Chapter 8
Contact of Thin Inhomogeneous
Transversely Isotropic Elastic Layers

Abstract In this chapter we consider contact problems for thin bonded inhomo-
geneous transversely isotropic elastic layers. In particular, in Sects. 8.1 and 8.2, the
deformation problems are studied for the cases of elastic layers with the out-of-
plane and thickness-variable inhomogeneous properties, respectively. In Sect. 8.3, the
axisymmetric frictionless contact problems for thin incompressible inhomogeneous
elastic layers are studied in detail in the framework of the leading-order asymptotic
model. Finally, the deformation problem for a transversely isotropic elastic layer
bonded to a rigid substrate, and coated with a very thin elastic layer made of another
transversely isotropic material is analyzed in Sect. 8.4.

8.1 Deformation of an In-Plane Inhomogeneous Elastic
Layer

In the present section, the leading-order asymptotic models for the local indentation
of compressible and incompressible elastic layers developed in Chaps. 1 and 2 are
generalized for elastic layers with in-plane inhomogeneous material properties.

8.1.1 Deformation Problem Formulation

Recall that the constitutive relationship for a transversely isotropic media based in
the Cartesian coordinates (y1, y2, 7), where the Oyj y2 plane coincides with the plane
of elastic symmetry, has the following form [9]:
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In this section, we assume that the elastic constants Ay; are functions of the
in-plane coordinates y = (y1, y2), so that the layer possesses an in-plane inhomo-
geneity.

By substituting the components of strain
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into Hooke’s law (8.1), we obtain the stress-displacement relations

vy vy ow aw AL
on=An—+Ap—+Ai—, 023=A44(—+—),
ay1 ay2 0z dy, 9z
avy AL ow aw avy
on =Ap—+Anu-—+AB—, o =A44(—+—), (8.2)
0y1 ay2 0z dy1 9z
vy o ow vy | dn
033 = Az — + Az — + Az —, 012=A66(—+—),
ay1 a2 0z dy2 9y
where A1y = Aj] — 2Ag6 due to the in-plane symmetry properties.
The substitution of the above expressions into the equilibrium equations
doj1  dojp  d0j3 .
=0, i=1,2,3,
0x1 + 0x2 + 0X3 !
yields the system of Lamé equations
2(V,) +V(A aw)+A v Y g (8.3)
)V —_— —_— — =V, .
y y 13 9z 44 Vy 9z 44 3Z2
3 9 32w
Vy- (AgaVyw) + —Vy - (AgaV) + —AV, v+ Az3— =0, (8.4)
9z 0z 0z

where V, = (3/0dy1, 8/dy>) is the in-plane Hamilton operator, the scalar product is
denoted by a dot, and £(V,) is a 2 x 2 matrix differential operator such that

CualVy) = (A ) o (g ).
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We consider the deformation of a thin in-plane inhomogeneous elastic layer (with
the elastic constants Ay (y)) of uniform thickness, %, ideally bonded to a rigid
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Fig. 8.1 An in-plane inhomogeneous elastic layer of uniform thickness bonded to a rigid substrate
and supporting a distributed normal load

substrate (see Fig.8.1). At the bottom surface of the layer, z = h, the following
boundary conditions are imposed:

v|._, =0, w[_,=0. (8.5)

On the upper surface of the elastic layer, we impose the boundary conditions of
normal loading with no tangential tractions

013|Z=0 = 023}Z=0 =0, 033|Z=0 =-p, (8.6)

where the normal load p(y) is a given (sufficiently smooth) function of the in-plane
coordinates y = (y1, y2).

The problem (8.3)—(8.6) generalizes the deformation problem studied in Chaps. 1
and 2 for the case of transversely isotropic elastic layers with in-plane inhomogeneous
properties.

8.1.2 Perturbation Analysis of the Deformation Problem

Assuming that the elastic layer is relatively thin, we require that
h = ehy, (8.7)

where ¢ is a small positive parameter, and /. is a characteristic length, which is
assumed to be independent of €.
By introducing the so-called “stretched” dimensional normal coordinate

¢ =23, (8.8)
E

we transform the Lamé equations (8.3), (8.4) into the following:

— _— 4 —— ) w) + W s .
g2 448§2 £ 9¢ v “ Y

1 ®w 139
£_2A338_§2 + gg(vy- (Agqv) + A13V,- V) + Vy- (AaVyw) = 0. (8.10)
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Correspondingly, the boundary conditions (8.6) become

10

g a¢ =0
1 ow
—A33— +A;3Vy v = —p. (8.12)
& 8{ =0

As before, we apply the perturbation algorithm [14] to construct an approximate
solution to the system (8.5), (8.9)—(8.12) in the form of asymptotic expansions

v=ev'y. O) + eV 3y, )+ -, (8.13)
w=ewl(y, o) +ewl(y, o) +---, (8.14)

where the successive coefficients of the powers of ¢ are independent of ¢.
Following the standard procedure of the perturbation technique, we derive a set

of equations for the terms of expansions (8.13) and (8.14). In particular, the leading

terms of the asymptotic expansions are determined as solutions of the problems

92v0 avo
App——— =0, € (0, hy), — =0, v° =0; 8.15
w3 ¢ € (0, hy) 3 |eco v |;:h* (8.15)
At o re O, hy), A 3w’ 0] 0, (8.16)
=Y, 5 ) = —p, w =0V, .
3502 ¢ * B2 o p t=h,
from here it follows that
p(y)
Vy. 0 =0, Wy o) = T =0, (8.17)

The next two terms of the asymptotic expansions (8.13) and (8.14) satisfy the
problems

A 92yl _ v (A 3W0) e G0 o
“gez = Ay 44y8§,; Iy,
vl 0 |
3 “Vowesgr Vi, =0 (8.18)
92wl 9 0 P .
Az3 3;2 = —Evy' (Agqv”) — A13&V},. v, ¢ € (0, hy),
wl 0 1
A33¥ o —A13Vy- v |§_0, w |§=h* =0. (8.19)
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In light of (8.17)1, from (8.19), it immediately follows that
wl(y,¢) =0, (8.20)
while the substitution of (8.17); into Eq. (8.18) leads to the problem

