
Chapter 2
Supersymmetric Almost-Commutative
Geometries

Abstract We give a systematic analysis of the possibilities for almost-commutative
geometries on a 4-dimensional, flat background to exhibit not only a particle content
that is eligible for supersymmetry but also have a supersymmetric action. We come
up with an approach in which we identify the basic ‘building blocks’ of potentially
supersymmetric theories and the demands for their action to be supersymmetric.
Examples that satisfy these demands turn out to be sparse.

2.1 Noncommutative Geometry and R-Parity

One of the key features of many supersymmetric theories is the notion of R-parity;
particles and their superpartners are not only characterized by the fact that they are
in the same representation of the gauge group and differ in spin by 1

2 , but in addition
they have opposite R-parity values (cf. [9, Sect. 4.5]). As an illustration of this fact
for the MSSM, see Table2.1.

In this section we try to mimic such properties, providing an implementation of
this concept in the language of noncommutative geometry:

Definition 2.1 An R-extended, real, even spectral triple is a real and even spectral
triple (A ,H , D; γ, J ) that is dressed with a grading R : H → H satisfying

[R, γ ] = [R, J ] = [R, a] = 0 ∀ a ∈ A .

We will simply write (A ,H , D; γ, J, R) for such an R-extended spectral triple.

Note that, as with any grading, R allows us to split the Hilbert space into an R-even
and R-odd part:

H = HR=+ ⊕ HR=−, HR=± = 1

2
(1 ± R)H .

Consequently the Dirac operator splits in parts that (anti-)commute with R: D =
D+ + D− with {D−, R} = [D+, R] = 0. We anticipate what is coming in the next
section bymentioning that in applying this notion to (theHilbert space of) theMSSM,
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24 2 Supersymmetric Almost-Commutative Geometries

Table 2.1 The R-parity values for the various particles in the MSSM

Fermions R-parity Bosons R-parity Multiplicity

gauginos −1 gauge bosons +1 1

SM fermions +1 sfermions −1 3

higgsinos −1 Higgs(es) +1 1

In the left column are the fermions, in the right column the bosons. The SM fermions and their
superpartners come in three generations each, whereas there is only one copy of the other particles.
This statement presupposes that we view the up- and downtype Higgses and higgsinos as being
distinct

elements ofHR=+ should coincide with the SM particles and those ofHR=−1 with
the sfermions, gauginos and higgsinos.

Remark 2.2 In Krajewski diagrams we will distinguish between objects on which
R = 1 and on which R = −1 in the following way:

• Representations inHF on which R = −1 get a black fill, whereas those on which
R = +1 get a white fill with a black stroke.

• Scalars (i.e. components of the Dirac operator) that commute with R are repre-
sented by a dashed line, whereas scalars that anti-commute with R get a solid
line.

We immediately use the R-parity operator to make a refinement to the unimodu-
larity condition (1.27). Instead of taking the trace over the full (finite) Hilbert space,
we only take it over the part on which R equals 1, i.e. it now reads

trHR=+ Aμ = 0. (2.1)

Analogously, the definition (1.36) of the gauge group must then be modified to

SU (A ) := {u ∈ U (A ), detHR=+(u) = 1}. (2.2)

We will justify this choice later, after Lemma 2.9.
Note that adjusting the unimodularity condition has no effect when applying it to

the case of the NCSM, since all SM-fermions have R-parity +1 (Table2.1).

2.2 Supersymmetric Spectral Triples

Wegive a classification of all almost-commutative geometries whose particle content
and spectral action functional is supersymmetric. Throughout this section we char-
acterize the finite spectral triples/almost-commutative geometries by their Krajewski
diagrams as presented in Sect. 1.2.4. Since gravity is known to break global super-
symmetry, we shall from the outset restrict ourselves to a canonical spectral triple on
a flat background, i.e. all Christoffel symbols and consequently the Riemann tensor
vanish.

http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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For a given algebra AF of the form

AF =
K⊕

i

MNi (C), (2.3)

we now look for supersymmetric ‘building blocks’—made out of representations
Ni ⊗ No

j (i, j ∈ {1, . . . , K }) in the Hilbert space (fermions) and components of the
finite Dirac operator (scalars)—that give a particle content and interactions eligible
for supersymmetry. In particular, these building blocks should be ‘irreducible’; they
are the smallest extensions to a spectral triple that are necessary to retain a supersym-
metric action. We underline that we do not require that the extra action associated
to a building block is supersymmetric in itself. Rather, the building blocks will be
defined such that the total action can remain supersymmetric, or can become it again.

2.2.1 First Building Block: The Adjoint Representation

For a finite algebraAF = MN j (C) that consists of one component, the finite Hilbert
space can be taken to beN j ⊗No

j � MN j (C), the bimodule of the component MN j (C)

of the algebra. In order to reduce the fermionic degrees of freedom in the same way
as in the NCSM, we need a finite spectral triple of KO-dimension 6, i.e. one that
satisfies {J, γ } = 0. This requires at least two copies of this bimodule, both having
a different value of the finite grading1 and a finite real structure JF that interchanges
these copies (and simultaneously takes their adjoint):

JF (m, n) := (n∗, m∗).

We call this

Definition 2.3 A building block of the first type B j ( j ∈ {1, . . . , K }) consists of
two copies of an adjoint representation MN j (C) in the finite Hilbert space, having
opposite values for the grading γF . It is denoted by

B j = (m, m′, 0) ∈ MN j (C)L ⊕ MN j (C)R ⊕ End(HF ) ⊂ HF ⊕ End(HF ).

As for the R-parity operator, we put R|MN j (C) = −1. Since DA maps between
R = −1 representations the gauge field has R = 1, indeed opposite to the fermions.
The Krajewski diagram that corresponds to this spectral triple is depicted in Fig. 2.1.

Via the inner fluctuations (1.17) of the canonical Dirac operator � ∂M (1.20) we
obtain gauge fields that act on the MN j (C) in the adjoint representation. If we write

1We will distinguish the copies by giving them subscripts L and R.

http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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Nj

No
j

Fig. 2.1 The first building block consists of two copies in the adjoint representation MN j (C),
having opposite grading. The solid fill means that they have R = −1

(λ′
j L , λ′

j R) ∈ H + = L2(S+ ⊗ MN j (C)L) ⊕ L2(S− ⊗ MN j (C)R)

for the elements of the Hilbert space as they would appear in the inner product, we
find for the fluctuated canonical Dirac operator (1.20) that:

� ∂A(λ′
j L , λ′

j R) = iγ μ(∂μ + Aμ)(λ′
j L , λ′

j R),

withAμ = −ig j ad A′
μj . Herewehavewritten ad(A′

μj )λ
′
L ,R := A′

μjλ
′
L ,R−λ′

L ,R A′
μj

with A′
μj ∈ End(Γ (S ) ⊗ u(N j )) self-adjoint and we have introduced a coupling

constant g j .

2.2.1.1 Matching Degrees of Freedom

In order for the gauginos to have the same number of finite degrees of freedom as the
gauge bosons—an absolute necessity for supersymmetry—we can simply reduce
their finite part λ′

j L ,R to u(N j ), as described in [2, Sect. 4]. However, as is also
explained in loc. cit., even though the finite part of the gauge field A′

μj is initially
also in u(N j ), the trace part is invisible in the action since it acts on the fermions
in the adjoint representation. To be explicit, writing A′

μj = Aμj + 1
N j

Bμj idN j ,
with Aμj (x) ∈ su(N j ), Bμj (x) ∈ u(1) (for conciseness we have left out coupling
constants for the moment), we have

ad(A′
μj ) = ad(Aμj ).

This fact spoils the equality between the number of fermionic and bosonic degrees of
freedom again. We observe however that upon splitting the fermions into a traceless
and trace part, i.e.

λ′
j L ,R = λ j L ,R + λ0j L ,R idN j , (2.4)

the latter part is seen to fully decouple from the rest in the fermionic action:

〈JMλ′
j L , DAλ′

j R〉 = 〈JMλ j L , � ∂Aλ j R〉 + 〈JMλ0j L , � ∂ Mλ0j R〉.

We discard the trace part from the theory.

http://dx.doi.org/10.1007/978-3-319-24798-4_1
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Remark 2.4 In particular, a building block of the first type with N j = 1 does not
yield an action since the bosonic interactions automatically vanish and all fermionic
ones are discarded. This is remedied again in a set-up such as in the next section.

Note that applying the unimodularity condition (2.1) does not teach us anything
here, for HR=+ is trivial.

One last aspect is hampering a theory with equal fermionic and bosonic degrees
of freedom. There is a mismatch between the number of degrees of freedom for the
theory off shell; the equations of motion for the gauge field and gaugino constrain a
different number of degrees of freedom. This is a common issue in supersymmetry
and is fixed by means of a non-propagating auxiliary field. We mimic this procedure
by introducing a variable G j := Ga

j T a
j ∈ C∞(M, su(N j ))—with T a

j the generators

of su(N j )—which appears in the action via2:

− 1

2n j

∫

M
trN j G2

j
√

gd4x . (2.5)

The factor n j stems from the normalization of the T a
j , tr T a

j T b
j = n jδ

ab, and is

introduced so that in the action (Ga)2 has coefficient 1/2, as is customary. Typically
n j = 1

2 . Using the Euler-Lagrange equations we obtain G j = 0, i.e. the auxiliary
field does not propagate. This means that on shell the action corresponds to what the
spectral action yields us. In proving the supersymmetry of the action, however, we
will work with the off shell counterpart of the spectral action.

The action of the spectral triple associated to B j has been determined before
(e.g. [3–5]) and is given by

S j [λ,A] := 〈JMλ′
j R, � ∂Aλ′

j L〉 − f (0)

24π2

∫

M
trHF F

j
μνF

j,μν + O(Λ−2), (2.6)

where we have written the fermionic terms as they would appear in the path
integral (cf. [8, Sect. 16.3]).3 Using the notation introduced in (1.32) we write
Aμ = −ig j (Aμj − Ao

μj ) and find for the corresponding field strength (1.25)

Fμν = −ig j
(
F j

μν − (F j
μν)

o),
with F j

μν = ∂μ(Aν j ) − ∂ν(Aμj ) − ig j [Aμj , Aν j ]

Hermitian. Consequently we have in the action

2This auxiliary field is commonly denoted by D. Since this letter already appears frequently in
NCG, we instead take G to avoid confusion.
3It might seem that there are too many independent spinor degrees of freedom, but this is a charac-
teristic feature for a theory on a Euclidean background, see e.g. [13–15] for details.

http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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− f (0)

24π2

∫

M
trHF F

j
μνF

j,μν = 1

4

K j

n j

∫

M
trN j F j

μν F j,μν,

withK j = f (0)

3π2 n j g
2
j (2N j ). (2.7)

Herewehaveused that for X ∈ MN j (C) traceless, trMN j (C)(X−Xo)2 = 2N j trN j X2

and there is an additional factor 2 since there are two copies of MN j (C) inHF . The
expression for K j gets a contribution from each representation on which the gauge
field Aμj acts, see Remark 2.14 ahead. The factor n−1

j in front of the gauge bosons’
kinetic term anticipates the same factor arising when performing the trace over the
generators of the gauge group. The same thing happens for the gauginos and since we
want λa

j , rather than λ j , to have a normalized kinetic term, we scale these according
to

λ j → 1√
n j

λ j , where tr T a
j T b

j = n jδab. (2.8)

Discarding the trace part of the fermion, scaling the gauginos, introducing the aux-
iliary field G j and working out the second term of (2.6) then gives us for the action

S j [λ,A, G j ] := 1

n j
〈JMλ j L , � ∂Aλ j R〉 + 1

4

K j

n j

∫

M
trN j F j

μν F j,μν − 1

2n j

∫

M
trN j G2

j ,

(2.9)

with λ j L ,R ∈ L2(M, S± ⊗ su(N j )L ,R), A j ∈ End(Γ (S) ⊗ su(N j )), G j ∈
C∞(M, su(N j )).

For this action we have:

Theorem 2.5 The action (2.9) of an R-extended almost-commutative geometry that
consists of a building block B j of the first type (Definition 2.3, with N j ≥ 2) is
supersymmetric under the transformations

δA j = c jγ
μ
[
(JMεR, γμλ j L)S + (JMεL , γμλ j R)S

]
, (2.10a)

δλ j L ,R = c′
jγ

μγ ν F j
μνεL ,R + c′

G j
G jεL ,R, (2.10b)

δG j = cG j

[
(JMεR, � ∂Aλ j L)S + (JMεL , � ∂Aλ j R)S

]
, (2.10c)

with c j , c′
j , cG j , c′

G j
∈ C iff

2ic′
j = −c jK j , cG j = −c′

G j
. (2.11)

Proof The entire proof, together with the explanation of the notation, is given in the
Appendix section ‘First Building Block’.
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We have now established that the building block of Definition 2.3 gives the super
Yang-Mills action, which is supersymmetric under the transformations (2.10).4 This
building block is the NCG-analogue of a single vector superfield in the superfield
formalism.

Note that we cannot define multiple copies of the same building block of the first
type without explicitly breaking supersymmetry, since this would add new fermionic
degrees of freedom but not bosonic ones. This exhausts all possibilities for a finite
algebra that consists of one component.

2.2.2 Second Building Block: Adding Non-adjoint
Representations

If the algebra (2.3) contains two summands, we can first of all have two different
building blocks of the first type and find that the action is simply the sum of actions
of the form (2.9) and thus still supersymmetric.

We have a second go at supersymmetry by adding the representation Ni ⊗ No
j

to the finite Hilbert space, corresponding to an off-diagonal vertex in a Krajewski
diagram. This introduces non-gaugino fermions to the theory. A real spectral triple
then requires us to also add its conjugate N j ⊗No

i . To keep the spectral triple of KO-
dimension 6, both representations should have opposite values of the finite grading
γF . For concreteness we choose Ni ⊗ No

j to have value + in this section, but the
opposite sign works equally well with onlyminor changes in the various expressions.
With only this content, the action corresponding to this spectral triple can never be
supersymmetric for two reasons. First, it lacks the degrees of freedom of a bosonic
(scalar) superpartner. Second, it exhibits interactions with gauge fields (via the inner
fluctuations of � ∂ M )without having the necessary gauginodegrees tomake the particle
content supersymmetric. However, if we also add the building blocksBi andB j of
the first type to the spectral triple, both the gauginos are present and a finite Dirac
operator is possible, that might remedy this.

Lemma 2.6 For a finite Hilbert space consisting of two building blocks Bi and B j

together with the representation Ni ⊗ No
j and its conjugate the most general finite

Dirac operator on the basis

Ni ⊗ No
j ⊕ MNi (C)L ⊕ MNi (C)R ⊕ MN j (C)L ⊕ MN j (C)R ⊕ N j ⊗ No

i . (2.12)

is given by

4A similar result, without taking two copies of the adjoint representation, was obtained in [2].
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DF =

⎛

⎜⎜⎜⎜⎜⎜⎝

0 0 A 0 B 0
0 0 Mi 0 0 J A∗ J ∗
A∗ M∗

i 0 0 0 0
0 0 0 0 M j J B∗ J ∗

B∗ 0 0 M∗
j 0 0

0 J AJ ∗ 0 J B J ∗ 0 0

⎞

⎟⎟⎟⎟⎟⎟⎠
(2.13)

with A : MNi (C)R → Ni ⊗ No
j and B : MN j (C)R → Ni ⊗ No

j .

Proof We start with a general 6 × 6 matrix for DF . Demanding that {DF , γF } = 0
already sets half of its components to zero, leaving 18 to fill. The first order condition
(1.12) requires all components on the upper-right to lower-left diagonal of (2.13) to
be zero, so 12 components are left. Furthermore, DF must be self-adjoint, reducing
the degrees of freedom by a factor two. The last demand JF DF = DF JF links the
remaining half components to the other half, but not for the components that map
between the gauginos: because of the particular set-up they were already linked via
the demand of self-adjointness. This leaves the four independent components A, B,
Mi and M j .

In this chapter we will set Mi = M j = 0 since these components describe super-
symmetry breaking gaugino masses. This will be the subject of the next chapter.

Lemma 2.7 If the components A and B of (2.13) differ by only a complex number,
then they generate a scalar field ψ̃i j in the same representation of the gauge group
as the fermion.

Proof We write Di j
ii ≡ A and Di j

j j ≡ B in the notation of (1.33). First of all,
Di j

j j : MN j (C) → Ni ⊗ No
j constitutes of left multiplication with an element

Ci j j ηi j , where ηi j ∈ Ni ⊗ No
j and Ci j j ∈ C. Similarly, Di j

ii : MNi (C) → Ni ⊗ No
j

constitutes of right multiplication with an element in Ni ⊗ No
j . If this differs from

Di j
j j by only a complex factor, it is of the form Cii jηi j , with Cii j ∈ C.
Then the inner fluctuations (1.34) that Di j

j j develops, are of the form

Di j
j j → Di j

j j +
∑

n

(an)i
(
Di j

j j (bn) j − (bn)i Di j
j j ) ≡ Ci j j ψ̃i j , (2.14)

with which we mean left multiplication by the element

ψ̃i j ≡ ηi j +
∑

n

(an)i [ηi j (bn) j − (bn)iηi j ]

times the coupling constant Ci j j . The demand J DF = DF J (cf. Table1.3) on
DF means that Dki

ji = J Dik
i j J ∗ = J (Di j

ik)∗ J ∗, from which we infer that the
component Dii

ji constitutes of left multiplication with Cii jηi j . Its inner fluctuations
are of the form

http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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Ni Nj

No
i

No
j

← Cii j ˜ψ i j

(Ci j j ˜ψ i j)o

→

← Ci j j ˜ψ i j

(Cii j ˜ψ i j)o

→

← Cii j

Ci j j

Ni Nj

No
i

No
j

→

(a) (b)

Fig. 2.2 After allowing for off diagonal representations we need a finite Dirac operator in order
to have a chance at supersymmetry. The component A of (2.13) corresponds to the upper and left
lines, whereas the component B corresponds to the lower and right lines. The off-diagonal vertex
can have either R = 1 (left image) or R = −1 (right image). The R-value of the components of
the finite Dirac operator changes accordingly, as is represented by the (solid/dashed) stroke of the
edges

Dii
ji → Dii

ji +
∑

n

(an)i
(
Dii

ji (bn) j − (bn)i Dii
j i ) ≡ Cii j ψ̃i j ,

which coincides with (2.14). Furthermore, for U = u Ju J ∗ with u ∈ U (A ) we find
for these components (together with the inner fluctuations) that

U Di j
iiU = ui Di j

ii u∗
j , U Di j

j jU = ui Di j
j j u∗

j ,

establishing the result.

Since the diagonal vertices have an R-value of −1, the scalar field ψ̃i j generated
by DF will always have an eigenvalue of R opposite to that of the representation
Ni ⊗ No

j ∈ HF . This makes the off-diagonal vertices and these scalars indeed

each other’s superpartners, hence allowing us to call ψ̃i j a sfermion. The Dirac
operator (2.13) (together with the finite Hilbert space) is visualized by means of a
Krajewski diagram in Fig. 2.2. Note that we can easily find explicit constructions
for R ∈ AF ⊗ A o

F . Requiring that the diagonal representations have an R-value
of −1, we have the implementations (1Ni ,−1N j) ⊗ (−1Ni , 1N j)

o and (1Ni , 1N j) ⊗
(−1Ni ,−1N j)

o ∈ AF ⊗ A o
F , corresponding to the two possibilities of Fig. 2.2.

We capture this set-up with the following definition:

Definition 2.8 The building block of the second type B±
i j consists of adding the

representation Ni ⊗No
j (having γF -eigenvalue±) and its conjugate to a finite Hilbert

space containingBi andB j , togetherwithmaps between the representationsNi ⊗No
j

and N j ⊗ No
i and the adjoint representations that satisfy the prerequisites of Lemma

2.7. Symbolically it is denoted by
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Fig. 2.3 An example of a
building block of the second
type for which the fermion
has R = 1 and multiple
generations

B±
i j = (ei ⊗ ē j , e′

j ⊗ ē′
i , Dii

ji + Di j
j j ) ∈ Ni ⊗ No

j ⊕ N j ⊗ No
i ⊕ End(HF )

⊂ HF ⊕ End(HF ).

When necessary, we will denote the chirality of the representation Ni ⊗ No
j with a

subscript L , R. Note that such a building block is always characterized by two indices
and it can only be defined whenBi andB j have previously been defined. In analogy
with the building blocks of the first type andwith theHiggses/higgsinos of theMSSM
in the back of our minds we will require building blocks of the second type whose
off-diagonal representation in HF has R = −1 to have a maximal multiplicity of
1. In contrast, when the off-diagonal representation in the Hilbert space has R = 1
we can take multiple copies (‘generations’) of the same representation in HF , all
having the same value of the grading γF . This also gives rise to an equal number
of sfermions, keeping the number of fermionic and scalar degrees of freedom the
same, which effectively entails giving the fermion/sfermion-pair a family structure.
The Cii j and Ci j j are then promoted to M × M matrices acting on these copies. This
situation is depicted in Fig. 2.3. We will always allow such a family structure when
the fermion has R = 1, unless explicitly stated otherwise. There can also be two
copies of a building block Bi j that have opposite values for the grading. We come
back to this situation in Sect. 2.2.5.2.

Next, we compute the action corresponding to Bi j . For a generic element ζ on
the finite basis (2.12) we will write

ζ = (ψi j L , λ′
i L , λ′

i R, λ′
j L , λ′

j R, ψ i j R) ∈ H +,

where the prime on the gauginos suggests that they still contain a trace-part (cf. (2.4)).
To avoid notational clutter, we will write ψL ≡ ψi j L , ψ R ≡ ψ i j R and ψ̃ ≡ ψ̃i j L

throughout the rest of this section. The extra action as a result of adding a building
block B+

i j of the second type (i.e. additional to that of (2.6) for Bi and B j ) is
given by
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Si j [λ′
i , λ

′
j , ψL , ψ R,Ai ,A j , ψ̃, ψ̃ ] ≡ Si j [ζ,A, ζ̃ ] = S f,i j [ζ,A, ζ̃ ] + Sb,i j [A, ζ̃ ].

(2.15)

The fermionic part of this action reads

S f,i j [ζ,A, ζ̃ ] = 1
2 〈J (ψL , ψ R), � ∂A(ψL , ψ R)〉

+ 1
2 〈J (ψL , λ′

i L , λ′
i R, λ′

j L , λ′
j R, ψ R), γ 5Φ(ψL , λ′

i,L , λ′
i R, λ′

j L , λ′
j R, ψ R)〉

= 〈JMψ R, DAψL 〉 + 〈JMψ R, γ 5λ′
i RCii j ψ̃〉 + 〈JMψ R, γ 5Ci j j ψ̃λ′

j R〉
+ 〈JMψL , γ 5ψ̃C∗

i i j λ
′
i L 〉 + 〈JMψL , γ 5λ′

j L ψ̃C∗
i j j )〉, (2.16)

prior to scaling the gauginos according to (2.8). Here we have employed (2.14) and
the symmetry of the inner product. The bosonic part of (2.15) is given by

Sb,i j [A, ζ̃ ] =
∫

M
|Ni j Dμψ̃ |2 + Mi j (ψ̃, ψ̃) (2.17)

(cf. (1.24)) with Ni j = N ∗
i j the square root of the positive semi-definite

M × M–matrix

N 2
i j = f (0)

2π2 (Ni C
∗
i i j Cii j + N j C

∗
i j j Ci j j ), (2.18)

where M is the number of particle generations, and

Mi j (ψ̃, ψ̃) = f (0)

2π2

[
Ni |Cii j ψ̃ψ̃C∗

i i j |2 + N j |ψ̃C∗
i j j Ci j j ψ̃ |2 + 2|Cii j ψ̃ |2|Ci j j ψ̃ |2

]
.

(2.19)

The first term of this last equation corresponds to paths in the Krajewski diagram
such as in the first example of Fig. 1.5, involving the vertex at (i, i). The second term
corresponds to the same type of path but involving ( j, j) and the third term consists
of paths going in two directions such as the fourth example of Fig. 1.5.

