirical studies in, e.g., [17]
and [60]. Moreover, returns are known to exhibit multiscaling behavior where their
distributions are often well approximated by infinite variance stable distributions in
a small time frame and by Gaussian distributions in a large time frame, see, e.g.,
[35]. As we saw in Chapter 5, this is very much in keeping with the behavior of
tempered stable Lévy processes. In this section we discuss option pricing when
returns follow such models. We note that the related problem of risk estimation with
tempered stable distributions is discussed in [28, 47], and the references therein.

Consider an economy made up of a non-dividend paying stock and a money
market account with fixed interest rate 7 > 0. Let {S; : # > 0} be the price process of
the stock. This means that at time ¢ the price of the stock is S;. Consider a European
style option on this stock that matures at time 7" > 0 and has a payoff function H.
This means that at time 7" the option will pay H(S7) to the holder and it pays nothing
at any other time. We are interested in finding an arbitrage-free price for this option.
For a general reference on option pricing we refer the reader to [21].

© Michael Grabchak 2016 97
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Let 2 = D([0,00),R), let X = {X; : t > 0} be the canonical process on this
space, let # = o(X, : s > 0), and let (:%),¢[0,00) be the right-continuous natural
filtration induced by the process X. See the discussion just before Theorem 3.25 for
details. We assume that the stock price process is of the form

Sl = S()ext,

where Sy > 0 is a constant. Further, we assume that the dynamics of the process
X are governed by the probability measure P on the space (£2,.%). We call P the
physical or market measure.

We assume that, under the physical measure P, the process X is a Lévy process
with X; ~ TSL(R,b). This implies that the log-returns have tempered stable
distributions. An arbitrage-free price for the option exists if there is a probability
measure Q on (£2,.%) that is equivalent! to P and such that under Q the discounted
stock price process (e~ S;)ejo,r] is a martingale, i.e. that forany 0 <t <u < T we
have

e 'S, = Eg[e ™S, |F] .

where E is the expectation taken with respect to Q. When this holds, we say that Q
is a risk-neutral probability measure. Such measures need not exist and when they
do exist they need not be unique. If such a measure exists, then an arbitrage-free
price for the option exists and is given by

e_rTEQ [H(ST)] .

Since there may be many risk-neutral probability measures there may be many
arbitrage-free prices.

Proposition 9.9 in [21] implies that a risk-neutral probability measure Q always
exists so long as, under the physical measure P, the paths of the shifted Lévy process
{X; — rt : t > 0} are not strictly increasing or strictly decreasing with probability 1.
From Proposition 3.24 it follows that sufficient conditions for this are

a>landR#0
and
a <1, R((0,00)) > 0, and R((—o00,0))) > 0.

For simplicity, in the remainder of this section we assume that p = 1, @ € (0, 1),
and that R satisfies

R((0,00)) > 0, R((—00,0)) > 0, and / |x|*R(dx) < oo.

[x[<1

We begin by checking when the physical measure is already risk-neutral.

'This means that for any A € .% we have P(A) = 0 if and only if Q(4) = 0.
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Theorem 7.1. The physical probability measure P is a risk-neutral measure if and
onlyif R(x > 1) = 0 and

I'(~a) /R[(l — )% —1]R(dx) + by = r. (7.1)

where by is given by (3.35).

Proof. Proposition 3.18 in [21] implies that P is a risk-neutral measure if and only
if e"E[¢*1] = 1. Lemma 3.27 implies that E[¢¥!] < oo if and only if R(x > 1) = 0.
Further, when this holds, Theorem 3.28 implies that e "E[¢X!] = 1 if and only
if (7.1) holds. |

A simple way to get an equivalent measure is by using an Esscher transform. Let
Nty =inf{n > 0: R(x > 1) = 0} and n— = inf{n > 0 : R(x < —n) = 0}. Here we
take inf @ = oo as usual. Set ©® = [—r;:l, n;l] and note that, by Lemma 3.27,

E[¢"] < 00

if and only if # € @. For any # € @ define a probability measure Q7 on (£2,.%) by
the Radon-Nikodym derivative process’

6
60X,
dQL% e’

dP, — ElefX]