=) s (). ceon

av! p 1
_h*Vy(A_:B)’ \% |§:h* = 0

¢ =0
As the elastic constants and the normal load are functions of the in-plane coordi-
nates only, the right-hand side of Eq.(8.21); is independent of ¢. Thus, the double
integration of Eq. (8.21); with the boundary conditions (8.21); and (8.21)3 taken into
account yields

Lo W=D (A N (=0 p
v(y.§) = A Vy(A33p)+ 5 Vy(A%). (8.22)

Agq
(8.21)

The second non-trivial term of the asymptotic expansion satisfies the problem
3*w? 3
38_{2 = —%[Vyn (A44V1) — A13Vy- Vl] —Vy- (A44Vyw0),

w2

A33— =0.

—A13Vy-vl|§:0, w2|§=h*

In light of (8.17); and (8.22), the above equations take the form

32W2 A13 1 A13
i =) e (e ()
= 0ABA(4-). e Oh, (8.23)
_ hiAp 1 Az 14 ) _
o 2433 [Vy' (A44V (A33 )) _Ay(A_33):| Wiy, =0

Integrating Eq. (8.23); and taking into account the boundary condition (8.23), at
¢ = 0, we obtain

1‘\338—W2 = —Csz(ﬂp) + sz)ABVy (LV (Amp))

w2

a¢ 7 Az Ay Asz3
S P
+ (-5 -3) 13Ay(A—33), ¢ €0, hy)
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By integrating the above equation and taking into account the boundary condition
(8.23)3 at ¢ = h,, we arrive at the formula

2 _ 1 3.3 ﬂ
W0 = = e94,(30 )

Aqs 2 1 Aqs
— (b — 02 +2h) Yy (A—vy( ))

6A33 44 A33p

A3 3 p

——(hy — Ayl — ), 8.24
st = 0ay(1) (8.24)

where for brevity we do not show the argument y of the functions p(y), A13(y),
A33(y), and As4(y).

8.1.3 Local Indentation of the In-Plane Inhomogeneous
Layer: Leading-Order Asymptotics for the Compressible
and Incompressible Cases

Recall that the local indentation of an elastic layer is defined as

wo(y) = w(y, 0),

where w(y, 0) is the normal displacement of the layer surface.
In the case of the compressible layer, Egs. (8.7), (8.8), (8.14), and (8.17); yield

wo(y) = P, (8.25)

A33(y)

so that the deformation response of the elastic layer is analogous to that of a Winkler
elastic foundation with the variable modulus

A
k(y) = 32(” . (8.26)

‘We emphasize that formula (8.26) is valid for a thin bonded compressible transversely
isotropic elastic layer with in-plane inhomogeneous properties.

When the material approaches the incompressible limit, the right-hand side of
(8.26) increases unboundedly and the first term in the asymptotic expansion (8.14)
disappears. Consequently, the ratios A44/A33 and A13/A33 tend to O and 1, respec-
tively.

Therefore, in the limit situation, formula (8.24) reduces to

2 1 2 1
WA 0) = = (hs = 0P + 2h) V) (A—nyp). (8.27)
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In the case of an incompressible bonded elastic layer, formulas (8.7), (8.8), (8.14),
and (8.27) give

~ h3V ! 8.28
WO(Y)—_? y'( +(¥) yp(Y)) (8.28)

where aqq4 = Ayq is the out-of-plane shear modulus.

8.2 Deformation of an Elastic Layer
with Thickness-Variable Inhomogeneous Properties

In the present section, the leading-order asymptotic models for the local indentation
of thin bonded compressible and incompressible elastic layers developed in Chaps. 1
and 2 are generalized for elastic layers with the so-called thickness-variable inho-
mogeneous material properties.

8.2.1 Deformation Problem Formulation

Let us consider the deformation of a thin transversely isotropic inhomogeneous elas-
tic layer of uniform thickness, &, with variable properties across the layer thickness
(see Fig.8.2). If the plane of isotropy is parallel to the layer surface, the stress-
displacement relations take the form

o11 —Au—avl +Alz8 2 +A13—aw, 623—A44(8W +_8vz)
ay1 0y 0z ay2 0z

02 = A12_8v1 + An—av2 + A13—aw, o013 = A4 (—aw + _8v1) (8.29)
0yl 0y 9z ay1 0z

033 = A13—8 + A13_aV2 + A33—8 , O = A66(8V1 + —avz).
ay ay2 0z dy2 Iy

Here, u = (u, w) is the displacement vector, v and w are the in-plane and out-of-
plane displacements, respectively, both of which are functions of three-dimensional
Cartesian coordinates (y, z).
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Fig. 8.2 A thickness-variable inhomogeneous elastic layer of uniform thickness bonded to a rigid
substrate and supporting a distributed normal load
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Let us assume that the elastic constants Ay; are represented in the form

Ap = oy (%) (8.30)

or, equivalently, the material properties are expressed as functions of the normal-
ized depth coordinate z/h. Note that according to the terminology introduced in
[11, 12], we consider a transversely isotropic, transversely homogeneous (TITH)
elastic model.

The substitution of the stress-displacement relations (8.29) into the equations of
equilibrium

do; d0; d0;
0il + 0i2 4 0i3 —0, i=1223,
0x1 0x2 0X3

yields the Lamé equations

ad
AgeAyvV + (A11 — Ag6)VyVy -V + A13&Vyw

ad ad av
— (A V —(Au—) =0, 8.31
+8z( 44 yw)+8z( 443Z) (8.31)

d d ) ow
SABYs V) + Au Vv Audgr+ o (Ango) =0 (832)

where Vy, = (3/dy1, 9/dy2) and Ay = V-V, are the in-plane Hamilton and Laplace
operators, respectively, and the scalar product is denoted by a dot.

