Chapter 15
Power-Based Methods for

Infinite-Dimensional Systems

Krishna Chaitanya Kosaraju and Ramkrishna Pasumarthy

Abstract In this chapter we aim to extend the Brayton Moser (BM) framework for
modeling infinite-dimensional systems. Starting with an infinite-dimensional port-
Hamiltonian system we derive a BM equivalent which can be defined with respect
to a non-canonical Dirac structure. Based on this model we derive stability and new
passivity properties for the system. The state variables in this case are the “effort”
variables and the storage function is a “power-like” function called the mixed poten-
tial. The new property is derived by “differentiating” one of the port variables. We
present our results with the Maxwell’s equations, and the transmission line with
non-zero boundary conditions as examples.

15.1 Introduction
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in Systems and Control at VJTI, Mumbai. It was though a course on non-linear
control, where we followed one of his books titled “Non-linear Dynamical Control
Systems” which he had coauthored with Henk Nijmeijer. In the final year of my
masters, I came across a paper by him on port-Hamiltonian system. Back then, I
never imagined to have to Arjan as my Ph.D. advisor. I feel extremely fortunate that
I could learn under his supervision. Arjan’s immense knowledge and contributions
in Systems Theory have always motivated and played a significant part in shaping
my career. [ am delighted to dedicate this piece of work to Arjan, on his birthday, to
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Energy-based methods for modeling and control of complex physical systems
has been an active area of research for the past two decades. In particular, the
Hamiltonian-based formulation has proven to be an effective tool in modeling and
control of complex physical systems from several physical domains, both finite
and infinite-dimensional cases [7]. These systems are inherently passive with the
Hamiltonian when bounded from below, serving as the storage function and the
input and output pair are power conjugate. This resulted in development of so-called
“Energy-Shaping” methods for control of physical systems. In some cases the nat-
ural power conjugate port variables do not necessarily help in achieving the control
objectives due to the dissipation obstacle [13], motivating the search for alternate
passive maps. One possible alternative which has been explored extensively in the
finite-dimensional case is the “Brayton—-Moser” (BM) framework for modeling of
electrical networks [2, 5, 6], which has been successfully adapted towards analyzing
passivity of RLC circuits [8] and for control of physical systems by “power shaping”
[7]. For further details on various energy and power-based modeling techniques we
refer to [9].

Most of the literature for control on the BM framework restricts to finite-
dimensional case only. One of the first results, in the infinite dimensional case,
appeared in [4], in which the authors present a stability theory in the BM framework
for a transmission line connected to the non-linear load. However, the proposed
Lyapunov functional does not preserve the pseudogradient-like structure of the sys-
tem, which is essential for boundary control, and to derive passive maps is not very
obvious. Later, in [10] the authors describe a electromagnetic fields analogue of the
Brayton Moser formulation of Maxwell equations, again mostly for zero boundary
conditions. In an earlier work [12], we have presented results on control by intercon-
nection of a transmission line by “power shaping” in the BM framework.

In this chapter we present a BM analogue of an infinite-dimensional port-
Hamiltonian systems, defined with respect to a constant Stokes Dirac structure [16].
The main results are deriving a new passivity property for mixed finite and infinite-
dimensional systems by “differentiating” one of the port variables (possibly the
boundary port) and a storage function directly related to the power of the system,
while preserving the structure of the system. This new storage function is instru-
mental in analyzing the stability of the system. We present our results for a general
Hamiltonian system, with Maxwell’s equations and the transmission line with non-
zero boundary conditions, as examples.

This chapter is organized as follows. In Sect. 15.2, we defined the Stokes Dirac
structure and its Brayton Moser formulation. In Sect. 15.3, we use Brayton Moser
framework to analyze stability and give admissible pairs for Maxwell’s equation
of electromagnetic fields and telegraphers equations of transmission line with zero
energy flow trough boundary. In Sect. 15.4, we present the admissible pairs and
stability for transmission line with non-zero energy flows through the boundary and
derive new passivity properties. Finally in Sect. 15.5, we derive conservation laws
and Casimirs in the BM framework.

Part of the results presented here have appeared in [11].
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Notations and Math Preliminaries

Let Z be an n dimensional Riemannian manifold with a smooth (n — 1) dimensional
boundary 0 Z. 0k (Z),k =0,1,...,ndenotes the space of all exterior k— forms on
Z. The dual space (2%(2))" of £22(Z) can be identified with space of n — k forms
2"7k(Z) , the space of (n — k) forms on Z. There exists a natural pairing between
a € 2K(Z) and B € (2%(2))" given by (Bla) = [, B A, were A is the usual
wedge product of differential forms, resulting in the n form B A «. Similar pairing
can be established between the boundary variables.

d denotes the exterior derivative and maps k forms on Z to k + 1 forms on Z.
The Hodge star operator * (corresponding to Riemannian metric on Z) converts p
forms to (n — p) forms. Given o, 8 € 2%(Z) and y € 21(2), the wedge product
a Ay € 2K1(Z). We additionally have the following properties (for details on
theory of differential forms we refer to [1]).