XL O)

where
yr(0) =TI'(—w) / [(1 —0x)* — 1]R(dx) + by
R

and by is given by (3.35). Theorem 3.28 implies that the characteristic function of
X, under Q7 is given by

Ey [ eizX,] —E, [ i eex,—rw;(e)] — v io—wr )]
We have
X (iz + 0) — ¥X(0)

= I'(a) /R [(1 — (iz 4+ )0 — (1 — 0)°] R(dx) + (iz + B)bo — Oy

2 Although the Radon-Nikodym derivative process only defines measures on (£2,.%,) for t >
0, it, in fact, uniquely determines a probability measure on (£2,.%). See the discussion near
Definition 33.4 in [69].
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_ (iz + 0)x\* Ox \“ N )
—F(—a)/R[(l— T +0 ) —(l—m) :|(1+x0) Rg(dx) + izbg

= F(—a)/R[(l — iz0)® — 1] Rg(dx) + izho,

where

Ry(A) = /R s (1 —xxe) (1 — x0)* R(dx).

It is straightforward to check that

x o
R(A)ZAIA(1+XQ)(1+XQ) Ry (dx)
and
[ |x|%Rg (dx) =/ |x|*R(dx) < oo.
R R

From Section 9.5 in [21] and the above discussion it follows that, under measure
QY the process {X; : t > 0} is a Lévy process with X; ~ TS! (Ry, bg) where

oo x .
by =b t%e 'dtRy (dx).
0 0+/}R/(; ol e 9(dx)

Note that, in the above, by does not depend on 6. By arguments similar to the proof
of Theorem 7.1 we get the following.

Theorem 7.2. The equivalent probability measure Q° is a risk-neutral measure if
and only if Rg(x > 1) = 0 and

I(-a) /R [(1 =0 — 1JRs () + bo = r- (1.2)

Although @ = @, it is possible to have ® = {0}. In fact, this is the case for the
distributions discussed in Section 6.2. When this holds we cannot use the Esscher
transform. However, we can use the so-called asymmetric or bilateral Esscher
transform. We begin by introducing some notation. Let

RT(A) = R(AN(0,00)) and R~ (A) = R(A N (=00, 0)), A € B(R)
and let

Xt+ = Z AXsIAX3>0 andX,_ = Z AXSIAXX<O'
s€[0,7] s€[0,7]
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From Corollary 3.1 in [21] it follows that
X, £ X+ XT b,

where ¥ = b — bt — b~ with

© x
b~ 2/ / thaeftdtR(dx)
(—00) Jo 1+ 1°x

and

b+ = T e Ry
= A e e .

Moreover, {X; : t > 0} and {X;* : ¢ > 0} are independent Lévy processes® with
X; ~ TSY(R™,b™) and X;” ~ TSL(RT,bT).

Set @~ = [-n~', 00), OF = (—o0, n;l], and note that by Lemma 3.27 for any
0~ € ® and any 1 € ©F we have

- +
E[e? %] < 0o and E[e? ™| < o0.

For any 6~ € ©~ and any 7 € @7 define a probability measure Q° ¢" on
(£2, F) by the Radon-Nikodym derivative process

s -x— o+xt
dQ‘% B PUED A

dp,, ~ Elef X ef X ]

— X +oT X —w (07—t (07)
b

where
WF(0") = ['(~a) / [(1 = 072 — 1R ()
(0,00)
and

v, (07) =TI'(-a) [(1 =670 — 1]JR™ (dx).

(=00.0)

By arguments similar to the previous case we can show that under the equivalent
measure QO_’(’+ the process {X, : t > 0} is a Lévy process with X; ~
TS; (R97’9+ . b07’0+), where

3This follows from properties of Poisson random measures and the fact that the jump measure of a
Lévy process is a Poisson random measure, see, e.g., Theorem 19.2 in [69] or Chapter 3 in [21].
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Ro— p+(A) = /

(—00,0)

X e
i /((),oo) ha (m) (1—=x07)" R(dx)

14 (1 _);0_) (1 — x07)* R(dx)

and
, o X ;
by— g+ =D +/[ —— 1t Y 'dtR,y— dx).
om0 rJo 1+ 222 ¢ o=t (d¥)

Arguments similar to the proof of Theorem 7.1 give the following.

