Chapter 3
Supersymmetry Breaking

Abstract With the previously obtained classification of potentially supersymmetric
models in noncommutative geometry we now address the question on how to natu-
rally break supersymmetry. In this chapter we will shortly review soft supersymme-
try breaking and analyze the question which soft supersymmetry breaking terms are
present in the spectral action. We find that all possible soft supersymmetry breaking
terms can be generated by simply taking into account additional contributions to the
action that arise from introducing gaugino masses. In addition there can be contribu-
tions from the second Seeley-DeWitt coefficient that is already part of the spectral
action.

3.1 Soft Supersymmetry Breaking

Already shortly after the advent of supersymmetry (e.g. [20]) it was realized [19]
that if it is a real symmetry of nature, then the superpartners should be of equal
mass. This, however, is very much not the case. If it were, we should have seen all
the sfermions and gauginos that feature in the Minimal Supersymmetric Standard
Model (MSSM, e.g. [7]) in particle accelerators by now. In the context of the MSSM
we need [14] a supersymmetry breaking Higgs potential to get electroweak symmetry
breaking and give mass to the SM particles. Somehow there should be a mechanism
at play that breaks supersymmetry. Over the years many mechanisms have been
suggested that break supersymmetry and explain why the masses of superpartners
should be different at low scales. Ideally this should be mediated by a spontaneous
symmetry breaking mechanism, such as D-term [17] or F-term [9] supersymmetry
breaking. But phenomenologically such schemes are disfavoured, for they require
that ‘in each family at least one slepton/squark is lighter than the corresponding
fermion’ [7, Sect.9.1]. Alternatively, supersymmetry can be broken explicitly by
means of a supersymmetry breaking Lagrangian. In order for the solution to the
hierarchy problem that supersymmetry provides to remain useful, the terms in this
supersymmetry breaking Lagrangian should be soft [10]. This means that such terms
have couplings of positive mass dimension, not yield quadratically divergent loop
corrections that would spoil the solution to the hierarchy problem (the enormous
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sensitivity of the Higgs boson mass to perturbative corrections) that supersymmetry

provides. B
More precisely, consider a simple gauge group G, a set of scalar fields {yy, ¢ =
1, ..., N}, all in a representation of G, and gauginos A = A,7T¢, with T¢ the gener-

ators of G. Then the most general renormalizable Lagrangian that breaks supersym-
metry softly is given [12] by

~ ~ 1 ~ ~ ~ 1 ~ ~ ~
Lsoft = _w;(mz)aﬂl/fﬂ + (;Aaﬂywal/fﬁwy - EBaﬁ‘/faI//ﬁ + Co¥e + h-c')
1
— E(M)\.a)\.a + h.c.), 3.1

where the combinations of fields should be such that each term is gauge invariant.
This expression contains the following terms:

e mass terms for the scalar bosons Ja. For the action to be real, the matrix m? should
be self-adjoint;

e trilinear couplings, proportional to a symmetric tensor Ayg, of mass dimen-
sion one;

e bilinear scalar interactions via a matrix Byg of mass dimension two;

e for gauge singlets there can be linear couplings, with C, € C having mass dimen-
sion three;

e gaugino mass terms, with M € C.

It is important to note that the Lagrangian (3.1) corresponds to a theory that is
defined on a Minkowskian background. Performing a Wick transformation t — it
for the time variable to translate it to a theory on a Euclidean background, changes
all the signs in (3.1):

~ ~ 1 ~ ~ ~ 1 -~ ~ ~
%](E)ft = w;(mz)aﬁwﬂ - (yAaﬁVthwﬁwy - EBaﬁWO(Wﬁ + CoVo + /’l.C.)
1
+ E(M)\.a)\.a + h.c.). (3.2)

This expression can easily be extended to the case of a direct product of simple
groups, but its main purpose is to give an idea of what soft supersymmetry breaking
terms typically look like.

