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Abstract. The initial-boundary value problem for the delay parabolic
partial differential equation with nonlocal conditions is studied. The con-
vergence estimates for solutions of first and second order of accuracy
difference schemes in Holder norms are obtained. The theoretical state-
ments are supported by a numerical example.
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1 Introduction

Delay differential equations provide a mathematical model for a physical or bio-
logical system in which the rate of change of the system depends on the past
history. The theory of these equations is well developed and has numerous appli-
cations in natural and engineering sciences. Typical examples that delay differ-
ential equations appear are diffusive population models with temporal averages
over the past,tumor growth, neural networks, control theory, climate models
etc. Numerical solutions of delay ordinary differential equations have been stud-
ied mostly for ordinary differential equations (cf., e.g., [1-9] and the references
therein). Generally, delay partial differential equations get less attention than
delay ordinary differential equations.

In recent years, A. Ashyralyev and P. E. Sobolevskii obtained the sta-
bility estimates in Ho6lder norms for solutions of the initial-value problem
of delay differential and difference equations of the parabolic type [10,11].
D.B. Gabriella used extrapolation spaces to solve delay differential equations
with unbounded delay operators [12]. Different kinds of problems for delay
partial differential equations are solved by using operator approach (see,
e.g., [13-20]).
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In this paper, the initial-boundary value problem for the delay differential equa-
tion of the parabolic type

ur(t, z) — a(x)ug. (1, $)+C( Jul(t, z)

= d(t)(—a(z)uzz (t — w, ) + c(@)u(t —w,z)),

0<t<oo, xe(O,L) (1)
u(t,z) = g(t,x),—w <t <0, z €0,L],
w(t,0) =u(t,L),uz (£,0) = uy (¢, L), t >0

is studied. Here g(¢,z) (t € (—0,0), z € [0, L]), a(x),c(z) (z € (0, L)) are given
smooth bounded functions and a(z) > a > 0, ¢(z) > ¢ > 0 . Difference schemes
of first and second order of accuracy for the numerical solutions of Problem (1)
are presented. The convergence of these difference schemes are studied. The
numerical solutions are found by using MATLAB programs.

2 Difference Schemes, Convergence Estimate

The discretization of Problem (1) is carried out in two steps. In the first step,
we define the grid space

0,L], ={zr=2p: v, =nh, 0<n<M, Mh=1L}.
To formulate our results, we introduce the Banach space C}, = C' [0,L],, a €
[0,1), of all grid functions " = {(pn}fyzo defined on [0, L], with ¢o = ¢,

©1— 00 = PM — Pr—1 0r 3pg —4p1 + w2 = —3on + 4oy 1 — um—2 equipped
with the norm

h . —«
L I
h
||90 Hch 1<n<M 1|S0n|

Moreover, C; (E) = C([0,00)_, E) is the Banach space of all grid functions
™ ={fr}re defined on

[0,00), ={ty =k7, k=0,1,---}
with values in E equipped with the norm

”fTHCT(E): sup || fill 5 -
1<k<oo

To the differential operator A generated by Problem (1), we assign the difference
operators A}, By by the formulas

M—-1

x n -2 n+ n—
A (@) = {ma(0) B2 O o, |
1
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By (1) " () = d () A" (2) ,
acting in the space of grid functions ¢" (z) = {(pn}é\/f satisfying the conditions
wo = ©u, v1—po = pm —pm—1 for the first order of approximation of difference
operator A} and the conditions ¢o = ¢, 300 — 41 + 2 = —3¢m +dopm—1 —
@n—2 for the second order of approximation of difference operator Aj. It is well
known that A7 is a strongly positive operator in Cj. With the help of A7 and
d (t) A7, we arrive at the initial value problem

{dudtm + AFul (t,2) = d (t) A%ul (t —w,z), 0 <t < oo, @)

h(a )*g (a )7 —w <t <0.