2.2.2.1 Matching Degrees of Freedom

As far as the gauginos are concerned, there is a difference compared to the previous
section; there the trace parts of the action fully decoupled from the rest of the action,
but here this is not the case due to the fermion-sfermion-gaugino interactions in
(2.15). At the same time, the gauge fields A′

μi and A′
μj do not act on Ni ⊗ No

j
and N j ⊗ No

i in the adjoint representation, causing their trace parts not to vanish
either. We thus have fermionic and bosonic u(1) fields, that are each other’s potential
superpartners.

http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
http://dx.doi.org/10.1007/978-3-319-24798-4_1
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We distinguish between two cases:

• In the left image of Fig. 2.2HR=+ = Ni ⊗No
j ⊕N j ⊗No

i and thus we can employ

the unimodularity condition (2.1). This yields5

0 = trNi ⊗No
j

g′
i A′

iμ + trN j ⊗No
i

g′
j A′

jμ

= N j gBi Biμ + Ni gB j B jμ =⇒ B jμ = −(N j gBi /Ni gB j )Biμ,

where we have first identified the independent gauge fields before introducing
the coupling constants gi, j , gBi, j (cf. [7, Sect. 3.5.2]). Consequently the covariant
derivative acting on the fermion ψ and scalar ψ̃ and their conjugates is equal to
� ∂A = iγ μ Dμ with

Dμ = ∇S
μ − i

(
gi Aiμ + gBi

Ni
Bi

)
+ i

(
g j A jμ + gB j

N j
B j

)o

= ∇S
μ − igi Aiμ + ig j Ao

jμ − 2igBi

Bi

Ni
.

This also means that the kinetic terms of the u(1) gauge field now appear in the
action. After applying the unimodularity condition, the kinetic terms of the gauge
bosons, as acting on Ni ⊗ No

j , are given by

− trNi ⊗No
j
F

′
μνF

′μν

= trNi ⊗No
j

(
gi Fi

μν − g j F j o
μν + gBi

2

Ni
Bi

μν

)(
gi Fμν

i − g j Fμν o
j + gBi

2

Ni
Bμν

i

)

= N j g
2
i trNi Fi

μν Fμν
i + Ni g

2
j trN j F j

μν Fμν
j + 4

N j

Ni
g2

Bi
Bi

μν Bμν
i , (2.20)

with Biμν = ∂[μ Biν]. The contribution from N j ⊗ No
i is the same and those from

Ni ⊗ No
i and N j ⊗ No

j have been given in the previous section.
We can use the supersymmetry transformations to also reduce the fermionic
degrees of freedom:

Lemma 2.9 Requiring the unimodularity condition (2.1) also for the supersymmetry
transformations of the gauge fields, makes the traces of the gauginos proportional
to each other.

5When having multiple copies of the representations Ni ⊗ No
j and N j ⊗ No

i all expressions will be
multiplied by the number of copies, since the gauge bosons act on each copy in the same way. This
leaves the results unaffected, however.
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Proof We introduce the notation λi L ,R = λa
i L ,R ⊗ T a

i , summed over the repeated

index a = 0, 1, . . . , N 2
i −1, where T a

i are the generators of u(Ni ) � u(1)⊕ su(Ni ).
Writing out the unimodularity condition (2.1) for the transformation (2.10a) of the
gauge field reads in this case

0 = N j (gi tr δAiμ + gBi δBiμ) + Ni (g j tr δA jμ + gB j δB jμ).

Putting in the expressions for the transformations and using that the su(Ni, j )-parts
of the gauginos are automatically traceless, we only retain the trace parts:

0 = N j gBi

[
(JMεR, γμλ0i L) + (JMεL , γμλ0i R)

]

+ Ni gB j

[
(JMεR, γμλ0j L) + (JMεL , γμλ0j R)

]

= (
JMεR, γμ(N j gBi λ

0
i L + Ni gB j λ

0
j L)

) + (L ↔ R), (2.21)

where with ‘(L ↔ R)’ we mean the expression preceding it, but everywhere with
L and R interchanged. Since ε = (εL , εR) can be any covariantly vanishing spinor,
(0, εR) with ∇SεR = 0 and (εL , 0) with ∇SεL = 0 are valid solutions for which
one of the terms in (2.21) vanishes, but the other does not. The term with left-handed
gauginos is thus independent from that of the right-handed gauginos. Hence, for any
εR , (

JMεR, γμ(N j gBi λ
0
i L + Ni gB j λ

0
j L)

)

must vanish, establishing the result.

Via the transformation (2.10b) for the gaugino, we can also reduce one of the u(1)
parts of G ′

i, j = Ga
i, j T

a
i, j + Hi, j ∈ C∞(M, u(Ni, j )).

This provides us a justification for the choice to take the trace in (2.1) only over
HF . For if we had not, we would have been in a bootstrap-like situation in which
the gaugino degrees of freedom would have contributed to the relation that we have
employed to reduce them by.

• In the right image of Fig. 2.2 no constraint occurs due to the unimodularity condi-
tion because HR=+ = 0 and the kinetic terms of the gauge bosons are given by:

− trNi ⊗No
j
F

′
μνF

′μν

= trNi ⊗No
j

(
gi Fi

μν − g j F j o
μν + gBi

Ni
Biμν − gB j

N j
B jμν

)2

= N j g
2
i trNi Fi

μν Fμν
i + Ni g

2
j trN j F j

μν Fμν
j

+ Ni N j

(gBi Bi

Ni
− gB j B j

N j

)

μν

(gBi Bi

Ni
− gB j B j

N j

)μν

. (2.22)
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Here for the second time we stumble upon problems with the fact that the spectral
action gives us an on shell action only. The problem is twofold. First, there is—as
in the case of Bi and B j—a mismatch in the degrees of freedom off shell between
ψ ≡ ψi j and ψ̃ ≡ ψ̃i j . We compensate for this by introducing a bosonic auxiliary
field Fi j ∈ C∞(M, Ni ⊗ No

j ) and its conjugate. They appear in the action via

S[Fi j , F∗
i j ] = −

∫

M
trN j F∗

i j Fi j
√

gd4x . (2.23)

From the Euler-Lagrange equations, it follows that Fi j = F∗
i j = 0, i.e. Fi j and its

conjugate only have degrees of freedom off shell. Secondly, the four-scalar self-
interaction of ψ̃ poses an obstacle for a supersymmetric action; regardless of its
specific form, a supersymmetry transformation of such a term must involve three
scalars and one fermion, a term that cannot be canceled by any other. The standard
solution is to rewrite these terms using the auxiliary fields G ′

i , G ′
j that the building

blocks of the first type provide us, such that we recover (2.17) on shell. The next
lemma tells us that we can do this.

Lemma 2.10 If HF,R=+ �= 0 then the four-scalar terms (2.19) of an almost-
commutative geometry that consists of a single building block Bi j of the second
type can be written in terms of auxiliary fields Gi, j ∈ C∞(M, su(Ni, j )) and
H ∈ C∞(M, u(1)), as follows:

L (Gi, j , H, ψ̃, ψ̃) = − 1

2ni
tr G2

i − 1

2n j
tr G2

j

− 1

2
H2 − tr GiP

′
i ψ̃ψ̃ − tr G j ψ̃P ′

j ψ̃ − H trQ′ψ̃ψ̃,

(2.24)

where in the terms featuring Gi, j the trace is over the Ni, j × Ni, j -matrices and with

P ′
i =

√
f (0)
π2ni

Ni C∗
i i j Cii j , P ′

j =
√

f (0)
π2n j

N j C∗
i j j Ci j j ,

Q′ =
√

f (0)
π2 (C∗

i i j Cii j + C∗
i j j Ci j j )

(2.25)

matrices on M-dimensional family space.

Proof Required for any building blockBi j of the second type are the building blocks
Bi and B j of the first type, initially providing auxiliary fields Gi, j ≡ Ga

i, j T
a

i, j ∈
C∞(M, su(Ni, j )) and Hi, j ∈ C∞(M, u(1)). Here the T a

i, j denote the generators of
su(Ni, j ) in the fundamental (defining) representation and are normalized according
to tr T a

i, j T
b

i, j = ni, jδab, where ni, j is the constant of the representation. After apply-
ing the unimodularity condition (2.1) in the case that HR=+ �= 0 (the left image of
Fig. 2.2) for the gauge field and its transformation, only one u(1) auxiliary field H
remains. We thus consider the Lagrangian (2.24) withP ′

i, j ,Q
′ self-adjoint. (These
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coefficients are written inside the trace since they may have family indices. However,

the combinationsP ′
i ψ̃ψ̃ and ψ̃P ′

j ψ̃ cannot have family-indices anymore, since Gi

and G j do not.) Applying the Euler-Lagrange equations to this Lagrangian yields

Ga
i = − tr T a

i P
′
i ψ̃ψ̃, Ga

j = − tr T a
j ψ̃P ′

j ψ̃, H = − trQ′ψ̃ψ̃

and consequently (2.24) equals on shell

L (Gi, j , H, ψ̃, ψ̃) = 1

2
tr(T a

i P ′
i ψ̃i j ψ̃ i j )

2 + 1

2
tr(T a

j ψ̃ i jP
′
j ψ̃i j )

2 + 1

2
tr(Q′ψ̃i j ψ̃ i j )

2

= ni

2

(
|P ′

i ψ̃ψ̃ |2 − 1

Ni
|P ′1/2

i ψ̃ |4
)

+ n j

2

(
|ψ̃P ′

j ψ̃ |2 − 1

N j
|P ′1/2

j ψ̃ |4
)

+ 1

2
|Q′1/2ψ̃ |4.

Here we have employed the identity

(T a
i, j )mn(T a

i, j )kl = ni, j

(
δmlδkn − 1

Ni, j
δmnδkl

)
. (2.26)

With the choices (2.25) we indeed recover the four-scalar terms (2.19) of the spectral
action.

Even though in the case that HF,R=+ = 0 (the right image of Fig. 2.2) the
unimodularity condition cannot be used to relate the u(1) fields Hi and Hj to each
other, a similar solution is possible:

Corollary 2.11 If HR=+ = 0 then the four-scalar terms (2.19) of a building block
Bi j of the second type can be written off shell using the Lagrangian

L (Gi, j , Hi, j , ψ̃, ψ̃) = − 1

2ni
tr G2

i − 1

2n j
tr G2

j − 1

2
H2

i − 1

2
H2

j − tr GiP
′
i ψ̃ψ̃

− tr G j ψ̃P ′
j ψ̃ − Hi trQ

′
i ψ̃ψ̃ − Hj trQ

′
j ψ̃ψ̃, (2.27)

with
P ′

i =
√

f (0)
π2ni

Ni C∗
i i j Cii j , P ′

j =
√

f (0)
π2n j

N j C∗
i j j Ci j j ,

Q′
i = Q′

j =
√

f (0)
2π2 (C∗

i i j Cii j + C∗
i j j Ci j j ),

not carrying a family-index.

In both cases we have obtained a system that has equal bosonic and fermionic
degrees of freedom, both on shell and off shell.
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2.2.2.2 The Final Action and Supersymmetry

We first turn to the case that HR=+ �= 0. Reducing the degrees of freedom by
identifying half of the u(1) fields with the other half and rewriting (2.15) to an off
shell action we find the extra contributions

〈JMψ R, DAψL〉 + 〈JMψ R, γ 5(λ′
i RCii j ψ̃ + Ci j j ψ̃λ′

j R)〉
+ 〈JMψL , γ 5(ψ̃C∗

i i jλ
′
i L + λ′

j L ψ̃C∗
i j j )〉

+
∫

M

[
|Ni j Dμψ̃ |2 − trNi

(
P ′

i ψ̃ψ̃Gi
) − trN j

(
ψ̃P ′

j ψ̃G j
)

− H trNi Q
′ψ̃ψ̃ − trN⊕M

j
F∗

i j Fi j

]

to the total action, with

λ′
i = λi + λ0i idNi , λ′

j = λ j − N j/ iλ
0
i idN j

and Gi, j ∈ C∞(M, su(Ni, j )), H ∈ C∞(M, u(1)). For notational convenience we
will suppress the subscripts in the traces when no confusion is likely to arise. In
addition, adding a building block Bi j slightly changes the expressions for the pre-
factors of the kinetic terms of Aiμ and A jμ (cf. Remark 2.14).

As a final step we scale the sfermion ψ̃i j according to

ψ̃i j → N −1
i j ψ̃i j , ψ̃ i j → ψ̃ i jN

−1
i j , (2.28)

and the gauginos according to (2.8) to give us the correctly normalized kinetic terms
for both:

〈JMψ R, DAψL〉 + 〈JMψ R, γ 5[λ′
i RC̃i, j ψ̃ + C̃ j,i ψ̃λ′

j R]〉
+ 〈JMψL , γ 5[ψ̃C̃∗

i, jλ
′
i L + λ′

j L ψ̃C̃∗
j,i ]〉

+
∫

M

[
|Dμψ̃ |2 − tr

(
Pi ψ̃ψ̃Gi

) − tr
(
ψ̃P j ψ̃G j

)

− tr H Qψ̃ψ̃ − trN⊕M
j

F∗
i j Fi j

]
. (2.29)

Here we have written

C̃i, j := Cii j√
ni
N −1

i j , C̃ j,i := Ci j j√
n j
N −1

i j ,

Pi, j := N −1
i j P ′

i, jN
−1

i j , Q := N −1
i j Q′N −1

i j

(2.30)

for the scaled versions of the parameters. For this action we have:
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Theorem 2.12 The total action that is associated to Bi ⊕B j ⊕Bi j , given by (2.9)
and (2.29), is supersymmetric under the transformations (2.10),

δψ̃ = ci j (JMεL , γ 5ψL)S , δψ̃ = c∗
i j (JMεR, γ 5ψ R)S , (2.31a)

δψL = c′
i jγ

5[� ∂A, ψ̃]εR + d ′
i j Fi jεL , δψ R = c′∗

i j γ
5[� ∂A, ψ̃]εL + d ′∗

i j F∗
i jεR

(2.31b)

and

δFi j = di j (JMεR, � ∂AψL)S + di j,i (JMεR, γ 5λi Rψ̃)S − di j, j (JMεR, γ 5ψ̃λ j R)S ,

(2.32a)

δF∗
i j = d∗

i j (JMεL , � ∂Aψ R)S + d∗
i j,i (JMεL , γ 5ψ̃λi L)S − d∗

i j, j (JMεL , γ 5λ j L ψ̃)S ,

(2.32b)

with ci j , c′
i j , di j , d ′

i j , di j,i and di j, j complex numbers, if and only if

C̃i, j = εi, j

√
2

Ki
gi idM , C̃ j,i = ε j,i

√
2

K j
g j idM , P2

i = g2i
Ki

idM , P2
j =

g2j
K j

idM ,

(2.33)

for the unknown parameters of the finite Dirac operator (where idM is the identity
on family-space, which equals unity if ψi j has no family index) and

c′
i j = c∗

i j = εi, j

√
2Ki ci = −ε j,i

√
2K j c j ,

di j = d ′∗
i j = εi, j

√
Ki

2

di j,i

gi
= −ε j,i

√
K j

2

di j, j

g j
, cGi = εi

√
Ki ci ,

with εi , εi, j , ε j,i ∈ {±1} for the transformation constants.

Proof Since the action (2.9) is already supersymmetric by virtue of Theorem 2.5,
we only have to prove that the same holds for the contribution (2.29) to the action
fromBi j . The detailed proof of this fact can be found in Appendix section ‘Second
Building Block’.

Then for Cii j and Pi, j that satisfy these relations (setting Ki, j = 1), the super-
symmetric action (but omitting the u(1)-terms for conciseness now) reads:

〈JMψ R, � ∂AψL 〉 + √
2〈JMψ R, γ 5(εi, j gi λi Rψ̃ + ε j,i ψ̃g j λ j R)〉

+ √
2〈JMψL , γ 5(εi, j ψ̃gi λi L + ε j,i g j λ j L ψ̃)〉

+
∫

M

[
|Dμψ̃ |2 − gi trNi

(
ψ̃ψ̃Gi

) − g j trN j

(
ψ̃ψ̃G j

) − trN⊕M
j

F∗
i j Fi j

]
, (2.34)
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i.e. we recover the pre-factors for the fermion-sfermion-gaugino and four-scalar
interactions that are familiar for supersymmetry. The signs εi, j and ε j,i above can
be chosen freely.

Remark 2.13 In the case that HR=+ = 0, there is an interaction

∝
∫

M
Biμν Bμν

j (2.35)

present (see the last term of (2.22)). Transforming the gauge fields appearing in that
interaction shows that the supersymmetry of the total action requires an interaction

∝ 〈JMλ0i , � ∂ Mλ0j 〉,

a term that the fermionic action does not provide. Thus, a situation in which there
are two different u(1) fields that both act on the same representation Ni ⊗ No

j is an
obstruction for supersymmetry. This is also the reason that a supersymmetric action
with gauge groupsU (Ni, j ) is not possible in the presence of a representationNi ⊗No

j ,
since

− trNi ⊗No
j
FμνF

μν = trNi ⊗No
j
(gi Fi

μν − g j F j o
μν )(gi Fμν

i − g j Fμν o
j )

= N j g
2
i tr Fi

μν Fμν
i + Ni g

2
j tr F j

μν Fμν
j − 2gi g j tr Fi

μν tr Fμν
j ,

ofwhich the last term spoils supersymmetry. Averting a theory inwhich two indepen-
dent u(1) gauge fields act on the same representation will be seen to put an important
constraint on realistic supersymmetric models from noncommutative geometry.

Note that it is not per se the presence of an R = −1 off-diagonal fermion in the
first place that is causing this; in a spectral triple that contains at least one R = +1
fermion the interaction (2.35) vanishes due to the unimodularity condition (2.1).

Remark 2.14 In the previous section we have compactly written

Ki = f (0)

3π2 2Ni g
2
i ni

only partly for notational convenience. There are two other reasons. The first is that
since the kinetic terms for the gauge bosons are normalized to −1/4,Ki must in the
end have the value of 1. This puts a relation between f (0) and gi . This is the same
as in the Standard Model [7, Sect. 17.1]. Secondly, the expression for Ki depends
on the contents of the spectral triple. As (2.20) shows, when the Hilbert space is
extended with Ni ⊗ No

j and its opposite (both having R = 1), then (2.7) changes to

Ki = f (0)
3π2 g2

i ni (2Ni + M N j ), K j = f (0)
3π2 g2

j n j (M Ni + 2N j ),

KB = 4 f (0)
3π2

N j
Ni

Mg2
B .

(2.36)
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Here M denotes the number of generations that the fermion–sfermion pair comes in.
In fact, the relation between the coupling constant(s) gi and the function f should
be evaluated only for the full spectral triple. In this case however, setting all three
terms equal to one, implies the GUT-like relation

ni (2Ni + M N j )g
2
i = n j (2N j + M Ni )g

2
j = 4

N j

Ni
Mg2

B .

What remains, is to check whether there exist solutions for Cii j and Ci j j that
satisfy the supersymmetry constraints (2.33).

Proposition 2.15 Consider an almost-commutative geometry whose finite algebra
is of the form MNi (C) ⊕ MN j (C). The particle content and action associated to
this almost-commutative geometry are both supersymmetric off shell if and only if it
consists of two disjoint building blocks Bi, j of the first type, for which Ni , N j > 1.

Proof We will prove this by showing that the action of a single building block Bi j

of the second type is not supersymmetric, falling back to Theorem 2.5 for a positive
result. For the action of a Bi j of the second type to be supersymmetric requires
the existence of parameters Cii j and Ci j j that—after scaling according to (2.30)—
satisfy (2.33) both directly and indirectly via Pi, j of the form (2.25). To check
whether they directly satisfy (2.33) we note that the pre-factor N 2

i j for the kinetic

term of the sfermion ψ̃i j appearing in (2.30) itself is an expression in terms of Cii j

and Ci j j . We multiply the first relation of (2.33) with its conjugate and multiply with
Ni j on both sides to get

C∗
i i j Cii j = 2

Ki
ni g

2
i N

2
i j .

Inserting the expression (2.18) forN 2
i j , we obtain

C∗
i i j Cii j = g2

i ni
f (0)

π2

1

Ki

[
Ni C

∗
i i j Cii j + N j C

∗
i j j Ci j j

]
.

From (2.30) and (2.33) we infer that C∗
i j j Ci j j = (n j g2

j /ni g2
i )C∗

i i j Cii j , i.e. we
require:

Ki = f (0)

π2

[
g2

i ni Ni + n j g
2
j N j

]
.

If we use the expressions (2.36) for the pre-factors of the gauge bosons’ kinetic terms
to express the combinations f (0)ni, j g2

i, j/π
2 in terms of Ni, j and M , the requirement

for consistency reads

1 =
(

3Ni

2Ni + M N j
+ 3N j

M Ni + 2N j

)
.
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The only solutions to this equation are given by M = 4 and Ni = N j . However,
inserting the solution (2.33) for C∗

i i j Cii j into the expression (2.25) forPi ,P j (nec-
essary to write the action off shell) gives

P2
i = 4

f (0)

π2 Ni g
4
i

ni

K 2
i

, P2
j = 4

f (0)

π2 N j g
4
j

n j

K 2
j

,

with an idM where appropriate.We again useRemark 2.14 to replace f (0)g2
i /(π2Ki )

by an expression featuring Ni, j , M and ni, j . This yields

P2
i = 12Ni

2Ni + M N j

g2
i

Ki
= 2

g2
i

Ki
, P2

j = 12N j

2N j + M Ni

g2
j

K j
= 2

g2
j

K j

for the values M = 4, Ni = N j that gave the correct fermion-sfermion-gaugino
interactions. We thus have a contradiction with the demand on P2

i, j from (2.33),
necessary for supersymmetry.

We shortly pay attention to a case that is of similar nature but lies outside the
scope of the above Proposition.

Remark 2.16 For AF = C ⊕ C, a building block Bi j of the second type does not
have a supersymmetric action either. In this case there are only u(1) fields present
in the theory and Gi , G j and H are seen to coincide. It is possible to rewrite the
four-scalar interaction of the spectral action off shell, but this set-up also suffers from
a similar problem as in Proposition 2.15.

We can extend the result of Proposition 2.15 to components of the finite algebra
that are defined over other fields thanC. For this, we first need the following lemma.

Lemma 2.17 The inner fluctuations (1.17) of � ∂M caused by a component of the
finite algebra that is defined over R or H, are traceless.

Proof The inner fluctuations are of the form

iγ μ AF
μ, AF

μ =
∑

i

ai∂μ(bi ), with ai , bi ∈ C∞(M, MN (F)), F = R,H.

This implies that AF
μ is itself an MN (F)-valued function. For the inner fluctuations

to be self-adjoint, AF
μ must be skew-Hermitian. In the case that F = R this implies

that all components on the diagonal vanish and consequently so does the trace. In the
case that F = H, all elements on the diagonal must themselves be skew-Hermitian.
Since all quaternions are of the form

(
α β

−β̄ ᾱ

)
α, β ∈ C,

http://dx.doi.org/10.1007/978-3-319-24798-4_1


2.2 Supersymmetric Spectral Triples 43

this means that the diagonal of AH
μ consists of purely imaginary numbers that vanish

pairwise. Its trace is thus also 0.

Then we have

Theorem 2.18 Consider an almost-commutative geometry whose finite algebra is
of the form MNi (Fi ) ⊕ MN j (F j ) with Fi ,F j = R,C,H. If the particle content and
action associated to this almost-commutative geometry are both supersymmetric off
shell, then it consists of two disjoint building blocks Bi, j of the first type, for which
Ni , N j > 1.

Proof Not only do we have different possibilities for the fields Fi, j over which the
components are defined, but we can also have various combinations for the values
of the R-parity. We cover all possible cases one by one.

If R = +1 on the representations in the finite Hilbert space that describe the
gauginos, then the gauginos and gauge bosons have the same R-parity and the particle
content is not supersymmetric.

If R = −1 for these representations, and R = +1 on the off-diagonal representa-
tions, suppose at least one of the Fi , F j is equal to R or H. Then using Lemma 2.17
we see that after application of the unimodularity condition (2.1) there is no u(1)-
valued gauge field left. Lemma 2.9 then also causes the absence of a u(1)-auxiliary
field that is needed to write the four-scalar action off shell as in Lemma 2.10. If
both Fi and F j are equal to C we revert to Proposition 2.15 to show that there is no
supersymmetric solution for M and Ni, j that satisfies the demands for C̃i, j , C̃ j,i and
Pi, j from supersymmetry.

In the third case R = −1 on the off-diagonal representations in HF . If both Fi, j

are equal toR orH then there is no u(1) gauge field and thus the spectral action cannot
be written off shell. If either Fi or F j equals R orH, then there is one u(1)-field, but
the calculation for the action carries through as in Proposition 2.15 and there is no
supersymmetric solution for M and Ni, j . Finally, if both Fi, j are equal to C, there
are two u(1)-fields and the cross term as in Remark 2.13 spoils supersymmetry.

Thus, all almost-commutative geometries for which AF = MNi (Fi ) ⊕ MN j (F j )

and that have off-diagonal representations fail to be supersymmetric off shell.
The set-up described in this section has the same particle content as the super-

symmetric version of a single (R = +1) particle–antiparticle pair and corresponds
in that respect to a single chiral superfield in the superfield formalism [9, 4.3]. In
constrast, its action is not fully supersymmetric. We stress however, that the scope
of Proposition 2.15 is that of a single building block of the second type. As was
mentioned before, the expressions for many of the coefficients typically vary with
the contents of the finite spectral triple and they should only be assessed for the full
model.

