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Preface

This book is based on research results developed during our Marie Curie project
devoted to asymptotic modeling of articular contact. Over the past two decades,
articular contact mechanics has developed significantly in response to the increasing
demand from orthopedics. While significant progress has been achieved in the
mathematical modeling of the contact interaction between articular cartilage layers,
we realized when writing the plan of the book that many of those results, obtained
in the isotropic case, could be generalized for the case of transverse isotropy. The
latter is of paramount importance in contact biomechanics, because many biological
tissues like articular cartilage should be modeled as transversely isotropic material.
Correspondingly, this plan required that many of the lacunae found in existing
theory be filled in and allowed us to correct some misprints and omissions. Overall,
our aim was to create a compendium of knowledge on asymptotic models for
contact interactions of thin elastic/viscoelastic/biphasic layers.

Generally speaking, this book is about mathematical models for unilateral
contact problems (with a priori unknown contact area) involving thin linearly
deformable layers bonded to rigid bodies (called substrates) which transfer an
externally applied compressive load. Particular attention is paid to analysis of the
contact pressure distribution between the layers as well as to the relation between
the contact force and the contact approach between the substrates.

From a methodological point of view, the book implements a unified asymptotic
approach focused on deriving approximate analytical solutions, which are presented
in the form of simplified mathematical models, called asymptotic models. Though
we make use of rigorous mathematical methods, we tried to avoid excessive
technical details of the asymptotic analysis in order to simplify the presentation
of the book’s material for a broader audience. With the same purpose we adopt
unified notation across the different chapters.

The asymptotic technique we employ to model the deformation response of thin
layers is generally known in the literature as a perturbation algorithm originally
credited to Gol’denveizer [1]. The development of asymptotic methods in contact
problems for thin elastic layers originates in the works of Aleksandrov [2], Koiter
[3], Alblas and Kuipers [4], and others, although the majority of research papers
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were devoted to the two-dimensional and axisymmetric cases. The application of
asymptotic methods in articular contact problems was initiated by Ateshian et al. [5]
and later developed by Wu et al. [6-8] and others.

In principle, analytical solutions are widely viewed as benchmark solutions for
numerical methods. At the same time, asymptotic models have an importance
of their own: they not only provide insights into the qualitative behavior of
numerical solutions to the multiparametric problem under consideration, but also
can expand our understanding of more realistic simulation models.

This book is organized into nine chapters. Each chapter is self-consistent, can
be read independently, and is supplied with a comprehensive reference list.
Chapters 1-4 present asymptotic analysis of the frictionless unilateral contact
problems for thin elastic and viscoelastic layers in a form accessible to a general
engineering audience. A specific character of deformation models for articular
cartilage is discussed in Chap. 5, where a linear biphasic theory is outlined in detail.
In Chap. 6, we generalize the asymptotic deformation model of Ateshian et al. [5]
for the case of transverse isotropy and study the contact problems for thin bonded
biphasic layers. Asymptotic modeling methodology for tibio-femoral contact is
presented in Chap. 7, based on the asymptotic models constructed in the previous
chapters. Some features reflecting the real structure of articular cartilage such as
inhomogeneity are considered in Chap. 8, again from a general point of view and
under a simplifying assumption of elastic deformation behavior. Finally, some
sensitivity analysis issues for the asymptotic models of articular contact are
addressed in Chap. 9.

This monograph is recommended for biomechanics researchers dealing with
different aspects of articular contact as well as for Ph.D. students enrolled in contact
mechanics and biomechanics courses.
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Chapter 1
Deformation of a Thin Bonded Transversely
Isotropic Elastic Layer

Abstract In this chapter we study frictionless contact problems for a thin trans-
versely isotropic elastic layer bonded to a rigid substrate and indented by a smooth
absolutely rigid punch under the assumption that the layer thickness is relatively
small compared to the characteristic size of the contact area. We apply a pertur-
bation technique to obtain asymptotic solutions of different degrees of accuracy
and formulate simple mathematical models (called asymptotic models) to describe
the deformational behavior of a bonded compressible elastic layer in the thin-layer
approximation. In particular, the effects of unilateral contact interaction (with a pri-
ori unknown contact area) and the tangential displacements at the contact interface
(taken into account in formulating the contact condition) are considered. It is shown
that the case of an incompressible layer requires special consideration.

1.1 Deformation Problem Formulation

The constitutive equations for a homogeneous transversely isotropic elastic mate-
rial, based in the Cartesian coordinate system (x1, x2, x3), where the Oxx> plane
coincides with the plane of elastic symmetry, has the following form [10, 23, 36]:

1 V31 1

g1l = E—l(au —V12022) — E_3033’ &3 = 2G13U23’
1 V3] 1

£y = E—l(—wzan +022) — E—3033, £13 = 2G13613’ (1.1)
V31 1 1

£33 = —E—3(011 + o) + E_3033’ g1 = 2G12012'

Here, E and E’ are Young’s moduli in the plane of transverse isotropy and in the
direction normal to it, respectively, v and v’ are Poisson’s ratios characterizing the
lateral strain response in the plane of transverse isotropy to a stress acting parallel
or normal to it, respectively, G’ is the shear elastic modulus in planes normal to the
plane of transverse isotropy, and G = E/[2(1 + v)] is the in-plane shear modulus.

© Springer International Publishing Switzerland 2015 1
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2 1 Deformation of a Thin Bonded Transversely Isotropic Elastic Layer

By inverting the equations of Hooke’s law (1.1), the stress-strain relationships can
be written in the matrix form as follows [13]:

o1l At Ap Az 0 0 0 11

022 A A1 A3 0 0 0 €22

033 | _|AzAiz Az 0 0 0 £33 (1.2)
023 0 0 0 2A44 0 0 €23 ’ ’
013 0O 0 O 0 244 O £13

o012 0O 0 0 O 0 2A¢s £12

For a transversely isotropic material, only five independent elastic constants Aqq,
Alp, A3, A3z, and Agq are needed to describe its deformational behavior, since
2A66 = A11—A12. These five elastic moduli are expressed in terms of the engineering
elastic constants (E, E’, v, v/, and G’) by the formulas

E E
E(l — Ev’z) E(v—i—Ev/z)
A = 3E , Ap = 3 ,
(1~|—v)(1—v—Fv’2) (l—i—v)(l—v—Fv’z)
Aps = Ev Ay = EA=Y Ay =G 13
13_—2E/2’ 33 = E 4=G". (1.3)
l—V—FU 1 V—FU

The equations of equilibrium for the elastic medium are

doi1 n d0i2 n 00i3

=0, i=1,23. (1.4)
0x] 0x2 0x3

The components of strain are given in terms of the displacements as

Eij = =

1 (Bu,- ou
2

9 " '=1)2’3' 1'5
3)Cj 3)6,') b ( )

Equations (1.2), (1.4), and (1.5) constitute the governing equations of the classical
(linear) theory of elasticity [23, 29].

Let the in-plane (tangential or horizontal) displacement vector and the vertical
(normal or out of the plane of isotropy) displacement be denoted by v and w, respec-
tively, such that the overall displacement vector is represented as u = (v, w).

In what follows, we will denote the two-dimensional Cartesian coordinate system
(x1, x2) in the plane of the layer by y = (y1, y2) (called the in-plane coordinates),
while the normal coordinate will be denoted as z, such that x = (y, z).

The substitution of the strain-displacement relations (1.5) into the equations of
Hooke’s law (1.2) gives the stress-displacement relationships
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AN A% aw ow ovo
o1l —A113—+A128—+A133—, 023 = A44(8y +8_z)
022—A128—+A1182+A138—, o13 —A44(3—W+aﬂ) (1.6)

ay1 ay2 0z ay1 0z
033—A138—+A138£+A338—W, 012_1466(8‘)1 +@)

ay1 dy2 0z dy,  dy1

Thus, by substituting the above equations into the equilibrium equations (1.4),
one obtains the following Lamé equations:

3v 9
Aes AyV + (A1l — Ass)VyVy- v+ A44ﬁ + (A3 + A44)5Vyw =0,

R (1.7)

°w 0
A Ayw + A3z — +(A13+A44)—V -v=0.

0z 2
Here, Vy, = (9/0y1, 9/9y2) and Ay = V-V, are the in-plane Hamilton and Laplace
operators, respectively, while the scalar product is denoted by a dot.

Now, let us consider a thin elastic layer of uniform thickness, %, ideally bondedto a
rigid substrate (see Fig. 1.1). At the bottom surface of the layer, z = A, the following
boundary conditions hold:

v|._, =0, w[_,=0. (1.8)

We assume that the layer is loaded by a normal load, p, with no tangential tractions
(see Fig. 1.1), so that the corresponding boundary conditions on the upper surface of
the layer are

o13],_g = 023],_9 =0, o33|,_o=-p (1.9)

In light of the stress-displacement relations (1.6), Eq. (1.9) can be rewritten as

dw  dvg ow 0w
—+—| =0, —+—| =0, (1.10)
ayl 8Z z=0 8)’2 8Z z=0
2b
p(YLY2)
Xi=

h 1=)1

7777777777 7TT77TT777T777T77/7T77TT77rrrrrrZzrizzizizg

X3=2

Fig. 1.1 An elastic layer of uniform thickness bonded to a rigid substrate and loaded by a normal
load. In contact problems, the load function p(y) has a finite support (with a characteristic length b)



4 1 Deformation of a Thin Bonded Transversely Isotropic Elastic Layer

av| ovo ow
Ap— +Ap— + A3 — =-p. (L.11)
a1 ay2 0z |,—0

We assume that p is a sufficiently smooth given function of the in-plane coordi-
nates (y1, y2), defined on the whole upper surface of the layer.

The problem (1.7)—(1.11) is seen often in mechanical applications and later will
be employed to model the contact interactions involving thin elastic layers.

1.2 Perturbation Analysis of the Deformation Problem

Assuming now that the elastic layer is relatively thin, we require that
h = ehy, (1.12)

where ¢ is a small positive parameter, and /. is independent of ¢, having the order
of magnitude of a characteristic length, b, of the external normal load distribution
(see Fig.1.1). For example, in the case when the load p(y) is distributed over an
elliptical area with semi-axes a and b such that b < a, the minor semi-axis can be
taken as the characteristic length.

To proceed, we first introduce the dimensionless in-plane coordinates

n=n), n= z—l i=1,2, (1.13)
%

and the so-called “stretched” dimensionless normal coordinate

1
- (1.14)

& hy

Substituting the coordinate changes (1.13) and (1.14) into the Lamé equations
(1.7), we introduce the small parameter into the problem equations:

aw 9%v
52(A66AnV + (A1l — Ae6)Vy Vi V) + e(A13 + A44)Vn§ + A448_§2 =0,
2 A+ e(As + Ag) Yy O 4 A Pw (1.15)
444y 13+ Au)Vy- o+ A

Correspondingly, the boundary conditions (1.10) and (1.11) become

ov
eVow + — =0, (1.16)
n oz o
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1 ow
AiVy v4e ' An—| = —h,p. (1.17)

Using the perturbation algorithm [16], we construct an approximate solution to
the system (1.15)—(1.17) in the form of asymptotic expansions

v=evV' O+ eV . O+ V0 + ..., (1.18)
w:swo(n,§)+82wl(n, é‘)+83w2(11, O+..., (1.19)

where the successive coefficients of the powers of ¢ are assumed to be independent of
€. Note also that the absence of the zeroth-order terms in the above series is suggested
by the only non-homogeneous equation (1.17).

The substitution of the expansions (1.18) and (1.19) into Egs. (1.15)—(1.17) results
in a set of equations that must be satisfied for arbitrary ¢, and thus, the successive
powers must be zero. For more details we refer to [7, 26, 27]. Note also that the
perturbation technique [16] was widely used for deriving the transmission conditions
for thin elastic interfaces [9, 20, 22, 24, 25].

Consequently, we arrive at a series of problems that begins with the pair

92y0 avo
Au—5 =0, ¢, 1), —| =0, V| _ =0; (1.20)
e ¢ |p=o e
32w an? 0
A”WZO’ ¢ €1, A33¥§=0=—h*p, W =0. (12D

From (1.20), it immediately follows that vo(n, ¢) = 0, and therefore we get
wl (n, ¢) = 0. On the other hand, the problem (1.21) implies that

hy
Wwo(n. ) = 3’3’(1 —0). (1.22)

A

Thus, for the first non-trivial term of the expansion (1.18), we have the problem

A A Ay, 2 At A, oo
“or = 13+ AWV = * VD, D),
ol I ~Vw'|,_, = Iy p. V'|,_, =0
¢ |0 =0 Az " =t

From here, it follows after simple calculations that

t oy = (L1232 A
v(n,;>—A33(2(1+A44)(1 o= na ;))h*vnp. (1.23)



6 1 Deformation of a Thin Bonded Transversely Isotropic Elastic Layer

The second non-trivial term of the expansion (1.19) satisfies the problem

a2 (A1z + Au)V AR e, 1)
= - CTa . T w-, ) )
33 ac? 13 44)Vy T 444y
ow? 1 5
Azz—— =—AnV,-v , =0,
B g = AR lemor W lem
which, in light of (1.22), gives
A3 A3+ Ay
2 2
w2, O P ey
(m,¢) = A%3[ 1-9 2An 1-9
A3 +2A4
BT 24 ;)3]h*A,,p. (1.24)
6A44

We do not consider the problem for v2 (3, ¢) (it can be easily shown that v (3, ¢) =
0), because the two-term asymptotic approximations for the stress components are
given by

0 1 1 2
hyo11 A1383l€_ +¢€ (Ang—;ll + Alzg—;i + A1388l€_),
hy022 >~ A13a—wo +¢& (Alza— + Alla_Vl + A138—W2)

aC an o ac
B0 ~ A338—W0 te (A13V vt A338—W2) (1.25)
ile a¢
0 vl
hy(o13€1 4 023€2) = 8A44(V7;W + W)

2
&
hyo12 >~ 7(1411 — AV, v

As can be seen from (1.25), the in-plane components of strain &;; (i, j = 1, 2) are
of the order O (%) while in the main asymptotic term, due to (1.22), the strain out
of the plane, ¢33, is constant across the layer thickness. These findings are consistent
with the phenomenological hypotheses used for thin compressible elastic foundations
[18, 37].

According to (1.22) and (1.24), the normal (vertical) and tangential (horizontal)
displacements of the surface points of the elastic layer are given by

hip = 3hiA13(Aag — Aj3)
w|{=0 ~e +eé 3
A33 3A5;A44

Ayp. (1.26)
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 2hs(Agg — Als)V

v ~er T 2 .
=0 2A33A44 nP

(1.27)

Recall that A, p is the Laplacian of the load distribution. It can be shown that
the next term in the asymptotic expansion (1.26) will contain the second iteration
of the Laplace operator, i.e., A% p = A, A, p. That is why the outlined perturbation
algorithm provides an approximate solution under the condition that p is a relatively
smooth function defined on the whole upper surface.

Finally, note that in the isotropic case formulas (1.26) and (1.27), as a consequence
of (1.12), (1.13), take the form

Wl foév) hp(y) + % h Ay p(y), (1.28)
V]._p fzév) h*Vy p(y), (1.29)

where E and v are Young’s modulus and Poisson’s ratio, respectively, while fo(v),
f1(v), and f>(v) are given by

1+ v)(1 -2 1+v)(1—4
fowy = EEDEZI gy - MEDC A
-V 3(1 —v)
(1.30)
(401 —4v)
fa(v) = v

Observe (see also Fig. 1.2) that fy(0.5) = 0 in the incompressible case, wherein
the main asymptotic term in formula (1.28) vanishes.

Fig. 1.2 Variation of the 1 = =
dimensionless coefficients @ - - ™ N
(1.30) in the asymptotic 5 05 " N
formulas (1.28) and (1.29) 2 = N
for the isotropic case ko) 0kZ ~ \
s ‘I 1
2}
(3
= -05 fi(v) ——-0
S 0 5/
2 Jv) 1
L -1
£ L) — — 2
@)
-1.5
-1.0 -0.75 -0.5 -0.25 0 0.25 0.5

Poisson’s ratio
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1.3 Contact Problem Formulation for a Thin Elastic Layer

Let us consider the so-called unilateral contact problem for a thin bonded elastic layer
and a frictionless rigid punch (see Fig. 1.3). To frame our discussion, we assume that,
in the unloading configuration, the punch is bounded by the surface

z=—9(y)

and has the shape of an elliptic paraboloid (parabolic punch)

2 2

1 )
= 4 ==, 1.31
@) 2R, + R (1.31)

Here, R and R, are the radii of curvature of the principal normal cross-sections of
the punch surface at its vertex, and ¢(y) is called the shape function.
The contact interface is assumed to be frictionless so that

o13(y, 0) = 023(y, 0) = 0. (1.32)

If under the action of an external load, F', the punch receives some displacement,
80, then the punch surface becomes

z=2380 — o(y).