any =Dy Ana, wxxa = (=R (15.1)
/ot/\*ﬂ:/ﬂ/\*oz (15.2)
dl@ny)=da Ay + (—=D¥a Ady (15.3)

Given a functional H (o, at;), we compute its variation as

SH = H(ap + 0ap, oy + 0ay) — H(ap, oy)
=/[6,,H/\8(xp+8qH/\8qu], (15.4)
Z
where a,, 0o, € £27(Z) and oy, day; € £29(Z) and §,H € 2""P(Z) and

8 H € §£2"79(Z) are variational derivatives of H («), ;) with respective to o;, and
a. Further, the time derivative of H («p, ) is

dH _ (s g a2% s 1 a2%
e~ J.\? ar ! ar )’

Let G : 2" P(Z) > 2" P(Z)and R : 2" 91(Z) — 2" 1(Z),wecall G > 0, if
and only if Yo, € 27(Z)

/Z (ap A%Gap) =0

G is said to be symmetric if («,|Gap) = (Gaplay).

0
Lastly, for Z C R", given f(z,t) : Z x R — R, we denote B_J:(Z’ t) as f;, similarly

%(z, t) as f;.
9z
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15.2 From Port-Hamiltonian to Brayton Moser Equations

The basic concept needed in the formulation of a port-Hamiltonian system is that of
a Dirac structure, which is a geometric object formalizing general power conserving
interconnections [15].

Definition 15.1 Let V be a an infinite-dimensional linear space. There exists on
V x V* acanonically defined symmetric bilinear form

L (fl1,e1), (fr,e) >i=<el | or>+<er| fi > (15.5)

with f; € V,e; € V* i = 1,2 and <|> denoting the duality product between
V and its dual subspace V*. A constant Dirac structure on V' is a linear subspace
D C V x V* such that

D = D™, (15.6)

where _L denotes the orthogonal complement with respect to the bilinear form <, >>.

Letnow (f,e) € D = D+. Then as an immediate consequence of (15.5)

0= (fie).(fle)>=2<e]| f>.

Thus for all (f, e) € D we have < e | f >= 0, expressing power conservation with
respect to the dual power variables f € V and e € V*

The Stokes Dirac Structure [16]: Define the linear space F, ; = £2P(Z) x 29(Z) x
§2"7P(9Z) called the space of flowsand &, ; = 2" P(Z)x 2"~ 1(Z)x 2"71(02),
the space of efforts, with integers p, g satisfying p + ¢ = n + 1. Then, the linear
subspace D C Fp 4 X Ep g

D = {(fp, fgs forepseqev) € Fpg X Ep gl
(R )
Jq d xR eq |’ |en 0—(=D""17]|eq4laz

where r = pg + 1, is Stokes Dirac structure with dissipation, [16] with respect to
the bilinear form

< (fl, £ f;},e},,e},,e},) ) (fz, 17 sz,ei,eﬁ,ef) >
=/Z(eg,Af;+e;Afg+egAf;+e;Afg>+AZ<egAf;+egAfg).

Consider a distributed parameter port Hamiltonian system on §27(Z) x 29(Z) x
2"7P(9Z), with energy variables (ozp, aq) € 2P(Z) x 21(Z) representing two
different physical energy domains interacting with each other. The Hamiltonian H =
fz H, where H is the Hamiltonian density. Then the below system of equations
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e . I . ]
represent an infinite-dimensional port-Hamiltonian system, with f}, = —%, Jq =

—BE;L;’ and the efforts as the co-energy variables, i.e. e, = 5, H, e, =5, H.

0 ap| _ [*G (=D [$pH]| [fo| _ |1 0 SpH |5z
atlag| | d xR ||8;H| |en|  |0—=(=D"1]|[8,H loz
(15.7)

The time derivative of the Hamiltonian is computed as

dH
— < ep N

ar =/, fv

This means that the increase in energy in the spatial domain is less than or equal to
power supplied to the system through its boundary. This implies that the system is
passive, with respect to the boundary variables, with the Hamiltonian H, which is
assumed to be bounded from below serving as the storage function.

15.2.1 The Brayton Moser Mixed Potential

Brayton and Moser in the early 1960s [5, 6] showed that the dynamics of a class
(topologically complete) of non-linear R L C-circuits can be written as

. aig, E.~¢
AL, ve) [;”} = [ap} - [ < } (15.8)
ar dve —B; Jc

where A(i,vc) = diag{L(i.), —C(vc)} and iy the vector of currents through
inductors, v¢ vector of capacitor voltages, L (i) the inductance matrix, C(v¢) the
capacitance matrix, Bg,, B, the matrices containing the elements {—1, 0, 1} decided
by Kirchoff’s voltage and current laws. E¢, Jc arerespectively the controlled voltage
and current sources. P is called the mixed potential function defined by

P(ir.ve) = F(iL) — G(ve) +i v ve
where x = (ip,vc) the system states. Here F is the content of all the current
controlled resistors, G is the co-content of all voltage controlled resistors. Matrix

y contains elements {—1, 0, 1} depending on the network topology. Computing the
time derivative of P along the trajectories of (15.8) we have

Pzl (A(x) n AT(x)) i+uly,

. T
where, u = (E,, J)T andy = (=Bg, 4t By %e)
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From the above expression we can conclude that the system is passive if (A(x) +
AT(x)) <0, with P the storage functions and u " y as the supply rate.

