Chapter 2
Supersymmetric Almost-Commutative
Geometries

Abstract We give a systematic analysis of the possibilities for almost-commutative
geometries on a 4-dimensional, flat background to exhibit not only a particle content
that is eligible for supersymmetry but also have a supersymmetric action. We come
up with an approach in which we identify the basic ‘building blocks’ of potentially
supersymmetric theories and the demands for their action to be supersymmetric.
Examples that satisfy these demands turn out to be sparse.

2.1 Noncommutative Geometry and R-Parity

One of the key features of many supersymmetric theories is the notion of R-parity;
particles and their superpartners are not only characterized by the fact that they are
in the same representation of the gauge group and differ in spin by %, but in addition
they have opposite R-parity values (cf. [9, Sect.4.5]). As an illustration of this fact
for the MSSM, see Table2.1.

In this section we try to mimic such properties, providing an implementation of
this concept in the language of noncommutative geometry:

Definition 2.1 An R-extended, real, even spectral triple is a real and even spectral
triple (&7, ¢, D; y, J) that is dressed with a grading R : JZ — J satisfying

[R,y]=I[R,J]=[R,al=0Vae .

We will simply write (<7, ¢, D; y, J, R) for such an R-extended spectral triple.

Note that, as with any grading, R allows us to split the Hilbert space into an R-even
and R-odd part:

1
H = Hpg=y ® HR=—, Hr=t = 5(1 + R)I.

Consequently the Dirac operator splits in parts that (anti-)commute with R: D =
Dy 4+ D_ with {D_, R} = [D4, R] = 0. We anticipate what is coming in the next
section by mentioning that in applying this notion to (the Hilbert space of) the MSSM,
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Table 2.1 The R-parity values for the various particles in the MSSM

Fermions R-parity Bosons R-parity Multiplicity
gauginos —1 gauge bosons +1 1
SM fermions +1 sfermions -1 3
higgsinos -1 Higgs(es) +1 1

In the left column are the fermions, in the right column the bosons. The SM fermions and their
superpartners come in three generations each, whereas there is only one copy of the other particles.
This statement presupposes that we view the up- and downtype Higgses and higgsinos as being
distinct

elements of ##%—4 should coincide with the SM particles and those of #%—_; with
the sfermions, gauginos and higgsinos.

Remark 2.2 In Krajewski diagrams we will distinguish between objects on which
R =1 and on which R = —1 in the following way:

e Representations in 777 on which R = —1 get a black fill, whereas those on which
R = +1 get a white fill with a black stroke.

e Scalars (i.e. components of the Dirac operator) that commute with R are repre-
sented by a dashed line, whereas scalars that anti-commute with R get a solid
line.

We immediately use the R-parity operator to make a refinement to the unimodu-
larity condition (1.27). Instead of taking the trace over the full (finite) Hilbert space,
we only take it over the part on which R equals 1, i.e. it now reads

o, Ap = 0. (2.1)
Analogously, the definition (1.36) of the gauge group must then be modified to
SU(H) = {u € U(A), det y_, (u) = 1}. 2.2)

We will justify this choice later, after Lemma 2.9.
Note that adjusting the unimodularity condition has no effect when applying it to
the case of the NCSM, since all SM-fermions have R-parity +1 (Table2.1).

2.2 Supersymmetric Spectral Triples

We give a classification of all almost-commutative geometries whose particle content
and spectral action functional is supersymmetric. Throughout this section we char-
acterize the finite spectral triples/almost-commutative geometries by their Krajewski
diagrams as presented in Sect. 1.2.4. Since gravity is known to break global super-
symmetry, we shall from the outset restrict ourselves to a canonical spectral triple on
a flat background, i.e. all Christoffel symbols and consequently the Riemann tensor
vanish.


http://dx.doi.org/10.1007/978-3-319-24798-4_1
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For a given algebra A of the form

K
dp =@ My, (C), (2.3)

we now look for supersymmetric ‘building blocks’—made out of representations
N ® N‘; (i, j € {l,..., K}) in the Hilbert space (fermions) and components of the
finite Dirac operator (scalars)—that give a particle content and interactions eligible
for supersymmetry. In particular, these building blocks should be ‘irreducible’; they
are the smallest extensions to a spectral triple that are necessary to retain a supersym-
metric action. We underline that we do not require that the extra action associated
to a building block is supersymmetric in itself. Rather, the building blocks will be
defined such that the total action can remain supersymmetric, or can become it again.

2.2.1 First Building Block: The Adjoint Representation

For a finite algebra @/F = My, (C) that consists of one component, the finite Hilbert
space can be takentobe N ; ®N;? =~ My, (C), the bimodule of the component M y; (C)
of the algebra. In order to reduce the fermionic degrees of freedom in the same way
as in the NCSM, we need a finite spectral triple of KO-dimension 6, i.e. one that
satisfies {J, y} = 0. This requires at least two copies of this bimodule, both having
a different value of the finite grading' and a finite real structure J that interchanges
these copies (and simultaneously takes their adjoint):

Jr(m, n) = (n*, m").

We call this

Definition 2.3 A building block of the first type %; (j € {1, ..., K}) consists of
two copies of an adjoint representation My, (C) in the finite Hilbert space, having
opposite values for the grading yr. It is denoted by

Bj=(m,m', 0)e My, (C)rdMy,(C)g ®End(#7) C H#r & End(HA).

As for the R-parity operator, we put R| My, (©) = —1. Since D4 maps between
R = —1 representations the gauge field has R = 1, indeed opposite to the fermions.
The Krajewski diagram that corresponds to this spectral triple is depicted in Fig.2.1.
Via the inner fluctuations (1.17) of the canonical Dirac operator g,, (1.20) we
obtain gauge fields that act on the My, (C) in the adjoint representation. If we write

"'We will distinguish the copies by giving them subscripts L and R.


http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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N;j
0
)

Fig. 2.1 The first building block consists of two copies in the adjoint representation My; (C),
having opposite grading. The solid fill means that they have R = —1

(Wjp Mig) € AT = L2(S4 ® My;(O)1) ® L*(S- ® My, (C)R)

for the elements of the Hilbert space as they would appear in the inner product, we
find for the fluctuated canonical Dirac operator (1.20) that:

aA(){/,'L, X;R) = iV“(au + AM)()"/J'Lv )‘/jR)’

with A, = —igjad A} ;. Here wehave writtenad (A )17 g := A} A} p—A] pA)
with A;Lj € End(I"' () @ u(N;)) self-adjoint and we have introduced a coupling
constant g;.

2.2.1.1 Matching Degrees of Freedom

In order for the gauginos to have the same number of finite degrees of freedom as the
gauge bosons—an absolute necessity for supersymmetry—we can simply reduce
their finite part )Jj LR O u(Nj), as described in [2, Sect.4]. However, as is also
explained in loc. cit., even though the finite part of the gauge field A;L j is initially
also in u(N;), the trace part is invisible in the action since it acts on the fermions
in the adjoint representation. To be explicit, writing A, o= Auj T NL/BHJ' idy;,
with A (x) € su(N;), Byj(x) € u(l) (for conciseness we have left out coupling
constants for the moment), we have

ad(A;Lj) = ad(Ay;).
This fact spoils the equality between the number of fermionic and bosonic degrees of

freedom again. We observe however that upon splitting the fermions into a traceless
and trace part, i.e.

Mipg =AML + 29 gidy;, (2.4)
the latter part is seen to fully decouple from the rest in the fermionic action:
(JuN;p, DaXig) = (Imh L, Pakjr) + (ImASL, Farig).

We discard the trace part from the theory.


http://dx.doi.org/10.1007/978-3-319-24798-4_1
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Remark 2.4 In particular, a building block of the first type with N; = 1 does not
yield an action since the bosonic interactions automatically vanish and all fermionic
ones are discarded. This is remedied again in a set-up such as in the next section.

Note that applying the unimodularity condition (2.1) does not teach us anything
here, for #%— is trivial.

One last aspect is hampering a theory with equal fermionic and bosonic degrees
of freedom. There is a mismatch between the number of degrees of freedom for the
theory off shell; the equations of motion for the gauge field and gaugino constrain a
different number of degrees of freedom. This is a common issue in supersymmetry
and is fixed by means of a non-propagating auxiliary field. We mimic this procedure
by introducing a variable G := G? T;’ € C*®°(M, su(N;))—with Tj“ the generators

of su(N j)—which appears in the action via’:
b try, G2 /gd*x (2.5)
2nj M s ' '

The factor n; stems from the normalization of the Tj“, tr T;‘ ij = n~,~8“b, and is

introduced so that in the action (G¢)? has coefficient 1/2, as is customary. Typically
nj = % Using the Euler-Lagrange equations we obtain G; = 0, i.e. the auxiliary
field does not propagate. This means that on shell the action corresponds to what the
spectral action yields us. In proving the supersymmetry of the action, however, we
will work with the off shell counterpart of the spectral action.

The action of the spectral triple associated to %; has been determined before

(e.g. [3-5]) and is given by
f ()

= Mtr%FFj F/H™ 4+ 0(A7?),  (2.6)

v

Silh, Al == (Jud g, Parp) —

where we have written the fermionic terms as they would appear in the path
integral (cf. [8, Sect. 16.3]).3 Using the notation introduced in (1.32) we write
Ay = —igj(Ay; — A7) and find for the corresponding field strength (1.25)

Fuv = —igj (F;{v - (F;{v)o)’
with FJ, =0, (Ay)) — 0,(Au)) —igj[Auj. Ayl

Hermitian. Consequently we have in the action

2This auxiliary field is commonly denoted by D. Since this letter already appears frequently in
NCG, we instead take G to avoid confusion.

31t might seem that there are too many independent spinor degrees of freedom, but this is a charac-
teristic feature for a theory on a Euclidean background, see e.g. [13—15] for details.


http://dx.doi.org/10.1007/978-3-319-24798-4_1
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f(()) Jj J. v 1 ‘%/J J Jsmuy
_247[2 MtrjzﬂF FMVIF = ZZ MtrN] FMUF .
O

with J¢; = ang] (2N)). 2.7

Here we have used that for X € My; (C) traceless, trMNj © X —X”)2 =2N; try; X2
and there is an additional factor 2 since there are two copies of My; (C) in HF. The
expression for JZ; gets a contribution from each representation on which the gauge
field A, acts, see Remark 2.14 ahead. The factor n;l in front of the gauge bosons’
kinetic term anticipates the same factor arising when performing the trace over the
generators of the gauge group. The same thing happens for the gauginos and since we
want )\?, rather than A ;, to have a normalized kinetic term, we scale these according
to

I
Aj = ——xj, where tr T¢T? = n ;8. (2.8)
Vi T

Discarding the trace part of the fermion, scaling the gauginos, introducing the aux-
iliary field G ; and working out the second term of (2.6) then gives us for the action

1 1.%; P 1 "
SiMA Gili=—(IyriL, Jar; —I—f—j/ try, Fi FIHY try. G2,
il il nj< MAjLs JANjR) 2 Ju N; Fiw 27 Ju N; G5

with A, g € L*(M, S+ ® su(Nj)L.r), Aj € End(I'(S) ® su(N;)),G; €
C®(M, su(N;)).

For this action we have:

Theorem 2.5 The action (2.9) of an R-extended almost-commutative geometry that
consists of a building block % of the first type (Definition 2.3, with N; > 2) is
supersymmetric under the transformations

8Aj = cjy"[(Umer, vurjL).o + (Iner, vurjr).# ), (2.10a)
ShjL.r =iy y " Fl Lk + ¢g,GeL.Rs (2.10b)
3G = cg;|(Umer. ParjL).s + (Iuer. Jarjr)»]. (2.10c)

. , , .
wzthcj,cj,ch,ch e Ciff
2ic} = —cj X}, cG; = —c’GI,. (2.11)

Proof The entire proof, together with the explanation of the notation, is given in the
Appendix section ‘First Building Block’.
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We have now established that the building block of Definition 2.3 gives the super
Yang-Mills action, which is supersymmetric under the transformations (2.10).* This
building block is the NCG-analogue of a single vector superfield in the superfield
formalism.

Note that we cannot define multiple copies of the same building block of the first
type without explicitly breaking supersymmetry, since this would add new fermionic
degrees of freedom but not bosonic ones. This exhausts all possibilities for a finite
algebra that consists of one component.

2.2.2 Second Building Block: Adding Non-adjoint
Representations

If the algebra (2.3) contains two summands, we can first of all have two different
building blocks of the first type and find that the action is simply the sum of actions
of the form (2.9) and thus still supersymmetric.

We have a second go at supersymmetry by adding the representation N; ® N;’.
to the finite Hilbert space, corresponding to an off-diagonal vertex in a Krajewski
diagram. This introduces non-gaugino fermions to the theory. A real spectral triple
then requires us to also add its conjugate N; ® N?. To keep the spectral triple of KO-
dimension 6, both representations should have opposite values of the finite grading
yr. For concreteness we choose N; ® N‘j’. to have value + in this section, but the
opposite sign works equally well with only minor changes in the various expressions.
With only this content, the action corresponding to this spectral triple can never be
supersymmetric for two reasons. First, it lacks the degrees of freedom of a bosonic
(scalar) superpartner. Second, it exhibits interactions with gauge fields (via the inner
fluctuations of g;,) without having the necessary gaugino degrees to make the particle
content supersymmetric. However, if we also add the building blocks %; and % ; of
the first type to the spectral triple, both the gauginos are present and a finite Dirac
operator is possible, that might remedy this.

Lemma 2.6 For a finite Hilbert space consisting of two building blocks %; and %
together with the representation N; ® N;’. and its conjugate the most general finite
Dirac operator on the basis

N;i @N} @ My, (C)r & My, (C)r @ My;(C)r & My, (O ®N; @ N7, (2.12)

is given by

4 A similar result, without taking two copies of the adjoint representation, was obtained in [2].
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0 0 A 0 B 0
0 0 M, 0 0 JA*J*
A MF 0 0 0 0
1
Pr=10o 0 o o M B (2.13)
B* 0 0 M: 0 0
0 JAJ* 0 JBJ* 0 0

with A : My, (C)p — N; ®N? and B : My;(C)r — N; ®N?.

Proof We start with a general 6 x 6 matrix for Dr. Demanding that {Dp, yr} =0
already sets half of its components to zero, leaving 18 to fill. The first order condition
(1.12) requires all components on the upper-right to lower-left diagonal of (2.13) to
be zero, so 12 components are left. Furthermore, D must be self-adjoint, reducing
the degrees of freedom by a factor two. The last demand Jr D = DpJF links the
remaining half components to the other half, but not for the components that map
between the gauginos: because of the particular set-up they were already linked via
the demand of self-adjointness. This leaves the four independent components A, B,
M; and M;.

In this chapter we will set M; = M; = 0 since these components describe super-
symmetry breaking gaugino masses. This will be the subject of the next chapter.

Lemma 2.7 If the components A and B of (2.13) differ by only a complex number,
then they generate a scalar field ;; in the same representation of the gauge group
as the fermion.

Proof We write D;;'" = A and D;j// = B in the notation of (1.33). First of all,
D;j77 : My;(C) - N; ® N? constitutes of left multiplication with an element
Cijj nij, where n;; € N; ®N? and C;j; € C. Similarly, D,‘jii My, (C) = N; ®N?
constitutes of right multiplication with an element in N; ® N‘;. If this differs from

D[jjj by only a complex factor, it is of the form Ciijnij, with C;;; € C.
Then the inner fluctuations (1.34) that D;;// develops, are of the form

D1 — Dijl + > (an)i (D" (bn)j — (bn)i Dij7) = Cijj¥ij. (2.14)
n
with which we mean left multiplication by the element
Vij = mij + Z(an)i[nij(bn)j — (Op)inijl
n

times the coupling constant C;;;. The demand JDr = DpJ (cf. Table1.3) on
Dp means that Dkiji = JDVJ* = J(D,-jik)*J*, from which we infer that the
component D;;/' constitutes of left multiplication with C;;;;;. Its inner fluctuations
are of the form


http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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Fig. 2.2 After allowing for off diagonal representations we need a finite Dirac operator in order
to have a chance at supersymmetry. The component A of (2.13) corresponds to the upper and left
lines, whereas the component B corresponds to the lower and right lines. The off-diagonal vertex
can have either R = 1 (left image) or R = —1 (right image). The R-value of the components of
the finite Dirac operator changes accordingly, as is represented by the (solid/dashed) stroke of the
edges

D/t — Dyl + Z(an)i(Diiji(bn)j - (bn)iDii'/i) = CiijVij,
n

which coincides with (2.14). Furthermore, for U = uJuJ* with u € U (<) we find
for these components (together with the inner fluctuations) that

UDij'UU = uiDij“u*»

il
UD;;"U =u;D ,j iy I

] b
establishing the result.

Since the diagonal vertices have an R-value of —1, the scalar field {/;i j generated
by Df will always have an eigenvalue of R opposite to that of the representation
N ® N;’. € #F. This makes the off-diagonal vertices and these scalars indeed

each other’s superpartners, hence allowing us to call Vi j a sfermion. The Dirac
operator (2.13) (together with the finite Hilbert space) is visualized by means of a
Krajewski diagram in Fig.2.2. Note that we can easily find explicit constructions
for R € o/r ® 2/p. Requiring that the diagonal representations have an R-value
of —1, we have the implementations (1y;, —1x) ® (—1x;, le)" and (1y;, 1y) ®
(—1n;, — le)(’ € dr ® /7, corresponding to the two possibilities of Fig.2.2.

We capture this set-up with the following definition:

Definition 2.8 The building block of the second type %f; consists of adding the
representation N; ® N" (having yr-eigenvalue £) and its conjugate to a finite Hilbert
space containing %; and 2, together with maps between the representations N; ®N0
and N; ® N? and the adjoint representations that satisfy the prerequisites of Lemma
2.7. Symbollcally it is denoted by
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Fig. 2.3 An example of a
building block of the second
type for which the fermion
has R = 1 and multiple
generations

93;‘/: = (e; ®ej, e;. ®é;~, D,'iji + D,’jjj) e N; ®N?~ ®N; ®N;} @ End (%)
C HF ® End(HF).

When necessary, we will denote the chirality of the representation N; ® N with a
subscript L, R. Note that such a building block is always characterized by two indices
and it can only be defined when %; and % ; have previously been defined. In analogy
with the building blocks of the first type and with the Higgses/higgsinos of the MSSM
in the back of our minds we will require building blocks of the second type whose
off-diagonal representation in ¢ has R = —1 to have a maximal multiplicity of
1. In contrast, when the off-diagonal representation in the Hilbert space has R = 1
we can take multiple copies (‘generations’) of the same representation in J¢F, all
having the same value of the grading yr. This also gives rise to an equal number
of sfermions, keeping the number of fermionic and scalar degrees of freedom the
same, which effectively entails giving the fermion/sfermion-pair a family structure.
The C;;j and C;;; are then promoted to M x M matrices acting on these copies. This
situation is depicted in Fig.2.3. We will always allow such a family structure when
the fermion has R = 1, unless explicitly stated otherwise. There can also be two
copies of a building block %;; that have opposite values for the grading. We come
back to this situation in Sect.2.2.5.2.