The Signorini boundary condition of unilateral contact [12, 34, 35], that the
surface points of the layer do not penetrate into the punch, reads as

w(y,0) =8+ ¢(y) =0, 033(y.0) <0,

(1.33)
[w(y. 0) — 80 + ¢(y)]o33(y, 0) = 0,
which can be rewritten in the following form:
o33(y,0) <0,
033(y,0) <0 = w(y,0) =3 — ¢(y), (1.34)
033(y,00=0 = w(y,0) = —¢(y).
Fig. 1.3 Contact interaction F
of an elastic layer with an )
absolutely rigid punch in the NI, y N
X zzZe———
deformed configuration h ! P‘)

T77777777777777777777777T77 7777777777 7777777777777777
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An important characteristic of the contact interaction is the contact pressure dis-
tribution beneath the punch

p(y) = —033(y,0), ye€o, (1.35)

where w is the contact area, which is not known a priori.
According to the last two relations in (1.33), the contact pressure should be positive
inside w and vanish on the contour I" of the domain w, so that

p(y) >0, yew, p(y)=0, yer. (1.36)

The above requirement will be called the positiveness condition.
In addition to (1.36), the boundary condition (1.34) implies that

w(y,0) =38 — o), yE€o. (1.37)

We emphasize that the contour I" is unknown and should be determined in the
process of solving the contact problem.
The equilibrium equation for the punch-layer-substrate system is

// p(y)d(y) =F, (1.38)

where F is the external load acting on the punch (contact force).

Further, it should be noted that the contact condition (1.37) simplifies the geo-
metrical aspects of the contact interaction since it does not take into account the
tangential displacements of the surface points of the elastic layer, which occur even
under the normal loading (see Fig. 1.4).

The refined unilateral contact condition can be obtained from (1.33) by replacing
the first inequality in (1.33) with the following [21]:

w(y, 0) — 80 + ¢ (y1 + vi(y, 0), y2 + v2(y, 0)) > 0. (1.39)

Here, v; (i = 1, 2) are the tangential displacements of the surface point (y, 0).
According to (1.39), the following equation holds within the contact area:

w(y,0) =8 —p(y +v(y,0), ye€o.

Fig. 1.4 Tangential p(y) S M(y,0)
displacements of the surface }']/ 7|’< Vi
points under normal loading _\50 y wo(y)
h M (y+Vo(¥):wo(¥))
Vo (y)

7777777777 77777T777777777777777777T77777777777777777
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We assume that both the normal and tangential displacements are very small
compared to the characteristic size of the contact area. In this case, the above nonlinear
equation can be replaced by the first-order linearized contact condition

w(y,0) =680 — () — Vyo@y) - V(. 0), yeco. (1.40)

The refined contact condition (1.40) was used in a number of studies [3, 6, 14, 15].

To solve the contact problem (1.36), (1.40) requires that we find the contact
pressure distribution p(y), positive over the contact area @ and vanishing on its
contour I, such that the resulting normal and tangential displacements w(y, 0) and
v(y, 0) satisfy Eq. (1.40) within w, while outside it the linearized inequality obtained
from the unilateral boundary condition (1.39) must hold.

1.4 Asymptotic Solution of the Contact Problem for a Thin
Bonded Compressible Elastic Layer

To study the asymptotic behavior of the solution to the contact problem (1.7), (1.8),
(1.32), and (1.33) when ¢ — 0, in addition to (1.12) we will assume that

So=e8;, Ri=¢ 'R}, Ry=¢'R}, (1.41)

where &7, R}, and R3 are independent of & and comparable with /.. Note that,
following [4], the geometric parameters of the problem having the dimension of
length (that is &, 89, Ry, and R;) are scaled in such a way that the elastic layer
thickness will be small compared to the characteristic length of the contact area.

In light of (1.41), the boundary contact condition (1.33) takes the form

wl_o =205 —¢* ), newt (1.42)

where w™ is the contact area in the stretched coordinates (1.13), and we have intro-
duced the notation

o () = h2(QRH ™ 'nt + 2R 'nd). (1.43)

Following [4, 16], the so-called inner asymptotic expansion for the solution of
the contact problem is represented in the form of series (1.18) and (1.19). Applying
the perturbation algorithm described in Sect. 1.2, the displacement field under the
punch can be obtained in the following form:

~ 2V (14 A3 ) -2 — 2B -
v —e'Vp (n)(2(1+A44)(1 o7 = ;)), (1.44)
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Aiz(A;z+ A
W e(85 - ¢"n) (= )+ emw*(m[wg“(l —0)
A13(A13 +2A4)
LA - ———ay € R A Y (o R . 1.45
oaa, Ao ;)] (1.45)

Correspondingly, the contact pressure density is given by

2 A13(A13 — Agq)
3A44h

A3 (55

%o~ o () —¢ Apg™(m). (1.46)

The higher-order terms of the asymptotic expansions (1.18) and (1.19) satisfy the
recurrence equations

32vk dwk=1 P

A448_§2 = —(A13+ AV, T AgeApv'
— (A1 — Ag6)Vy V- VF 72, (1.47)

aZWk k—1
A5 = —(A+ AV, —Ap A2 k=2,3,..., (148
with the boundary conditions
vk k—1 k
- = -V we e v 4= 0, (149)
a; =0 n |{'—0 |§—]

W o =0, w|,_ =0 (1.50)

In the special case (1.43), when the punch shape function is quadratic, we have
Ape* () = const. Hence, the function w2(, ¢) does not depend on the in-plane
coordinates (71, 2), while v! (3, ¢) is a linear function of n; and 7. In light of
(1.47)—(1.50), this implies that the other terms in the expansions (1.18) and (1.19)
do not contribute to the asymptotic solution (1.44) and (1.45).

The substitution of the approximations for the displacement field (1.44), (1.45)
into formulas (1.25) yields approximations for the stress components. In particular,
for the normal stress and the out-of-plane shear stresses, we obtain

hyeo33 >~ —A33 (53 - (P*("))

N A13(2A13 + Ags)  Ans
+e2 Ayp (n)(# - 71(1 - ;2)), (1.51)

hy(o13e1 + 023€2) ~ —A13Vy0* ()¢, (1.52)

Note that by substituting ¢ = 0 into (1.51), we recover formula (1.46). In the case
of an isotropic material, formulas (1.51) and (1.52) were obtained in [4, 5].
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Thus, in light of the positiveness requirement (1.36), formula (1.46) implies that
the leading asymptotics of the contact pressure distribution should be written as

A
p= (65— ). (1.53)

where (¢)+ = (¢ + |t])/2 is the positive part function, and ¢*(#) is given by (1.43).
Furthermore, Eqs. (1.43) and (1.51) yield

h2n? hi’l%) _ 2 h2(R} + R3) A13(Ags — A13)

—h ~ Ayl 85 — - —=
*3 33( 0T 2Ry T 2R} R¥R} 344
Now, based on the above formula, we find that the second-order asymptotic

approximation for the contact pressure density is given by

A3 i ¥
~ 8, 2L D) 1.54
P=" (8 2R, 2R,), (139

where we have introduced the notation

5 — 5 — h*(Ry + Ry) A13(Agq — A1) (1.55)
e RiRy 3A33A4 .

Formula (1.54) implies that the contact area w is bounded by an ellipse with the
semi-axes

a=12R(8:, b=+/2R25,. (1.56)

In the case of an isotropic elastic layer, formulas (1.54)—(1.56) were obtained by
Alexandrov and Pozharskii [2] by another method.

1.5 Asymptotic Models for the Beformation Response
of a Thin Bonded Compressible Elastic Layer

In this section we generalize the results of asymptotic analysis by formulating sim-
ple mathematical models (called asymptotic models) to describe the deformational
behavior of a bonded compressible elastic layer in the thin-layer approximation.

1.5.1 Zeroth-Order Asymptotic Model for the Contact Problem

In contact problems, an important role is played by the normal displacement of the
surface points
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wo(y) = w(y, 0), (1.57)

which, following the terminology of Barber [8], will be called the local indentation.
In the case of a thin bonded transversally isotropic elastic layer, according to
(1.12), (1.13) and (1.26), we have

”LP W3 A13(Aas — Ar3) »
A3 3A%3A44 e

wo

(1.58)

By neglecting the second term on the right-hand side of the above equation and
substituting the obtained result into the contact condition (1.37), we obtain

h
A—p(y) =8 —o(y), Y€ (1.59)
33

Under the assumption of unilateral contact between the punch and the layer, the
contact area w is determined by the positiveness condition (1.36) and depends on
the punch shape function ¢(y). Formally, the leading-order (i.e., the zeroth-order)
asymptotic solution to the problem (1.36), (1.59) is given by Eq. (1.53), which after
recovering the original notation by (1.12), (1.41), and (1.42), takes the form

_An

r(y) Y

(80 — o). (1.60)

In the case of a parabolic punch (1.31), the contact area is elliptical, with semi-axes
a and b such thata/b = /R /R> and

a=+2Ri8, b=+/2R:5, (1.61)

so that formula (1.60) can be rewritten as

ooy
= 1-= - 1.62
ry) po( ) b2)+ (1.62)
with the maximum contact pressure
o
po = A33;- (1.63)

Integrating the contact pressure density (1.62) over the contact area and taking
into account Egs. (1.61) and (1.63), we obtain the force-displacement relationship

T
F= ?/RIRZA%(S(%. (1.64)



14 1 Deformation of a Thin Bonded Transversely Isotropic Elastic Layer

Thus, for a thin compressible elastic layer, the contact pressure beneath the punch
in the leading asymptotic term is proportional to the local indentation [see Eqs. (1.37)
and (1.59)]. The fact that the deformation response of a thin compressible layer
resembles that of a Winkler elastic foundation with the modulus

A
= 233
h

(1.65)

was first rigorously established by Aleksandrov [1] in the case of a thin bonded
isotropic layer, where formula (1.65) reduces to

E(1l—v)

= TToa = (1.60)

Note that contact problems for a Winkler foundation were considered in [18, 31,
32]. In the framework of the zeroth-order asymptotic model, indentation problems
were studied in [8, 17] and [28], where formulas (1.66) and (1.65) were recovered
in the isotropic and transversely isotropic cases, respectively.

Note also that in the axisymmetric case (when R; = Rj) the obtained solution
(1.61)—(1.64) reduces to the result obtained by Ning et al. [28] for a spherical punch
based on Johnson’s simplifying hypothesis [18] that plane sections remain planar
after compression.

1.5.2 Asymptotic Model for the Pasternak Foundation

As the Winkler foundation model assumes that the contact pressure is merely pro-
portional to the local indentation, i.e.,

p(y) = kwo(y), (1.67)

it can be represented by the mechanical model of a layer of closely spaced, inde-
pendent, linear springs (see Fig. 1.5). At the same time, it is well-known that real
foundations may exhibit considerable interaction among their constitutive elements.
To overcome the inherent deficiency of the Winkler model, several phenomenological
models of elastic foundations have been proposed [11, 37, 38].

p(y)

Fig. 1.5 Winkler’s foundation model, which for a discontinuous loading predicts the correspond-
ingdiscontinuous local indentation
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In particular, the two-parameter model for the deformational behavior of soils
proposed by Pasternak [30] assumes the existence of shear interaction between the
spring elements and is regarded [19] as mechanically the most logical extension of
the Winkler model (1.67), and analytically as the next higher approximation. The
response function for the Pasternak model is given by

p(y) =kpwo(y) — GpAywo(y), (1.68)

where kp and G p are the foundation constants.

The Pasternak foundation can be constructed by connecting a layer of the Winkler
spring elements to a surface layer of vertically incompressible elements which deform
in transverse shear only [33].

It is noteworthy that the phenomenological approach has a disadvantage in that
the parameters kp and G p are difficult to determine [38].

On the other hand, in the case of a thin bonded compressible elastic layer, the
asymptotic formula (1.46) yields the following response function:

A3z A13(Agq — A13)
p(y) =~ —woy) — ————F—

hA . 1.69
Y 3An ywo(y) (1.69)

Now, comparing Eqgs. (1.68) and (1.69), we obtain the relations

A A13(Agy — A
A3z _ 13(A4q 13)h. (1.70)
3A44

In the case of an isotropic material, we have

_ E(1—-v) _ Ev(l —4v)h
T d+rvd——2vr PT30+na -2

kp (1.71)

Observe that for v € (0.25, 0.5), formula (1.71), produces a negative value for
the parameter G p. Hence, formulas (1.71) can provide the foundation constants for
the Pasternak model (1.68) when the layer material is sufficiently compressible.

1.5.3 Refined Contact Model with Allowance for Tangential
Displacements on the Contact Interface

Let us consider the unilateral contact problem for a frictionless rigid punch in the
shape of an elliptic paraboloid (1.31), formulated by the refined contact condition
(1.40), which can be rewritten as

wo(¥) + Vye(y) - vo(y) = 8o — @(y)- (1.72)
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Here, wg and v are the normal and tangential displacements of the surface points of
the elastic layer on the contact interface.
In the framework of the first-order asymptotic model, we have

h

wo = —p, (1.73)
A3z
Agg— A

vo = 222y (1.74)
2A33A44

Recall that the above equations are obtained from formulas (1.26) and (1.27).
Substituting (1.73) and (1.74) into Eq. (1.72), we arrive at the equation

h Agg — A1z
—p(Y) + ———h"Vye(y) - Vyp(y) =8 —(y), yE€w. (1.75)
A3z 2A33A44

Here, w is the contact area which should be determined with the help of the positive-
ness condition (1.35) imposed on the contact pressure p(y).
In the case of a parabolic punch (1.31), the solution of Eq. (1.75) can be represented
in the form
ooy

p(y) = Po(l -4 ﬁ) (1.76)

with unknown parameters pg, a, and b.
The substitution of (1.31) and (1.76) into Eq. (1.75) gives

(i R A WG SO Ly G E - W s S
A33 a2 A33A44 Ria? = Ryb? 0 '

From here it immediately follows that

3o
= A2
Po 33h
A A h\1/2
2R18( u—) , (1.77)
Agq Ry
Agg — A h\1/2
b= /2R26( M ) _
Agq R

Finally, taking into account the relation F = (;r/2)abpg between the maximum
contact pressure po and the contact force F, we get

— A h
\/R1R2A3380<1+ A44 13) R), (1.78)

where R = 2R R2/(R1 4+ R3) is the harmonic mean of the curvature radii Ry and R>.
Note also that in writing Eq. (1.78), we have neglected the terms of order O ((h/ R)?).
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In the case of isotropic material, (A4qa — A13)/A44 = (1 — 4v)/(1 — 2v), and,

as can be seen from Eqgs. (1.77) and (1.78), the effect of tangential displacements
increases when the material becomes more incompressible.
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Chapter 2
Asymptotic Analysis of the Contact Problem
for Two Bonded Elastic Layers

Abstract The first part of the chapter deals with the distributional asymptotic analy-
sis of the contact problem of frictionless unilateral interaction of two bonded elastic
layers. The case of incompressible layer materials is thoroughly treated in the second
part of the chapter, beginning in Sect.2.4.

2.1 Contact Problem Formulation

In this section we formulate the problem of frictionless unilateral contact between
two uniform transversely isotropic elastic layers bonded to rigid substrates. In the
case of substrates shaped like elliptic paraboloids, the general expression for the
gap function is derived. The boundary conditions of unilateral contact are consid-
ered in detail, including the refined contact condition with allowance for tangential
displacements on the contact interface. The contact problem is formulated as an
integral equation over the contact area, which in turn should be determined by the
positiveness condition imposed on the contact pressure.

2.1.1 Geometry of Surfaces in Contact

Let us consider two thin elastic layers (n = 1, 2), each of uniform thickness #,,,
ideally bonded to rigid substrates with slightly curved surfaces (see Fig.2.1). Intro-
ducing the Cartesian coordinate system (yi, y2, z), we write out the equations of the
surfaces of the coating layers (n = 1, 2) in the form

z=(=D"ga(y), 2.1)

assuming that in the undeformed state the thin layer/substrate systems occupy
domains z < —¢j(y) and z > @a(y).