Another interesting difference with the superfield formalism is that a building
block of the second type really requires two building blocks of the first type, describ-
ing gauginos and gauge bosons. In the superfield formalism a theory consisting of
only a chiral multiplet, not having gauge interactions, is in many textbooks the first
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model to be considered. This underlines that noncommutative geometry inherently
describes gauge theories.

There are ways to extend almost-commutative geometries by introducing new
types of building blocks—giving new possibilities for supersymmetry—or by com-
bining ones that we have already defined. In the next sectionwewill cover an example
of the latter situation, in which there arise interactions between two or more building
blocks of the second type.

2.2.2.3 Interaction Between Building Blocks of the Second Type

In the previous section we have fully exploited the options that a finite algebra with
two components over the complex numbers gave us. If we want to extend our theory,
the finite algebra (2.3) needs to have a third summand—say MNk (C). A building
block of the first type (cf. Sect. 2.2.1) can easily be added, but then we already
stumble upon severe problems:

Proposition 2.19 The action (1.24) of an almost-commutative geometry whose finite
algebra consists of three summands MNi, j,k (C) overC and whose finite Hilbert space
features building blocks B±

i j and B±
ik is not supersymmetric.

Proof The inner fluctuations of the canonical Dirac operator on Ni ⊗No
j andNi ⊗No

k
read:

� ∂ M + gi Ai − g j Ao
j + gBi

Ni
Bi − gB j

N j
B j , � ∂ M + gi Ai − gk Ao

k + gBi

Ni
Bi − gBk

Nk
Bk,

where Ai, j,k = γμ Aμ
i, j,k , with Aμ

i, j,k(x) ∈ su(Ni, j,k) and similarly Bμ
i, j,k(x) ∈ u(1).

The unimodularity condition will, in the case that the representation of at least one of
the two building blocks has R = +1, leave two of the three independent u(1) fields—
say—Bi and B j . The kinetic terms of the gauge bosons on both representations will
then feature a cross term (2.35) of different u(1) field strengths, an obstruction for
supersymmetry.

To resolve this, we allow—inspired by the NCSM—for one or more copies of
the quaternions H in the finite algebra. If we define a building block of the first
type over such a component (with the finite Hilbert space M2(C) as a bimodule of
the complexification M1(H)C = M2(C) of the algebra, instead of H itself, cf. [1,
Sect. 4.1], [6]), the self-adjoint inner fluctuations of the canonical Dirac operator
are already seen to be in su(2) (e.g. traceless) prior to applying the unimodularity
condition. On a representation Ni ⊗ No

j (from a building block B±
i j of the second

type), of which one of the indices comes from a component H, only one u(1) field
will act.

From here on, using three or more components in the algebra, we will always
assume at most two to be of the form MN (C) and all others to be equal to H.

http://dx.doi.org/10.1007/978-3-319-24798-4_1
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Fig. 2.4 In the case that there are two building blocks of the second type sharing one of their
indices, there are extra interactions in the action. a Contributions when the gradings of the building
blocks are different. b Contributions when the gradings of the building blocks are the same

The action of an almost commutative geometrywhose finite spectral triple features
two building blocks of the second type sharing one of their indices (i.e. that are in the
same row or column in aKrajewski diagram) contains extra four-scalar contributions.
The specific formof these terms depends on the value of the grading and of the indices
appearing. When the first indices of two building blocks are the same, and they have
the same grading (e.g.B+

j i andB
+
jk , cf. Fig. 2.4a) the resulting extra interactions are

given by

Si j, jk[ψ̃i j , ψ̃ jk] = f (0)

π2 N j

∫

M
|Ci j j ψ̃i j C j jkψ̃ jk |2√gd4x . (2.37)

In the other case (cf. Fig. 2.4b) it is given by

Si j, jk[ψ̃i j , ψ̃ jk] = f (0)

π2

∫

M
|Ci j j ψ̃i j |2|C j jkψ̃ jk |2√gd4x . (2.38)

The paths corresponding to these contributions are depicted in Fig. 2.4.
However, to write all four-scalar interactions from the spectral action off shell

in terms of the auxiliary fields Gi, j,k , one requires interactions of the form of both
(2.37) and (2.38) to be present. The reason for this is the following. Upon writing
the four-scalar part of the action of the building blocksBi j andB jk in terms of the
auxiliary fields as in Lemma 2.10, we find for the terms with G j in particular:

− 1

2n j
trN j G2

j − trN j G j

(
ψ̃ i jP

′
j,i ψ̃i j

)
− trN j G j

(
P ′

j,kψ̃ jkψ̃ jk

)
.

On shell, the cross terms of this expression then give the additional four-scalar inter-
action
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n j |P ′1/2
j,i ψ̃i jP

′1/2
j,k ψ̃ jk |2 − n j

N j
|P ′1/2

j,i ψ̃i j |2|P ′1/2
j,i ψ̃ jk |2. (2.39)

When the scaled counterparts (2.30) ofP ′
j,i andP

′
j,k satisfy the constraints (2.33)

for supersymmetry, this interaction reads

n j g
2
j

(
|ψ̃i j ψ̃ jk |2 − 1

N j
|ψ̃i j |2|ψ̃ jk |2

)

after scaling the fields. When having two or more building blocks of the second type
that share one of their indices, we have either (2.37) or (2.38) in the spectral action,
whileweneed (2.39) for a supersymmetric action. Topossibly restore supersymmetry
we need additional interactions, such as those of the next section.

2.2.3 Third Building Block: Extra Interactions

In a situation in which the finite algebra has three components and there are two
adjacent building blocks of the second type, as depicted in Fig. 2.4b, there is allowed
a component

D kj
i j : Nk ⊗ No

j → Ni ⊗ No
j (2.40)

of the finite Dirac operator. We parametrize it with Υ k
i

∗, that acts (non-trivially)
on family space. Such a component satisfies the first order condition and its inner
fluctuations

∑

n

an[Di j
k j , bn] =

∑

n

(ai )n

(
Υ k

i
∗(bk)n − (bi )nΥ k

i
∗)

generate a scalar ψ̃ik ∈ Ni ⊗No
k . Since there is no corresponding fermionψik present,

a necessary condition for restoring supersymmetry is the existence of a building block
B±

ik of the second type. The component (2.40) then gives—amongst others—an extra
fermionic contribution

〈JMψ i j , γ
5Υ k

i
∗ψ̃ikψ jk〉

to the action. Using the transformations (2.31) and (2.32), under which a building
block of the second type is supersymmetric, we infer that this new term spoils super-
symmetry. To overcome this, we need to add two extra components

D jk
ik : Ni ⊗ No

k → N j ⊗ No
k , Di j

ik : Ni ⊗ No
k → Ni ⊗ No

j
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Fig. 2.5 A situation in
which all three building
blocks of the second type are
present whose two indices
are either i , j or k

Ni Nj

No
i

No
j

Nk

No
k

to the finite Dirac operator, as well as their adjoints and the components that can be
obtained by demanding that [DF , JF ] = 0. We parametrize these two components
with Υ

j
i

∗ and Υ
k

j
∗ respectively. They give extra contributions to the fermionic

action that are of the form

〈JMψ jk, γ
5ψ̃ i jΥ

j
i

∗ψik〉 + 〈JMψ i j , γ
5ψikψ̃ jkΥ

k
j

∗〉.

Both components require the representation Ni ⊗ No
k to have an eigenvalue of γF

that is opposite to those of Ni ⊗ No
j and N j ⊗ No

k . This is the situation as is depicted
in Fig. 2.5.

This brings us to the following definition:

Definition 2.20 For an almost-commutative geometry in which B±
i j , B

∓
ik and B±

jk
are present, a building block of the third type Bi jk is the collection of all allowed
components of the Dirac operator, mapping between the three representations Ni ⊗
No

j , Ni ⊗ No
k and Nk ⊗ No

j and their conjugates. Symbolically it is denoted by

Bi jk = (0, Di j
k j + D jk

ik + Di j
ik) ∈ HF ⊕ End(HF ). (2.41)

The Krajewski diagram corresponding toBi jk is depicted in Fig. 2.6.
The parameters of (2.41) are chosen such that the sfermions ψ̃i j and ψ̃ jk are

generated by the inner fluctuations of Υ
j

i and Υ
k

j respectively, whereas ψ̃ik is

generated by Υ k
i

∗. This is because ψ̃ik crosses the particle/antiparticle-diagonal in
the Krajewski diagram. Note that i , j , k are labels, not matrix indices.

There are several possible values of R that the vertices and edges can have.
Requiring a grading that yields −1 on each of the diagonal vertices, all possibilities
for an explicit construction of R ∈ AF ⊗ A o

F are given by R = −P ⊗ Po, P =
(±1,±1,±1) ∈ AF where each of the three signs can vary independently. This
yields 8 possibilities, but each of them appears in fact twice. Of the effectively
four remaining combinations, three have one off-diagonal vertex that has R = −1
and in the other combination all three off-diagonal vertices have R = −1. These
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Ni N j

No
i

No
j

Nk

No
k

← k
j

k
i →

←
j

i

(a) (b)

Fig. 2.6 A building block Bi jk of the third type in the language of Krajewski diagrams. a For
clarity we have omitted here the edges and vertices that stem from the building blocks of the first
and second type. b The same building block as shown on the left side but with the possible family
structure of the two scalar fields with R = 1 being visualized

Fig. 2.7 All possible combinations of values for the R-parity operator in a building block of the
third type. Three of those possibilities have one representation on which R = −1, in the other
possibility all three of them have R = −1. This last option essentially entails having no family
structure

four possibilities are depicted in Fig. 2.7. We will typically work in the case of the
first image of Fig. 2.7, as is visualised in Fig. 2.6b, and will indicate where changes
might occur when working in one of the other possibilities. If in this context the
R = 1 representations in HF come in M copies (‘generations’), all components
of the finite Dirac operator are in general acting non-trivially on these M copies,
except Cii j and Ci j j , since they parametrize components of the finite Dirac operator
mapping between R = −1 representations.

Note that in the action the expressions (2.18) for the pre-factors N 2
i j , N

2
ik and

N 2
jk of the sfermion kinetic terms all get an extra contribution from the new edges

of the Krajewski diagram of Fig. 2.6. The first of these becomes

N 2
i j → f (0)

2π2

(
Ni C

∗
i i j Cii j + N j C

∗
i j j Ci j j + NkΥ

j
i

∗Υ j
i

)
. (2.42)

The other two can be obtained replacing Ni , Cii j , Ci j j and Υ
j

i by their respective
analogues.
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The presence of a building block of the third type allows us to take a specific
parametrization of the Cii j in terms of Υ

j
i . To this end, we introduce the shorthand

notations

qi := f (0)

π2 g2
i , ri := qi ni , ωi j := 1 − ri Ni − r j N j , (2.43)

where we can infer from the normalization of the kinetic terms of the gauge bosons
(i.e. settingKi = 1) that qi must be rational. Then, similarly as in Proposition 2.15,
we write out C∗

i i j Cii j , with Cii j satisfying (2.33) from supersymmetry, and insert the
pre-factor (2.42) of the kinetic term. This reads

C∗
i i j Cii j = ri

(
Ni C

∗
i i j Cii j + N j C

∗
i j j Ci j j + NkΥ

j
i

∗Υ j
i

)
.

Using ri C∗
i j j Ci j j = r j C∗

i i j Cii j , which can be directly obtained from the result (2.33),
we obtain

C∗
i i j Cii j = ri

ωi j
NkΥ

j
i

∗Υ j
i (2.44)

for the parametrization of Cii j that satisfies (2.33). For future convenience we will
take

Cii j = εi, j

√
ri

ωi j

(
NkΥ

j
i

∗Υ j
i

)1/2
, (2.45)

with εi, j ∈ {±} the sign introduced in Theorem 2.12. The other parameter, Ci j j , can
be obtained by ri → r j , εi, j → ε j,i . This yields for the pre-factor (2.42) of the
kinetic term of ψ̃i j :

N 2
i j = f (0)

2π2

(
Ni

ri

ωi j
+ N j

r j

ωi j
+ 1

)
NkΥ

j
i

∗Υ j
i = f (0)

2π2

1

ωi j
NkΥ

j
i

∗Υ j
i (2.46)

prior to the scaling (2.28). When ψ̃i j has R = 1 and therefore does not carry a family

structure (as in Fig. 2.6b) then the trace over the representations where ψ̃i j ψ̃ i j and

ψ̃ i j ψ̃i j are in, decouples from that over MM (C). Consequently, the third term in
(2.42) and the right hand sides of the solutions (2.45) and (2.46) receive additional
traces over family indices, i.e. NkΥ

j
i

∗Υ j
i → Nk trM Υ

j
i

∗Υ j
i . The strategy towrite

Cii j in terms of parameters of building blocks of the third type works equally well
when the kinetic term of ψ̃i j gets contributions from multiple building blocks of the

third type. In that case NkΥ
j

i
∗Υ j

i must be replaced by a sum of all such terms:
∑

l NlΥ
j

i,l
∗Υ j

i,l (see e.g. Sect. 2.2.3.1), where the label l is used to distinguish the
building blocks Bi jl that all give a contribution to the kinetic term of ψ̃i j .
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There are several contributions to the action as a result of adding a building block
of the third type. The action is given by

Si jk[ζ, ζ̃ ] = S f,i jk[ζ, ζ̃ ] + Sb,i jk [̃ζ ], (2.47)

with its fermionic part S f,i jk[ζ, ζ̃ ] reading

S f,i jk[ζ, ζ̃ ] = 〈JMψ i j , γ
5ψikψ̃ jkΥ

k
j

∗〉 + 〈JMψ i j , γ
5Υ k

i
∗ψ̃ikψ jk〉

+ 〈JMψ jk, γ
5ψ̃ i jΥ

j
i

∗ψik〉 + 〈JMψ ik, γ
5Υ

j
i ψ̃i jψ jk〉

+ 〈JMψ ik, γ
5ψi jΥ

k
j ψ̃ jk〉 + 〈JMψ jk, γ

5ψ̃ ikΥ
k

i ψi j 〉. (2.48)

The bosonic part of the action is given by:

Sb,i jk [̃ζ ] = f (0)

2π2

[
Ni |Υ k

j ψ̃ jkψ̃ jkΥ
k

j
∗|2 + N j |Υ k

i
∗ψ̃ikψ̃ ikΥ

k
i |2

+ Nk trM (Υ
j

i
∗Υ j

i )2|ψ̃i j ψ̃ i j |2
]

+ Sb,i j, jk [̃ζ ] + Sb,ik, jk [̃ζ ] + Sb,i j,ik [̃ζ ], (2.49)

with

Sb,i j, jk [̃ζ ] = f (0)

π2

[
Ni |Cii j ψ̃i j Υ

k
j ψ̃ jk |2 + Nk |Υ j

i ψ̃i j C jkkψ̃ jk |2 + |ψ̃i j |2|Υ j
i

∗Υ k
j ψ̃ jk |2

+
(
tr ψ̃ jkΥ

k
j

∗(ψ̃ i j C
∗
i i j )

o(Cii j ψ̃i j )
oΥ

k
j ψ̃ jk

+ tr ψ̃ jkC∗
j jk(ψ̃ i j Υ

j
i

∗)o(Υ
j

i ψ̃i j )
oC j jk ψ̃ jk

+ tr ψ̃ jkΥ
k

j
∗(ψ̃ i j C

∗
i j j )

o(Υ
j

i ψ̃i j )
oC j jk ψ̃ jk + h.c.

)]
, (2.50)

where the traces above are over (Nk ⊗ No
i )

⊕M . The fact that in this context ψ̃i j

has R = 1 makes it possible to separate the trace over the family-index in the last
term of the first line of (2.49). A more detailed derivation of the four-scalar action
that corresponds to a building block of the third type, including the expressions for
Sb,ik, jk [̃ζ ] and Sb,i j,ik [̃ζ ], is given in Appendix 1.

The expression (2.49) contains interactions that in formwe either have seen earlier
(cf. (2.19), (2.37)) or that we needed but were lacking in a set-up consisting only of
building blocks of the second type (cf. (2.38), see also the discussion in Sect. 2.2.2.3).
In addition, it features terms that we need in order to have a supersymmetric action.

We can deduce from the transformations (2.31) that, for the expression (2.48)
(i.e. the fermionic action that we have) to be part of a supersymmetric action, the
bosonic action must involve terms with the auxiliary fields Fi j , Fik and Fjk (that are
available to us from the respective building blocks of the second type), coupled to
two scalar fields. We will therefore formulate the most general action featuring these
auxiliary fields and constrain its coefficients by demanding it to be supersymmetric
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in combination with (2.48). Subsequently, we will check if and when the spectral
action (2.49) (after subtracting the terms that are needed for (2.38)) is of the correct
form to be written off shell in such a general form. This will be done for the general
case in Sect. 2.3.

The most general Lagrangian featuring the auxiliary fields Fi j , Fik , Fjk that can
yield four-scalar terms is

Sb,i jk,off [Fi j , Fik, Fjk, ζ̃ ] =
∫

M
Lb,i jk,off(Fi j , Fik, Fjk, ζ̃ )

√
gd4x, (2.51)

with

Lb,i jk,off(Fi j , Fik, Fjk, ζ̃ ) = − tr F∗
i j Fi j + (

tr F∗
i jβi j,kψ̃ikψ̃ jk + h.c.

)

− tr F∗
ik Fik + (

tr F∗
ikβ

∗
ik, j ψ̃i j ψ̃ jk + h.c.

)

− tr F∗
jk Fjk + (

tr F∗
jkβ jk,i ψ̃ i j ψ̃ik + h.c.

)
.

Here βi j,k , βik, j and β jk,i are matrices acting on the generations and consequently
the traces are performed overN⊕M

j (the first two terms) andN⊕M
k (the last four terms)

respectively. Using the Euler-Lagrange equations the on shell counterpart of (2.51)
is seen to be

Sb,i jk,on [̃ζ ] =
∫

M

√
gd4x

(
|βi j,kψ̃ikψ̃ jk |2 + |β∗

ik, j ψ̃i j ψ̃ jk |2 + |β jk,i ψ̃ i j ψ̃ik |2
)

cf. the second and third terms of (2.49). We have the following result:

Theorem 2.21 The action consisting of the sum of (2.48) and (2.51) is supersym-
metric under the transformations (2.31) and (2.32) if and only if the parameters of
the finite Dirac operator are related via

Υ
k

j C−1
jkk = −(C∗

ikk)
−1Υ k

i , (C∗
i ik)

−1Υ k
i = −Υ

j
i C−1

i i j , Υ
j

i C−1
i j j = −Υ

k
j C−1

j jk

(2.52)

and

β ′∗
i j,kβ

′
i j,k = Υ ′k

j Υ ′k
j

∗ = Υ ′k
i Υ ′k

i
∗, β ′∗

ik, jβ
′
ik, j = Υ

′ j
i Υ

′ j
i

∗ = Υ ′k
j Υ ′k

j
∗,

β ′∗
jk,iβ

′
jk,i = Υ ′k

i Υ ′k
i

∗ = Υ
′ j

i Υ
′ j

i
∗, (2.53)

where

β ′
i j,k := N −1

jk βi j,kN
−1

ik , β ′
ik, j := N −1

jk βik, jN
−1

i j , β ′
jk,i := N −1

i j β jk,iN
−1

ik
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and

Υ
′ j

i := Υ
j

i N −1
i j , Υ ′k

i := N −1
ik Υ k

i , Υ ′k
j := Υ

k
j N −1

jk , (2.54)

denote the scaled versions of the βi j,k’s and the Υ
j

i ’s respectively.

Proof See Appendix section ‘Third Building Block’.

For future use we rewrite (2.52) using the parametrization (2.45) for the Cii j ,
giving

εi, j
√

ωi j Υ̃
j

i = −εi,k
√

ωik Υ̃ k
i , ε j,i

√
ωi j Υ̃

j
i = −ε j,k

√
ω jk Υ̃

k
j ,

εk,i
√

ωik Υ̃ k
i = −εk, j

√
ω jk Υ̃

k
j , (2.55)

where we have written

Υ̃
j

i := Υ
j

i (Nk tr Υ
j

i
∗Υ j

i )−1/2, Υ̃ k
i := (N jΥ

k
i Υ k

i
∗)−1/2Υ k

i ,

Υ̃
k

j := Υ
k

j (NiΥ
k

j
∗Υ k

j )−1/2.
(2.56)

There is a trace over the generations in the first term because the corresponding
sfermion ψ̃i j has R = 1 and consequently no family-index. Using these demands on
the parameters, the (spectral) action from a building block of the third type becomes
much more succinct. First of all it allows us to reduce all three parameters of the
finite Dirac operator of Definition 2.20 to only one, e.g. Υ ≡ Υ

j
i . Second, upon

using (2.52) the second and third lines of (2.50) are seen to cancel.6 If the demands
(2.52) and (2.53) are met, the on shell action (2.47) that arises from a building block
Bi jk of the third type reads

Si jk[ζ, ζ̃ ,A] = gm

√
2ω1

qm

[
〈JMψ2, γ

5Υ̃ ψ̃1ψ3〉 + κ j 〈JMψ2, γ
5ψ1Υ̃ ψ̃3〉

+ κi 〈JMψ3, γ
5ψ̃2Υ̃ ψ1〉 + h.c.

]

+ g2
m
4ω1

qm

[
(1 − ω2)|Υ̃ ψ̃1ψ̃3|2 + (1 − ω1)|Υ̃ ψ̃3ψ̃2|2

+ (1 − ω3)|Υ̃ ψ̃2ψ̃1|2
]
. (2.57)

Here we used the shorthand notations i j → 1, ik → 2, jk → 3 and κ j = ε j,iε j,k ,
κi = εi, jεi,k to avoid notational clutter asmuch as possible andwherewehavewritten

everything in terms of Υ̃ ≡ Υ̃
j

i (as defined above), the parameter that corresponds

6More generally, this also happens for the other combinations: the four-scalar interactions of (2.99)
are seen to cancel those of (2.102).
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to the sfermion having R = 1 (and consequently also multiplicity 1). The index m in
gm and qm can take any of the values that appear in the model, e.g. i , j or k. As
with a building block of the second type there is a sign ambiguity that stems from
those of the Cii j . In addition, the terms that are not listed here but are in (2.47) give
contributions to terms that already appeared in the action from building blocks of
the second type. See Sect. 2.3 for details on this.

For notational convenience we have used two different notations for scaled vari-
ables: Υ̃ j

i from (2.2.3) and Υ
′ j

i from (2.54). Using the expression (2.46) forNi j in

terms of Υ
j

i these are related via

Υ ′k
i ≡ N −1

ik Υ k
i =

√
2π2

f (0)
ωik

(
N jΥ

k
i Υ k

i
∗)−1/2

Υ k
i ≡ gl

√
2ωik

ql
Υ̃ k

i , (2.58)

assuming that ψ̃ik has R = −1. The other two scaled variables give analogous
expressions but the order of Υ and Υ ∗ is reversed and the sfermion with R = 1 gets
an additional trace over family indices.

Remark 2.22 Note that we can use this result to say something about the signs of
the Cii j appearing in a building block of the third type. We first combine all three
equations of (2.52) into one,

Υ
k

j = (−1)3(CiikC−1
ikk)

∗Υ k
j (C−1

j jkC jkk)(Ci j j C
−1
i i j ),

when it is Cii j and Ci j j that do not have a family structure. All these parameters are
only determined up to a sign. We will write

Cii j C
−1
i j j = si j

√
niK j

n jKi

gi

g j
, with si j := εi, jε j,i = ±1,

cf. (2.33), etc. which gives Υ
k

j = −si j s jkskiΥ
k

j for the relation above. So for
consistency either one, or all three combinations of Cii j and Ci j j associated to a
building block Bi j that is part of aBi jk must be of opposite sign.

Remark 2.23 If insteadof ψ̃i j it is ψ̃ik or ψ̃ jk that has R = 1 (seeFig. 2.7) the demand

on the parameters Υ
j

i , Υ k
i and Υ

k
j is a slightly modified version of (2.52):

(Υ
k

j C−1
jkk)t = −(C∗

ikk)−1Υ k
i , (C∗

i ik)−1Υ k
i = −Υ

j
i C−1

i i j , Υ
j

i C−1
i j j = −(Υ

k
j C−1

j jk)t ,

(2.59)

where At denotes the transpose of the matrix A. This result can be verified by
considering Lemma 2.43 for these cases.
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By introducing a building block of the third type we generated the interactions
that we lacked in a situation with multiple building blocks of the second type. The
wish for supersymmetry thus forces us to extend any model given by Fig. 2.5 with a
building block of the third type.