3.2 Soft Supersymmetry Breaking Terms
from the Spectral Action

As was mentioned at the end of Sect.1.2.2, we have to settle with the terms in
the action that the spectral action principle provides us. The question at hand is
thus whether noncommutative geometry can give us terms needed to break the
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supersymmetry. In Chap.2 we have disregarded the second to last term (oc A?) in
the expansion (1.24) of the spectral action. Here we will take this term into account.

In the following sections we will check for each of the terms in (3.2) if it can
also occur in the spectral action (1.21) (with (1.24) for the expansion of its second
term) in the context of the building blocks. We will denote scalar fields generically
by %./ € C*®°(M,N; ® N;’.), fermions by v;; € L*>(M,S®N; ® N?) and gauginos
by A € L*(M,S ® My, (C)), with My, (C) — su(N;) after reducing the gaugino
degrees of freedom, Sect.2.2.1.1.

3.2.1 Scalar Masses (E.g. Higgs Masses)

Terms that describe the masses of the scalar particles such as the first term of (3.2)
are known [15, Sect.5.4] to originate from the square of the finite Dirac operator
(c.f. (1.24)). In terms of Krajewski diagrams these contributions are given by paths
such as depicted in Fig.3.1.

Then the contribution to the action from a building block of the second type is:

I o 2 I o T2 T2
—5 3 A fatrE 8% = =5 AT (4N |Ciij i I” + 4N Cyjj i 1P) - (3.3)
where N; ; are the dimensions of the representations Nj j and {/7,~ ; is the field that is
generated by the components of D parametrized by C;;; and C;;;. Their expression
depends on which building blocks are present in the spectral triple.

In the case that there is a building block ;i of the third type present (para-
metrized by—say—Tij , Tik and T jk acting on family-space), we can both get the
correct fermion—sfermion—gaugino interaction and a normalized kinetic term for the
sfermion lzi ; by on the one hand setting

di Jrnp Jy1/2 T
Ciij = &ij,| —— (N Y, OV2 Cijjo=sij ~Ciij sij =éijeji (34
ij i
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where ¢; j, €ji, sij € {£1}, r; 1= q;n; with g; := f(O)gl.z/rrz, n; the normalization
constant for the generators Tl.“ of su(N;) in the fundamental representation and
w;j == 1 —r;N; —r;N;. On the other hand we scale the sfermion according to

~ _ N
Vij = J’ffll/fij, with JI{}?‘ = 7;((‘;))1 (NY, T2, )12, (3.5)

There is an extra contribution from try ®2 to |v; i |> compared to that of the building
block of the second type. This contribution corresponds to paths going back and forth
over the rightmost and bottommost edges in Fig.2.6. In the parametrizations (3.4)

and upon scaling according to (3.5) these together yield

1 o = 2 Z o2 iz o2 2 2 2
=5 12 (4NilCiij i P+ ANGICij 71 P + 4N B ) = —44 2105
(3.6)

and similar expressions for |ix|? and |$.,'k|2. Interestingly, the pre-factor for this
contribution is universal, i.e. it is completely independent from the representation
N ® N‘; the scalar resides in.

Note that, for A € R and f (x) a positive function (as is required for the spectral
action) in both cases the scalar mass contributions are of the wrong sign, i.e. they
have the same sign as a Higgs-type scalar potential would have. The result would
be a theory whose gauge group is broken maximally. We will see that, perhaps
counterintuitively, we can escape this by adding gaugino-masses.

3.2.2 Gaugino Masses

Having a building block of the first type, that consists of two copies of My (C)
for a particular value of N, allows us to define a finite Dirac operator whose two
components map between these copies, since both are of opposite grading. On the
basis 7 = My (C); @ My (C)g this is written as

Dr=(ge5): G MN©@r > My(©L.
since it needs to be self-adjoint. This form for D automatically satisfies the order one
condition (1.12) and the demand J D = DJ (see (1.10)) translates into G = JG*J*.
If we want this to be a genuine mass term it should not generate any scalar field via
its inner fluctuations. For this G must be a multiple of the identity and consequently
we write G = M idy, M € C. This particular pre-factor is dictated by how the term
appears in (3.2).
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For the fermionic action we then have

1 1 1—
E(J()\Lv AR), Y Dr(hr, AR)) = §M<JM)\R7 YorR) + EMUM)»L, yoaL),
3.7

where (Az, Ag) € T = L2(S;. @ My(C)1) ® L*(S— @ My(C)g), with S the
space of left- resp. right-handed spinors. This indeed describes a gaugino mass term
for a theory on a Euclidean background (cf. [2], Eq.4.52).