In particular, it is of great practical interest to consider the case of substrates
shaped like paraboloids
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Fig. 2.1 Contact of two thin z

elastic layers in the initial 75&5"%”9@? TR Seroya
! s @ SR

undeformed configuration OB ?—“éc 2

Y1
R e e N\
on(¥) = k32 4 2k Wy 0 + k)2, 2.2)

where the coefficients ki'}), k{;), and kgzl) have the dimension of reciprocal length.

The initial gap between the two surfaces is given by the gap function

P(¥) = @1(y) + ¢2(y). (23)
Correspondingly, in the case (2.2), we have
0(¥) = kinyf +2kiy1ys + ka3, 2.4)
where
b=k b =k KD = A,

Now, let Ri") and Ré") be the principal radii of curvature of the surface of the n-th
layer at its apex, such that the n-th layer surface can then be expressed as

oDr  on?
2R 2RV

on(y) = (2.5)

where the directions of the local coordinate axes y} and yj coincide with the principal
curvature directions.

The transformation of the coordinates ( y?, yg’) to the common set of axes (y1, y2)
inclined at the angle B, to the axis y{ is given by

Y = y1¢0s By — yasin B, ¥y = yisin B, + y2cos By. (2.6)

Hence, in light of (2.5) and (2.6), the coefficients on the right-hand side of (2.2)
can be expressed as

Zki'l’) = /cl(") cos® B, + Ké") sin® B, 2k§’é) = Kl(”) sin’ B, + Ké") cos’ By,

2K = (5" — (") sin iy cos i,
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Fig. 2.2 Coordinate systems
involved in determining the
initial gap between the
contacting surfaces
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(n)

and «, * are the principal curvatures, i.e.,

where k 1(")

w_ 1w

~em 2 -
Rl R2

Now, by a suitable choice of the coordinate axes (y, y2), we can make k1> zero

in (2.4). For instance, let us choose the angle §; in such a way that
(D — MY sin 281 + (k) — ) sin 28, = 0.
Taking into account that (see Fig.2.2)
B =pB1— P2
from Eq. (2.7), we readily find

(/cz(z) - Kfz)) sin28
/cz(l) — /cl(l) + (I{éz) — /cl(z)) cos Zﬂ'

tan28; =

Thus, the parabolic gap function (2.4) takes the simplest form

o(y) = kiyi + k23,
where the coefficients k1 and k> are evaluated by the formulas
2k = Kl(l) cos? B+ /cz(l) sin? B1 + Kfz) cos? B + K§2) sin? B2,
2ky = Kl(l) sin® B1 + Kél) cos? B1 + Kl(z) sin® B> + Kéz) cos? Bo.
From the above equations, it follows that
2k + ko) = k7 8 + 1 1P,
2k) — k) = (/c](]) — Ké])) cos2p8; + (Kl(z) — Kéz)) cos2fs.

2.7)

2.8)

(2.9)

(2.10)

@2.11)

(2.12)
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Note [19, 20] that by taking into account (2.12), Eq.(2.11) can be rewritten as

2k = (k M 4 Kz(l) + K(z) + K(2)) sin® —

2’

T (2.13)
2k = (k) My /(2(1) + /c(2) + K(Z)) cos® ok
where 7 is an auxiliary parameter given by cost = (ko — k1)/(kz + k1). From
Eq. (2.13), it follows that the coefficients k; and k, have the same sign, explaining
why the equidistant curves ki yl2 + ky y% = const are concentric ellipses.

Finally, it should be underlined that since the angle g, as well as the curvatures

(”) and /c(") (n = 1,2), are supposed to be known, we can evaluate the angle 8

from Eq. (2.9), and after that Eq. (2.8) will yield g» = g1 — B. Equation (2.12) will
then give k1 and kj, the parameters of the gap function ¢(y) (see Eq. (2.10)).

2.1.2 Upnilateral Contact Conditions

We consider the contact interaction of the elastic layers as a normal load F is applied
to the substrates, producing their (vertical) contact approach 8y (see Fig.2.3).

Before deformation, the gap between the layer surfaces was given by Eq. (2.10),
which can be rewritten as

2
yl+)’2

— 2.14
Ry’ (2.14)

p(y) =

where Ry = 1/(2ky) and R, = 1/(2k»), for k1 and kp given by (2.13). In what
follows, we may assume that Ry > Rj.

If the surface point M'(y’, z) of the first layer (laying in the domain z < —¢;(y))
and the surface point M” (y”, z”) of the second layer (laying in the domain z > ¢>(y))
coincide after deformation (see Fig.2.4), the following relations hold true [20]:

\ \‘%’éj sﬁ%/

2 4

7z

N _ ’d
S| e,
7 U
p ) .
. < AT f;a%@sg%%ﬂh
F

Fig. 2.3 Schematic diagram for the frictionless contact interaction of elastic layers 1 and 2 under
an external load F', which implies the corresponding contact approach ¢ along the axis of the force
direction
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Fig. 2.4 Schematic diagram ~ . M"(y" 2" -
of the elastic contact T~ 27
. . . - - = oy
interaction with allowance — - = wo(y")
. . - ] ~
for tangential displacements - My ~ .
on the contact interface -
vo(y)
1 2
Y+ 00 =y vy (). (2.15)
" @) N ’ ), s S 2.16
") +we ) =—(01(y) +wy ) + o. (2.16)

Here, wg (y) (n = 1, 2) are the absolute values of the vertical displacements of the
surface points of the n-th elastic layer (the normal displacements are assumed to be
measured positive into each layer), Vg (y) (n = 1, 2) are the tangential displacements
of the surface points, and the relations z/ = —¢1(y’) and 7”7 = @2 (y”) were taken
into account in writing Eq. (2.16).

From Eq. (2.15), it follows that

1 2
v =y +v ) v ). (2.17)

Now, identifying the coordinates y’ and y” when evaluating the displacements of
the contact points M’ and M”, we reduce Eq.(2.16) to a more simple form

1 2 2
(pz(y+v(())—v(()))+w(())

+o1(y) +wy = o, (2.18)
where y € w, and o is the contact area. To simplify the notation, we dropped the
primes on the left-hand side of Eq. (2.18).

The next simplifying step consists of linearizing Eq.(2.18). In this way, by tak-
ing Eq.(2.3) into account, we replace the above nonlinear contact condition by the
linearized condition of frictionless contact

we () + Wi (¥) = 80 — 0(¥) — Vyr ) - (v§ ) = v§ (), (2.19)

where y € w, and the dot denotes the scalar product.

We note here that the choice of numbering of the elastic layers should assume
that the modulus of the gradient |V, > (y)| is in a sense greater than |V, ¢ (y)|, or in
other words, the surface of layer 1 (master surface) is assumed to be flatter than the
surface of layer 2.

Observe that the refined contact condition (2.19) reduces to (1.40) in the case of
a single elastic layer in contact with a punch, when ¢;(y) = 0 (the surface of the
layer is flat) and @2(y) = ¢(y), while wi” (y) = 0 and v{”(y) = 0 (the punch is
absolutely rigid).


http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Finally, by neglecting the effect of tangential displacements, we reduce Eq. (2.19)
to the classical contact condition

2
w @) +w () =8 —9¥), yeo. (2.20)

As negative stresses are not allowed at the contact interface, the contour I" of the
contact area w is determined from the positiveness condition that the contact pressure
p(y) is positive inside w and vanishes at its boundary, that is

p(y) >0, yew, p(y)=0, yer. (2.21)

Consequently, according to Newton’s third law we have
1 2
P(y) =033 (v, 0) = =033 (¥, 0),

where 03(;) (n =1, 2) is the normal stress in the n-th layer.

2.1.3 Governing Integral Equation

According to the principle of superposition, the contact problem (2.20), (2.21) can
be recast as a Fredholm integral equation of the first kind with the kernel being a
combination of the layer surface vertical displacements resulting from a normal point
force. The corresponding Green’s function problem for an elastic layer subjected to
a point force applied to its surface is convenietly treated by the two-dimensional
Fourier transform technique [6, 24].

By applying the standard Fourier transformation, the local indentation of the n-th
elastic layer (n = 1, 2) can be expressed in the form

1
216,

+0o0
. L (ah - ,
wy (y) = / / pla, az)#e"(“”‘”‘””dmdaz, (2.22)
—0Q

where 6, is a dimensional elastic constant, /, is the thickness of the n-th layer,
o=,/ (x12 + a%, and p(ay, ) denotes the transform of the contact pressure, i.e.,

+00

. 1 P

plar, ar) = 7 // p(y1, y2)e' T gy dy, (2.23)
—0Q
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In the case of a transversely isotropic elastic layer bonded to a flat rigid substrate,
in accordance with the known solution [11], the kernel function is as follows:

A1 Az — A2
9 — 11433 13

- , (2.24)
(Y1 +y2) A1

2[m+(yle—2)x1 + yze—Z)»z) _ y_m_e—Z)x]—ZAz _ 4_)/l )/26_)”1_)0]

L) =1 .
O = e T yom (L4 e 12) — pym (=21 £ e P2)
(2.25)
Here, y1 and y» are the roots of the bi-quadratic equation
y*AnAy — v [AnAs — Ai3(Aiz +244)] + A33444 =0, (2.26)
and we have employed the following notation:
A A
M=—, a=—, Y+=yV1+Y2, V-=Y1—, (2.27)
Y1 V2
my =mayr +miyy2, Mm_ =may| —myys,
2 2
_Anyf —Auy Ay, —Auy

, my = .
A3+ Agg A3+ Ay

Note that 6, and %, (1) are obtained from (2.24) and (2.25) by suitable selection
of the n-th layer elastic parameters.

In the case of a bonded isotropic layer, we have y; = y» = 1 and Egs. (2.24),
(2.25) for the kernel function reduce as follows [25]:

E

f=— .
2(1 — 12)

(2.28)
2k sinh 24 — 4\

L) = .
() 2k cosh2A + 1 + k2 + 4A2

(2.29)

Here, E is Young’s modulus, v is Poisson’s ratio, k = 3 — 4v is Kolosov’s constant.
The function .Z’ (1) defined by formula (2.29), being continuous and positive for
A € (0, 400), satisfies the following asymptotic relations:

L0y =dr+ 003, r—0; 230
LM =14 00%?*), 1 — . (2.30)

For the function £ (1) given by (2.25), the first asymptotic relation (2.30) can be
checked directly, while the asymptotic remainder in the second relation can be easily
replaced with O (e~“1*), where ¢ is some positive constant. On the basis of these
properties for each function %, (1), it can be shown [25] that the kernel
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+00
<
K, (y) = // 1) s s;yl cos Silyz dsidsy, 2.31)
0

s n n

. . . —1
where s =,/ s12 + s%, decreases at infinity as rapidly as e =2 ¥l for some ¢, > 0.
Note also that by changing the integration variables in (2.31), we obtain

+00
L. (h
Kn(y) = I / / %cosam cos azys dendan, (232)
0

where o = ,/a% + a%.

Now, using Egs. (2.23) and (2.31), we rewrite Eq.(2.22) in the form

1
72h,6,

wi (y) = / / pYVKn (1 — ¥}, y2 — ¥y dy, (2.33)

where the contact pressure density p(y) vanishing outside the contact area w has
already been taken into account.

Thus, substituting the expressions (2.33) (n = 1, 2) into the contact condition
(2.20), and recalling (2.32), we arrive at the following integral equation:

1
72h0 // POY)K (1 = y1, 2 = y2) dy' = 8o — ¢ (y). (2.34)
w

Here we have introduced the notation

h=hy+hy =22 (2.35)
- 1 25 - 91 +925 .
+o00 @
K(y) = // ) cos —Slhyl cos —szhyz dsids», (2.36)
S
0
0 0  /hy
ZL(s) = aﬁfl (IS) + gfz(zs). (2.37)

Equation (2.34) represents the governing integral equation of the frictionless con-
tact problem for two elastic layers bonded to slightly curved rigid substrates, where
the substrate shapes are taken into account through the gap function ¢(y), and the
curvature effect on the integral operator on the right-hand side is neglected.
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2.2 Distributional Asymptotic Analysis

In this section, we develop an alternative for the perturbation approach to the contact
problem in the thin-layer approximation considered in Sects. 1.2 and 1.4. Itis assumed
that the joint layer thickness 4 is small compared to the characteristic length of the
contact area w. Correspondingly, we require that

h=¢hy, 80=¢e8, Ri=¢e¢ 'R}, Ry=¢"Rj, (2.38)

where 86", RT, and Ri" are comparable with £, all being independent of ¢. Note that
we follow the same notation as in the previous chapter, wherever possible.

2.2.1 Moment Asymptotic Expansion for the Integral
Operator of the Frictionless Contact Problem
Jor a Thin Elastic Layer

A key point of the distributional asymptotic analysis is to make use of a large positive
dimensionless parameter

A=- (2.39)
&

contained in the kernel (2.36) as a consequence of (2.37) and (2.38); . For this purpose,
it is convenient to introduce dimensionless variables

=), m=hly, =12 (2.40)
Substituting expressions (2.38) and (2.40) into Eq. (2.34), we readily obtain
2

0
(8 —¢*(m), (24D

// POk (A = 0. AG =) dn' =~

where we have introduced the notation

p«(m) = p(hsm, hena), (2.42)
+00 @
k(E) = / / ) o8 5161 o8 526 ds1dsa, (2.43)
R
0

o* () = h2(QR) ™'t + QR ™'nd). (2.44)


http://dx.doi.org/10.1007/978-3-319-20083-5_1
http://dx.doi.org/10.1007/978-3-319-20083-5_1

28 2 Asymptotic Analysis of the Contact Problem ...

Following Argatov [7], we apply the so-called distributional asymptotic approach
developed by Estrada and Kanwal [10]. Before proceeding, let us clarify the notation
used. Let @ = (1, p) be a multi-index of nonnegative integers and || = o] + a2,

a0

then for any § € R? we put y* = 5 1| M, and define

3l £, m2)

0 —

D f(n) =

We also employ the standard notation «! = o1 !ao! for the multi-index o, where o !
denotes the factorial of «;.
The moment asymptotic expansion can be written as follows [10]:

o0

(=D e DS ()
k(An) ~ > e A e (2.45)
loe]=0

Here, ptg = [aja, are the moments of the generalized function k(&) given by

+00
Mo =(k(é’)’&“)=//k(§)€f“€§‘2d€1dsz. (2.46)

The asymptotic expansion (2.45) is valid in several important spaces of distrib-
utions (see, e.g., [10, 26]). In particular, it holds for distributions of rapid decay at
infinity, and in particular, for the kernel (2.36).

The interpretation of the asymptotic relation (2.45) is in the distributional sense.
This means that the asymptotic formula

N

(k(Am). p(m) = >

la|=0

oD% @ (0)

W + O(A7N73), A — oo, (247)

holds true for any ¢ () from the corresponding space of test functions.
For the kernel function (2.36), the application of (2.46) yields the moments

+o00 +00
o1 Z(s)
Mo = &6 cos s1&1 cos $2& dsidsadé1dé
—00 0

N

1 400 g( ) R
s o
- Z// s [l / §;7 cossj&jdéjdsids. (2.48)
—00 J=1"
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Using the well-known representation for Dirac’s delta function

N|—

+o0
S(Sj) = / COSSij déj, (2.49)
0

we find from Eq. (2.48), after integration by parts, that
+0o0 @
ok an—2k = (=1)"'7? / / L) 500 (516220 (5,) dis i, (2.50)
s
—00

where k =0,1,...,nand n € NU {0}, and
Ue =0, |a|=2n—-1, nelN;
ne =0, ay=2k—-1, ap=2n—-2k+1, |a|=2n, k=1,2,...,n.