In case (A(x) + AT (x)) < 0is not satisfied, then it is possible to find new (A, P)
called an “admissible pair,” (refer [3, 13]) satisfying (A(x) + A" (x)) < 0. The
dynamics can then be equivalently be written as

diy, aP BT E
dif,
[fvci| [_} +[ B%JC} (15.9)

dve

Remark 15.2 Contrast to the case where the total energy of the system serves as the
storage function and passivity is derived with respect to input—output variables which
are power conjugate, for example, the voltage and currents [15]. In this case, making
use of the mixed potential function as the storage function we derive passivity either
with respect to controlled voltages and the derivatives of currents, or the controlled
currents and the derivatives of the voltages.

The Infinite-Dimensional BM Formulation

We aim to write the infinite-dimensional port-Hamiltonian system, defined with
respect to a Stokes Dirac structure (15.7) in an equivalent BM form. To begin
with, we assume that the mapping from the energy variables (ap,aq) to the
co-energy variables (ep,e;) = (8, H, d,H) is invertible. This means the inverse
transformation from the co-energy variables to the energy variables can be written
as (ap, ag) = (8., H*, 8., H*). H* is the co-energy of H obtained by H*(e), e;) =
[, ((ep Ay +eg Nag) — H(ap, o). Further, assume that the Hamiltonian H
splits as H(ap, aq) = Hp(ap) + Hy(ay), with the co-energy variables given by
ey, = 6p,Hp, e, = 8,H,. Consequently the co-Hamiltonian can also be split as
H*(ep,eq) = H[f (ep) + H; (e4). We can now rewrite the spatial dynamics of the
infinite-dimensional port-Hamiltonian system, in terms of the co-energy variable as

s2H* 0 J|=Z%2| [«G (-1yd|[s,H (15.10)
0 opH*|| 2|~ | d =R |[5H '

t

To begin with, we consider the case of a system which is lossless, that is when R
and G are identically equal to zero in (15.7). Define P to be a functional of the form
/. 7 €q N dep. Its variation is given as

8P = P(e, + dep, eq + deg) — P = ey Addey, + dey Ade, +

Using the relation e; A dde, = (=1)P90e, Ade, + (—=1)""9d (eq A Bep), and the
identity (15.4), we have

8o, P =de,(—1)""D%4 5, P = (—1)Pdey(—1)" PP



15 Power-Based Methods for Infinite-Dimensional Systems 283
We can rewrite (15.10) in the following way

de
82H* 0 = %8, P
p ot | 2
|: 0 SiH*] |:0<’9€lqj| B |:*8epP:| (1D

Note that the Hodge star operator in righthand side is necessary, because (8, P, 3¢, P) €
R9U(Z) x 2P(Z) ,and (¢4, ép) € 2" 9(Z) x 2" P(2).

In order to incorporate dissipation we proceed as follows: Consider instead a
functional P defined as

1 1
P(ep,eq) =/ (eq Ndep + EReq A *ey — EGep A *ep) (15.12)
z
The variation in P is computed as
1
P =e,; Ndiey, + dey Adep + 5(64 AR x dey + 0ey A xey)
1
—E(e,, A G % dep + dep A *ep)
1
= /Z deg Nde, + dep A (—=1)Pde, + E(eq AR x ey + dey A *ey)
1
—E(ep A G % dep + dep A *ep)
= /Z deg N (dep + R % eq) +dep A ((—1)pqdeq -G * ep)

where we have used the relation ¢; A dde, = (—1)P90e, A de, + (—=1)""9d
(eq A de p), together with properties of the wedge form and the star operator defined
in (15.2) and (15.3). Lastly by making use of (15.4) we can write

S, P _ (dep + R * eg)(—1)—9xa
|:85ppi| B [((—l)pqdeq — G * ep) (—=1)n=pxp | (15.13)
The dynamics (15.10) can now be written as
SLH* 0 %y *8¢, P
[ ‘0 82H*:| [9862} = [*5eqp (15.14)
p ot ep

The dynamics are written as partial differential equations in the co-energy variables
(ep, eq). The above equations together with the mixed potential functional as defined
in (15.12) correspond to system of equations which are usually referred to as the
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Brayton Moser equations, [4]. The above system of equations can be written in a
concise way as follows,

Auy = %8, P. (15.15)
SyH* 0
where u = (e, ¢,) " and A = ”0 812,H* .

Boundary dynamics: The system (15.15) can be interconnected to other systems
via the boundary of the infinite-dimensional system, which can either be finite or
infinite-dimensional in nature. To include the dynamics arising due to the boundary
we need to append the Eq. (15.15) in order to incorporate the boundary dynamics.

