Chapter 6
Introduction to Flying Robots

6.1 Introduction

In this chapter we discuss helicopter flying robots. Unlike airplanes, helicopters
have the ability to hover at a fixed position in space. Their source of propulsion is
a collection of one or more rotors that can be thought of as rotating wings—see
Fig.6.1. Similar to a wing, the relative velocity between the rotor blades and the
surrounding air generates a force transversal to the rotor plane. This force can be
reasonably assumed to be orthogonal to the rotor plane and to have a magnitude
proportional to the squared speed of rotation.

A rotor alone is not sufficient to produce stable flight. Some mechanism is required
to steer the helicopter, for otherwise one would have no way to affect the direction
of flight. Additionally, by Newton’s third law, a torque on the rotor shaft will cause
an opposite torque on the helicopter body, causing the helicopter to spin about the
rotor axis. One must therefore devise a way to counteract this spin and to produce
steering torques. There are many ways to achieve these desired properties; we will
mention a few.

6.1.1 Common Flying Robots

A ducted fan aircraft, schematically depicted in Fig.6.2, has only one rotor and
two pairs of ailerons underneath it. Each aileron pair works like the ailerons on the
wings of an airplane, producing torques about two orthogonal axes. Together, the
four ailerons produce torques around three independent axes, and can be used to
steer the aircraft while preventing it from spinning.

A conventional helicopter has two rotors. The main rotor generates a lift force
while the tail rotor stabilizes the spin. The main rotor is mounted on a swash plate
that varies the pitch of the rotor blades to produce appropriate roll and pitch torques.
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Fig. 6.1 The rotor of a k w2
helicopter, rotating with

speed w and producing a lift

force with magnitude kw?
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The configuration of a conventional helicopter is not ideal for a miniature flying
robot, since the energy expended by the tail rotor is not used to generate lift. A more
energy efficient configuration is that of a co-axial helicopter, displayed in Fig.6.3.
This helicopter has two rotors mounted on a common axis and rotating in opposite
directions. In this configuration, both rotors contribute to producing a lift force.
Moreover, if 7, and 7, denote the torques applied by motors to the two rotors—see
Fig.6.3—then the helicopter body is subjected to a differential torque, 7, — 7,,
about the rotor axis, which can be used to prevent the helicopter from spinning. Like
conventional helicopters, coaxial helicopters often use swash plates for steering.

Quadrotor helicopters (also called quadrocopters) are the most common flying ro-
bots. The structure of a quadrotor helicopter is shown in Fig. 6.4. It has four coplanar
rotors. Viewed from the top, the rotor shafts are placed on the vertices of a square.
Two rotors on a diagonal of the square rotate clockwise; the other two rotate coun-
terclockwise. In Fig.6.4, 7, denotes the torque that the ith motor applies to rotor
i, and f,, denotes the magnitude of the force generated by rotor i (7,, and f, are
naturally related to one another; we will discuss this relationship later). As a result
of this arrangement, three torques are applied about the body axes {b1, by, b3} of
Fig.6.4. By Newton’s third law, the torque 7, + 7, — 7, — 7, is applied about
axis b3; forces f,, and f,, produce a moment about axis by, resulting in the torque
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Fig. 6.4 Quadrotor
helicopter

[(f+; — fr,); similarly, forces f,; and f;, produce the torque /( f,; — f;,) about axis
b>. Finally, the sum of the four forces f,, + --- 4 f,, is the total vertical thrust on
the helicopter.

6.1.2 Onboard Sensors

Every flying robot is equipped with an inertial measurement unit (IMU). IMUs typi-
cally contain three accelerometers, three rate-gyroscopes, and three magnetometers.
The accelerometers measure the non-gravitational acceleration vector in a local coor-
dinate frame (often the frame is printed on the chip), that is, the difference between the
acceleration of the vehicle and the acceleration due to gravity. The rate-gyroscopes
measure the roll, pitch, and yaw angle rates of the robot. Finally, the magnetometers
measure the coordinates of the earth’s magnetic field vector in the local frame.

In addition to IMUs, flying robots may have one or more ultrasonic sensors to
detect proximity to objects or to the ground, a barometric pressure sensor, one or
more cameras (one pointing along the helicopter’s heading axis and sometimes one
pointing downward), and a GPS sensor.

Now consider a collection of flying robots, each carrying a camera and a marker. If
robot j’s marker is in the field of view of robot i’s camera, then from the dimension
and position of the marker in the camera image, robot i can deduce its relative
displacement to robot j in its own local frame. Moreover if the marker is suitably
designed, from the camera image it is possible to deduce the relative rotation between
the camera frame and the marker. In conclusion, we may assume that, in addition to
the IMU data, vehicle i has access to the relative displacement and relative orientation
of vehicle j with respect to vehicle i’s local frame.
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6.2 Modelling

The flying robots discussed in the introduction have something in common. If we
ignore the masses and moments of inertia of the rotors, each robot may be viewed as
arigid body propelled by a thrust vector that has constant direction in the body frame
and is endowed with some steering mechanism that induces torques about three body
axes. We will now model such a general setup, beginning with the simpler planar
case.