Theorem 7.3. The equivalent probability measure Q@—,9+ is a risk-neutral mea-
sure if and only if Ry— g+ (x > 1) = O and

I'(—a) fR [(1 =) = 1R g+ (dx) + b = r. (1.3)

It is straightforward to see that Ry— »+ (x > 1) = 0 always holds when 61 < —1
and 8~ > 0. In order to find an equiValent risk-neutral measure it suffices to find
such values of #~ and 6 that solve (7.3). For certain parametric classes of tempered
stable distributions approaches for solving such equations and for finding other
equivalent risk-neutral measures are given in [46, 60], and [50].

7.2 Mobility Models

For many applications it is important to understand the movement of an animal or
a person through some terrain. A model for this is called a mobility model. In an
ecological context it may represent an animal foraging for food (see, e.g., [43] and
the references therein). In an anthropological context it may represent the movement
of hunter-gatherers (see [61]). In other applications it may represent the movement
of a person in his or her daily life. This last situation is particularly important for
computer science. This is due to the fact that many people carry cell phones and
other mobile devices, and, in order to develop and evaluate routing protocols for
these devices, it is imperative to be able to simulate the movements of humans in a
realistic way (see [16, 64], and the references therein).

Interestingly, in all of the situations discussed above, similar models tend to
appear. We will show that these models are well approximated by TW/, distributions,
which were introduced in Section 6.1. We begin by discussing the movement of “the
walker,” which may represent a human or an animal. Assume that we observe the
location of the walker at fixed time increments A > 0. Let {X,, : n = 0,1,...} be
a discrete time stochastic process on R? such that X,, is the location of the walker at
time nA. Let Z, = X,, — X,,—1 be the increment process. If the walker did not stay
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in the same place during the ith time interval, then we can write Z; = é—'l |Z;|, where

|Z;| represents the magnitude of the displacement and | represents the direction of
travel We focus on modeling the distribution of |Z;|. Models for the distribution of
and for the case when Z; = 0 are discussed in [16].
A common model for |Z;| is called a Lévy walk. Here it is assumed that the
magnitudes of displacement, i.e. the |Z;|’s, are iid random variables having a Pareto
distribution, i.e. having a probability density given by

IZI

ad*x el x> §
0 otherwise ’

fx) = (7.4)

where « € (0,1) and § > O are parameters. One can allow « to be any
positive number, but most empirical data suggests « € (0, 1), see [26, 61, 64], and
the references therein. In practice, however, movement is more complicated and the
Pareto distribution is only valid for large values of x. For this reason we only assume
that the density satisfies f(x) = 0 for x < 0 and

F(x) ~ kx T asx — oo. (7.5)

for some k > 0 and @ € (0, 1).

It turns out that the actual distribution of |Z;| does not matter if we model the
lengths of entire flights at once. A flight is a part of the walk where the walker
keeps going in the same direction. Assume, for instance, that after the walker starts
walking at time 0, the first time that he or she stops or changes direction is at time
NA. This means that | Xy| = |Z; + Z, + --- + Zy| = vazl |Z;|, where the second
equality follows because all of the steps are in the same direction. Since a person is
likely to walk in the same direction for a relatively long time, N is likely to be quite
large and we can approximate the distribution of |Xy| by its asymptotic distribution.
This asymptotic distribution is described by the theorem below, which is a version of
the central limit theorem for infinite variance distributions, see, e.g., [23] for details.

Theorem 7.4. Ifa € (0, 1), then

n
d
nle Z |Z:| = Y,
i=1
where Y has a fully right skewed a-stable distribution with Laplace transform
Ele ™) = e~ forz > 0.

Here the parameter ¢ > 0 is a constant depending on the distribution of |Z;|.

This suggests that flight lengths should be well modeled by such «-stable
distributions. In other words, it seems that one merely needs to fit this two parameter
model to data. However, the tails of these distributions are too heavy. In practice,
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there are various geographic and physical limitations that prevent flight lengths from
getting too big. In fact, empirical data suggests that (7.5) holds for large, but not too
large values of x, see [26, 61, 64], and the references therein. This has lead to the
development of tempered Lévy walks.