A gaugino mass term in combination with building blocks of the second type
(for which two gaugino pairs are required), gives extra contributions to the spectral
action. From the set up as is depicted in Fig. 3.2, one can see that tr Dj‘p receives extra
contributions coming from paths that traverse two edges representing a gaugino mass
and two representing the scalar Vi . In detail, the extra contributions are given by:

S

f 0) JO
872

trp &% = NiIM;11Ciijrij 1> + NjIM;1Cij i1

- 2(riN,»|Mi|2 Ny M5 ) 1 . (3:8)

upon scaling the fields.
This means that there is an extra contribution to the scalar mass terms, that is of
opposite sign (i.e. positive) as compared to the one from the previous section. When

f2 A2

2 Ni IM; 1> + 21 NjIMG |1 > 4——— A%
’ g f(O)

then the mass terms of the sfermions have the correct sign, averting the problem of
a maximally broken gauge group that was mentioned in the previous section. Com-
paring this with the expression for the Higgs mass(es) raises interesting questions
about the physical interpretation of this result. In particular, if we would require the
mass terms of the sfermions and Higgs boson(s) to have the correct sign already at
the scale A on which we perform the expansion of the spectral action, this seems to
suggest that at least some gaugino masses must be very large.
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Note that a gauge singlet in, € L*(M,S ®1® 1°) (such as the right-handed
neutrino) can be dressed with a Majorana mass matrix Yy, in family space (see [2,
Sect.2.6] and Fig. 3.3). This yields extra supersymmetry breaking contributions:

0) e p— ~ = P — e
J;? tr [4(C111’1/fsin)Tm(C111’¢fsin)M + 4(C11’1'¢sin)Tm(C11'1/Wsin)M’] +h.c.

— (M + M) tr T2, + h.c. (3.9)

where M and M’ denote the gaugino masses of the two one-dimensional building
blocks A, Ay of the first type respectively and the trace is over family space.
This expression is independent of whether there are building bocks of the third type
present.

Note furthermore that the gaugino masses do not give rise to mass terms for the
gauge bosons. In the spectral action such terms could come from an expression fea-
turing both D4 = iy"* D, and Df twice. We do have such a term in (1.24) but
since it appears with a commutator between the two and since we demanded the
gaugino masses to be a multiple of the identity in My (C), such terms vanish auto-
matically. (In contrast, the Higgs boson does generate mass terms for the W=*- and
Z-bosons, partly since the Higgs is not in the adjoint representation.)

3.2.3 Linear Couplings

The fourth term of (3.2) can only occur for a gauge singlet, i.e. the representation
1®1° (or, quite similarly, the representation 1®1°). The only situation in which such
a term can arise is with a building block of the second type—defining a fermion—
sfermion pair (Ygin, Jsin) and their antiparticles (see Fig. 3.3). Moreover in this case
a Majorana mass Y, is possible, that does not generate a new field.

Any such term in the spectral action must originate from a path in this Krajewski
diagram consisting of either two or four steps (corresponding to the second and fourth
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Fig. 3.4 Two building blocks of the second type defining two fermion—sfermion pairs (v, Vii) T
and (y/, w .) in the same representation. a When the gradings of the representations are equal.
b When the gradings of the representations differ

power of the Dirac operator), ending at the same vertex at which it started (if it is to
contribute to the trace) and traversing an edge labeled by v, only once. From the
diagram one readily checks that such a contribution cannot exist.