6.2.1 2D Flying Robot

We begin with the simplified setup of Fig. 6.5, in which the robot flies in a horizontal
plane, propelled by a thrust vector f parallel to its heading. The state of the robot
is the position x = (x1, x2) of its centre of mass in an inertial coordinate frame,
the velocity x, the heading angle 6, and the angular speed 6. There are two control
inputs: the magnitude, u, of the thrust vector and the torque, 7, about the axis coming
out of the page. The thrust vector f in inertial coordinates is given by

| cos(8)
f=u |:sin(9)i| '
Let m denote the mass of the robot. Then Newton’s equation gives

mx = f.

Fig. 6.5 2D flying robot

Z
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Fig. 6.6 Body frame

The torque 7 causes the robot to rotate. Denoting by J the moment of inertia of the
robot about the axis coming out of the page, computed with respect to the centre of
mass, we have

JO=r.
The complete model is therefore
. [005(9):|
mi=u|_.
sin(f) (6.1)
JO=r.

There is a better way to represent model (6.1), one that lends itself to a 3D
generalization. As we did in Chap. 2 for the unicycle model, we attach an orthonormal
frame B = {r, s} to the robot as in Fig. 6.6, and we define the rotation matrix of frame
B with respect to the inertial frame as

. _ | cos(8) —sin(0)
R:=1Ir sl= [ sin(0) cos(9)j| '

Then, as in Chap.?2, we have

. 0 —w
R=R|:w 0:| = RS(w).

The thrust vector f is parallel to the body frame axis r and has magnitude u,
f =uRey,
where e; = [1 0]7. In conclusion, we can rewrite model (6.1) as follows:

mX = uRe;
R = RS(w) (6.2)

Jw=r.


http://dx.doi.org/10.1007/978-3-319-24729-8_2
http://dx.doi.org/10.1007/978-3-319-24729-8_2

74 6 Introduction to Flying Robots

We will now see that this model has a straightforward generalization to the three-
dimensional setting.

6.2.2 3D Flying Robot

Consider now the setup of Fig.6.7, in which the robot flies in the three-dimensional
Euclidean space. As before, we fix an inertial frame Z and a body frame B =
{b1, b2, b3}, both orthonormal and right-handed. We denote by x = (x1, x2, x3) the
coordinates of the robot’s centre of mass in frame Z. The body is propelled by a
thrust vector f that is now assumed to point opposite to the body axis b3. There are
four control inputs: the magnitude u of the thrust vector and three torques 71, 72, 73
about the three body axes. As in the planar case, we define the rotation matrix of
frame 3 with respect to frame Z,

R =[b1 by b3].

We pause for a moment to highlight a notable property of the rotation matrix
R. Consider a vector with coordinates (vi, v, v3) in frame 5—see Fig.6.8. Now
translate the tail of this vector to the origin of frame Z and let (w1, wa, w3) be the
coordinates in frame Z of this translated vector. What is the relationship between
the two coordinate representations (vy, vz, v3) and (w1, wa, w3)? Bring in the unit
vectors b; and note that

wi V]
wy | =vib; +voby +v3b3 =R | vy
w3 U3

In conclusion, the matrix R can be used to change the coordinate representation of
vectors between frames 3 and 7.

z f
T1 b1 lg
B
[ T
T3
by
b3

Fig. 6.7 3D flying robot
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Fig. 6.8 Two coordinate
representations in frames Z
and B

We now return to modelling. The thrust vector f is proportional to —b3 and has
magnitude u. Therefore in the coordinates of frame Z we have

f = —uRes.

The gravity vector is parallel to the third axis of frame Z, and therefore its coordinate
representation in frame 7 is ge3. Newton’s equation gives

mX = mge3 — uRes.

Next we need to model the rotation of the body. We begin with the observation
that, since the columns of R form an orthonormal basis of R3, it holds that RT R = I3,
where I3 is the 3 x 3 identity matrix. Now suppose that the body undergoes a rotation,
so that R varies with time, R = R(¢). It still holds that R(t)T R(t) = I3 for all ¢.
Differentiating both sides of this identity with respect to 7, we obtain

RTR+RTR = 033,

or
(RTR)T = —(RTR).

In other words, the matrix RTR is skew-symmetric. Now, it is an easy exercise to
show that an arbitrary 3 x 3 skew-symmetric matrix has the form

0 —w3 wy
w3 0 —wi |,
—Ww) (] 0
for suitable wy, wy, w3. In fact, the set of 3 x 3 real skew-symmetric matrices

se(3) ={SeR¥>3: 8T =—_g)

is a subspace of R3*3 and the map R3 — se(3),



76 6 Introduction to Flying Robots

0 —w3 wy
W Sw) = w3 0 —wp
—wn W] 0

is an isomorphism of vector spaces. It is a fun exercise to prove the following fact:
Forany w, v € R3, S(w)u is the vector (or cross) product of w and v, S(W)v = w X v.

So far we have established that corresponding to a rotation of the frame B, there
exists a unique time-dependent vector w(?) such that R TR =5 (w). The vector w
is called the angular velocity of frame B with respect to frame Z represented in
frame B. Using the coordinate transformation property of R described earlier, one
gets that the angular velocity in frame Z is Rw, but this vector will not be needed in
the following development. Since RR” = I, multiplying both sides of the identity
RT R = S(w) on the left by R we get

R = RS(w).