A0 Ur | _ *8, P
[0 Ab:| |:ufi| - |:>k8ubpb + (_1)(n—p)><peq|azi| (15.16)

with a new mixed potential function

Plep,eq) =/ZP(e,,,eq)+/az Pb(ep,eq)

with P? taking into account the mixed potential function arising through the boundary
dynamics. u” represents the states of the systems interconnected at the boundary. The
variation in Py id given by,

SP = /z ((SeqP A deg +8e, P A dep)
+/32 (Seq pb A de, + ((Seppb + (_1)(n—p)xpeq) A Bep)
Now with U = (u, u?)" and

Se, P
8¢, P

SuP = (15.17)

884 Ph|BZ
(aep Pb+ (_1)(n—p)><peq) laz
the Brayton Moser equations incorporating boundary dynamics can be written as

AU; = *8(]7),

where A = diag(A, Ap).
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15.2.2 The Dirac Formulation

In this section we aim to find an equivalent Dirac structure formalism of the Brayton
Moser equations of infinite-dimensional system. As we shall see such a formulation
would result in a non-canonical Dirac structure. For the finite-dimensional version
of the Dirac formalism of BM equations we refer to [7]. Denote by f; = —u; as
the space of flows within the spatial domain and e; = §, P, as the space of effort
variables again in the spatial domain. Further denote by f, = —uy as the space
of boundary flows and e, = §,» P as the space of boundary efforts. Consider the
following subspace

D = ((fs,es, fv, ep) € Fy X E x Fp x &y : —Afs = xe5, — Apfp = *ep)

It can easily be shown that the above defined subspace constitutes a non-canonical
Dirac structure, with respect to the bilinear form

L (fl.ef. fo.el). (fl e}, fiep) >

=/ (e} A2+ AL+ £ AxA+ AT f2)
z
[ AR+ dafi+ i asan+aDs})
dz
The above Dirac structure satisfies the power balance equation

O:/SMP/\u,+/ aubeAuﬁ’+/ M;/\*(A—i—AT)u;—i—/ ul Ax(A+ATyub
Z 0Z Z 0Z

Remark 15.3 In the above Dirac structure formalism, we have assumed the case
where #x = 1, where * is the hodge star operator. This is at least true for the case
when the spatial domain is of dimensionn = 1 and n = 3, which include respectively
the case of the transmission line and the Maxwell’s equations, which will be the two
examples we will use in the rest of the chapter.

15.3 Admissible Pairs and Stability

Once we have written down the equations in the BM framework (sometimes also
referred to as the pseudogradient form) we can pose the following question; does
the mixed potential function serve as a storage function (or a Lyaunov function) to
infer passivity (or equivalently stability) properties of the system? Below we aim to
answer these questions with the aid of two examples.
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15.3.1 Example: Maxwell Equations

The spatial domain Z C R3 is a three-dimensional boundary with a smooth two-
dimensional boundary 0 Z. The energy variables are the electric field induction D and
magnetic field induction B. D = %D,-jzi Azjand B = %Bijzi A zj are 2—forms on
Z. The co-energy variables are electric field intensity £ and Magnetic field intensity
‘H, their relationship with energy variables are given by,

*D=¢f, *xB=uH, (15.18)

where ¢(¢, z) denotes the electric permittivity and (¢, z) the magnetic permeability.
The co-energy variables are one-forms, linearly related to energy variables. The
Hamiltonian H is written as

1 1 1
H(D,B):/—(SAD+HAB):/ (—*DAD+—*BAB)
22 7 2 Z/L

£
(15.19)

Therefore spH = £ and gH = 'H. Taking into account dissipation term in the
system, the dynamics can be written in the port-Hamiltonian form as

il D (0—d||épH Ja| |0 —d||épH
~arl8) =[o 0 en] + (6] =7 3] [sen ] as20
where xJ; = o0&, J; denotes the current density and o (z, 1) is the specific conduc-

tivity of the material. In addition we define the boundary variables as f,=8p H |57,
ep = 8pH |yz . The rate of the Hamiltonian is given as

iH§/ HAE
dt PVA

The Brayton Moser form of Maxwell’s equations:

In order to write the Maxwell’s equations in the BM form, we proceed as follows:

The aim is to rewrite the equations in terms of the co-energy variables, i.e. H and €.
Define the mixed potential functional corresponding to the Maxwell’s equations as

P :/ (H AdE — %aé’ A *8) , (15.21)
z
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which gives us the following form of Maxwell’s equations in terms of the mixed

potential
—ulz 0 H; _ *dE& B *(S'HP
[ 0 813:| |:E,i| B [—05 + *dHi| - I:*(SgP:| (15.22)

15.3.1.1 Stability Analysis

To infer stability properties of the system (15.22) let us begin with the case of zero
energy flow through the boundary of the system. The mixed potential function (15.21)
obtained via (15.12) is not positive definite. Hence we cannot use it as Lyapunov/
storage functional. Moreover, the rate of this function is computed as

_— = / (_I.LH[ A *Ht + 85[ VAN *g[)
V4

It can be easily seen that the right-hand side of the above equation is not sign definite,
and hence P does not serve as a Lyapunov functional to infer any kind of stability
(or for that matter passivity) properties of the system. We thus need to look for other
possible Lyapunov functionals P, or in other words admissible pairs A, P as in
the case of finite-dimensional systems [8] which can prove stability of the system.
Moreover, in order to conclude stability, the admissible pair should be such that the
symmetric part of A s negative semidefinite. This can be achieved in the following
way, [4, 10]. Let

- 1
P=AP+§/(SHPAMl*SHP+8gPAM2*85P)
Z

with A be a arbitrary constant and symmetric M| and M, mapping from $2%(Z) —
222(Z). Here the aim is to find A, M; and M> such that

3
EP—IAI Au; < —K|lugl)? <0 (15.23)

where K > 0 is a constant determined by the A. If we can find such a (13, A),
which satisfies the above condition, then we can conclude stability of the system, by
invoking the stability theorem in [4].