3.2.4 Bilinear Couplings

If a bilinear coupling (such as the third term in (3.2)) is to be a gauge singlet,
the two fields v;; j and 1// appearing in the expression should have opposite finite

representations, eg ‘Pu € C®°(M,N; ®N”) 1// € C*(M,N; ® N?). We will

rename w i w for consistency with Sect.2.2.5.2. The building blocks of the
second type by whlch they are defined are depicted in Fig.3.4.

The gradings of both representations are either the same (left image of Fig.3.4),
or they are of opposite eigenvalue (the right image). A contribution to the action that
resembles the third term in (3.2) needs to come from paths in the Krajewski diagram
of Fig.3.4 consisting of either two or four steps, ending in the same point as where
they started and traversing an edge labeled by Vii j and w only once.

One can easily check that in the left image of Fig. 3 4 no such paths exist. In
the second case (right image of Fig.3.4), however, there arises the possibility of a
component u of the finite Dirac operator that maps between the vertices labeled by
¥i; and ¥/, (and consequently also between w, and w ). This corresponds to a
building block of the fifth type (Sect.2.2.5.2). There isa contrlbutlon to the action
(via tr D% ) that comes from loops traversing both an edge representing a gaugino
mass and one representing . If the component p is parameterized by a complex
number, then the contribution is
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f(0) -,
o (BNot M Gyl + 8Nyt Myl ) + e,

— 2(riNiM,- +erij)Mtf Jiﬂ/ji/j +h.c., (3.10)

where the traces are over NS.BM , with M the number of copies of N; ® N?. This indeed
yields a bilinear term such as the third one of (3.2).

3.2.5 Trilinear Couplings

Trilinear terms such as the second term of (3.2) might appear in the spectral action.
For that we need three fields lﬁ,, €C®(M,N;® N;’) ij € C*°(M,N; ®N?) and
I//ik € C®(M,N; ® N?), generated by the finite Dirac operator. Such a term can
only arise from the fourth power of the finite Dirac operator' which is visualized by
paths in the Krajewski diagram consisting of four steps, three of which correspond to
a component that generates a scalar field, the other one must be a term that does not
generate inner fluctuations, e.g. a mass term. Non-gaugino fermion mass terms were
already covered in Chap.2 and were seen to generate potentially supersymmetric
trilinear interactions, so the mass term must be a gaugino mass.

If the component of the finite Dirac operator that does not generate a field is a
gaugino mass term (mapping between—say—~M y, (C) g and My, (C) 1), then two of
the three components that do generate a field must come from building blocks of the
second type, since they are the only ones connecting to the adjoint representations.
If we denote the non-adjoint representations from these building blocks by N; ® Nj

and N; ® N then we can only get a contribution to tr D‘; if there is a component
of Df connecting these two representations. If Nj = N, such a component could
yield a mass term for the fermion in the representation N; ® N?, and we revert to the
previous section. If Nj # Ny then the remaining component of D must be part of a
building block of the third type, namely ; ;. This situation is depicted in Fig. 3.5. It
gives rise to three different trilinear interactions corresponding to the paths labeled by
arrows in the figure. Each of these three paths actually represents four contributions:
one can traverse each path in the opposite direction, and for each path one can reflect
it around the diagonal, giving another path with the same contribution to the action.
Calculating the spectral action we get for each building block %; i of the third
type the contributions
f(0)
2 (N M tr Y, ‘/fjkl/fzkcukcw Vij + NjMj e ijkl/f/kl/fsz Cijjvij

+ Ny v Ciaac ¥ i Xy Wi ) + e, 3.11)

"Here we assume that each component of the finite Dirac operator generates only a single field,
instead of—say—two composite ones.
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where all traces are over N?M . A careful analysis of the demand for supersymmetry

in this context (see Sect. 2.2.3) requires the parameters Y; !, T, Kand Y ; ¥ to be related
via

k j j k
Ciue X" = =1 Cjue, 0 Ciij = =Ci)), Y/ Cijp==71,"Cij; (3.12)

where C;;; and C;j; act trivially on family space if {/;l- ;j 1s assumed to have R = 1.
From this relation we can deduce that s;;s;xsjx = —1 for the product of the three
signs defined in (3.4). If we replace C;jx — Cik, Ciij — Cijj, Cjjx — Cjik and
Cijj — Cijj in the first two terms of (3.11) using (3.4), employ (2.55), then (3.11)
can be written as

0

7 7 — ~ = i~
7(NiMii + Niji + NkMk) tr Cjkk‘ﬁjk\ﬁikcfkkTiJWij + h.c.