In the second step, we consider difference schemes of first and second order of
accuracy

(U’Z (33)—“271( )) +Ahuk( ) = d(tk)AﬁuziN (z),
g =kr, 1<k, Nt =w, (3)
2( )_gh(tk,x), ty = kt, —N <k <0,

(uf (2) — uft_y (@) + (A3 + 37 (A5)*)ult (2)
3T+ FAR) (e — §) A (wi_y () +uf_y_y (@), (4)
ty = k1,1 < k,ul = g"(tg,z), t = kr, —N <k <0.

|| 2=

Note that in (4), we assign the difference operator (A;”L)2 = A7 - A7 acting in the
space of grid functions ¢" (z) = {gpn}éw satisfying the conditions
Yo = ¢pm,3p0 — 4p1 + @2 = =3pm +4pm—1 — pm—2,
200 — 51 + A2 — w3 = 20M — Spm—1 +ApM—2 — PM-3,
1009 — 15¢1 + 62 — w3 = —10ppr + 15pnr—1 — 6ar—2 + ©ar—3

generated by second order approximations of conditions ¢o = ¢, ¢y = ¥, 0 =
lI 1 ///

and @y = @7
Theorem 1. Assume that

1 -«
su 5

Suppose that Problem (1) has a smooth solution w (¢, z) and

0 j—
/ { max |uss (s,x)|+  sup [uss (5,2 + y2)a Uss (s,x)q ds < o0,
0 0<z<L 0<z<z+y<L Yy

ds < 0.

o0
/ { max |Uezes (S, )| + sup [ssos (3,2 + yQ) Usass (3 x)q
o [0<z=L O<z<z+y<L Y2

Then, for the solution of difference scheme (3), the following convergence esti-
mate holds

sup [|ujy —u® (th, )| 020 < My (7 + 1)
k Ch,

with Mj is a real number independent of 7, o and h.
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Proof. Using notations of A7 and BY (tx), we can obtain the following formula
for the solution

k
U'Z (.’L’) = ngh (0733) + ZRk_j—HBz (tj) gh (tj*N7x) 7, 1<k<N, (6)
j=1
and
uj, (x) = RNy ()

k
+ > RFMITIBI(t) Wy (x)7, nN <k < (n+1)N, (7)
j=nN+1

where R = (I—FTA;‘)A. The proof of the Theorem 1 is based on the
Formulas (6) and (7) on the convergence theorem for difference schemes in
C; (EL), on the estimate

lexp{~tr A} }c)—c < M, k>0, (8)

and on the fact that in the E" = E, (A%, C},)- norms are equivalent to the norms
o 2x

C), uniformly in & for 0 < a < 1 (see, [13]).

Theorem 2. Assume that assumption (5) of the Theorem 1 and the following
conditions hold.

> ) + B )
/ [ max |usss (S,x)|+  sup [hsss (5,2 ) = Usss (5,7)| ds < o0,
0

0<z<L O<z<z+y<L Y2
oo
U (s, + — U (s,
/ |: max |szss (va)‘ + sup | e ( , y2)a = ( : )|:| dS < 00,
0 0<z<L O<z<z4+y<L Y
oo J—

/ |: max |uzzzzs (s7m)| + sup |uzzzz‘5 (S7x . y2) e (S7w)|:| s R

o [o<e<L 0<z<zty<L Y=

Then for the solution of difference scheme (4), the following convergence estimate
is satisfied

sup”uzfuh (tg, )| o2e < Mo (72+h2)
k Ch
with Ms is a real number independent of 7, o and h.

Proof. Using notations of A and B7 ({;) again, we can obtain the following
formula for the solution

uy; (¢) = R*g" (0,2)

k
+ ZRk_J_‘—l (I+ 7-2h> (gh (tj_]v,l‘) + gh (t_j_N_17$)) T, 1 < k < N7 (9)
=1
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and

up (2) = BNy (2)

k
y AV
+ Z RF-It1 (I + 2h> By, (t;) 3 (u?_N (x) + u?_N_l (z)) T,
j=nN+1

nN <k<(n+1)N. (10)

ry2\ 1
where R = (I+ TA} + (Té’:)> . The proof of the Theorem 2 is based on

the Formulas (9) and (10) on the convergence theorem for difference schemes
in C; (Eg), on the estimate (8) and on the equivalence of the norms as in
Theorem 1.

Finally, the numerical methods are given in the following section for the
solution of delay parabolic differential equation with the nonlocal condition.
The method is illustrated by numerical examples.