Now, by recalling the definition of the two-dimensional Dirac delta function
8(s1, s2) = 8(s1)8(s2) and substituting the expansion

= (1 +mis®+mas*+..)) (2.51)

Z(s)
s
into Eq. (2.50), we find

—+00
Mok -2k = (=)'l m, //(Sf + 5380 (51)8@" 20 (59) ds1dsy

—00

= (—1)"7>dm,Ck2"k!(n — k)!, (2.52)
where C,’§ are binomial coefficients given by

TR n = k)

Then, from relations (2.45) and (2.52), where we may set mo = 1, we find

z‘” m z” 928 ()
2 n k
n=0 k=0 n oM

Correspondingly, substituting the moment asymptotic expansion (2.53) into the
left-hand side of Eq.(2.41), we obtain
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&) " n 82n y
// P®K(AG = §))d ~ D (~1)'x el s > CSBZI‘;%' (2.54)
n=0 k=0 nyon,

Wy

To simplify the right-hand side of (2.54), we recall that

3= (3 ) =250
=\ Tag) T & e

Hence, by the above formula, we have

S //p

Note that the above integral operator is normalized by the factor A2h, / (7129),
such that the left-hand side of (2.55) represents the local indentation normalized by
A when stretching the normal coordinate (see, in particular, (2.38) and (2.41)).

mpy

A2n

Appx(m). (255

2.2.2 Asymptotic Solution of the Contact Problem
Jor Slightly Curved Thin Compressible Elastic Layers

Using the notation (2.39) and the asymptotic expansions (2.55), we rewrite the gov-
erning integral equation (2.41) in the form

ﬂ%h*

Z( D" e m, Ay pi(n) ~ 85 — 9™ (). (2.56)

n=0

The solution to Eq.(2.56) can be represented in the form of an asymptotic series
in powers of ¢ as follows:

ps(n) ~ p2(n) + e pln) +e*pim) + ... (2.57)

The substitution of the asymptotic expansion (2.57) into Eq.(2.56) yields the
following system of equations for the successive evaluation of its coefficients:

' h
T*mopg(n) =55 — o*(n),

k
2 DT e ATl =0, k=1.2.....
j=0
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It then follows that

() = dh*(Sé—w*(n)), (2.58)
k—1 ' o
P == (=D Tm AT pln. k=120 (259
j=0

We further note that formula (2.59) can be rewritten in the form

0
o hy

phan = (1 ——Mabfua), k=0,1,2,..., (2.60)

where in light of (2.58) we have My = 1 and f,. () = 65 — ¢™ ().
To evaluate the coefficients M} introduced in (2.60), we consider the expansion
reciprocal to (2.51), that is

N

1
7o = E(1+M1s2+M2s4+...). (2.61)

Itis easily proved by induction that for any positive integer k the recurrence relation
that facilitates the calculation of the coefficients My in (2.61) from the coefficients
of the the expansion (2.51) has the form

k—1
My==> mjMj, k=12 ...
j=0

Alternatively, the above formula can be directly recovered from (2.59) and (2.60).
Thus, the constructed inner asymptotic expansion (2.57)—(2.59) is similar to the
solution obtained earlier by Vorovich et al. [25].
Finally, in the case of the parabolic punch (2.14), we get by simple calculation

Omihy ;11 oo B
7(_+_), pkap =0, k=2,3,.... (2.62)

1
p(m) =
: RY  R;

Upon substituting (2.58) and (2.62) into (2.57), our final result is

e~ o oo Teamips =\ Sks T 2Rs) ) '

where R* = 2R} R} /(R + Rj}) is the harmonic mean of R} and R}.
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2.2.3 Comparison of the Results Obtained
by the Perturbation and Distributional Asymptotic
Methods

Let us consider the case of a single layer in contact with a rigid punch, so that
0, '=0,0 =6;,and h = hy. According to the asymptotic expansion (2.55) (see
also Eq. (2.56)), the local indentation of the elastic layer, i.e., the normal displacement
of the surface points, is expressed by

h < n 2n an
wo(y) ~ == 2 (=1 mah® AT p(y), (2.64)
n=0

where ./ and m, are dimensionless coefficients in the series expansion (2.51) for
the kernel function .Z(s)/s.
Formula (2.64) can be rewritten in the form

wo(y) ~ h D (=", h*" A p(y), (2.65)
n=0

where .#,, are dimensional coefficients in the expansion

< o
() =—({1+ m1s2 + m2s4 +...)
Os 0
= Mo+ M\$*+ Mrst + .. (2.66)
In particular, from (2.65), it follows that
wo(y) == Mohp(y) — A1 Ay p(y). (2.67)

On the other hand, based on the perturbation algorithm [14] in Sect. 1.2 (see
formula (1.26)), we obtained the asymptotic expansion

h P A13(A13 — Asg)
wo(y) = —p(y) — - Ayp(y). (2.68)
A33 SA%?’ A44 Y
By comparing (2.67) and (2.68), we arrive at the following relations, whose valid-
ity should be checked:

1 Ai3(A;3 — A
o= = 13(A13 44)

(2.69)
A3z 3A%3 Agq


http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Expanding the function (2.25) into a Maclaurin series, we find

B Al — )’ + )
vEv[An (v 4+ v3) — 2(A13 + 2444)]

(2.70)

where y; and y; are the roots of the characteristic equation (2.26).

In order to establish the equality between A3_31 and .#y = 0~ '.o7, where 6 and &/
are given by (2.24) and (2.70), we make use of Vieta’s theorem for the bi-quadratic
equation (2.26) and the formulas

A33 A11A33 — A13(A13 + 2A44)
2.2 2, .2
Yiv3 :A_”’ vi +va = AL An ,

(v = y2)? = A = ADD(ANA — 4A13A4 — 447, — A]y)
i—r) = A2 .
11144

The check of the second equality in (2.69) is more tedious, because the expression
for m1, and correspondingly for .#, is much more cumbersome and is not written
here for brevity.

2.3 Boundary-Layer Problem in the Compressible Case

Both the perturbation technique and the distributional asymptotic method provide
approximate solutions, which are valid inside the contact area but do not describe the
true solution near its contour, where a special approximate solution of the boundary-
layer type should be constructed. In this section, the case of compressible layer
materials is considered.

2.3.1 Variation of the Contact Area

The leading-order asymptotic approximation (2.58) for the contact pressure distrib-
ution density, i.e.,

pl(n) = ;h* (85 —¢*m) ., .71)
determines the main approximation w2 to the sought-for contact area w, (in the
dimensionless coordinates (2.40)).

It is obvious from Eq. (2.44) that the domain wg, which corresponds to the density
(2.71), is elliptic. The major semiaxis and the eccentricity of the contour Ff of the
domain a)g will be denoted by a, and e. By simple calculations we find
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! J28ERY, =1 Ry (2.72)
Ay = — . e = —_ . .
T VT R:

Following the asymptotic procedure introduced by Aleksandrov [2], we consider
the behavior of the integral (2.34) and its density in the neighborhood of the unknown
contour [ of the domain wy.

In light of (2.41), the integral equation (2.34) now takes the form

720

// Pe®k(e™ (1 — &) dE =~

Wy

(83 — (p*(n)). (2.73)

*

Suppose 11 = f]'(s), n2 = f;(s) is a natural parametrization of the contour
Ff. We will assume that when traveling along F*O in the direction of increasing s-
coordinate, the region @? enclosed by I'Y remains on the left. Then, the unit vector
of the inward (with respect to the domain w{) normal to the contour I is

n’(s) = — 5 (s)er + fi7(s)ea, (2.74)

where the prime denotes differentiation with respect to s.

In a small neighborhood, & (s), of the contour Ff, we introduce the local sys-
tem of coordinates (s, n), associated with the Cartesian coordinates (71, 172) by the
formulas

m o= fis) +nnl(s), m = f5(s) +nnd(s), (2.75)

where n%(s) = (n?(s), ng(s)) is given by (2.74), and n is the distance (taking the
sign into account) along the inward normal to the contour I°°.

Further, let us assume that the contour I of the contact area w, in the local
coordinates is described by the equation

n="7T;(s), (2.76)
where 7, (s) is a function to be determined. We set
Yr(s) =T (s). 2.77)

In the neighborhood Z(s) of the point s, where [§ — n(s)| = O(y/ep*(s)) and
o*(s) = [f;”(s)fl*/ (s) — ffk”(s)fz*’(s)]fl is the radius of curvature of contour I"?

at the point s, we make in the integral (2.73) the following change of variables:

£ =76 +n'nls), &= £6)+n'nds).
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Next we introduce the so-called “fast” variables

v=e¢"ln, V=e¢ln, o/ =71 —5), (2.78)

keeping the scale for the s-coordinate along I"? unchanged. From now on, the “slow”

variable s is considered to be fixed.

Thus, in the neighborhood &7 (s), when ¢ — 0, the following relations hold:

FF6Y = fi) + e’ f7() + 0%, nfsh =nls)+0@), j=12,

1§ —n(s)| =6V (62 + (v =)+ 0@, p*(s") = p*(s)+ O(e),

D , !/

Note, finally, that the above formulas are valid for any smooth contour .

2.3.2 Boundary-Layer Integral Equation

Separating the principal asymptotic terms according to the previous formulas, we
take the limit

lim k(=™ (1 = §) = k(o' £7) + 0 = v)nf(s),
o f3'(8) + (v = V)nd(s)). (2.79)
By invoking the formulas (see Eq.(2.74))
i) =cosy, f'(s)=siny, nl(s)=—siny, nd(s)=cosy, (2.80)
where y provides an angular parameterization to the ellipse F*O, it can be shown

directly that the right-hand side of the relation (2.79) is equal to k(o”’, v/ — v).
Indeed, in light of (2.43), we have

+00
1 £ .
k(s) = Z// %el(SISI-FSZSZ)dSldSZ, (281)
—00

and by making the substitutions

S| =t cosy —trysiny, s =t siny + 1 cos ¥,
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D(SI’S2) 2 2
— =1, s=,/s7+s =\/t2+t25t,
D(t1, 12) b2 b2

we find that the representation (2.81) can be written in the form

KE) = / £

provided that t~! Z (1) is an even function for t € (—00, +-00).
Thus, from Eqs. (2.79), (2.80), and (2.82) it follows immediately that

lim (e~ (n = £) = k(o' v —v),

e—

while on the other hand, we see on the right-hand side of Eq. (2.73) that
— o*(n) = h%[evbi(s) + e*V?b3(s)],

where

fienls) [ s)nd(s)
R} R}
nf(s)*  n3(s)?
Ry R;

’

1) =—

2b5(s) = —

cos[&(ti cos ¥ — asin ) + & (11 siny + 1 cos ¥) | drydy,

(2.82)

(2.83)

(2.84)

(2.85)

Hence, by approximating the contact pressure density as p} (&) ~ ¢ (s, V') in the
neighborhood &} (s) of the boundary of the contact area (see, for example, [3]) and
letting ¢ — 0 in light of Eqgs. (2.73), (2.75)—(2.78), (2.83) and (2.84), we arrive at

the following integral equation:

+00
/ (s, VIYMQO —v)dv = wOh.bi(s)v.
T*(s)

Here, g**(s,v) = ¢! q; (s, v), and we have introduced the notation

+oo

M(t) = % / k(c',t)do’.

—00

Observe that the s-coordinate is present in Eq.(2.86) as a parameter.

(2.86)



2.3 Boundary-Layer Problem in the Compressible Case 37

Making use of formula (2.49), we represent the above formula in the form

“+o00

M) = / Z(u)

0

cosutdu. (2.87)

Finally, in addition to Eq.(2.86), which the boundary-layer solution g**(s, v)
must satisfy, it is necessary to obey the contact pressure positivity condition (2.21).
Hence, the function 7 *(s) satisfies the equation

g (s, T7(s)) = 0. (2.88)

Otherwise, we would contradict the assumption that the contact must be made over
the whole domain wy.

2.3.3 Aleksandrov’s Approximation

We note that the integral equation (2.86) is of the Wiener—Hopf type [23] and can be
solved in closed form (see, in particular, [1, 5]). However, since a simple factorization
for the function w™=!.Z (w) of the complex variable w = u + iv is not available, it
is not possible to obtain the exact solution of Eq.(2.86) in a simple form. Thus,
the approximate version of the Wiener—Hopf method has to be used. Confining our
considerations to the first-order approximation, we replace the function .2’ (1) by the
following simple algebraic approximation [3]:

~u? + B2

ZLWw)=u 21 C

(2.89)

It can easily be shown that the functions u~!.# (1) and uly (u) satisfy Koiter’s
conditions [18] that they should have the same limits for s tending to zero and infinity,
provided that the following relation holds:

c= o (2.90)

In addition, following Aleksandrov [3], we select the constants B and C in such
a manner that

im L (% Yo
=0 du \ L W)  Pw))
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From here it immediately follows that

mi C 1
— = — = —, 291
o 2B3 B @91
where (see formula (2.51))
. LW 1 . d L
o =1 , = — _— . 2.92
ul—r}}) u i 24 ul—rﬁ) du2 u ( )

From (2.24), (2.66), and (2.70), we have

A11As — Al m A13(A13 — Agg)
= —’ 1 =
(y1 +12)A11A33 3A33A44

where 1 and y; are the roots of the characteristic equation (2.26).
At the same time, Eqgs. (2.90) and (2.91) yield the following formulas (cf. [12]):

B

1 1
= ) C: .
A+ A2+ 2m A [ A+ A+ 2m]

Recall that .7 and m | are defined by (2.92).
In the case of isotropic layer bonded to a rigid foundation (see formula (2.29)),
we have

1—2v
T 21— )Y’
where v is Poisson’s ratio of the layer material. From the above, it is readily seen

(see also Fig.2.5) that the asymptotic constant ./’ approaches zero when the material
becomes incompressible.

Fig. 2.5 Variation of the 1.2
approximation coefficients in ) ) ) S ! ) I I Rl N
the isotropic case 2 | | L7 h!
z 1 1 L7 !
|5} L] | -
e [l J-~-F7- T \
ot \
.5 0.6 O B O P G A
3 Lt L)
£ 04 E N\
Z 0. = 1 .o | LN |
S L4~ I AL \
5 T | | 1 I I | I B——-1 \‘ Yy
2‘ 0.2 ] ] ] 1 I I I I ‘GY( 281\ \
| @/B— — 3] | |\
1 1 I A\

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4
Poisson’s ratio v
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Let us consider a Wiener—Hopf integral equation of the first kind

+00
/ oM@ —1v)dt =¥ (1), 0<71 < o0, (2.93)
0

with the kernel

+oo .

M(t) = / G cosutdu, (2.94)
u
0

where the kernel function .& (u) is given by (2.89).
It can be shown [5, 25] that for the right-hand sides of Eq. (2.93)

vo(m) =1, Y1(r) =1, Ya(r) =12,

the corresponding special solutions are, respectively,

1 e*Bt
T) = —erfvV Bt + , 2.95
®o(7) o NCrZ (2.95)
T e Bt T 1
1) = —erfvB ——(1————), (2.96)
v1(7) o V7Bt o 2B
72 1 2
p2(v) = (E o E) erf VBT
e Bt /1 3 T 72
- - + - —). (2.97)
JaBt\B 4BJ«&B 24B 4

Here, erf(x) is the error function, which is defined as

X
2
erf(x) = ﬁ/elzdt.
0

The above solutions are illustrated in Fig. 2.6. Observe that after the normalization
these functions depend on the dimensionless elastic constants .« and B via their
product <7 B, while the dependence on the coordinate T comes as Bt.
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Fig. 2.6 Aleksandrov’s
approximate boundary
layer-type solutions
(2.95)-(2.97)

m:lw
)

—_

Boundary layer-type function S

0
-1 1 1 1 1 | _()f’(po(‘f)___o_
o1(7) 1
.2 - - - | i _1 5
AB=0.5 A (1) —— 2
. : : : .
0 0.2 0.4 0.6 0.8 1
Normalized normal coordinate Bt

2.3.4 Boundary-Layer in the Compressible Case

VYe replace £ (s) in the integral (2.87) by 7 (s), substitute the corresponding kernel
M(t) defined by (2.94) into Eq.(2.86), and implement in the resulting equation a
change of variables

v=""s)+1, V=""s)+T1.
In this way the integral equation (2.86) can be transformed into the form

+00
/ G (s, T*(s) + )N —1)dt' = TOhDbY()(Y*(s) + 7). (2.98)
0

In the case (2.89), make use of Aleksandrov’s results [3] (see, in particular, for-
mulas (2.95) and (2.96)), thus producing the solution to Eq. (2.98) in the form

FOTO L0 1 $E )

Oh.bi(s) o J7Bt 2B o
* k
+ T;) erf VBT + & f:; e BT (2.99)
T T

Since, in light of (2.88), the function (2.99) must satisfy Eq. (2.88), the boundary
layer is found to be

5. 0) =IO e BT
q (s, v) = P ver vV — s))
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—
+ ,/UH—B(S) exp(—B[v — T*(s)])], (2.100)
i =Lt 2.101
(s) = B 2B (2.101)

Note that in the axisymmetric case the obtained boundary layer (2.100) is essen-
tially similar to the leading term of the asymptotics for the contact pressure density
constructed in [25] (see formula (49.11)). The resultant of the contact pressure (with
the boundary layer taken into account) was evaluated in [8]. It is also worth noting
[3] that the relations (2.90) and (2.91) are necessary for the correct matching between
the boundary-layer solution (2.100) and the inner asymptotic solution (2.71).

provided that

2.4 Incompressible Transversely Isotropic Elastic Material

The generalized Hooke’s law (1.1), establishing a linear relationship between com-
ponents of the stress tensor ¢, and components of the tensor of infinitesimal strains
&, can be written in the tensor form

e=S:0 (2.102)

or alternatively in the matrix form as follows [21]:

e11 St111 S1221 S1331 O 0 0 o1
€22 S1221 S1111 81331 0 0 0 022
€33 | [ S1331 S1331 S3333 O 0 0 033
e | 0 0 0 28»33 O 0 023 (2.103)
13 0 0 0 0 2S»i3 O 013
€12 0 0 0 0 0 251122 012

Here, S;j; are the components of the fourth-rank compliance tensor. For a trans-
versely isotropic material the compliance matrix involves only five independent
entries, so that 257122 = S1111 — S1221, while S1111, S1221, S1331, 93333, and S2233
are expressed in terms of engineering elastic constants by the formulas

v /

St ==, Si2i=——=, Sizzi=-— 83333 = =, S33 =

E" E’ 4G'
(2.104)
where E and E’ are Young’s moduli in the plane of transverse isotropy and in the
direction normal to it, v and v’ are Poisson’s ratios characterizing the lateral strain
response in the plane of transverse isotropy to a stress acting parallel or normal to
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it, G’ is the shear modulus in planes normal to the plane of transverse isotropy. We
note also that the in-plane shear modulus is given by G = E/[2(1 4 v)].

