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Foreword

This volume is offered to Prof. Dr. Harry L. Trentelman in celebration of his
birthday. It contains papers by his collaborators, including a number of former
Ph.D. students and postdoctoral fellows.

This is the second of a series of two books, appearing in connection with the
workshop “Mathematical systems theory: from behaviors to nonlinear control”
dedicated to the 60th birthdays of Arjan van der Schaft and Harry Trentelman, both
at the Johann Bernoulli Institute for Mathematics and Computer Science and at the
Jan C. Willems Center for Systems and Control at the University of Groningen.



Preface

I mean, what is an un-birthday present?
A present given when it isn’t your birthday, of course.

(L. Carroll, Through the Looking-Glass,
and What Alice Found There.
Chapter VI: Humpty Dumpty)

To those who are familiar with him since many decades, the scientist and human
being Harry L. Trentelman displays a remarkable almost invariance property. For
as long as we have known him, the adjectives that best continue to describe Harry’s
attitude to science and academic work are: resilient, creative, energetic, hard-
working. When one is almost giving up trying to prove some result and is ready to
add yet another assumption to make life a bit easier, Harry always comes to the
rescue (typically the next morning, after a night of hard thinking) with a simple and
effective solution. In science, Harry is also rigorous, original, open-minded, and
skeptical: we fondly recall his ability to shoot down our most cherished pet theories
with one sharp question, and his tireless efforts in correcting our sloppiness in
thinking or writing. One should add that Harry has always been the epitome of
scientific integrity, that he has consistently displayed an excellent taste in his choice
of problems and in finding elegant solutions to them, and that he is an ambitious,
kind, helpful, conscientious, and truly educational supervisor to his Master and
Ph.D. students. All these qualities have brought Harry to make pioneering and
lasting scientific contributions to areas as diverse as geometric control theory, the
behavioral approach, and most recently systems over networks. The excellency of
his work has been officially recognized in his recent nomination as IEEE Fellow
and Senior Editor for the IEEE Transactions on Automatic Control.

The adjectives that come to mind when trying to describe his personality are:
charming, sociable, enthusiastic, optimistic, witty. His particular brand of humor
would require far better writers than us to be described adequately; suffice it to say
that nobody who has sat next to him at conference dinners can easily forget his
cheeky, brilliant one-liners. All of those who know him even tangentially remember

vii



viii Preface

his outspoken passion for sports and outdoor activities, his appreciation of good
music, his love for and involvement in his family, and his taste for dancing.

Here is a man who loves life so unconditionally as to be an example to all who
meet him. He does not philosophise about how to live life fully; he shows one how
to do it in practice. What then, one could ask, does such a man deserve as a gift for
the anniversary of almost threescores years of a life? What could be the best token
of our appreciation for him as a man and a scientist?

As his friends and former students we pondered long over the obvious choices.
A luxurious penthouse in Manhattan? A shiny Lamborghini? A stately Tuscan
villa? After much deliberation we discarded all these options: none was good
enough to really translate our affection for and esteem of Harry (and given his
unswerving devotion to Volvo family cars, he would not have liked the
Lamborghini anyway).

Almost driven to desperation by our inability to make our feelings concrete, we
finally found the perfect gift: a collection of scientific papers written specifically for
this occasion by friends, colleagues, and former students! The confirmation that this
was the right idea was the enthusiasm with which it was accepted by the contrib-
utors to this volume, who quickly produced the high-quality works gathered in this
volume.

What you are holding in your hands then, Harry, is the best “sixtieth
un-birthday” gift we could think of. We present it to you with affection, admiration,
and our best wishes for several decades more of top-level scientific productivity.

Mumbai, India Madhu N. Belur
Groningen, The Netherlands M. Kanat Camlibel
Southampton, UK Paolo Rapisarda
Groningen, The Netherlands Jacquelien M.A. Scherpen

May 2015
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Chapter 1
Open Loop Control of Higher Order Systems

Paul A. Fuhrmann and Uwe Helmke

Abstract In this paper we solve the problem of computing open loop controls that
steer a higher order system from the equilibrium to a prescribed state, or partial state.
Using unimodular embeddings of coprime polynomial factorizations, we derive an
explicit formula for the inverse of the reachability map. Proceeding along the same
lines we outline the connection to flat outputs and develop an independent approach
for open loop control.

1.1 Introduction

In the pioneering work of Kalman [6], the basic concepts of reachability and observ-
ability for linear state space systems

Xt+1 = Ax, +Bu[
Yt = C.Xt +Dut (11)

were introduced in a module theoretic framework. The modeling of electrical or
mechanical networks led in a natural way to higher order polynomial system repre-
sentations
T)x =U(o)u
y=V(o)x + W(o)u, (1.2)

aclass of systems, for which no a priori state space has been available; see Rosenbrock
[9]. Fuhrmann [3] succeeded to associate with any system (1.2) a canonical state
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2 P.A. Fuhrmann and U. Helmke

space, the polynomial (or rational) model of the nonsingular polynomial matrix 7 (z).
This led to representation free definitions of reachability and observability for higher
order systems in terms of the associated shift realization. Proceeding to a higher level
of abstraction, Jan C. Willems, see [8], introduced the theory of behaviors to analyze
higher order systems of the form

R(o)yw =0 (1.3)

where R(z) denotes a rectangular polynomial system matrix. In this context, reacha-
bility and observability are defined in terms of spaces of trajectories, i.e., the behavior
of (1.3). For all underlying representations of a linear system the fundamental ques-
tion of reachability is: Can every state be reached from the zero state by a suitable
control sequence? A more important question is that of constructive reachability:
Given a state, or a partial state, how can one compute control sequences that steer
the system from rest to the desired state? This problem is very closely related to the
motion planning problem, i.e., the goal of designing desired system trajectories that
join two given states.

In this paper we will take a middle ground and focus our analysis on higher order
Rosenbrock type systems (1.2). As the reachability map of the state space system
(1.1) maps controls to states, the natural approach for constructive reachability is to
invertit. However, even if reachability of the given system is assumed, the reachability
map is surjective but not injective, so it has no regular inverse. In order to obtain a
regular inverse, we need to factor out its kernel and restrict the map to the associated
quotient space. Moreover, the reachability map is a homomorphism over the ring of
polynomials F[z] and the reduced reachability map can be inverted by embedding
an intertwining relation in a doubly coprime factorization. This leads to an explicit
formula for the inverse of the reduced reachability map that, strangely, seems to
be new. Each embedding in a unimodular matrix is tantamount to the addition of a
special output, which following [7], we refer to as a flat output. The concept of flat
outputs was first introduced by [1] in connection with state feedback linearizations
as a tool for control of higher order nonlinear systems. Flat outputs turn out to be a
useful tool in the solution of the terminal state problem and we proceed to a rather
complete analysis of flat systems using doubly coprime factorizations. Of course, the
use of coprime factorizations for analyzing flatness of higher order systems is not
new. While Levine and Nguyen [7] have studied a restricted class of systems (1.2)
where U (z) is a constant full column rank matrix, Trentelman [10] characterized flat
outputs for arbitrary behaviors. Our approach, that links flatness to the study of the
reachability map, though seems to be new.

This paper is dedicated to Harry Trentelman, a wonderful colleague and friend,
whose elegant work [10] has been a major source of inspiration for us. Of course
it is not the only paper by him that we admire! While all three of us had for long
been involved in developing linear systems theory, it may be interesting to note
that our current interests shifted almost simultaneously to networks; [4, 11]. We
are convinced that methods from algebraic systems theory, such as, e.g., flatness and
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open loop control, are bound to play an increasingly important role for observing and
controlling networks of systems. The future thus looks bright and we look forward
to further exciting work by Harry and to continue learning from him.

1.2 Functional Models and the Shift Operator

In this section, following [2, 3], we summarize the basic results of the theory of
polynomial models and introduce the shift realization. Proofs can be found in the
recent monograph [5]. Throughout this paper, F denotes an arbitrary field.

1.2.1 Polynomial and Rational Models

Polynomial models are concrete representations of quotient modules F[z]"/D(z)
F[z]™, defined for nonsingular polynomial matrices D(z) € F[z]™*™. Explicitly,
the polynomial model associated with D(z) is defined as the F—vector space

Xp={f eFlz]" | D(z)"' f(z) is strictly proper}.
In contrast, the rational model of D is the F—vector space defined as
XP ={h e z7'F[[z7"1" | D(z)h(z) is a polynomial}.

It is easily seen that Xp and X? are both finite dimensional F—vector spaces
of dimension dim Xp = dim X? = deg det D. We note that f(z) € Xp holds
if and only if D(z)~!' f(z) € XP. To introduce a module structure on these spaces
we proceed as follows. Let F((z~H)™ denote the vector space of truncated Laurent
series, i.e., f(z) = ?i—oo szj, fj € F". Thus, f_; denotes the residue of f(z).
We denote the canonical projections onto the strictly proper and polynomial parts,
respectively, by 7_ : F((z))" — z 'F[[z~"1" and n; : F((z))" — Flz]™.
The backward shift o : z7'F[[z~1]]" — z7'F[[z~']]" acts on vectors of strictly
proper functions via

o(h) =n_(zh(2)), (1.4)

ie, as o352 hjz ) = 252, hjy1z7/. Defining a projection map 7p
Flz]" — F[z]™ by

npf=Dr_(D7'f), feF",
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we obtain the isomorphism
Xp =Imnp =~ Flz]"/D(2)F[z]",

which gives a concrete, but noncanonical, representation for the quotient module.
The shift operator Sp : Xp —> Xp is defined by

Spf =npif) =zf =D&, f€Xp,

where £ = (D7 f)_1. A special case of interest is provided by the matrix pencil
of an n x n—matrix A. It is an elementary observation that the shift operator on
X.1—4 1s conjugate to the matrix A. This is the starting point for the polynomial
model state-space realization theory.

The polynomial model Xp becomes an F[z]-module by using the Sp-induced
module structure, i.e.,

p-f=mp(pf), peFlzl feXp.
Similarly, the rational model X D is endowed with the F[z]-module structure
p-h=ph=n_(ph), p@ €Fll h) eXx®.
It is easily seen that the linear map
Xp — XP, fr D7'f

is an isomorphism of F[z]—-modules. We next relate coprimeness to the very impor-
tant concept of doubly coprime factorizations. Let

G(iz) =P =T 'U®

be a right and left coprime factorization of G(z) € F(z)P*™, respectively. This
implies the intertwining relation

U(2)Q(z) = T(2) P(2). (1.5)

The nextresult, see [5], characterizes intertwining relations in terms of unimodular
embeddings.

Theorem 1.1 (Doubly Coprime Factorization) Ler U(z) € F[z]?*™, T(z) €
F[z]P*P be right coprime and P(z) € F[z]?*™, Q(z) € F[z]™*™ be left coprime
with

T(2)P(2) =U(2)Q(2).
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Then, there exist unique polynomial matrices V(z) € F[z]"*?, V(z) € Flz]"*P,
W(z) € Flz]™*™, W(z) € F[z]?*? with

(T(z) —U(z)) ( W) P(z)) ~ (1,, 0)
ve) W)\ -V o) T\ 0 )

such that V(2)T (z) ! and Q(2)~'V (z) are strictly proper.

1.2.2 The Shift Realizations

The following result from Fuhrmann [2, 3] is central as it allows us to write down
a canonical state space realization, the so-called shift realization that is associated
with any coprime polynomial matrix factorization of a proper transfer function. This
establishes a canonical link between state space methods and polynomial system
matrices. It implies particularly that any state space realization (A, B, C) can be
regarded as the shift realization on the polynomial model space X,;_4.

Theorem 1.2 (Shift Realization) Consider any polynomial system matrix

_ T(z) —U(2) (r+p)x(r+m)
7= (V(z) W) ) € FLa™™

with T (z) € F(z]"*" nonsingular. Let G(2) be the associated p x m rational transfer
function defined as

Gz)=V@TQR U@ +Wq). (1.6)

o
Assume that G is proper with expansion G(z) = Go + Z Giz_i. Then

i=1

1. The system defined, in the state space Xr, by the quadruple of maps A, B, C, D,
with A : X7 — X7, B:F" — X7,C : X7 —> FPand D : F™" — FP, by

Af = Spf feXr
| Be=mwe, ke
PVITUAW SN of S (vl fe Xy (€7
D = Gy

is a realization of G(z). We will refer to (1.7) as the shift realization.
2. The realization is observable if and only if V (z) and T (z) are right coprime and
reachable if and only if T (z) and U (2) are left coprime.
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3. The reachability and observability maps of the realization (1.7) are given by
Ru =nr(Uu), ucFz]"
and

Of =n_(VT™'f), feXr.

1.3 Open Loop Control for Shift Realizations

We present a simple approach to the terminal state problem for the shift realization
of higher order systems from the point of view of inverting the reachability map.
This leads directly to the problem of unimodular embedding and hence, indirectly,
to the study of flat outputs. Our explicit formula for the inverse of the reachability
map seems to be new and is of independent interest.

1.3.1 State Space Representations

We begin our investigation with a system given in state space form as
Xr4+1 :A.Xt +Bl/lt (18)

We assume that (A, B) € F"*" x F"*™ is a reachable pair and that the system has
been at rest till time t = —7. Given a prescribed state x, € ", our aim is to compute
control sequences u_r, U_r+1, ..., u—_1 that steer the system from the origin to the
state x, at time ¢ = 0. This leads to the equation

T
Xy = z A‘;lBu_,-.
i=1

By our assumption on the reachability of the pair (A, B), this equation is solvable
for all T > n. The associated polynomial u(z) = Z;;(]) u_j_lzj is called the input
polynomial.

To arrive at an algebraic formulation of the problem, we identify F”*, endowed
with the F[z]-module structure induced by A, with the polynomial model X,;_4.
Next, we recall the definition of the reachability map %4 p) : F[z]" — X;1-a,
by

N N N N
Ry D izt =mp B Y wiz =D A'Buj, D wizt €Flz]", (1.9)
i=0 i=0 i=0 i=0
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or, equivalently, by
Ra gt =1 -aBu,  u(z) € Flz]™. (1.10)

The reachability map is an [F[z]-module homomorphism. Clearly, to compute controls
that steer to a state x,, one has to invert the reachability map %4, p). We note that
Z(a,B) has alarge kernel, which is a full submodule of F[z]™, hence is representable
as QF[z]™ for a nonsingular Q(z) € F[z]™*™. To get an invertible map, we factor
out the kernel. Denote by Z the reduced reachability map, namely the map induced
by Za,p) on F[z]™/QF[z]™, which we identify with the polynomial model X .
Thus Z : X9 —> X1—4 is given by

Fu =7 aBu, u(z) e Xp. (1.11)

To determine the polynomial matrix Q that occurs in the reduced reachability
map, let

P20 '=@I-A)""'B (1.12)

be a right coprime factorization of the transfer function (z/ — A)_1 B, with Q(z) €
F[z]™*™ nonsingular and P (z) € F[z]"*"*. By Theorem 1.1, the intertwining relation

BQ(z) = (zI — A)P(2) (1.13)

can be embedded in the doubly coprime factorization

(zI—A —B)(W_(z) P(z))_(InO) (1.14)
V@ W@ ) \-V@ 0@) \0 I '

with V(z)(zI — A)~! and Q(z) "'V (z) strictly proper. In particular, C := V(z) is a
constant matrix. We will see later that the output equation

yr = Cx;

defines a flat output of (1.1). The next result lists basic properties of the reduced
reachability map and gives an explicit formula for the inverse.

Theorem 1.3 Let P(z) Q(z)’1 be a right coprime factorization of (zI — A" 'Band
let (A, B) be reachable.

1. The reachability map Z 4 ) is an F[z]-homomorphism with kernel

Ker Za.p) = Q@@)F[z]". (1.15)



8 P.A. Fuhrmann and U. Helmke

The reachability map induces the isomorphism
RH:Xg— Xi-a, XWu)=m_aBu. (1.16)

2. Given a state x,. € F", there exists a unique input polynomial up,(z) € X o that
steers the system from the zero state to x, at time t = 0. The associated input
sequence is given by the reverse coefficients of umin(z) = %~ x4. Specifically, in
terms of the doubly coprime factorization (1.14),

Unmin(z) = B "% = T V Xy, (1.17)
3. An arbitrary solution u,(z) to the steering problem is given by
U (2) = umin(z) + Q(2)8(2), (1.18)
with g(z) € F[z]™.
Proof Note that .74 (Bu) = 0 if and only (zI — A)"'Bu(z) = P(z) Q(z) 'u(z)
is a polynomial. Using the coprimeness of both sides of (1.12), it is easily seen that
the polynomial matrix P(z) is right prime, i.e., there exists a polynomial matrix
M (z) with M(z)P(z) = I,,,. Thus P(z)Q(z)_lu(z) is a polynomial if and only if
Q(z)"'u(z) is a polynomial, i.e., if and only if u € Q(z)F[z]™. This proves the first
part.
From the doubly coprime factorization (1.14), one obtains the Bezout equation
(zI —AW(E)+BV() =1,
and therefore
@ =A)'BV@ =@l -A) - W).
By strict properness of Q(z)~!V (z), we compute
Rro(Vx) =74 (Bro(Vxn) = (el — Ay (@l — A)7'BVx,).
This proves

Fro(Va) = @l — M (@l - 4)'x,) =,

and verifies the second claim. The last assertion follows from (1.15). [ |
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1.3.2 High Order System Representations

In many situations, the system under consideration is given not in state space terms,
but rather by difference equations of higher order. Thus, assuming &(z), u(z) to be
strictly proper Laurent series, the system is given by an equation of the form

T(0)§(z) = U(o)u(z), (1.19)

with o the backward shift, 7(z) € F[z]"*" nonsingular and U(z) € F[z]"*™. We
assume that 7'(z) ~' U (z) is strictly proper, i.e., that (1.19) represents a strictly causal
system. Using the shift realization (1.7), we can associate with the system equation
(1.19) a natural state space realization

Xt4+1 =Ax, +Bul, (120)
defined on the polynomial model X7 as the state space. Here
A=Sr. B=nr(U).

Our goal is to extend Theorem 1.3 to the present situation, i.e., to compute controls
that steer the system (1.20) from the zero state to an arbitrary state f(z) in the state
space X7. By the Shift Realization Theorem, the pair (A, B) is reachable if and
only if 7' (z), U(z) are left coprime. Moreover, the reachability map of the shift
realization (1.20) is given as

RZa.p:Flz]" — X7, Ra.pu =nr(Uu).

As in Theorem 1.3 one shows that the kernel of the reachability map is a full
submodule Q(z)F[z]™. Therefore Z4 p induces the reduced reachability map
X : X9 — X7 by Zu = nrUu. It defines an isomorphism of F[z] modules.

Proceeding as before we note that there exist right coprime polynomial matrices
0(z) € F[z]"*", P(z) € F[z]"*™ that satisfy the intertwining relation:

T(2)P(2) = U(2)Q(2). (1.21)

Without loss of generality, Q(z) can be chosen column proper with column degrees
w1 > -+ > wy > 0. Note further that the intertwining relation (1.21) can be

embedded in the following doubly coprime factorization:

T@)-U@\( W& P@Y_ (0 122

V() W(2) -V(z) Q@) 01n)’ '
such that V(2)T(z)~! and Q(z)_IV(z) are strictly proper. In that case, the pair
(V(2), T (z)) induces, by way of the shift realization, an observable pair in the state
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space X 7. The following theorem, the counterpart of Theorem 1.3, summarizes the
main results.

Theorem 1.4 Let (T (z),U(z)) € F[z]"*" x F[z]"*™ be left coprime polynomial
matrices with T (z) "' U (z) strictly proper. Then

1. The kernel of the reachability map Za p : Flz]" —> Xr is Q(2)F[z]". The
reachability map induces the F[z] module isomorphism

Z:Xg— Xr, ZW)=mnr(Uu).

2. There exists a unique control sequence whose input polynomial is in X o and that
steers the shift realization (1.20) from the zero state to f(z) € Xr. It is given
by the (reversed) coefficients of umin(z) = %~ f. Specifically, in terms of the
doubly coprime factorization (1.22),

Unin(z) = B~ f =7V f. (1.23)

3. An arbitrary control u.(z) steers the shift realization (1.20) from the zero state to
f(z) at time t = 0 if and only if, for some g(z) € F[z]",

Uy (2) = Umin(z) + 0(2)g(2). (1.24)

Proof The proof is analogous to that of Theorem 1.3 and is therefore omitted. W

1.4 Flat Outputs and the Control of Partial States

In the preceding sections we solved the open loop control task for higher order
systems by steering to an arbitrary state x; of the associated shift realization. It
is of course also of interest to compute controls that steer the origin to a given
partial state &;. This makes contact with flat outputs, using image representations
of the behavior defined by the higher order system. It seems that the paper [10] by
Trentelman was the first where the equivalence between flatness and the existence of
image representations of behaviors was observed. We begin with a brief analysis of
flat outputs in the context of higher order systems and then derive explicit formula
for controls that assign partial states.

1.4.1 Flat Systems

We introduce the notion of flatness for higher order linear systems and show how one
can compute explicit steering controllers via coprime factorizations. In the literature
on flatness we did not find any systematic account discussing flat outputs for higher
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order linear input/output systems. The only exceptions we are aware of are the papers
by [7], that characterize flat outputs for a restricted class of higher order systems,
and [10], that treats flatness in the larger context of behaviors.

Consider a linear higher order system

T(0)&(z) = U(o)u(z) (1.25)

where T'(z) € F[z]"*" is a nonsingular polynomial matrix, U(z) € F[z]"*™ and
strictly proper transfer function T(z)~'U(z). Here o denotes the backwards shift
operator on z 'F[[z~ "), which acts on strictly proper series £(z) € Rz~
in the usual way as 0&(z) = m_(2£(z)). Let Z(r,17) denote the behavior associated
with (T (z), U(z)), i.e., the solution set of (1.25) in the space of strictly proper power
series as

By = {col (£(2), u(2)) € z 'Fllz "1™ | T(0)&(2) = U(0)u(z)}.

Note, that %(r, 1) is a behavior in the terminological sense, i.e., a closed, backward
shift invariant linear subspace of z 7' F[[z~1]]"+™".

Definition 1.5 Consider any pair of polynomial matrices V (z) € F[z]"*", W(z) €
F[z]™*™. A linear output

¥(2) = V(0)ER) + W(o)uz) € ' Fllz 11" (1.26)

is called a flat output of system (1.25) if there exist polynomial matrices P(z) €
F[z]™, Q(z) € F[z]™*™ with the following two properties:

1. The behavior has the image representation

Br.uy = {col (P(0)y(2), Q0)y(2)) € z 'Fllz "1™ | y(2) € 2 'Fliz~ '™}
(1.27)

2. The output condition holds
¥(2) = V(©)P(0)y(2) + W(©)Q(0)y(2), VYy() ez 'Fllz '™, (1.28)

ie., V(o)P(o)+ W(o)Q(o) =id.

A system (1.25) is called flat if it possesses a flat output. The polynomial matrices
P(2), Q(z) are called the representing parameters of (1.25), while V(z), W(z) are
called the flat output parameters. The set

aP9 = (y(z) € 7 'Fllz"1" | (P(2)y(2), Q(2)y(2)) € 27 'Fl[z~ 11" +™)
(1.29)

is called the set of flat parameters.
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The right coprimeness of P(z), Q(z) is equivalent to (1.27) being an observable
image representation. Similarly, the assumption on left coprimeness of 7' (z), U (z)
is a reachability condition. Note further that the output condition (1.28) is equivalent
to the Bezout identity

V@QP@) +W(@)0() = I,. (1.30)

This implies that the pairs of polynomial matrices (V (z), W(z)) and (P (z), Q(z))
are left coprime and right coprime, respectively. Note further that the inclusion

{col (P(0)y(2), Q(0)y(2)) € z 'Fllz '™ | y(2) € 2 'Fllz~' 1"} € Ber.v)
(1.31)

holds if and only if the polynomial matrices P(z), Q(z) satisfy
T(2)P(2x) =U(()0(2). (1.32)
We note in passing that the reverse inclusion

Br.u) C ol (P(0)y(2), Q0)y(@) € 2 'Fllz ' 11" | y(2) € 2 'FlIz~ '™}

implies that the polynomial matrix Q(z) is nonsingular. In fact, the reverse inclu-
sion implies z~'F[[z~']]" C Q(o)z~'F[[z~'1]". This implies z~'F[[z~']]" C
F(U)Q(G)P(cr)z*]IF[[zfl]]m, for any biproper rational matrix I"(z) and any uni-
modular polynomial matrix P(z). Thus we can assume that Q(z) is in left Wiener-
Hopf canonical form, from which the claim easily follows.

Theorem 1.6 The following assertions are equivalent:

1. The system (1.25) has a flat output.
2. T(2),U(z) are left coprime.
3. The shift realization (1.7) for (1.25) is reachable.

Proof 1t suffices to prove the equivalence of the first two parts. The equivalence of
items two and three follows from Theorem 1.2.

Any unimodular polynomial matrix R(z) € F[z]"+t™*+mM acts as a mod-
ule isomorphism R(o) on Z7IF[[z7 17" that maps a behavior %7 yy onto the
behavior %(r,yyg. For any unimodular matrix L(z) € F[z]"*”, we obtain the
equality of modules Brr,Lvy = P(r,v). Thus, without loss of generality, we
can assume that the r x (m + r) matrix (T (z) U(z)) = (D(z) 0) is in Smith
normal form with 7(z) = D(z) = diag(d(z),...,d,(z)) and U(z) = 0. Thus
(61,...,&,u) € P, v holds if and only if d;(0)§; = Ofori = 1,...,r and
U()u=0.

Conversely, assume that (1.26) is a flat output of (1.25). Let P(z), Q(z) denote
the associated polynomial matrices. Then D(z) P(z) = T(2)P(z) = U(2)Q(z2) = 0
and therefore the first row vector P;(z) of P(z) vanishes. Choose any element
col(§1,...,&,u) € B u) withdi(0)é = 0 and & # 0. we obtain d(z) # 0,
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as T (z) is nonsingular. Thus, such an element clearly exists if dj(z) # 0 is not
a constant polynomial. On the other hand, by (1.27) we have §&; = Pi(o)y = 0,
which is a contradiction. Therefore, d;(z) is a constant polynomial. Similarly, all
the other nonzero invariant factors d;(z), i = 1,...,r are constant polynomials.
Suppose, that for some 1 < i < r, di(z) = 0 is the zero polynomial. Then the
i — th row vector P;(z) of P(z) satisfies P;(z) = 0. Thus, (1.27) implies that any
element (&1, ..., &, u) € B(r,u) satisfies §& = 0. Since the elements of H(r ) are
characterized by d;(0)§ = 0,i = 1,...,r and U(o)u = 0, we can always find
(§.u) € B(r,uy with & # 0. This is a contradiction. Therefore, flatness implies that
all invariant factors of 7' (z), U (z) are nonzero constants. Thus T (z), U(z) are left
coprime. |

We next turn to the task of characterizing flat outputs. This can be done using
coprime factorizations. In fact, assume that we have a left coprime pair of polyno-
mial matrices 7' (z), U (z) with T (z) nonsingular. Then there exists a right coprime
factorization

P(2) Q)"

of T(z)~'U(z). Thus, in particular, we obtain T (z) P(z) = U(z) Q(z). Choose any
polynomial solution V (z), W (z) of the Bezout equation

V() P(2) + W(2)Q(2) = In. (1.33)

Then y = V(0)& 4+ W(o)u is a flat output and the solution set %t vy of (1.25) is
given as (1.27). Thus, the representing parameters P(z), Q(z) are obtained by any
right coprime factorization of the transfer function 7 (z) ~1U(z), while the flat output
parameters are obtained by solving the Bezout Eq. (1.33).

The next result characterizes the set of all flat outputs for a given system (1.25).
For an extension of the result to behaviors we refer to [10].

Theorem 1.7 Assume that T (z), U(z) are left coprime. The following conditions
are equivalent:
(i) (1.26) is a flat output of system (1.25).
(ii) There exist right coprime polynomial matrices P(z) € F[z]"*™, Q(z) €
Flz]™*™ with Q(z) nonsingular and

T()P(z) —U()0Q(z) =0

(1.34)
V(@ P@)+ W(@) Q) = In.
(iii) The polynomial system matrix
T() -U(2)
(V@)W@)) (133)

is unimodular.
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Proof The direction (i) == (ii) is already shown. For a proof of (ii) = (i)
assume that polynomial matrices P(z), Q(z) exist that satisfy (1.34). Then P, Q are
right coprime and there exists an extension to a unimodular matrix

(X(z) P(Z))
Y(z) Q(z)

using suitable polynomial matrices X (z), Y (z). By (1.34) this implies

Tz U\ (X2 P) _ (A 0\ _ (A0 I 0
V(z) W(2) Y2 Q@) \B@In) \ 0 IJ\B@1)’
with polynomial matrices A(z) € F[z]"*", B(z) € F[z]"™*". But this implies that

A(z) is acommon left factor of T'(z), U (z). Since T, U are assumed to be left coprime
we conclude that A(z) is unimodular. Thus, the system matrix

T(z) —U(z)
V(z) W(2)

is unimodular, too, and we obtain a representation

(T(z) —U(z)) (X@ P(z)) _ (1 0)
V(z) W(2) Y(z) Q(z)) \0I)"
Therefore,
(X(z) P(z>) (T(z) —U(z)) _ (1 0) 136
Y(z) O(2) V(z) W(z) 01 :

holds. Assume that £(z), u(z) is any element of %t 7). Then (1.36) implies that

(6(2), u(z)) = (P(2)y(2), Q(2)y(2)) for y(z) = V(2)&(2) + W(z)u(z). This shows
that (1.27), (1.28) hold. Thus (1.28) is a flat output and we are done.
By unimodularity of (1.35) there exist polynomial matrices P(z), Q(z) such that

(T(z) —U(z)) (P(@) B ( 0 )
V(z) W(2) 0)) \U1,)°
Thus condition (ii) is satisfied which implies (i). This proves (iii) = (i). Con-

versely, assume that (1.26) is a flat output of system (1.25). Then the preceding proof
of (i) = (ii) shows that (1.35) is unimodular. This completes the proof. |

By the uniqueness part in the unimodular embedding, the preceding result has the
following consequence:



1 Open Loop Control of Higher Order Systems 15

Corollary 1.8 Let T UG = P(z)Q(z)_1 be left and right coprime factor-
izations of a strictly proper transfer function. Then there exists a unique flat output
of (1.25)

y =V(0)&(z) + W(o)u(z) (1.37)

with V (z)T (z) ™! strictly proper. The output (1.37) is called the canonical flat output
of (1.25).

The set of flat parameters enables one to solve terminal state control problems in
a constructive way. Thus, the description of all flat parameters becomes important.
In general, for any flat output, the strictly proper series y(z) € IT"2) yield admissi-
ble input-state trajectories col (x(z), u(z)) = col (P(0)y(z), Q(0)y(2)) € B(r,1).
Therefore, the inclusion

{col (P(0)y(2), Q(0)y(2)) | ¥(z) € PP} C Br v, (1.38)

holds, which however, is only a proper inclusion. Nevertheless, 17" ©) is very useful
to solve control problems with fixed initial and terminal states.

Proposition 1.9 Assume that G(z) = T(z)"'U(z) is strictly proper and let
G(z) = P(z)Q(z)_1 be a right coprime factorization. Let Q(z) be column proper
with column degrees iy > -+ > Wy > 0.

1. For the space of flat parameters IT Q)| the equality
%0 =12 =y ez 'Fllz7'N" | QR@)y(&) €z 'Fllz~' 11"} (1.39)

is satisfied. Moreover, Ker w 0 2.
2. For any nonsingular polynomial matrix Q'(z) € F[z]™™ with Q'(z) Q(z)~"
biproper there is the direct sum decomposition of vector spaces

H(P,Q) @ XQ/ — Z*IF[[Zfl]]m' (140)

3. Ify € 19, then y is a flat output of the system (1.25).
4. The space of flat parameters has the representation

O%9 =(y@) ez "Fllz "N 1yij=0i=1,...,r,j=0,..., 0 — 1},
(1.41)

where y(z) = col (y1(2), ..., y,(2)) and yi(z) = 352 vijz = 7\
Proof Clearly, the inclusion IT7*@ c [T€ holds. In view of the strict properness
of P(z)Q(z)~, it follows that, for any y(z) € IT19, the condition Q(z)y(z) €

Z'Fllz~ 1] implies P(2)y(z) = (P(2)2(2)")(Q(2)y(2)) € 2 'Fl[z~']I". Thus
me c m*9 and equality (1.39) follows. Our assumption that Q(z) is column
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proper implies that Q(z) is properly invertible. This implies the equality [7¢ =
Kern €.

Note that, for the rational model X @, there are two equivalent representations,
namely

X2 =Ker Q(c) =Imn=?, (1.42)

where 7 € is the projection map for the rational models. Note further that X¢ = X o
holds for any nonsingular polynomial matrices Q, Q" with Q(z) Q'(z)~" biproper.
Since z 7 'F[z~ 11" = Im7 € @ Ker 79, the direct sum (1.40) follows.

The left coprimeness of T (z), U(z) implies the reachability of the behavior
A r,u) and hence the existence of an image representation of it, namely %7 y) =

Im (ZEZ;) Thus, if y € IT<, then (i) = (SEZ;) y= (gg;) y. Using the

doubly coprime factorization (1.43), we compute

y= (V) W) (gg)y = (V@) W) (i)

which shows that y is a flat output.

By our assumption, we can write Q(z) = I'(z) A(z), where I (z) is biproper, i.e.,
proper and properly invertible, and A(z) = diag (z*!, ..., z*). This implies that
112 = 74 and, using (1.39), the representation (1.41) follows. [ |

1.4.2 Partial State Assignment for Higher Order Systems

We now turn to the task of generalizing our preceding approach to construct inputs
for controlling partial states. Thus, for the higher order system

T (o) =U(o)u,

we search for an input sequence that steers £ = 0 in finite time v > 0 to a desired
partial state &,. Here we assume that T'(z) € F[z]"*" is nonsingular and 7 (z), U (z)
are left coprime. Thus, the setting will be the spaces of formal power series in z !
with zero constant term, that is, the input functions u(z) belonging to Rz,
and similarly for £(z) and y(z). Since we want to include the present time ¢ = 0,
we will write the trajectories as £(z) = Z?io & jz_j ~1, and similarly for all other
variables.

To explain the flatness approach to open loop control of (1.25) we make use of
the unimodular embedding (1.22). To the system given by (1.25), we associate a flat
output

y(z) =V(0)§ + W(o)u, (1.43)
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0 _(T() =U(o) &
(I)y_(VW)W%ﬂ ul (1.44)
As a consequence of the reachability assumption, the behavior Ker ( T(o) —U(o) )
has an image representation, given by

obtaining

Ka(TW)—U@M:ﬂm(ggg). (1.45)

Using the doubly coprime factorization (1.22), we compute

(P(a)) _(W(a) P(a))(o) _(W<o> P(a))(T(a) —U(U))(é)
00) )7 =\ -Vo) 0 ) \1 )" T\ V(o) 00) )\ V() W) J\u
(&

)

u
that is,

§=P(o)y
= 0(0)y. (1.46)
Equations (1.46), which are at the heart of the flatness approach, are very suggestive.
They indicate that the top one is an underdetermined system of equations, to be
solved for the flat output y. The second equation then gives the required input.

We illustrate this process for the task of computing a controller that steers the
system (1.25) from the zero state at time ¢ = O to a prescribed partial state &, € F”
at time ¢ = 7. We note that, in general, the variable £ is not a state variable. Thus, in
the absence of a map from the state space X7 to the space " of partial states, one
cannot apply the preceding approach.

The next result gives an explicit approach to solve this partial state assignment
problem.

Theorem 1.10 Let (T'(2), U(z)) € F[z]"*" x F[z]"*"™ be left coprime polynomial
matrices with T (z) nonsingular and T (z) = U (z) strictly proper. Let T (z) ‘U (z) =
P(2)Q(z)~" be a right coprime factorization with Q(z) € F[z]™*™, P(z) €
F[z]"*"™ and Q(z) column proper with column degrees i1 > -+ > ;; > 0.

A controller u*(z) steers the system (1.25) from the zero state at time 0 to a
prescribed partial state &, = &* at time T > 1 if and only if u*(z) = Q(z)y(2) for
y(z) € 19 that satisfies

n—1

E =" Piyeyi. (1.47)
i=0
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Proof Let y € ITC satisfy (1.47). Then u* = Q(o)y is strictly proper and & =
P(0)ysatisfies§; = &,. This proves the sufficiency of the condition. For the necessity
part assume that (¢, u*) be a solution trajectory of (1.25) with &; = &,. By the flatness
property of the solution behavior, it follows that & = P(o)y and u* = Q(o)y for
some strictly proper y. Since u* is strictly proper this shows that y € IT€. This
completes the proof. |

1.4.3 Linear State Space Systems

As an illustration of the preceding results, we analyze flatness for linear state space
systems

Xr+1 =Axy + Buy, x0=0, teNp. (1.48)

Here A € F"*" and B € F"*"™. Using the strictly proper formal power series

o0 o
_ Xj _ uj
@ =3 S w@ =2 (1.49)
j=1 j=0
then (1.48) becomes equivalent to the equation among formal power series as

(zI — A)x(z) = Bu(2). (1.50)

By the Hautus criterion, the polynomial matrices 7(z) = zI — A and U(z) = B are
left coprime if and only if (A, B) is reachable. Choose any factorization

@ —A)"'B=P@0Q®"
with P(z), Q(z) right coprime. Then
y(@) = V(2)x(2) + W(2)u(z)
is a flat output of (1.50) if and only if V (z), W (z) are a solution of the Bezout identity
V()P(2) + W(2)Q(2) = In.
We aim to describe all finite input sequences uo, . .., u7 that control the initial state
xo = 0 into a desired terminal state x, = x7. For any reachable pair (A, B), the

reachability map defines a isomorphism of modules

Hap  Xo— Xi—a, Zwapf =m1-aBf(2).
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For any flat parameter y(z) € IT(" Q)| the state and input strictly proper formal
power series are given as

x(z) = P(2)y(2) (1.51)
u(z) = Q@y@[). (1.52)

Thus, for any 7 > 0 and u(z) = 352 u;z~/~" the coefficients of 4 (z" u(z2)) =

ZJTZ_OI u jo*f: ~! yield the finite input sequence uz_1, . .., ug (in reverse order) that
steers xo = 0 into x7.

By reachability of (A, B), the polynomial matrix P(z) is right proper, i.e.,

Pi(2)
P(z) = : ,
Py (2)

with n linearly independent row vectors of polynomials P;(z) € F[z]'*". Assume
further that Q(z) is column proper with column indices k1 > --- > k. Note
that the column indices «; coincide with the reachability indices of (A, B). Since
P(z2)Q(z)~! = (zI — A)~!B is strictly proper, this implies that the jth column of
P (z) has maximal degree « ;. Thus we obtain the expansion

k1—1

P()= Y PV

i=0
with a rectangular n x mxj—matrix of coefficients
[P]:= (PO ... pta=D)

of full row rank. By the degree constraint on the columns of P(z), the jth column of
P® satisfies P;’) = 0fori > k. Let M (P) denote the n x n submatrix of [ P] with

columns P;i),i < kj, ordered lexicographically. Since [P] has full column rank,
thus M (P) is invertible.
The next result characterizes the canonical flat output of (A, B).

Theorem 1.11 Let (A, B) have reachability indices k1 > ... > Kk, and right
coprime factorization P(2)0(z)~! = (zI — A)~!B. Let Q(z) be column proper.

1. (A, B) is reachable if and only if the polynomial row vectors P1(z), ..., P,(2)
are F— linearly independent with deg p;j(z) <«kj,i=1,...,n,j=1,...,m.
Equivalently, M (P) is invertible.

2. System (1.48) has a flat output if and only if (A, B) is reachable. In either case,
there exists a unique C € F"™*" such that
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y=0Cx

is a flat output.

Proof The first part is already shown, as well as that reachability of (A, B) is equiv-
alent to the existence of a flat output. Since P(z)Q(z)~! is strictly proper, the row
vectors P;(z) are a basis for polynomial model X g, where the elements of X are
viewed as row vectors. Thus there exists a matrix C € F”*" such that CP(z) = I,,,.
Next, consider the polynomial system matrix

D) = (ZIC— A —OB).

Embedding P(z), Q(z) into the unimodular matrix

(P(z) X (z))
0 Y=/’

then the product is

c 0)\0@ Y@ CP(2) Y(2) '
for suitable polynomial matrices X,Y. By (1.53), t}E matrix (0 X) is the product o_f
a left prime matrix and a unimodular one. Thus (0 X) is left prime and therefore X

is unimodular. Since C P(z) = I this shows that the product is unimodular and thus
& is unimodular. This shows that y = Cx is a flat output for (1.48). |

From the preceding argument, the condition for a flat output is

Kk1—1

xr = > Piyryj. (1.54)
j=0

Decompose each vector y; € F™ as

Vi, 1
Yk = :
Yk,m
Thus (1.54) is equivalent to
m Kj —1

X7 = Z Z P;i)YT+i,j,

j=11i=0
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or, equivalently, to
M(P)y = xr

where y € F" contains all components y74; j, i < kj, ordered lexicographically.
Thus we have shown

Theorem 1.12 Let T > k1, (A, B) be reachable and let x7 € F" be an arbitrary
terminal state vector. Let y = col (yry; jli < «j,1 < j < m) € " be the unique
solution of

M(P)y = xt. (1.55)
Define a sequence of vectors yr, ..., yT+«,—1 by assigning arbitrary values to the
other components of yr 4. Select arbitrary vectors yi,, ..., yr—1andsetyy = - -+ =
Yii—1 := 0. Then the set of all input sequences u = (uo, ..., uT_l)—r that steers

xo = 0 in time T to xr is the set of all vectors
O,

u=| 00 ... 0 : (1.56)
YT +n-1

QO le

1.5 Conclusions

The open loop control problems, discussed in this paper, can be solved for some
classes of exactly controllable, infinite dimensional linear systems. For that case,
one can single out minimal norm solutions. We leave these problems for the future
research.
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Chapter 2
Bilinear Differential Forms and the Loewner
Framework for Rational Interpolation

P. Rapisarda and A.C. Antoulas

Abstract The Loewner approach, based on the factorization of a special-structure
matrix derived from data generated by a dynamical system, has been applied suc-
cessfully to realization theory, generalized interpolation, and model reduction. We
examine some connections between such approach and that based on bilinear- and
quadratic differential forms arising in the behavioral framework.

2.1 Introduction

The Loewner framework was initiated in [17, 18] in the context of tangential interpo-
lation and partial realization problems (see also [1, 4]). Its relevance for the problem
of modeling from frequency response measurements and for model order reduction
has been reported in a series of publications (see [2, 3]), resulting also in impor-
tant applications in the (reduced-order) modeling of physical systems from data (see
[15, 16]). Time series modeling from a behavioral perspective has been introduced
in [30, 31], specialized to the vector exponential case in [32], and applied to metric
interpolation problems in [13, 14, 27].

The purpose of this paper is to illustrate some connections between these
two approaches. The relation between rational interpolation and partial realization
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problems and the behavioral framework for data modeling is well known, see [7];
we will concentrate here on the analogies and insights coming from a more recently
introduced approach (see [21, 25]) that while essentially behavioral (i.e., trajectory-
based) also uses Gramian-based ideas to derive models from data. An important tool
in such approach is the calculus of bilinear- and quadratic differential forms (B/QDFs
in the following), introduced in [33] and applied successfully in many areas of sys-
tems and control (see [22, 28]). In this paper we show that several results derived
in the Loewner approach can be formulated also in terms of the two-variable poly-
nomial matrix representations of B/QDFs derived from the system parameters. Of
particular relevance is that the factorization of the Loewner matrix—an important
step of the Loewner approach in obtaining state models from data—can be given a
trajectory-based interpretation based on B/QDFs.

The paper is organized as follows. In Sect. 2.2 we illustrate the essential concepts
of the Loewner approach, of bilinear- and quadratic differential forms, and of behav-
ioral systems theory. In Sect.2.3 we show how the Loewner matrix and some of
its properties can be formulated in the polynomial language of the representations
of B/QDFs. In Sect.2.4 we show how the computations of state equations based
on Loewner matrix factorizations have a straightforward interpretation in terms of
bilinear differential forms. Finally, Sect.2.5 contains an exposition of directions of
current and future research.

2.1.1 Notation

The space of n-dimensional real (complex) vectors is denoted by R” (respectively,
C™), and that of m x n real matrices by R™*". R**"™ denotes the space of real
matrices with m columns and an unspecified finite number of rows. Given matrices
A, B € R**™ col(A, B) denotes the matrix obtained by stacking A over B.

The ring of polynomials with real coefficients in the indeterminate £ is denoted by
R[£]; the ring of two-variable polynomials with real coefficients in the indeterminates
¢ and 7 is denoted by R[¢, n]. R"*9[£] denotes the set of all » x ¢ matrices with
entries in &, and R"*™[¢, n] that of n x m polynomial matrices in ¢ and 5. The set
of rational m x n matrices is denoted by R™*" (&),

The set of infinitely differentiable functions from R to R? is denoted by €*° (R, RY).
D (R, R?) is the subset of €>° (R, RY) consisting of compact support functions. Given
. € C, we denote by ¢* the exponential function whose value at ¢ is e*'.

2.2 Background Material

We restrict ourselves to the minimum amount of information necessary to understand
the rest of the paper. For more details and a thorough introduction to behavioral system
theory, bilinear/quadratic differential forms, and the Loewner framework we refer to
[17, 19, 33], respectively.
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2.2.1 Behavioral System Theory

The basic object of study in the behavioral framework is the set of trajectories, the
behavior of a system. In this paper we consider linear differential behaviors, i.e.,
subsets of €°°(R, R?) that consist of solutions w : R — RY to systems of linear,
constant coefficient differential equations:

R d =0 2.1

where R € R**9[£]. A representation (2.1) is called a kernel representation of the
behavior

d
— 0o q —
%._[WEQ (R,R)|R(dt)w—0},

and we associate to it in a natural way the polynomial matrix R € R**?[£]. Note
that B admits different kernel representations; such a representation is minimal if the
number of rows of R is minimal among all possible representations of ‘8. We denote
with £7 the set of all linear time-invariant differential behaviors with ¢ variables.

If a behavior is controllable (see Chap. 5 of [19] for a definition), then it also
admits an image representation. Let

d
w=M (E) ‘, (2.2)

where M € R?*!/[£] and ¢ is an auxiliary variable also called a latent variable; i.e.,

B = {we R, RY) | 3£ e ¢°(R, R!) such that (2.2) holds} =: im M (dit) .
We call (2.2) an image representation of ‘B.

The latent variable ¢ in (2.2) is called observable from w if [w = M (%)E =

0] = [¢ = 0]. A controllable behavior always admits an observable image rep-

resentation. The set of linear differential controllable behaviors whose trajectories

take their values in RY is denoted by £7 .

A latent variable £ is a state variable for B if there exist E, F € R**®, G € R**1
such that

de
B = w|EI€s.t.EE+F€+Gw:O], (2.3)

i.e., if °B has a representation of first order in ¢ and zeroth order in w. The minimal
number of state variables needed to represent ‘B in this way is called the McMillan
degree of B, denoted by n(‘B).
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A state variable for B can be computed as the image of a polynomial differential
operator called a state map (see [9, 20, 26, 29]); such polynomial can act either on
the external variable w, or on the latent variable £ of an image representation of ‘B.

Finally, we introduce the notion of dual (or adjoint, see [29]) behavior. Let B € £9
andlet J = J T € R9%4 be an involution, i.e., JZ = I,;. We call

+00
Bl = [w’ € >R, RY) | / w' T Jwdt = 0 forall w € B N ¢ (R, RY)
—00

(2.4)

the J-dual behavior of B;if J = I;, we denote it simply by B It can be shown that
if 8 = im M(d%) = ker R( ) then B/ =im JRT (_E) =ker MT (——t) J.
Note that if R induces a minimal kernel representation and M an observable image
representation of ‘B, then M T(—£)J induces a minimal kernel representation and

JRT(—&) an observable image representation of B/ .

2.2.2 Bilinear- and Quadratic Differential Forms

Let @ € RIX92[¢,n); then @(¢,n) = X, Ppil’nk, where @) € RO
and the sum extends over a finite set of nonnegative indices. @ (¢, ) induces the
bilinear differential form (abbreviated with BDF in the following) L acting on
¢>-trajectories defined by

Lg : €°(R,R?") x €°(R, R?) - €*(R, R)

d"w, d*w,
Lo (w1, w2) —Z< ) Phk—

If g1 = g2 = ¢, then @ (¢, n) also induces the quadratic differential form (abbrevi-
ated QDF in the following) Q¢ acting on €*°-trajectories defined by

O : QOO(R RY) - €¥(R, R)

d*w
Qa (W) —Z( i) Phk

Without loss of generality we can assume that a QDF is induced by a symmetric
two-variable polynomial matrix @ (¢, 1), i.e., one such that @ (¢, n) = @ (1, ;)T; we
denote the set of such matrices by R? *?[¢, n].

@ (¢, n) € R1*92[¢, n] (and consequently also the BDF Lg) can be identified
with its coefficient matrix

=0,...,
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in the sense that
Iy,

Q) = [y ¢y, ]5 Mg,

Although @ is infinite, only a finite number of its entries are nonzero, since the
highest power of ¢ and n in @ (¢, n) is finite. Note that @ (¢, n) is symmetric if and
onlyif 7 = &.

Factorizations of the coefficient matrix of a B/QDF and factorizations of the two-
variable polynomial matrix corresponding to it are related as follows:

Preposition 2.1 Let @ € R11*%(¢, ), and let  be its coefficient matrix. Then the
following two statements are equivalent:

1. There exist real matrices F R G with n rows such that

® = FTG;

2. There exist polynomial matrices F € R"*1[§], G € R”qu [£] with coefficient
Ig,

matrices F, G, i.e., F(€) = F §lg) | and GE) =G é]fiz , such that

@, ) =F@) G.
Proof This follows from the discussion on p. 1709 of [33]. U

Factorizations as those of Proposition 2.1, which moreover correspond to the min-
imal value n = rank(qs), are called minimal (or canonical as in [33]). Note that the
matrices F and G involved in a minimal factorization of @ are of full row rank.
Minimal factorizations are not unique; using standard linear algebra arguments the
following proposition can be proved in a straightforward way.

Preposition 2.2 Given a minimal factorization ® = F'G, every other minimal
Jfactorization @ = F'TG’ can be obtained from it by premultiplication of F and
G by a nonsingular n x n matrix S, respectively, S~ . In view of Proposition2.1
this implies that ®(¢,n) = F()'G(n) = F'(¢)"G'(n) with F'(§) := SF(&),
G'(€):=S"TG().

Given Ly, its derivative is the BDF Lg defined by

d
Lo (wi, wa) = E(LII/(Wla w2)),
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for all w; € € (R, R%), i = 1, 2; this holds if and only if

Q(&.m) = +m¥E.n) (2.5)

(see [33], p. 1710). An analogous result holds for QDFs. From this two-variable
characterization it follows that if Ly = %Llp, then @(—£,&) = 0y xq,; it can be
shown (see Theorem3.1, p. 1711 of [33]) that also the converse implication holds
true.

Finally, we introduce a standard result in B/QDF theory of great importance for
the rest of this paper. The first part of the result is a straightforward consequence
of the relation (2.5) between the two-variable representation of a B/QDF and its
derivative; the second part follows from Proposition 10.1, p. 1730 of [33].

Preposition 2.3 Ler R € REX9[&] and M € RI*[£] induce a minimal ker-
nel, respectively, observable image representation of B € £4. There exists ¥ €
Re*![, n] such that

R(=O)M(n) = (& +mP (&, n) . (2.6)

Moreover, there exist polynomial matrices Z € R**8[£] and X € R**[£] such that

i, n =2 X, (2.7)

and Z (%) is a minimal state map for B+ and X (%) is a minimal state map for *B.

State maps such as Z and X in (2.7) are called matched. Factorizat~ions such as (2.7)
can be computed factorizing canonically the coefficient matrix ¥ as illustrated in
Proposition?2.1, see also Proposition2.2.

2.2.3 Rational Interpolation and Modeling of Vector
Exponential Time Series

Define the left and right interpolation data as the triples in C x CP x C™ and
C x C™ x CP, respectively:

(i € V) )imtid i € C 7 € TP yf e C
{Gisriswdliztko s i € Cor e C™wy e CPX1 (2.8)
In the rest of this paper, we will assume for simplicity of exposition that the ;s

and \is are distinct; the general case follows with straightforward modifications
of the statements and the arguments. We will also assume that {u;}i=1, % N
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Let H € RP*™(&) be a proper rational matrix. H satisfies the interpolation
constraints if

CHu)=v,i=1,...k

i

HONri=wi,i=1,....k . (2.9)

Rational interpolation can be stated as behavioral modeling of vector exponential
functions (see [7]). Assume that H € R?*" (&) satisfies the interpolation constraints,
and let H(¢) = N (é)D(E)_1 =P (S)_l Q (&) be right, respectively, left coprime
factorizations of H (&), with N € RP*™M[E], D € R™*™M[g], P € RP*P[E], Q €
RP>*™[£]. We associate to the right coprime factorization of H (§) the observable
image representation

M) := [ﬁgﬂ (2.10)

and to the left coprime factorization the minimal controllable kernel representation

R() :=[0() —P©®)]. 2.11)
It follows from standard results in behavioral system theory (see Ch. 5 of [19]) that
()
N (%)

Under the standing assumption that D(u;) and P(A;) are nonsingular at i,
respectively X;, we rewrite (2.9) equivalently as

ker [Q (%) —-P (dt

N
N
| S—
Il
.
=]
1
o
IS QU

} —: 8. (2.12)

[V;k _g?][ﬁgzz;]zo, i=1,...,k

[Q()ui) —P()»i)] |:V;;t::| =0,i=1,...,k. (2.13)
From the equalities (2.13) it follows that
[ij —E;‘-] € row span [Q(/Lj) —P(,u,j)]
ri . D()\.i)
wi] ST NG

j=1,...,k,i=1,..., ko. We conclude that the interpolation constraints (2.9)
(and the Eqs. (2.13)) are equivalent with


http://dx.doi.org/10.1007/978-3-319-21003-2_5

30 P. Rapisarda and A.C. Antoulas

wi(-) == [:v"}e“'e%, i=1,....k
1

W) = [_Vé’}e—ﬂf' eB, j=1.... .k, (2.14)
J

T(_d

where B is the dual behavior B+ = im |: QPT(( dtd))j| = ker[DT (-4)]
dt

[NT (—4)]. In the language of [31], B and B, respectively, are unfalsified models
for the trajectories (2.14). Thus every solution of the interpolation problem yields
an unfalsified model for the exponential trajectories associated with the data; and
conversely, every minimal kernel or observable image representation of such an
unfalsified model for such trajectories yields a solution of the interpolation problem.
From (2.13) it follows that there exist vectors s; € Clxr, j=1,...,k and
pi,i =1, ..., ky, uniquely defined because of observability and of minimality and

controllability, such that

[vi =61 =sT[Qu)) —P k)]

ri| _ D)
HBEAL o1
It is straightforward to check that such vectors define (unique) latent variable
trajectories p;e’ and s je i for the image representations B = im M (%)
BL =im RT (—£), respectively.

2.3 The Loewner Matrix and Its Properties

The Loewner matrix associated with the interpolation data (2.8) is defined by

L= M ],—1 . (2.16)

The shifted Loewner matrix is defined by

R T
Ly o= [ M0R0 | | . @.17)
Hi—hj i=1,...ki;j=1,...kz

The first result of this paper connects the Loewner matrix and the two-variable
polynomial matrix ¥ (¢, n) in (2.6), and is the fundamental connection between the
two approaches.
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Preposition 2.4 Let W (¢, n) € RP*™M[¢, n] be defined by (2.6), with M and R
defined by (2.10) and (2.11), and s; and p; defined as in (2.15). Then

L = —[sf¥ (-, ,\j)pj]l.:l’_mkl;j:l b (2.18)

.....