3 Numerical Applications

We consider the initial-boundary value problem

aug;,z) 7%:7(0.1)W, t>0,0<z<m,
u(t,r) =e *sin2r,-1<t <0, 0<z<m, (11)

u(t,0) =u(t,7),uy (¢,0) = ug, (t,m), t >0

for the delay parabolic differential equation. The exact solution of this problem
for ten—1,n], n=0,1,2,---, x € [0,7] is

e sin2zx, —1<t<0,
e {1+4(0.1)e*t}sin2z, 0<t<1,

4o, 2
o1t {1+4(0.1)e4t+ W}sin%c, 1<t<2,

u (t,x)

[4(0.1)e* (t—n)]"”rl

674t{1+4(0.1)€4t+"'+ GESY) }sin2x, n<t<n+1l,

We get the following first order of accuracy difference scheme for the approx-
imate solution of the initial-boundary value problem for the delay parabolic
Eq. (11)
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"fﬁfﬁ_l _ "ﬁ+1_2:§+“ﬁ71 — _0_1“51¥—2“§;N+“ﬁ:11v7
mN+1<k<(m+1)N, m=0,1,---, 1<n<M-1,
(12)
uf = e M sin2z,, —~N<k<0,0<n<M,
ug =y, uf —uf = ufy —ufy_y, k>0
We can rewrite (12) in matrix form
AU* + BUF ' = RpF, 1<k <N, U= . (13)
From (13) it follows that
U= —A7'BU* ' + A7 RpF, 1 <k < N. (14)

Second, using the second order of accuracy difference scheme for the approxi-
mate solution of Problem (11) we obtain the following system of equations

— K ko, k K K k K K
uﬁ—uﬁ ! _ Uy, 1 —2U,, Uy + T Uy o =AUy +6u, —du, g tu, o
T h? 2 h*
k—N k=N, k—N k—1-N k—1-N_ k—1—N
_ 0.1 Uy 22Uy U, T Uy gy —2ug U, 1
=—(0.1) 2h? + 2h?
k—N k=N | a k—N k=N | k—N
7| Ungo —Aun gy H6u, T Ay
2 2h4

+ 2h%

k—1—-N k—1—-N k—1-N k—1-N_, k—1—-N
Upy2 *4“n,+1 +6u, —du, "y T 4w, o :| } -0
- b)

mN+1<k<(m+1)N, m=0,1,---,2<n<M-2,
uf = e Hrsin2z,, —~N<k<0,0<n<M,
ub =uk, k>0,

Suf — duk +ub = —3uk, +4uk, | —uk, ,, k>0,

2u§ — 5u’f + 41/2C — ulg = 2u’f\/f — 5uﬁ1_1 + 4u’f\/[_2 — u’fw_g, k>0,

10uf — 15ul + 6ul — ub = —10uk, + 150k, —6uk,_, +uk, 5, kK >0.
(15)
We have again (M + 1) x (M + 1) system of linear equations and we rewrite
them in the matrix form (13). Now, we give numerical results for different values
of N and M and u* represent the numerical solutions of these difference schemes
at (tg,x,). Tables1, 2, 3, and 4 are constructed for N = M = 50, 100, 200 in



Table 1. Comparison of the errors of different difference schemes in ¢ € [0, 1]

Difference Schemes for Delay Parabolic Equations

Method

N=M=50

N=M=100

N=M=200

Difference scheme (3)

0.1073487831

0.0547768623

0.0276391767

Difference scheme (4)

0.0022364343

0.0005798409

0.0001463692

Table 2. Comparison of the errors of different difference schemes in ¢ € [1, 2]

Method

N=M=50

N=M=100

N=M=200

Difference scheme (3)

0.0044792100

0.0023497584

0.0012013854

Difference scheme (4)

0.0014763957

0.0003821482

0.0000965218

Table 3. Comparison of the errors of different difference

schemes in ¢ € [2, 3]

Method

N=M=50

N=M=100

N=M=200

Difference scheme (3)

0.0030208607

0.0015155583

0.0007582183

Difference scheme (4)

0.0003769232

0.0000973214

0.0000245676

Table 4. Comparison of the errors of different difference schemes in ¢ € [3, 4]

Method

N=M=50

N=M=100

N=M=200

Difference scheme (3)

0.0008494067

0.0004217773

0.0002100074

Difference scheme (4)

0.0000762753

0.0000196839

0.0000049727

151

tel0,1],t€[1,2], ¢t €[2,3], t €[3,4] respectively and the error is computed by
the following formula.
Eyy =

max |u (tr, Ty) — um .

—N<k<N
1<n<M

Thus the numerical results of this section support the theoretical arguments
in Theorems 1 and 2.