Let us assume that the elastic layer is loaded on the upper surface, z = 0, with a
normal load, p, without tangential tractions, and that it is perfectly attached to a rigid
substrate at the bottom surface, z = h, so that the following boundary conditions
take place:

013 _g = 053], = 0. om| o= —p. (8.33)
V|z:h =0, W|z:h =0. (8.34)
As before, we are interested in the case where the applied load p is specified on

the whole upper surface of the layer, and is a sufficiently smooth function of the
in-plane coordinates y = (y1, y2).

8.2.2 Perturbation Analysis of the Deformation Problem

We assume that the elastic layer is relatively thin and we set

h = ehy, (8.35)
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where ¢ is a small positive parameter, and %, is a characteristic length, which is
assumed to be independent of ¢.
Let us also introduce the dimensional stretched normal coordinate

=2, (8.36)

so that in light of (8.30), (8.35), and (8.36), we obtain

Ap = Otkl(hi*). (8.37)

The substitution of the coordinate change (8.36) into the Lamé equations (8.31),
(8.4) leads to the system

—(A44—) + é(AB%VyW + %(A44Vyw))
+ AgeAyv + (A11 — Ags)VyVy- v =0, (8.38)
Y b (LAY W) + AoV )

e \9¢ ) ac

+ AggAyw = 0. (8.39)

Correspondingly, the boundary conditions (8.33) on the upper surface of the layer
become

10dv

-— +Vyw ’ =0, (8.40)
1 ow
—Az3z— +A13Vy-v = —p. (8.41)
€ 9¢ =0

The boundary conditions (8.34) on the bottom surface then take the form

cen, =0, w|._, =0. (8.42)

Using the perturbation algorithm [14], we construct an approximate solution to
the system (8.38)—(8.42) in the form of asymptotic expansions

v=ev'y. O) + eV 3y, )+, (8.43)
w=ewl(y, o) +ewl(y, o)+, (8.44)

where the successive coefficients of the powers of ¢ are assumed to be independent
of the small parameter ¢.

The substitution of the asymptotic expansions (8.43) and (8.44) into Egs. (8.38)—
(8.42) produces a set of differential equations that must be satisfied for arbitrary ¢.



270 8 Contact of Thin Inhomogeneous Transversely Isotropic Elastic Layers

In particular, the leading terms of the asymptotic expansions (8.43) and (8.44) are
determined as solutions of the following two problems:

B av? av0
A =0, 0,hy), —| =0, v° =0; (845
sclAusr) =0 ceon, o =0 Pl =0 @49
9 w0 aw?

A =0, 0,hy), Apz—/| =—p, w =0. (8.46
8§( 33 C) el *) 338;;0 D W\;:h* ( )
From (8.45), it immediately follows that

vy, o) =0, (8.47)

while the non-trivial boundary-value problem (8.46) has the following solution:

W05, 0) = p(y) / (8.48)
A3’
As a result of (8.47), it can be easily seen that the problem
8(A aW) 9 A3V V) — A2V, V0. £ e (0.hy)
—(An——)=—— V) = Ay =V v ),
ac 33 T T 13Vy 4484“ y e *
aw! 0 1
Asag =—AiVy-v |;=0’ w |§=h* =0
is homogeneous, and therefore its solution is trivial:
wl(y, ) =0. (8.49)

Simultaneously, for the first non-trivial term of the asymptotic expansion (8.43),
we have the problem

d 3V 3A13 0
7 —(Au-) = eV = e (A + AwV). £ e O h).

¢
vl
3¢ |,

(8.50)
—0.

yWO’g=o’ v ’g:h*

To solve the above problem, we first rewrite formula (8.48) in the form

wo(y, 0) = p?°©), (8.51)
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where we have introduced the notation

hy

de’
wO) = / ) 8.52
) { A (C) (8.52)

Observe that we employ the notation A33(¢) for brevity, and that as a result of
(8.37), Eq.(8.52) can be written as

h

1
e =/—d g
© ! a33(¢'/ hy) ¢

Thus, according to (8.51), the solution of the system (8.50) can be represented in
the form

vy, O) = Vypm 7 @), (8.53)

where #1(¢) is a scalar function satisfying the problem

d dv'! av’ d 0

E(AM?) = _ABW — E(AMW )7 ¢ €(0,hy),
i (8.54)
ar — 0 1 _
i 7o), 7, =0

Integrating the differential equation (8.54);, we obtain

¢
ar! 1 A 0 Ci
- At — W) + —2
dc A44<c)0/ ane) O Lo

where C is an integration constant. In light of the first boundary condition (8.54),
we readily find that C; = 0.
Upon integration of the above equation, we arrive at the formula

Iy &
I ARE)
7! :_/( /13 a5’ =" )d’
© J\iw®) Ane) & @) )

which after recalling the definition of the function #9(¢) (see Eq.(8.52)) can be
rewritten as



272 8 Contact of Thin Inhomogeneous Transversely Isotropic Elastic Layers

Ny 3
1 A3(Z") S ¢
1l =_/ / B2 acd . 8.55
“ | Au® ) 4 CAET [ e s )

We now return to the problem for the second non-trivial term of the asymptotic
expansion (8.44), that is

d aw? 3 | d | 0
§(A33¥) = _&(Alf%vy' V) — A44§Vy~ vV — Ay Ayw?,

an?
A33—

(8.56)

= —Ap;Vy-v! |e—o> W2|c=h* =

According to (8.51) and (8.53), the solution to the problem (8.56) can be repre-
sented in the form
wh(y, 0) = A, pWM A2 (0). (8.57)

where #/%(¢) is a scalar function satisfying the problem

d an’ d dy’!
A =——(An?Y"YH — Apy—— — A, 0, hy),
dg( 33— ac ) dC( 1377) 44 ac 44 ¢ €(0,hy)
e (8.58)
Azz—— = —A137/1 P w2 _, =0.
dé’ =0 |§_0 |§_h*

