Chapter 9
Sensitivity Analysis of Articular Contact
Mechanics

Abstract Asymptotic models of articular contact developed in the previous chapters
assume, in particular, that the cartilage layers are of uniform thickness and are bonded
to rigid substrates shaped like elliptic paraboloids. In this final chapter, treating the
term “sensitivity” in a broad sense, we study the effects of deviation of the substrate’s
shape from the elliptic (Sect.9.1) and of nonuniform thicknesses of the contacting
incompressible layers (Sect. 9.2). Itis shown that these effects in multibody dynamics
simulations can be minimized if the geometric parameters in question (in particular,
the layer thicknesses) are determined in a specific way to minimize the corresponding
error in the force-displacement relationship.

9.1 Non-elliptical Contact of Thin Incompressible
Viscoelastic Layers: Perturbation Solution

In this section, a more general three-dimensional unilateral contact problem for thin
incompressible transversely isotropic viscoelastic layers bonded to rigid substrates,
whose shapes are close to those of elliptic paraboloids, is considered and approxi-
mately solved by the perturbation technique.

9.1.1 Formulation of the Contact Problem

Consider the frictionless unilateral contact between two thin linear incompressible
transversely isotropic viscoelastic layers firmly attached to rigid substrates. Introduc-
ing the Cartesian coordinate system (yi, y2, z), we write the equations of the layer
surfaces (n = 1, 2) in the form z = (—1)"<p§")(y), where y = (y1, y2). In the unde-
formed state, the two layer/substrate systems occupy convex domains z < —(pél) (y)
and 7z > <p£2) (y) in contact with the plane z = 0 at a single point chosen as the
coordinate origin. Let us assume that

o™ () = 9 (¥) + £ (y), 9.1)
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where (p(()") (y) is an elliptic paraboloid, ¢ is a small positive dimensionless parameter,
and the function e¢,, (y) describes a small deviation of the nth substrate surface from
the paraboloid shape (n = 1, 2).

We denote the normal approach of the substrates by &, (7). The linearized unilateral
contact condition that the surface points of the viscoelastic layers do not penetrate
one into another can then be written as follows:

8e(t) —wo (1, y) —wi (1, 9) < "3 + P ). 9.2)
Here, w(()") (t,y) is the local indentation (i.e., the normal displacement of the surface
points) of the nth layer (n = 1, 2).
According to the perturbation analysis performed in Sect.2.5 (see, in particular,
formula (2.152)), the leading-order asymptotic solution for the local indentation of
an incompressible viscoelastic layer of thickness #/, is given by

t
h3 9
Wt y) = —?”/J’(")(t - I)Ayg(r, v) dr. 9.3)
o

Here, J'™ () is the out-of-plane shear creep compliance of the nth layer (n = 1, 2),
Pe(2,y) is the contact pressure, and A, = 82/0 yl2 +93%/0 y% is the Laplace operator.

The equality in relation (9.2) determines the contact region wg (). In other words,
the following equation holds within the contact area

ws (2, y) + WP (e, y) = 86 (1) — 9e(¥), ¥ € we (1), (9.4)

where we have introduced the notation ¢, (y) = <p£1)(y) + <p§2) (y).
According to (9.1), we have

0 (y) = @o(y) + ep(y), (9.5)

where ¢o(y) = ¢ () + ¢ (¥) and ¢ (y) = ¢1(y) + ¢2(y). The function e¢(y)
will be called the gap function variation.
Without any loss of generality we may assume that

2 2
Y1 D)
=L 4 72 9.6
Po(y) 2R, +2R2 9.6)
where the parameters R; and R» are positive and can be related to the coefficients
of the paraboloids (p(()l) (y) and gp(()z) (y) by known formulas (see Sect.2.1.1).
Substituting the expressions for displacements w(()l)(t, y) and wéz) (t,y) given by
formula (9.3) into Eq. (9.4), we obtain the contact condition in the following form:
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-3 / IO =), TE @Y dT =80 = 9 H D). O])
n=1
o-

Here, we assume that y € w,(¢), and 7 (¢) is Heaviside’s function introduced in a
standard way, namely Z°(t) = 0 fort < 0 and 7 (¢t) = 1 fort > 0.

Let GE)(") = 1/J'™(07) be the instantaneous out-of-plane shear elastic modulus
of the nth layer. Then, the normalized creep function &' () is introduced by

1
J D) = ch/('”(r). 9.8)
Gy"

Let us rewrite Eq. (9.7) in the form corresponding to one layer by introducing
the compound creep function, @4(¢), and the equivalent instantaneous shear elastic
modulus, G, as follows:

Ds(1) = 19"V (1) + fr0" (1), 9.9)
i+ )6 G ©.10)
07 36/@ 4 135D :
hi Gy~ + hyG,
oy’ o’
hr="som IPEVCZON b= 5o PEVTON ©-11)
1¥0 2Y0 1Y0 2Y0
Moreover, let us introduce an auxiliary notation
3Gy,

m= 3 (9.12)

where h = h1 + h; is the joint thickness. Recall that formula (9.10) determines the
equivalent modulus in such a way that 81 + B> = 1 and thus, ®g(0) = 1.
Thus, taking into account (9.8)—(9.12), we rewrite Eq. (9.7) as

t

ope
/d)ﬂ(t - r)Ay%(t, ) dt = m(@: () A1) — 8:(1)). (9.13)
o

Equation (9.13) will be used to find the contact pressure density p(z,y). The
contour I (t) of the contact area w,(¢) is determined from the condition that the
contact pressure is positive and vanishes at the contour of the contact area:

ps(ts y) > 07 y € 0)3([), (914)

pe(t,y) =0, ye @), (9.15)
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In the case of the contact problem for an incompressible layer (see, in particular,
Sect.2.7.3), we additionally assume a smooth transition of the surface normal stresses
from the contact regiony € w,(¢) to the outside regiony ¢ w, (t). Hence, we impose
the following zero-pressure-gradient boundary condition [9, 10, 13, 17]:

0
%(z, V) =0, ye . 9.16)

Here, d/0n is the normal derivative directed outward from w, ().
We assume that the density p.(¢, y) is defined on the entire plane such that

pe(t,y) =0, y & we (). .17

From the physical point of view, the contact pressure between the smooth surfaces
should satisfy the regularity condition, i.e., in the case (9.5), the function p.(t,y) is
assumed to be analytical in the domain w,(¢).

The equilibrium equation for the whole system is

// pe(t,y)dy = F(1), (9.18)
wg (1)

where F(t) denotes the external load, which is assumed to be known a priori.
For non-decreasing loads, when d F (¢) /dt > 0, the contact zone should increase.
Thus, we assume that the following monotonicity condition holds:

we (1) C we(t2), 1 <. (9.19)
Following Argatov and Mishuris [8], we construct an asymptotic solution for the
three-dimensional contact problem formulated by Eq. (9.13), under the monotonic-

ity condition (9.19). We will first consider the problem in its general formulation
transforming it to a set of equations more suitable for further analysis.