This is an ordinary differential equation whose state is the rotation matrix R. This
equation models the kinematics of rotation of the robot in terms of its body frame
angular velocity.

Now we need to model the evolution of w. Euler’s second law states that the rate
of change of the angular momentum in frame Z is equal to the total external torque
applied to the robot. Let J denote the inertia matrix of the robot in the coordinates
of frame B, defined with respect to its centre of mass. We assume that the robot is a
rigid body, so J is a constant matrix. The angular momentum of the robot in frame
B is the vector Jw. The representation of this vector in frame Z is RJw. The robot is
actuated by a torque vector 7 = (71, T, 73) in frame 5, or R7 in frame Z. Therefore,
Euler’s second law gives

d
—(RJw) = Rr.
dt
Multiplying both sides of the equation by R” and using the identity RT R = I, we get

rd _
RT -~ (RJw) =17,

or
RT(RJw+ RJID) = 1.

Using the identity R = RS(w) and rearranging terms we obtain
Juo+ Sw)yJw=r.

Since S(w)v = w X v, the term S(w)Jw equals w x (Jw).
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In conclusion, the model! of the 2D flying robot is

mX = mge3 — uRe3
R = RS(w) (6.3)
Jw=—-wx (Jw)+T.

The state is (x, x, R, w). There are four control inputs: the magnitude u of the thrust
vector and the three torques 7 = (71, 72, 73).

6.2.3 Special Case: Quadrotor Helicopters

A quadrotor helicopter can be regarded as a rigid body propelled by a force vector
with constant direction in its body frame. Moreover as we have seen in Sect. 6.1, with
ajudicious choice of the rotor speeds one may induce desired torques about the three
body axes. Quadrotor helicopters, therefore, fit within the class of robots modelled
by (6.3). How are the controls (u, 7) in (6.3) related to the physical control inputs of
a quadrotor helicopter? In this section we answer this question.

Consider the quadrotor helicopter of Fig. 6.9. The four rotors are driven by electric
motors applying torques 7,,, i = 1,...,4. These can be regarded as the physical
control inputs. We seek a relationship between these inputs and the controls (u, )
of the model (6.3), also depicted in Fig.6.9. To this end, denote by w,, the angular
speed of rotor i. Then it can be shown that each rotor is modelled by

. 2 .
Jrwr = —Bwri + 1, i=1,...,4,

where the term — Bwfi represents a torque due to the drag effects on the rotor blades.
In practice the moment of inertia J,, is negligible, so it is common to use a singular
perturbation argument and set J,,w,, = 0, which gives 7, = Bwrzi. The lift force

produced by rotor i is

, Kk
fri = kwy, = —T.

57 (6.4)

Recall from Sect. 6.1 that

U= fr+ fro+ frs + fry
T = l(fr] - frz)
= l(fr3 - fr4)

T3 =Tr +Try — Tr3 — Try-

'In the derivation of this model we have ignored drag and other aerodynamic effects. We have also
ignored the dynamics inherent in the propulsion mechanism.
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Fig. 6.9 The physical inputs
7y, of a quadrotor helicopter
and the corresponding
controls u, 71, 7, 73 used in

model (6.3)
Using (6.4) we obtain an invertible feedback transformation (7, ..., 7,) — (&, 7):
u 1 1 1 1 Try

nl=F 00 1 |7 ©3)
ol LE g - -t
In conclusion, the model of a quadrotor helicopter with controlinputs (7, . .., Tr,)

is given by (6.3) with (u, 7) given in (6.5).

6.3 Flocking of 2D Flying Robots

We now turn to the most basic coordination problem, flocking. We begin with the
2D case. Thus we have n robots modelled by

mijé[ = uiRiel
RlleS(wl) l=l,,n (66)

J,‘d),’ =T;.

A clarification about notation. From now on, a subscript i on a quantity indicates that
the quantity pertains to the ith robot.” In particular, B3; is the body frame of robot i.
We let x; := (x;, Xi, R;, w;) denote the state of the ith robot, and x := (x1, ..., Xn)
denote the collective state.

As in Chap. 3, we indicate by N; () the set of neighbours of robot i, and we rely
on the visibility graph G(x) to keep track of who can see whom.

2This choice of notation creates a minor inconsistency with the previous section, where we have
used, for instance, w; to denote the first component of the angular velocity vector w. From now on,
w; will denote instead the angular velocity vector of robot i.
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Fig. 6.10 Relative
displacement and orientation
between robots i and k as
measured by robot i

Before delving into control design, we need to clarify what is an admissible
control for a flying robot. As discussed in Sect. 6.1, the onboard sensors of robot i
can be used to deduce robot i’s relative orientation with respect to any neighbour k €
N; () and the relative displacement measured in the local frame B;. These quantities
are illustrated in Fig.6.10. We may also assume the time derivatives of the above
quantities to be available for feedback. Moreover, one of the rate gyroscopes in the
IMU measures w;. In conclusion, any control law (u;, 7;) will be called admissible
for robot i if it is a locally Lipschitz function depending only on the quantities

(X — xi, i)y Xk —xi, 800, (e, ri)s (rks 8i),

(g = Xi,ri), (i — Xi, 80), wi,

for each k € N; (x).