By integrating Eq.(8.58); with boundary condition (8.58), taken into account,
we find

sz_ A13 / A13(§)
T ¢ =50

A final integration reveals

s Iy &
Ai3(n) 1 A3
Y =/ YY) d / / e de'de. (8.59
) J A () €)) n+{ A33(§)0 & C)A33(§/) 'dé. (8.59)

By collecting formulas (8.57) and (8.59), we can write out a closed-form repre-
sentation for the function w2(y, ).
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8.2.3 Local Indentation of the Inhomogeneous Layer:
Leading-Order Asymptotics for the Compressible
and Incompressible Cases

In the case of the compressible layer, formulas (8.44), (8.51), and (8.52) yield for
the local indentation

wo(y) = w(y, 0)

the following leading-order asymptotic approximation:

dg
A33(0)’

D
wo(y) = EP(Y)/
0

Following (8.30), (8.35)—(8.37), the above formula can be transformed to

dz
A33(2)’

h
wo(y) = p(y) / (8.60)
0

In other words, the deformation response of a thin bonded compressible inhomoge-
neous elastic layer resembles that of a Winkler elastic foundation with the modulus

h ; )
k = (/ < ) . (8.61)
A33(2)

0

Itis clear that in the case of a thin compressible homogeneous elastic layer formula
(8.61) reduces to (1.65).

When the layer material approaches the incompressibility limit, the ratio A44/A33
vanishes, while the ratio A13/A33 tends to 1. At the same time, the Winkler foundation
modulus k defined by (8.61) tends to infinity. Thus, in the case of the incompressible
layer, formula (8.55) results in the following:

Dy
Ed&
as(€)’

() = — (8.62)

¢

Here, a4q4 = Aua is the out-of-plane shear modulus.
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Correspondingly, Eq. (8.59) reduces to
i
72 = / 7y dy. (8.63)
¢

The substitution of (8.62) into (8.63) reveals

Ty
2 _ 1 h*_/ d_nj/l
rO=cr'o| - [
0
By
= & d (8.64)
B a44(%) ¢ ‘

Collecting formulas (8.44), (8.57), (8.64), and taking into account Eqgs. (8.35)—
(8.37), we obtain

22dz

as(z)’

h
wo(y) = —Ayp(Y)/ (8.65)
0

We emphasize that formula (8.65) is derived for a thin bonded incompressible
transversely isotropic, transversely homogeneous elastic layer.

8.3 Contact of Thin Bonded Incompressible Inhomogeneous
Layers

In this section we briefly consider the axisymmetric frictionless contact problems for
thin inhomogeneous transversely isotropic elastic layers bonded to slightly curved
rigid substrates. The developed leading-order asymptotic models are validated by
comparison with available published results.

8.3.1 Contact Problem Formulation

We consider two thin uniform inhomogeneous elastic layers firmly attached to rigid
substrates. In the undeformed configuration the layers are in contact at a single point,
O, chosen as the center of the Cartesian coordinate system Oy>y»z (see Fig.3.1).
We write the equations of the layer surfaces in the form z = (—1)"¢,(y) (n = 1, 2),
so that the gap between the contacting surfaces is
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oY) = e1(y) + e2(y). (8.66)

Denoting the vertical contact approach of the substrates—as usual—by &g, we
formulate the linearized unilateral non-penetration condition as follows:

8o — (W@ +w ) < o). (8.67)

Here, w(()n) (y) is the local indentation of the nth elastic layer.
Generalizing the results of the previous two sections, we arrive at the approximate
formula for the local indentation of the nth layer

hn

\ 2d
v%sz—vy(/aaf;vW@O, (8.68)
0

where p(y) is the contact pressure density, /,, is the thickness of the nth layer, and
G, (y, z) is the out-of-plane shear modulus as it measured from the layer surface.

The contour I of the contact area w is determined from the condition that the
contact pressure is positive inside w and vanishes at I", so that

p(y) >0, yeow, p(y)=0, yel. (8.69)

Moreover, in the case of incompressible layers, we additionally assume a smooth
transition of the pressure density p(y) from the contact region w to the outside
regiony ¢ w, where p(y) = 0. Thus, in addition to (8.69),, we impose the following
zero-pressure-gradient boundary condition (see Sect.2.7.3 and [5, 7, 8]):

ap
“(y)=0, yeT. (8.70)
on

Here, d/0n is the normal derivative directed outward from w.

By substituting the expressions for the local indentations w(()l)(y) and w(()z) (y)
provided by formula (8.68) into the contact condition (8.67) and taking into account
(8.69)1, we derive the governing differential equation

Yy (YO Vyp®) =80 — ¢(y). ¥ € o, 8.71)

where we have introduced the notation

h] hl

72dz z2dz
= . 8.72
) mem+5amw (8.72)



http://dx.doi.org/10.1007/978-3-319-20083-5_2

276 8 Contact of Thin Inhomogeneous Transversely Isotropic Elastic Layers

Finally, the equilibrium equation for the whole system is

// p(y)dy = F, (8.73)

where F is the external load compressing the elastic layers.

The boundary-value problem (8.69)—(8.71) will be used to find both the contact
area w and the contact pressure p(y), while the equilibrium equation (8.73) will
allow determination of the contact approach §y, provided that the contact force F is
given in advance.

8.3.2 Axisymmetric Unilateral Contact Problem

Introducing the cylindrical coordinate system (r, 6, z), we can write equations of the
undeformed layer surfaces in the form z = (—1)"¢,(r) (n = 1, 2), so that the gap
function (8.66) becomes (see Fig. 8.3)

o) = 1(r) + 2(r). (8.74)

For the sake of simplicity, we assume that the gap ¢(r) is a smooth increasing
function and thus that the contact area w is a circle of some radius a.
Due to the chain rule of differentiation, we have

d sinf a a .0 cosf 0
ay1 ar r 90’ 3y ar r 00’

so that the in-plane Hamilton operator is

v (cos@a sin 0 a)e —i—(s'n@a +cos9 a)e
, — —_— —_— 1 e —_— s
y ar  r 90/ ar 5 00/

where e and e; are the basis vectors of the Cartesian coordinate system.

