Chapter 3
Fuzzy Calculus

This chapter treats two types of fuzzy calculus: one for fuzzy-set-valued functions
and other for fuzzy bunches of functions. Section 3.1 reviews definitions of fuzzy
Aumann, Henstock, and Riemann integrals and the Hukuhara derivative and its
generalizations. It also provides some theorems, including a Fundamental Theorem
of Calculus. All these definitions and results were previously presented in the
literature. Section 3.2 introduces derivative and integral for fuzzy bunches of
functions and results concerning them, some of which never published before.
Examples illustrate some of the concepts and theorems, especially in the last section,
where new results provide comparisons between the different approaches.

3.1 Fuzzy Calculus for Fuzzy-Set-Valued Functions

This section reviews some known approaches of integrals (Aumann, Riemann,
and Henstock integrals) and derivatives (Hukuhara and generalized derivatives) for
fuzzy-set-valued functions. It also presents results connecting these fuzzy integrals
and derivatives. The reader interested in other proposals may refer to (e.g., [11-
13, 16]).

3.1.1 Integrals

The first integral proposed for fuzzy-number-valued functions is based on Aumann
integral for multivalued functions [2] and was defined in [21] and [23].
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Denote by S(G) the subset of all integrable selections of a set-valued function
G:I—-> Z2MR"),ie,

S(G) = {g: I — R": gis integrable and g(¢) € G(¢), Vt € I}. 3.1

Definition 3.1 ([21, 23]). The Aumann integral of a fuzzy-set-valued function F :
[a, b] > F4(R") over [a, b] is defined levelwise

|:(A) /b F(x) dx:| = /h [F], dx (3.2)

b
- { / g0 dr g € S(F().) (3.3)

for all @ € [0, 1].

The function F : [a, b] — F4(R") is said to be Aumann integrable over [a, b] if
(A) [P F(x)dx € Fg(RY).
The following integrals have been defined for functions F : [a, b] — F«(R).

Definition 3.2 ([15,26]). The Riemann integral of a fuzzy-number-valued function
F : [a,b] > Z4(R) over [a, b] is the fuzzy number A such that for every € > 0
there exist § > 0 such that for any divisiond : a = xp < x; < ... < x, = b with
Xi—Xi—1 < 8, i=1,... , N, and Si S [)Ci —x,-_l]

n—l1
doo <Z F(&)(x; — xi—l)vA) <e. (3.4)

i=1

The function F : [a,b] — F4(R) is said to be Riemann integrable over [a, b] if
A € F¢(R). We denote (R) [ F(x)dx = A

Definition 3.3 ([7, 26]). Consider 6, : a = xp < x; < ... < X, = b a partition of
the interval [a, b], & € [x; — x;—1],i = 1,...,n, a sequence £ in §, and §(x) > O a
real-valued function over [a, b]. The division P(§,, £) is considered to be §-fine if

[xi—1, %] © (§im1 — 8(&i=1), §im1 + 8(6i-1)) (3.5)

The Henstock integral of a fuzzy-number-valued function F : [a,b] — Z¢(R)
over [a, b] is the fuzzy number A such that for every € > 0 there exist a real-valued
function § such that for any §-fine division P(6,, £),

n—1
doo <Z F(&)(x;i — xi—l)vA) <e. (3.6)

i=1
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The function F : [a, b] — F%(R) is said to be Henstock integrable over [a, b] if
A € F4(R). We denote (H) fab F(x)dx = A.

Henstock integral is more general than Riemann, i.e., whenever a function is
Riemann integrable, it is Henstock integrable as well.

Remark 3.1. Writing that a function is integrable, without specifying whether it is
Aumann, Riemann, or Henstock, means it is integrable in all these three senses.

Corollary 3.1 ([5, 21, 26]). If afunction F : [a,b] — F4(R) is continuous, then it

is integrable. Moreover,
-1 fe]
forall x € [0,1].

Theorem 3.1 ([5, 21, 26]). Let F : [a,b] — F4(R) be integrable and a < x| <

Xy <x3 <b. Then
X3 X2 X3
/ F:/ F+/ F. (3.8)
X1 X1 X2

Theorem 3.2 ([5, 21, 26]). Let F, G : [a, b] — F¢(R) be integrable, then
(i) [(F+G) = [F+ [G;

(ii) [(AF) = A [F, forany A € R;

(iii) deo(F, G) is integrable;

3.1.2 Derivatives

The Hukuhara differentiability for fuzzy functions is based on the concept of
Hukubhara differentiability for interval-valued functions [20].

Definition 3.4 ([22]). Let F : (a,b) — F4(R"). If the limits

F h F F F —h
lim (xo + h) On F(xo) and Tim (x0) ©n F(xo — h) (3.9)

h—0t h h—0t h

exist and equal some element F},(xg) € F«(R"), then F is Hukuhara differentiable
(H-differentiable for short) at xo and F};(xo) is its Hukuhara derivative (H-derivative
for short) at x.

Example 3.1. The fuzzy-number-valued function of Example 2.6, F(x) = Ax with
A = (—1;0; 1), is an H-differentiable function for x > 0 and

Fl,(x) = A. (3.10)
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For x < 0, F is not H-differentiable since F(x 4+ h) ©y F(x) is not defined.
Considering x > 0, F is a particular case of Example 8.30 in [5], which shows
that any function G(x) = Bg(x) with g(x) > 0, g’(x) > 0 and B a fuzzy number is
H-differentiable. Moreover,

Gy (x) = Bg'(x). 3.11)

An H-differentiable fuzzy function has H-differentiable -cuts (that is, its a-cuts
are interval-valued H-differentiable functions). The converse, however, is not true,
unless its a-cuts are uniformly H-differentiable (see [21]).

Definition 3.5 ([24]). Let F : [a,b] = F¢(R). If

() (x0), (£5) (x0)] (3.12)

exists for all o € [0, 1] and defines the a-cuts of a fuzzy number F(xo), then F is
Seikkala differentiable at xo and F(xo) is the Seikkala derivative of F at xo.

IfF : [a,b] - Z4(R) is H-differentiable, then £ (x) and f;' (x) are differentiable
and

[F'(x)le = [(£;) (x0), (£:5) (x0)], (3.13)

that is, if F' is H-differentiable, it is Seikkala differentiable and the derivatives are
the same [21].