Proof 1t follows from the equations (2.15) that if H € RP*" (&) satisfies the inter-
polation constraints, then the Loewner matrix (2.16) can also be written as

i D(L;)
L= [S,- [Q(Mz’) —P(Mi)][N()L;)]"f] , (2.19)

Hi=hj =1k, j=1,..ka

where s; and p; are defined by (2.15). The claim follows easily from this equation
and the definition of ¥ (¢, n). O

If all —u; and A; are all on one and the same side of the imaginary axis (e.g., the
left-hand side) then the two-variable polynomial (2.6) is associated with a BDF, and
the Loewner matrix has the interpretation of a Gramian, as illustrated in the following
result.

/
Preposition 2.5 Partition the variables in B8, respectively, B by w' = Y RS
u

CX(R, C™*P), respectively, w = [ﬂ € C°(R, C"*P). Assume that Aj, —juj €

C,i=1,...,ki,j=1,... k.
Define the bilinear form {, ) on B’ N D (R, RY) x B ND(R, RY) by

400
w,w) = / y*u +u*y dt.
0

Then
Lij = (W, wj),

where w!, w; are defined by (2.14).

Proof The claim follows integrating W;TW j on the half line. ]

The equality (2.18) is instrumental in obtaining the following result, analogous
to Lemma 2.1 in [17].

Preposition 2.6 Denote by n the McMillan degree of °*B. If k1,ka > n, then
rank L = n.

Proof Using the factorization (2.7) of ¥ (¢, n), conclude that . = —S* P, where S
and P are defined by

S = [Z(=usi ... Z(—pf)si | € C0
P :=[X)p1 ... XOuy)pry | € C52.
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We now prove that under the assumption that the A;s are distinct, the matrix P has
full row rank n; a similar argument yields the same property for S.

Assume by contradiction that rank(P) = r < n; then there exist o; € C,
i = 1,..., k2, not all zero, such that Pcol(x;)i=1,..k, = 0. Let F € R™ ™[]
be such that ker (F (%)) equals the subspace of €*(R, R"™) spanned by vie'",
i =1,...,k; such F always exists (see section XV of [32]). Now consider the

following equations:

d
O:F(—)K (2.20)

The external behavior B’ C 9B described by these equations is autonomous (see
[19]), of dimension k;. Moreover X (%) is a state map for ', since it is a state map

for B. Consider the trajectory ¢ defined by i@1) == ZlN:l a;pie*i’, and let £ = {in
(2.20); then the value of X := X (%) £ att = 01is zero. Since B’ is autonomous, it
follows that w := M (%) ¢ is also zero. From the observability of M it follows then

that £ = 0, which is in contradiction with the assumption that not all «;’s are equal
to zero. Consequently, P has rank n. (]

Another result well known in the Loewner framework (see the first formula in (12)
p. 640 of [17]) follows in a straightforward way from (2.18) and Proposition2.3.

Preposition 2.7 Define the matrices

S = [s7 [Qui) —P(ud)]),_, ,, eChxd

,,,,, 1
D% ')} } xk
W= J ; € CI*%2,
|:|:N()LJ) P j=1,....k2

L satisfies the Sylvester equation

ML +LA = —S*W. 2.21)
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Proof Observe that

-0)"™Dm) — P(=0)'N
0-0)TDa - P(-) Ny = ¢ 29 (”;M( £ N

Q=)' D) — P(—¢) " N(n)
+n .
¢+

The claim follows in a straightforward way substituting ¢ with —u*, n with 1 ;, and
multiplying on the left by s* and on the right by p;. (]

Remark 2.8 1In the special case of lossless- and self-adjoint port-Hamiltonian sys-
tems, the results of Propositions2.6 and 2.7 coincide with results obtained in the
B/QDF approach in [25]. Note that Proposition 2.4, on which the Loewner approach
is fundamentally based, is valid for any linear differential system, while the results
illustrated in [25] are valid only under the assumption of conservativeness or self-
adjointness.

The transfer function H(s) € R™*™[s] of a lossless port-Hamiltonian system
(see [22, 25] for the definition) satisfies the equality —H (—s)—r = H(s). From
such property, using the right and left coprime factorizations already introduced we
conclude that given the image representation M, a kernel representation is

R(s) = M(~5)" [ b 16”] — [N (=) D(=9)].

Thus for this class of systems the two-variable polynomial matrix ¥ (¢, n) defined
in Proposition2.3 is

D
(NG D)2
N()
v, n = :
{+n
If we consider symmetric data, i.e., k| = ko, u; = Aj ands; = p;,i = 1,...,kq,

then it is a matter of straightforward verification to check that the Loewner matrix
(2.16) coincides with the Pick matrix defined in formula (1) in [25]. Moreover, if
the frequencies 1; and A lie all on one and the same side of the complex plane, the
Pick (i.e., Loewner) matrix has a straightforward interpretation as a Gramian for the
trajectories in the indefinite inner product on the half real line induced by

|0 Iy
o]
see formulas (2.8) and (2.11) of [25].
Under the assumptions mentioned above, the rank result of Proposition 2.6 of this

paper coincides with the result of Proposition?2.1 of [25], and the Sylvester equation
result of Proposition 2.7 coincides with that of Proposition?2.2 of [25].
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The transfer function H (s) € R™*™[s] of a self-adjoint port-Hamiltonian system
(see [25] for the definition) satisfies the equality H (s)T = H(s), from which using
the right and left coprime factorizations already introduced we conclude that given
an image representation M, a kernel representation is

R(s) = M) [_(}m I()”] —[N&) T —D)].

Thus for this class of systems the two-variable polynomial matrix ¥ (¢, ) defined
in Proposition2.3 is

D
[N(=O)T —p-o)T] |2
N(m)
v, n) = .
&+
If we consider symmetric data, i.e., k| = ko, u; = Aj ands; = pj,i = 1,...,ky,

and if the frequencies X; lie all on the right or left half-plane, then the Loewner
matrix (2.16) coincides with the Pick matrix of formula (34) in [25]. In this case, the
Loewner matrix has an interpretation as Gramian for the indefinite inner product on
the half real line induced by
/. 0 Ly
ref 8 )

Results analogous to Proposition 2.6 and Proposition2.7 of this paper appear as
Proposition 2.6 and Proposition 2.7, respectively, in [25]. (]

Remark 2.9 In this chapter we restrict ourselves to the problem of modeling
continuous-time trajectories. Gramian-based ideas for the identification of state-
space systems in the discrete-time case under the assumption of losslessness have
been illustrated in [23]. U

The shifted Loewner matrix (2.17) can be associated with a two-variable polyno-
mial matrix in the following way. From the right and left coprime factorizations of
H define
£Q(=9) D) + P(=O) TN

2.22
&+n ( )

l]//(é’, 77) =

note that ¥’ (¢, n) is a polynomial matrix, since substituting —& in place of ¢ and & in
place of nin £ Q(—¢) " D(1) + P(—¢) T N (n)n yields the zero matrix. The following
result follows in a straightforward way from (2.22).

Preposition 2.10 Ler @' € RKk2[¢ ] be defined by (2.22). Then

Lo = = [s7¥' (=i AP Ly ks jmt ot -
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If the frequencies A;, —u; are all on one and the same side of the imaginary axis
(e.g., the left-hand side) then the two-variable polynomial (2.22) is associated with
the following BDF, and the Loewner matrix has the interpretation of a Gramian, as
illustrated in the following result.

Preposition 2.11 Assume that 1;, —; € C_ and partition w' and w as in Proposi-
tion2.5. Define the following BDF on 8’ x B:

o= [ (% /)T s (5y)
w,w)) = ; P u-+u 77 ;

then
olij = (W, w;)),
where w}, w; are defined in (2.14).

Proof The claim follows integrating (0‘;—[ vi)T rj + E;T (% w j) on the half line. [

Another dynamical interpretation of the shifted Loewner matrix can be given as
follows: associate to the behavior 8 defined in (2.12) the behavior

d
B = [col(y’, u') | 3col(y,u) € Bs.t.y := yl u' = u] : (2.23)

To each trajectory (2.14) in B, B one can associate a corresponding trajectory
in B’ by “differentiating the output variable”. It is straightforward to see that the
shifted Loewner matrix is the Loewner matrix of such new set of interpolation data,
or equivalently, the Loewner matrix associated with the transfer function s H (s).
Now following an argument analogous to that used in proving Proposition2.7, one
can prove that I, satisfies the following Sylvester equation:

ML, +LsA=—-S"P,
where M, L are as in Proposition2.7 and

"= [s7 [Qudmi —Pwud)]],_, _,, € T+

/ D) ] ] (+g)x
P = J ; e CVT8)xaq,
|:|:)\.jN()\j) pj j=I1 ko

.....

This is the counterpart of the second formula in (12) p. 640 of [17].
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2.4 Computation of Interpolants

Generalized state-space formulas of interpolants based on the Loewner matrix and
the shifted Loewner matrix are given in Lemma 5.1 p. 643 of [17]. The dimension
of the generalized state variable equals the number of right interpolation data, and
thus in general this procedure does not produce a minimal order interpolant; on
the other hand, the interpolant is constructed directly from the Loewner and shifted
Loewner matrices, without need of further computations. In Sect. 5.2 of [17] formulas
for a minimal order interpolant are obtained in terms of the short singular value
decomposition of the matrix vIL — L, where v € {11} U {4;}, under the assumption
(20) on p. 645 ibid. In this section we show how analogous results can be derived
in the B/QDF approach; we examine separately the mono-directional interpolation
problem (where only the right or left interpolation constraints need to be satisfied)
and the bidirectional one.

Given a matrix S € R¥*%2 a  rank-revealing factorization of S is any factor-
ization S = U U, with U € R\ U, € R k2 of full rank n = rank S; such a
factorization can be computed in a straightforward way from a singular value decom-
position of S. The results presented in this section are based on the following fun-
damental result connecting rank-revealing factorizations of the Loewner matrix and
state trajectories corresponding to the vector exponential ones (2.14) in the external
variables of the primal- and the dual system.

Preposition 2.12 LetIL = Z*V be any rank-revealing factorization of the Loewner
matrix associated with the data (2.8); denote by V;, respectively Z;, the ith column
of V, respectively, Z.

There exists a minimal state representation (2.3) of B, respectively B+, such
that Vie*", respectively, Zje ™", are minimal state trajectories of B, respectively,
B,

Proof The claim follows straightforwardly from Propositions 2.3 and 2.4. (]

Different rank-revealing factorizations of IL yield different state trajectories and
thus different realizations; see [24] for an application to the computation of canonical
realizations.

2.4.1 Mono-directional Interpolants and Factorizations
of the Loewner Matrix

We first show that under suitable assumptions on the number of interpolation data,
a minimal state representation (2.3) of an interpolant of the right interpolation data
can be computed from a rank-revealing factorization of L.
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Preposition 2.13 Assume ki, ky > n = rank(lL), and let . = Z*V be a rank-
revealing factorization with Z € C™* and V e C"*2. Define

.....

,,,,,

Then a minimal state representation (2.3) of a right interpolant for the data
ri ; .
()»i, [Vl/lz])’ i=1,....kyis

Z*ix + (MZ*)x 4+ Sw=0 (2.24)
= =0. .

Proof We prove that the external behavior of (2.24) contains the trajectories

:;’-' eb' i = 1,...,kp, i.e., that there exist trajectories x;, i = 1,..., ky such
1

that (2.24) is satisfied. Denote by v; the ith column of the matrix V of the rank-
revealing factorization of L, and define x;(-) := viehi' i = 1,..., k. It follows
from Proposition2.12 and the Sylvester Eq. (2.21) that with such positions (2.24) is
satisfied. O

Remark 2.14 Formula (2.24) is similar to formula (15) p. 642 of [17], which gives
a input-state-output representation of an interpolant of McMillan degree k. Note
however that the McMillan degree of (2.24) equals rank (L).

Remark 2.15 Proposition2.13 implies that the rational matrix —(sZ* + MZ*)~'§
satisfies the equations

(kiZ*+MZ*)1S[ ]=v,~, i=1,... k),

Ti
wi

where v; is the ith column of the matrix V associated with the rank-revealing fac-
torization of L. Thus the matrix V plays a role analogous to that of the generalized
tangential controllability matrix of p. 639 of [17]. (]

Remark 2.16 When minimal, respectively, observable, kernel, and image represen-
tations of B are known, a state representation (2.3) of B can be obtained directly
from the coefficient matrices of Z(£) and X (£) in (2.7), see sect.2.5 of [29]. U

In order to find an input-state-output (iso) representation

d
E—x = Ax + Bu
dt
y=Cx+ Du (2.25)
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of an interpolant, assume ki, k> > n = rank(LL), and compute a rank-revealing
factorization L = Z*V. Define

U = [r1 rk,] e Cmxh

Y= [wi ..o e Ccrxk,

The following result, whose proof is straightforward and hence omitted, characterizes
ISO representations of right interpolants.

Preposition 2.17 A quintuple (E, A, B, C, D) € R™" x R"" x R"*™ x R"™P x
R™*™ defines an ISO representation of a right interpolant if and only if

VA

E—-A—-BO,,|| Vv |_
[0 c D —1,,] v | =0 (2.26)
Y

It follows from Proposition2.17 that in order to find an ISO representation of a

right interpolant it suffices to find a matrix whose rows form a basis for the space
VA

orthogonal to im , and with the special structure

Vv
U
Y

E —A —B 0,
0 C D —I,|

This can be achieved with standard linear algebra computations; we will not deal
with such details here.

Remark 2.18 In Proposition 2.4 and section VI of [25] explicit formulas in terms of
the matrices arising from a rank-revealing factorization of L are given for computing
A, B, C, D of an input-state-output representation

d
—x=A B
dtx X + Bu

y=Cx+ Du

of aright interpolant for data generated by conservative- and adjoint port-Hamiltonian
systems (see Remark?2.8 of this paper). Moreover, a parametrization for all such
interpolants is also given. O

Remark 2.19 Following an argument analogous to that used in proving Proposi-
tion2.13 it can be shown that a state representation (2.3) of an interpolant for the /eft
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interpolation data can be computed defining E := V*, F := V*diag(};), G := W*.
Moreover, a result analogous to that of Proposition 2.17 holds true also for left inter-
polants; we will not state it explicitly. d

2.4.2 Bidirectional Interpolation and BDFs

In Theorem 5.1 of [17] formulas are given for the matrices E, A, B, and C of an ISO
representation (2.25) of a left and right interpolant. In the following we show that
these can be given an interpretation in terms of BDFs, and in case the interpolation
points are all on the same side of the imaginary axis, in terms of factorization of the
Loewner and shifted Loewner matrix.

In the following, besides the ISO representation (2.25) we consider its dual (note
that the terminology “dual” is not uniform in the literature; on this issue see also
[8, 10, 11]), defined by

ETditZ — _ATZ _ CTM/
y =—-B'z, (2.27)

where z € €°(R, R"), v’ € €°(R, R?), y' € C°[R, R™).
The following two results are crucial for computing E and A from factorizations
of the Loewner matrices.

Preposition 2.20 Let col(x, u, y) and col(z, u’, y') be full trajectories of the behav-
iors described by (2.25) and (2.27), respectively. Then

d (T _ T T T T 0 Ip||u
o (z Ex) =—u y—y u=-— [u y ] L 0lly| (2.28)
Proof The claim follows from the following chain of equalities:

% (ZTEx)

d d
(EZT) Ex+z'E (E ) = (—zTA — u'TC) x+2z' (Ax + Bu)

— _M/Ty _ y/Tu'

‘We now state another important result.

Preposition 2.21 Let col(x, u, y) and col(z, u’, y') be full trajectories of the behav-
iors described by (2.25) and (2.27), respectively. Then

d [+ d d
—(zTAx) = /T (= =y ) u. 2.29
dt (Z x) " (dty) + (dty )u (2:29)
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Proof The claim follows from the following chain of equalities:

d d d d

T T T T
—v)-(= = C—x)-(-=z"B

! (dry) (dry ) ! (drx) (drZ )

d d
_ /T “ “ . T
=—\-2z E A)— — E—x—-A
(dtz +z )dx—i-dtz ( dtx x)
d(t
_d_t(z Ax)

The next result follows in a straightforward way from Propositions 2.20 and 2.21
and reformulates (2.28) and (2.29) in two-variable polynomial terms.

Preposition 2.22 Let R € RP*(PH™[£] respectively, M € R"TP)*™M[£] be a min-
imal kernel, respectively, observable image representation of the external behavior

B of (2.25). Define

(g, n) == R(=)M(n)

W) = R(=0) [g‘,)m ‘f;’”] M@,

There exist state maps X, Z € R**™[&] for B and B+, respectively, such that

W, = +nZE&) " EX()
v, = +mMZE)TAX (). (2.30)

The following is an important consequence of Propositions 2.20, 2.21 and 2.22.

Preposition 2.23 Let (2.25) be an ISO representation of a bidirectional interpolant.
There exist X', X € C"* such that

L=X"EX
Ly = X*AX. (2.31)
Moreover, the columns of X', respectively, X correspond to the directions of (expo-

nential) state trajectories of the dual, respectively, primal system, corresponding to
the external trajectories (2.14).

Proof The claim follows by substituting u; in place of ¢ and A; in place of 1 in
(2.30), and multiplying on the left by s and on the right by p;. ([

Remark 2.24 1f —u; and A ; lie on the same half plane, the result of Proposition 2.23
can be proved integrating by parts (2.28) and (2.29) along the trajectories (2.14). [
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To compute E and A from LL and Ly, respectively, observe that from (2.31) it
follows that

[L L] = X*[EX AX]
L X*E
[Ls] = |:X/*Ai| X. (2.32)
These factorizations are the counterpart of those in formula (2.25) of [5], with ¥ =

— - /%
X T, X* = [EX AX] and Y, = |:X E A “short” SVD of the two matrices

X*A [
on the left-hand side of (2.32) yields matrices X"* and X with orthonormal rows;
under such assumption we recover E and A by projection of I and L as

E = X'LX*
A= X'L,X*,

respectively, see the first two formulas (22) p. 646 of [17].

The matrices B, C of a representation (2.25) can be obtained as follows. From the
output equation y’ = —B "z of the dual system (2.27) it follows that V = —BT X',
where

V.= [(fl Kkl] e ¢k,

Assuming that X’ has been obtained via a short SVD, it follows that
B=-X'V*

This is the third equation in (2.28) p. 17 of [6]. Analogously, from the output equation
y = Cx of the primal system (2.25) it follows that W = C X, where

W= [W] sz] e ¢k,

Consequently
C = WX,

the fourth equation in (2.28) p. 17 of [6].

Remark 2.25 The BDFs used to compute E and A in Propositions 2.20 and 2.21 are
not the same; such difference goes against the interpretation of the shifted Loewner
matrix as the Loewner matrix associated with the transfer function sH (s). It is
currently investigated whether such asymmetry depends on our possibly nonstan-
dard definition of the dual system (2.27), or whether there is an intrinsic motivation
to it. (]
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2.5 Conclusions

We have shown that several results in the Loewner framework for interpolation can
be given a direct interpretation in the language of bilinear differential forms and
their two-variable polynomial matrix representations. We have shed new light on
known results in the Loewner framework (e.g., the rank result of Proposition 2.6, the
Sylvester equation in Proposition2.7), and we have also given insights of a more
fundamental nature (e.g., the correspondence between state trajectories and factor-
izations in Proposition 2.12, the interpretation of the Loewner matrices as Gramians,
see Propositions 2.5 and 2.11).

For reasons of space we have refrained from illustrating the correspondences
between the Loewner approach to model order reduction and that based on BDFs
(see Sect. 3 of [6], section V of [25]); this will be pursued elsewhere. Current research
questions include the formulation of recursive interpolation in the BDF framework,
and the extension to parametric interpolation and parametric model order reduction
(see [12]).
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Chapter 3

Noninteraction and Triangular Decoupling
Using Geometric Control Theory

and Transfer Matrices

Jacob van der Woude

Abstract In this chapter we consider linear systems that in addition to a control
input and a measurement output also have p exogenous inputs and ;. exogenous
outputs. The main topic is then the design of measurement feedback controllers such
that in the closed-loop system the transfer matrix between certain specified pairs of
exogenous inputs and outputs is zero. Two cases are considered in particular. First,
the case that the off-diagonal blocks of the closed-loop system transfer matrix are
zero, resulting in a noninteracting behavior. And second, the case that only the blocks
above the main diagonal in the closed-loop system transfer matrix are zero, resulting
in triangular decoupling. The techniques in this chapter to derive solvability condi-
tions and measurement feedback controllers are based on transfer matrices and the
celebrated geometric approach toward system theory. The main results are necessary
and sufficient conditions in geometric or transfer matrix terms for the noninteract-
ing control problem and the triangular decoupling problem. Also variations of these
problems are treated, like the version with additional stability requirements, or the
‘almost’ version of the two problems.

3.1 Introduction

In this chapter we present results of joint research with Harry Trentelman that was
done in the beginning of his Eindhoven period. It was the time before Hoo- and H>-
control and the behavioral approach toward system theory. More precisely, it was the
time that the geometric approach toward system theory still was fully in the spotlight
of research in system theory.
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Harry and I started both in 1974 with the study of Mathematics at the Rijksuniver-
siteit Groningen. About 7 years later, in June 1981, we obtained the MSc degree in
Mathematics. Harry was 10 min before me, because his family name comes before
mine, alphabetically speaking. Harry still likes to joke that he graduated (a long time)
before me.

In our MSc period, around 1979, we were both educated in system theory by
Jan Willems, who then was working on invariant and almost invariant subspaces.
During the lectures of Jan Willems, we got immersed in the geometric approach
toward system theory based on the well-known book by Wonham [12]. The approach
is an elegant linear algebra based way of treating fundamental issues in system
theory. Although it was not easy, Harry and I got infected by this geometric approach
virus. For this reason, we both continued working on invariant and almost invariant
subspaces in subsequent PhD projects after our MSc period. Harry directly became
PhD student under the supervision of Jan Willems. I first made a detour to industry
for about a year before retuning to the university, i.e., to the Eindhoven University of
Technology, where I became a PhD student under the supervision of Malo Hautus.

First, we worked separately from each other on challenges in system theory.
Unaware of each other, we tried to tackle the same problem on noninteracting control,
formulated by Jan Willems in the conference paper [8]. The moment after his PhD
that Harry became assistant professor in Eindhoven we learned about each other’s
research and results on the topic of noninteracting control. Harry had become an
expert in all kinds of exact and almost invariant subspaces, and I had been able to
develop some intuition behind the notion of radical, introduced by Wonham.

It was nice that we could complement each other. Together, we could tackle certain
aspects of the noninteracting control problem. Jointly, we were definitely more than
the two of us alone. The collaboration resulted in a paper for the CDC in Athens and
a paper in Linear Algebra and its Applications. Some of our results are also reported
in this chapter.

Inspired by our positive results on noninteracting control I continued to study the
problem of triangular decoupling and was lucky to find conditions for the solvability
of various types of this problem. The results of this research were included in my
PhD thesis and some of them are also reported in this chapter.

Working together with Harry in Eindhoven was great. His typical style and humor
made it a very nice experience that I never will forget. He also supervised me when I
was completing my PhD thesis. It was therefore great that Harry could be co-promoter
in my PhD committee, next to the promotors Malo Hautus and Jan Willems.

Harry has a thorough way of working, is very methodically, enthusiastically, with
an eye for detail, and has a good sense of humor. I want to thank him for the nice
collaboration in Eindhoven, although it lasted for only 2 years or so. I have learned
a lot from and by him.

Harry, thank you for the great collaboration during my PhD period in Eindhoven.
Perhaps we can do a joint project once more again?
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3.2 Setting the Scene

In this chapter we consider the linear system described by

x(1) = Ax(1) + Bu(r) + ZieuGivi (), (3.1)
y(t) = Cx(1), (3.2
zi(t) = Hix(1), i €p, (3.3)

where p € N, u > 1 and p := {1,2,---, u}. In the above, x(r) € R" denotes
the state, u(z) € R the (co?ltrol) input, y(t) € R” the (measurement) output, and
A, B and C are matrices of suitable dimensions. Further, v; () € R% denotes the
ith exogenous input and z;(t) € R’ the ith exogenous output, where i € p. The
matrices G; and H;, for i € p, are matrices of suitable dimensions. N

Throughout this chapter we assume that the system (3.1)—(3.3) is controlled by
means of a measurement feedback compensator of the form

W(t) = Kw(t) + Ly (1), (3.4)
u(t) = Mx(t) + Ny (1), (3.5)

where w(t) € R¥ denotes the state of the compensator, and K, L, M, and N are
matrices of suitable dimensions.

The interconnection of the system (3.1)—(3.3) and compensator (3.4)—(3.5) yields
a closed-loop system with p exogenous inputs and p exogenous outputs. The closed-
loop system is described by

Xe(t) = Aex.(t) + EieﬁGi,eVi (1), (3.6)
zi(t) = Hjexe(1), i€ p, (3.7
where
_[x _[A+BNC BM
and
Gi,ez[%’}, Hi.=[Hi 0], iep. (3.9)

Throughout this chapter we denote the set of rational functions with real coeffi-
cients by R(s). The set of proper rational functions with real coefficients and strictly
proper rational functions with real coefficients is denoted by Rg(s) and R, (s),
respectively. We call a vector a ((strictly) proper) rational if all its components are
in the set of ((strictly) proper) rational functions, and similarly for matrices.
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We assume in this chapter that a stability region Cy is given a priori. Such a region
is a nonempty subset of the complex plane that is ‘symmetric’ with respect to the
real axis, with a nonempty intersection with the real axis when necessary.

We say that a rational function, vector, or matrix is stable if all of its poles are
located in C,. The set of eigenvalues of a real square matrix is denoted by o. For
instance, the eigenvalues of the closed-loop system (3.6)—(3.7) are o (A,).

Let T'(s) denote the transfer matrix of the closed-loop system (3.6)—(3.7). Then
T (s) can be partitioned according to the dimensions of the exogenous inputs and
outputs as T'(s) = (T;;(s)), i, j € pu, where T;; (s) = H; (s — Ae)_lGj,e denotes
the transfer matrix between the jth exogenous input and the ith exogenous output in
the closed-loop system (3.6)—(3.7).

We denote the transfer matrices in the open loop system (3.1)—(3.3) by

P(s)=C(sI —A)7'B, M;(s)=C(sI—A)7'Gj,
Li(s) = Hi(sI —A)~'B, K;j(s) = Hi(s] — A)~' G},

where i, j € s and the transfer matrix of the compensator (3.4)—(3.5) by
F(s)=N+M(sI—K) 'L.
An easy calculation shows that in the closed-loop system (3.6)—(3.7)
Tij(s) = Ki j(s) + Li(s)X (s)Mj(s), i, ] € p,

where X (s) = (I — F(s)P(s))~!' F(s). Note that the inverse in the latter expression
exists as a rational matrix, because I — F(s)P(s) is a bicausal rational matrix (cf.
[2]). A bicausal rational matrix is a proper rational matrix with a proper rational
inverse. A proper rational matrix is bicausal if and only if its determinant does not

vanish at infinity. It is clear that X (s) is a proper rational matrix and that F'(s) =
X(s)(I + P(s)X(s)~ L.

3.3 Problem Formulations and Basic Result

In the spirit of [8] we formulate the following control problems, where we assume
that the linear system (3.1)—(3.3) is given together with a stability region C,. Also,
we recall a basic result from [9].

3.3.1 Noninteracting Control

Definition 3.1 The noninteracting control problem by measurement feedback, deno-
ted NICPM,,, consists of finding a measurement feedback compensator (3.4)—(3.5)
such that in the closed-loop system (3.6)—(3.7): T; j(s)=0 for all i, j Ep with i#£j.
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If, in addition to the feature of noninteracting control, we also require internal
stabilization, we obtain the following.

Definition 3.2 The noninteracting control problem by measurement feedback with
internal stabilization, denoted NICPMZ, consists of finding a measurement feedback
compensator (3.4)—(3.5) such that in the closed-loop system (3.6)—(3.7): T; j(s) =0
foralli, j € pwithi # jand o(A,) € C,.

The almost version, using the Hoo-norm for stable transfer functions, of NICPM,,
reads as follows.

Definition 3.3 The almost noninteracting control problem by measurement feed-
back, denoted ANICPM,,, consists of finding, for all ¢ > 0, a measurement feed-
back compensator (3.4)—(3.5) such that in the closed-loop system (3.6)—(3.7):
NTij($)loc < cforalli,j e pwithi # j.

The following corollary is now easily follows from the previous.

Corollary 3.4

(a) NICPM,, is solvable if and only if there exists a proper rational matrix X (s)
such that K; j(s) + Li(s)X(s)M(s) =0 foralli, j € pwithi # j.

(b) ANICPM,, is solvable if and only if for all € > 0 there ‘exists a proper rational
matrix X (s) such that ||K; j(s) + L ()X ()M (s)|lcc < € foralli, j € ppwith
i # .

3.3.2 Triangular Decoupling

Definition 3.5 The triangular decoupling problem by measurement feedback,
denoted TDPM,,, consists of finding a measurement feedback compensator (3.4)—-
(3.5) such that in the closed-loop system (3.6)—(3.7): T; j(s) = O foralli, j €
withi < j. B

If we require additional internal stabilization, we obtain the following.

Definition 3.6 The triangular decoupling problem by measurement feedback with
internal stabilization, denoted TDPMZ, consists of finding a measurement feedback
compensator (3.4)—(3.5) such that in the closed-loop system (3.6)-(3.7): T; j(s) =0
foralli, j € pwithi < j and o(A,) C C,.

The almost version of TDPM,, is given as follows.

Definition 3.7 The almost triangular decoupling problem by measurement feed-
back, denoted ATDPM,,, consists of finding, for all ¢ > 0, a measurement feed-
back compensator (3.4)—(3.5) such that in the closed-loop system (3.6)—(3.7):
ITi j(s)lloo < eforalli, j € pwithi < j.
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Also, the following corollary is immediate.
Corollary 3.8

(a) TDPM,, is solvable if and only if there exists a proper rational matrix X (s) such
that Ki j(s) + Li(s)X (s)M(s) = 0 foralli, j € pwithi < j.

(b) ATDPM,, is solvable if and only if for all € > O there exists a proper rational
matrix X (s) such that ||K; j(s) + Li ($) X ()M (s)|loc < €foralli, j € pwith
i <j.

3.3.3 Basic Result

In order to develop a method by which we can check the solvability of (A)NICPM,,
and (A)TDPM,,, we consider the rational matrix equation

U)X (s) = W(s), (3.10)

where U (s) and W (s) are given strictly proper rational matrices, X (s) is the unknown
rational matrix, and where all matrices have suitable dimensions. We say that (3.10)
is solvable over R(s), respectively, over Rq(s), if there exists a rational matrix X (s),
respectively, a proper rational matrix X (s), such that (3.10) is satisfied.

The next theorem is due to [10] and plays an important role in this chapter.

Theorem 3.9 For every € > 0 there exists a proper rational matrix X-(s) such that
U () X:z(s) — W(s)|loo < € if and only if (3.10) is solvable over R(s).

In other words, the solvability of (3.10) over R(s) is equivalent to the almost
solvability of (3.10) over Rq(s).

The proof of the theorem in [10] is quite involved. For an alternative proof, see
[13] or [14]. There also is a construction given about how a possibly nonproper
rational solution X (s) of (3.10) can be modified into a proper rational matrix X (s)
such that ||U (s) X-(s) — W(s)|| < &, where € > 0 is an a priori given error bound.

Observe that the collection of ,u2 — p equations K; j(s) + L;(s)X(s)M(s) =0
foralli, j € p withi # j, involved in noninteracting control, can be reformulated
by Kronecker products into one (large) equation of the form (3.10) (note that in
this process the meaning of matrix X (s) is changing). A similar remark holds with
respect to triangular decoupling.

Since solvability over R(s) is equivalent to almost solvability over Rq(s), the
following corollary is now obvious.

Corollary 3.10

(a) ANICPM,, is solvable if and only if there exists a rational matrix X (s) such that
Kij(s)+ Li(s)X(s)Mj(s) =0foralli, j € pwithi # j.

(b) ATDPM,, is solvable if and only if there exists a rational matrix X (s) such that
Kij(s)+ Li(s)X(s)M;(s) =0 foralli, j € Ewith i <.
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It is clear that the solvability of ANICPM,, is equivalent to the solvability of a
certain rational matrix equation of the form (3.10) over R(s), whereas the solvability
of NICPM,, is equivalent to the solvability of the same rational matrix equation
over Ry (s). Furthermore, it is clear that any proper rational solution to this equation
provides a proper rational X (s) such that K; j(s)+L;(s) X (s)M(s) = Oforalli, j €
pwithi # j. The transfer matrix of a compensator that solves NICPM,, can then be
calculated as F(s) = X (s)(I+ P(s)X (s))"!. Realizing F(s)as N+ M (s —K)~'L
a compensator of type (3.6)—(3.7) is obtained that solves NICPM,,.

Starting from a rational solution of the equation of type (3.10) mentioned above
and a positive €, a proper rational matrix X.(s) can be computed by the above
mentioned constructionin [13] or [14], such that || K; ; (s)+L; () X ()M (s)||cc < €
foralli, j € pwithi # j.Then F.(s) = X.(s)(I4+P(s)X:(s))~"! will be the transfer
matrix of a compensator that achieves almost interaction with accuracy less than ae,
where «is a constant depending on the dimensions of the matrices involved. Realizing
F.(s)as Nc + M.(sI — KE)’1 L. a compensator of type (3.6)—(3.7) is obtained that
solves NICPM,, approximately.

Similar remarks can be made with respect to TDPM,, and ATDPM,,.

3.4 State Space Approach

The above presented approach is heavily based on finding a common (proper) rational
solution to equations of the form K; ;(s) + L;(s)X (s)M ;(s) = O for certain , j.

For ANICPM,, and ATDPM,, it turns out to be possible to express the solvability
directly in terms of conditions involving the matrices K; j(s), L;(s), M (s), without
using Kronecker products! These conditions will be presented later.

For NICPM,, and TDPM,, the derivation of such ‘direct’ conditions is much harder
and state space methods seem to be more appropriate. To introduce these state space
methods, we consider the next linear system

x(1) = Ax(t) + Bu(r) + Gv(1), (3.11)
y(@) = Cx(1), (3.12)
2(1) = Hx(1), (3.13)

which can be seen a version of system (3.1)—(3.3) for u = 1.
Assume that (3.11)—(3.13) is controlled by the feedback compensator (3.4)—(3.5)
with F(s) = N + M(sI — K)~'L. The closed-loop system is then given by

Xe(t) = Aexe (1) + Gov(1), (3.14)
z(t) = Hex(1), (3.15)
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where A, is as given in (3.8) and G, =
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G

L H, = [H,- O]. Then, see also before,

the transfer matrix between v and z in the closed loop system (3.14)—(3.15) is given
by H.(sI — A.)"'G.. This transfer matrix is exactly equal to zero if and only if
there is a proper rational matrix X such that

K@)+ L(s)X(s)M(s) =0, where X(s) = (I — F(s)P(s))_lF(s),

with P(s) = C(sI — A)~! B as before, and

K(s)=H(sI —A)7'G, L(s)=H(I—A"'B, M(s)=C(sI—A"'G.

We then say that the so-called disturbance decoupling problem by measurement
feedback, abbreviated DDPM, is solved for the system (3.11)—(3.13).

The latter property can also be expressed in state space terms. To derive/present

state space conditions for the solvability of DDPM and the control problems in this
chapter, we introduce the following concepts, see [1, 4, 5, 9, 11] and [12].

e First, we focus on the system given by x = Ax 4+ Bu with initial state xo € R".

— We say that xo has a (£, w)-representation if there are rational vectors &(s) and

w(s) of appropriate dimensions such that xo = (s — A)£(s) — Bw(s).

— We call a (&, w)-representation regular when both &(s) and w(s) are strictly

proper rational vectors.

— We call a (&, w)-representation stable if both £(s) and w(s) are stable rational

vectors.

— We say that a linear subspace ¥ is a controlled invariant subspace if every

xo € ¥ has aregular (£, w)-representation such that £(s) € 7.

— A linear subspace 7 is called an stabilizability subspace if every xo € ¥ has a

stable regular (£, w)-representation such that £(s) € 7.

— A linear subspace ¥ is called an almost controlled invariant subspace if every

xo € ¥ has a (¢, w)-representation such that £(s) € ¥ (note that the regularity
condition is dropped).

e Many properties of the above subspaces are known.

— For instance, ¥ is control invariant <= AY C ¥ 4+ inB <= there exists

F suchthat (A+ BF)Y C V.

— Another useful property is that (A, B) is stabilizable and 7 is a stabilizability

subspace <= thereexists F suchthat (A+BF)7 C ¥ ando(A+BF) C C,.

e Itis further well known that the largest of each of the above subspaces contained in

ker H exists and can be computed by means of recursive algorithms only requiring
a finite number of iterations.

— The largest controlled invariant subspace contained in ker H is denoted as

¥*(ker H). The subspace can be described as 7*(kerH) = {xo € ker H |xo has
aregular (&, w)-representation such that H¢(s) = 0}.
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— The largest stabilizability subspace contained in ker H is denoted as "I/&* (kerH).
The subspace can be described as follows: ”//g* (kerH) = {xo € kerH|xg has a
stable regular (£, w)-representation such that H¢(s) = 0}.

— The largest almost controlled invariant subspace contained in ker H is denoted
as 7" (ker H). The subspace can be described as follows: 7" (kerH) = {xo €
ker H |xq has a (£, w)-representation such that H{(s) = 0}.

— It turns out that the above largest almost controlled invariant subspace does not
fit our purposes. The version in which the initial states are not restricted to lie
in ker H is more useful in this chapter. This subspace is denoted as 7, (ker H)
and defined as follows: #,*(kerH) = {xo € R"|x( has a (&, w)-representation
such that H¢(s) = 0).

e It is clear that the condition for the celebrated disturbance decoupling problem
by state feedback, abbreviated DDP, see [12], for the system described by (3.11)
and (3.13), given by im G C ¥ (kerH) is equivalent to the existence of strictly
proper rational matrices X (s) and U (s) such that I = (s — A)X (s) — BU(s) and
H X (s)G = 0. This alternative characterization will be useful later on.

e In addition, also the next characterizations are well known, see [1] and [9].

—im G C ¥*(kerH) <= there exist strictly proper rational matrices X (s) and
U (s) such that (sI — A)X(s) — BU(s) = G and HX(s) = 0 <= there
exist a strictly proper rational matrix V (s) such that H(s/ — A 'BV(s) =
H(sI —A)~'G.

-im G C "//b* (kerH) <= there exist rational matrices X (s) and U (s) such
that (sI — A)X(s) — BU(s) = G and HX (s) = 0 <= there exist a rational
matrix V (s) such that H(sI — A)"'BV(s) = H(sI — A)~'G .

e Dualizing the above, we can introduce subspaces related to x = Ax and y = Cx,
so relative to the pair (C, A).

— A subspace S is called conditioned invariant (with respect to the pair (C, A))
if S+ is controlled invariant with respect to the pair (AT, CT). It turns out that
& is conditioned invariant <= A((.¥ NkerC) C .%¥ <= there exists a
matrix J such that (A + JC).¥ C ..

— In the same dual way the almost conditioned invariant subspace and the
detectability subspace can be defined, being the orthogonal complement of
the almost controlled invariant subspace and the stabilizability subspace with
respect to the pair (AT, CT).

— Moreover, given im G there exists a smallest conditioned invariant subspace
that contains im G. This subspace is denoted by .#*(im G) and can be computed
by means of recursive algorithms only requiring a finite number of iterations.
The same applies to the smallest almost conditioned invariant subspace con-
taining im G and the detectability subspace containing im G. These subspaces
are denoted . (im G) and . (im G), respectively.
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In the context of system (3.11)—(3.13) we now have the following results providing
the relation between solvability conditions for certain well-known problems in state
space terms and in the transfer domain.

Theorem 3.11

(a) The almost disturbance decoupling problem by measurement feedback, abbre-
viated ADDPM, see [9]: im G C ¥, (ker H), .7, (imG) C kerH <= there
exists a rational matrix X(s) such that K(s) + L(s)X(s)M(s)
=0.

(b) The disturbance decoupling problem by measurement feedback, abbreviated
DDPM, see [5, 11]: /*(im G)C ¥ *(ker H) <= there exists a proper rational
matrix X (s) such that K (s) + L(s)X (s)M (s)=0.

The following condition in terms of ranks of rational matrices for the solvability
of ADDPM will be useful later on.

Corollary 3.12 There exists a rational matrix X (s) such that K(s) + L(s)X(s)

M(s) =0 <= rank L(s) = rank [L(s), K (s)] and rank M (s) = rank [AI;I((:)) :|
By Theorem 3.11, the existence of a (proper) rational solution of the equation
K(s)+ L(s)X(s)M(s) = 0 can be expressed in well-known and constructively ver-
ifiable state space conditions. It is also possible to include additional stability condi-
tions. This is most easily done in state space terms. Therefore, the following proper-
ties, relevant for decoupling and internal stabilization, are presented, see [5] and [13],

Proposition 3.13

(a) If & C ¥, . is a conditioned invariant subspace and ¥V is a controlled in
variant subspace, then there are matrices F, J and N suchthat (A+BF)YV C ¥,
A4+JO) Y C S and (A+ BNC)Y C V.

(b) If & C V¥, .7 is a detectability subspace, ¥V is a stabilizability subspace,
(A, B) is stabilizable and (C, A) is detectable, then there are matrices F, J and
N such that (A + BF)YV C ¥V, (A+JC)Y € ., (A+ BNC).Y C 7,
0(A+ BF) CCgando(A+ JC) CC,.

(c) If & C ¥, S—1 C &, Vioy €V, 5 is a detectability subspace, V; is a
stabilizability subspace, for alli € u, with %y = % = 0, (A, B) is stabilizable
and (C, A) is detectable, then there are matrices F, J and N such that (A +
BE)Y; € ¥, (A+JC)Y; € S and (A+ BNC). C ¥, foralli € p,
0(A+ BF) CCgando(A+ JC) C C,. B

Remark 3.14 The use of Proposition 3.13 lies in the fact that with the matrices F, J
and N compensators of the form (3.6)—(3.7) can be derived together with A,-invariant
subspaces in the state space of the closed-loop system such that the noninteracting
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control or triangular decoupling problems can (be proved to) be solved, see for
instance [5] or [11]. Indeed, using the information in part (b), define the matrices

K=A+BF+JC—-BNC, L=BN-J, M=F—-NC

W:[[8}+[:]|Se§’,ve”ﬂ].

4 _[A+BNCBM
=]l Lc K

and the subspace
Recall that

and define
S 0= [[8} s ey], Y OR" = [[H ve "I/,weR”I.
Then it can be shown easily that
0(A) S Cy, AW W, SOOCSHW SV BR".
Hence, ifim G € .¥ C ¥ C ker H, then
0(A) €C,, AW CW, imG,C W CkerH,,
implying that HeA’;Ge = Oforall k > 0, in turn implying that 7'(s) = 0. Hence, the

system is disturbance decoupled by measurement feedback and internally stabilized
because o(A,).

3.5 Noninteracting Control

In this section we will treat the problems of (almost) noninteracting control. It turns
out that the version with state feedback can be solved completely. The version with
measurement feedback can (so far) only be solved partially from a transfer matrix
point of view.

3.5.1 (Almost) Noninteracting Control by State Feedback

In this subsection we shall be dealing with (dynamic) state feedback. This means that
in equation (3.2) we assume that C = I. Then the interconnection of the feedback
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compensator (3.4)—(3.5) with the linear system (3.1)—(3.3) results in a closed-loop
system described by

%o (1) = Apxe(t) + ZicuGievi(h), (3.16)
Zi(t) = Hjex.(1), i€ M, (3.17)

where x.(t), and G; ., Hi ¢, i € /1, are as in (3.8)-(3.9), and

A =

e

A+ BN BM
L K |’

Let T’(s) denote the transfer matrix of the closed-loop system (3.16)—(3.17) and
partition T'(s) = (TZ,(S)), i, j € u, where T/j(S) = Hi (s — A;)’lGi,e denotes
the transfer matrix between the j-th exogenous input and the i-th exogenous output
in the latter closed-loop system.

Denote P'(s) = (s — A)~'B and M}(s) = (sI — A)_lGj, J € p. In terms of
transfer matrices we then have that Ti’j () = K;j(s)+ L; (s)X(s)M;. (), i,J € p,
where X(s) = (I — F(s)P'(s)) " F(s), and Kij(s), Li(s) and F'(s) are as described
in the previous.

We can now formulate the following control problem, where we assume that the
system (3.1)—(3.3) with C = I is given.

Definition 3.15 The noninteracting control problem by state feedback, denoted
NICPS,,, consists of finding a feedback compensator (3.4)—(3.5) such that in the
closed-loop system (3.16)—(3.17): Ti/j (s) =0foralli, j € Iz with i # j.

With C, as stability region we can formulate the following.

Definition 3.16 The noninteracting control problem by state feedback with internal
stabilization, denoted NICPSfl, consists of finding a feedback compensator (3.4)—
(3.5) such that in the closed-loop system (3.16)—(3.17): Ti/j (s) =0foralli, j ep
withi # j and o(A,) C C,.

The almost version reads as follows.

Definition 3.17 The almost noninteracting control problem by state feedback,
denoted ANICPS,,, consists of finding, for all € > 0, a feedback compensator (3.4)—
(3.5) such that in the closed-loop system (3.16)—(3.17): ||Ti’j ($)|leo < € for all
i,j € pwithi # j.

In order to derive necessary and sufficient conditions in state space terms for the
solvability of the control problems defined above, we introduce the following.

Let {Z;|i € u} be a family of linear subspaces in R” and denote

LY = Z Z, iep.
jepit
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We say that the family is independent if £ 1%} = Oforalli € . Define the linear
subspace £V as

2 =>4 nLY).

iep

The linear subspace .#" is called the radical of the family {%|i € u} (see [12]).

It is clear that a family of linear subspaces is independent if and only if its radical
is equal to the zero subspace. When the radical is nonzero, it can be shown that the
factor spaces {(% + V) /L |i € p} are linearly independent. The latter has the
following consequence. B

Proposition 3.18 Ler {Z;|i € p} be a family of linear subspaces in R" and let
(Zli € (1} be a family of linear subspaces such that L L LN =0and
L+ LY =L+ LY fordlli € . Then the family (LY, A, L, - ,‘ZZM} is
independent (in the above sense).

Proof Straightforward. See, also [7] or [13].

In the following we shall derive necessary and sufficient conditions in state space
terms for the solvability of NICPS), and NICPSj),. We denote

& :=im G;, i€ p, 4= 3 Y, iep,
JEW JF
GVi= XS NDY),
[Ep
Hii= () kerHj, iep H:=/[)ker H.
JEW, JFI - IEp

Let the linear system (3.1)-(3.3) with C = I be given and let C, be a given
stability region. Then we have the following result.

Theorem 3.19 NICPS,, is solvable if and only if 4; € V*(%;) forall i € p and
GV CYHX).

Proof For the original proof of the theorem and its extensions, we refer to [7] or [13].
An alternative proof of the necessity of the conditions can be given easily by observing
that when NICPS , is solvable there exist A, -invariant subspaces #; wedged between
specific ‘input’ and ‘output’ subspaces. The projection of the subspaces %#; onto the
state space of (3.1)—=(3.3) are (A, B)-invariant subspaces that contain %; and ¢V,
and are contained in J%; and ¢, respectively, where i € u, see [5]. Then taking the
largest of these (A, B)-invariant subspaces, the necessity part follows.

The central idea for the sufficiency part of the proof is that because 4; € ¥ (%),
for all i € p, there exist strictly proper rational matrices X; (s) and U; (s) such that
(sI — A)X;(s) — BU;(s) = I and H;X;(s)G; = Oforalli,j € pwithi # j.
Also, because 4 C ¥*(¥), there exist strictly proper rational matrices Xo(s) and
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Uop(s) such that (sI — A)Xo(s) — BUy(s) = I and HjX,-(s)Go = Oforall j € p,
where G is a full column rank matrix such that im Gy = ¢". Let further 54_, be as
indicated in Proposition 3.18, and let (_;,- be a full column rank matrix such that im
G = %_l Then [Gy, G1, . . ., Gu] is a full column rank matrix. Let GM+1 be such that
[Go, G1, ..., GM, G/Hr]] is invertible, and let X1 1(s) and U, 11 (s) be any strictly
proper rational matrices such that (s/ —A) X, +1(s)G 41 —BU;4+1(5)Gv1 = Gy
We can then define Xs) and U (s) through

X($)[Go, G, ..., Gui1l = [Xo()Go, X1(5)G1, ., X1 ()G i,
U)[Go, G1, ..., Gyl = [Uo(s)Go, U1 ()G, ..., Ups1(5)G g1 .

It can be shown that X (s) is invertible and H; X (s)G; = Oforalli, j € pwithi # j.
Further, define F(s) = U(s)X ' (s). It follows easily that F(s) is a proper rational
matrix. Realizing F(s) as N + M (sl — K Yy lLa compensator of type (3.6)—(3.7) is
obtained that yields noninteraction by state feedback, since we assumed that C = 1,
ie.,y=x.

In a similar way, the following theorem can be proved.

Theorem 3.20 NICPS,, is solvable if and only % C Ve() fori € p, @V C
”I/g* (), and the pair (A, B) is stabilizable.

We conclude this subsection by presenting necessary and sufficient conditions in
state space terms for the solvability of ANICPS,,, as described previously. In fact,
the following theorem can be proved.

Theorem 3.21 ANICPS,, is solvable if and only if §; € V,*(%;) forall i € p and
GY SV (H).

The proof of the theorem is completely analogously to the previous theorems by
using the following two propositions. In the first proposition, we derive an alternative
characterization of the linear subspace 7" (ker ) (see [6]). See also Theorem 3.9.

Proposition 3.22 7,*(kerH) = {xo € R"|foralle > 0 there exists a regular
(&, w)-representation such that ||HE(s)||co < €}.

Proposition 3.23 im G C ¥, (kerH) if and only if for all € > 0 there exist strictly
proper rational matrices X-(s) and U-(s) such that I = (sI — A)X-(s) — BU:(s)
and ||[HX:(s)Glloo < &

3.5.2 Almost Noninteracting Control by Measurement
Feedback

In the above the noninteracting control problems by state feedback were considered
and nice state space conditions for the solvability of the problems could be derived.
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Unfortunately, this is not (yet) the case for the versions of the problem with mea-

surement feedback. The only known result so far for the solvability of ANICPM,, is

a condition in terms of the transfer matrices of the open loop system, i.e., a condition

in terms of K; j(s), L;(s) and M;(s) for the existence of a rational X (s) such that

Kij(s)+ Li(s)X(s)M;(s) =O0foralli, j € pp withi # j, see also Corollary 3.10.
To present these explicit solvability conditions, we introduce matrices

Li(s)

La(s)
L(s) := : , M(s) = [Ml(s), My(s), ..., Mﬂ(s)],
L/L(S)

and fori € fwe define

[ Li(s) | [ K1i(s) ]
; Li—i(s) Ki—1i(s)
Li(s) =" . Ai(s) =
= e [ YT K
| Lu(s) | Kui(s) |
Mi(s) i= [ M1(s), ..., Mi—1(s), Mig1(s), ..., My(s),],
Al(s) = [Kll(s)v R} Kii—l(s)a Kll+1(s)7 ) Ki/l,(s)a ] )
0 0 —Kqi(s) 0 0 ]
0o ... 0 —Ki_1i(s) 0 0
Li(s) := | Ki1(s) ... Kii—1(s) 0 Kiiv1(s) ... Kipu(s)
0 0 —Kit1i(s) 0 0
L 0 0 —K,i(s) 0 0
Then the following result can be shown, see [15].
Theorem 3.24 There is a rational matrix X(s) such that K;;(s) +

Li(s)X(s)Mj(s) =0 foralli, j € pwithi # j if and only if for all i € p

M; (s)]

(a) rank Li(s) = rank [Li(s), Ai(s)], (b) rank M;(s) = rank |:A‘(s)

0 M(s) 0 M(s)
(c) rank[L(s) 0 ]:rank[L(s) F,-(s)]
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Recall that for 7, j € I
Kij(s) = Hi(sI—=A)7'G;j, Li(s) = Hi(sI-A)"'B, M;(s) = C(s]1-A)"'G;.

Hence, fori € u

Li(s) = Hi(sI — A)"'B, A;(s) = Hi(s] — A)~'G;,
Mi(s) = C(sI — A)™'Gy, Ai(s) = Hi(sT — A)'Gi,”

where

H;
Hi

=
]

, é,‘ :=[G1, ey Gizy, Giga, .-, GM]'

L Ay

Observe that rank Zi(s) = r%nk [I:l-(s), A;(s)] if and only if there existsva ratio-
nal matrix V(s) such that L;(s)V(s) = A;(s). Similarly for rank M;(s) =
M; (s)}
rank ! .
[ Ai(s)
Therefore, the conditions (a) and (b) in Theorem 3.24 can be translated into state
space terms as follows:

(a) im G; C ¥ (ker H;)  (b) .#;(im G;) C ker H;,

fori e p

Unfortunately, condition (c) of Theorem 3.24 cannot (so easily) be translated into
state space terms. Therefore, conditions for the solvability of ANICPM,, that are
completely in state space terms are not (yet) known. Hence, for now we have

Theorem 3.25 ANICPM,, is solvable if and only if im G; C ¥,*(ker H)),
0 M(s)

. 0 M .
Sy (im G;) C ker H;, rank |:L(s) és)i| = rank |:L(s) I, (s)i|f0r all i € pu.

3.5.3 Some Extensions

This section is largely based upon [7, 13] and [16], where, in addition to the problems
formulated above, also the formulation can be found of the extension of (A)NICPS,
toward additional input/output f-stabilization and internal s-stabilization (compare
with the formulation of NICPSy,). The latter means that the off-diagonal blocks have
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to be zero, the diagonal blocks are f-stable (with f for fast), and the underlying
system is s-stable (with s for slow). In the formulation of this extension it is assumed
that the linear system (3.1)—(3.3) with C = [ is given and that C s, C; with C; C C;
are given stability regions. In [7] also necessary and sufficient conditions are derived
for the solvability of the almost version of extended problem. The treatment of this
problem gives rise to an analysis that is considerably more involved than its exact
counterpart.

3.6 Triangular Decoupling

In this section we present some solvability conditions in the context of (almost)
triangular decoupling as introduced before. It turns out that we can tackle the problem
directly for measurement feedback (and do not need to focus on state feedback first)
and that the conditions can be formulated in state space terms.

Some of the conditions will be obtained immediately, others through a transfer
matrix reasoning.

3.6.1 Triangular Decoupling by Measurement Feedback

To present necessary and sufficient conditions in state space terms for solvability of
the control problems TDPM,, and TDPMZ, let the linear system (3.1)—(3.3) be given
and let C, be a given stability region. For all i € u — 1 denote

o i
G = > imG;, i :=()ker H;. (3.18)
j=i+l j=1

Then we have the following result.

Theorem 3.26 TDPM,, is solvable if and only if #*(G) C ¥*(J;) for all i €
w—1

Theorem 3.27 TDPM;, is solvable if and only if /(%) S V() forall i €
w — 1, the pair (A, B) is stabilizable and the pair (C, A) is detectable.

Proof The necessity of the subspace inclusions can be given easily by observing
that in case TDPMfL is solvable there exist ;1 — 1 subspaces % that are A,-invariant
subspaces wedged in between specific ‘input’ and ‘output’ subspaces in the state
space of the closed-loop system. Following [5], it is clear that forall i € p — 1
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(a) the intersection of %#; with the state space of the system (3.1)—(3.3) yields a
detectability subspace .#; that contains &,

(b) the projection of #; onto the state space of the system (3.1)-(3.3) yields a
stabilizability subspace 7; that is contained in A,

() S S V.

Then taking the smallest of such detectability subspaces and the largest of such stabi-
lizability subspaces, the necessity of the subspace inclusions follows. The necessity
of the stabilizability of (A, B) and the detectability of (C, A) is obvious from the
fact that 0 (A,) € C,.

The main idea for the proof of the sufficiency part is the application of Proposition
3.13. Observethatfor%ﬂ Y and%ﬂ_l - Jif,,forallz € p — 1, where we defined
% = Ji/u = 0. Hence, it follows that y*(%+1) C MG, ”f/*(,)i/lﬂ) C VH(H)
and .*(9.) C V*(H;), foralli € 1 — 1. From Proposition 3.13, it then follows that
there exist F, J and N such that (A +BF) ¥ *(4;) € V*(J), (A+JC).S*(@) €
S* (%) and (A + BNC).S*(4;) € V* (), foralli e u—1,0(A+ BF) C C,
and 0(A + JC) € C,. Then using a construction as described in Remark 3.14, it
follows easily that there exists a measurement feedback compensator of the type
(3.6)—(3.7) such that Hi’eA]e‘Gj,e =0forallk >0and 1 <i < j < p. Also it
follows that o (A.) € C,.