Fig. 8.3 Two z
inhomogeneous
incompressible elastic layers
bonded to axisymmetric
rigid substrates in the
undeformed configuration
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For an axisymmetric density p(r), we have
d d
V, p(r) = cos Qd—I:(r) el + sian—I:(r) e
and correspondingly

Vy- (y()Vyp()

=2 (v L),

while, as a result of (8.72), the function y (r) is given by
h] hl

(r)—/ Z2dz +/ 72dz
A AT G(r.2)

0 0

Further, Eq. (8.71) takes the form

1d d

— ;E(ry(r)d—]:(r)) =680 —¢(r), re0,a),

whereas the boundary conditions (8.69), and (8.70) become

pla) =0, Z—lr’(a) =0.

Integrating Eq. (8.76), we find

dp. % r 1 ]
d—r(r) =250 + ry(r)/qJ(p)pdp,
0

d dp 1 dp
(v ZEw) + -y e
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(8.75)

(8.76)

(8.77)

(8.78)

where the integration constant vanishes due to the regularity condition for the solution

of the problem (8.76), (8.77) at the center of the contact area r = 0.

By substituting 7 = a into the above equation and taking into account the boundary

condition (8.77),, we derive the following equation:

.
2
do = ;/w(p)pdp-
0

(8.79)
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By integrating Eq. (8.78) and employing the boundary condition (8.77)1, we obtain

a

a p
:5_0/‘”1’)_/ ! / ded 8.80
p(r) > | v , py(p)o p(&)EdEdp. (8.80)

r

Formula (8.80) presents the contact pressure in terms of the gap function ¢(r),
given by (8.74), the elastic compliance function y (r), defined by (8.72), and two
a priori unknown parameters & and a, which are related by Eq. (8.79).

An additional equation for determining the contact approach §p and the contact
radius a is provided by the equilibrium equation (8.73). Specifically, the substitution
of (8.80) into Eq. (8.73) yields

a

3 a r

T p dp / r /
F=—=§ —_ = —_— dodr. 8.81
> O/y(p) b4 V(r)o w(p)pdpdr (8.81)

0 0

In the case of in-plane homogeneous elastic layers, where y(r) is constant,
formulas (8.80) and (8.81) reduce to the following:

p(r) = 8—0(112 —r?) - l@(a, ), (8.82)
4y Y
_ 2 2
F = 4—/<p(p)(2p —a”)pdp. (8.83)
14
0

Here we have introduced the notation

a r

Oa,r) = / v(pin % dp - / ¢(p)oin - dp. (8.84)

r

Observe that in writing formula (8.83) we have taken into account Eq. (8.79). We
also note that the contact radius is determined as a solution of Eq. (8.79).

8.3.3 Contact Problem for a Thin Bonded Non-homogeneous
Incompressible Elastic Layer with Fixed Contact Area

Let us now consider contact interaction between a thin elastic layer bonded to a rigid
substrate and a punch, under the assumption that the contact area, w, does not change
if the contact load, F, varies. In this case, the contact condition is
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wo(y) =80 —¢(y), ye€w, (8.85)

where &g and ¢ (y) are the punch’s normal displacement and the punch shape function,
and wo(y) is the local indentation of the elastic layer.

For a thin incompressible elastic layer, according to the asymptotic analysis per-
formed in Sects. 8.1 and 8.2, we have

h
2
wo® =~y [ [ 22 v o). (8.86)
y G/(y, Z) y
0

where p(y) is the contact pressure distribution, 4, and G’ (y, z) are the elastic layer’s
thickness and out-of-plane shear modulus measured in the z-direction from the layer
surface, respectively.

Substituting (8.86) into Eq. (8.85), we arrive at the equation

= Vy (y@MVyp®) =80 — ¢(y), yE€ o, (8.87)

where we have introduced the notation

h
22dz

= _ 8.88
r(y) 0/ G'(y, 2) (8.88)

The second-order differential equation (8.87) requires some boundary conditions
at the contour I of the domain w. As was shown by Aleksandrov [1] (see also
Sect.2.7.2) in the axisymmetric contact problem for a thin incompressible isotropic
elastic layer, in order to construct the leading-order inner asymptotic solution for the
contact pressure under a flat-ended punch, the differential equation (8.87) should be
supplemented with the following boundary condition:

p(y)=0, yer. (8.89)

In the case of a thin bonded homogeneous incompressible elastic layer (when
y(y) = const), Barber [7] has shown that the problem (8.87), (8.89) is formally
equivalent to the Saint-Venant torsion problem (see, e.g., [19], Chap. 10), and hence
the analytical solutions to many contact problems can be written down.

We emphasize that in the case of an elastic layer indented by a rigid punch with
a sharp edge, the contact pressure has a square-root singularity at the contour I”
(see, e.g., [3, 13, 15]). For a thin elastic layer this effect is taken into account by the
additional asymptotic solution of the boundary-layer type (see, in particular, [1]).

Finally, the punch’s displacement &y and the contact force F are related through
the equilibrium equation


http://dx.doi.org/10.1007/978-3-319-20083-5_2
http://dx.doi.org/10.1007/978-3-319-20083-5_10
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// p(y)dy = F. (8.90)

Observe that, from a physical point of view, there exists a constant y; such that
the function (8.88) satisfies the condition

y¥) =y, yEO=wUTI.