Theorem 3.3 ([21]). Let F : [a,b] — F4(R") be an H-differentiable function.
Then it is continuous.

Theorem 3.4 ([21]). Let F,G : [a, b] — F¢(R") be H-differentiable functions and
A € R. Then (F + G)}; = Fy; + Gy and (AF)y, = AFy,.

If F is Seikkala (or Hukuhara) differentiable, (£;)'(x) < (£;7)'(x), hence the
function diam [F(x)], = £} (x) —f; (x) is nondecreasing on [a, b]. It means that the
function has nondecreasing fuzziness. As will be clear in Chap. 4, this is considered
a shortcoming since an H-differentiable function cannot represent a function with
decreasing fuzziness or periodicity. In order to overcome this, the generalized
differentiability concepts were created. They generalize the H-differentiability, that
is, they are defined for more cases of fuzzy-number-valued functions and whenever
the H-derivative of a function exists, its generalization exists and has the same value.

Definition 3.6 ([6, 8]). Let F : (a,b) — Z«(R). If the limits of some pair
F(xo + h) On F(xo) F(x0) Oy F(xo — h) or

(i) lim and lim
h—>0t h h—0F h
o v F(xo) On F(xo + h) . F(xo—h) ©n F(x)
(i1) lim and lim or

h—0+ —h h—0t —h
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F(xo + h) ©On F(xo) F(xo —h) Oy F(xo) or

(iii) lim and lim
>0t h h—0+ —h
. . F(xo) On F(xo + h) . F(xo) Ou F(xo — h)
@iv) lim and lim
h—0t —h h—0t h

exist and are equal to some element F;(xo) of %4 (R), then F is strongly generalized
differentiable (or GH-differentiable) at xo and Fi;(xo) is the strongly generalized
derivative (GH-derivative for short) of F at xj.

An (i)-strongly generalized differentiable function presents nondecreasing diam-
eter, since it is the definition of the H-differentiability. (ii)-strongly generalized
differentiability (we call (ii)-differentiability, for short), on the other hand, implies
in nonincreasing diameter. The (iii) and (iv)-differentiability cases correspond to
points where the function changes its behavior with respect to the diameter. It means
that a strongly differentiable non-crisp function may present periodical behavior, as
well as convergence to a single point.

In case F is defined on a closed interval, that is, F : [a, b] = F%(R), we define
the derivative at a using the limit from the right and at b using the limit from the left.

Example 3.2. The fuzzy-number-valued function of Example 2.6, F(x) = Ax with
A = (—1;0; 1), is a GH-differentiable function for x € R and

Flu() = A. (3.14)

Different from the H-derivative case, the GH-derivative of F is defined for x < 0.
According to Example 8.35 in [5], any function G(x) = Bg(x) with B a fuzzy
number and g : (a,b) — R differentiable with at most a finite number of roots
in (a, b) is GH-differentiable. Moreover,

Gy (x) = Bg' (x). (3.15)

Example 3.2 illustrates that, different from the H-derivative, GH-differentiable
functions can have decreasing diameter.

Definition 3.7 ([8]). Let F : (a,b) - F¢(R) and xy € (a, b). For a nonincreasing
sequence h, — 0 and ny € N we denote

AD = {n > ng; 3ED 1= F(xo + hy) On F(xo)} . (3.16)
AD = {n > ny:3IED := F(xo) O F(xo + hy)} . (3.17)
AY = {n > ne;3EY := F(x0) O F(xo — hy)} , (3.18)
AY = {n > ng;IEY 1= F(xo — hy) O Flxo)} . (3.19)

The function F is said to be weakly generalized differentiable at x, if for any
nonincreasing sequence h, — 0 there exists ny € N, such that
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AP UAD UAD UAL = {n e N;in = no} (3.20)

and moreover, th¢re exists an element in .#¢(R), such that if for some j € {1, 2, 3, 4}
we have card (A,(fo) ) = 400, then

E(i)
lim doo | ————,F'(x0) | = 0. (3.21)

i —_1y+!
By \On—>00,n€AY) (=1y*th,

Definition 3.7 is more general than Definition 3.6, that is, it is defined for more
cases of fuzzy-number-valued functions and whenever the latter exists, the former
also exists and has the same value.

The next definition is equivalent to Definition 3.7 (see [10]).

Definition 3.8 ([10, 25]). Let F : (a,b) — Z»(R). If the limit

i F(xo + h) OgH F(xo)
m
h—>0 h

(3.22)

exists and belongs to Z»(R), then F is generalized Hukuhara differentiable (gH-
differentiable for short) at xo and F ;,H(xo) is the generalized Hukuhara derivative
(gH-derivative for short) of F at xy.

Theorem 3.5 ([10]). Let F : [a,b] — F4(R") be a gH-differentiable function at
xo. Then it is levelwise continuous at x.

Theorem 3.6 ([10]). Let F : [a,b] — F»(R) be such that the functions f, (x)
and f;f (x) are real-valued functions, differentiable with respect to x, uniformly in
a € [0, 1]. Then the function F(x) is gH-differentiable at a fixed x € [a, D] if and
only if one of the following two cases holds:

(a) (fa_ )/ (x) is increasing, (f;‘ )/ (x) is decreasing as functions of o, and (fl_ )/ x) <

(i) @, or
(b) (fa_ )/ (x) is decreasing, (fof ), (x) is increasing as functions of a, and (fl+)/ (x) <

() @.
Moreover,
[Fly @], = min{(£,) ®). (") @} max{(£;) 0. (KN @}, (3.23)
forall a € [0, 1].
The next concept further extends the gH-differentiability.
Definition 3.9 ([25]). Let F : (a,b) — %% (R). If the limit

. F(xo +h) Og F(xo)
lim
h—0 h

(3.24)
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exists and belongs to %« (R), then F is generalized differentiable (g-differentiable
for short) at xy and F’ ; (x0) is the fuzzy generalized derivative (g-derivative for short)
of F at xg.

