Chapter 3
Integration

Calculus has two components, and, thus far, we have been dealing with only one of
them, namely differentiation. Differentiation is a systematic procedure for disassem-
bling quantities at an infinitesimal level. Integration, which is the second component
and is the topic here, is a systematic procedure for assembling the same sort of quan-
tities. One of Newton’s great discoveries is that these two components complement
one another in a way that makes each of them more powerful.

3.1 Elements of Riemann Integration

Suppose that f : [a, b)] —> [0, 00) is a bounded function, and consider the region
£2 in the plane bounded below by the portion of the horizontal axis between (a, 0)
and (b, 0), the line segment between (a, 0) and (a, f (a)) on the left, the graph of
f above, and the line segment between (b, f (b)) and (b, 0) on the right. In order to
compute the area of this region, one might chop the interval [a, b] into n > 1 equal
parts and argue that, if f is sufficiently continuous and therefore does not vary much
over small intervals, then, when # is large, the area of each slice

{(x,y)esz:xe[a+’"7*1(b—a),a+%(b—a)]&0§y§f(x)},

where 1 < m < n, should be well approximated by ’% f (a + m,—l_l(b — a)), the
area of the rectangle [a + “=1(b — a),a + 2(b — a)] x [0, f(a + =L (b — a))].
Continuing this line of reasoning, one would then say that the area of §2 is obtained
by adding the areas of these slices and taking the limit

Jim 2= ¢ > fla+ - a).
m=1

n—»oo n
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Of course, there are two important questions that should be asked about this
procedure. In the first place, does the limit exist and, secondly, if it does, is there a
compelling reason for thinking that it represents the area of §2? Before addressing
these questions, we will reformulate the preceding in a more flexible form. Say that
two closed intervals are non-overlapping if their interiors are disjoint. Next, given a
finite collection C of non-overlapping closed intervals I # ¢ whose union is [a, b], a
choice functionisamap £ : C — [a, b] suchthat 5 (I) € I foreach I € C.Finally
given C and =, define the corresponding Riemann sum of a function f : [a, )] — R
to be

R(f;C, E) = Zf(E(I))|I|, where |I| is the length of 1.
IeC

What we want to show is that, as the mesh size ||C|| = max{|I| : I € C} tends to O,
for a large class of functions f these Riemann sums converge in the sense that there
is a number fa b f(x)dx € R, which we will call the Riemann integral, or simply the
integral, of f on [a, b], such that for every ¢ > 0 one can find a § > 0 for which

<€

b
'sw; C.5) - / £ dx

for all C with ||C|| < ¢ and all associated choice functions Z. When such a limit
exists, we will say that f is Riemann integrable on [a, b].

In order to carry out this program, it is helpful to introduce the upper Riemann
sum

Uf;0) = Z(supf) |I|, where sup f =sup{f(x): x € I},
I I

leC

and the lower Riemann sum

L(f;C0)= Z(ir}ff) [I], where irIlff =inf{f(x): x € I}.

IeC

Lemma 3.1.1 Assume that f : [a,b] —> R is bounded. For every C and choice

Sunction E, L(f;C) < R(f;C, &) <U(f; C). In addition, for any pair C and C',

L(f;C) <U(S; C). Finally, for any C and € > 0, there exists a § > 0 such that
IC'l <6 = L(f;C) < L(f;C) +eandU(f;C") <U(f;C) +e,

and therefore

||clfi||130['(f; 0) = Sgpﬁ(f; C) =infU(f:C) = ”éi”gou(f; 0.
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Proof The first assertion is obvious. To prove the second, begin by observing that
there is nothing to do if C" = C. Next, suppose that every I € C is contained in some
I’ € C’, in which case sup; f < sup, f. Therefore (cf. Lemma 5.1.1 for a detailed
proof), since each I’ € C’ is the union of the I’s in C which it contains,

uich=3 Z(supf)m
IeC’ lIeC r
icr
22 Z(Supf)lll =Z(supf)|1|=u(f;0),
rec \ Is¢ ! rec N1

and, similarly, £(f; C") < L(f; C). Now suppose that C and C’ are given, and set
C"={nIl:1eC I'eC&INI#0).

Then for each I” there exist I € Cand I’ € C' such that [” € [ and I” C I, and
therefore

L(f;C) < L(f3C") U C) <UL C.

Finally, let C and € > 0 be given, and choosea = ¢y < c¢; < --- < cx = bsothat
C ={lck—1,ck]: 1 <k < K}.Given (', let D be the set of I’ € C’ with the property
that ¢, € int(/”) for at least one 1 < k < K, and observe that, since the intervals are
non-overlapping, D can contain at most K — 1 elements. Then each I’ € C' \ D is
contained in some / € C and therefore sup;, f < sup, f. Hence

THAEDY (sll{p f) HEDIDS (sg,p f) 1l

I'eD IeC I'eC'\D
r'ci
< (sup Ifl)(K —DIC+D supf | D11
[a.b] IeC I I'eC’

r'ci

=< (Sup Ifl)(K = DICI+U(f30).

[a,b]

Therefore, if § > 0 is chosen so that (sup[u‘b] |f|) (K —1)§ < e, thenU(f;C) <
U(f; C) + e whenever ||C'|| < J. Applying this to — f and noting that L(f;C") =
—U(—f; C") for any C”, one also has that L(f;C) < L(f;C) +eif |C']| <4§. O
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Theorem 3.1.2 If f : [a,b] —> R is a bounded function, then it is Riemann
integrable if and only if for each € > 0 there is a C such that

> ll<e

IeC.
sup; f—inf; f>e

In particular, a bounded f will be Riemann integrable if it is continuous at all but
a finite number of points. In addition, if f : [a, b] —> [c, d] is Riemann integrable
and ¢ : [c, d] —> R is continuous, then ¢ o f is Riemann integrable on [a, b].

Proof First assume that f is Riemann integrable. Given € > 0, choose C so that
2

€
< —

6

b
‘R(f; C,8) - / F)dx

for all choice functions &. Next choose choice functions &% so that

2 2

FEW) + 55— z 5w f and f(3(D) = 35—

€ .
30—a) < inf f

for each I € C. Then

2 2 2
UF:C) < R(f:C. 8N + % <R(f;C.E7) + % < L(f:0)+ €,

and so

2 N Lo _
& = U0 = L(f:0) —Z(supf n;ff) Hze >
1= s, 158, 72

Next assume that for each € > 0 there is a C such that
> ll<e
IeC
sup; f—inf; f>e

Given € > 0, set € = € (4supy, | f]+2(b — a))_l, and choose C, so that

> <<

1eC,
sup, f—inf; f>¢
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and therefore

€
U(f;C)— L(f;C) < 2sup | f] [ +€b—a)= .
sup; f—inf; f>¢

Now, using Lemma 3.1.1, choose d. > 0 so that U(f;C) < U(f;C) + 5 and
L(f;C) = L(f;Cc) — 5 when [|IC|| < .. Then

ICl <déc = U(f;C) < L(f5C) + ¢,
and so, in conjunction with Lemma 3.1.1, we know that

Iim U(f;C) =M= lim L(f:;C here M = L(f:;0).
am (f56) am (f;C) where Sgp (f:0)

Since, for any C and associated &, L(f;C) < R(f;C, E) < U(S; C), it follows
that f is Riemann integral and that M is its integral.

Turning to the next assertion, first suppose that f is continuous on [a, b]. Then,
because it is uniformly continuous there, for each € > 0 there exists a 6. > 0 such
that | f(y) — f(x)| < e wheneverx, y € [a, b] and |y — x| < .. Hence, if ||C]| < I,
then sup, f —inf; f < eforall I € C, and so

Z 11| = 0.

IeC
sup; f—inf; f>e

Now suppose that f is continuous except at the points a < ¢y < --- < cx < b. For
eachr > 0, f is uniformly continuous on F, = [a, b] \ U,fzo(ck —r, c; +r). Given
€ > 0,choose 0 < r <min{cy —cr—1 : 1 <k < K}sothat2r(K +1) < ¢, and
then choose § > 0 so that | f(y) — f(x)| < eforx, y € F, with |y — x| < J. Then
one can easily construct a C such that [ = [¢x — 1, ¢, + r] N [a, b] € C for each
0 < k < K and all the other I’s in C have length less than ¢, and for such a C

K

Z 1] 52|1k| <2r(K+1) <e.

IeC k=0
sup; f—inf; f>e

Finally, to prove the last assertion, let € > 0 be given and choose 0 < ¢’ < € so
that |p(n) — @(&)| < €if &, n € [c, d] with | — £| < €. Next choose C so that

Z 1] <€,

IeC
sup; f—inf; f>¢
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and conclude that

> i o< > =€ <e

IeC IeC
sup; o f—inf; po f>e sup; f—inf; f>¢€ 0

The fact that a bounded function is Riemann integrable if it is continuous at all
but a finite number of points is important. For example, if f is a bounded, continu-
ous function on (a, b), then its integral on [a, b] can be unambiguously defined by
extending f to [a, b] in any convenient manner (e.g. taking f(a) = f(b) = 0), and
then taking its integral to be the integral of the extension. The result will be the same
no matter how the extension is made.