Below we present a constructive process to obtain new admissible pairs. The
variation in P defined in (15.23) is computed as

Y Modx Sy P
seP |~ | Midx W —oMp) || 8cP |’
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applying Hodge star on both sides and using (15.22) we get

LHP) [ —uaa eMy xd H,
SeP | |—uMixdeI —oM) || & |
Further, if we let

i —purl eMp xd
T =My xd e (W —oM>)

we arrive at the following relationship
Auy = %8, P. (15.24)

Next we show that P and A are admissible pairs if A, M1 and M satisfy eM, =

uMi = 0 and 0 < A < o||Ma||s, where || - |5 is spectral norm. Some calculations
show that the symmetric part of A = diag(—purl, —e (o My — AI)) is negative
definite.

We note that P can be simplified to

P

/H/\d(‘,’—loé’/\*é‘
B 2

1 1
/—— [6eP A 6Pl + —dH A *d'H,
. 20 20
resulting in
~ My — 11 1
P:/(SgPAGz—*b‘gP+—dHA*dH
2 20 20
1
+§(8HP/\M1 * 6y P) >0 (15.25)

Las}ly, we choose M| > 0 and M» > 0 such that eM> = wM;. The time derivative
of Pis

VA

thus implying stability.
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15.3.2 Example: The Transmission Line

In this section we first derive the Brayton Moser equivalent of the dynamics of
a transmission line modeled by the telegraphers equations. Similar to the case of
Maxwell’s equations we find the admissible pairs under zero boundary energy flow
conditions and infer stability of the system.

The spatial domain in case of the transmission is Z = [0, 1] C R with boundary
dZ = {0, 1}. The charge g (z, t) and flux densities ¢(z, ) € 221(Z) constitute the
energy variables, whereas the co-energy variable are voltage v(z, ¢) and currenti(z, t)
€ £2°(Z). For simplicity, the relation between the energy and co-energy variables is
assumed to be linear, and is given by

xq=Cv, x¢p=1Li (15.26)

where C and L are, respectively, the spatial capacitance and inductance per unit
length, which are assumed to be independent of z. The Hamiltonian H, which is the
total energy of the system, is written as

Hzl/(v/\q—i—i/\qb) (15.27)
2)z

Taking the dissipation term into account, the telegraphers equations written in port-
Hamiltonian form as [16]

d |q *G d ||8,H
“ale] = [V R 1529
where §; H = v, 8 H = i (using (15.26) and (15.27)). R, G, respectively, denote
the distributed resistance and conductance per unit length of the transmission line.

Further, we define the boundary variables as f, = 6,H |3z and e = 64 H |5z. The
rate of Hamiltonian is given by

L = wi!

—H = (v.i

dr 0

The Brayton Moser form:

The dynamics of the transmission line (15.27) can be written in an equivalent Brayton
Moser form as follows: Define a functional P as

1 1
P =/ (—v/\di +=Ri Axi — =GV A *v) , (15.29)
P 2 2
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which will serve as the mixed potential function. Using the line voltage and current
as the state variables, we can rewrite the dynamics as follows:

—LO|[|i;| |*6P| | Gv+=xdi
I HE A A (15:30)
with A 2 diag(—L, C) and u = (i(z, 1) v(z, 1)) .

15.3.2.1 Admissible Pairs and Stability

Similar to the case of Maxwell equations, we cannot use P and A directly to infer
stability. We, therefore, need to generate new admissible pairs P and A satisfying
(15.23) and (15.24) such that P > 0and symmetric part of A < 0, resulting in
stability. As in the case of Maxwell’s equations, we propose a P of the form

~ 1
P:AP—l—E(SuP/\M*SuP (15.31)
o
R L
We choose M = B where o, B, m, are positive constants satisfying aﬁ =
my —
G

C
B I and A is a dimensionless constant. Such a choice will be clear in the following

discussions, which will eventually lead to a stability criterion. It is easy to check that
P has units of power. To simplify the calculations we define new positive constants
0, y and ¢ as follows:

A L C A 2y
6o =p—, m=__L
R G CR+LG

A 2y zo

¢ (15.32)

Jicet+p . ™7 Jic

To show that P > 0 we start with simplifying the right hand side of (15.31) in the

following way. Define
L . c .
e E(GV +i) — E(Rl +v7)

FR_ fG _
¢ E( i+vy) — 5( v+ig)

>

Ay
(15.33)

1>
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Using (15.32), (15.33), and after some calculations, we can show that

A

2G
o .