Example 3.3. Recall the fuzzy-number-valued function of Example 2.13, F :
[0,0.5] —> F4(R) with a-cuts

[ =3+a (1—-20)x*—2a+2],if 0<a=<05

F(0)]a = : '
[F(x)] [x2—3+oe,(2a—1)x2—60l+4],1f 05<ac<l1

(3.25)

The aim is to calculate the gH and the g-derivative of F.
Equation (2.53) provides easy means to calculate (3.22). For « € [0,0.5] one
obtains

[F(x 4+ h) Ogn F(0)]e = [(1 — 20)(2xh + h?), 2xh + h*]. (3.26)
Thus

. [F(x + h) Ogn F(0)]a
1m
h—0 h

= [(1 — 2ar)2x, 2x] (3.27)

and as consequence

i [F(x + h) Ogu F(x)]o
im

h—0 b = {2x} (3.28)

and

lim [F(x + h) Ogn F(x)]o.25
h—0 h

= [x, 24]. (3.29)

The condition

0 <f = lim FEEN O FWs [Pt h) O FD)la
h—0 h h—0 h

(3.30)

does not hold, hence limj,—_¢ w

gH-derivative is not defined for this function.

Equation (2.54) can be used in this case to find (3.24), for all @ € [0, 1]. Since
Jp x+h)—f5 (x) = 2xh+ h? andf/;r(x+h)—fﬁ+(x) = (1—-2a)2xh+h*for B < 0.5
and f” (x + h) — f3 (x) = 20k + 1> and 3 (x + h) = f7 (x) = (2 — 1)2xh + K for
B > 0.5, we obtain for o > 0.5:

cannot be a fuzzy number and the
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. [F(x+h) 04 F(x)]a
lim
h—0 h

=cl [ [2B—D2x.24 = [(2a — 1)2x. 24].
B=>a>0.5
(3.31)
For a < 0.5, the levelwise limit becomes

cl U a=-2p2c20 ||| U I@B-D2x.24 | =1[0.20].  (332)

0.5>B>a>0 B>05

The result is the fuzzy number Fy : [0,0.5] — F(R) with a-cuts

[0,2x],if 0 <& <0.5

. 3.33
[(2a — 1)2x, 2], if 0.5<a <1 (3-33)

[F ()] = {

as the g-derivative.

The g-difference is not defined for all pairs of fuzzy numbers, as we showed in
Example 2.3. The same happens to the g-derivative, that is, it is not always well-
defined (see also [17]).

Example 3.4. The definition of the g-derivative of the fuzzy-number-valued
function of Example 2.12 leads to

{20x} {0}, if 0 <a <0.5

Fe @l = O if 05<a<1’

(3.34)
That is, it is not a fuzzy-number-valued function. Hence F is not g-differentiable.

The function F in Example 3.4 has £, (x) and £, (x) differentiable real-valued
functions with respect to x, uniformly with respect to € [0, 1], but it is not
g-differentiable. In the case a function is g-differentiable and satisfy the just
mentioned hypothesis, it has a formula that has been proved by [10].

Theorem 3.7. Let F : [a,b] — Ry withf, (x) and f;} (x) differentiable real-valued
functions with respect to x, uniformly with respect to a € [0, 1]. Then

[FL)], (3.35)

- [ int mini(777) @ (77) @03 supmasi(57) - (7). (x)}} (336)

whenever F is g-differentiable.
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Proof. See [10].

Summary of the derivatives for fuzzy-number-valued functions:

e The GH-, gH-, and g-derivatives generalize the H-derivative. An
H-differentiable function is always GH-, gH-, and g-differentiable.

* The gH- and g-derivatives generalize the GH-derivative. A GH-
differentiable function is always gH- and g-differentiable.

* The g-derivative generalizes the gH-derivative. A gH-differentiable
function is always g-differentiable.

3.1.3 Fundamental Theorem of Calculus

Fundamental Theorems of Calculus provide connections between derivatives and
integrals, showing that they are inverses of one another.

Theorem 3.8 ([21]). Let F : [a,b] — F¢(R") be continuous, then G(x) =
[¥ F(s)ds is H-differentiable and
Gy (x) = F(x). (3.37)

Theorem 3.9 ([21)). Let F : [a,b] — F¢(R") be H-differentiability and the
H-derivative Fy, be integrable over [a, b]. Then

F(x) = F(a) + /X Fpy(s)ds, (3.38)

for each x € [a, D].

The H-differentiable is equivalent to strongly generalized differentiability (i) in
Definition 3.6. For the case (ii) in the same definition, Bede and Gal have proved
the following theorem.

Theorem 3.10 ([9]). Let F : [a,b] — F¢(R) be (ii)-differentiable. Then the
derivative F, is integrable over [a, b] and

b
F(x) = F(b) —/ F(s)ds, (3.39)

for each x € [a, D].
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3.2 Fuzzy Calculus for Fuzzy Bunches of Functions

The fuzzy calculus for fuzzy bunches of functions, based on the definitions of
derivative and integral via extension of the correspondent classical operators, was
recently elaborated in [4, 18, 19]. This theory is reviewed and further developed in
the present section.

3.2.1 Integral

The integral operator will be represented by |, i.e.,
[ L'([a,b];R") — &/ C([a. b]; R")
ffuf
t € [a, b] (see Appendix for definitions of spaces of functions).

Definition 3.10 ([3, 18]). Let F € .Z(L'([a, b]; R")). The integral of F is given by
[ F, whose membership function is

(3.40)

sup,e -1, (). i [Ty £ 0

_ : (3.41
0, if ['y=0 .

1y () = {
for all y € &/ C([a, b]; R"). In words, ] is the extension of the operator f .

The next theorem is a consequence of Theorem 2.6.

Theorem 3.11. IfF € .7 (L'([a. b]; R")),

[[FL = [[Fl. (3.42)
={[f :f € [Fla C L'([a,b];RM)},
forall a € [0, 1].

Proof. Since the integral is a continuous operator, the result follows directly from
Theorem 2.6.