Next, we compute the action corresponding to %;;. For a generic element ¢ on
the finite basis (2.12) we will write

¢ = (ijL, Mps Mgy Mips NjR,%jR) e T,

where the prime on the gauginos suggests that they still contain a trace-part (cf. (2.4)).
To avoid notational clutter, we will write ¥; = Vi, WR = Ei iR and 1; = J,- iL
throughout the rest of this section. The extra action as a result of adding a building
block ﬂl"]’ of the second type (i.e. additional to that of (2.6) for %; and %) is
given by
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Sijlhg, My WL, Yo A, A, U U1 = SilL, ATl = Spile, A, C1+ Sp.ij[A, C1.
(2.15)

The fermionic part of this action reads

Srijle, AT = YT WL, U R), JaWL, U R))
+ ST WL N Mo Vi Mg WR) VP OWL, A s Mo M M WR))
= (Ju¥g. Davr) + <JM¢R7V5}\;RCH/‘/~/>+<JM$R,V5Cijj$)\/jR>
H UM VL, v UCH )+ e, v 0 CH ), (2.16)

prior to scaling the gauginos according to (2.8). Here we have employed (2.14) and
the symmetry of the inner product. The bosonic part of (2.15) is given by

Soijlan TV = [ 1AGD TP + T T) @.17)
M
(cf. (1.24)) with A; = Jl{;‘ the square root of the positive semi-definite
M x M—matrix
(0)
N} = f = (NiC};;Ciij + N;Cf5; Ciji), (2.18)

where M is the number of particle generations, and

f()[

M) = 53 [NAC Ty P+ N Cpy P+ 21CiIC5 02

(2.19)

The first term of this last equation corresponds to paths in the Krajewski diagram
such as in the first example of Fig. 1.5, involving the vertex at (7, i). The second term
corresponds to the same type of path but involving (j, j) and the third term consists
of paths going in two directions such as the fourth example of Fig. 1.5.

2.2.2.1 Matching Degrees of Freedom

As far as the gauginos are concerned, there is a difference compared to the previous
section; there the trace parts of the action fully decoupled from the rest of the action,
but here this is not the case due to the fermion-sfermion-gaugino interactions in
(2.15). At the same time, the gauge fields A/l. and A’ do not act on N; ® N}
and N; ® N? in the adjoint representation, causing thelr trace parts not to Vamsh
either. We thus have fermionic and bosonic u (1) fields, that are each other’s potential

superpartners.


http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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We distinguish between two cases:

e Inthe leftimage of Fig.2.2 #z—+ = N; ® N;’. ©N; ®NY and thus we can employ
the unimodularity condition (2.1). This yields’

o Y N
0 =trN;eNg 8idiy + IINjoNy 84

j&B; Bip + Nig;Bjy =— Bju=—(N;jgp/Nigs;)Biu.

where we have first identified the independent gauge fields before introducing
the coupling constants g; j, gp; ; (cf. [7, Sect.3.5.2]). Consequently the covariant
derivative acting on the fermion 1 and scalar ¥ and their conjugates is equal to
Ja =iy* D, with

. 8B
DH:VIE—Z(g,-A,-M—i—g )+l(ngm+ fB)
Nj
s _ . .0 . B;
:Vu—tgiAm—l—tngju—Zzgg;ﬁ.
1

This also means that the kinetic terms of the u(1) gauge field now appear in the
action. After applying the unimodularity condition, the kinetic terms of the gauge
bosons, as acting on N; ® N?, are given by

Y
- trNi@N? F;LV]F .

2 2
trN®N” (glF,uv gJF/w +ngN Bl )(glFlw _g]FMUO‘I'gBI N; Bi;w)

87 try, F;M)Fl.’w + Nig;trN Fl{vFj’w —|—4—gB B’ ,BY, (2.20)

with B;,, = 9y Biv). The contribution from N; ® N7 is the same and those from
N; ® Ny and N; ® N have been given in the previous section.

We can use the supersymmetry transformations to also reduce the fermionic
degrees of freedom:

Lemma 2.9 Requiring the unimodularity condition (2.1) also for the supersymmetry
transformations of the gauge fields, makes the traces of the gauginos proportional
to each other.

SWhen having multiple copies of the representations N; ® N? and N; ® N? all expressions will be
multiplied by the number of copies, since the gauge bosons act on each copy in the same way. This
leaves the results unaffected, however.
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Proof We introduce the notation A;; p = )Lf LR ® Tl.“, summed over the repeated
indexa=0,1, ..., Nl. — 1, where Tl.“ are the generators of u(N;) =~ u(1) @ su(N;).
Writing out the unimodularity condition (2.1) for the transformation (2.10a) of the
gauge field reads in this case

0=N;(gitrdA;, + gB6Biy) + Ni(gjtr8Aj, + g,8Bj).

Putting in the expressions for the transformations and using that the su(N; j)-parts
of the gauginos are automatically traceless, we only retain the trace parts:

0= Nngi[(JMgR’ Vp,)"?L) + (Jpmer, yﬂ)‘?R)]
+ Nigs; [(JMSR, )/,M?L) + (Jpyer, Vu)‘(/)‘R)]
= (Jmer. yu(Njgs My + Nigs,29)) + (L < R), (2.21)

where with ‘(L < R)’ we mean the expression preceding it, but everywhere with
L and R interchanged. Since ¢ = (g1, €g) can be any covariantly vanishing spinor,
(0, eg) with VSeg = 0 and (g1, 0) with V5S¢, = 0 are valid solutions for which
one of the terms in (2.21) vanishes, but the other does not. The term with left-handed
gauginos is thus independent from that of the right-handed gauginos. Hence, for any
ER,

(Jmers vu(Njgp,0y + Nign 251))

must vanish, establishing the result.

Via the transformation (2.10b) for the gaugino, we can also reduce one of the u (1)
parts of G’ = G” T“ + H; j € C®°(M,u(N; ;).

This prov1des us a Justlﬁcatlon for the choice to take the trace in (2.1) only over
JF. For if we had not, we would have been in a bootstrap-like situation in which
the gaugino degrees of freedom would have contributed to the relation that we have
employed to reduce them by.

e In the right image of Fig.2.2 no constraint occurs due to the unimodularity condi-
tion because .#%z—+ = 0 and the kinetic terms of the gauge bosons are given by:

/ )
— trNi®N7 FMUF

; 8B 8B; 2
:tI‘Ni®N(; (glFll“) F]0+fBiMV_ﬁBjMV)
. t j

2 i 123 i uv
& N, F,U.vFi —i—N,'gjtl‘Nj F;ivFj

g Bi gB,-B./) (gBIBi _ ngB-/)“” (2.22)
jnay

N-N-(
NNy, N; N; N;
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Here for the second time we stumble upon problems with the fact that the spectral
action gives us an on shell action only. The problem is twofold. First, there is—as
in the case of %; and #;—a mismatch in the degrees of freedom off shell between
Y = ¥;; and ¥ = ¥;;. We compensate for this by introducing a bosonic auxiliary
field F;; € C*°(M,N; ® N?) and its conjugate. They appear in the action via

SLFij. F{51 = —/ try, F} Frjy/gd*x. (2.23)

From the Euler-Lagrange equations, it follows that F;; = Fi*]‘- = 0, i.e. Fj; and its
conjugate only have degrees of freedom off shell. Secondly, the four-scalar self-
interaction of poses an obstacle for a supersymmetric action; regardless of its
specific form, a supersymmetry transformation of such a term must involve three
scalars and one fermion, a term that cannot be canceled by any other. The standard
solution is to rewrite these terms using the auxiliary fields G, G’j that the building
blocks of the first type provide us, such that we recover (2.17) on shell. The next
lemma tells us that we can do this.

Lemma 2.10 If 5 r—+ # O then the four-scalar terms (2.19) of an almost-
commutative geometry that consists of a single building block %;; of the second
type can be written in terms of auxiliary fields G;; € C*(M,su(N; ;)) and
H € C*®(M, u(l)), as follows:

— %Hz —trG; g/lﬂi —tr G,E@;J —Hur ‘,@/J?,
(2.24)

where in the terms featuring G; j the trace is over the N; j x N; j-matrices and with

f(O) f(O)
7= JH2N, c;]cl,,, 7= JEEN;CEiCyy. .

ll]C”/ +C; ClJI)

ijj
matrices on M-dimensional family space.

Proof Required for any building block Z; ; of the second type are the building blocks
%; and A of the first type, initially providing auxiliary fields G; j = G{ ; j Tl“J

C®(M, su(N; ;)) and H; ; € C*°(M, u(1)). Here the T“ denote the generators of
su(N;, ;) in the fundamental (defining) representation and are normalized according
to tr T“] Tb = n; jdap, Where n; ; is the constant of the representation. After apply-
ing the ummodularlty condition (2.1) in the case that 5#—4 # O (the left image of
Fig.2.2) for the gauge field and its transformation, only one u(1) auxiliary field H

remains. We thus consider the Lagrangian (2.24) with @[ I 2’ self-adjoint. (These
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coefficients are written inside the trace since they may have family indices. However,

the combinations &/ JE and ;94 @ cannot have family-indices anymore, since G;
and G ; do not.) Applying the Euler-Lagrange equations to this Lagrangian yields

G!=—-uTf :@;JJ, Gj=-u Tf?@}l}, H=—tr e@’wz
and consequently (2.24) equals on shell
ZL(Gij, H oy, ¥) = tr(Tfl@f*Zij%j)z + ltr(Tquj«@}lZij)z + %tr(a@/lzij%j)z
= 212001 - L@’”M )
+ 2L (v - |@/”2w| )+ 512251
Here we have employed the identity

1
T (Tt = i, (S = 8B (2.26)
L

With the choices (2.25) we indeed recover the four-scalar terms (2.19) of the spectral
action.

Even though in the case that J¢F gr=+ = O (the right image of Fig.2.2) the
unimodularity condition cannot be used to relate the u(1) fields H; and H; to each
other, a similar solution is possible:

Corollary 2.11 If #g—+ = O then the four-scalar terms (2.19) of a building block
2B of the second type can be written off shell using the Lagrangian

1 1 ~=
—H? — EH} —tr G; Py

1

L(Gi i Hi i, V. —— Gl — — G2 —
( i,j i,j 1// Kﬁ) an 2nj r j )
~ Gy P~ Hiw Qyy — Hiw 209, (227

with

0 0
P} = \JEINCECuij. 2= [N G

lee@;: f(O (CI*UC”/_I_C;ZJCU])

not carrying a family-index.

In both cases we have obtained a system that has equal bosonic and fermionic
degrees of freedom, both on shell and off shell.
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2.2.2.2 The Final Action and Supersymmetry

We first turn to the case that -1 # 0. Reducing the degrees of freedom by
identifying half of the u(1) fields with the other half and rewriting (2.15) to an off
shell action we find the extra contributions

(I g, Dave) + (a0 g, > M gCiij ¥ + Cijj¥rk;p))
+ (UL, Y G Chal + X TCE))
+ /M (145 D2 = e, (P Gy) = e, (F210G)
~ Hiry, 277 = wyon FiFy]
to the total action, with

)\; =Ai + )»? idy;, )”/j =Aj— Nj/,')»? ide

and G;j € C®(M, su(N; ;)), H € C°®°(M, u(1)). For notational convenience we
will suppress the subscripts in the traces when no confusion is likely to arise. In
addition, adding a building block %;; slightly changes the expressions for the pre-
factors of the kinetic terms of A;, and A, (cf. Remark 2.14).

As a final step we scale the sfermion ; j according to
Vij — JK]TIIZij, 'Zij - Jz‘jﬂfj_l, (2.28)
and the gauginos according to (2.8) to give us the correctly normalized kinetic terms
for both:
(IMV g, Davrr) + (Iu Vg, VS[MRa,jJ + gj,iJ)L/J‘R])
+ I, VI G jhiy + X 9 C )
+ [ 178 - w (2776 ~u (72,76))

—wHOYY —tr wom Fi./]. (2.29)

Here we have written

C. . = Ciii g1 C..— Sii 41
Coj =ty > ChE=gm (2.30)
‘@i’j = J%j_ ‘@i/,f/%j_ ’ 2 = ’/Kj_ Ql‘/gj_

for the scaled versions of the parameters. For this action we have:
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Theorem 2.12 The total action that is associated to %; & B ; ® %, given by (2.9)
and (2.29), is supersymmetric under the transformations (2.10),

8% = cij(Imer. v V)., 5% = cf;(Uner. v’ W)y, (231a)
8y =,y Lpa. Wler +dj;Fijer.  §Ug =iy Lga. Vler +di Fier
(2.31b)
and

8Fij = dij(Jmer, Javr)s +diji(Iuer, v AirW). — dij j(Juer, V> UAjR) 7,

(2.32a)
SF; =dj;(Jmer, ﬁAWR)?""d,,,(JMSL y 1/MzL)/ dii i(Umer,y )»]LI/f)Y’
(2.32b)
with ¢;j, l],d”,dl],d,],-andd,‘j,j complex numbers, if and only if
2 2
= [2 . = [2 . 2 _ & . 2_ 5.
Ci,j=5i,j yigildM, Cj’l'zgj’l‘ ?]gjldM’ 331. :y’ildM, ,@J:ZIdM,
(2.33)

for the unknown parameters of the finite Dirac operator (where idyy is the identity
on family-space, which equals unity if V;; has no family index) and

/ *
Cijzci.zgij Z%CiZ—S"i\/T%Cj,
Kodii
1% l]t j 4ij.j /
dij = dj; —811\/ =TT T cG; = eV Aici,
J

with i, €; j, €, € {£1} for the transformation constants.

Proof Since the action (2.9) is already supersymmetric by virtue of Theorem 2.5,
we only have to prove that the same holds for the contribution (2.29) to the action
from %;;. The detailed proof of this fact can be found in Appendix section ‘Second
Building Block’.

Then for C;;; and &; ; that satisfy these relations (setting .%; ; = 1), the super-
symmetric action (but omitting the u(1)-terms for conciseness now) reads:

(IMV R, AVL) + V2V g, VS(Si,jgi?»iRlZ +ej,iVgiMiR)
+V2(IpvrL. VS(Ei,j{/;gi)\iL + Ej,igj?»jUZ»

+ /M |:|DMJ|2 —gitry, (JJG,) - gj trNj (?JG]) — trN;BM F;;-Fij:l, (2.34)
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i.e. we recover the pre-factors for the fermion-sfermion-gaugino and four-scalar
interactions that are familiar for supersymmetry. The signs ¢; ; and ¢;; above can
be chosen freely.

Remark 2.13 1In the case that #%_, = 0, there is an interaction
o« /M B,-WB;“ (2.35)

present (see the last term of (2.22)). Transforming the gauge fields appearing in that
interaction shows that the supersymmetry of the total action requires an interaction

o (Jual, Furl).

a term that the fermionic action does not provide. Thus, a situation in which there
are two different u (1) fields that both act on the same representation N; ® N? is an
obstruction for supersymmetry. This is also the reason that a supersymmetric action
with gauge groups U (/; ;) is not possible in the presence of a representation N; ®N?,
since

— N eNe BB =ty gne (8 Fl, —giFIN i Fl" — g, Fi9)

/gl trF’ F’w + N,g] trFl{UFj” —2gigjtr F;w ter’.w,
of which the last term spoils supersymmetry. Averting a theory in which two indepen-
dent u (1) gauge fields act on the same representation will be seen to put an important
constraint on realistic supersymmetric models from noncommutative geometry.

Note that it is not per se the presence of an R = —1 off-diagonal fermion in the
first place that is causing this; in a spectral triple that contains at least one R = +1
fermion the interaction (2.35) vanishes due to the unimodularity condition (2.1).

Remark 2.14 1In the previous section we have compactly written

% - gzjvlgl nj

only partly for notational convenience. There are two other reasons. The first is that
since the kinetic terms for the gauge bosons are normalized to —1/4, /% must in the
end have the value of 1. This puts a relation between f(0) and g;. This is the same
as in the Standard Model [7, Sect. 17.1]. Secondly, the expression for .%; depends
on the contents of the spectral triple. As (2.20) shows, when the Hilbert space is
extended with N; ® N‘]f and its opposite (both having R = 1), then (2.7) changes to

A = L9 g2n; @N; + MNj), K = L9 e2n;(MN; +2N)),
o T (2.36)
B = 372 N; 8B
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Here M denotes the number of generations that the fermion—sfermion pair comes in.
In fact, the relation between the coupling constant(s) g; and the function f should
be evaluated only for the full spectral triple. In this case however, setting all three
terms equal to one, implies the GUT-like relation

2 2 Nj 2
ni(ZN,'—i-MNj)gi =nj(2Nj +MNi)gj =4FMgB.
i

What remains, is to check whether there exist solutions for C;;; and C;;; that
satisfy the supersymmetry constraints (2.33).

Proposition 2.15 Consider an almost-commutative geometry whose finite algebra
is of the form My,(C) @ M N; (C). The particle content and action associated to
this almost-commutative geometry are both supersymmetric off shell if and only if it
consists of two disjoint building blocks %; ; of the first type, for which N;, N; > 1.

Proof We will prove this by showing that the action of a single building block %;;
of the second type is not supersymmetric, falling back to Theorem 2.5 for a positive
result. For the action of a %;; of the second type to be supersymmetric requires
the existence of parameters Cj;; and C;;; that—after scaling according to (2.30)—
satisfy (2.33) both directly and indirectly via &; ; of the form (2.25). To check
whether they directly satisfy (2.33) we note that the pre-factor !/1@2 for the kinetic

term of the sfermion J,' j appearing in (2.30) itself is an expression in terms of Cj;;
and C;;;. We multiply the first relation of (2.33) with its conjugate and multiply with
~¥;; on both sides to get

2
Cii;Ciij = A n;g; J‘{z

Inserting the expression (2.18) for Ji{}z, we obtain

f(O)I[

* _ 2‘
CiijCiij = 8ini—3 %

by NG5 Ciij + N; €l Cijy |

iij ijj

From (2.30) and (2.33) we infer that C;;Jcij./ (njgj/n,gl )C”JC,,j, ie. we
require:

PR

giniN; +njg]N]

If we use the expressions (2.36) for the pre-factors of the gauge bosons’ kinetic terms
to express the combinations f(0)n; ; gl.2 j /m? interms of N, ;,j and M, the requirement
for consistency reads

_ 3N, 3N
~ \2N; + MN; = MN; +2N; )’
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The only solutions to this equation are given by M = 4 and N; = N;. However,
inserting the solution (2.33) for C7; ; C;;j into the expression (2.25) for &;, &} (nec-
essary to write the action off shell) gives

PRI
7_[_ ]

1

> _ 4 N]4”/,
% J 7.[ 1%2

l

with an id s where appropriate. We again use Remark 2.14 toreplace f(0)g; 2 /(w2 A7)
by an expression featuring N; j, M and n; ;. This yields

2 2
o 12N & s, 12N, &L 8
" TN+ MN; 4 I 72N+ MN;, %~ "

for the values M = 4, N; = N; that gave the correct fermion-sfermion-gaugino
interactions. We thus have a contradiction with the demand on 3”1.2 j from (2.33),
necessary for supersymmetry.