According to the weak maximum principle (see, e.g., [10]), if the right-hand side
of Eq. (8.87) satisfies the condition

do—¢(y) =0, yeo, (8.91)
then the minimum of the contact pressure p(y) in @ is achieved on I, i.e.,

min p(y) = min p(y). (8.92)
YEW yel’

Hence, from (8.89) and (8.92), it follows that in the case (8.91), we have throughout
the contact area

p(y) =0, yeco. (8.93)

We note that under some assumptions on the domain w (e.g., for a simply con-
nected domain  bounded by a smooth contour I of class C?), the strict inequality
in (8.91) implies the strict inequality in (8.93). Equivalently, if the local indentation

of a thin incompressible elastic layer is positive over the whole contact area, then the
contact pressure under the punch is positive, which is generally not the case.

8.3.4 Axisymmetric Contact Problem with Fixed Contact Area

We now consider the following linear contact problem (see Fig. 8.4):

1d dp -5 0 8.94
—;E(ry(r)%(r)) =d0—¢(r), re(0,a), (8.94)
p(a) =0, (8.95)

2n/p(r)r dr =F. (8.96)

0
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Fig. 8.4 An inhomogeneous F
incompressible elastic layer
bonded to a rigid substrate in 1111110 y !
full contact with an | S
. M h T
axisymmetric rigid punch a
I7T77777777777777777777777
Z

As aresult of (8.88), we have

h

Z2dz
y(r) =/ o)

0

The solution to Egs. (8.94)—(8.96) is given by the formulas (see Sect. 8.3.2):

a a p
25_0/""‘)_/ ! / ded 8.97
p(r) > r () r py(p)o p(§)§ d&dp, (8.97)
F—z(s/a@—n/aL/r (p)p dpdr (8.98)
BV RTONF RTCV R '

In the case of the in-plane homogeneous elastic layer, where the shear modulus
G’ does not depend on r and y (r) is constant, Egs. (8.97) and (8.98) yield simply

) 1
p(r) = ~2(a® - r?) — —O(a. ), (8.99)
4y 4
a
T T
F=spat— X / 0(0)@® — pP)pdp, (8.100)
8y 2y
0

where the factor @ (a, r) is given by formula (8.84).

The obtained solution and, in particular, formula (8.99) agree with the so-called
degenerate asymptotic solution obtained by Aleksandrov [1] in the isotropic and
homogeneous case. The contact problem for an incompressible inhomogeneous
isotropic elastic layer bonded to a rigid substrate, and indented without friction by a
rigid punch, was studied by Malits [16], who, in particular, constructed the leading-
order asymptotic solution in the case of a circular punch of three-dimensional profile,
where formula (8.100) takes the following form:
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a
T

F= 5 —8oa* ——/dG/cp(p 0)(a®> — p*)pdp.
Y
0

For the flat-ended punch, when ¢(r) = 0, Egs.(8.99) and (8.100) further sim-
plify to

5
p(r) = ~2(a® - r?), (8.101)
4y
F =" s0a" (8.102)
8y

In the case of the homogeneous isotropic incompressible elastic layer, we have

h3

—, 8.103
3G ( )

y =
where G is the shear modulus, and formula (8.101) coincides with the solution
obtained by Aleksandrov [1], while Eq. (8.102), apart from notation, coincides with
the corresponding equation obtained by Malits [16].

8.4 Deformation of a Thin Elastic Layer Coated
with an Elastic Membrane

In this section we consider the deformation problem for a transversely isotropic elastic
layer bonded to a rigid substrate and coated with a very thin elastic layer made of
another transversely isotropic material. The leading-order asymptotic model is based
on the simplifying assumptions that the generalized plane stress conditions apply to
the coating layer, and the flexural stiffness of the coating layer is negligible compared
to its tensile stiffness.

8.4.1 Boundary Conditions for a Coated Elastic Layer

We consider a very thin transversely isotropic elastic coating layer (of uniform thick-
ness fz) bonded to an elastic layer (of thickness #) made of another transversely
isotropic material (see Fig.8.5).

Let the five independent elastic constants of the elastic layer and its coating are
denoted by Ay, A12, A13, A3z, Agq and Au, A12, A13, A33, A44, respectively.

Under the assumption that the two layers are in perfect contact with one another
along their common interface, z = 0, the following boundary conditions of continuity
(interface conditions of perfect bonding) should be satisfied:
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Fig. 8.5 A two-layer elastic 2b
system (coated layer and ,
coating layer in perfect pOLY)
bonding) bonded to a rigid R
substrate and loaded by a h i
normal load h
7777777777777 777777 7777777777 777777777 7777777777777
z
V(y,0) = v(y,0), Ww(y,0) =w(y,O0), (8.104)
63j(y,0) =03;(y,0), j=123. (8.105)

Here, (V, W) is the displacement vector of the elastic coating layer, and &;; are the
corresponding components of stress.

On the upper surface of the two-layer system, z = —h, we impose the boundary
conditions of normal loading with no tangential tractions

&31(y, —h) = o3 (y, —h) =0, 633(y, —h) = —p(y), (8.106)

where p(y) is a specified function.

Following Rahman and Newaz [18], we simplify the deformation analysis of the
elastic coating layer based on the following two assumptions: (1) the coating layer is
assumed to be very thin, so that the generalized plane stress conditions apply; (2) the
flexural stiffness of the coating layer in the z-direction is negligible compared to its
tensile stiffness.

In the absence of body forces, the equilibrium equations for an infinitesimal
element of the coating layer are

9611 9612 96 3621 | 96 36

o1 4 012 n 013 —o. 021 + 022 + 023 =0, (8.107)

dyp  dy2 0z Iy a2 B2

a0 0 a0
3, 00m | 903

ay1 ay2 9z

=0. (8.108)

The stress-strain relationship for the transversely isotropic elastic coating layer is
given by

611 AnpAp A 00 0 811

522 AAIZ f}ll AAIS 0 0 0 §22

6:733 _|A3A3A3 0 0 0 %33 (8.109)
023 0 0 0 244 0 0 &3 |’ '
13 0 0 0 0 244 0 €13

012 L 0 0 0 0 0 24g | \%12

where 2AA66 = All — AA12.
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Integrating Eqs. (8.107), (8.108) through the thickness of the coating layer and
taking into account the interface and boundary conditions (8.105) and (8.106), we
find

~ 88‘11 33‘12 ~ 302'12 33'22
hl —— — ) = — s hl —= + — )= — s 8.110
( o | om ) 711l ( Iy ) o2l G110

L (0013 3323)

h _— 4+ — = —033|._n— D (8111)
( dyr Iy =0

Here, fri ; are the averaged stresses, ie.,

0
2 I [.
oij(y) = Z/Uij(y, 7)dz.