2.4.1 Stress-Strain Relations for Incompressible Material

Recall that a solid’s resistance to all-round compression is characterized by the bulk
modulus, K. For a homogeneous anisotropic material occupying a volume V, the
bulk modulus is defined as the ratio of the small hydrostatic pressure increase, Ap,
to the resulting relative decrease of the volume, AV /V.

Since under the assumption of small deformations, AV /V = &1 + €22 + €33, by
substituting 011 = 022 = 033 = —Ap into Eq. (2.103), we readily obtain

1
rda 281111 + 281221 + 481331 + S3333.

In terms of the stiffnesses, the bulk modulus is given by

_ As(An 4 Ap) — 2473
Ajl+ App —4A13 + 24337

where A;; are determined by formulas (1.3).
According to (2.104), the above formula can be recast in terms of the engineering
constants as

20—v) 1—4\!
K = —t+— , (2.105)

which in the isotropic case reduces to

E
K=—"" .
3(1—2v)

If the material is incompressible, then the bulk modulus is infinite. At the same
time, the incompressibility condition

e11+exn+e33=0 (2.106)

must be satisfied for arbitrary stress o satisfying the equilibrium equations.

As was shown by Itskov and Aksel [15], the incompressibility condition (2.106)
written in the form I : ¢ = 0, where I is the second-order identity tensor, implies
that S : I = 0. The last tensor equation, in the general case, imposes 6 additional
constrains on the compliance tensor S. In the case of transverse isotropy, only two
of these incompressibility conditions are not identically satisfied.
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For the compliance matrix to be positive definite, it is required that
E>0, E'>0, G' >0, vV*<1,

and ,
o2 BEd=v)

2.107
B ( )

By considering the special case of a hydrostatic loading, when o1; = o9 =
033 = pandoy3 = 013 = o012 = 0, it can be easily verified that the incompressibility
condition (2.106) is achieved if

Lo oo (2.108)

Following [13], we eliminate the Poisson’s ratio v between (2.107) and (2.108)
to get (v — 0.5)2 < 0, from which it immediately follows that v/ = 0.5. Now,
substituting this value into Eq.(2.108), we obtain v = 1 — 0.5(E/E’).

Thus, for an incompressible transversely isotropic material only 3 material con-
stants remain independent and the following relations hold [13, 15]:

E
2E"

V==, v=1 (2.109)
2

These relations determine the incompressibility limit. Consequently, the condition

of positive definiteness of the compliance tensor reduces to

E < 4E'. (2.110)

It should be emphasized that whereas the stress-strain relations for compressible
materials can be obtained through the direct inversion of Hooke’s law (2.103), leading
to 0 = C : & with the stiffness tensor C = S~!, for incompressible materials the
constitutive relation is given by

oc=C:e—pl, (2.111)
where evaluation of the super-symmetric fourth-order elasticity tensor C requires a

special procedure developed in [15].
In the matrix form, Eq.(2.111) can be rewritten as

o1l ajraipaiz 0 0 0 11 p
022 apaiaiz 0 0 0 €22 p
033 | |aizaizaszz 0 0 O ez | | p
o | 0 0 0 2a44 O 0 £23 01’ (2.112)
013 0 0 0 0 2a4 O £13 0
012 0O 0 0 0 0 2a66 €12 0
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where, according to Itskov and Aksel [15], we have

4E'QE + E') 4 2E'(QE’ — 5E)
an=-————— ap=<E, an=———"-"—,
9(4E’' — E) 9 9(4E’ — E)
a13——§E, asgs = G, aegs = G. (2.113)

As a consequence of (2.109),, the in-plane shear modulus is given by

EE’
G=rrt (2.114)

Thus, for an incompressible transversely isotropic material, the number of inde-
pendent material constants is equal to 3, and E, E’, and G’ can be taken, for instance.

Note also that according to (2.109), and (2.110), the in-plane Poisson’s ratio
satisfies the inequality v > —1.

In the isotropic case, when E = E', G = G’,and v = v/, Egs.(2.109) and (2.114)
imply that v = 0.5 and G = E/3. Consequently, Eq.(2.113) yield a;; = a33 =
4E/9 and a1y = a3 = —2E /9. Taking into account the incompressibility condition
(2.106), we represent the stress-strain relations as follows, where no summation is
implied by the repeated index:

oii =2Geg;; — p, 0ij =2Ge;j, i #]j, i,j=123. (2.115)

Notice that Eq. (2.115) represent a usual form of the constitutive relations for isotropic
incompressible material [9, 28].

Finally, the unknown hydrostatic pressure parameter p in the constitutive law
(2.112) should be determined from the incompressibility condition (2.106).

2.4.2 Isotropically Compressible Transversely Isotropic
Materials

Note that for an incompressible material under a uniform hydrostatic pressure not
only the trace of the strain tensor is equal to zero, but also the deviatoric part of
the strain tensor vanishes. Following [15], we consider anisotropic materials which
under a uniform hydrostatic pressure exhibit strictly isotropic volumetric response.
In this case, the bulk modulus, K, of such an isotropically compressible material is
independent of the stress state and represents its intrinsic property.

For an isotropically compressible transversely isotropic material, the number of
independent material constants is equal to 4, while E, E’, G’, and K can be taken,
in this instance. As a result, the following relations hold [15]:
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, 1 E’ E/1 1 E'E
V=3-ex *=1-5(g ) O —— %
AF' — E — —
3K
Correspondingly, the constitutive relations can be written in the form
o1l cricizes 00 0 €11 p
o2 cizennes 000 €22 p
o33 | _|cizezesz 0 0 0 ez | | p
o3| | 0O 0 0 2cs4 O O €23 (O I (2.116)
013 0 0 0 0 24 O £13 0
012 0 0 O 0 0 2C66 €12 0
p = —K(e11 + 622 + €33), (2.117)
where, according to Itskov and Aksel [15], ¢;; are given by
1 ( 2 n 1 1 1 /4 1 1
cn=g-\= ———), C33=—(———/——),
3D\E E 3K 3D\E E 3K 2.118)

_1(2 5+1) _1(1 4+1)
C=ep\E " "3k) BTep\E T E T 3k)

D_3(4 1) 1(1+2)+ 1
4E'\E E'J 6K\E' E/ 36K?

Thus, for isotropically compressible materials, the case of weak compressibility
can be treated as the limit as E'/K — 0.

2.5 Deformation of a Thin Incompressible Transversely
Isotropic Elastic Layer Bonded to a Rigid Substrate

Let us consider a thin transversely isotropic elastic layer of uniform thickness, #,
ideally bonded to a rigid substrate and loaded by a normal load, ¢, (see Fig.2.7).

According to the perturbation analysis performed in Sect. 1.2, the leading-order
asymptotic approximation for the displacement field is given by the following for-
mulas (see Eqgs. (1.18), (1.19), (1.22)—(1.24)):

Fig. 2.7 An elastic layer of qlx,x)
uniform thickness bonded to
arigid substrate and carrying

a normal load h

X1

7777777777777 77777777777777777777777I7777777777777777
X3
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Ap+ A A h
2 A1z + Au 2 A *
v (2B ——(1—;)) V,4q, (2.119)
( 2A33 A3z A "
h Aiz(Az + 24
b~ e *q(1—§)+53[ 13( . 44)(1_03
A3z 6A3,

A3(A13 + Agg) ) AzAs ] B
- (1 - 4+ ——(1 - Apg. (2.120
2A%3 ( ;) 2A§3 ( é-) A44 Uq ( )

For any transversely isotropic material, we have

A13 _ E\)/
Asz E'(1—v)’

When the material approaches the incompressible limit, the right-hand side of the
above relation tends to 1 (see Eq.(2.109)), while the ratio A44/A33 vanishes. Hence,
formulas (2.119) and (2.120) reduce to the following:

va(S0-02=(1-0) v, @.121)
m
NSS[EO_ poLlgo )2]h—*A (2.122)
w=ee ¢ > ¢ ” nq- .

Note that a44 = Aaa is the out-of-plane shear modulus.
2.5.1 Perturbation Analysis of the Deformation Problem
Jor a Thin Incompressible Elastic Layer

From another point of view, the problem under consideration can be formulated based
on the constitutive relation (2.112). Indeed, the equilibrium equations yield

3%v 3
ags Ayv + (a11 — ase)VyVy- v + dagg + (a13 + a44)£VyW - Vyp=0,
Aw + 82W+( taw Ly 0 _ (2.123)
a W+ a3z —= a agy)—Vy-v— — =0, .
444 B2 13+ daa) - Vy Py
and the incompressibility condition is
ow
Vy- v+ — =0. (2.124)

0z
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In the case of the elastic layer bonded to a rigid substrate, the boundary conditions
at the layer bottom surface are

V[ =0 w[_,=0, (2.125)

while at the upper surface, under the assumption of normal loading, we have
013|Z:0 = 623|Z:0 =0, 033|Z:0 =—-q.

The last boundary conditions can be rewritten as

0
Vw+ | =0, (2.126)
0z z=0
ow
a13Vy'V+a338—Z —-p = —q. (2.127)
z=0

Assuming that the elastic layer is relatively thin and & = ¢h,, we introduce the
stretched normal coordinate

c=¢hy'z
and the dimensionless in-plane coordinates
n=.m), ni=hly, i=12.

Correspondingly, the system of equations (2.123), (2.124) with the boundary
conditions (2.125)—(2.127) takes the form

2

_ 97V _
& 2a448_§2 + e a3 +aw)V

aw
3¢
+ ag6 AV + (@11 — ass)VyVy- v —hVyp =0, (2.128)

3w 9 ap
-2 -1
€ £133,a—§2 +e ((al3 + as)Vy- o h*&) +agpAw =0, (2.129)
aw
-1
£ ¥+V,7-V=O, (2130)
V[_y =0 w[,_ =0 (2.131)
9
19V VoWl =0, (2.132)

8{ =0
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1 9
—(e—1a33—w +av,. v) ~ p‘ = 4. (2.133)
" e =0

In light of (2.119), (2.120), and (2.133), the asymptotic ansatz for the solution to
the system (2.128)—(2.133) is represented in the form

v~ e2vli(y, 0), (2.134)
w edwi(n, ), (2.135)
P=q+ep’m 0. (2.136)

Substituting (2.134)—(2.136) into Eq. (2.128)—(2.133), we arrive at the problem

32v! | av!
aM&;=hﬂm,;emn,vLﬂ=&-&Qﬂ=m (2.137)
3%w? av! ap?
a338_§2 = —(a13 + a44)Vy- E + h*¥7 ¢ €(0,1), (2.138)
2 ow? 1 2
w | =0, asz——+ai3Vy- v —hyp =0, (2.139)
¢= 8; ¢=0
ow? 1
¥ +V, v =0, ¢e€(0,1). (2.140)
From (2.137), it immediately follows that
1 h 2
v = 3 (I =25)Vyg(). (2.141)
as4
Now, integrating Eq. (2.138), we get
ow? 1 5
a33¥ = —(a13 +a44)Vy-v +hyp” + Co, (2.142)

where C3 is an integration constant, which may depend on 7; and ;.
By taking into account (2.140) and (2.141), we rewrite Eq. (2.142) in the form

hep® = —Ca + (a13 + ass — az3)Vy- vl

aizt+asy —a

-G 5 31— ¢DhAyg(n). (2.143)
ag4
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Again, making use of Egs. (2.140) and (2.141), we transform the boundary con-
dition (2.139); into

h*p2|§:0 = (a13 — az3)Vy- V! |;:o

= B8y, A (2.144)
2a44

From (2.143) and (2.144), it follows that
1 D
Cy = amuVy, v |{:O = —TA,]q(n). (2.145)

Hence, the substitution of (2.145) into Eq. (2.143) yields

A
P’ = ;q(ﬂ) (ass — (aas + a13 — az3)(1 — 52))- (2.146)
as4

Finally, in light of (2.141), (2.145), and (2.146), Eq. (2.142) takes the form

a_w2_ b A=) Aq() (2.147)
a¢ o 2a44 ¢ gt '

which after integration (with the boundary condition (2.139); at the bottom layer
surface taken into account) becomes

*

6a44

w2, ) = ———(1 = )*Q2 + ) Ang(n). (2.148)

It is easy to see that formulas (2.141) and (2.148) completely agree with (2.121)
and (2.122), respectively, which are obtained from (2.119) and (2.120) for the com-
pressible layer by passing to the incompressible limit.

Thus, the displacements of the surface points of the bonded incompressible elastic
layer can be approximated by the following leading-order asymptotic formulas:

Vg (), (2.149)
44
3 s

w|, _y x> —&——Ayq(n). (2.150)
¢ o

After recovering the dimensional coordinates, these relations take the form

h2

V’zzo = _MVM(”’ (2.151)
h3

W|z:o ~ ———Ayq(y). (2.152)

3ass
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We note that the two-term asymptotic approximation for the hydrostatic pressure
is given by formulas (2.136) and (2.146).

Finally, we observe that the case of a practically incompressible elastic layer
(weakly compressible layer) requires special consideration [22].

2.5.2 Local Indentation of a Thin Weakly Compressible
Elastic Layer

Following Mishuris [22], we briefly consider the case of a weakly compressible
material, where

/

G
— < 1. 2.153
X < ( )

Excluding the hydrostatic pressure p from Eqs.(2.116) and (2.117), we obtain

o1l CiCp2Ci3 0 0 O e11
022 CpCiCiz 0 0 O %3
o3| [CizCi3Cs3 0O 0 O £33
on | 0 0 0 2C4 O 0 &3 |’ (2.154)
013 0O 0 0 0 2Cy4 O €13
o12 0O 0 0 O 0 2Ce¢6 £12

where we have introduced the notation (with the coefficients ¢;; given by (2.118))
Cij=cij+K, j=123 Cn=c3+K, Cu=G", Ce=0G.
Observe that the form of constitutive equation (2.154) for isotropically compress-

ible materials is similar to that of Eq. (1.2) for compressible materials. Therefore, the
following asymptotic approximations hold (see Sect. 1.2):

g2 hy(C13 — Caq)

~ vV, p, 2.155
Yo 2C33Cy4 nP ( )
h«p hyC13(C13 — Cas)
wo = 8ch3 —e = C Ayp. (2.156)
33444

Recall that the in-plane coordinates (71, n2) are dimensionless (see Eq. (1.13)).
Thus, in light of (2.153), the elastic constants entering formulas (2.155), (2.156)
can be expanded as

G G'K?

Ci3 — Cy4 _ 1 2E + 3G’ 0 E”?
C33Caa G 3G'K ’
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1 1 4E’ E"?
c_g:?_ﬁ+0ﬁ’ (2.157)
Ci3(Ci3—Cq) 1 4E' +3G’ E”? (2.158)
ChCy G 3G'K G'K?) '

Let L be a characteristic length of the contact area, so thate = h/L and h = gh*.
Thus, following three cases can then occur:

(1) Compressible layer when (h/L)? <« G’/K or, equivalently, K < G'(L/h)?;
(2) Weakly compressible layer when G’/K ~ (h/L)?;
(3) Practically incompressible layer when G’/ K « (h/ L)2.