3.6.2 Almost Triangular Decoupling by Measurement
Feedback

In this subsection we shall derive necessary and sufficient conditions in state space
terms for the solvability of ATDPM,,. The conditions will not be derived directly
using state space methods, but will be a consequence of the result formulated below.
Therefore, recall that for i, j € i

Kij(s) = Hi(sI1—A)"'G;, Li(s) = Hi(sI-A)"'B, M;(s) = Cs1-A)~'G;.
To present the solvability conditions, we redefine for i € Iz

Li(s)
Lo(s)
Aj(s) 1= : o Ai(s) == [ Mig1(s) Mija(s) ... My(s) ],

Li.(S)
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Kiiv108) Kyit2(8) «.. Kppu(s)

K2it1(8) K2iq2(s) ... Ky,u(s)
Li(s) = : : :
Kiit1(s) Kijpo2(s) ... Kiu(s)
Then the following result can be shown, see [13].

Theorem 3.28 There is a rational matrix X(s) such that Ki(s) +
Li(s)X(s)M;(s) =0foralli, j € p—1withi < jifand only if foralli € p—1

(a) rank A;(s) =rank [A;(s), ;(s)], (b) rank A;(s) = rank |:Ai(s)i| .

Li(s)

Note that fori € p — 1

H,;
H —1 —1
Ais)=1| . | (I =A)"B, Ai(s)=CGI—-A) [Git1 Gigz ... Gy,
H;
and
H,
H; .
Lis)=| . | 6I=A7"[Git1 Giga ... Gu].

H;

Hence, with the notation introduged in(3.1 8~), it follows that the first rank condition
in Theorem 3.28 is equivalent to ¢; C ”f/h* (7)), whereas the second rank condition

is equivalent to Yb* (%N,») C %}, ,foralli € u — 1. Thus, we have proved

Theorem 3.29 ATDPM,, is solvable if and only if 7} (D) C A and¥; < 4 ()
forall € p— 1.

3.7 Conclusions

In this chapter we have recalled some results on noninteracting control and triangular
decoupling by state and measurement feedback. The results are derived using trans-
fer matrices techniques and the geometric approach toward system theory that was
initiated by Wonham in his book [12]. Not all results in this chapter are presented
in full generality. More details and results can be found in the list of references,
specifically in [7, 13] and [16]. Also in hindsight, some of the results could have
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been derived easier or in a different way. Further, there are still relevant gaps that can
be worked on. For instance, on requirements on the diagonal blocks in both types
of problems with respect to rank and/or stability. As the geometric approach has
proved to be of limited value for applications, also the Hyo- or H»-versions of the
noninteracting control and triangular decoupling by state and measurement feedback
may be worthwhile to look at.
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Chapter 4
Simultaneous Stabilization Problem
in a Behavioral Framework

Osamu Kaneko

Abstract This article addresses the simultaneous stabilization problem in the
behavioral framework. First, simultaneous stabilization problem for two linear sys-
tems is addressed. There, a necessary and sufficient condition for two linear systems
to be simultaneously stabilizable is a generalization of the result in the standard con-
trol theory. In addition, a parameterization of simultaneous stabilizers for a class of
a pair of linear systems is also presented. Based on these results, a sufficient condi-
tion for three linear systems to be simultaneously stabilizable is provided. Then, a
parameterization of simultaneous stabilizer for this case is also presented.

4.1 Introduction

It is a great pleasure to contribute this article to the Festschrift in honor of Harry L.
Trentelman on the occasion of his 60th birthday. About 20 years ago, when I was
a Ph.D student, I was studying the behavioral system theory. As everyone knows,
the behavioral approach was proposed by Jan C. Willems and enables us to view a
dynamical system from a more broader perspective than conventional system theory.
In 1996, I attended CDC held in Kobe and participated in some organized sessions
on behavioral system theory as one of the audience. There Harry gave some talks on
quadratic differential forms and control in a behavioral context. I was so impressed
that I read and studied papers written by Harry and Jan on behavioral system theory.
When I visited Jan in Groningen at the end of the summer of 1999, it was the first
time I ever had a talk with Harry. Since then, whenever we met in some international
conferences or symposiums, he gave insightful and sharp comments on my results.
Luckily, I had a chance to stay in Groningen for about six weeks in the autumn of
2009. At that time, fruitful discussions with Harry were very exciting for me. The
next year, he visited Kanzazawa and gave a lecture on rational representations of the
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behaviors, which are very interesting topics (and then he also enjoyed a hot spa).
From the above backgrounds, my research centered on behavioral system theory
is greatly influenced by Harry. Thus I think that a topic on control in a behavioral
context is appropriate for this festschrift.

As one of the issues on behavioral control theory, this article considers simulta-
neous stabilization problems in a behavioral framework. Simultaneous stabilization
is the problem of finding a condition under which there exists a single controller that
stabilizes multiple plants. This problem was first proposed and investigated in [22]
from the viewpoints of reliable control synthesis. Then there have been many studies
in the input/output setting, see [7-9, 16, 17, 21, 23]. In the case of two plants, it
was shown that a pair of linear plants is simultaneously stabilizable if and only if
there exists a strong stabilizer [26]—the denominator of the stabilizer also has all
roots in open left half plane—for the augmented system constructed by using these
two systems. In the case of three or more systems, shown in [3-5] by Blondel, it is
impossible to find a necessary and sufficient condition that is checkable by a finite
number of arithmetic or logical computations. That is, simultaneous stabilization
problem for three or more plants is rationally undecidable. Since then, simultaneous
stabilization is known as one of open problems in systems and control theory [6,
18]. On the other hand, studies of simultaneous stabilization are expected to provide
insightful gradients, which are meaningful for theoretical developments.

J.C. Willems proposed the behavioral approach, which provides a new viewpoint
for dynamical system theory [19, 24, 25]. In the behavioral approach, a system is
viewed as a set of the trajectories of a system and there is no input/output partition in
the variables that interact with the environment while a transfer function as the map
from input to output plays a crucial role in the standard system theory. Control in the
behavioral approach is regarded as an “interconnection” [15, 20, 25] which corre-
sponds to pick up the desired trajectories by sharing the variables with a controller.
Of course, control is not necessarily realized by the feedback architecture. This is
also a generalization of the concept of “control” from a broader perspective. Thus, it
is expected that the behavioral approach provides new and meaningful insights for
an important theoretical issue like the simultaneous stabilization problem.

From these expectations, the author has been studying the simultaneous stabi-
lization problem from the behavioral perspective in [11-14]. This article presents
these results with some new remarks and observations. First, we provide an equiva-
lent condition for two linear systems to be simultaneously stabilizable, and then also
presents a parameterization of simultaneous stabilizers under the assumption that the
interconnection of these two behavior is stable [11, 12]. By using this result, we pro-
vide a condition for three linear systems to be simultaneously stabilizable. We show
that if one of the behavior stabilizes the other two behaviors, then three behaviors
are simultaneously stabilizable [13, 14]. Although this condition corresponds to the
result by Blondel in [2], the approach presented here is completely self-contained and
is also independent of [2]. Particularly, a parameterization of simultaneous stabilizers
in the three systems case is also presented here.
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[Notations] Let R[£] denote the set of polynomials with real coefficients and RP*4[£]
denote the set of polynomial matrices with real coefficients of size p x g, respectively.
Let R(&) denote the set of rational functions with real coefficients and RP*<(&)
denote the set of rational matrices with real coefficients of size p x g, respectively.
For a nonsingular polynomial matrix R € R¥*9[£], all of the roots of det(R) are
located in the open left half plane, R is said to be Hurwitz. Let Ry[£] and R “Y[£]
denote the set of Hurwitz polynomials and the set of Hurwitz polynomial matrices
of size g x g, respectively.

4.2 Linear Time-Invariant Behaviors

We give brief reviews of behavioral system theory for linear time-invariant systems
based on the references [19, 24, 25]. In the behavioral framework, a dynamical
system is characterized as the set of the trajectories, i.e., the behavior. Let P denote
the behavior of a system and g denote the number of the variables which interact
with its environment. If a system is linear and time-invariant, the behavior P is
representable by RN‘i;,v—}V—F- -+ Ry ”{lj—vt"—i—Row =0,where R; ¢ R**?,i =0,---, N.
This is called a kernel representation of P and the variable w is called a manifest
variable. A kernel representation is written as R(%)w = 0 by using a polynomial
matrix R := Ry+ R1E+---+ RyEN e R**9[£]. It should be noted that there is no
input/output partition in w. There are many kernel representations for . Particularly,
we call a kernel representation R(%)w = 0 minimal if R has normal full row
rank. In the following, the minimal rank of polynomial matrices inducing kernel
representations is denoted by p.

P is said to be controllable if for all wi, wy € P there existw € P and T, Tr (€ R)
such that w(t) = wy(¢) fort < T; and w(t) = wy(t) for t > T>. In the case of linear
time invariant behavior, P is controllable if and only if a minimal kernel representation
is induced by a polynomial matrix R (&) with the property that R(}) is full row rank
for all complex number A. The controllability of P is also equivalent to saying that P

is described by w = ML%+' . ~+M1§—f+M0€, where M; ¢ R¥*®, ;i =0, ---, L.
This is called an image representation of P and ¢ is called a latent variable. Similar
to kernel representations, we use the notation w = M (%)Z by using a polynomial
matrix M := Mo+ M E+---+ MLgL € R9*°[£]. Moreover, there are many image
representations for P. Particularly, £ is said to be observable from w if w = 0 implies
£ = 0. A latent variable £ inw = M (%)@ is observable from w if and only if M ()
is full column rank for all complex number A.

Note that RM = 0 and that there exists a polynomial matrix Q € R(@P*q[g]
such that (RT QT)T isunimodular and QM = I. Similarly, there exists a polynomial
matrix N € R¥*P[£] such that (N M) is unimodular and RN = I. Thus,

(g)(N M)=1 4.1)
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holds, which is referred as a doubly coprime factorization [10]. Throughout this
article, we address controllable behaviors and their observable image representations.

P is said to be stable if w € P implies w(¢)—0 as t—o00. A behavior P is stable if
and only if a minimal kernel representation of P is induced by a Hurwitz polynomial
matrix R € RE“[£]. Control in the behavioral framework can be formalized as
“interconnection” [25]. This corresponds to pickup the common trajectories between
the behavior of a plant P and a controller € by sharing their external variables. The
behavior after the interconnection can be restricted as P N €. There exist two kinds
of interconnections, one is full interconnection [25] where two systems share all of
their variables. The other is partial interconnection [1] where some of their variables
are shared by each system. This article focuses on full interconnection.

In order to stabilize the plant P, a controller C, which is described by a kernel
representation Cw = 0 with C € R(@"P)*9[£] must be designed so as to satisfy that
the behavior P N € is described by

()

is stable, or equivalently, (RT cT )T must be an element of R%Xq[é 1. It was shown
in [15] by Kuijper that all of the stabilizing controllers for P can be induced by
polynomial matrices

C:=(F B)(S), 4.3)

for arbitrary B € qu—p) *(@P)[£] and arbitrary F € R@P)*P[£]. This is the
behavioral version of the parameterization of all of the stabilizing controllers, which
is the extension of the conventional result in [27]. Related to (4.3), it was also shown
in[15] that C € R(@~») *d[£] induces a stabilizing controller for P if and only if CM
is a Hurwitz polynomial matrix for any observable image representation w = M£.

4.3 Simultaneous Stabilization Problem for Two Linear
Systems in a Behavioral Framework

4.3.1 Problem Formulation

Now we consider the simultaneous stabilization problem for the case of two systems.
We are given two linear time-invariant controllable behaviors P and P,. We assume
that the output cardinalities of them are the same, i.e., the ranks of their minimal kernel
representations are the same. Let R; € R(q’p)xq[é ] induce a kernel representation
of P; fori = 1, 2. Then, the problem we consider here is to find a condition under
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which there exists a single controller € such that P; N € and P, N € are stable. In
terms of polynomial matrices, this problem can be equivalently formalized as finding
a condition under which there exists a polynomial matrix C € R(@~®)*4[£] such that
(Ri®TCcET )T is an element of R “¥[&] fori = 1, 2.

In the following, let M; € R(@P)*(@P)[£] denote a polynomial matrix induc-
ing an observable image representation of P; for each i = 1,2. Similarly, let
Q; € R@®x@Dg] and N; € RE@P*@P)[£] denote polynomial matrices
which satisfy the doubly coprime factorization (4.1).

4.3.2 A Necessary and Sufficient Condition for Two Linear
Systems to be Simultaneous Stabilizable

In the standard control theory, it is well known that the simultaneous stabilizability of
two linear systems is equal to the strong stabilizability [27] of the augmented system
which consists of the given two systems [23]. Here, we show the corresponding result
in the behavioral framework.

For P} and P, with involved polynomial matrices, we introduce the augmented
behavior P, described by a kernel representation

Ro(£) (N Mi(4))w=0. (4.4)

It is easy to see that an observable image representation of Py, is described by

Ri(4) (d)
= Mo\ — ) L. 4.5
" (Q1(%)) \ar (43

Then, we can obtain the following theorem [11].
Theorem 4.1 Two behaviors Py and P, are simultaneously stabilizable if and only
if there exist F1o € RO™)*9[£] and Hy» € Rﬁq—p)x(q_p) [&] such that

Carz := (Fi2 Hpz) e ROP>9[g] (4.6)

induces a stabilizer for P1;. O

Here, we give a brief review of the proof of this theorem. We define

R R
Cp = CalZ(Qll)Z(FIZ le)(Qll)- 4.7

Itfollows from the parameterization (4.3) by Kuijper [15]and Hi, € Rg_p) x(a-p) [&]
that Cy2 described by (4.7) induces a stabilizing controller for P;. In addition, by
using Kuijper’s result on the relationship between an observable image representation
and a controller as reviewed in the previous section, we see that C12 M5 is an element
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of Rg —Px@=p) [£]. Thus, P and P, are simultaneously stabilizable. Conversely,
we assume that P and P, are simultaneously stabilizable. In other words, a stabilizer
for P; induced by

Ry
(Fi2 Hiz) (Ql) (4.8)

for Hyp € Rl(f_p)x(q_p) [E]and Fj; € Rg_p)”[é] also stabilizes P;. This implies
that

R
(Fo Hi) (Q‘)Mz =: Bip (4.9)
—_—— 1
Cai2

is also Hurwitz. This is equivalent to saying that the above C,12 with Hurwitz Hi;
is also a stabilizer for P5. For more detailed proof, see [11].

Here, we have two points to be mentioned. One is on the symmetric structure on
simultaneous stabilizers. The above theorem can be equivalently applied to another
augmented behavior obtained by the exchange of P; and P,. We denote it by Py;.
This is described by a kernel representation

Ri(4) (M) Ma(H))w=0 (4.10)

or an observable image representation described by

Ry( L d
we( * @ "V, (—) c. 4.11)
02(4) dr
It is easy to see that P and P, are simultaneously stabilizable if and only if there

exist Fay € RAP*Pg] and Hyy € RO ] such that Py is stabilized by
Cy21 induced by

Car1 == (F21 Hy) e REOP*q[g], (4.12)

The proof of this statement is similar to the above theorem. Thus, we see that

R

(Fa1 Ha) (Q2 ) M, =: By (4.13)

—_— 2
Ca21

is also Hurwitz. We also define

Ay := (Fa Ha) (222) Ni. (4.14)
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At this point, we see that (A21 By ) also induces a strong stabilizer for P,. Sim-
ilarly, we also see that (Alz B 12) also induces a strong stabilizer for P,; where
A1 is defined by the exchange of P and P, in (4.14). If we use the terminologies
on the transfer functions in the conventional control theory, the interpretation of this
observation is that the pole of the denominator of a strong stabilizer for P, can be
the pole of the closed loop between Py and Cyo; and vice versa. Since a strong
stabilizer for Py, (P;1) is proper while that for P, (P12, respectively) is nonproper,
such an observation on the symmetric structure cannot be obtained in the transfer
function setting.

The other point to be mentioned is on the case of multiple plants. Although we
treat the case of two linear systems, the above equivalent condition can be quickly
extended to the case of multiple linear systems. For P; (i = 1,2 -, n), we introduce
the augmented behavior P; which is described by a kernel representation induced by

Rl(N,' Mi) fori=2,3,---,n. (4.15)

Then, multiple systems P; (i = 1,2 -- -, n) are simultaneous stabilizable if and only
if there exist F); € R{@®)*d[g] and H); € Rﬁq_p)x(q_p) [£] such that

Cati = (Fii Hy) e REPx9[g] (4.16)

induces a stabilizer for Py; fori = 2,3, --- , n. This is also a generalization of the
result in [22] for the transfer function setting.

4.3.3 The Behavioral Version of the Strong Stabilizability

In the input/output setting, (4.6) can be also described by the transfer function
Hle F15. From this, we can regard that the Hjy corresponds to the “denominator”
in the case where C,1» is described by a standard transfer function, so (4.6) corre-
sponds to “strong stabilizer” for Py, in the behavioral setting. It is well known that
the strong stabilizability for single-input and single-output systems is characterized
as the parity interlacing property (p.i.p) condition on unstable real zeros with co and
unstable poles on the real axis [26]. In the behavioral setting, the well-known p.i.p
condition can be slightly moderated.

Consider the strong stabilization of single-input and single-output systems in the

behavioral framework. Let (d n) € R'2[£] be a kernel representation which can
be also described by the transfer function — 5. The strong stabilizability of this system
is equivalent to saying that there exists a (C1 cz) e R! X2[S] with ¢, € Ryg[£] such
that & := cin + cpd is also Hurwitz. This condition can be also rewritten as that
there exist cp, h € Ry[£] and ¢; € R[] such that

h
d+ =1 4.17)
fe) co
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holds. Note that £ and Ci are not restricted to be proper rational functions in the
behavioral setting while the obtained result in [23, 27] for the standard control theory
requires that these rational functions is to be proper. In addition, we have no restriction
on the properness of 7. From these discussions, we can obtain a moderated p.i.p
condition as follows.

Theorem 4.2 Let d € R[&] and n € R[&] be coprime polynomials. Let o; (i =
1,2, .-+, m) denote nonnegative real roots of the numerator n such that 0 < o1 <
0y < -+ < oy < 0. Then the following two statement are equivalent.

1. There existsr € R(&) such that the denominator and numerator of d +rn € R(&)
are stable and the denominator of r is stable.

2. For every interval (0i,0i4+1)i = 1,2,--- ,m — 1, there exists even numbers of
roots of d with multiplicity.

The difference between the above theorem and the well-known p.i.p condition [23,
27]1s only the point that the above theorem requires the intervals 0 < --- < g, < 00
while the condition in [23, 27] requires the 0 < --- < g, < oco. That is, the above
p.i.p condition is moderated in the sense that the interval on the infinite zeros of 7 is
eliminated. The proof is straightforward from [23, 27].

We return to the simultaneous stabilization problem by illustrating an example.
Consider the following two systems P; and P, described by

Ri=(-E-DE+1D &-2)eR™
Ro=(-E-2E+1D &-1)eR™ g,

respectively. For P|, we compute Ni = (—% %(é‘; +2) )T. By using Ny, M; and

R», a kernel representation of the augmented behavior P, can be induced by
R - 2 1x2
2= (-3 ¢E+DQE-3)) R[]
Itis easy to see that Rj» =: (d12 n12) satisfies the moderated p.i.p condition (while

it does not satisfy the p.i.p condition in the standard setting [23, 27]). In fact, one of
the strong stabilizers for P, can be obtained as a kernel representation induced by

Ca12 ::(—%f —%’—%).

Using this, one of the simultaneous stabilizers of P; and P, can be obtained as a
kernel representation induced by

Cip= (243 -3). (4.18)

In fact, it is easy to check that both (RT CT, )T and (RT CT, )T are Hurwitz. More-

over, (4.18) can be also described by the transfer function as —% + %é which is
nonproper. On the other hand, it follows from the standard p.i.p condition in [23, 27]
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that these two systems cannot be simultaneously stabilizable. Thus, these two sys-
tems can be simultaneously stabilizable by a nonproper controller while they cannot
be simultaneously stabilizable by any proper controller.

4.3.4 Parameterization of Simultaneous Stabilizers for a Class
of Pairs of Linear Systems

We provide a parameterization of simultaneous stabilizers for two linear systems
in the behavioral framework. Such a parameterization has not been provided in the
standard control theory.

Here, we suppose that ¢ = 2 and p = 1. In addition, as a crucial assumption, we
assume that P; N P, is stable, which is equivalent to saying that one is a stabilizer
of the other. From the viewpoints of polynomials, this assumption is also equivalent
to saying that Ry M, and R, M are elements of Ry[£].

From the observation in the previous subsection, P and P, are simultaneously
stabilizable if and only if there exist Hurwitz Hi, and H» such that

(F]2 H]z) (S]I)Mzsz]. 4.19)

Thus, we obtain the following equivalent condition for two linear systems to be
simultaneously stabilizable with respect to the solvability of a polynomial equation
as follows.

Theorem 4.3 Let Py and P, denote linear time invariant controllable behaviors.
Then, P| and P are simultaneously stabilizable if and only if the following polyno-
mial equation

HipQ1My — Hyy = —Fio R M (4.20)

is solvable with respect to Hy2, Hy1 € Ryl&], and F12 € R[£].

In (4.19), we focus on the part which was already introduced in (4.8). Since Hj; is
Hurwitz, it follows from the parameterization of all stabilizing controllers in (4.3) that
(4.8) induces a kernel representation of the stabilizer for P; as stated in the previous
subsection. In addition, (4.20) implies that (4.8) also induces a kernel representation
of the stabilizer for P,. Namely, if F| and Hj; are solutions of (4.19), then (4.8)
with these solutions induces a kernel representation of the simultaneous stabilizer
for P; and P,. Thus, we obtain the following theorem on the parameterization of
simultaneous stabilizers for two linear systems.

Theorem 4.4 Assume that (4.20) is solvable with respect to H12, Hy1 € Ryl&], and
F12 € RI&]. Then (4.8) with the solutions Hy» and F1; of (4.20) induces a kernel
representation of a simultaneous stabilizer of P and P;.
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Next, we consider the condition under which (4.20) is solvable. From an assump-
tion that P NP, is stable, we define Ry My = RyM| =: Bjp € Ry[&]. Then, (4.20)
can be described as

Hi2Q1 My — Hy) = —Fi2Bp2. (4.21)

Note that Hy» and H»; should be Hurwitz polynomials. If they includes By, as a
common factor, (4.21) can be rewritten as

Bi2H{,Q1M> — BinHy, = —Fi2B1» (4.22)

where H/,, H}, € Ry[&]. The above (4.22) is always solvable with respect to Hurwitz
polynomials Hl’2 and Hél , and a polynomial Fj,, because,

Fi» = H{,01M> — Hj, 4.23)
is a solution of (4.22) for arbitrary Hurwitz polynomials H 1’2 and H2’ |- Hence, under
the assumption that Py N P, is stable, Theorem 4.4 can be modified as follows:

Theorem 4.5 Assume that P| NP, is stable and define a Hurwitz polynomial By, :=
RiM, = RyM,. Then, a kernel representation of a simultaneous stabilizer for P
and P, is induced by

R
Ci2 = (H|,01M>» — H}, BioH],) (Qll) (4.24)

for arbitrary H{, and H;, € Ry[§].

The above theorem provides a parameterization of simultaneous stabilizers under
the assumption that Py N P, is stable.

4.4 Simultaneous Stabilization of Three Linear Systems
in a Behavioral Framework

4.4.1 A Sufficient Condition for Three Linear Systems
to Be Simultaneously Stabilizable

Let Py, Py, and P53 denote the behaviors of three linear systems. We also assume that
P1 NP, and Py NP3 are stable. In other words, one of three behaviors stabilizes the
other two behaviors. Similar to Bjo = Ry M> = Ry M, for Py and P, we also define
a Hurwitz polynomial

B3 := Ri{M3 = R3 M. 4.25)
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Applying Theorem 4.5 to P; and P3 yields that a kernel representation of a simulta-
neous stabilizer for P; and Pz is induced by

R
Ci3:= (H{;01M3 — Hj; Bi3H|;) (Qll) (4.26)

for arbitrary Hurwitz polynomials H{, and H},. Compare the simultaneous stabilizer
for P and P, described by (4.24) with the simultaneous stabilizer for P; and P3
described by (4.26). We see that if the following two identical equations:

H[,01My — Hy; = H{301 M3 — Hj, (4.27)
B12H1/2 = B]3H1/3 (4.28)

hold, a simultaneous stabilizers for P; and P, is equal to that for P; and P3. That
is, (4.24) or (4.26) with the identical Egs. (4.27) and (4.28) induces a simultaneous
stabilizer for Py, P», and P3. Thus, we focus on the problem of whether (4.27) and
(4.28) are solvable with respect to Hurwitz polynomials H/,, H,,, H{5, and Hj,.

First, we focus on the solvability of (4.28). For this, since we just have to guarantee
that H{, and H|, are Hurwitz, we select them as

H{, = Bi3H (4.29)
H{y = BioH (4.30)

where H € Ry[£] can be arbitrary given. Next, we focus on the solvability of (4.27).
Since we have already determined H 1’2 and H 1’ 3 soas to satisfy Egs. (4.29) and (4.30),
(4.27) is written as

H313Q1M2—H2/1 ZH312Q1M3—H3<1 4.31)
or equivalently
HB130 My, — HB;,Q M3 = HZ/] — Hél' 4.32)

For simplicity, we restrict H = 1 in the following. The left-hand side of (4.32)
has already been determined. This implies that the problem is to show whether the
polynomial B13Q1M> — B1> Q1 M3 can be described by the subtraction of Hurwitz
matrices. In the case where B13 Q1 M, — B2 Q1 M3 is Hurwitz, for instance, we can
choose

Hy :==aB1301 My — B1201 M3
H3 :=(a — 1)B13Q1M> — B12Q1 M3

for an arbitrary & € R. In general, B13 Q1 M, — B12 Q1 M3 is not necessarily Hurwitz.
In such a case, this is described as the product of the Hurwitz polynomial and the



76 0. Kaneko

anti-Hurwitz one. The Hurwitz part can be included as the factor of both H}, and
Hj, . Thus, the problem is to check whether the anti-Hurwitz part can be decomposed
as the subtraction of Hurwitz polynomials. As for this problem, we can obtain the
following lemma.

Lemma 4.6 Leta € R[&] be an arbitrary anti-Hurwitz polynomial. Then there exist
Hurwitz polynomials by and by € Ryl[&] such that

a = b1 — bz. (4-33)

The proof will be contained in the future publications by the author. Based on
Lemma 4.6, it is possible to guarantee that there exist Hurwitz Hj, and Hj, such
that

B13Q1M> — B1xQ M3 = Hjy — Hj,. (4.34)

Therefore, if P; N P, and Py N P3 are stable, then Py, P> and P3 are simultaneous
stabilizable. Moreover, together with Theorem 4.5, we can obtain a parameterization
of simultaneous stabilizers for three linear systems under this assumption.

Theorem 4.7 Assume that 1 NP> and P NP3 are stable. Define Hurwitz polyno-
mial By := R{M> = RyMj and B13 := RiM3 = R3M,. Then, a kernel represen-
tation of a simultaneous stabilizer for P1, Po and P3 is induced by

(HB1301M, — H), Bi2B13) (gll) (4.35)

or
R
(HB12Q1M3 — Hj; Bi3B12) (Q11) (4.36)

where Hj, and Hj, are Hurwitz polynomials obtained by the decomposition as
HB1301M> — HB12Q1 M3 = Hj, — Hj, (4.37)

and H is arbitrary Hurwitz polynomial.

The same condition holds if the role of P and P, (or P3) are replaced. Conse-
quently, we can also obtain the following theorem.

Theorem 4.8 Let Py, P», P3 denote the behaviors of three linear systems. If one of
them stabilizes the other two behaviors then these three behaviors are simultaneously
stabilizable.

In [2], the similar theorem has already been obtained in the transfer function
setting. The approach addressed here is completely self-contained and is derived
independently from [2]. Particularly, the approach in the behavioral setting also
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gives a parameterization of a simultaneous stabilizer, which are different point from
the result in [2].

4.4.2 Example

We give a simple example [13] in order to illustrate how the result in this article
works in the simultaneous stabilization. Let Py, P>, and P53 be described as kernel
representations induced by

Ri=[-2 &-1]eRY[], (4.38)
Ry=[& 26+1]eRV?E], (4.39)
Ry=[&-3 3&—-1]eRY], (4.40)

respectively. A matrix Q; such that [RlT err]T is unimodular can be easily com-
puted as

01=[0 1]eR™] (4.41)

First, we check whether Py N P, and P; N P3 are stable. Actually, from simple
computations, we see that

By = RiMy=—§£>—26 -2 (4.42)

Biz:= RiM3=—£>—26 — 1. (4.43)

Thus, the sufficient condition for a triple of the behaviors to be simultaneously
stabilizable is satisfied. We compute

Bi301My — B{,Q1 M3 = —£% — 4§ — 3. (4.44)
One of the candidates of the decomposition described by (4.44) is

Hjy = 2(—£% — 48 — 3)
Hy = —Hy,.
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Then, we obtain

1 15
BisQiMa — Hyy = By QiMy — Hjy = 38 —§2 = 26 —6.

Hence, the behavior of a simultaneous stabilizer, say C, is induced by

/ !/ / / R
C:= (B301M>— H;;  Bj,Bi5) (Qll)
= (—£3 426+ 156 +12  —483 — 116 — 26 +5) e RM?[¢].

Indeed, we can validate that C induces simultaneous stabilizers for Py, P», and P3.
As for P1NC, we see that CM| = 312313, which is stable. The roots of polynomials
of CM5 and C M3 are {—1, —1, —1, =3} and {—1, —1, —2, —3} respectively, which
implies that they are also Hurwitz. Thus, we see that C described by (4.37) induces
a simultaneous stabilizers for P, P», and P3.

4.5 Conclusions and Future Works

In this article, we have addressed the simultaneous stabilization problem in the behav-
ioral framework. We have explained a necessary and sufficient condition for a pair of
linear systems to be simultaneously stabilizable. We have also discussed the relation-
ship between the strong stabilizability in the behavioral setting and that in the standard
setting. We have also provided a parameterization of simultaneous stabilizer under the
assumption that the interconnection of the two systems are stable. Then we have also
considered the case of three systems. For this problem, we have provided a sufficient
condition for three systems to be simultaneously stable. This condition is that one of
the three systems stabilizes the other two systems. Although this condition coincides
with the results in [2] by Blondel, the derivation is completely self-contained and
our result yields a representation of simultaneous stabilizers. Finally, we have also
provided a parameterization of simultaneous stabilizers under the assumption that
one of the three behaviors stabilizes the other two behaviors.

There are many issues to be looked into in the future. In this article, we suppose
that simultaneous stabilization can be done by regular interconnection. On the other
hand, there exist many cases where a kernel representation of P; is not minimal, that
is, the output cardinality is not the same. In such cases, a necessary and/or sufficient
condition should be provided. To address this problem, we believe that the results
by Harry and Praagman in [20] could be very useful.

In addition, we have explained necessary and sufficient conditions for a class of
pairs/triples of linear systems. These results should be extended to larger classes of
pairs/triples. Finally, as shown in [5, 6], the simultaneous stabilization problem for
a triple of linear systems is undecidable. Then, the problem on what kind of triples
is decidable might be interesting from the theoretical points of view.
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Chapter 5
New Properties of ARE Solutions for Strictly
Dissipative and Lossless Systems

Chayan Bhawal, Sandeep Kumar, Debasattam Pal
and Madhu N. Belur

Abstract Algebraic Riccati Equation (ARE) solutions play an important role in
many optimal/suboptimal control problems. However, a key assumption in formu-
lation and solution of the ARE is a certain ‘regularity condition’ on the feedthrough
term D of the system. For example, formulation of the ARE requires nonsingularity
of D + DT in positive real dissipative systems and, in the case of bounded real
dissipative systems, one requires nonsingularity of / — D’ D. Note that for lossless
systems D + DT = 0, while for all-pass systems / — DT D = 0; this rules out the
formulation of the ARE. Noting that the ARE solutions are also extremal “storage
functions” for dissipative systems, one can speak of storage function for the lossless
case too. This contributed chapter formulates new properties of the ARE solution;
we then show that this property is satisfied by the storage function for the lossless
case too. The formulation of this property is via the set of trajectories of minimal
dissipation. We show that the states in a first-order representation of this set satisfy
static relations that are closely linked to ARE solutions; this property holds for the
lossless case too. Using this property, we propose an algorithm to compute the storage
function for the lossless case.
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5.1 Introduction

The algebraic Riccati equation (ARE) has found widespread application in many
optimal and suboptimal control/estimation problems. For example, Kalman filter,
LQ control, Hy, and H> control; see [1, 11], for example. Since its introduction in
control theory by Kalman, many conceptual and numerical methods to solve ARE
have been developed [3, 11] for instance. In the context of dissipative systems, the
ARE solutions are extremal storage functions of the system. More about the link
between storage functions, dissipative systems and solvability of AREs can be found
in [16, 18]. However, for a special class of dissipative systems, namely, conservative
systems, the ARE does not exist. This happens due to the formulation of the ARE
depending on a suitable regularity condition on the feedthrough term D of any input-
state-output representation of a system. The precise form of the regularity condition
depends on the supply rate function, with respect to which dissipativity holds. For
example, in case of the “positive real supply rate,” u” y, where u is the input and y is
the output of the system, existence of the corresponding ARE requires nonsingularity
of D+ DT . Similarly, for the “bounded real supply rate,” u” u — y” y, nonsingularity
of I — DT D is required for existence of the corresponding ARE. Contrary to this
regularity condition, systems that are conservative with respect to the positive real
supply rate and the bounded real supply rate have D + DT =0and I — DT D =0,
respectively.! Hence, for such systems the regularity conditions are violated, and
consequently, the corresponding ARE does not exist. In this chapter, we formulate
new properties of the ARE solution in terms of the set of trajectories of “minimal
dissipation” as formulated recently in [17]: for reasons we will elaborate later, we
will call this set “a Hamiltonian system.” We show that the ARE solution is closely
linked to the static relations that hold between the states in a first-order representation
of this set. We then show that this property is satisfied for the storage function for the
conservative case too, though the ARE does not exist in this case. We use this result
to develop an algorithm to compute the unique storage function for the conservative
systems case.

‘We now elaborate further on the key property that the ARE solution satisfies: which
we extend to the lossless case. The property is based on an observation concerning
the relation between ARE solutions and Hamiltonian systems. It is well known that
when the feedthrough term satisfies the regularity conditions, that is, when the ARE
exists, the solutions to the ARE can be found using suitable invariant subspaces of
a corresponding Hamiltonian matrix. Note that, in the singular cases (lossless/all-
pass), the Hamiltonian matrix does not exist. Consequently, this method involving the
invariant subspace fails to work for the singular cases. However, this same method,
when viewed from a different perspective opens up a new way of computing the

Lossless systems, with u input and y output, are conservative with respect to the “positive real
supply rate” u” y and have D + DT = 0. Similarly, all-pass systems are conservative with respect
to the “bounded real supply rate” u”u — y”'y. For all-pass systems / — DT D = 0. Hence, all
arguments about ARE solutions and storage functions made for lossless systems are applicable to
all-pass systems as well.
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ARE solutions, which extends naturally to the singular case, too. This new point of
view stems from the fact that the first-order system defined by the Hamiltonian matrix
associated to an ARE is nothing but a state representation of a system comprised of the
“trajectories of minimal dissipation.” Consequently, choosing an invariant subspace
im [ ,I( ] of the Hamiltonian matrix to get K as a solution to the ARE, can be viewed
as obtaining a subsystem of the Hamiltonian system by restricting the trajectories
to satisfy an extra set of equations as z = Kx, where x, z are state variables of the
original system and its ‘dual’, respectively. The crucial fact about this new view-point
is that, although, the Hamiltonian matrix and the ARE do not exist in the singular
case, the Hamiltonian system, comprising of the trajectories of minimal system does
exist. We show in this chapter that, in such cases too, the strategy of putting static
relation z = Kx leads to a storage function x” K x to the original system.

The notation used in the chapter is standard. The set R and C denote the fields of
real and complex numbers, respectively. The set R[£] denotes the ring of polynomials
in & with real coefficients. The set R¥*P[£] denotes all w x p matrices with entries
from R[&]. We use e when a dimension need not be specified: for example, R"**®
denotes the set of real constant matrices having w rows. R[¢, n] denotes the set of real
polynomials in two indeterminates: ¢ and 7. The set of w x w matrices with entries
in R[¢Z, n] is denoted by RY*Y[¢, n]. The space €*°(R, R") stands for the space of
all infinitely often differentiable functions from R to R", and ® (R, R") stands for
the subspace of all compactly supported trajectories in €*° (R, R").

This chapter is structured as follows: Sect. 5.2 summarizes preliminaries required
in the chapter. New properties of ARE solutions are presented in Sect. 5.3. In Sect. 5.4,
we formulate and prove new results that help computation of storage function K for
conservative behaviors based on the notion of “trajectories of minimal dissipation”.
Section 5.5 uses the main result in Sect. 5.4 and proposes a numerical algorithm to
compute storage function of conservative systems. Section5.6 contains numerical
examples to illustrate the main results. Some concluding remark is presented in
Sect.5.7.

5.2 Preliminaries

In this section, we give a brief introduction to various concepts that are required to
formulate and solve the problem addressed in the chapter.

5.2.1 Behavior

We start with some essential preliminaries of the behavioral approach: a detailed
exposition can be found in [12].
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Definition 5.1 A linear differential behavior B is defined as the subspace of infi-
nitely often differentiable functions €°°(R, R"Y) consisting of all solutions to a
set of linear ordinary differential equations with constant coefficients, i.e., for

R(§) € R**¥[§]

B = [w €C®®R,R") | R (%) w= O] . (5.1)

The variable w in Eq. (5.1) is called the manifest variable of the behavior 8. We
denote linear differential behaviors with w number of manifest variables as £".
Equation (5.1) is what we call a kernel representation of the behavior B € £% and
we sometimes also write B = kerR(;—l). We assume the polynomial matrix R(&)
has full row rank without loss of generality (see [12, Chap.6]). This assumption
guarantees existence of a nonsingular block P (&) (after a permutation of columns,
if necessary, with a corresponding permutation of the components of w) such that
R(&) = [P(§) Q(§)]. Conforming to this partition of R(&), partition w into w =
[Ly, ], where it has been shown that u, y are the input and output of the behavior
B respectively: note that this partition is not unique. Such a partition is called an
input-output partition of the behavior. The input-output partition is called proper it
P~ Q is a matrix of proper rational functions. Although there are a number of ways
in which the manifest variables can be partitioned as input and output, the number
of components of the input depends only on B: we denote this number as m(®8), and
call it the input cardinality of the behavior. The number of components in the output
is called the output cardinality represented as p(8). It is well known that p(%8) =
rank R(¢) and m(*B) = w — p(*B).

In the behavioral approach, a system is nothing but its behavior: we use the
terms behavior/system interchangeably. There are various ways of representing a

behavior depending on how the system is modeled: a useful one is the latent variable
representation: for R(§) € R**" and M (&) € R**™[&],

d
B = {w € € (R, RY) | there exists £ € € (R, R™) such that R (E) w=M (—) e}.
Here ¢ is called a latent variable.
Controllability is another important concept required for this chapter.

Definition 5.2 A behavior B is said to be controllable if for every pair of trajectories
wi, wp € B there exists w3 € 5 and T > 0 such that

wi(t) for t <0,
wo(t) for t > .

w3(1) = [

We represent the set of all controllable behaviors with w variables as £, . The
familiar PBH rank test for controllability has been generalized: a behavior B with
minimal kernel representation B = kerR(%) is controllable if and only if R(X) has
constantrank forall . € C. One of the ways by which a behavior B can be represented

if (and only if) 95 is controllable is the image representation: for M(§) € R"*™[£]
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d
B = [w € C*(R, R")| there exists £ € €*°(R, R™) such thatw= M (E) E] .
5.2)

If M(&) is such that M(A) has full column rank for all A € C, then the image
representation is said to be an observable image representation: this can be assumed
without loss of generality (see [12, Sect. 6.6]).

5.2.2 Quadratic Differential Forms and Dissipativity

This section contains a brief review of Quadratic Differential Forms (QDFs): more on
QDFs can be found in [18]. We often encounter quadratic expressions of derivatives
of the manifest and/or latent variables of the behavior 8. Two-variable polynomial
matrices can be associated with such quadratic forms. Consider a two-variable poly-
nomial matrix ¢ (¢, 1) == 3 ;  ¢jt/n* € Rz, n] where ¢ € R"*". The
QDF Qg induced by ¢ (¢, n) isamap Qg4 : €°(R, RY) — €*(R, R) defined as

dw\" d*
Qp(w) =Y. (ﬁ) n (d—tf)
J. k

Of course, when X € R"*Y, then Qy(w) = wl Zw. Using the definition of QDFs,
we next define a dissipative system.

Definition 5.3 Consider ¥ = X7 € R"*" and controllable B € £ . The system
B is said to be X'-dissipative if
/ Osw)dt >0 forevery we BND. (5.3)
R

The function Q x (w) is also called the supply rate: it is the rate of supply of energy to
the system. For simplicity, we also call X' the supply rate. Equation (5.3) formalizes
the notion that dissipative systems are such that the net energy exchange is always
an absorption when the trajectories considered are those that start-from-rest and
end-at-rest, i.e. compactly supported. The link with existence of a storage function
is well known for the controllable system case: a controllable behavior B € £ . is
dissipative with respect to X' if and only if there exists a quadratic differential form
QO+ (w) such that

%Qw(W) < Os(w)for allw € B.

The QDF Qy is called a storage function for 25 with respect to the supply rate X.
The notion of a storage function captures the intuition that the rate of increase of
stored energy in a dissipative system is at most the power supplied. In this chapter, we
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shall be dealing with supply rates Q5 induced by real symmetric constant nonsin-
gular matrices X only. We need a count of the number of positive eigenvalues (with
multiplicities) of the symmetric matrix X': call this number the positive signature of
the matrix X' and denote it by oy (X).

For a X -dissipative system, m(*8), the input cardinality of the behavior, cannot
exceed the positive signature o (X') of the supply rate X i.e. m(*8) < o4 () (details
in [18, Remark 5.11] and [19]). For this chapter, we restrict ourselves to the so-called
maximum input cardinality condition, i.e.

n(B) = o4 (T). (5.4)

Given X € R"*" and a system described by the observable image representation
w=M (%)Z, the QDF Q x (w) can also be expressed as Q ¢ (£) in the latent variables
induced by @ (¢, n) € R™™[¢, ] is given by

D¢, ) =M ZTM®).

Conservative systems are a special class of dissipative systems and this work
focusses on the conservative systems’ case: this is when the algebraic Riccati equation
does not exist.

Definition 5.4 Consider a symmetric and nonsingular matrix ¥ € R"*" and a

behavior B € £ . The system %5 is called X'-conservative if

/ Osx(w)dt =0forallw e BND.
R

In order to simplify the exposition in this chapter, we shall be using the positive real
supply rate 2u” y i.e.

g 01
Os = m by m induced by Y = [1 o} (5.5)

where u and y are the input and output of the system respectively. Systems con-
servative with respect to the positive real supply rate are known in the literature as
lossless systems: see Footnote 1. We will be dealing with only lossless systems in this
chapter. However, the results in the chapter can be extended to system conservative
with respect to other supply rates also.

5.2.3 State Representation and Trimness

A state variable representation of a behavior ‘B is a latent variable representation
where the latent variable x satisfies the axiom of state: whenever (wy, x1), (w2, x2) €
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Biran and x1(0) = x(0), the concatenation® (w1, x1) Ao (wp, x2) at t = O also
satisfies the equations of By, in a weak/distributional sense. For such a system, we
have a first-order description, called the state-space description:

d
Ed—); + Fx + Gw = Qwhere E, F, G are constant real matrices. (5.6)

A state-space description is said to be minimal if the number of components in
the state x is the minimum amongst all possible state representations. The number of
states corresponding to a minimal state representation of ‘B is called the McMillan
degree of the behavior 8. When the state x is not minimal (but is observable from
the system variable w), it is known that one or more components in x satisfy a static
relation and the states are said to be nontrim. A more formal definition of state trim
is presented next.

Definition 5.5 The state x in Eq. (5.6) is said to be trim if for every a € R" there
exist aw € B such that x(0) = @ and (w, x) satisfies Eq. (5.6).

The algorithm proposed in this chapter is based on this notion of state trimness.
The static relation between the state x of the given lossless system and the “dual
state” z of the adjoint system are used to find the unique storage function for the
lossless case: see Theorem 5.13 below.

5.2.4 Minimal Polynomial Basis

This section contains a review of the notion of a minimal polynomial basis.

The degree of a polynomial vector r(s) € R"[s] is the maximum degree among
the n components of the vector. The degree of the zero polynomial and the zero
vector in R™[s] is defined as —oo.

For R(s) € R™*™[s], the set of all polynomial vectors v(s) € R™[s] that satisfy
R(s)v(s) = 0 forms a vector space over the field of scalar rational functions. It is
known from the literature that such a vector space admits a polynomial basis called
the right nullspace basis of the polynomial matrix R(s): see [8, Sect.6.5.4]. There
is a special nullspace basis called the minimal polynomial basis of the polynomial
matrix R(s) which is of importance to us in this chapter. Consider the polynomial
matrix R(s) € R™*™[s] of rank n. Let the set {p|(s), p2(s), ..., pn—n(s)} be a
nullspace basis of R(s) ordered by their degrees di < dy < -+ < dyp—n. The
set {p1(s), p2(s), ..., Pn—n(s)} is said to be a minimal polynomial basis of R(s)
if every other nullspace basis {g1(s), g2(s), ..., gn—n(s)} with degree c; < ¢ <

2For trajectories (wy, x1) and (w2, x2), their concatenation at t, denoted by (w1, x1) A (W2, x2),
is defined as

(wr, x1)() for t <ty

(wa, x2)(t) for t >1.

W1, x1) Ay (W2, x2)(F) := <
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-+ < cp_n issuchthatd; < ¢;, fori = 1, 2, ... m —n. The degrees of the vectors of
minimal polynomial basis of R(s) are called the (Forney invariant) minimal indices
or Kronecker indices (more details in [8, Sect. 6.5.4]).

5.3 The Algebraic Riccati Equation (ARE)
and Hamiltonian Systems

With a proper input-output partition (u, y), a controllable dissipative behavior B
admits the following minimal i/s/o representation.

x=Ax+Bu, y=Cx+Du, AeR>™ B, CTeR> andD e RP*P
(5.7)

with (C, A) observable. We assume here that the number of input m(*8) = number of
output p(*B8): this assumption is in view of the maximum input cardinality condition

and ¥ = [(I) (I)i| . The storage functions of a dissipative behavior are closely related to
the algebraic Riccati inequality (ARI) and the Hamiltonian matrix. One of the results
relating LMI, controllable behavior and storage function is the Kalman—Yakubovich—
Popov (KYP) lemma: details in [6, Sect. 5.6]. For easy reference, we present the K'Y P

lemma, in a behavioral context, as a proposition next.

Proposition 5.6 A behaviorB € £, with a controllable and observable minimal
i/s/o representation asin Eq. (5.7), is X -dissipative if and only if there exists a solution

K = KT € R®™™ 19 the LMI

BTk —C —(D+ D7) >5)

[ATK+KA KB-CT } 0
For systems with D + DT > 0, the Schur complement with respect to D + D7 in
LMI (5.8) results in the algebraic Riccati inequality

ATK + KA+ (KkB-cHym+D") ' BTk -C) <. (5.9)

The corresponding equation to the inequality (5.9) is called the algebraic Riccati
equation (ARE). Symmetric solutions to the ARE have a one-to-one correspondence
to n-dimensional invariant subspaces of the matrix below (details in [10, Theorem
3.1.1]).

(5.10)

B Ty\—1 T\—1pT
%Z[A B(D + DH~IcC B(D+ D" B }

_CT(D+DT)—1C _AT+CT(D+DT)—IBT



5 New Properties of ARE Solutions for Strictly Dissipative and Lossless Systems 89

The matrix .7 is known as the Hamiltonian matrix. Every n-dimensional .#” invari-

ant subspace spanned by columns of ! :| corresponding to a suitably chosen set of

K
eigenvalues of 7, provides a solution K to the ARE.

The detailed procedure to find the solution to the ARE from n-dimensional
eigenspaces of the Hamiltonian matrix can be found in [4]. We provide a brief
review of the procedure next. In the lines of [10] and [13, Definition 5.1.1], we
define a Lambda set (A) to define the partition of eigenvalues of the Hamiltonian
matrix #. A denotes the set of complex conjugates of the elements in A.

Definition 5.7 Consider an even polynomial p(§) € R[£] with no roots on the
imaginary axis. A set of complex numbers A C roots (p) is called a Lambda set of
the roots of p if the following conditions are satisfied:

. A=A
2. AN(=A) =0
3. AU (—A) =roots of p(§) (counted with multiplicity)

Condition 1 in Definition 5.7 implies that the Lambda set should contain conjugate
pairs of complex roots of p(§). By condition 2, polynomial p(¢) should not have
any roots on the imaginary axis.

In this chapter, we use the word Lambda set with respect to the eigenvalues of
a matrix to mean the Lambda set corresponding to the roots of the characteristic
polynomial of the matrix. Constructing Lambda set from the set of eigenvalues of
H (spec(H)), we find the solutions to the ARE. This is a well-known result in the
literature [10] and we present it as a proposition here.

Proposition 5.8 Consider a minimal i/s/o system given by Eq. (5.7) and the alge-
braic Riccati equation ATK + KA+ (KB — CTY(D + D)~/ (BTK — C) = 0.
The corresponding Hamiltonian matrix € € R™?™ is given by Eq. (5.10). Assume
that the Hamiltonian matrix € has no eigenvalues on the imaginary axis and define
A to be a Lambda set of spec (7€ ). Let the n-dimensional F¢-invariant subspace
corresponding to the Lambda set A be

X
Spi=im |:X1:| , where X1, X, € R™™
2

Then, X is invertible and K := X7 X 1_1 is a real symmetric solution to the ARE.

The solutions to the ARE are storage functions x” K x of the behavior 8 with x the
state in i/s/o representation (Eq. (5.7)).

In order to describe the algorithm and the main results of the chapter, we need the
definition of the orthogonal complement of a behavior ‘B.

Definition 5.9 Consider a controllable behavior B € £¥ . and a symmetric ¥ €

RY*¥. The ¥-orthogonal complement behavior B> of B is defined as
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o0
B = [v € C°(R,RY) | / vI Zwdt = 0for allw € B m@} .
—00

It is well known that an i/s/o representation of B (with w = (u, y) € B) gives one
for BL=: see [18, Sect. 10]. If ¥ = Ax + Bu, y = Cx + Du is a minimal i/s/o
representation of B, then (with respect to the positive real supply rate), a minimal
i/s/o representation B> (withv € B2, v = (u, y)) is

;=—ATz4+C"w  and y=BTz-DTu (5.11)

For a given behavior B € £  and supply rate X, we call B N B a Hamil-
tonian system and denote it by By,m: see Remark 5.10 below for a brief background.
It has been shown in [17] that these trajectories are trajectories of minimal dissipa-

tion for the given supply rate. The first-order representation for this set has a good

I, 00
structure: this has been used in [15] for example. Define £ := | 0 [, 0 | and
000
A 0 B
H:=|0-AT (T . A (possibly nonminimal) first-order representation of
Cc -B" D+ DT
Byam 1s given by
d X
(EE H) z|=0. (5.12)

y
Define R(§¢) := (§E — H); we call R(¢) a ‘Hamiltonian pencil’.

Remark 5.10 In classical optimal control theory, given a quadratic cost functional,
the system of trajectories satisfying the corresponding Euler—Lagrange (EL) equation
can be considered a Hamiltonian system. Further, the trajectories are called stationary
with respect to this cost: see [14, Sect. 4] for example. The EL equation with respect
to the integral of QDF Q x turns outto be & ()¢ := M(— )T TM(4)¢ = 0 with
£ € €°(R, R™). For £* satisfying this system of equations, w* := M(j—t)ﬂ* turns out
to be stationary with respect to w’ X'w: see [14, Proposition 4.1]. For a behavior 8 €
g . and its orthogonal complement 6% it is shown in [7, Theorem 3.3] that BN
Bl = M (%)keracb(%); with this background, we call B N B-1> a Hamiltonian
behavior and the matrix pencil R () related to the first-order representation of B,
a Hamiltonian pencil.

Corresponding to a A-set of the eigenvalues of 7, we associate a behavior
(Buam) 4 € £" such that (Byam) 4 contains (possibly polynomial times) exponential
trajectories with the time-exponent X; an element in A. Further (Byam) 4 is a sub-
behavior of ‘Byam, i.e., all the trajectories in (Byam) 4 are trajectories in Byam. This
notion has been used elsewhere too. For example, for A-set corresponding to the n
eigenvalues of 7 in C*, the corresponding (BHam) A = (BHam)anristab as defined
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in [17, Theorem 3.6]. The same notion has also been used in [15, Sect. 3]. We present
a theorem next which shows the relations between Hamiltonian systems and storage
functions of a behavior. Some of the equivalences are known. This theorem is the
one we extend to the lossless case in Theorem 5.13 below.

Theorem 5.11 Consider a controllable, strictly dissipative behavior B € £
with minimal state-space representation as in Eq. (5.7) and McMillan degree n. The
corresponding Hamiltonian behavior By, = kerR(%) where R(§) .= EE — H €
RCAR)XC0+0) s the Hamiltonian pencil defined in Eq. (5.12). Suppose K € R™ ™
is a solution to the ARE corresponding to the behavior B. Then, the following
statements hold.

1. The Hamiltonian behavior By, is autonomous, i.e. det R(§) # 0.
In fact deg det R(§) = 2n.

2. %xTKx =2uly forall |:Z:| € (Bram)a-

-K 1 0
R(})
-K I 0

3. rank [ R() i| = rank R(§) = 2n + p.

4. rank [ ] =rank R(A) <2n+p foreach )\ € A(rootsdet R(§)).

Proof Statement 1 is trivial and so we do not dwell on it further: see [18, Sect.4].
The polynomial matrix R (&) is full row rank and hence 3 is true. Statement 2 has
been proved in [18, Theorem 4.8]. Hence, we proceed to prove Statement 4.

4: In order to prove 4 of Theorem 5.11, we first prove that

ker [—K RS)L) 0] = kerR(A) for any A € A (roots det R(£)) = A(spec(F7)).
R(})

Of course ker |:—K 7 0

i| C ker R(X) holds and the reverse inclusion requires
to be proved.
Conversely, let v € ker R(1). Hence v is an eigenvector> of R(£) corresponding to

eigenvalue A. By Proposition 5.8 we have [ Ig ] spans the eigenspace of R(€). Hence

I K I
V € span [lg] It is obvious that [ (1) ] is orthogonal to [Ig] Hence[-k10]v =0.

Thus we conclude that kerR(1) C ker [_ K R;A) 0:|, and this proves equality of the
kernels. This proves that the ranks are equal. Hence 4 follows. This completes the
proof of Theorem 5.11. O

3As in [5], for a square and nonsingular polynomial matrix R(s), we call the values of A € C at
which rank of R(}) drops the eigenvalues of the polynomial matrix R(s) and we call the vectors in
the nullspace of R(A) the eigenvectors of R(s) corresponding to A.
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5.4 Storage Functions for Lossless Systems

Due to the condition D + DT = 0 for lossless systems, Proposition 5.8 cannot be
used to find storage functions of lossless systems. However, for lossless systems, the
LMI (5.8) still exists with equality and solution to this LME can be interpreted as
storage functions even in the absence of the ARI and Hamiltonian matrix. The LME
is equivalent to solving the following matrix equations.

ATK+KA=0 and B'K-C=0 (5.13)

For alossless behavior 9B, the first-order representation of the Hamiltonian system
BHam 1S
&L, — A 0 —-B X
0 &L,+AT —cT||z|=0. (5.14)
—C BT 0 y

Our main result (Theorem 5.13) below uses the nontrimness aspect in the states above.
A special case of [2, Lemma 11] relates to trimness: we state this as a proposition
below for easy reference.