—h
Under the simplifying assumptions made above, we have

33 =0. (8.112)

Qn»
Qn»
Qp

13 =023 =
Hence, Eq. (8.111) immediately implies that

o33],_o = —p- (8.113)
Moreover, in light of (8.112), the averaged strain £33 must satisfy the equation

A13811 + A13822 + A33833 =0,

and, therefore, the in-plane averaged stress-strain relationship takes the form

&1 1‘511 412 0 &1
on | =| A A O & |, (8.114)
012 0 0 24¢ | \€12

where we have introduced the notation

~ ~

~ A2 A2 A ~ A

&2 13 3 13 & 2 y

A=A — ==, An=Anp— ==, 246 =A11 —Ap. (8.115)
Aszz Aszz

2 1>

On the other hand, in light of the interface conditions (8.104), we have

11 =E11|,_g €2 =262|._, E12=2¢812| _, (8.116)
z=0 z=0 z=0
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where €11, €22, and €17 are the in-plane strains in the coated elastic layer z € (0, k).
Taking Egs. (8.114) and (8.116) into account, we transform the boundary condi-
tions (8.110) into the following:

1 0 = 8V1 2 8\12) = 0 (3\)1 3\)2)
—=031|,g= > \Aus-+An— | tAe— |-+ )
h =0 1 ( v ay2 ay2\dy2 I

1 | 2 a (8v1 n 8vz) N ] (: vy +2 sz)
—=0xn| _o=Acwr— |-+ )t (A -
hole=0 dyr \ 9y, 9y 9y2 13}’1 113)’2

The above boundary conditions can be rewritten in the matrix form as
asier +oner| o = —L£(Vy)v| (8.117)

where )f:(Vy) is a 2 x 2 matrix differential operator such that

n 2 92 P 92
Loa(Vy) = hA11— + hAgs
oo y ayt% 3)7%_0(
A A ) (8.118)
Lap(Vy) = h(A12 + Ags L, B=1,2, a#p
A ( )3)’a8)’ﬂ

Thus, the deformation problem for an elastic layer coated with a very thin flexible
elastic layer is reduced to that for the elastic layer without coating, but subjected to
a different set of boundary conditions (8.113) and (8.117) on the surface z = 0.

Observe that in the axisymmetric case, as a result of (8.116), we have

orr = A11&r + A12809, Ogp = A12&r + Al1809, 09 =0,
where
AT Vy
Err = ——, €9 = —,
or r

and Egs. (8.110) should be replaced with the following:

h(80am) 2\ _
- a7 —0gp | = _azr|Z:O'

r

Correspondingly, the boundary condition (8.117) takes the following form:

a2 9%y 10v v
O'zr|Z:0 = _hAll( arzr + - - —;)

r or r

(8.119)

We note here that the axisymmetric boundary condition (8.119) was previously
derived in a number of papers [2, 6, 17, 18].



286 8 Contact of Thin Inhomogeneous Transversely Isotropic Elastic Layers

8.4.2 Deformation Problem Formulation

We now consider a relatively thin transversely isotropic elastic layer of uniform
thickness, &, coated with an infinitesimally thin elastic membrane and bonded to a
rigid substrate (see Fig. 8.6), so that

V=0 wl_, =0 (8.120)

In the absence of body forces, the vector (v, w) of displacements in the elastic
layer satisfies the Lamé system

9%y

ad
Age AyvV + (A11 — Age)VyVy- v + A448_22 + (A3 + A44)£Vyw =0,

9Zw

Aga Ayw + Azz—
444y 33822

9
+ (A3 + A44)8—2Vy- v=0.
' (8.121)

Assuming that the coated layer is supporting a normal load and denoting the load
density by p, we require that
033|,_g = —P- (8.122)

Based on the analysis performed in Sect. 8.4.1, the influence of the elastic mem-
brane is represented by the boundary condition

o3e1 + ones| o = —LE(Vy)v]__. (8.123)

where )ﬁ(Vy) is the matrix differential operator defined by formulas (8.118).
Taking into account the stress-strain relationship

o11 A A Az 0 0 0 11
02 Ap Anp Az 0 0 0 €2
o33 | _[AizA3A33 0 0 O £33
o3 | 0 0 0 244 O 0 en |’
013 0 0 0 0 2A44 0 €13
o12 0O 0 0 O 0 2A¢s e12
Fig. 8.6 A coated elastic 2b
layer of uniform thickness
bonded to a rigid substrate POLY)
and loaded by a normal load

T7777777777777777777777777077777777777777777777777777
Z
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we rewrite Eqs. (8.122), (8.123) as follows:

av av aw
Al + Ay — + A3 — =-p, (8.124)
ay1 ay2 07 |,—
ov A
A44(Vyw n 5) o= R (8.125)

Equations (8.120), (8.121), (8.124), and (8.125) comprise the deformation prob-
lem for the coated transversely isotropic elastic layer.

Here, following Argatov and Mishuris [4], we construct a leading-order asymp-
totic solution to the deformation problem (8.120)—(8.125).