When applied to a non-negative, Riemann integrable function f on [a, b], Theo-
rem 3.1.2 should be convincing evidence that the procedure we suggested for com-
puting the area of the region §2 gives the correct result. Indeed, given any C, U ( f; C)
dominates the area of £2 and L(f; C) is dominated by the area of £2. Hence, since
by taking ||C|| small we can close the gap between U (f; C) and L(f; C), there can
be little doubt that fa b f(x)dx is the area of £2. More generally, when f takes both

signs, one can interpret fab f(x)dx as the difference between the area above the
horizontal axis and the area below.

The following corollary deals with several important properties of Riemann inte-
grals. In its statement and elsewhere, if f : S — C,

Iflls = sup{[f ()] : x € §}

is the uniform norm of f on S. Observe that

I£glls = I flIsllglls and lleef + Bglls < lalll flls + [Bllglls

for all C-valued functions f and g on S and «, 3 € C.

Corollary 3.1.3 If f : [a, b] —> R is a bounded, Riemann integrable function and
a < ¢ < b, then f is Riemann integrable on both [a, c] and [c, b], and

b c b
/ f(x)dx:/ f(x)dx+/ g(x)dx forallc € (a,b). 3.1.1)

c

Further, if A\ > 0 and f is a bounded, Riemann integrable function on [\a, A\b], then
x € [a, b] —> f(A\x) € R is Riemann integrable and

Ab

b
fydy = A/ FOwx)dx. (3.1.2)

Aa
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Next suppose that f and g are bounded, Riemann integrable functions on [a, b].
Then,

b b
f<9g = / f(x)dxf/ g(x)dx, (3.1.3)
and so, if f is a bounded, Riemann integrable function on [a, b], then

b b
/ f(x)dx / |f(o)ldx

In addition, f g is Riemann integrable on [a, b, and, for all o, f € R, aof + (g is
also Riemann integrable and

=

< flslb—al. (3.1.4)

b b b
/ (af (x) + Bg(x)) dx = a/ f(x)dx +ﬁ/ g(x)dx. (3.1.5)

Proof To prove the first assertion, for a given € > 0 choose a non-overlapping cover
C of [a, b] so that
> i<«

IeC
sup; f—inf; f>¢

andsetC’ = {I N[a,c]: I € C}. Then, since

sup{f(y) — f(x): x, yelN|a,cl} <sup{f(y)— f(x): x, yel}

and [/ Na,c]| < ||,

> = > <e

rec IeC

sup, f—inf; f>e sup; f—inf; f>e
Thus, f is Riemann integrable on [a, c]. The proof that f is also Riemann integrable
on [c, b] is the same. As for (3.1.1), choose {C, : n > 1} and {C, : n > 1} and
associated choice functions {&, : n > 1} and {&] : n > 1} for [a, c] and [c, b] so
that |C,|| V IIC, || < 1 and set Cl=C,UC,and E)(I) = E,(I)if I € C, and

E/(I) = &/(1)if I €C.\Cy.Then

b
/ F@)ydx = lim R(f;CL, 5 = lim R(f; Co, &) + lim R(f; C,, 5,
‘ c b
=/ f(x)dx+/ f(x)dx.

Turning to the second assertion, set f\(x) = f(\x) for x € [a, b] and, given
a cover C and a choice function &, take I, = {Ax : x € [}, and define
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Cn={I\: 1 eC}and &\(I)) = A&() for I € C. Then C) is a non-overlapping

cover for [Aa, A\b], E) is an associated choice function, [|Cy|| = A||C]|, and
Ab
R(f:C E) =D FAEM) =A"R(f;:Cr, 8 — A" [ f()dy
IeC Aa
as ||IC|| — O.

Next suppose that f and g are bounded, Riemann integrable functions on [a, b].
Obviously, forall C and &, R(f;C, E) < R(g;:C, E)if f < gand

Riaf +Bg;C, ) =aR(f:C, &)+ fR(g; C, &)

for all o, B € R. Starting from these and passing to the limit as ||C|| — 0, one
arrives at the conclusions in (3.1.3) and (3.1.5). Furthermore, (3.1.4) follows from
(3.1.3), since, by the last part of Theorem 3.1.2, | f| is Riemann integrable and
£f < |f| < Il fllia.p)- Finally, to see that fg is Riemann integrable, note that, by
the preceding combined with the last part of Theorem 3.1.2, (f + ¢)* and (f — g)>
are both Riemann integrable and therefore so is fg = }t(( f4+9>—(f - g)z). O

There is a useful notation convention connected to (3.1.1). Namely, if a < b, then

one defines . ,
/ f(x)dx:—/ f(x)dx.
b a

With this convention, if {a; : 0 < k < £} € R and f is function that is Riemann
integrable on [ag, a;] and [ay, ag4+1] for each 0 < k < ¢, one can use (3.1.1) to

check that ,

ag 1 A+
/ fdx = Z/ f(x)dx. (3.1.6)

o k=0

Sometimes one wants to integrate functions that are complex-valued. Just as in
the real-valued case, one says that a bounded function f : [a, b] —> C is Riemann
integrable and has integral j; b f(x)dx on [a, b] if the Riemann sums

R(f:C,8) =D f(EW)]

IeC

converge to fab f(x)dx as ||C|| = 0. Writing f = u + iv, where u and v are real-
valued, one can easily check that f is Riemann integrable if and only if both u and
v are, in which case

b b b
/f(x)dx:/ u(x)dx+i/ v(x) dx.
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From this one sees that, except for (3.1.3), the obvious analogs of the assertions in
Corollary 3.1.3 continue to hold for complex-valued functions. Of course, one can
no longer use (3.1.3) to prove the first inequality in (3.1.4). Instead, one can use the
triangle inequality to show that |2R(f; C, &)| < R(| f|; C, E) and then take the limit
as ||C|| — O.

There are two closely related extensions of the Riemann integral. In the first place,
one often has to deal with an interval (a, b] on which there is a function f that is
unbounded but is bounded and Riemann integrable on [«, b] for each a € (a, b).
Even though f is unbounded, it may be that the limit lim,~ 4 fab f(x)dx existsin C,
in which case one uses f(a! b f(x) dx to denote the limit. Similarly, if f is bounded

and Riemann integrable on [a, 3] for each 3 € (a, b) and limg » faﬂ f(x)dx exists

or if f is bounded and Riemann integrable on [c, Blforalla < o < 8 < b and

lima~ g ff f(x) dx exists in C, then one takes f[a p f(X)dx or f(a p f(X)dx tobe
B/b ’ ’

the corresponding limit. The other extension is to situations when one or both of
the endpoints are infinite. In this case one is dealing with a function f which is
bounded and Riemann integrable on bounded, closed intervals of (—oo, b], [a, 00),
or (—oo, 00), and one takes

/ fx)dx, fx)dx, or / fx)dx
(—00,b] [a,00) (—00,00)

to be
b

b b
a{flfloo ’ f(x)dx, bh/nolo/a f(x)dx, or bl}lgo/a f(x)dx
a\(—oQ

if the corresponding limit exists. Notice that in any of these situations, if f is non-
negative then the corresponding limits exist in [0, co) if and only if the quantities
of which one is taking the limit stay bounded. More generally, if f is a C-valued
function on an interval J and if f is Riemann integrable on each bounded, closed
interval / C J, then [, f(x)dx will exist if sup; [, | f(x)|dx < oo, in which is
case f is said to be absolutely Riemann integrable on J. To check this, suppose that
J = (a, b]. Then, fora < a1 < an < b,
a
/ f(x)dx
(&3]

b b
/f(x)dx—/ f(x)dx

and so the existence of the limit lim 4 f(f f(x)dx € C follows from the existence
of lim,~ 4 f(f |f(x)|dx € [0,00). When J is [a,b), (a,b), [a, 00), (—00, b], or
(—00, 00), the argument is essentially the same.

The following theorem shows that integrals are continuous with respect to uniform
convergence of their integrands.

