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Abstract. We consider the problem of counting the set of %, of Dyck
paths inscribed in a rectangle of size a x b. They are a natural general-
ization of the classical Dyck words enumerated by the Catalan numbers.
By using Ferrers diagrams associated to Dyck paths, we derive formulas
for the enumeration of %, with a and b non relatively prime, in terms
of Catalan numbers.
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1 Introduction

The study of Dyck paths is a central topic in combinatorics as they provide
one of the many interpretations of Catalan numbers. A partial overview can be
found for instance in Stanley’s comprehensive presentation of enumerative com-
binatorics [1] (see also [2]). As a language generated by an algebraic grammar
is characterized in terms of a Dyck language, they are important in theoretical
computer science as well [3]. On a two-letter alphabet they correspond to well
parenthesized expressions and can be interpreted in terms of paths in a square.
Among the many possible generalizations, it is natural to consider paths in a
rectangle, see for instance Labelle and Yeh [4], and more recently Duchon [5]
or Fukukawa [6]. In algebraic combinatorics Dyck paths are related to parking
functions and the representation theory of the symmetric group [7]. The moti-
vation for studying these objects stems from this field in an attempt to better
understand the links between these combinatorial objects.

In this work, we obtain a new formula for |%, |, when a and b are not
relatively prime, in terms of the Catalan numbers using the notion of Christoffel
path. More precisely, the main results of this article (diagrams decomposition
method in Sect. 3, Theorems 1 and 2 in Sect. 4) are formulas for the case where
a=2k:

k—1
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where k,n € N, Catg;)n) := Cat(q,q(nt1)-1), and Catgi)n) = Cat(q ant1)-

The paper is organized as follows. In Sect.2 we fix the notation for Dyck
and Christoffel paths, and present their encoding by Ferrers diagrams. Then,
in Sect. 3, we develop the “Ferrers diagram comparison method” and “diagrams
decomposition method”. Section4 contains several technical results in order to
prove the main results, and in Sect.5 we present the examples.

2 Definitions and Notation

We borrow the notation from Lothaire [8]. An alphabet is a finite set X', whose
elements are called letters. The set of finite words over X' is denoted X* and
X+ = 3%\ {e} is the set of nonempty words where £ € X* is the empty word.
The number of occurrences of a given letter o in the word w is denoted |w|,
and |w| =y [w|s is the length of the word. A language is a subset L C X*.
The language of a word w is L(w) = {f € X* | w = pfs, p,s € X*}, and its
elements are called the factors of w.

Dyck words and paths. It is well-known that the language of Dyck words on
Y ={0,1} is the language generated by the algebraic grammar D — 0D1D +¢.
They are enumerated by the Catalan numbers (see [9]),

Catn1(2n>,
n+1l\n

and can be interpreted as lattice paths inscribed in a square of size n X n using
down and right unit steps (see Fig.1 (a)).

(0,3) (0,3)
0 0f>
1 Py 1 =
2 N 3 |
(3,0) (5,0)

(a) (b)

Fig. 1. Dyck path and Ferrers diagram.

More precisely an (a,b)-Dyck path is a south-east lattice path, going from
(0,a) to (b,0), which stays below the (a, b)-diagonal, that is the line segment join-
ing (0,a) to (b,0). In Fig. 1, the paths are respectively 010101 and 01011011.

Alternatively such word may be encoded as a Ferrers diagram corresponding
to the set of boxes to left (under) the path. As usual, Ferrers diagrams are
identified by the number of boxes on each line, thus corresponding to partitions:

A= Aozt Aa—2, -5 A1), with A\ < VZJ wherel <[ <a—1. (1)
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In the examples of Fig. 1, the paths are respectively encoded by the sequences
(2,1,0) and (3,1,0). The cases where (a,b) are relatively prime, or b = ak are
of particular interest. For the case b = ak with k£ > 1 we have the well-know
formula of Fuss-Catalan (see [9]).

1 ak +a
Cat(a,k) = ak+1( a )

For a x b rectangles, with a and b are relatively prime, we also have the “classical”
formula: ) i
a+0+
Cat =— .
ablab) a+b+1 ( a >

In particular, when a = p is prime, either b and p are relatively prime, or b
is a multiple of p. Hence the relevant number of Dyck paths is:

1 +b : —
|@ b| — {p—‘rll)(pp Z_b_;’_l lf ng(p7 b) - 1a
p+b+1(”p ) if b= kp.

The generalized ballot problem is related with the number of lattice paths form
(0,0) to (a,b) that never go below the line y = kz (see [10]):

b—k;)a—l—l(a—i—b) wherek > 1,and b > ak > 0.
a

And the number of lattice paths of length 2(k + 1)n + 1 that start at (0,0) and
that avoid touching or crossing the line y = kz (see [11]) has the formula:

(2(k + 1)%) ko) f (2(kf 1)”>, wheren > land k > 0.

