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Abstract The transformation and run-up of long breaking bell-shaped wave pulses
of various polarities is studied numerically in the nonlinear shallow-water theory
framework using CLAWPACK software. The considered water basin contains a
section of constant depth and a section of a slopping beach. For small-amplitude inci-
dent waves regardless their polarity, the results of numerical computations usually
coincide with predictions of the nonlinear shallow-water theory for non-breaking
waves. Nonlinear effects start to be important when incident wave is located far
from the shoreline even for initially small-amplitude waves. With further increase
in incident wave amplitude, the wave transforms into the shock wave (bore) before
approaching the beach. Run-up characteristics of waves of different polarities are
compared. Nonlinear effects and induced energy dissipation caused by wave break-
ing during its run-up on a beach are more prominent for negative pulses rather than
for positive ones.

1 Introduction

Run-up of non-breaking waves on a plane beach is well studied analytically using
the solutions of the nonlinear shallow-water equations. The progress in this direction
started from the pioneer work of Carrier and Greenspan (1958) who solved non-
linear shallow-water equations for wave run-up on a plane beach using Legendre
transformation. After their work, run-up of incident waves of various shapes on a
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plane beach has been investigated by many authors (Antuono and Brocchini 2007,
2008, 2010; Carrier et al. 2003; Didenkulova 2009; Didenkulova and Pelinovsky
2008; Didenkulova et al. 2006a, 2007a, b, 2008; Dobrokhotov and Tirozzi 2010;
Kânoğlu 2004; Kânoğlu and Synolakis 2006; Madsen and Fuhrman 2008; Mad-
sen and Schaffer 2010; Mazova et al. 1991; Pedersen and Gjevik 1983; Pelinovsky
and Mazova 1992; Pritchard and Dickinson 2007; Shermeneva and Shugan 2006;
Spielvogel 1975; Synolakis 1991; Synolakis et al. 1988; Synolakis 1987; Tadepalli
and Synolakis 1994; Tinti and Tonini 2005). Recently, the same approach has been
applied to the irregular wave field (Denissenko et al. 2011, 2013; Didenkulova and
Pelinovsky 2011b; Didenkulova et al. 2010, 2011). Irregularity of the beach has
been considered in Dutykh et al. (2011), while influence of bottom friction on run-
up height has been studied in Bernatskiy and Nosov (2012). Possible resonance
effects during wave run-up have been investigated numerically and experimentally
in Ezersky et al. (2013a, b), Stefanakis et al. (2011). An attempt to include second
dimension has been made by Choi et al. (2008), Didenkulova and Pelinovsky (2009),
Didenkulova and Pelinovsky (2011a, b, c), Rybkin et al. (2014), Zahibo et al. (2006),
who studied wave run-up in long and narrow bays.

We underline that most of papers cited above consider run-up of waves of positive
polarity (crests) having in mind that these waves induce significant flooding of the
coast. However, if the leading positive wave contains a precursor in the form of a
negative pulse (trough), it leads to substantial increase in the run-up height. This
effect was discussed in papers by Tadepalli and Synolakis (1994), Soloviev and
Mazova (1994) and was entitled as N -wave effect. The N -wave effect is valid as for
waves of weak amplitude (almost linear theory), as for large-amplitude non-breaking
waves. However, it has been shown in Didenkulova et al. (2006b), Pelinovsky and
Rodin (2011, 2012), Zahibo et al. (2008) for a basin of constant depth that different
polarities of the incident wave result in different manifestations of nonlinear effects
during wave propagation. The simple explanation for it is the following. The total
water depth under the wave trough is always smaller than the one under the crest,
and therefore, the nonlinear effects at the wave trough are always stronger than at
the wave crest. This effect for the case of non-breaking wave run-up on a beach
is discussed in Didenkulova et al. (2014), and in the current study, we extend the
contrastive analysis of influence ofwave polarity on run-up characteristics performed
in Didenkulova et al. (2014) to the case of breaking waves.