We shortly pay attention to a case that is of similar nature but lies outside the
scope of the above Proposition.

Remark 2.16 For o/r = C @ C, a building block %;; of the second type does not
have a supersymmetric action either. In this case there are only u(1) fields present
in the theory and G;, G; and H are seen to coincide. It is possible to rewrite the
four-scalar interaction of the spectral action off shell, but this set-up also suffers from
a similar problem as in Proposition 2.15.

We can extend the result of Proposition 2.15 to components of the finite algebra
that are defined over other fields than C. For this, we first need the following lemma.

Lemma 2.17 The inner fluctuations (1.17) of §; caused by a component of the
finite algebra that is defined over R or H, are traceless.

Proof The inner fluctuations are of the form

iytAL, AY = > aidu(bi),  with a;, b € C°(M, My(F)), F=R,H.

This implies that AE is itself an My (IF)-valued function. For the inner fluctuations
to be self-adjoint, AE must be skew-Hermitian. In the case that F = R this implies
that all components on the diagonal vanish and consequently so does the trace. In the
case that F = H], all elements on the diagonal must themselves be skew-Hermitian.
Since all quaternions are of the form

(—O[B g) o, ,3 S (C,
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this means that the diagonal of A]EI consists of purely imaginary numbers that vanish
pairwise. Its trace is thus also 0.

Then we have

Theorem 2.18 Consider an almost-commutative geometry whose finite algebra is
of the form My, (F;) @ My, (Fj) with F;, Fj = R, C, H. If the particle content and
action associated to this almost-commutative geometry are both supersymmetric off
shell, then it consists of two disjoint building blocks %; ; of the first type, for which
N,', Nj > 1.

Proof Not only do we have different possibilities for the fields IF; ; over which the
components are defined, but we can also have various combinations for the values
of the R-parity. We cover all possible cases one by one.

If R = +1 on the representations in the finite Hilbert space that describe the
gauginos, then the gauginos and gauge bosons have the same R-parity and the particle
content is not supersymmetric.

If R = —1 for these representations, and R = +1 on the off-diagonal representa-
tions, suppose at least one of the IF;, IF; is equal to R or H. Then using Lemma 2.17
we see that after application of the unimodularity condition (2.1) there is no u(1)-
valued gauge field left. Lemma 2.9 then also causes the absence of a u(1)-auxiliary
field that is needed to write the four-scalar action off shell as in Lemma 2.10. If
both [F; and F; are equal to C we revert to Proposition 2.15 to show that there is no
supersymmetric solution for M and N; ; that satisfies the demands for C; ;, C; ; and
&, j from supersymmetry.

In the third case R = —1 on the off-diagonal representations in J#7. If both IF; ;
are equal to R or H then there is no u (1) gauge field and thus the spectral action cannot
be written off shell. If either IF; or IF; equals R or IH, then there is one u(1)-field, but
the calculation for the action carries through as in Proposition 2.15 and there is no
supersymmetric solution for M and N; ;. Finally, if both I; ; are equal to C, there
are two u(1)-fields and the cross term as in Remark 2.13 spoils supersymmetry.

Thus, all almost-commutative geometries for which &/ = My, (F;) & My S (E))
and that have off-diagonal representations fail to be supersymmetric off shell.

The set-up described in this section has the same particle content as the super-
symmetric version of a single (R = +1) particle—antiparticle pair and corresponds
in that respect to a single chiral superfield in the superfield formalism [9, 4.3]. In
constrast, its action is not fully supersymmetric. We stress however, that the scope
of Proposition 2.15 is that of a single building block of the second type. As was
mentioned before, the expressions for many of the coefficients typically vary with
the contents of the finite spectral triple and they should only be assessed for the full
model.

Another interesting difference with the superfield formalism is that a building
block of the second type really requires two building blocks of the first type, describ-
ing gauginos and gauge bosons. In the superfield formalism a theory consisting of
only a chiral multiplet, not having gauge interactions, is in many textbooks the first
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model to be considered. This underlines that noncommutative geometry inherently
describes gauge theories.

There are ways to extend almost-commutative geometries by introducing new
types of building blocks—giving new possibilities for supersymmetry—or by com-
bining ones that we have already defined. In the next section we will cover an example
of the latter situation, in which there arise interactions between two or more building
blocks of the second type.

2.2.2.3 Interaction Between Building Blocks of the Second Type

In the previous section we have fully exploited the options that a finite algebra with
two components over the complex numbers gave us. If we want to extend our theory,
the finite algebra (2.3) needs to have a third summand—say My, (C). A building
block of the first type (cf. Sect.2.2.1) can easily be added, but then we already
stumble upon severe problems:

Proposition 2.19 The action (1.24) of an almost-commutative geometry whose finite
algebra consists of three summands My, ; , (C) over C and whose finite Hilbert space

features building blocks f@f; and %lj,i is not supersymmetric.

Proof The inner fluctuations of the canonical Dirac operator on N; ®N‘j? andN; ® N}
read:

8B; B — gBjB‘

8B, __ 8B
N B N_/ j ﬁM-l-giAi—gkAk-F— == B,

v+ 8iAi — g AT+ Ni

where A; jx = yMAﬁfj’k, with A% £ () € su(Nj,j ) and similarly B! 40 e u(D).
The unimodularity condition w111 1n the case that the representation of at least one of
the two building blocks has R = +1, leave two of the three independent u (1) fields—
say—B; and B;. The kinetic terms of the gauge bosons on both representations will
then feature a cross term (2.35) of different u(1) field strengths, an obstruction for
supersymmetry.

To resolve this, we allow—inspired by the NCSM—for one or more copies of
the quaternions H in the finite algebra. If we define a building block of the first
type over such a component (with the finite Hilbert space M,(C) as a bimodule of
the complexification M (H—]I)(C M>(C) of the algebra, instead of H itself, cf. [1,
Sect.4.1], [6]), the self-adjoint inner fluctuations of the canonical Dirac operator
are already seen to be in su(2) (e.g. traceless) prior to applying the unimodularity
condition. On a representation N; ® N" (from a building block ,%’ of the second
type), of which one of the indices comes from a component H, only one u(1) field
will act.

From here on, using three or more components in the algebra, we will always
assume at most two to be of the form My (C) and all others to be equal to H.
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(a) N; N; Ny (b)
N?

0 0
N N

Fig. 2.4 In the case that there are two building blocks of the second type sharing one of their
indices, there are extra interactions in the action. a Contributions when the gradings of the building
blocks are different. b Contributions when the gradings of the building blocks are the same

The action of an almost commutative geometry whose finite spectral triple features
two building blocks of the second type sharing one of their indices (i.e. that are in the
same row or column in a Krajewski diagram) contains extra four-scalar contributions.
The specific form of these terms depends on the value of the grading and of the indices
appearing. When the first indices of two building blocks are the same, and they have
the same grading (e.g. %; and f@’;“k cf. Fig. 2.4a) the resulting extra interactions are
given by

-~ -~ 0) ~ ~
Sij jkWij, Ykl = fn__2Nj/ 1Cijj i Cjn k| /gd*x. (2.37)
M
In the other case (cf. Fig.2.4b) it is given by
~ /(0 ~ ~
Sij g, Vil = == | |CijjWij P1C > /gd x. (2.38)

The paths corresponding to these contributions are depicted in Fig.2.4.

However, to write all four-scalar interactions from the spectral action off shell
in terms of the auxiliary fields G; j «, one requires interactions of the form of both
(2.37) and (2.38) to be present. The reason for this is the following. Upon writing
the four-scalar part of the action of the building blocks %;; and % in terms of the
auxiliary fields as in Lemma 2.10, we find for the terms with G ; in particular:

1 —_— ~ —_~ -_
—g tI'Nj G? — trNj G, (wl]‘@;,lwl/) - tI'Nj Gj (9;,k¢/k‘ﬁ]k)
J

On shell, the cross terms of this expression then give the additional four-scalar inter-
action
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j|f@/1/2wu /l/zw]k| |'@/1/2‘¢/lj| |f@/1/21//]k| (2.39)

When the scaled counterparts (2.30) of ﬁ’ and 32’ k satisfy the constraints (2.33)
for supersymmetry, this interaction reads

~ o~ 1 ~ ~
& (100 = 5 21T l?)
J

after scaling the fields. When having two or more building blocks of the second type
that share one of their indices, we have either (2.37) or (2.38) in the spectral action,
while we need (2.39) for a supersymmetric action. To possibly restore supersymmetry
we need additional interactions, such as those of the next section.

2.2.3 Third Building Block: Extra Interactions

In a situation in which the finite algebra has three components and there are two
adjacent building blocks of the second type, as depicted in Fig. 2.4b, there is allowed
a component

D, Ny ®NS — N; ® N (2.40)

of the finite Dirac operator. We parametrize it with 7; K that acts (non-trivially)
on family space. Such a component satisfies the first order condition and its inner
fluctuations

2 al bn]—Zw»n( “* b — (bi)m"*)

n

generate a scalar Jik € N; ®N7. Since there is no corresponding fermion ;. present,
anecessary condition for restoring supersymmetry is the existence of a building block
%’i of the second type. The component (2.40) then gives—amongst others—an extra
fermionic contribution

<JM$ija )/ST,- k*%kwj'k)

to the action. Using the transformations (2.31) and (2.32), under which a building
block of the second type is supersymmetric, we infer that this new term spoils super-
symmetry. To overcome this, we need to add two extra components

D]kk:Ni®Nz—>Nj®Nz, D,‘jik:Ni@NZ—)Ni@N(;-
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Fig. 2.5 A situation in
which all three building
blocks of the second type are
present whose two indices
are either i, j or k

to the finite Dirac operator, as well as their adjoints and the components that can be
obtained by demanding that [Dr, Jr] = 0. We parametrize these two components
with 7; % and T, ** respectively. They give extra contributions to the fermionic
action that are of the form

— = i — = k
IV i V05 Y i) + (I )/sllfikl/fjkrj *).

Both components require the representation N; ® N} to have an eigenvalue of yr
that is opposite to those of N; ® N? and N; ® N}. This is the situation as is depicted
in Fig.2.5.

This brings us to the following definition:

Definition 2.20 For an almost-commutative geometry in which %’ , 3 and %’i
are present, a building block of the third type ;i is the collectlon of all allowed
components of the Dirac operator, mapping between the three representations N; ®
N;’-, N; ® N7 and N; ® N;’. and their conjugates. Symbolically it is denoted by

Biji = (0, D% + Dj'* + Dy;'*) € H ® End(H5). (2.41)

The Krajewski diagram corresponding to %, is depicted in Fig.2.6.
The parameters of (2.41) are chosen such that the sfermions ¥;; and ¥ jk are

generated by the inner fluctuations of 7; / and T respectlvely, whereas ¥ is

generated by 7; k% This is because Wzk crosses the particle/antiparticle-diagonal in
the Krajewski diagram. Note that i, j, k are labels, not matrix indices.

There are several possible values of R that the vertices and edges can have.
Requiring a grading that yields —1 on each of the diagonal vertices, all possibilities
for an explicit construction of R € @/F ® /g are givenby R = —P ® P’, P =
(1, £1, £1) € oF where each of the three signs can vary independently. This
yields 8 possibilities, but each of them appears in fact twice. Of the effectively
four remaining combinations, three have one off-diagonal vertex that has R = —1
and in the other combination all three off-diagonal vertices have R = —1. These
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(a) N; N; Ny (b)

D--rmemeememeenD

Fig. 2.6 A building block %; ;i of the third type in the language of Krajewski diagrams. a For
clarity we have omitted here the edges and vertices that stem from the building blocks of the first
and second type. b The same building block as shown on the left side but with the possible family
structure of the two scalar fields with R = 1 being visualized

,_______]
g

*
1
! i
1 1
\ 1
1 I
o—————-4

——— e

L]

Fig. 2.7 All possible combinations of values for the R-parity operator in a building block of the

third type. Three of those possibilities have one representation on which R = —1, in the other
possibility all three of them have R = —1. This last option essentially entails having no family
structure

four possibilities are depicted in Fig.2.7. We will typically work in the case of the
first image of Fig.2.7, as is visualised in Fig.2.6b, and will indicate where changes
might occur when working in one of the other possibilities. If in this context the
R = 1 representations in %% come in M copies (‘generations’), all components
of the finite Dirac operator are in general acting non-trivially on these M copies,
except C;;; and Cjjj, since they parametrize components of the finite Dirac operator
mapping between R = —1 representations.

Note that in the action the expressions (2.18) for the pre-factors Jlsz Ji{,% and

,/V]%( of the sfermion kinetic terms all get an extra contribution from the new edges
of the Krajewski diagram of Fig.2.6. The first of these becomes

0 . .
N - f( ) 3 (NGl Ciiy + N CyCuy + N ) e42)

The other two can be obtained replacing N;, Cjij, Cijj and 7; J by their respective
analogues.
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The presence of a building block of the third type allows us to take a specific

parametrization of the Cj;; in terms of 7 7. To this end, we introduce the shorthand
notations

qi == —"g2, ri = qini, wjj =1 —=riN; =N}, (2.43)

where we can infer from the normalization of the kinetic terms of the gauge bosons
(i.e. setting J#; = 1) that ¢; must be rational. Then, similarly as in Proposition 2.15,
we write out C C;;;, with C;;; satisfying (2.33) from supersymmetry, and insert the
pre-factor (2.42) of the kinetic term. This reads

C;;Ciij = ri(NiC};;Ciij + N;CF; Cijj + N X ¥ 1, 7).

Using r; C¥
we obtain

Cijj=r; C*.Cii j» which can be directly obtained from the result (2.33),

l]] llj

C5,Ciij = %NkTij*Tij (2.44)
iy

for the parametrization of Cj;; that satisfies (2.33). For future convenience we will

take
o J* 1/2
C,,,_s,,,/ (NT T, ) (2.45)
wjj

with &; ; € {£} the sign introduced in Theorem 2.12. The other parameter, C;j;, can
be obtained by Ti = Tj, Eij = Eji. This yields for the pre-factor (2.42) of the
kinetic term of v;;:

0 0) 1 i

NP = 2AC) N; — +N—+1 NTJ*TJ &—NT’*T’ (2.46)
J 2 272 wjj wjj 272 wj j !

prior to the scaling (2.28). When %‘j has R = 1 and therefore does not carry a family

structure (as in Fig.2.6b) then the trace over the representations where 1/71- j Ji ; and

71 | {ﬁ, ; are in, decouples from that over My, (C). Consequently, the third term in
(2.42) and the right hand sides of the solutions (2.45) and (2. 46) receive additional

traces over family indices, i.e. N;7; J e N Nitry 7; J *T . The strategy to write
Ciij in terms of parameters of bulldmg blocks of the thlrd type works equally well
when the kinetic term of ¥;; ;j gets contributions from multiple building blocks of the

third type. In that case Ni7; J *T; 7 must be replaced by a sum of all such terms:
>y NT;, ]*T j (see e.g. Sect.2.2.3.1), where the label / is used to distinguish the
building blocks 55,- 1 that all give a contribution to the kinetic term of 1:5,- I8
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There are several contributions to the action as a result of adding a building block
of the third type. The action is given by

SijklE, €1 = Spijwle, €1+ Sp.ijilC], (2.47)
with its fermionic part Sy [¢, ¢] reading
Spikle. T = (Wi v Wil 1 13 ) + Um0y v 15 Bl )
F IV o VU1 + I v B
Vi V0T D) + Ui V00 ). (2.48)

The bosonic part of the action is given by:

$0.54181 = L [N, T 0P 4 N T P
+thI'M(Tij*Tij)2|l/~fij7ij|2]
+ Sp.ij, ik [E1+ Sboik, ik [E1+ SpijiklC], (2.49)
with
45,4081 = LS [Ni1Ca B0y e NI, By Cona e 1T, 0, e

+ (0T W Ca T
Y C U T 00 il
Y O O ) o + e | (2.50)

where the traces above are over (N; ® Nl.”)EBM . The fact that in this context 1;,' ;i
has R = 1 makes it possible to separate the trace over the family-index in the last
term of the first line of (2.49). A more detailed derivation of the four-scalar action
that corresponds to a building block of the third type, including the expressions for
S.ik.jk[C1and Sp;; ix[C], is given in Appendix 1.

The expression (2.49) contains interactions that in form we either have seen earlier
(cf. (2.19), (2.37)) or that we needed but were lacking in a set-up consisting only of
building blocks of the second type (cf. (2.38), see also the discussion in Sect.2.2.2.3).
In addition, it features terms that we need in order to have a supersymmetric action.

We can deduce from the transformations (2.31) that, for the expression (2.48)
(i.e. the fermionic action that we have) to be part of a supersymmetric action, the
bosonic action must involve terms with the auxiliary fields Fj;, Fix and Fj; (that are
available to us from the respective building blocks of the second type), coupled to
two scalar fields. We will therefore formulate the most general action featuring these
auxiliary fields and constrain its coefficients by demanding it to be supersymmetric
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in combination with (2.48). Subsequently, we will check if and when the spectral
action (2.49) (after subtracting the terms that are needed for (2.38)) is of the correct
form to be written off shell in such a general form. This will be done for the general
case in Sect.2.3.

The most general Lagrangian featuring the auxiliary fields Fj;, Fjx, Fjx that can
yield four-scalar terms is

Sp.ijk.oft[Fijs Fiks Fik, 1 =/ Dy ijkott(Fij, Fik, Fik, ©)/gd*x, (2.51)
M
with
Dy.ijkott(Fij, Fik, Fjg, ) = —tr Fj Fij + (tr Fj5Bij. klﬂzkl/fjk + h.c.)

—tr F;Fik + (tng;CIBtk/l/fl]w]k + h. C)
— e Fj Fjy+ (ur ijﬁjk,i%jlﬁik + h.c.).

Here Bij k, Bix,j and Bji ; are matrices acting on the generations and consequently
the traces are performed over NeM (the first two terms) and N,?M (the last four terms)
respectively. Using the Euler-Lagrange equations the on shell counterpart of (2.51)
is seen to be

Sp.ijk.onlC] = /M \/§d4x(|ﬁij,ktzik$jk|2 + |,3fk,,-%jlzjk|2 + Iﬁjk,i%j%klz)

cf. the second and third terms of (2.49). We have the following result:

Theorem 2.21 The action consisting of the sum of (2.48) and (2.51) is supersym-
metric under the transformations (2.31) and (2.32) if and only if the parameters of
the finite Dirac operator are related via

k ~— — _ _
T Ch =TI ChoTIn = -r el re = -1 e

llj’ 2]
(2.52)
and
k ~nrk k ~nrk 1jAnl] k A~k
ﬂl]kﬁljk_’r/ T/*=T/ T/* ﬂl/z,jﬁl/k,jzn T; >"<=’Y‘j/ T]/ *’
Bikibi = 1 =17, (2.53)
where

r_ —14.. -1 I 1 l o —lp. . —1
Bijk =Nk BijkHMig s Bixj = =/V,k BikjNi; s Biri =N BikiN
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and

. J -1 k .__ —1lArk k .__ k —1
r=rlat =k vt esy

denote the scaled versions of the Bij i’s and the T, Jog respectively.
Proof See Appendix section ‘Third Building Block’.