We next define a linear structure in .% (L' ([a, b]; R")). Given two fuzzy bunches
of functions F and G and A € R,

mr+g(h) = sup min{ur(f), nc(g)}. (3.43)
ftg=h
par(p) = | HrB/A) A 7O (3.44)

w0 iA=0
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Since these operations are extensions of addition and multiplication by scalar, which
are continuous, Theorem 2.6 assures that given F,G € %, (L'([a, b]; R")) and
A eR,

F+Ge Zy(L'(a.b;R") and [F+ Gly = [Flo + [Gla (3.45)
and
AF € f/‘,;g(Ll([a, b;R") and [AF]y = A[F]. (3.46)

forall ¢ € [0, 1].
Theorem 3.12. Let F,G € % (L' ([a. b]; R")), then

(i) [(F+G) = JF+ ]G;
(ii) [AF = A[F, forany A € R.

Proof. From Theorem 2.6 and the linearity of the integral operator,

[f(F+G)]a :f[F+G]a
= [th:h=f+g.f €[Flo g€ [Glo}
= {f(f+g)»f € [F]a’g € [G]a}
={/f+[&f€Flg <Gl (3.47)
= {ff7f€ [F]a}+{fgag € [G]a}
zj;[F]a‘i‘./;[G]a
:[fF]Ot+[fG]Ol

and

[JAFl, = [[AFl,
= {/}f f € [Fla)
— (A [f:f € [Fla}
—M[ff € [Fla) (3.48)
=2 fA[F]ot
= A/ Flo

for all « € [0, 1].

Example 3.5. Let A be the symmetrical triangular fuzzy number with support
[—a, a], a > 0. The fuzzy function F(-) € .Z (L' ([0, T]; R)) such that

FOle =0 :f(0) = yt.y € [A]"} (3.49)
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where f(-) : [0, T] — R, for each « € [0, 1], has attainable sets
F() = At. (3.50)

To determine the integral of F using Definition 3.10, one needs to explicit the
membership function of A and F:

Y11 if—a<y<0
pay) = fz+1, if0<y<a (3.51)
O,a otherwise
and
£+1, iff(f) = yrwith —a <y <0
ur(f) = § =X 41, it f(1) = yrwith0 < y < a (3.52)
0,a otherwise

Formula (3.41) states that Iy F(y) # 0 only if there exists f such that [f =y
and pp(f) # 0. In this example, it happens only if f(r) = y¢ with y € [A]%, that is,
y=yr/2.

Wip (VP [2) = supp iy e (f)
= SUP (yn=yr2/2 pr(yt)

= ur(yt)
Lyl if —a<y<0 (3.53)
=1-L+1,if0<y<a
0, otherwise
= pa(y).
Hence
Y41, iff4) = y2/2 with —a<y <0
a
wip) ==L 41, iff () = y2/2with0 <y <a (3.54)
’ a
0, otherwise
or

[FOla = {f() 1 () = y*/2,y € [Ala}- (3.55)
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For each o € [0, 1], its attainable sets are
F(t) = A%/2. (3.56)

The Aumann integral of (3.50) can be calculated levelwise and we obtain the
same attainable sets as obtained with f :

[JFDle = [[ £ [ /]
= [~at?/2,at/2] (3.57)
= [Al.#3/2.

The next section introduces the derivative operator for fuzzy bunches of func-
tions. It is defined for more restricted spaces than the integral since they are
extensions of the classical case. Also, different from the integral case, we explore
the derivative on different spaces (Example 3.9) due to the fact that it is not a
continuous operator (in general). We are more interested, though, in differentiating
fuzzy bunches of the space of absolutely continuous functions (see Appendix), since
we can differentiate more elements in this space than in the space of differentiable
functions. Furthermore, it is used and has been explored in the differential inclusions
theory, which, as already mentioned, has important connections with the theory we
propose to develop.

3.2.2 Derivative

The derivative operator in the sense of distributions (see [1]) will be represented by
D, that is,

D: /C([a,b];R") — L'([a, b]; R")

Fis Df (3.58)

Thus, there exists Df (t) a.e., in [a, D].

Definition 3.11. Let F € .% (<7 C([a, b]; R")). The derivative of F is given by DF,
whose membership function is

SuprDfly /’LF(f)’ lfD_ly # Y (359)

/’LbF(y) = 0’ if D—ly — g

for all y € L' ([a, b]; R"). In words, D is the extension of operator D.

Example 3.6. Let F(-) be the same fuzzy bunch as in Example 3.5. We note that
F() € #(#/C([a. bl R)).
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Following the same reasoning as Example 3.5,

Kpp(y) = supp—, wr(f)
SUPp(yr=y ur(y?)

= pr(y?)

%—1—1, if —a<y<0 (3.60)
= —%—1—1, if0<y<a

0, otherwise
= pa(y).

It means that the support of DF () is composed of constant functions such that,
at each instant ¢, the derivative of F(-) is always the fuzzy number A.

Lemma 3.1. For D defined as above, the preimage D™'g is a closed nonempty
subset in the space of functions o/ C([a, b]; R") with respect to the uniform norm
for each g € L'([a, b];R").

Proof. D™'g is a finite dimensional subspace of .«7 C([a, b]; R") since D™'g = {f +
k:k e R"} forf € &/ C([a,b]; R") such that f = fax g. Hence D™ g is closed.

Theorem 3.13 ([4]). Let F € % (/' C([a, b];R")). Then
[DF]q = D[F],. (3.61)

Proof. This proof will make use of the result: [F]o N D™!(g) is compact. It is true
since the subset D! (g) is nonempty and it is closed (from Lemma 3.1). Also, [F]o N
D~!(g) is a closed subset of the compact set [F]o, hence it is compact.

We show inclusion [D(F)]e C D([F],) considering two cases: & € (0, 1] and
later « = 0.

(i) Fora € (0, 1], let g € [D(F)]a, then

@ <D(F)(g)= sup F(h)= sup F(h) =F(f)
heD~1(g) he[FloND~1(g)

for some f, since F is an upper semicontinuous function (that is, the membership
of F is usc) and [F]o N D™'(g) is compact. So, F(f) > «. Thatis, f € [Fle N
D~ '(g). Hence g € D([F]a).
(i) Fora =0,
Uae©.[D(F)la C Uae.D([Fla) S D([Flo).

Consequently,

[D(F)]o = UaE(O.l][b(F)]a C Ugeo1D([Flo) € D([Flo) = D([Flo).
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The last equality holds because D is a closed operator.