If we again seek the analogy with the superfield formalism, then a building block
of the third type is a Euclidean analogy of an action on a Minkowskian background
that comes from a superpotential term

∫ (
W ({Φm})

∣∣∣
F

+ h.c.
)
d4x, with W ({Φm}) = fmnpΦmΦnΦp, (2.60)

whereΦm,n,p are chiral superfields, fmnp is symmetric in its indices [9, Sect. 5.1] and
with |F we mean multiplying by θ̄ θ̄ and integrating over superspace

∫
d2θd2θ̄ . To

specify this statement, we writeΦi j = φi j +√
2θψi j +θθ Fi j for a chiral superfield.

Similarly, we introduce Φ jk and Φki . We then have that

∫

M

[
Φi jΦ jkΦki

]

F
+ h.c. =

∫

M
−ψi jφ jkψki − ψi jψ jkφki − φi jψ jkψki

+ Fi jφ jkφki + φi jφ jk Fki + φi j Fjkφki + h.c.

This gives on shell the following contribution:

−
∫

M

(
ψi jφ jkψki + ψi jψ jkφki + φi jψ jkψki

+ 1

2
|φ jkφki |2 + 1

2
|φi jφ jk |2 + 1

2
|φkiφi j |2 + h.c.

)
,

to be compared with (2.57). In a set-up similar to that of Fig. 2.5, but with the
chirality of one or two of the building blocksBi j ,B jk andBik being flipped, not all
three components of DF such as in Definition 2.20 can still be defined, see Fig. 2.8.
Interestingly, one can check that in such a case the resulting action corresponds to a
superpotential that is not holomorphic, but e.g. of the form Φi jΦikΦ

†
jk instead. To

see this, we calculate the action (2.60) in this case, giving

∫

M

[
Φi jΦ

†
jkΦki

]

F
+ h.c. =

∫

M
−ψi jφ

∗
jkψki + Fi jφ

∗
jkφki + φi jφ

∗
jk Fki + h.c.,

which on shell equals

−
∫

M
ψi jφ

∗
jkψki + 1

2
|φ∗

jkφki |2 + 1

2
|φi jφ

∗
jk |2 + h.c.

This is indeed analogous to the interactions that the spectral triple depicted in Fig. 2.8
(still) gives rise to.
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Fig. 2.8 A set-up similar to
that of Fig. 2.6, but with the
values of the grading
reversed for N j ⊗ No

k and its
opposite. Consequently, only
one of the three components
that characterize a building
block of the first type can
now be defined

Ni Nj

No
i

No
j

Nk

No
k

2.2.3.1 Interaction Between Building Blocks of the Third Type

Suppose we have two building blocksBi jk andBi jl of the third type that share two
of their indices, as is depicted in Fig. 2.9. This situation gives rise to the following
extra terms in the action:

f (0)

π2

[
N j |ψ̃ jkC∗

j jkC j jl ψ̃ jl |2 + Ni |ψ̃ jkΥ
k

j
∗Υ l

j ψ̃ jl |2 + |Υ k
j ψ̃ jk |2|Υ l

i
∗ψ̃il |2

]
+ (i ↔ j)

+ f (0)

π2

(
Ni tr Ciik ψ̃ikψ̃ jkΥ

k
j

∗Υ l
j ψ̃ jl ψ̃ ilC

∗
i il

+ N j tr Υ
k

i
∗ψ̃ik ψ̃ jkC∗

j jkC j jl ψ̃ jl ψ̃ ilΥ
l

i + h.c.
)
, (2.61)

where with ‘(i ↔ j)’ we mean the expression preceding it, but everywhere with
i and j interchanged. The first line of (2.61) corresponds to paths within the two
building blocksBi jk andBi jl (such as the ones depicted in Fig. 2.9a) and the second
line corresponds to paths of which two of the edges come from the building blocks
of the second type that were needed in order to define the building blocks of the third
type (Fig. 2.9b).

If we scale the fields appearing in this expression according to (2.28) and use the
identity (2.52) for the parameters of a building block of the third type, we can write
(2.61) more compactly as

4n jr j N j g
2
j |ψ̃ jkψ̃ jl |2 + 4

g2
m

qm
ω2

i j Ni |ψ̃ jkΥ̃k
∗Υ̃l ψ̃ jl |2

+ 4
g2

m

qm
ω2

i j |Υ̃k ψ̃ jk |2|Υ̃l
∗ψ̃il |2 + (i ↔ j, Υ ↔ Υ ∗)

+ κkκl 4
g2

m

qm
(1 − ωi j )ωi j tr Υ̃l Υ̃k

∗ψ̃ikψ̃ jkψ̃ jlψ̃ il + h.c., (2.62)
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Ni Nj Nk Nl
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i
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j
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l

Ni Nj Nk Nl(a) (b)

Fig. 2.9 In the case that there are two building blocks of the third type sharing two of their indices,
there are extra four-scalar contributions to the action. They are given by (2.61). a Contributions
corresponding to paths of which all four edges are from the building blocks Bi jk and Bi jl of the
third type. b Contributions corresponding to paths of which two edges are from building blocks
Bik and Bil of the second type

where κk = εk,iεk, j , κl = εl,iεl, j ∈ {±1}, Υ̃k ≡ Υ̃
j

i,k of Bi jk and Υ̃l ≡ Υ̃
j

i,l
ofBi jl , as defined in (2.2.3) but with contributions from two building blocks of the
third type:

Υ̃
j

i,k = Υ
j

i,k (Nk tr Υ
j

i,k
∗Υ j

i,k + Nl tr Υ
j

i,l
∗Υ j

i,l )−1/2, (2.63a)

Υ̃
j

i,l = Υ
j

i,l (Nk tr Υ
j

i,k
∗Υ j

i,k + Nl tr Υ
j

i,l
∗Υ j

i,l )−1/2. (2.63b)

This expression can be generalized to any number of building blocks of the third type.
In addition, we have assumed that siksil = s jks jl for the products of the relative signs
between the parameters Ciik and Cikk etc. (cf. Remark 2.22).

These new interactions must be accounted for by the auxiliary fields. The first and
second terms are of the form (2.37) and should therefore be covered by the auxiliary
fields Gi, j . The third term is of the form (2.38) and should consequently be described
by the combination of Gi, j and the u(1)-field H . The second line of (2.61) should
be rewritten in terms of the auxiliary field Fi j . This can indeed be achieved via the
off shell Lagrangian

− tr F∗
i j Fi j + (

tr F∗
i j (βi j,kψ̃ikψ̃ jk + βi j,lψ̃ilψ̃ jl) + h.c.

)
,

which on shell gives the following cross terms:

tr β∗
i j,lβi j,kψ̃ikψ̃ jkψ̃ jlψ̃ il + h.c. (2.64)

In form, this indeed corresponds to the second line of (2.62). In Sect. 2.3 a more
detailed version of this argument is presented.
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Fig. 2.10 When four
building blocks of the third
kind share one common
index (in this case k) and
each pair of building blocks
shares one of its two
remaining indices (i , j , l or
m) with one other building
block, there is an additional
path that contributes to the
trace of D4

F (including its
inner fluctuations). The
interaction is given by (2.65)

Ni Nj Nk Nl Nm

No
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No
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ikm

jkl

Furthermore, it can be that there are four different building blocks of the third
type that all share one particular index—say Bikl , Bikm , B jkl and B jkm , sharing
index k—then there arises one extra interaction, that is of the form

Nk
f (0)

π2

[
tr Υ m

i
∗ψ̃imψ̃ jmΥ

m
j Υ

l
j

∗ψ̃ jlψ̃ ilΥ
l

i + h.c.
]
.

Scaling the fields and rewriting the parameters using (2.55) gives

4
g2

n

qn
ωikω jk tr Υ̃l Υ̃

∗
mψ̃imψ̃ jm(Υ̃ ′

l Υ̃
′∗
m )∗ψ̃ jlψ̃ il + h.c., (2.65)

where gn can equal any of the coupling constants that appear in the theory and we
have written

Υ̃m ≡ Υ
k

i,m (NmΥ
k

i,m
∗Υ k

i,m + NlΥ
k

i,l
∗Υ k

i,l )−1/2,

Υ̃ ′
m ≡ Υ

k
j,m (NmΥ

k
j,m

∗Υ k
j,m + NlΥ

k
j,l

∗Υ k
j,l )−1/2,

and the same for m ↔ l. The path to which such an interaction corresponds, is given
in Fig. 2.10. One can check that this interaction can only be described off shell by
invoking either one or both of the auxiliary fields Fi j and Flm . This means that in
order to have a chance at supersymmetry, the finite spectral triple that corresponds
to the Krajewski diagram of Fig. 2.10 requires in addition at leastBi j or Blm .

2.2.4 Higher Degree Building Blocks?

The first three building blocks that gave supersymmetric actions are characterized by
one, two and three indices respectively. Onemight wonder whether there are building
blocks of higher order, carrying four or more indices.
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Each of the elements of a finite spectral triple is characterized by one (components
of the algebra, adjoint representations in the Hilbert space), two (non-adjoint repre-
sentations in the Hilbert space) or three (components of the finite Dirac operator that
satisfy the order-one condition) indices. For each of these elements corresponding
building blocks have been identified. Any object that carries four or more different
indices (e.g. two or more off-diagonal representations, multiple components of a
finite Dirac operator) must therefore be part of more than one building block of the
first, second or third type. These blocks are, so to say, the irreducible ones.

This does not imply that there are no other building blocks left to be identified.
However, as we will see in the next section, they are characterized by less than four
indices.

2.2.5 Mass Terms

There is a possibility that we have not covered yet. The finite Hilbert space can
contain two or more copies of one particular representation. This can happen in
two slightly different ways. The first is when there is a building block B11′ of the
second type, on which the same component C of the algebra acts both on the left
and on the right in the same way. For the second way it is required that there are
two copies of a particular building block Bi j of the second type. If the gradings of
the representations are of opposite sign (in the first situation this is automatically the
case for finite KO-dimension 6, in the second case by construction) there is allowed
a component of the Dirac operator whose inner fluctuations will not generate a field,
rather the resulting term will act as a mass term. In the first case such a term is called
a Majorana mass term. We will cover both of them separately.

2.2.5.1 Fourth Building Block: Majorana Mass Terms

The finite Hilbert space can, for example due to some breaking procedure [6, 7],
contain representations

1 ⊗ 1′o ⊕ 1′ ⊗ 1o � C ⊕ C,

which are each other’s antiparticles, e.g. these representations are not in the adjoint
(‘diagonal’) representation, but the same component C of the algebra7 acts on them.
Then there is allowed a component D1′111

′
of the Dirac operator connecting the two.

It satisfies the first order condition (1.12) and its inner fluctuations automatically
vanish. Consequently, this component does not generate a scalar, unlike the typical
component of a finiteDirac operator.Writing (ξ, ξ ′) ∈ (C⊕C)⊕M (where M denotes

7For a component R in the finite algebra this would work as well, but such a component would not
give rise to gauge interactions and is therefore unfavourable.

http://dx.doi.org/10.1007/978-3-319-24798-4_1


2.2 Supersymmetric Spectral Triples 59

the multiplicity of the representation) for the finite part of the fermions, the demand
of DF to commute with JF reads

(D11′1
′1ξ̄ , D1′1

11′
ξ̄ ′) =

(
D1′111

′
ξ, D11′1′1ξ ′

)
.

Using that (Di j
ik)∗ = Dik

i j this teaches us that the component must be a symmetric
matrix. It can be considered as aMajorana mass for the particleψ11′ whose finite part
is in the representation 1 ⊗ 1′o (cf. the Majorana mass for the right handed neutrino
in the Standard Model [7]). Then we have

Definition 2.24 For an almost-commutative geometry that contains a building block
B11′ of the second type, a building block of the fourth type Bmaj consists of a
component

D1′1
11′ : 1 ⊗ 1′o → 1′ ⊗ 1o

of the finite Dirac operator. Symbolically it is denoted by

Bmaj = (0, D1′1
11′

) ∈ HF ⊕ End(HF ),

where for the symmetric matrix that parametrizes this component we write Υm.

In the language of Krajewski diagrams such a Majorana mass is symbolized by a
dotted line, cf. Fig. 2.11.

ABmaj adds the following to the action (1.24):

1

2
〈JMψ11′L , γ 5Υ ∗

mψ11′L〉 + 1

2
〈JMψ11′ R, γ 5Υmψ11′ R〉

+ f (0)

π2

[
|Υmψ̃11′C∗

111′ |2 + |Υmψ̃11′C∗
1′1′1|2

+
∑

j

(
|ΥmΥ

j
1′ ψ̃1′ j |2 + |Υ ∗

mΥ
j

1
∗ψ̃1 j |2

)]

Fig. 2.11 A component of
the finite Dirac operator that
acts as a Majorana mass is
represented by a dotted line
in a Krajewski diagram

1 1′

1o

1′o

m

http://dx.doi.org/10.1007/978-3-319-24798-4_1
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+ f (0)

π2

∑

j

(
tr(ψ̃11′C∗

111′)oΥmΥ
j

1′ ψ̃1′ j ψ̃1 j C
∗
11 j

+ tr Υm(ψ̃11′C∗
1′1′1)

oC1′1′ j ψ̃1′ j ψ̃1 jΥ
j

1

+ tr ΥmΥ
j

1′ ψ̃1′ j (ψ̃11′Υ 1′
1

∗)oψ̃1 jΥ
j

1 + h.c.
)
, (2.66)

where the traces are over (1 ⊗ 1′o)⊕M . In this expression, the first contribution
comes from the inner product. The paths in the Krajewski diagram corresponding to
the other contributions are depicted in Fig. 2.12. In this set-up it is ψ̃1′ j that does not
have a family index. Consequently we can separate the traces over the family-index
and that over N j in the penultimate term of the second line of (2.66). We would like

to rewrite the above action in terms of Υ̃ ≡ Υ
j

1′ by using the identity (2.59). For
this we first need to rewrite the Cii j to the Ci j j by employing Remark 2.22. Writing
out the family indices of the third and fourth line of (2.66) gives

tr((ψ̃11′C∗
111′)oΥm)aψ̃1′ j ψ̃1 jc(C

∗
11 j (Υ

j
1′ )t )ca

+ tr(Υm(ψ̃11′C∗
1′1′1)

o)aC1′1′ j ψ̃1′ j ψ̃1 jc(Υ
j

1 )ca

=
√

n1K j

n jK1

g1
g j

(s1′ j − s1 j s11′)
[
tr(ψ̃11′C∗

11′1′)oΥmΥ
j

1′ ψ̃1′ j ψ̃1 j C
∗
1 j j

]
, (2.67)

where a, b, c are family indices, si j is the product of the signs ofCii j andCi j j (cf. the
notation in Remark 2.22) and where we have used that Υm is a symmetric matrix.

Then to make things a bit more apparent, we scale the fields in (2.66) (with the
third and fourth line replaced by (2.67)) according to (2.28) and put in the expressions
for the Ci j j from (2.45), which gives

1

2
〈JMψ11′L , γ 5Υ ∗

mψ11′L〉 + 1

2
〈JMψ11′ R, γ 5Υmψ11′ R〉

+ 4r1|Υmψ̃11′ |2 + 2
∑

j

ω1 j

(
|ΥmΥ̃ j |2M |ψ̃1′ j |2 + |Υ ∗

mΥ̃ j
∗ψ̃1 j |2

)

+ κ1′κ j

∑

j

2gm

√
2ω1 j

qm

(
tr ψ̃11′(r1 + ω1 j Υ̃ j Υ̃ j

∗)tΥmΥ̃ j ψ̃1′ j ψ̃1 j + h.c.
)
,

(2.68)

where we have written |a|2M = trM a∗a for the trace over the family-index, Υ̃ j ≡
Υ̃

j
1′ , and where κ1′ = ε1′, jε1′,1, κ j = ε j,1′ε j,1 ∈ {±1}. We replaced ψ̃

o

11′ by ψ̃11′

since these coincide when ψ̃11′ is a gauge singlet. Consequently, the traces are now

over 1⊕M . In addition we used the relation (2.59) between Υ
j

1 , Υ j
1′ and Υ 1′

1 , the
symmetry ofΥm and that g1 ≡ g1′ (which follows from the set-up) and consequently
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Fig. 2.12 In the case that there is a building block of the fourth type, there are extra interactions in
the action. a A path featuring edges from a building block of the second type. b A path featuring
edges from a building block of the third type. c A path featuring edges from building blocks of the
second and third type. d A second path featuring edges from a building block of the third type

r1 = r1′ and ω1′ j = ω1 j . In contrast to the previous case, not all scalar interactions
that appear here can be accounted for by auxiliary fields:

Lemma 2.25 For a finite spectral triple that contains, in addition to building blocks
of the first, second and third type, one building block of the fourth type, the only terms
in the associated spectral action that can be written off shell using the available
auxiliary fields are those featuring ψ̃11′ or its conjugate.

Proof The bosonic terms in (2.66) must be the on shell expressions of an off shell
Lagrangian that features the auxiliary fields available to us. Respecting gauge invari-
ance, the latter must be

− tr F∗
11′ F11′ −

(
tr F∗

11′
(
γ11′ψ̃11′ +

∑

j

β11′, j ψ̃1 j ψ̃1′ j
) + h.c.

)
. (2.69)

On shell this then gives the following contributions featuring ψ̃11′ and its conjugate:

|γ11′ψ̃11′ |2 +
∑

j

(
tr γ11′ψ̃11′ψ̃1′ j ψ̃1 jβ

∗
11′, j + h.c.

)
,
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which corresponds at least in form to all bosonic terms of (2.68), except the second
term of the second line.

We can use an argument similar to the one we used for building blocks of the third
type:

Lemma 2.26 The action consisting of the fermionic terms of (2.68) and the terms
of (2.69) that do not feature β11′, j or its conjugate is supersymmetric under the
transformations (2.32) iff

γ ∗
11′γ11′ = Υ ∗

mΥm (2.70)

and the gauginos represented by the black vertices in Fig.2.12a that have the same
chirality are associated with each other.

Proof See Appendix section ‘Fourth Building Block’.

Combining the above two Lemmas, then gives the following result.

Proposition 2.27 The action (2.68) of a single building block of the fourth type
breaks supersymmetry only softly via

2
∑

j

ω1 j

(
|ΥmΥ̃ j |2M |ψ̃1′ j |2 + |Υ ∗

mΥ̃ j
∗ψ̃1 j |2

)

iff

r1 = 1

4
and ω1 j Υ̃ j Υ̃ j

∗ =
(

− 1

4
± κ1′κ j

2

)
idM , (2.71)

where the latter should hold for all j appearing in the sum in (2.66). Here κ1′ =
ε1′, jε1′,1, κ j = ε j,1′ε j,1 ∈ {±1}.
Proof To prove this, we must match the coefficients of the contribution (2.68) to the
spectral action from a building blockB11′ to those of the auxiliary fields (2.69). This
requires

γ11′ = 2
√

r1eiφγ Υm, κ1′κ j2gm

√
2ω1 j

qm
(r1 idM +ω1 j Υ̃ j Υ̃ j

∗)tΥmΥ̃ j = γ11′(β∗
11′, j )

t

(2.72)

for all j , where eiφγ denotes the phase ambiguity left inΥm from (2.70) andwherewe
have used the symmetry of Υm. From supersymmetry γ11′ is in addition constrained
by (2.70), which requires the first relation of (2.71) to hold. For the building block
B11′ j to have a supersymmetric action we demand

β∗
11′, j = gm

√
2ω1 j

qm
e−iφβ j (Υ̃ j )t ,
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which can be obtained by combining the demand (2.53) with the relation (2.58), but
keeping Remark 2.23 in mind since it is ψ̃1′ j that does not have a family index. As
is with Υm, the demand (2.53) determines β11′, j only up to a phase φβ j . Comparing
this with the second demand of (2.72), inserting (2.70) and using the symmetry of
Υm, we must have

φγ = φβ j mod π, 2(r1 idM +ω1 j Υ̃ j Υ̃ j
∗) = ±κ1′κ j2

√
r1 idM .

Inserting the first relation of (2.71), its second relation follows. The second term of
the second line of (2.68) cannot be accounted for by the auxiliary fields at hand,
which establishes the result.

It is not per se impossible to write all of (2.68) off shell in terms of auxiliary
fields, but to avoid the obstruction from Lemma 2.25 at least requires the presence
of mass terms for the representation ψ̃1 j and ψ̃1′ j such as the ones that are discussed
in the next section.

2.2.5.2 Fifth Building Block: ‘mass’ Terms

If there are two building blocks of the second type with the same indices—say i and
j—but with different values for the grading, we are in the situation as depicted in
Fig. 2.13. On the basis

[
(Ni ⊗ No

j )L ⊕ (N j ⊗ No
i )R ⊕ (Ni ⊗ No

j )R ⊕ (N j ⊗ No
i )L

]⊕M
, (2.73)

the most general finite Dirac operator that satisfies the demand of self-adjointness,
the first order condition (1.12) and that commutes with JF is of the form

Fig. 2.13 The case with two
building blocks of the second
type that have the same
indices but an opposite
grading; a component of the
finite Dirac operator
mapping between the two
copies will generate a
mass-term, indicated by the
dotted line with the ‘μ’

Ni Nj

No
i

No
j μ

ψ i jL

ψ ′
i jR

˜ψ i j

˜ψ ′
i j

http://dx.doi.org/10.1007/978-3-319-24798-4_1
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DF =

⎛

⎜⎜⎝

0 0 μi + μo
j 0

0 0 0 (μo
i )

∗ + μ∗
j

μ∗
i + (μ∗

j )
o 0 0 0

0 μo
i + μ j 0 0

⎞

⎟⎟⎠ (2.74)

with μi ∈ MNi M (C) and μ j ∈ MN j M (C). The inner fluctuations for general such
matrices μi, j will generate scalar fields in the representations MNi, j (C). If we want
these components to result in mass terms in the action, we should restrict them
both to only act non-trivially on possible generations, i.e. for a single generation the
components are equal to a complex number. We will write μ := μi + μo

j ∈ MM (C)

for the restricted component.
This gives rise to the following definition.

Definition 2.28 For a finite spectral triple that contains building blocksB±
i j andB

∓
i j

of the second type (both with multiplicity M), a building block of the fifth type is a
component of DF that runs between the representations of the two building blocks
and acts only non-trivially on the M copies. Symbolically:

Bmass,i j = (0, Di j L
i j R) ∈ HF ⊕ End(HF ).

We denote this component with μ ∈ MM (C).

If for convenience we restrict to the upper signs for the chiralities of the building
blocks and write

(ψi j L , ψ i j R, ψ ′
i j R, ψ

′
i j L)

for the elements of L2(M, S ⊗ HF ) on the basis (2.73) (where the first two fields
are associated toB+

i j and the last two toB
−
i j ), then the contribution of (2.74) to the

fermionic action reads

S f,mass[ζ ] = 1

2
〈J (ψi j L , ψ i j R, ψ ′

i j R, ψ
′
i j L), γ 5DF (ψi j L , ψ ′

i j R, ψ i j R, ψ
′
i j L)〉

= 〈JMψ i j R, γ 5μψ ′
i j R〉 + 〈JMψ

′
i j L , γ 5μ∗ψi j L〉. (2.75)

Let ψ̃ and ψ̃ ′ be the sfermions that are associated toB+
i j andB

−
i j respectively, then

the extra contributions to the spectral action as a result of adding this building block
are given by

Sb,mass [̃ζ ] = f (0)

π2 (Ni |μ∗Cii j ψ̃i j |2 + N j |μ∗Ci j j ψ̃i j |2 + Ni |μC ′
i i j ψ̃

′
i j |2 + N j |μC ′

i j j ψ̃
′
i j |2)

+ f (0)

π2

∑

k

[
Ni trμ

∗ψ̃
′
i j C

′∗
i i j Ciikψ̃ikψ̃ jkΥ

k
j

∗

+ N j tr ψ̃
′
i j C

′∗
i j j μ∗Υ k

i
∗ψ̃ikψ̃ jkC∗

j jk + h.c.

+
(

N j trM (μμ∗Υ k
i

∗Υ k
i )|ψ̃ik |2 + Ni |μΥ

k
j ψ̃ jk |2

)]
, (2.76)
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Fig. 2.14 In the case of a
building block of the fifth
type, there are various extra
contributions to the action,
depending on the content of
the finite spectral triple. a A
path with μ, featuring edges
from a building block of the
second and third type. b A
path with μ, featuring only
edges from building blocks
of the third and fifth type

Ni Nj Nk

No
i

No
j

No
k

μ

˜ψ jkC
∗
j jk

˜ψ
′
i jC

′∗
i j j

k
i

∗
˜ψ ik

Ni Nj Nk

No
i

No
j

No
k

μ

k
j ˜ψ jk

k
i

∗
˜ψ ik

(b)

(a)

where the second and third lines arise in a situation where for some k,Bi jk is present.
The paths corresponding to these expressions are depicted in Fig. 2.14. Here, theCii j

with a prime correspond to the components of the Dirac operator ofB−
i j . We assume

that they also satisfy (2.33). In this context ψ̃ik does not have a family-index and
consequently we could separate the traces in the first term of the third line of (2.76).