For future use we rewrite (2.52) using the parametrization (2.45) for the Cj;;,
giving

J ~ ~ ~ I
gi,jJoij ;' = —¢iioir 1; 5, ejiyoij ;' = —¢jx o)k L
s - ¥
ekivoir T;" = =g jJojr T, (2.55)
where we have written

i] = T;](thr'rl]*'rl])fl/Z’ 'fik = (Nj'riky‘ik*)fl/}rik,

(2.56)
= k. kA k ky—1/2
v =0 N )T

There is a trace over the generations in the first term because the corresponding
sfermion ; j has R = 1 and consequently no family-index. Using these demands on
the parameters, the (spectral) action from a building block of the third type becomes
much more succinct. First of all it allows us to reduce all three parameters of the
finite Dirac operator of Definition 2.20 to only one, e.g. T = 7; /. Second, upon
using (2.52) the second and third lines of (2.50) are seen to cancel.® If the demands
(2.52) and (2.53) are met, the on shell action (2.47) that arises from a building block
P ji of the third type reads

Sijkle. T, Al = gm\/%l:(JMWb VT 1) + k(I v ¥ T )
+ ki (s, v T T ) + e
+gi%[(1 — )T Tl + (1 = o) T 937,/
+ (=) TPt . 257)

Here we used the shorthand notations ij — 1,ik — 2, jk — 3andk; = ¢ ;¢ ,
ki = &;,j&i k to avoid notational clutter as much as possible and where we have written

everything in terms of T = ]71 J (as defined above), the parameter that corresponds

%More generally, this also happens for the other combinations: the four-scalar interactions of (2.99)
are seen to cancel those of (2.102).
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to the sfermion having R = 1 (and consequently also multiplicity 1). The index m in
gm and g, can take any of the values that appear in the model, e.g. i, j or k. As
with a building block of the second type there is a sign ambiguity that stems from
those of the Cj;;. In addition, the terms that are not listed here but are in (2.47) give
contributions to terms that already appeared in the action from building blocks of
the second type. See Sect. 2.3 for details on this.

For notational convenience we have used two different notations for scaled vari-
ables: T J from (2.2.3) and T’J from (2.54). Using the expression (2.46) for .4;; in

terms of T these are related via

22 - 2w
_ —1~nk k~n k [2mn k _ ik k
=M T, =,/mwik(Nm ) =g - e

assuming that %k has R = —1. The other two scaled variables give analogous
expressions but the order of 7" and 7" * is reversed and the sfermion with R = 1 gets
an additional trace over family indices.

Remark 2.22 Note that we can use this result to say something about the signs of
the C;;; appearing in a building block of the third type. We first combine all three
equations of (2.52) into one,

_( 1) (Cllkclkk) T (C Cjkk)(Clij

Jjik llj)

when itis C;;; and C;j; that do not have a family structure. All these parameters are
only determined up to a sign. We will write

Ci.col = %& withsi: ‘=& i6;: = +1

i =S 5 ij «— ¢i, g o= 5

J-ijj J n; A g J J€i

cf. (2.33), etc. which gives 7 f k —SijSjkSki T f for the relation above. So for

consistency either one, or all three combinations of C;;; and C;;; associated to a
building block %;; that is part of a %;;; must be of opposite sign.

Remark 2.23 1If mstead of w, jitis w, % Or w jk thathas R = 1 (see Fig.2.7) the demand
on the parameters T T and T is a slightly modified version of (2.52):

ko= —1y k —1y k Je-l Jem
0 ' = =R TR CcroTIn = - el v gl = —an ey
(2.59)

where A’ denotes the transpose of the matrix A. This result can be verified by
considering Lemma 2.43 for these cases.
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By introducing a building block of the third type we generated the interactions
that we lacked in a situation with multiple building blocks of the second type. The
wish for supersymmetry thus forces us to extend any model given by Fig.2.5 with a
building block of the third type.

If we again seek the analogy with the superfield formalism, then a building block
of the third type is a Euclidean analogy of an action on a Minkowskian background
that comes from a superpotential term

/ (7/({q§m})‘F+h.c.)d4x, With 7 () = fampPu@n®p,  (2.60)

where ®,, , , are chiral superfields, fi,,p is symmetric inits indices [9, Sect. 5.1] and
with | we mean multiplying by 06 and integrating over superspace [ d?0dd. To
specify this statement, we write @;; = ¢;; + V26 Vij + 00 F;; for a chiral superfield.
Similarly, we introduce @ j; and ®;;. We then have that

/ I:(pij‘pjk(pki]F +he = / —Yijbjk¥ri — Vij¥ixdri — Gij V¥ jk Vi
M M
+ Fij@jk@ri + ijdjxFri + ¢ij Firdri + h.c.
This gives on shell the following contribution:
- /M (%j(ﬁjklﬁki + Vi YikPri + Gij ¥k Vi
1 2, 1 2, 1 2
+ §|¢jk¢ki| + §|¢ij¢jk| + §|¢ki¢ij| + h~C-),

to be compared with (2.57). In a set-up similar to that of Fig.2.5, but with the
chirality of one or two of the building blocks %;;, % and % being flipped, not all
three components of D such as in Definition 2.20 can still be defined, see Fig.2.8.
Interestingly, one can check that in such a case the resulting action corresponds to a
superpotential that is not holomorphic, but e.g. of the form ®;; @,-k@;k instead. To
see this, we calculate the action (2.60) in this case, giving

/[¢i,/¢;k¢ki]F+h.c.:/ —Vij ¢ Vki + Fij@jdki + bijdj Fii + h.c.,
M M
which on shell equals
gl o2 L o
- ‘/fz]¢jk¢kz+§|¢jk¢kz| +§|¢l]¢jk| +h.c.
M

This is indeed analogous to the interactions that the spectral triple depicted in Fig. 2.8
(still) gives rise to.
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Fig. 2.8 A set-up similar to N; N; Ny
that of Fig. 2.6, but with the NO e @

values of the grading

reversed for N; ® N and its

opposite. Consequently, only

one of the three components

that characterize a building

block of the first type can N¢ @
now be defined

2.2.3.1 Interaction Between Building Blocks of the Third Type

Suppose we have two building blocks %; ;x and Z;; of the third type that share two
of their indices, as is depicted in Fig.2.9. This situation gives rise to the following
extra terms in the action:

f(0) * ks 167
) Nllﬁ,kC,jkC,/Hﬁ,z\ +Nl|¢,k7" Y, Wil +17; TP P+ G- )

+M(N,U‘C”kl/f,k1//1kr *T lﬁjlllm zzl

+ Nyt Wikl/f_,'kcjjkcjjllﬁjl%zﬂl + h-C-)v (2.61)

where with ‘(i <> j)’ we mean the expression preceding it, but everywhere with
i and j interchanged. The first line of (2.61) corresponds to paths within the two
building blocks %, jx and Z;; (such as the ones depicted in Fig. 2.9a) and the second
line corresponds to paths of which two of the edges come from the building blocks
of the second type that were needed in order to define the building blocks of the third
type (Fig.2.9b).

If we scale the fields appearing in this expression according to (2.28) and use the
identity (2.52) for the parameters of a building block of the third type, we can write
(2.61) more compactly as

g
AnjriN; g il +4m W} Nl 1 T T Uil

g
+4MHn%umwu+o@Lrer>

2 _ o~ —_
+ Kiki 4—§m (I — wip)wij 0 V1 Yk o jiryy + hec, (2.62)
m
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(@ N, Nk N (b) N; N;j Ni N
>
: N
N; == o < i i
1 1 :
i |
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N,? o Ni) ______
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Fig. 2.9 In the case that there are two building blocks of the third type sharing two of their indices,
there are extra four-scalar contributions to the action. They are given by (2.61). a Contributions
corresponding to paths of which all four edges are from the building blocks %, and %;; of the
third type. b Contributions corresponding to paths of which two edges are from building blocks
Bir and H;; of the second type

where ky = ex sk, j, ki = &8,; € {£1}, Tk = Tk of%’,lk and ¥, = ?ll
of %;j1, as defined in (2.2.3) but with contributions from two building blocks of the
third type:

jk/ T (N Y+ Ne T, T )T, (2.63a)
T, =7, N, +Nltr1@,,f*7;’,f)—l/2. (2.63b)

This expression can be generalized to any number of building blocks of the third type.
In addition, we have assumed that s;is;; = s xS j; for the products of the relative signs
between the parameters Cj;x and Cjxx etc. (cf. Remark 2.22).

These new interactions must be accounted for by the auxiliary fields. The first and
second terms are of the form (2.37) and should therefore be covered by the auxiliary
fields G;, j. The third term is of the form (2.38) and should consequently be described
by the combination of G; ; and the u(1)-field H. The second line of (2.61) should
be rewritten in terms of the auxiliary field F;;. This can indeed be achieved via the
off shell Lagrangian

_trF;;'Fl (tI‘F (,Bl]kwtkllf]k +:szlwl“//]l)+hc)
which on shell gives the following cross terms:
tr ﬁfj,zﬁij,k%klz,/klzﬂ%z +h.c. (2.64)

In form, this indeed corresponds to the second line of (2.62). In Sect.2.3 a more
detailed version of this argument is presented.



2.2 Supersymmetric Spectral Triples 57

Fig. 2.10 When four N; N; N N Ny
bplldmg blocks of the third NP o o
kind share one common )
index (in this case k) and Bixt: Bikm
each pair of building blocks o

shares one of its two N ) © ©
remaining indices (i, j, [ or Bi - Bijkm
m) with one other building 0

block, there is an additional N, ® e @ @

path that contributes to the

trace of D‘; (including its

inner fluctuations). The N @ @
interaction is given by (2.65)

Ny @ ®

Furthermore, it can be that there are four different building blocks of the third
type that all share one particular index—say Zixi, Bikm, #jx and By, sharing
index k—then there arises one extra interaction, that is of the form

(0) - -
N"fn_z[t”i "GV 3T T R,

Scaling the fields and rewriting the parameters using (2.55) gives

2
g ~ o~ ~ - ~, o~ ~ =
4q—nwik0)jk e Vi o im ¥ i (V1) U j10ryy + hec, (2.65)
n

where g, can equal any of the coupling constants that appear in the theory and we
have written

T =7, WY, 0, N 7,
s k k k k kv—1/2
V=7, NaY,,, 0, + N DT,

and the same for m <> [. The path to which such an interaction corresponds, is given
in Fig.2.10. One can check that this interaction can only be described off shell by
invoking either one or both of the auxiliary fields F;; and Fj,,. This means that in
order to have a chance at supersymmetry, the finite spectral triple that corresponds
to the Krajewski diagram of Fig.2.10 requires in addition at least %;; or .

2.2.4 Higher Degree Building Blocks?

The first three building blocks that gave supersymmetric actions are characterized by
one, two and three indices respectively. One might wonder whether there are building
blocks of higher order, carrying four or more indices.
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Each of the elements of a finite spectral triple is characterized by one (components
of the algebra, adjoint representations in the Hilbert space), two (non-adjoint repre-
sentations in the Hilbert space) or three (components of the finite Dirac operator that
satisfy the order-one condition) indices. For each of these elements corresponding
building blocks have been identified. Any object that carries four or more different
indices (e.g. two or more off-diagonal representations, multiple components of a
finite Dirac operator) must therefore be part of more than one building block of the
first, second or third type. These blocks are, so to say, the irreducible ones.

This does not imply that there are no other building blocks left to be identified.
However, as we will see in the next section, they are characterized by less than four
indices.

2.2.5 Mass Terms

There is a possibility that we have not covered yet. The finite Hilbert space can
contain two or more copies of one particular representation. This can happen in
two slightly different ways. The first is when there is a building block %+ of the
second type, on which the same component C of the algebra acts both on the left
and on the right in the same way. For the second way it is required that there are
two copies of a particular building block Z;; of the second type. If the gradings of
the representations are of opposite sign (in the first situation this is automatically the
case for finite KO-dimension 6, in the second case by construction) there is allowed
a component of the Dirac operator whose inner fluctuations will not generate a field,
rather the resulting term will act as a mass term. In the first case such a term is called
a Majorana mass term. We will cover both of them separately.

2.2.5.1 Fourth Building Block: Majorana Mass Terms

The finite Hilbert space can, for example due to some breaking procedure [6, 7],
contain representations

11”91 1°~CaC,

which are each other’s antiparticles, e.g. these representations are not in the adjoint
(‘diagonal’) representation, but the same component C of the algebra’ acts on them.
Then there is allowed a component D/ 1 of the Dirac operator connecting the two.
It satisfies the first order condition (1.12) and its inner fluctuations automatically
vanish. Consequently, this component does not generate a scalar, unlike the typical
component of a finite Dirac operator. Writing (£, £') € (C®C)®™ (where M denotes

7For a component R in the finite algebra this would work as well, but such a component would not
give rise to gauge interactions and is therefore unfavourable.
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the multiplicity of the representation) for the finite part of the fermions, the demand
of D to commute with Jr reads

(D1"'E, Dy 'TE) = (01’1“/5, Dll/l/lg/)-

Using that (D,~j’.k )* = D;/ this teaches us that the component must be a symmetric
matrix. It can be considered as a Majorana mass for the particle 11 whose finite part
is in the representation 1 ® 1’° (cf. the Majorana mass for the right handed neutrino
in the Standard Model [7]). Then we have

Definition 2.24 For an almost-commutative geometry that contains a building block
P11 of the second type, a building block of the fourth type %Bp,; consists of a
component

D' 191’ > 1'®1°
of the finite Dirac operator. Symbolically it is denoted by
Buaj = 0, D11'") € Ay @ End(H5),

where for the symmetric matrix that parametrizes this component we write 13,.

In the language of Krajewski diagrams such a Majorana mass is symbolized by a
dotted line, cf. Fig.2.11.
A %4 adds the following to the action (1.24):

1 1 _ _
— (I VO Vi) + = U Wirrs ¥ Tm k)

2 2
f(o) = 2 i 2
+7[|Tm‘/f11’cik11/| +|Tm1pll/cik/1’1|
72 JxT 2
+ 3 (1w T P 1 2 |
J
Fig. 2.11 A component of 1 I
the finite Dirac operator that (4] o)
acts as a Majorana mass is 1° e

represented by a dotted line
in a Krajewski diagram

ay
1’0 d

\U
o
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£ - =
T Z(tr(l/’ll/cfll/)OTmTyjl/fl’j‘ﬂljci‘u

J
+ tr Tm(l;lI’CT/l/l)OCI/I’jJI’jJIjrl J
Ty T T T e, 2.66)

where the traces are over (1 ® 1")®M . In this expression, the first contribution
comes from the inner product. The paths in the Krajewski diagram corresponding to
the other contributions are depicted in Fig.2.12. In this set-up it is U ; that does not
have a family index. Consequently we can separate the traces over the family-index
and that over N in the penultimate term of the second line of (2.66). We would like

to rewrite the above action in terms of 7 = LeY i by using the identity (2.59). For
this we first need to rewrite the C;;; to the C;;; by employing Remark 2.22. Writing
out the family indices of the third and fourth line of (2.66) gives

(P11 Cl) Ymda ¥ j¥1e(Ch (V) )ea
V@11 C)aCrrtr Y10 o1y Dea

nl‘%/j 81 [ s * o iz * ]
= 2 (syi —s1is11)] t CTi)Tm Yy, i Crac ], (2.67
‘/nj«/"iﬁ gj(Sl, sysu)| Wy Crp) " Y Yy "Y€ | (2.67)

where a, b, c are family indices, s;; is the product of the signs of C;;; and C;j; (cf. the
notation in Remark 2.22) and where we have used that 77, is a symmetric matrix.

Then to make things a bit more apparent, we scale the fields in (2.66) (with the
third and fourth line replaced by (2.67)) according to (2.28) and put in the expressions
for the C;;; from (2.45), which gives

1 1 _ _
—(In¥ivL, VO i) + 5 u¥irk, V> Tm¥11g)

2
+4r T +2 3 o0 (10T Bl 2+ 17 01P)
J

+ K1k; Zzgm,/q—’(trwll/(rl t o T T frii, + hc)
. m
J
(2.68)

where we have written |a|%,1 = trys a*a for the trace over the family-index, T ;=

~ : =0 _
Tl,J, and where k17 = ey jey 1, kj = €j1€j,1 € {£1}. We replaced ¥/ by ¥y

since these coincide when ¥/ 11/ 1s a gauge singlet. Consequently, the traces are now

over 19™ _ In addition we used the relation (2.59) between T, J 1y J and T, 1,, the
symmetry of Ty, and that g; = gy (which follows from the set-up) and consequently
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(a) (b) 1 I Nj
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(©) V N; @ 1 N;j

N? © () ) N¢ © (+] e

Fig. 2.12 In the case that there is a building block of the fourth type, there are extra interactions in
the action. a A path featuring edges from a building block of the second type. b A path featuring
edges from a building block of the third type. ¢ A path featuring edges from building blocks of the
second and third type. d A second path featuring edges from a building block of the third type

ri = ry and oy j = wy;. In contrast to the previous case, not all scalar interactions
that appear here can be accounted for by auxiliary fields:

Lemma 2.25 For a finite spectral triple that contains, in addition to building blocks
of the first, second and third type, one building block of the fourth type, the only terms
in the associated spectral action that can be written off shell using the available
auxiliary fields are those featuring @11/ or its conjugate.

Proof The bosonic terms in (2.66) must be the on shell expressions of an off shell
Lagrangian that features the auxiliary fields available to us. Respecting gauge invari-
ance, the latter must be

—t F Py — (tr Fry(rvde + > B div;) + h.c.). (2.69)
7

On shell this then gives the following contributions featuring 1/71 1 and its conjugate:

v l* + Z (tr Vll’lzll/lzl/jlzljﬂiky’j + h.c.),
J
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which corresponds at least in form to all bosonic terms of (2.68), except the second
term of the second line.

We can use an argument similar to the one we used for building blocks of the third
type:

Lemma 2.26 The action consisting of the fermionic terms of (2.68) and the terms
of (2.69) that do not feature By j or its conjugate is supersymmetric under the
transformations (2.32) iff

Vi = Titm (2.70)
and the gauginos represented by the black vertices in Fig.2.12a that have the same
chirality are associated with each other.

Proof See Appendix section ‘Fourth Building Block’.
Combining the above two Lemmas, then gives the following result.