Now we prove the inclusion D([F],) C [D(F)]a. If g € D([F],), there exists
f € [F]q such that D(f) = g. Thus,

D(F)(g) = sup )F(h) > F(f) > a = g € [D(F)],
heD~1(g

for all @ € [0, 1]. . .
We have proved that [D(F)], C D([F]y) and D([F]y) C [D(F)]a, for all « €
[0, 1], then (3.61) holds.

Example 3.7. Consider g : [a,b] — R a differentiable and positive function, A =
(c; d; e) a triangular fuzzy number and the fuzzy-number-valued function

F(x) = Ag(x). (3.62)
We have
[F®)le = [y @£ W] (3.63)
with
fr@=lat+ab-algx) and fx) =I[e—ale—d)]g) (3.64)

differentiable with respect to x and continuous with respect to .

The continuity in o means that F(x) € Z2(R). It will be proved in Theorem 3.17
that the representative bunch of first kind of this function has compact «-cuts in
2/ C([a, b]; R), since it satisfies the hypotheses of the theorem.

The derivative of the representative bunch of first kind has «-cuts

DF. =J U ¢

B>a 0<A<1

=(=Ma+a®—a)lg + Ale—ale—d)]g (3.65)
={a-g a €A}
for all ¢ € [0, 1], that is,
DF = Ag'. (3.66)

It is a similar result as in Example 3.2 for GH-derivative, in terms of attainable
sets.

Example 3.8. Let

f(x) = Be™ (3.67)
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be a fuzzy-set-valued function where c is a real constant and B is a fuzzy subset in
R such that B(1) = 1, B(0.5) = 0.5 and B(x) = 0 everywhere else. Hence f(x)
is not differentiable using Hukuhara or any generalized derivatives since it is not
a fuzzy-number-valued function. On the other hand, the fuzzy bunch of functions
with a-levels

D16), 320}, if0<a <05

VO = { MmO} if0s<as1’

where y|(x) = ¢ and y,(x) = 0.5¢, has (3.67) as attainable fuzzy sets and is D-
differentiable. Since this a-levels are compact subsets of 27 C([a, b]; R), we apply
Theorem 3.13 and obtain

{z1(),22()}, If0 <@ <0.5

[DFOI" = { o if0.5<a<1’

where z;(x) = ce® and z(x) = 0.5ce™. Its attainable sets are
Df(x) = cBe®™. (3.68)

Remark 3.2. The Hukuhara or the generalized derivatives cannot be used to dif-
ferentiate fuzzy-set-valued functions whose images are not fuzzy numbers, as the
function in Example 3.8. On the other hand, one can use the D on correspondent
fuzzy bunches of functions and regard its attainable fuzzy sets as derivative.

Example 3.9 ([4]). The operator D : %, (C'([a, b];R")) — Z(C([a, b];R")) is
well defined and for each F € .7, (C!([a, b]; R")) we have

~

[DF)" = D[F]* (3.69)

for all « € [0,1], if C'([a,b];R") is endowed with the norm || x ;=
SUPg<;<7ix(®)| + |¥'()|} and C([a, b];R") is endowed with the usual supremum
norm. The result follows from Theorem 2.6 since D is a continuous function for
these spaces.

Another possibility of D being a continuous operator is as follows:

Theorem 3.14 ([4]). Consider the subset in <7 C([0, T|; R"):
Zr(R") = {x(-) € C([0, T]; R™) : 3X/ () € L*([0, T]; R")}, (3.70)

with Zy(R™) having the uniform norm topology and L*° ([0, T]; R") with the weak*-
topology. Thus,

D: Zy(Zr(R") — FZ (L0, T];R")), (3.71)
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where D is the extension of theAderivative D, is well defined, that is, for each
F € Z 4 (Zr(R"Y)), the a-level [DF]* is a compact subset in L>([0,T]; R") and

A

[DF]* = D[F]".

Proof. The result follows from the Theorem 2.6 because
D : Zr(R") — L*°([0, T]; R"™) (3.72)

is a continuous linear operator (see [1, p. 104]).
Theorem 3.15. Let F, G € F_(2/ C([a, b]; R")), then

(i) D(F + G) = DF + DG;
(ii) DAF = ADF, for any A € R.

Proof. This proof is completely analogous to the one of Theorem 3.15, due to the
linearity of the derivative operator.

3.2.3 Fundamental Theorem of Calculus

A result connects the concepts of derivative and integral for fuzzy bunches of
functions as in the classical case and in the fuzzy-set-valued function case.

Theorem 3.16. Let F € .% (L' ([a, b]; R")). Hence

D (fF) =F, (3.73)
that is,
[i) (fF)]a — [F]°. (3.74)
foralla € [0, 1].
Proof. Since Theorem 3.11 holds,
U Fla = [[Fla (3.75)

={/f:f€lFlo}
forall « € [0, 1] and ]F € F (A C([0,T];R")). Then Theorem 3.13 holds and,

[D]Fl, = D[] Fla
={D[f:f €[Fla} (3.76)
= [F]oc

foralla € [0,1].
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3.3 Comparison

Different fuzzy bunches of functions may present the same attainable fuzzy sets, that
is, more than one fuzzy bunch of functions may correspond to one single fuzzy-set-
valued function. Choosing the suitable fuzzy bunch may lead to equivalence of D
with derivatives for fuzzy-set-valued functions and equivalence of [ with integrals
for fuzzy-set-valued functions (in terms of attainable sets). This section discloses
similarities of the proposed theory with other approaches.

The motivation for this comparison and the definition of the two different fuzzy
bunches of functions of Definition 2.16 is what happens to the fuzzy-number-valued
functions of Examples 3.3 and 3.4. In the former the gH-derivative does not exist
whereas the g-derivative does and in the latter both do not exist. We calculate the
D-derivative of the corresponding fuzzy bunches of the fuzzy-valued functions in
Examples 3.3 and 3.4 next. The fuzzy-number-valued functions do not meet the
conditions of the theorems to be stated, revealing the importance of the hypotheses
of these theorems.