Proposition 5.12 Consider a X-dissipative behavior B € £ . and its orthogonal
complement behavior B-% with supply rate induced by the nonsingular matrix X
of Eq. (5.5) (i.e. the positive real supply rate). Assume the behavior satisfies the

maximum input cardinality (Eq. (5.4)). Then the following are equivalent.

1. B is lossless.
2. B=BNBLr =Bl

Since the McMillan degree of 9B is n, from Proposition 5.12, we infer that McMil-
lan degree of the Hamiltonian behavior By, is also n. However, the Hamiltonian
behavior in Eq. (5.14) has 2n states and hence ‘B N B2 = Bpm is not state
trim, i.e., there is a static relationship between state x and the dual state z. The next
theorem helps extract the static relations of the first-order representation (5.14) of
behavior Byam and in the process yields the unique storage function for the lossless
behavior 8.

Theorem 5.13 Consider a controllable, lossless behavior B € £7 . with minimal
state-space representation as in Eq. (5.7). The McMillan degree of B is n. The
corresponding Hamiltonian behavior By, = ker R (f—t) where R(§) :==&E — H is
the Hamiltonian pencil described in Eq. (5.12) with D+ DT = 0. Then the following

statements hold.

1. The Hamiltonian behavior By, is not autonomous, i.e. det R(§) = 0.
2. There exists a unique symmetric matrix K € R™*™ that satisfies

d
ExTKx =2u"y  forall m € Bpam = B. (5.15)
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3. There exists a unique symmetric matrix K € R™*™ that satisfies

rank |:—K Rg&‘) 0] = rank R(§). (5.16)

Proof Statement 1 is well known and details on it can be found in [7, 14] for example.
Statement 2 shows the existence of a storage function and this has been dealt with
in [18, Remark 5.9]. Hence we prove 3 next.

3: We prove Eq. (5.16) of Theorem 5.13 here.
Using 2 of Theorem 5.13, we have

d
ExTKx=2uTy ie. xTKx+xTKx=2uly

Using system Eq. (5.7) of behavior B, we have

HT [ATK +KAKB-CT

X e .
" BTK —C 0 :| |:u:| = O for each(x, u) satisfying system equations.

Since (A, B) is controllable and u is input to the system, there is a system trajectory
(x, u) that passes through each (xg, ug) for xg € R™ and up € R™. Hence

ATK + KAKB-CT _o
BTk —C 0 N

Therefore, we infer that
ATK + KA=0 and BTK—C=0 (5.17)
It is known from [18, Sect. 10] that

d d
ExTz =2u’y = —xT Kx which evaluates to Tz + xTz — T Kx —xTKx = 0.

Using the Egs. (5.7) and (5.11), we have

(Ax + B) 24+ xT(=ATz+ CTu) — (Ax + Bu)T Kx — xT K(Ax + Bu) =0
ie. u' BTz4xTCTu—xTATK+KA)x—u'B"Kx —u"BTKx =0

Using Eq. (5.17), we have

2u” BT (z — Kx) =0 (5.18)
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Equation (5.18) is satisfied for all system trajectories and at every time instant. This

proves that BT(z — Kx) = 0. We crucially use (A, B) controllability and (C, A)

observability, together with Eq. (5.17) to conclude that z — Kx = 0 is satisfied over
X

all system trajectories. Thus we proved that adding the laws [-K I 0] | z | to the
y

X
system equations R(%) z | imposes no further restriction on ‘B. This proves that

y

rank [_ K Rgé":) O] = rank R(&), and thus completes the proof of Theorem 5.13.

O

The next corollary states that Conditions 2 and 3 of Theorem 5.13 are equivalent.
This equivalence condition is used to develop an algorithm to compute the storage
function of a lossless behavior ‘B.

Corollary 5.14 Consider a controllable, lossless behavior B € £F, . with mini-
mal state-space representation as in Eq. (5.7). Let the McMillan degree of B be
n. Consider the corresponding Hamiltonian behavior Bya, = ker R((%) where
R(&) := £ E— H is the Hamiltonian pencil described in Eq. (5.12) with D +DT =0.
Then a necessary and sufficient condition for K = KT € R™* to be a storage func-

tion for B is

rank |:—K Rgé) O] = rank R(§). (5.19)
Proof (Necessity) This follows from Statements 2 and 3 of Theorem 5.13.
(Sufficiency) We assume a symmetric matrix K € R™*" satisfies Eq. (5.19) and
show that K satisfies Eq. (5.15) i.e. K induces the storage function for 8. Using
Eq. (5.19), behavior Buam has trajectories that satisfy z = Kx. By definition of
“dual states,” the relation between “states” and its “dual states” is

d 1 T, d r T
—x'z=2 e —x Kx=2 .
dtxz u'y 1ie dtx X u'y

Hence K satisfies Eq. (5.15) if and only if K satisfies Eq. (5.19). This completes the
proof of Corollary 5.14. O

Using Corollary 5.14, we conclude that [-K [ 0] is in the row span of the
polynomial matrix R(&). The corollary guarantees that K € R™*™ serves as the
unique storage function of the lossless behavior B. In the next section, we present
an algorithm to find the unique storage function of the lossless behavior B using the
fact that [-K [ 0] is in the row span of R(&).
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5.5 Lossless System’s Storage Function: Algorithmic Aspects

Algorithm 5.5.1 is based on extraction of static relations in first order representation
of the Hamiltonian behavior B,y described in Sect.5.4. The Hamiltonian pencil
R(&) is an input to the algorithm and a unique symmetric matrix K that induces
storage function of the lossless behavior is the output.

Algorithm 5.5.1 Static relations extraction-based algorithm.
Input: R(§) := £E — H € R[£]@2HP)x(204D) 4 rapk 2n polynomial matrix.
Output: K € R™*® with xT K x the storage function.

: Calculate a minimal polynomial nullspace basis of R(£).
: Result: A full column rank polynomial matrix M (§) € R[& 1@ntp)xp,

. Partition M (&) as [%;g))] where M (&) € R[S]anp.

: Calculate a minimal polynomial nullspace basis of M (£)7 .
: Result: A full column rank polynomial matrix N (§) € R[£]?<(2n—p)

: Partition N(£) = {N“ N'Z(S)] with Nii, Naj € R**?, (See Theorem5.15 below)

Noi Nao(§)
: The storage function x7 K x induced by the symmetric matrix K is given by

~ AN W A W N =

K := —N;|N;,' e R?®

Using the partition of the various matrices in the Algorithm 5.5.1, we state the
following result about the unique storage function for a lossless behavior.

Theorem 5.15 Consider R(§) = §E — H e R[£]®PXC4D) 45 defined in
Eq. (5.12) constructedfor the lossless behaviorB € Sggm. Let M (&) € R[g]@?ntP)xp
M (& ):|
My (&)
with My € R[E]*™®. Let N (&) be any MPB for My(&)T. Then, the following state-
ments are true.

be any minimal polynomial nullspace basis (MPB) for R(§). Partition M = [

1. The first n (Forney invariant) minimal indices of N (§) are 0, i.e. first n columns
of N (&) are constant vectors.

2. PFartition N into [N1 Ny (é)] with Ny € R™™ and further partition Ny = | xll
21
with Ny € R?*™. Then,

a. Npj is invertible.
b. K = —NllNi] is symmetric.
T ; : . . 4. T T
c. x' Kx is the unique storage function for B, i.e. 7:x" Kx = 2u’y for all
system trajectories.
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Proof 1: Using Statement 1 of Theorem 5.13, we have det R(§) = 0. Hence there
exists a nullspace M () of R(€). Since rank R(§) = 2n where n is the McMillan
degree of the behavior B and R(£) € R2P)*(2n+p)[£] we have that the minimal
polynomial basis M (£) € RC2P)*P[£],

Using Corollary 5.14, we have [—K 1 0] is in the row span of R(&). Therefore,

Mi(§)

[-K10]ME) =0 ie. [-K10] [Mz(s)

j| =0, where M| € R[£]***P

This implies that
[~k I][Mi©]=0 ie M©' [‘IK ] =0

The nullspace of M; ()T must have n constant polynomial vectors. Hence the first
n (Forney invariant) minimal indices are 0. This proves 1 of Theorem 5.15.

2: Here we prove 2 of Theorem 5.15.

The minimal nullspace basis of M1 (£)7 is the columns of N (&) € R[£ P> (@n—p),

Partition N into [N} N2(§)] with Ny € R>™ ™ and further partition Nj = [N“i|

Ny
with Np; € R™**®, Further
Span Nll = Span _K
R A 1|

This proves that N is invertible and therefore K = — Ny N{ll. The entire proof is
based on Theorem 5.13 and Corollary 5.14, hence the symmetric matrix K found by
Algorithm 5.5.1 induces storage function of the lossless behavior B i.e. %xT Kx =
2u™y for all system trajectories. Hence 2 of Theorem 5.15 follows. This completes
the proof of Theorem 5.15. O

Algorithm 5.5.1 is based on computation of nullspace basis of polynomial matrices.
Computation of nullspace basis of a polynomial matrix can be done by block Toeplitz
matrix algorithm: more details can be found in [9, 20].

5.6 Examples

In this section, we consider two examples: one in which we have strict dissipativity
and another in which we have losslessness. We use Algorithm 5.5.1 for calculating
K for the lossless case.

Example 5.16 1In this example, we illustrate the conditions in Theorem 5.11. Con-

sider a strictly dissipative behavior B with transfer function G (s) = ji—% A minimal
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i/s/o representation of the system is X = —x 4+ u and y = x + u. The Hamiltonian
pencil for the behavior ®B as obtained from Eq. (5.12) is

E+1 0 -1
RE&=| 0 &—-1-1
-1 1 =2

Hence det R(§) = 4 — 282 # 0, deg det R(£§) = 2 and R(¢) € R¥3[£] ie.
Hamiltonian system is autonomous. The roots of det R(£) = {—+/2, +/2}. Following
Definition 5.7, two Lambda sets can be formed A; = {—\/5} and Ay = { «/E}. For
Ay, the storage function K 4, = 0.171. Notice that

V241 0 -1 —V2+1 0 —1
rank 0 —v2-1-1|=2andrank 0 —V2-1-1|=2.
Z1 T —1 R
—0.171 1 0
It can be verified that the storage function for Lambda set A is K 4, = 5.828 and it

also satisfies the conditions in Theorem 5.11. Consider any other arbitrary value of
K which is not a solution to the ARE corresponding to the behavior ‘B. Say K = 1

then
—V2+1 0 -1
rank 01 —@—1—% =3.

-1 1 0

Hence for any other arbitrary value of K, rank [_ K Rgf) 0i| # rank R(§).

Next we consider transfer function of a lossless behavior ‘B that brings out the use
of Theorem 5.13. In order to calculate the storage function K we use Algorithm 5.5.1.

s
s241°

Example 5.17 Consider a lossless behavior B with transfer function G(s) =
A minimal i/s/o representation of the behavior is

. 0 1 0
x=|:_1 0:|x+[1:|u and y:[O l]x—i—Ou

The Hamiltonian pencil for the behavior ‘B as obtained from Eq. (5.12) is

E—-100 O
1 £00 -1
R&E=|100£&-10 and one can check that det R(§) = 0.
001¢&¢ -1
0-101 0

Thus the behavior By,n is not autonomous. We next calculate the storage function
using Algorithm 5.5.1.
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P e —

1. A minimal polynomial nullspace basis (MPB) of R(§) is M(§) =
%-2

2. Partitioning M (£) by Step 3 of Algorithm 5.5.1, we have: M (§) =

e —
1

—4 —v2 -3¢
V2 -4 3
. MPB of T -
3 of Mi(§)" is N(§) PR Y
V2 4 3

4. Using Step 6 of the same algorithm, we partition N (¢). Hence Ny = [:/% _f}

|

5. Therefore, the matrix K = _NllNil = |:(1) (1):| induces the storage function of

and No| = |:

the lossless behavior 8.

R(&)

It can be verified that rank |:_ K I 0

i| =rank R(§) = 4.

With any arbitrary K = |:(2) (1)] (say), we will have rank [_ % Rgé) 0i| = 5. Hence

. R()
for arbitrary K, rank [_ K I 0:| # rank R(§).

5.7 Concluding Remarks

This chapter dealt with the formulation of new properties of the ARE solution for the
case when the equation exists: namely, when regularity conditions on the feedthrough
term are satisfied. These results were extended to the case when the ARE does not
exist: for example, the lossless case. For this case, the “ARE” solution is the storage
function, which is unique for the lossless case. We formulated an algorithm that
computes this storage function. The algorithm was developed exploiting the fact that
the states in the Hamiltonian system (corresponding to a conservative behavior) are
not trim. Static relations of the form z = Kx helped to extract this nontrimness and
hence led to a storage function x” K x to the original system.

Acknowledgments This work was supported in part by SERB-DST, IRCC (IIT Bombay) and
BRNS, India.
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Chapter 6

Stochastic Almost Output Synchronization
for Time-Varying Networks of Nonidentical
and Non-introspective Agents Under
External Stochastic Disturbances

and Disturbances with Known Frequencies

Meirong Zhang, Anton A. Stoorvogel and Ali Saberi

Abstract We consider stochastic almost output synchronization for time-varying
directed networks of nonidentical and non-introspective (i.e., agents have no access
to their own states or outputs) agents under external stochastic disturbances. The
network experiences switches at unknown moments in time without chattering. A
purely decentralized (i.e., the additional communication channel among agents is
dispensed) time-invariant protocol based on a low- and high-gain method is designed
for each agent to achieve stochastic almost output synchronization, while reducing the
impact of stochastic disturbances. Moreover, we extend the problem to the case where
stochastic disturbances can have nonzero mean or other disturbances are present with
known frequencies. Another purely decentralized protocol is designed to completely
reject the impact of disturbances with known frequencies on the synchronization
error.

6.1 Introduction

Almost disturbance decoupling has a long history. It was the main topic of the Ph.D.
thesis of Harry Trentelman. Anton Stoorvogel was, as a Ph.D. student of Harry, also
looking at almost disturbance decoupling in connection to H; and Hy, control. Ali
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Saberi was in this period working on the same class of problems. This paper looks
at a version of almost disturbance decoupling in the context of multiagent systems.

In the last decade, the topic of synchronization in a multiagent system has received
considerable attention. Its potential applications can be seen in cooperative control
on autonomous vehicles, distributed sensor network, swarming and flocking, and
others. The objective of synchronization is to secure an asymptotic agreement on
a common state or output trajectory through decentralized control protocols (see
[1, 12, 18, 28]). Research has mainly focused on the state synchronization based on
full-state/partial-state coupling in a homogeneous network (i.e., agents have identical
dynamics), where the agent dynamics progress from single- and double-integrator
dynamics to more general dynamics (e.g., [7, 14, 15, 21, 24-26, 29]). The coun-
terpart of state synchronization is output synchronization, which is mostly done on
heterogeneous networks (i.e., agents are nonidentical). When the agents have access
to part of their own states it is frequently referred to as introspective and, otherwise,
non-introspective. Quite a few of the recent works on output synchronization have
assumed agents are introspective (e.g., [3, 6, 27, 30]) while few have considered
non-introspective agents. For non-introspective agents, the paper [5] addressed the
output synchronization for heterogeneous networks.

In [7] for homogeneous networks a controller structure was introduced which
included not only sharing the relative outputs over the network but also sharing the
relative states of the protocol over the network. This was also used in our earlier work
such as [5, 16, 17]. This type of additional communication is not always natural.
Some papers such as [21] (homogeneous network) and [6] (heterogeneous network
but introspective) already avoided this additional communication of controller states.

Almost synchronization is a notion that was brought up by Peymani and his
coworkers in [17] (introspective) and [16] (homogeneous, non-introspective), where
it deals with agents that are affected by external disturbances. The goal of their work
is to reduce the impact of disturbances on the synchronization error to an arbitrary
degree of accuracy (expressed in the 7%, norm). But they assume availability of an
additional communication channel to exchange information about internal controller
or observer states between neighboring agents. The earlier work on almost synchro-
nization for introspective, heterogeneous networks was extended in [31] to design a
dynamic protocol to avoid exchange of controller states.

The majority of the works assumes that the topology associated with the network
is fixed. Extensions to time-varying topologies are done in the framework of switch-
ing topologies. Synchronization with time-varying topologies is studied utilizing
concepts of dwell time and average dwell time (e.g., [11, 22, 23]). It is assumed that
time-varying topologies switch among a finite set of topologies. In [32], switching
laws are designed to achieve synchronization.

This paper also aims to solve the almost regulated output synchronization prob-
lem for heterogeneous networks of non-introspective agents under switching graphs.
However, instead of deterministic disturbances with finite power, we consider sto-
chastic disturbances with bounded variance. We name this problem as stochastic
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almost regulated output synchronization. Moreover, we extend this problem by allow-
ing nonzero mean stochastic disturbances and other disturbances with known fre-
quencies.

6.1.1 Notations and Definitions

Given a matrix A, A’ denotes its conjugate transpose and ||A| is the induced
2-norm. For square matrices, A; (A) denotes its i th eigenvalue, and it is said to be
Hurwitz stable if all eigenvalues are in the open left half complex plane. We denote
by blkdiag{A;}, a block diagonal matrix with Ay, ..., Ay as the diagonal elements,
and by col{x;} or [x1; ...; xy], a column vector with xy, ..., xy stacked together,
where the range of index i can be identified from the context. A ® B depicts the Kro-
necker product between A and B. I,, denotes the n-dimensional identity matrix and
0, denotes the n x n zero matrix; sometimes we drop the subscript if the dimension
is clear from the context. Finally, the 772, norm of a transfer function 7 is indicated

by 17 [l oo-
A weighted directed graph ¢ is defined by a triple (¥, &, /) where ¥ =
{1,..., N} is anode set, & is a set of pairs of nodes indicating connections among

nodes, and &7 = [a;;] € RV*V is the weighting matrix, and a;; > 0iff (i, j) € &.
Each pair in & is called an edge. A path from node i; to iy is a sequence of nodes
{i1,...,ix}suchthat (i;,i;j11) € &for j =1,...,k — 1. Adirected tree with root
r is a subset of nodes of the graph ¢ such that a path exists between r and every
other node in this subset. A directed spanning tree is a directed tree containing all
the nodes of the graph. For a weighted graph ¢, a matrix L = [¢;;] with

{: — Z]/(V:laikai:ja
Y —aij, 1#],

is called the Laplacian matrix associated with the graph ¢. Since our graph ¢ has
nonnegative weights, we know that L has all its eigenvalues in the closed right half
plane and at least one eigenvalue at zero associated with right eigenvector 1.

Definition 6.1 Let %y C RV be the family of all possible Laplacian matrices
associated to a graph with N nodes. We denote by ¢, the graph associated with a
Laplacian matrix L € Zy. A time-varying graph ¢ (¢) with N nodes is such that

g(t) = go(t)

where o : R — %)y is a piecewise constant, right-continuous function with minimal
dwell time 7 (see [8]), i.e., o (¢) remains fixed for ¢ € [#x, tx+1), kK € Z and switches
att =tk =1,2,...wherety41 —tx > tfork =0, 1, . ... For ease of presentation
we assume fg = 0.
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Definition 6.2 A matrix pair (A, C) is said to contain the matrix pair (S, R) if there
exists a matrix I7 such that ITS = AIT and CII = R.

Remark 6.3 Definition 6.2 implies that for any initial condition w (0) of the system
o =Sw, y=Row,

there exists an initial condition x (0) of the system
X = Ax, y = Cx,

such that y(r) = y,(¢), for all £ > 0 (see [10]).

6.2 Stochastic Disturbances

In this section, we consider the problem of almost output synchronization for time-
varying networks (i.e., multiagent systems) with nonidentical and non-introspective
agents under stochastic disturbances. The time-varying network is constrained in the
sense that we exclude chattering by imposing an, arbitrary small, minimal dwell time.
Our agents need not be the same and are non-introspective (i.e., they have no access
to any of their own states). We will achieve stochastic almost output synchronization
in such a way that outputs of agents are asymptotically regulated to a reference
trajectory generated by an autonomous system.

6.2.1 Multiagent System Description

Suppose a multiagent system/network consists of N nonidentical, non-introspective
agents X; withi € {1, ..., N} described by the stochastic differential equation:

bl

dx; = A~,')E,'dl + ~,'12,'(1[ + G,’dw,', X; (0) = X;o, 6.1)
l = Ci%; '

’

where ¥; € R, i; € R and y; € RP are the state, input, and output of agent i,
and w = col{w;} is a Wiener process (a Brownian motion) with mean 0 and rate Qy,
that is, Cov[w(z)] = 1 Q¢ and the initial condition X;( of (6.1) is a Gaussian random
vector which is independent of w;. Here Qg is block diagonal such that w; and w;
are independent for any i # j. Its solution X; is rigorously defined through Wiener
integrals and is a Gauss—Markov process. See, for instance, [13]. We denote by p;
the maximal order of the infinite zeros of (6.1) with input &; and output y;.
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Remark 6.4 1f we have an agent described by:

9 9 v

— i e 62)

with w; stochastic colored noise, then we assume that w; can be (approximately)
modeled by a linear model:
. dpi = Ay pidt + Gyidw;,
Bi : [ P L wi P T (6.3)
wi = Cyipi.

Combining (6.2) and (6.3) we get a model of the form (6.1).

The time-varying network provides each agent with a linear combination of its
own output relative to those of other neighboring agents, that is, agent i € ¥, has
access to the quantity

N
(1) = ai()(i(t) = y;j(1), (6.4)
j=1
which is equivalent to
N
Gi(0) =D Lij(0)y;0). (6.5)
j=1

‘We make the following assumption on the agent dynamics.

Assumption 6.5 For each agenti € 7/, we have:

° (fii, Ig’i, Ci) is right-invertiblqanq minimum-phase;
e (A;, B;) is stabilizable, and (A;, C;) is detectable;

Remark 6.6 Right invertibility of a triple (Ai, Ei, C ;) means that, given a reference
output y, (), there exist an initial condition X; (0) and an input i; (¢) such that y; () =
vr(t), forallz > 0.

6.2.2 Problem Formulation

As described at the beginning of this section, the outputs of agents will be asymptot-
ically regulated to a given reference trajectory in the presence of external stochastic
disturbances. The reference trajectory is generated by an autonomous system

Xr = Srx,, xr(0) = xr0,

3o
0 yr = Ryx,,

(6.6)
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where x, € R", y, € RP. Moreover, we assume that (S,, R,) is observable and all
eigenvalues of S, are in the closed right half complex plane.

Define ¢; := y; — y, as the regulated output synchronization error for agenti € ¥
and e = col{e;} for the complete network. In order to achieve our goal, it is clear
that a nonempty subset 7 of agents must have knowledge of their output relative to
the reference trajectory y, generated by the reference system. Specially, each agent
has access to the quantity

1, iem,
Vi =i —yr), L= [0, id. (6.7)

where 7 is a subset of 7.

Assumption 6.7 Every node of the network graph ¢ is a member of a directed tree
with the root contained in 7.

In the following, we will refer to the node set 7 as roof set in view of Assumption
6.7 (A special case is when 7 consists of a single element corresponding to the root
of a directed spanning tree of ¢).

Based on the Laplacian matrix L(¢) of our time-varying network graph ¥(t), we
define the expanded Laplacian matrix as

L(t) = L(t) + blkdiag{y;} = [£;; (1)].

Note that L(f) is clearly not a Laplacian matrix associated to some graph since it
does not have a zero row sum. From [5, Lemma 7], all eigenvalues of L(¢) are in the
open right half complex plane for all € R.

It should be noted that, in practice, perfect information of the communication
topology is usually not available for controller design and only some rough charac-
terization of the network can be obtained. Next, we will define a set of time-varying
graphs based on some rough information of the graph. Before doing so, we first
define a set of fixed graphs, based on which the set of time-varying graphs will be
defined.

Definition 6.8 For givenrootsetr,«, B, ¢ > 0and positive integer N, Gz’g . isthe

set of directed graphs ¢ composed of N agents satisfying the following properties:

e The eigenvalues of the associated expanded Laplacian L, denoted by A1, ..., AN,
satisfy Re{A;} > B and [A;| < «. B
e The condition number! of the expanded Laplacian L is less than ¢.

'In this context, we mean by condition number the minimum of ||[U||[|U~"| over all possible
matrices U whose columns are the (generalized) eigenvectors of the expanded Laplacian matrix L.
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Remark 6.9 In order to achieve regulated output synchronization for all agents, the
first condition is obviously necessary.

Note that for undirected graphs the condition number of the Laplacian matrix is
always bounded. Moreover, if we have a finite set of possible directed graphs each
of which has a spanning tree then there always exists a set of the graph G¥’ o ﬂ . for
suitable o, 8, ¢ > 0 and N containing these graphs. The only limitation is that we
cannot find one protocol for a sequence of graphs converging to a graph without
a spanning tree or whose Laplacian matrix either diverges or approaches some ill-
conditioned matrix.

Definition 6.10 Given arootsetn, «, 8, ¢, r > 0 and positive integer N, we define
the set of time-varying network graphs Ga o V" as the set of all time-varying graphs
¢ with minimal dwell time 7 for which

G() =Yo) €GLY
forallt € R.

Remark 6.11 Note that a minimal dwell time is assumed to avoid chattering prob-
lems. However, it can be arbitrarily small.

We will define the stochastic almost regulated output synchronization problem
under switching graphs as follows.

Problem 6.12 Consider a multiagent system (6.1) and (6.4) under Assumption 6.5,
and reference system (6.6) and (6.7) under Assumption 6.7. For any given root set 7,
o, B, ¢, T > 0 and positive integer N defining a set of time-varying network graphs
Gg ; g, the stochastic almost regulated output synchronization problem is to find, if
pos31ble for any y > 0, a linear time-invariant dynamic protocol such that, for any
9 € G‘p N for all initial conditions of agents and reference system, the stochastic
almost regulated output synchronization error satisfies

lim Ee(r) = 0,
11— 00

lim sup Var[e(#)] = lim sup Ee’(¢)e(r) < y trace Q. (6.8)

—00 —>00

Remark 6.13 Clearly, we can also define (6.8) in terms of the RMS, (see, e.g., [2]) as:

1 T
lim sup —]E/ e(t)e(t)dt < y trace Q.

T—o00

Remark 6.14 Note that because of the time-varying graph the complete system is
time variant and hence the variance of the error signal might not converge as time
tends to infinity. Hence we use in the above a lim sup instead of a regular limit.
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6.2.3 Distributed Protocol Design

The main result in this section is given in the following theorem.

Theorem 6.15 Consider a multiagent system (6.1) and (6.4), and reference system
(6.6) and (6.7). Let a root set w, a, B, ¢, T > 0 andpositive integer N be given, and
hence a set of time-varying network graphs G‘p b N be defined.

Under Assumptions 6.5 and 6.7, the stochastlc almost regulated output synchro-
nization problem is solvable, i.e., for any given y > 0, there exists a family of dis-
tributed dynamic protocols, parametrized in terms of low- and high-gain parameters

8, &, of the form

= (8, &) xi + Bi (6, 8)(1ﬂ)

, ieV (6.9)
=%, e)xi + %, ¢) (’ﬁ)

where x; € RY, such that for any time-varying graph 4 € @2;2’ for all initial
conditions of agents, the stochastic almost regulated output synchronization error
satisfies (6.8).

Specifically, there exits a §* € (0, 1] such that for each § € (0, §*), there exists
an g* € (0, 1] such that for any ¢ € (0, £*], the protocol (6.9) achieves stochastic
almost regulated output synchronization.

Remark 6.16 In the above, we would like to stress that the initial condition of the
reference system is deterministic while the initial conditions of the agents are sto-
chastic. Our protocol yields (6.8) independent of the initial condition of the reference
system and independent of the stochastic properties for the agents, i.e., we do not
need to impose bounds on the second-order moments.

In the next section, we will present a more general problem after which we will
present a joint proof of these two cases in Sect. 6.4.

6.3 Stochastic Disturbances and Disturbances with Known
Frequencies

In this section, the agent model (6.1) is modified as follows:

i,_.[di,- A;%;dt + Biiizdt + Gidw; + H}'\d;dt,
j :

X;
- 6.10
vi = Cif + Hd;, (6.10)
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where X;, ii;, y;, and w; are the same as those in (6.1), while d; € R™4 is an exter-
nal disturbance with known frequencies, which can be generated by the following
exosystem:
Xid = Siaxid, Xid(0) = Xiq0
6.11
di = Riaxia, ©.11)

where x;; € R" and the initial condition x;40 can be arbitrarily chosen.

In Remark 6.4 we considered colored noise. However, the model we used in that
remark to generate colored noise, clearly cannot incorporate bias terms. This is one
of the main motivations of the model (6.10) since the above disturbance term d; can
generate bias terms provided S;, has zero eigenvalues. However, it clearly can also
handle other cases where we have disturbances with known frequency content.

Note that we have two exosystems (6.6) and (6.11) which generate the reference
signal y, and the disturbance d;, respectively. We can unify the two in one exosystem:

Xie = SiXie,  Xie(0) = Xje0
di = RijcXie, (6.12)
Yr = RreXie,
where
Sia O
Si=\"g g ) Rie=(Ria0). Re=(0R). (6.13)
0 S
Note that

Xid0
Xie0 =
and therefore the second part of the initial condition has to be the same for each agent
while the first part might be different for each agent. Note that in case we have no

disturbances with known frequencies (as in the previous section) then we can still
use the model (6.12) but with

Si = Sr» Rie = 0, Rye = R, (614)

while x;.0 = x;0.
The time-varying topology ¥ (¢) has exactly the same structure as in Sect. 6.2, and
it also belongs to a set of time-varying graph Gz;i} as defined in Definition 6.10.

The network defined by the time-varying topology also provides each agent with the
measurement ¢; (¢) given in (6.4).

6.3.1 Distributed Protocol Design

Here is the main result in this section:
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Theorem 6.17 Consider a multiagent system described by (6.10), (6.4), (6.7), and
reference system (6.12). Let a root set &, o, B, ¢, T > 0 and positive integer N be
given, and hence a set of time-varying network graphs @z;g be defined.

Under Assumptions 6.5 and 6.7, the stochastic almost regulated output synchro-
nization problem is solvable, i.e., there exists a family of distributed dynamic proto-

cols, parametrized in terms of low- and high-gain parameters 8, ¢, of the form

Xi = (8, 8)xi + B (8, €) (il)
N, dieV (6.15)
i =% 8, e)xi + 28, ¢) (Q.)

where x; € RY, such that for any time-varying graph 4 € @z;g, for all initial

conditions of agents, the stochastic almost regulated output synchronization error
satisfies (6.8).

Specifically, there exits a §* € (0, 1] such that for each § € (0, §*], there exists
an ¢* € (0, 1] such that for any ¢ € (0, €*], the protocol (6.15) solves the stochastic
almost regulated output synchronization problem.

The proof will be presented in a constructive way in the following section.

6.4 Proof of Theorems 6.15 and 6.17

Note that Theorem 6.15 is basically a corollary of Theorem 6.17 if we replace (6.13)
by (6.14) and still use exosystem (6.12). In this section, we will present a constructive
proof in three steps. As noted, we can concentrate on the proof of Theorem 6.17.

In Step 1, precompensators are designed for each agent to make the interconnec-
tion of an agent and its precompensator square, uniform rank (i.e., all the infinite
zeros are of the same order) and such that it can generate the reference signal for all
possible initial condition of the joint exosystem (6.12). In Step 2, a distributed linear
dynamic protocol is designed for each interconnection system obtained from Step 1.
Finally, in Step 3, we combine the precompensator from Step 1 and the protocol for
the interconnection system in Step 2, and get a protocol of the form (6.15) for each
agent in the network (6.10) (if disturbances with known frequencies are present) or
a protocol of the form (6.9) for each agent in the network (6.1) (if disturbances with
known frequencies are not present).

Step 1: In this step, we augment agent (6.10) with a precompensator in such
a way that the interconnection is square, minimum-phase uniform rank such that
it can generate the reference signal for all possible initial condition of the joint
exosystem (6.12).
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To be more specific, we need to find precompensators

Zi = AipZi + Bipui,
- 6.16
[ uj = CipZi + Dipuia ( )
for each agenti = 1, ..., N, such that agent (6.10) plus precompensator (6.16) can
be represented as:
dx; = Ajx;jdt + Bju;dt + G;dw; + H/'d;dt,
5 (6.17)
yvi =Cix; + H7d;,

where x; € R", u; € R?, y; € R? are states, inputs, and outputs of the intercon-
nection of agent (6.10) and precompensator (6.16). Moreover,

e There exists I1; such that

ATl + H!R;e = IT;S;
CiIT; + H?Ric = Rye (6.18)

e (A;, B;i, C;) is square and has uniform rank p > 1.

The first condition implies that for any initial condition of (6.12) there exists an
initial condition for (6.17) such that for u; = 0, we have that Ey; = y,. We could,
equivalently, impose w; = 0 in which case, we should have y; = y,. In the special
case where we do not have disturbances with known frequencies (Theorem 6.15) we
have R;, = 0 and S; = S, . In that case, the first condition reduces to the condition
that (C;, A;) contains (S,, R;).

For our construction of precompensator (6.16), we first note that the following
regulator equation

~

AiIl; + Bl + H'Rie = IT;S;,  CiIl; + H? Rie = Rye. (6.19)
has a unique solution ﬁi and I:', since (Ai, B’i, C‘,-) is right-invertible and minimum-
phase while S; l~1as no stable eigenvalues (see [19]). Let Iy;, S,;) be the observable
subsystem of (I7, S;). Then we consider the following precompensator:

pit = Soipin + Biau!,  ii; = Lyipiy + Diqu) (6.20)

where B; 1 and D; j are chosen according to the technique presented in [9] to guar-
antee that the interconnection of (6.10) and (6.20) is minimum-phase and right-
invertible. It is not hard to verify that the interconnection of (6.10) and (6.20) is a
system of the form (6.17) for which there exists I1; satisfying (6.18). However, we
still need to guarantee that this interconnection is square and uniform rank.
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Let p; be the maximal order of the infinite zeros for the interconnection of (6.20)
and (6.10). Fori = 1, ..., N and set p = max{p;}. According to [20, Theorem 1],
a precompensator of the form

ﬁilz i Aprpt:g + Bi{z2uiy 6.21)
u;, = Clp2p12 + sz2u,~ s

exists such that the interconnection of (6.20), (6.21), and (6.10) is square, minimum-
phase, and has uniform rank p. This interconnection of (6.20) and (6.21) is of the
form (6.16) while the interconnection of (6.20), (6.21), and (6.10) is of the form
(6.17) which has the required properties.

Without loss of generality, we assume that (A;, B;, C;) is already in the SCB
form, i.e., the system has a specific form where x; = [x;4; x;4], with x;, € R% PP
representing the finite zero structure and x;; € RP? the infinite zero structure. We
obtain that (6.17) can be written as:

dxiq = AjaXiqdt + Lijgayidt + Giadw; + Hiladidt,
dxig = Aaqxiadt + By(u; + EigaXia + Eigaxia)dt + Giqdw; + H}d;dt,
yi = Caxig + H?d;dt,
(6.22)
fori =1,..., N, where Ay, By, and C4 have the special form

0 1y,— 0
Ad — (0 P([(7) 1)) , Bd = (] ) s Ca’ = (Ip 0) . (623)
p

Furthermore, the eigenvalues of A;, are the invariant zeros of (A;, B;, C;), which
are all in the open left half complex plane.

Step 2: Each agent after applying the precompensator (6.16) is of the form (6.22).
For this system, we will design a purely decentralized controller based on a low- and
high-gain method. Let § € (0, 1] be the low-gain parameter and ¢ € (0, 1] be the
high-gain parameter as in [4]. First, select K such that A; — K Cy is Hurwitz stable.
Next, choose F5 = —B); Py where P; = P; > 0 is uniquely determined by the
following algebraic Riccati equation:

P;A; + A&Pd — ,BPdBdB‘;Pd + 461 =0, (6.24)

where B > 0 is the lower bound on the real parts of all eigenvalues of expanded
Laplacian matrices L(#), for all 7. Next, define

Se = blkdiag{l,, el,, ..., "7 I,},

K. = 8_158_1K and F5, = ¢ P FsS;.
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Then, we design the dynamic controller for each agenti € ¥

Xia = AgRia + Ko (& + i — Cakia),

- 6.25
ujp = FseXia, (625)
where ; is defined in (6.7).
The state X;4 is not an estimator for x;4 but actually an estimator for
N
> lij)xia (). (6.26)
j=1

The following lemma then provides a constructive proof of Theorem 6.17. However,
by replacing (6.13) with (6.14) it also provides a constructive proof of Theorem 6.15.

Lemma 6.18 Consider the agents in SCB format (6.22) obtained after applying the
precompensators (6.16). For any given y > 0, there exits a §* € (0, 1] such that, for
each§ € (0, 8], there exists an ¢* € (0, 1] such that for any ¢ € (0, £*], the protocol
(6.25) solves the stochastic almost regulated output synchronization problem for any
time-varying graph 9 € GeoN

w B for all initial conditions.

Proof Recall that x; = [x;4; Xxiq] and that (6.17) is a shorthand notation for (6.22).
Foreachi € 7, let x; = x; — I1;x,, where I1; is defined by (6.18). Then

dx; = A;x;dt — I1; S; x,dt + Bju;dt + Hildl'dl + G;dw;
= A;x;dt + B;ju;dt + G;dw;

and
ei =i —yr = Cixi + H*Rie — Rrex, = Cix; — CiITix, = Cik;.

Since the dynamics of the x; system with output ¢; is governed by the same dynamics
as the dynamics of agent i, we can present x; in the same form as (6.22), with
Xi = [Xia; Xiql, where

dxiq = AjaXiqdt + Ligge;dt + Gigdw;,

dXiq = AgXiqdt + By(u; + EigaXia + EigaXiq)dt + Giqdw;,
e, = Cyxiq.

Define &4 = ¥iq, &ia = SeXia» and &g = SeXiq. Then
d%‘ia = AiaEiadt + Viadéjddt + Giqdw;,
edéiq = Agkiadt + By Fs&iqdt + Vi Eigdt + V) Eiqdt + G dw;,

ei = Cyéiq,

where Viyg = LiqaCa, szia =¢°ByEiqa, szid = EdeEiddSE_I and Gfd = S:Giq.
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Then,

N N
G Y= L) —y) +uli—y) = D lij(t)e;.

j=1 j=1
Similarly, the controller (6.25) can be rewritten as

N
edéig = Agéiqdt + K ZE"/ (1)Ca&jadt — K Caéiqdt.
Jj=1

Let A .
&4 = col{§;q}, &4 = col{&ia), &4 = col{é;u}, w = col{w;}.

Then we have,

d&, = A &.dt 4+ Vyg€adt + Gadw,
edéy = (In ® Ag)éadr + (Iy ® BaFy)éqdt + Vj, £,dt + VigEadt +eGpdw,
edés = (Iy ® ApEadt + (L(t) ® KCy)Eadt — (I ® K Cg)éydt,

where A, = blkdiag{A;,}, and V.4, VZ , Vi  Gg, GZ are similarly defined.

da> Vdd>
Define U,_lL(t)U, = J;, where J; is the Jordan form of L(z), and let

Va =& va= LU @ Ip)a,  Va=va— (U7 ® 1,p)E.

By our assumptions on the graph, we know that J; and Jt_1 are bounded. Moreover,
by the assumption on the condition number we can guarantee that U; and Ufl are
both bounded as well. Note that when a switching of the network graph occurs then
vq and v4 will in most case experience a discontinuity (because of a sudden change
in J; and U;) while v, remains continuous. There exists m, my > 0 such that we
will have:

va@OI < millvaGOl,  19aEO1 < mallvae) |l
for any switching time #; because of our bounds on U, and J;. Here

+ _ . — _ . _
f )_Eﬁ%f(“rh)’ f( )—gllfgf(t h)

Between switching, the behavior of v,, vg, and v, is described by the following
stochastic differential equations:

dv, = Agvedt + Wy vedt + Godw,
edvg = (In ® Ag)vadt + (Jr ® By Fs)(vq — va)dt

+ WS, vadt + W5, vadt + G5 dw, (6.27)
edvg = (Iy ® (Ag — KCq))Vadt + (J; ® BaF5)(va — Va)dt

—i—Wja,tvadt + W;d’[vddt + 8G2’tdw,
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where Waa.r = Vaa (Ui J; " ® Ipp), W5, = (U7 @ Lyp) Vs,
Wiy, = (WU @ L) Ve, (Uid ® 1), and G5, = (U7 ® 1,,) G
Finally, let n, = v,, and define Ny such that

Vid er 0
V1d 0 e
Vd . ..
na = Ny (‘7 ) =\ : where Ny = | @ 1 | @ Ipp,
’ : Lo
VNd ey O
VNd 0 ey

where ¢; € RV is the i’th standard basis vector whose elements are all zero except
for the i’th element which is equal to 1. Again the switching can only cause discon-
tinuities in 14 (and not in n,). There exists m3 > 0 such that we will have:

Ina GO < m3lna GO, (6.28)

for any switching time #;. Between switching the stochastic differential equation
(6.27) can be rewritten as:

dn, = A~u77adt + Wad,t’?ddt + Gqdw,

T ¥ =, 6.29
edng = As nqdt + Wja’tnadt + Wjd’lnddt + SGZ,tdW’ ( )
where
Ao — Aq 0 ByFs —B,F;s
Aa,t—1N®(O Ad—KCd)—‘rJt@(BdF(S _ByF;) (6.30)
and
it 1 ~ G?
Waa,: = (Wad,t 0) N, Gil‘t =Ny ((_;tgl,t) ’
d,t
i Wi - W, 0
€ — da,t & _ dd,t —1

Lemma 6.1? Consider the matrix A,s,, defined in (6.30). For any § small enough
the matrix As; is asymptotically stable for any Jordan matrix J; whose eigenvalues
satisfy Re{r;;} > B and | iij| < a. Moreover, there exists Ps > 0 and v > 0 such
that : ~

A:;’[P(s + PsAs; < —vPs — 4] (6.31)

is satisfied for all possible Jordan matrices J; and such that there exists P, > 0 for
which
P,Ag+ A P, =—vP, — I (6.32)
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Proof First note that if v is small enough such that A, + 51 is asymptotically stable
then there exists P, > 0 satisfying (6.32).

For the existence of Ps and the stability of Ag’ + we rely on techniques developed
earlier in [4, 21]. If we define

A= Ay + A Ba F —MiBaFs
TN\ MiBaFs  Aq—KCq— iByFs
and
B— ByFs —ByFs
~ \ByFs —ByF;s
then _ _
AsgamB 0 -+ 0
0 Aa,tz L :
A5y = : o0 ;
N /,L{\r_lé
0 - -~ 0 Asun
where A;1, ..., Ay are the eigenvalues of J; and p; € {0, 1} is determined by the

Jordan structure of J;. Define

P — P, 0
=P\ o JTRIP)

where Py is the solution of the Riccati equation (6.24) and P is uniquely defined by
the Lyapunov equation:

P(Ay—KCy)+ (Ay —KCy)P =—1.

In the above we choose p such that p§ > 1 and p+/|| P;|| > 2. As shown in [4] we

then have:
51

o 0
Al . Ps+ PsAs i < — ( )5—1.
s.1i Fs s As,ti P\ o % TPl

Via Schur complement, it is easy to verify that if matrices Aj; < —kI, Ayp < 0 and
A1> are given then there exists p sufficiently large such that the matrix

(Au Ap

AT MAzz) < —(k—1I.
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Define the matrix:

alf_’g o --- 0
Ps = 0
: - 0
0O ---0 (XNP5

Then we have that Ps Ag,t + Aé)tpa is less than or equal to:

—agl ou,ulﬁ,gé 0 0
il B' Py
0 0
: . : _ an-1un—1PsB
0 -+ 0 ay—1un—1B'Ps —anl

Using the above Schur argument, it is not hard to show that if

—oql (X]/L]ﬁgé 0 0
aipn1 B Ps
o o 0 <61,

: - _ anoun—2PsB
0 0 ay—oun—2B'Ps  —an_1]

then there exists o« such that:

—al (X1M1135B 0 0
a1 B Ps
0 0 < —5I.
: . . o an—1uN—1PsB
0 -+ 0 ay_jun—1B'Ps —ayl
Using a recursive argument, we can then prove there exists «q, . .., oy such that:

P(;Aa,t + Afs,;PE < —51.

This obviously implies that for v small enough we have (6.31). If this v is addi-
tionally small enough such that A, + 51 is asymptotically stable (recall that A, is
asymptotically stable) then we obtain that there also exists P, satisfying (6.32). W
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Define V, = 8271; P,n, as a Lyapunov function for the dynamics of n, in (6.29).
Similarly, we define Vy = e/, Psng as a Lyapunov function for the 14 dynamics in
(6.29). Then the derivative of V, is bounded by:

dV, = —vV,dr — &?||n,|1%dt + 26*Re(n), PaWaq.ina)dr
+ &2 trace(P, G, Q0 G.)dt + 2e”Re(n), Py G 4)dw
< —vV,dt + ec3Vydt
+ &2r5 trace(Qo)dr + 26> Re(n), P, G o )dw, (6.33)

where r5 and c3 are such that:
trace(P, G, Q0G),) < rstrace Qp
and
I'p i 1 2 2 2 _ 1 2, -1
2Re(n, PaWad,ima) = 2ralnallinall = 3lnall” + 2rilnall” = 3lnall” + €~ c3Va.
Note that we can choose r4, 15, and ¢3 independent of the network graph but only
depending on our bounds on the eigenvalues and condition number of our expand
Laplacian L(t). Taking the expectation, we get:
dEV, < —vEV,dt + ec3EV,dt + &rs trace(Qp)dr.

Next, the derivative of V; is bounded by

dVy = —ve ™' Vydt — 4||ngl|*ds + 2Re(n)y Ps W, ,1q)dt
+ 2Re(n) Ps Wi, na)dt + & trace(Ps G5, Qo(GY ) )dt
+ 28Re(n&P,sGZ),)dw
< aVadt — (v~ v = 222 Vydr — g P

+ erj trace(Qo)dt + 2eRe(n); PsG%)dw, (6.34)

where _
2Re(n) PsWi, na) < Inall®

for small ¢ and
Na 5~da’;77u = eruiinalllingll = € ryliNa nall = c2Vqg ndai,
2Re(ny PsWE, na) < ertlinalliinall < e2rflnall* + Inall* < c2Via + Inall®

provided r is such that we have er; > || Ps Wja’t || and ¢, sufficiently large. Finally

trace(Ps ~fi’th(f}j’t)’) < r3trace Qg
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for suitably chosen r3. Taking the expectation, we get:

dEV, < cEV,dt — (e~ ! + v — £2 2 3)Ev dr

— E|lnqll*dr + ers trace(Qo)dr.
2

d (EV, <A, EV, n g*rs trace( Qo) ’

dr EV, EV, erytrace(Qo)

P £c3
T\ —elv—vteeal)

Note that the inequality here is componentwise. We find by integration that

EVa.Y , - A(ti—tr1) ]EVa " Au—s) ((€2rs trace(Qo)
(EVd) (ty)<e )+ - e o1 trace( o) ds

componentwise. In our case:

eAel B 1 exlt +83 012)3‘3 ekzt 82%3 (e)\lt _ exzt)
1+ 83 c‘zjgg 6‘% (eMl _ ekzt) ekzt +83 612)33 eMt

We get:

where

where A = —v + 82% and A, = —e~'v — v. We have a potential jump at time
tr—1 in V;. However, there exists m such that

Va(tt ) <mVa(t_ ).

while V, is continuous. Using our explicit expression for eA¢’ and the fact that
ty — tr—1 > T we find:

_ EV,
(1 1) etelemnn (E )% D = POV BV, () +EVa )]

where A3 = —v/2. Moreover, it can be easily verified that:

173 2
(11) / eAe(t=9) (8 s tra‘ce(QO)) ds < re* trace(Qy),
th—1

er3 trace(Qo)

where r is a sufficiently large constant. We find

[EV. (1) + EVa(t))] < %50 [EV, (1)) +EVa(t_ )] + re* trace(Qo).
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Combining these time intervals, we get:

2

[EVa(t) + EVa(t)] < % [BVa(0) + EVaO)] + 17—

trace(Qo),

where i < 1 is such that
M3 t—t—1) < Mt <u

for all k. Assume ;4] > t > f. Since we do not necessarily have thatt — 7, > t
we use the bound:

_ EV, _ EV, _
Ae(t—tr) a + A3 (t—ty) a
e (EVd) () <2me (EVd) ),

where the factor m is due to the potential discontinuous jump. Combining all together,
we get:

2
[EVa(t) +EVa(1)] < 2me*3' [EV,(0) + EVy(0)] 4 2m + 1) 1r8 trace(Qo).
- MK
This implies:
2m+1 re
lim E[n),(H)nq(1)] < ——— trace(Qy).
t—>00 Hattond omin(Ps) 1 — 1 0

Following the proof above, we find that

e=(Iy® Ca)(Iy ® S; VU I ® 1) (Inpe  0) Ny 14
= (U7 ®Ca) (Inpp  O) N g
= ®t77d,

for suitably chosen matrix ®;. Although ©; is time-varying, it is uniformly bounded,
because for graphs in Gg;gﬂ the matrices U, and J; are bounded. The fact that we
can make the asymptotic variance of 1, arbitrarily small then immediately implies
that the asymptotic variance of e can be made arbitrarily small. Because all agents
and protocols are linear it is obvious that the expectation of e is equal to zero. W

Step 3: Combining the precompensator (6.16) and the controller (6.25) in Step
2, we obtain the protocol in the form of (6.15) in Theorem 6.17 (or if we replaced

(6.13) by (6.14) we find the protocol for Theorem 6.15) as:

Ag — K.Cy 0 K. K.
o = . B = ,
' ( Bi) Fs¢ Aip) ! ( 0 0 ) (6.35)

G =0 ) 7 =(0 0).
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6.5 Examples

In this section, we will present two examples. The first example is connected to
Theorem 6.15 (without disturbances with known frequencies). The second example
is connected to Theorem 6.17 (with disturbances with known frequencies).

6.5.1 Example 1

We illustrate the result in this section on a network of 10 nonidentical agents, which

are of the form (6.1) with
1
,Gi=101],
1.5

0.5
,Gip=111,
1
0
,Bi3= 0),Cl{3=
1

andi; € {1,2,3},ip € {4,5,6},i3 € {7, 8,9, 10}, which will also be used as indices
for the following precompensators and interconnection systems. The degree of the
infinite zeros for each of the agent is equal to 2.

Assume the reference system as yp = 1, which is in the form of (6.6) with
S, =0, R, =1, x,(0) = 1. By using the method given in Sect. 6.4, precompensators
are designed of the form (6.16) as

oSO~ O OO O =O

Ai]p = O, BilP = 10, Ci]p = —Ol,

5
Aip=0. Bpp=-12. Cipp=—7.

1
Aisp =0, Bi;p = _5’ Ciyp = -3.

The interconnection of the above precompensators and agents have the degree of the
infinite zeros equal to 3, and can be written in SCB form:

-1 14142 0 0 0 0 1.4142
0 0 1 0 o] . 1 0
Aiy = 0 o o 1|'B=lol %= o= 15 |
—-0.0707 0.1 0 0.1 1 0 0.25
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-3 1562 0 0 0 0 0. 781
0 0 1 0 0 1
Ai = 0 0 o 1|B2=1o o] ==
-1.9206 1 05 1 1 0
-2 12019 0 0 0 0 2. 4037
0 0 10 0 1
=1 0 o o 1|Ba=|o[ =0 %=
—33282 2 2 2 1 0

We select K = (37 3)/ such that eigenvalues of (Ay — KCy) are given by
(—0.5265, —1.2367 £ j2.0416), and then choose § = 107!, ¢ = 0.01 such that

300
Fse = (—=0.0018 —0.0021 —0.0012), K, = | 70000
3000000

Together with Ay, Cy; with p = 3, we get the controller of the form (6.25) for each
interconnection system.

As stated in Theorem 6.15, the time-varying network topology switches in a set of
network graph Gg:g{n with minimum dwell time 7, and a priori given «, 8, w, ¢, N.
In this example, we assume a graph set consists of three directed graphs ¢, %, 4,
with N = 10, = 10, 8 = 0.3, & only contains node of agent 2, and ¢ can be
any bounded real number for this set is finite (with only 3 graphs). These graphs
are shown in Fig. 6.1. The reference system is connected to agent 2, which is in the
root set.

Figure 6.2 shows the outputs of 10 agents with reference system yp = 1 with
e =0.01,8 = 1071 When tuning parameter ¢ to 0.001, regulated output synchro-
nization errors are squeezed to small and outputs of agents are much closer to the
reference trajectory, shown in Fig.6.3.

Fig. 6.1 The network
topologies
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Fig. 6.2 Low- and high-gain parameters ¢ = 0.01, 8 = 1010
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Fig. 6.3 Low- and high-gain parameters ¢ = 0.001, 5 = 10~ 10

6.5.2 Example 2

In this section, we will modify Sect.6.5.1 by adding disturbances with known fre-
quencies. The Hil, Hiz, Siq, and R;4 for agent i are given by:
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0 1 0 0 0

Al =(o o). B =(10),S.=(0 0 9 ,Ri1d=<(1) 8 ?)
0 15 0 -9 0

i 0 05\ 0 0 0 Lo o

A =(0 1), H.=(10),S,uy=(0 0 3 ,R,-Zd=(0 | 0),
0 1 0 -3 0

0o 0 O

~ 1 0 0

LA =(10), Sja={0 0 5 ,R,~3d=(0 0 1),
0 -5 0

-1
H =

[l el e)
—_

where from S;; we find that the disturbances with known frequencies are constant
and sinusoid waves. Please note that i} € {1, 2,3}, iy € {4, 5, 6}, i3 € {7,8,9, 10}
Assume we also have the constant reference trajectory yp = 1. By applying the

method given in Sect. 6.4, we get precompensators

0 —0.8441 0 0.7779 0
Ay = [0.8441 0 ~8.9603 |, B;,, = [0.5959 ) .¢), = ©
0 8.9603 0 0.6631 1.5079
0  —1.1235 0 0.2106 0
Aiyp = | 1.1235 0 ~2.7817 | . B,y = [0.2285 ) . ), = ©
0 27817 0 0.3177 3.1469
0  —3.5038 0 0.0353 0
Aiyp = 35038 0 ~3.5670 | . By, = [0.1059 | ./, = [ ©
0 3.5670 0 0.1652) 6.0544

We also use the same parameters as those in Sect.6.5.1,ie., K = (3 7 3)/,
8 = 10719, & = 0.01. Then, we have

300
70000
3000000

Fse = (—18.2574 —20.7160 —11.7519), K. =

For A4, C4 with p = 3 given, we can get the controller of the form (6.25) for each
interconnection system.

The network topology also switches among the set of graph shown in Fig. 6.1
in the same way. Figure 6.4 shows the outputs of 10 agents with reference system
yo = 1 with ¢ = 0.01,8 = 10~'°. When tuning parameter ¢ to 0.001, regulated
output synchronization errors are squeezed to small and outputs of agents are much
closer to the reference trajectory, shown in Fig. 6.5. We can find that even agents are
affected by any constant and any sinusoid wave with known frequencies, stochastic
almost regulated output synchronization is still obtained.
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Chapter 7
A Characterization of Solutions

of the ARE and ARI

A. Sanand Amita Dilip and Harish K. Pillai

Abstract This article is about a characterization of the solution set of algebraic
Riccati equation (ARE) and the algebraic Riccati inequality (ARI) over the reals, for
both controllable and uncontrollable systems. We characterize these solutions using
simple linear algebraic arguments. It turns out that solutions of ARE of maximal rank
have lower rank solutions encoded within it. We demonstrate how these lower rank
solutions are encoded within the full rank solution and how one can retrieve the lower
rank solutions from the maximal rank solution. We also obtain a parametrization for
solutions of certain specific ARIs. We generalize Willems’ result K;;i, < K < Kj;0x
for ARI arising out of controllable systems to some specific kind of uncontrollable
systems.