An equivalent representation of the measured quantities above is obtained by
leveraging the coordinate transformation property of rotation matrices. For instance,
the relative displacement between robots i and k measured in robot i’s local frame is
obtained by converting the inertial displacement x; — x; to the coordinates of frame
B;,

(R) ™ (o = xi) = R (o — ).

The relative orientation between robot i and robot k is RiT Ry (you can check that

this matrix corresponds to a counterclockwise rotation by angle ; — 6;). In essence,
the measured quantities above can be represented as

RI (x —xi), RI Gix — %), RIRe, wi.

As in Chap. 3, the flocking problem for the robots in (6.6) is to find, if they
exist, admissible controls (u;, 7;) so that there exists ¢ > 0 such that for all initial
conditions satisfying

() (Vi, j=1,...,n) |5 (0) — £;(0)] < &,16:(0) = 0,(0)] <&,16:;(0)] <e,


http://dx.doi.org/10.1007/978-3-319-24729-8_3
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(i) G(x(0)) is connected,

then
(Elv“)tlim Xi(t) = vy, foralli=1,...,n.
— 00

In other words, the flying robots are required to move asymptotically along parallel
straight lines whose slope depends on their initial conditions.

As for kinematic unicycles, there is currently no solution to the flocking problem.
The main difficulty is the requirement of preserving the connectivity of the visibility
graph, a problem of considerable difficulty even when the robots are modelled as
kinematic integrators (see Chap. 5).

In the interest of a self-contained mathematical treatment, we make two assump-
tions. First, we assume that the visibility graph is constant (the set of neighbours of
each robot does not change with time) and undirected (if robot i can see robot j,
then robot j can see i). Second, we assume that each robot is affected by a drag force
pointing opposite to its velocity vector:

mi)'c'i = u,-Riel — b)'Cl', b > 0.

The above assumptions considerably simplify the flocking problem, for they allow
us to discard the translational dynamics and focus on the subsystem

Ri = R;S(wi)
J,’d)i =T, i = 1,...,n,
or, equivalently, .
J[9i=7',', i=1,...,l’l. (6.7)
Indeed, set u;y = --- = u, = u > 0 and suppose we were to design admissible

controls 7; making the angles 6; converge to a common constant value ;. Then the
translational motion of each robot would be described by

d. . _[cos(bs) o
m,ax, = —bx; +1i [sin(@ss)] + ud; (1),

where 9; (f) = (cos(6;(t)) — cos(fss), sin(d; (1)) — sin(fss)) is a vanishing signal.
The above differential equation is a stable linear time invariant system driven by an
input signal converging to the constant vector. For this system we have x; — vy,
with vgg = u/b(cos(byy), sin(fy,)), and the robots flock. The situation is illustrated
in the block diagrams of Fig.6.11.

To summarize, the flocking problem has been reduced to finding controls 7; for
system (6.7) making (6;, 95) — (bs5,0),i = 1,...,n. An admissible control law
for the reduced model (6.7) is one that relies only on 6; — 0, k € N;, and 0;.

Our approach in the control design that follows will be to asymptotically stabilize
the flocking manifold


http://dx.doi.org/10.1007/978-3-319-24729-8_5
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Fig. 6.11 Block diagram of 2D flying robots with synchronization of the heading angles. In the
figure, f is the vector of thrust forces f; = u; R;e)

F={01,....00,01,....0,):00=---=0,,00=---=0,=0}, (6.8)

and then show that the 6;’s do not simply converge to each other, but they converge
to a constant.

At this point, you may want to pause for a moment and compare the flocking
problem under consideration to the one in Chap.3. The model (6.7) is a rotational
double-integrator, while the model (3.1) in Chap.3 is a single rotational integrator.
Since the control input here is an acceleration rather than a speed, we cannot di-
rectly apply the Kuramoto-inspired control law (3.5) to solve the flocking problem.
Not surprisingly, though, the solution we are about to present is a straightforward
adaptation of the Kuramoto-inspired control law.

Inspired by [11, 12], we begin our control design by a mechanical analogy. Con-
sider the point particle in Fig.6.12. The particle has mass J; and is constrained to
move around a circular track of radius 1 metre. A force 7; is applied to the particle in
the direction tangent to the circle. The motion of such a particle is described by (6.7).
Now imagine a collection of such masses moving on a common unit circle with
the same visibility graph G as the flying robots. Solving the flocking problem for
the flying robots is equivalent to determining admissible forces 7; synchronizing the
particles on the unit circle.

Consider the three particles i, k, / in Fig.6.13, with particles &, / neighbours of
particle i. If we connect the particles by massless springs and add a damping force
to each mass, it is reasonable to expect that the particles will synchronize provided
their initial conditions are not too far apart and there are enough springs (this latter
requirement will translate to requiring that the visibility graph be connected).


http://dx.doi.org/10.1007/978-3-319-24729-8_3
http://dx.doi.org/10.1007/978-3-319-24729-8_3
http://dx.doi.org/10.1007/978-3-319-24729-8_3
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Fig. 6.12 Mechanical
analogy for flocking control
design

Fig. 6.13 Mechanical
analogy for synchronization
mechanism

What is the control law 7; corresponding to the setup of Fig.6.13? The answer is
in the next lemma.