Proposition 2.27 The action (2.68) of a single building block of the fourth type
breaks supersymmetry only softly via

2> o (0T, Bl P+ 1007, 0,P)
J

_1 d 7R (=L
rl_Z an a)lj it —(—Z )

)idM, 2.71)

where the latter should hold for all j appearing in the sum in (2.66). Here kyy =
81/’]‘81/’1’ Kj = Sj,l/gj,l e {:tl}

Proof To prove this, we must match the coefficients of the contribution (2.68) to the
spectral action from a building block - to those of the auxiliary fields (2.69). This
requires

2w

Yy = 2«/rlei¢V Tm, Kl/szgm (r1idy —|—a)1j'fj ')7'] *)tTm'?j = Vll’(IBT]/’j)t

(2.72)

m

forall j, where /%7 denotes the phase ambiguity leftin 13, from (2.70) and where we
have used the symmetry of 17,. From supersymmetry y is in addition constrained
by (2.70), which requires the first relation of (2.71) to hold. For the building block
%11 to have a supersymmetric action we demand

201i _ibn. ~
.Bikl’,j = 8m _]e ”pﬁj (Tj )l,

m
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which can be obtained by combining the demand (2.53) with the relation (2.58), but
keeping Remark 2.23 in mind since it is U ; that does not have a family index. As
is with 73, the demand (2.53) determines By ; only up to a phase ¢g;. Comparing
this with the second demand of (2.72), inserting (2.70) and using the symmetry of
T, we must have

¢y = ¢p, mod T, 20r1idy 01,7, T; %) = i 2 /riidy -

Inserting the first relation of (2.71), its second relation follows. The second term of
the second line of (2.68) cannot be accounted for by the auxiliary fields at hand,
which establishes the result.

It is not per se impossible to write all of (2.68) off shell in terms of auxiliary
fields, but to avoid the obstruction from Lemma 2.25 at least requires the presence
of mass terms for the representation 1;1 jand Jl/ ;j such as the ones that are discussed
in the next section.

2.2.5.2 Fifth Building Block: ‘mass’ Terms

If there are two building blocks of the second type with the same indices—say i and
j—but with different values for the grading, we are in the situation as depicted in
Fig.2.13. On the basis

oM
[(NieN)L e N;eNDre N eNDre N;ONDL] . @73)

the most general finite Dirac operator that satisfies the demand of self-adjointness,
the first order condition (1.12) and that commutes with Jr is of the form

Fig. 2.13 The case with two N; Nj
building blocks of the second [ T )
type that have the same N? o

indices but an opposite
grading; a component of the
finite Dirac operator v
mapping between the two Y ij
copies will generate a
mass-term, indicated by the y/.’ .

. . s ijR
dotted line with the ‘u

- | WijL
@
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with u; € My,u(C) and u; € M N; m (C). The inner fluctuations for general such
matrices u;,j will generate scalar fields in the representations My; ; (C). If we want
these components to result in mass terms in the action, we should restrict them
both to only act non-trivially on possible generations, i.e. for a single generation the
components are equal to a complex number. We will write p := p; + ,uj € My (C)
for the restricted component.

This gives rise to the following definition.

Definition 2.28 For a finite spectral triple that contains building blocks %li and %"
of the second type (both with multiplicity M), a building block of the fifth type is a
component of D that runs between the representations of the two building blocks
and acts only non-trivially on the M copies. Symbolically:

e%mass,ij = (0, DijLin) € JF ® End(SF).

We denote this component with € M;(C).

If for convenience we restrict to the upper signs for the chiralities of the building
blocks and write

(WijL. ¥ijrs Viirs %jL)

for the elements of LZ(M , S ® JF) on the basis (2.73) (where the first two fields
are associated to %: and the last two to %l}), then the contribution of (2.74) to the
fermionic action reads

1 —_ — / - -
Sramass &1 = S0 Wi, Vijro Wiigs Wijn)» v D Wijis Vijro Vi Wijr)
= (IMVijr- V100 R) + In 0. v W isL). (2.75)

Let ¢ and ¢’ be the sfermions that are associated to Z; and @; respectively, then

the extra contributions to the spectral action as a result of adding this building block
are given by

O
71—2

f©0) = ~ = k
+ 5 ; [Ni tr M*%_,‘Cﬁjciiklﬁiklﬁjkrj *

(Ni |1 Ciij Wi I + Njl* Cijjij I* + NiluCly ;1> + Ny lnCly 1%

Sb,mass[Z] = iij ijj

!

+ Njtr {//vijC{;fj ,bL*Ti k*JiijkC;{jk + h.c.

(N s e YT T+ Nolw T) ] 2.76)
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Fig. 2.14 In the case of a
building block of the fifth
type, there are various extra
contributions to the action,
depending on the content of
the finite spectral triple. a A
path with u, featuring edges
from a building block of the
second and third type. b A
path with u, featuring only
edges from building blocks
of the third and fifth type
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where the second and third lines arise in a situation where for some k, %; i is present.
The paths corresponding to these expressions are depicted in Fig. 2.14. Here, the C;;;
with a prime correspond to the components of the Dirac operator of %’; We assume

that they also satisfy (2.33). In this context {/Ek does not have a family-index and
consequently we could separate the traces in the first term of the third line of (2.76).

In a similar way as with the building block of the fourth type we can rewrite the
second line of (2.76) using Remarks 2.22 and 2.23, giving

Q)
gl

N (4 ClDaCia i o (U (1) Vb

N0 T )T 1 (C e +h.c.]

. (N,-r,'—}—erj
! Njnk8 ) 8k

-/
)trl/’ij //M*T Wtkl///kcjkk‘i‘h c. 2.77)

Replacmg the second line of (2.76) with (2.77) and then scaling the fields and rewrit-
ing T and T/ intermsof 7; ¥ = 7 using the identities (2.59), reduces the bosonic

contnbutlon (2.76) to
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~ ~ Za)k -/ ~ o~ =
201 — o) (1* P P + v 1P) +2 [K‘/gz(l - wi,,>‘/q—l’trw,»,-u*r*w,-kw,»k +h.c.
k
. ) 20912 AT 12
ik (N1 w31 T2 + Nilu T )}

(2.78)

where we have again employed the notation |a|?, = try; a*a for the trace over the
family-index and used that 5. ek, ; = €j,€jk = kj € {&}. The index [ can take
any of the values that appear in the model.

Here we have a similar result as in the previous section:

Lemma 2.29 For a finite spectral triple that contains, in addition to building blocks
of the first, second and third type, one building block of the fifth type, the only terms
in the associated spectral action that can be written off shell are those featuring ¥,

v/ ; or their conjugates.

Proof In order to rewrite the first terms of (2.78) in terms of auxiliary fields, we must
introduce an interaction featuring one auxiliary field ¥ and one sfermion. Since v;;
and ] ; are in the same representation of the algebra, we can choose whether to

couple J,- j to Fjj (corresponding to %;;) or to Fi’j (corresponding to %’; ). The same
holds for v/ i Transforming the fermions in (2.75) according to (2.31) suggests that,
in order to have a chance at supersymmetry, we must couple Fi’j to ¥;; and Fj; to
Vi - We thus write

—tr Fj Fij — tr F[YF); — (te F58)0] + tr Ff8ijij + h.c.). (2.79)

with 87, 8/; € My(C). This yields on shell |3;; Viil> + 18 ; {/7;/.|2, which is indeed
of the same form as the first two terms in (2.78). In the case that there is a building
block %; ji of the third type present, the extra contributions to the action must come
from the cross terms of

—w FiFy —tw FjfFl — [tr F3 (8005 + BijacinVh jx) +tr F78i0; + hc]

where the interaction with B;; x corresponds to the second term of (2.51). On shell
this gives us the additional interaction

=/ ~ =
w080 Bij Wik e+ hec. (2.80)

In form, this indeed coincides with the second line of (2.78). The last two terms
of (2.78) do not appear here and consequently they cannot be addressed using the
auxiliary fields that are available to us when having only building blocks of the first,
second and third type.
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Similar as with the previous building blocks we can check what the demands for
off shell supersymmetry are.

Lemma 2.30 The action consisting of the fermionic action (2.75) and the off shell
action (2.79) is supersymmetric under the transformations (2.32) if and only if

88* = u*p, 88" = uu*. (2.81)
Proof See Appendix section ‘Fifth Building Block’.

Combining the above lemmas gives the following result for a building block of
the fifth type.

Proposition 2.31 For a finite spectral triple that contains, in addition to building
blocks of the first, second and third type, one building block of the fifth type, the
action of a single building block of the fifth type breaks supersymmetry only softly
via

i (NI Tl Fiel® + Nelu T 0 2)

1

a),-j=§

and the product of the possible phases of 8" and B i (cf. (2.81) and (2.53) respec-
tively) is equal to & ;€ 1.

Proof This follows from comparing the spectral action (2.78) with the off shell action
(2.79) and using the demands (2.81) and (2.53).

The form of the soft breaking term suggests that, in order to let it be part of a
truly supersymmetric action, we have the following necessary requirement. Each two
building blocks of the second type that are connected to each other via an edge of a
building block of the third type, both need to have a building block of the fifth type
defined on them. In the case above this would have been %‘k and 1} k-

2.3 Conditions for a Supersymmetric Spectral Action

Our aim is to determine whether the total action that corresponds to an almost-
commutative geometry consisting of various of the five identified building blocks, is
supersymmetric. More than once we used the following strategy for that. First, we
identified the off shell counterparts for the contributions of trz @* to the (on shell)
spectral action, using the available auxiliary fields and coefficients whose values were
undetermined still. Second, we derived constraints for these coefficients based on the
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demand of having supersymmetry for the fermionic action and this off shell action.
Finally, we should check if the off shell interactions correspond on shell to the spectral
action again, when their coefficients satisfy the constraints that supersymmetry puts
on them. If this is the case then the action from noncommutative geometry is an on
shell counterpart of an off shell action that is supersymmetric.

In the previous sections we have experienced multiple times that the pre-factors of
all bosonic interactions can get additional contributions when extending the almost-
commutative geometry. As was stated before, we should therefore assess whether or
not the demands from supersymmetry on the coefficients are satisfied for the final
model only. In this section we will present an overview of all four-scalar interactions
that have appeared previously, from which building blocks their pre-factors get what
contributions and which demands hold for them. We identify several such demands,
thus constructing a checklist for supersymmetry.

1. To have supersymmetry for a building block %;; of the second type, the com-
ponents of the finite Dirac operator should satisfy (2.33), after scaling them. For
a single building block of the second type this demand can only be satisfied for
N; = Nj and M = 4 (Proposition 2.15). When Z;; is part of a building block
of the third type the demand is automatically satisfied via the solution (2.45).

2. A necessary requirement to have supersymmetry for any building block %;
of the third type (Sect.2.2.3), is that the scaled parameters of the finite Dirac
operator that make up such a building block satisfy

w,-kfj"*?j" = o, T = w1, = 25 2 (2.82)

This relation can be obtained from (2.55), multiplying each term with its conju-
gate. For notational convenience we have introduced the variable .Q;; ik

3. Terms  |¥; j?i j |2 appear for the first time with a building block of the second
type ((2.19) in Sect.2.2.2) but also get contributions from a building block %, j«
of the third type (first term of (2.49)). The total expression reads

) - -
_I:Ni|C;kijCiij1//ijl//ij|2 + NjIC; Cijj Wi 1P

272
+ ZNkm,k]*ﬁ,k]%ﬂ/;ijlz]
k

2

2 12

g. P
— 2L (Nir?+ai,»ZNk<9;;k9ijk>2) Vij i)
k

1

2

12 2

g' ~ =

+2q—{ (N,-r}+(1—ai,»>§ Nk<9;’;ks2,-,-k)2) Vij Vi
J k

3

upon scaling the fields. Here we have introduced a parameter «;; € R that tells
how any new contributions are divided over the initial two. Such terms can only
be described off shell using the auxiliary fields G; and G ; (cf. Lemma 2.10) via
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1 ~ = 1 =3 ~
——Gi(Gi +2n, Piij ;) — 7— G (G +2n;¥;; Pjij).
2n,~ 2nj

which on shell equals

nj

n; ~ = - —~
NP0 o+ Sy 201

cf. (2.24). Comparing this with the above expression sets the coefficients &;
and #;:

2
n; g:
5132,2 :zq_li(Ni”,‘z‘i‘O{ijZNk(Q;sz‘jk)z)v

k

nj 2 g? 2 * 2
57 =2; Nir? + (1= aij) D~ N (2752107 ).

]

k

where there is an additional trace over the last terms if ¥;; has no family index.
If the action is supersymmetric then (2.33) can be used with % = JZ; = 1 and
the above relations read

Ti 2 2
Zl: Niri + aij Ek Ny tr[(-Qf}k-Qijk) 1,
Tj 2 2

Z/ = Njri + (1 —aij) Ek Ny tr[ (8275, 82i 1071, (2.83)

when 1/~fi j has no family index and

ri . 2. 2

Z’ldM = Nir?idy 4o Zk:Nk(KZ?}injk) ;

rj . .

Lidy = Njr}idy +(1 — i) D Ne(82]5,.2i0)°, (2.84)
4 X

when it does. Here we have used that r; = g;n;.

4. An interaction o |; i v ik |> can receive contributions in two different ways; one
comes from a building block %; jx of the third type (2.57), the other comes from
two adjacent building blocks %;; and % j; (first and second term of (2.62), but
occurs only for particular values of the grading):

4w;j = j~ -
g?,,q—”(l — o)\, il

m

2
+ 4(njerjgf|¢ij1/fjk|2 + q—mwijwjkNllTiJ T, 1/fjk|2)~
m
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From this, however, we need to subtract the value 7 ; gjz. | lzi j 1/7 ik |? that is expected
from the cross term

—trGj (gj,iZijJij + ‘@jvkaﬂ‘iﬂ‘)’

that should already be there when the almost-commutative geometry contains
%li and %’ij but nevertheless does not appear in the spectral action (see
Sect.2.2.2.3 and the discussion above Theorem 2.47). The remaining terms must
be accounted for by

—tr Fjy Fir + (tt F Bk jij Ve + hec.) (2.85)
which equals
tr ijlzijﬂ,{k,jﬂ,{z,j&ij 1ij
on shell. Since Bk, ; B}, j is positive definite we can also write the above as

|Bix i Ble. )" 2 ij .

Comparing the above relations, the off shell action (2.85) corresponds on shell
to the spectral action, iff

dw;j ~ i~ )
Bik.jBik.j = gi_q + (1~ wik)Ti,kj*Ti,kj - ”jg? idy
+4(n,rj /gjldM-i- w,j NI(T;, T, (T /Tl ))

where we have assumed that it is j not having a family structure. Furthermore,

from the demand of supersymmetry f3; ,j Must satisfy

5 2w
ﬂt/k,JIB;Z,/ ng ”T]*T J _2 ‘Qz/k‘Qijk
dm dm

i.e. (2.53),% but with T’ replaced by T using (2.58). Combining the above two
relations, we require that

ng grzn * 2.

o — 2 ik = 4qu(1 — wik)$2]3 S2ijk —njg;idy

2
ki
+4(n riNjg; ldM"r‘ a)ua)JkNl( TR NSy )),

8In fact, in (2.53) the variables are in reversed order compared to here but looking at (2.153)—from
which the former is derived—one sees immediately that this also holds.
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using the notation introduced in (2.82). Setting m = j in particular, this
reduces to

2(1 — za)ik)-Q;;'injk — rj idM

. e
+4(er12 idy +ooNi(, T, (T, 07, )) =0 (2.80)

5. The interaction o< tr J,-kz Jk J jliil only appears in the case of two adjacent
building blocks %;;x and %, of the third type (cf. the Lagrangian (2.62)).
Equating this term to (2.64) that appears from the auxiliary field F;;, gives

2
g ~ o~ _~ - o~ —_
Kk 4= (1 — wij)wij 0 0 0 i o bjiryg + hec.

dm
=u 5;f,zﬁfj,k%k Vil + he.,

/%
ijl
B! ik should satisfy (2.53). Their phases, if any, must be opposite moduloj 7 for
the action to be real. We write ¢y; for the remaining sign ambiguity. Inserting
these demands above and using (2.58) requires that Ky x4 w;j (1 —w;j) = 2¢ w;j
for this interaction to be covered by the auxiliary field F;;. This has two solutions,
the only acceptable of which is

with k. = e iék, j, k1 = &1,;€1, j. From the demand of supersymmetry 8;*, and

1 1
b = Kiki, wij =5 = riNi+rjNj =5, (2.87)

where we have used (2.43). _
6. From the spectral action interactions o |
building block of the second type as

|* only appear in the context of a

fO . = ~ & =
7|Ciij¢ij|2|Cijjlﬂij|2 - 4q—llrirjl¢ij|4,

see (2.15). Via the auxiliary fields on the other hand they appear in two ways;
from the G; ; and via the u(1)-field H (see Lemma 2.10 for both). The latter
give on shell the contributions

2 2 2
2 T T\
2 2N; 2N )Y

where the minus-signs stem from the identity (2.26) between the generators
Tl“] of su(N;, ;). Demanding supersymmetry, @? must equal gi2 and similarly

9]2 = g?. In order for the interactions from the spectral action to equal the

above equation, e@?j is then set to be
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2
-
£22 = 8 L 2.88
qi ( i ¥ N, " Nj) ( )

In the case that ; ; has family indices, the expressions for @12 i and lej must
be multiplied with the M x M identity matrix idy.

. Interactions o< |J,~< i 12| 1; ik 12 (having one common index j) appear via the spectral

action in two different ways. First of all from two adjacent building blocks %;;
and Z i of the second type (cf. (2.38)), and secondly from a building block of
the third type (second line of (2.49)). This gives

0
[ )(|c,,,1/f,,| Con il + 1 P17 7, )

-4 (r 13 P10 + o [y PI T, T ).

where we have assumed 1) j not to have a family-index. We can write this as
812 2172 j k j 1/2~
~ ) = e = e
Yo 31 [ (5 s +oijou (0T, T, 00, 5) P2

From the auxiliary fields these terms can appear via G ; (with coefficients &; ;
and &, i.e. as in (2.39)) and via the u(1)-field H with coefficients 2;; and
ijl

PP~
[Qijgjk —n; %]Illfijlzlt/fjkIZ.
J

Equating the terms from the spectral action and those from the auxiliary fields,
and inserting the values for the coefficients &7; ;, &; i (from (2.33)), 2;; and
2k (from (2.88)) that we obtain from supersymmetry, we require

2rirj + —— + L) (2 id
(r'r’+4N+4N)(r]k+4N +4Nk)1M

~ i~ 2
=[(7 +W) idy +oyjou T T T (2.89)

. There are interactions o |1/~fik|2|Jj1|2 and |1;jk|2|1;,-1|2 that arise from two

adjacent building blocks %;jx and %;;; of the third type. The first of these is
given by

g = k3 k - = legr 1127
428w T, T, O P P T T D2,

m
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see (2.62). Since the interactions are characterized by four different indices, the
auxiliary fields G; cannot account for these and consequently they should be
described by the u(1)-field H:

1727 1727
2201250
In order for the spectral action to be written off shell we thus require that
g2
22 = 4q_m9ijk9;kjk9;}19ijl-
m

With 2;; and 2, being determined by (2.88) from the demand of supersym-
metry, we can infer from this that for the squares of these expressions we must
have

ri Tk '\ . *
(Zrirk L+ —) idy = $2;j, 2],

4N; 4Ny
2+ b ) idy = 28,92 2.90
(r]rl+4—Nj+4—Nl)1M— ijIeaijl- (2.90)

9. As was already covered in Sect.2.2.5.1, a building block %y,,; of the fourth type
only breaks supersymmetry softly iff

= Sk 1 K1Kj\ .
1= and o 1T, = (——:I:T)ldM (2.91)

1

4 J 4
(see Proposition 2.27), where the latter should hold for each building block %1/
of the third type. Here «y/, k; € {£1}.