Example 3.10. Recall Examples 2.13 and 3.3 where the representative bunch of first
kind are given by the a-cuts

U UAlUl U U s&]ifose<os

[F1()]e = B=0.50<A<I @<p=<0.50=<A<I (3.77)
U U #if 05<a <1
B0 0<A<I
where
f5O) 1 fp) = 1= =3+ B) + A28 — Dx* — 68 + 4), (3.78)
g0 g = (1 =D =3+ +A((1 =202 =28 +2),
for all A € [0, 1]. Since
(f3)() 1 fy() = (1 =24 +2BA)2x, (3.79)
(85)'() 1 g5(x) = (1 —2BA)2x, '

using Theorem 3.13 to calculate [DF) (-)], we obtain

U U |Ul U U e|if ose=<os

B>0.50<A<I a<f<0.50<1<l (3.80)

U U bt o5<a<1.

B=a 0<A<1
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Atx € [0,0.8]
[DF1(x)]o = [m. M]
with m as
mind | U U@ lUl U U epw]i=0
B=>0.50<A<1 a<p=0.50=A<I
if0 <a <0.5and
min{ | ) J ('@ = Qe —12x
B=a 0<A<I

if 0.5 <« < 1. And M equals

max{ | ) UHolUl U U eye|p =2

£=0.50=A<1 a<B<0.50<A<l

if0 <o <0.5and

max U U (fé)’(x) = 2x

B=a 0<1<1

if0.5 <o <1.
Hence the attainable sets of the D-derivative are

[0,2x],if 0 <& <0.5

[DF1(x)]y = % [Qo — 1)2x,2x],if 0.5<a <1

that is, the same as the g-derivative of the fuzzy-number-valued function F.

59

(3.81)

(3.82)

(3.83)

(3.84)

(3.85)

(3.86)

Example 3.11. Recall Examples 2.12 and 3.4 where the representative bunch of first

kind is given by the a-cuts

[10x* — 12,102 + 2], if 0 <& <0.5

[Fe = { [-1,1],if 05<a<1’

(3.87)
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and the representative bunch of second kind is defined by

2
U U »o.if 0=a=o05
[F1(-)]e = 4 i=10<a<l
U yiO.if 05<a<1

0o<ic<l

where

YVEE) 1) = (1= 2)(10x% — 12) + A(10x* + 2),
YO tyix) = (1= 2)(=1) + A,

YA YA ) = (1= A)(=1) + 2(10:2 4 2),

VIO i yh ) = (1= A)(10x%2 — 12) + A,

forall A € [0, 1].

(3.88)

(3.89)

The derivatives of the representative bunch of first kind is given by the «-cuts

2
U U ohyo.if 0sa<o0s
[DF()]q = { i=10<1<1

U »O.if 05<a=<1
0<i<l1

and the representative bunch of second kind is defined by

4
U U oe.if 0<a=<05

[DF,()]o = i=10<A<l
0O J yOif 05<a <t

0<A<l1

where

1)) () (x) = 20x,
(2)' () : (1) (x) =0,

33)'() : 3)'(x) = A20x,
(4)'() = ()" (x) = (1 — 2)20x,

forall A € [0, 1].

(3.90)

(3.91)

(3.92)
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In terms of attainable sets, the derivative of the representative bunch of first kind
has attainable sets

{0} J{20x}, if 0 <a <05

. 3.93
{20x}, if 0.5 <o <1 (3-93)

DFy (0] = {

The derivative of the representative bunch of second kind for x € [0, 1] has
attainable sets

- [0,204], if 0 <a <0.5

DFy(x)]y = 3.94

[DF2(0)la { 20x}, if 05<a <1 G99
and for x € [—1, 0],

- [20x,0], if 0 <a <0.5

DFy ()] = . 3.95

IDF ()] { 20x}, if 05<a <1 G99

Hence the derivative of the representative bunch of first kind at each x € [—1, 1]
does not define fuzzy numbers while the derivative of the representative bunch of
second kind does.

Example 3.10 illustrates that the D-derivative of the fuzzy bunch of first kind
of the given fuzzy-number-valued function F exists but its attainable sets are
not fuzzy numbers (while the gH-derivative of the fuzzy-number-valued function
does not exist). The result that we state next regards the necessary conditions for
equivalence between the gH-derivative of a fuzzy-number-valued function and the
D-derivative of the corresponding fuzzy bunch of first kind. The result we state later
is connected with Example 3.11, that is, it is necessary that the g-derivative exist
for the equivalence with the derivative of the representative bunch of second kind.
The D derivative in this last case provided a fuzzy-number-valued function, which
no derivative for fuzzy-number-valued functions that we presented can do.

Theorem 3.17. Let F : [a,b] — Z2(R) be such that the functions f; (x) and f;" (x)
are real-valued functions, differentiable with respect to x, uniformly in o € [0, 1].
Suppose also that one of the following two cases holds:

(a) (fa_ )/ (x) is increasing, (fj )/ (x) is decreasing as functions of «, and

) & < (1) @, (3.96)

or
(b) (f(; )/ (x) is decreasing, (fof), (x) is increasing as functions of a, and

) @) = () W. (3.97)
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Then F generates a representative bunch of first kind F(-) with compact a-levels
and whose D-derivative has attainable sets

[DFe]| = min{() 00, (51 @ maxt () @, (5) @3 (398)

In words, the D-derivative coincides with the gH-derivative at each x.

Proof. We prove that the sets A, in Definition 2.16 are «-cuts of a fuzzy set in
27 C([a, b]; R) using the same arguments as in Example 2.11. The only differ-
ence is to demonstrate compactness, which we do next. Note that any sequence

(fof.") in J U fé(-) has a convergent subsequence whose limit belongs to
1 Bz 0=<A<1

U U fﬂ? (+), due to the continuity of fé () as function of the real parameters A
Bza 0=<A<1

and B defined on closed intervals (compact subsets) [0, 1] and [e, 1], respectively.
And since f[;t are differentiable, so are fﬂA. According to [14], the differentiability
with respect to x, uniformly in @ € [0, 1], assures that if a sequence of functions
converges to a function f, the sequence of its derivatives converges to f’. Since f is
differentiable, it belongs to </ C([a,b];R). As aresult, | ] | fﬂA is compact in

B>a 0<A<l1
 C([a, b];R) and it is equal to its closure and hence to A.
We next make use of Theorem 3.13 since F € % 4 (</ C([a, b]; R)):

[DF), = D[F],

= U U (fﬁ‘)/ (3.99)

B=a 0<A<1

for all « € [0, 1]. And we observe that for case (a)

U @&Y@ =103 0. () 0] (3.100)

0<i<l
and
()@ = () < ()Y@ = (YW < ()0 < ()0 (3.101)
for0<a<p =<1,
[(F5) @), () @] S [(F) @), (57) )] (3.102)
Hence

[DF@)]e = |15 @), (55 )]
* é;i pr I (3.103)

= [(i) @), (5 )]

forall ¢ € [0, 1].
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Similarly, case (b) leads to

[DF()]e = (K1) (). (F,) ). (3.104)

As aresult we obtain the desired expression,

[DF)| = [mint( ) (. (6 @} maxt () (0, (Y (1] (3.105)

for all @ € [0, 1], which the same as stated in Theorem 3.6 for the gH-derivative.