7.1 Introduction and Preliminaries

About 15 years ago, Harry Trentelman and the second author occupied adjacent
offices for nearly two years. Those were very exciting days for me in IWI, Groningen.
The lunches were the most important part of the day when debates on just about
everything under the sun took place. More often than not, Harry and I ended up
taking diametrically opposite viewpoints, especially when it came to world politics.
There were also several topics on which we agreed—sports, mountaineering, and
mathematics being some of them. Unfortunately, Harry and I have not written a
paper together but perhaps there is still time.

A topic on which Harry has worked extensively is the topic of Algebraic Riccati
equations (ARE) and Algebraic Riccati Inequality (ARI). Some of Harry’s best works
have been closely related to this topic and I find his paper on Quadratic Differential
Forms [25], one of the best papers I have read. Moreover, a lot of my understanding
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about ARE and ARI started from my interactions with Harry. I, therefore, think it
appropriate to write something about ARE and ARI. This article is based on work
done with my student Sanand.

Algebraic Riccati equation occurs naturally in control theory, filtering, numerical
analysis, and many other engineering applications. In optimal control, algebraic
Riccati equation (ARE) arises in infinite horizon continuous time LQR problem.
ARE is also related to power method, QR factorization in matrix computations [1, 9],
spectral factorization [5, 6, 16]. Riccati equation shows up in Kalman filters too [11].
In [16], solutions of ARE are used in the study of acausal realizations of stationary
processes. Further it is shown how AREs are involved in spectral factorization and in
balancing algorithm (related to stochastic balancing) in [16]. In [5, 6] solutions ARE
are used for parametrization of minimal spectral factors. In [4], solutions of ARE are
used to obtain parametrization of minimal stochastic realizations. For a treatment on
discrete-time ARE, refer [7, 26].

Algebraic Riccati inequality (ARI) arises in Hy, control [18, 19, 22] and also
in formulation of storage functions for dissipative systems in behavioral theory of
systems [25]. The solution set of the ARI (which is a spectrahedron) characterizes
the set of all possible storage functions [25]. This ARI comes from an LMI arising
from the dissipation inequality [25]. Study of symmetric solutions of ARI has also
appeared in [3, 8, 12-15, 17, 21, 24] and some of the references therein.

The ARE and ARI originate from the Differential Riccati equation (DRE) given by
K = —ATK —KA — Q +KBB” K . This DRE defines a flow on the set of symmetric
matrices. The equilibrium points of DRE are the solutions of the corresponding
algebraic Riccati equation —AT K — KA — Q + KBBTK = 0.

In this article, we concentrate on the ARE of the form —ATK — KA — 0+
KBBTK = 0 and ARIs of the form —ATK — KA — QO + KBBTK < 0 where
A, B, Q are real constant matrices having dimensions n X n,n X m and n X n,
respectively, with Q being symmetric. (Note that in the characterization of storage
functions, the ARI takes the form Q — AT K — KA — KBBT K > 0 which one obtains
from ARI: —AT K — KA — Q + KBBT K < 0 by replacing K by —K.)

We begin our analysis by considering the scalar DRE: fi—]t‘ =k = —q —2ak+b*k?
with k € R. If the discriminant of the polynomial —q — 2ak + bk? is greater than or
equal to zero, then the polynomial has real roots and there are two real equilibrium
points. If the discriminant is strictly greater than zero, then there are two distinct
roots of —g — 2ak + b2k? = 0. Let kypip and kyyqy be the two solutions (equilibrium
points of the DRE) such that k45 > kpin. Clearly, k — 400 whenk — +o00. In the
region kpin < k < knax, k < 0 and hence direction of flow is toward k;,;;. Outside
the line segment joining ki, and ky,qy, i.e., for k < ki, and k > kpyqy, k > 0. For
k < knin, k>0, thereby implying that the direction of flow is toward k,,;,, for all
k < kpin. Therefore ki, is a stable equilibrium point of the DRE. For & > kj,4x,
k > 0 which implies k¢ is an unstable equilibrium point. The line segment joining
kmin and k4, are precisely those values of k that satisfy the ARI.

If the discriminant of the polynomial —g — 2ak + b%k? is equal to zero, then
the polynomial has a double root and therefore ki, = kjqx in this case. Thus, the
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region satisfying the strict ARI is absent in this case. Note further that in this case,
the equilibrium point is unstable.

If the discriminant of the polynomial —g — 2ak + b*k? is negative, then the
polynomial has no real solutions and therefore there are no real solutions for the
corresponding ARE and ARI.

We want to investigate the situation for the matrix case. One can expect some sort
of similarity between the scalar and matrix cases. From the literature, we know that for
matrix case, an equilibrium point exists if there exists an n-dimensional Lagrangian
H-invariant subspace. We assume that this is the case and fix an arbitrary solution
Ko of the ARE. Let K = K¢ 4+ X where X can be thought of as a perturbation from
Ko. We can then rewrite —AT K — KA — Q + KBBT K as

= —AT(Ko+ X) — (Ko + X)A — O + (Ko + X)BB (Ko + X)
—ATKy— KoA — O + KoBB" Ky — AT X — XA + KoBBT X
+XBBT Ko + XBBT X

= —(A-BB"Ky)"X - X(A—-BBTKy) + XBBTX. (7.1)
(Since — ATKy — KoA — Q + KoBBT K¢ = 0)

Let Ao = A — BBT K. The original DRE can now be thought of as K = X =
—AlX — XAo + XBBT X. We denote —AlX — XAg + XBB” X by Ric(X). Then
solutions to the equation Ric(X) = 0, would characterize all the equilibrium points
of the original DRE, i.e., the solutions of the ARE. Similarly, all solutions to the
equation Ric(X) < 0 would characterize all the solutions of the original ARI.

7.2 Building Blocks for Solutions of Ric(X) = 0 and
Ric(X) <0

Clearly, X = O1isasolution of Ric(X) = —AgX —XAo+XBBT X = 0. We now look
for nonzero X that satisfy Ric(X) = 0. We start with the simplest case of matrices
X that have rank one. Since X is symmetric, let X = awT wherew € Rand v € R”
with ||v|| = 1. Further, let 8 = ||BTv].

Theorem 7.1 Let X = aw!, such that ||v|| = 1. Then

1. if v is an eigenvector of Ag, the rank of Ric(X) is at most one and Ric(X) is
definite.

2. for all other v, Ric(X) is indefinite.

Proof Let X = aw!, where v is a right eigenvector of A, with A the correspond-
ing eigenvalue. Clearly, Ric(X) = (—2aXx + o?B%)w! has rank at most one and
depending on the sign of (—2a + «®8?) it is positive or negative semidefinite.

Let X = avv! where v is not an eigenvector of Ag. Let Agv = yu with [[u]| = 1.
Therefore,
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. 0 —ay u’l
Ric(X) = |u v
0 =1 ][—W (aﬁ)z} [VT}

Now |: ] is indefinite which implies Ric(X) is indefinite. [ |

—ay
—ay (@)’

Observe that the zero matrix is a very special case of a definite matrix. From the
above theorem it is clear that if v is not an eigenvector of Ag , then we are not going
to get solutions of Ric(X) = 0 along X = w7 .

Consider the DRE: X = —AOTX — XA + XBBT X when X = aw!, where v
is an eigenvector of Ag and @ € R. We obtain the differential equation vérv! =
v(—2ar + «?B?)vT which is actually equivalent to the scalar Riccati differential
equation: & = —2aA +a?B2. If B # 0, then the equilibrium points are at o = 0 and
o = 21/B2%. Note that « = 0 corresponds to the equilibrium point K of the original
DRE, whereas « = 21/ corresponds to a new equilibrium point of the original
DRE. Thus o € [0, 2A/B] corresponds to X that satisfy Ric(X) < 0.If 8 = 0, then
o = 0 is the only equilibrium point. Note further that for X = avw’, X remains
along the direction v’ if v is an eigenvector of A] .

Consider the pair of matrices (Ag, B). Using a change of basis, it is possible to
write Ag and B in the following form [10, 27]

11 12
el el
where (A(l)l, B1) form a controllable pair. Eigenvalues of A(l)1 are controllable while
eigenvalues of A(z)2 are uncontrollable. Left eigenvectors corresponding to uncon-
trollable eigenvalues are of the form v/ = [0 u” ]. All such vectors v are right
eigenvectors of Ag such that BTv = 0. All right eigenvectors of Ag that belong to
kernel of BT, are called eigenvectors that correspond to uncontrollable modes. If v
is an eigenvector of Ag associated with a controllable eigenvalue, then BT v # 0 and
so these eigenvectors correspond to controllable modes.

Theorem 7.2 If Ag has an uncontrollable zero eigenvalue, then rank one solutions
of Ric(X) = 0 and Ric(X) < 0 form an unbounded set.

Proof Let v be an eigenvector of Ag corresponding to zero eigenvalue which is
associated to an uncontrollable mode. Therefore, Ag v=BTv=0.Let X = aw’
where @ € R. Ric(X) = 0 for all « € R and therefore one has an unbounded set of
rank one solutions for Ric(X) = 0 and Ric(X) < 0. |

Assuming that there are no uncontrollable modes corresponding to zero eigen-
value, one obtains:

Theorem 7.3 There is one-to-one correspondence between rank one solutions of
Ric(X) = 0 and eigenvectors v of nonzero real eigenvalues of Ag that correspond
to controllable modes.
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Proof Let X = aw! where @ € R and v is an eigenvector of Ag with corresponding
eigenvalue A. Therefore, Ric(X) = (—2aA + o?B)wT . If Alv =0, then A = 0
and Ric(X) = («2B%)w’. Hence Ric(X) = (ef)*w! = 0 has only one solution
given by o = 0. This solution to Ric(X) = 0 is a rank zero solution and not a rank
one solution.

Assume A # 0 and let v € R” be an associated eigenvector of Ag corresponding
to a controllable mode. Hence, 8 = ||BTv|| # 0. Therefore, Ric(X) = 0 for
a = 21/B% ie., for X = (21/p*)wT. If the eigenvector v corresponds to an
uncontrollable mode, then 8 = 0 and Ric(X) = —2aAvv! which is zero only when
a = 0. But o« = 0 implies X = 0 which is of rank zero. |

Following theorem gives parametrization of all rank one solutions of the ARI
Ric(X) < 0.

Theorem 7.4 If v is an eigenvector of Ag corresponding to some nonzero real
eigenvalue, then

e if v is an eigenvector corresponding to a controllable mode, then there is one-to-
one correspondence between all rank one solutions of Ric(X) < 0 along w' and a
bounded interval.

e if v is an eigenvector corresponding to an uncontrollable mode, then there is one-
to-one correspondence between all rank one solutions of Ric(X) < 0 along w' and
a half line.

If (A, B) is uncontrollable, then (Aq, B) is also uncontrollable. If Ay has a real
eigenvalue which has an uncontrollable mode, then rank one solutions of Ric(X) < 0
are unbounded. Conversely, if rank one solutions of Ric(X) < 0 are unbounded, then
(A, B) must be uncontrollable.

If all real uncontrollable eigenvalues of Ag are in R, then all rank one solutions of
Ric(X) < 0 are bounded from below. Similarly, if all real uncontrollable eigenvalues
of Ag are in R_, then all rank one solutions of Ric(X) < 0 are bounded from above.
If real uncontrollable eigenvalues lie in both Ry and R_, then rank one solutions of
Ric(X) < 0 are neither bounded above nor below. Thus, we have a characterization
of all real rank one solutions of Ric(X) < 0.

7.2.1 Rank Two Solutions of Ric(X) = 0 and Ric(X) <0

Notice that all real rank one solutions of the ARE and ARI are related to eigendirec-
tions corresponding to real eigenvalues. The complex eigenvalues of Ag play no role
in these rank one solutions. As the complex eigenvalues come in a conjugate pair,
one can expect them to play a role in determining the real rank two solutions of the
ARE and ARI. We, therefore, now concentrate on all rank two solutions of the ARE
and the ARI. Let X = L.ZLT where L = [u v] and & = | %! a3i| is a
3 a
rank two symmetric matrix. Here u, v € R”, with ||u]| = ||v|| = 1.
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Theorem 7.5 If X = L.LLT (where L is n x 2 and £ is 2 x 2) such that two
columns of L are linearly independent, then Ric(X) is definite only if column span
of Lisa Ag —invariant subspace.

Proof See Theorem 4 of [2]. |

This theorem holds for general rank k perturbations also and proof runs along
similar lines. From the above theorem, it is clear that to find solutions of Ric(X) = 0
or Ric(X) < 0 where X = LZLT, column span of L must be Ag —invariant.

7.2.2 Complex Eigenvalues of Ay

Let pa,(x) € R[x] be the characteristic polynomial of Ag. Every two dimensional
Ag —invariant subspace has a minimal polynomial given by a degree two polynomial
which is a factor of ps,(x). Consider the case when Ag has a pair of complex
conjugate eigenvalues A £ ip. Let v = vy 4 iv; be the complex eigenvector of Ag
for A + i . Therefore, Agvl = Av] — uv2 and Agvz = uvy 4+ Avo. Thus vy, v2 span
a two-dimensional Ag -invariant subspace whose minimal polynomial is a degree
two irreducible factor of p4,(x). Let X = L.Z LT where L is n x 2 matrix having
columns v; and vy and £ is 2 x 2 symmetric matrix.

Theorem 7.6 Let X = LLLT, where £ is a symmetric (2 x 2) matrix of rank 2
and the two columns of L are the real and imaginary parts of a complex eigenvector
corresponding to an eigenvalue ) + i ju. Further assume A # 0 and the eigenvalues
A £ i are controllable. Then Ric(X) = 0 has a unique rank two solution of the
given form. Further, this rank two solution is definite.

Proof See Theorem 5 of [2]. [ |

Consider X = L.ZL”, where columns of L are obtained from real and imaginary
parts of an eigenvector of Ag corresponding to a complex eigenvalue A + i . Since
column span of L does not contain any real one-dimensional Ag -invariant subspace,
there are no rank one solutions of Ric(X) < 0 where X has the structure specified
above. For the above case, note that Ric (X) = L(—D.¥¢ — DT + M .L)LT
where D = [—)LM ';f] and M = L"BBTL. Ric(X) < 0iff -D¥ — DT +
LML < 0. We now state a lemma applicable to this specific case where D has the
structure given above and M > 0.

Lemma 7.7 Let & > 0. If £ is a rank two solution of ARI: —D.¥ — DT +
LML < 0and L* is the rank two solution of ARE: —D.¥ — DT+ M¥ =0,
then 0 < £ < L* and £* — L) is rank two positive definite matrix.

In the above lemma, if M = 0, the ARE becomes: —D.Z — DT = 0 which
has only one solution, namely . = 0. The corresponding ARI becomes —D.% —
ZDT <0.When A > 0, for every C < 0, the linear equation —D.¥ — DT = C
has a solution .Z > 0. Further if & > 0, then ¥ = «.Z also satisfies —D.% —
ZDT <o.
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Remark 7.8 1If real part of the complex conjugate eigenvalues is strictly less than
zero and M # 0, using arguments similar to those used in Lemma 7.7, one can show
that if %} is a rank two solution of ARl: —D.¥ — DT + M¥ < 0 and £* is
the rank two solution of ARE: —D.¥ — DT + M ¥ =0,then 0 > & > £*
and .£* — ¢ is rank two negative definite matrix. Further, if real part of the complex
conjugate eigenvalues is strictly less than zero and M = 0, then one can show that
if . is a rank two solution of ARIl: —D.¥ — DT <0, then 0 > Z.

Now we consider the case when Ag has purely imaginary eigenvalues =i jt.

Theorem 7.9 If X = LZL"T where columns of L form the two-dimensional Ag -
invariant subspace associated with a complex conjugate pair of purely imaginary
eigenvalues £iu of Ag, then both Ric(X) = 0 and Ric(X) < 0 are not satisfied for
any nonzero X of the given form.

We, therefore, conclude

Theorem 7.10 If X = LLLT (L is 2 x 2 matrix of rank 2) where two columns of
L form Ag -invariant subspace corresponding to a pair of complex conjugate eigen-
values (A & i) which are not purely imaginary, then

e if the pair of complex conjugate eigenvalues are controllable, then rank two solu-
tions of ARI: Ric(X) < 0 of the form X = LLLT are bounded.

e if the pair of complex conjugate eigenvalues are uncontrollable, then rank two
solutions of ARI: Ric(X) < 0 of the form X = L.ZLL" are unbounded.

Note that when complex eigenvalues were controllable and not purely imaginary,
rank 2 solutions of Ric(X) < 0 along the Ag -invariant subspaces corresponding to a
pair of complex conjugate eigenvalues lie in the matrix interval (0, £*] or [.£*, 0)
depending on the sign of the real part of the complex eigenvalue pair. (Z* is the
rank two solution of the reduced 2 x 2 algebraic Riccati equation.) As the real part
of this complex conjugate pair tends to zero, the corresponding matrix interval of
solutions collapse to a single point which is the zero solution and there are no nonzero
rank two solutions of Ric(X) < 0 along these Ag -invariant subspaces corresponding
to a pair of purely imaginary eigenvalues. Recall that for real eigenvalues that are
controllable, rank one solutions of Ric(X) < 0 along the Ag -invariant subspace
corresponding to the eigenvalue are in one-to-one correspondence with numbers
in the interval (0, (2A/ ,32)] or [(2A/ ,32), 0). As the real eigenvalue tends to zero,
this interval collapses to a single point and there are no nonzero solution in the
direction corresponding to the eigenvector of the eigenvalue 0. If a real eigenvalue
which is uncontrollable tends to zero, then rank one solutions of Ric(X) = 0 and
Ric(X) < 0 which were unbounded from one side, becomes unbounded from above
and below. However, if the real part of complex conjugate pair of eigenvalues which
are uncontrollable tends to zero, then there are no nonzero solutions of Ric(X) = 0
and Ric(X) < 0 along the direction of Ag —invariant subspace corresponding to
this pair of purely imaginary eigenvalues. Thus the set of solutions collapse from an
unbounded set to just the zero solution.
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We have now characterized all solutions of Ric(X) = 0 and Ric(X) < 0
that can arise from a two-dimensional Ag -invariant subspace associated to a pair of
complex conjugate eigenvalues.

7.2.3 Real Eigenvalues of Ay

We now consider a two-dimensional subspace spanned by two independent eigenvec-
tors/generalized eigenvectors of Ag , say v1 and v, corresponding to real eigenvalues
A1 and Ay, respectively, such that A1 + Ay # 0. Let X = L.ZLT where v, va form
columns of L and .Z is a rank two 2 X 2 symmetric matrix.

Theorem 7.11 Let X = LLLT (L is 2 x 2 with rank 2) where the columns of L
span a Ag -invariant subspace. Further assume that the two columns of L are linearly
independent (generalized) eigenvectors of Ag corresponding to a pair of controllable
modes associated to nonzero real eigenvalues A1, Ay such that Ay + Ay # 0. Then
Ric(X) = 0 has a unique rank two solution of the given form.

Proof See Theorem 7 of [2]. |
Next we consider the case when Ag has eigenvalues A and —A.

Theorem 7.12 If X = LLLT (L is 2 x 2 with rank 2) where two columns of L
form linearly independent eigenvectors of Ag corresponding to a pair of controllable
modes associated to nonzero real eigenvalues Ay, Lo such that A1 + L = 0, then
Ric(X) = 0 has either (a) no rank two solution of the given form or (b) infinite rank
two solutions of the given form.

Proof See Theorem 8 of [2]. |

We demonstrate the above result with an example.

we[d el

Clearly Ag = Ag = D has eigenvalues —1, 1. M = BB =

Example 7.13 Let

1

1 1
can choose L as the identity matrix ). One wants to find rank two solutions for this
simplified ARE: —D.% — DT + #M.% = 0. If such a solution exists, then its
inverse Y satisfies the Lyapunov equation YD + DTY = M.Let Y = [y; 1. Clearly,
(=14 1)y;2 = mya. Since m1, # 0, Lyapunov equation Y D + DTY = M has no
solution. Thus, there are no rank two solutions of Ric(X) = 0 in this case.

(since we
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Now consider a system with same Ag as above but B = 0 1

—1/2 o

o 1/2 }
(for any @ € R) satisfies the Lyapunov equation YD + DTY = M (where D = Ay).
Thus one obtains several Y's that are invertible and their inverses give infinitely many
rank two solutions of Ric(X) = 0.

! Oi| . Therefore,

M = BBT is also the identity matrix. Since m» = mp; =0,Y = |:

Next we consider a special case when both real eigenvalues of Ag are either
positive or negative and both of them are controllable. Without loss of generality, we
assume that both eigenvalues are positive. If both eigenvalues of A are positive, then
rank two solution of Ric(X) = 0 is positive definite (this follows from the solution of
Lyapunov equation —YAg — AoY + BBT = 0 being positive definite if eigenvalues
of Ag lie in open right half plane [23]). If both the eigenvalues are negative, then the
rank two solution is negative definite. We denote by D, an upper triangular matrix
in Jordan canonical form. We now state a couple of lemmas without their proofs.

Lemma 7.14 Suppose both eigenvalues of Dy are real and positive and £* be a
rank two solution of simplified ARE —D ;. — fD; + ML =0.If L) is a rank
one solution, of this simplified ARE, then £ < £*.

Lemma 7.15 Let Dj be a 2 x 2 matrix in Jordan canonical form such that both
eigenvalues of D are positive. Let the unique rank 2 solution of simplified ARE:
—D; ¥ — .,?D; + LML = 0 be denoted by L*. Then every solution £ of the

simplified ARI: —D ;¥ — XD; + ML < 0is such that 0 < &z < Z*

Consider the case when D has eigenvalues A1 and —A; such that both are control-
lable (A1, 2> > 0). Note that we may have A; = A;. By Theorem 7.12, there may
not be a rank two solution or there could be infinitely many rank two solutions of
Ric(X) = 0. Let £ be a rank one solution of ARE —D.Z — DT+ ML =0
corresponding eigenvector associated with positive eigenvalue A; of D and .Z
be a rank one solution corresponding eigenvector associated with negative eigen-
value —X of D such that £ = diag(.Z}, 0) and £ = diag(0, 7). Note that
2 =20 /(m11) and £y = =22/ (m22).

Theorem 7.16 Consider D = diag(A1, —X2) (Where A1, Ao > 0 and they may or
may not be distinct). Let £ and £} be the solutions of ARE as stated above. Then

every solution g of the simplified ARI: —D.¥ — DT + ML < 0 is such that
.,%* < &< D?r*

Finally, if either one of the eigenvalues is uncontrollable, then from Theorem 7.4,
rank one solutions become unbounded. If both the eigenvalues are uncontrollable,
then M = 0 and rank two solutions become unbounded. By Theorem 9 of [2], if
A is a repeated eigenvalue of Ag with nontrivial Jordan form such that (Ag, B) is
partially controllable, then Ric(X) = 0 has no nontrivial solution. On the other hand,
the set of rank one solutions corresponding to an eigenvector of the uncontrollable
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eigenvalue become unbounded. Now suppose Ag has two eigenvalues A and —A
such that one is controllable and other is uncontrollable. By Theorem 10 of [2],
Ric(X) = 0 has infinitely many rank two solutions and this forms an unbounded
set. Therefore, rank two solutions of Ric(X) < 0 also form an unbounded set. Set
of rank one solutions corresponding to eigenvector of the uncontrollable eigenvalue
also forms an unbounded set.

In this section, we have enumerated nearly all situations that give rise to either
rank one or rank two solutions of Ric(X) = 0 and Ric(X) < 0. As it turns out, this
is all that is required to completely understand all the solutions of Ric(X) = 0 and
Ric(X) < 0. These rank one and rank two solutions are like building blocks and all
the other solutions can be build up from them. We, therefore, now look for higher
rank solutions of Ric(X) = 0.

7.3 Solutions of ARE, ARI of General Rank

Any rank k solution of Ric(X) = 0 and Ric(X) < 0 can be written as X = L.% LT
where L isn xk and .Z is k x k symmetric matrix. Using arguments from Theorem 7.5,
if columns of L do not form an Ag -invariant subspace, then Ric(X) is indefinite.
Therefore, to get rank k solutions of the ARE or the ARI, columns of L must span an
Ag -invariant subspace. When Ag is diagonalizable, without loss of generality we can
take columns of L as eigenvectors of Ag . When A has complex eigenvalues, then one
takes the real and imaginary parts of the complex eigenvector of Ag as the columns
of L. For the more general case of repeated eigenvalues in a Jordan block, one takes
generalized eigenvectors of Ag as the columns of L. Using X = L.ZL" (where .
is k X k matrix), Ric(X) is reduced to expression L(—D;.Z — .i”D; + ZML)LT
where M = L"BBT L and Dy is the Jordan form associated with the Ag -invariant
subspace.

Theorem 7.17 If Ay has a zero eigenvalue which is controllable, then the corre-
sponding eigenvectors/generalized eigenvectors do not correspond to any nonzero
solution of Ric(X) < 0.

Corollary 7.18 If Ag has a zero eigenvalue which is uncontrollable, then X =
LMCXL,L is a solution of Ric(X) < 0 for any symmetric £, where columns of
Ly are eigenvectors of Ag associated with the uncontrollable modes of the zero
eigenvalue.

If Ag has purely imaginary eigenvalues with nontrivial Jordan structure, then using
Theorem 7.9, one can show that the invariant subspace corresponding to these purely
imaginary eigenvalues of Ag does not support the nonzero solutions of Ric(X) < 0.
We, therefore, consider the case when A has only nonzero eigenvalues that are not
purely imaginary.
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7.3.1 Maximal Rank Solutions of Ric(X) = 0

Using X = L.ZLT (where columns of L are eigenvectors/generalized eigenvectors
of Ag corresponding to real eigenvalues and real and imaginary part of the com-
plex eigenvectors/generalized eigenvectors associated with complex eigenvalues),
the problem reduces to the simplified ARE: —D;.¢ — D' + M.¥ = 0. By
assumption, all eigenvalues of D; are nonzero and not purely imaginary.

Theorem 7.19 If (Ao, B) is controllable and Ag has eigenvalues 1; (1 < i < n)
such that A +Xj # O forall 1 <1i,j < n, then Ric(X) = 0 has a unique rank n
solution.

Proof See Theorem 12 of [2]. |

Putting together the results so far in this article, one can conclude that a unique full
rank solution exists for Ric(X) = 0 whenever all the eigenvalues of A¢ are nonzero,
controllable and the sum of any two eigenvalues is never equal to zero. It has been
demonstrated in Theorem 7.17 that a controllable zero eigenvalue of Ag results in
rank deficient solutions of Ric(X) = 0. On the other hand, Corollary 7.18 shows that
an uncontrollable zero eigenvalue of Ag does not hinder the existence of full rank
solutions for Ric(X) = 0, but then uniqueness is lost. Theorem 7.19 demonstrates
the conditions for existence of a unique full rank solution for Ric(X) = 0 when all
the eigenvalues are controllable. Finally, for the case when the sum of two nonzero
eigenvalues of Ap add up to zero, a full rank solution may or may not exist. If a full
rank solution does exist, then there are an infinite number of such full rank solutions.

One can isolate several special cases where all the conditions listed above are
satisfied. For example, if one considers all the eigenvalues of Ag to be controllable
and lying in the open right half complex plane (i.e., having real parts that are strictly
positive), then Ric(X) = 0 has a unique full rank solution. In this case, one can in
fact show that this full rank solution of Ric(X) = 0 is positive definite.

On similar lines, one can also conclude that if all eigenvalues of Ag are controllable
and lies in the open left half plane, then Ric(X) = 0 has a full rank solution which
is negative definite.

On the other hand, if (Ao, B) is not controllable, then one can divide the eigenval-
ues into two sets: those eigenvalues which are controllable (denoted by Spec(Ag).)
and those eigenvalues which are not controllable (denoted by Spec(Ag)yc). If the
controllable subspace is k-dimensional, then one can guarantee a rank k solution,
provided A; + A; # O forall A;, A; € Spec(Ap).. If this condition is not satisfied,
then either no rank k solution exists or infinitely many rank k solutions exist. As for
the uncontrollable part, if all the eigenvalues are nonzero, then no nontrivial solu-
tion of Ric(X) = 0 comes from the Ag -invariant subspace corresponding to the
uncontrollable eigenvalues in general. The only exception to this rule arises out of
a very special situation—if an eigenvalue A € Spec(Aop). and an eigenvalue —X €
Spec(Ao)uc, then one gets solutions whose rank is greater than k (see [2]). Finally,
if 0 € Spec(Ap)uc, then again one gets solutions whose rank is greater than k. In all
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these cases, where the uncontrollable eigenspaces contribute nontrivially to solutions
of Ric(X) = 0, the uniqueness of maximal rank solution is lost.

7.3.2 Information Content in a Maximal Rank Solution
of Ric(X) =0

Assume (Ao, B) is controllable and a unique full rank solution of Ric(X) = 0 exists.
From our earlier discussions, it is clear that this full rank solution of Ric(X) = 0
has the form X = L.Z*L” where L is areal n x n matrix whose columns are either
the (generalized) eigenvectors of Ag corresponding to real eigenvalues or the real
and imaginary parts of complex (generalized) eigenvectors of Ag corresponding to
complex eigenvalues. The matrix .Z* is the solution of the simplified ARE — D ;.Z —
fDJT + ML = 0. The matrix M = LTBBT L and the matrix D is a block
diagonal Jordan matrix. Note that the eigenvalues of Ag are such that A; +A; # 0
for all eigenvalues A;, A; € Spec(Ap).

In order to find a rank k solution of Ric(X) = 0 (where k < n), we take
X =L;.% L,{ where columns of Ly are either (generalized) eigenvectors of Ag
corresponding to real eigenvalues or the real and complex parts of complex (general-
ized) eigenvectors of Ag corresponding to complex eigenvalues. In other words, L
is an x k submatrix of L. Therefore, Ag Ly = Ly Dy where Dy is the corresponding
k x k submatrix of Dj;. Then the ARE: —AgX — XA+ XBBT X = 0 becomes

~AVX — XA+ XBBTX = A Lh L] — Lk L] Ao+ Lk LI BBT Ly L]

~LiDyLLT — L DI LT + L My L LT
= Li(-Dy & — D] + M. L)L)
where My = L] BBT Ly

Note that My is the appropriate k x k submatrix of the original matrix M. Further
observe that the rank & solution is obtained by solving the simplified ARE: — Dy % —
£Dl + My # = 0 which is a chopped up version of the original full rank
simplified ARE —D ;. — .XD; + M = 0. Assuming that . has rank k, we
can pre- and post-multiply the chopped up version of the ARE by ¥ = .#~! thereby
obtaining the linear equation

— YDy —DI'Y + M =0 (7.2)

This Lyapunov equation has a unique solution Y} (note that our assumption in this
section of controllability and A; + A; # 0 where A;, 1; € Spec(Ap) is necessary
for this conclusion). From Y}, one obtains a rank k solution .&, = (Y,r{)’1 of the
chopped up ARE: —D;.¥ — .,SkaT + M = 0. One can show that such a Y
is invertible. But clearly, this rank k solution of Ric(X) = 0 is related to the full
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rank solution of Ric(X) = 0 as the governing equation of the former is a chopped up
version of the latter. We now bring out this relationship between the various solutions
of Ric(X) = 0.

Theorem 7.20 Let (Ag, B) be controllable. If Ay has real and distinct eigenvalues
Al ..., Ay such that &j + Aj # 0 (for 1 < i, j < n), then the lower rank 2" — 2
nonzero solutions of simplified ARE: —D.¥ — D+ £ M_.¥ = 0 are obtained from
Schur complements of all the 2" — 2 strict principal submatrices of £*, the unique
full rank solution of the simplified ARE.

Proof See [2]. |

Note that from the above theorem, if one obtains .Z of rank k that satisfies sim-
plified ARE: —D.¥ — D + M.YZ = 0, then X = LZLT gives a rank k
solution of Ric(X) = 0. Thus, the above theorem states that the full rank solution
of —D.Y — D + XM = 0 has all the other solutions encoded within it. It is
enough to find the full rank solution and all other solutions can be read off from this
solution.

Example 7.21

—1
1
1 7Q_
2

—_ = =
—_ = N =

1
1
NE
5

SO N~
SN b=
wn B~ N =
AO = =
—_ = =
—_ DN = =

Fixing Ko (a solution of the ARE: —ATK — KA — Q + KBBTK = 0), we get
Ao = A—BB" K with eigenvalues {10.4939, 3.8178, 2.6097, 1.5784}. Forming the
matrix L using eigenvectors of AL, the Riccati equation gets modified into diagonal
form —D. — D + ZM.Z = 0 with

107996 68110 58111 1.3180

 ranr, | 68110 265759 39.5777  —19.1530
M=LBEL=1 s5g111 395777 610133  —31.5026
13180 —19.1530 —31.5026  18.0857

Let Y* be the solution of Lyapunov equation —Y*D — DY* + M = 0. Full rank
solution of —D.¥ — D 4+ £M.Z = 01is given by £* = (Y*)~!

4.0715 —5.3083 3.0651 0.6581
o —5.3083 28.9839 —22.2105 —11.1036
T 3.0651 —22.2105 17.8956 9.6775 |’

0.6581 —11.1036 9.6775 5.9889
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For the (1, 1) principal submatrix of .£*, one obtains a rank one solution by taking
1.9434 0 0 O

appropriate Schur complement to get £ = 8 8 8 8 . Similarly,
0 0 0 0

for the leading 2 x 2 principal submatrix, taking the appropriate Schur complement
2.2247 —0.304200
—0.3042 0.3289 00
0 0 00
0 0 00
given by X| = L.Z L. Similarly a rank two solution is given by X5 = L.Z,L".
Full rank solution is given by X* = L.Z*L". Thus, all the 14 lower rank nonzero
solutions can be obtained by taking appropriate Schur complements of the full rank
solution .Z*. Finally, all 16 solutions of the ARE are obtained as Ko + X, where X
is a solution of Ric(X) = 0.

one gets £y = . A rank one solution of Ric(X) = 0 is

Theorem 7.20 can be generalized to include Ag that have complex eigenvalues. In
this case too, the maximal rank solution encodes all the lower rank solutions within
it. The only difference from Theorem 7.20 is that the Schur complements of all
principal submatrices are not admissible in this case. We now give a corollary and
an example that conveys the general layout of these results.

Corollary 7.22 Let (Ao, B) be controllable. Let Ao have nonzero distinct eigenval-
ues A, ..., Ay suchthat ki +x; #0forall1 <i, j <n. Let A £iu be acomplex
conjugate pair of eigenvalues of Ag. Then the Schur complement of the principal
submatrix of £* associated with all the other eigenvalues of Ao, determines a rank
two solution of the simplified ARE —D.¥ — DT + YM.¥ = 0.

Example 7.23

0
0=

—_— o O

1
0

(=R
—

1

Fixing Ko (a solution of the ARE: —AT K — KA — Q + KBBT K = 0) one gets
Ao = A — BBT K with eigenvalues {1.4142, 1.0987 +i0.4551, 1.0987 — i0.4551}.
Let L be a matrix whose first column is an eigenvector of Ag corresponding to
the eigenvalue 1.4142 whereas the second and third columns of L are the real and
imaginary parts respectively of the complex eigenvector of Ag corresponding to the
eigenvalue 1.0987 4 i0.4551.

14.6489 15.7125 10.8940
M=L"BBTL = | 157125 16.8533 11.6850
10.8940 11.6850 8.1016
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Let Y* be the solution of Lyapunov equation —Y D — DT ¥ +M = 0. Rank 3 solution
ZL*is given by % = (Y*)~L.

87.3255 —60.2755 —24.9669
ZL* = | —60.2755 42.8452 16.1228
—24.9669 16.1228 8.3025

From the Schur complement of lower 2 x 2 principal submatrix of .£*, one obtains
0.1931 0 0

A= 0 0 0 |, and from the Schur complement of the (1, 1) princi-
0 0 0
pal submatrix, one obtains
0 0 0
L3 =10 1.2407 —1.1103 (. From these solutions, one constructs the

0 —1.1103 1.1643
other three solutions of the original Riccati equation.

Now assume that A has repeated eigenvalues whose algebraic multiplicity equals
its geometric multiplicity. We continue to impose the condition (Ag, B) is control-
lable and A; + X # 0 for A;, A; € Spec(Ap). Let columns of L be real eigenvectors
of Ag or real/imaginary parts of complex eigenvectors of Ag associated with com-
plex eigenvalues. Due to the repeated eigenvalues, the matrix L is far from unique.
One can show in this case that the full rank solution of Ric(X) = 0 is unique. For
each choice of L, one gets a unique rank n solution .Z* and the Schur complements
of appropriate (n — k) x (n — k) principal submatrices (k < n) give rank k solutions
of simplified ARE: —D.¥ — . DT 4+ ¥M_.% = 0. Note that for different choices
of L, the matrix M changes and therefore one gets different .#*s. Thus, the Schur
complements of the principal submatrices of the various .Z* need not give the same
solutions as the choice of columns of L were different. As a result, the number of
rank k solutions, for k¥ < n need not be finite.

Corollary 7.24 Let (Ao, B) be controllable. If Ay has nonzero repeated eigenvalues
with trivial Jordan structure such that A and —A do not coexist in Spec(Ag), then
the Schur complements of appropriate principal submatrices of £* give lower rank
nonzero solutions of —D.¥ — £ DT + L M.& = 0. Here £* is the full rank solution
of DL — DT + MY =0.

Next we consider the case of nontrivial Jordan blocks. In this case, the Schur
complement of every principal submatrix of the maximal solution .Z* need not give
a solution of the equation —D ;% — .,?DIT + XM = 0.1If Dy has a Jordan block

of size k corresponding to a real eigenvalue A, then there are precisely (k+ 1) choices
as far as taking Schur complements are concerned. We demonstrate with an example.

Example 7.25 Consider the ARE with

11 0 2
A=|1 1 of|,B=]|0o ol,0=]|1 5 o,
0

—
)
—
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—-0.5 0.5 0
Choosing a solution Ky = 0.5 -2.5 0 of the ARE, we can
0 0 —0.4142
3 1 0
form the matrix A7 = | —1 1 0 |.LetX = LZLLT where
0 0 V2
1 1 0
L= -1 0 0
0 0 1

contains generalized eigenvectors of Ag . Ric(X) = 0is reduced to L(—D;.% —
2 1 0

LDV + ZML)LT =0where Dy = |0 2 0 |. Observe that D, has
0 0 V2

a Jordan block of size 2 corresponding to the eigenvalue 2 and a block of size 1

corresponding to eigenvalue /2. Thus there are 2+ 1)(1 + 1) = 6 solutions to

Ric(X) = 0. Observe that Ag has two eigenvectors which generate two rank one

solutions of Ric(X) = 0. There are two subspaces which are two-dimensional and

Ag -invariant that generate rank two solutions. The full space generates a rank three

solution and zero subspace generates the zero solution. So there are six solutions of

Ric(X) = 0.

10 —12 0
We obtain the full rank solution from .£* = | —12 16 0 . Taking
0 0 2.8284

the Schur complements of the principal submatrix involving row and column indices
2 and 3 give us a rank one solution. Similarly, taking the Schur complement of the
principal matrix involving row and column indices 1 and 2 gives another rank one
solution. Similarly, the Schur complements of the 1 x 1 submatrices .£*(2, 2) and
Z*(3, 3) gives the two rank two solutions. We give below the solution obtained by
taking the Schur complement of the principal submatrix involving row and column
indices 2 and 3, which turns out to be a rank one solution.

1 -1 0
X, =LALT = | -1 1 0
0 0 0

The rank three solution involves all of .#* whereas the last solution is X = 0.

Remark 7.26 Note that we began with the assumption that a unique full rank solution
exists for the case under consideration. There are, however, cases where A and —A
simultaneously belong to Spec(Ag), where an infinite number of full rank solutions
exist. In these cases too, taking Schur complements of any full rank solution .Z* of
the equation —D;.¥ — ¥ D; + M.¥ = 0, one arrives at lower rank solutions of
the equation.
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Earlier, we had enumerated various special cases, where there is no possibility of
a full rank solution of Ric(X) = 0. For these special cases where full rank solution
of the simplified ARE —D ;. — ZDJT + ZM.¥ = 0 do not exist, one can still
obtain useful information from those solutions (of the simplified ARE) which have
the largest rank.

Throughout this subsection, we had assumed that (Ao, B) is controllable. If
we relax this condition, then one needs to consider the controllable subspace. If k
is the dimension of the controllable subspace, then the maximum rank of a solution
of Ric(X) = 0 one can generically expect is k, provided there are no uncontrollable
modes corresponding to the zero eigenvalue and the situation of an eigenvalue being
controllable and its negative being another eigenvalue which is not controllable does
not arise.

In this section, a complete characterization of all solutions of Ric(X) = 0 was
obtained in terms of the unique maximal rank solution of Ric(X) = 0. In case of
multiple maximal rank solutions too, this characterization holds—but now the Schur
complements of each one of the maximal solutions yield solutions of Ric(X) = 0.

7.3.3 Higher Rank Solutions of Ric(X) < 0

The rich structure displayed by the solutions of the ARE Ric(X) = 0 makes one
expect some similar rich structure in the solutions of the ARI Ric(X) < 0. As it turns
out, this is indeed true. Recall that the solutions of the ARE were the endpoints of the
interval that satisfied the ARI in the scalar Riccati equation. For the matrix case too,
one could think of the solutions of the ARE Ric(X) = 0 as some sort of endpoints of
an interval that satisfies the ARI. Of course, this interval is a matrix interval, where
matrices have to be thought of as being partially ordered by positive definiteness. By
this we mean that a matrix X; > X» is defined as the matrix X| — X, being positive
(semi)-definite. We now state some results that bring out this fact.

Lemma 7.27 Let Dy be ak x k (1 < k < n) matrix in Jordan canonical form
such that Spec(D,) lies in the open right half complex plane. Let the unique rank k
solution of simplified ARE: —Dj, & — .,S”D;k + LMy = 0 be denoted by L*.
Then every solution 2 of the simplified ARI: —Dj, & — fD;k + M ¥ <0is
such that 0 < % < Z*.

Observe that if Spec(D,,) lies in the open left half plane, then one can conclude
that 0 > £ > 2* where £* is the unique rank k solution of the corresponding
ARE. Note that the result above implies that solutions of Ric(X) < 0 satisfy 0 <
X < X* when Ay has all eigenvalues in the open right half complex plane where
X* is the full rank solution of ARE. Therefore, one can obtain Willems’ result
Knin < K < Kpax [17, 24] for ARI by using K = K;,i, + X.
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Lemma 7.28 Let Dy be a k x k (1 < k < n) matrix in Jordan form such that
Spec(Dy,) lies in the open right half complex plane. Then, all rank k solutions of
simplified strict ARI: —D j . —fDJTk + ML < 0are parametrized by all k x k
positive definite matrices.

One can now combine earlier results to obtain results about the most general case
of the simplified ARI: —D ;. — .fD; + ZM.Z < 0. Assume that D has nonzero
eigenvalues which are not purely imaginary. Without loss of generality, assume that
D; = diag(Dy,, D,,) where D/, contains all the eigenvalues in the open right half
plane and Dj, contains all the eigenvalues in the open left half plane. Let .£* be
a maximal rank solution simplified ARE: —D,;.¥ — D! + #M.¢ = 0. From
the earlier results, one knows that Schur complements of .Z* with respect to modes
corresponding to the left/right half complex planes, namely .%, and £} respectively,
are also solutions of the ARE. To be more specific, two special solutions of the
ARE are .Z = diag(.%;, 0) and .£ = diag(0, .£%). This brings us to an important
theorem.

Theorem 7.29 Suppose (Ag, B) is controllable. Consider D; = diag(Dy,, Dy,)
which is a Jordan form of Ag . Let £* be a maximal rank solution of the simplified
ARE and let £ and £ be the solutions of ARE obtained by Schur complements,

as stated above. Then every solution £ of the simplified ARI: —D; ¥ — ¥ D; +
LML <0is such that .,Sﬂe* < % <L

Example 7.30

1 0 0
A=|0 2 0 |,B=|1],0=0
0 0 —4 1

Since A is diagonal, we can write A = Ag = Dy and M = BBT. D has two
eigenvalues in RHP and one eigenvalue in LHP. Let D; be the leading 2 x 2 principal
submatrix of Dy and M7; be corresponding principal submatrix of M. Restricting
to 2 x 2 case for eigenvalues in RHP and solving — D, . — .,Q”DZT + ML =0
for 2 x 2 case, we get rank two solution .%, as discussed in the above theorem from
which we obtain

18  -24 0
Lr=-24 36 0
0 0 0

Now similarly, corresponding to eigenvalue in LHP, we obtain rank one solution
given by

0
Z=|0 0 0
0
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0.72 0 —-1.92
Let &) = 0 0 0 ..,2”1satisﬁes—Djfl—leJT—}—flMZl:
—-1.92 0 —2.88
0. It turns out that £* < £ < .Z*. This is true for all the solutions of simplified
ARE.

. 9.216 —12 —0.5760 .
Let & = —12 18 0 which satisfies ARI —D;.¥ —
—0.5760 0 —2.4640

jDJT + PMP <0. & also satisfies the inequality ‘,2”1* < % <z

When one goes back to the equation Ric(X) < 0, the above theorem translates to
the existence of a maximal and a minimal solution. We now utilize this observation
to generalize a well-known result from the literature. Willems [24] proved that when
(A, B) is controllable, all the solutions K of ARl: —ATK —KA— Q+KBBTK <0
satisfy inequality K,jn < K < Kj4.. If one starts with the assumption (A, B) is
controllable, fix some solution K¢ of the ARE, obtain Ag = A — BB” K, consider
the equation Ric(X) < 0 obtained using this data, then one reaches a situation where
Theorem 7.29 is applicable. Thus K;,;, and K4, in Willems’ result really comes
from £ and £, respectively.

Observe that Theorem 7.29 is applicable for cases where a maximal rank solution
exists for the simplified ARE. Moreover, the assumption that there are no purely
imaginary eigenvalues of D; has been imposed. If we relax this condition, then one
needs to consider a block structure of D, of the form diag(Dy,, Dy,, D,,), where
the submatrix D, contains all the purely imaginary eigenvalues of D, . If the purely
imaginary eigenvalues are controllable, then this translates to the following: the
submatrix of M corresponding to the submatrix D, of D is positive semidefinite.
From the earlier results (specifically Theorem 7.9), one can therefore conclude that
the corresponding block of .Z (a solution of the ARI) must be zero. Thus the existence
of the maximal and minimal solution for the ARI holds for the controllable case.

Willems’ result is about boundedness of the solutions of ARI. We now generalize
this result. First we state a condition for the solutions K being unbounded.

Theorem 7.31 If (A, B) is not a controllable pair and A has uncontrollable eigen-
values which are not purely imaginary, then the set of solutions K of the ARI:
—ATK — KA — Q + KBBT K < 0 is unbounded.

Now we give a complete characterization as to when the solutions K of the ARI
—ATK — KA — Q + KBBT K < 0 is bounded. This theorem is a generalization of
Willems’ result [24].

Theorem 7.32 Consider the pair (A, B) whose uncontrollable modes correspond to
nonzero and purely imaginary eigenvalues. Then the solutions K of the ARI —AT K —
KA — Q + KBBT K < 0 satisfy the inequality Kpin < K < Kpax.

Study of existence of solutions of ARE and ARI with uncontrollable modes on
the imaginary axis has appeared in [20]. We end this section with a theorem that
gives further boundedness properties of ARI for uncontrollable systems. Variants of
this result has appeared in [14, 17].
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Theorem 7.33 If all uncontrollable eigenvalues lie in the open right half plane,
then the solution set of Ric(X) < 0 is bounded from below. If all uncontrollable
eigenvalues lie in open left half plane, then the solution set of Ric(X) < 0 is bounded
from above. If uncontrollable eigenvalues lie in both half planes, then solution set of
Ric(X) < 0 is neither bounded below nor bounded above.

7.4 Conclusions

In this article, we have done yet another characterization of all solutions of the
algebraic Riccati equation. Importantly, we have only used simple linear algebraic
arguments to obtain this characterization. We homogenized the ARE/ARI into an
equivalent ARE/ARI problem Ric(X) = 0/Ric(X) < 0. The matrix X may then be
viewed as a perturbation matrix from a particular solution of the original ARE. We
then characterized all the solutions of Ric(X) = 0, ordering them by their rank. We
demonstrated how all the solutions are in some sense build up from rank one and
rank two solutions, which may be associated to the real and complex eigenvalues of
a matrix related to the ARE. We obtain the characterization for both controllable and
uncontrollable situations.

We provided conditions under which a unique full rank solution exists for the
equation Ric(X) = 0. Special situations that prevent the existence of a unique full
rank solution were enumerated and demonstrated. It was then demonstrated how
this unique full rank solution encodes within it all lower rank solutions (under some
special conditions). Even when these special conditions are not satisfied, the full rank
solution does encode several low rank solutions. Further, it was shown that for the
cases when a unique full rank solution of Ric(X) = 0 does not exist, all the maximal
rank solutions encode within it information about the lower rank solutions.

In parallel, we also characterized the solutions of the ARI. We obtained a general-
ization of a well-known result from the literature and gave conditions on boundedness
and unboundedness of solutions of the ARI.

Wishing Harry a very Happy Birthday and lots of fun in the years to come.
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Chapter 8
Implementation of Behavioral Systems

Diego Napp and Paula Rocha

Abstract In this chapter, we study control by interconnection of a given linear
differential system (the plant behavior) with a suitable controller. The problem for-
mulations and their solutions are completely representation free, and specified only
in terms of the system dynamics. A controller is a system that constrains the plant
behavior through a certain set of variables. In this context, there are two main situ-
ations to be considered: either all the system variables are available for control, i.e.,
are control variables (full control) or only some of the variables are control vari-
ables (partial control). For systems evolving over a time domain (1D) the problems
of implementability by partial (regular) interconnection are well understood. In this
chapter, we study why similar results are not valid in the multidimensional (nD) case.
Finally, we study two important classes of controllers, namely, canonical controllers
and regular controllers.

8.1 Introduction

It is a pleasure to contribute an article in honor of Harry L. Trentelman on the
occasion of his 60th birthday. The first author had the privilege of being one of his
Ph.D. students and of developing a fruitful research collaboration with him over the
last decade. Although she never directly collaborated with Harry, the second author
has always appreciated his work, by which she was inspired in several occasions.
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As the topic of our article, we have chosen an issue which is at the core of systems
and control theory, namely control and, in particular, the implementation of systems
in the behavioral framework. This topic goes back to the seminal contribution of
J.C. Willems in [17] where the fundamental ideas of the problem were established.
However, it was Harry who thoroughly investigated this issue and provided many
fundamental results in this area. It is our intention to make this article an appropriate
tribute to his wide ranging scientific interests and to the influence that his work had
in the field of behavioral approach to systems and control theory. For this purpose,
we have gathered in this chapter our results that are more connected with Harry’s
own research, together with some new results and insights. In order to keep the paper
self-contained and to give a better idea of the kind of reasoning involved, we have
included the proofs of most of those results.

A behavior, denoted by ‘B, is a set of trajectories that obey certain laws described
by a mathematical model. In this context, control is viewed as the ability to impose
adequate additional restrictions to the variables of the behavior in order to obtain a
desired overall functioning pattern. Hence, the behavioral approach proposes a new
perspective to control which is based on interconnection of systems, and where no
a priori input/output partition is considered [17]. The act of controlling a system
is simply viewed as intersecting its behavior with a controller behavior in order to
achieve a desired behavior. Thus, a general control (implementation) problem can be
stated as follows: Given, a plant behavior ‘B and a control objective corresponding to
a desired behavior that we want to implement ", find a controller behavior %, within
a certain controller class, such that the behavior resulting from the interconnection
of B and €, B N ¥, coincides with 7 .

Most of the literature on behavioral control is concerned with the situation in
which all variables of 8 are available for control, i.e., it is allowed to impose extra
restrictions on all the variables of 8. We refer to this situation as full control or
full interconnection [10, 11, 17]. Another important case considered in the literature
is when the system variables are divided into two sets: the variables that we are
interested to control (called to-be-controlled variables) and the variables on which we
are allowed to enforce restrictions (called control variables). This situation is known
as partial control or partial interconnection [1, 4, 12, 15, 18]. In this more involved
situation, although we cannot act directly upon the to-be-controlled variables, we
can nevertheless influence their dynamics by imposing restrictions on the control
variables.

Of particular interest is the kind of interconnection that is called regular inter-
connection. In such interconnection, the restrictions imposed on the plant by the
controller are independent of the restrictions already present in the plant. These type
of interconnections are closely related to the notion of feedback control in the classi-
cal state-space systems since only system inputs are restricted, as in a feedback loop
[14, 17].

The first results on implementability of full control problems were obtained in
[18, 20] for linear systems evolving over a time domain (1D behaviors) and in [16]
for a very general class of systems. Later, results for 1D behaviors were general-
ized to regular partial interconnections in [1] (see also [2, 12, 19]). In the context
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of multidimensional systems (nD behaviors) full regular interconnections were first
investigated in [14, 24] and results on the partial interconnection counterpart were
first presented in [13, 15]. The case of nD behaviors constituted by compactly sup-
ported functions was investigated in [8].

The problem of implementability by regular interconnections is well understood
and fully characterized for 1D behaviors in both contexts of full and partial control,
see for instance [1, 10, 11, 18]. In fact, # C B is implementable by regular full
interconnection if and only if B = B¢ + 7 where B¢ is the controllable part
of B. Moreover, in [1] the solvability of a 1D partial control problem was related
to the solvability of a suitable associated full control problem involving only the
to-be-controlled variables and in terms of the controllable and autonomous parts
of the behavior. The situation in the nD case is somewhat more involved, and a
direct characterization in terms of implementation of the to-be-controlled variables
seems to be impossible. In this chapter, our aim is to reinvestigate the problem
of implementability by full and partial regular interconnections of nD behaviors.
More concretely, we study the role of the so-called hidden behavior and also of the
controllable-autonomous decomposition.

This chapter is organized as follows: we begin by introducing some necessary
background from the field of nD behaviors, centering around concepts such as con-
trollability, autonomy, orthogonal module, etc. We conclude this section with a sub-
section on behaviors with two types of variables. Section 8.3 is devoted to the study
of the problem of implementation by regular interconnection. We first analyze the
implementation by full control to conclude the chapter by treating the more general
case of implementation by partial interconnections.

8.2 Preliminaries

In order to state more precisely the questions to be considered we introduce in this
section the necessary material and notation on behavioral theory for nD systems. The
last subsection is concerned with the theory of behaviors with two different types of
variables (the to-be-controlled variables and the control variables).

8.2.1 nD (kernel) Behaviors

In the behavioral approach to nD systems, a system or behavior is defined by a triple
(%, q,B), where % is the signal space or trajectory universe, ¢ € Z™ is the number
of components of the system variable vector, and B C %9 is the behavior. In this
chapter, we assume % = (©)Z",

Since the theory of continuous linear time-invariant systems as discussed in [21]
is completely analogous to that of the present chapter, the same tools and conclu-
sions will apply in the continuous case, where 7% is the space of all infinitely often



154 D. Napp and P. Rocha

differentiable functions from R” to R, or all R-valued distributions on R”. For the
sake of simplicity we will however focus on the discrete case.

We call B a linear difference nD behavior or simply nD behavior if it is the
solution set of a system of linear, constant-coefficient partial difference equations,
more precisely, if 9B is the subset of %4 given by:

B =ker R(o,0 ) :={we % |R(c,c "Hw=0)}, (8.1)

g = (o1,...,04), g‘l = (01_1, el on_l), the o;’s are the elementary nD shift
operators (defined by o;w(k) = w(k + ¢;), for k € Z", where e; is the ith element
of the canonical basis of C") and R(s,s~!) € RP*4[s,s~!] is an nD Laurent-
polynomial matrix known as representation of 5. If no confusion arises, given an nD
Laurent-polynomial matrix A(o, o ~!), we sometimes write A instead of A(o, o)
and A(s, s ).

Instead of characterizing ‘B by means of a representation matrix R, it is also
possible to characterize it by means of its orthogonal module Mod(®8), which
consists of all the nD Laurent-polynomial rows r(s, s ') € C4[s, s~ '] such that
B C ker r(o,o~!), and can be shown to coincide with the C[s, s~']-module
RM(R) generated by the rows of R, i.e., Mod(B) = RM(R(s, s~ ')) [21]. Note that
this corresponds to the set of all (linear constant-coefficient difference) equations
that are satisfied by all the elements (trajectories) of B.

It turns out that sums, intersections, and inclusions of behaviors can be formulated
in terms of the corresponding modules.