5/ )l dx,

1
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Theorem 3.1.4 If {f, : n > 1} is a sequence of bounded, Riemann integrable C-
valued functions on [a, b] that converge uniformly to the function f : [a, b] — C,
then f is Riemann integrable and

n—o00

lim fn(x)dx—/ f(x)dx.
Proof Observe that
IR(fu:C. ) = R(f:C. E)N = R(Ifu — f1: C. E) < (b — &)l fu = fliars

and conclude from this first that { fa b fa(x)dx : n > 1} satisfies Cauchy’s conver-
gence criterion and second that, for each n,

lim
ICll—0

b
R(f:C, E)—/ Fo)dx| < B =D fs = s

Hence, [* f(x)dx =1lim, o [ f,(x) dx exists,and R(f; C, &) —> [ f(x)dx
as ||C|| — O. O

3.2 The Fundamental Theorem of Calculus

In the preceding section we developed a lot of theory for integrals but did not address
the problem of actually evaluating them. To see that the theory we have developed
thus far does little to make computations easy, consider the problem of computing
fah xkdx for k € N. When k = 0, it is obvious that every Riemann sum will be
equal to (b — a), and therefore fa > ¥0dx = b — a. To handle k > 1, first note that

f:x"dx = fobxkdx — Jo x¥dx and, for any c € R

/ xkdx=(—1)’<+1/ xFdx.
0 0

Hence, it suffices to compute [ x* dx for ¢ > 0. Further, by the scaling property in

(3.1.2),
c 1
/x]‘dxzck+l/ x*dx.
0 0

Thus, everything comes down to computing fol x¥dx. To this end, we look at Rie-
mann sums of the form



3.2 The Fundamental Theorem of Calculus 69

k)

—Z( ) _W WhereS(k)—Zn:mk.
m=1

When 7 is even, one can see that SV = w by adding the 1ton,2ton — 1, etc.

When rn is odd, one gets the same conclusion by adding n to Sﬁ?l. Hence, we have

shown that
! o onn+1) 1
xdx = lim ——— = —,
0 n—oo  2n? 2

which is what one would hope is the area of the right triangle with vertices (0, 0),
(0, 1), and (1, 1). When k > 2 one can proceed as follows. Write the difference
(n 4+ DFT — 1 as the telescoping sum > ((m + D*! — m* ). Next, expand
(m 4+ 1)**! using the binomial formula, and, after changing the order of summation,

arrive at .
k+ 1\
(n+1)’<“—1:2( * )s,gﬂ.
=0~/

. . .. . . ()
Starting from this and using 1nduct10n on k, one sees that lim,,_, nS[H o +1 Hence,

we now know that fol xKdx = Combining this with our earlier comments, we

k+1
have
b PR+l _ gkt
/ xfdx = ———— forallk e Nanda < b. (3.2.1)
. k+1

There is something that should be noticed about the result (3.2.1). Namely, if one
looks at fa b x¥ dx as a function of the upper limit b, then b¥ is its derivative. That is,
as a function of its upper limit, the derivative of this integral is the integrand. That
this is true in general is one of Newton’s great discoveries.!

Theorem 3.2.1 (Fundamental Theorem of Calculus) Let f : [a,b] — C be a
continuous function, and set F (x) = fax f(@®)dt forx € [a, b]. Then F is continuous
on [a, b], continuously differentiable on (a, b), and F' = f there. Conversely, if
F : [a,b] —> C is a continuous function that is continuously differentiable on
(a, b), then

b
F'=fon(ab) = F(b)—F(a):/ f(x)dx.

! Although it was Newton who made this result famous, it had antecedents in the work of James
Gregory and Newton’s teacher Isaac Barrow. Mathematicians are not always reliable historians,
and their attributions should be taken with a grain of salt.
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Proof Without loss in generality, we will assume that f is R-valued.
Let F be as in the first assertion. Then, by (3.1.1), for x, y € [a, b],

y y
F(y)—F(X)=/ f(t)dt=f(X)(y—X)+/ (f() = fo)dr.

Given € > 0, choose § > Osothat | f(t) — f(x)| < efort € [a, b] with |t — x| < §.
Then, by (3.1.4),

/' () = f))dt| < ely —x| ifly—x| <4,

and so

‘F(y)—F(x)
y—x

— f(x)| <€ forx, y€[a,b]with0 < |y — x| <.

This proves that F is continuous on [a, b], differentiable on (a, b), and F' = f there.

If f and F are as in the second assertion, set A(x) = F(x) — fax f(t)dt. Then,
by the preceding, A is continuous of [a, b], differentiable on (a, b), and A" = 0 on
(a, b). Hence, by (1.8.1), A(b) = A(a), and so, since A(a) = F(a), the asserted
result follows. U

It is hard to overstate the importance of Theorem 3.2.1. The hands-on method
we used to integrate x* is unable to handle more complicated functions. Instead,
given a function f, one looks for a function F such that F/ = f and then applies
Theorem 3.2.1 to do the calculation. Such a function F is called an indefinite integral
of f. By Theorem 1.8.1, since the derivative of the difference between any two of its
indefinite integrals is 0, two indefinite integrals of a function can differ by at most
an additive constant. Once one has F, it is customary to write

b
/ f)dx = F)|'_ = F(b) - F(a).

Here are a couple of corollaries of Theorem 3.2.1.

Corollary 3.2.2 Suppose that f and g are continuous, C-valued functions on [a, b]
which are continuously differentiable on (a, b), and assume that their derivatives
are bounded. Then

b b b
[ regear=rwg|_ - [ rwgeods

b
where [(x)gx)| = fB)g®) — f@gla).
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Proof By the productrule, (fg) = f'g+gf’', and so, by Theorem 3.2.1 and (3.1.5),

15 b
FB9B) — f@gla) = / f gt dx+ / FGOg () dx

foralla <a < <b.Nowleta \yaand 3 7 b. |

The equation in Corollary 3.2.2 is known as the integration by parts formula, and
itis among the most useful tools available for computing integrals. For instance, it can
be used to give another derivation of Taylor’s theorem, this time with the remainder
term expressed as an integral. To be precise, let f : (a, b)) —> Cbe an (n+ 1) times
continuously differentiable function. Then, for x, y € (a, b),

F) = Z(y ey
m=0 (3.2.2)

_ n+1 1
+ %/ (1 =) f(A = Hx +ty) dt.
. 0
To check this, set u(t) = f((l —Hx + ty). Then
u™ @) = (y — )" f"((1 = D)x +1y),

and, by Theorem 3.2.1, u(1) — u(0) = fol u'(t) dt, which is (3.2.2) for n = 1. Next,
assume that

n—l (m) 1
_ u (0) 1 _ y\n—1_(n)
u(l) = oy + e 1)!/0 (1 —=0)""u" (@) dt

for some n > 1, and use integration by parts to see that

()

m=0

— 1y

1
/ a- t)n—lu(n)(t) dt = ( / a—=0"u ("+1)(l‘) dt.
0

Hence, by induction, (3.2.2) holds for all n > 1.
A second application of integration by parts is to the derivation of Wallis’s formula:

n 4" (n! 2
= lim H = lim (n}) .
1, 2m = 12m 1 g ) ([, 2 — D)’

(3.2.3)
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To prove his formula, we begin by using integration by parts to see that

2 2
/ cos"rdt = / sin’7cos" 't dt = (m — 1)/ sin® 7 cos™ % ¢ dt
0

=(m— 1)/ cos"2rdt — (m — l)/ cos™ t dt,
0

and therefore that

T

2 m % 2
/ cos" tdt = —/ cos™"“tdt form > 2.
0 m 0

Since [} cost dr = 1, this proves that

s n

Z o ontl 2m
cos tdt = | I forn > 1.
/O it 2m +1 "=

At the same time, it shows that [i? cos?tdt = % and therefore that

z L 2m—1
/ cosz"tdtzzl_[ n forn > 1.
0 2 2m

m=1

Thus .
Jo} cos® ¢ dt 2 4" (n1)?

fo% cosrdt T @n+1) ([T @m—1)*

Finally, since

f7 cos2tl tdt — 2n f cos~! tdt 2n

1> ,
f cos? ¢ dt RS f cos?" 1 dt St

(3.2.3) follows.

Aside from being a curiosity, as Stirling showed, Wallis’s formula allows one
to compute the constant e? in (1.8.7). To understand what he did, observe that
[1:_,2m — 1) = &2 and therefore, by (1.8.7), that

2"n!

4"(n!)? 1 (4'1(;1!)2)2
@n +1) (Hn-H m ))2 2n+ 1\ (2n)!

1 4relp (%)Zn 2_ e?An
2n + 1 (21) T 4n 42
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Hence, after letting n — oo and applying (3.2.3), one sees that >4 =27 and therefore
that (1.8.7) can be replaced by

!
Vamer < 8 < amer, (3.2.4)

or, more imprecisely, n! ~ v/2mn (2)".
Here is another powerful tool for computing integrals.

Corollary 3.2.3 Let ¢ : [a,b] —> [c,d] be a continuous function, and assume
that ¢ is continuously differentiable on (a, b) and that its derivative is bounded. If
f i lc,d] —> Cis a continuous function, then

b @(b)
/ (focp(t))<p’(t)dt=/ f(x)dx.
a ®

(a)

In particular, if ¢ > 0 on (a, b) and p(a) < ¢ < d < p(b), then for any continuous
file,d] — C,

d )
/ f(x)dx = / (f op®)¢ (1) dt.