The paper is organized as follows. The shallow-water mathematical model is
briefly presented in Sect. 2. Run-up characteristics for positive and negative incident
waves are described in Sects. 3 and 4, respectively. Contrastive analysis of run-up
characteristics for incident wave of different polarities is performed in Sect. 5. Main
results are summarized in Sect. 6.
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2 Mathematical Model

Nonlinear shallow-water equations with aManning bottom friction are written in the
divergence form:

∂(Hu)

∂t
+ ∂

∂x

[
Hu2 + 1

2
gH2

]
= +g H dh/dx − γ H u,

∂ H

∂t
+ ∂

∂x
[Hu] = 0,

(1)

γ = g n2/H (4/3)|u|,

where H(x, t) = h(x) + η(x, t) is a total water depth, η(x, t) is the elevation of
water surface above the mean sea level z = 0, u(x, t) is depth-averaged horizontal
velocity of the water flow, g is the gravity acceleration, h(x) is the unperturbed water
depth and n is the Manning coefficient, taken as n = 0.025 s/m(−1/3) in all our
computations which is typical for geophysical problems.

Since nonlinear shallow-water equations are averaged equations over the water
depth flow velocity u(x, t), they do not allow description of crest overturning. How-
ever, written in the divergence form, Eq. (1) allows taking into account dissipation of
wave energy at the front of the shock wave (bore). This assumption is used when the
wavelength is large enough compared to the thickness of wave-overturning zone and
often applied to the description of wave breaking in the framework of the shallow-
water theory (Stoker 1957). All analytical and numerical results cited in Introduction
have been obtained within this system of Eq. (1).

The composite geometry of the problem shown in Fig. 1 contains a 250-m-long
basin of constant (3.5m) water depth, which is matched with a plane beach of a
slope 1:6. The parameters of the basin are selected in order to match the dimensions
of the Large Wave Flume (GWK), Hannover, Germany, where the authors recently
carried out a series of experiments on long-wave run-up (Denissenko et al. 2011,
2013; Didenkulova et al. 2013).

The system of Eq. (1) is solved numerically using the CLAWPACK software
package (www.clawpack.org/) based on finite volume method (LeVeque 2004). In

Fig. 1 The composite geometry of the problem

www.clawpack.org/
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order to describe shock waves and prevent spurious oscillations in the solution which
are result of the 2nd order corrections, the simulation algorithm applies numerical
viscosity, which should not much affect run-up characteristics. The boundary con-
dition at the left boundary of the computational domain (x = 0) corresponds to free
wave propagation across the border. On the right boundary, the boundary condition
H(x, t) = 0 defines the oscillations of the moving shoreline x(t). In all calcula-
tions the spatial step of 0.1m and time step were adapted automatically to satisfy the
Courant’s criterion.

Initial conditions correspond to the wave located in a basin of constant depth
(x < 250m) propagating onshore:

ηin(x, 0) = A cosh−2[(x − x0)/L], uin(x, 0) = 2
[√

g(h + ηin(x, 0) − √
gh

]
.

(2)

It is easy to show analytically that the rigorous solution of the system (1) for initial
conditions (2) represents Riemann wave (Pelinovsky and Rodin 2011, 2012):

H(x, t) = H0 [x − V (H) t] , V = 3
√

gH − 2
√

gh, (3)

where H0(x) = h + ηin(x, 0) is an initial wave shape.
In all our computations, characteristic half-wavelength is L = 11m that corre-

sponds to a half-wave period of 2 s. Incident pulse is located in the point x0 = 50m.
Wave amplitude A is varied from 0.05 to 3.5m for wave crests and from −0.05 to
−3.49m for troughs in order to keep the water layer continuous.