Lemma 6.1 Consider n point particles constrained to move on the unit circle. Sup-
pose the particles are connected by springs as described above, and each particle is
subjected to a viscous friction force. The model of the particles is

Ji0; = —b;0; — Z aixsin(@; — 6p), i=1,...,n. (6.9)
keN;

Proof In order to avoid the computation of the reaction forces arising from the fact
that the particles move on a unit circle we take the Lagrangian approach.
The total kinetic energy of the collection of particles is

n 1 )
K = Z 5.]1 (91)2.

=1
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Letting djx denote the length of the chord connecting robots [ and k and a;x > 0
denote the associated spring constant (in what follows, we pick ay; = a;x), we find
that the total potential energy is the sum of the potential energies of the springs:

n
UZZ Z %alkdlzk.

I=1 ke k<l

The condition k < [ in the inner sum guarantees that the potential energy of the
spring connecting robots / and k is counted only once. It can be shown that dlzk =
2 — 2 cos(6; — 6x). Substituting this expression into U, we obtain the Lagrangian

n 1 .
L=K-U=2|h00°= > ax—cos@ — )
=1 keNj k<l

This is the Lagrangian of the system of particles subject to the spring forces.
Using the Euler—Lagrange equation

doc_or_

we get (the steps are omitted)

Jibi + " aisin; — 00) =0, i=1,....n.
keN;

Adding viscous friction to each particle, we obtain (6.9). ([l

Comparing (6.7) and (6.9) we deduce the control law for robot i:

7 = —bi; — Z aix sin(0; — ). (6.10)
keN;

This control law is admissible. Does it solve the flocking problem? The answer is
found in the next theorem.

Theorem 6.1 If the visibility graph is constant, undirected, and connected, then for
anyaijr = ai; >0, b; > 0,i,k =1, ...,n, the control law (6.10) makes the flocking
manifold F in (6.8) locally asymptotically stable for (6.7) and solves the flocking
problem.

Proof The total energy of the particles,

n 1 .
E=K+U=2 |20+ > au(—cos@: —00) |,
i=1 keN; k<i
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is a nonnegative function. We claim that the level set {E = 0} coincides with the
flocking manifold F in (6.8). Indeed, since the energy is a sum of nonnegative terms,
E = 0if and only if

0; =0and 1 —cos(§; — ) =0, i=1,....n, keN;, k<i.

Thus 0; = 0y foralli € {1,...,n}and all k € NV;, k < i. Since the visibility graph
is connected, this latter condition is equivalentto §y = -- - = §,,. Thus {E =0} = F
and the claim is proved.

The time derivative of E along solutions is given by

n
E=-> bi0) <0
i=l1

Thus the energy is nonincreasing along solutions, which implies that the flocking
manifold F is stable.
Let a := min a;, and for a given v € (0, 7/2), define the energy sublevel set

Ey:i={(01,....00,601,....0,): E(@1,...,00,01,...,0,) <a(l —cosv)}.

Since E is nonincreasing along solutions, E,, is positively invariant for any , that is,
all solutions of (6.9) initialized in E, remain there for all # > 0. Moreover, solutions
in E,, satisfy (1 — cos(0; () — 0k (¢))) < (1 — cos(7)), or

(Ve = 0)(Vi € {1,...,n})(Vk € N}) |0; (1) — Or(1)| < . (6.11)

To visualize E, note that, in it, neighbouring particles lie on an arc of the unit
circle whose central angle is 2y —see Fig. 6.14. Moreover, their speeds have a bound
that depends on y. We will see that if the arc in question and the speeds are sufficiently
small (i.e., v is small), then the particles synchronize.

Fig. 6.14 Interpretation of
set £,
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By the LaSalle invariance principle,’ solutions of (6.9) initialized in E converge
to the largest invariant subset of E, N {0; = 0,i = 1,...,n}. We will show that
for sufficiently small ~, this set is contained in the flocking manifold F. To this end,
note that if 0;(r) = 0, then 6;(r) = 0, implying that 3", - ai sin(6; — ;) = 0.
Define a Laplacian matrix L as follows:

Liy := —ajx, keN:i, k#i,

Lix :==0, k& Ni k #i,
Li = Z ajf.
keN;

Then L is the Laplacian of the visibility graph G with positive weights a;; on the
graph’s edges. Since* G is connected, L has rank n — 1 and ker L is spanned by 1.
Let 0 = (01, ..., 0,) and define the vector function r () as

ri(0) == > ai (sin0; — 0) — (0, — ). i=1,....n.
keN;

Then the condition ZkeM air sin(@; —0) =0,i =1, ..., n, may be expressed as
The above identity can hold only if || L8| = ||r(#)]|. It can be shown that

ri (6)
im =0
Lo—0 || LB

Therefore, for sufficiently small +, the property (6.11) implies that
Ir @1 < IILO]I/2.
For such small v, the unique solution of
LO+r@) =0
isLO=0,0orf) =---=0,. )
We have thus shown that the largest invariant subset of £ N{B; =0,i=1,...,n}

is contained in F. By the LaSalle invariance principle, the flocking manifold F is
locally asymptotically stable, and the set E., is contained in its domain of attraction.