1)

Proof Set F(t) = ;é;; f(x)dx. Then, F(a) = 0 and, by the chain rule and Theo-

rem 3.2.1, F' = (f o ¢)¢'. Hence, again by Theorem 3.2.1,

b
F(b) =/ (f op®)¢ (1) dt. 0

The equation in Corollary 3.2.3 is called the change of variables formula. In appli-
cations one often uses the mnemonic device of writing x = ¢(¢) and dx = ¢'(¢t) dt.
For example, consider the integral fol +/1 — x2dx, and make the change of vari-
ables x = sint. Then dx = costdt, 0 = arcsin0, and % = arcsin 1. Hence

fol V1 —x2dx = fog cos? ¢ dt, which, as we saw in connection with Wallis’s for-
mula, equals %. In that {(x, V1 —=x2%): x €0, 1]} is the portion of the unit circle
in the first quadrant, this is the answer that one should have expected.

Here is a slightly more theoretical application of Theorem 3.2.1.

Corollary 3.2.4 Suppose that {p, : n > 1} is a sequence of C-valued continuous
functions on [a, b] that are continuously differentiable on (a, b). Further, assume
that {p, : n > 1} converges uniformly on [a, b] to a function p and that there is
a function 1 on (a, b) such that ¢, —> 1 uniformly on [a + 6, b — ] for each

0<d< }% Then ¢ is continuously differentiable on (a, b) and ¢’ = 1.
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Proof Given x € (a, b), choose 0 < § < 5% sothatx € (a + 8, b — §). Then

px) —pla+96) = lim/ w;(y)dy=/ () dy,
=00 Ja+s a+o

and so ¢ is differentiable at x and ¢’ (x) = 1 (x). ([l

3.3 Rate of Convergence of Riemann Sums

In applications it is often very important to have an estimate on the rate at which
Riemann sums are converging to the integral of a function. There are many results that
deal with this question, and in this section we will show that there are circumstances
in which the convergence is faster than one might have expected.

Given a continuous function f : [0, 1] —> C, it is obvious that

1
‘R(f;C, =) _/o f@ydx| <sup{|f(») = f()]: x, y € [0, ] with |y — x| < [IC]|}

for any finite collection C of non-overlapping closed intervals whose union is [0, 1]
and any choice function Z. Hence, if f is continuously differentiable on (0, 1), then

1
‘R(f;C, EJ)—/0 fdx| =1 f lonlCl.

Moreover, even if f has more derivatives, this is the best that one can say in general.
On the other hand, as we will now show, one can sometimes do far better.

Forn > 1, take Cy = (I, : 1 <m < n}, where I,,,, = [2=1, 2], &,(Ln.n) =
%, and, for continuous f : [0, 1] — C, set

Ru(f) =R(f;Cp, Ey) = = Zf (m).

Next, assume that f has a bounded, continuous derivative on (0, 1), and apply inte-
gration by parts to each term, to see that

/ F dx = Ru(f) = Z / (o -
—Z/ =) (e — £ (2) Z/ n=1Y £ dx.

m=1

:|§

(5)) dx
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Now add the assumption that f(1) = f(0). Then fol f'x)dx = f(1) — f(0) =0,
and so

Zﬂ( f(x)dx—Z/ﬁl(x_mT_l—C)f/(x)dx

n

for any constant c. In particular, by taking ¢ = Zl to make each of the integrals
n

m

Jua (X - % — c) dx = 0, we can write
-

m

L=t D rwax= [ - - (e - ren)ds

m—1
n

n

and thereby conclude that

1
| rwar-m, - -y / ¥ ml o L) (P - £() da

m=1

1
n? for

-1 _ 1
This already represents progress. Indeed, because f e |x — = | dx =

each 1 < m < n, we have shown that

sup |f )= f@)]:ly—x| < l}
4n

‘/ fx)dx — Ry (f)’

if f is continuously differentiable and f(1) = f(0). Hence, if in addition, f is twice
differentiable, then | f'(y) — f'(x)| < I f”ll©0.1)ly — x| and the preceding leads to

"
- lf ||(0,1)'
4n?

()

(x)dx —

Before proceeding, it is important to realize how crucial a role the choice of both
C, and &, play. The role that C, plays is reasonably clear, since it is what allowed us to
choose the constant ¢ independent of the intervals. The role of &), is more subtle. To
see that it is essential, consider the function f(x) = ¢'2™ which is both smooth and
satisfies /(1) = f(0). Furthermore, || f'||[0,1; = 27 and fol f(x)dx = 0. However,
if £,(Lyn) = "%, then

n i2mil
e n2

~ 1 12 =) 1
R ;Cna En = - e =
f )=-> 1

m=1

; n=1
_ elZﬂT

i2rist”
—e 2
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Since n(l — eiZWHn;l) = n(l — e"a”%) —> 27 and n(l — eizw"n;zl) — —i2m, it
follows that
lim n =1.

n—oo

1
R(f; Cny By) — / f(x)dx
0

Thus, the analog of (x) does not hold if one replaces &, by &,,.
To go further, we introduce the notation

A(k)(f) k‘ Z/ Y —

m=1

“(f) = f(2)dx fork = 0.

Obviously, A,(lo)( f) = fol f(x)dx — R, (f). Furthermore, what we showed when
f is continuously differentiable and f(1) = f(0) is that AV (f) = - AL (f) —
AV (f). By essentially the same argument, what we will now show is that, under
the same assumptions on f,

AR = AD (1 =AYy fork > 0. (3.3.1)

(k 4 2)!nk+1

The first step is to integrate each term by parts and thereby get

AP =~ (k+1)' Z/ L) (1) dix. (33.2)

Because fol f/(x)dx = 0, the right hand side does not change if one subtracts

NS . .. .
W from each (x — m—l) , and, once this subtraction is made, one can, with

impunity, subtract f'(%) from f’(x) in each term. In this way one arrives at

AP =5 +1),Z / (v = 20— k) (1) — () d

which, after rearrangement, is (3.3.1).

We will say that a function ¢ : R — C is periodic® if ¢(x + 1) = p(x) for all
x € R. Notice that if ¢ : R — C is a bounded periodic function that is Riemann
integrable on bounded intervals, then, by (3.1.6),

a+1 1
/ o€ dE = / (&) d¢ foralla € R. (3.3.3)
a 0

%In general, a function f : R —> C is said to be periodic if there is some & > 0 such that
f(x+a) = f(x)forall x € R, in which case « is said to be a period of f. Here, without further
comment, we will always be dealing with the case when av = 1 unless some other period is specified.
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To check this, suppose thatn < a < n + 1. Then, by (3.1.6),

/ " e©de = / " @ de + / " o de

n+1

- / " e©de + / o = / " e©de = /O o) de.

Now assume that f : R — C is periodic and has £ > 1 continuous derivatives.
Starting from (3.3.1) and working by induction on ¢, we see that

L

1
AV == > an ALY,

k=0

where

Qg ¢
apo =1, aper1 = E v adagep = - forl <k < £
=+ 2)!

The preceding can be simplified by observing that a; , = (—1)ag ¢4 for0 < k < ¢,
which means that

4
1
0) _ k k+1 A (k) «)
AV () = =7 2D b AP ()

k=0 (3.3.4)

o (=D
where by = 1 and by4| = Z be_i

= (k+2)!

If we now assume that f is (£ + 1) times continuously differentiable, then, by (3.3.2),

40 =

(t+1)
k+l 01 I/ Moo
2 / P dx < o

(k+ 1)! 4 (k + 2)lnk+1’

and so (3.3.4) leads to the estimate (see Exercise 3.13 for a related estimate)

Kol £V o1y C |be]
‘/ fx)dx — R, (f)‘ o Wwhere K, = ; o) (3.3.5)

for periodic functions f having (£ + 1) continuous derivatives. In other words, if
f is periodic and has (£ 4 1) continuous derivatives, then the Riemann sum R, (f)
differs from fol f(x) dx by at most the constant K, times || f“*V||j0.yn =1,

To get a feeling for how K, grows with £, begin by taking f(x) = ¢/>™. Then
AV(f) = =1, I £ |1y = @m)EH, and so (3.3.5) says that K, > (2m) ', To
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get a crude upper bound, let a be the unique element of (0, 1) for which e =1+ %,
and use induction on £ to see that |b;| < . Hence, we now know that

1
Q) < Ky < evatt?.

Below we will get a much more precise result (cf. (3.4.9)), but in the meantime it
should be clear that (3.3.5) is saying that the convergence of R, (f) to fol f(x)dxis
very fast when f is periodic, smooth, and the successive derivatives of f are growing
at a moderate rate.

3.4 Fourier Series

Taylor’s Theorem provides a systematic method for finding polynomial approxima-
tions to a function by scrutinizing in great detail the behavior of the function at a
point. Although the method has many applications, it also has flaws. In fact, as we
saw in the discussion following Lemma 1.8.3, there are circumstances in which it
yields no useful information. As that example shows, the problem is that the beha-
vior of a function away from a point cannot always be predicted from the behavior
of it and its derivatives at the point. Speaking metaphorically, Taylor’s method is
analogous to attempting to lift an entire plank from one end.