3 Run-Up of Breaking Waves of Positive Polarity
on a Sloping Beach

In the first set of calculations, initial wave amplitude was rather small, so that the
wave climbed the beach and reflected from it without breaking; see Fig. 2 for wave
amplitude of 0.1m. However, even when nonlinearity is weak, the nonlinear effects
are still present and lead to wave steepening while it approaches the slope, which is
clearly seen at time t = 30 s. The wave run-up height for this case is 0.43m, which
exceeds the initial wave amplitude in more than 4 times. The travel time to the coast
is 40 s. Reflected wave has a sign-variable shape as it is predicted by the analytical
theory. Amplitude of reflected wave is less than amplitude of incident wave (0.08m
at the time moment t = 70 s, Fig. 2) due to wave transformation and spreading in
space. The reflected wave is also affected by the nonlinear effects and contains steep
front at the maximum crest. It is important that reflected wave has a weak positive
tail after the trough due to weak resonance between the coast and the point matching
the slope with the constant depth. This tail is not observed in asymptotic analytical
considerations byDidenkulova et al. (2006a, 2007b),where thementioned resonance
is neglected.



Numerical Study for Run-Up of Breaking Waves … 159

Fig. 2 Run-up and reflection of a weakly nonlinear positive pulse (A = 0.1m) from a sloping
beach

With the growth of wave amplitude, nonlinear effects become more visible. Pulse
with amplitude A = 0.5m breaks before approaching the beach and transforms into
the shock wave (Figs. 3 and 4). Such shock wave propagates faster than linear wave;
hence, maximal run-up height is achieved at slightly earlier time t = 37.5s. Its value
is 1.44m, and run-up ratio (R/A, where R is run-up height) is 2.88, which is less than
in the previous non-breaking case. Decrease in the run-up ratio is related to the wave

Fig. 3 Run-up and reflection of a positive pulse (A = 0.5m) from a sloping beach
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Fig. 4 Run-up and reflection of a positive pulse (A = 0.5m) from a sloping beach: x-t diagram

Fig. 5 Run-up and reflection of a positive pulse (A = 1.5m) from a sloping beach

breaking, which leads to dissipation of wave energy. However, the reflected wave
does not break and its shape is similar to the one shown in Fig. 2, just the steep part
near its crest is more prominent. Its amplitude is equal to 0.31m at the time moment
t = 70 s.

Figure5 shows transformation, run-up and reflection of initial wave with ampli-
tude of 1.5m. Such wave breaks earlier and dissipates quicker compared to previous
cases. It also propagates faster than in the previous case, so that its maximal run-up
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Fig. 6 Run-up and reflection of a positive pulse (A = 3.5m) from a sloping beach

Fig. 7 Run-up and reflection of a positive pulse (A = 3.5m) from a sloping beach: x-t diagram

height of 2.83m is achieved at t = 34.5s. Dissipation reduces the run-up ratio to
1.88. Reflected wave decays rapidly. Its amplitude is 0.67m at t = 70 s, which is
almost 45% of the initial wave amplitude.

When the initial wave amplitude is extremely high and equal to the water depth
(3.5m), the wave breaks almost instantaneously, and its shape becomes triangular
and its front moves quicker than in the linear case (Figs. 6 and 7).Thewave reaches its
maximal run-up height of 4.84m in 30.5 s, and the run-up ratio decreases significantly
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Fig. 8 Vertical oscillations of the shoreline for various amplitudes of the initial positive pulse

up to 1.38. The reflected wave at t = 60 s has amplitude of 1.24m, which is approx-
imately 35% of initial wave amplitude. It is important that the length of the reflected
wave increases with an increase in its amplitude, as the shock wave approaching the
beach also has a longer wavelength than the incident wave. It also results in a smooth
shape of a reflected wave in contrast to the large-amplitude breaking incident wave.

Vertical oscillations of the shoreline for various initial wave amplitudes are shown
in Fig. 8. It can be seen that run-up of positive pulse induces significant flooding of
the coast which increases with an increase in the initial wave height. At the same
time, the ebb stage is weak compared to the flood and decreases with an increase in
the initial wave height, so that for waves of very large amplitude, such as 2.5m and
larger, practically there is no ebb stage at all. Duration of the flood is also longer than
for the ebb, and it increases with an increase in the initial wave amplitude.