References

1. Al-Mutib, A.N.: Stability properties of numerical methods for solving delay differ-
ential equations. J. Comput. and Appl. Math. 10(1), 71-79 (1984)

2. Bellen, A., Jackiewicz, Z., Zennaro, M.: Stability analysis of one-step methods for
neutral delay-differential equations. Numer. Math. 52(6), 605-619 (1988)

3. Cooke, K.L., Gyéri, I.: Numerical approximation of the solutions of delay differen-
tial equations on an infinite interval using piecewise constant arguments. Comput.
Math. Appl. 28, 81-92 (1994)

4. Torelli, L.: Stability of numerical methods for delay differential equations. J. Com-
put. and Appl. Math. 25, 15-26 (1989)



152

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

A. Ashyralyev and D. Agirseven

Yenicerioglu, A.F.: The behavior of solutions of second order delay differential
equations. J. Math. Anal. Appl. 332(2), 1278-1290 (2007)

Ashyralyev, A., Akca, H.: Stability estimates of difference schemes for neu-
tral delay differential equations. Nonlinear Anal.: Theory Methods Appl. 44(4),
443-452 (2001)

. Ashyralyev, A., Akca, H., Yenicerioglu, A.F.: Stability properties of difference

schemes for neutral differential equations. Differ. Equ. Appl. 3, 57-66 (2003)

Liu J., Dong P., Shang G.: Sufficient conditions for inverse anticipating synchro-
nization of unidirectional coupled chaotic systems with multiple time delays. In:
Proceedings of the Chinese Control and Decision Conference, pp. 751-756. IEEE
(2010)

Mohamad, S., Akca, H., Covachev, V.: Discrete-time cohen-grossberg neural net-
works with transmission delays and impulses. Differ. Differ. Equ. Appl. Book Ser.:
Tatra Mountains Math. Publ. 43, 145-161 (2009)

Ashyralyev, A., Sobolevskii, P.E.: On the stability of the delay differential and
difference equations. Abstr. Appl. Anal. 6(5), 267-297 (2001)

Ashyralyev, A., Sobolevskii, P.E.: New Difference Schemes for Partial Differential
Equations. Birkhauser Verlag, Boston (2004)

Gabriella, D.B.: Delay differential equations with unbounded operators acting on
delay terms. Nonlinear Anal.: Theory Methods Appl. 52(1), 1-18 (2003)
Ashyralyev, A.: Fractional spaces generated by the positive differential and differ-
ence operator in a banach space. In: Tas, K., Tenreiro Machado, J.A., Baleanu, D.
(eds.) Mathematical Methods in Engineering, pp. 13-22. Springer, Netherlands
(2007)

Ashyralyev, A., Agirseven, D.: On convergence of difference schemes for delay
parabolic equations. Comput. Math. Appl. 66(7), 1232-1244 (2013)

Akca, H., Shakhmurov, V.B., Arslan, G.: Differential-operator equations with
bounded delay. Nonlinear Times Dig. 2, 179-190 (1995)

Akca, H., Covachev, V.: Spatial discretization of an impulsive Cohen-Grossberg
neural network with time-varying and distributed delays and reaction-diffusion
terms. Analele Stiintifice Ale Universitatii Ovidius Constanta-Seria Mat. 17(3),
15-16 (2009)

Ashyralyev A., Agirseven D.: Finite difference method for delay parabolic equa-
tions. In: AIP Conference Proceedings of 1389 Numerical Analysis And Applied
Mathematics ICNAAM 2011: International Conference on Numerical Analysis and
Applied Mathematics, pp. 573-576 (2011)

Agirseven, D.: Approximate solutions of delay parabolic equations with the Dirich-
let condition. Abstr. Appl. Anal. 2012, 1-31 (2012). doi:10.1155/2012/682752.
Article ID 682752

Ashyralyev, A., Agirseven, D.: Well-posedness of delay parabolic difference equa-
tions. Adv. Differ. Equ. 2014, 1-18 (2014)

Ashyralyev, A., Agirseven, D.: Approximate solutions of delay parabolic equations
with the Neumann condition, In: ATP Conference Proceedings, ICNAAM 2012,
vol. 1479, pp. 555-558 (2012)


http://dx.doi.org/10.1155/2012/682752

	Difference Schemes for Delay Parabolic Equations with Periodic Boundary Conditions
	1 Introduction
	2 Difference Schemes, Convergence Estimate
	3 Numerical Applications
	References