3The LaSalle invariance principle requires solutions to be bounded. The speeds 0; are bounded
because of the damping term —b;6; in (6.9). As for the angles 6;, we view them as points of a unit
circle, a compact set.

4This result is analogous to Theorem 4.2, which covers the case of unit weights, a;x = 1 forall/, k.
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We are left to show that 6; converges to a constant. This part requires a little more
work, and it involves the centre manifold theorem. We omit the argument, but you
may look at the proof of Theorem 4 in [20] to get the idea. d

6.4 Flocking of 3D Flying Robots

In this section we generalize the flocking control law to 3D flying robots. The gener-
alization relies on the same mechanical analogy but now, instead of imagining point
particles on the unit circle, we imagine rigid bodies on the unit sphere.

Consider a collection of n robots, each one modelled by (6.3). As before, the
flocking problem” is to find an admissible control law making the velocity vectors
X; converge to a common constant vector vgs dependent on the initial conditions. We
assume, as before, that the visibility graph is constant and undirected, and that each
robot is affected by a drag force pointing opposite to its velocity vector. We now also
assume that the robots have identical masses m, so that their translational motions
are modelled by

mix; = mge3 — u; Rjes — bx;.

Asin the 2D case, if we set ] = -+ = u,, = u > 0 and we make R;e3 converge
to a common constant vector, then the velocities x; converge to a common constant
vector as well, and flocking is achieved. The problem has thus been reduced to the
synchronization of the vectors R;e3,i = 1, ..., n, which we will refer to as the thrust
axes of the robots. For the design of flocking controllers we focus our attention on
the rotational dynamics

R = R;S(w;)

. ) (6.12)
Jiwitwi x (Jiw) =71, i=1,...,n.

Before continuing our development, we introduce some useful notation, illustrated
in Fig.6.15. We let ¢; := R;e3 denote the thrust axis of robot i represented in the
common inertial frame Z, and by R; = RiT R; the relative orientation of robot

J with respect to robot i. Operationally, R; transforms a vector in frame j to its
representation in frame i. We let q;. = R;. e3 denote the representation of robot j’s
thrust axis in the local frame of robot i. For flocking we would like to have q;. =e3
for all 7, j. Finally, we denote by gp’j the angle between the third axis of frame B;

and q; Flocking corresponds to the condition ¢, = 0 for all i, j.
With the notation just introduced, we have three equivalent definitions of the
flocking manifold:

5In our formulation of the flocking problem, nothing prevents the robots from crashing to the
ground. A more meaningful problem statement would require vy to be parallel to the ground, but
this problem is to date open and significantly harder than the one considered in this section.
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thrust axis ¢

R thrust axis j

Fig. 6.15 Coordinate representations of the thrust axes of robots i and j

Fi={(R,....Ry,w1,...,wp) 1 qi =qj, wi=0,i,j=1,...,n}
={(R1,-~-,Rn,w1,-.-,wn):q§=e3, wi=0,i,j=1,...,n}

={(R1, ..., Ry, wi, .. wn) 0 =0, wj=0,i,j=1,...,n}
(6.13)

Thus, on F, the robots have zero angular velocity and identical thrust axes. This
latter requirement is expressed in three equivalent ways in (6.13). The first identity
expresses it in the common inertial frame Z, while the second and third identities
express it in the robots’ body frames.

In the context of 3D flying robots, an admissible control law for the rotational
dynamics of robot i is one that depends only on the quantities

R, wi, kel

and is a locally Lipschitz function.

Since the vectors ¢; have unit length, the flocking problem can be regarded as
one of synchronization on the unit sphere. In analogy with the 2D case, we imagine
that the thrust axis g; is the position of the centre of mass of a rigid body on the unit
sphere. We regard the control 7; as a force applied at the centre of mass of the body in
a direction tangent to the sphere. Once again, we aim to synchronize these imaginary
rigid bodies by connecting them by springs and adding damping to each of them,
with the convention that a spring with constant a;; > 0 interconnects bodies i and k
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if and only if there is an edge between nodes i and k of the visibility graph. It is an

easy matter to check that the length of this spring is ,/2(1 — (q,’;, e3)).
The total potential energy of the collection of springs is

U=2" > ax(l—gf e,

i=1 keN; k<i

The total energy of the robots connected by springs is

n n
1 .
E= zzwiTJi”i + Z 2 aix(1 — (qy. e3)).
i—1

i=1 keN; k<i

Inspired by the proof of Theorem 6.1, we define a control law for system (6.12) by
requiring that

n
E=— ZwiTBiwi, (6.14)
i=l1

where B; is a symmetric positive definite matrix. By imposing this identity, we get
the control law .
7 = —Biwi — D aixlg) x e3). (6.15)
keN;

which can also be expressed as

7 =—Biwi — R D au(q x g)).
keN;

We postpone the verification that this control law gives identity (6.14) to the proof of
Theorem 6.2. Note that this control law is admissible, as it relies only on Rl{‘, ke N;
and w;.