A tempered Lévy walk assumes that the density of |Z;| satisfies f(x) = 0 for
x <0and

F(x) ~ ke™ ™Y x0T ag x — o0, (7.6)

fora € (0,1), k > 0,£ > 0, and p > 0. It is commonly assumed that p = 1,
but we will not do so here. If £ is very large, this means that, for medium and
somewhat large values of x, we have f(x) ~ kx™*~!, but for very large values of x
we start to feel the exponential function and the tails ultimately decay exponentially
fast. We will give a limit theorem, which will show that, in this case, the sum
Xy = Zf’:] |Z;] is well approximated by a tempered stable distribution. Toward
this end, we introduce the notation Z;({) = Z; to emphasize the dependence of the
distribution of Z; on the parameter £.

Theorem 7.5. Ifa € (0,1) and {,, — oo such that n~"/*¢,, — £ € (0, c0), then

N
d
nl/e Z |Z:(€,)] > Y as n — oo,
i=1

where Y ~ TW,(k, £, b) and

X
b=k [ — = WO ey
0 1 + .x2

We postpone the proof of Theorem 7.5 to Section 7.3, where it will follow from
a more general result. The value of b in the above ensures that the support of the
distribution of Y is [0, 00), see Remark 3.6. Note that, in the theorem, we assume
that £, — oo, but in practice we generally have a fixed parameter £ that is not
changing. In this case, we interpret the theorem as follows. If 7 is large, but n=/%¢
is “medium sized,” we can approximate the distribution of the sum by the given
TW,, distribution. This suggests that such distributions should provide good models
for flight lengths. In fact [16] showed that they provide a good fit to empirical data.

7.3 How Do Tempered Stable Distributions Appear
in Applications?

In Section 7.2 we saw a theoretical explanation for why TW} distributions with
a € (0, 1) provide good models for flight lengths in mobility models. In this section
we give more general results, which aim to explain the theoretical mechanism by
which other tempered stable distributions appear in applications. We begin with
some definitions.
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Let u be a probability measure on R in the domain of attraction of some
infinite variance «-stable law. For simplicity assume that p((—oo,0)) = 0. For
p, £ € (0, 00) define a new probability measure by

1O (dx) = e p(dn), (7.7)

—1
o = [ / emuIty u(dx):|
[0,00)

is a normalizing constant. We call this exponential tempering of p. Clearly, ;L,(,e)
has all moments finite and belongs to the domain of attraction of the Gaussian.
However, if £ is very large, then ;L;l) will be similar to p in some central region, but
the chance of a very large value will be “tempered.”

Since p belongs to the domain of attraction of an «-stable distribution with
a € (0,2) there exists a function L € RV§® with

where

x> 1) =1 %L(r).
Define

V() =t“/L(t) and a; = 1/V(¢) (7.8)

and let X1, X5, --- i . The central limit theorem for infinite variance distributions
(see, e.g., [23]) implies that there exists a sequence {7, } in R with

" d
[ Z(Xi — 1) = Ry.00s

i=1
where Ry 00 ~ ID(0, Mo, 0) with
Moo (dx) = ax™ ' "1 qpdx (7.9)

is an ¢-stable random variable.
Now fix p > 0 and let {£,,} be a sequence of positive real numbers such that
£, — oo.

Define ;,L,(,e”) as in (7.7) and set

Sula) = Y XilLn), (7.10)

i=1

where X1 (¢,), ..., X,(€,) i ;L,(,e"). Theorem 5 in [34] gives the following.*

“ A version of this result also appears in [33]. It should be noted that we are using a slightly different
parametrization than the one used in [33] and [34].
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Theorem 7.6. 1. Ifa,l, — £ € (0, 0), then

d
ansn(gn) —Kn = Rop + Ny

where Ry ¢ ~ TWh(a, £, 0),

Ky = cq,nay / xe~ % 1(dx), and
[0.1/an]

o0 ] B L
Nt :/; x(l+x2 —1(x < 1))ae @/ —l=a gy

2. If a,l, — oo, then

d
anSn(Ly) — K — Ry.co + Naoo

where

.
(0,1/ay]