In a similar way as with the building block of the fourth type we can rewrite the
second line of (2.76) using Remarks 2.22 and 2.23, giving

f (0)

π2

[
Ni tr(ψ̃

′
i j C

′∗
i i j )aCiikψ̃ikψ̃ jkb(Υ

k
j

∗(μ∗)t )ba

+ N j tr(ψ̃
′
i j C

′∗
i j j )a (μ∗Υ k

i
∗)acψ̃ikψ̃ jkb(C

∗
j jk)bc + h.c.

]

= s jk

(
Niri + N jr j√

n j nk g j gk

)
tr ψ̃

′
i j C

′∗
i j jμ

∗Υ k
i

∗ψ̃ikψ̃ jkC∗
jkk + h.c. (2.77)

Replacing the second line of (2.76) with (2.77) and then scaling the fields and rewrit-
ingΥ

j
i andΥ

k
j in terms ofΥ k

i ≡ Υ using the identities (2.59), reduces the bosonic
contribution (2.76) to
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2(1 − ωi j )
(|μ∗ψ̃i j |2 + |μψ̃ ′

i j |2
) + 2

∑

k

[
κ j gl (1 − ωi j )

√
2ωik

ql
tr ψ̃

′
i j μ

∗Υ̃ ∗ψ̃ik ψ̃ jk + h.c.

+ ωik

(
N j |Υ μ|2M |ψ̃ik |2 + Ni |μΥ̃ ψ̃ jk |2

)]
,

(2.78)

where we have again employed the notation |a|2M = trM a∗a for the trace over the
family-index and used that s jkε j,iεk, j = ε j,iε j,k ≡ κ j ∈ {±}. The index l can take
any of the values that appear in the model.

Here we have a similar result as in the previous section:

Lemma 2.29 For a finite spectral triple that contains, in addition to building blocks
of the first, second and third type, one building block of the fifth type, the only terms
in the associated spectral action that can be written off shell are those featuring ψ̃i j ,
ψ̃ ′

i j or their conjugates.

Proof In order to rewrite the first terms of (2.78) in terms of auxiliary fields, wemust
introduce an interaction featuring one auxiliary field F and one sfermion. Since ψ̃i j

and ψ̃ ′
i j are in the same representation of the algebra, we can choose whether to

couple ψ̃i j to Fi j (corresponding toB
+
i j ) or to F ′

i j (corresponding toB
−
i j ). The same

holds for ψ̃ ′
i j . Transforming the fermions in (2.75) according to (2.31) suggests that,

in order to have a chance at supersymmetry, we must couple F ′
i j to ψ̃i j and Fi j to

ψ̃ ′
i j . We thus write

− tr F∗
i j Fi j − tr F ′∗

i j F ′
i j − (

tr F∗
i jδ

′
i j ψ̃

′
i j + tr F ′∗

i j δi j ψ̃i j + h.c.
)
, (2.79)

with δi j , δ
′
i j ∈ MM (C). This yields on shell |δi j ψ̃i j |2 + |δ′

i j ψ̃
′
i j |2, which is indeed

of the same form as the first two terms in (2.78). In the case that there is a building
blockBi jk of the third type present, the extra contributions to the action must come
from the cross terms of

− tr F∗
i j Fi j − tr F ′∗

i j F ′
i j −

[
tr F∗

i j

(
δ′

i j ψ̃
′
i j + βi j,kψ̃ikψ̃ jk

) + tr F ′∗
i j δi j ψ̃i j + h.c.

]
,

where the interaction with βi j,k corresponds to the second term of (2.51). On shell
this gives us the additional interaction

tr ψ̃
′
i jδ

′∗
i j βi j,kψ̃ikψ̃ jk + h.c. (2.80)

In form, this indeed coincides with the second line of (2.78). The last two terms
of (2.78) do not appear here and consequently they cannot be addressed using the
auxiliary fields that are available to us when having only building blocks of the first,
second and third type.
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Similar as with the previous building blocks we can check what the demands for
off shell supersymmetry are.

Lemma 2.30 The action consisting of the fermionic action (2.75) and the off shell
action (2.79) is supersymmetric under the transformations (2.32) if and only if

δδ∗ = μ∗μ, δ′δ′∗ = μμ∗. (2.81)

Proof See Appendix section ‘Fifth Building Block’.

Combining the above lemmas gives the following result for a building block of
the fifth type.

Proposition 2.31 For a finite spectral triple that contains, in addition to building
blocks of the first, second and third type, one building block of the fifth type, the
action of a single building block of the fifth type breaks supersymmetry only softly
via

ωik

(
N j |Υ̃ μ|2M |ψ̃ik |2 + Ni |μΥ̃ ψ̃ jk |2

)

iff

ωi j = 1

2

and the product of the possible phases of δ′∗ and βi j,k (cf. (2.81) and (2.53) respec-
tively) is equal to ε j,iε j,k .

Proof This follows from comparing the spectral action (2.78)with the off shell action
(2.79) and using the demands (2.81) and (2.53).

The form of the soft breaking term suggests that, in order to let it be part of a
truly supersymmetric action, we have the following necessary requirement. Each two
building blocks of the second type that are connected to each other via an edge of a
building block of the third type, both need to have a building block of the fifth type
defined on them. In the case above this would have been ψ̃ik and ψ̃ jk .

2.3 Conditions for a Supersymmetric Spectral Action

Our aim is to determine whether the total action that corresponds to an almost-
commutative geometry consisting of various of the five identified building blocks, is
supersymmetric. More than once we used the following strategy for that. First, we
identified the off shell counterparts for the contributions of trF Φ4 to the (on shell)
spectral action, using the available auxiliary fields and coefficientswhose valueswere
undetermined still. Second, we derived constraints for these coefficients based on the
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demand of having supersymmetry for the fermionic action and this off shell action.
Finally,we should check if the off shell interactions correspond on shell to the spectral
action again, when their coefficients satisfy the constraints that supersymmetry puts
on them. If this is the case then the action from noncommutative geometry is an on
shell counterpart of an off shell action that is supersymmetric.

In the previous sections we have experiencedmultiple times that the pre-factors of
all bosonic interactions can get additional contributions when extending the almost-
commutative geometry. As was stated before, we should therefore assess whether or
not the demands from supersymmetry on the coefficients are satisfied for the final
model only. In this section we will present an overview of all four-scalar interactions
that have appeared previously, from which building blocks their pre-factors get what
contributions and which demands hold for them. We identify several such demands,
thus constructing a checklist for supersymmetry.

1. To have supersymmetry for a building block Bi j of the second type, the com-
ponents of the finite Dirac operator should satisfy (2.33), after scaling them. For
a single building block of the second type this demand can only be satisfied for
Ni = N j and M = 4 (Proposition 2.15). When Bi j is part of a building block
of the third type the demand is automatically satisfied via the solution (2.45).

2. A necessary requirement to have supersymmetry for any building block Bi jk

of the third type (Sect. 2.2.3), is that the scaled parameters of the finite Dirac
operator that make up such a building block satisfy

ω jkΥ̃
k

j
∗Υ̃ k

j = ωikΥ̃
k

i
∗Υ̃ k

i = ωi j Υ̃
j

i
∗Υ̃ j

i =: Ω∗
i jkΩi jk . (2.82)

This relation can be obtained from (2.55), multiplying each term with its conju-
gate. For notational convenience we have introduced the variable Ω∗

i jkΩi jk .

3. Terms ∝ |ψ̃i j ψ̃ i j |2 appear for the first time with a building block of the second
type ((2.19) in Sect. 2.2.2) but also get contributions from a building blockBi jk

of the third type (first term of (2.49)). The total expression reads

f (0)

2π2

[
Ni |C∗

i i j Cii j ψ̃i j ψ̃ i j |2 + N j |C∗
i i j Ci j j ψ̃i j ψ̃ i j |2

+
∑

k

Nk |Υ j
i,k

∗Υ j
i,k ψ̃i j ψ̃ i j |2

]

→ 2
g2

i

qi

∣∣∣∣

(
Nir

2
i + αi j

∑

k

Nk(Ω
∗
i jkΩi jk)

2
)1/2

ψ̃i j ψ̃ i j

∣∣∣∣
2

+ 2
g2

j

q j

∣∣∣∣

(
N jr

2
j + (1 − αi j )

∑

k

Nk(Ω
∗
i jkΩi jk)

2
)1/2

ψ̃i j ψ̃ i j

∣∣∣∣
2

,

upon scaling the fields. Here we have introduced a parameter αi j ∈ R that tells
how any new contributions are divided over the initial two. Such terms can only
be described off shell using the auxiliary fields Gi and G j (cf. Lemma 2.10) via
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− 1

2ni
tr Gi

(
Gi + 2niPi ψ̃i j ψ̃ i j

) − 1

2n j
tr G j

(
G j + 2n j ψ̃ i jP j ψ̃i j

)
,

which on shell equals

ni

2
|Pi ψ̃i j ψ̃ i j |2 + n j

2
|ψ̃ i jP j ψ̃i j |2,

cf. (2.24). Comparing this with the above expression sets the coefficients Pi

and P j :

ni

2
P2

i = 2
g2

i

qi

(
Nir

2
i + αi j

∑

k

Nk(Ω
∗
i jkΩi jk)

2
)

,

n j

2
P2

j = 2
g2

j

qi

(
N jr

2
j + (1 − αi j )

∑

k

Nk(Ω
∗
i jkΩi jk)

2
)

,

where there is an additional trace over the last terms if ψ̃i j has no family index.
If the action is supersymmetric then (2.33) can be used withKi = K j = 1 and
the above relations read

ri

4
= Nir

2
i + αi j

∑

k

Nk tr[(Ω∗
i jkΩi jk)

2],
r j

4
= N jr

2
j + (1 − αi j )

∑

k

Nk tr[(Ω∗
i jkΩi jk)

2], (2.83)

when ψ̃i j has no family index and

ri

4
idM = Nir

2
i idM +αi j

∑

k

Nk(Ω
∗
i jkΩi jk)

2,

r j

4
idM = N jr

2
j idM +(1 − αi j )

∑

k

Nk(Ω
∗
i jkΩi jk)

2, (2.84)

when it does. Here we have used that ri = qi ni .
4. An interaction ∝ |ψ̃i j ψ̃ jk |2 can receive contributions in two different ways; one

comes from a building blockBi jk of the third type (2.57), the other comes from
two adjacent building blocksBi jl andB jkl (first and second term of (2.62), but
occurs only for particular values of the grading):

g2
m
4ωi j

qm
(1 − ωik)|Υ̃ j

i,k ψ̃i j ψ̃ jk |2

+ 4

(
n jr j N j g

2
j |ψ̃i j ψ̃ jk |2 + g2

m

qm
ωi jω jk Nl |Υ̃ j

i,l ψ̃i j Υ̃
k

j,l ψ̃ jk |2
)

.
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From this, however, we need to subtract the value n j g2
j |ψ̃i j ψ̃ jk |2 that is expected

from the cross term

− tr G j
(
P j,i ψ̃ i j ψ̃i j + P j,kψ̃ jkψ̃ jk

)
,

that should already be there when the almost-commutative geometry contains
B±

i j and B∓
jk but nevertheless does not appear in the spectral action (see

Sect. 2.2.2.3 and the discussion above Theorem 2.47). The remaining termsmust
be accounted for by

− tr F∗
ik Fik + (

tr F∗
ikβ

′∗
ik, j ψ̃i j ψ̃ jk + h.c.

)
(2.85)

which equals

tr ψ̃ jkψ̃ i jβ
′
ik, jβ

′∗
ik, j ψ̃i j ψ̃ jk

on shell. Since βik, jβ
∗
ik, j is positive definite we can also write the above as

|(β ′
ik, jβ

′∗
ik, j )

1/2ψ̃i j ψ̃ jk |2.

Comparing the above relations, the off shell action (2.85) corresponds on shell
to the spectral action, iff

β ′
ik, jβ

′∗
ik, j = g2

m
4ωi j

qm
(1 − ωik)Υ̃

j
i,k

∗Υ̃ j
i,k − n j g

2
j idM

+ 4

(
n jr j N j g

2
j idM +g2

m

qm
ωi jω jk Nl(Υ̃

j
i,l Υ̃

k
j,l )∗(Υ̃ j

i,l Υ̃
k

j,l )

)
,

where we have assumed that it is ψ̃i j not having a family structure. Furthermore,
from the demand of supersymmetry β ′

ik, j must satisfy

β ′
ik, jβ

′∗
ik, j = g2

m
2ωi j

qm
Υ̃

j
i

∗Υ̃ j
i ≡ 2

g2
m

qm
Ω∗

i jkΩi jk

i.e. (2.53),8 but with Υ ′ replaced by Υ̃ using (2.58). Combining the above two
relations, we require that

2g2m
qm

Ω∗
i jkΩi jk = 4

g2m
qm

(1 − ωik)Ω∗
i jkΩi jk − n j g2j idM

+ 4

(
n j r j N j g2j idM + g2m

qm
ωi j ω jk Nl (Υ̃

j
i,l Υ̃

k
j,l )∗(Υ̃

j
i,l Υ̃

k
j,l )

)
,

8In fact, in (2.53) the variables are in reversed order compared to here but looking at (2.153)—from
which the former is derived—one sees immediately that this also holds.
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using the notation introduced in (2.82). Setting m = j in particular, this
reduces to

2(1 − 2ωik)Ω
∗
i jkΩi jk − r j idM

+ 4

(
N jr

2
j idM +ωi jω jk Nl(Υ̃

j
i,l Υ̃

k
j,l )∗

(
Υ̃

j
i,l Υ̃

k
j,l

) )
= 0. (2.86)

5. The interaction ∝ tr ψ̃ikψ̃ jkψ̃ jlψ̃ il only appears in the case of two adjacent
building blocks Bi jk and Bi jl of the third type (cf. the Lagrangian (2.62)).
Equating this term to (2.64) that appears from the auxiliary field Fi j , gives

κkκl4
g2

m

qm
(1 − ωi j )ωi j tr Υ̃l Υ̃k

∗ψ̃ikψ̃ jkψ̃ jlψ̃ il + h.c.

= tr β ′∗
i j,lβ

′
i j,kψ̃ikψ̃ jkψ̃ jlψ̃ il + h.c.,

with κk = εk,iεk, j , κl = εl,iεl, j . From the demand of supersymmetry β ′∗
i j,l and

β ′
i j,k should satisfy (2.53). Their phases, if any, must be opposite modulo π for

the action to be real. We write φkl for the remaining sign ambiguity. Inserting
these demands above and using (2.58) requires that κkκl4ωi j (1−ωi j ) = 2φklωi j

for this interaction to be covered by the auxiliary field Fi j . This has two solutions,
the only acceptable of which is

φkl = κkκl , ωi j = 1

2
=⇒ ri Ni + r j N j = 1

2
, (2.87)

where we have used (2.43).
6. From the spectral action interactions ∝ |ψ̃i j |4 only appear in the context of a

building block of the second type as

f (0)

π2 |Cii j ψ̃i j |2|Ci j j ψ̃i j |2 → 4
g2

l

ql
ri r j |ψ̃i j |4,

see (2.15). Via the auxiliary fields on the other hand they appear in two ways;
from the Gi, j and via the u(1)-field H (see Lemma 2.10 for both). The latter
give on shell the contributions

(Q2
i j

2
− ni

P2
i

2Ni
− n j

P2
j

2N j

)
|ψ̃i j |4,

where the minus-signs stem from the identity (2.26) between the generators
T a

i, j of su(Ni, j ). Demanding supersymmetry, P2
i must equal g2

i and similarly

P2
j = g2

j . In order for the interactions from the spectral action to equal the

above equation, Q2
i j is then set to be
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Q2
i j = g2

l

ql

(
8rir j + ri

Ni
+ r j

N j

)
. (2.88)

In the case that ψ̃i j has family indices, the expressions for P2
i, j and Q2

i j must
be multiplied with the M × M identity matrix idM .

7. Interactions∝ |ψ̃i j |2|ψ̃ jk |2 (having one common index j) appear via the spectral
action in two different ways. First of all from two adjacent building blocks Bi j

and B jk of the second type (cf. (2.38)), and secondly from a building block of
the third type (second line of (2.49)). This gives

f (0)

π2

(
|Ci j j ψ̃i j |2|C j jkψ̃ jk |2 + |ψ̃i j |2|Υ j

i
∗Υ k

j ψ̃ jk |2
)

→ 4
g2

l

ql

(
r2j |ψ̃i j |2|ψ̃ jk |2 + ω jkωi j |ψ̃i j |2|Υ̃ j

i
∗Υ̃ k

j ψ̃ jk |2
)
,

where we have assumed ψ̃i j not to have a family-index. We can write this as

4
g2

l

ql

∣∣ψ̃i j
∣∣2∣∣(r2j idM +ωi jω jk(Υ̃

j
i

∗Υ̃ k
j )∗Υ̃ j

i
∗Υ̃ k

j

)1/2
ψ̃ jk

∣∣2.

From the auxiliary fields these terms can appear via G j (with coefficients P j,i

and P j,k , i.e. as in (2.39)) and via the u(1)-field H with coefficients Qi j and
Q jk :

[
Qi jQ jk − n j

P j,iP j,k

N j

]
|ψ̃i j |2|ψ̃ jk |2.

Equating the terms from the spectral action and those from the auxiliary fields,
and inserting the values for the coefficients P j,i , P j,k (from (2.33)), Qi j and
Q jk (from (2.88)) that we obtain from supersymmetry, we require

(
2rir j + ri

4Ni
+ r j

4N j

)(
2r j rk + r j

4N j
+ rk

4Nk

)
idM

=
[(

r2j + r j

4N j

)
idM +ωi jω jk(Υ̃

j
i

∗Υ̃ k
j )∗Υ̃ j

i
∗Υ̃ k

j

]2
. (2.89)

8. There are interactions ∝ |ψ̃ik |2|ψ̃ jl |2 and ∝ |ψ̃ jk |2|ψ̃il |2 that arise from two
adjacent building blocks Bi jk and Bi jl of the third type. The first of these is
given by

4
g2

m

qm
|(ωikΥ̃

k
i, j Υ̃

k
i, j

∗)1/2ψ̃ik |2|(ω jl Υ̃
l

j,i
∗Υ̃ l

j,i )1/2ψ̃ jl |2,
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see (2.62). Since the interactions are characterized by four different indices, the
auxiliary fields Gi cannot account for these and consequently they should be
described by the u(1)-field H :

|Q1/2
ik ψ̃ik |2|Q1/2

jl ψ̃ jl |2.

In order for the spectral action to be written off shell we thus require that

QikQ jl = 4
g2

m

qm
Ωi jkΩ

∗
i jkΩ

∗
i jlΩi jl .

With Qik and Q jl being determined by (2.88) from the demand of supersym-
metry, we can infer from this that for the squares of these expressions we must
have

(
2rirk + ri

4Ni
+ rk

4Nk

)
idM = Ωi jkΩ

∗
i jk,

(
2r jrl + r j

4N j
+ rl

4Nl

)
idM = Ω∗

i jlΩi jl . (2.90)

9. As was already covered in Sect. 2.2.5.1, a building blockBmaj of the fourth type
only breaks supersymmetry softly iff

r1 = 1

4
and ω1 j Υ̃ j Υ̃ j

∗ =
(

− 1

4
± κ1′κ j

2

)
idM (2.91)

(see Proposition 2.27), where the latter should hold for each building blockB11′ j
of the third type. Here κ1′, κ j ∈ {±1}.

10. Covered in Sect. 2.2.5.2, a building block Bmass,i j of the fifth type also breaks
supersymmertry only softly iff

ωi j = 1

2
, (2.92)

see Proposition 2.31.

To be able to say whether an almost-commutative geometry that is built out of
building blocks of the first to the fifth type has a supersymmetric action then entails
checking whether all the relevant relations above are satisfied.

2.3.1 Applied to a Single Building Block of the Third Type

We apply a number of the demands above to the case of a single building block of
the third type (and the building blocks of the second and first type that are needed to
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define it) to see whether this possibly exhibits supersymmetry. We will assume that
ψi j has R = −1 (and consequently no family index), but of course we could equally
well have taken one of the other two (see e.g. Remark 2.23). The generalization of
Remark 2.14 for the expressions of the ri that results from normalizing the gauge
bosons’ kinetic terms is

ri = 3

2Ni + N j + M Nk
, r j = 3

Ni + 2N j + M Nk
, rk = 3

M(Ni + N j ) + 2Nk
.

For the first of the demands of the previous section, (2.82), one of the three terms
that are equated to each other reads

ωikΥ̃
k

i Υ̃ k
i

∗ ≡ ωik(N jΥ
k

i Υ k
i

∗)−1/2Υ k
i Υ k

i
∗(N jΥ

k
i Υ k

i
∗)−1/2

= ωik

N j
idM = ωikΥ̃

k
i

∗Υ̃ k
i ,

where we have used the definition (2.2.3) of Υ̃ k
i . Similarly,

ω jkΥ̃
k

j
∗Υ̃ k

j = ω jk

Ni
idM and ωi j Υ̃

j
i

∗Υ̃ j
i = ωi j

Nk
Υ

j
i

∗Υ j
i (tr Υ j

i
∗Υ j

i )−1

for the other two. Equating these, we obtain:

ωik

N j
idM = ω jk

Ni
idM = ωi j

Nk
Υ

j
i

∗Υ j
i (tr Υ j

i
∗Υ j

i )−1, (2.93)

i.e. Υ j
i is constrained to be proportional to a unitary matrix. Taking the trace gives

the demand

M
ωik

N j
= M

ω jk

Ni
= ωi j

Nk
. (2.94)

Given the expressions for ri, j,k above, we can test whether this demand admits
solutions. Indeed, we find

Ni = N j = Nk ≡ N , M = 1 ∨ 2. (2.95)

In the first case we find that

ri Ni = r j N j = rk Nk = 3

4
, ωi j = ωik = ω jk = −1

2
,

whereas in the second case we have

ri Ni = r j N j = 3

5
, rk Nk = 1

2
, ωi j = −1

5
, ωik = ω jk = − 1

10
.
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Next, we have the demand (2.83) to ensure that terms of the form |ψ̃i j ψ̃ i j |2 can
be written off shell in a supersymmetric manner. In this context it reads

ri

4
= Nir

2
i + αi j Nkω

2
i j tr[(Υ̃ j

i
∗Υ̃ j

i )2],
r j

4
= N jr

2
j + α j i Nkω

2
i j tr[(Υ̃ j

i
∗Υ̃ j

i )2],

for ψ̃i j (where the trace in the last term comes from the fact that ψ̃i j does not have
family indices) and

rk

4
idM = Nkr2k idM +αk j Niω

2
jk(Υ̃

k
j

∗Υ̃ k
j )2,

r j

4
idM = N jr

2
j idM +α jk Niω

2
jk(Υ̃

k
j

∗Υ̃ k
j )2,

rk

4
idM = Nkr2k idM +αki N jω

2
ik(Υ̃

k
i Υ̃ k

i
∗)2,

ri

4
idM = Nir

2
i idM +αik N jω

2
ik(Υ̃

k
i Υ̃ k

i
∗)2,

for ψ̃ jk and ψ̃ik respectively. Here we have written α j i = 1−αi j , etc.We can remove

all variables Υ̃
j

i , Υ̃ k
i and Υ̃

k
j by using the squares of the expressions in (2.93). This

gives

Niri

4
= (Niri )

2 + αi j Nk
ω2

jk

Ni
M,

N jr j

4
= (N jr j )

2 + α j i Nk
ω2

ik

N j
M,

Nkrk

4
= (Nkrk)

2 + αk j Nk
ω2

jk

Ni
,

N jr j

4
= (N jr j )

2 + α jk Ni
ω2

ik

N j
,

Nkrk

4
= (Nkrk)

2 + αki Nk
ω2

ik

N j
,

Niri

4
= (Niri )

2 + αik N j
ω2

jk

Ni
,

where the M in the first line above comes from taking the trace over idM . Comparing
the expressions featuring the same combinations ri Ni , r j N j , rk Nk and using (2.94)
we must have that

αi j Nk M = αik N j , (1 − α jk)Ni = (1 − αik)N j , (1 − αi j )Nk M = α jk Ni .

Since both solutions (2.95) to the relation (2.94) have Ni = N j = Nk , this solves

αi j = 1

2
, αik = 1

2
M, α jk = 1

2
M

and the demands above reduce to
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Niri = 4(Niri )
2 + 2ω2

jk M, N jr j = 4(N jr j )
2 + 2ω2

ik M,

Nkrk = 4(Nkrk)
2 + ω2

ik(4 − 2M).

We can check that for neither of the two cases of (2.95) these are satisfied. As a cross
check of this result we will employ one more demand.