9.1.2 Equation for the Contact Approach

Integrating Eq. (9.13) over the contact domain w, (), we find

t
op.
] [ est=naZecpazay=m [[ (e - s.w)ay. 020

we (1) 0~ we (1)

In light of (9.17) and (9.19), we have w.(t) C w.(t) for T € (0, 1), as well as
pe(t,y) = 0fory & w.(t). Therefore, the integral on the left-hand side of (9.20),


http://dx.doi.org/10.1007/978-3-319-20083-5_2

9.1 Non-elliptical Contact of Thin Incompressible Viscoelastic Layers ... 297

which is denoted by .# (¢), can be transformed into

13
dpe
Z(t) =///@ﬁ(l‘—l’)Ay£(T, y) dtdy

we(t) 0~
[ ad
:/@;;(t—r)//Ay%(r,y)dydr
T
0~ we (1)
t ad
:/@50—1)%// Aype(t,y)dydr. (9.21)
(U we (1)

We note that, as a consequence of (9.15)—(9.17), the density p.(¢,y) is a smooth
function of the variables y; and y, on the entire plane.
Further, by employing the second Green’s formula

av u
//(u(y)AV(y) —v(y)Au(y)) dy = /(u(y)ﬁ(y) - V(y)a—n(y))ds, (9.22)
1) r

where ds is the element of the arc length, we obtain

e
[[apcpay= [ Peayas 9.23)

we (1) Te(r)

In light of the boundary condition (9.16) and the monotonicity condition (9.19), the
right-hand side of Eq. (9.23) vanishes for # > 0 and, therefore, Eq. (9.20) reduces to

// (0 (M)A (1) = 8(1)) dy = 0.

e (1)

From here it immediately follows that

H
sy = 7 ((;)) / / 0:(¥) dy, 9.24)

e (1)

where A.(¢) is the area of w, () given by the integral
A (1) = // dy. (9.25)
ws(t)

Equation (9.24) connects the unknown contact approach §. () with some integral
characteristics of the contact domain w, (t).
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9.1.3 Equation for the Integral Characteristics
the Contact Area

Substituting the functions u(y) = p.(t,y) and v(y) = (y% + y%) /4 into Green’s
formula (9.22) for the domain w,(¢), assuming that T < ¢, and taking into account
the boundary conditions (9.15), (9.16) and the monotonicity condition (9.19), we
obtain the relation

1
Z// lyI>Ape(z, y)dY=// pe(T,y)dy. (9.26)

we (1) e (T)

Using formula (9.26), we can evaluate the contact load (9.18). Indeed, by mul-
tiplying both sides of (9.13) by (yl2 + y%) /4 and integrating the obtained equation
over the contact domain w, (), we obtain

t

0
/ Dy —) - / / petr.y) dydr = / / Y2 (A O0e ) —5:0) dy. (927)

0- g (T) e (1)

Taking into account the notation (9.18) for the contact force, we rewrite (9.27) as

t
/ Dyt — 1) F(1)dT = %%”(t) / / |y|2gog<y>dy—58<t)§ / lyIdy. (9.28)

0~ we (1) e (1)

where the dot denotes the differentiation with respect to time, i.e., F (t)y =dF(t)/dt.
Then, excluding the quantity 8. (¢) from (9.28) by means of Eq. (9.24), we arrive
at the following equation:

t

. _m 2 1. (1)
/ @p(t —~DF@dr =T AW / / (|y| . (t))%(y) dy.  (9.29)
0~ wg (1)

Here, 1.(¢) is the polar moment of inertia of w,(¢) given by the integral
L(1) = / ly|*dy. (9.30)
e (1)

Equation (9.29) connects the known contact force F (¢) with some integral char-
acteristics of the unknown contact area w, (t).
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9.1.4 Equation for the Contact Pressure

Let us rewrite Eq. (9.13) in the form

AyPe(t,y) = m(@e(y) = 8:(), ¥ € w:(1), 9.31)

where we have introduced the notation

t

dp
Pty = [ @4t =Py dr. 9.32)
o-
By denoting the integral operator on the right-hand side of the previous equation

by ', we have

t

Hy(t) = / Dp(t —v)y(r)dr, (9.33)
o

so that formula (9.32) can be represented as
The inverse operator to .#  denoted by .# ~! is defined by the formula

1
H Y () = / Wyt — 1Y (1) dr, (9.35)
o

where Wg(t) is the compound relaxation function defined by its Laplace transform

g(s) = ——. (9.36)

Note that since y 3 :
Bp(s) = 10"V (s) + Brd' @ (s),

and
1

é/(n) = Y= >
(S) S2lI//(”)(S)

where &' (s) is the Laplace transform of the relaxation function in out-of-plane
shear for the nth layer, formula (9.36) can be reduced to the following:

&' (5) @@ (s)

G (s) = — LN
PO = LT+ pi ()

(9.37)
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Recall also that the coefficients 81 and S, are introduced by formulas (9.11) in such
a way that Wg(0) = 1.

As a result of the boundary conditions (9.15) and (9.16), the function P.(z,y)
must satisfy the following boundary conditions:

P.(t,y) =0, ye (), (9.38)
oP,

(t,y) =0, yeTl.(). (9.39)
on

Thus, in the case of monotonically increasing contact area w.(t), the problem
(9.31), (9.38), (9.39) allows us to determine the domain w, (¢) based on the positivity
condition for the contact pressure (9.14). Then, from Eq. (9.24) we can determine the
contact approach &, (¢). Finally, by applying the inverse operator (9.35), we obtain a
complete solution to the problem.

9.1.5 Limiting Case Problem: Elliptical Contact Area

We now consider the problem for the limiting case ¢ = 0, when the function ¢y (y)
represents an elliptic paraboloid. In a special case of the integral operator ., the
solution to this problem has previously been presented in [6]. Here we adopt it in
the necessary form for the further asymptotic analysis, in order to construct a more
general solution to the problem with the slightly perturbed boundary of an arbitrary
shape.

In this case the right-hand side of (9.31) takes the form m (po(y) — 89()). This
suggests that we assume the domain wy(¢) to be elliptical and so we set

¥} ¥ \?
Py(t,y) = Qo(t)(l Taur W) . (9.40)

In other words, the contour I (¢) is an ellipse with the semi-axises a(¢) and b(z). It
is simple to verify that the function Py(t, y) satisfies the boundary conditions (9.38)
and (9.39) exactly.

Substituting (9.40) into Eq. (9.31), we obtain after some algebra the following
system of algebraic equations:

400 (1 1
== (a(r)2+b(r>2)’ ©4D

1 800 ( 3 1 1800 (1 3
R maG)? (a(r)2 + b(r)z)’ Ry~ mb(1)? (a(r)z * b(r)z)' 042
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The form of the ellipse 17 (¢) can be characterized by its aspect ratio s defined as

)

= (9.43)

and from (9.42), it immediately follows that s is constant with time and is determined
as a positive root of the equation

Ry s2(3s2 + 1)

= 9.44
Ry 3 +s2 ©44)
In turn, Eq. (9.44) can be reduced to a quadratic equation for s2, so that
Ri—R\> Ry (R —R
Szz/ 1 —R) R Ri—R) (9.45)
6R R 6R;

Recall that, along with Egs. (9.41) and (9.42), we have Eqgs. (9.24) and (9.29),
which connect the contact approach 6. (¢) and the known contact force F(¢) with
some integral characteristics of the contact domain wg (t).

By taking into account (9.45), we transform Eq. (9.24) into

S _r i 2
o(t) = s\ & + % a(t)”. (9.46)

Then, by excluding the quantity §o(¢) from Egs. (9.41) and (9.46), we obtain

m 52 1 52 4
00 = 57y (R—l + R_z)“(” . (9.47)

By application of the same method, Eq. (9.29) becomes

am (3s —s> 355 —s° 6
F(t) = — . 4
HF(1) 384( R, + & )a(t) (9.48)

This allows us to determine the major semi-axis a(¢) of the contact area wq(?) as
a function of time ¢ in the form

Tm (3s—s> 355 —s3\] V6 1/6
a(t):[ﬁ( TR )} (A F()"". (9.49)

As a consequence of (9.49), formulas (9.46) and (9.47) determine the quantities
8o(t) and Qo (t), respectively.