% 1
/ x| —— —1(x<1) ) ax"dx,
0 1 +X2

and Ry o has the a-stable distribution ID(0, M, 0) with M, as in (7.9).
3. Ifa,l,, — O, then

Na,00

bnSn(en) - K/ _d> N(Ov 02)7

, (Z—a)
o°=—-TI ,
p p

by =020 V() = 020 OO L) T and

where

) = cyynb, / xe™ 1Y ().
[0,1/bn]

In practice, for most applications, the parameter £, is not actually approaching
infinity. Instead it is some fixed but (very) large constant £. We can write a,{ =
[n=14*]"/*L (n) for some L' € RVGe. If S, ({) is the sum of n iid random variables
with distribution /L(l), then Theorem 7.6 can be interpreted as follows. When 7 is on
the order of £%, the distribution is close to a TW?’ distribution. However, once 7 is
much larger than £¢ the distribution of S,,(£) is well approximated by the Gaussian.
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A constant that determines when such regimes occur is called the natural scale and
was introduced in [35]. Thus £¢ is the natural scale for this model.’

The above discussion provides an explanation for how TW distributions with
a € (0,2) appear in applications. Specifically, in applications where we model sums
of exponentially tempered random variables. As discussed in Sections 7.1 and 7.2
such models are reasonable when modeling flight lengths and log-returns.

Now recall that TW} distributions are the building blocks from which all
other tempered stable distributions are constructed. Specifically, every p-tempered
a-stable distribution on R? is the limit, in distribution, of a sequence of linear
combinations of independent random variables in the class TW?, see Theorem 4.18
and Section 6.1. This gives an explanation for how more general tempered stable
distributions appear in application. Alternate, but related, explanations for the
appearance of tempered stable distributions are given in [35] and [19]. We conclude
this section by using Theorem 7.6 to prove Theorem 7.5.

Proof (Proof of Theorem 7.5). In this case @ € (0, 1) and p(dx) = m(x)dx, where
m(x) = 0 for x < 0 and m(x) ~ kx~'™% as x — co. This means that

m(x) = ax TYL(x),

where L € RV§® and lim, o, L(x) = k/«. By Karamata’s Theorem (Theorem 2.7)
it follows that

o0
wx>1) = Ol/ X 1TUL(x)dx ~ £YL(1) as t — oo.
t
Define a, by (7.8) and note that by Proposition 2.6
ay ~ (a/k)Ven=1/e,

We have n~'/*¢, — ¢ and hence a,{, — (a/k)"/“f =: {'. Now define S, (£,)
by (7.10) and note that the first part of Theorem 7.6 implies that

d
anSn(gn) — Ky — Roz.l’ + Na, -

We will show that lim,,, 0 K, = & fol x e @/ qy. Assume, for the moment, that
we already have this result. Combining it with Slutsky’s Theorem gives

k 1/ 1 ,
n_l/aSn(Zn) _d) ((;) (Ra,l’ + No 0! + Ol/ x_ae_()c/é )de) = Zx.f"
0

3Tt should be noted that [34] reported a slightly different natural scale. This is due to that fact that
a different parametrization was used there.
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From here note that

! 1% o X 4% 1
Natr + oe/(; x e qy = [0 ] +x2ae_("/ Pylmo gy

and set k' = (k/a)!'/%. The characteristic function of R, ;s is given by e€@, where
o0
C(z) = oz/ (ei)‘k/z — 1) WY 1y
0
o
— Ol(k/)a / (eixz _ 1) e*(x/(k/é’))/’xflfadx
0
[ee)
= k/ (eixz — 1) e WO ey
0

which is the characteristic function of TW% (k, £, b), where

o0
b= k/ al e WOy lma gy
0 1 + )C2

It remains to verify the limit of «,. Toward this end fix € € (0, 1) and note that
there exists a K, > 0 such that for all x > K, we have

(1-07 <LW =1+

It follows that for large enough n
1/an

1/a,
(1 — €)kcy, nay, / x %W dx < ey, nay, / x %W (x)dx

€

1/a,
< (1 4 €)key,nay / x e W/ gy,

By change of variables, dominated convergence, and the facts that a,{,, — €', ¢;, —
1, and na% — a/k we have

1/a, 1
keg, nay / x e dx = key,na® / % g/ @)l 4
€ K

edn

1
~ / X% qy,
0

where the integral is finite since o € (0, 1). Further,
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K.