Fourier introduced a very different approximation procedure, one in which the
approximation is in terms of waves rather than polynomials. He took the trigonomet-
ric functions {cos(2wmx) : m > 0} and {sin(2wmx) : m > 1} as the model waves
into which he wanted to resolve other functions. That is, he wanted to write a general
continuous function f : [0, 1] — C as a usually infinite linear combination of the
form

fx) = Z a, cos(2mmx) + Z by, sin(Qmmx),

m=0 m=1

where the coefficients a,, and b,, are complex numbers. Using (2.2.1), one sees that
1 7 F m—ibm 7 —mtib_pm

by t.akmg fo =ag, fn = % for m = .1, and f,, = =257 form < —1, an

equivalent and more convenient expression is

F@) = D" fuenx) where e, (x) = ™. (3.4.1)

m=—0Q

One of Fourier’s key observations is that if one assumes that f can be represented
in this way and that the series converges well enough, then the coefficients f,, are
given by

1
fn = / F@)e_p(x)dx. (3.4.2)
0
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To see this, observe that (cf. Exercise 3.7 for an alternative method)

1
/ en(x)e_,(x)dx
0
1
= / (cos(27rmx) cos(2mnx) + sin(2wmx) sin(27rnx)) dx
0

1
+ i / (— cos(2mmx) sin(2wnx) + sin(2wmx) cos(27rnx)) dx
0

1
:/ cos(2m(m — n)x) dx +i/
0 0

! 1 ifm=n

sm(27r(m n)x) dx = {O ifm £ n,
where, in the passage to the last line, we used (1.5.1). Hence, if the exchange in the
order of summation and integration is justified, (3.4.2) follows from (3.4.1).

We now turn to the problem of justifying Fourier’s idea. That is, if fm is given
by (3.4.2), we want to examine to what extent it is true that f is represented by
(3.4.1). Thus let a continuous f : [0, 1] —> C be given, determine fm accordingly
by (3.4.2), and define

[e¢]

fr(x) = Z rm fen(x) forr €10, 1) and x € R. (3.4.3)

m=—00

Because | fm| < || f lj0.17, the series defining f, is absolutely convergent. In order to
understand what happens when » 7 1, observe that

n

1 n
D fen (x) =/0 (Z(rel(x —y))m)f(y)dy

m=-—n m=0
l n
+/) (Z(ral(y - x))m)f(y)dy
( m=1
=l (x — y) rel(y—x)—r"+len+1(y—x))
_ d
/o ( L —rej(x —y) I=—rely—x) o

= fy)dy.

/1 1—r* —r"leos(2m(n + 1)(x — y)) + "2 cos2mn(x — y))
0 [T —rei(x — y)I?

Hence, by Theorem 3.1.4,

o]

1
0= 3 e = [ pie=nfordy

m=—00
2

—r

where p,(§) =
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Obviously the function p, is positive, periodic, and even: p,(—&) = p,(§). Further-
more, by taking f = 1 and noting that then ﬁ, =1and fm = 0 form # 0, we see
from (3.4.4) and evenness that fol pr(x — y)dy = 1. Finally, note that if § € (0, 1)
and ¢ ¢ |Jo—_ . [n— &, n+ 48], then

(%) 1 —re (6 > 2(1 — cos(2ﬂ'§)) > w(d) = 2(1 - cos(27r5)) >0

2
and therefore p, (&) < L(_(IS)

Given a function f : [0, 1] —> C, its periodic extension to R is the function f
given by f (x) = f(x —n) forn < x <n+ 1. Clearly, f will be continuous if and
only if f is continuous and f(0) = f(1). In addition, if £ > 1, then f will be ¢ times
continuously differentiable if and only if f is ¢ times continuously differentiable on
(0, 1) and the limits lim,~ o f® (x) and lim, - f® (x) exist and are equal for each
0<k=<ct

Theorem 3.4.1 Let f : [0,1] —> C be a continuous function, and define f,
for r € [0,1) as in (3.4.3). Then, for each r € [0,1), f. is a periodic func-
tion with continuous derivatives of all orders. In fact, for each k > 0, the series
Zfzfoo(i27r|m|)kr|m|fmem (x) is absolutely and uniformly convergent to f,(k) (x).

Furthermore, for each § € (0, %) fr — fasr /' 1 uniformly on [§,1 — §].
Finally, if f(0) = f(1), then f, —> f uniformly on [0, 1].

Proof Since each term in the sum defining f; is periodic, it is obvious that f, is also.
In addition, since the sum converges uniformly on [0, 1], f. is continuous. To prove
that f, has continuous derivatives of all orders, we begin by applying Theorem 2.3.2
tosee that > v mlfriml <23 mkrm < oo.

In view of the preceding, we know that > oo (i2m|m|)r!™! fmem(x) con-
verges uniformly for x € [0, 1] to a function 1. At the same time, if p,(x) =
S r fe,(x), then ¢, converges uniformly to f, and @/, = 3" _ (i2zxm)rh!
fm e (x) converges uniformly to ¢. Hence, by Corollary 3.2.4, f, is differentiable and
f! = 1. More generally, assume that £, has k continuous derivatives and that f*) =

> rm@2mm))* fm en. Then a repetition of the preceding argument shows that

f® is differentiable and that its derivative is > 00 _ Il i27|m|)**! f,,e,.

Now take f to be the periodic extension of f to R. Since f is bounded and
Riemann integrable on bounded intervals, (3.3.3) together with fol prx—y)dy =1
show that

1
Jr(x) = f(x) =/0 prx = (f() = f))dy

1—x % - ~
- / PO (F(E+x) — F(0))dE = / PO (F(E +x) — F0)) de

x -
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—5 0
- / PO (F(E +x) — Fo)) de + / PO (FE +x) - F)) de
_% —0

4 / O (€ +3) — Fo) de
)

forx € [0,1]and 0 < § < % Using (), one sees that the first and third terms in the

final expression are dominated by 2| f ||[0,1]'w_(—g2 and therefore tend to O as r ' 1.

As for the second term, it is dominated by sup{|f(y) — f(x)| . |y —x| < 6}. Hence,
if f is continuous at x, as it will be if x € (0, 1), then

1
lim|f,(x) — f(x)| = lim'/ prx = (f () = f(x)dy| =0.
r/'1 r/1|Jo

Moreover, the convergence ~is uniform on the interval [6,1 — 4], and if
f(©0) = f(1) and therefore f is continuous everywhere, then the convergence is
uniform on [0, 1]. U

Even though the preceding result is a weakened version of it, we now know that
Fourier’s idea is basically sound. One important fact to which this weak version leads
is the identity

1 0 o
/0 g dx = D" fulm- (34.5)

m=—0oQ
To prove this, first observe that, because fol e, (X)e_m, (x)dx is 0if m; # my and 1
if m; = my, one can use Theorem 3.1.4 to justify

[ee]

1 1 1
| rwaa= > e g [ e w0 ds
0 0 0

mp,my=—00

g —
= Z rz‘m‘fmgm-

m=—0oQ

At the same time, for each 6 € (0, %),

1
lim / | /() (x) — f(x)g(x)|dx
r/'1 Jo

) 1
<Tm / /05 — £)g@)]| dx +Tm / |05 @ — £@)g(0)] dx
r/1 Jo r/1 J1_5

<4 fllo.nllglond,
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and so lim, » [ f,(x)g,(x)dx = [, f(x)g(x)dx. Taking g = f, we conclude
that
1 00
2 T 2mly £ 12
x)|“dx = lim r ol
/0 TP dx =lim 3 r

and therefore that > > _ | fAm|2 < o00. Hence, by Schwarz’s inequality (cf. Exer-
cise 2.3),

o]

R o0 . o0
Do nllgml < | D0 1l | D] 1l < o0,

m=—0Q m=—00 m=—00

and so the series > . fma is absolutely convergent. Thus, when we apply

(1.10.1), we find that

m=—0oQ

oo - oo A 1 -
S fa=tim 3 = [ rwisGdx

m=—00 m=—00

The identity in (3.4.5) is known as Parseval’s equality, and it has many interesting
apphcatlons of which the following is an example. Take f (x) = x. Obviously,

fo 5» and, using integration by parts, one sees that fm = i— for m # 0. Hence,
by (3. 4 5)

1 : 5 11 1

_= d = — _— _—= - _— —,

37 ), T 4+4772m# 2 4+2772mZ::lm2

from which we see that
2

oo
Zizﬂ— (3.4.6)
mz]m2 6

The function (z) given by > o, ml when the real part of z is greater than 1 is
the famous Riemann zeta function which plays an important role in number theory
(cf. Sect.6.3). We now know the value of { at z = 2, and, as we will show below,
we can also find its value at all positive, even integers. However, in order to do
that computation, we will need to discuss when the Fourier series Z;Lo:_ o fm e (x)
converges to f. This turns out to be a very delicate question, and we will not attempt
to describe any of the refined answers that have been found. Instead, we will deal
only with the most elementary case.