A similar result for connecting D-derivative and g-derivative is presented in what
follows.

Theorem 3.18. Let F € [a,b] — F2(R) be a function such that £, (x) and f.} (x)
are differentiable real-valued functions with respect to x, uniformly with respect
to o € [0,1]. Then F generates a representative bunch of second kind F(-) with
compact a-levels and whose D-derivative has attainable sets with levels [bi’ ()]
given by

[ fnf min {057/, G 00} sup max {75 (9. 05 (0 ] (3.106)

It means that the values of the g-derivative of F(x) and the attainable sets of the
D-derivative of F(-) coincide in every x € |[a, b], whenever the g-derivative exists.

Proof. Using the same argument of the previous proof, it follows that the resultant
B, in Definition 2.16 are compact sets in </ C([a, b]; R) and are the a-cuts of the
representative bunch of second kind of F, F. We use Theorem 3.13 and obtain

[DF, = D[F],
= U U (fﬁl_y)/ (3.107)

B.y=a 0<A<I

We will prove that L = infg ;>4 {(fé.y)’ (x)} is attained, that is, that there exists
a triple (A, B, %) such that (fg7)/(x) = L with 8.7 € [, 1], A € [0,1]. From the

definition of infimum, y > Lifye |J U (féy)’ (x) and there exists a sequence
Byza0=<ast

Vn)s Yn = (f;:’y”)’ (x) such that

()@ =L L= (f,) (). (3.108)

To the sequence (y,) in R there corresponds a sequence (g, (-)) of functions such
that g,(-) = (fé:,y,,)/ (). This sequence of functions has a convergent subsequence,
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since the set is sequentially compact (where we use the same result in [14] as
previously used). This subsequence of functions defines a subsequence in (y,),
Yme = 8&n.(x). The subsequence (y,,) also converges to L. The limit of g, (-) is
attained for some triple (A, 8,7) and its value in x is

Ggy)/(x) = limg,, (x) = limy,, = L. (3.109)

Similarly we prove that the supremum M is also attained. Now we prove that
L = inf min {(fﬁ—)’(x), (f;)’(x)} . (3.110)
Bza

For any (fgy)’(x), we have

) < ()@ <G or (1 < (75, ) < (). G.111)
Hence
inf min {50, (7@} < inf {7, @) (3.112)
Since
Ulr® ¢hwpc U {6 ) (3.113)
Bz By=a

the equality of the infimum holds.
Hence the value L = infg>, min {(fﬁ_ ) (x),(fﬁ+ )’(x)} is attained by
(ffj)’(x) or (f;)’(x), for some B > «. The same happens to M =

Supg>, Max {(fﬁ_ ) (x), (fﬂ+ ) (x)}. As a consequence, there are four possible cases:

(D) L= (fz)(x)and M = (f/;;)’(x) and any value between L and M is attained
by (félﬁz)’(x) for some A € [0, 1];

2 L= (f/; ) (x) and M = (s, )'(x) and any value between L and M is attained
by (fézﬁl)’(x) for some A € [0, 1];

(3) L= (fg )'(x) and M = (fg,)'(x) and any value between L and M is attained by
(fﬂA] ,ﬂ])’(x) or (f/éz.ﬂl)/(x) for some A € [0, 1].

4 L= (f/;l ) (x) and M = (fﬂ+2 )(x) and any value between L and M is attained by
(fé}yﬁl)’(x) or (fél,ﬁz)’(x) for some A € [0, 1].
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It proves that all values in
[ fnf min {5/, G 0} - sup max {75 (9. (f;)’(x)}] (3.114)

are attained.
Then the same expression as in Theorem 3.7 for g-differentiable functions is
found and the desired result is proved.

The attainable sets of the [-integral of certain bunches of functions also coincide
with integrals for fuzzy-set-valued functions, as it will be stated in Theorem 3.19.

Theorem 3.19. Let F : [a,b] — 9}2(11%) be continuous. Then the j-integral of the
representative bunch of first kind has attainable fuzzy sets

[/ F] = Ux ;,[xfj] (3.115)
forall @ € [0, 1]

In words, the [-integral coincides with the integrals for fuzzy-set-valued func-
tions at each x.

A~

Proof. Tt is not hard to prove the compacity of A, (Definition 2.16) in L' ([a, b]; R).
This is assured by the arguments previously used in proving compacity in
2/ C([a, b]; R). Following the reasoning of the previous results one demonstrate
that A, are the a-cuts of a fuzzy subset in L' ([a, b]; R).

We observe that [ fé‘ is well defined and that

/xf‘ffxfé and /Xf,jffxfj (3.116)

forall A € [0,1] and 0 < o < B < 1. Hence we obtain, for all & € [0, 1],
7= U / 7}
B>a r€f0,1]V4 (3.117)
=/fa 1]

where the last identity holds due to the continuity of fax fé(x) on A, B, and x.

Thus, we have proved that the attainable sets of the [-integral of F have the same
expression of the integrals for fuzzy-set-valued functions at each x.
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Summary of the comparison of derivatives and integrals:

» Equivalence between gH- and D-derivatives. The gH-derivative of a cer-
tain class of fuzzy-number-valued functions coincides with the attainable
sets of the D-derivative (using the representative bunch of first kind).

e Equivalence between g- and D-derivatives. The g-derivative of a certain
class of fuzzy-number-valued functions coincides with the attainable sets
of the D-derivative (using the representative bunch of second kind).