Theorem 8.1 ([24, p. 1074]) Let B! and B? be two behaviors. Then, B + B2 and
B N B, are also behaviors and

1. Mod (B! + B2) = Mod(B!) N Mod(82).
2. Mod(B' N B2%) = Mod(B!) + Mod(B2).
3. Bl c®B? & Mod(B2?) c Mod(B).

Note that part 3 in Theorem 8.1 implies that if B! = ker R; C B = ker R», then
there exists an L-polynomial matrix S such that R, = SR;.

For a full column rank L-polynomial matrix R € R”*9[s, s~!] define its Laurent
variety (or zeros) as

Y (R) = {(A1, M) € C? | rank (R (A1, A2)) < rank(R), A1Ay # 0},

where the first rank is taken over C and the second one over R[s, s~']. Note that
¥ (R) is equal to the set of common zeros of the ¢ x ¢ minors of R.

Definition 8.2 A full column rank L-polynomial matrix R € R”*4[s, s~'] is said
to be right minor prime (tMP) if ¥/ (R) is finite and right zero prime (tZP) if ¥ (R)
is empty. A full row rank L-polynomial matrix R € RP*9[s, s~!] is said to be
left minor/zero prime (¢MP/¢ZP) if R” is right minor/zero prime, respectively. An
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L-polynomial matrix L is called a minimal left annihilator (MLA) of R if LR = 0,
and for any other L-polynomial matrix S such that SR = 0 we have that S = AL for
some L-polynomial matrix A. We define minimal right annihilators in a similar way,
with the obvious adaptations.

We next review the notions of controllability and autonomy in the context of the
behavioral approach.

Definition 8.3 A behavior B C (R?)%" is said to be controllable if forall z1, zo € B
there exists § > 0 such that for all subsets U, U, C Z" with d(U;, Us) > &, there
exists a z € B such that z |y, = z; |y, and 2|y, = 22|, -

In the above definition, d(-, -) denotes the Euclidean metric on Z" and z |y, for
some U C Z", denotes the trajectory z restricted to the domain U.

In contrast with the one dimensional case, nD behaviors admit a stronger notion
of controllability called rectifiability (also known in the literature as strong control-
lability). Whereas controllable behaviors are the ones that can be represented by an
MLA of some L-polynomial matrix or in others words C[s, s ~']/Mod(B) is tor-
sion free, rectifiable behaviors are the ones that can be represented by £ZP matrices,
i.e., the R[s, s~ !]-module C4[s, s ~'1/Mod(B°) is free.

On the other hand, we shall say that a behavior is autonomous if it has no free
variables, i.e., no “inputs”. It can be shown that 8 = ker R is autonomous if and
only if R has full column rank. In the 1D case, all autonomous behaviors are finite
dimensional vector spaces but in the nD case this is no longer true. Whereas for 1D
systems initial conditions are given in a finite number of points, nD autonomous
systems are generally infinite dimensional. But even in this case the amount of infor-
mation (initial conditions) necessary to generate the trajectories of an autonomous
nD system may vary. Hence, given an autonomous behavior, a natural question to
ask is how much information is necessary in order to fully determine the system tra-
jectories, i.e., how large is the initial condition set. This question has been analyzed
in [5, 22] by introducing the notion of autonomy degrees for behaviors.

Definition 8.4 Let B be a non-zero autonomous behavior and R € RP*4[s, s~ ]
be an nD Laurent-polynomial matrix with full column rank such that 8 = ker R.
We define autodeg(B) = n — dim”¥V (R) to be the autonomy degree of 5. The
autonomy degree of the zero behavior is defined to be co.

It turns out that the larger the autonomy degree, the smaller is the freedom to
assign initial conditions, see [5].

Every nD behavior ‘B can be decomposed into the sum B = B¢ + ‘B¢, where
B¢ is the controllable part of B (defined as the largest controllable sub-behavior
of ) and B¢ is a (non-unique) autonomous sub-behavior. This sum can be chosen
to be direct for 1D behaviors, but this is not always possible for multidimensional
behaviors, see [23].
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8.2.2 Behaviors with Two Types of Variables

Since in this chapter we are interested in considering different types of variables in a
behavior (the to-be-controlled variables and the control variables), we introduce the
notation B, ) for a behavior whose variable z is partitioned into two sub-variables
w and c. Partitioning the corresponding representation matrix as [R M ], we can write

Bw.oy={w,¢) € %" | R(a, 0 Hw+ M(a, 0" e =0} = ker [R M].

In the case one is only interested in analyzing the evolution of one of the sub-variables,
say, w, it is useful to eliminate the other one (c¢) and consider the projection of the
behavior By, ) into %", defined as

Tw(Bw,e)) = {w| 3 csuchthat (w, c) € By}

The elimination theorem [9] guarantees that 7,, (B, ¢)) is also a (kernel) behavior,
for which a representation can be constructed as follows: take a minimal left annihi-
lator (MLA) E of M. Then m,,(*Bw,¢)) = ker (ER), see [9, Corollary 2.38].

On the other hand given a behavior 8 = ker R C %" we define the lifting of B
into "€ as

%Z‘W’C) ={(w,c) € #"tC| cisfree and w € B}. (8.2)

Obviously %f W) = ker [R 0]. Analogous definitions can be given if the roles of w
and c are interchanged. For the sake of brevity, if no confusion arises, we identify 5
and %E“W’C) and denote B,, := 7, (By,¢)) and B := 7:(Bw,c))-

Definition 8.5 Given a behavior B, ) C Z "< we say that ¢ is observable from
wif (w, c1), (W, c2) € By, ) implies c; = c3.

Usually, in control problems involving behaviors with two types of variables it
is important to consider the set of variables that are not observable or hidden from
the remaining set of variables, see [15-17]. Hence, given a behavior B, ., we shall
define

%(O,C) = {C eU* [ (0,¢) € %(W,C)}v

as the behavior of the variables c that are not observable or hidden from w. Clearly,
if B, ¢) =ker [R M]then B ) = ker M. Similarly, we define B, ) as the set
of w variables that are hidden from the variables c. Taking into account that we are
dealing with linear behaviors, it is not difficult to verify that ¢ is observable from w
if and only if 9o ) is the zero behavior. Similarly, w is observable from c if and
only if By, o) is the zero behavior.
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8.3 Implementation

The behavioral approach to control rests on the basic idea that to control a system is
to impose appropriate additional restrictions to its variables in order to obtain a new
desired behavior. These additional restrictions are achieved by interconnecting the
given system with another system called the controller. From the mathematical point
of view, system interconnection corresponds to the intersection of the behavior to be
controlled with the controller behavior.

Two situations have been considered in the literature. The first one is known as full
interconnection and corresponds to the case where the controller is allowed to impose
restrictions on all the system variables. The second, called partial interconnection,
considers interconnections where one is only allowed to use some of the system
variables for the purpose of interconnection.

8.3.1 Control by Regular Full Interconnection

The full interconnection of a behavior to be controlled, B C 'V, with a controller
behavior, € C %", yields a controlled behavior given by

A =BNGE, (8.3)

or alternatively, in module terms, by Mod(.#") = Mod(B)+Mod(%). If (8.3) holds,
we say that " is implementable by full interconnection from B.

A particular interesting type of interconnection corresponds to the case where the
restrictions imposed by the controller do not overlap with the restrictions already
active for the behavior to be controlled. Recalling that the elements of the modules
associated with a behavior represent the corresponding equations (or restrictions),
this means, in terms of the corresponding modules that

Mod(®8) N Mod(%) = {0},
(or, equivalently, that B + % = ™) and therefore
Mod (%) = Mod(B) & Mod(%).

In this case, we say that the interconnection of B and % is a regular intercon-
nection and denote it by B N,,, ¢. For a 1D behaviors, we know from the work
of Willems [18] that controllability is equivalent to implementation of any sub-
behavior by means of regular interconnection. Again the situation for nD behaviors
is more involved. The following necessary (and not necessarily sufficient) condition
for implementation of nD behaviors by regular interconnection has been derived in
[14, Theorem 4.5, p. 124].
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Theorem 8.6 Let*B and % be two nD behaviors and B¢ the controllable part of °B.
Then if  is implementable by regular interconnection from 5 then B = B + %'

This result can be intuitively explained by the fact that an autonomous part of a
behavior may be somehow considered as obstructions to the (regular) control of that
behavior, as happens for instance with the noncontrollable modes in the context of
pole-placement for classical state-space systems. Using this result it is possible to
show the next useful Lemma.

Lemma 8.7 ([4, Lemma 6]) Let B and € be two nD behaviors. If the interconnec-
tion of B and € is regular then so is the interconnection between 8¢ and €.

Proof Let B N¢ = % with regular interconnection, i.e., Mod(*8)® Mod (%) =
Mod(). Using Theorem 8.6 we have that B = B¢ 4+ % or equivalently
Mod(®B) = Mod (%) NMod(.#") = Mod(2B) N (Mod(25) @ Mod(%¥)). Using that
Mod(®B) C Mod(25¢) one easily show that Mod(25¢) N (Mod(®B) & Mod(%)) =
Mod(®B¢) N Mod(%)) ® Mod(28). Since Mod(25) N Mod (%) = {0} we have that
Mod(B) N Mod(%) = {0}. [ |

Lemma 8.7 shows that the controllable part of a behavior plays an important
role in the context of regular interconnections. Indeed, a controller which does not
interconnect with B¢ in a regular way, can not interconnect with 8B regularly.

Next we present a more surprising result, proven in [5, Theorem 18], that shows
that the possibility of implementing autonomous sub-behaviors of B by regular
interconnection may also impose conditions in the controllable part of ‘B, depending
on the autonomy degree of such sub-behaviors. We shall include its short proof for
the sake of completeness.

Theorem 8.8 Let B be a behavior. If & C ‘B is regularly implementable from
B and has autonomy degree larger than 1 then B¢ (the controllable part of B) is
rectifiable.

Proof In order to prove the result we will make use of the duality between ‘B and
Mod(%B). Obviously, BN,., ¢ = ¢ if and only if Mod (28) @Mod (%) = Mod(X).
The assumption that .#” has autonomy degree > 2 amounts to saying that the height
of the annihilator of C4[s, s~']/(Mod(B) @& Mod(%)) is > 2, see [22, Lemma 4.7,
p. 54]. Equivalently, the annihilator of C4[s, s~!]/(Mod(8) @ Mod(%))) contains
at least two coprime elements, see [22, Lemma 3.6].

Further, the interconnection 8 N ¥ is regular if and only if B¢ N €° is regular,
where B¢ and %¢ denote the corresponding controllable parts, see [6, Lemma 12].
Obviously B NE° C B NE and therefore autodeg (B NE€) > autodeg(B NE).

Thus we have, by assumption, that the annihilator of C4[s, s~']/(Mod(8¢) ®
Mod(%°)) contains at least two coprime elements, say d;, d>. Note that since B¢
and € are controllable, C7[s, s~']/Mod(B¢) and C4[s, s ~']/Mod(%*) are torsion
free.

We prove that 98¢ is rectifiable by showing that C?[s, s ~!]/Mod(B°) is free as a
R[s, s~ !]-module.
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Consider, an element & € C9s, g_l]. There are coprime elements di, d» with
dié = ay + by, drE = ar + by with aj, ay € Mod(5°), by, by € Mod(%°). The
element 7] = Z—: = Z—; € C4(s, s ") has the property dity, dat; € CI[s, s~ '],
where C9(s, s ’1) stands for the field of rational Laurent polynomials. Since d, d»
are coprime, this implies that 7; € C4[s, s~']. Since C4[s, s~']/Mod(5B°) has no
torsion, one obtains 7| € Mod(B¢).

The same argument shows that 1, = Z—i = z—; belongs to Mod(%°). Hence
£ =1+ 1 € Mod(B€) @ Mod(€¢) and C4[s, s~ '] = Mod(B) & Mod(€°).
Then Mod(25¢) and Mod(C¢) are projective modules and therefore free. Finally,
since Mod(C¢) ~ C4[s, s~ ']/Mod(5B) one obtains that C4[s, s~']/Mod(B°) is
free. This concludes the proof. |

One can conclude from Theorem 8.8 that, in contrast to the 1D case, regular
implementability is a very restrictive property in the context of nD behaviors (with
n=>?2).

When the controllable part of B is rectifiable, it is possible to further exploit the
simplified form of the rectified behavior in order to derive the following result on the
autonomous-controllable decomposition of 5.

Theorem 8.9 ([5, Prop. 4]) Let B be a behavior with rectifiable controllable part.
Then, there always exists an autonomous sub-behavior B¢ of B such that B =

B¢ @ B

8.3.2 Control by Regular Partial Interconnection

In the case of partial interconnection, one starts from a full behavior B, ), where
w is the variable to be controlled and c is the control variable. The goal is to find
a control variable behavior ¥’ whose interconnection with By, .y yields a desired
behavior, % for the variable w. This can be formulated as finding % such that:

H = 7'l'w(%(w,r:) N Cg(Tv,c))'

For simplicity of notation we shall write %, or instead of ‘@”(’:V’C); moreover we
shall skip the subscript with the indication of the variable (and write, for instance, ¢
and B instead of €, and 93,,, respectively) if no confusion arises.

Also in this context regularity plays an important role. Given two behaviors
Bw.ey C XV and € C %°, we say that the interconnection B,y N €/

(w,0)
is regular if
MOd(%(W,L‘)) N MOd(%p(Tv’c)) = {0},

or equivalently if B, ) + %(tv o= /" *¢  In this case, we denote the interconnec-
tion by By.c) Nyeg €7

(.c) OF (in simplified notation) by B¢y Nyeg €. Obviously,
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if € = ker C, Mod(‘g; c)) = RM([0 C1]) and when no confusion arises we write
Mod(‘g(’tv’c)) = Mod(%).

The following lemma presents some interesting results about partial interconnec-
tions and hidden behaviors that can be found in [7, Lemma 9] or in [15, Corollary 14].

Lemma 8.10 Let B,y C %" and € C U° be two behaviors. Then, the
following hold true.

1. T[W(%(w,c) N ‘5) = 7Tw(%(wyc) N (% + %(0,0)))~
2. %(W,C) Nreg %€ if and only if %(w,c) Nreg (€ + %(O,C))'
3. Bwe) Nreg € if and only if B Nyeg €.

Proof Let B, ) =ker [R M]and ¢ = ker C. Note that B, =ker M C %*
and since Bo,c) C € + B(0,¢), then € + B o,) = ker KM for some L-polynomial
matrix K.

1. Itis enough to show that 7,, (B y,c) N(E+B(0,¢))) C T (B w,c) NE) since the
otherinclusionis trivial. Letw € 1, (B )N (€ +B(0,¢)))- Then, by definition of 7,

there exists a ¢ such that (w, ¢) € By,c) N (E +DBo,¢)) = ker . Clearly,

R M

0 KM:|
¢ must satisty KMc = 0,i.e.,c € € +B0,c) = ker KM and therefore ¢ = ¢* + c**,
where ¢* € € and ¢** € B, = ker M. Hence, as (w,c) € ker [R M],

(w, c*) € ker [R M] which implies that (w, ¢*) € ker |:§ AC/{:| =B, NE,and

therefore w € 1, (B ) N F).
2. By Theorem 8.1, the proof of 3 amounts to showing that

RM([R M])NRM([0 C]) = {0} if and only if RM([R M])NRM([0 KM]) = {0}.

Asker C =% C €+B0,¢c) = ker KM,RM(K M) C RM(C) and the “only if” part
is obvious. For the converse, let (0, 0) # (r, m) € RM([R M])NRM([0 C]). Clearly
r must be zero and then there exists an L-polynomial row s such that s[R M] =
(0, m) # (0, 0), which implies sM = m € RM(C) N RM(M) = RM(KM). Thus,
(0, m) e RM([R M]) NRM([0 KM]).

3. In terms of the corresponding modules we need to show that

RM([R M]) NRM([0 C]) = {0} if and only if RM(LM) N RM(C) = {0},

where L is an MLA of R. In order to prove the “if” part, let (0,0) # (r,m) €
RM([R M]) NRM([0 C]).Itis easy to see that r must be zero and therefore there
exists s € L such that s[R M] = (0, m). Thus, 0 # sM = m € RM(LM) NRM(C).
To prove the converse implication suppose that 0 = m € RM(LM) N RM(C).
Then, m = LM = BC for some L-polynomial rows « and S. This implies that
(0,m) = aL[R M] = B[0 C] and therefore (0, 0) # (0, m) € RM([R M]) NRM
([0 CD. u
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A behavior £ C %" is trivially implementable from a given behavior 6 C ¥
by full (not necessarily regular) interconnection if and only if #~ C 8. This condition
is however not enough in the partial interconnection case. Indeed, it was proven in
[1, 15, 16] that 2 is implementable by partial (not necessarily regular) intercon-
nection from 2B, () if and only if

%(W,O) Cx C %W = nw(%(w,c))-

For regular partial interconnections the implementation problem was fully
addressed and solved in the 1D context in [1]. In effect, the following necessary and
sufficient conditions for the regular implementation of a behavior .Z~ were given:

1. ¢ is implementable by partial interconnection, i.e., B, 0y C Z C B,
2. X + B¢, = ‘B,,, where B¢, stands for the controllable part of B,,, .

Note that the second condition is equivalent (in the 1D case) to 2 being regularly
implementable by full interconnection from ‘B,,. It was shown in [13, 15] that these
two conditions were neither necessary nor sufficient in the nD case. Next we inves-
tigate when similar conditions hold in terms of the associated hidden behaviors. We
say that a behavior is regular if admits a full row rank representation.

Theorem 8.11 Let ¥ C %" and By C U be given. Assume that X is
implementable by partial interconnection and that the hidden behavior B, o) is
regular. If ¥ is regularly implementable by full interconnection (from *B,,) then it
is regularly implementable by partial interconnection.

Proof Let [R M] be such that B, ) = ker [R M]. Since B, 0) = ker R is

Ri| with R full row

regular we can assume without loss of generality that R = [ 0

rank and therefore B, ) = ker |:R M,

0 M, ] , for a suitable partition of M. Then, *B,, =

M1:|.Let<55 =ker C C %" be
M,

the controller that implements .#” by full interconnection. As % is implementable
by partial interconnection, B, 0) C # C % it follows that there exists a matrix
L such that C = LR. Take ¢ = ker LM; C 7% ©. Next we show that ¢ regularly
implements .# by partial interconnection. It is easy to check that 4" implements 7.
To show that the interconnection is regular suppose that the row vector m belongs

to RM([0 LM;]) N RM([R M

7w (Bw,c)) = ker XR, where [X Y]is an MLA of

0 M :|). This means that there exist row vectors s, and
2
R M,

t = [t n]suchthatm = s[0LM] = [1 1] [0 Mo

j| . As R is full row rank

t1 = 0. This implies that [sL — 2] [%1} = 0, and hence [sL — ] =v[X Y]
2

for some row vector v. In turn, this implies that sSLR = vXR. As, by assumption, the
interconnection of 9B, = ker XR and ¥ = ker LR is regular, sSLR = (vXR =) 0,
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and, since R has full row rank, sL = 0. Therefore m = s[0 LM;] = 0, which
concludes the proof. |

Using part 3 of Lemma 8.10, and applying the same type of reasoning as in the
proof of Theorem 8.11, one can derive the following corollary.

Corollary 8.12 Let % C %" and Byey C U be given. Assume that X
is implementable by partial interconnection and that the hidden behavior ‘B )
is regular. If 2 is regularly implementable by partial interconnection then it is
regularly implementable by full interconnection (from B,,).

Remark 8.13 Note that rectifiable behaviors admit a full row rank representation,
i.e., are regular, and therefore Theorem 8.11 and Corollary 8.12 are still valid if
we assume that B, oy and B ) respectively are rectifiable. Moreover, in the 2D
case one can assume controllability instead of rectifiability as controllable behaviors
always have a full row rank representation.

8.3.3 Controllers

In this section, we look at a special behavior that has also been introduced in [2, 16,
19] under the name of canonical controller. In particular, we study its effectiveness
in solving partial control problems—a question which has also been considered in
[3, 19] for the 1D case—and generalize the corresponding 1D results to the nD case.
We conclude the section by analyzing the performance of regular controllers in this
context. The results of this section (except for Theorem 8.20) were first presented in
[13] although some can also be found in [15] in a more module-theoretical framework.

It is immediately apparent that the study of partial control problems requires
additional tools with respect to full control problems. For this reason, it is desirable
to translate partial control problems into full control ones. In the 1D case, it is
possible to make this translation in terms of full control problems for behaviors
involving only the to-be-controlled variable w. Unfortunately this is no longer true
in the higher dimensional (nD) case. Therefore, we shall try to characterize regular
implementation (by partial control) in terms of conditions on the control variable
behavior, rather than by means of conditions on the behavior of the variables to be
controlled. To this end we introduce the notion of canonical controller associated
to a given control problem. For a given control objective = C %V, the canonical
controller associate with .#" is defined as follows:

G () == {c | 3w such that (w, ¢) € B,.c) and w € H}.

For simplicity we use 6" for €“*"(#"). Thus, the canonical controller consists
of all the control variable trajectories compatible with the desired behavior for the
variables to be controlled.

We start by relating the implementation of JZ from B, ., (by partial control)
with the implementation of the corresponding canonical controller from ‘B.. First,
we treat the implementation problem and then the regular implementation.
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Theorem 8.14 Given a plant behavior B, ) and an implementable control objec-
tive K, the following holds.

1. Ifthe controller € implements €““" from B, by full control, then it implements
H from By, o).

2. If the controller € implements ¥ from DB (,y.c), then the controller € + B¢
implements € " from B, by full control.

Proof Let Rw = Mc be a representation of By, ). Then, B, = ker NM, where N

be an nD polynomial matrix which is an minimal left annihilator (MLA) of R. To

prove the first statement assume that the controller ¥ = ker K implements & %"

and apply this controller to the plant. This yields the (w, c¢)-behavior described by
the equations:

Rw = Mc

[ 0 =Kec. 8.4

‘We next show that the corresponding w-behavior coincides with ., which clearly
implies that € implements %2~ from B, ).

Suppose then that w* belongs to the w-behavior induced by equations (8.4), i.e.,
that there exists ¢* such that the pair (w*, ¢*) satisfies these equations. This implies
that ¢* € B, NE = €°“" and hence, by the definition of the canonical controller,
there exists w € ¢ such that (w,c) € B ). Thus, by linearity, (w* —w,0) €
B (w,c), meaning that w* — w € By, o). Since 7 is by assumption implementable,
B0y C 4 and w* —w € . Consequently also w* € % and therefore the
w-behavior induced by equations (8.4) is contained in JZ".

Conversely, suppose that w* € . Then obviously w* € B,, and hence there
exists ¢* such that (w*, c*) € By, ¢), i.e., such that

Rw* = Mc*.

By the definition of the canonical controller, this means that ¢* € €““". Since €“"
is assumed to be implementable by €, €““" C ¢ and therefore ¢* € ¥, i.e.,

Kc* = 0.

Thus, the pair (w*, ¢*) satisfies Eq. (8.4), which means that w* is in the w-behavior
induced by these equations. So, ¢ is contained in that behavior. As mentioned
before, this shows that ¢ implements % from B, ).

As for the second statement assume now that the controller ¢ = ker K imple-
ments 2 from B, . Let ¢* € €°“". This means that there exists w* such that
(W*, ¢*) € B(y.c) and w* € ¢ . This last condition implies that there exists ¢ € €
such that (w*, ¢) € B,¢). Note that by the linearity of B, ¢, (0, c* —¢) € B,
hence ¢* — & € B(o..) and therefore (taking into account that ¢ € €) we have
that ¢c* € B, + %. Thus, €< C B0,c) + % and, since also €°“" C B.,
€M C (Bo,c) +€) N Be.
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Conversely, assume that ¢* € (B(,) + %) N B,. Then, there exist w* and
¢ € ¢ such that (w*, c*) € Bw.c), € € % and c* —¢ € B (0,c)- This implies that
(w*, ¢) € By, and, since ¢ implements JZ~ from B, (), w* € . Together with
the fact that (w*, ¢*) € By, ¢, taking the definition of €““” into account, this allows
to conclude that ¢* € €““". Therefore (B o, +€)NB, C €. This finally proves
that €°“" = (B(0,c) + %5) N B, which amounts to say that B ) + 3 implements
€ from B, by full control. |

Note that, as a consequence of this theorem, if the hidden behavior B ) = {0},
then ¢ implements ¢ from B, ) if and only if it implements €““" from B. by
full control.

Next we extend Theorem 8.14 for regular interconnections.

Theorem 8.15 Given a plant behavior B, ¢y and an implementable control objec-
tive ', the following holds.

1. If the controller € implements € " from B, by regular full control, then €
implements ¢ regularly from B, ¢).

2. If the controller ¢ implements ¢ regularly from B, ), then the controller
€ + B(0,c) implements €“" from B, by regular full control.

Proof Since the statements about implementation have already been proven in The-
orem 8.14 it now suffices to prove the statements concerning regularity.

To show the first statement let » = [0 7] € Mod(B,,)) N Mod(% ) (note
that since w is free in ’: (w.c)? the first components of » must be zero). Then clearly,
r € Mod(%). Moreover, B, C ker r, and hence r € Mod(*B.). Therefore r €
Mod(®B,) N Mod(%) In this way, if Mod(B,¢)) N Mod(% ) has a nonzero
element r = [0 7] with 7 # 0 then also Mod(®8,) N Mod(%) has a nonzero
element 7, proving the desired implication. Statement 2. can be proved using similar
arguments. |

Again we remark that Theorem 8.15 implies that, in case 8 o,y = {0}, ¢ regularly
implements ¢ from B, () if and only if it implements € from B, by regular
full control.

Theorem 8.15 yields necessary and sufficient conditions for the problem of regular
implementation by partial interconnections.

Corollary 8.16 Let B, ) be a given plant behavior and % a control objective.
Assume further that ¢ is implementable from B, . Then J¢ is regularly imple-
mentable from B, ¢ if and only if €°“" is regularly implementable from B by full
control.

In the previous considerations, the canonical controller associated to a given con-
trol problem has been considered as a control objective itself, whose ability to be
implemented provides information on the possibility of implementing the true control
objective. We now take a different perspective and consider the canonical controller
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in its most natural role, i.e., as being itself a controller. In this context, two questions
obviously arise: Does the canonical controller implement the control objective? If
s0, is this implementation regular? The answers to these questions are given below.

Theorem 8.17 Given a plant behavior B, ¢y, a control objective J, let €“" be
the associated canonical controller. Then, € " implements ¢ if and only of K is
implementable.

Proof The “only if” part of the statement is trivial. As for the “if” part, suppose
that /" is implementable, and let % =ker K be a controller that implements this
behavior. Then, by Theorem 8.14, the controller € + B, implements € ““* from
B.. If Rw = Mc is arepresentation of B, o) and N isa MLA of R, B o,.) = ker M
and B, = ker NM. Therefore, the fact that € + B (0,¢) implements " from B,
means that “*" is the c-behavior induced by the following equations:

NMc =0

c =c1+o

Kei =0 (8.5)
Mc, =0.

Consequently, applying the canonical controller to the plant B, . yields the restric-
tions:

Rw = Mc

NMc=0

c =c1+c (8.6)
Kci =0

Mcy, =0,

that can easily be shown to have the same w-behavior as

Rw = Mc
[k 2o ®
But this w-behavior is precisely %, which proves that €““" indeed implements 7.
|

Our last results concerns regular implementation by means of the canonical con-
troller.

Theorem 8.18 Given aplant behavior B, ), a control objective ¢, let € ““" be the
associated canonical controller. Then, €““" regularly implements J¢ if and only of
B, coincides with the whole c-trajectory universe, i.e., if and only if Mod (25.) = {0}.

Proof Assume that €°*" regularly implements . Then, by Corollary 8.16, °*"* +
B (0,¢) regularly implements €““"* from B... This implies that Mod (% “" +B0,¢)) N
Mod(®B.) = {0}. But, Mod(€““" +B(9,¢)) "Mod(B.) = Mod(€“*") "Mod(‘B,).
AsMod(®B,.) C Mod(%““") (because " C B,.), we obtain that Mod(B.) = {0}.
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Conversely, if Mod(®8.) = {0} then the canonical controller regularly imple-
ments itself from B.. By Corollary 8.16 this implies that "“*"* also implements %2~
regularly. |

Corollary 8.19 The canonical controller is regular if and only if every controller is
regular.

Proof The if part is obvious. As for the only if part, we start by noting that, given
a controller €, Mod (B (.¢)) N Mod(%(’tv’c)) ={r|r=1[0r],F € mod (¥)N
Mod(B.)}. Assume now that the canonical controller is regular. Then, by the previous
theorem, Mod(‘5.) = {0} and consequently also Mod (B, ¢)) ﬂMod(%(tv’C)) = {0}
for any given controller ¢, which precisely means that the controller € is regular.
This proves the desired result. |

Theorems 8.17, 8.18 and Corollary 8.19 generalize the corresponding 1D results
obtained in [3, 19] to the nD case.

Finally, we study another class of controllers that are of interest in the context
of regular partial interconnections, namely, controllers that admit full row rank
representations, called regular controllers. The regular implementation by means
of a regular controller implies the regular implementation by full interconnection
(from B,,).

Theorem 8.20 ([4, Theorem 10]) Let B, ) = ker [R M] be a behavior. If a
desired behavior J¢ is implementable by regular partial interconnection with a
regular controller ¢ = ker [0 LM] then J# = B,, Ny ker (LR), i.e., & can also
be implementable by regular (full) interconnection from °B,,.

Proof Without loss of generality we supposed that the matrix LM is full row rank
since % is a regular behavior. Further,

)0 )= LR o ]

Let X be the MLA of M. Hence I1,,(B ) N ¢) = I, (ker [LRR A(;I:|) =

ker [fﬁ] = By,c) Nker LR. To see that the interconnection between B, .y and
ker LR isregular we prove that the interconnection between ker [R M]Nker [LR 0]
is regular, i.e., v[R M] = z[LR 0] for some row vectors v and z, implies
v[R M] =0 = z[LR 0]. Suppose that v[R M] = z[LR 0]. Note that z[LR 0] =
z[0 —LM]+[LR LM]andthen v[R M]—z[LR LM] = (v—zL)[R M] = z[0 —LM].
By assumption that the interconnection of B, ) and % is regular one has that
(v —zL)[R M] = z[0 — LM] = 0 and since LM is full row rank one obtains that
z = 0 and therefore v[R M] = z[LR 0] = 0 which proves that the interconnection
is regular. |
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Chapter 9

Synchronization of Linear Multi-Agent
Systems with Input Nonlinearities via
Dynamic Protocols

Kiyotsugu Takaba

Abstract This paper is concerned with the local synchronization of linear agents
subject to sector-bounded input nonlinearities over an undirected communication
graph via dynamic output feedback protocol. We first derive a sufficient condition for
achieving the local synchronization for any nonlinearities satisfying a given sector
condition with a given dynamic protocol in terms of LMIs. Based on this analy-
sis, we present a sufficient BMI synthesis condition of a dynamic protocol which
locally synchronizes the linear agents with arbitrary sector-bounded input nonlinear-
ities. Though the present BMI condition is non-convex, the condition is numerically
tractable because it does not depend on the size of the communication graph except
for computation of the Laplacian eigenvalues.

9.1 Introduction

It is a great pleasure to contribute this paper to the festschrift of Prof. Trentelman on
the occasion of his 60th birthday.

Over the last decade, distributed cooperative control of multi-agent systems has
been attracting a great interest in the control theory community (see [1, 2] and the
references therein). The key feature of a multi-agent system is that it achieves a
certain cooperative task such as synchronization, consensus, and formation, through
distributed control of individual agents based on local interactions with their neigh-
boring agents. Trentelman and his co-workers have reported several important results
in this research area in recent years [3-6].

Early works on distributed cooperative control of linear multi-agent systems
focused mainly on consensus and formation problems with homogeneous agent
dynamics without model uncertainties [2, 7-10]. One of the recent research directions
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of multi-agent control systems has been the robustness to cope with heterogeneity
and/or model uncertainties of the agent dynamics [3, 11, 12].

Many control systems are subject to input nonlinearities due to physical char-
acteristics of actuators and/or safety requirements. Of course, this situation is also
true for multi-agent systems. In this paper, we will consider the synchronization of
linear agents subject to sector-bounded nonlinearities in their input channels. There
have been several related works in the literature. Zhang, Trentelman, and Scherpen
considered the design of a dynamic protocol that robustly synchronizes a network of
Lur’e systems with incrementally passive nonlinearities [5, 6].

As atypical input nonlinearity, several works considered synchronization of linear
agents with input saturations [13—18]. Among them, Takaba [17, 18] derived LMI
synthesis conditions of relative state feedback laws that achieve the global/local
synchronization of linear agents in the presence of input saturations. Although the
previous works of [13—18] dealt with only a particular type of nonlinearities, it is
important from a robustness viewpoint to guarantee the synchronizability of the
multi-agent systems against uncertainties of input nonlinearities, and such an uncer-
tain nonlinearity is often modeled in terms of sector-bounds.

Therefore, we consider the synchronization of linear agents with sector-bounded
nonlinearities in their input channels. In line with the philosophy of robustness, we
wish to design a dynamic feedback protocol that achieves the local synchronization
for arbitrary sector-bounded input nonlinearities.

9.2 Problem Statement

9.2.1 Agent Dynamics

Throughout this article, we consider the synchronization of a multi-agent system con-
sisting of N agents. Since many control systems have input nonlinearities such as
saturations and dead-zones due to characteristics of actuators and/or safety require-
ments, we model the dynamics of the individual agents by

Xi = Ax; + Boi (ui, t), yi =Cx;, i=1,...,N, 0.1

where x; : Ry — R", u; : Ry — R, and y; : Ry — R are the state, input, and
output of the ith agent, respectively. The memoryless functions ¥; : R x Ry — R,
i = 1,..., N represent the input nonlinearities . We assume that u; and y; are
scalar-valued variables. The results presented in this paper can be generalized to the
case of multi-input multi-output agent dynamics in a straightforward manner.

The nonlinearities ¥;,i = 1, ..., N satisfy the local sector condition

au; < Yi(u;, t) < Bu; Yu; € [—p, ul, vt >0, 9.2)

where «, B, and u are given constants such that § > o > 0 and u > 0.
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For some input nonlinearities such as saturations, it is impossible to globally
synchronize or stabilize linear systems with exponentially unstable poles. Therefore,
we consider the local synchronization problem under the assumption that the sector
condition is satisfied only within the finite interval [—u, p], u < oco.

We define ¢; : R x Ry — Rby

1
@i(ui, t) =u; — Elﬂi(uh 1). 9.3)

It is easily verified that ¢;, i = 1, ..., N satisfy another sector condition
0 <@i(ui, t) < yu; Yu; € [—p, pul, Vi =0,
or equivalently,
i (i, 1) [@i(ui, 1) — yu;] <O0Vu; € [—p, p], Vi =0, (9.4)

where y = (B — o)/B > 0. The sector-bounded nonlinearities are illustrated in
Fig.9.1.
We can re-write the agent dynamics as

Xi = Ax; + Bu; — By;(u;, t), y; =Cx;, i=1,2,...,N, (9.5)

where B = Byf. The nonlinearity ¢; can be viewed as sector-bounded uncertainty
to the linear time-invariant nominal system. Hereafter, we will discuss the synchro-
nization of the multi-agent system based on the state-space model of (9.5) and the
local sector condition (9.4).

Assumption 9.1 (A, B) is stabilizable, and (C, A) is detectable.

(a) w B (b)
w = yi(u,t)

c W= i(u1)

uou o

Fig. 9.1 Sector-bounded nonlinearities. a sector bound («, ). b sector bound (0, y)
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9.2.2 Communication Graph

Communications among agents are well described in terms of mathematical
graphs [19]. A graph ¢ is defined as a pair 4 = (¥, &), where ¥ = {1,..., N}is
the index set of the nodes, & C ¥ x ¥ is the edge set. Each element of ¥ represents
an agent. Also, communication links between two agents are defined by edges of
the graph, namely, (i, j) € & means that there is a communication link between the
agents i and j. The set of the neighbors to the node i is defined by (Fig.9.2)

HNi={jeVIG)He&, j#il

Throughout this paper, we assume that the communication between any two agents
is bi-directional, i.e., (i, j) € & < (j, i) € &.Inthis case, the graph ¢ is identified
with an undirected graph. Moreover, if (i, j) € &, then the agents i and j exchanges
their output values y; and y;.

Assumption 9.2

(i) The topology of the graph ¢ = (¥, &) is time-invariant.
(ii) The graph & is connected, namely, there exists at least one path from any node
to another.

The Laplacian L € RV*V of the graph ¢ is a square matrix defined by

| Al ifi =],
LZ(E,'J'), (Z,‘j= —1, if(i,j)Eéa,
0, otherwise

The Laplacian L of an undirected graph is symmetric and nonnegative definite.
Moreover, L has a zero eigenvalue whose eigenvectoris 1 :=[1, 1, ..., 1]—r e RV,

For later discussion, we define the eigenvalues of L as A;,i = 1,..., N in the
ascending order:

O=X1 <A< - <An—1 ZAN.

It is well known that ¢ is a connected graph if and only if A, > 0, or equivalently
rank L =N — 1.

Fig. 9.2 Communication agent 4
graph

agent 3

agent 1

agent 5

agent 2
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9.2.3 Problem Statement

Since the states x;, i = 1,..., N of the individual agents cannot be used for syn-
chronization, we employ the following dynamic protocol, i.e., a dynamic feedback
law, to achieve synchronization:

fei=Acxei+Be > (i — i) (9.62)
JjeN

ui=Cexei+De D i—y), i=12....N,  (9.6b)
jes;

where x.; : Ry — R« is the state of the protocol for the agent i.
Assumption 9.3 x.;(0)=0,i=1,..., N.

The local synchronization problem considered in this paper is to design a dynamic
protocol of the form (9.6) which satisfies

lim ||x; (1) —x;(0)|| =0 Vi, j € ¥ 9.7)
11— o0
lim [xei(t) —xe j(0)| =0 Vi, j €V (9.8)
11— 00
for any state trajectories ( xp, ..., xy ) starting from the inside of some closed region
Z € R™ and for any input nonlinearities 1, ..., ¥y satisfying (9.2).
Define
X1 uy i Xel o1(uy, 1)
X2 175) 2 X2 @2(u2, 1)
x=| . |l,u=| . |.,y=| .|, x=]| . |, Pu 1= .
XN un YN XcN oN(un, 1)

Then, the closed-loop system of (9.5), (9.6) equivalently reduces to

b IN®A+L®BD.C Iy®BC][x] [Iv®B ©.9)
%o | T L ® B.C In®Ae || xe o | :

u=[L®D.LC Iy®C.] [ﬂ : (9.9b)

c
w=®u, t), (9.9¢)
where L is the Laplacian of the communication graph, ® denotes the Kronecker
product, and /,, denotes the p x p identity matrix.

It follows from (9.4) and the definition of @ that

wl(w—yu) <0 (9.10)



174 K. Takaba

holds forw = @ (u, t),u € [—u, ,LL]N, t > 0. Moreover, we define the diagonal
matrix A and the orthogonal matrix U by

ULUT = A, A =diag{0, A2, ..., Ay}, (9.11)
and perform the change of variables as

él é}-cl
Cl=wen)x, &= 1 | =U® L. (9.12)
SN Ec,N

§

Notice the first column of U T is the eigenvector associated with the smallest eigen-

value A1 = 0. Hence, the first row of U is equal to lT/\/N , and we obtain

£ = fﬁ SN | x;. It then follows from (9.12) that, if Jim & @) = 0 is satis-
— 00

fied fori =2,..., N, we get
&1(2)
T 0 1
x(t) > U ®1I,) : =—1Q& (@) (t— o0).

JN
0

The same discussion also applies to x. and &.. From the above observation, the local

synchronization of the states (x;, x.;),i = 1,..., N, reduces to the asymptotic
stabilization of (§;, &.;),i =2, ..., N to the origin.

9.3 Synchronization Condition

Since U is an orthogonal matrix, application of the coordinate transformation (9.12)
to (9.9) yields

E] :|:IN®A+A®BDCC IN®BCC:| [g] B [IN?B]W ©.132)

AQ BCC IN & Ac é;'c
i =Uu=[A®D,.C Iy®C] [5} (9.13b)
C
w=Uw=U®U' i, 1) (9.13¢)

Moreover, since A is a diagonal matrix, (9.13) can be equivalently rewritten as



9 Synchronization of Linear Multi-Agent Systems ... 175

A1 Bl
A> B
7= . z— . w (9.14a)
L AN By
C)
C
i = z (9.14b)
L Cn
w=U®U ' i, t) (9.14c)
where
7]
S T R
ZN
and

Ai:[A—H\,-BDCC BCC] B,

B
riB.C A = |:0:| , Ci= [)\iDcC Cc] .

Lemma 9.4 The inequality
Wl v —yia) <0

holds for w = U@(UTIZ, t)yandt > 0, where i € RY s an arbitrary vector such
thatu = Uu, u € [—u, /L]N.

Theorem 9.5 follows from Lemma 9.4 and the block diagonal structure of (9.14).

Theorem 9.5 Under Assumptions 9.1-9.3, let a dynamic protocol of (9.6) be given.
Assume that there exists a positive definite matrix P € ROH1IX041e) gatisfying

AP+ PA;  yCl —PB;
|:)/Ci B BiTP 5 <0, (9.15)
P C'
L | >
|:Ci M2i| >0 (9.16)
fori = 2,...,N. Then, the multi-agent system (9.5) with the dynamic protocol
achieves the local synchronization for arbitrary nonlinearities @1, . . . , pN satisfying
the sector condition (9.4), or equivalently, the multi-agent system (9.1) with the
same dynamic protocol achieves the local synchronization for arbitrary Y1, ..., ¥n

satisfying (9.2).
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Proof Based on the discussion in the previous section, we have only to show the
convergence of z;,i = 2, ..., N to the origin.
Suppose that (9.15) and (9.16) are satisfied. Then,

T . T _ .
[AiPJrPA’”I”*”C rCi PB’}SO, i=2....N 9.17)

yCi — B P -2

holds for some ¢ > 0. It follows from (9.14) and (9.17) that
d - T ~ 2 S~ ~
E(Zi Pz;) =2z; P(Aizi — Biw;) < —¢llzill” + 2w; (w; — yi;)

holds fori =2, ..., N. Thus, by defining

N
V(z) = ZziTPz,-,
i=2

we obtain
N N
V@) +e ) llzill> <2 Wil — yii). 9.18)
i=2 i=2

On the other hand, we see from A1 = 0 and (9.14) that

El = Aél + BCc‘Ecl - Bﬂ}l! écl = ACSC]! 17‘1 = chcl-

Since &.1(0) = \/LN vaz 1 Xc,i(0) = 0 under Assumption 9.3, the above equation
imply i1 () = 0 V¢ > 0. It thus follows that

Wi (W — i) = wi > 0. (9.19)
Putting (9.18) and (9.19) together yields

N
V@) +e > llzl® <207 (b — yi). (9.20)
i=2

Define the cylindrical region
¢(P) =z e RN v <1},

By the Schur complement formula, (9.16) is equivalent to P > ,u,_zCiT C;. Since
u; = C;z;, the following inequality holds for z € € (P).
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N N N N N

2 ~ 12 ~ 12 THT 2 T 2
Dol = lwl = |l =Y ¢ Cizi < 1?2 Pr = 1PV ().
i=1 i=1 i=2 =2 i=2

Thus, we get u € [—u, £]V. As aresult, from Lemma 9.4, z € € (P) implies
wl (W —yii) <0. (9.21)

We thus conclude from (9.20) and (9.21) that

N
V) < —e > llzill* <0 9.22)
i=2

holds for any z € € (P). This inequality implies that € (P) is a positively invariant
set for the system of (9.14). Namely, any trajectory of z starting from the inside of
% (P) is confined in ¥ (P), and satisfies u; € [—u, nl,i = 1,..., N all the time.
Moreover, by La Salle’s invariant principle, z converges to the maximal invariant
subset of {z € R™N| V(z) = 0}. Thus, we have ||z;(t)|| — 0 (t — o0),
i =2,..., N by the Eq.(9.22). This implies that the local synchronization (9.7),
(9.8) is achieved. Om

The matrix inequalities (9.15), (9.16) are affine with respect to A;, and A;’s are
ordered in the ascending order. Therefore, to check the synchronization, it suffice to
solve the matrix inequalities in Theorem 9.5 only fori =2 and N.

Corollary 9.6 Under Assumptions 9.1-9.3, let a dynamic protocol of (9.6) be given.
Assume that there exists a positive definite matrix P € RUT)X04ne) satisfying
(9.15) and (9.16) fori = 2, N. Then, the multi-agent system (9.5) with the dynamic

protocol achieves the local synchronization for arbitrary nonlinearities ¢, ..., N
satisfying the sector condition (9.4), or equivalently, the multi-agent system (9.1)
with the same protocol achieves the local synchronization for arbitrary Y1, ..., YN
satisfying (9.2).

Remark 9.7 Theorem 9.5 provides an inner approximation of the region of attraction
Z to the synchronized states as

Q(P) = [x e R"N

e €(P), z:T[f)”,

where 7 is defined by T = [U@ |:I"} U® [IO

:|] , which maps (x, x.) to z.
0 e

Remark 9.8 In view of the well-known circle criterion, Theorem 9.5 implies that the
local synchronization problem is reduced to the stabilization problem of finding an
output feedback controller
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Xe = Acxe + Bey, u=Cexe+ Dey

that asymptotically stabilizes
X =Ax+ Bu— Bp(u,t), y=Ar;Cx

fori =2,..., N,and forevery ¢ : R x Ry — R satisfying the sector condition

o, e, t) —yul <0 Yu € [—u, n], vt >0.

9.4 Dynamic Protocol Synthesis

On the basis of Theorem 9.5, we shall present a synthesis method of a dynamic
protocol which achieves the local synchronization, with the aid of the change of
variables technique in [20]. We make the following assumption for simplicity.

Assumption 9.9 The order of the dynamic protocol (9.6) is equal to that of the agent
dynamics (9.5), namely, n. = n.

We partition P and P~! as

[y vl .. [x w

where * denotes irrelevant terms. Note that WV T = I, — XY for the sub-matrices
X,Y, W, and V. We also define

(X I [ v
Hl_[WT 0]’ HZ_[O VT} (924)

Since PI1; = II,, application of the congruence transform with diag(/1;, 1) to
(9.15) and (9.16) yields

AX +BC+)BDCX A+MBDC: —B

He|  A+MBCX YA+ MBC: —YB |<0 9.25)
yC +yrDCX yuDC i -1
X I, ' %
I, Y x | >0, (9.26)

C+xDCX  aDCY p?

where we have defined He (o) := (o) + (o) ', and
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A=VAW'" + YAX +YB.CX, B=VB.+YBD,, C=CW', D=D..
(9.27)

Similarly, it follows from PI1; = I1, that P > 0 is equivalent to

X I,
[ln Y}>o. (9.28)

As aresult, a dynamic protocol achieving the synchronization can be designed by
solving the matrix inequalities (9.25), (9.26) and (9.28) fori =2, N.

Theorem 9.10 Under Assumptions 9.1-9.9, assume that there exist symmetric
matrices X, Y, and matrices A, 1§, é, D satisfying the matrix inequalities (9.25),
(9.26), and (9.28) for i = 2, N. Then, there exists a dynamic protocol which
locally synchronizes the multi-agent system (9.1) for arbitrary input nonlinearities

Y1, ..., Y satisfying the sector condition (9.2). One of such dynamic protocols is
given by

A=V Y A-—YAX —YB.CX)W™ T,

B. =V ' (B-YBD,),

Ce = é -

D. =D,

o

where W and V are constant matrices such that WV = I, — XY.

According to Theorem 9.10, the design of a dynamic protocol which achieves
the synchronization reduces to the mathematical programming problem of finding a
solution to (9.25), (9.26), and (9.28) fori = 2, N.In particular, itis often desirable to
maximize the size of the approximated region of attraction £2(P) (see Remark 9.7).
In view of the Eq.(9.23), this can be done by solving the following optimization
problem.

(OP) minimize traceY subject to (9.25), (9.26), (9.28), 2,N
(X.Y,A,B,C,D)

This problem is non-convex, because (9.25) and (9.26) contain the bilinear terms
between (é, ﬁ) and X. However, it is possible to find a solution to the optimization
problem (OP), since several techniques to efficiently solve bilinear matrix inequali-
ties (BMI) have been reported for the last two decades (see ,e.g., [21, 22]).

Remark 9.11 The size of the matrix inequalities in Corollary 9.6 and Theorem 9.10
are independent of the size of the communication graph, i.e., the number of agents,
except for computation of the eigenvalues of L. This implies that the matrix inequality
conditions are scalable as long as A, and Ay are available to the designers.
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9.5 Concluding Remarks

‘We have studied the local state synchronization of linear agents subject to input non-
linearities over a fixed undirected communication graph. We have derived a sufficient
condition for achieving the local synchronization for arbitrary nonlinearities satis-
fying a given sector bounds. Then, we have shown that the synthesis condition of a
synchronizing dynamic protocol based on the above analysis becomes a non-convex
condition in terms of BMIs. In view of Remark 9.11, the advantage of the present
BMI condition is that the condition is scalable as long as the Laplacian eigenvalues
of the communication graph are available to the designers. It remains as a future
topic to extend the present results to more general situations such as heterogeneous
agent dynamics and/or directed communication graphs. We will also need to develop
a more efficient method to design a synchronizing dynamic protocol.
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Chapter 10
Strong Structural Controllability
of Networks

Nima Monshizadeh

Abstract In this chapter, we discuss strong structural controllability and strong
targeted controllability of networks from a unified viewpoint. The problem of strong
structural controllability accounts for controllability of the whole family of matri-
ces carrying the structure of an underlying graph. By looking into a certain infec-
tion process identified by a coloring rule, topological characterizations for strong
structural properties of the network is provided. In particular, the strong structurally
reachable subspace is translated into the derived set of a given leader set. Moreover,
the set of leaders rendering the network strongly structurally controllable are charac-
terized by zero forcing sets. Then, the minimum number of leaders to achieve strong
structural controllability is given by the zero forcing number of the graph. Motivated
by the fact that network controllability is neither always feasible nor necessary, we
discuss the problem of (strong) targeted controllability where controllability is only
required for a subset of the nodes in the network. We illustrate graph theoretic suffi-
cient conditions guaranteeing strong targeted controllability of the network.

10.1 Preliminaries

For a given simple directed graph G, the vertex set of G is a nonempty set and is
denoted by V. The arc set of G, denoted by E, is asubsetof V x V,and (i,i) ¢ E
foralli € V. The cardinality of a given set V is denoted by | V|. Also we sometimes
use |G| to denote in short the cardinality of V. We call vertex j an out-neighbor of
vertex i if (i, j) € E.

ForV ={1,2,...,n}and V' = {v{,v2, ..., v} €V, we define the n x r matrix
P(V; V') =[P;j] by:
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1 ifi=v;
P = / 10.1
Y [ 0 otherwise. ( )

10.2 Problem Formulation

We consider the following dynamics evolving on a directed graph G = (V, E):
XxX=Xx+Uu (10.2)

where x € RI%l is the state, u € R™ is the input, and U = P(V; V;) for some given
leader set Vi, C V. Note that the matrix X represents the coupling in accordance
with G, and reveals how information is exchanged throughout the network.

Recall that controllability is the ability of an external input to steer a system
from any initial state to any other final state in a finite time. Here, we are primarily
interested in “strong structural controllability” of systems of the form (10.2). Roughly
speaking, by “structural” we refer to properties which are identified by the graph G
rather than a particular realization of the system (10.2). To formalize this, we define
the qualitative class of G as the family of matrices compatible with the structure
of G:

0(G) = {X e RIS™IGl: fori £ j, X;; #0 & (j,i) € E}

Then, for a given leader set Vi, we call the system (10.2) strongly structurally
controllable if the pair (X, U) is controllable for all X € Q(G). In that case, we
write G; V1) is controllable. Note that the term “strong” is used to distinguish with
the case of “weak structural controllability” which amounts to the existence of a
controllable pair (X, U), X € Q(G).

Another problem of interest is “minimal leader selection” the goal of which is
to choose a leader set V; with minimum cardinality such that the pair (X, U) is
controllable. A strong structural variation of this problem is to select a leader set V
with minimum cardinality such that (X, U) is controllable for all X € Q(G). We
denote the cardinality of such minimal leader set by €nin(G), i.e.,

Lmin(G) = y I’él‘i/I%G){|VL| : (G; Vp) is controllable}. (10.3)
L=

For simplicity, we use calligraphic notation in this chapter to denote the image
of a matrix induced by a subset V' C V. More precisely, ¥’ denotes, in short, the
subspace im P(V; V').

In the next section, we briefly review the state of the art in controllability as well
as structural controllability of systems of the form (10.2).
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10.3 Review: Controllability of Networks

One main line of research within the context of controllability of networks has been
devoted to the case where X = L in (10.2) with L being the Laplacian matrix of
an undirected graph G. This line of research has been initiated by [15] and further
developed by [14]. Motivated by the fact that algebraic conditions do not provide
much insight into network controllability, topological translation of controllability
properties in terms of certain graph partitions has been pursued by some authors
[8, 17]. These partitions in fact provide a partial characterization of the reachable
subspace associated with the pair (L, U). An extension to the controlled invariant
subspace has also been reported in [10]. Characterization of controllability of the
pair (L, U) in terms of graph automorphisms is provided in [1].

In addition, a (minimum) leader selection for rendering the pair (L, U) control-
lable has been investigated for particular classes of undirected graphs [12, 13, 17].

Another instance of systems that has been studied in the context of controllability
corresponds to the case where X = A in (10.2) with A being the adjacency matrix
of an undirected graph, see, e.g., [4].

In complex networks, the weights of the communications are typically unknown or
partially known. Hence, it is interesting to investigate a controllability property which
depends on the structure of the graph/network rather than a particular realization. In
fact, this property, known as structural controllability deals with a family of pairs
(X, U) rather than a particular instance and asks whether the family contains a
controllable pair (weak structural controllability [7]) or all members of the family
are controllable (strong structural controllability [11]). The latter is also the main
focus of the present chapter. For a more general look at controllability of structured
systems see, e.g., [2, 6, 9].

10.4 Strong Structural Controllability

First, we recap the notion of the reachability subspace in time-invariant linear
systems.

10.4.1 Reachability Subspace

Consider, the system
x(t) = Ax(t) + Bu(¢) (10.4)

with state space R”. For a given initial state xo and input function u, we denote
the resulting state trajectory of the system by x, (¢, xo). The smallest A-invariant
subspace containing the image of the input matrix U is denoted by (A | im B). This
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subspace, called the reachable subspace, consists of all points in the state space
that can be reached from the origin in finite time by choosing an appropriate input
function, i.e., all points x; € R” for which there exists 7 > 0 and u such that
x1 = x,(T,0). It is well known that the system is controllable if and only if the
reachable subspace (A | im B) is equal to the entire state space R”. In turn, this is
equivalent to the condition

rank[B AB --- A"_lB] =n.

10.4.2 Strong Structurally Reachable Subspace

Recall that we are interested in structural controllability properties of systems of the
form (10.2). To incorporate these structural properties, we consider all the points
in the state space which can be reached by applying appropriate input signals to
the nodes in the leader set V, irrespective of the choice of X € Q(G). These
points constitute a subspace which we call strong structurally reachable subspace.
By definition, this subspace is equal to

N (X17).

XeQ(6)

Moreover, it is easy to observe that the strong structurally reachable subspace pro-
vides a geometric characterization for strong structural controllability, i.e.,

(G; V) is controllable < ﬂ (X | 1) = RICI (10.5)
Xe0(G)

Note that the geometric characterization (10.5) by itself does not provide much
insight to the strong structural controllability property. In particular, we would like to
“visualize” a network enjoying this property in comparison with the one which lacks
such a property. Ultimately, we would like to draw some conclusions on possible
minimal leader selections guaranteeingsss strong structural controllability. To this
end, we use the notion of zero forcing sets.

10.4.3 Zero Forcing Sets

In this section, we recap the notion of zero forcing sets together with the terminology
that will be used later in this chapter. For more details see, e.g., [5].

Let G be a graph, and suppose that each vertex is colored either white or black.
Consider the following coloring rule:
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©: If u is a black vertex and exactly one out-neighbor v of u is white, then change
the color of v to black.