In the first and third cases, respectively, the first or second term in the asymptotic
formula (2.156) becomes dominant. In the second case, both terms on the right-hand
side of (2.156) are equally important.

Finally, we would like to emphasize that in the case of a thin elastic layer, the
effect of incompressibility depends on the degree of its thinness.

2.6 Boundary-Layer Problem in the Incompressible Case

The case of incompressible materials requires a special consideration. In this section,
the Wiener—Hopf method will be applied to the corresponding boundary-layer inte-
gral equation with a polynomial right-hand side.

2.6.1 Transformation of the Governing Integral Equation

In light of (2.22), Eq. (2.34) can be rewritten in the form

%// P(Y)K(y1 = yi, y2 = yp) dy = #o(y), (2.159)

where we have introduced the notation

“+00
<z
K. (y) =// gs) coswcos%dsldsz,
0

s h

+o0 2
1 I . iy
7o(y) = E//E > g (@1, ap)e @) dgy day (2.160)
n=1

—00
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Recall that the kernel function .Z () is given by (2.37), and w, (") (a1, ap) denotes the
Fourier transform of the local indentation of the n-th elastic layer
In the contact problem, the sum of the local indentation functions w(()l) (y) and

w(()z) (y), whose Fourier transforms appear in (2.160), is known only inside the contact
area w according to the contact condition (2.20), whereas outside w the normal surface

displacements wo )(y) are determined by the contact pressure density p(y), which
is not given a priori, even in the case of fixed contact area. Thus, the right-hand side
of Eq.(2.159) is also unknown.

By definition (see formula (2.160)), we can represent the right-hand side of the
governing integral equation (2.159) in the form

Ho(y) = 75 ) + 75 ), (2.161)
where 7/00 (y) is a harmonic function, and 7/01 (y) satisfies the problem
— AL =80 —9(y), yew; #(y) =0, yerl. (2.162)

Denoting by Cy(s) an arbitrary function of the arc length coordinate s along the
contour [, we have

AL (hp) =0, 0 € w; #Y(hay) = Cols), s € I, (2.163)

where w, is the contact area in the dimensionless coordinates (2.40).
Note that as

//( S ) eyt gy dy, = (of + a2)d(ar, @2),
ayl 8y2

Equation (2.159) can be regarded as the result of application of the inverse Laplace
operator —A ! to the original governing integral equation (2.34).

2.6.2 Boundary-Layer Integral Equation

Performing the same analysis as in Sects.2.3.1 and 2.3.2, but differing in that the
local coordinates (s, n) are introduced in a small neighborhood of the contour I,
we arrive at the following integral equation:

+00
/ g (s, VIYM, (V' —v)dv = 70h,Co(s). (2.164)
0
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Here, ¢™*(s, v) = e‘lq:(s, v), and the kernel is given by
+oo$
M. (t) = / # cosut du. (2.165)
u
0
Let us consider Eq. (2.164) with a special right-hand side
+00
/qu(r)M*(t—t)dt:tj, 0<t< oo, (2.166)
0

where j =0, 1,2, ...
Recall (in particular, see formula (2.66)) that in the incompressible case, the
function £ (u) satisfies the following asymptotic relationships:
L) = piu + po’ + 0w’), u—0, (2.167)
Lw)y=14+ 0™, u— oc. (2.168)
The dimensionless coefficients uy are given by

i = 0.4, (2.169)

where the dimensional quantities .#} are introduced in (2.66).
Therefore, Eq. (2.166) possesses a solution such that

¢j(t) ~wit™% 0, (2.170)
¢j() = 0@)), t— oo. 2.171)

Let us reformulate the problem (2.166) into the distribution type formulation.
Specifically, by introducing a small parameter ¢ > 0, we consider the problem

oo
/ ¢ (OM (v — 1) dt = te ™, 0<t < oo, (2.172)
0

and will pass to the limit ¢ — 0 later. We omit, where clarity permits, the subscript
and superscript in ¢¢, using the common notation ¢ and clarifying where necessary.

Consequently,, we will look for a solution to Eq. (2.172) satisfying the following
assumption at infinity:

o) =0@)e ™, t— oo. (2.173)
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Under the assumptions made, we extend by zero the definition of the function
¢(t) for t € (—o0, 0) and apply the Fourier transformation to Eq. (2.173), obtaining
the following classical Wiener—Hopf type equation as a result:

—_ — 1

Here an overbar denotes the Fourier transform, by = —1, by = 1, bp = —2, and

“+o00 o0
b.(s) = / () dt = / (1) dt
00 0

is the analytic function in the upper half plane behaving at infinity as

$.(i&) = 0E"?), & — oo, (2.175)

Note that, when writing (2.175), we take the condition (2.170) into account.
From (2.165), we directly compute

M.(s) = Szz(s), (2.176)

and thus M, (s) is bounded at zero, while from (2.173), we only conclude that

i(s) = 0(;), s — —ie. (2.177)

(s +ig)lti

We now assume that ¢ — 0 and transform Eq. (2.174) into the equivalent form

G ()L (S)N(s) =7r_(s) + m, (2.178)
where l;o =1, 51 = —1, I;g = —2i, and
L.(s) = il , (2.179)
(s2 + A2)V/s2 + B2
2 2N /o2 2
N(s) = 290 +:‘3 )Vs"+B° (2.180)

It can easily be checked that N (s) is an even function, and is always positive along
the real axis, while for any positive values of A and B it satisfies the condition

N(s)=140(G"2), s— +oo. (2.181)
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Thus, the function (2.180) allows for factorization along the real axis in the form

where

1 /°° log N (1)

Nz(s) Zexp|z—m s
_Oo -

dt} , =35 > 0.
The functions N4 (s) possess the following asymptotic representations:

1 o
Ni(s)=1— —/ log N(1)dt + o(s™"), =is — oo, (2.182)
17Ts Jo

Ni(s) = exp {%/OOO argN(t)%} +0(s), s— 0. (2.183)

‘We now introduce the notation

LE(s) = VT (2.184)

* (AFis)YBFis

so that the Wiener—Hopf equation (2.178) can be rewritten in the equivalent form

¢ (LT (S)N(s) = F_(s) (r_(s) - m) (2.185)
where
N_(s)
(s) = . 2.1
F_(s) - (2.186)
In light of (2.182)—(2.184), we have
F_(s)=0(), s—0; F_(s)~ (is)*? s— —icc. (2.187)

Note that the branch cuts in the respective square roots are taken along the imag-
inary axis from the points —i to +00 and from +i to —oo for the functions L} (s)
and L (s), respectively. Thus, the function F_(s) is analytic in the neighbourhood
of the zero point and can be expanded in the Taylor series as follows:

J k
o)=Y FE")(O)% + oGk, s 0. (2.188)
k=0 ’



56 2 Asymptotic Analysis of the Contact Problem ...
Finally, we transform Eq. (2.185) to the form

G (LT (S)N4(s) = F_(s)F—(s)

b, PO
+ W(F(s) - > F¢ (O)E)

k=0

b, ! ® 1, 5"
+ eFTIES kzo FEO) . (2.189)

The left-hand side of this equation is an analytic function in the upper half-plane
having a pole at the point s = 0. The right-hand side of (2.189) consists of three
terms where the first two are analytic functions in the lower half-plane. Finally, the
third term is a plus function having a pole at the point s = 0.

Taking into account the assumed behavior of the sought for solution, we can write
it in the form

- _ l;j ! (k) i

P+ = 0L (5N, ) kz=0 =0 (190
S PN S (F (s) — §j F"”(())f) (2.191)
T Y A G ~ = Va) '

Note that 7_(s) is analytic in the lower half plane containing the real axis and the
common analyticity strip 0 < Ims < y, for some positive x.

2.6.3 Special Solutions of the Boundary-Layer Integral
Equation

For further analysis, it is crucial to consider an auxiliary function

+00 .
& (1) = — / e s (2.192)
T2 ) (s +i0) I LE(s)Ny(s) ’
—0Q
Here it is worth mentioning that the functions ®;(z), j = 0,1,2,..., enjoy a

recurrent property

Pi(1) = —iPj_1(1), (1) =i®) (1) (2.193)
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We continue by analyzing the asymptotic behavior of @; () at zero and infinity.
Note that the function 1/ [L;ir (s)N4(s)] is analytic near the zero point, and thus

J
=>¢Vs" + o067, s—o0.

Li (S)N+(S) —o

This allows us to consider the following representation of the function @ (¢), suitable
for large values of the variable ¢:

o0 .
1 (()) k e Vs
Di(t) = — — —
i® 27 / L+(s)N+(s) % (s +10)/+1
+ Z cOPi i) (2.194)

The polynomials P,,(¢) are given by the formula

1 00 —1st
Pu(t) = / .—ds, m=0,12,.... (2.195)
27 oo (s + 1O)m+1

In particular, it immediately follows that

, ir?
Po(t) = —1, Pi(t) =—t, P(t) = >
and thus formula (2.194) yields
J
@)= COPi_i(t)+o(l), t— 0. (2.196)

To investigate the asymptotic behavior of the function @ (¢) near the point z = 0,
we observe that

1

—L+(S)N ©) = —is (C(()OO)(_IS)]/Z +Cioo)(_is)fl/Z)+0((_is)71/2), (2.197)
* +

as —is — 4oo. Correspondingly, as t — 0, we arrive at the following estimate:

_1 / (C(OO)( 1S)1/2 C(OO)(_is)fl/Z)efist

;) = (s +i0)J

ds +O0(l). (2.198)
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Here the integration pass should be further deformed to impart a classical sense to

the Fourier transform.
As aresult, we obtain the asymptotic relationships

Bo(1) = ——C 432 _ Lﬂcf"’)z—l/2 +00), t—0, (2199

2y 0 N
Lo .—12
®(1) = —ﬁc0 12100, t—0, (2.200)
Dr(t) = 0(1), t—0, (2.201)

where we have used the identity
1 o

. 1
12 st ge — _t—l/2. 2.202
2 —oo( ") ‘ ’ ol ( )

We are now ready to return to the general solution (2.190) and consider three
cases j = 0, 1, 2 separately. _
The case j = 0. Due to the fact that by = i, the respective solution takes the form

do(t) =1F_(0)Po(2), (2.203)

and based on the results presented above for the asymptotic behavior of the function
@ (1) at infinity (see (2.194)), we conclude that

F_(0)

n = N oL

+o(l), t— oo. (2.204)
In light of (2.167), (2.179), and (2.180), formula (2.204) can be recast as
1
¢o(t) = — +o(l), 1t — oo (2.205)
"1

Note that in the isotropic incompressible case (2.29), we have

sinh 2u — 2u

4 =
(@) cosh2u + 1 + 2u?

(2.206)

and (see also formula (2.167))

2 6
Lu) = 3143 — §u5 +0w), u—0.

Thus, 1 = 2/3, and the asymptotic formula (2.205) agrees with the correspond-
ing result obtained by Aleksandrov [4].
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On the other hand, taking into account the asymptotic behavior (2.199) of the
function @ (t) at the zero point, we readily see that

F_(0) (c0),—3/2
ty~—+=C, 't , 0.

Considering (2.180), (2.186) and (2.197), the above formula takes the form

A«/E}\/_(O)ﬁ/2
27-[3/2 ’

do(t) ~ — — 0. (2.207)

The case j = 1. Now, since b; = —1, Eq.(2.189) has the following solution:

F_(0) + sF’ (0)

¢ (s) =— . 2.208
P+ = 0L (N () (2208
As a result, we obtain
¢1(1) = —F_(0)®1(t) — FL(0)®o(r). (2.209)
The case j = 2. Finally, we have b, = —2i and the solution to the problem takes
the form
_ 2F_(0) + 25 F’(0) + s> F"(0)
$(5) = —i —— :
(s +10)° Ly (s)N4(s)
As a result, we see that
do(t) = —2iF_(0)Dy(t) — 2iF (0)D () —iF” (0)Py(1). (2.210)

Formulas (2.203), (2_.209), al}d (2.210) provide solutions to Eq. (2.166) with spe-
cial right-hand sides ¥/ (t) = ¢/ for j = 0, 1, 2, respectively.

2.6.4 Solution of the Boundary-Layer Integral Equation with
a Polynomial Right-Hand Side

We now consider Eq.(2.164), where the right-hand side is a linear combination of
the polynomials 9, ¢!, and r2. That is

+00 2
/ POM(t —1)dr =D i, 0<1 < o0, 2.211)
0 k=0
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According to (2.190), a solution to Eq.(2.211) can be represented in the form

) =203, 0<t < oo. (2.212)

Formula (2.212) will give a finite-energy solution, if £2(0) = 0 and £2(¢) has

a local derivative (near zero) belonging to the Holder class. In other words, £2 ~
wot'T¥ ast — 0, where 0 < o < 1 defines the Holder class, or equivalently

dt) ~ wor* V2, 1> 0. (2.213)
Therefore, in order to satisfy the asymptotic condition (2.213), one of the constants

cp, 1, and ¢7 in (2.211) should be a linear combination of the other two. In light of
(2.211), the regularity condition (2.213) takes form

codo(t) + c1¢1(t) + cao(t) = 0%, t — 0. (2.214)

Now taking into account Egs. (2.203), (2.209), and (2.210), we conclude that the
asymptotic condition (2.214) is equivalent to the following:

coF—(0) +ic1 F'(0) — c2F"(0) = 0. (2.215)

Here, F_(0), F’ (0) and F”(0) are the values of the function (2.186) and its two
successive derivatives at zero (see formula (2.188)).
Thus, it is clear that Eq. (2.164) has a finite-energy solution if

Co(s) =0, (2.216)

where s is the arc length coordinate along the contour I'.

2.6.5 Approximate Solution of the Boundary-Layer Integral
Equation

Following Aleksandrov [4], we look for a solution in its approximate form, assuming
N(s) = 1. The function @ (¢) simplifies as follows:

on— /00 (A—is)J/B —is
-’()_2nﬁ oo (s +i0)/H!

Note that it is enough to construct the function @;,(¢), while @y (¢) and D (r)
could be evaluated using the recurrence relationships between them (2.193).

e s, (2.217)
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We apply Cauchy’s residue theorem to evaluate the Bromwich contour integral of
(2.217). It is readily seen that the integrand function has a pole at s = 0 of the order
j + 1 and a branch point at s = —iB. In this way, we find

Bt
iV (1) = (Ay1 (1) — Yo(D)),
A —Bt
—JT®1(1) =B + st AVBr — (Ay (1) — ¥1 (1)),
, A —4B A Ar? e Bt
TP (1) = JE( o~ (14 55) - 7) — —(AV3() = ().
(2.218)
where we have introduced the notation
IE\/_
1pn(’) _/ (%_ T B)”
In particular, we have
JT
Yo(t) = 502
Yi(t) = \/7? — 7/ BeP! erfc (VBY),
Ya(t) = —/Ti + %em erfe (v/B1),
JTt(2Bt + 1) T
Y3(t) = 5 - 833/2e3t(432t2 + 4Bt — 1) erfc (VB?).

(2.219)

Furthermore, in light of (2.184), the formula

=15

simplifies to

F_(s) = %(A +is)vVB +is.
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It now follows that

1
F_(O):ﬁA\/B,

i
F' (0) = ———(A +2B),
—(0) 2\/5\/?( +2B)

1
F’(0) = ——————(A — 4B), 2.220
—(0) 4ﬁBJ§( ) ( )

while correspondingly, the regularity condition (2.215) takes the form

4 A+2B  4B-A 021)
co —C1 2B c2 152 = 0. .

Further, taking into account formulas (2.203), (2.209), (2.210) and (2.218)—
(2.220), we obtain

A%B A~/Be~ B!
do(t) = erf (WBt) + ———— ST (AL — 1),
—Bt
1= f (VBI) + ——————(4A’Br* —2A% + A +2B),
P e )+4n3/2@,3/2( +A+2B)
A’?B?%t — A% - 2B?
po(t) = & ) ert (/B1)
B
e 2p2,3 2p,2 2 2
+ 87T3/2B3/2t3/2(8A B*t° —4A°Bt* —2A%t + A — 16B”1 — 4B).