At this point you may want to reflect on the similarity between (6.15) and its 2D
counterpart (6.10). As an exercise, show that (6.10) is a special case of (6.13), in the
following sense. Suppose the third body frame axis of each robot is parallel to the
third axis of the inertial frame Z, i.e., R;e3 = e3. Thus the rotation matrix of robot i

has the form
cos(#;) —sin(f;) O
R; = | sin(6;) cos(d;) O
0 0 1

Suppose further that the thrust axis is parallel to the first body axis rather than the
third. Thus q; = R;el. Finally, let B; be a diagonal matrix with (B;)33 = b;. Then
7; in (6.15) has the form 7; = (0, 0, (73)3), where (7;)3 coincides with (6.10).
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Theorem 6.2 If the visibility graph is constant, undirected, and connected, then for
every ajx = axi > 0and every symmetric positive definite matrix B;, i,k = 1, ..., n,
the control law (6.15) makes the flocking manifold F in (6.13) locally asymptotically
stable for (6.12) and solves the flocking problem.

Proof The energy E is nonnegative. It is zero if and only if w; = 0 and (q,i, e3) =1
foralli = 1,...,nand j € N;. Since q,i is a unit vector, the latter condition is
equivalent to q,i = e3. Since the visibility graph is connected, this identity is true for
alli,k =1, ..., n, and therefore the level set { E = 0} coincides with the flocking
manifold F in (6.13).

Next we show that (6.14) holds. We have

n n
E = ZwiTJ,-dJi — Z z aik(qGy, e3)-
i=1 i=1 keN; k<i
Using the dynamics (6.12) with control (6.15), we get
n n n
E= _ZW,TBiWi - Z Z aiwy (qf x €3) — Z Z aik(qy. e3)-
i=l1 i=1 keN; i=1 keN; k<i

Recalling the definition of q,i, q,i = RI.T Rye3, and differentiating this identity with
respect to time, we obtain
q;C = RiTRkeg + RiTRke3
= S(wi)" R Rre3 + R} RiS(wi)es
= —S(wi)g} + RLS(wi)es.

In the second identity we used the derivative of a rotation matrix in (6.12). For any
rotation matrix R and any vector v € R3, we have

RS(W)RT = S(Rv).
Using this identity and the linearity of the operator S, we obtain
df = S(—wi + Riwo)aj
= (~wi + Riwi) x g

=gl x (wi — Riwy)
= S(qp)(wi — Riwy).
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We now take the inner product with e3:

(Gh. e3) = (wi — Riwp) " S(gp) €3
= —(wi — Rlw) " S(g))es
= —w/ S(ghes + wl (RY” S(g})es
= —w/ (g x €3) + W S(RY gD (R e3
= —w! (g} x e3) +w{ S(e3)q}

= —w/ (g x €3) —w{ (g} x e3).

Using this result in the third term of the equation for E, we get

n

n
E=— ZwiTBiwi — Z Z (likw,'T(q;i X e3)
i=1

i=1 keN;

n
+D° > anw! (g x e3)

i=1 keN; k<i

n
+D0 > anw] (qf x e3).

i=1 keN; k<i
Since the graph is undirected and a;j; = ay;, the last sum can be rewritten as
n
T, k
Z Z agiwy (q; X e3).
k=lieN;,i>k

Now swap the indices i and k. Then the last three sums in the above expression for

E evaluate to zero, and
n
E=— Zu)lT B,-w,-,
i=1

as required.

Let a := minaj, and for a given v € (0, 7/2), define the energy sublevel set
Ey:={(Ry,...,Ry,w1,...,wy) : E(Ry,..., Ry, w1,...,wy) < a(l — cosvy)}.
As in the proof of Theorem 6.1, E,, is positively invariant and all solutions initialized
in it satisfy (g, (1), e3) = cos } () > cos~y, or

vVt > 0)(¥i € {1,....n)(Vk € N}) k()] < .

Since the visibility graph G is connected, we may pick v small enough that
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. . . T
(Viel..oapk e ND Ighl <7) = max {gfl} <.
i,ke{l,...,n} 2

Thus all solutions initialized in E, have the property that their thrust axes g; (¢) lie
on a common half plane for all time. More precisely, for all initial conditions in £,
the solutions of (6.12) with control (6.15) satisfy

(Vi > 0)(Fv e R", v #0)(Vi € {1,...,n}) (gi(?),v) > 0. (6.16)

By (6.14) the energy E is nonincreasing along solutions. Since its zero level set is
the flocking manifold F, F is a stable set. By the LaSalle invariance principle,® all
solutions of the closed-loop system initialized in E., converge to the largest invariant
set contained in £, N{w; =0,i =1, ..., n}. We will show that this set is contained
in the flocking manifold.