Theorem 3.4.2 Let f : [0,1] —> C be a continuous function. If > " | fm|
< 09, then f(0) = f(1) and >, fmem converges uniformly to f. In partic-
ularn, if f (1) = f(0) and f has a bounded continuous derivative on (0, 1), then
> ] finl < 00 and therefore ) finem converges uniformly to f.
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Proof We already know that f.(x) —> f(x) for all x € (0, 1), and therefore, by
(1.10.1), if x € (0, 1) and Zm_,oo fm e (x) converges, it must converge to f(x).
Thus, since |fmem(x)| < |fm| if > |fm| <00, > fmem(x) converges
absolutely and uniformly on [0, 1] to a continuous, periodic function, and, because
that function coincides with f on (0, 1), it must be equal to f on [0, 1].

Now assume that (1) = f(0) is and that f has a bounded, continuous derivative
f"on (0, 1). Using integration by parts and Exercise 3.7, we see that, for m # 0,

1-0
Jo=lim | fG)en () dx

1-6
= lim -
N0 i27Tm
n
m

i2rm’

(f(5)em(5) — [ =0de_p(1—0)+ i J e (x) dX>

Hence, by Schwarz’s inequality, Parseval’s equality, and (3.4.6),

1

~ 1 1 : P . 1 1 ) 3
2l = (2] (2P S\/;(/o If(x)lzdx). -

m#1 m=0 m##0

Notice that the integration by parts step in the preceding has the following easy
extension. Namely, suppose that f : [0, 1] — C is continuous and that f has
£ > 1 bounded, continuous derivatives on (0, 1). Further, assume that f®(0) =
lim,~o f® (x) and f® (1) = lim, » f(x) exist and are equal for 0 < k < ¢. Then,
by iterating the argument given above, one sees that

Fo = (20m)4(F D), form € Z\ {0).

Returning to the computation of ((2¢), recall the numbers by introduced in (3.3.4),

and set
¢

—1D*b
Py(x) =Z ) ’“‘xk for £ > 0 and x € R.
Then Py = 1 and P, = —P;_,. In addition, if £ > 2, then

lk
Pu(1) = by — by 1+ZM
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and, by (3.3.4),

= k! p (k+2)!

Hence P;(1) = by = P¢(0) for all £ > 2. In particular, these lead to

1
(Pe)o = —/ P y(x)dx = Pi1(0) = Py (1) =0 for £> 1
0

and
(P = (=)@ 27mm) "¢ (Py),, for £>2 and m # 0.

Since Pi(x) = b; — bpx = % — X, we can use integration by parts to see that

1
(P, = —/ xe M gy = (i2rm)~' for m # 0,
0
and therefore

. l
Pix) = — (;—F) > e’;’ﬂ# for ¢£>2 and x € [0, 1]. (3.4.7)
m#0

Taking x = 0 in (3.4.7), we have that

(=D™12¢20)

o (3.4.8)

bzg.;,.] =0 and bz@ =

for £ > 1. Knowing that by = 0 for odd £ > 3, the recursion relation in (3.3.4) for
b, simplifies to

2 if ¢ €{0,1)
=)
be= 13— Y20 gty if £ = 2iseven (3.4.9)
0 if £ > 2 is odd.

Now we can go the other direction and use (3.4.8) and (3.4.9) to compute ( at even
integers:
C20) = (=122 112, for € > 1. (3.4.10)

Finally, starting from (3.4.10), one sees that the K,’s in (3.3.5) satisfy
limeoo(Ke) 7 = (2m) 7"
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In the literature, the numbers £!b, are called the Bernoulli numbers, and they have
an interesting history. Using (3.4.9) together with (3.4.10), one recovers (3.4.6) and
sees that ((4) = % and ((6) = %. Using these relations to compute ( at larger even
integers is elementary but tedious. Perhaps more interesting than such computations
is the observation that, when ¢ > 2, Py(x) is an £th order polynomial whose periodic
extension from [0, 1] is (¢ — 2) times differentiable. That such polynomials exist is

not obvious.

3.5 Riemann-Stieltjes Integration

The topic of this concluding section is an easy but important generalization, due to
Stieltjes, of Riemann integration. Namely, given bounded, R-valued functions ¢ and
1 on [a, b], a finite cover C of [a, b] by non-overlapping closed intervals /, and an
associated choice function =, set

R(pl; C, 8) = D () A,

IeC

where A;1) denotes the difference between the value of 1) at the right hand end point
of I and its value at the left hand end point. We will say that ¢ is Riemann—Stieltjes
integrable on [a, b] with respect to v if there exists a number j; :’ p(x) di(x), known
as the Riemann—Stieltjes of ¢ with respect to 1), such that for each € > 0 there is a
0 > 0 for which

<€

b
R(oli: C, ) — / () dib(x)

whenever ||C|| < § and & is any associated choice function for C. Obviously, when
¥ (x) = x, this is just Riemann integration. In addition, it is clear that if ¢; and
p are Riemann-Stieltjes integrable with respect to v, then, for all o, ap € R,
Q11 + apps is also and

b b b
/ (a1 () + a22()) db(x) = a / o1(0) () + / o2(x) i (x).

Also, if 1Z(x) = 1(a + b — x) and ¢ is Riemann—Stieltjes integrable with respect to

1, then x ~» p(a + b — x) is Riemann—Stieltjes integrable with respect to v and

b b
/ pla+b—x)dypx) = —/ px) du(x). (3.5.1)

a
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In general it is hard to determine which functions ¢ are Riemann—Stieltjes inte-
grable with respect to a given function 1. Nonetheless, the following simple lemma
shows that there is an inherent symmetry between the roles of  and ).

Lemma 3.5.1 If ¢ is Riemann—Stieltjes integrable with respect to 1), then 1 is
Riemann—Stieltjes integrable with respect to p and

b b
/ e(x) d(x) = pb)ih(b) — (a)y(b) —/ Y(x) dp(x). (3.5.2)

Proof Let C = {[am_l,am] 1l <m < n} wherea = oy < -+ < o, = b,
and let £ be an associated choice function. Set 3y = a, 6, = & ([n_1, yu]) for
1 <m <n,and 8,41 = b, and define C' = {[By_1, Bn] : 1 <m < n+ 1} and
E/([Bmfl» Bm]) = g for1 <m <n+ 1. Then

R@Wle; C, &) = D~ (Bu) (#(am) — o(am-1))

m=1
n—1

=D 0B e(an) = DV BusD)p(am)

m=1 m=0

n—1
=Y (B)elam) — z @) (Y Bns1) = V(Bn)) — b (B1)p(ao)

m=1

=19 b)p(b) — P(a)pla) — Z @) (Y Bns1) = V(B))
m=0

= 1)) — v(a@)p(a) — Rl C', E').

Noting that ||C’|| < 2||C||, one now sees that if ¢ is Riemann-Stieltjes integrable with
respect to ¢, then v is Riemann—Stieltjes integrable with respect to ¢ and (3.5.2)
holds. -

As we will see, Lemma 3.5.1 is an interesting generalization of the integration by
parts, but it does little to advance us toward an understanding of the basic problem.
In addressing that problem, the following analog of Theorem 3.1.2 will play a central
role.

Lemma 3.5.2 If ¢ is non-decreasing on [a, b], then @ is Riemann—Stieltjes inte-
grable with respect to 1 if and only if for each ¢ > 0 there exists a § > 0 such
that

IC <6 = > Ap<e

IeC
sup; p—inf; p>e
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In particular, every continuous function ¢ is Riemann—Stieltjes integrable with
respect to 1. In addition, if ¢ is Riemann—Stieltjes integrable with respect to
and ¢ € (a,b), then it is Riemann—Stieltjes integrable with respect of 1 on both
[a, c] and [c, b] and

b c b
/ () dib(x) = / o) dib(x) + / () dib(x).

c

Finally, if  : [a, b] —> [c, d] is Riemann-Stieltjes integrable with respect to 1) and
f i [c,d] —> R is continuous, then f o p is again Riemann—Stieltjes integrable
with respect to ).

Proof Once the first part is proved, the other assertions follow in exactly the same
way as the analogous assertions followed from Theorem 3.1.2.