We now turn to evaluating the contact pressure in the case of elliptical contact. In
light of (9.33) and (9.40), we obtain the following operator equation for the contact
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pressure density po(z,y):

¥} y3

2
Cl(l)z - b(t)Z) > Y € C()()(t). (950)

A po(T,y) = Qo(t)(l -

By inverting Eq. (9.50) with the help of (9.35), we obtain

2

2 \2 2 2
_ -1 . Vi . ) _ Y1 _ b5
po(t,y) =% {Qo(r)(l 202 b(r)z) jf(l (o) b(t)z)l’ (9.51)

where the Heaviside factor indicates the contact domain wg(7).
Following the notation (9.35), Eq. (9.51) can be transformed into

2

! y y2 2
PO(th)Z/Wﬁ(t_T)QO(T)<1— ! 2 ) dr. (9.52)

a(m?  b)?),

0-

Here the positive part function (x)4+ = (x 4 |x|)/2 is used as an indicator of the
current contact area wg (7).

9.1.6 Slightly Perturbed Elliptical Contact Area

We now consider the gap function ¢, (y), given in a general form (9.5) with small
¢ > 0. The solution corresponding to the limiting case ¢ = 0 was defined above and
is denoted by po(¢, y) and 8o(#), where the contact domain wq(#) is bounded by an
ellipse I'y(z). Then, the function Py(r,y) = % po(t,y) satisfies the problem

Aypo(t, y) = m(po(y) — 8o(t)), ¥ € wolt), (9.53)

0
po(t.y) =0, %(n y) =0, ye . (9.54)

Recall also that in accordance with (9.24), the contact approach 8 (¢) is given by

1
do(r) = m// po(y) dy, (9.55)

wo (1)

where Ag(?) is the area of wo(¢). Moreover, in light of (9.29), we have

HF@ =" / / Bo(t, Y)po(y) dy. 9.56)

wo (1)
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where, with Iy (¢) being the polar moment of inertia of wy (),

Io(2)
Ao(r)’

Bo(t,y) = lyl* - (9.57)

We represent the solution to the perturbed auxiliary contact problem (9.31), (9.38),
(9.39) as
Pe(t,y) = Po(t,y) + e Pi1(1,y) + O, (9.58)

8¢(t) = 8o(r) + €81 (1) + O(e?), (9.59)

and recall that the contact load F'(¢) is assumed to be specified, while the contact
approach & (¢) is unknown a priori.
By substituting (9.58) and (9.59) into Eq. (9.31), we arrive at the equation

AyPi(t,y) =m(p(y) = 81(1)), ¥ € wo(t). (9.60)

Let us assume that the unknown boundary I (¢) of the contact area w; () (see
Fig.9.1) is described by the equation

n=nhgt, o), selp). 9.61)

Here, o is the arc length along [(f), and n is the distance (taking the sign into
account) measured along the outward (with respect to the domain wq(¢)) normal to
the curve I'y(¢). The function h.(t, o) describes the variation of the contact area and
should be determined by considering the boundary conditions for Eq. (9.60).

In light of (9.58) and (9.59), we set

he(t, o) = eh(t, o), (9.62)

where the function %(¢, o) is assumed to be independent of €.
Applying the perturbation technique (see, for example, [20]), we have

P,
on

P8|r=P€|ro+h8

+ 0(2). (9.63)
Iy

Fig. 9.1 Schematic
representation of the contact
domain w, (t) with the
boundary I (¢), and the limit
domain wq(7) with the
boundary I(¢)
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Let n, be the unit outward normal vector to the curve I'¢(¢). Then, the following
formula holds:

(1 —k(t,0)he(t, 0))ng — hj(t, o)ty

(9.64)
\/(1 —k(t, 0)he(t, 0))” + HL(t, )

n, =

Here, ty and ng are the unit tangential and outward normal vectors to the curve Iy(¢),
k(t, o) is the curvature of Ij(¢), and the prime denotes the derivative with respect
to the arc length o.

Taking into account formula (9.64), we obtain

pe
on

_ 9pe
r on

_n ope
Iy € do

+ 0(g?), (9.65)

Iy

and by substituting the expansion (9.58) into Eqgs. (9.63), (9.65) and taking into
account the boundary conditions (9.54) for the function Py(z,y), we derive the fol-
lowing boundary conditions at the unperturbed contact boundary:

Pi(t,y) =0, yelp(), (9.66)

dP;

82P0
——(t,y)=—h(t,0)—(t,y), ye€Ip@). (9.67)

on on
Here, in accordance with Eq. (9.53), we have

32P0

Sz Y= m(@o(y) — 8o(1)), ¥y € Io(1). (9.68)

Note that the right-hand side of (9.68) is strictly positive. This can be verified by
employing the explicit formula obtained in Sect.9.1.5, or proved by using the max-
imum principle for harmonic functions.

Finally, Egs. (9.24) and (9.29) yield

Ao(t)51(t)=/ ¢(y)dy + / po(Nh(t, 0)doy — A(1)8o(1), (9.69)
wo(7) To()

from which it follows that, for By(z, y) defined by (9.56),

In(?)
0= Bo(t,y)¢(y)dy — So(O| L1 (2) — Ao(t)Al(t)

wo(t)

+ / Bo(t, y)po(Y)h(t, o) doy. (9.70)
o)
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Here, A1(¢) and I, (¢) are the first-order perturbation coefficients of A (¢) and I.(¢),
respectively, given by

Al(t) = / h(t,o)doy, 9.71)
To()
I(t) = / |y|2h(t,o)doy. (9.72)
Io()

Equations (9.60), (9.66), (9.67), (9.69) and (9.70) constitute the first-order pertur-
bation problem. By employing the relations (9.68) and (9.71), it is not hard to check
that Eq. (9.69) coincides with the solvability condition (see, for instance, (9.23)) of
the boundary-value problem (9.60), (9.66), (9.67).

9.1.7 Determination of the Contour of the Contact Area
First, let us express the solution to Eq. (9.60) in the form
Pt y) =m(P{ @, y) + P2, y), (9.73)
where we have introduced the notation
Pt y) = v y) — 6107y, (9.74)

01y _ ! _ (01 (yy — ! _
Yo ) =3 ¢(y)Inly —yldy, Y (y)= Inly —yldy. (9.75)
T 2

wo(t) wo (1)

Substituting the form (9.73) into Egs. (9.60), (9.66) and (9.67), we obtain the
following boundary value problem for the function P1[ I (t,y):

AP y) =0, yew®), (9.76)
Pl y) = -y w +810v"(v). ye @), (9.77)

[1]

a; (t,y) = —h(t, o) (eo(y) — 8o (1))

9 Y[O] 9 Y[()]

—3—¢(r,y>+61<r> L_(t,y), yeo@). (9.78)
n on

Here we have used relations (9.68) and (9.74).
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Let us denote the first term on the right-hand side of (9.78) by —fz(t, o), so that

h(t, o) = _hto) e () (9.79)
7T ey — oy’ Y SO ‘

As aresult of (9.71), (9.72) and (9.79), Egs. (9.69), (9.70) and (9.78) respectively
take the forms

1 1 ~
51(t) = / W dy + —— | h(t,0)do,, (9.80)
O=20 ] PV G !
wo (1) Io(r)
0= [[ Buvomay+ [ Bow.via.ordo,. ©.81)
wo (1) I (1)
(1 510l 5yl

Lt,y) = —h(t,0) - L@y + 810 —1-(.y), ye (). (9.82)
on on on
Second, to proceed further with the computation of the contour of the contact

area, we now define the Steklov—Poincaré (Dirichlet-to-Neumann) operator S :
H'2(Iy(0) — H™'2(Io (1) by

aw
(Gg)(y) = E(y), y € I'n(0), (9.83)
where w(y) is the unique solution of the Dirichlet problem

Ayw(y) =0, yewo); w(y) =g({y), yelp®. (9.84)

The operator G for a circular domain is well known, and we will use the above
form later in Sect.9.1.9. To the authors’ best knowledge there is no closed form
representation for & in the case of an elliptic domain. However, the finite element
Steklov—Poincaré operator can be computed by standard FEM packages (see for
details [15]). In [8], an alternative approach for constructing the operator numerically
in terms of conformal mappings was presented.