In the context of a single building block of the third type the demand (2.86) that is
necessary to write terms of the form |ψ̃i j ψ̃ jk |2 off shell in a supersymmetric manner,
reduces to

2(1 − 2ωik)ωik = r j N j , 2(1 − 2ω jk)ω jk = ri Ni ,

2(1 − 2ωi j )ωi jΥ
j

i
∗Υ j

i = rk Nk idM tr Υ j
i

∗Υ j
i .

We can use (2.94) to rewrite the last equation in terms of ωik or ω jk . In any way,
the LHS are seen to be negative for all values of ωi j , ωik and ω jk allowed by the
solutions (2.95), whereas ri Ni , r j N j and rk Nk are necessarily positive. We thus get
a contradiction.

A single building block of the third type (together with the building blocks needed
to define it) is thus not supersymmetric.

2.4 Summary and Conclusions

The main subject of this chapter has been almost-commutative geometries of the
form

(C∞(M,AF ), L2(M, S ⊗ HF ), � ∂ M ⊗ 1 + γ5 ⊗ DF ; γ5 ⊗ γF , JM ⊗ JF )

of KO-dimension 2 on a flat, 4-dimensional background M . We have dressed these
with a grading R : H → H called R-parity. We have shown that such almost-
commutative geometries provide an arena suited for describingfield theories that have
a supersymmetric particle content. This was done by identifying five different build-
ing blocks; constituents of a finite spectral triple that yield an almost-commutative
geometry whose particle content has an equal number of (off shell) fermionic and
bosonic degrees of freedom. In addition they contain the right interactions to make
them eligible for supersymmetric theories. These five building blocks are listed in
Table2.2.

Although we have not been using the notion of superspace and superfields, the
building blocks themselves can thus be seen as an alternative. However, a significant
difference between the two approaches is that if a certain superfield enters the action,
then automatically all its component fields do too. For the components of our building
blocks this need not be true; without demanding supersymmetry we are free to
e.g. define a finite Hilbert space consisting of only the representation Ni ⊗ No

j (and
its conjugate), without its superpartner arising from a component of the finite Dirac
operator. However, the philosophy to include each component of DF that is not
explicitly forbidden by the demands on a spectral triple turned out to be a fruitful
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Table 2.2 The building blocks of a supersymmetric spectral triple

Building block Required Counterpart in superfield
formalism

Bi (Sect. 2.2.1) – Vector multiplet

Bi j (Sect. 2.2.2) Bi ,B j Chiral multiplet

Bi jk (Sect. 2.2.3) Bi j ,Bik ,B jk Superpotential with three
chiral superfields

Bmaj (Sect. 2.2.5.1) B11′ Majorana mass for ψ11′ , ψ̃11′

Bmass,i j (Sect. 2.2.5.2) B+
i j ,B

−
i j A mass(-like) term for ψi j , ψ̃i j

In the last column we have listed their counterparts in the superfield formalism

one in obtaining models that have a supersymmetric particle content, as long as we
start by adding gauginos to the finite Hilbert space.

It is far from automatic, though, that when the field content is supersymmetric
also the action is. First of all, there is a number of obstructions to a supersymmetric
action:

1. A single building block Bi of the first type (i.e. without a building block Bi j of
the second type, for some j) for which Ni = 1, has vanishing bosonic interactions
(Remark 2.4).

2. A single building block Bi j of the second type that has R = −1, has two dif-
ferent u(1) gauge fields that interact whereas the corresponding gauginos do not
(Remark 2.13).

3. If the finite algebra contains more than two components MNi (C), MN j (C) and
MNk (C) over C and there is a set of two or more building blocks Bi j ,Bik that
share three different indices, then there are two different u(1) gauge fields that
interact, whereas the corresponding gauginos do not (Proposition 2.19).

Second, for a set-up that avoids these three obstructions, the question is whether
the four-scalar interactions that are generated by the spectral action are rewritable
as an off shell action in terms of the auxiliary fields that are available to us. On
top of this, the pre-factors of the interactions with the auxiliary fields are dictated
by supersymmetry. Both the form of the action functional used in noncommutative
geometry and supersymmetry thus put demands on the pre-factors of interactions
which together heavily constrain the number of possible solutions. Typical for almost-
commutative geometries is that there are new contributions to various expressions
when extending a model. The question whether for the ‘full theory’ the coefficients
are such that these terms do have an off shell counterpart, is then phrased in terms
of the demands listed in Sect. 2.3.

Despite all these technical calculations and detailed issues, we have a definite
handle on which almost-commutative geometries exhibit a supersymmetric action
andwhich do not. To obtain an exhaustive list of examples that do satisfy all demands
requires an automated strategy, in which step by step models are extended with
building blocks and it is checked whether they satisfy the aforementioned demands.
Whatever the outcome of such a strategy will be, the examples of supersymmetric
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almost-commutative geometries will be sparse. This is markedly different from the
more generic superfield formalism, but at the same time the models that do satisfy
all demands will enjoy a very special status.

Appendix 1. The Action from a Building Block
of the Third Type

In this section we derive in detail the action that comes from a building block Bi jk

of the third type (cf. Sect. 2.2.3), such as that of Fig. 2.6. If we constrain ourselves
for now to the off-diagonal part of the finite Hilbert space, then on the basis

HF,off = (Ni ⊗ No
j )L ⊕ (Ni ⊗ No

k)R ⊕ (N j ⊗ No
k)L

⊕ (N j ⊗ No
i )R ⊕ (Nk ⊗ No

i )L ⊕ (Nk ⊗ No
j )R

the most general allowed finite Dirac operator is of the form

DF =

⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 Υ
k o

j
∗ 0 0 0 Υ k

i
∗

Υ
k o

j 0 Υ
j

i 0 0 0

0 Υ
j

i
∗ 0 Υ k o

i
∗ 0 0

0 0 Υ k o
i 0 Υ

k
j 0

0 0 0 Υ
k

j
∗ 0 Υ

j o
i

∗

Υ k
i 0 0 0 Υ

j o
i 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.96)

We write for a generic element ζ of 1
2 (1 + γ )L2(S ⊗ HF,off)

ζ = (ψi j L , ψik R, ψ jkL , ψ i j R, ψ ikL , ψ jk R)

where ψ i j R ∈ L2(S− ⊗ N j ⊗ No
i ), etc. Applying the matrix (2.96) to this element

yields

γ 5DFζ = γ 5
(
ψik Rψ̃ jkΥ

k
j

∗ + Υ k
i

∗ψ̃ikψ jk R, ψi j LΥ
k

j ψ̃ jk + Υ
j

i ψ̃i jψ jkL ,

ψ̃ i jΥ
j

i
∗ψik R + ψ i j RΥ k

i
∗ψ̃ik, ψ jkL ψ̃ ikΥ

k
i + Υ

k
j ψ̃ jkψ ikL ,

ψ̃ jkΥ
k

j
∗ψ i j R + ψ jk Rψ̃ i jΥ

j
i

∗, ψ ikLΥ
j

i ψ̃i j + ψ̃ ikΥ
k

i ψi j L

)
.

Notice that for the pairs (i, j) and ( j, k) we always encounter ψ̃i j in combination

withΥ
j

i , whereas for (i, k) it is the combination ψ̃ik andΥ k
i

∗. This has to dowith the
fact that the sfermion ψ̃ik crosses the particle/antiparticle-diagonal in the Krajewski
diagram. Since
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Jζ = J (ψi j L , ψik R, ψ jkL , ψ i j R, ψ ikL , ψ jk R)

= (JMψ i j R, JMψ ikL , JMψ jk R, JMψi j L , JMψik R, JMψ jkL),

the extra contributions to the inner product 1
2 〈Jζ, γ 5DFζ 〉 are written as

1

2
〈Jζ, γ 5DFζ 〉

= 1

2
〈JMψ i j R, γ 5(ψik Rψ̃ jkΥ

k
j

∗ + ψ̃ikΥ
k

i
∗ψ jk R)〉

+ 1

2
〈JMψ ikL , γ 5(ψi j LΥ

k
j ψ̃ jk + Υ

j
i ψ̃i jψ jkL)〉

+ 1

2
〈JMψ jk R, γ 5(ψ̃ i jΥ

j
i

∗ψik R + ψ i j RΥ k
i

∗ψ̃ik)〉

+ 1

2
〈JMψi j L , γ 5(ψ jkL ψ̃ ikΥ

k
i + Υ

k
j ψ̃ jkψ ikL)〉

+ 1

2
〈JMψik R, γ 5(ψ̃ jkΥ

k
j

∗ψ i j R + ψ jk Rψ̃ i jΥ
j

i
∗)〉

+ 1

2
〈JMψ jkL , γ 5(ψ ikLΥ

j
i ψ̃i j + ψ̃ ikΥ

k
i ψi j L)〉.

Using the symmetry properties (2.164) of the inner product, this equals

〈JMψ i j R, γ 5ψik Rψ̃ jkΥ
k

j
∗〉 + 〈JMψ i j R, γ 5Υ k

i
∗ψ̃ikψ jk R〉

+ 〈JMψ ikL , γ 5ψi j LΥ
k

j ψ̃ jk〉 + 〈JMψ ikL , γ 5Υ
j

i ψ̃i jψ jkL〉
+ 〈JMψ jk R, γ 5ψ̃ i jΥ

j
i

∗ψik R〉 + 〈JMψ jkL , γ 5ψ̃ ikΥ
k

i ψi j L〉.
We drop the subscripts L and R, keeping in mind the chirality of each field, and for
brevity we replace i j → 1, ik → 2, jk → 3:

S123,F [ζ, ζ̃ ] = 〈JMψ1, γ
5ψ2ψ̃3Υ3

∗〉 + 〈JMψ1, γ
5Υ2

∗ψ̃2ψ3〉 + 〈JMψ2, γ
5ψ1Υ3 ψ̃3〉

+ 〈JMψ2, γ
5Υ1 ψ̃1ψ3〉 + 〈JMψ3, γ

5ψ̃1Υ1
∗ψ2〉 + 〈JMψ3, γ

5ψ̃2Υ2 ψ1〉.
(2.97)

The spectral action gives rise to some new interactions compared to those coming
from building blocks of the second type. They arise from the trace of the fourth power
of the finite Dirac operator and are given by the following list.

• From paths of the type such as the one in the upper left corner of Fig. 2.15 the
contribution is
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Fig. 2.15 The various contributions to tr D4
F in the language of Krajewski diagrams corresponding

to a building block Bi jk of the third type

8
[

Ni |Cii j ψ̃i jΥ
k

j ψ̃ jk |2 + Nk |Υ j
i ψ̃i j C jkkψ̃ jk |2 + N j |ψ̃ i j C

∗
i j jΥ

k
i

∗ψ̃ik |2

+ Nk |ψ̃ i jΥ
j

i
∗Cikkψ̃ik |2 + Ni |Υ k

j ψ̃ jkψ̃ ikC∗
i ik |2 + N j |C j jkψ̃ jkψ̃ ikΥ

k
i |2

]
.

(2.98)

Here the multiplicity 8 = 2(1 + 1 + 2) comes from the fact that there are three
vertices involved in each path, on each of which the path can start. In the case of
the ‘middle’ vertices the path can be traversed in two distinct orders. Furthermore
a factor two comes from that each path occurs twice; also mirrored along the
diagonal of the diagram.

• From paths such as the upper middle one in Fig. 2.15 the contribution is:

8
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∗ψ̃ikψ̃ ikΥ
k

i (Cii j ψ̃i j )
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j
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∗)oCiikψ̃ikψ̃ ikC∗
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j
i ψ̃i j )

o
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ikk)

oΥ
k

j ψ̃ jkψ̃ jkΥ
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j
∗(Cikkψ̃ik)

o + tr(ψ̃ ikΥ
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i )oC j jk ψ̃ jkψ̃ jkC∗
jkk(Υ
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i

∗ψ̃ik)
o
]
,

(2.99)

where the arguments for determining the multiplicity are the same as for the
previous contribution.

• From paths such as the upper right one in Fig. 2.15, going back and forth along
the same edge twice, the contribution is:

4
[

Ni |Υ k
j ψ̃ jkψ̃ jkΥ

k
j

∗|2 + N j |Υ k
i

∗ψ̃ikψ̃ ikΥ
k

i |2 + Nk |Υ j
i ψ̃i j ψ̃ i jΥ

j
i

∗|2
]

(2.100)
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The multiplicity arises from 2 vertices on which the path can start and each such
path occurs again reflected.

• From paths such as the lower left one in Fig. 2.15 the contribution is:

8
[
|ψ̃i j |2|Υ j

i Υ k
i

∗ψ̃ik |2 + |ψ̃i j |2|Υ j
i

∗Υ k
j ψ̃ jk |2 + |Υ k

i
∗ψ̃ik |2|Υ k

j ψ̃ jk |2
]
.

(2.101)

• From paths such as the lower right one in Fig. 2.15 the contribution is:

8
[
tr(ψ̃ ikC∗

i ik(Υ
j

i ψ̃i j )
o(ψ̃ i j C

∗
i i j )

oΥ k
i

∗ψ̃ik) + tr(ψ̃ jkΥ
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∗
i j j )

o(Υ
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i ψ̃i j )
oC j jkψ̃ jk)

+ tr((ψ̃ ikΥ
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i )oC jkkψ̃ jkψ̃ jkΥ
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j
∗(Cikkψ̃ik)

o) + h.c.
]
, (2.102)

corresponding with the blue, green and red paths respectively. The multiplicity
arises from the fact that any such path has four vertices on which it can start and
also occurs reflected around the diagonal. Besides, each path can also be traversed
in the opposite direction, hence the ‘h.c.’.

Adding (2.98)–(2.102) the total extra contribution to tr D4
F from adding a building

block Bi jk of the third type, is given by (2.49).

Appendix 2. Supersymmetric Spectral Actions: Proofs

In this sectionwegive the actual proofs and calculations of theLemmas andTheorems
presented in the text. First we introduce some notation. With (., .)S : Γ ∞(S ) ×
Γ ∞(S ) → C∞(M) we mean the C∞(M)-valued Hermitian structure on Γ ∞(S ).
The Hermitian form onΓ ∞(S ) is to be distinguished from theC∞(M)-valued form
onH ≡ L2(M, S ⊗ HF ):

(., .)H : Γ (S ⊗ HF ) × Γ (S ⊗ HF ) → C∞(M)

given by

(ψ1, ψ2)H := (ζ1, ζ2)S 〈m1, m2〉F , ψ1,2 = ζ1,2 ⊗ m1,2,

where 〈 . , . 〉F denotes the inner product on the finite Hilbert space HF . The inner
product on the full Hilbert space H is then obtained by integrating over the mani-
fold M :

〈ψ1, ψ2〉H :=
∫

M
(ψ1, ψ2)H

√
gd4x .
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If no confusion is likely to arise between (., .)S and (., .)H , we omit the subscript.
In the proofs there appear a number of a priori unknown constants. To avoid

confusion: capital letters always refer to parameters of the Dirac operator, lowercase
letters always refer to proportionality constants for the superfield transformations.
For the latter the number of indices determines what field they belong to: constants
with one index belong to a gauge boson–gaugino pair, constants with two indices
belong to a fermion–sfermion pair.

First Building Block

This section forms the proof of Theorem 2.35. In this case the action is given by (2.9).
Its constituents are the—flat—metric g, the gauge field A j ∈ End(Γ (S )⊗ su(N j ))

and spinor λ j ∈ L2(M, S⊗su(N j )), both in the adjoint representation and the spinor
after reducing its degrees of freedom (see Sect. 2.2.1.1).

Now for ε ≡ (εL , εR) ∈ L2(M, S), decomposed into Weyl spinors that vanish
covariantly (i.e. ∇Sε = 0), we define

δA j = c jγ
μ
[
(JMεR, γμλ j L)S + (JMεL , γμλ j R)S

]

≡ γ μ(δAμj+ + δAμj−), (2.103a)

δλ j L ,R = (c′
j F j + c′

G j
G j )εL ,R, F j ≡ γ μγ ν F j

μν, (2.103b)

δG j = cG j

[
(JMεL , � ∂Aλ j R)S + (JMεR, � ∂Aλ j L)S

]
, (2.103c)

where the coefficients c j , c′
j , cG j , c′

G j
are yet to be determined. In the rest of this

section we will drop the index j for notational convenience and discard the factor n j

from the normalization of the gauge group generators, since it appears in the same
way for each term.

• The fermionic part of the Lagrangian, upon transforming the fields, equals:

〈JMλL , � ∂AλR〉 →
∫

M
(JM [c′ F + c′

G G]εL , � ∂AλR)H + (JMλL , � ∂A[c′ F + c′
G G]εR)H

+ gc(JMλL , γ μ ad[(JMεL , γμλR)S + (JMεR, γμλL )S ]λR)H . (2.104)

Here we mean with ad(X) the adjoint: ad(X)Y := [X, Y ].
• The kinetic terms for the gauge bosons transform to:

1

4
K

∫

M
trN Fμν Fμν → c

K

2

∫

M
trN Fμν

(
∂[μ

[
(JMεR, γν]λL )S + (JMεL , γν]λR)S

]

− ig[(JMεR, γμλL )S + (JMεL , γμλR)S , Aν ]
− ig[Aμ, (JMεR, γνλL )S + (JMεL , γνλR)S ]

)√
gd4x, (2.105)

where A[μ Bν] ≡ Aμ Bν − Aν Bμ.
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• And finally the term for the auxiliary fields transforms to

−1

2

∫

M
trN G2 → −cG

∫

M
trN G

[
(JMεR, � ∂AλL)S + (JMεL , � ∂AλR)S

]
.

(2.106)

Ifwe collect the terms of (2.104)–(2.106) containing the samefield content, we get
three groups of terms that separately need to vanish in order to have a supersymmetric
theory. These groups are:

• one consisting of only one termwith four fermionic fields (coming from the second
line of (2.104)):

gc(JMλL , γ μ ad(JMεL , γμλR)S λR)H . (2.107)

There is a second such term with εL → εR and λR → λL that is obtained via
(JMεL , γμλR)S → (JMεR, γμλL)S .

• one consisting of a gaugino and two or three gauge fields:

∫

M

[
c′(JMλL , � ∂A FεR)H + c

K

2
trN Fμν

(
∂[μ(JMεR, γν]λL)S

− ig
[
(JMεR, γμλL)S , Aν

] − ig
[
Aμ, (JMεR, γνλL)S

])]
(2.108)

featuring the third term of (2.104) and the terms of (2.105) featuring λL . There is
another such group with εR → εL and λL → λR consisting of the first term of
(2.104) and the other terms of (2.105).

• one consisting of the auxiliary field G, a gauge field and a gaugino:

∫

M

[
c′

G(JMλL , � ∂AGεR)H − cG trN G(JMεR, � ∂AλL)S

]
(2.109)

featuring the second part of the third term of (2.104) and the first term of (2.106).
There is another such group with εR → εL and λL → λR .

We will tackle each of these groups separately in the following Lemmas.

Lemma 2.32 The term (2.107) equals zero.

Proof Evaluating (2.107) point-wise, applying the finite inner product and using the
normalization for the generators of the gauge group, yields up to a constant factor

f abc(JMλa
L , γ μλb

R)S (JMεL , γμλc
R)S . (2.110)

Here the f abc are the structure constants of the Lie algebra SU (N ). We employ a
Fierz transformation (See Appendix section ‘Fierz Transformations’), using C10 =
−C14 = 4, C11 = C13 = −2, C12 = 0, to rewrite (2.110) as
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f abc(JMλa
L , γ μλb

R)S (JMεL , γμλc
R)S

= −1

4
f abc

[
4(JMεL , λb

R)S (JMλa
L , λc

R)S − 2(JMεL , γμλb
R)S (JMλa

L , γ μλc
R)S

− 2(JMεL , γμγ 5λb
R)S (JMλa

L , γ μγ 5λc
R)S

− 4(JMεL , γ 5λb
R)S (JMλa

L , γ 5λc
R)S

]
.

The first and last terms on the right hand side of this expression are seen to cancel
each other, whereas the second and third term add. We retain

f abc(JMλa
L , γ μλb

R)S (JMεL , γμλc
R)S = f abc(JMλa

L , γ μλc
R)S (JMεL , γμλb

R)S .

Since f abc is fully antisymmetric in its indices, this expression equals zero.

Lemma 2.33 The term (2.108) equals zero if and only if

2ic′ = −cK . (2.111)

Proof If we use that the spin connection is Hermitian and employ (2.163), this yields:

∂μδAν + = c(JMεR, γν∇S
μλL).

Here we have used that [∇S
μ, JM ] = 0, that we have a flat metric and that ∇SεL ,R =

0. Now using that Aμ(JMεR, γνλL)S = (JMεR, AμγνλL)S and inserting these
results into the second part of (2.108) gives

c
K

2

∫

M
trN Fμν(JMεR, D[μγν]λL)S , Dμ = ∇S

μ − ig ad(Aμ).

Using Lemma 2.53 and employing the antisymmetry of Fμν we get

cK
∫

M
(JM FμνεR, DμγνλL)H .

Wetake thefirst termof (2.108) andwrite � ∂A F = iγ μ Dμγ νγ λFνλ.Wecan commute
the Dμ through the γ νγ λ-combination since themetric is flat. Employing the identity

γ μγ νγ λ = gμνγ λ + gνλγ μ − gμλγ ν + εσμνλγ 5γσ (2.112)

yields

� ∂A F = i
(
2gμνγ λ + εσμνλγ 5γσ )DμFνλ,
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where the totally antisymmetric pseudotensor εσμνλ is defined such that ε1234 = 1.
Applying this operator to εR gives

� ∂A FεR = 2igμνγ λ DμFνλεR = 2iγλ DμFμλεR,

for the other term cancels via the Bianchi identity and the fact that ∇SεR = 0. With
the above results, (2.108) is seen to be equal to

2ic′〈JλL , γν DμFμνεR〉 + cK
∫

M
(JM FμνεR, DμγνλL)H . (2.113)

Using the symmetry of the inner product, the result follows.

Lemma 2.34 The term (2.109) equals zero iff

cG = −c′
G . (2.114)

Proof Using the cyclicity of the trace, the symmetry property (2.165) of the inner
product and Lemma 2.53, the second term of (2.109) can be rewritten to

cG

∫

M
(JMλL , � ∂AGεR)H

from which the result immediately follows.

By combining the above three lemmas we can prove Theorem 2.5:

Proposition 2.35 A spectral triple whose finite part consists of a building block of the
first type (Definition 2.3) has a supersymmetric action (2.9)under the transformations
(2.103) iff

2ic′ = −cK , cG = −c′
G .