= A+ il 2 (Ri +v,)*

1 2 2 £ N2
5 (6P, M8, P) = AT + = (1 = £)(Gv + i)

P as defined in (15.31) can then be written as follows

< 1—-¢%)—a A A
P = %(Ri‘i‘vz)z‘i‘A%‘i‘ﬁV?‘l‘vaz (15.34)
B(l—¢?) + A 2 2 Ao Ao
= T(Gv+lz) +A1 — Elz — ERZ (15.35)

which implies that P > 0as long as the following conditions are satisfied

0<i<a(l-¢H,0<¢<1
— B(1 —¢%) < i <0 orequilvalently
Bl —tH<i<a(l—¢»), 0<¢<1 (15.36)

Further the variational derivative of P with respect to u is calculated as

s 5o |CHTOOAR) —mRGY+i) | 9 [ G(GY+ic) —ma(v: + Ri)
T 0BGy +iz) — maG(Ri +vy) 9z | % (v, + Ri) — ma(Gv + i)
C[Lo—a—ml) CRmy+ L) [i,:|
LGmy+%L) —CO+B+md)|Lv]
Therefore

(15.37)

o |La—a—md)  C(Rmy+ &)
L(Gmy + §32) —COA+ B +may)

satisfies the gradient form (15.24).

a 0 L C
Noting that conjugate of — is —— and using « — = B— from (15.32), the
0z 0z R G

symmetric part of A (15.37) is simplified to be

A+A*_[L(x—a) % ]
2 y  —CO+p)
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The symmetric part of A is negative semidefinite as long as the following conditions
are satisfied,

(@ + B)? e

—B=hseand k-0 +p) + —

<0. (15.38)

We now present the following result:

Proposition 15.4 [f there exist non-zero «, 8, A and ¢ satisfying (15.32), (15.36),
and (15.38) then P definedin (15.31) and A definedin (15.37) with M are admissible
pairs for the transmission line dynamics. Additionally if the symmetric part of A is
negative semidefinite, i.e. (15.38) holds true, them the system of equations (15.30) is
stable.

A

RC
Proof From (15.32) we definet = — = G Given a transmission line R, C, L, G

™| R

are fixed, therefore T > 0 is related to system parameters and thus can be treated as

rA
one. Let A = B Using this in (15.36) and (15.38) we get

—(1 =)<V <t1-2% (15.39)
2
O =R+ 1) +$;2 <0 (15.40)

Now we have to show that for all 7 > 0 there exists a pair of A and ¢ that satisfies
both the above equations. Given a ¢ € (0, 1) from (15.39) 2 lies between a positive
value and a negative value YT > 0. If we can show that (15.40) has a positive and
negative roots, then we can conclude the proof. The roots of (15.40) are

r1:%(1—1+(t+1)\/1—§2)
r2=1(r—1—(r+1)m)

2
The aim is to find a condition on ¢ such that r; and r, have a different signs, for
allt > 0. For0 < v < 1 we have r, < 0. In order to make r; > 0 we need

¢? < 4t/(1 + 1) Further for r > 1 we have r; > 0, in which case we require
r» < 0 which leads to the same condition on ¢ that is £2 < 47/(1 + 7)2. Note that

4
this is a valid condition on ¢ since V7, ﬁ < 1. Which implies ¢ is bounded,
T
0 < {2 _ 4LCRG

= = m (15.41)
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4 /
Therefore V¢ € [0, ﬁ] there exists a A which satisfies (15.39) and (15.40).
T
) 4
Finally for any 8 € RY,a =18, A =ApBand ¢ € [0, ﬁ] satisfies (15.32),
T
(15.36) and (15.38).

15.4 Admissible Pairs and Stability for Non-zero Energy
Flow Through Boundary

In this section we derive the Brayton Moser formulation of infinite-dimensional
systems with non-zero energy flows through boundary. For simplicity, we limit our
discussion for systems evolving on spatial domain Z = (0, 1) of dimension n = 1
with point boundaries, 0 Z = {0, 1}. For z € Z, let u(z, t) be the states evolving on
the spatial domain Z, further let uo(¢) and u(¢) denote the states evolving at the
boundary z = 0 and z = 1. Now consider the mixed potential function of the form

PWU) = P) + P(uo) + P (ur) (15.42)
where uy = u(0,1), uy = u(l,t) and U = [u, ug, u1] with P(u) of the form
(15.29). P? and P! are the contributions to the mixed potential function arising
form the boundary dynamics. Similar to infinite-dimensional case, we represent the

overall dynamics of finite and infinite-dimensional system in Brayton Moser form.
Dynamics evolving on the spatial domain (15.30) are given by (i.e. for 0 < z < 1)

Au, = 8MP,

dynamics at boundary z = 0 are represented by

apPo
Aouoy = % — Py,

+ BoEg
z=0

with By, Eo representing input matrix and source at z = 0 respectively. Further

u; — 5
° o duy

The dynamics at boundary z = 1 are represented using

apP!
Ajuy = M + Py,

where By and E are input matrix and source at z = 1. Together they can be written
compactly in Brayton Moser form as

+ BiE;

z=1

AU; =8yP + BE (15.43)
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where A = diag{A, Ao, A1}, A, Ag and A; € R*>*2. B = [By, Bi] is the input
matrix and E = [Eg E;]" are the inputs to the system. The variational derivative of