In proving the first part, we will assume, without loss in generality, that A =
Apa.p1¥ > 0. Now suppose that ¢ is Riemann—Stieltjes integrable with respect to ).
Given € > 0, choose § > 0 so that

&2
S_
4

b
Il <6 = ‘mow; C.8) - / o) dib(x)

for all associated choice functions Z. Next, given C, choose, for each I € C,

2 . 62
E1(I), E>(I) € I so that @(EI(I)) > sup; p — ;5 and go(Ez(I)) <inf; o + 3.
Then ||C|| < ¢ implies that

2
€
>N C, 5 — R ) 32 —info ) App — —,
> R(ply 1) (ply 2) (St;pw in w) 1 >

IeC

€2

2
and so

e >¢ Z A,

IeC
sup; p—inf; p>e

To prove the converse, we introduce the upper and lower Riemann—Stieltjes sums

Ulpl:C) = D suppArip and L(ply: €) = D inf pAo).

leC ! leC

Just as in the Riemann case, one sees that

L(plp; C) < R(ply; C, E) <U(pl; €)

for all C and associated rate functions &, and L(p|v; C) < U(plp; C') for all C and
C’. Further,
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UGl ©) — Ll 0 =S (Slllpga ~inf S0) A

IeC

<eA+2gllun D, A

IeC
sup; p—inf; p>e

and so, under the stated condition, for each ¢ > 0 there exists a > 0 such that
ICII <6 = UplY; C) — L(plY:; C) <e.
As a consequence, we know that if ||C|| < 0 then, for any C’
Uplh; C) < Lol O) + e U C) + e,

and similarly, L(p|¥;C) > L(pl; C") — €. From these it follows that M =
infe U(plh; C) = supe L([th; C) and

lim U ;CO)=M= lim L ;0),
dm (el C) dm (plp; C)

and at this point the rest of the argument is the same as the one in the proof of
Theorem 3.1.2. (]

The reader should take note of the distinction between the first assertion here and
the analogous one in Theorem 3.1.2. Namely, in Theorem 3.1.2, the condition for
Riemann integrability was that there exist some C for which

> i<e

IeC
sup; f—inf; f>e
whereas here we insist that

icl<s = > av<e

IeC
sup; ¢—inf; p>e

The reason for this is that the analog of the final assertion in Lemma 3.1.1 is true for
1 only if v is continuous. When ) is continuous, then the condition that ||C|| < ¢
can be removed from the first assertion in Lemma 3.5.2.

In order to deal with ¢/’s that are not monotone, we introduce the quantity

vary, p (1) = sup D |A;] < oo,

leC

where C denotes a generic finite cover of [a, b] by non-overlapping closed intervals,
and say that ¢ has finite variation on [a, b] if var, 5;(¢)) < oo. It is easy to check
that
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varpg (Y1 +12) < varp (Y1) + vary (1)) and that vary, 3 (1) = [1(b) — 1 (a)|
if ¢ is monotone (i.e., it is either non-decreasing or non-increasing). Thus, if ¢/ can
be written as the difference between two non-increasing functions ¢ and 1)~ then
it has bounded variation and

varie,p (1) < (V7 (b) =™ (@) + (™ (b) =¥ (@)).

We will now show that every function of bounded variation admits such a represen-
tation. To this end, define

varjs, , (1) = sup > (Apih)*.

IeC

Lemma 3.5.3 I has bounded variation on [a, b], then

A p = VaI[Tl,b](dJ) - Varl_a,b](l//) and varyg ) (V) = Var?;,b](¢) + Var[_a,bl(d)).

Proof Obviously,

DA =D (AT + D (Ar)”

IeC IeC IeC

and

Aty = D (Arp)" =D (A

IeC IeC

From the first of these, it is clear that var, »(¢)) < VaI'E;Y »(¥) + varp, ;,;(¢). From
the second we see that Varf—;’b](w) < var?;b](w) £ A%, and therefore that
A = Vara'l‘b] (1) —vary, ,,(¥)). Hence, if lim, oo D"/ (Arh)™ = Var?;,b] (W),
then lim,, 00 D ;e (A79)~ = vary, ,,(1), and so

vargs () = lim [ D (A9)* + D7 (A | = varf, (1) + vary, , (1).

IeC, 1eC,
O

Given a function 1) of bounded variation on [a, b], define V,,(x) = var, ,(?)) and
Vj(x) = Var[ia‘x](w) for x € [a, b]. Then V,, Vj , and V; are all non-decreasing
functions that vanish at a, and, by Lemma 3.5.3, ¥ (x) = ¢(a) + VJ (x) =V, (%)
and Vy(x) = V[ (x) + V (x) for x € [a, b].

Theorem 3.5.4 Let 1) be a function of bounded variation on [a, b], and refer to the
preceding. If ¢ : [a, b] —> R is a bounded function, then ¢ is Riemann—Stieltjes
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integrable with respect to Vy, if and only if it is Riemann—Stieltjes integrable with
respect to both VJ and V,,in which case

b b b
/ @(X)qu/;(x)=/ SO(X)dVJ(X)+/ p(x)dV, (x).

a

Moreover, if ¢ is Riemann—Stieltjes integrable with respect to V., then it is Riemann—
Stieltjes integrable with respect to 1,

b b b
[ emave = [Cewavico - [ emav; o,

and

b b
/ e(x) dy(x) 5/ lo() | dVy(x) < llellia.brvarap ().

Proof Since V,, = VJ + V,, itis clear that

Z AVy < e &

IeC
sup; p—inf; p>e

> Avi+ D AV <e

IeC IeC
sup; p—inf; p>e sup; ¢—inf; p>e

and therefore, by Lemma 3.5.2,  is Riemann—Stieltjes integrable with respect to V,,
if and only if it is with respect to V" and V,, . Furthermore, because

R(plVy; C, B) = R(plV,[5C, ) +R(plV,: C, E)

and
R(ply: C. &) = R(plV,:C, §) — K|V, 1 C. &),

the other assertions follow easily. [

Finally, there is an important case in which Riemann—Stieltjes integrals reduce to
Riemann integrals. Namely, if v is continuous on [a, ] and continuously differen-
tiable on (a, b), then, by (1.8.1),

D AW < 1 s (b — a),

IeC

and so v will have bounded variation if ¢ is bounded. Furthermore, if ¢/’ is bounded
and ¢ : [a, b] — R is a bounded function which is Riemann integrable on [a, b],
then ¢ is Riemann—Stieltjes integrable with respect to 1 and
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b b
/ () dib(x) = / P () dx. (353)

To prove this, note that if / € C, then one can apply (1.8.1) to find an n(/) € I such
that Ay = ¢/ (n(I))|1|. Thus

R(pl: C, &) = > e(nD)w (D)1 + > (#(2M) = p(nD) )&’ (D)1 |
IeC IeC
and

> (w(2) =) ()i

IeC

< 1% @y (U5 C) — L5 ©)),

which, since ¢ is Riemann integrable, tends to O as ||C|| — 0. Hence, since (v)’, as
the product of two Riemann integrable functions, is Riemann integrable, we see that
R(ply; C, E) — fab p(x)Y'(x)dx as ||C|| — 0. The content of (3.5.3) is often
abbreviated by the equation d)(x) = 1)/(x) dx. Notice that when ¢ and 1) are both
continuously differentiable on (a, b), then (3.5.2) is the integration by parts formula.

3.6 Exercises

Exercise 3.1 Most integrals defy computation. Here are a few that don’t. In each
case, compute the following integrals.

D) fi100) L dx (i) S0 € dx
(iii) fb sin x dx (iv) fab cosx dx

™ o —3115 dx (VD) [ s 1oz 4%

R P ol
(vii) [y x*sinxdx (viii) [ =55 dx

Exercise 3.2 Here are some integrals that play a role in Fourier analysis. In evalu-
ating them, it may be helpful to make use of (1.5.1). Compute

(i) fOZW sin(mx) cos(nx) dx (ii) f027r sin?(mx) dx
(iii) f027r cos®(mx) dx,

form, n € N.

Exercise 3.3 Fort > 0, define Euler’s Gamma function I"(t) for t > 0 by

() =/ x'"le ™ dx.
(0,00)
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Show that I"'(t +1) = tI"(¢), and conclude that I"'(n+1) = n!forn > 1. See (5.4.4)
for the evaluation of I (%)

Exercise 3.4 Find indefinite integrals for the following functions:

1) x*fora e R & x € (0,00) (ii) logx
(iii) ;77 forx € (0,00) \ {1} (iv) Qe forn € Z* & x € (0, 00).

Exercise 3.5 Let o, 3 € R, and assume that (aa) VvV (ab) Vv (Ba) Vv (Bb) < 1.

Compute f: m dx. When a = 3 = 0, there is nothing to do, and when

o = 3 # 0, itis obvious that (a(1 — owc))_1 is an indefinite integral. When o # (3,
one can use the method of partial fractions and write

1 1 « 1]
(lI—ax)(1=px) a—-p\l—ax 1-px)°
See Theorem 6.3.2 for a general formulation of this procedure.

Exercise 3.6 Suppose that f : (a,b) —> [0, 0o) has continuous derivatives of
all orders. Then f is said to be absolutely monotone if it and all its derivatives are
non-negative. If f is absolutely monotone, show that for each ¢ € (a, b)

° (m)
fo=> f m'(c) (x —¢)" forx € [c. b),
m=0 '

an observation due to S. Bernstein. In doing this problem, reduce to the case when
¢ =0 € (a, b), and, using (3.2.2), observe that f(y) dominates

n 1 n 1
Y _ an=1 g Yyt o_x =1 )
1! /0 (1—=1) [ (ty)dt > (x) /0 (1—-1 F™(tx)dt

(n (n—1!

forn>1and0 <x <y <b.