In terms of the Steklov—Poincaré operator, Egs. (9.77) and (9.82) yield

P [0] 8Y<£0]
h(t,o) = (6Y¢ )¥) — W(l‘,)’)
. 10!
—&(r)((GY} Nay) - 8; <r,y>), ye o).  (9.85)

Note that the substitution of (9.85) into (9.80) results in an identity, which we
check by verifying the following properties:
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/ (Gg)(y)doy =0, Vge H'*(Ih1),
I'p(t)

gy
//¢(y)dy— / —(r y)doy, Yo e L*(wo(1)).

wo(7) To(1)

Now, excluding the variable §; (¢) from (9.85) by means of (9.80), we obtain

. oy
h(t,0) = _(A B /¢(Y)dY+Ho(l))((6Y Ny - (t,Y))

wo (1)
BY[O]
+ (&Y (y) - a—;‘;a, ). ye o, 9.86)

where I:IO(t) is the relative weighted increment of the contact area defined as

ﬁo(t)zﬁ / h(t,o)do. (9.87)

Ty(r)

At this point, the function h(t, o) is determined by Eq. (9.86) with an accuracy
up to its integral characteristics Ho(t).

By substitution of the expression (9.86) into Eq. (9.81), we arrive at the following
simple equation to determine I:Io(t):

101
~[01 _ E17(0)

(1) Ho(t) = (t)+ Bo(t,y) — ¢ (y)dy. (9.88)
Ap(t)

o (1)
Here, both functions & 1[01 (H)nd B (LO](I) are determined by the formula

oY)l
Egh (D) = / Bo(t,y)(( Yl ) — a‘fl’ (t,y))dy. (9.89)

To(1)

It is clear that the solvability of Eq. (9.86) depends crucially on the property of
having fixed sign for & "'[0 (t). In [8], it was proven that = ”'[0] (t) <O.

Thus, determining the function Ho (1) by dividing both sides of (9.88) by & 1[0] (1)
and substituting the obtained result into Eq. (9.86), we find fz(t, o) and, as a con-
sequence of (9.79), uniquely determine the function /4 (¢, o), which describes the
variation of the contact domain wq(t).
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9.1.8 Asymptotics of the Contact Pressure

In accordance with (9.34), the contact pressure is given by
pe(t,y) = A (Pe(y, ) I, ¥)) (9.90)

where the integral operator JZ° ~1is defined by formula (9.35), and .7,,_)(y) is the
indicator function of the domain w, (¢) defined by

17 y € wﬁ(t)a

Fo ) = [0 Y € 0 (1).

In the interior of the contact area w, (), Eqs. (9.58) and (9.90) yield the asymptotic

representation 5
pe(t,y) = po(t.y) +epi(t.y) + O(e7), 9.91)

where X
pi(t,y) =X (Pi(t,y) Tuwyn)(¥y)), i=0,1. (9.92)

In the boundary-layer region near the contour I; (¢), the so-called outer asymptotic
representation (9.91) does not work, and the so-called inner asymptotic representation
should be constructed. Here we employ the terminology from the method of matched
asymptotic expansions [20].

The inner asymptotic representation

pe(t,y) =2 L P(1,5,v) + O(Y) (9.93)
will be constructed by making use of the stretched coordinate
v=¢"n. (9.94)

In light of (9.73)—(9.75), the function P;(z,y) will be determined completely

as soon as we know the function Pl[l](t, y) which satisfies the following Dirichlet
problem (see (9.76) and (9.77)):

AP y) =0, yewn®: Pty =gy, ye .
Here we have introduced the following notation (see Eqgs. (9.80), (9.87) and (9.88)):

gyt y) =¥ y) + 810y, (9.95)

and as a consequence of said relations, we have

OIS

S

T o / / Bo(t,y)¢(y) dy. (9.96)
1@

81(1) =
g% &

wo (1)
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Near the boundary of the domain wy(#), we may use the Taylor expansions

m 2 3
Py(t,y) = E[fﬂo()’o(d)) —8o(0)]n* + 0(n?), (9.97)

Pi(t,y) = %[qﬁ(yo((f)) —81(0)|n* — mh(t, 0)n + 0(n?), (9.98)

where yo(o) is the point of the curve I'h(¢) with the natural coordinate o.
Applying the perturbation method developed by Nazarov [18], we construct the
auxiliary function of the inner asymptotic representation (9.93) in the form

m

P(t,0,v) = > [¢0(y0(0)) = 8o()](v — h(t, 0))*, (9.99)

The function (9.99) exactly satisfies the relations (9.15), while the boundary condition
(9.16) is satisfied asymptotically. We note that the normals ng and n, to the contours
I'v(r) and I (¢) are, generally speaking, different (see formula (9.64)).

Finally, taking account of the relations (9.79), (9.94), (9.97)—(9.99), it is not hard
to verify verify that the matching asymptotic condition for the outer (9.91) and inner
(9.93) asymptotic representations is fulfilled.

9.1.9 Slightly Perturbed Circular Contact Area

Let us assume that a circular domain can be taken as a zero approximation in the
form (9.5), where the function ¢(y) defining the perturbed boundary is given by the
polynomials

N n
L 2 2 i n—j
poy) = 7207 +32), 60) =Z(',)Zocnjy{y§’ /, (9.100)
n=0 j=

where c,; are given dimensional coefficients.
In this case, the limit (¢ = 0) auxiliary contact problem (9.31), (9.38), (9.39) has
the following solution:

2
ity
ao(1)?

Py(t,y) = Qo(t)(l

Correspondingly, Egs. (9.46), (9.47) and (9.49) take the form

ao(t)? m ap(t)*

ag 0 Qo0 =5m—p

So(1) = (9.101)
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mr\-1/6( | : 176
ao(t)z(ﬁ) (/@ﬂ(t—t)F(t)dr) . (9.102)

The first-oder perturbation problem (9.60), (9.66), (9.67), (9.69) and (9.70) now
can be written as follows:

AP, y) = m( i Zn:c,,,y{y;"f — 51(r)), y € wo(t), (9.103)
n=0 j=0
Pi(t.y) =0, ye Ih@), (9.104)
aﬂ(t ¥) = —mh(t, )24 )2, y € o), (9.105)
mao()*81 (1) = Z “0(””” icn, K+ “0(” = Ho(0), (9.106)
n=0
Ho(t) + Z i nioég)(';Jrj— - Zn(:)cnj Knj. (9.107)

Here, wo(t) and I(¢) are the disc and the circle of the radius a (), K,;; = 0 for odd
nand j, while K,,j = 2B((n+1— j)/2, (j + 1)/2) for even values of n and j, and
B(¢, &) is the Beta function defined by

1
B(¢,§) = /t¢‘1(1 — 0¥ lar.
0

Moreover, Hy(t) is an integral characteristics of the contour variation A (z, o)
which can be described by the contour variation in polar coordinates as

2

Hy(t) = /h(@,z)d@.