P (15.42) with respect to U is

o, P

aP° »
SyP = aug e

0Pl + P,
oup 1z

Further the time derivative of mixed potential function (15.42) is

d ! ap° aP!
—P = OuP -u)dz+ | — — Py, cugr + | — + Pu,
dt 0 aug =0 ouy

z=0

z=1

C ULt
z=1

(15.44)

ou oug auq . :
where u; = v Uy = B Uy = B Using the Brayton Moser form (15.43), P
can be written as

d 1
EPZ/ (Aus - ug)dz + Aouos - uor + Ay -uy — E'BTU,
0

1 T T T
A+ A Ao+ A A+ A
=/0 (u;r > u;) dz + MS—,—Z 9 oy +M1t—2 Ly, + ET)’

(15.45)

where y = —B " U,. It can be seen that for a positive definite 7, and negative definite
A the system is passive with input E and output y. In general P and A do not satisfy
these conditions. This motivates us to search for new admissible pairs P > 0 and
A < 0 which enables us derive cerain passivity/stability properties.

Deﬁnit~i011 15.5 Admissible Pairs: We denote P = P + P* + Pl and A =
diag{A, Ao,
A1} Admissible pairs if they satisfy the following:

(a) P > (0 and A < 0 such that
Au; =6, P (15.46)
(b) P° > 0and Ay < 0 such that

- 9P .
Aougr = a—uO—PuZ

+ ByE) (15.47)
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(c) p! > (0 and Al < 0 such that

B P .
Ajuy; = W—FPuZ
1

(d) Together we can write them as P > 0 and A < 0 such that

+ Bi1E4

z=1

AU; =5u75+BEb
b = —BTU[.

Finally time derivative of P is

P < E;yb-

295

(15.48)

(15.49)

Which implies that the system is passive with storage function P and ports Ep and yp.

We next show how to derive these with the help of an example.

15.4.1 Example: Transmission Line with Circuit Elements

at the Boundary

Consider a transmission line, whose boundary is interconnected to certain circuit
elements as shown in Fig. 15.1. At z = 0 is a resistor Ry in series with inductor L
connected to a voltage source Eg. The other end of the transmission line z = 1 is

terminated with a resistor Rj.
This gives us the following dynamics at the boundary

. dig
Vo—l—Rolo—i-LoE:Eo z=0
vi = Ryiy z=1

LQ | RO
(000 L_sApN,
-

+

| — Vo Transmission line

0 ——

z=0

(15.50)

Fig. 15.1 Transmission line with boundary
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where vo = v(0,1), ip = i(0,¢t) and vi = v(l,¢t), i1 = i(l,1), let U =

[i, v, io, vo, i1, vi]1". ap
Letu = [i, vI7, uo = lio, vol T, uy = [i1, v117 and P, = ——, u = 5.
= Tz

Next we define the mixed potential function ® = P + P*+4 P! and A as follows:

P—/1 LRi% + 1GV? 4 vi) d
=, 21 2v viy | dz

1 1
PO = —§R0i§ pl = —§R1i12

. L-C LoO| (00
Az (575 [570]-[55])
where P and A are defined in (15.29) and (15.30), respectively. The input matrices

By = [O 0100 O]T, B1 = 0and Eq = 0. The transmission line dynamics governed
by Eq. (15.28) together with the boundary dynamics given by (15.50) can be written
in a compact form as

L0 0000][4 —Ri — % 0
0—-C 0000]|] v —Gy— % 0
00 Lp0O0O i0; —_ | vo+ Roio " 1 E
00 0000 /|vo —vo — Roio ()
00 0000 i1 —vi + Ryij 0
00 0000]||vy Vi — Riiy 0

It can easily be checked that using P as a storage function does not result in any kind of
passivity properties of the system. Therefore, we find new admissible pairs satisfying
Definition 15.5. The admissible pairs for spatial domain, found in Sect. 15.3.2.1
for zero energy flow through boundary will satisfy (15.46). Therefore P and A
remains same for transmission line with zero or with non-zero energy flow through
the boundary. For the rest of the example we choose that A = —1, and input matrix
By =[00—-1000]". Next we aim to find Ag and P which satisfy (15.47). At
z = 0 we have

. . 2 50
apPY —myLios + 0vor + vo + %TRO —Ey
8_ - PMZ + BOEO = . 5 po

uop =0 Oigy — maCvo; + £y

~ 1
Let us consider P of the form EROig’
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aPo ~ —myLios + 0vor + vo + Roio — Ep
— — P, BoEy = .
(auo "Z) + oo [ i, — maCvyy
z=0
_ | =maLio + 0vo, — Loio;
B Bio; — maCvy; '
In the last step we used the boundary condition atz = 0,1.e. vo+ Roio— Eo = — Loios,
1
further assuming that 3¢, @ satisfying c (1 —¢%6% = Ly,
mj
aP0 _—mzLio + Ovg; — L(l —22)6%) i
=== Pu + BoEo = ' " \myC !
0 2=0 Oior — m2Cvoy

i 1 2\n2 ) ;
Ovoy — | moL + —— (1 —29)0" ) iy
myoC

Oigr — moCvo;

B 62 62
Ovor — ——i ~ 7 9 |Tio
|, mZC’OI B mac [Voj
| Oior — maCvyy % —myC
in the last st d £9 (15.32). Finall denot
1n the 1ast s ep weused my) = —— . . rina y, we denote
JVLC
62
Ao=|"mec ? |=<o (15.51)
0 —myC

T~
uo, Aouor < 0.