10. Covered in Sect.2.2.5.2, a building block Pass,i; of the fifth type also breaks
supersymmertry only softly iff

wij = (2.92)

see Proposition 2.31.

To be able to say whether an almost-commutative geometry that is built out of
building blocks of the first to the fifth type has a supersymmetric action then entails
checking whether all the relevant relations above are satisfied.

2.3.1 Applied to a Single Building Block of the Third Type

We apply a number of the demands above to the case of a single building block of
the third type (and the building blocks of the second and first type that are needed to
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define it) to see whether this possibly exhibits supersymmetry. We will assume that
¥ij has R = —1 (and consequently no family index), but of course we could equally
well have taken one of the other two (see e.g. Remark 2.23). The generalization of
Remark 2.14 for the expressions of the r; that results from normalizing the gauge
bosons’ kinetic terms is

3 3 3
= , Trj= , = .
INi+N;+MN. 7T Ni+2N; + MN. T M(Ni + Nj) +2N;

ri

For the first of the demands of the previous section, (2.82), one of the three terms
that are equated to each other reads

Wik . = kx> k
:Vj dM=CUile~ *Tl ,

where we have used the definition (2.2.3) of }71 k Similarly,

~ ~ w; _ s~ wii . . . .
op T = idy and w0 7T = i e )
N; Ny
for the other two. Equating these, we obtain:
Wik . Wik . Wij o jsnn J Jxmn Jy—1
—idy =——idy =—7."7"7.'(r V.’ "7 s 2.93
N, mo= v =TT tr?; "7 ") (2.93)

ie. T; 7 is constrained to be proportional to a unitary matrix. Taking the trace gives
the demand
;i w;j wij
Mk ik 2 (2.94)
N; N; Ny

Given the expressions for r; jx above, we can test whether this demand admits
solutions. Indeed, we find

Ni=N; =Ny =N, M=1v2. (2.95)

In the first case we find that

3 1
riNi =rjNj =riNg = 7 Wij = Ok = Ojk =~

whereas in the second case we have

1 1
k=3, wij=-3, 0k =0k =15

3
riNl‘erNjZ— 10

5 ’
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Next, we have the demand (2.83) to ensure that terms of the form |1Z,~ j J ij |2 can
be written off shell in a supersymmetric manner. In this context it reads

ri ~ i o~ i
ZI = Niri + Oliija)izj (7,77, )2,
rj -~

Zj = erj2 +ajiNkw,'2j tr[(7; j*'fi 2,

for 1},- j (where the trace in the last term comes from the fact that 1/71- j does not have
family indices) and

Ik . . > kxsn k
Z idy = Nk”]% id s —I-Olijia)?k(Tj *Tj )2,

rij ~ ~
7 idy = Njriidy oo (T, 1,62,
Tk . . =k

Zk idy = Nkr,% id +akiNjCU,'2k(T,' k’Y} k*)2’

ri . . = k=
ledM = Nir? idp o Njwf (157,52,
for {/; jk and % « respectively. Here we have written  j; = 1 —a;;, etc. We canremove
all variables ]7[ /, 17[ kand ?i k by using the squares of the expressions in (2.93). This
gives

2 2

Niri 2 @ik Njrj 2 Wik
= WNir) +aiijTiM’ 4 = Wiry) +0tjiNkN—’jM,
2 2
Niry 2 @ik Njrj 2 Wik
7 = (Nkri) +OlijkTi, = (Njrj) +0ljkNiN_lja
2
Nyr 2 w_Zk Niri 2 Wik
= (Ner  Np—E 20— (Nirg N =L
4 (Niri)™ + agi kNj 4 (Niri)” + @ik J N;

where the M in the first line above comes from taking the trace over id ;. Comparing
the expressions featuring the same combinations r; N;, rj N, ri Ny and using (2.94)
we must have that

aijNeM = ajxNj, (1 —oajy)Ni = (1 —aip)Nj, (1 —0a;j))NeM = ajiN;.
Since both solutions (2.95) to the relation (2.94) have N; = N; = Ny, this solves

1 1
Xj =7, ojk = EM’ ojk = EM

and the demands above reduce to
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N;r; =4(Niri)2+2w§ka Njr;j :4(erj)2+2wi2kM’
Niry = 4(Ngr)? + o (4 — 2M).

We can check that for neither of the two cases of (2.95) these are satisfied. As a cross
check of this result we will employ one more demand.

In the context of a single building block of the third type the demand (2.86) that is
necessary to write terms of the form Vi 5 v ik |? off shell in a supersymmetric manner,
reduces to

2(1 — 2wip)wir = erj, . 2(1 — Za)jk)a)jk_z r,'.Ni,
2(1 = 2w;i))wij 1, 7*Y ) = neNidy e Y777

We can use (2.94) to rewrite the last equation in terms of w;; or wjx. In any way,
the LHS are seen to be negative for all values of w;;, w;x and wj; allowed by the
solutions (2.95), whereas r; N;, rj N and ry Ny are necessarily positive. We thus get
a contradiction.

A single building block of the third type (together with the building blocks needed
to define it) is thus not supersymmetric.

2.4 Summary and Conclusions

The main subject of this chapter has been almost-commutative geometries of the
form

(C®(M, o), L* (M, S ® H#5), g ® 1+ v5 ® Dr; vs ® v, Ju ® Jr)

of KO-dimension 2 on a flat, 4-dimensional background M. We have dressed these
with a grading R : 7 — 7 called R-parity. We have shown that such almost-
commutative geometries provide an arena suited for describing field theories that have
a supersymmetric particle content. This was done by identifying five different build-
ing blocks; constituents of a finite spectral triple that yield an almost-commutative
geometry whose particle content has an equal number of (off shell) fermionic and
bosonic degrees of freedom. In addition they contain the right interactions to make
them eligible for supersymmetric theories. These five building blocks are listed in
Table 2.2.

Although we have not been using the notion of superspace and superfields, the
building blocks themselves can thus be seen as an alternative. However, a significant
difference between the two approaches is that if a certain superfield enters the action,
then automatically all its component fields do too. For the components of our building
blocks this need not be true; without demanding supersymmetry we are free to
e.g. define a finite Hilbert space consisting of only the representation N; ® N;? (and
its conjugate), without its superpartner arising from a component of the finite Dirac
operator. However, the philosophy to include each component of D that is not
explicitly forbidden by the demands on a spectral triple turned out to be a fruitful



2.4 Summary and Conclusions 71

Table 2.2 The building blocks of a supersymmetric spectral triple

Building block Required Counterpart in superfield
formalism

PB; (Sect.2.2.1) - Vector multiplet

P (Sect.2.2.2) Bi, Bj Chiral multiplet

Pijk (Sect.2.2.3) Bij, PBik» Bk Superpotential with three
chiral superfields

Prmai (Sect.2.2.5.1) By Majorana mass for Y11, Y11/

Prmass,ij (Sect.2.2.5.2) %;jr-, %l; A mass(-like) term for ;;, %j

In the last column we have listed their counterparts in the superfield formalism

one in obtaining models that have a supersymmetric particle content, as long as we
start by adding gauginos to the finite Hilbert space.

It is far from automatic, though, that when the field content is supersymmetric
also the action is. First of all, there is a number of obstructions to a supersymmetric
action:

1. A single building block %; of the first type (i.e. without a building block %;; of
the second type, for some j) for which N; = 1, has vanishing bosonic interactions
(Remark 2.4).

2. A single building block Z;; of the second type that has R = —1, has two dif-
ferent u(1) gauge fields that interact whereas the corresponding gauginos do not
(Remark 2.13).

3. If the finite algebra contains more than two components My, (C), M N; (C) and
My, (C) over C and there is a set of two or more building blocks %;;, %;, that
share three different indices, then there are two different (1) gauge fields that
interact, whereas the corresponding gauginos do not (Proposition 2.19).

Second, for a set-up that avoids these three obstructions, the question is whether
the four-scalar interactions that are generated by the spectral action are rewritable
as an off shell action in terms of the auxiliary fields that are available to us. On
top of this, the pre-factors of the interactions with the auxiliary fields are dictated
by supersymmetry. Both the form of the action functional used in noncommutative
geometry and supersymmetry thus put demands on the pre-factors of interactions
which together heavily constrain the number of possible solutions. Typical for almost-
commutative geometries is that there are new contributions to various expressions
when extending a model. The question whether for the ‘full theory’ the coefficients
are such that these terms do have an off shell counterpart, is then phrased in terms
of the demands listed in Sect. 2.3.

Despite all these technical calculations and detailed issues, we have a definite
handle on which almost-commutative geometries exhibit a supersymmetric action
and which do not. To obtain an exhaustive list of examples that do satisfy all demands
requires an automated strategy, in which step by step models are extended with
building blocks and it is checked whether they satisfy the aforementioned demands.
Whatever the outcome of such a strategy will be, the examples of supersymmetric
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almost-commutative geometries will be sparse. This is markedly different from the
more generic superfield formalism, but at the same time the models that do satisfy
all demands will enjoy a very special status.

Appendix 1. The Action from a Building Block
of the Third Type

In this section we derive in detail the action that comes from a building block %; x
of the third type (cf. Sect.2.2.3), such as that of Fig.2.6. If we constrain ourselves
for now to the off-diagonal part of the finite Hilbert space, then on the basis

Aot = Ni @NDL & Ni @N)r & (N; @Np)L
® N; ®N)r ® N ®N))L & (N ® N

the most general allowed finite Dirac operator is of the form

o r** 0o 0o o 1~
0 Tl_J* 0 frikmk 0 0

Dr = 2.96
d o 0 1k oo 1t (2:90)

0
o 0 o rf oo ri
r" o o0 0 1’7 0

L

We write for a generic element { of %(1 + y)Lz(S ® FF oft)
¢ = ijL, Vikr, wjkL’Ein,EikL’Eij)
where Ei.j rR€L*(S_®N j ® N?), etc. Applying the matrix (2.96) to this element
yields
SD _ .5 et kx kx7 B k. JT .
Yy Drl =y lﬁszlﬂjij + Tl WIkwjkIL 1pz./LTj W;k + T, WU ijL,

Vi Y Yk + ViR Y Vi Vi VG T e
VY ViR VeV Y Pl Y i 4 Y klﬂijL)-

Notice that for the pairs (i, j) and (j, k) we always encounter 1},- j in combination

with T, Y , whereas for Q , k) itis the combination 1;1 xandT; k* This has to do with the
fact that the sfermion ;3 crosses the particle/antiparticle-diagonal in the Krajewski
diagram. Since
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Je = JOijL, Yikrs ke, Yijr> Vikrs ¥ jkr)
= UnVijrs ImVixr, InV jkr ImVijL. Invikr, Iujkr)

the extra contributions to the inner product %(J ¢,y Dp¢) are written as
1 5
5 (J ¢, y"Drt)

J— _ k ~ J—
(JMWin’ VS(wikRijTj 4+ ik Y; k*ijR»
1

+ ) |

NI*—‘NI*—‘I\)I'—‘NIHI\H

InWir v Wi Y Wi+ 03 ijien)
IV i V> Ty Y ikr + Vg 3 i)
i V> Wi 5 + 7 Vb))
Ik, V> @03 W0 + T r Wi )
InWikr. V> G 17 Wi + T X ).

Using the symmetry properties (2.164) of the inner product, this equals

(InuV i VslﬂikR;/ij B 4 (InWijr VT Uit k)
+ InViLs Vi Y “Tie) + Vi V>0 i)
+ (InV kg )’S%j'fi P yin) + InWjee, v 0 X i)
We drop the subscripts L and R, keeping in mind the chirality of each field, and for
brevity we replace ij — 1, ik — 2, jk — 3:
$123. 18, C1 = Un V1, v ¥ ¥3 T3 ) + UnW 1 Vo1 0 v3) + (Un o, v 0 13 93)

F UV, YO0 V1Vs) + (I3, V20 T 592) + (Iavs, Y0 T v).
(2.97)

The spectral action gives rise to some new interactions compared to those coming
from building blocks of the second type. They arise from the trace of the fourth power
of the finite Dirac operator and are given by the following list.

e From paths of the type such as the one in the upper left corner of Fig.2.15 the
contribution is
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A A4

Fig. 2.15 The various contributions to tr D4F in the language of Krajewski diagrams corresponding
to a building block ;i of the third type

8 NiICit Wiy T B+ Nl T3 00y Cuacin P+ N €y 1 i
_—_ . o~ k~ _— o~ —_
+ Nel¥ 7 Camacin? + Nil Y " U ja i Crig 1 + NiICijaVr i ¥, k|2]~
(2.98)

Here the multiplicity 8 = 2(1 + 1 + 2) comes from the fact that there are three
vertices involved in each path, on each of which the path can start. In the case of
the ‘middle’ vertices the path can be traversed in two distinct orders. Furthermore
a factor two comes from that each path occurs twice; also mirrored along the
diagonal of the diagram.

e From paths such as the upper middle one in Fig. 2.15 the contribution is:

8[tr<ciijx/7fj)orj"%@T,«"*(%C;ﬁ,— (0 i) Crii 5 Clie (W3 7 7)°
Uy CEN T P 1 K (Caig i) + (W Y7 )° i in Cl (06, 91
+ T Cla) T Tl 1 1) Conlio)” + w1357 C el iad ju (Vi) |,
(2.99)

where the arguments for determining the multiplicity are the same as for the
previous contribution.

e From paths such as the upper right one in Fig.2.15, going back and forth along
the same edge twice, the contribution is:

kv = k ~ = i~ = i
AT T P NI T P N

(2.100)
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The multiplicity arises from 2 vertices on which the path can start and each such
path occurs again reflected.
e From paths such as the lower left one in Fig. 2.15 the contribution is:
~ ; ~ ~ ; k o~ ~ k ~
(19 21,70 <kl o+ 1 P10 0, g 1 P .
(2.101)

e From paths such as the lower right one in Fig. 2.15 the contribution is:

8[tr($ikcfik(‘ri j@ij)"(?ijc?}_/)"ﬂ i) + tr(@jij k*(jij 50 TUi°Cilrin)

F (i 190 C ij;jk‘rj B Cmtin®) + hc] (2.102)

corresponding with the blue, green and red paths respectively. The multiplicity
arises from the fact that any such path has four vertices on which it can start and
also occurs reflected around the diagonal. Besides, each path can also be traversed
in the opposite direction, hence the ‘h.c.’.

Adding (2.98)—(2.102) the total extra contribution to tr D‘; from adding a building
block Z; jy of the third type, is given by (2.49).

Appendix 2. Supersymmetric Spectral Actions: Proofs

In this section we give the actual proofs and calculations of the Lemmas and Theorems
presented in the text. First we introduce some notation. With (., .) o : I'®(¥) x
I’'® () — C* (M) we mean the C°°(M)-valued Hermitian structure on I"°°(.¥).
The Hermitian form on I"*° (%) is to be distinguished from the C*° (M)-valued form
on . =L*M, S Q® H#F):

(Doe : TS @ Hp) x T (S @ Hy) — C™(M)
given by
W1, ¥2) e = (G1, Q) mi,ma)p,  Yi2=12C12@my,
where (., .)r denotes the inner product on the finite Hilbert space .7%. The inner

product on the full Hilbert space ¢ is then obtained by integrating over the mani-
fold M:

Wi, Ya) e = /M (W1, ¥2) 2 V3.
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If no confusion is likely to arise between (., .) & and (., .) s, we omit the subscript.

In the proofs there appear a number of a priori unknown constants. To avoid
confusion: capital letters always refer to parameters of the Dirac operator, lowercase
letters always refer to proportionality constants for the superfield transformations.
For the latter the number of indices determines what field they belong to: constants
with one index belong to a gauge boson—gaugino pair, constants with two indices
belong to a fermion—sfermion pair.

First Building Block

This section forms the proof of Theorem 2.35. In this case the action is given by (2.9).
Its constituents are the—flat—metric g, the gauge field A’ € End(I"'(.%) ® su(Nj))
and spinor A ; € L*(M, S®su(N 7)), both in the adjoint representation and the spinor
after reducing its degrees of freedom (see Sect.2.2.1.1).

Now for ¢ = (e, €R) € LZ(M , §), decomposed into Weyl spinors that vanish
covariantly (i.e. VSe = 0), we define

8A; = c;y"[(Umer, vuhjL).r + (Jmer, Yukjr).#|

=y A+ +8Au-), (2.103a)
ShjLr = (;F/ +cG,Gperr,  F/=y"y"Fl, (2.103b)
8Gj = cg;[(ImeL. Parjr).s + (Juer. ParjL)»]. (2.103¢)

where the coefficients c;, c/j, cGj C/G_ are yet to be determined. In the rest of this
' J

section we will drop the index j for notational convenience and discard the factor n ;
from the normalization of the gauge group generators, since it appears in the same
way for each term.

e The fermionic part of the Lagrangian, upon transforming the fields, equals:
(JmAL, Pakr) — / (Julc'F + c5Gler, #arr) e + (IuAr, Palc'F + c5Gler) e
JM
+gc(Umrr, y* ad[(Jmer, Yurr).e + (Imer, vure) #1Ar) . (2.104)

Here we mean with ad(X) the adjoint: ad(X)Y := [X, Y].
e The kinetic terms for the gauge bosons transform to:

1 K
*,%/ try F“‘}FMU — C*/ try F*Y (8[ﬂ[(‘]M8Ra wirL).e + (Juer, )/U])\,R)y]
4 Ju 2 Ju
—igl(Jmer, yurL) s + (UméL, Yurr) >, Avl
—iglAyu, (Jmer, YwAL).» + (UmeL, )/u)»R)y]) Jed*x, (2.105)

where A, By = AyBy, — A, B,
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e And finally the term for the auxiliary fields transforms to

1
—5/ try G2 — —CG/ try G[(Jmer. Jarr).s + (JuerL. Jarr).7].
M M
(2.106)
If we collect the terms of (2.104)—(2.106) containing the same field content, we get

three groups of terms that separately need to vanish in order to have a supersymmetric
theory. These groups are:

e one consisting of only one term with four fermionic fields (coming from the second
line of (2.104)):

ge(UmAr, y* ad(Uper, YuAr) #AR) o2 (2.107)

There is a second such term with &, — eg and A — Ay that is obtained via

(JmeL, YurR).? = (JMER, YurL).7-
e one consisting of a gaugino and two or three gauge fields:

H
/ |:C/(JM)»L, IaFer) p + ¢ try FHY (a[u(JMSR, WIAL).7
M
—ig[(Imer, yurr) 7. Av] = ig[An, (Imer, yvmy])] (2.108)

featuring the third term of (2.104) and the terms of (2.105) featuring A, . There is
another such group with eg — &7 and A — Ag consisting of the first term of
(2.104) and the other terms of (2.105).

e one consisting of the auxiliary field G, a gauge field and a gaugino:

/ I:C/G(JM)\La AaGeR) p — cg try G(Jmér, ﬁA)»L)y] (2.109)
M

featuring the second part of the third term of (2.104) and the first term of (2.106).
There is another such group with eg — e7 and A — Ag.