Ke
0< otc/g"nan/ x e ) [(x)dx < acznnan/ X *L(x)dx
0 0
Ke
~ oz(oe/k)l/“nlfl/"‘/ x “L(x)dx — 0,
0

as n — oo. Note that the integral is finite since m(x) is a probability density. Putting
everything together gives

Ke
limsupk, < lim lim acy, na, / x e W) L (x)dx
n—00 €0 n—>00 0

1/an
+lim lim (1 + €)keg,na, / T
€0 n—>00 :
1
= a/ xiaef(x/[/)pdx
0
and similarly

1
liminfx, > oc/ x_“e_(x/e/)pdx,

n—>oo 0

which gives the result. O



Chapter 8
Epilogue

In this brief we discussed many properties of the class of p-tempered «-stable
distributions and their associated Lévy processes. Our discussion encompassed
much of what is known about these models and filled in many gaps in the literature.
However, the goal of a brief is to, well, be brief, and as such there are a number
of topics that we were unable to include. In this epilogue we discuss several such
topics and give references to the literature.

One topic of interest is the study of stochastic integral representations of
tempered stable distributions. We refer the reader to [6, 40, 51], and [32].

Another topic is the study of the class of normal tempered stable distributions.
These models are obtained as follows. Let {7, : r > 0} be a tempered stable
subordinator (see Proposition 3.24 for a characterization) and let {W, : t > 0}
be a multivariate Brownian motion independent of {7} : t > 0}. The time changed
Brownian motion

{Wr, 1t >0}

is, by Theorem 30.1 in [69], a Lévy process. The marginal distributions of this
process are called normal tempered stable distributions, and are studied in, e.g.,
[7, 28, 31], and the references therein.

A third topic involves defining tempered stable processes, i.e. stochastic pro-
cesses with tempered stable finite-dimensional distributions. The best known
processes of this type are the tempered stable Lévy processes that we focused on
in this brief. While these are important and understanding their behavior helps to
understand the behavior of more general tempered stable processes, they have a
fairly simple dependence structure, which is not adequate for many applications.

One way to get models with more intricate dependence structures is to consider
stochastic integration. Specifically, consider the processes X, = fooo f(s, nHdy;,
where {Y; : s > 0} is a Lévy process and f(s, ) is some deterministic function
for which the integral exists, see [70] for definitions and information about such

© Michael Grabchak 2016 111
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integrals. One can either assume that {¥; : s > 0} is a tempered stable Lévy
process or that it is another Lévy process, but one which, nevertheless, leads
to a tempered stable process. Examples of such models include tempered stable
Ornstein-Uhlenbeck-type processes studied in, e.g., [76] and [31], and fractional
tempered stable motion introduced in [38].

For certain applications, it is of interest to obtain normal tempered stable process.
This can be done by time changing a Brownian motion by a positive and increasing
tempered stable process. An example of this based on a modification of a tempered
stable Ornstein-Uhlenbeck-type process is given in [44] and an example based on
fractional tempered stable motion is given in [45].

Note that all of the tempered stable and normal tempered stable processes
discussed above start with a Lévy process. This is not necessary, but we are only
aware of one example from the literature where this is not the case. The weighted
tempered stable moving average process introduced in [25] is a tempered stable
process defined in terms of integration not with respect to a Lévy processes, but with
respect to a more general independently scattered tempered stable random measure.
It may be of interest to define other processes in this manner.

Another approach is to see what can be done in the following general setting. Let
T be an index set and let {X; : t € T} be a collection of random variables such that
for any t,t,,...,t; € T the vector (X;,,X,,,...,X,,) follows a tempered stable
distribution on R¢. This construction mimics that of general infinitely divisible
processes introduced in [53]. We are aware of no work in this direction, but it seems
that interesting results can be proved even at this level of generality.
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