The following terminology will be used when we apply the color-change rule
above to a graph G:

e If the color-change rule is applied to u € V to change the color of v € V, we say
u forces or infects v, and write u — v.

e Given a coloring set C C V, i.e., C indexes the initially black vertices of G, the
derived set of C is denoted by D(C), and is the set of black vertices obtained by
applying the color-change rule until no more changes are possible.

e The set Z(G) C V is a zero forcing set (ZFS) for G if D(Z(G)) = V.

e The zero forcing number Z(G) is the minimum of |Z| over all zero forcing sets
Z(G)cV.

Figure 10.1 illustrates the coloring rule, where vertices 1, 2, and 5 are initially
colored black. As vertex 1 has only one white out-neighbor, 1 — 3. Similarly,
5 — 7. Consequently, 2 — 4, and then 3 — 9. Therefore, the derived set of {1, 2, 5}
isequalto {1, 2, 3,4,5,7,9}, and clearly {1, 2, 5} is not a zero forcing set. It is easy
to observe that the set {1, 2, 5, 6} constitutes a minimal zero forcing set, and thus the
zero forcing number is equal to 4 in this case.

Fig. 10.1 An example of the coloring rule
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10.4.4 Topological Characterization

The coloring rule and zero forcing sets discussed in the previous subsection generate a
chain of forces/infections in the graph, starting from a leader set V.. Next, we investi-
gate how controllability properties of the network is affected by this forcing/infection
process. More precisely, let v € V;, w ¢ V, and suppose that v — w. Then, we
examine the effect of this infection on the reachable subspace, on the strong struc-
turally reachable subspace, and ultimately we draw conclusions on strong structural
controllability of (10.2).

First, we look into the reachability subspace, i.e., (X | ¥ ) for any given V; C V
and X € Q(G). We claim that

im P(V; V[) S (X | 7L). (10.6)

where V; = Vi U {w} and P is given by (10.1). Without loss of generality, assume
that V; = {1,2,...,m}, v = m, and w = m + 1. Then, the matrix X can be
partitioned as

Xn X X3 Xu
Xo1 Xoo X2z Xog
X31 X3 X33 X3
X41 X4 X4z Xua

(10.7)

where the diagonal blocks/elements X 11, X22, X33, and X44 correspond to the vertices
in Vi \{v}, the vertex v, the vertex w, and the rest of the vertices, respectively.

Let & € R” be a vector in (X | #7)". Clearly, we have e X*~1P(V:Vv;) =0
for each k € N. We write & = col(&y, &, &3, £4) compatible with the partitioning of
X. Note that P(V; Vi) now reads as

I,..1 0 O

0 1 0

PV:VD=| o o 1
0 0 O

From the equality STP(V; Vi) = 0, we obtain that £ = 0 and & = 0. Then, the
equality €T X P(V; V) = 0 yields

X351 Xn X
T T 31 2 X33
&7 &/] [X41 Xos X4J =0 (10.8)

Observe that, since v — w, the vertex v has exactly one out-neighbor in V\Vp,
and thus we have X3y # 0 and X42 = 0. Therefore, by (10.8), we obtain that the
scalar &3 is equal to zero. Clearly, £ = col(0, 0, 0, &4) is orthogonal to the subspace
im P(V; V). Hence, the subspace inclusion (10.6) holds.
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Now, by repeating the argument above, we conclude that
(VL) S (X | 71) (10.9)
where 2(Vy) =im P(V; D(Vy)). This yields
(X1 2(VL) (X | 71) (10.10)
On the other hand, noting that 77 € 2(VL), we obtain that
(X1 71) S (X | 2(V0)).
This together with (10.10) yields
(X 17y =(X12(V0)) (10.11)
for any given leader set V. The equality above reveals the fact that the reachable sub-

space is invariant under the infection process. Consequently, the strong structurally
reachable subspace enjoys this invariance property as well, i.e.

N xX17)= [ (X120L) (10.12)
XeQ(G) XeQ(G)

The aforementioned invariance properties can be used to provide a topological
translation of the strong structurally reachable subspace. In particular, observe that

e () X120w)= () X% (10.13)
XeQ(G) XeQ(G)

Now, we show that Z(Vy) is indeed equal to the strong structurally reachable sub-
space. Clearly, by (10.13), it remains to show that

ﬂ (X12(V0) < 2(VL) (10.14)
XeQ(G)
We define the set A as
A={8ecR":6 =0« i¢c DV} (10.15)

Let § be a vector in A. Without loss of generality, let D(V) = {1, 2,...,d}. Then,
8 can be written as col(Og4, §2) where each element of §, € R"=4 is nonzero. Let the
matrix X be partitioned accordingly as

X1 X
X =
[le Xzz]
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Clearly, we have
sTx = 8; [Xz] X22]

Observe that nonzero elements of X3 correspond to the arcs from the vertices in
D(V}) to the vertices in V\ D(VL). Hence, by the coloring rule, each column of X5
is either identically zero or contains at least two nonzero elements. We choose these
nonzero elements, if any, such that SZT X521 = 0. Noting that the diagonal elements
of X, are free parameters, we conclude that, for any vector § € A, there exists a
matrix X € Q(G) such that 87 X = 0. Therefore, we obtain that

§e(X|2(Vp)*

for some matrix X € Q(G). Now, let & € R”" be a vector in ﬂXEQ(G)(X | 2(VL5)).
Clearly, we have §7& = 0 which yields 87 & = 0, by writing £ = col(£], &). As
this conclusion holds for an arbitrary choice of § € A, we obtain that & = 0, and
thus & € (V) which proves (10.14). Hence, we conclude that

(| X172 =2(Vw). (10.16)
Xe0(G)

By (10.16), the strong structurally reachable subspace is topologically equivalent
to the subspace induced by the derived set of Vy, i.e., Z(V.). An important special
case of (10.16) is obtained for 2(V;) = RI6!, or equivalently V; = V. This results
in an exact topological translation of strong structural controllability:

(G; Vi) is controllable <= V[ is a zero forcing set of G (10.17)

In addition, by a simple cardinality argument, we obtain that
Lmin(G) = Z(G). (10.18)

Note that the equalities (10.16)—(10.18) provide a topological characterization of
structural controllability properties of systems of the form (10.2). In particular, the
derived set of V| determines the strong structurally reachable subspace, there is a
one-to-one correspondence between zero forcing sets and sets of leaders rendering
the network strongly structurally controllable, and the minimum number of leaders
required is given by the zero forcing number of the graph.

10.4.5 Leader Selection

An important question in the context of controllability of dynamical networks is
minimal leader selection, i.e., to choose a leader set, with minimum cardinality, such
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that the network is controllable. The research effort in this direction has been devoted
mostly to the case where X is equal to the Laplacian matrix of an undirected graph,
in particular undirected path, cycle, complete, and circulant graphs [12, 14, 17].
Minimum leader selections rendering the network weakly structurally controllable
is also discussed in [7].

The equality (10.18) reveals the fact that our knowledge about minimal leader
selection for strong structural controllability of networks is closely related to the
knowledge we have on the zero forcing number of graphs. In fact, for any graph
whose zero forcing number is known or can be computed, we immediately obtain
the minimum number of leaders for controllability, and, in principle, a minimal leader
selection scheme. To illustrate this, we mention next few examples.

Note that an undirected graph can be identified by a corresponding directed graph
whose arc set is symmetric, see [11] for more details. Then, clearly, either of the
two boundary vertices in an undirected path graph P forms a zero forcing set, and
thus €min (P) = 1. For an undirected cycle graph C, any two neighboring vertices
constitute a minimal zero forcing set and hence £nin (C) = 2. Similarly, for an
undirected complete graph K with n vertices, we have £nin(K) = n — 1. For a
directed cycle graph, merely one vertex suffices for strong structural controllability.

The path cover number of G, denoted by P (G), is the minimum number of vertex
disjoint paths occurring as induced subgraphs of G that cover all the vertices of G;
such a set of paths realizing P(G) is called a minimal path cover. For acyclic graphs,
it has been shown that the zero forcing number is equal to the path cover number of
the graph. Moreover, the initial points of the vertex disjoint paths realizing a minimal
path cover form a minimal zero forcing set [5]. Therefore, by selecting those initial
points as leaders, we obtain a minimal leader selection scheme for strong structural
controllability of acyclic networks.

However, computing a minimal zero forcing set for general graphs with cycles
is very difficult. Hence, determining zero forcing number for certain subclasses of
graphs, as well as finding suboptimal (non-minimal) zero forcing sets for general
directed graphs are interesting problems in the context of strong structural control-
lability of dynamical networks.

10.5 Strong Targeted Controllability

Network controllability is not always present in complex networks, or it may ask for
considerable number of nodes to be directly controlled which is not always feasible.
Besides, in certain cases steering the entire network to any arbitrary state may not be
necessary, and instead the interest is to drive a subset of the network to a desired state.
Following [3], we refer to this problem as fargeted controllability of networks. By the
results discussed in the previous section, we investigate the targeted controllability
problem in a strong structural sense. Note that targeted controllability is essentially
an “output controllability” problem which is recapped next.
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10.5.1 Output Controllability

Consider again the system (10.4) with an additional output equation
y(t) = Cx(t) (10.19)

where the output y(¢) takes its values in the output space R”. Denote the output
trajectory corresponding to the initial state x¢ and input function u by y, (¢, xo). The
system (10.4)—(10.19) is then called output controllable if for any xo € R”" and
y1 € RP? there exists an input function # and a T > 0 such that y, (T, xo) = y;.
We also say that the triple (A, B, C) is output controllable meaning that the system
(10.4), (10.19) is output controllable. It is well known (see ,e.g., [16, Exc. 3.22]) that
(A, B, C) is output controllable if and only if the rank condition

rank [CB CAB --- CA""'B] = p.
holds. In turn this is equivalent to the condition
C(A |im B) = R?,
Ji.e., the image under C of the reachable subspace is equal to the output space R”.
Obviously, this condition is equivalent to ker C 4+ (A | im B) = R”". Finally, by

taking orthogonal complements, the latter holds if and only if

imC' N (A |im B)* = {0}.

10.5.2 Topological Characterization

In this subsection, we discuss the “strong targeted controllability” problem for sys-
tems of the form (10.2) with an additional output equation:

%= Xx+Uu (10.20a)
y = Hx (10.20b)

where X € Q(G), U = P(V; Vy) for some given leader set V;, € V,and H =
PT(V: Vy) for some given farget set Vr C V. For a given leader set V7 and a
target set V7, we call the system (10.20) strongly targeted controllable if the triple
(X, U, H) is output controllable for all X € Q(G). In that case, we also write as
(G; Vi; Vr) is targeted controllable.
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Note that strong targeted controllability is basically a strong structural output
controllability property, where the output of the network can be steered to any desired
state in RIV71  irrespective of the choice of X € Q(G).

Let 7 = im P(V; Vr), |Vr| = p, and |V| = n. Then, by Sect.10.5.1,
(G; Vr; Vr) is targeted controllable if and only if

rank [HU HXU HX*U --- HX"'U]=p forall X € Q(G),
which is equivalent to
H (X |7.) =R forall X € Q(G),
and thus to
Y N (X | )t = {0} forall X € Q(G). (10.21)

Note that targeted controllability captures the structural controllability as a special
case, namely by setting H = I, or equivalently Vr = V. Hence, investigating
targeted controllability of networks is a more general, and thus more challenging
problem. Next, by using the results elaborated in the previous section, we discuss
topological conditions under which the network is strongly targeted controllable.

Observe that (G; Vi ; Vr) is targeted controllable if

e () (X174 (10.22)
XeQ(G)

Note that indeed (10.22) implies (10.21), which results in targeted controllability.
Therefore, by (10.16), we conclude that

Vr € D(VL) = (G; Vi; Vr) is targeted controllable. (10.23)

This means that the state components corresponding to the vertices in the derived
set of V; can be steered to any desired point in RY with d = |D(Vy)|, by applying
appropriate inputs to the vertices in V..

Consider the graph depicted in Fig. 10.2, and let V; = {1, 2}. Itis easy to observe
that by the color-change rule the derived set of V is obtainedas D(Vz) = {1, 2, 3, 4}.
By (10.23), we have that (G; Vp; Vr) is targeted controllable for any

Vr C{1,2,3,4}. (10.24)

However, this is not necessary as one can show that (G; Vp; Vr) is targeted control-
lable with

Vr =1{1,2,3,4,5,6,7}. (10.25)



194 N. Monshizadeh

O-

Fig. 10.2 The graph G = (V, E)

Next, we discuss how the condition (10.23) can be sharpened. To this end, we
define the subgraph G’ = (V, E’) with

E ={G,j): ieD(Vy) and j € Vr}. (10.26)

Hence, the set E’ captures all the arcs from the vertices in D(V) to the vertices in
Vr. To avoid confusion, let D(Vy) be denoted by Vi. Then, by D’ (Vl:) we denote
the derived set of V; in the graph G’. Note that the set D’(V;) is in fact constructed
as a result of the following steps:

1. Compute the set D(V}), that is the derived set of V in the graph G = (V, E).
This means that the vertices in V., are initially colored black, and we apply the
color-change rule based on the arc set E.

2. Construct the subgraph G’ = (V, E’) from G, with E’ given by (10.26)

3. Compute the set D'(V}), that is derived set of V; in G’. This means that the
vertices in V; = D(Vy) are initially colored black, and we apply the color-
change rule based on the arc set E’.

Noting that D(Vy) € D’ (Vi), without loss of generality, assume that D(Vy) =
{1,2,...,dyand D'(V]) ={1,2,...,d,d+1,...,d+e}. Consider the condition
(10.21). Let X € Q(G) and let & be a vector in the subspace ¥7 N (X | #7)*. Hence,
by (10.11),

Ee¥rnN(X| 2V . (10.27)

Note that & € R” can be written as & = col(&;, &, &), where & € R?, & e R¢, and
£ € R""4~¢ Compatible with £, let the matrix X be partitioned as

X1 X X3
X=X X»n Xxn3|. (10.28)
X31 X3 X33

Now assume that V7 = D’(V/), and thus



10 Strong Structural Controllability of Networks 195
Y7 =2'(V])

where 2'(V]) = im P(V; D'(V})). Then, clearly § € 2’(V}), and hence & = 0.
By (10.27), we have

eTX*1P(V; D(VL) =0 (10.29)

for each k € N. The equality STP(V; D(Vy)) = 0yields & = 0. Then, by (10.29)
with k£ = 2, we obtain that

£) X5 =0. (10.30)
Now, observe that the matrix
0O 0 O
X' =X 0 0
0O 0 O

belongs to the qualitative class Q(G’), where the partitioning is compatible to (10.28).
Therefore, by (10.9), we have

7'(V) SAX" 1 V] = (X" | 2(V1)) (10.31)

where 7/ = im P(V; V|). The subspace inclusion (10.31) yields

I 0 I 0
Z'(V))=im |0 1| Cim|0 Xz |=(X"|2(VL))
0 0 0 0

where the partitioning is again compatible to (10.28), and we have used the fact that
(X")¥ = 0 for k > 1. This implies that X»; is full row rank. Hence, the equality
(10.30) results in & = 0 which in turn implies targeted controllability of (G; Vi ; Vr)
by (10.21). Therefore, we conclude that

Vr = D'(V]) = (G; Vp; Vr) is targeted controllable, (10.32)
which obviously can be restated as
Vr C D/(V,:) = (G; VL; Vr) is targeted controllable. (10.33)
Noting that D(V,) € D’(V]), the condition (10.23) can be replaced by the sharper
condition (10.33) to deduce strong targeted controllability of the network.
As an example consider again the graph depicted in Fig. 10.2 with vV, = {1, 2}.

Recall that the derived set of Vy, in G is given by D(Vy) = {1, 2, 3, 4} in this case.
Let V7 be given by
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Fig. 10.3 The subgraph G’ = (V, E’)

Vr ={1,2,3,4,5,6}

Then, Fig. 10.3 shows the subgraph G’ = (V, E’) with E’ given by (10.26). It is
easy to observe that D'(V/) is obtained as D'(V;) = {1,2, 3,4, 5, 6}. Noting that
Vr = D'(V}), we conclude that (G; Vi ; Vr) is targeted controllable by (10.32). It
is worth mentioning that the sufficient condition (10.33) is not tight, as evident by
(10.25). In fact, the vertices in D(V;) do not infect vertex 7 in G’.

10.6 Conclusions and Outlook

We have considered the problem of controllability of the network for a family of
matrices carrying the structure of an underlying directed graph. This family of
matrices is called the qualitative class, and as observed, there is a one-to-one cor-
respondence between zero forcing sets and the set of leaders rendering the network
controllable for all matrices in the qualitative class. As illustrated, this provides a
bridge connecting the results available in graph theory for zero forcing sets/number to
(minimal) leader selection schemes for strong structural controllability of dynamical
networks. As minimal zero forcing sets for general graphs with cycles are very diffi-
cult to compute, finding suboptimal (non-minimal) zero forcing sets, or equivalently
suboptimal (non-minimal) leader selection schemes for strong structural controlla-
bility of networks is an interesting problem for future research.

We have also studied the case where the network is not strongly structurally
controllable, yet we are interested in controllability properties in some parts of the
network identified by a target set. We have discussed topological sufficient conditions
guaranteeing strong targeted controllability of the network. There are still important
questions to be addressed in this direction. One notable problem is to establish a
tractable topological necessary and sufficient condition verifying strong targeted
controllability. Then, given a leader set, a problem of interest is to characterize a



10

Strong Structural Controllability of Networks 197

target set, with maximum cardinality, such that the network is strongly targeted
controllable. Another interesting question is the “dual” problem, i.e., to select a set
of leaders, with minimum cardinality, such that the network is strongly targeted
controllable for a given target set.
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Chapter 11
Physical Network Systems and Model
Reduction

Arjan van der Schaft

Abstract The common structure of a number of physical network systems is iden-
tified, based on the incidence structure of the graph, the weights associated to the
edges, and the total stored energy. State variables may not only be associated to the
vertices, but also to the edges of the graph; in clear contrast with multiagent sys-
tems. Structure-preserving model reduction concerns the problem of approximating
a complex physical network system by a system of lesser complexity, but within
the same class of physical network systems. Two approaches, respectively, based on
clustering and on Kron reduction, are explored.

11.1 Introduction

While complexity and large-scale systems have always been important themes in
systems and control theory, the current flowering of network dynamics and control
was not easy to predict. Two main reasons for the enormous research activity are
the ubiquity of large-scale networks in a large number of application areas (from
power networks to systems biology) and the happy marriage between on the one-
hand systems and control theory and algebraic graph theory on the other. Especially,
this last aspect can be clearly witnessed in the recent work by my colleague Harry
Trentelman.

The research paths of Harry and myself have developed in parallel, at a number
of instances tangential, but for some reason never leading to a joint publication.
Needless to say that both our scientific developments were heavily influenced and
shaped by our joint supervisor and promoter Jan C. Willems, with his unique and
inspiring style and taste for doing research.
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After completing our respective Ph.D. studies with Jan at the Mathematics Insti-
tute in Groningen, our ways parted with Harry leaving for Eindhoven (in 1985) and
myself for Twente (a few years before in 1982). Nevertheless we remained in close
contact, during conferences, activities of the Dutch Institute of Systems and Control,
and foremost simply by being part of the “Groningen school on systems theory”.
Harry returned to his Alma Mater in 1991 as an Associate Professor working closely
together with Jan, while in 2005 I could not resist the temptation to return to Gronin-
gen. After being colleagues now for 10 years it is a special pleasure to contribute
to this Festschrift for Harry’s upcoming 60th birthday, and in this way to honor his
scientific contributions and simply to herald our pleasant collaboration through all
these years. Happy 60th birthday Harry!

11.1.1 Preliminaries from Graph Theory

This paper will be concerned with network dynamics and model reduction, empha-
sizing physical network systems. As preliminaries we recall from [2, 9] the following
standard definitions and facts. A graph¥ (¥, &), is defined by a set ¥ of vertices
(nodes) and a set & of edges (links, branches), where & is identified with a set of
unordered pairs {i, j} of vertices i, j € #. We allow for multiple edges between
vertices, but not for self-loops {i, i}. By endowing the graph with an orientation we
obtain a directed graph. A directed graph with n vertices and k edges is specified
by its n X k incidence matrix, denoted by B. Every column of B corresponds to
an edge of the graph, and contains exactly one —1 at the row corresponding to its
tail vertex and one +1 at the row corresponding to its head vertex, while the other
elements are 0. In particular, 17 B = 0 where 1 is the vector of all ones. Furthermore,
ker BT = span 1 if and only if the graph is connected (any point can be reached from
any other point by a sequence of, - undirected -, edges). For any diagonal positive
semi-definite k x k matrix R we define the weighted Laplacian matrix of the graph
as L := BRBT, where the nonnegative diagonal elements 7y, ..., r; of the matrix
R are the weights of the edges. It is well known [2] that L is independent of the
orientation of the graph, and thus is associated with the undirected graph.

11.2 Physical Network Systems

In this section we will discuss a number of examples of physical network systems and
identify their common structure, based on the incidence structure of the graph, the
weights associated to the edges, and a Hamiltonian function given by the total stored
energy. It will turn out that a distinguishing feature of physical network systems
is the fact that state variables may not only be associated to the vertices of the
graph, but also to the edges. This is in sharp contrast with the standard framework of
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(a)

) i e L e

(b)

Fig. 11.1 a Mass—spring—damper system; b the corresponding graph

multiagent systems, where the edges only capture the information exchange structure
of the networked system, and is similar to the passivity setup described in [1], where
dynamical controllers are associated to the edges.

11.2.1 Mass—Spring—Damper Systems

We will start with the paradigmatic example of mass—spring—damper systems. The
basic! way of modeling mass—spring—damper systems as systems on a graph is to
associate the masses to the vertices, and the springs and dampers to the edges of the
graph; see Fig. 11.1.

For clarity of exposition we will start with the separate treatment of mass—damper
and mass—spring systems, and then combine the two.

A mass—damper system is associated to a graph ¢ with n vertices (masses), k
edges (dampers), and incidence matrix B. Throughout” we consider the situation
that the masses are located in one-dimensional space R. This leads to the total vector
p € R”" of the scalar momenta of all n masses. Assuming that the dampers are linear,
it can be verified that the dynamics is compactly represented as

ISee for a further discussion [24].

2The setup can be easily extended (i.e., by using Kronecker products) to the situation that the scalar
variable x; is replaced by a vector in some higher dimensional physical space, e.g., R3; see the
remarks later on.
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p —BRB"M™'p+ Eu, peR" ueR™
y = E'M7p,

(11.1)

where R is the k x k positive semi-definite diagonal matrix of damper coefficients,
and M is the positive diagonal matrix of mass parameters. Furthermore, E isann xm
matrix, with ith column containing exactly one +1 element at the row corresponding
to the boundary vertex where the input (external force) u; takes place; all other
elements being zero. As outputs we have chosen the corresponding velocities of
the boundary vertices. Identifying the kinetic energy H : R" — R as H(p) =
$pT M~ p it follows that

d
—H(p) = —pTM'BRBT M~ p+ yTu < yTu,

showing passivity of the mass—damper system, since the Laplacian matrix L :=
BRB! is positive semi-definite.

Remark 11.1 Note that the dynamics of a mass—damper system with unit masses, in
the absence of external forces, is given by p = — Lp, which is the standard symmetric
continuous-time consensus dynamics on an undirected graph.

In case of mass—spring systems we associate to the ith spring an elongation g; € R,
leading to the total vector ¢ € R¥ of elongations of all k springs. Furthermore, the
definition of the Hamiltonian extends to H : R x R” — R given as the sum of a
potential and kinetic energy

_1lr Loy
Hiq.p)=3q9 Kq+5p M "p, (11.2)

where the kinetic energy % pT M~ p is defined as before, and the potential energy

%qTK q is equal to the sum of the potential energies of the k springs, with K the
k x k diagonal matrix of spring constants. In the absence of inputs and outputs the
dynamics of the mass—spring system is then described as the Hamiltonian system

. T[22
[q}:[o %] a3‘?1(11,17) (113)
p —-B o (4> P)
defined with respect to the Poisson structure on the state space RF x R” given by the
skew-symmetric matrix
0 BT
J = [_B 0]. (11.4)

Remark 11.2 Note the fundamental difference with the standard setup of multiagent
systems on graphs, in which case state variables are only associated to the vertices of
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the graph. In the above formulation of mass—spring systems part of the state variables
(namely ¢) are associated to the edges.

The inclusion of boundary vertices, and thereby of external interaction, can be
done in different ways. The first option is to associate boundary masses to the bound-
ary vertices. We are then led to the system

) 7 0H
q=B8B S—(q, D),
p
. oH
p=—-B—1(q,p)+ Eu, (11.5)
dq
oH
y= ETa—(q,p).
D

Here E is defined as before, while the inputs u are the external forces exerted (by the
environment) on the boundary masses, and the outputs y are the velocities of these
boundary masses.

Another possibility is to regard the boundary vertices as being massless. In this
case we obtain the system (with p now denoting the vector of momenta of the masses
associated to all vertices except for the boundary vertices)

oH
. T T
q = B; E(Q’P) + By u,

) oH
q

OH
y=By—I(q,p),
dq

with u the velocities of the massless boundary vertices, and y the forces at the
boundary vertices as experienced by the environment. Here we have split the inci-

. B; . . .
dence matrix as B = |: Bl :| , with By, the rows corresponding to the boundary vertices,
b

and B; the rows corresponding to the remaining internal vertices. Note that in this
case the velocities u of the boundary vertices can be considered to be inputs to the
system and the forces y to be outputs; in contrast to the previously considered case
(boundary vertices corresponding to boundary masses), where the forces are inputs
and the velocities the outputs of the system. In both cases we derive the energy
balance L%H(p) = yTu, showing that the system is lossless [19, 22].

Remark 11.3 Inthe above treatment we have considered springs with arbitrary elon-
gation vectors g € R¥. Often the vector g of elongations is given as g = B ¢, where
qc € R" denotes the vector of positions of the masses at the vertices. Hence in this
caseq € im BT c R¥.Note that the subspace im BT x R” ¢ R xR is an invariant
subspace, both with regard to the dynamics (11.5) or (11.6). See [24] for the precise
connection between these two formulations, in terms of reduction by symmetry.
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Finally, for a mass—spring—damper system the edges will correspond partly to
springs, and partly to dampers. Thus a mass—spring—damper system is described
by a graph 4 (7, & U &), where the vertices in ¥ correspond to the masses, the
edges in & to the springs, and the edges in & to the dampers of the system. This
corresponds to an incidence matrix B = [BS Bd], where the columns of By reflect
the spring edges and the columns of B, the damper edges. For the case without
boundary vertices the dynamics of such a mass—spring—damper system with linear
dampers takes the form

o (g, p)
= _ T 9 .
[p By —B4RB] % @ p)

In the presence of boundary vertices we may distinguish, as above, between massless
boundary vertices, with inputs u# being the boundary velocities and outputs y the
boundary (reaction) forces, and boundary masses, in which case the inputs u are the
external forces and the outputs y the velocities of the boundary masses. In both cases
we obtain

d aTH rOH - T
—H = -~ 5 ByRB; — 9 < )
7 (p) o (g, p)Ba dap(q p)t+y u<yu

showing passivity.

11.2.2 Abstraction and Port-Hamiltonian Formulation

Before moving on to other examples of physical network system we will first intro-
duce some abstractions which directly lead to a general port-Hamiltonian formula-
tion, and are also important for the model reduction approach taken later.

The state space R” of a mass—damper system can be more abstractly defined as
follows; cf. [24] for further information. It is given by the linear space Ag of all
functions from the vertex set #* to R. Obviously, Ag can be identified with R”.
The matrix M~! defines an inner product on Ag. As a consequence, any vector
M1 p, p € Ap, can be considered to be an element of the dual space of A, which
is denoted by A°. For a mass—damper system, v := M~ p is the vector of velocities
of the n masses. It follows that the system (11.1) can be represented in the state vector
vi=M"peA®as

v=—M'"BRBTv+ M 'Eu, veA’=R", (11.8)

or equivalently in the gradient system representation (with M defining an inner
product on the space A%)
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My =—BRB"v+ Eu, ve A°=R", ucR" (11.9)

Furthermore, the edge space R¥ can be defined more abstractly as the linear space
A of functions from the edge set & to R, with dual space denoted by A'. It follows
that the incidence matrix B defines a linear map (denoted by the same symbol)
B : A; — Ag with adjoint map BT : A — A'. Furthermore, R can be considered
to define an inner product on A', or equivalently, amap R : A — Aj.

For mass—spring systems we notice that ¢ € A', and that K defines an inner
product on A!, or equivalently, amap K : A — A mapping the elongation vector
g € A to the vector of spring forces Kq € A

Using these abstractions it is straightforward to extend the mass—spring—damper
dynamics to other spatial domains than just the one-dimensional domain R. Indeed,
for any linear space & we can define Ag as the set of functions from 7" to %, and
Ay as the set of functions from & to Z. In this case we can identify Ay with the
tensor product R” ® % and A; with the tensor product R¥ ® Z. Furthermore, the
incidence matrix B defines a linear map B ® I : A1 — Ag, where [ is the identity
map on Z. In matrix notation B ® I equals the Kronecker product of the incidence
matrix B and the identity matrix /. For % = R> this will describe the motion of
mass—spring—damper systems in R.

An especially interesting generalization are multibody-systems in R, in which
case Z = se(3) (the Lie algebra corresponding to the special Euclidean group in
R3); see [24] for further information.

Furthermore, these abstractions naturally lead to a port-Hamiltonian formulation,
see, e.g., [19, 22, 23]. Note that in the case of a mass—spring system the Poisson

structure r
0 B
=55

is naturally defined on the state space A! x Ag. In order to include boundary vertices
we may distinguish, as above, between massless boundary vertices and boundary
masses, leading to the definition of two canonical Dirac structures, cf. [24] for details.

11.2.3 Hydraulic Networks

A hydraulic network can be modeled as a directed graph with edges corresponding to
pipes; see, e.g., [6]. The vertices may either correspond to fluid reservoirs (buffers),
or to connection points of the pipes. We concentrate on the first case; the second case
being similar to the case of electrical circuits considered later on. Let x, be the stored
fluid at vertex v and let v, be the fluid flow through edge e. Collecting all stored
fluids x, into a vector x, and all fluid flows v, into a vector v, the mass-balance is
summarized as

X = By, (11.10)
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with B denoting the incidence matrix of the graph. In the absence of fluid reservoirs
this reduces to Kirchhoff’s current laws Bv = 0.
For incompressible fluids a standard model of the fluid flow v, through pipe e is

JeVe = P; — Pj — Ae(Ve), (11.11)

where P; and P; are the pressures at the tail, respectively, head, vertices of edge e.
Note that this captures in fact two effects; one corresponding to energy storage and
one corresponding to energy dissipation. Defining the energy variable ¢, = J,v,
the stored energy in the pipe associated with edge e is given as ﬁgoez = %ngg.
Secondly, A.(v.) is a damping force corresponding to energy dissipation.

In the case of fluid reservoirs at the vertices the pressures P, at each vertex v are
functions of x,, and thus, being scalar functions, are always derivable from an energy
function P, = %(xv), v € ¥, for some Hamiltonian H,(x,) (e.g., gravitational
energy). The resulfing dynamics (with state variables x,, and ¢, ) is port-Hamiltonian
with respect to the Poisson structure (11.4). The setup is immediately extended to
boundary vertices (either corresponding to controlled fluid reservoirs or direct in- or
outflows).

11.2.4 Detailed-Balanced Chemical Reaction Networks

Consider an isothermal chemical reaction network (under constant pressure) con-
sisting of r reversible reactions involving m chemical species specified by a vector
of concentrations x € R’ﬁ ={x eR" |x; >0,i =1,...,m}. The general form
of the dynamics of the chemical reaction network (without inflows and outflows) is

x = Sv(x),

with § the stoichiometric matrix, and v(x) = [v1 x) - v (x)]T € R” the
vector of reaction rates. We assume that v(x) is given by mass action kinetics; the
most basic way of modeling reaction rates. Following [25] we will show how, under
the assumption of existence of a thermodynamic equilibrium, the dynamics of the
reaction network can be seen to be very similar to the dynamics of a (nonlinear)
mass—damper system.

In order to do so we first need to introduce some concepts and terminology. The
collection of all the different left- and right-hand sides of the reactions are called the
chemical complexes of the reaction network, or briefly, the complexes. Denoting the
number of complexes by c, the expression of the complexes in terms of the chemical
species concentration vector x € R’} is formalized by the m x ¢ complex composition
matrix Z, whose pth column captures the expression of the pth complex in the m
chemical species. Note that by definition all elements of the matrix Z are nonnegative
integers.
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The complexes can be naturally associated with the vertices of a directed graph,
with edges corresponding to the reversible reactions. The complex on the left-hand
side of each reaction is called the substrate complex, and the one on the right-hand
side the product complex. Formally, the reversible reaction 0 = m between the
substrate o and the product 7 defines a directed edge with tail vertex o and head vertex
7. The resulting directed graph is called the complex graph, and is characterized by
its ¢ x r incidence matrix B. It is readily verified that the stoichiometric matrix S of
the chemical reaction network is given as S = ZB.

Mass action kinetics for the reaction rate vector v(x) € R” is defined as follows.
Consider first, as an example, the single reaction

X1 +2X, = X3,

involving the three chemical species X1, X», X3 with concentrations x1, x, x3. It is
a combination of the forward reaction X1 + 2X> — X3 with forward rate equation
vf (x1,x2) = k*xlx% and the reverse reaction X1 + 2X, ~— X3, with rate equation
v~ (x3) = k~x3. The constants k¥, k™ are called, respectively, the forward and the
reverse reaction constants. The net reaction rate is thus

v(x1, x2, x3) = v(x1, x2) — v (x3) = kx5 — k.

In general, the mass action reaction rate of the jth reaction of a chemical reaction
network, from the substrate complex o to the product complex 7, is given as

+ " Zioj _ " Zi?'[j
vj(x) =k Hxl. —k; Hxi , (11.12)

i=1 i=1

where Z;, is the (i, p)th element of the matrix Z, and k;’, kj_ > 0 are the for-
ward/reverse reaction constants of the jth reaction, respectively.

Equation (11.12) can be rewritten in the following way. Let us first introduce
some notation. Define the mapping Ln : R’} — R”" as the componentwise natural
logarithm. Analogously, define the mapping Exp : R — R¢ as the componentwise
exponential function. Let Z,; and Z; denote the columns of Z corresponding to the
substrate complex o; and the product complex 7; of the jth reaction. Then (11.12)

takes the form
vj(x) = k] exp (zgiLn(x)) —kj exp (z,{jLn(x)). (11.13)

A vector of concentrations x* € R is called a thermodynamic equilibriumif v(x*) =
0. A chemical reaction network x = Sv(x) is called detailed-balanced if it admits
a thermodynamic equilibrium x* e R. Necessary and sufficient conditions for the
existence of a thermodynamic equilibrium are usually referred to as the Wegscheider
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conditions, generalizing the classical results of [28]; see, e.g., [8, 25]. These imply
that once a thermodynamic equilibrium x* is given, the set of all thermodynamic
equilibria is given by

&= {x* eRY | S"Ln (x**) = S"Ln (x*)} (11.14)

Let now x* € R be a thermodynamic equilibrium. Define the “conductance”
kj(x*) > 0 of the jth reaction as the common value of the forward and reverse
reaction rate at thermodynamic equilibrium x*, i.e.,

i (") = kT exp (zijn (x*)) = k7 exp (z;jLn (x*)) , (11.15)

for j =1, ..., r. Then the mass action reaction rate (11.13) of the jth reaction can
be rewritten as

vi(x) =k;j(x™) [CXP (Z({J-Ln (;—*)) — exp (Z;jLn (;_*))] )

where for any vectors x, z € R™ the quotient vector ’E‘ € R™ is defined elementwise.
Defining the r x r diagonal matrix of conductances as

A= diag (i1 (x¥), ..., k- (xT)), (11.16)

it follows that the mass action reaction rate vector v(x) of a balanced reaction network
equals

v(x) = —%BTEXp (ZTLn (i*)) ,
X
and thus the dynamics of a balanced reaction network takes the form

i=—7Bx¥ B Exp (zTLn (i)) =0 (11.17)
X
The matrix . := B.# BT in (11.17) defines a weighted Laplacian matrix for the
complex graph, with weights® given by the conductances x1 (x*), . . ., &, (x*).

The system (11.17) defines a nonlinear version of the mass—damper system con-
sidered before. Indeed, define the Hamiltonian (up to a constant the Gibbs’ free
energy, cf. [25]) as the function

X
Tk

G(x) =x"Ln (x )+(x*—x)T]1m, (11.18)

3Note that ¢, and therefore the Laplacian matrix .¥ = B B T is dependent on the choice of
the thermodynamic equilibrium x*. However, this dependence is minor: for a connected complex
graph the matrix J¢ is, up to a positive multiplicative factor, independent of the choice of x* [25].
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where 1,, denotes a vector of dimension m with all ones. It is immediately checked

that %(x) =Ln (;—*) = u(x), where p is (up to a constant) the vector of chemical

potentials. Then by considering the auxiliary port-Hamiltonian system

X = ZuR,

3G (11.19)
YR = ZT8—<x),
X

with inputs ug € R and outputs yg € R, together with the nonlinear damping
relation
ugr = —B# BTExp (yR). (11.20)

we recover the mass action reaction dynamics (11.17). Furthermore, by using the
properties of the Laplacian matrix . = B.# BT and the fact that the exponential
function is strictly increasing, it can be shown that [25]

yT B¢ BTExp (y) > 0forall y, (11.21)

with equality if and only if BT = 0. Hence (11.20) defines a true energy-dissipating
relation, that is, ylzu r < Oforall yp € R andupg € R€ satisfying (11.20). Therefore
the mass action kinetics detailed-balanced chemical reaction network is a nonlinear
port-Hamiltonian system, which can be regarded as a nonlinear mass—damper system,
with Laplacian matrix . = B.# BT, and with non-quadratic Hamiltonian G and
nonlinear dampers (11.20).

The consequences of this way of representing detailed-balanced mass action kinet-
ics reaction networks for their analysis are explored in [25]. In particular, it follows
that all equilibria are in fact thermodynamic equilibria, and a Lyapunov analysis
using the Gibbs’ free energy shows that starting from any initial state in the positive
orthant the system will converge to a unique thermodynamic equilibrium (at least
under the assumption of persistence of the reaction network: the vector of concen-
trations4 does not approach the boundary of the positive orthant R%), cf. [25] for
details.

11.2.5 Swing Equations for Power Grids

Consider a power grid consisting of n buses corresponding to the vertices of a graph,
and transmission lines corresponding to its edges. A standard model for the dynamics
of the ith bus is given by (see, e.g., [4, 12])

“For an extension of these results to complex-balanced mass action kinetics reaction networks we
refer to [15].
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& b r .
Si=w; -, i=1,...,n,

M;w; = —a,-(a)l-b —o") — Z V,'VjSij sin(§; — 5]') + u;,
J#

where the summation in the last line is over all buses j which are adjacent to bus i;
that is, all buses j that are directly linked to bus i by a transmission line. Here o”
is the nominal (reference) frequency for the network, §; denotes the voltage angle,
V; the voltage amplitude, wf’ the frequency, w; := wf’ — o' the frequency deviation,
and u; the power generation/consumption; all at bus i. Furthermore, M; and a; are
inertia and damping constants at bus i, and Sj; is the transfer susceptance of the line
between bus i and j.

Define z; := 6; — §; and ¢ := E; E;S;;, if the kth edge is pointing from vertex
i to vertex j. Furthermore, define the momenta p; = M;w;,i = 1, ..., n. Then the
equations can be written in the vector form

:=BTM1p,
p=—AM"'p — BCSinz+u,

where 7 is the m-vector with components zx, M is the diagonal matrix with diagonal
elements M;, A is the diagonal matrix with diagonal elements a;, and C is the diagonal
matrix with elements c;. Furthermore, Sin : R” — R™ denotes the elementwise
sin function. Defining the Hamiltonian H (z, p) as

H( _! TmM='p—-1TccC 11.22
z,P)—2P p 08z, (11.22)

with Cos : R" — R the elementwise cos function, the equations take the port-

Hamiltonian form
E)H( )
5 — & p
=15 0]\ L
[” Pl =em| U
p

The Hamiltonian H (z, p) is of the standard “kinetic energy plus potential energy”
form, with potential energy —17C Cosz = — > ¢k coszx (similar to the gravi-
tational energy of a pendulum). Note that, as in the mass—spring(—damper) system
example, the potential energy is associated to the edges of the graph, while the kinetic
energy is associated to its vertices. A difference with the mass—spring—damper sys-
tem example considered before is that in the current example the “damping torques”
A% (z, p) are associated to the vertices, instead of to the edges.
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11.2.6 Electrical RLC Circuits

In the case of electrical RLC circuits the R, L and C-elements are all attached to the
edges of the circuit graph; there is no energy storage or dissipation associated with
the vertices. This corresponds to Kirchhoff’s current laws, expressed as

BI =0,

where B is the incidence matrix of the circuit graph, and I € RX is the vector
of currents through the k edges of the circuit graph. As detailed in [24] an RLC
network again determines a port-Hamiltonian system, but now with respect to a Dirac
structure which takes into account the constraints imposed by Kirchhoft’s current and
voltage laws, and is only defined with respect to the currents and voltages through,
respectively, across, the edges of the circuit graph.

On top of Kirchhoff’s laws, the dynamics is defined by the energy storage relations
corresponding to either capacitors or inductors, and dissipative relations correspond-
ing to resistors. The energy-storing relations for a capacitor at edge e are given by

. dH¢,
Qe =—1, V.= dQ:

(Qe), (11.24)

with Q. the charge, and Hc.(Q.) denoting the electric energy stored in the capacitor.
Alternatively, in the case of an inductor one specifies the magnetic energy Hy.(P.),
where @, is the magnetic flux linkage, together with the dynamic relations

_ dHLe
T do,

b, =V, -—I, (P,). (11.25)

Finally, a resistor at edge e corresponds to a static relation between the current /,
through and the voltage V, across this edge, such that V, I, < 0. In particular, a linear
(ohmic) resistor at edge e is specified by a relation V, = —R,1,, with R, > 0. See
[24] for the resulting differential-algebraic description of an RLC circuit.

11.3 Structure-Preserving Model Reduction by Clustering

The problem of structure-preserving model reduction of physical network systems
is as follows. Given a large-scale physical network system of a certain type (e.g.,
a mass—spring—damper system). How to find to a physical network system of the
same type (again a mass—spring—damper system), but of lesser complexity, which
is offering a “suitable” approximation of the system? The approach discussed in
this section is to consider reduction of the physical network system by clustering
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of the vertices, so as to obtain a graph with fewer vertices [21]. This idea is quite
natural, and appears, e.g., in [10, 11, 18], and in the context of symmetric consensus
dynamics in [13].

Consider a partition of the vertex set ¥ of the graph ¢ into 7 disjoint cells
Ci1,C, ..., C;, together with a corresponding n x i characteristic matrix P. The
columns of P equal the characteristic vectors of the cells; the characteristic vector of
a cell C; being defined as the vector with 1 at the place of every vertex contained in
the cell C;, and 0 elsewhere. With some abuse of notation we will denote the partition
simply by its characteristic matrix P. We will first consider the case of mass—damper
systems.

11.3.1 Mass—-Damper Systems

Based on a partition P we reduce the mass—damper system (11.1) to
p=—(PTBRB"PY(P"TMP)'p+ P"Eu (11.26)

where p:= PTp e R" is the clustered state vector.

We observe that this is again a system of the form (11.1). In fact, the matrix P” B
consists of column vectors containing exactly one +1 and one —1 together with
some zero vectors (corresponding to edges which link vertices within a same cell).
By leaving out the zero column vectors from P’ B we thus obtain an 7 x k matrix
B, which is the incidence matrix of the reduced graph & with vertices being the
cells of the original graph, and with edges the union of all the edges between vertices
in different cells (leaving out edges within cells). Correspondingly, we define R as
the k x k diagonal matrix obtained from R by leaving out the rows and columns
corresponding to edges between vertices in a same cell. Finally, we define the 72 x 71
diagonal matrix M := PTMP, and E := PTE. It follows that the reduced system
(11.26) is given as

A

p=—-BRB"™M™'p+ Eu, peR (11.27)

The ith component of p denotes the total momentum of the masses contained in cell
C;, while the ith diagonal element of M is the total mass of the mass contained in
cell C;. The velocities of the clustered masses of cells Cq, ..., Cj; (all masses within
a cell rigidly interconnected, and leaving out intermediate dampers) will converge to
a common value. Note that the velocity v; of cell C; is defined asv; = > pj/ > mj,
with the summation ranging over the indices of the vertices in cell C;.

Remark 11.4 Thereduced system (11.27) will easily contain multiple edges between
its vertices, that is, between the cells of the original system (11.1). If desirable,
multiple edges between two vertices can be combined into a single edge with weight
r given by the sum of the weights of the multiple edges.
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The main difference with the reduced model proposed in [13] for symmetric con-
sensus dynamics is that in the latter paper the case M = I (n x n identity matrix)
is considered (corresponding to the standard continuous-time consensus algorithm),
while moreover the reduced system is required to have M = I (i x A identity
matrix). This is done at the expense of having a weighted Laplacian matrix which is
not anymore symmetric, and therefore not anymore of the form BRBT.

Remark 11.5 A Petrov—Galerkin interpretation of the reduced model (11.26) can be
given as follows. Recall that a Petrov—Galerkin reduction of a linear set of differential
equations ¥ = Ax is given as ¥ = WTAVZ, where V and W are matrices of
dimension n x 7 such that W7V = I;. Now the reduced system (11.26) is a Petrov—
Galerkin reduction of (11.1) with W := P, and

V :i=MPM~' =MP(PTMP)™! (11.28)

It follows that W7V = I;. Note furthermore that the matrix V = MPM " defined in
(11.28) equals the Moore—Penrose pseudo-inverse of the clustering map £ = P” x,
with respect to the inner products M ~! on the space of full-order state vectors x € R”
and M~ on the space of reduced state vectors x € R". Furthermore, we note that
VIM='V = M~!, while also W MW = M, implying orthogonality of V and W
with respect to the inner products defined by M~! and M respectively. Using the
abstractions introduced earlier on we note that the linear maps V and W are actually
defined as maps V : Ag — Ao, W : A® — A°, where Ay is the vertex space of
the reduced graph, with dual space A°. Moreover, note that M : A° — Ay and
M : A — Ag.

Of course, from a model reduction point of view the most important question is
how to choose the partition P in such a way that the reduced (clustered) physical
network system is a good approximation of the original one, where “good approxi-
mation” very much depends on what needs to be approximated. In [14], continuing
on [13], an explicit H, error expression was derived for a partition P with very special
properties, namely a (generalized) almost equitable partition. From a linear algebraic
point of view such partitions P are characterized (for mass—damper systems) by the
property

BRB"im P C Mim P,

cf. [14] for the graph-theoretic definition. Take as output the velocity differences
across all the edges, i.e.,

y=R*BTM 'x = RIBTy (11.29)

Then an explicit expression for the H, error between the transfer matrix G of the
full-order system and G of the reduced-order system is
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. 1 1 1
G-G|I3== — ), 11.30
I 13 22(% M;) (11.30)

i€

where 7}, is the set of boundary vertices, and M; the sum of the masses belonging
to the same cell as i. In particular, if the cells containing the boundary vertices are
singletons, then M;. = m;, i € ¥, and thus the H; error is zero. More generally,
if the non-boundary masses in the cells containing the boundary masses are small
compared to the boundary masses, then the error is also small.

The method can be straightforwardly extended from linear systems (11.1) to
nonlinear systems of the form

dH
p=—BR (BT—(p))+Eu peR" ueR", (11.31)

where H : R" — R is any Hamiltonian function, and % : RF — R* is a nonlinear
damping characteristic. Note that (11.1) is a special case of (11.31) with H(p) =
IpTM~!p,and % given by the linear map R. Examples of (11.31) are mass—damper
systems with nonlinear dampers and nonlinear hydraulic networks (with nonlinear
pressure functions).

Given a partition P of the underlying graph ¢ we reduce the system (11.31) to

ﬁ:—PTB%(BTP%I;(ﬁ))—i—PTEu (11.32)
where p := PTp € R" is the clustered state vector, and where the reduced
Hamiltonian function A : R" — R is defined as follows. Consider a Hamiltonian
H : Ay = R" — R for which the Legendre transform H* =R" — Ris well
defined. (In particular, if H is convex then H* is the convex conjugate H*(p*) :=
sup,, [ p — H( p)] ) Then define the reduced function H* : A = R? — R as

H*(p*) = H*(Pp")
Finally, define H: Ap = R" — R as the Legendre transform of H* Tt is easily

checked that for H(p) = % pTM~'p the function H defined above is given as
H (p) = é ﬁT (PTMP)! p, thus generalizing the linear case considered before.

11.3.2 Mass—Spring—Damper Systems

Consider as before the physical network system corresponding to a mass—spring—
damper system
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g1_1| © B/ Kq
-5 i) s

Where p € R” is the vector of momenta associated to the vertices of the graph, and
g € RF is the vector of spring elongations associated to the k edges of the graph.
As before, the matrix M is a positive diagonal matrix and R is a positive semi-
definite diagonal matrix. Similarly, K is a positive semi-definite diagonal matrix.
Furthermore, the total energy is given as H (g, p) = % pIM~'p+ %qTK q.

Let now P be a partition matrix. Then we define a reduced model for (11.33) as

A AT > A
U= % B || K| (11.34)
p —By —B4RB; ||[M™"p

where the reduced incidence matrices és and éd are defined as PT B;, respectively,
PT B;, with zero columns deleted. Furthermore, the elements of q correspond to
the edges which survive in the reduced model. Obviously, (11.34) is again a mass—
spring—damper system (which results from assuming that the masses in each cell
move at the same velocity without dampers and springs to each other).

11.4 Structure-Preserving Model Reduction
by Kron Reduction

Another approach to structure-preserving model reduction, somewhat complemen-
tary to the approach using clustering, is based on Kron reduction [7]. Kron reduction
originates in electrical circuit and power network theory, and in its simplest form
allows to eliminate internal vertices in a resistive electrical network, and to produce
another resistive network which is equivalent to the original network from the point
of view of the remaining vertices [7, 20]. Applied to physical network systems it
means that the time derivatives of the storage variables at a subset of the vertices
are set equal to zero, which amounts to the time-separation assumption that the state
variables corresponding to these vertices will reach their steady state values much
faster than at the other vertices.

11.4.1 Mass—-Damper Systems

Consider a mass—damper system as before, cf. (11.1)

p = —BRB'™M 'p+Eu, peR' ucR"

S~ ETm-lp (11.35)
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Suppose one can split the vector of momenta p into a sub-vector p; of slow variables
and a sub-vector py of fast variables (we will comment on the interpretation of this
later on), i.e.,

p= I:ﬁ;i|, ps €R", preR"Y ng+ny=n

Denote the corresponding diagonal subblocks of M by Mg and My and of E by E;
and Ey, and split the incidence matrix as

leading to
[ps} _ ByRB] B;RB} [Msl 01][ps]+[55}u
Py BfRB] BfRB; || 0 M, ||py Ef (11.36)
M1 0 )
_ T T s Ps
o= I 1]

Now assume that py will reach its steady state value much faster than p;, in the sense
that in the timescale of the dynamics of the “slow” variables p; the “fast” variables
pr will always be at their steady state value corresponding to

0=ps=—BRB] M;'p, — BfRB{ M " p; + Ep,

Solving for Mf_1 pr then leads to the reduced system in the slow variables

— (BSRBST - BSRB}(B,-RB})—IBSRBT) M 'ps + Eu

pS f

. 1 (11.37)
y = E"M; p;s

where E := E, + BsRB]{ (BfRB]{)_1 Ey. (Note that we make here the assumption

that the “fast” vertices do not form a connected component of the graph, implying

that the sub-matrix B fRB; of the Laplacian matrix is invertible; see, e.g., [20].)

The matrix BSRBST — BSRB;(Bf RB;)_] BSRB]Z is a Schur complement of the

Laplacian matrix BRB” . As such it is again [7, 20] a weighted Laplacian matrix,
that is o
B.RB! — B;RB}(B;RB}) 'B,RB} = BRB',

where B is the incidence matrix of a reduced graph with vertex set the set of “slow”
vertices, i.e., the vertices corresponding to the slow state variables x;. The edge set
of this reduced graph may be quite different from the edge set of the original graph;
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in particular, new edges may arise between the slow vertices. Furthermore, Risa
diagonal matrix defining the (new) weights.

Crucial questions from an approximation point of view are how to separate into
slow and fast vertices, and what can be said about the approximation properties of
the reduced system. From an eigenvalue point of view the light masses are candidates
for fast vertices, because the convergence of their momenta to steady state will be
fast compared to the heavy masses (assuming that the variation of damping constants
in the network is not too large).

Another question concerns the extension of the Kron reduction approach to mass—
spring—damper systems, also in connection with related work on model reduction of
power networks known under the name of slow-coherency theory [3, 5, 17].

11.4.2 Detailed-Balanced Chemical Reaction Networks

Structure-preserving model reduction of chemical reaction networks based on Kron
reduction was proposed and explored in [15, 16, 25]. Consider as before, see (11.17),
a detailed-balanced chemical reaction network

x==—ZB;{BTExp(ZTLn(3%))

X

Similar to the case of mass—damper systems reduction is performed by separating the
complexes into “slow” and “fast” ones. Reorder the complexes in such a way that the
slow complexes come first. Then partition . = B.# B” and Z correspondingly as

L7
f:[” Sq,zzaz, (11.38)
L Ly [2: 2s]

where ““s” refers to the “slow” complexes, and “f” to the “fast” ones. Consider then
the auxiliary dynamical system

)15 %
vy Lrs ZLyr]Lwy
and impose the constraint yy = 0. As for mass—damper systems it follows that

wp = —.jff}] Zrswg, which by substitution into the equation for y, leads to the
reduced dynamics

Vs = — (vfw - fvfff_flzfs) Wy = _jws
corresponding to the Schur complement P = Lis — i’fyffﬁlffs — B#BT.

Substituting wy = Exp (ZSTLn (;—*)), and makinguse of X = Zsys+Zryr = Zsys,
we then obtain the reduced network



218 A. van der Schaft
i=—2B4 BTExp (ZTLn (i*)) . A >0, (11.39)
X

where we have denoted Z := Z,. This s again a detailed-balanced chemical reaction
network governed by mass action kinetics, with a reduced number of complexes and
stoichiometric matrix S := ZB; see [16, 25] for further details.

11.5 Outlook

In this paper we have concentrated on physical network systems with symmetric
Laplacian matrices, that is, Laplacian matrices L of the form L = BRBT for some
incidence matrix B and diagonal matrix R of weights. This is often the case, as
has been illustrated on a number of examples. However, not all physical network
systems are like this. For instance, in transportation networks one will typically start
with a Laplacian matrix L which is not symmetric, and satisfies 17L = 0, but not
L1 = 0. (In fact, for chemical reaction networks this is already the case; the detailed-
balanced form (11.17) arises from rewriting the equations; see [25, 26].) The case
of nonsymmetric Laplacian matrices will be explored in [27].
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Chapter 12
Interconnections of .#’>-Behaviors: Lumped
Systems

Shiva Shankar

Abstract J.C. Willems’ fundamental work in electrical circuit theory spawns many
questions regarding energy and its transfer across ports. This paper proposes the
inverse limit of the Sobolev spaces (on R) as the appropriate space of signals in which
to address these questions. Some of the first questions are those of interconnections
of circuits in this signal space, and of the elimination of latent variables. The answers
to these questions in the setting of the Sobolev limit naturally lead to questions on
implementability and on the regularity of implementing controllers in the sense of
H.L. Trentelman and Willems.

AMS classification: 93B05

12.1 Introduction

This article is inspired by Harry Trentelman’s work on the regular implementation of
controllers [1, 2, 4, 10]. It addresses the preliminary questions of interconnections
and of elimination in the Sobolev spaces in order to be able to extend his results to
electrical circuits in the setting of Jan Willems’ paper [12].