We then scale the sfermions according to (3.5), again using (3.4) for C i, and C;kkk
to obtain

e o o .
g /2%(;;N,~Mi 1N MG + reNeMe ) e X0 T g + e, (3u13)
1
where we have written
Yo=Y (N, oy, )12

for the scaled version of the parameter Tij , ki = €k, jék,i and the index [ can take
any of the values that appear in the theory.
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3.3 Summary and Conclusions

‘We have now considered all terms featuring in (3.2). At the same time the reader can
convince himself that this exhausts all possible terms that appear via tr D‘} and feature
a gaugino mass. As for the fermionic action, a component of Dy mapping between
two adjoint representations can give gaugino mass terms (3.7). As for the bosonic
action, any path of length two contributing to the trace and featuring a gaugino mass,
cannot feature other fields. In contrast, a path of length four in a Krajewski diagram
involving a gaugino mass can feature:

e only that mass, as a constant term (see the comment at the end of this section);

e two times the scalar from a building block of the second type, when going in one
direction (3.8);

e two times the scalar from a building block of the second type, when going in
two directions and when a Majorana mass is present (only possible for singlet
representations, (3.9));

e two scalars from two different building blocks of the second type having opposite
grading in combination with a building block of the fifth type (3.10).

e three scalars, partly originating from a building block of the second type and partly
from one of the third type (3.13).

Furthermore, via tr D% there are contributions to the scalar masses from building
blocks of the second and third type (3.3). We can combine the main results of the
previous sections into the following theorem.

Theorem 3.1 All possible terms that break supersymmetry softly and that can orig-
inate from the spectral action (1.24) of an almost-commutative geometry consisting
of building blocks are mass terms for scalar fields and gauginos and trilinear and
bilinear couplings. More precisely, the most general Lagrangian that softly breaks
supersymmetry and results from almost-commutative geometries is of the form

NG = 20 4 2@ 4 2O 4 2@ 4 O (3.14)

where | |
70 = S Mi(Jykik, Yohir) + EE(JMML, YL (3.152)

for each building block %B; of the first type,

@ o N2 o N R T2 21T 2
b —2(rlN,|Ml| FriNjIM P =20 )|¢,]|, (3.15b)

Sfor each building block %;; of the second type for which there is at least one building
block %B;ji of the third type present (knowing that a single %;; cannot be supersym-
metric by itself, Sect.2.2.2),
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o o o N e =
29 =28, /2q—”(nN,'Mi +riNiMj+ VkaMk) Yy + hc.,
1
(3.15¢)
Sfor each building block %;ji. of the third type,

LY =1 (M + M)t Tk, + hec. (3.15d)
Sfor each building block P, of the fourth type (with the trace over a possible family
index), and

L = 201N M; + riN; My 0], + hec. (3.15¢)
for each building block PBrass of the fifth type.

It should be remarked that the building blocks of the fourth and fifth type typically
already provide soft breaking terms of their own (see Sects.2.2.5.1 and 2.2.5.2).

Interestingly, all supersymmetry breaking interactions that occur are seen to be
generated by the gaugino masses (except the ones coming from the trace of the
square of the finite Dirac operator) and each of them can be associated to one of
the five supersymmetric building blocks. Note that the gaugino masses give rise to
extra contributions that are not listed in (3.14). For each gaugino mass M; there is
an additional contribution

f2

72

2, =19

§ =0 A%\ M.

|M;|* —

Since such contributions do not contain fields, they are not breaking supersym-
metry, but might nonetheless be interesting from a gravitational perspective.
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