Exercise 3.7 For a € R\ {0}, show that

b iab iaa
. e —e
/ dorgr ="
a [Xe%

Next, write cost = e[u’;m , and apply the preceding and the binomial formula to
show that
/2” ", g 0 if n € Nis odd
tdt =
, 277 (i) ifn € Nis even.
2

By combining this with (3.2.4), show that lim,,_, o, n: f027r cos? tdt = 271,
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Exercise 3.8 A more conventional way to introduce the logarithm function is to
define it by

71
(%) logy :/ ;dt for y € (0, 00).
1

The purpose of this exercise is to show, without knowing our earlier definition, that
this definition works.

(i) Suppose that £ : (0, 00) —> R is a continuous function with the properties
that £(xy) = £(x) + £(y) for all x, y € (0, 0o) and £(a) > O for some a > 1. By
applying Exercise 1.10 to the function f(x) = £(a*), show that £(a*) = x£(a).

(ii) Referring to (i), show that ¢ is strictly increasing, tends to co as y — oo and
to —oo as y N\ 0. Conclude that there is a unique b € (1, co) such that £(b) = 1.

(iii) Continuing (i) and (ii), and again using Exercise 1.10, conclude that £ (b*) = x
for x € R and b*™) = y for y € (0, 0o). That is, £ is the logarithm function with
base b

(iv) Show that the function log given by (x) satisfies the conditions in (i) and
therefore that there exists a unique e € (1, oo) for which it is the logarithm function
with base e.

Exercise 3.9 Show that

1 1
OB ¥ —dt = 1.
. logt

lim
xX—>o0 X

Exercise 3.10 Let f : [0, 1] —> C be a continuous function whose periodic exten-
sion is continuously differentiable. Show that

[

2

=D Il

m70

2 1 1
dx=/0 If(x)lzdx—‘/o FO)dy

1
£ - /0 FO) dy

1
<o S emifl = en [ 1fwh .
0

m#0

As a consequence, one has the Poincaré inequality

[

for any function whose periodic extension is continuously differentiable.

2 1
dx < (27r)*2/ |f/(x) > dx
0

1
£ — /0 FO)dy

Exercise 3.11 Let f : [a, b)] —> C be a continuous function, and set L = b — a.
If§ € (O, %), show that, as r ' 1,
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% i plm! (/b FMem(3) dy) en(7)

m=—0oQ

converges to f(x) uniformly for x € [a +6,b— 5] and that the convergence is
uniform for x € [a, b] if f(b) = f(a). Perhaps the easiest way to do this is to
consider the function g(x) = f(a + Lx) and apply Theorem 3.4.1 to it. Next,
assume that f(a) = f(b) and that f has a bounded, continuous derivative on (a, b).

Show that ,
1 oo
f@ =1 > (/ f(y)e_m(%)dy) en (%)

m=—0o0
where the convergence is absolute and uniform on [a, b].

Exercise 3.12 Let f : [0,1] —> C be a continuous function, and show that, as

r/1,

[e.¢]

1
fix)y=2 Zrm (/ f(y)sin(mmy) dy) sin 7Tx
m=1 0

converges uniformly to f on [d, 1 — J] for each § € (0, %) One way to do this is

to define g : [—1,1] — Csothat g = f on [0, 1] and g(x) = — f(—x) when
x € [—1, 0), and observe that

1 1
/lg(y)e_m(%)dy = —21'/0 f(y)sin(mmy)dy.

If £(0) = 0 and therefore g is continuous, one need only apply Exercise 3.11 to g

to see that f, —> f uniformly on [0, 1 — §] for each ¢ € (0, %) When f(0) # and

therefore g is discontinuous at 0, after examining the proof of Theorem 3.4.1, one

can show that f, —> f on [J, 1 — &] because g is uniformly continuous there.
Next show that if f : [0, 1] — C is continuous, then

1 00
| irwrar=23%
m=1

Finally, assuming that f(0) = 0 = f(1) and that f has a bounded, continuous
derivative on (0, 1), show that

o0 1
fx) = 22 (/0 f() sinwydy) sin 7rx,

m=1

2

1
/ f(x)sin(mmx) dx
0

where the convergence of the series is absolute and uniform on [0, 1].
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Exercise 3.13 Fourier series provide an alternative and more elegant approach to
proving estimates like the one in (3.3.5). To see this, suppose that f : [0, 1] — C
is a function whose periodic extension is £ > 1 times continuously differentiable.
Then, as we have shown,

K)
fx) = / f(y)dy+z o )"; e (),

where the series converges uniformly and absolutely. After showing that

z . if m is divisible by n
m 0 otherwise,

conclude that

1 FON
Roh) = [ fordy =3 LT

= (i2wmn)t

and from this show that

201 £ Ol0,11€ (0)

1
‘Rn(f)— /O roay| < 2l

Finally, use Schwarz’s inequality and (3.4.5) to derive the estimate

/f( )d vzc(zz ,/ R,

Exercise 3.14 Think of the unit circle S'(0, 1) as a subset of C, and let p
S'(0,1) — R be a continuous function. The goal of this exercise is to show that
there exists an analytic function f on D(0, 1) such that lim__.¢ R(f(z)) = ¢(() for
all ¢ € S'(0, 1).

(i) Set

1
m =/ e(e*™)e_,(0)dO form € Z,
0

and show that a,,, = a_,,. Next define the function # on D(0, 1) by
u(re’) = Z r"™a,e,,(0) forr €[0,1)and 6 € [0, 1).

Show that u is a continuous, R-valued function and, using Theorem 3.4.1, that
lim,.¢ u(z) = ¢(¢) for ¢ € S'(0, 1).
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(ii) Define v on D(0, 1) by

o0

v(reﬂmg) =—i Zrm (am en(0) —a_p,e_p, (0)).

m=1

and show that v is a continuous, R-valued function. Next, set f = u + iv, and show
that

o0
f(@) =ao+ ZZamzm forz € D(0, 1).

m=1

In particular, conclude that f is analytic and that lim__, ER( f (z)) = ¢(() for ¢ €
S'o, 1).

(iii) Assume that >_>°__ |a,,| < 0o, and define Hy on S'(0, 1) by

Hp(e*™) Z (@nem () — a_pe_n(0)).

If f is the function in (ii), show that lim._,. J(f(z)) = He(() for ¢ € S'(0, 1). The
function H is called the Hilbert transform of , and it plays an important role in
harmonic analysis.

Exercise 3.15 Let {x, : n > 1} be a sequence of distinct elements of (a, b], and set
Sx) ={n>1:x, <x}forx € [a,b]. Given a sequence {c, : n > 1} C R for
which >, |¢,| < oo, define ¢ : [a, b] —> R so that ¢(x) = 2 nes() Cn- Show
that v has bounded variation and that ||t ||ya = Z;’f:] |c,,|. In addition, show that if
@ : [a, b] —> R is continuous, then

b 0
/ P() dip(x) = D p(x)Cy.
n=1

a

Exercise 3.16 Suppose that F : [a, b] —> R is a function of bounded variation.
(i) Show that, for each € > 0,

im|F(x +h) = F)| V [F(x —h) — F(x)| = ¢
AN

for at most a finite number of x € (a, b), and use this to show that F is Riemann
integrable on [a, b].

(ii) Assume that ¢ : [a, b)] —> R is a continuous function that has a bounded,
continuous derivative on (a, b). Prove the integration by parts formula

b b
/ (1) dF (1) = p(b)F(b) — ¢(a)F(a) —/ ¢ O F (1) dt.



3.6 Exercises 97

(iii) Let ¢ : [0,00) —> [0, 00) be a function whose restriction to [0, T'] has
bounded variation foreach 7 > 0. Assuming that ¢)(0) = O and thatsup,.; ¢ =% (¢)]
< oo for some o > 0, use (ii) to show that

T
L\ = / e Mdip(t) = lim / e Mdip(t) =\ / e M(r) dt
[0,00) T'—o0 /o [0,00)

for all A > 0. The function A ~» L(}) is called the Laplace transform of 1.
(iv) Refer to (iii), and assume that a = lim,_, o, t~*?(¢) € R exists. Show that,
foreach T > 0, A“L(\) equals

T o)
A“”/ e MY(r)dt + A‘*"’/ t%e M (17 Y(1) — a)dt + a/ e dt,
0 [T,00) [AT,00)

and use this to conclude that (cf. Exercise 3.3)

AYL(N)

(%) a=Ilm-——.
N0 (1 + )

This equation is an example of the general principle that the behavior of v near
infinity reflects the behavior of its Laplace transform at 0.

(v) The equation in (x) is an integral version of the Abel limit procedure in 1.10.1,
and it generalizes 1.10.1. To see this, let {c, : n > 1} € R be given, and define

o(t) = Z ¢, fort € [0, 00).

I<n<t

Assuming that sup,.; n”|¢(n)| < 00, use Exercise 3.15 to show that

/ e dy(t) =D e M, for A > 0.
[0.00) s

Next, assume that a = lim,, ..o n7 "¢ (n) € R exists, and use () to conclude that

: A” —An
=l ¢

n=1

When o = 0, this is equivalent to 1.10.1.
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