Detailed analysis of run-up characteristics for both positive and negative pulses
is performed below in Sect. 5. Here, we just show the comparison between results of
numerical simulations of weakly nonlinear non-breaking wave run-up and predic-
tions of the analytical theory (see Fig. 9), where the analytical solution is obtained
following procedure described in Didenkulova et al. (2006a), Didenkulova (2009);
Didenkulova et al. (2007b). Figure9 shows a good agreement between numerical
and analytical results.
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Fig. 9 Comparison of numerical simulations with predictions of the analytical theory for a 0.05m
weakly nonlinear wave of positive polarity

4 Run-Up of breaking Waves of Negative Polarity
on a Sloping Beach

Now let us consider run-up of a wave of negative polarity (trough). Figure10 demon-
strates how the wave trough of small-amplitude (0.1m) climbs the same sloping
beach, described above. In general, this process is sign-inverted with respect to the
run-up of positive pulse. Maximum run-up height of 0.17m is approximately twice
less than run-down amplitude (0.33m), but it is higher than initial wave amplitude.
The run-down ratio is equal to 3.3 which is less than the corresponding run-up ratio
for a positive pulse of the same amplitude. The reflected wave is also inverted with

Fig. 10 Run-up and reflection of a negative pulse (A = 0.1m) from a sloping beach
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Fig. 11 Run-up and reflection of a negative pulse (A = 0.5m) from a sloping beach

respect to the positive amplitude case: it starts from the trough followed by the wave
crest. However, due to its shape with large amplitude difference at the wave front,
its steepness increases significantly as a result of nonlinear effects.

Figure11 illustrates run-up of a negative pulse with amplitude of 0.5m. Its maxi-
mum run-up and run-down heights are 0.53 and 0.83m, respectively. It is important
to mention that the time to the maximum run-up/run-down height has increased com-
pared to the previous small-amplitude case. This is explained by the nonlinear speed
of the trough, which is less than the linear speed of long-wave propagation. The
run-down ratio (1.66) is also less than in the previous case, and it is related to the
breaking effects, which are also visible in the shape of the reflected wave.

With an increase in thewave amplitude, nonlinear effects leading towave breaking
become more prominent, as it is shown in Fig. 12 for a 1m pulse of negative polarity.

The last run of computations is performed for a 3.499m deep negative pulse, when
there is only a very thin film of water between the sea bottom and the wave trough. In
this case, nonlinear effects are the largest and result in the strongwave transformation
(Fig. 13). Such wave breaks immediately with a significant decrease in its amplitude
(Fig. 14), so that maximum run-up and run-down heights in this case are 0.83 and
1.49m, respectively, and this is about 40% less than the initial wave amplitude. The
reflected wave also breaks.

Vertical oscillations of the shoreline for various amplitudes of initial negative
pulse are shown in Fig. 15. It demonstrates that run-up of a negative pulse leads to a
comparably strong ebb and flood. Ebb duration is longer than the flood duration. Both
run-up and run-down heights increase with an increase in initial wave amplitude. As
it has just been shown for pulses of positive polarity described in Sect. 3, in the
weak amplitude case, numerical results for non-breaking wave run-up are close to
the predictions of the analytical theory (see Fig. 16).
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Fig. 12 Run-up and reflection of a negative pulse (A = 1m) from a sloping beach

Fig. 13 Run-up and reflection of a negative pulse (A = 3.499m) from a sloping beach: x-t diagram

5 Contrastive Analysis of Run-up Characteristics
for Breaking Waves of Different Polarity

As it has been pointed out above, run-up and run-down heights increase with an
increase in the initial wave amplitude. Figure17 shows these values versus initial
wave amplitude. It is clearly seen that all these functions are strongly nonlinear
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Fig. 14 Run-up and reflection of a negative pulse (A = 3.499m) from a sloping beach

Fig. 15 Vertical oscillations of the shoreline for various amplitudes of the initial negative pulse
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Fig. 16 Comparison of numerical simulations with predictions of the analytical theory for a 0.05m
weakly nonlinear wave of negative polarity

in contrast to the predictions of the analytical theory, which is related to energy
dissipation due to wave breaking. For positive pulses, the run-up height (blue solid
line) increases with an increase in the wave amplitude, while the run-down height
(green dash line) behaves non-monotonically and tends to zero for large-amplitude
waves. For the run-up of wave trough, as expected, the run-down height exceeds
the run-up height, but these values are comparable. Similar effect was found also for
non-breaking waves (Didenkulova et al. 2014). It is also seen that for large-amplitude
negative waves, run-down and run-up heights tend to be constant.