(2.222)

Observe that following Aleksandrov [4], we can select the coefficients A and B
in the approximate kernel function

3
Pis) = = AZ; Ny (2.223)
in such a way that (cf. formula (2.167))
L(s) = 15> + pas® + 0(s7), s — 0. (2.224)
By simple calculations, we find
R (2.225)

n1B
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where the coefficient B is determined as a positive root of the cubic equation
2ulB3 +2p2B* + g = 0. (2.226)

Therefore, in light of (2.223) and (2.224), for the function N (s) defined by (2.180),
the following asymptotic formula holds true:

N(s)=1+0(GYH, s—0. (2.227)

Note that in the isotropic incompressible case (2.206), Eq.(2.226) is equivalent
to 20B3 — 54B% + 15 = 0, which has one negative and two positive roots By =
0.597219 and B, = 2.588024. By formula (2.225), we calculate A; = 1.584816 and
Ay = 0.761310. The errors of the corresponding approximations (2.223) to the kernel
function (2.206) do not exceed 14 % and 20 %, respectively, for all 0 < s < +o0.

2.7 Leading-Order Asymptotic Solution of the Contact
Problem for Incompressible Layers

In the incompressible case, the process of solving the contact problem by asymptotic
methods reduces to that of solving the so-called resulting problem for the leading-
order asymptotic solution. In this section, the resulting boundary value problem (later
called asymptotic model) is formulated, including the governing differential equation
and the corresponding boundary condition.

2.7.1 Governing Differential Equation

Accordingto (2.67) and (2.152), the local indentation of a thin bonded incompressible
elastic layer can be approximated by

wi(¥) = — PR Ay p(y), (2.228)

where

m _ |1
)
3as,

and a‘(ﬁ) = G, is the out-of-plane shear modulus of the n-th elastic layer.

Substituting the asymptotic representations (2.228), n = 1, 2, into the contact
condition (2.20), we arrive at the equation

— ("1} + P 13) Ay p(y) = 80 — 9(y), ¥ € . (2.229)
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Let us introduce the notation

h3
My = ///(”— + //fz) (2.230)

h3’

where h = hj+ h is the joint thickness. Then, we can rewrite Eq. (2.229) as follows:
— M Ayp(y) =8 — 9(¥y), Y€ . (2.231)

Recall that the elastic constant ./ ](") is introduced by the expansion

<
L) _ 42 ot s -0,
Ops
where %, (s) is the kernel function of the n-th layer. From here it follows that

0
On

hn

% (G

) o.4" "s*+ 0(s%), s— 0.

By substituting the above expansion into formula (2.37), we derive the following
asymptotic expansion for the compound kernel function:

ZL(s)
Os

(//“) +.a 2)s2+ oY, s—o0.

It is readily seen that the latter formula is consistent with the definition (2.230) of
the compound elastic constant .Z].

The governing equation (2.231) should be supplemented by the appropriate
boundary conditions at the contour I" of the contact area w.

2.7.2 Boundary Condition in the Case of Fixed Contact Area

By introducing the dimensionless coordinates (2.40) into the governing integral equa-
tion (2.159), and recollecting the notation A = ¢! we have

29A // P&k (A(n — &)) dE = W5 (), (2.232)

where p. () = p(hsn) and 7 () = #o(h.n).
Applying the distributional asymptotic analysis (see Sect.2.2.1), in light of the
asymptotic expansion (2.167) for the kernel function Z(s), we find that
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2 2
2 2o
K(An) ~ = 52800 = — = Agd() + ... A = o0, (2.233)

where uy = 0.4, and §(n) is the two-dimensional Dirac delta function.
Therefore, substituting the asymptotic approximation (2.233) into Eq. (2.232), we
obtain

m . p(y) — B A Ayp(y) + ... = Ho(y). (2.234)
To leading asymptotic order we have
W p(y) = Ho(y). (2.235)

We are now in a position to derive the leading order asymptotic model in the case
of fixed contact area. Taking into account relations (2.161)—(2.163) and (2.216), we
conclude that the function #(y) should satisfy the problem

— A (Y) =80 —o(y), yew;, #(y) =0, yel. (2.236)

On the other hand, by substituting the representation #4(y) ~ h3.#, p(y), which
is none other than (2.235), into Eq. (2.236), we arrive at the following problem:

W3 Ayp(y) =80 — 9(y), ¥ €, (2.237)
p(y)=0, yel. (2.238)

Itis readily seen that Eq. (2.237) is identical to the governing differential equation
(2.231), while Eq. (2.238) represents the sought for boundary condition.

It is interesting to note that the leading order asymptotic model (2.237), (2.238)
provides the so-called [4] degenerate solution, which vanishes at the boundary of the
contact area even for a punch with a sharp edge, whereas, generally speaking, the
original solution has a square root singularity.

2.7.3 Boundary Conditions in the Case of Unilateral Contact

We now revisit the boundary-layer problem considered in Sect.2.6.2, taking into
account the fact that in light of (2.216), the right-hand side of the governing integral
equation (2.159) now satisfies the boundary-value problem (2.236).

Considering the behavior of the function #4(y) near the contour I” in the fast
dimensionless coordinates (see, in particular, Eqs. (2.40) and (2.78)), we have

Wo(hen) = evB(s) + eV’ Bi(s)+..., v—0", ser, (2.239)
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where we have introduced the notation

2 0%

2 9n?

4
Bi(s) =hi—=(y), B3(s) = ¥, yer.
Taking into account only the leading term in (2.239), we arrive at the boundary-
layer integral equation

+00
/ g™ (s, V)M (V' —v)dV' = wOh, B} (s)v. (2.240)
0

In the unilateral contact problem (see (2.21)), the solution of Eq. (2.240) should
vanish at the contact area contour, i.e.,

g™ (,0) =0, sel.

On the other hand, according to (2.166), we have g**(s, v) = w0h, B} (s)$1(v),
while, due to (2.200) and (2.209), this function possesses a singularity at v = 0
unless B (s) = 0 for all s € I". In other words, as a consequence of (2.235) and
(2.239), the obtained result represents the second boundary condition

0
Lyy=0. yer. (2.241)
on

that should be added to the problem (2.237), (2.238) in the case of unilateral contact
with unknown contact area w. Note that Eq.(2.241) is called [17, 27] the zero-
pressure-gradient condition.
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Chapter 3
Unilateral Frictionless Contact of Thin
Bonded Incompressible Elastic Layers

Abstract This chapteris devoted to solving contact problems for thin bonded incom-
pressible transversely isotropic elastic layers in the thin-layer approximation, based
on the leading-order asymptotic model developed in Chap. 2.

3.1 Asymptotic Model for the Frictionless Contact
of Thin Bonded Incompressible Layers

In this section we summarize the results of the asymptotic analysis performed in
Sects. 2.5 and 2.7, by formulating a leading-order asymptotic model to describe (in the
thin-layer approximation) the frictionless contact interaction of two incompressible
elastic layers bonded to rigid substrates.

3.1.1 Leading-Order Asymptotic Model for the Unilateral
Contact

We will continue use of previous notation, wherever possible, and consider two thin
transversally isotropic elastic layers of uniform thicknesses %1 and £, ideally bonded
to rigid substrates (see Fig.3.1). Let ¢(y) and §p denote the gap between the layer
surfaces before deformation and the contact approach of the rigid substrates under
the external normal load, respectively.

According to the asymptotic analysis performed in the previous chapter in the
incompressible case (see, in particular, Sect.2.7), the contact pressure density, p(y),
which is assumed to be positive, should satisfy the differential equation

© Springer International Publishing Switzerland 2015 69
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Fig. 3.1 Contact of two thin elastic layers in the initial undeformed configuration, with the variable
gap function ¢(y) measured along the common normal axis z

h3 h3
- ( -+ —%)Aymy) =8 —¢¥), yeo. 3.1)
3G, 3G,

Here, Ay = 32/9 y]2 +92/9 y% is the Laplace operator, G, is the out-of-plane shear
modulus of the nth layer (n = 1, 2), y = (y1, y2) are the in-plane Cartesian coordi-
nates, and w is the contact area, which is not given a priori.

In the case of unilateral contact, the contact area should be determined in the
process of solving Eq. (3.1) with respect to the following boundary conditions:

3
p(y) =0, —8’7 (y)=0, yer. (3.2)
n

Here, d/0n is the normal derivative at the contour I" of the domain w.
For simplicity, we introduce the following notation:

—1
m:(h% + h%) . (3.3)
3G] ' 3G,

Finally, denoting by F the total external load applied to the substrates, which
produces the contact approach &g, we write out the equilibrium equation

// p(y)dy = F. (3.4)

Equations (3.1), (3.2), and (3.4) constitute the leading-order asymptotic model of
the unilateral contact for thin bonded incompressible elastic layers. We should note
that, as was shown in [16], the error of the leading-order asymptotic model based
on the zero-pressure-gradient condition for the contact pressure across the contact
contour, which was used in [7, 8, 17, 18], increases as the ratio of the diameter of
the contact area to the layer thickness decreases.
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3.1.2 Elliptical Contact of Thin Bonded Incompressible
Elastic Layers

Let the gap function be represented by an elliptic paraboloid

2 2

1 D)
= — 4+ ==, 3.5
@) 2R, + R, (3.5)

In this case, the exact solution to the boundary-value problem (3.1) and (3.2) can be
obtained in the following form [8]:

2 2\ 2
M Y
p(y) = po(l Sbr ke b—g) : (3.6)

Here, pg is the maximum contact pressure, while a and b are the semi-axes of the
elliptical contact area w.

By substituting (3.6) into Eq.(3.1), and taking into account relations (3.3) and
(3.5), one arrives at the following system of algebraic equations [8]:

4po (1 1
8o = 7((1—2 + b—z), 3.7

1 4po(3 1 1 4py (1 3
LN/l (SRR T ALY (LA 3.8
2R;  ma? (a2 + b2) 2R,  mb? (a2 + b2) 38

Let s denote the aspect ratio of the contact area, i.e.,

b
s = -, 3.9
a
then, from Eq. (3.8) it immediately follows that
Ri—R)\> Ry (R —R
szz\/ foR) R BB (3.10)
6R,| R 6R;
Now, Egs. (3.7) and (3.8); yield
2 2057+ 3.11)
a=——" , .
241 0
2072
3 1
L ) (3.12)

2(s2 + 1)2
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Then, substitution of the contact pressure distribution (3.6) into the equilibrium
equation (3.4) gives F = (r/3) poab, where, as a result of (3.9), (3.11), and (3.12),
we obtain the following equation [4]:

3032 2
_rmyos T (32S +1 283, (3.13)
30 (s2+1)3

Observe that the force-displacement relationship (3.13) depends on both radii R
and R» (see Eq.(3.10)). A compound geometric characteristic of the gap between
the contact surfaces can be introduced, for instance, through the arithmetic mean
(R1 + R»)/2 or the geometric mean /R| R; as well as through the harmonic mean
2R1R2/(R1 + R»). As, with regard to the articular contact, the radii R and R, do
not differ much, the corresponding scaling dimensionless factor should not deviate
overly from a constant value for s & 1. It can be checked that the geometric mean
/R R3, as a geometric characteristic of the initial gap, provides the best result among
the mentioned variants. Thus, we rewrite Eq.(3.13) in the form

2w 3
F = TCF(s)leRySO, (3.14)

where m is given by (3.3), and we have introduced the notation

- s(3s? 4+ 1)(s* +3)
rl) = Ty

(3.15)

Note that the coefficient cr(s) is normalized to be cr (1) = 1 (see Fig.3.2).
We finally note that another approximate solution was obtained by Hlavacek [16],
using the averaging method originally developed by Matthewson [21].

—_

Fig. 3.2 The dimensionless
quantities s and cr(s) as
functions of the curvature
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3.1.3 Similarity Analysis of the Contact Problem for Thin
Bonded Incompressible Elastic Layers

Let the gap between contacting layers before deformation be described by a homo-
geneous function, ¢, (y), of degree d, which for any rational variable A > 0 has the
property

¢a(ky) = 2 pa(y). (3.16)

Following Borodich [9, 10], we introduce a similarity transformation of one solu-
tion to the problem into another. We assume that for a value of the contact force F' the
solution of the contact problem (3.1), (3.2), and (3.4) under the similarity condition
(3.16) is given by the contact pressure function p(y), the contact approach quantity
80, and the contact region w bounded by the contour I".

Then, for any positive contact force F’, the solution of the boundary value contact
problem is given by

Py =10y,
8y =278, (3.17)
F =7"GHF, (3.18)

where A = (F/F')!/4+d and the contact regions w and ' change according to the
homothetic transformation

(51, 32) € @] <= [Oy1,432) € @].

From (3.17) and (3.18), it follows that

F (8 (4-+d)/d a19)
F' o \§) ' '

For the parabolic gap function (3.5), i.e., for d = 2, we find that (4 + d)/d =3
and formula (3.19) agrees with Eq. (3.14).

3.2 Axisymmetric Refined Contact Problem for Thin
Bonded Incompressible Elastic Layers, with Allowance
for Tangential Displacements on the Contact Interface

As was shown in Sect. 1.5.3, in the contact problem for a compressible elastic layer,
the effect of tangential displacements increases when the material becomes more
incompressible. Our emphasis here will be on the issues involved in the analytical
modeling.
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Fig. 3.3 Thin incompressible elastic layers bonded to rigid substrates shaped like bodies of revo-
lution in the unloading configuration. The surface of layer 1 is concave and Ry < 0

3.2.1 Refined Formulation of the Axisymmetric Contact
Problem

We consider two thin incompressible linear elastic layers attached to rigid substrates
shaped like bodies of revolution (see Fig. 3.3). Introducing the cylindrical coordinate
system, we write the equations of the layer surfaces (before loading) in the form

z=(=D"gn(r).

In the particular case of the contacting surfaces shaped like paraboloids of revolution,

we have

72

2R,

@n(r) = , n=12, (3.20)

where R,, is the curvature radius of the nth layer surface at its apex.
The initial gap between the layer surfaces, ¢ (r) = ¢1(r) 4+ ¢2(r), is given by

2

,
o(r) = 7R’ (3.21)

where we have introduced the notation R~! = =R, '+ R_

We denote the axial approach of the contactmg bodles by 8o. Then the linearized
refined contact condition, which takes into account the tangential displacements at
the contact interface, can be written as follows (see Eq.(2.19)):

d
) 4@ 0 = 80— 00) ~ L) VP ), rza (22)

Here, w(")(r) and v(”)(r) are the normal (vertical) and the tangential (horizontal in
the radial direction) displacements of the surface points of the nth layer, a is the
radius of the contact area, and it is assumed that |Ry| < |Ry|, i.e., the surface of
layer 1 is assumed to be flatter than the surface of layer 2.


http://dx.doi.org/10.1007/978-3-319-20083-5_2
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According to the perturbation analysis presented in Sect.2.5, the displacements
w(()") (r) and v(()")(r) can be approximated by the leading-order asymptotic formulas
written in the cylindrical coordinates as follows:

m1d / dp(r)
(n) n P
= __ 3.23
wo (1) 3G;lrdr(r dr )’ ( )
h? d
N A (3.24)

2G/, dr

Here, p(r) is the contact pressure, h, and G/, are the thickness and the out-of-plane
shear modulus of the nth layer, respectively.
In light of formulas (3.20) and (3.21), Eq. (3.22) takes the form

(2)

M r
Wo (r)+W0 (r)+ —

R, (V(()l)(r) - V(()z)(r)) =8 — (), r=a. (3.25)

Now, substituting the expressions (3.23) and (3.24) into the above relation, we
arrive at the following governing differential equation:

1d dp(r) dp(r) _ )
o e (326

Here we have introduced the auxiliary notation

-1
Y (L R (3.27)
3G " 3G, 2R’
_om (hi b3 (3.28)
=R \26] T 26,) '

The radius, a, of the circular contact area is determined from the condition that
the contact pressure is positive

p(r)>0, r<a,

and vanishes at the contour of the contact area, i.e.,
p(a) = 0. (3.29)
Moreover, in the case of the contact problem for incompressible elastic layers, a
smooth transition of the surface normal stresses from the contact region » < a to the

outside region r > a is additionally assumed, and the following boundary condition
is imposed (see, in particular, Sect.2.7.3 and [8, 11, 17]):


http://dx.doi.org/10.1007/978-3-319-20083-5_2
http://dx.doi.org/10.1007/978-3-319-20083-5_2
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dp(r)
dr

= 0. (3.30)

r=a

From the physical point of view, the contact pressure at the center of the circular
contact area must satisfy the regularity condition

dp(r)
dr

—0. (3.31)
r=0

The equilibrium equation for the whole system is

a

ZN/p(p)p dp =F, (3.32)
0

where F denotes the external load applied to the substrates.

In the case where »» = 0, the contact problem under consideration coincides
with that studied by Barber [8] and Jaffar [17]. Here we address the question of
when accounting for the additional term in Eq. (3.26) is important for applications.