0

From (9.106) and (9.107), it immediately follows that

n

N 4Rag(r)"!
HO(”Z_Z(n+2><n+4>ZC’” g
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N
L a0
31(1) = E n(n+2)(n—|—4) E cnjKnj. (9.108)

Using Green’s function 4 (t, y, y') of the Dirichlet problem for the domain w(z),
we express the solution to the Dirichlet problem (9.103), (9.104) in the form

Pi(t,y) = m/ oYY (t,y,y)dy — %&(ﬂ(lyl2 —ap(1)?). (9.109)
(1)

Recall that for a circular domain wq(¢) of radius ag(¢), Green’s function is

acMy'lly =¥l

I.y.¥) = " Tyly — a0

whereas, in polar coordinates, we have

ao(t)*(r* +r'* = 2r'r cos(6 — 0))
n .
ag(®)* + r2r2 = 2r'rag(t)? cos(® — 0)

1
g(ta Y, y/) = 4_

Calculating the normal derivative of the function (9.109), we obtain

P 0¥
Dy = m//¢(y’>5(r,y, vydy = 250yl 9.110)

wo(1)

where

12

LI o =
on Y T ) (a0 () + 12 — 2ag(t) cos(@ — 01))

By substitution of the expression (9.110) into the boundary condition (9.105) and
taking into account (9.108), we obtain the function A(¢, ) describing variation of
the contact domain in the following form:

2R & 4 Da)
0= o ;0 (n+2)(n +4) ;C’”K’”

2R 27 ap(t) N
- > ¢, cos! 0 sin" T g
o] [ (2 )
0

ao(t)2 —r2

'dr. 9.111
a2+ 2 — 2rap(t) cos@ — 6 " ¢ ©-11D)




312 9 Sensitivity Analysis of Articular Contact Mechanics

Note that the integral with respect to 6’ on the right-hand side of (9.111) can be
evaluated with the help of the following relation (see, e.g., [14]):

e

/ cosnxdx mp"

2
= <l.
1—2pcosx+p2 1—p p

5>
0

It was shown [8] that formula (9.111) asymptotically coincides with the exact
solution for the ellipse presented in Sect.9.1.5 in the case of small eccentricity.

9.2 Contact of Two Bonded Thin Transversely Isotropic
Elastic Layers with Variable Thicknesses

In this section, a three-dimensional unilateral contact problem for a thin transversely
isotropic elastic layer with variable thickness bonded to arigid substrate is considered.
Two cases are studied sequentially: (a) the layer material is compressible; (b) the layer
material is incompressible. It is well known that the asymptotic solution for a thin
isotropic elastic layer undergoes a dramatic change in the limit as Poisson’s ratio v
tends to 0.5, so that the formulas obtained in the case (a) are not applicable when
the layer material approaches the incompressible limit. After developing a refined
asymptotic model for the deformation of one elastic layer of variable thickness,
we apply sensitivity analysis to determine how “sensitive” the mathematical model
for contact interactions of two thin uniform layers of thicknesses 41 and h; is to
variations in the layer thicknesses. We will consider the term “sensitivity” in a broad
sense by allowing variable layer thicknesses H;(y) and H(y), whereas the original
model deals with the scalar parameters 41 and /5.

9.2.1 Unperturbed Asymptotic Model

As a rule, analytical models of articular contact assume rigid bones and represent
cartilage as a thin elastic layer of constant thickness resisting deformation like a
Winkler foundation consisting of a series of discrete springs with constant length and
stiffness [12]. However, a subject-specific approach to articular contact mechanics
requires developing patient-specific models for accurate predictions. A sensitivity
analysis of finite element models of hip cartilage mechanics with respect to varying
degrees of simplified geometry was performed in [2].

Based on the asymptotic analysis of the frictionless contact problem for a thin
elastic layer bonded to a rigid substrate in the thin-layer limit (see Chap.2), the
following asymptotic model for contact interaction of two thin incompressible trans-
versely isotropic layers was established:
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( hh3
- + —)Aw(y) = —¢y), yYeo, (9.112)
3G, ' 3G,

9
p(y) =0, ﬁ(y) =0, yel. (9.113)

Here, p(y) is the contact pressure density, &, and G;, are the thickness and out-
of-plane shear modulus of the nth layer material, respectively, n = 1,2, A, =
9%/ 8y% +92/9 y% is the Laplace differential operator, § is the vertical approach of
the rigid substrates to which the layers are bonded, ¢(y) is the initial gap function
defined as the distance between the layer surfaces in the vertical direction, w is the
contact area, and I” is the contour of w, d/9n is the normal derivative.

In the isotropic case, the asymptotic model (9.112), (9.113) was developed in
[4, 10]. It was shown [6, 9, 11] that this model describes the instantaneous response
of thin biphasic layers to dynamic and impact loading. In [7], the isotropic elastic
model (9.112), (9.113) was generalized for a general viscoelastic case.

With respect to articular contact, a case of special interest is when the subchondral
bones are approximated by elliptic paraboloids, so that the gap function is given by

2 2
7w o,
R

9.114
2Ry 2R, ( )

p(y) =

with positive curvature radii Ry and R».
In the case (9.114), the exact solution to the problem (9.112), (9.113) has the
following form [6, 10]:

2 2\ 2
y Y
py) = Po(l - - —3) : (9.115)
ay 4

Integration of the contact pressure distribution (9.115) over the elliptical contact
area w with the semi-axes a; and ap results in the following force-displacement
relationship [4]:

21 3
F = TCF(S)leRzao. (9.116)

Here, cr(s) is a dimensionless factor depending on the aspect ratio s = as/a; (see
Sect.4.5.6), and the coefficient m is given by

hi o m3\!
m=3(—+—) : (9.117)
G G

The asymptotic model (9.112)—(9.114) assumes that the cartilage layers have
constant thicknesses, whereas it is well known [1] that articular cartilage has a vari-
able thickness and that the surface of subchondral bone deviates from the ellip-
soid shape [19]. A sensitivity analysis of the model (9.112), (9.113) with respect
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to small perturbations of the gap function (9.114) was performed in [8]. In partic-
ular, it has been shown [4] that the influence of the gap function variation on the
force-displacement relationship will be negligible if the effective geometrical char-
acteristics Ry and R; are determined by a least square method.

The two-dimensional contact problem for a thin isotropic elastic strip of variable
thickness was solved by Vorovich and Peninin [21] using an asymptotic method,
under the assumption that the Poisson’s ratio of the strip material is not very close to
0.5. A three-dimensional unilateral contact problem for a thin isotropic elastic layer
of variable thickness bonded to a rigid substrate was studied in [5]. Here, the results
obtained in [5] are generalized for the transversely isotropic case.

9.2.2 Contact Problem for a Thin Transversely Isotropic
Elastic Layer with Variable Thickness

We consider (see Fig.9.2) a homogeneous, isotropic, linearly elastic layer with a
planar contact interface, x3 = 0, and a variable thickness, H (x1, x»), firmly attached
to an uneven rigid surface

x3 = H(xy, x2). (9.118)

In the absence of body forces, the equilibrium equations and the strain-displace-
ment relations governing small deformations of the elastic layer are

007 i 007 ; 003 ;
Iy /oy 3j

=0, j=12,3, 9.119

ax1 0x3 0x3 I ( )
1 (0u; Ouj

sij= (o + ), 0 =1,2,3, (9.120)

’ 2 ax]' ox;

where o;; is the Cauchy stress tensor, ¢;; is the infinitesimal strain tensor, and u ; is
the displacement component along the x ;-axis. Here the Cartesian coordinate system
(»1, ¥2, z) will be used such that y; = x1, yo = x2, and z = x3.