We will tackle each of these groups separately in the following Lemmas.
Lemma 2.32 The term (2.107) equals zero.

Proof Evaluating (2.107) point-wise, applying the finite inner product and using the
normalization for the generators of the gauge group, yields up to a constant factor

SR v AR 7 (TmeL, Vih).7- (2.110)
Here the £ are the structure constants of the Lie algebra SU(N). We employ a

Fierz transformation (See Appendix section ‘Fierz Transformations’), using C19 =
—Ci4=4,C11 =C13=-2,C1p =0, to rewrite (2.110) as
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FPUMAL Y AR 7 UmeL. vidip).7
1 .
= = P 4meL M) 2 G K)o = 20 vk )7 (Ui y0) 7
= 2(ImeL Yy M) (IMAL, "V h)

— 4UmeL. Y X Uang v i) 7 |-

The first and last terms on the right hand side of this expression are seen to cancel
each other, whereas the second and third term add. We retain

FPUMAL Y M) Umer. vudR)r = [P UmAL, v 25%). (ImeL. vud) 7.
Since £ is fully antisymmetric in its indices, this expression equals zero.
Lemma 2.33 The term (2.108) equals zero if and only if

2ic' = —cH . (2.111)

Proof 1f we use that the spin connection is Hermitian and employ (2.163), this yields:
IuSAy 1 = c(Jmer, YwViAL).

Here we have used that [Vg, Ju] = 0, that we have a flat metric and that VssL,R =

0. Now using that A, (JyéR, YwAL).y = (JuER, AuyvAL).# and inserting these
results into the second part of (2.108) gives

A o s .
6‘7 try F*°(Ipmer, DipyviiL).y, Dy = Vu —lgad(AM).
M

Using Lemma 2.53 and employing the antisymmetry of F),, we get
ch// (JMF"eR, Duyvir) -
M

We take the first term of (2.108) and write o F = iy* D, y" y*F,;.. We can commute
the D,, through the " y*-combination since the metric is flat. Employing the identity

THVRYS,, (2.112)

yry vt =gyt + gyt — gy e
yields

PaF =i(28"y* + 7" ySys) Dy Fos,
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where the totally antisymmetric pseudotensor £”#V* is defined such that £!23* = 1.
Applying this operator to eg gives

JaFeg =2ig""y* Dy Fyrer = 2iya Dy F*ep,

for the other term cancels via the Bianchi identity and the fact that VSex = 0. With
the above results, (2.108) is seen to be equal to

2iC/(J)\.L, VUDH.F'L“}ER> + Cji// (JMFMVSR, DM)/U)\.L)%. (2.113)
M
Using the symmetry of the inner product, the result follows.
Lemma 2.34 The term (2.109) equals zero iff
cG = —Cg. (2.114)

Proof Using the cyclicity of the trace, the symmetry property (2.165) of the inner
product and Lemma 2.53, the second term of (2.109) can be rewritten to

CG/ (JmAL, §aGeR) w
M

from which the result immediately follows.

By combining the above three lemmas we can prove Theorem 2.5:

Proposition 2.35 A spectral triple whose finite part consists of a building block of the
first type (Definition 2.3) has a supersymmetric action (2.9) under the transformations
(2.103) iff

./ /
2ic' = —c X, ccg=—cq.

Second Building Block

We apply the transformations (2.10b), (2.31) and (2.32) to the terms in the action

that appear for the first time® as a result of the new content of the spectral triple,
i.e. (2.29). In the fermionic part of the action, the second and fourth terms transform
under (2.31) to

9We need not investigate the terms originating from the Yang-Mills action, since together they were
already supersymmetric.
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(I r. Y 2irCi i) = (Iuciy Lia. Ve, v*2inCi ) + (Indf; Fier, v*2irCi i)
+ (I g, Y FiCi jrer) + ¢, (IuV g, v’ GiCi jVer)
+ (UnV g, v MirCi jeij(Imer, v L)) (2.115)

and

(Im¥L, v 1/fC* Air) = ¢ (Imy>[Pa, Vlers ¥ WC* i) +di (JmFijer, y '/fClj?wL)
+ (I, v vty I/fC,-*,ijusd'i‘Cai(JMlﬂbV ¢Ci,jGi8L>
+ (VL. v el (Iner. V> U R)CjhiL) (2.116)

respectively. We omit the terms with A j; g instead of A; 7 gr; transformation of these
yield essentially the same terms. For the kinetic term of the R = 1 fermions (the first
term of (2.16)) we have under the same transformations:

(¥ gs Favr) — (JMC,,jVS[!BA7$]5La Pave) + gici(Im¥ g, v*[(Imer, Yurir)
+ (Imer. Vuhi)WL) + (u Vg, daci;v [ Javler)
+ (Iudji Flier, Jave) + (Ju¥g, #ad]; Fijer). (2.117)

As with the previous contributions to the action, we omit the terms 6 A ; (instead of
8A;) for brevity. In the bosonic action, we have the kinetic terms of the sfermions,
transforming to

try, DY D — +igici o, (WI(mer. vuhir) + Jner, vurin) ID*)
—igicitry, (D l(mer, y"air) + (Juer, v Ai)1P)
+ try; (Duci(Jmer, Y URIDMY) +try, (DugD“Cij(JMEL, v ¥L))
(2.118)

(and terms with A; instead of A;) and from the terms with the auxiliary fields we
have

try; P Gi — oy, Zicij(Iuer, v VL) Gi + ey, Ziviel;(uer, v U )G

+ ¢, try; Py (Iner, Jarir) + (Iuer, Jarin)]. (2.119)

And finally we have the kinetic terms of the auxiliary fields F;;, F;; that transform to
tr Fj Fij — tr F; I:dij(JMé‘Rs Fave)s +diji(Juer, v 2ir¥) s — dij j(Juer, VSJAjR)y}

e [d T, a5 + 5y Unen, v3 U)o — dfs Unen, v5hu ). | Fi,

(2.120)
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where the traces are over N?M . Analyzing the result of this, we can put them in groups
of terms featuring the very same fields. Each of these groups should separately give
zero in order to have a supersymmetric action. We have:

e Terms with four fermionic fields; the fifth term of (2.115), and part of the second
term of (2.117):

IV, v MirCi jeij(Imer, v2UL)) + gici(IuWrs Y (ImeL, vurin)VL).
2.121)

The third term of (2.116) and the other part of the second term of (2.117) give a
similar contribution but with e, — eg, Air. — AR

e Terms with one gaugino and two sfermions, consisting of the first term of (2.115),
part of the first and second terms of (2.118), and part of the third term of (2.119):

(JMCI{;VS[;?A, Vler, v 2irCi W) +igi0i/tr1v,- (IZ(JMQ, )/MiR)D“@

- igici/trNj (DME(JMSL, Vﬂ)\iR)J) — CG; /trN,- yiJE(JMSLv JAAR).
(2.122)

The first term of (2.116), the other parts of the first and second terms of (2.118)
and the other part of the third term of (2.119) give similar terms but with e;, — g,
AiR —> AiL.

e Terms with two gauge fields, a fermion and a sfermion, consisting of the third term
of (2.115), the third term of (2.118) and the third term of (2.117):

IV g, v FiCi jyrer) +/tr1v,- (DMCZ}(JMER, VSWR)D“J)
+ UnV g, Fav clilfa. Vler). (2.123)

The fourth term of (2.116), the first term of (2.117) and the fourth term of (2.118)
make up a similar group but with eg — ¢ and ER — Y.

e Terms with the auxiliary field G;, consisting of the fourth term of (2.115) and the
second term of (2.119):

c’G[(]MER,ySG,'aJlZSR)—/trN,. Pyl (Uuer. vV’ Up)Gio  (2.124)

The fifth term of (2.116) and the first term of (2.119) make up another such group
but with eg — ¢ and ER — Y.

e And finally all terms with either F;; or F;; , consisting of the second term of (2.115),
the second term of (2.116), the fourth and fifth terms of (2.117) and the terms of
(2.120) (of which we have omitted the terms with A ; for now):
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(Imd[; Fjier, Y hivCij¥) + (Imd; Flier, gavie)
—/trNj Fidij(Jmer, dave)s + dij.i(Iuer, Y2 hirY) .| (2.125)
and
(ImFijdjjer, y575§jm> + (Jm¥ g, Jad;;Fijer)
- /trzvj [d;}(JMSL, Favr)s +df; (Imer, VSE)LiL)Y]Fip
We will tackle each of these five groups in the next five lemmas. For the first
group we have:

Lemma 2.36 The expression (2.121) vanishes, provided that

1~
ECi,jCij = —Ci&i- (2.126)

Proof Since the expression contains only fermionic terms, we need to prove this via
a Fierz transformation, which is valid only point-wise. We will write

A=A QT e L*(S— @ su(Ni)Rr),
YL = Ymn ® im ® Ej»" € L2(S+ ®Ni ®N(J))’
WR = Jrs ® €jr ® éi,s € Lz(S* ® Nj ®N’0)’

where a sum over a, m, n, r and s is implied, to avoid a clash of notation. Here the
T¢ are the generators of su(N;). Using this notation, (2.121) is point-wise seen to
be equivalent to

(JMEjk’ yr(Uner, Vséi,jcij Vi T + gici (JMEjky YU Umer, v k)T
Since it appears in both expressions, we may simply omit 7;; from our considerations.
For brevity we will omit the subscripts of the fermions from here on. We then apply
a Fierz transformation (see Appendix section ‘Fierz Transformations’) for the first
term, giving:
Un¥ . V2D Umer, v ¥)
C — C —
= — =2 UMV ) UneL A = < Uy D) Uner, k)

Cy — Cy3 —
— UMV Y D UL vk = =2 Uy Y Uper. yuy*a®)

Caq ,  —
— = UMV W UneL, v2r0).
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(Note that the sum in the third term on the RHS runs over u < v, see Example 2.56.)

We calculate: Cq9 = C43 = C44 = —C4q1 = —C4qp = 1 and use that i andw are of
opposite parity, as are ¢ and 19, to arrive at

_ 1 _
Im¥, v A Uner, v ¥) = 2 UMV Y Uner, vk
1 _
— ;¥ YRV U (Tmer, vy A%
1 _
= S Unl Y P e, ).

Remark 2.37 From the action there in fact arises also a similar group of terms as
(2.121), that reads

(ImV g, VSEj,iCij(JMgLv VULAR) — &ici{ImV r Y*WL(ImEL, VihjR)),
(2.127)

where the minus sign comes from the one in (1.19). Performing the same calculations,
we find

1~
Ecj’iCij =c;gj (2.128)

here.
Lemma 2.38 The term (2.122) vanishes provided that

iCij = —gici = Picg,. (2.129)

Proof Using that [Jyy, y°] =0, (y°)* = > and (y°)? = 1, the first term of (2.122)
can be rewritten as

C;;k'<JM[}3As Vler, xm@,]ﬁ) = C,/-;(JMJEL, ﬁA)»iRéi,ﬂZ),

where we have used the self-adjointness of J 4. The third term of (2.122) can be
written as

gici(Iuver, Jarir¥), (2.130)

where we have used that ge; = 0. On the other hand, the second and fourth terms
of (2.122) can be rewritten to yield

+ igici/trNj (J(JMgLv VM»:‘R)D”KZ) — ¢, try; Py (Imer, Jarir).o

= gici{IuWer, Fariri) (2.131)
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provided that g;c; = —Z%cg;. Then the two terms (2.130) and (2.131) cancel,
provided that

c;;’fa,j +2gic; =0.
Lemma 2.39 The expression (2.123) vanishes, provided that

¢y =y = =2icjCjg; ' =2ic;Cigy (2.132)

Proof We start with (2.123):

cHImV g, )/SFia,jIZSR) +C?}/tr1vj (D (Jmer, VSWR)DMIZ)

—cj i (ImV R v Falfa. Vler).

where we have used that {y°>, 7 4} = 0. Note that the second term in this expression
can be rewritten as

—c;(IMV g, v’ DD Yreg)

by using the cyclicity of the trace, the Leibniz rule for the partial derivative and
Lemma 2.51. (We have discarded a boundary term here.) Together, the three terms
can thus be written as

(ImMVg. vy OVer), € =c,CijFi— Dy D* —¢i; ;.

where we have used that gep = 0. We must show that the above expression can
equal zero. Using Lemma 2.49 we have, on a flat background:

1 i : .
Pa+ DuD" = —2y"y Fuy = 5"y (g Floy — 8 Fi)
since A, = —ig;ad(A,). Comparing the above equation with the expression for &

we see thatif —c}, = —c; = 2ic] Ci. & ! the operator —applied to ¥ g—indeed
equals zero. From transforming the fermionic action we also obtain the term

< (InV g, v Ci jYFjer)

from which we infer the last equality of (2.132).
Lemma 2.40 The expression (2.124) vanishes, provided that

C;-kj@,‘ = C/Giéi,j' (2.133)

Proof The second term of (2.124) is rewritten using Lemmas 2.51, 2.53 and 2.54 to
give
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—ci (UMW g, v Gi Pier)
establishing the result.

Then finally for the last group of terms we have:

Lemma 2.41 The expression (2.125) vanishes, provided that

dj=df.  dyi=diCiy diyj=—-diCi (2134)

Proof The first two identities of (2.134) are immediate. The third follows from the

term that we have omitted in (2.125), which is equal to the other term except that
tRI/f - 1/I)LJR’, Cl] - CJz and d;j; — —d;j, ;.

Combining the five lemmas above, we complete the proof of Theorem 2.12 with
the following proposition:

Proposition 2.42 A supersymmetric action remains supersymmetric 0(A°) after
adding a ‘building block of the second type’ to the spectral triple if the scaled
parameters in the finite Dirac operator are given by

~ [ 2 ~ 2
Cij=¢ij.|—giidpy, Cii=¢ji|—gjidy (2.135)
i,j i,] % i Jsl Jst e%/] J
and if
cij =iy = & jV2Hici = —eji\[2H]cj, (2.136a)
H; dij J d;j
dij = dj} = & j\| = AR R g (2.136b)
2 gi 2 gj
Pr =gt (2.136¢)
cGg, = giv Kici, (2.1364d)

with €;j, €j;, & € {£}.

Proof Using Lemmas 2.36, 2.38-2.41, the action is seen to be fully supersymmetric
if the relations (2.126), (2.129), (2.132)—(2.134) can simultaneously be met. We can
combine (2.126) and the second equality of (2.132) to yield

Nt Vel 2
zciC;‘iji,j =gl == C C, G = ——C;

where in the last step we have used the relation (2.11) between ¢; and c Inserting
the expression for Cl ,j from (2.30) and assuming that ¢; € iR to ensure the reality of
Ci i, j» we find the first relation of (2.135). The other parameter, C; j,i» can be obtained



92 2 Supersymmetric Almost-Commutative Geometries

by invoking Remark 2.37 and using (2.132), leading to the second relation of (2.135).
Plugging the former result into (2.132) and (2.134) (and invoking (2.11)) gives the
second equality in (2.136a) and those of (2.136b) respectively. Combining (2.133),
(2.135) and the second equality of (2.136a), we find

cG; = —gfljﬁ,@,-c,-. (2.137)

The combination of the second equality of (2.129) with (2.137) yields (2.136c).
Finally, plugging this result back into (2.137) gives (2.136d).

Note that upon setting %, = 1 (as should be done in the end) we recover the
well known results for both the supersymmetry transformation constants and the
parameters of the fermion—sfermion—gaugino interaction.

Third Building Block

The off shell counterparts of the new interactions that we get in the four-scalar action,
are of the form (c.f. (2.98))

S123.8[¢,C, F1 = /M [tr F}; Bij ViV ji) + tr("/;jkjikﬂ;kjyk)Fij + o F B Vi vin)
+ tr(gjk%jﬂik,_j)ﬂk + tr(ﬂjk,i%j 1/~fik)F;-‘k + tr(EiklZijﬂ}'-‘k,,-)F/k}
= /M [tr Ff(B1aW3) + w3y f2) Fa + (B3 V) FF + h.c‘-}
= [ (e Fr @2+« @ T P+ w T T + ] (2.138)
Here we have already scaled the fields according to (2.28) and have written
Bii=A"pAs L By =N T By =T B (2139)
We apply the transformations (2.31) and (2.32) to the first term of (2.138) above,
giving:
w Ff (B ¥2v3) — tr I:(dik(JMSL’ gav) +df ;(Umer, V3V 1hiL)
—di ;Umer, VSAjLE))(ﬂi%??,)
+u F{BieaUmer. v V¥ + 0 FYB T Umer. v ¥2)es .
(2.140)

where c1,2,3 should not be confused with the transformation parameter ¢; of the
building blocks of the first type. We have two more terms that can be obtained from
the above ones by interchanging the indices 1, 2 and 3:
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w3V 1B Fr — tr[(F3018) (2 Umer. Bavo) +doiUner, v¥hin o)
—dyk(Jmer, J/Slzz?»kL))
+trc3(Jper, NG By F2 + tr;SCT(JMERs J/S%)ﬁéFz}

(2.141)
and
tr F¥ (B39 192) — tr [(dék(JMSL’ Pav3)s +di ;(Jmer, v UshiL).y
— 5 g Umer, Y n 7)) (B30 )

P B5c Uner, v V0T + e FB5TeaUmer, vy |-

(2.142)
We can omit the other half of the terms in (2.138) from our considerations.
We introduce the notation
=14 T=47T,  Y=Ti47 (2.143)

for the scaled version of the parameters. Then for three of the fermionic terms of
(2.97), after scaling the fields, we get:

IV, Y Vus Y5 = Iy L ia, B1der + di Fier), v va 3745
+ (Ju¥y, VSWzCE‘(JMeR, V5W3)T3/*>

F (I, vy Pas Taler + dy Facr) U3 T5),
(2.144)

V1, Y35 0203) — (I (Y L da, ¥iler + Fidier), y 13 Pavrs)
+ (I, Y5 cr(mer, v U)¥s)

F IV 1 VI a5y L Pas Fsler + d5 Fier)),
(2.145)

and
(InWs, VU T Y0) — (I (5 v 1P, Usler +d5 Fier), v 0, Y ¥2)
+ (In Vs, Vi Uner, vIU DY )

IV VI YL pa, hUnler + ds Faeg)).
(2.146)

We can safely omit the other terms of the fermionic action (2.97).
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Collecting the terms from (2.140)—(2.146) containing the same variables, we
obtain the following groups of terms:

e a group with three fermionic terms:

(ImW 1. Y V2 Uner, VU TS + (U1, v T3 c2(Umer. v ) ¥rs)
+ (InVs. v et (Tmer. v U )T )
= (Iu¥ 1. Y V2aC Umer, ¥ ¥30)) (V5 )ba
+ (InV 1, Ve (Umer, VW ¥2) W) (V3 ba
+ (I V. VT Imer, v 0 DW24) 1], (2.147)

consisting of part of the second term of (2.144), the second term of (2.145) and the
second term of (2.146). Here we have explicitly written possible family indices
and have assumed that it is 1;; and ;; that lack these.

e Three similar groups containing all terms with the auxiliary fields F", F, and F3
respectively:

(Ind Fier, v ¥al3Y5%) + (Jud(* Fier, v 13  a¥3)
+/MtrF1*:3102(JM8R,)/5W2)$3 +tr Ff Bvaci(Juer, vy ¥s), (2.148a)
In 1, V3 Falis Titer) + (Ins, v 30, Y ds Fagp)
+ /M tw gaci (Uner. v U )BFr +tr i Uner. v U)¥ B3 F2 (2.148b)
and
(I 1 v Ty 0ndy Fier) + (Jud Fier, v> U Y{*v)

+ / tr F3 B3t (Umer, v UV + tr FB50cx(Imer, v ),  (2.148¢)
M

where, for example, the first group comes from parts of the first terms of (2.144)
and of (2.145) and from the last two terms of (2.140).
e A group with the gauginos A;z, A;r:

/M t[df ;(Iner. v T ihin) — df (e, v A 0D (B 9203)

(a9 B [doi (Imer, v 32 ¥) — doi Unmer, v ¥arer)]

[l ;Uner, v Ushin) — diUmer. v e b3) | (B30 ),
(2.149)

coming from the second and third terms of (2.140)—(2.142) respectively.
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e And finally three groups of terms containing the Dirac operator 4 4:

(I 1, SLPa, UalU3Yi%er) + (I, Vo Unc [ Pa, ¥ler)
+ /M wdi (e, AT DB T2, (2.150a)
(InCFLa, Urler, Vol T3%) + (I Lda, Ualer, U1 7] v)

+ /M tr 391 Boda (Jpaer, Patha), (2.150b)
and

(Jmct[Pa, 71]&, Ty vs) + (I s, %T{*cém, Valer)

+/Mtrd;‘(JMsL, Pav3) By V2. (2.150¢)

coming from parts of the first and third terms of (2.144)—(2.146) and from the first
terms of (2.140)—(2.142).