Second Building Block

We apply the transformations (2.10b), (2.31) and (2.32) to the terms in the action
that appear for the first time9 as a result of the new content of the spectral triple,
i.e. (2.29). In the fermionic part of the action, the second and fourth terms transform
under (2.31) to

9We need not investigate the terms originating from the Yang-Mills action, since together they were
already supersymmetric.
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〈JMψ R, γ 5λi RC̃i, j ψ̃〉 → 〈JM c′∗
i j γ

5[� ∂A, ψ̃]εL , γ 5λi RC̃i, j ψ̃〉 + 〈JM d ′∗
i j F∗

i j εR, γ 5λi RC̃i, j ψ̃〉
+ c′

i 〈JMψ R, γ 5Fi C̃i, j ψ̃εR〉 + c′
Gi

〈JMψ R, γ 5Gi C̃i, j ψ̃εR〉
+ 〈JMψ R, γ 5λi RC̃i, j ci j (JMεL , γ 5ψL )〉 (2.115)

and

〈JMψL , γ 5ψ̃C̃∗
i, j λi L 〉 → c′

i j 〈JMγ 5[� ∂A, ψ̃]εR, γ 5ψ̃C̃∗
i, j λi L 〉 + d ′

i j 〈JM Fi j εL , γ 5ψ̃C̃∗
i, j λi L 〉

+ c′
i 〈JMψL , γ 5γ μγ νψ̃C̃∗

i, j FiμνεL 〉 + c′
Gi

〈JMψL , γ 5ψ̃C̃∗
i, j Gi εL 〉

+ 〈JMψL , γ 5c∗
i j (JMεR, γ 5ψ R)C̃∗

i, j λi L 〉 (2.116)

respectively. We omit the terms with λ j L ,R instead of λi L ,R ; transformation of these
yield essentially the same terms. For the kinetic term of the R = 1 fermions (the first
term of (2.16)) we have under the same transformations:

〈JMψ R, � ∂AψL 〉 → 〈JM c′∗
i j γ

5[� ∂A, ψ̃]εL , � ∂AψL 〉 + gi ci 〈JMψ R, γ μ[(JMεL , γμλi R)

+ (JMεR, γμλi L )]ψL 〉 + 〈JMψ R, � ∂Ac′
i j γ

5[� ∂Aψ̃]εR〉
+ 〈JM d ′∗

i j F∗
i j εR, � ∂AψL 〉 + 〈JMψ R, � ∂Ad ′

i j Fi j εL 〉. (2.117)

As with the previous contributions to the action, we omit the terms δA j (instead of
δAi ) for brevity. In the bosonic action, we have the kinetic terms of the sfermions,
transforming to

trN j Dμψ̃ Dμψ̃ → +igi ci trN j

(
ψ̃[(JMεL , γμλi R) + (JMεR, γμλi L )]Dμψ̃

)

− igi ci trN j

(
Dμψ̃[(JMεL , γ μλi R) + (JMεR, γ μλi L )]ψ̃)

+ trN j

(
Dμc∗

i j (JMεR, γ 5ψ R)Dμψ̃
) + trN j

(
Dμψ̃ Dμci j (JMεL , γ 5ψL )

)

(2.118)

(and terms with λ j instead of λi ) and from the terms with the auxiliary fields we
have

trNi Pi ψ̃ψ̃Gi → trNi Pi ci j (JMεL , γ 5ψL)ψ̃Gi + trNi Pi ψ̃c∗
i j (JMεR, γ 5ψ R)Gi

+ cGi trNi Pi ψ̃ψ̃[(JMεL , � ∂Aλi R) + (JMεR, � ∂Aλi L)]. (2.119)

And finally we have the kinetic terms of the auxiliary fields Fi j , F∗
i j that transform to

tr F∗
i j Fi j → tr F∗

i j

[
di j (JMεR, � ∂AψL )S + di j,i (JMεR, γ 5λi Rψ̃)S − di j, j (JMεR, γ 5ψ̃λ j R)S

]

+ tr
[
d∗

i j (JMεL , � ∂Aψ R)S + d∗
i j,i (JMεL , γ 5ψ̃λi L )S − d∗

i j, j (JMεL , γ 5λ j L ψ̃)S

]
Fi j ,

(2.120)
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where the traces are overN⊕M
j . Analyzing the result of this, we can put them in groups

of terms featuring the very same fields. Each of these groups should separately give
zero in order to have a supersymmetric action. We have:

• Terms with four fermionic fields; the fifth term of (2.115), and part of the second
term of (2.117):

〈JMψ R, γ 5λi RC̃i, j ci j (JMεL , γ 5ψL)〉 + gi ci 〈JMψ R, γ μ(JMεL , γμλi R)ψL〉.
(2.121)

The third term of (2.116) and the other part of the second term of (2.117) give a
similar contribution but with εL → εR , λi L → λi R .

• Terms with one gaugino and two sfermions, consisting of the first term of (2.115),
part of the first and second terms of (2.118), and part of the third term of (2.119):

〈JM c′∗
i j γ

5[� ∂A, ψ̃]εL , γ 5λi RC̃i, j ψ̃〉 + igi ci

∫
trN j

(
ψ̃(JMεL , γμλi R)Dμψ̃

)

− igi ci

∫
trN j

(
Dμψ̃(JMεL , γ μλi R)ψ̃

) − cGi

∫
trNi Pi ψ̃ψ̃(JMεL , � ∂Aλi R).

(2.122)

The first term of (2.116), the other parts of the first and second terms of (2.118)
and the other part of the third term of (2.119) give similar terms but with εL → εR ,
λi R → λi L .

• Terms with two gauge fields, a fermion and a sfermion, consisting of the third term
of (2.115), the third term of (2.118) and the third term of (2.117):

c′
i 〈JMψ R, γ 5Fi C̃i, j ψ̃εR〉 +

∫
trN j

(
Dμc∗

i j (JMεR, γ 5ψ R)Dμψ̃
)

+ 〈JMψ R, � ∂Aγ 5c′
i j [� ∂A, ψ̃]εR〉. (2.123)

The fourth term of (2.116), the first term of (2.117) and the fourth term of (2.118)
make up a similar group but with εR → εL and ψ R → ψL .

• Terms with the auxiliary field Gi , consisting of the fourth term of (2.115) and the
second term of (2.119):

c′
Gi

〈JMψ R, γ 5Gi C̃i, j ψ̃εR〉 −
∫

trNi Pi ψ̃c∗
i j (JMεR, γ 5ψ R)Gi . (2.124)

The fifth term of (2.116) and the first term of (2.119) make up another such group
but with εR → εL and ψ R → ψL .

• Andfinally all termswith either Fi j or F∗
i j , consisting of the second termof (2.115),

the second term of (2.116), the fourth and fifth terms of (2.117) and the terms of
(2.120) (of which we have omitted the terms with λ j for now):



88 2 Supersymmetric Almost-Commutative Geometries

〈JM d ′∗
i j F∗

i jεR, γ 5λi RC̃i, j ψ̃〉 + 〈JM d ′∗
i j F∗

i jεR, � ∂AψL〉
−

∫
trN j F∗

i j

[
di j (JMεR, � ∂AψL)S + di j,i (JMεR, γ 5λi Rψ̃)S

]
(2.125)

and

〈JM Fi j d
′
i jεL , γ 5ψ̃C̃∗

i, jλi L〉 + 〈JMψ R, � ∂Ad ′
i j Fi jεL 〉

−
∫

trN j

[
d∗

i j (JMεL , � ∂Aψ R)S + d∗
i j,i (JMεL , γ 5ψ̃λi L)S

]
Fi j .

We will tackle each of these five groups in the next five lemmas. For the first
group we have:

Lemma 2.36 The expression (2.121) vanishes, provided that

1

2
C̃i, j ci j = −ci gi . (2.126)

Proof Since the expression contains only fermionic terms, we need to prove this via
a Fierz transformation, which is valid only point-wise. We will write

λi = λa ⊗ T a ∈ L2(S− ⊗ su(Ni )R),

ψL = ψmn ⊗ ei,m ⊗ ē j,n ∈ L2(S+ ⊗ Ni ⊗ No
j ),

ψ R = ψrs ⊗ e j,r ⊗ ēi,s ∈ L2(S− ⊗ N j ⊗ No
i ),

where a sum over a, m, n, r and s is implied, to avoid a clash of notation. Here the
T a are the generators of su(Ni ). Using this notation, (2.121) is point-wise seen to
be equivalent to

(JMψ jk, γ
5λa)(JMεL , γ 5C̃i, j ci jψi j )T

a
ki + gi ci (JMψ jk, γ

μψi j )(JMεL , γμλa)T a
ki .

Since it appears in both expressions,wemay simply omit T a
ki fromour considerations.

For brevity we will omit the subscripts of the fermions from here on. We then apply
a Fierz transformation (see Appendix section ‘Fierz Transformations’) for the first
term, giving:

(JMψ, γ 5λa)(JMεL , γ 5ψ)

= −C40

4
(JMψ,ψ)(JMεL , λa) − C41

4
(JMψ, γ μψ)(JMεL , γμλa)

− C42

4
(JMψ, γ μγ νψ)(JMεL , γμγνλa) − C43

4
(JMψ, γ μγ 5ψ)(JMεL , γμγ 5λa)

− C44

4
(JMψ, γ 5ψ)(JMεL , γ 5λa).
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(Note that the sum in the third term on the RHS runs over μ < ν, see Example 2.56.)
We calculate: C40 = C43 = C44 = −C41 = −C42 = 1 and use that ψ and ψ are of
opposite parity, as are ψ and λa , to arrive at

(JMψ, γ 5λa)(JMεL , γ 5ψ) = 1

4
(JMψ, γ μψ)(JMεL , γμλa)

− 1

4
(JMψ, γ μγ 5ψ)(JMεL , γμγ 5λa)

= 1

2
(JMψ, γ μψ)(JMεL , γμλa).

Remark 2.37 From the action there in fact arises also a similar group of terms as
(2.121), that reads

〈JMψ R, γ 5C̃ j,i ci j (JMεL , γ 5ψL)λ j R〉 − g j c j 〈JMψ R, γ μψL(JMεL , γμλ j R)〉,
(2.127)

where theminus sign comes from the one in (1.19). Performing the same calculations,
we find

1

2
C̃ j,i ci j = c j g j (2.128)

here.

Lemma 2.38 The term (2.122) vanishes provided that

1

2
c′∗

i j C̃i, j = −gi ci = Pi cGi . (2.129)

Proof Using that [JM , γ 5] = 0, (γ 5)∗ = γ 5 and (γ 5)2 = 1, the first term of (2.122)
can be rewritten as

c′∗
i j 〈JM [� ∂A, ψ̃]εL , λi RC̃i, j ψ̃〉 = c′∗

i j 〈JM ψ̃εL , � ∂Aλi RC̃i, j ψ̃〉,

where we have used the self-adjointness of � ∂ A. The third term of (2.122) can be
written as

gi ci 〈JM ψ̃εL , � ∂Aλi Rψ̃〉, (2.130)

where we have used that � ∂εL = 0. On the other hand, the second and fourth terms
of (2.122) can be rewritten to yield

+ igi ci

∫
trN j

(
ψ̃(JMεL , γμλi R)Dμψ̃

) − cGi trNi Pi ψ̃ψ̃(JMεL , � ∂Aλi R)S

= gi ci 〈JM ψ̃εL , � ∂Aλi Rψ̃〉 (2.131)

http://dx.doi.org/10.1007/978-3-319-24798-4_1
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provided that gi ci = −Pi cGi . Then the two terms (2.130) and (2.131) cancel,
provided that

c′∗
i j C̃i, j + 2gi ci = 0.

Lemma 2.39 The expression (2.123) vanishes, provided that

c∗
i j = c′

i j = −2ic′
i C̃i, j g

−1
i = 2ic′

j C̃ j,i g
−1
j . (2.132)

Proof We start with (2.123):

c′
i 〈JMψ R, γ 5Fi C̃i, j ψ̃εR〉 + c∗

i j

∫
trN j

(
Dμ(JMεR, γ 5ψ R)Dμψ̃

)

−c′
i j 〈JMψ R, γ 5 � ∂A[� ∂A, ψ̃]εR〉,

where we have used that {γ 5, � ∂ A} = 0. Note that the second term in this expression
can be rewritten as

−c∗
i j 〈JMψ R, γ 5DμDμψ̃εR〉

by using the cyclicity of the trace, the Leibniz rule for the partial derivative and
Lemma 2.51. (We have discarded a boundary term here.) Together, the three terms
can thus be written as

〈JMψ R, γ 5Oψ̃εR), O = c′
i C̃i, j Fi − c∗

i j DμDμ − c′
i j � ∂2A,

where we have used that � ∂εR = 0. We must show that the above expression can
equal zero. Using Lemma 2.49 we have, on a flat background:

� ∂2A + DμDμ = −1

2
γ μγ ν

Fμν = i

2
γ μγ ν(gi Fi

μν − g j F j o
μν )

since Aμ = −igiad(Aμ). Comparing the above equation with the expression for O
we see that if−c∗

i j = −c′
i j = 2ic′

i C̃i, j g
−1
i , the operatorO—applied to ψ̃εR—indeed

equals zero. From transforming the fermionic action we also obtain the term

c′
j 〈JMψ R, γ 5C̃i, j ψ̃FjεR〉

from which we infer the last equality of (2.132).

Lemma 2.40 The expression (2.124) vanishes, provided that

c∗
i jPi = c′

Gi
C̃i, j . (2.133)

Proof The second term of (2.124) is rewritten using Lemmas 2.51, 2.53 and 2.54 to
give
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−c∗
i j 〈JMψ R, γ 5GiPi ψ̃εR〉

establishing the result.

Then finally for the last group of terms we have:

Lemma 2.41 The expression (2.125) vanishes, provided that

di j = d ′∗
i j , di j,i = d ′∗

i j C̃i, j , di j, j = −d ′∗
i j C̃ j,i . (2.134)

Proof The first two identities of (2.134) are immediate. The third follows from the
term that we have omitted in (2.125), which is equal to the other term except that
λi Rψ̃ → ψ̃λ j R , C̃i, j → C̃ j,i and di j,i → −di j, j .

Combining the five lemmas above, we complete the proof of Theorem 2.12 with
the following proposition:

Proposition 2.42 A supersymmetric action remains supersymmetric O(Λ0) after
adding a ‘building block of the second type’ to the spectral triple if the scaled
parameters in the finite Dirac operator are given by

C̃i, j = εi, j

√
2

Ki
gi idM , C̃ j,i = ε j,i

√
2

K j
g j idM (2.135)

and if

c′
i j = c∗

i j = εi, j

√
2Ki ci = −ε j,i

√
2K j c j , (2.136a)

di j = d ′∗
i j = εi, j

√
Ki

2

di j,i

gi
= −ε j,i

√
K j

2

di j, j

g j
, (2.136b)

P2
i = g2

i K
−1

i , (2.136c)

cGi = εi

√
Ki ci , (2.136d)

with εi j , ε j i , εi ∈ {±}.
Proof Using Lemmas 2.36, 2.38–2.41, the action is seen to be fully supersymmetric
if the relations (2.126), (2.129), (2.132)–(2.134) can simultaneously be met. We can
combine (2.126) and the second equality of (2.132) to yield

ic′
i C̃

∗
i, j C̃i, j = g2

i c∗
i =⇒ C̃∗

i, j C̃i, j ci = −2g2
i

Ki
c∗

i ,

where in the last step we have used the relation (2.11) between ci and c′
i . Inserting

the expression for C̃i, j from (2.30) and assuming that ci ∈ iR to ensure the reality of
C̃i, j , we find the first relation of (2.135). The other parameter, C̃ j,i , can be obtained
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by invoking Remark 2.37 and using (2.132), leading to the second relation of (2.135).
Plugging the former result into (2.132) and (2.134) (and invoking (2.11)) gives the
second equality in (2.136a) and those of (2.136b) respectively. Combining (2.133),
(2.135) and the second equality of (2.136a), we find

cGi = −g−1
i KiPi ci . (2.137)

The combination of the second equality of (2.129) with (2.137) yields (2.136c).
Finally, plugging this result back into (2.137) gives (2.136d).

Note that upon setting Ki ≡ 1 (as should be done in the end) we recover the
well known results for both the supersymmetry transformation constants and the
parameters of the fermion–sfermion–gaugino interaction.

Third Building Block

The off shell counterparts of the new interactions that we get in the four-scalar action,
are of the form (c.f. (2.98))

S123,B [ζ, ζ̃ , F] =
∫

M

[
tr F∗

i j (βi j,k ψ̃ik ψ̃ jk ) + tr(ψ̃ jk ψ̃ ikβ∗
i j,k )Fi j + tr F∗

ik (β∗
ik, j ψ̃i j ψ̃ jk )

+ tr(ψ̃ jk ψ̃ i j βik, j )Fik + tr(β jk,i ψ̃ i j ψ̃ik )F∗
jk + tr(ψ̃ ik ψ̃i j β

∗
jk,i )Fjk

]

≡
∫

M

[
tr F∗

1 (β1ψ̃2ψ̃3) + tr(ψ̃3ψ̃1β2)F2 + tr(β3ψ̃1ψ̃2)F∗
3 + h.c.

]

→
∫

M

[
tr F∗

1 (β ′
1ψ̃2ψ̃3) + tr(ψ̃3ψ̃1β

′
2)F2 + tr(β ′

3ψ̃1ψ̃2)F∗
3 + h.c.

]
. (2.138)

Here we have already scaled the fields according to (2.28) and have written

β ′
1 := N −1

3 β1N
−1
2 , β ′

2 := N −1
3 β2N

−1
1 , β ′

3 := N −1
1 β3N

−1
2 . (2.139)

We apply the transformations (2.31) and (2.32) to the first term of (2.138) above,
giving:

tr F∗
1 (β ′

1ψ̃2ψ̃3) → tr
[(

d∗
1 (JMεL , � ∂Aψ1) + d∗

1,i (JMεL , γ 5ψ̃1λi L )

− d∗
1, j (JMεL , γ 5λ j L ψ̃1)

)
(β ′

1ψ̃2ψ̃3)

+ tr F∗
1 β ′

1c2(JMεR, γ 5ψ2)ψ̃3 + tr F∗
1 β ′

1ψ̃2(JMεR, γ 5ψ3)c
∗
3

]
,

(2.140)

where c1,2,3 should not be confused with the transformation parameter ci of the
building blocks of the first type. We have two more terms that can be obtained from
the above ones by interchanging the indices 1, 2 and 3:
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tr(ψ̃3ψ̃1β
′
2)F2 → tr

[
(ψ̃3ψ̃1β

′
2)

(
d2(JMεL , � ∂Aψ2) + d2,i (JMεL , γ 5λi L ψ̃2)S

− d2,k(JMεL , γ 5ψ̃2λkL )
)

+ tr c∗
3(JMεR, γ 5ψ3)ψ̃1β

′
2F2 + tr ψ̃3c∗

1(JMεR, γ 5ψ1)β
′
2F2

]

(2.141)

and

tr F∗
3 (β ′

3ψ̃1ψ̃2) → tr
[(

d∗
3 (JMεL , � ∂Aψ3)S + d∗

3, j (JMεL , γ 5ψ̃3λ j L )S

− d∗
3,k(JMεL , γ 5λkL ψ̃3)

)
(β ′

3ψ̃1ψ̃2)

+ tr F∗
3 β ′

3c∗
1(JMεR, γ 5ψ1)ψ̃2 + tr F∗

3 β ′
3ψ̃1c2(JMεR, γ 5ψ2)

]
.

(2.142)

We can omit the other half of the terms in (2.138) from our considerations.
We introduce the notation

Υ ′
1 := Υ1 N

−1
1 , Υ ′

2 := N −1
2 Υ2 , Υ ′

3 := Υ3 N
−1
3 , (2.143)

for the scaled version of the parameters. Then for three of the fermionic terms of
(2.97), after scaling the fields, we get:

〈JMψ1, γ
5ψ2ψ̃3Υ

′
3
∗〉 → 〈JM (c′∗

1 γ 5[� ∂A, ψ̃1]εL + d ′∗
1 F∗

1 εR), γ 5ψ2ψ̃3Υ
′
3
∗〉

+ 〈JMψ1, γ
5ψ2c∗

3(JMεR, γ 5ψ3)Υ
′
3
∗〉

+ 〈JMψ1, γ
5(c′

2γ
5[� ∂A, ψ̃2]εL + d ′

2F2εR)ψ̃3Υ
′
3
∗〉,
(2.144)

〈JMψ1, γ
5Υ ′

2
∗ψ̃2ψ3〉 → 〈JM (c′∗

1 γ 5[� ∂A, ψ̃1]εL + F∗
1 d ′∗

1 εR), γ 5Υ ′
2
∗ψ̃2ψ3〉

+ 〈JMψ1, γ
5Υ ′

2
∗c2(JMεR, γ 5ψ2)ψ3〉

+ 〈JMψ1, γ
5Υ ′

2
∗ψ̃2(c

′∗
3 γ 5[� ∂A, ψ̃3]εL + d ′∗

3 F∗
3 εR)〉,
(2.145)

and

〈JMψ3, γ
5ψ̃1Υ

′
1
∗ψ2〉 → 〈JM (c′∗

3 γ 5[� ∂A, ψ̃3]εL + d ′∗
3 F∗

3 εR), γ 5ψ̃1Υ
′
1
∗ψ2〉

+ 〈JMψ3, γ
5c∗

1(JMεR, γ 5ψ1)Υ
′
1
∗ψ2〉

+ 〈JMψ3, γ
5ψ̃1Υ

′
1
∗(γ 5[� ∂A, c′

2ψ̃2]εL + d ′
2F2εR)〉.

(2.146)

We can safely omit the other terms of the fermionic action (2.97).
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Collecting the terms from (2.140)–(2.146) containing the same variables, we
obtain the following groups of terms:

• a group with three fermionic terms:

〈JMψ1, γ
5ψ2c∗

3(JMεR, γ 5ψ3)Υ
′
3
∗〉 + 〈JMψ1, γ

5Υ ′
2
∗c2(JMεR, γ 5ψ2)ψ3〉

+ 〈JMψ3, γ
5c∗

1(JMεR, γ 5ψ1)Υ
′
1
∗ψ2〉

= 〈JMψ1, γ
5ψ2ac∗

3(JMεR, γ 5ψ3b)〉(Υ ′
3
∗)ba

+ 〈JMψ1, γ
5c2(JMεR, γ 5ψ2a)ψ3b〉(Υ ′

2
∗)ba

+ 〈JMψ3b, γ
5c∗

1(JMεR, γ 5ψ1)ψ2a〉(Υ ′
1
∗)ba, (2.147)

consisting of part of the second term of (2.144), the second term of (2.145) and the
second term of (2.146). Here we have explicitly written possible family indices
and have assumed that it is ψ̃i j and ψi j that lack these.

• Three similar groups containing all terms with the auxiliary fields F∗
1 , F2 and F∗

3
respectively:

〈JM d ′∗
1 F∗

1 εR, γ 5ψ2ψ̃3Υ
′
3
∗〉 + 〈JM d ′∗

1 F∗
1 εR, γ 5Υ ′

2
∗ψ̃2ψ3〉

+
∫

M
tr F∗

1 β ′
1c2(JMεR, γ 5ψ2)ψ̃3 + tr F∗

1 β ′
1ψ̃2c∗

3(JMεR, γ 5ψ3), (2.148a)

〈JMψ1, γ
5d ′

2F2ψ̃3Υ
′
3
∗εR〉 + 〈JMψ3, γ

5ψ̃1Υ
′
1
∗d ′

2F2εR)〉
+

∫

M
tr ψ̃3c∗

1(JMεR, γ 5ψ1)β
′
2F2 + tr c∗

3(JMεR, γ 5ψ3)ψ̃1β
′
2F2 (2.148b)

and

〈JMψ1, γ
5Υ ′

2
∗ψ̃2d ′∗

3 F∗
3 εR〉 + 〈JM d ′∗

3 F∗
3 εR, γ 5ψ̃1Υ

′
1
∗ψ2〉

+
∫

M
tr F∗

3 β ′
3c∗

1(JMεR, γ 5ψ1)ψ̃2 + tr F∗
3 β ′

3ψ̃1c2(JMεR, γ 5ψ2), (2.148c)

where, for example, the first group comes from parts of the first terms of (2.144)
and of (2.145) and from the last two terms of (2.140).

• A group with the gauginos λi L , λ j L :

∫

M
tr

[
d∗
1,i (JMεL , γ 5ψ̃1λi L) − d∗

1, j (JMεL , γ 5λ j L ψ̃1)
]
(β ′

1ψ̃2ψ̃3)

+ tr(ψ̃3ψ̃1β
′
2)

[
d2,i (JMεL , γ 5λi L ψ̃2) − d2,k(JMεL , γ 5ψ̃2λkL)

]

+ tr
[
d∗
3, j (JMεL , γ 5ψ̃3λ j L) − d∗

3,k(JMεL , γ 5λkL ψ̃3)
]
(β ′

3ψ̃1ψ̃2),

(2.149)

coming from the second and third terms of (2.140)–(2.142) respectively.
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• And finally three groups of terms containing the Dirac operator � ∂ A:

〈JMψ1, c′
2[� ∂A, ψ̃2]ψ̃3Υ

′
3
∗εL〉 + 〈JMψ1, Υ

′
2
∗ψ̃2c′∗

3 [� ∂A, ψ̃3]εL〉
+

∫

M
tr d∗

1 (JMεL , � ∂Aψ1)β
′
1ψ̃2ψ̃3, (2.150a)

〈JM c′∗
1 [� ∂A, ψ̃1]εL , ψ2ψ̃3Υ

′
3
∗〉 + 〈JM c′∗

3 [� ∂A, ψ̃3]εL , ψ̃1Υ
′
1
∗ψ2〉

+
∫

M
tr ψ̃3ψ̃1β

′
2d2(JMεL , � ∂Aψ2), (2.150b)

and

〈JM c′∗
1 [� ∂A, ψ̃1]εL , Υ ′

2
∗ψ̃2ψ3〉 + 〈JMψ3, ψ̃1Υ

′
1
∗c′

2[� ∂A, ψ̃2]εL〉
+

∫

M
tr d∗

3 (JMεL , � ∂Aψ3)β
′
3ψ̃1ψ̃2, (2.150c)

coming from parts of the first and third terms of (2.144)–(2.146) and from the first
terms of (2.140)–(2.142).