Fig. 17 Run-up and run-down heights versus initial wave amplitude
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Fig. 18 Run-up and run-down ratios versus initial wave amplitude

Figure18 displays run-up amplification or run-up ratio (the ratio of run-up or run-
down heights to initial wave amplitude) versus initial amplitude. As it is expected,
all ratios decrease monotonically with an increase in initial wave amplitude due to
the wave breaking effects.

The ratio of run-down and run-up heights is demonstrated in Fig. 19. This function
is not monotonic if incident wave is negative (trough). The minimal value (1.55) is
achieved in the range of initial wave amplitudes of 0.5–1m. For positive incident
waves, the difference in run-down and run-up heights is significantly larger than for
negative ones and their ratio behaves monotonically.

As it has been pointed out above for the case of positive pulse run-up, the wave
travel time (to themoment of themaximum run-up height) decreases with an increase
in initial wave amplitude, which is explained by the formation of the shockwave, who
propagates faster than a linearwave; see Fig. 8.Alternatively, for the case of a negative
pulse, travel time increases, as the shock wave of negative polarity propagates slower
than a linear wave; see Fig. 15. For practice, it is important to know how soon the
maximal inundation occurs during the flood of the coast; this duration is shown
in Fig. 20. For positive pulses, the flood front duration initially decreases with an
increase in the initial wave amplitude, which can be explained by an increase in the
steepness of the wave climbing the beach. Then, due to strong dissipation of the
wave front, the flood is governed by the tail of the shock wave climbing the beach,
and its duration again increases. For negative pulses, the ebb front duration behaves
monotonically and grows with an increase in initial amplitude, as the shock wave
arrives later than a smooth negative part of approaching wave.
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Fig. 19 Ratio of run-down and run-up heights Rdown/Rup versus initial wave amplitude

Fig. 20 Duration of flood / ebb front versus initial wave amplitude

6 Conclusion

Run-up of long breaking waves of different polarities is studied in the framework
of the nonlinear shallow-water theory. The geometry of the basin consists of the
section of constant depth matched with a sloping beach. Initial pulses of solitary
shape are located far from the shoreline. In the case of weakly nonlinear incident
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wave of any polarity, the results of numerical computations are in a good agreement
with asymptotic analytical predictions of long non-breaking wave run-up described
in Didenkulova et al. (2006a, 2007b). Thanks to the nonlinear effects, steepness of
the wave when it approaches the coast increases with an increase in initial wave
amplitude.

Forwaves of positive polarity (crests), the run-up height increaseswith an increase
in the initial wave amplitude, but in contrast to the analytical theory, this depen-
dence is not linear. Breaking effects decrease amplitude and increase wavelength of
waves approaching the slope, which also influences the travel time to the maximum
flood and leads to its decrease. The ebb stage duration decreases with an increase in
wave amplitude and almost disappears for large waves of more than 2.5m high. The
reflected wave in this case has a smooth shape and large wavelength.

Qualitatively, for initial waves of negative polarity (troughs), the process of wave
run-up is similar to the one for positive pulses, but sign-inverted. However, there
are principal differences between these two cases, which become more prominent
for waves of large amplitude. After the breaking, negative wave propagates slower
than the linear one, and the shock wave is formed at the back slope of the wave. It
influences the maximal values of run-up and run-down heights and travel time to the
maximum flood. The reflected wave can also break if initial amplitude of the wave is
high enough. So, in general, we may conclude that nonlinear effects leading to wave
breaking and energy dissipation are more pronounced for run-up of a negative pulse
rather than for a positive one.

Of course, the discussed here results also depend on a length of the constant depth
basin, beach slope, shape and length of the initial wave. However, qualitatively, the
obtained dependence of the wave run-up height on the initial wave amplitude should
remain also for other values of these parameters.
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