Moreover, a transversely isotropic elastic body is characterized by the following
stress-strain relationships:

Fig. 9.2 Elastic layer with a

. R Xi=Y1
variable thickness

P i A(y)
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o1l At Ap Az 0 0 0 e
022 ApAnp Az 0 0 0 €22
o3| _ [ AizAi3A3 0 0 O £33
o3 | 0 0 0 244 O 0 &3 | ©.121)
013 0 0 0 0 2A44 0 €13
o12 0O 0 0 O 0 2Ae6 12

Recallthat2Ags = A11—A12, while A1, A12, A13, A3z, and Ay are five independent
elastic constants.

We assume that the elastic layer is indented by a smooth rigid punch in the form
of an elliptic paraboloid

z=—¢(1, y2),
where 5 5
1 D)

= T 4 =, 9.122

@(y) 2R, + 2R, ( )

Under the assumption of frictionless contact, we have

031(y,00 =0, 032(y,00=0, y=(y,y) R’ (9.123)

Denoting by §p the indenter’s displacement, we formulate the boundary condition
on the contact interface as

u3(y,0) > 8o — @(y), o033(y,0) <0,

5 (9.124)
(u3(y,0) — 80 + ¢(y))ox3(y,0) =0, yeR?
while on the rigid substrate surface defined by Eq. (9.118) we have
uj(y. Hy) =0, yeR® (j=1.2.3). (9.125)

Assuming that the layer is relatively thin in comparison to the characteristic dimen-
sions of w, we introduce a small dimensionless parameter ¢ and require that

So=e8;, Ri=¢ 'R}, Ry=¢'R}, (9.126)

H(y) = ehy(1 + e (y)), (9.127)

where &5, R}, and R are assumed to be comparable with /. Without loss of gen-
erality we can assume that |, (y)| < h, forany y € R2.

The problem is to calculate the contact pressure distribution

p(x1, x2) = —033(x1, x2,0), (x1,x2) € w, (9.128)
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and the contact force required to indent the punch into the elastic layer

F://p(y)dy. (9.129)

‘We introduce the notation
h=c¢h,, H(y) =e"Hy(y), (9.130)

where 5
Hy(y) = hatp(y). (9.131)

Hence, the following relation is evident:
H(y) =h+H(y), 9.132)

where £ is an average thickness, and H (y) is a small variation such that H (y) < h.
We note that as a consequence of (9.128), the unilateral contact condition (9.124)
can be rewritten as follows:

p(y) =0, yeR?
p(y) >0 = u3(y,0) =d— oy,
p(y) =0 = u3(y,0) >3 —e(y).

We pose the following frictionless unilateral contact problem: for a given value
of the punch displacement §, find the contact pressure p(y) such that the Signorini
boundary condition (9.124) is satisfied both inside the contact area w and outside
(thatis p(y) = 0 fory € R?\ @).

9.2.3 Perturbation Solution

First, we introduce the so-called stretched coordinate
c=¢"z (9.133)

Substituting (9.121) and (9.120) into Egs. (9.119) and taking into account the
variable transformation (9.133), we arrive at the following Lamé system for the
displacement vector u = (v, w):

2

_ v _
€ 2A44@+ e 1Az + AV

ow
Yac
+Ag6AyV + (A1 — Ags)VyVy- v =0, (9.134)
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2

) 0w 1 ov
€ A338_§2 +e (A3 + A44)Vy- & + A44Ayw =0. (9.135)

Here, V, = (9/0y1, 3/0y>) is the Hamilton differential operator, and the dot denotes

the scalar product, so that Vy- V, = Ay, is the Laplace operator.
Correspondingly, the boundary condition (9.123) takes the form

— 4V =0 (9.136)

In light of (9.124) and (9.126), we have

w(y, 0) = e85 — ¢™(¥), y€ o, (9.137)

where we have introduced the notation (see Egs. (9.122) and (9.126))

=2 9.138)
2R}  2R;’ '

Furthermore, by stretching the normal coordinate, Eq. (9.128) is reduced to

ow
—py) =¢'An—+ApY,-v| , yeo. (9.139)
Cle =0

The boundary conditions (9.125) on the substrate surface (see Egs. (9.118) and
(9.127))

¢ =he(1+e(y)) (9.140)

take the following form:

V(Y. by + R (3)) = 0, w(y, by + ehui(y)) = 0. (9.141)
Observe that among Eqgs. (9.134)—(9.137), (9.139) and (9.141), there are only two

inhomogeneous equations, namely (9.137) and (9.139). The form of (9.137) suggests
the asymptotic expansion

w(y, ) = ew’(y, O) + 2wy, o) +-- - (9.142)

In light of (9.139) and (9.142), we suggest that p(y) = O(1) as ¢ — 0. Taking
into account the homogeneous conditions (9.136), (9.141), we set

VY. O =’y O+ eV O+ (9.143)



318 9 Sensitivity Analysis of Articular Contact Mechanics
We emphasize that the asymptotic ansatz (9.142), (9.143) is valid only inside the

contact region w. In other words, a plane boundary layer should be constructed near
the edge of the contact area. We refer to [3, 13] for more details.

9.2.4 Derivation of Asymptotic Expansions

Substituting (9.142) and (9.143) into Egs. (9.134) and (9.135), we obtain

& 8

+ SO[AsﬁAyVO + (A11 + Age)Vy Vy- V0

aw! 3%v?
+ (A3 4+ Ap)Vy— T +Apu—> 2 ] +--=0, (9.144)

pe (4 4 a4 4 )Vy- WO 0] 4y
& + ¢
3B a2 13 44 3;‘ 33 3c?

av!
+ (A3 + Ag)Vy- 3 + A44Aywo] +---=0. (9.145)

Further, by substituting (9.142) and (9.143) into the boundary conditions (9.136)
and (9.139) at the contact region, we find

av0 av! av2
Al +s°(vyw°+ L) +e(v w! + —) +-- ’ =0, (9.146)
a¢ ag a¢ =0

A 8W0+€ AV, VO + A ow!
33 8{ 13 33 8;_

ow?
+ 82(A13Vy' v+ A338—) +- ’ =—p(y). (9.147)
¢ =0

The substitution of (9.142), (9.143) into Egs. (9.141) then yields

-9 0 -9 1 1:1282 0
v0+8(V1+H* M )+82(V2+H* M +—*—V)+~-~' =0, (9.148)
t=h,

aC ¢ 2 092
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- awd - ow!  HZ 92w
0 1 2f 2 *
+ H. + + H. —_— )+ =0, (9.149
w 8(W + H, T ) € (w grT: + > 8{2) ';:h* ( )

where we have used notation (9.131).
Thus, on the basis of Egs. (9.144)—(9.149), we have arrived at a recurrence system

of boundary-value problems for the functions vk and wk (k = 0,1,...). Let us
construct the first several terms of the asymptotic series (9.142) and (9.143).