~ 1 ~
Hence PO = ERoig and Ag (15.52) satisfy (15.47), under the assumption that ¢ and

1
6 are chosen such that, Lo = —C(l — ;2)92. Similarly under the assumption that
ma

0 . . - 1
— = Ry, we can show that for A] = —Ag and P! = §R1i12 will satisfy (15.48).
my

0
But for all (i1, vi;) satisfying vi; = Ryiy; = Cilt we have
m

[ 2 -,
~ - = 1
Ay = | e 7 |:V11t:|

—0 myC !

62 . 02 j
= e ([iv]_|—~— -0 PR
= | mC Ruiy | = | ™m2€ — iy =0

-0 mypC —0 mpC myC
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That is we choose 6 and m»> such that u1, is always in the nullspace of A]. Which
implies

uj, Awur =0 Vi, vip).
. T dig .
Finally for B, = [00—-1000] and E, = Eo we get y, = o The time
derivative P = P + PO 4 Plis computed as

d -~ dig
—P < Ey—,
dt dt

o . o . di
which implies that the system is passive with respect to input Eq and output d_to

Remark 15.6 Note that in Hamiltonian case the storage function is

1! 1
H= _/ (L +Gv?) + > Loig
2 Jo 2

and its time derivative is calculated to be EH < Epip. The system is passive with

port variable E¢ and iy.

15.5 Casimirs and Conservation Laws

We obtain conservation laws which are independent from the mixed potential function
as follows [14, 16]: For simplicity, we consider the case of systems without dissipa-
tion. We further assume that the energy and the co-energy variables are related via a
linear relation, given by

ap =x¢€ epand ag = xu ¢g. (15.52)

We can write (15.10) in the following way:

—n0fleg| *quP
ol =[] 559

Consider a function C : 2" P(Z) x 2"79(Z) x Z — R, which satisfies

d(*3.,C) =0, d(x3,,C) =0

d . .
—Cley, ep) = / (SeqC Aey —I—BEPC /\ep)
dt 7
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1 1
= / (—5eqc Ax—de,(=1)"D*4 45, C A *7(—l)pqdeq(—l)("_”)Xp)
z w 2
(1—q)xq | 1
= —(=D)""* —de) A 8., C + (=)' ~dey A %5,,C
VA n e
1
= / (—(—1)(’7"’)“’ —[d(ep A #8,,C) + (=1)e) A d(x8,C)]
z H
1
+ (=) =[d(eg A #8.,C) + (=1)Pep A d(*éepC)])
€
= /BZ (eq A *SepC) laz +(ep A *SeqC) |az)

C laz= *quC laz= 0, then ac 0, along the

In the particular case when *4,, il

system trajectories. Such a function is called a Casimir function.
15.5.1 Example: Transmission Line

In case of the lossless transmission line, the total current

1
Cy =/ i(t,z)dz
0

and the line voltage

1
c, = / v(t, 2)dz
0

are the systems conservation laws. This can easily be inferred by the following

d 1oy v v
ZC=— P D
dr ! /Ozaz plo—gh

dc_/llai_zl a
a "~ )y coz ¢’ c"

15.5.2 Example: Maxwell’s Equations

In case of Maxwell’s equations with no dissipation terms, it can easily be checked
that the magnetic field intensity [, H and the electric field intensity [, BB constitute
the conserved quantities. This can be seen via the following expressions:
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d 1

“H :—/ g
zdt 9z M

d 1
Lat=],

Another class of conserved quantities can be identified in the following way:
Using (15.11), the system of equations (15.53) can be rewritten as

—n 0 [xéq] sde, (—1)(n—x4
[0 8] [*ép} - [*(—D"qdeq(—l)("—ﬂw (1559
Note that

—d (1 # ég) = d(de, (=1)"9*0) =0
d (e * ép) = d((—D)Pdeg (—D PPy =0

This means that d(u * e;), d(e * ep) are differential forms which do not vary with
time.

In terms of Maxwell’s Equations this would mean d (u*7H) is a constant three-form
representing the charge density and d(e * £) is actually zero. In standard electromag-
netic texts these would mean V - D = J, and V - B = 0, representing respectively
the Gauss’ electric and magnetic law.

15.6 Conclusions

The main results in this chapter deal with the Brayton Moser formulation of
infinite-dimensional systems, starting from the Hamiltonian formulation of infinite-
dimensional systems, defined with respect to a Stokes’ Dirac structure. This formula-
tion provides a means to generate new passive maps for infinite-dimensional systems,
while preserving the pseudogradient-like structure of the Brayton Moser formula-
tion. The preserving of the structure is key for boundary control by interconnection
of infinite-dimensional systems.
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