Lemma 2.43 The group (2.147) vanishes, provided that

c∗
3Υ

′
3
∗ = c2Υ

′
2
∗ = c∗

1Υ
′
1
∗ (2.151)

Proof Since the terms contain four fermions, wemust employ a Fierz transformation
(Appendix section ‘Fierz Transformations’). Point-wise, we have for the first term
of (2.147) (omitting its pre-factor for now):

(JMψ1, γ
5ψ2)(JMεR, γ 5ψ3)

= −C40

4
(JMψ1, ψ3)(JMεR, ψ2) − C41

4
(JMψ1, γ

μψ3)(JMεR, γμψ2)

− C42

4
(JMψ1, γ

μγ νψ3)(JMεR, γμγνψ2) − C43

4
(JMψ1, γ

μγ 5ψ3)(JMεR, γμγ 5ψ2)

− C44

4
(JMψ1, γ

5ψ3)(JMεR, γ 5ψ2)

= −1

2
(JMψ1, γ

5ψ3)(JMεR, γ 5ψ2) + 1

4
(JMψ1, γ

μγ νψ3)(JMεR, γμγνψ2),

where we have used that C40 = C44 = −C42 = 1 and that all fermions are of the
same chirality. (Note that the sum in the last term runs over μ < ν, see Example
2.56.) Similarly, we can take the third term of (2.147), use the symmetries of the
inner product for both terms, and apply the same transformation. This yields
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(JMψ3, γ
5(JMεR, γ 5ψ1)ψ2)

= (JMψ2, γ
5ψ3)(JMψ1, γ

5εR)

= −1

2
(JMψ2, γ

5εR)(JMψ1, γ
5ψ3) + 1

4
(JMψ2, γ

μγ νεR)(JMψ1, γμγνψ3)

= −1

2
(JMεR, γ 5ψ2)(JMψ1, γ

5ψ3) − 1

4
(JMεR, γ μγ νψ2)(JMψ1, γμγνψ3),

(2.152)

where we have used the symmetries (2.164) for the second inner product in each of
the two terms of (2.152). We can add the two results, yielding

(JMψ1, γ
5ψ2)(JMεR, γ 5ψ3c∗

3Υ
′
3
∗) + (JMψ3, γ

5(JMεR, γ 5ψ1)c
∗
1Υ

′
1
∗ψ2)

= −1

2
(c∗

1Υ
′
1
∗ + c∗

3Υ
′
3
∗)ba(JMψ1, γ

5ψ3b)(JMεR, γ 5ψ2a)

+ 1

4
(c∗

3Υ
′
3
∗ − c∗

1Υ
′
1
∗)ba(JMεR, γ μγ νψ2a)(JMψ1, γ

μγ νψ3b).

When c∗
3Υ

′
3
∗ = c∗

1Υ
′
1
∗ = c2Υ ′

2
∗, this result is seen to cancel the remaining term in

(2.147).

Lemma 2.44 The groups of terms (2.148) vanish, provided that

c2β
′
1 = −d ′∗

1 Υ ′
3
∗, c∗

3β
′
1 = −d ′∗

1 Υ ′
2
∗, c∗

3β
′
2 = −d ′

2Υ
′
1
∗,

c∗
1β

′
2 = −d ′

2Υ
′
3
∗, c∗

1β
′
3 = −d ′∗

3 Υ ′
2
∗, c2β

′
3 = −d ′∗

3 Υ ′
1
∗. (2.153)

Proof This can readily be seen upon using Lemma 2.51, the cyclicity of the trace
and Lemma 2.53.

Lemma 2.45 The group of terms (2.149) vanishes, provided that

d∗
1,iβ

′
1 = −d2,iβ

′
2, d∗

1, jβ
′
1 = d∗

3, jβ
′
3, d2,kβ

′
2 = −d∗

3,kβ
′
3. (2.154)

Proof This can readily be seen upon using the cyclicity of the trace and Lemma 2.53.

Lemma 2.46 The three groups of terms (2.150) vanish, provided that

Υ ′
3
∗c′

2 = c′∗
3 Υ ′

2
∗ = −d∗

1β ′
1, Υ ′

3
∗c′∗

1 = c′∗
3 Υ ′

1
∗ = −β ′

2d2, c′∗
1 Υ ′

2
∗ = Υ ′

1
∗c′

2 = −d∗
3β ′

3.

(2.155)

Proof This can be checked quite easily using the symmetry (2.164), the Leibniz rule
for � ∂ A and the fact that it is self-adjoint, that εL ,R vanish covariantly and Lemmas
2.53 and 2.54.

Combining the above lemmas, we get:
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Proposition 2.47 The extra action as a result of adding a building block Bi jk of

the third type is supersymmetric if and only if the coefficients Υ
j

i , Υ k
i and Υ

k
j are

related to each other via

Υ
j

i C−1
i i j = −(C∗

i ik)
−1Υ k

i , Υ
j

i C−1
i j j = −Υ

k
j C−1

j jk, (C∗
ikk)

−1Υ k
i = −Υ

k
j C−1

jkk,

(2.156)

the constants of the transformations satisfy

|d1|2 = |d2|2 = |d3|2 = |c1|2 = |c2|2 = |c3|2 (2.157)

and the coefficients β ′
i j are given by

β ′∗
1 β ′

1 = β ′∗
2 β ′

2 = β ′∗
3 β ′

3 = Υ ′
1Υ

′
1
∗ = Υ ′

2Υ
′
2
∗ = Υ ′

3Υ
′
3
∗. (2.158)

Proof First of all, we plug the intermediate result (2.126) for C̃i, j as given by (2.30)
(but keeping in mind the results of Remark 2.37) into the Hermitian conjugate of the
result (2.151) such that pairwise the same combination ci gi appears on both sides.
This yields

Υ
j

i (−2ci gi )C
−1
i i j = (−2ci gi C

−1
i ik )∗Υ k

i , Υ
j

i (2c j g j C
−1
i j j ) = Υ

k
j (−2c j g j )C

−1
j jk,

(2ck gkC−1
ikk)

∗Υ k
i = Υ

k
j (2ck gk)C

−1
jkk .

Using that the ci, j,k are purely imaginary (cf. Theorem 2.42), we obtain (2.156).
Secondly, comparing the relations (2.153) with (2.155) gives

d1d ′
1 = (c2c′

2)
∗ = c3c′

3, (d2d ′
2)

∗ = c1c′
1 = c3c′

3, d3d ′
3 = c1c′

1 = (c2c′
2)

∗.

Using the relations (2.136a) and (2.136b) between the constraints, (2.157) follows.
Plugging the relations from (2.157) into those of (2.153), we obtain

β ′∗
1 β ′

1 = Υ ′
3Υ

′
3
∗ = Υ ′

2Υ
′
2
∗, β ′∗

2 β ′
2 = Υ ′

1Υ
′
1
∗ = Υ ′

3Υ
′
3
∗, β ′∗

3 β ′
3 = Υ ′

2Υ
′
2
∗ = Υ ′

1Υ
′
1
∗,

from which (2.158) directly follows.

N.B. Using (2.139) and (2.143) we can phrase the identities (2.158) in terms of
the unscaled quantities β1,2,3 and Υ1,2,3 as

N −1
3 β2 = β3N

−1
2 = Υ1

∗, N −1
3 β1 = β3N

−1
1 = Υ2

∗, N −1
1 β2 = β1N

−1
2 = Υ3

∗,

where we have used that N1 ∈ R since ψ̃1 has R = 1 (and consequently multiplic-
ity 1).
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Fourth Building Block

Phrased in terms of the auxiliary field F11′ =: F , a building block of the fourth type
induces the following action:

1

2
〈JMψ, γ 5Υ ∗

mψ〉 + 1

2
〈JMψ, γ 5Υmψ 〉 − tr

(
F∗γ ψ̃ + h.c.

)
.

Here we have written ψ := ψ11′L , ψ := ψ11′ R and ψ̃ := ψ̃11′ for conciseness.
Transforming the fields that appear in the above action, we have the following.

• From the first term:

1

2
〈JM (c∗γ 5[� ∂A, ψ̃]εR + d∗ FεL ), γ 5Υ ∗

mψ〉 + 1

2
〈JMψ, γ 5Υ ∗

m(c∗γ 5[� ∂A, ψ̃]εR + d∗ FεL )〉.

• From the second term:

1

2
〈JM (cγ 5[� ∂A, ψ̃ ]εL + d F∗εR), γ 5Υmψ 〉 + 1

2
〈JMψ, γ 5Υm(cγ 5[� ∂A, ψ̃ ]εL + d F∗εR)〉.

• From the terms with the auxiliary fields:

− tr
[
d∗(JMεL , � ∂Aψ) + d ′∗(JMεL , γ 5ψ̃λ1L) − d ′′∗(JMεL , γ 5λ1′L ψ̃)

]
γ ψ̃

− c∗ tr F∗γ (JMεR, γ 5ψ)

and

− tr ψ̃γ ∗[d(JMεR, � ∂Aψ) + d ′(JMεR, γ 5λ1Rψ̃) − d ′′(JMεR, γ 5ψ̃λ1′ R)
]

− c tr(JMεL , γ 5ψ)γ ∗F.

Here we have written c := ci j , d := di j (where we have expressed c′∗
i j as ci j and

d ′∗
i j as di j using (2.136a) and (2.136b)) and d ′ := d11′,1, d ′′ := d11′,1′ . We group all
terms according to the fields that appear in them, leaving essentially the following
three.

• The group consisting of all terms with F∗ and ψ :

1

2
〈JM d F∗εR, γ 5Υmψ 〉 + 1

2
〈JMψ, γ 5Υmd F∗εR〉 − c∗

∫

M
tr F∗γ (JMεR, γ 5ψ)

= 〈JM F∗εR, γ 5(dΥm − c∗γ )ψ 〉,

where we have used the symmetry of the inner product from Lemmas 2.51 and
2.53. This group thus only vanishes if



Appendix 2. Supersymmetric Spectral Actions: Proofs 99

dΥm = c∗γ. (2.159)

There is also a group of terms featuring F and ψ, but this is of the same form as
the one above.

• A group of three terms with ψ and ψ̃ :

1

2
〈JM c∗γ 5[� ∂A, ψ̃]εR, γ 5Υ ∗

mψ〉 + 1

2
〈JMψ, γ 5Υ ∗

mc∗γ 5[� ∂A, ψ̃]εR〉

−
∫

M
tr ψ̃γ ∗d(JMεR, � ∂Aψ) = 〈JM c∗γ 5[� ∂A, ψ̃]εR, γ 5Υ ∗

mψ〉 − 〈JM ψ̃εR, � ∂Aγ ∗dψ〉,

where also here we have used Lemmas 2.51 and 2.53. Using the self-adjointness
of � ∂ A this is only seen to vanish if

c∗Υ ∗
m = γ ∗d. (2.160)

There is also a group of terms featuring ψ and ψ̃ but these are seen to be of the
same form as the terms above.

• Finally, there are terms that feature gauginos:

−
∫

M

[
tr d ′∗(JMεL , γ 5ψ̃λ1L) − d ′′∗(JMεL , γ 5λ1′L ψ̃)

]
γ ψ̃

−
∫

M
tr ψ̃γ ∗[d ′(JMεR, γ 5λ1Rψ̃) − d ′′(JMεR, γ 5ψ̃λ1′ R)

]
.

This expression is immediately seen to vanish when

d ′∗λ1L = d ′′∗λ1′L , d ′λ1R = d ′′λ1′ R .

For this to happen we need that the gauginos are associated to each other and that
d ′ = d ′′.

Combining the demands (2.159) and (2.160) we obtain

Υ ∗
mΥm = |c|2

|d|2 γ ∗γ = |d|2
|c|2 γ ∗γ

i.e.

Υ ∗
mΥm = γ ∗γ, |d|2 = |c|2.
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Fifth Building Block

We transform the fields that appear in the action according to (2.31) and (2.32). We
suppress the indices i and j as much as possible, writing c ≡ ci j , d ≡ di j for the
transformation coefficients (2.32) of the building block B+

i j of the second type. We
eliminate c′

i j and d ′
i j in these transformations using the first relations of (2.136a) and

(2.136b) so that we can write c′, d ′ for those associated to B−
i j .

The first fermionic term of (2.78) transforms as

〈JMψ R, γ 5μψ ′
R〉 → 〈JM (γ 5c[� ∂A, ψ̃]εL + d F∗εR), γ 5μψ ′

R〉
+ 〈JMψ R, γ 5μ(c′∗γ 5[� ∂A, ψ̃ ′]εL + d ′∗F ′εR)〉.

The second fermionic term of (2.78) transforms as

〈JMψ
′
L , γ 5μ∗ψL〉 → 〈JM (c′γ 5[� ∂A, ψ̃

′]εR + d ′F ′∗εL), γ 5μ∗ψL〉
+ 〈JMψ

′
L , γ 5μ∗(c∗γ 5[� ∂A, ψ̃]εR + d∗FεL)〉.

The four terms in (2.79) transform as

−
∫

M
tr F ′∗δψ̃ → −

∫

M

(
tr

[
d ′∗(JMεR, � ∂Aψ

′
L ) + d ′∗

i j,i (JMεR, γ 5ψ̃
′
λi R)

− d ′∗
i j, j (JMεR, γ 5λ j Rψ̃

′
)
]
δψ̃ + tr F ′∗δc(JMεL , γ 5ψL )

)
,

−
∫

M
tr F∗δ′ψ̃ ′ → −

∫

M

(
tr

[
d∗(JMεL , � ∂Aψ R) + d∗

i j,i (JMεL , γ 5ψ̃λi L )

− d∗
i j, j (JMεL , γ 5λ j L ψ̃)

]
δ′ψ̃ ′ + tr F∗δ′c′(JMεR, γ 5ψ ′

R)
)
,

−
∫

M
tr ψ̃δ∗F ′ → −

∫

M

(
tr c∗(JMεR, γ 5ψ R)δ∗F ′ + tr ψ̃δ∗[

d ′(JMεL , � ∂Aψ ′
R)

+ d ′
i j,i (JMεL , γ 5λi L ψ̃ ′) − d ′

i j, j (JMεL , γ 5ψ̃ ′λ j L )
])

and

−
∫

M
tr ψ̃

′
δ′∗F → −

∫

M

(
tr c′∗(JMεL , γ 5ψ

′
L)δ′∗F + tr ψ̃

′
δ′∗[d(JMεR, � ∂AψL)

+ di j,i (JMεR, γ 5λi Rψ̃) − di j, j (JMεR, γ 5ψ̃λ j R)
])

.

We group all terms that feature the same fields, which gives

• a group with F and F ′:
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d ′∗〈JMψ R, γ 5μF ′εR〉 + d∗〈JMψ
′
L , γ 5μ∗FεL〉

−
∫

M

(
tr c∗(JMεR, γ 5ψ R)δ∗F ′ + tr c′∗(JMεL , γ 5ψ

′
L)δ′∗F

)
.

Using Lemmas 2.54 and 2.53 and employing the symmetries of the inner product
(Lemma 2.51), this is seen to equal

d ′∗〈JMψ R, γ 5μF ′εR〉 + d∗〈JMψ
′
L , γ 5μ∗FεL〉

− c∗〈JMψ R, γ 5δ∗F ′εR〉 − c′∗〈JMψ
′
L , γ 5δ′∗FεL〉

= 〈JMψ R, γ 5[d ′∗μ − c∗δ∗]F ′εR〉 + 〈JMψ
′
L , γ 5[d∗μ∗ − c′∗δ′∗]FεL〉.

This only vanishes if

d ′∗μ = c∗δ∗, d∗μ∗ = c′∗δ′∗. (2.161)

• a group with F∗ and F ′∗, that vanishes automatically if and only if (2.161) is
satisfied.

• a group featuring ψ ′
R and ψL :

〈JM c[� ∂A, ψ̃]εL , μψ ′
R〉 + c′〈JM [� ∂A, ψ̃

′]εR, μ∗ψL〉
−

∫

M

(
tr ψ̃δ∗d ′(JMεL , � ∂Aψ ′

R) + tr ψ̃
′
δ′∗d(JMεR, � ∂AψL)

)
.

Employing Lemmas 2.53 and 2.54 this is seen to equal

〈JM c[� ∂A, ψ̃]εL , μψ ′
R〉 + c′〈JM [� ∂A, ψ̃

′]εR, μ∗ψL〉
− d ′〈JM ψ̃δ∗εL , � ∂Aψ ′

R〉 − d〈JM ψ̃
′
δ′∗εR, � ∂AψL〉.

Using the self-adjointness of � ∂ A, that [μ, � ∂ A] = 0 and the symmetries of the inner
product, this reads

〈JM ψ̃εL ,
[
cμ − d ′δ∗] � ∂ Aψ ′

R〉 + 〈JM ψ̃
′
εR,

[
c′μ∗ − dδ′∗] � ∂ AψL〉.

We thus require that

cμ = d ′δ∗, c′μ∗ = dδ′∗ (2.162)

for this to vanish.
• a group with ψ R and ψ

′
L that vanishes if and only if (2.162) is satisfied.

• a group with the left-handed gauginos:
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−
∫

M

(
tr

[
d∗

i j,i (JMεL , γ 5ψ̃λi L) − d∗
i j, j (JMεL , γ 5λ j L ψ̃)

]
δ′ψ̃ ′

+ tr ψ̃δ∗[d ′
i j,i (JMεL , γ 5λi L ψ̃ ′) − d ′

i j, j (JMεL , γ 5ψ̃ ′λ j L)
])

= −〈JM
(
d∗

i j,iδ
′ψ̃ ′ψ̃ + d ′

i j,i ψ̃
′ψ̃δ∗)εL , γ 5λi L〉

+ 〈JM
(
d∗

i j, j ψ̃δ′ψ̃ ′ + d ′
i j, j ψ̃δ∗ψ̃ ′)εL , γ 5λ j L〉,

where we have used Lemmas 2.54 and 2.53. For this to vanish, we require that

d∗
i j,iδ

′ = −d ′
i j,iδ

∗, d∗
i j, jδ

′ = −d ′
i j, jδ

∗.

Inserting (2.162) above this is equivalent to

d∗
i j,i

c′∗

d∗ = −d ′
i j,i

c

d ′ , d∗
i j, j

c′∗

d∗ = −d ′
i j, j

c

d ′ .

• A group with the right-handed gauginos

−
∫

M
tr

[
d ′∗

i j,i (JMεR, γ 5ψ̃
′
λi R) − d ′∗

i j, j (JMεR, γ 5λ j Rψ̃
′
)
]
δψ̃

−
∫

M
tr ψ̃

′
δ′∗[di j,i (JMεR, γ 5λi Rψ̃) − di j, j (JMεR, γ 5ψ̃λ j R)

]

= −〈JM
(
d ′∗

i j,iδψ̃ψ̃
′ + di j,i ψ̃ψ̃

′
δ′∗)εR, γ 5λi R〉

+ 〈JM
(
d ′∗

i j, j ψ̃
′
δψ̃ + di j, j ψ̃

′
δ′∗ψ̃

)
εR, γ 5λ j R〉,

which vanishes iff

d ′∗
i j,iδ = −di j,iδ

′∗, d ′∗
i j, jδ = −di j, jδ

′∗.

Combining all relations, above, we require that

|c|2 = |d ′|2, |c′|2 = |d|2, |di j,i |2 = |d ′
i j,i |2, |di j, j |2 = |d ′

i j, j |2,

for the transformation constants and

δδ∗ = μ∗μ, δ′δ′∗ = μμ∗

for the parameters in the off shell action.
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Appendix 3. Auxiliary Lemmas and Identities

In this section we provide some auxiliary lemmas and identities that are used in
and throughout the previous proofs. The following two results can be found in any
textbook on spin geometry, such as [12].

Lemma 2.48 For the spin-connection ∇S : Γ (S) → A 1(M) ⊗C∞(M) Γ (S) on a
flat manifold we have:

[∇S, γ μ] = 0. (2.163)

Lemma 2.49 Let � ∂A = −ic ◦ (∇S +A) and Dμ = (∇S +A)μ. For a flat manifold,
we have locally:

� ∂2A + DμDμ = −1

2
γ μγ ν

Fμν.

Corollary 2.50 By applying the previous result, we have for ζ̃ik ∈ C∞(M, Ni⊗Nk),
ε ∈ L2(M, S)

( � ∂A[� ∂A, ζ̃ik]ε + Dμ[Dμ, ζ̃ik])ε = 1

2
[F, ζ̃ik]ε + [Dμ, ζ̃ik]∇S

με + [� ∂A, ζ̃ik]� ∂ε,

where the term with R vanished due to the commutator.

Lemma 2.51 Let M be a four-dimensional Riemannian spin manifold and 〈 . , . 〉 :
L2(S) × L2(S) → C the inner product on sections of the spinor bundle. For P a
basis element of Γ (Cl(M)), we have the following identities:

〈JMζ1,Pζ2〉 = πP 〈JMζ2,Pζ1〉, πP ∈ {±},

for any ζ1,2, the Grassmann variables corresponding to ζ ′
1,2 ∈ L2(S). The signs πP

are given by

πid = 1, πγ μ = −1, πγ μγ ν = −1 (μ < ν),

πγ μγ 5 = 1, πγ 5 = 1. (2.164)

Proof Using that J 2
M = −1 and 〈JMζ ′

1, JMζ ′
2〉 = 〈ζ ′

2, ζ
′
1〉, we have

〈JMζ ′
1,Pζ ′

2〉 = −〈JMζ ′
1, J 2

MPζ ′
2〉 = −〈JMPζ ′

2, ζ
′
1〉.

When considering Grassmann variables, we obtain an extra minus sign (see the
discussion in [10, Sect. 4.2.6]). From JMγ μ = −γ μ JM , (γ μ)∗ = γ μ and γ μγ ν =
−γ νγ μ for μ �= ν, we obtain the result.
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Corollary 2.52 Similarly ([7, Sect.4]) we find by using that � ∂∗
M = � ∂ M and

JM � ∂ M = � ∂ M JM , that

〈JMζ1, � ∂ Mζ2〉 = 〈JMζ2, � ∂ Mζ1〉 (2.165)

for the Grassmann variables corresponding to any two ζ ′
1,2 ∈ L2(S).

Lemma 2.53 For any ψ̃ ∈ C∞(M, Ni ⊗No
j ), ψ ∈ L2(S⊗N j ⊗No

i ) and ε ∈ L2(S)

we have

trNi ψ̃(JMε, ψ)S = (J ψ̃ε, ψ)H .

Proof This can be seen easily by writing out the elements in full detail:

ζ̃ = f ⊗ e ⊗ ē′, ψ = ζ ⊗ η ⊗ η̄′, f ∈ C∞(M,C), ζ ∈ L2(S).

Lemma 2.54 Let ψ1 ∈ L2(S ⊗ Ni ⊗ No
j ), ψ2 ∈ L2(S ⊗ Nk ⊗ No

i ), ψ2 ∈ L2(S ⊗
N j ⊗ No

k), ψ̃ ∈ C∞(M, N j ⊗ No
k) and ψ̃ ′ ∈ C∞(M, Nk ⊗ No

i ), then

〈Jψ1ψ̃, ψ2〉 = 〈Jψ1, ψ̃ψ2〉 and 〈Jψ1, ψ2ψ̃
′〉 = 〈J ψ̃ ′ψ1, ψ2〉. (2.166)

Proof This can simply be proven by using that the right action is implemented via
J and that J is an anti-isometry with J 2 = ±.

Fierz Transformations

Details for the Fierz transformation in this context can be found in the Appendix of
[2] but we list the main result here.

Definition 2.55 (Orthonormal Clifford basis) Let Cl(V ) be the Clifford algebra
over a vector space V of dimension n. Then γK := γk1 . . . γkr for all strictly ordered
sets K = {k1 < · · · < kr } ⊆ {1, . . . , n} form a basis for Cl(V ). If γK is as above,
we denote with γ K the element γ k1 . . . γ kr . The basis spanned by the γK is said to
be orthonormal if tr γK γL = nnK δK L ∀ K , L . Here nK := (−1)r(r−1)/2, where r
denotes the cardinality of the set K and with δK L we mean

δK L =
{
1 if K = L
0 else

. (2.167)

Example 2.56 Take V = R
4 and let Cl(4, 0) be the Euclidean Clifford algebra [i.e.

with signature (+ + + +)]. Its basis are the sixteen matrices
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1

γμ (4 elements)

γμγν (μ < ν) (6 elements)

γμγνγλ (μ < ν < λ) (4 elements)

γ1γ2γ3γ4 =: −γ5.

We can identify

γ1γ2γ3 = γ4γ5, γ1γ3γ4 = γ2γ5 γ1γ2γ4 = −γ3γ5, γ2γ3γ4 = −γ1γ5,

(2.168)

establishing a connection with the basis most commonly used by physicists.

We then have the following result:

Proposition 2.57 ((Generalized) Fierz identity) If for any two strictly ordered sets
K , L there exists a third strictly ordered set M and c ∈ N such that γK γL = c γM ,
we have for any ψ1, . . . , ψ4 in the n-dimensional spin representation of the Clifford
algebra

〈ψ1, γ
K ψ2〉〈ψ3, γK ψ4〉 = −1

n

∑

L

CK L 〈ψ3, γ
Lψ2〉〈ψ1, γLψ4〉, (2.169)

where the constants CL K ≡ nL fL K , fL K ∈ N are defined via γ K γ LγK = fK Lγ L

(no sum over L). Here we have denoted by 〈., .〉 the inner product on the spinor
representation.
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