In this chapter, Willems makes a fundamental distinction between terminals and
ports—‘terminals are for interconnection, ports are for energy transfer’. While the
trajectory of a circuit is specified by the values at various times of the voltages and
currents at the terminals (which are local objects) and determined by laws described
by differential equations (i.e., by laws local in time), the notions of energy and
its transfer require a global description of signals (i.e., nonlocal in time), and global
objects that Willems designates as ports. This chapter adopts the classical description
of energy as the integral of a quadratic form, and suggests that the correct signal space
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to study the behavior of circuits are the .#>-Sobolev spaces. Thus, we assume that
the signals, namely the voltages and currents that occur in the circuit, as well as
all their derivatives, are .2’ functions. This assumption locates these signals in the
inverse limit of the Sobolev spaces.

The programme is to now study the behavior of circuits in the Sobolev limit,
i.e., to determine the achievable behavior of circuits, to define interconnections, to
determine whether controllers admit regular implementations, to address issues of
causality and to determine whether a behavior is realizable, etc. in this signal space.
The answers will depend on this choice of signal space, as did the answers when the
choice was the space & of compactly supported smooth functions instead of €'
[4]. The case of the Sobolev limit is similar to the case of & in many respects, but
there are also differences which are highlighted below.

This chapter confines itself to only a few of the above questions that have been
influenced by the work of Trentelman. It also hopes to extend the general framework
established by Willems in his study of the behavior of electrical circuits.

12.2 Preliminaries

As explained above, energy considerations require the signals in an electric circuit
to be £ functions. The space .Z>(R) is not a module over the ring of differential
operators, hence to formulate circuit theory in the algebraic language of behaviors,
we need to consider a suitable subspace of it (or a suitable embedding). For the
purposes of this chapter we choose the inverse limit of the Sobolev spaces [8] to
locate signals; this means that the signals and all their derivatives (a priori, in the
distributional sense) are in -£2.

Let o = (C[%] be the ring of ordinary differential operators. For every s in R,
the Sobolev space .77 (R) of order s is the space of tempered distributions f whose
Fourier transform f is a measurable function such that

1 ~ ) 1
Iflls = (E/R|f(§>|2(1+ E1%)dE)? < o0

S is a Hilbert space with norm | ||;. When s > ¢, 55 < 37" is a continuous
inclusion. If p(%) is an element of <7 of order r, then it maps #° into J¢°57".
Consider, the family {7, s € R} a decreasing family of vector spaces, its inverse
limit 57 = lim 72 is isomorphic to the intersection Nser #¢° of the Sobolev
spaces, and is an .2/-module. This intersection contains the Schwartz space . of
rapidly decreasing functions but is strictly larger than it. As N is cofinal in IR, this limit
is also the inverse limit of the countable family {7*, s = 0, 1, 2...}. Further, if
each .77 is given its Hilbert space topology, then the intersection f%—” with the inverse
limit topology, which is the weakest topology such that each inclusion f%_ﬂ — I
is continuous, is a Fréchet space.
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By the Sobolev Embedding Theorem [3], the signals in f%_ﬂ are smooth functions,
and hence, the derivatives of an element in it are derivatives in the classical sense.

Following Willems [11, 12], we consider the signals of interest that do occur -
currents, voltages, energy etc.—to be constrained by the laws governing the circuit,
such as KVL, KCL, as well as those determined by various circuit elements. These are
laws local in time, given by differential operators. Thus, we study systems represented
by kernels of operators defined by differential equations:

d <~k <«
f=U fi) = P

where P(%) is an £ x k matrix whose entries p;; (%) are from the ring <7 This kernel
depends only on the submodule & of 27* generated by the rows of the matrix P(%),
it bemg isomorphic to Hom (7% / 2, y“?) It is the behavior of the submodule &
in % and will be denoted t%’e(@)

The Fourier transform translates the kernel of (12.1) to the kernel 5&_(95) of
the map

=t

— K
f=U.... o~ PES

Xh)

P(&):

= «—
where .77, the set of Fourier transforms of element§ in 7, has the structure of an
a7z = C[£]-module given by multiplication p;;(£) f; (), the translate of differenti-

<«
ation pij(%) fi(@®) in S, and where & is the submodule of ,Q{Ek generated by the
rows of the matrix P (£)—it equals @7, the polynomials corresponding to all the dif-
ferential operators in &2 under Fourier transformation. Thus 935?; (Pe) = %’%(L@).

This is the behavioral framework in which the questions of controllability, real-
izability, interconnections, and of regularity of controllers are best addressed. There
is ,however, a representation issue that must be first answered, namely that different

submodules of &7¥ determine the same behavior in the Sobolev limit f%—ﬂ . This is the
Nullstellensatz question of [5], and we turn to it next.

Given, a behavior '@3?(‘@) defined by P (%) : f%—ﬂk — %e (where the rows
of P(%) generate the submodule & of & ky, consider the submodule P of o of
all elements p(%) such that the kernel of the map p(%) : f%_”k — f%_” contains
1%%—((@) This submodule &2, called the (Willems) closure of &2 with respect to
% is the largest submodule of &7 kK whose behavior is % (@)

Proposition 12.2.1 Let & be a submodule of <7*. Its closure & with respect to the
%
Sobolev limit 7€ equals {p(%) e k| a(%)p(%) e A2,0+# a(%) € 4/}, so that
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&
P equals its closure with respect to 7 if and only if &/*) P is torsion free, and
hence free (as </ is a principal ideal domain).

Proof The proof is identical to the proof for the calculation of the closure in .# or
in Z; a similar statement and proof is valid also over the ring of partial differential
operators [5]. O

Thus, in the space }? , it suffices to consider behaviors of submodules & such
that 7%/ 2 is free.
The above description of the closure implies the following corollary, just as in [7].

<« — R —
Corollary 12.2.1 With respect to the Sobolev limit 7, &\ N Py = P11 NI (i.e.
the closure of an intersection is the intersection of the closures). [

We next consider the question of behavioral controllability [11]. It turns out that
the behavior of a lumped system in the Sobolev limit always admits an image rep-

resentation, and hence is always controllable. This is because }? (R) is a flat C[%]-
module [8].

Remark The Sobolev limit is however not faithfully flat. In this respect }_f (R) is
similar to the space .%’(R) (but not to Z(R) which is also faithfully flat). These
similarities vanish when we consider these spaces on R"”, n > 2. The significant
differences now are reflected in the widely different structure of distributed behaviors
in these two spaces [8].

12.3 Interconnections

We now turn to the main problem addressed in this chapter, namely that of intercon-
nections. The behavioral analogues of the classical series and parallel interconnec-
tions of circuits are the sums and intersections of behaviors. It is always the case that
the intersection of the behaviors of 22| and &2, is the behavior of &2 + &7,, but
in the Sobolev limit, the sum of these two behaviors may not be the behavior of the
intersection ] N &7, indeed it may not be a behavior at all. This is again similar
to the situation in . [7].

Example I Let &) and 22, be cyclic submodules of 7> generated by (1, 0) and
(1, —%), respectively. Then &2 N &2, is the O submodule, so that ‘@}?(@1 N 9,)

2
is all of 7. On the other hand, #<(21) = (0. f) | f € 7} and B;(P)) =
, ) ,
(%, ) |g € 5). Thus an element (u,v) in 7 is in B,(21) + Bz(P5) only

<=
if u = fl—f, v = f + g, where f and g are arbitrary elements in 7. Let now u

<
be any smooth function that decays as % ast — +oo. Then u is in 5, whereas

g(t) = fioou dt, which grows as logt, is not. It follows now that (u, 0) is in
@%(91 N &,) but is however not in %%(@1) + ‘@‘%(‘@2)' |
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The question remains whether the sum of the two behaviors in the above example
could be the behavior of some nonzero submodule of 7% . That it cannot is the content
of the following proposition, again similar to the case of the signal spaces considered
in [7].

Proposition 12.3.1 Let 2|, 25 be submodules of </*. Then f@@(@l N ) is
the smallest behavior containing both %< (@ 1) and B+ (92) and hence also the
smallest behavior containing f@@ () + %@ (3”2) /

Proof Suppose %’%(9) contains both %}—f(gzl) and %}—f(@z). Then 2 is

contained in both ?1 and 72, and hence is also contained in 710%, which
is by Corollary 12.2.1 equal to 22| N 7. This implies that ﬂ (9) contains

93;?(3”1 N &%), and hence that
B (P1N Do) = B (P10 D) C Bsp(P) = Bz (P)

Thus any behavior which contains both %j?(@l) and 93%(92) also contains
%%(91 N ). O

The problem now is to locate the obstruction to the sum of two behaviors in the
Sobolev limit being a behavior, and to determine when this obstruction vanishes.
Consider the following exact sequence

0— )P N Do) —> %) Py ® ) Py T ) (P + Do) > 0

where i ([x]) = ([x], [x]), =([x], [y]) = [x — y] (here [ ] indicates the class of an
element of .&” in the various quotients). It follows that

k <z k v k <
0 — Homy (" /(P2 + 27), #) — Hom (" | P, ) ® Hom o (% | Py, )

Ly Hom /(7% /(21 0 ,), ) -2 ExtL (7 /() + ,). )

— Extl (&%) 2, 7 e Ext, (/%) 2, ) —> ..
is also exact, where d(f, g) = f + g. By Proposition 12.2.1, o7*/ 2| and o7* | 2,

can be chosen to be free, hence the second set of Ext terms above are 0, and the
sequence becomes the exact sequence

- = Hom,, (%) 2\, ) @ Hom (¥ ) 2, ) —%

k DZ N 1 k Y%
Hom /(" /(P2 N D7), ) —> Extd(,;z% [(P+ ), ) — 0
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This implies that the sum of the behaviors of &2| and £?; is the behavior of &1 N 2,
(which is to say that the morphism d above is surjective) if and only if the connecting
morphism § is the zero rnorphlsrn and the necessary and sufficient condition for this

is that EXt (ka/(gzl + ), jf) vanish.
To determlne when this is so, consider the following free resolution of .&7* /() +

)
0> (P + P) > F* > T*)( P+ P) > 0

(here (£ + S7,) is finitely generated and torsion free, hence free). Applying the
<
functor Hom g, (—, ) gives the sequence

K o, <~
0 — Hom,/ (&7*, 7)) — Hom /(P + 5, ) — 0

<«
and thus Ext ia/ (¥ (P4 P5), ) vanishes exactly when the above morphism 7 is
surjective. In other words, the necessary and sufficient condition now for the solution

<«

of the problem of the sum of behaviors is that every morphism ¢ : (22, + $%) — H#
_ <~
should lift to a morphism ¢ : @/¥ — 7.

Let (P1+ P») (%) be a matrix whose rows is a basis for the free module (2| + £%;).
Without loss of generality assume that this matrix is given in its Smith canonical form,
so that all the diagonal entries, namely its invariant factors, say d (%), R dr(%),
are nonzero (here r is the rank of (&1 +9%,)), and d; divides d if i < j). A morphism

<~ <«~—
¢ (P + FP») — A is then given by an r-tuple of maps ¢; : (d,-(%)) —> i =
1,...,r where (d; (%)) is the principal ideal generated by the i th invariant factor, and
&
the ¢; in turn are given by mapping d; (%) to arbitrary f; in 57 (as </ is a domain).

_ <~
Thus, the question now is whether the maps ¢; lift to maps ¢; : &/ — 7.

By Fourier transformation (as in the previous section), this question translates to
the following:

When does every map ¥ : (d(§)) — <%_” defined on the principal ideal generated
by d (&) extend to C[£]? .
This is now glementary, for if Y (d(&)) = f (&), then necessarily the extension

must map 1 to %(S ), which is a priori in the space .’ of tempered distributions on

~—
R. For it to be in 7 it is sufficient that d(&) not have real zeros, as then 5(5 ) is
bounded on R. This condition is also necessary, for if f (&) is nonzero at a real zero

of d(&), then %(f;‘) is clearly not in L2 (R).
The above discussion thus proves the following theorem:

Theorem 12.3.1 Let 2|, P, be submodules of <7*. Then %ﬂ- (2) +$<- () is
a behavior, necessarily equal to @ ~ (@1 NS,), ifand only lf the nonzero assoctated

primes of % /(P + P,) do not have real zeros.
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Proof In the notation of the discussion above, <7 /(27| + £%,) is isomorphic to
o/ k1) b, Jz{/(di(%)); here r is the rank of the free submodule (& + £25) of
/%, and the di(%) are its invariant factors. The linear factors of these d; (%) are
precisely the nonzero associated primes of .&7% /(22 + 225). (I

Remark This theorem provides an explanation to Example 1 above. There &?| and
2, are cyclic submodules of 272 generated by (1, 0) and (1, — %), sothat @72 /(2 +

P) is isomorphic to sz//(%) >~ g /(£). The ideal (§) is an associated prime of
o /(§) which has a real zero, namely the point 0!

Remark The set of all behaviors can be topologized as in [9]. Then for behaviors in
a Zariski open set, the sum of any two of them is also a behavior. This is because the
condition that a polynomial with complex coefficients have real zeros is a Zariski
closed condition.

12.4 Elimination

We now consider the problem of elimination of latent variables. This is patterned
after [6], and we omit many of the details.
Consider the split exact sequence

i b1

0— P TPt T 1 50
] i
«— «—

Applying the functor Hom g/ (—, ,9? ) yields the split exact sequence

T i2

0 (%)P (%)W - N % AN

. .. <=ptq
Let & be a submodule of o714, so that %’_}—f(gz) is a behavior in J7
The question elimination addresses is whether 712(1%%—(@)) is also a behavior.

More generally, the following proposition relates the .o7 - submodulesz2 (% (9))
(B (D)), By iy (P) and B (w2(P)) of 7"

Proposition 12.4.1

iy (BH(P) = Bz (m2(P) C1o(B7(P) C Byl (P))
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&
Proof The statement is true for every «7-submodule of 2, in particular for JZ;
indeed it is true also for the ring of partial differential operators [6]. (I

Example 2 Let & be the cyclic submodule of 7% generated by (%, —1). Then
B (P) = (], a4y f e ) and itis easy to see that 72 (B (7)) = (4 fe

< <~
2} isnot a differential kernel in .72”—this also follows from the next proposition. [J

Proposition 12.4.2 In the above notation, %%(i; Y()) is the smallest behavior
containing 13 (%%(@)). t

The proof is identical to the proof of Proposition 4.2 in [6]. O
The first split exact sequence above implies that the following sequence

0— )iy (P) —> TP — P |71(P) — 0
is exact. Thus

0 — Hom,, (7? jm1(2), ) 5 Hom (/741 )2, ) T2

Hom,, (/4 /i3 (), 52) > Ext! (/P Jm1(2), ) % Ext!(o/P+9) 20, 50) — -

is also exact, where the morphism 75 is just the restriction of the 5 in the second split

exact sequence above to the .<7-submodule Hom (7P +4 /P, f%—”) ~ %’%(:@) of

<—ptq ..
¢ . By Proposition 12.2.1, 27”74/ 2 can be chosen to be free, hence the above

exact sequence becomes the exact sequence
= Hom (a7P+1) 2, 57) 22 Hom (/9 /iy ' (2), 7)
s Ext! (P /1 (2), ) — 0
It follows now by the above proposition that nz(%’}?(ﬂ)) is a behavior if and only

if the morphism § in the above exact sequence is the zero morphism, and a necessary

%
and sufficient condition for this is that Extly(ng P/m1 (L), #) be equal to 0.
To determine when this is so, consider the following free resolution of .« ” /71 (£?)

0— m(2P) AP s AP |7 (P) — 0

where (as in the previous section) 71 (<?) is finitely generated and torsion free, hence
e
free (recollect that .of = C[%] D). Applying Hom , (—, ) gives the sequence

0 — Hom,, («7?, %) > Hom,, (w1 (#), 7) — 0
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so that the necessary and sufficient condition for the projection 5 (%<~ (Z?)) to be a
behavior is that the morphism 7 above be surjective. Thus, in this notation, we have
the following theorem.

Theorem 12.4.1 The projection m; (@}?(@)) is a behavior, necessarily equal to

93}? (i2_1 (£)), if and only if the nonzero associated primes of </ P /(1 (7)) do not
have real zeros.

The proof is similar to the proof of Theorem 12.3.1. (]

Remark This theorem provides an explanation to Example 2. There &7 is the cyclic
submodule of 272 generated (%, —1),sothat.e/ /(1 (<)) equals ,Qf/(%) >~ [(§).
The ideal (£) is an associated prime of .27 /(&) which has a real zero, namely the
point 0.

We have now established three results in the inverse limit % (R) of the Sobolev
spaces—namely the Nullstellensatz, the calculation of the obstruction to a sum of
two behaviors being a behavior, as well as the calculation of the obstruction to a
projection of a behavior being a behavior. Just as in [4], these are the basic results
necessary to answer questions regarding the regular implementation of controllers.
These questions, together with applications to electrical circuits in the framework of
[12], will be pursued elsewhere.
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Chapter 13
On State Observers—Take 2

Jochen Trumpf

Abstract This is the author’s second attempt to provide a characterization for
asymptotic functional state observers in the category of linear time-invariant finite-
dimensional systems in input/state/output form in terms of a Sylvester-type matrix
equation with a proof that only uses state-space and transfer function methods. The
characterizing equation was already proposed in Luenberger’s original work on state
observers, but to prove that it is not only sufficient but also necessary when the
observed system has no stable uncontrollable modes turns out to be surprisingly
hard. The crux of the problem is that in a classical observer interconnection both the
output and the input of the observed system enter the observer and hence also the
observer error system as separate inputs. They are not independent signals, though,
since they are jointly constrained by the equations of the observed system. The first
attempt by the author (see the list of references) contained a subtle error in the proof
of the main result. To fix this error, some new intermediate results are needed and the
final proof is sufficiently different to warrant this paper. As a bonus, details on how
to observe stable uncontrollable modes are also provided. The presentation is mostly
self contained with only occasional references to standard results in linear system
theory. It is an absolute pleasure to dedicate this paper to my friend and colleague
Harry Trentelman on the occasion of his 60th birthday. Harry and I have worked
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13.1 Problem Formulation

Consider the linear time-invariant finite-dimensional system in state-space form
given by

X = Ax + Bu, (13.1)
y = Cx,
z="Vx,

where A € R"*", B ¢ R"™™ C e RP*" and V € R"*",

We will be interested in the characterization of asymptotic observers for z given u
and y. In particular, we will be interested in observers of the following type usually
considered in the geometric control literature:

v=Kv+ Ly+ Mu, (13.2)
Z=Pv+ Qy,

where K € R***, P € R"** and the other matrices are real and appropriately sized.
Note that P can be rectangular (tall or wide) and/or not of full rank. The asymptotic
condition for this type of observer is

Aim [2(1) —z()] =0 (13.3)

for every choice of input # and initial conditions x(0) and v(0). We then say that
system (13.2) is an asymptotic observer for system (13.1).

The problem considered in this paper is to characterize when a given observer of
the form (13.2) is an asymptotic observer for a given observed system (13.1). See [1],
in particular Sect.3.1, for a detailed discussion of the relevant literature.

13.2 Problem Reduction

In the observer characterization problem, both the observed system and the observer
are given and fixed, so we cannot modify them without changing the problem. We
can, however, show results of the type Observer A is an asymptotic observer for
System A if and only if Observer B is an asymptotic observer for System B, where
both Observer A and B as well as System A and B are related by equations (one of
the pairs may even be identical). This then allows to reduce the problem in the case
where Observer B and/or System B are simpler than the A variety.

As afirst result of this type, we show that only the observable part of the observer
(13.2) is relevant for the observer characterization problem. Consider the (dual)
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Kalman decomposition for the pair (P, K): There exists an invertible § € R**$
such that

K 0

SKS™' =
|:K21 K2

] and PS™' =[P 0],

where the pair (P;, K1) is observable. Now split

| Ly | M v
SL = |:L21|’ SM = [M2:| and Sv= [v21|,

and consider the reduced observer

vi = Ky1vi + L1y + Myu,
Z= P + Qy. (13.4)

Note that this observer is an observable system, i.e., v; is observable from ((u, y), )
in this observer. We call such observers observable asymptotic observers. We now
have the following result, cf. [2, Proposition 3.69].

Proposition 13.1 System (13.2) is an asymptotic observer for system (13.1) if and
only if the reduced system (13.4) is an (observable) asymptotic observer for system
(13.1).

Proof The proof follows from the observation that, given (u, y), system (13.4) started
with v1(0) produces the same output as system (13.2) started with v(0). |

In order to simplify the notation, we will assume in the next section that (P, K) itself
is observable. We only need to replace (K, L, M, P, Q) by (K11, L1, My, P1, Q) in
the resulting characterization to recover the general case.

In a second step, we can simplify the observed system by removing any uncon-
trollable stable modes. The corresponding linear functions of the state go to zero
irrespective of the applied input # and hence do not need to be observed at all.
We can make this discussion more precise as follows. Consider the unstable/stable
Kalman decomposition for the pair (A, B): There exists an invertible 7 € R"*"
such that

Ayir A A B,
TAT '=| 0 Apn 0 and TB=|0 |,
0 0 Az 0

where (A1, By) is controllable, Ay is anti-Hurwitz and A3z is Hurwitz. Now split
X1
CcT'=[Ci G G], vi'=[vi V» W], and Tx=|x;

X3

We now have the following result.
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Proposition 13.2 Ler dim(x3) < dim(x). Then system (13.2) is an asymptotic
observer for system (13.1) if and only if it is an asymptotic observer for the reduced

system
Xir| _[An Awn||x1, n B "
X0 | 0 Ax||x2 0|
_ X1r
y=[C1 ] [xy} , (13.5)
_ X1r
o =[Vi V] [mr} .
The latter is in the sense that u := u, and y := Yy, in the observer yields

lim; 0o [2(2) — z,(t)] = O for all choices of x1,(0), x2,(0), v(0) and u,.

The proof will use the following characterization of output stability, cf. [2, Propo-
sition 3.50]. We prove a slightly extended version.

Lemma 13.3 Consider the linear time-invariant finite-dimensional system in state-
space form given by

X = Ax + Bu,
y=Cx,

where A € R"™", B € R"™" and C € RP*". Then lim,_, y(t) = 0 for all
choices of x(0) and u if and only if CR(A, B) = 0 and the corestriction of A to
the quotient space R" /N(C, A) is Hurwitz. Here, R(A, B) = [B AB ... A"_lB]
is the reachability matrix of the pair (A, B) and N(C, A) C R" is the unobservable
subspace of the pair (C, A). If in addition (C, A) is observable then A is Hurwitz
and B = 0.

Proof Assume there exists xg € R(A, B) := Im R(A, B), the reachable sub-
space of the pair (A, B), with Cxg # 0. Since xg € PR(A, B), there exists u
and a corresponding trajectory x that oscillates between 0 and x(, contradicting
lim;— » y(t) = lim;, o, Cx(¢t) = 0. Hence CR(A, B) = 0. If M(C, A) = R" there
is nothing to prove for the corestriction of A. Assume 21(C, A) # R" and assume that
A is not stable on R" /91(C, A). Then there exists 0 # xo € R” with xo € 9(C, A)
and Axg = Axg for a A € C with Rex > 0. It is x9 ¢ Ker C since the span of xg
is A-invariant but A/(C, A) is the largest A-invariant subspace of Ker C. Choosing
x(0) = xp and u = 0 yields a trajectory with lim;_, oo y(¢) = lim; o Cx(¢) # 0, a
contradiction. Hence A is stable on R" /9U(C, A).

Conversely, let CR(A, B) = 0 and A be stable on R" /0(C, A). Let x(0) = x¢ €
R" and u be arbitrary. Then

t
y(t) = Cx(t) = Ce*'xg + C / A0 By (7)dr,
0
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where the integral is an element of SR(A, B) and hence of Ker C. Let R" =
N(C, A) W and decompose xg = no+wo withng € N(C, A) and wy € . Since
M(C, A) is A-invariant and contained in Ker C it follows that y(r) = CeA’wy. But
A is stable on 2 and hence lim;—, o, y(t) = 0.

If in addition (C, A) is observable then J1(C, A) = {0} and A is Hurwitz. Fur-
thermore, C [B AB ... A"”B] = 0 implies

C
CA
B=0
CA.n—l
and hence B = 0 by observability. |
Proof of Proposition 13.2 Note that system (13.1) and the Kalman decomposed
system
X1 A Ap A [x By
X |l=10 A 0 x|+ 0 |u,
X3 0 0 Asz | [ x3 0
x1 |
y=[Ci C Gi]|x|,
x3 |
X1
=i Va V3] |x
X3

have the same external behavior in terms of the variables (u, y, z). In order to enable
a direct comparison of the trajectories of system (13.1) and the reduced system
(13.5), whenever we are given an initial condition x(0) for system (13.1), we will
use x1,(0) := x1(0), x2,(0) := x2(0) in the reduced system (13.5). Then, system
(13.1) and the reduced system (13.5) have the same output, i.e., y = y, and z = z,,
if x3(0) = 0 and u, = u.

Letsystem (13.2) be an asymptotic observer for system (13.1), then lim;—, 5o [Z(¢) —
z(t)] = 0 for every choice of x(0), v(0) and u, in particular for those x(0) with
x3(0) = 0. But in that case x1,(0) := x1(0), x2,(0) := x2(0) and u, := u in system
(13.5) implies y = y,, and hence the observer output is the same for both observed
systems. Moreover, z = z, in this case and hence lim;_, 5[2(f) — z,(¢)] = O in the
observer interconnection with the reduced system. It follows that system (13.2) is an
asymptotic observer for the reduced system (13.5).

Conversely, let system (13.2) be an asymptotic observer for the reduced system
(13.5). Fix x1,(0), x2,(0) and v(0) and let
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x1,(0)
x(0):=T7" | x2,(0)
x3(0)
in system (13.1) where x3(0) is arbitrary but fixed. Then x» = x and

lim;_, 5o x3(¢) = O for all choices of u, and u. Define § := x; — x1, then
§=An8+4 Bi(u—u,)+ Apxs,  8(0)=0.

Since (A1, By) is controllable, there exists a feedback matrix F' suchthat A{;+ B F
is Hurwitz. Consider the auxiliary system

$p = (A1l + B1F)8F + A13x3,  8r(0) =0,

then lim;_, o, 8 (f) = 0 by [3, Corollary 3.22]. Now the choice u, := u — FdFf
yields § = §r and hence lim;—, o0 § (f) = lim;—, 5o [x1 () —x1,(¢)] = 0. It follows that
lim— oo [y (1) =y, ()] = 0,1im; oo [2(£) =2z, (1)] = Oand limy— oo [u (1) —u, (1)] = O,
i.e., the external behaviors of system (13.1) and system (13.5) are asymptotically
equal under the above correspondence of trajectories.

According to Proposition 13.1, the reduced observer (13.4) is an asymptotic
observer for the reduced system (13.5), and by Lemma 13.3, K is Hurwitz: Choose
x(0) = 0andu = Otoobtain y = 0 andlim;_, o Z(¢) = 0 for all choices of v (0). We
can also connect this reduced observer to system (13.1) instead of to the reduced sys-
tem (13.5), and since the external behaviors of these two systems are asymptotically
equal, another application of [3, Corollary 3.22] shows that the two resulting observer
outputs are asymptotically equal. This implies that the reduced order observer (13.4)
is also an asymptotic observer for system (13.1) (since lim;_, oo [2(?) — z-(¢)] = 0),
and by Proposition 13.1, so is system (13.2). |

Again, we will simplify the notation in the next section by assuming that sys-
tem (13.1) has no stable uncontrollable modes and can recover the general case by
replacing the system matrices (A, B, C, V) in the resulting characterization with the
reduced system matrices of system (13.5).

We finish this section by treating the remaining case not covered by Proposi-
tion 13.2, namely the case where system (13.1) is completely uncontrollable and
stable, i.e., where A is Hurwitz and B = 0.

Proposition 13.4 Let A be Hurwitz and let B = 0 in system (13.1). Then system
(13.2) is an asymptotic observer for system (13.1) if and only if PR(K, M) = 0
and the corestriction of K to the quotient space R®* /N(P, K) is Hurwitz. Here,
R(K,M) = [M KM ... KS"'M] is the reachability matrix of the pair (K, M)
and N(P, K) C R is the unobservable subspace of the pair (P, K).

Proof Letsystem (13.2) be an asymptotic observer for system (13.1) with A Hurwitz
and B = 0. Then lim;_, o, z(#) = 0 and hence lim;_, o, 2(¢) = 0 for all choices of
x(0), v(0) and u, in particular for x (0) = 0 (hence y = 0), and all choices of v(0) and
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u. By Lemma 13.3 then PR(K, M) = 0 and the corestriction of K to the quotient
space R*/M(P, K) is Hurwitz.

Conversely, assume that PR(K, M) = 0 and that the corestriction of K to the
quotient space R*/M(P, K) is Hurwitz. Then P{R(K1, M1) = 0 and K1 is Hur-
witz in the reduced observer (13.4). By Lemma 13.3, lim;—, z(t) = 0 for all
choices of v{(0) and u and y = 0. Since lim;_.~ y(#) = 0 for all choices of
x(0) and u, an application of [3, Corollary 3.22] yields lim;_, o 2(f) = 0 for all
choices of vi(0), x(0) and u, and hence the reduced observer (13.4) is an asymp-
totic observer for system (13.1) (since lim;,— z(#) = 0). By Proposition 13.1,
so is system (13.2). |

13.3 The Main Characterization Result

We are now in a position to state the main characterization result for asymptotic
state observers. We will briefly discuss the error in the previous proof attempt [1,
Theorem 9] after we have given the new proof. The proof references the following
two technical lemmas proved in [1] that we restate here for convenience but without
proof. Consider the linear time-invariant finite-dimensional system in state-space
form given by

X = Ax + Bu,
y = Cx + Du, (13.6)

where A € R"™" B e R"*™ C € RP*" and D € RP*™,

Lemma 13.5 ([1, Lemma 3]) Let all uncontrollable modes of system (13.6) be
unstable. Then, for every Q € R7*" with Q # 0 there exists an initial condition x
and an input u such that lim; ., Qx(t) # 0.

Lemma 13.6 ([1, Proposition 5]) Iflim;—.~ y(t) = 0 for all choices of xo and u
in system (13.6) then its transfer function G(s) = C(sI — A)"'B + D = 0 and
in particular D = 0. If, moreover, all uncontrollable modes of system (13.6) are
unstable then C = 0.

Theorem 13.7 Let all uncontrollable modes of system (13.1) be unstable. Then
system (13.2) is an observable asymptotic observer for z given u and y if and only
if there exists a matrix U € R**" such that

UA— KU —LC =0,
M —UB =0, (13.7)
V — PU - QC =0,

K is Hurwitz and (P, K) is observable.
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Proof Let system (13.2) be an observable asymptotic observer for z given u and y
and define e := Z — z. Then

e=Pv+Qy—Vx=Pv—(V—-00)x.

Assume, to arrive at a contradiction, that Im(V — QC) ¢ Im(P). Then there exists
an invertible S € R"*" such that

SP:[%}&MSU/—QC)z[Q]

with Vo # 0. Now lim;_, o Se(t) = 0 implies lim;—,, Vox(t) = 0O for all initial
conditions x(0) and all inputs u, a contradiction to Lemma 13.5. We conclude that
Im(V — QC) C Im(P), and hence there exists a matrix U € R**" such that
V — QC = PU. This implies the third equation in (13.7).

Define d := v — Ux then

d=v—Ux
=Kv+Ly+Mu—-UAx —UBu
=Kv—KUx+ KUx+ LCx + Mu— UAx — UBu,

and hence the observation error ¢ = Pv — (V — QC)x = Pv — PUx is governed
by the error system

d=Kd—(UA—-KU—LC)x+ (M — UB)u,
e= Pd. (13.8)

The first two equations in (13.7) now follow immediately from an application of
Proposition 13.8 stated below. Apply Lemma 13.3 to the resulting error system

d=Kd,
e = Pd

to see that K must be Hurwitz.

Conversely, assume that the system matrices of systems (13.1) and (13.2) fulfill
Equation (13.7) with K Hurwitz, then lim;_, » e(t) = 0 follows immediately from
the form of the error system (13.8). In its derivation, we have only used the third
equation in (13.7). |

Before we state and prove the missing Proposition 13.8 below, let us briefly discuss
what is wrong in the proof of [1, Theorem 9]. In that proof, the conclusion after the
derivation of the error system (13.8) uses the argument |[...] follows immediately
from [...] the fact that (P, K) is observable (hence e(t) — 0 implies d(t) — 0).
While this assertion refers only to the error system (13.8), and is hence actually true
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a posteriori, it is not generally true as an a priori assertion about observable systems,
which is how it is being used in the logic of the proof given in [1].

By definition, observability of a linear state-space system means that zero output
and input imply zero state, but the property makes no (direct) statement about limits
or about the case where the input is nonzero.

One could think that the argument can be saved by the fact that it is only used as
an assertion on the totality of all solutions of the error system, as in e(¢) — 0 for all
solutions implies d(t) — O for all solutions. Indeed, Lemma 13.3 at first seems to
support this. Note, however, that Lemma 13.3 cannot be applied to the error system
(13.8), since the two inputs v = (x, u) are not independent signals. In fact, this is
the reason why Theorem 13.7 is difficult to prove, cf. [1, Remark 8].

Fixing the above error requires the following generalization to [1, Proposition 7].

Proposition 13.8 Consider the composite system

X = Ax + Bu,
d = Kd + Rx + Su, (13.9)
e = Pd,

and assume that lim;_,  e(t) = 0 for all choices of x(0), d(0) and u. If all uncon-
trollable modes of x = Ax + Bu are unstable and (P, K) is observable then R = 0
and S = 0.

The proof of this proposition will be given with the help of the following technical
lemma.

Lemma 13.9 Let (P, K) € R™* x R*** be observable and let A € R"™" and
R € R¥*". Then ‘
A 0] [x
[0 P] [R K] [0] =0 (13.10)

forall x e R" and all i € N implies R = 0.

& wlo]= (&)

and, using (13.10) with i = 1, also PRx = 0 for all x € R".

Assume that )
A 0] [x Al
[R K [O}Z[ZE_IK"IRAI‘"}X (34D

for all x € R" and some i € N and

Proof We have

PK"'Rx =0 (13.12)
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forallx e R" andall/ =1,...,i. Then

A 01X _[a o] A N
R K 0] [R K[|Xi_ K'"TRA!!

Ai+l
= _RAi +K Zf:é K(l—l)—lRA(i—(l—l))] x

_ B AiJr]
= Z;I% KI-TRAG+D- x

for all x € R", where we have used hypothesis (13.11) in the first line. But then
(13.10) implies that

i+1
0= P(Z K’—lRA““)—’)x — PK'Rx

=1

for all x € R", where we have used hypothesis (13.12) in the final conclusion.
By induction, it follows that PK'~1(Rx) = 0 for all i € N and all x € R". By
observability of (P, K) this implies Rx = 0 forall x € R” and hence R=0. N

Proof of Proposition 13.8 Apply Lemma 13.6 to system (13.9) to obtain
P(sI — K)~! [—R(sl —A)'B+ S] =0

and hence —R(sI — A)"!B+ S = O since (P, K) is observable. Since S is constant
and R(sI — A)~! B is strictly proper, it follows that § = 0 and R(s] — A)~'B = 0.
If ¥ = Ax + Bu was controllable, we would be done at this point, since then R(s/ —
A)~'B = 0 would imply R = 0. With the help of Lemma 13.3 and Lemma 13.9
above we can, however, treat the more general case of this proposition.

Given that all uncontrollable modes of X = Ax + Bu are unstable, there exists
an invertible S € R"*" such that

—1_|An A _[Bi
SAS —|:0 A and SB = L

where A1y € R™*"1 the pair (A1, By) is controllable and all eigenvalues of Ay €
R"2*"2 have nonnegative real parts (Kalman decomposition). Define

. po-l A
[Rl R2] = RS and I:xz] = Sx,

where the block sizes are as for the matrix SAS~! above. Then R(s] — A)"'B =
Ri(sI — A11)_lBl = 0 and hence R; = 0 because (A1, B1) is controllable. It
follows that
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Xo = Apxa, x2(0) = x02,
d = Kd + Ryxs, d(0) = do, (13.13)
e = Pd.

By Lemma 13.3, lim;_, » e(t) = 0 for all choices of x> and dp in (13.13) implies
that the corestriction of the linear map

A22 0 . h2+s nay+s
|:R2 K:| ' R - R

to the quotient space R"215 /91 is stable, where

wen(o i 20 3 87)

ieN

denotes the unobservable subspace. A straightforward computation shows that

[)ﬂ €M  implies d e N(P,K),
i.e., d = 0 since (P, K) is observable. This shows 9t C R"? x {0}. On the other
hand, since all eigenvalues of Aj> have nonnegative real parts, the corestriction of the
above linear map to any quotient space of the form R"2%* /& with & C R"2 x {0} can
not be Hurwitz. It follows that 91 = R"2 x {0}. By Lemma 13.9 above this implies
R=0. |

Note that the use of Proposition 13.8 eliminates the need for [1, Lemma 6] and
with it the use of the theory of pole-zero cancelations, making the final proof of
Theorem 13.7 slightly more elementary.

13.4 Conclusion

The overall picture now is as follows. In the case where A is Hurwitz and B = 0 in
system (13.1), the full characterization of asymptotic state observers (13.2) is given
by PR(K, M) = 0 and the corestriction of K to the quotient space R*/M(P, K)
being Hurwitz (Proposition 13.4). Note that in this case, the characterization is inde-
pendent of the system matrices (A, B, C, V). Otherwise, the characterization is given
by Eq. (13.7) and K Hurwitz (Theorem 13.7), where we may have to replace the
system matrices (A, B, C, V) with the reduced system matrices of system (13.5) if
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system (13.1) has stable uncontrollable modes (Proposition 13.2), and the observer
matrices (K, L, M, P, Q) by the observer matrices (K11, L1, M1, P1, Q) of the
reduced observer (13.4) if the observer (13.2) is not observable (Proposition 13.1).

Acknowledgments The author wishes to thank Uwe Helmke for pointing out the error in the proof
of [1, Theorem 9].
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Chapter 14
When Is a Linear Complementarity System
Disturbance Decoupled?

A.R.F. Everts and M.K. Camlibel

Abstract In this chapter, we study the disturbance decoupling problem for linear
complementarity systems that form a class of piecewise affine systems. Direct appli-
cation of the existing results for piecewise affine systems to linear complementarity
systems leads to somewhat bulky conditions. By exploiting the compact description
of linear complementarity systems, this chapter provides crisp conditions that are far
more insightful than those for general piecewise affine systems.

14.1 Introduction

The disturbance decoupling problem amounts to finding a feedback law that elimi-
nates the effect of disturbances on the output of a given input/state/output dynamical
system. The investigation of this problem has been the starting point for the devel-
opment of geometric control theory [1-3]. For both linear and (smooth) nonlinear
systems, geometric control theory has been proven to be very efficient in solving
various control problems, including the disturbance decoupling problem (see, e.g.,
[4-8]).
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In the context of hybrid dynamical systems, the results on disturbance decoupling
are limited to switched linear systems [9, 10] and piecewise affine systems [11]. The
major difference between switched linear systems and piecewise affine systems is the
nature of the switching behavior. For piecewise affine systems the switching behavior
is state-dependent whereas it is state-independent for switched linear systems.

For state-independent switching case, the solution of the disturbance decoupling
problem can be obtained by following mainly the footsteps of the (non-switching)
linear case. Indeed, a noteworthy consequence of the state-independent switching is
that the set of reachable states under the influence of disturbances is a subspace. This
allows one to generalize the so-called controlled invariant subspaces of linear systems
to switched linear systems. Such a generalization leads to elegant necessary and
sufficient conditions [9, 10] for a switched linear system to be disturbance decoupled.
In the same papers, disturbance decoupling problems by different feedback schemes
have also been solved based on these necessary and sufficient conditions.

However, a similar approach breaks down in the case of state-dependent switching
as the set of reachable states under the influence of disturbances is not anymore a sub-
space, not even a convex set in general. As such, neither the results nor the approach
adopted for the state-independent case can be applied to state-dependent switching
case. By taking a novel approach that takes into account the state-dependent switching
behavior of piecewise affine systems, the paper [11] provided a set of necessary con-
ditions and a set of sufficient conditions under which a continuous piecewise affine
dynamical system is disturbance decoupled. Although these conditions do not coin-
cide in general, some special cases in which they do coincide were pointed outin [11].
Furthermore, [11] presented conditions for the existence of mode-independent static
feedback controllers that render the closed-loop system disturbance decoupled. All
conditions presented in [11] are geometric in nature and can be easily verified by uti-
lizing extensions of the well-known subspace algorithms. Yet the conditions obtained
in [11] are somewhat bulky due to the very general description of piecewise affine
systems that was taken as the starting point. In this chapter, we focus on a particular
class of piecewise affine systems, namely linear complementarity systems. It turns out
that the compact description of linear complementarity systems leads to conditions
for disturbance decoupling that are not only easily checkable but also very crisp.

The structure of the chapter is as follows. In Sect. 14.2 we introduce the notational
conventions as well as the basic concepts of the geometric approach to linear systems.
This will be followed by the formulation of the linear complementarity problem in
Sect. 14.3 where also linear complementarity systems are introduced. In Sect. 14.4
we first define what we mean by a linear complementarity system to be disturbance
decoupled. After providing some technical auxiliary results that are, in a way, of
interest themselves, we present necessary and sufficient conditions that are the main
results of this chapter. Finally, the chapter closes with conclusions in Sect. 14.5.
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14.2 Preliminaries

Consider, the linear system X~ = X' (A, B, C, D) given by

%(1) = Ax(t) + Bu(t) (14.1a)
y(t) = Cx(t) + Du(t) (14.1b)

where the input u, state x, and output y have dimensions m, n, and p, respectively.
In what follows, we quickly introduce some of the fundamental notions of geometric
control theory of linear systems for the sake of completeness. We refer to [8] for
more details.

The controllable subspace of X' is the smallest A-invariant subspace containing
im B. We will denote it by

(A]im B) :=im B + Aim B + --- + A" lim B.

Note that
(A+ BK |im B) = (A | im B) (14.2)

for any matrix K € R"™*".
A subspace .7 C R”" is called an input containing conditioned invariant subspace
of X if
[A B]((Z xR™)Nker [C D])c 7.

It is well known that a subspace 7 is an input containing conditioned invariant
subspace if and only if there exists a matrix L € R"*? such that

(A+LC)7 €7 and im(B+LD) < 7. (14.3)

The strongly reachable subspace of X is the smallest (with respect to the subspace
inclusion) input containing conditioned invariant subspace and will be denoted by
THX).

It follows from (14.3) with the choice of L = 0 that the controllable subspace is
an input containing conditioned invariant subspace. Hence, we have

T*(X)C (A ]im B). (14.4)

Let K and L be m x n and n X p matrices, respectively. Also let Y'x ;. denote the
system Y(A+ BK +LC+ LDK,B+ LD,C+ DK, D). It can easily be verified
that

T Zg.1) = TH(D). (14.5)

A subspace ¥ C R" is called an output nulling controlled invariant subspace of
X if
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[é] ¥ S (¥ x (0)) +im [g} .

The weakly unobservable subspace of X is the largest (with respect to the sub-
space inclusion) output nulling controlled invariant subspace and will be denoted by
VED).

It is well known that the transfer matrix D + C(sI — A)~' B is right-invertible as
a rational matrix if and only if

Y*E)+ 7%(X)=R"and [C D] is of full row rank.

Straightforward linear algebra arguments show that these conditions are equivalent to

im D+ CT*(X) =R, (14.6)

14.3 Linear Complementarity System

The problem of finding a vector z € R™ such that

7>0 (14.72)
q+Mz>0 (14.7b)
g+ Mz)=0 (14.7¢)

for a given vector ¢ € R™ and a matrix M € R™* is known as the linear com-
plementarity problem. We denote (14.7) by LCP(g, M). It is well-known [12, Thm.
3.3.7] that the LCP(¢g, M) admits a unique solution for each ¢ if and only if all prin-
cipal minors of M are positive. Such matrices are called P-matrices in the literature
of mathematical programming.

When M is a P-matrix, the unique solution of the LCP(g, M), say z(g), depends
on ¢q in a Lipschitz continuous way. In particular, for each g there exists an index set
a € {1,2,...,m} such that the solution z = z(gq) is determined by

2o = ~(Maa) "G Zar =0 (14.82)
and the following inequalities hold
~ (Mow)'a 20 qur — Moca(Maa) ' > 0 (14.8)
where a¢ denotes the set {1, 2, ..., m}\ .
Linear complementarity systems (LCSs) consist of nonsmooth dynamical sys-

tems that are obtained in the following way. Take a standard linear input/output
system. Select a number of input/output pairs (z;, w;), and impose for each of these
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pairs a complementarity relation of the type (14.7) at each time instant. A wealth of

examples, from various areas of engineering as well as operations research, of LCSs

can be found in [13-16]. For the work on the analysis of LCSs, we refer to [17-23].
In this chapter, we will focus on the LCSs of the following form:

%(1) = Ax(t) + Bz(t) + Ed(t) (14.92)
w(t) = Cx(t) + Dz(t) + Fd (1) (14.9b)
0<z(t) Lw(®) =0 (14.9¢)
y(t) = Jx(t). (14.9d)

Here x € R” is the state, (z, w) € R” 1" are the complementarity variables, d € R?
is the disturbance, y € R? is the output, and all the matrices are of appropriate sizes.
In the sequel, we will work under the following blanket assumptions:

1. The matrix D is a P-matrix.
2. The transfer matrix F + C(sI — A)~!E is right-invertible as a rational matrix.

In order not to blur the main message of the chapter, we focus on LCSs that satisfy
these assumptions that are technical in nature. Most of the subsequent results can be
generalized to cases for which these assumptions do not hold.

Since D is a P-matrix, z(¢) is a piecewise linear function of Cx(¢) + Fd(t)
(see, e.g., [12]). This means that for each initial state xo and locally integrable dis-
turbance d there exist unique absolutely continuous trajectories (x 04, y*0-4) and
locally integrable trajectories (%04, w04y such that x*0-¢(0) = x( and the quadru-
ple (x*0-4, z¥0.d yy¥0.d yX0.dy satisfies the relations (14.9) for almost all 1 > 0.

Even though LCSs are nonsmooth and nonlinear dynamical systems, their local
linear behavior enables elegant characterizations of certain system-theoretic proper-
ties. To give a flavor of such a result, we quote the following theorem from [21] that
states necessary and sufficient conditions for controllability of an LCS.

Theorem 14.1 An LCS of the form (14.9a)—(14.9c¢) for which d is treated as input
is controllable if and only if the following conditions hold:

1. (A]im [B E]) =R".
2. the system of inequalities

T T
el"TA—A E 1" B
> = <
o L[ H-e [ 3]
admits no solution .. € R and 0 # (€, n) € R"™,

In this chapter, we will investigate yet another system-theoretic property for LCSs,
namely disturbance decoupling.
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14.4 Disturbance Decoupled LCSs

We say that an LCS (14.9) is disturbance decoupled if for all initial states xo, locally
integrable disturbances d; and d», and ¢t > 0 we have

YOl =yt ).

In this section, we will investigate necessary and sufficient conditions for an LCS
(14.9) to be disturbance decoupled. To do so, we first derive an alternative represen-
tation of LCSs that makes the underlying switching behavior more transparent.

Since D is a P-matrix, we can solve the LCP given by (14.9¢) by employing (14.8).
More precisely, if the quadruple (x, d, z, w) satisfies (14.9a)—(14.9c) for almost all
t > 0 then for almost all ¢ > 0 there exists an index set oy C {1, 2, ..., m} such that

%(1) = (A — Bag, (Dayya,) "' Cayo) X (1) + (E — Bag, (Dayyey,) ™" Fape)d(t) (14.10a)

whenever
[ ~(Daya,) ™' Cayo ~(Day)~ Fye } [x(r)} 50
Cote = Dot (Doye,) ™' Caye Fute — Doty (Daya,) Faye | [d() | 7
(14.10b)
For an index set « C {1, 2, ..., m}, define
Ag = A — Bey(Daa) ™' Cae (14.11)
Ey = E — Bag(Dae) ™' Fae (14.12)
_(Dowt)_lcoco :|
Gy = > 14.13
* |:Coz‘o — Dyeq (Dog) lca- ( )
— (Do) ™" Fue }
H, = . 14.14
* |:Fot"o - Da"a(Daa)ilFao ( )
With these definitions (14.10) can be rewritten as follows:
£(1) = Agx(1) + Eq,d(t) whenever [Gq, Ha,] [28} >0. (14.15)

Before turning our attention to conditions for this system to be disturbance de-
coupled, we prove a technical auxiliary result that we will employ later.

Lemma 14.2 For each index seta C {1, 2, ..., m}, let Ny, € R"*P be such that

Ay =A+ NyC and Ey = E + NyF.
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Let
S = D (A, im Ey).

y<{l1,2,....m}

The following statements hold:

I. im (Ny — Ng) € & foranya, B € {1,2,...,m}.
2. & is invariant under Ay for any o C {1,2, ..., m}.
3. Y =(A|im [B E]).

Proof To prove the first statement, let X', denote the linear system X' (A, , E,, C, F)
fory C {1,2,...,m}. It follows from (14.4) that

T*(¥,)) S (A, |im E,) C.7.
Then, we have
(A+N,0)T*(X,) C(A+N,C)(A, |im E,) € (A, |im E,) C .7
Let Zidenote thelinear system X' (A, E, C, F).Itfollows from (14.5) that 7*(X,) =
7*(X) and hence that y
(A+N,0O).T*(X)
forany y € {1, 2, ..., m}. This yields
(Ny — Np)CT*(X)C S (14.16)
forany o, B C {1, 2, ..., m}. Also we have
im(E+N,F)C (A, |imE,) C.Y
forany y C {1, 2, ..., m}. Thus, we get
(Ny — Ng)im F € .7
forany «, B C {1, 2, ..., m}. By combining the last relation with (14.16), we obtain
(Ny — Np)(im F + CT*(2)) € 7.

Since the transfer matrix F + C(s — A)*1~E is right-invertible as a rational matrix,
it follows from (14.6) that im F + C.7*(X) = R™. Therefore, we have

im (Ny, — Ng) € 7.

To prove the second statement, let o, y € {1, 2, ..., m}. Note that
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Ag(A, |im E,) € Ay(A, |im E,) +im (Aq — Ay)
C (A, |im Ey) +im (N — Ny).

It follows from the definition of . and the first statement that
Ag(Ay |im E,) C 7.
Hence, we have

A CAL( D (A lImE,)) S D Ag(A, |im Ey) C.7.
y<{1,2,....,m} y<{l1,2,....m}

To prove the third statement, note first that im N, C im B for any y C
{1,2,...,m}. Hence, we have

im E, =im (E+ N,,C) Cim [B E].

This results in
(A, |im E,) € (A, |im [B E]) (14.17)

forany y € {1,2,...,m}. Since Ay = A+ N, C and im N, C im B, it follows
from (14.2) that
(Ay |im [B E])=(A|im [B E]).
In view of (14.17), this means that
(A, |im E,) € (A |im [B E])

for any y C {1, 2, ..., m}. Consequently, we obtain

S = Z (Ay |im E,) S (A |im [B E]). (14.18)
y<{1.2,....,m}

Since (A, | im E,) € S forall y C {1, 2,...,m}, we have

(A|im E) € .
(A—BD~'C|im (E—BD'F)) c .&

for the particular choices y = ¥ and y = {1,2, ..., m}, respectively. We know
from (14.5) that the strongly reachable subspaces of the systems X' (A, E, C, F) and
Y(A— BD 'C,E-BD'F,C, F) coincide. Let .7 * denote this common strongly
reachable subspace. It follows from (14.4) that
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T*C(A|im E) C .¥
T*C(A—BD”'C|im (E— BD™'F)) C .7.

These inclusions yield

AT* C A(A |im E)
C(A|im E) €.

251

(A—BD™'C)7*<(A-BD 'C)(A— BD~'C|im (E — BD™'F))

C(A—BD7'C|im (E-BD 'F))c .7,

from which we obtain
BD 'cT* c 7.

On the other hand, we readily have

imEC(A|imE)C.¥

im (E—BD 'F)C(A—BD™!'C|im (E - BD'F)) c ..

Combining these two inclusions results in
BD 'im F c 7.
Together with (14.19), this implies that
BD '(im F+CT*) c 7.
It follows from the blanket assumption and (14.6) that
im F+C7* =R".

Thus, we get
im B C .7.

(14.19)

From the second statement of Lemma 14.2, we know that the subspace .7 is Agy-
invariant forany @ C {1, 2, ..., m}. In particular, the choice of « = ¥ implies that .
is A-invariant. Since (A | im B) is the smallest A-invariant subspace that contains

im B, we have
(A]im B) C .¥.

(14.20)
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As we readily have (A | im E) C ., the inclusion (14.20) implies that
(A|imB)+(A|imE)=(A|im[B E])QY.

Together with (14.18), this proves that ./ = (A | im [B E]). [ |

Now we are ready to present necessary and sufficient conditions for an LCS to be
disturbance decoupled.

Theorem 14.3 An LCS of the form (14.9) is disturbance decoupled if and only if
(Alim [B E]) € ker J.

Proof To prove the ‘only if” part, let y C {1, 2, ..., m}. Note that

[ -yt 0} [Cy. Fy.}
H,| = . 14.21
Gy Hy] [—D,,cy(DW)_l I||Cyea Fyeo ( )

Since F + C(sI — A)"'E is right-invertible as a rational matrix by the blanket

assumption, [C F] is of full row rank. So must be the matrix [Gy Hy] due to
(14.21). Then, one can find xy and d such that

(G, H,] [iﬂ > 0.

Let e € R?. Clearly, there exists a sufficiently small x> 0 such that

Xi
(G, H,] [d +°Me} > 0.

Now define
di(t) =d and dy(t) =d + pe

for all # > 0. Let x; (f) denote the trajectory x4 (r) for i = 1, 2. Since x; and d;
are continuous, there exists an & > 0 such that

(G, Hy] [22 g;] >0
holds for all ¢ € [0, €). Thus, the trajectories x1 and x; satisfy
Xi(t) = Ayxi(t) + E,d; (1)
forallr € [0, ¢) andi = 1, 2. As the system is disturbance decoupled, we have that

Jx1(t) = Jxa(t)
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forall ¢+ € [0, ¢). Since d; and d, are constant, we obtain
J(Ayxo + Eyd) = J(Ayxo +E,(d+ ,ue))
by differentiating and evaluating at + = 0. This results in
JE, e =0.
By repeating the differentiation and evaluation at t = 0, we get
JAYE,e=0
for all k£ > 0. Since e is arbitrary, we have
JAYE, =0
for all £ > 0. Consequently, one gets
(A, |im E,) C ker J.
Thus, we have
> (A, |im Ey) Cker J.
y&il,2,...,m}
It follows from the third statement of Lemma 14.2 that
(Alim [B E]) S ker J.
To prove the ‘if” part, it is enough to show that
x0diy —x 21y e (Alim [B E])

for any initial state xo € R", locally-integrable disturbances d; and d», and ¢ > 0.
Todoso,let ¥ := (A |im [B E])andletv € #*. From (14.9a), we have

v (E50di () — #5002 (1)) = vT A(x™0 91 (1) — x0% (1)) (14.22)
for almost all # > 0. Define
¢(@) = v (0N (1) — x0(1)).
From (14.22) and AT -invariance of ¥+, we get

d*¢

= v AR (x 09 (1) — x 02 (1))
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for k > 0. The Cayley-Hamilton theorem implies that there exist real numbers c;
withi =0,1,...,n — 1 such that

d"é' dn_lé' dé’
I (1) + Cn—lW(t) +-+ CIE(I) +co¢ (@) = 0.
Since
dk( 0 =0
dek >

for k > 0, we get {(¢) = O for all + > 0. Consequently, we have
x0dig) — oy e (vt =¥ =(Alim [B E])

which completes the proof. |

14.5 Conclusions

This chapter studied a class of non-smooth and nonlinear dynamical systems, namely
linear complementarity systems. These systems belong to the larger family of piece-
wise affine dynamical systems for which the disturbance decoupling problem has
already been solved. In this chapter we have shown that linear subsystems of a lin-
ear complementarity system share certain geometric structure. By exploiting this
geometric structure, we provided necessary and sufficient conditions for a linear
complementarity system to be disturbance decoupled. Compared to already existing
conditions for general piecewise affine systems, the new conditions are much crisper
and more insightful.

Future research possibilities are weakening the technical blanket assumptions and
studying the disturbance decoupling problem under different feedback schemes.
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