9.2.5 Asymptotic Solution for a Thin Compressible Layer

According to (9.144)—(9.149), the first-order problem takes the form

ERaT w0 0
g =0 ¢ €O, Ange o =P, W, =00 (9.150)
320 av0 0
Free 0, ¢e(0,hy), W o =0, Vv |Z=h* =0. (9.151)
From (9.150) and (9.151), it immediately follows that
y)
Wy 6) = B0 - o), 9.152)
33
vy, 2) = 0. (9.153)

As a consequence of (9.153), the second-order problem, derived from (9.144)—
(9.149) is

92wl
W =0, ¢€(0,h),
ow! - and
— =0, w!,, =—H.(y)— : (9.154)

3%v! aw?
A448_§2 =—(A;3 + A44)Vy¥, ¢ € (0, hy),

avl

% =0. (9.155)

= —VyW0|§=O,

1
v
=0 |§:h*
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It is readily seen that the solution of the problem (9.154) is given by

p(y)

wh(y, £) = H.(y). (9.156)

On the other hand, the solution of the problem (9.155) is

vy, ) = ¥ (@) Vyp(y). (9.157)
where we have introduced the notation

(A13 + Aaa) 2
W)= 2 gy ) -
() A Am ( 5

h*A13

(hye — 7). (9.158)

Collecting Egs. (9.142), (9.152) and (9.156), we arrive at the two-term asymptotic
approximation for the normal displacement

w(y, ¢) :Sp(y) (hy —0) +¢ [;\(_j)H y). (9.159)

By taking into account the scaling relations (9.130), we rewrite (9.159) in the form

p(y)
(

us(y, z) >~ —— o h+H(y) —z). (9.160)

By substituting the expression (9.160) into the contact condition

u3(y,0) =80 — ¢(y), y€ o, (9.161)

we derive the following equation for the contact pressure density:

h+ H(y)

) p(y) =38 —¢y), yE€o. 9.162)
33

In light of the condition p(y) > O for y € w, we obtain

A3z
= —F7 (6 — , 9.163
p(y) e H(y)( 0— o), (9.163)

where (x)4+ = max{x, 0} is the positive-part function.
Invoking the notation (9.132) for the variable thickness of the elastic layer, we
rewrite formula (9.163) as

Asz3
p(y) = 0—9M),- (9.164)

H(y) "y
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Formula (9.164) shows that a thin compressible elastic layer deforms like a

Winkler foundation with the variable foundation modulus

Aszz
H(y)

k(y) = (9.165)

Let us recall that the elastic parameter As3 is related to Young’s moduli, £ and
E’, and Poisson’s ratios, v and v’, by the formulas

E'(1—-v)
A3z = 3 , (9.166)
1—v— "7
E/

Finally, according to [16] (see also Sect.2.4), the denominator of (9.166) would
approach zero if the layer material became more incompressible. It is readily seen
from (9.165) that k(y) — oo in the incompressibility limit, implying that the case
of an incompressible elastic layer requires special consideration.

9.2.6 Asymptotic Solution for a Thin Incompressible Layer

Let us continue the process of constructing terms of the asymptotic expansions
(9.142) and (9.143). In light of (9.156), Egs. (9.144)—(9.149) yield the following
third-order problem:

3%2w? av! 0
Az—5 = —(A13 + Aa)Vy- — — AuAyw”, ¢ € (0, hy),
o a¢
A aw = —A;Vy v w?| =0; (9.167)
33 T ;:o_ 13Vy Vo c=n, =0 .
92v?
W =0, ¢¢€(0,hy),
av? 1 2 ~ av!
= ==yl VY = —Hy)—] . (9.168)
a; =0 y |(_0 ‘{-h* * 8{ c=h,

Substituting (9.152) and (9.157) into Egs. (9.167), we derive the problem

?w?  ApAyp(y)
9¢? A3 Au

[(A13 4+ 2444) (h — ) — (A13 + Ag)hy ], £ € (0, hy),
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| An(Aw — Ak
9% Jr=0 2A3;Au

Ayp), W, =0. (9.169)
It can be verified that the solution to (9.169) condenses into the form

(hy —¢)°

A3Ayp(y) | A13 + 2Au
wi(y, §) = "py[ 1

A3, 6A44
(A3 + Agg)hy

h2
_ )2 _
A (he —0O)" + > (hy {)]. (9.170)

Further, in light of (9.156) and (9.157), the problem (9.168) takes the form

82V2

W =0, ¢e(0,hy),
av? V,(pH. Azhy -
v V) X 9.171)
9% {r=o Asz3 §=hx A33A44 ’

where we have omitted the arguments of functions p(y) and H,(y) for clarity.
It can be easily verified that the solution to (9.171) has the form

h* -
Aszz

Apshy -
vy, 0) = B 7.9,p. 9.172)

Vy(pHy) —
Y T AyAg

We emphasize that in contrast to the two-term approximation (9.159), the third
term (9.170) does not vanish at the contact interface in the limit as v — 0.5. Indeed,
formula (9.170) yields

_hiA(A — Ag)

2
wi(y, 0) =
342, Au

Ayp(y). (9.173)

In the incompressibility limit, we have

A;3(A;z — A 1
13( 213 44) x 9.174)
A33A4 asq
where aqq = Agq4 = G’ is the out-of-plane shear modulus.
In order to construct a correction for the leading asymptotic term (9.170), we
consider the following problem:

32w dv? :
A338_§2 = —(A13 + Aga)Vy- b AgAyw, ¢ € (0, hy),



9.2 Contact of Two Bonded Thin Transversely ... 323

3 2| %| 2

Azz— =—-A;Vy-v w* *(y)— (9.175)
=0’ —he

By substituting (9.156), (9.170) and (9.172) into Egs. (9.175), we find

32W3 A13
— ="A,(pH € (0, hy), 9.176
T = AL y(pHL). ¢ € (0.h) (9.176)
3W3 A13h* ~ ~
= (A3, (H.Vyp) — Assdy(pH,)), (9.177)

3{ =0 A%3A44

Ay3h?
3 1375,
W P H A p. 9.178
e, = 242, ©-178)

Integrating Eq. (9.176), we obtain

Wy, 0) = Ay (pHAIE? + CLY)E + Coly), 9.179)

2
2A3%,;

where the integration functions Ci(y) and Cy(y) are determined by the boundary
conditions (9.177) and (9.178). It can be checked that

Aqzhy

Ci1(y) = —5——(A13Vy (H,Vyp) — AigAy(pH,)), (9.180)
A3 A4
A13 A2 12 -
Co(y) = —2[H Ayp + Ay(pH)] — 522V, (H,Vyp).  (9.181)
33 A33A44

From (9.179), it immediately follows that

wi(y, 0) = Co(y), (9.182)

and it can be shown that in the incompressibility limit (when Aj3/A33 — 1 and
A4s/Az3 — 0), we arrive at the following result:

h? -
Coy) = —ﬁvy (H:Vyp). (9.183)

Thus, collecting Eqs. (9.142), (9.173), (9.182) and (9.183), we obtain the follow-
ing two-term asymptotic approximation for the normal displacement at the contact
interface in the case of the incompressible elastic layer:

3

L h?
e Ap) — Y (L Vp). (9.184)
asq

w(y, 0) ~
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Recalling the scaling relations (9.130) and the notation agq = G’, we rewrite (9.184)

in the form
n3 h? -
u3(y,0) >~ _ﬁAyp(Y) - aVy (HY)Vyp®¥)). (9.185)

Now, substituting the expression (9.185) into the contact condition (9.161), we
arrive at a partial differential equation in the domain » with respect to the func-
tion p(y). According to the asymptotic analysis [13] (see also Sect.2.7.3), at the
contour I of w, we impose the following boundary conditions:

9
r(y) =0, ﬁ(y) =0, yel. (9.186)

Here, d/0dn is the normal derivative. We underline that the location of the contour I
must be determined as part of the solution. For analytical evaluation of the contour I,
a perturbation-based method was developed in [8].