2n 7
2n—1

In the more general case we have a formula due to Bizley (see [12]) expressed as
follows. Let m = da, n = db and d = ged(m,n), then:

. 1 (ka+kb
B,i b) a—i—b( a}:; ) fork € N,
By = BB . B A = (A1, Ags -, A1),

It is straightforward to show that the number of Dyck paths in m X n is:

|-@m,n

= Z il’:”f\a’b) wheren > land k > 0.

A 2
Christoffel Paths and Words. A Christoffel path between two distinct points
P =(0,k) and P’ = (0,1) on a rectangular grid a x b is the closest lattice path
that stays strictly below the segment PP’ (see [13]). For instance, the Dyck path
of Fig.1(b) is also Christoffel, and the associated word is called a Christoffel
word. The Christoffel path of a rectangular grid a x b is the Christoffel path
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associated to the line segment going from the north-west corner to the south-
east corner of the rectangle of size a x b. As in the case of Dyck paths, every
Christoffel path in a fixed rectangular grid a x b is identified by a Ferrers diagram
of shape (As—1, Aa—2,..., A1) given by Equation (1).

For later use, we define two functions associated to Ferrers diagram. Let
Qa,b to be the total number of boxes in the Ferrers diagram associated to the
Christoffel path of a x b (see [14]):

(afl)(bfl);rgcd(a,b)fl' )

Also, let A, p(1) be the difference between the boxes of the Ferrers diagrams
associated to the Christoffel paths of a x b and a x (b — 1), respectively:

Aa(l) = V;ZJ - {(b— 1)1J |

a

(Qaﬁ =

wherea<beNand 1 <[ <a-1.

In the next section we give an alternate method to calculate the number of
(a,b)-Dyck paths when a and b are not relatively prime, and satisfying certain
conditions in terms of the Catalan numbers.

Isosceles Diagrams. An isosceles diagram %, is a Ferrers diagram associated
to a Christoffel path in a square having side length n. Given a Ferrers diagram
T b, We call mazimum isosceles diagram the largest isosceles diagram included

in,:?&i.

Ferrers Set. Let .7, be a Ferrers diagram. The Ferrers set of .7, 5 is the set
of all Dyck paths contained in .7, .

Ani] [ ‘ *nil

A":_ " N N I[Z[Z[Z‘ A”":_ % % [

“ [LIITL LTI Mo o

S T T T T '
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(a) Comparison 7, and g, ¢ (b) ay b, and Ty 4y,
Fig. 2. Rule 1.

3 Ferrers Diagrams Comparison Method

Let J, be the Ferrers diagram associated to a Christoffel path of a x b. In
order to establish the main results we need to count the boxes in excess between
the Christoffel paths in rectangles a x b and a x ¢, for any ¢ > b. We develop
a method to do this by removing exceeding boxes between 7, ; and 7, ., for
¢ > b. Using the functions @, and A, (1), our comparison method gives the
following rules:
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Rule 1: If Q. = 1 and A, () = 1, there is only one corner in 7, . which
does not belong to the 7, ;. Let 74, 5, and J; i be the Ferrers diagram
obtained by erasing from .7, . the row and the column that contain « (see
Fig.2(b)). These Ferrers diagrams are not associated to a Christoffel path
in general. Let

Jar by € Day s and Toy v, C© Dy

be the sets of Dyck paths contained in the Ferrers diagrams 7, », and J
respectively. We have:

|-@a,0| - ‘@a,bl = _|‘7a17b1‘ : |-7a’1,b’1|7

It is clear that if the box « is located on the bottom line (I = a — 1), the
equation is reduced to:

[ Zasel = Zapl = =|Tar .-

Rule 2: When @, = k and there are exactly k rows with a difference of one
box we need to calculate how many paths contain these boxes (see Fig. 3),
so we construct a sequence of disjoint sets as follows. Let A; be the set of
all paths that do not contain the boxes «; for each ¢ > j, where 1 < j < k.
Also, let B; be the set of all paths that do not contain the boxes o; for each
1 < j, where 1 < 5 < k. This strategy gives us disjoint sets that preserve the
total union, so using Rule 1 for every A; or B; we get:

k

|@a,c| - |9@7b| = 7Z(|jaj»bj‘ ’ |~7a;,b;|)7

j=1

where Jo; b, © Dy b, and Jar by © Dar b -

[T Mo

Fig. 3. More one box.

3.1 Diagrams Decomposition Method

Using the diagrams comparison method we make an iterative process erasing
boxes in excess between the diagram .7, ; and its respective maximum isosceles
diagram .#,. It begins at the right upper box as shown in Fig. 5. The decompo-
sition is give in sums and products of diagrams. The sum operation + is given
by the union of disjoint Ferrers sets. We can consider a red box in the border of
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(a) ulOv is a path containing the (b) u0lv is a path not containing
red box. the red box.