If wi(t) = 0, then w;(t) = 0 and so J;w;(t) = 0, implying that the control 7;
in (6.15) is identically zero. Thus, we have

(Vi e(l.....n}) D ai(gi(t) x e3) = 0.
keN;

Premultiplying this identity by R; () we get

Vie{l,....,n}) D ainlg(t) x gi(t) =0,
keN;

or

vViefl,....n) qi(t) x | D aiwqi(t) | =0.
keN;

Thus ¢;(¢) and >, N; Qikqi(t) are parallel, i.e., there exists a scalar \; (r) such that

qi(t) = X\i(6) D ainqi(®). (6.17)
keN;

We claim that \;(r) > 0. Indeed, taking the inner product of both sides of (6.17)
with the vector v in (6.16) we obtain

(qi (1), v) = Ni(0) D airlgr(0), v).
keN;

6 As in the proof of Theorem 6.1, we may apply the LaSalle invariance principle because all solutions
of (6.12) with control (6.15) are bounded. The boundedness of w; follows from the presence of the
dissipation term-B;w; in the 7;. The matrices R; have unit norm columns so they are bounded as
well.
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By property (6.16), the left-hand side is positive. The sum in the right-hand side is
also positive because a;;x > 0 and each inner product is positive. Thus it must hold
that \; (#) > 0, as claimed. Since g; has unit norm we conclude that

—1
N = || kEZN“iaiqumH : (6.18)

From now on, we drop the time dependence on all variables. Consider the follow-
ing weighted sum of the ¢g;’s, and use identity (6.17):

n

n
Z Za”‘ q,':Z)\,' Zaik Zailﬁﬂ-

i=1 \keN; i=1 keN; IeN;

The right-hand side of this identity is a linear combination of {¢q, ..., g,}. A generic
term ¢ appears in the right-hand side when ! = j and j € AV;, or since the visibility
graph is undirected, [ = j, i € Nj. Thus the above identity can be rewritten as

n

n
Z Zaik Cli=ZNj€/j,
j=1

i=1 \keN;
with
pj = Z A Z aix | aij.
ieN; keN;
We thus have

n

Do 2 @i | —wijai=o0. (6.19)

i=1 keN;

Consider the definition of ); in (6.18). Since the ¢;’s have unit norm and a;x > 0,
by the triangle inequality we have

-1

A= D an

keN;

This lower bound on ); gives a lower bound on i,

Hj = Z dij -

ie/\/j
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Thus the coefficient of g; in (6.19) is upper bounded as follows

Zaik — i = Zaik—zakiZO.

keN; keN; keN;

In conclusion, the left-hand side of (6.19) is a linear combination of all ¢;’s with
nonpositive coefficients. By property (6.16), identity (6.19) can hold only if

Zaik —pi =0 foralli=1,...,n,
keN;

-1
which implies that \; = (Zke/\/} a,'k) i=1,...,n,or

H Z aiquH = Z ajr foralli=1,...,n.
keN; keN;

This identity implies that, for each i € {1, ..., n}, the vectors {gx : k € N;} are
parallel to each other. By (6.17), the vectors {g;, gk : k € N;} are also parallel. We
have thus established that if robots i and k are neighbours in the visibility graph, then
gi and gy are parallel. Since the visibility graph is connected, this property implies
that g1, ..., g, are parallel. Finally, the fact that the ¢;’s have unit norm and lie on a
common half-plane (property (6.16)) implies that g = - - - = g,.

We have thus shown that the largest invariant subset of E, N {w; = 0,i =
1, ..., n}istheflocking manifold F. By the LaSalle invariance principle, all solutions
originating in E converge to F, and therefore F is asymptotically stable. The proof
that the ¢;’s converge to a constant is omitted. (|

6.5 Rendezvous of 3D Flying Robots

The rendezvous problem is the gateway to more complex coordination problems such
as the control of formations. The idea, as in Chap. 4, is to get n identical flying robots
to convene using only feedback from onboard sensors. More precisely, consider n
robots modelled by

mX; = mge3 — u; R;e3

R; = R;S(w;) (6.20)
Jwi = —wi x (Jw;) + 13,

with state x = (x1,---, Xn)» Xi ‘= (xi, Xi, R;j, w;). We define the rendezvous
manifold


http://dx.doi.org/10.1007/978-3-319-24729-8_4

94 6 Introduction to Flying Robots
R=(x:x1= =Xy b1 = = ).

On this set, the centres of mass and velocities of all robots coincide, but the robots
are not necessarily stationary. No constraint is placed on the robots’ orientations and
angular velocities.
As before, an admissible control for robot i is a locally Lipschitz function of the
quantities
R (cx —xi), R Gk — %), RIRe, wi,

for each k € N;.

We assume that the visibility graph is constant. The rendezvous problem for the
robots in (6.20) is to find, if they exist, admissible controls (u;, 7;) so that there exists
a subset of the rendezvous manifold that is locally asymptotically stable.

Allowing the stabilization of a subset of R, rather than the entire R, makes the
problem less demanding and allows one to take different lines of attack for its solution.
For instance, one may attempt to locally asymptotically stabilize the subset of R on
which the thrust axes coincide,

{x € R:Rie3 =--- = Rye3},

in which case the requirement on the initial conditions would be that the robots’
initial positions, velocities, and thrust axes be close to each other. Or one may even
attempt to fully synchronize the rotation matrices R;. In another formulation, one
may require the robots to stop moving, in which case the subset of R of interest
would be

{(xeR:xi=---=x,=0}.

Combinations of the above formulations are of course possible, and they are all
special instances of the general problem statement above. One may also formulate
the global version of the rendezvous problem, or other variations along these lines
(almost-global, semi-global, practical, and so on).

Even in our weak formulation, the rendezvous problem for flying robots is to date
open. What makes the problem particularly hard is the requirement that robot i must
be able to compute its own control (u;, 7;) without knowing its absolute position x;
and orientation R; in the common inertial frame 7.
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