8.4.3 Asymptotic Analysis of the Deformation Problem

Let A, be a characteristic length of the external load distribution. Denoting by ¢ a
small positive parameter, we require that

h = eh, (8.126)

and introduce the stretched dimensionless normal coordinate

oz
ehy’

¢

In addition, we non-dimensionalize the in-plane coordinates by the formulas

i
ni=h—’, i=1,2, 1=, mn),
*
so that
3 1.9 _ 1y
9z ehy 9 0 hy "

Moreover, we assume that the tensile stiffness of the coating layer is relatively

high, i.e., AU >> A11, and so on. Continuing, we consider the situation when

£(v,) = ¢718%(V,), (8.127)

so that, in particular, the ratio A1/ Ay is of the order of ¢.
Following the perturbation algorithm [ 14], the solution to the deformation problem
(8.120), (8.121), (8.124), (8.125) is represented as follows:

v=ev o)+, (8.128)
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w=ewl(n, o)+ W@ o)+ . (8.129)

For the sake of brevity, we include here only the non-vanishing terms (for details see
Sect. 1.2).
It can be shown that the leading-order term in (8.129) is given by

h
Wwo(n, £) = 3’Z<1 —0), (8.130)

A

whereas the first non-trivial term of the expansion (8.128) satisfies the problem

Al a9, e
A448—V1 + i,é*(v w! = —AuV,'| vl,_, =0
ac h, n o n =0’ =1

Substituting the expansion (8.130) for w” into the above equations, we obtain

vl A+ Au
Ayq =

h*Vnp, ; € (07 1)9

92 A
ool 1§ 33 | (8.131)
v A 44 1
Agg— + —L£5(V,)v! =-—2nvV,p, V| _ =0
9 hy ! =0 Az P |§_1

The solution to the boundary-value problem (8.131) is represented in the form

Az + A
V=SB TM  n Y p 4+ (= OV (), (8.132)
2A33A44

where V! () satisfies the equation

A3 — Ay

hV 8.133
2433 * VP ( )

1 Qx 1 1
h—*ﬂ (VpV' — AV =

on the entire plane ¢ = 0.
For the second non-trivial term of the expansion (8.129), we derive the problem

A o (A13 4+ AV av! A’ € (0,1)
= - TN . T w, ) )
33 a2 13 44) Vip ac 444y
ow? | 5
Az—|  =-ApVyv'|._,. w|,_, =0.
8§ ¢=0 ! §=0 ¢=1


http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Substituting the expressions (8.130) and (8.132) for w? and v!, respectively, into
the above equations, we arrive at the problem

92w? heApp
—— = —[(A3+ Aw)?Qc — 1) +242,(1 — )| ——1—
072 [(A13+ Aw)*(2¢ — 1) 14 ( g)]2A§3A44
A3+ A
4 Mvn-vh e, (8.134)
Aszz
aw? A3 L
=——V,- Vi, w},_ =0 (8.135)

c =0 An

Integrating Eq. (8.134) twice with respect to ¢ and taking into account the bound-
ary condition (8.135),, we obtain

hiAyp
2= [(As 4+ Aw)? (203 = 3¢2 4 1) + 242,31 — ¢)3] 1l
w [(A13 + Aaa)*(2¢ CH1)+245(0 -20) ]12A§3A44
A+ A
1—32A B =02V, Vi + G -0, (8.136)
33

where C;(1) is an arbitrary function.
The substitution of (8.136) into the boundary condition (8.135); yields

Agq Agq

Cr= 21 A v, V!,
2 2A%3* nP n

Ay
and thus, in light of this relation, formula (8.136) implies

h*Anp Az — Ay

v,-V', (8.137
12A%3A44 2A33 " ( )

W2|;:o = —[(A13 + Aw)? — 4A%]

where V! is the solution of Eq.(8.133).

8.4.4 Local Indentation of the Coated Elastic Layer:
Leading-Order Asymptotics for the Compressible
and Incompressible Cases

In the case of the compressible layer, Egs. (8.129) and (8.130) yield

h
wo(y) = A—%p(yx (8.138)
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so that the deformation response of the coated elastic layer is analogous to that of
a Winkler elastic foundation with the foundation modulus k = As3/h. In other
words, the deformation of the elastic coating does not contribute substantially to the
deformation of a thin compressible layer.

When the material approaches the incompressible limit, the right-hand side of
(8.138) decreases to zero and the first term in the asymptotic expansion (8.129)
disappears. Hence, the ratios A13/A33 and A44/A33 tend to 1 and 0, respectively.

Therefore, in the limit situation formula (8.137) reduces to

h 1
2 * 1
=——A +-V,-V , 8.139
w =0 2am nP(ﬂ) 5V () ( )

where aqqa = Aus is the out-of-plane shear modulus of the elastic layer, and Vl(n)
satisfies the equation

1 - Dy
h—z:*(vnw‘ () — auaV' () = = Vap(, me R?. (8.140)
¥

Thus, in the case of the incompressible bonded elastic layer, formulas (8.127)—
(8.129), (8.139), and (8.140) produce

3
12a44

h
wo(y) = — Ayp(¥) + 5Vy- Vo), (8.141)

where the vector v (y) satisfies the equation

2

n h
hL(Vy)Vo(y) — aaavoy) = —-Vyp(¥). vy € R?. (8.142)

Here, f}(Vy) is the matrix differential operator defined by formulas (8.118).
Observe that, as a consequence of (8.132), the vector-function vq(y) can be inter-
preted as the tangential displacement of the surface point (y, 0) of the elastic layer.
Finally, let us consider two opposite limit situations. First, when the coating is
absent and Q(Vy) = 0, Eq. (8.142) implies

2

h
vo(y) = —Z—Vyp(y)-
aq4

The substitution of this expression into formula (8.141) leads to

3

h
wo(y) =~ —mAyp(y), (8.143)

which agrees completely with the asymptotic model developed in Sect.2.7.1.


http://dx.doi.org/10.1007/978-3-319-20083-5_2
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Second, in the case of a very stiff coating we have vo(y) = 0, and formula (8.141)

reduces to 3

1 26144

wo(y) =~ — Ayp(y). (8.144)

In other words, comparing (8.143) and (8.144), we conclude that the inextensible
membrane coating attached to the surface of a thin bonded incompressible elastic
layer reduces the out-of-plane shear compliance of the layer by a factor of four.
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