Fig. 4. Separation of diagrams.

the diagram. Any path contained in a diagrams having the red box is written as
one of the two cases in Fig. 4.

The products of diagrams .7 x .7’ is a diagram containing all possible con-
catenation of a Dyck path of .7 with a Dyck path of .7’. For example, the

diagram corresponding to P46 is [4,3,1] QEEE includes the isosceles diagram

[3,2,1] QE\'] When we remove the box the diagram splits into two pairs associ-
ated with operations that simplify the computation of paths (see Fig.5).

Fig. 5. First diagram decomposition.

In Fig. 5, 1 is an empty diagram. We repeat this method until all the diagrams
are isosceles (the operation x distributes the operation +) (Fig6).

PN

x 1 + OxO

«

N \
E}jxﬂxﬂ + Bjx]lx]l + Ox O

Fig. 6. Full diagram decomposition.

Clearly, we can count the Dyck paths in an isosceles diagram with a classical
Catalan formula because there is a relation between the decomposition and the
number of Dyck paths. This relation, denoted H, between the isosceles diagrams
and Catalan numbers is such as:

H(L) :=1, H(In+ In) :=H(I) + H(Im),
H(S,) = Caty,, H(I, X In) = H(I) - H(Im).
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H(ﬁjxlxl—i—ajxlxl—&—[]xm)
:H(Qﬂjx1X1>+H(HIX1X1)+H(DXD)
7—[@3]>+H(E]j)+7-[([1)><7{([1)

C

at, + Cats + Caty x Caty = 23

3.2 Technical Results
The following technical formulas are needed in the sequel (see [14]).

i) Let a =2k, b=2k(n+1)— 1, and 1 <1 < 2k — 1. Then,

0 if1<i<k
Qopopimity_1(1) = =t=" 3
2k 2k(rn1)-1(1) {1 i h4+1<1<2%—1. ®)
ii) Let a = 2k, b =2kn + 2, and 1 <1 < 2k — 1. Then,
0 if1<i<k—1
A l) = == ’ 4
2h2kn-+2(0) {1 itk <1<2k—1. @

iii) Let a,k € N, and k < a . There exists a unique r € N such as for k =

L.o..,a—1:
V"J —k—1or VZJ =k, (5)

a

and ged(r,a) = 1. The solution is given by r = a — 1

4 Theorems

Now we are ready to prove the two main results of this article. The formulas are
obtained by studying the “Ferrers diagram comparison method” (see Sect. 3), in
the cases where every Ferrers diagram obtained by subdivisions of .7, . is associ-
ated to a Christoffel path inscribed in a rectangular box of co-prime dimension.

Theorem 1 (see [14]). Let a = 2k, b = a(n+ 1) — 2, and k,n € N, then the
number of Dyck paths is:

(a;n) (a=3j:n) J,

k—1
Dl = Catl,) > Cat{ )  Cat! ),
j=1

where Catf;,f = Cat(gq(nt1)-1)-
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Proof. From Eqgs.2 and 3, we get that there are k — 1 total difference between
the Ferrers diagram associated to the Christoffel path of a x b and a x (b + 1).
We easily obtain that the Ferrers diagram associated to Zc cntc—1 18 A = ((¢ —
Dn+c—2,....2n+1,n).

By definition of A;, the rectangles j x by and (2k — j) x b} are such that their
maximal underlying diagrams are:

A=((j—-1n+7—2,...,3n4+2,2n+ 1,n),
N=(2k—j—Dn+2k—3j—2... 2n+1n),

respectively. So,
|Aj| = Dor—j 2k-jynt2k—j-111Zj jn+i -1l

Since all rectangles are relatively prime, we have:

k—1
Dol = |Dair]l = =D (1Daj(a—pyns1)=1] - 1Z; jns1)1])-
j=1
then
k—1
|Dap| = Cat, ) — > Catl ). Cat).
j=1
where Catg;} := Cat(; ¢(n41)—1), of course Catgfl) =1 =

Theorem 2 (see [14]). Let a = 2k, b = an + 2 and k,n € N, then the number
of Dyck paths is:

(a,n) (a—j;n

k
|Zas| = Cat() +>" Cat() . Catlt).
j=1

where Catfl';z = Catg ant1-

Proof. From Eqgs.2 and 4, we get that there are k total difference between the
Ferrers diagram associated to the Christoffel path of axb and ax (b+1). We easily
get that the Ferrers diagram associated to Zg cnt1 is A = ((¢ — )n, ..., 2n,n).
By definition of Bj, the rectangles j x by et (2k — j) x b} are such as that their
maximal underlying diagram are:

A=((j-1)n,...,3n,2n,n),
N =(2k—-j—1)n,...,2n,n),
respectively. So,
|Bj| = |Zak—j, 26— n+11|Dj jmta -
Since all rectangles are relatively prime, we have:

k—1
Do) = |Dap-1] == (Daj(a—syn—1l - |Zj ins1]).

j=1
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then

|Da| = Cat (a n) + Z Catgaﬂ] n) Catg-?;).
where Catt := Cat(; 4, 41), of course Cat(ﬂ) =1. O
5 Examples

In order to illustrate the main results, we consider the cases Zg g,,+¢, to generalize
the case of discrepancies with a larger diagram. Then we study Zs ¢n+2 to gen-
eralize the case of discrepancies for shorter diagram. These cases corresponding
to rectangles having relatively prime dimensions such that J,, s, = Z,,, and
ja;-,b;- = @“3753' Finally, we give some examples of the diagrams decomposition
method.

5.1 Example Zg gn+t6

We apply the comparison method to Zs gnt6 and Zs g,+7. Using Eq. 2, we get
that the difference in total number of sub-diagonal boxes is Qg gn+7 — Q8,8n+6 =
3. To find the lines where they are located we use the Eq. 3. In this cases A(l)
is zero except for | = 5,6,7 (see Fig. 7).

n
2n+1

o H.
Fig. 7. -@8,8n+6 and .@s,gn+7

Applying Rule 2, we have that A; = { paths containing the box a; and not
(g or a3)}, Ay = { paths containing the box as and not a3}, and Az =
{paths containing the box as}.

Applying the rule 1 to these sets, we have:

Case 1: for Ay, we must find the rectangles 5 x b; and 3 x b} with underlying
diagram A = (bn +4,4n+ 3,3n + 2,2n + 1,n) and X' = (n), then

|A1| = | D5 5n+4l1 D3 3n42]-

Case 2: for Ay, we must find the rectangles 6 x by and 2 x b}, with underlying
diagram A = (5n +4,4n+ 3,3n+2,2n+ 1,n) and X' = (n), then

|Aa| = |6 ,6n+51Z2,2n41]-
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Case 3: for Az, we must find the rectangle 7 x b3 with underlying diagram
A= (6n+5,5n+4,4n+ 3,3n+2,2n + 1,n), then,

| As| = |27, 716l
Finally, we obtain:
|Ds,8n+6] = Cat(g gni7) — Cat(r rnye)

— Cat(6,6n+5Cat(z2n11) — Cats 5nr4)Cat(z 3n42)-

5.2 Example Y 6n+t2

Similarly to the previous example, comparing % 6n+2 and Zsen+1 from Eq. 2,
we get that the total difference is Q6 6n+2 — Q6,6n+1 = 3. From Eq. 4, in this
cases A(l) is zero except for [ = 3,4,5 (see Fig. 8).

Fig. 8. -@6,6n+1 et 96,671-&-2

We consider the sets:

B; = {paths containing the box «;},
B; = {paths containing the box as and not a;},

Bs = {paths containing the box as and not (a; or as)}.
We have the following cases :

Case 1: For By, we find 3 x b; and 3 x b} with underlying diagram A = (2n,n)
and M = (2n,n), respectively (see Eq.5). Then,

|B1| = |Z3,3n+11Z3,3n41]-

Case 2: For B, the rectangles 4 x by and 2 x b}, such as A = (3n,2n,n) et
A = (n) (see Eq.5). Then,

|Ba| = |Zs,4n+1|122,2n+1]-
Case 3: for Bs, the rectangle 5 x b3 such as A = (4n, 3n, 2n,n) (see Eq.5). Then,
|Bs| = |Zs5,5n+1l-

Finally, we obtain:

| D 6n+2| = Cats gnt1) + Cat(s sn41)
+ Caty 4 41)Cat(22,41) + Cat(z 3,41)Cat3 3n41)-
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5.3 Example Zg 9.
For P 9 the Ferrers diagram is (Fig.9):

i

Fig. 9. Ferrers diagram %69 and %

]

and the diagrams decomposition method. After six iterations the decompo-
sition is:
I e I = niR = i == IR ) == IR = P = = I
- : W] W]

+Hjxﬂj+&xm+ﬂjxm+mxaaj+mxﬂj+mxm

then,

% (@ﬁ) — Cat? + 3Cat,Cat; + Cat? + 3Cat,Caty + Caty + 2Cat; + Catg
— 377.

We can also decompose (see Fig. 10), and after four iterations the decompo-
sition is:

“ l

"

Fig. 10. Ferrers diagram %69 and %s s

=t +ER e o B e iy

then,

H (%EE\I:I) = Cat2|@4,6| + CatQCatg + CatQCat4 + Cat5,7 + |96’g‘
=2-234+2-5+2-14466+ 227 = 377.

As they are many possible decomposition, finding the shortest one is an open
problem.
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