9.2.7 Perturbation of the Contact Pressure
in the Compressible Case

Collecting Eqs. (9.142), (9.152), (9.156), (9.170) and (9.179), we obtain

he 2 Hi(y) Jh3A13(A13 — Aw)
w(y,0) ~e—py) +e——p{y) —¢ Ay p(y)
y yeadts 4, PY A2 Am yP(y
h2A13, ~ .
+84H B .y Ayp(y) + Ay (P A )]
2A33
h2A?, -
- Vy- (He(y)Vyp(y) ] (9.187)
AL Ay (H0Vy )

By substitution of the asymptotic expansion (9.187) into the contact condition
(9.137) and using the notation (9.131), we arrive at the equation

S h3A13(A1s — Aug)
3A33A44

p(y) + e (y)p(y) — & Ay p(y)

3 Akl
2 A33Am [A““[‘/’*(Y)AyP(Y) + Ay (PN )]
A3z .,
— 2A13Vy- (W*(Y)Vyp()’))] =7 @y, (9.188)

where we have introduced the shorthand notation

Ay =85 — o™ (y). (9.189)
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It should be noted that Eq. (9.188) is applied in the case of compressible materials
when its right-hand side makes sense.

By employing a perturbation method, the third-order asymptotic solution to
Eq. (9.188) is expressed in the form

A
ply) =~ h” (00(y) + £01(y) + £202(y) + £203(y)). (9.190)

Upon substitution of (9.195) into (9.188), we straightforwardly obtain

h2A13(A13 — Asg)

o0 =f*. o1=—Yuf*. oa=vyif*+ A f*, (9.191)

3A33A44
h2A13(A;3 — A
=i 13235444 +) (Vs dy 5+ Ay (P f)
h A
T 2ApA o {A44[¢* v A Y0] = 24153V UV ), (9.192)

where, for the sake of brevity, the argument y is omitted.
Further, by making use of the differential identities

V-V =Vy . -Vf+yAf,
AfY) = YAf + fAY +2V f - Vi,
we simplify formula (9.192) as follows:

h2A13(2A13 + Aag)

3 x A13(2A13 44) Ly

=—y [ - A,y

vt 6A33A44 F Ay
h2A13(A1s — Asg)

3A33A44

(Vo f* - Vo + YAy f). (9.193)

Observe also that formula (9.181) can be transformed to

h2A13(A13 — Aag) ~ ~ h2A13 ~
Coly) = — = VyH, - Vyp+ H Ay pl+ =B p AL H,, (9.194)

where the expression in the brackets in (9.194) is equal to V- (I:I*Vy p).
In the isotropic case, Egs. (9.190)—(9.193) reduce to the following [5]:

A 2 3
(00(y) + e01(y) + e702(y) + €7 03(y)), (9.195)

2+
p(y) >~ ™
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h2A(h —
o0 =f* o1=—Yuf" o=yl + %Ayf*, (9.196)
h20(2A + )
— 3 DT e
o3 =Y, f EITESS FrAY
hih (= ) . .
i\ Vel A L), (9.197)

It can be easily checked that the four-term asymptotic expansion (9.195), with the
coefficients given by (9.196) and (9.197) in the 2D case, recovers the corresponding
solution obtained in [21], where the next asymptotic term for the contact pressure in
(9.195) was given explicitly.

9.2.8 Application to Sensitivity Analysis of the Contact
Interaction Between Two Thin Incompressible Layers

According to (9.185) and (9.186), the refined asymptotic model for contact interaction
of thin incompressible layers bonded to rigid substrates takes the form

Z 2 N
—m = Ay p(y) = DV (i @)Vyp) = 80— 9(y). y €@, (9.198)
n=1 "
ap .
p(y) =0, g(y) =0, yel, (9.199)

where I” is the contour of the contact region @&, and m is given in (9.117).
Let us define

p(y) = p(y) + p(y), (9.200)

where p(y) is the solution to the original asymptotic model (9.112), (9.113), and
p(y) represents a perturbation due to the variability of the layer thickness.

Then, under the assumption that the thickness variation functions H; (y) and H, (y)
introduce a small variation into the elliptical contact region w corresponding to the
density p(y), we derive from (9.198)—(9.200) the following limit problem for the
variation of the contact pressure density:

2 h2 _
—mT AV = SV @V ), Y € o, (9.201)

n=1 "

p(y) =0, yer. (9.202)
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Here, I is the contour corresponding to the contact pressure (9.115).
Moreover, the thickness variation functions H;(y) and H(y) will not greatly
influence the resulting force-displacement relationship, if

/ / p(y)dy = 0. (9.203)

In this case, the contact force P is related to the displacement 8 by the same relation
as that derived in framework of the original asymptotic model (9.112), (9.113).

Let us derive the conditions for H 1(y) and ﬁz (y) under which the equality (9.203)
holds true. With this aim we consider an auxiliary problem

A,0(y)=1, yew, O =0, yeTl (9.204)
with the solution
2.2
Oy) = ——22o(y),
2((1% + a%)
where
2 2
y Y
oy)=1-= - =. (9.205)
ary a4

As a result of (9.204), we rewrite Eq. (9.203) as

/ / p(y)A,O(y)dy = 0. (9.206)

Applying the second Green’s formula and taking into account Egs. (9.201), (9.202)
and (9.204), we reduce Eq. (9.206) to

//9()’) Z i V - (Hy(y)Vyp(y) dy = 0. (9:207)

After rewriting Eq. (9.207) in the form

//Q(Y’Zay( Z "H(y)) =0



328 9 Sensitivity Analysis of Articular Contact Mechanics

and integrating by parts with (9.205) taken into account, we find

//Zzy"a”()z B, (v) dy

_ 2 0
ap h> -
+ / 0(y) Z cosn 0 520 S E A dsy =0, 9208
T k=1 n=1
It is clear that the line integral in (9.208) vanishes due to the boundary condition

(9.205). Hence, taking into account the exact expression (9.115) for p(y), we finally
transform Eq. (9.208) into

2 2
> 2 // H,(y)p(y)dy =0, (9.209)
Gn
n=1 ©
where we have introduced the notation
2 2 2 2
sy Y y Y
p(y) = (—21 + —22) (1 - - —’g) (9.210)
aj say ai a3

Based on the derived Eq. (9.209), we suggest the following optimization criterion
for determining the average thicknesses /1 and h;:

min / (Hu(y) — hn)? 0 (y) dy. 9.211)

Here, w; is a characteristic elliptic domain with semi-axes a} and a3. In particular,
in the capacity of w, we can take the average elliptic contact area for a class of
admissible contact loadings, while p,(y) is given by

s % oo
Px(y) = (F + S*a*Z 1- w2 %2 ©:212)

1 2 a a

where s* = a3 /aj is the aspect ratio of w.
It is clear that the necessary optimality condition for (9.211) has the form

/ (Hp(y) = hn)px(y) dy = 0, (9:213)



9.2 Contact of Two Bonded Thin Transversely ... 329

from which it follows that

1
= o / / Hy¥)pe(y) dy. 9.214)

where

g
R. = // px(y) dy = E(QTZ +a>2.<2)~
Wx

It remains to show that Eq. (9.209) follows from (9.213) if w, coincides with w.
Indeed, as a consequence of (9.132), Eq. (9.213) is equivalent to the following:

/ HWpa¥)dy =0, n=1,2. 9.215)

Wy

By adding the two equations above, multiplied by h% /Gl n = 1,2, respectively, we
arrive at Eq. (9.209).

It is interesting to observe that Eq. (9.214) indicates that, in order to obtain the
optimal average thickness 4, the corresponding variable thickness H, (y) has been
averaged with the weight function p,(y) given by (9.212).

To conclude, we note that in the case of compressible layers, the optimal value of
the average thickness &, coincides with the simple average of H,(y).
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