* Equivalence among integrals. The Aumann, Riemann, and Henstock
integrals of a certain classAof fuzzy-number-valued functions coincide with
the attainable sets of the [-integral (using the representative bunch of first
kind).

3.4 Summary

This chapter reviewed fuzzy calculus for fuzzy-set-valued functions and presented
the new fuzzy calculus using fuzzy bunches of functions. The concepts and results
here displayed are essential for the development of the various approaches of FDE:s,
to be presented in the next chapter. They are summarized next:

The Hukuhara derivative is defined for a class of fuzzy-set-valued functions
and uses the concept of Hukuhara difference. The strongly generalized
Hukuhara derivative, weakly generalized Hukuhara derivative, generalized
Hukuhara derivative, and the fuzzy generalized derivative generalize the
Hukuhara derivative and are defined for wider classes of fuzzy-number-valued
functions.

The Aumann, Riemann, and Henstock integrals are defined for fuzzy-set-valued
functions.

The derivative and the integral via extension of the derivative and integral
operators, denoted by D and /[, are defined for fuzzy bunches of functions.

The D-derivative of a class of fuzzy bunches of functions coincides with the
generalized derivatives in terms of attainable sets.

The [-integral of a class of fuzzy bunches of functions coincides with the
integrals for fuzzy-number-valued functions in terms of attainable sets.

References

L.

J.P. Aubin, A. Cellina, Differential Inclusions: Set-Valued Maps and a Viability Theory
(Springer, Berlin/Heidelberg, 1984)



References 67

2.
3.

4.

5.
6.

10.
11.
12.
13.
14.

15.

16.
17.

19.

20.

21.
22.

23

26.

R.J. Aumann, Integrals of set-valued functions. J. Math. Anal. Appl. 12, 1-12 (1965)

L.C. Barros, P.A. Tonelli, A.P. Julido, Cdlculo diferencial e integral para fun¢des fuzzy via
extensdo dos operadores de derivagdo e integracdo. Technical Report 6 (2010) [in Portuguese]
L.C. Barros, L.T. Gomes, P.A. Tonelli, Fuzzy differential equations: an approach via
fuzzification of the derivative operator. Fuzzy Sets Syst. 230, 39-52 (2013)

B. Bede, Mathematics of Fuzzy Sets and Fuzzy Logic (Springer, Berlin/Heidelberg, 2013)

B. Bede, S.G. Gal, Almost periodic fuzzy-number-valued functions. Fuzzy Sets Syst. 147,
385-403 (2004)

. B. Bede, S.G. Gal, Quadrature rules for fuzzy-number-valued functions. Fuzzy Sets Syst. 145,

359-380 (2004)

. B. Bede, S.G. Gal, Generalizations of the differentiability of fuzzy-number-valued functions

with applications to fuzzy differential equations. Fuzzy Sets Syst. 151, 581-599 (2005)

. B. Bede, S.G. Gal, Solutions of fuzzy differential equations based on generalized differentia-

bility. Commun. Math. Anal. 9, 2241 (2010)

B. Bede, L. Stefanini, Generalized differentiability of fuzzy-valued functions. Fuzzy Sets Syst.
230, 119-141 (2013)

Y. Chalco-Cano, H. Roman-Flores, M.D. Jiménez-Gamero, Generalized derivative and
mr-derivative for set-valued functions. Inf. Sci. 181, 2177-2188 (2011)

S.S.L. Chang, L.A. Zadeh, On fuzzy mapping and control. IEEE Trans. Syst. Man Cybern. 2,
30-34 (1972)

D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Applications (Academic, Orlando,
1980)

O. Frink Jr, Differentiation of Sequences. Bull. Am. Math. Soc. 41, 553-560 (1935)

S.G. Gal, Approximation theory in fuzzy setting, in Handbook of Analytic-Computational
Methods in Applied Mathematics, chapter 13, ed. by G. A. Anastassiou (Chapman & Hall/CRC,
Boca Raton, 2000), pp. 617-666

R. Goetschel Jr., W. Voxman, Elementary fuzzy calculus. Fuzzy Sets Syst. 18, 31-43 (1984)
L.T. Gomes, L.C. Barros, A note on the generalized difference and the generalized differentia-
bility. Fuzzy Sets Syst. (2015). doi:10.1016/j.fss.2015.02.015

. L.T. Gomes, L.C. Barros, Fuzzy calculus via extension of the derivative and integral operators

and fuzzy differential equations, in 2012 Annual Meeting of the North American Fuzzy
Information Processing Society (NAFIPS) (IEEE, Berkeley, 2012), pp. 1-5

L.T. Gomes, L.C. Barros, Fuzzy differential equations with arithmetic and derivative via
Zadeh’s extension. Mathware Soft Comput. Mag. 20, 70-75 (2013)

M. Hukuhara, Intégration des applications measurables dont la valeur est un compact convexe.
Funkc. Ekvacioj 10, 205-223 (1967)

O. Kaleva, Fuzzy differential equations. Fuzzy Sets Syst. 24, 301-317 (1987)

M. Puri, D. Ralescu, Differentials of fuzzy functions. J. Math. Anal. Appl. 91, 552-558 (1983)

. M. Puri, D. Ralescu, Fuzzy random variables. J. Math. Anal. Appl. 114, 409-422 (1986)
24.
25.

S. Seikkala, On the fuzzy initial value problem. Fuzzy Sets Syst. 24, 309-330 (1987)

L. Stefanini, B. Bede, Generalized Hukuhara differentiability of interval-valued functions and
interval differential equations. Nonlinear Anal. Theory Methods Appl. 71, 1311-1328 (2009)
C. Wu, Z. Gong, On Henstock integral of fuzzy-number-valued functions (I). Fuzzy Sets Syst.
120, 523-532 (2001)



	3 Fuzzy Calculus
	3.1 Fuzzy Calculus for Fuzzy-Set-Valued Functions
	3.1.1 Integrals
	3.1.2 Derivatives
	3.1.3 Fundamental Theorem of Calculus

	3.2 Fuzzy Calculus for Fuzzy Bunches of Functions
	3.2.1 Integral
	3.2.2 Derivative
	3.2.3 Fundamental Theorem of Calculus

	3.3 Comparison
	3.4 Summary
	References