Lemma 2.43 The group (2.147) vanishes, provided that
A =0l =r* (2.151)
Proof Since the terms contain four fermions, we must employ a Fierz transformation

(Appendix section ‘Fierz Transformations’). Point-wise, we have for the first term
of (2.147) (omitting its pre-factor for now):

Un V1, V> ¥2) (Imer, V> ¥3)
Cyp, — — Cyq -
= —T(JMVM’ Y3)(ImeR, ¥2) — T(JMV/Is v ) (Iper, Yu2)
C. — _ C _ _
- %(le, YRV U3 (TmER, Yuyolh) — %(le, YRy U3 (Tmer, vy ¥2)
C _ _
- %(JM%’ V30 (Tner, v 12)

1 — _ 1 _ _
== Unv, VU3 Uner, v vn) + FUMV LYY ) Uner, vy,

where we have used that C49 = C44 = —Cy4p = 1 and that all fermions are of the
same chirality. (Note that the sum in the last term runs over u < v, see Example
2.56.) Similarly, we can take the third term of (2.147), use the symmetries of the
inner product for both terms, and apply the same transformation. This yields



96 2 Supersymmetric Almost-Commutative Geometries

(Im3, v (Imer, v 0 )Y2)
= (Inv2. Y U3)Iu ¥, v er)

1 1 _ _
= —5Um¥2, Y er) IV, v Us) + = (v, vy "er) Un ¥y, vurn¥3)

4
1 _ _ 1 _ _
= _E(JMSRv V) Uy, v ¥3) — Z(JMSRv YEY ) (Unv s Yuve¥rs),

(2.152)

where we have used the symmetries (2.164) for the second inner product in each of
the two terms of (2.152). We can add the two results, yielding

IV 1, V20 Imer, VU3 + (s, v (Imer, v U ) T *4n)
1 _ _
=~ "+ STy, V30U (Juer, ¥ ¥2a)

1 _ _
+ Z(c?%’* — N (Imer, Yy Vo) I, vH v ap).

When ¢} 73" = ¢ 7]* = c27,*, this result is seen to cancel the remaining term in
(2.147).

Lemma 2.44 The groups of terms (2.148) vanish, provided that
B = —diTE. B = A =
ci By = —dsry*, ciBy = —d5' Ty, By = —dy " (2.153)

Proof This can readily be seen upon using Lemma 2.51, the cyclicity of the trace
and Lemma 2.53.

Lemma 2.45 The group of terms (2.149) vanishes, provided that

di By = —driBy,  di B =di By daxBy=—diiBi (2.154)
Proof This can readily be seen upon using the cyclicity of the trace and Lemma 2.53.
Lemma 2.46 The three groups of terms (2.150) vanish, provided that

Tt = Y = B, T = ST = s T =T = i
(2.155)
Proof This can be checked quite easily using the symmetry (2.164), the Leibniz rule

for g, and the fact that it is self-adjoint, that &7 g vanish covariantly and Lemmas
2.53 and 2.54.

Combining the above lemmas, we get:
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Proposition 2.47 The extra action as a result of adding a bmldzng block %; ]k of

the third type is supersymmetric if and only if the coefficients T T and T
related to each other via

vcil =o'k v =-rfe. (oI = 1Ak
(2.156)
the constants of the transformations satisfy
i ? = ldol = lds3]* = le1]? = leal = les]? (2.157)
and the coefficients /31." j are given by
BUBI = BBy = BBy =TT = 1,7, = 1375 (2.158)

Proof First of all, we plug the intermediate result (2.126) for C i,j as given by (2.30)
(but keeping in mind the results of Remark 2.37) into the Hermitian conjugate of the
result (2.151) such that pairwise the same combination c¢; g; appears on both sides.
This yields

. B B ‘ B
T~](—2Cigi)ci,'j1 = (—ZCigi l‘,‘]l)*’r'k T (2c]g.]Cl]]) Tj (_2cjgj)cjj}<’
QexgkCipt)* 1,4 = 1, 2ergo) Cpp-

Using that the ¢; jx are purely imaginary (cf. Theorem 2.42), we obtain (2.156).
Secondly, comparing the relations (2.153) with (2.155) gives

did] = (c2c))* = 3¢y,  (dad))* = cic] = 3¢y,  dzdly = c1c) = (cach)™.

Using the relations (2.136a) and (2.136b) between the constraints, (2.157) follows.
Plugging the relations from (2.157) into those of (2.153), we obtain

BB = YT =T B =T = T B = i = T
from which (2.158) directly follows.

N.B. Using (2.139) and (2.143) we can phrase the identities (2.158) in terms of
the unscaled quantities 81 2,3 and T1,2,3 as

M= =1 T B =T =1 T =g =T

where we have used that .#{ € R since ¢ has R = 1 (and consequently multiplic-
ity 1).
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Fourth Building Block

Phrased in terms of the auxiliary field F|;» =: F, a building block of the fourth type
induces the following action:

1 SArk 1 T 5 x. 7
E(JM!#,)/ TmW)+§(JM¢,y Tu) —tr (F yw+h.c.).

Here we have written ¥ := V17, ¥ := ¥ x and 1} = 1}11/ for conciseness.
Transforming the fields that appear in the above action, we have the following.

e From the first term:

1 ~ 1 ~
5<JM<c*y5[aA, Vler +d*Fer), v Tiv) + 5w, V1Y [ Ja, ¥ler +d* Fep)).

e From the second term:

1 = _ 1 _ =
5<JM(cy5[aA, Vler +dF*eg), > Tm¥) + 5, Y V(e [9a. VleL +dF¥eg)).

e From the terms with the auxiliary fields:

—tr [d*(JMSL, Iav) +d*(Iuer, vy ¥rir) —d"™*(Iuer, VSM’LJ)]VJ

—Ftr F*y (Juer, v°0)

and

—1tr JV*[d(JMng Jav) +d (Iyer, v rir¥) — d" (Juer, VSJ)\I’R)]

—ctr(Jyer, ysw)y*F.

Here we have written ¢ := ¢;j, d := d;j (where we have expressed c:’/‘ as ¢;j and
dl’;k as d;j using (2.136a) and (2.136b)) and d’ := dyy/,1, d” := dyy/,17. We group all
terms according to the fields that appear in them, leaving essentially the following
three.

e The group consisting of all terms with F* and 1 :

1 % 5 — 1 - 5 * * * 5
§<JMdF ER Y TmI/fH-E(JMI/f,V TmdF eR) — ¢ tr F*y (Juer, v’ ¥)
M

= (JuF*eg, y>(dTm — c*y)¥),

where we have used the symmetry of the inner product from Lemmas 2.51 and
2.53. This group thus only vanishes if
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dYm = c*y. (2.159)
There is also a group of terms featuring F' and v, but this is of the same form as

the one above. _
e A group of three terms with i and y':

1 *.,5 T 5~~% 1 S5~r% x5 T
§<JMC v [2a, ¥ler, vy Tm\[/)+5(JM1/f:V Tnc v [da, Vier)

- /Mtrlﬁy*d(JMaR, Pav) = (Iuc* v [ Ja, Vler, v Ti0) — (IuWer, Jay*dy),

where also here we have used Lemmas 2.51 and 2.53. Using the self-adjointness
of g, this is only seen to vanish if

cYE = yrd. (2.160)

m

There is also a group of terms featuring ¥ and ¥ but these are seen to be of the
same form as the terms above.
e Finally, there are terms that feature gauginos:

- /M [ Uner v V) = d"* Uner, v |y ¥
—Aﬁﬁ%ﬁpﬁhwmyamﬁ)—JKW&LWJMmﬂ.
This expression is immediately seen to vanish when
d*xp =d™* g, d'Mr =d Ayg.

For this to happen we need that the gauginos are associated to each other and that
d=4d"

Combining the demands (2.159) and (2.160) we obtain

lc|? |d|?
Titm = WV*V = Wy*y

i.e.

TiTm = vy, ld|* = |c|*.
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Fifth Building Block

We transform the fields that appear in the action according to (2.31) and (2.32). We
suppress the indices i and j as much as possible, writing ¢ = ¢;j,d = d;; for the
transformation coefficients (2.32) of the building block 93; of the second type. We
eliminate c; ] and d; ] in these transformations using the first relations of (2.136a) and

(2.136b) so that we can write ¢’, d’ for those associated to %’; .
The first fermionic term of (2.78) transforms as

IV g vV uWk) = (I (el ga, Wler + dF*e), v ury)
+ IV e V(Y [ Fa, Uler +d* Feg)).

The second fermionic term of (2.78) transforms as
p— -/
UnW . VL) = (I (€ [a. ¥ ler +d Fer), v L)
+ (I VL, vV (Y a, Vler + d* Fep)).
The four terms in (2.79) transform as
1% QT 5% - % 577
—/ tr F78y — —/ (tr[d (Jmer, Iav) +d;; ; (Jper, v~V AiR)
M M
=/ ~
—df¥ j(Iper. v A RIS + 1 F*Sc(pep., y5¢L)),
_/M tr F*S/J/ — —/M (tl‘ [d*(JMSL, Favr) + d;kjyi(JMEL, )/SZAZ-L)
—d; ;(Umer, VS)»jL%]S/W +tr F*8'c! (Jyreg, )’51/’}{))7
_/ tr s F — —/ (trc*(JMsR, VURSF +uw§s*[d (Uyer, Favk)
M M
+d; Uyer, v V') —df; ;Unse, VS‘Z/}\‘/L)])
and
=/ — =/
- / g §F - — / (e Umer, y T8 F + 1w 8™ [dUner, pave)
M M
+dij i (Jmer, Y AirY) — dij, j(Jmer, VSIZAjR)])-
We group all terms that feature the same fields, which gives

e a group with F and F’:
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d" IV g, v uF'er) +d* (I, y 1/ Fer)

—_ / (tr F(Imer, VU RS F +tr*(Jyer, y5$/L)5’*F).
M

Using Lemmas 2.54 and 2.53 and employing the symmetries of the inner product
(Lemma 2.51), this is seen to equal

d*( IV, v F eg) +d* (I Wy, v i Fer)
— IV g, Y 8 Fleg) — (I y . y 8 Fep)
= (Ju¥ g, y5[d’*,u — c*§*|F'eg) + (JMW/L, ys[d*u* — "8 |Fep).
This only vanishes if
d™*n = c*8*, d*u* = ™6™, (2.161)

e a group with F* and F’*, that vanishes automatically if and only if (2.161) is
satisfied.
e a group featuring ¥, and ¥/

= ==/

(Iucla, ¥ler, nibg) +c(Iulfa, ¥ ler, w* Y1)

— [ (T Ger, pavip + e T 8 d e, ).

Employing Lemmas 2.53 and 2.54 this is seen to equal

= =/

(Jmclpa, vler, ng) + (Il fa. ¥ ler, W*vL)
—d I TS L. Favr) — d(Iu 6% er, FavL).

Using the self-adjointness of g 4, that [u, 4] = 0 and the symmetries of the inner
product, this reads

(s [en—d'5*] Javri) + (In¥ ex. [¢n® —d5™] jau).
We thus require that
cu =d's*, It =ds™* (2.162)
for this to vanish.

e a group with ¥ g and ¥/; that vanishes if and only if (2.162) is satisfied.
e a group with the left-handed gauginos:
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- /M (tr [ nrer. v Taie) — df jnrer v 2 DT
+tf75*[ di; i(Jmer, y ShiLy’) — dj; ;(JmeL, y Iﬁ)»/L)])
= —(Ju(d}; ;8% + Ullﬁ V6*)er, v hiL)
(JM(d['}JKlfle +dj;. ,1/f3 ¥)er, v AjL),
where we have used Lemmas 2.54 and 2.53. For this to vanish, we require that

dj; 8 = —dj; 5%, T

Inserting (2.162) above this is equivalent to

c’* c c*

! !
d;; g% = _dij»iZ’ d;; Jg* = dlj dgr

e A group with the right-handed gauginos
- /Mtr (45 (Imer, >0 hir) —dj7 ;(Jmer, Vs)»jRE/)](SITf
—/ trE/S/*[dij,i(JMng Vo hirW) — dij j(Juer, v Uijp)]
(JM(d,/f,SWU +dij vy 5/*)8R Y Air)
(JM(d,/;k]lﬁ S + dij,jl// 5/*1P)8R, Yo hiR),
which vanishes iff
d{j,é = —d;; 8", dl’;‘](S = —d;j ;8"
Combining all relations, above, we require that
P =1d'? P =1dP il =d R Ndi P =1
for the transformation constants and
88" = pu*u, 88" = pp*

for the parameters in the off shell action.
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Appendix 3. Auxiliary Lemmas and Identities

In this section we provide some auxiliary lemmas and identities that are used in
and throughout the previous proofs. The following two results can be found in any
textbook on spin geometry, such as [12].

Lemma 2.48 For the spin-connection VS () - (M) ®comy I'(S) ona
flat manifold we have:

[VS, y#]=0. (2.163)

Lemma 2.49 Let §a = —ico (VS +A) and Dy, = (VS + A),,. For a flat manifold,
we have locally:

1
,3% + D, D" = —zy“y”]F,w.

Corollary 2.50 By applying the previous result, we have for Eik € C®°(M, N;j®Ny),
e e L*(M,S)

~ ~ 1 ~ ~ ~
(Palia, Gile + DulD", Gl = SIF, Zixle + D", EilVye + [Fa, Cial B,

where the term with R vanished due to the commutator.

Lemma 2.51 Let M be a four-dimensional Riemannian spin manifold and (., .) :
L2(S) x L%(S) — C the inner product on sections of the spinor bundle. For & a
basis element of I' (CL(M)), we have the following identities:

(Jmst, o) =np(Inle, P01), 7wy e{£],

for any &1, the Grassmann variables corresponding to ¢{ 2 € L%(S). The signs
are given by

Tid = 1, TTyn = —1, Tynyy = —1 (,u, < U),

Tyuys = 1, s = 1. (2.164)

Proof Using that J2, = —1 and (Ju ¢/, Ju&y) = (&}, ¢]), we have
(Il 28) = —Untl, IgP8) = —(Iu 28, &)
When considering Grassmann variables, we obtain an extra minus sign (see the

discussion in [10, Sect.4.2.6]). From Jyy* = —y*Jy, (y*)* = y* and y*y¥ =
—yVyH for u # v, we obtain the result.
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Corollary 2.52 Similarly ([7, Sect.4]) we find by using that ¥, = @y and
JMaM = aMJM’ th(lt

(Imt, Pm2) = (Im&2, ptn) (2.165)

for the Grassmann variables corresponding to any two ¢| 2 € L%(S).

Lemma 2.53 Foranyy € C®(M,N; ®N%), ¥ € L>(S®N;®N?) and e € L*(S)
we have

ey, V(Ime, ). = (e, ¥) .

Proof This can be seen easily by writing out the elements in full detail:
(=f®e®é, Y=t@n®i, [feC®WM,C),¢eL*S).

Lemma 2.54 Let Yy € L2(S®N; ® N9, Y2 € L>*(S®@N¢ ®N?), ¥, € L2(S ®
N; ®NY), ¥ € C®(M,N; @ NY) and ' € C®(M, Ny @ N?), then

(J1¥, o) = (Y1, YY) and  (JY1,yoy’) = (UYL ¥o).  (2.166)

Proof This can simply be proven by using that the right action is implemented via
J and that J is an anti-isometry with J> = +.

Fierz Transformations

Details for the Fierz transformation in this context can be found in the Appendix of
[2] but we list the main result here.

Definition 2.55 (Orthonormal Clifford basis) Let CI(V) be the Clifford algebra
over a vector space V of dimension n. Then yx := yx, ... vk, for all strictly ordered
sets K = {k; < --- <k} € {1,...,n} form a basis for CI(V). If yk is as above,
we denote with ¥ X the element %1 ... y* . The basis spanned by the yx is said to
be orthonormal if tr yxyr = nngdgr V K, L. Here ng = (=1)=b/2 where r
denotes the cardinality of the set K and with §x; we mean

1 ifK=L

0 else (2.167)

51<L=[

Example 2.56 Take V = R* and let C1(4, 0) be the Euclidean Clifford algebra [i.e.
with signature (+ + + +)]. Its basis are the sixteen matrices
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1

Vi (4 elements)
YuVv (<) (6 elements)
YuVa (LW <v <A (4 elements)

YiV2y3ys =: —Vs.-

We can identify

VIV2V3 = V4Y5, VIVVA=Y2Y5  VIV2Va = —V3Vs,  V2V3V4 = —V1V5,
(2.168)

establishing a connection with the basis most commonly used by physicists.

We then have the following result:

Proposition 2.57 ((Generalized) Fierz identity) If for any two strictly ordered sets
K, L there exists a third strictly ordered set M and ¢ € N such that yxyr = c yu,
we have for any V1, ..., Y4 in the n-dimensional spin representation of the Clifford
algebra

1
W,y ) (s, yia) = =~ > Crrlvs, v 9ol yva),  (2.169)
L

where the constants Crx = ny frk, fLx € N are defined via yKyLyK = fKLyL
(no sum over L). Here we have denoted by (., .) the inner product on the spinor
representation.
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