3.2.2 Equation for the Contact Approach

Integrating Eq. (3.26) with respect to r, we obtain

.
dp(r) L,dp(p) r r?
—_ = C— —5p— D;. 3.33
r— —l—%z/p dp p=m\Cy 02+1 (3.33)

The constant of integration D; vanishes in accordance with the regularization con-
dition (3.31) at the center of the contact area.

To simplify the above equation, we transform the second integral using integration
by parts as follows:

r r

d
/02% dp =r’p(r) —2/p(p)pdp-
0 0

Therefore, Eq. (3.33) takes the form

r

3
w0 | (rp(r) - %/p(p)p dp) = m(CV— - 502)- (3.34)
0

dr 4 2



3.2 Axisymmetric Refined Contact Problem for Thin Bonded ... 77

Now, substituting the value r = a into the above equation and taking into account
the boundary conditions (3.29), (3.30) at the contour of the contact area, we obtain

a
20 a’ a
—— dp=m|C— —68y= ).
P /p(p)p o m( 1 02)
0

Finally, in light of formula (3.32), the above equation takes the form

2
2 F
so=C% 4 =2

2w et (3-35)

We underline that either §p or F is known a priori, but not both simultaneously,
while in the unilateral contact problem the contact radius a is also unknown.

3.2.3 Equation for the Contact Radius

We now return to Eq. (3.34), which after integration with respect to variable r takes
the following form:

r

roop
1
() +%2I / p(o)pdp — 2 / . / p(é)édédp]

0 0 0

r4 7’2
= C— —6p— D>. 3.36
m( T 04)+ 2 (3.36)

Changing the order of integration in the second integral, we see that

r

rooop
1

/ : / p(E)E didp = / p@pinZdp. (3.37)

0 0

0

Then, taking into account the above formula, we rewrite Eq.(3.36) in the form
r r
,
p(r) + %2{/ pp)pdp — 2/p(p)pln;dp}
0 0

}’4 ’,2
= — — 80— Ds. .
m(C16 04)+ 2 (3.38)

By using the boundary condition (3.29) at r = a, the constant of integration can
be evaluated as a function of the contact radius a as follows:
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a

m 2 m 4 ) a
Dy = —6pa — —Ca"+ —F —2sp | p(p)pln—dp. (3.39)
4 16 2 0

0

Further, multiplying both sides of Eq. (3.38) by r and integrating over the contact
interval, we obtain

a a

%Jr%z[/p/pp(é)édédp —2/p/pp(§)$1n§dédp]
0 0

0
c® 54 +“21)
= m —_— —_ PR— s
9% 16 2 2

and proceed by changing the order of integration to find

F 1/
S %2{5/;7(5)5(& —§%)dg

2
0

a PR N R _ a® f) a’
- [r@e(emt - L@ ) de] =m(ch - nle) + 4n
0

Now, taking into account formulas (3.32) and (3.39), we rewrite the above equation

as u
F+ azF—Zn/ (p)p3dp) =mm 5% _ L
(3 p(p)p*dp) = 05 —Co;)-
0

and employ Eq. (3.35) to exclude 8y and obtain
a

2
%Ccﬁ =F+ %2(%F — 27[/;7(,0);03 d,o). (3.40)

For further convenience we rewrite Eq. (3.40) in the equivalent form

2 a
Tm _ s a T 4dp(p)
i =F —F + = ——dp). 3.41
48Ca +%2(4 +2/,0 dp o (3.41)

0

Note that Eq. (3.41) was obtained by integrating by parts the integral in Eq. (3.40),
while taking into account the boundary condition (3.29).
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3.2.4 Contact Pressure

We return to Eq. (3.26) to consider the contact pressure p(r), and introduce a new
dependent variable y(r) via the formula

vy = r 20, (3.42)
dr

Using the substitution (3.42), we represent Eq. (3.26) in the form

Ldy(r)

+ 50y(r) = m(Cr? — §). (3.43)
rodr

The general solution of the homogeneous equation

dyo(r)
dr

+ s0ryo(r) =0,
corresponding to Eq. (3.43), has the form
7
yo(r) = Co exp(—;rz).

By applying Lagrange’s method of variation of parameters, and taking into
account the contact pressure regularity condition (3.31), we obtain the corresponding
particular solution of Eq. (3.43) in the form

r

y(r) =m exp(—%rz) / exp(%€2)E(C§2 — 50) dE. (3.44)

0

Now, recalling Eq.(3.44), the sought-for contact pressure distribution can be
obtained by integration of Eq. (3.42), with respect to the boundary condition (3.29).
In this way, we derive the formula

p(r) = ﬁ[E(r2 — az) + (E + SQ)g(a2%2; l) ], (3.45)
| 2 2 a

where we have introduced the notation

1

I
2(e2: p) = / ;(1 - exp(%&z)) dx. (3.46)

0

Note that, according to (3.27) and (3.28), the quantity e, = a2z is dimensionless.
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3.2.5 Approximate Equation for the Radius
of the Contact Area

In the case where the parameter s, having the dimension L™2 (with L being the
dimension of length), in its dimensionless form ¢, (i.e., being multiplied by the
contact radius squared), is reasonably small, an approximate solution to the problem
can be obtained in the following way.

Let us introduce the generalized polar moments of inertia of the contact pressure
by means of the formula

a

F, =2x / p(p)p*dp. (3.47)
0

Thus, Eq. (3.40) can be rewritten as

Tm 6 (l2
KCG =F0+%2 ZFO_F] . (348)

By taking into account formula (3.39), we can represent Eq. (3.38) in the form

a

r 1 a
) + zm[ / p@)pindp - / p@)wintdp =3 / (o) dp]
0 0 r

_ ﬂ(az )2 4 (a2 _rz)%zFo

16 2ra?’

(3.49)

The following formulas can be verified by direct calculations using obvious
changes of the integration variable:

a a
Fuy1
2 2"“/ dpdr = —"*1 3.50
N/p p(p)p dpdr St D) (3.50)
0 r
a r a
2n+2
2 r2”+‘/ nZdpdr = 24— mla
/ p(p)p 5 O p(p)p i
0 0
a2n+2 1

— F F,i1, (@351
I 12 0+4(n+1)2 n+l,  (3.51)
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w2 ¢

a a
2 [ 2t n % dpdr = 4 mla 2
p(p)p np pdr = p(p)p np 0. (3.52)
0 0

2n+1)
0

We now multiply the both sides of Eq. (3.49) by 272" ! and integrate the obtained
relation with respect to r. Following, taking into account formulas (3.50)—(3.52), we
arrive at the following equation:

amCa®to
"8+ DH(n+2)(n+3)
2n+2

a (n+2)
— — F, . 3.53
%2[2(n+1)2(n+2) 0 1) n+1] (3.53)

In particular, for n = 1, the above formula takes the form

amCa® a* 3

Fi = — —Fy— -k t. 3.54
1 102 %2[24 02 2] (3.54)

Neglecting the last term on the right-hand side of (3.54), we derive the zeroth-order
approximate relation
_ wmCa®

192

(3.55)

and by substituting the expression (3.55) into the right-hand side of Eq.(3.48), we
obtain the following approximate equation for the radius of the contact area:

2
—_— — ~ F{1 . 3.56
13 C(a + 411) ( + 1 ) (3.56)

By perturbation analysis, we find that

a~ (48_F)]/6(1 _ 2(48_F)1/3)_ (3.57)

amC 8 \mmC

It must be emphasized that Egs. (3.56) and (3.57) take into account only the first-order
correction to the effect of tangential displacements on the contact area.

In principle, the approximate equation for @ can be made more accurate by employ-
ing the iterative process based upon formula (3.53). For example, by making use of
formulas (3.54) and (3.53), for n = 2, we derive

amC 0 3amC
Fi~——a® — =la*F+ ———4'0}, 3.58
=T 4 T | T e @ (3.58)
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It is readily seen that formula (3.58) refines the first-order approximation (3.55),
by means of the second order terms, and leads to

am 2 7{2
%28 3%2 10 %22 2 4
—C 6+— + — ~F+ —= + —= .
3 (a a g a) a“F a’ F

This equation effectively allows us to incorporate the second-order term into the
first-order asymptotic formula (3.57).

3.2.6 Approximate Solution

Let us introduce a dimensionless parameter

£ = a’m, (3.59)
then Eq. (3.35) can be rewritten as
1
D=2+ ——F, (3.60)
12&>

where %) and .# are the dimensionless contact approach and force defined by

2568 4853 F
Dy = , F = )
0 C amC

(3.61)

Further, by substituting the exact solution for the contact pressure (3.45) into
Eq.(3.41), we arrive at the equation

F = 12[(4+ D) (2exp(—e2/2) + &2 — 2) — &3],
which can, by virtue of Eq. (3.60), be transformed as follows:

_ 12e2[(4+ e2) exp(—£2/2) — 4 + &2]

F 3.62
I — exp(—£2/2) (5:62)
Finally, using (3.62), we exclude .# from Eq.(3.60) to get
2(2exp(—&2/2) + e =2
T = ( p(—¢2/2) 2 ) ) (3.63)

1 —exp(—£2/2)

It is interesting that there are simple but yet quite accurate approximations for the
right-hand side of Egs. (3.62) and (3.63). Namely, we replace those equations with
the following:
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Fig. 3.4 The relative errors % 4
of the approximations g 35 _ in“(gq} o
provided by formulas (3.64) E 3 ( - il <
and (3.65) for Egs.3.62)and £ __ | | — Po(&2) L-
. > 2.5 77
(3.63), respectively IS i -
E 2 | _// z !
% 15 P P //'
— 1 —~
2 -
£ 05 T
0 —
0 0.5 1 1.5 2 2.5 3
Dimensionless parameter &
F ~ &3, (3.64)
82
Do ~ &7 + é (3.65)

Note that formula (3.64) represents the zeroth-order approximation, while formula
(3.65) was obtained from (3.60) after the substitution of the approximation (3.64).
From (3.64) and (3.65), it immediately follows that

F2/3
Do~ F\3 4 ST (3.66)

The accuracy of these simple approximations is illustrated by Fig.3.4. Note that
the accuracy of the approximate displacement-force relation (3.66) is the same as

that of formula (3.65). It is also noteworthy that for the zeroth-order approximation
&) — .@0

Dy =~ &7, the relative error - 100 % increases almost linearly with increasing

0
&7 reaching the value of —8 % at ¢, = 1, for example. Finally, note that the first-order
approximation
5

~ o3
F=a- 55

which is obtained by expanding the right-hand side of Eq.(3.62) in a Maclaurin
series, has a negligible error (for instance, only —0.2 % at &, = 3).

The problem of the approximation of the contact pressure density is more difficult.
First, we rewrite the exact solution (3.45) as

2
) _&.2_ Zo :
=L p(r) = 2(0* = D+ (24 3 )stexi o). (3.67)

where the function g(e;; p) is defined by formula (3.46).
In the limit case, when the effect of tangential displacements is completely
neglected, Eq. (3.67) reduces to the formula
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2 2
o) ) 2.2
2 =221= , 3.68
mcpo(p) 16( o) (3.68)
or equivalently
mC
po(r) = S (@ = rh)?. (3.69)

Observe that formula (3.68), considered as an approximation for the exact solution
(3.67), has some error (negative) in the center of the contact area (see Fig.3.5) as
well as near the contour of the contact area (where the relative error is positive).

By expanding the right-hand side of Eq.(3.67) in a Maclaurin series, we derive
the following first-order approximation:

22

2 8% 2.2
=2 =-2(1 - 1
mCPl(P) 16( ) ( +

—(1—-—4 . 3.70
36" 0°) (3.70)
The accuracy of this approximation is illustrated by Fig.3.6 for three values of

the parameter &;.

Fig. 3.5 Functions p(p) 16p | B=< \ \ \
(exact solution (3.67)), po(p) “mCa? TN — — —First-order
(zeroth-order approximation 0.8 N Exact -]
(3.68)), and p1(p) e — - — Zeroth-order ||
first . . 5 \
(first-order approximation 2 0.6 N
(3.70)) normalized by the g \\
multiplier 165 %53 (mC)~"! o 04
8 Y
8 0.2 L
0 0.2 0.4 0.6 0.8 1
Dimensionless radius p
Fig. 3.6 The relative error %, 4
of the first-order g — —|
approximation (3.70) for the E 3 VAN
contact pressure. Lines 1, 2, E
and 3 correspond to &, = 1, é 2 —
2, and 3, respectively S| 2
<
“6 0 1 \k
= \
S
= \
m
0 0.2 0.4 0.6 0.8 1
Dimensionless radius P
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3.3 Refined Contact Model for a Thin Bonded
Incompressible Elastic Layer with the Effect
of Tangential Displacements

In this section we consider a generalization of the contact problem studied in Sect. 3.2
by relaxing the constraint of axisymmetry. In order to simplify this study, we consider
the problem of contact interaction between a thin incompressible layer and a rigid
punch, the case, where the effect of tangential displacements is strongest.

3.3.1 Refined Formulation of the Contact Problem

Let us consider the unilateral contact problem (see Fig. 3.7) for a thin bonded incom-
pressible elastic layer and a frictionless rigid punch in the shape of an elliptic
paraboloid

o n

. 3.71
2R 2R> ( )

p(y) =

According to the analysis performed in Sect.2.1.2 (see also [3, 13, 15]), the
linearized contact condition takes the form

wo(¥y) = do — ¢(¥) = Vye(y) - vo(¥). (3.72)

Here, wo(y) is the normal displacement of the surface points of the elastic layer on
the contact interface (which is called the local indentation of the elastic layer), vo(y)
is the corresponding tangential displacement vector, and §¢ is the punch’s normal
displacement (contact approach to the substrate).

Based on the perturbation analysis presented in Sect. 2.5, the displacements v (y)
and wo(y) can be approximated by the leading-order asymptotic formulas

3
wo(y) = —;—G,Ayp(Y), (3.73)
n2
Vo) = =55 VyP®) (3.74)
Fig. 3.7 A thin F
iz;gﬁﬁg?;::éeb\;chegli?tlc YU y
punch f DN lao
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where p(y) is the contact pressure, 4 and G’ are the thickness and the out-of-plane
shear modulus of the transversely isotropic elastic layer.
The contact area, w, is determined by the condition that the contact pressure is
positive
p@y) >0, yeo, (3.75)

and vanishes at the contour of the contact area, i.e.,
p(y) =0, yel. (3.76)

In addition to the boundary condition above, following [8, 11, 17] (see also
Sect.2.7.3), we assume a smooth transition of the contact pressure p(y) as the point
of observation y approaches the contour I, i.e.,

op
~(@y)=0, yer. (3.77)
on

Here, d/0n is the normal derivative directed outward from w.
Denoting by F the external load applied to the punch, we write out the equilibrium

equation
// p(y)dy = F. (3.78)

By substituting the expressions (3.73) and (3.74) for the elastic displacements into
the refined contact condition (3.72), we derive the governing differential equation

Ayp(y) = m(ey) — 80) — xVye(¥) - Vyp(y), (3.79)
where we have introduced the notation

3G’ 3
= —, = —. 3.80
m=-3, X=5 (3.80)
The refined contact problem consists in finding 8o, p(y), and @ which satisfy
Eqgs. (3.75)-(3.79) for given ¢(y) and F.

3.3.2 Approximate Solution for the Contact Pressure

In the case y = 0, the problem we are considering was studied in Sect. 3.1.2 (see also
[5, 8]) and a closed-form solution was obtained with elliptical contact area. Based on
this solution, we construct an approximation for the solution of Eq. (3.79), assuming
that the dimensional parameter yx is relatively small.
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Regarding the contour I” as a perturbation of an ellipse, we look for the contact
pressure in the following form:

Py = po(2() + X&)’ (3.81)

Here, po is a constant coefficient representing the maximum contact pressure, & (y)
and £(y) are polynomials defined as

E(y) =1— Byl — Byys, £(y) = Anyt+Anyiys +Anyl.  (3.82)

Observe that the first term in parentheses on the right-hand side of (3.81) represents
the closed-form solution for the limit problem (x = 0), while the second term is
introduced to account for the effect of tangential displacements introduced by the
last term on the right-hand side of Eq. (3.79).

It is important to emphasize that, in light of the boundary condition (3.76), the
solution (3.81) assumes that the contact area w is close to the ellipse Z (y) = 0, and
the contour I is determined by the equation

Z(y) + x&(y) =0. (3.83)
At the same time, as V¢ (¥)2 =2y (y) V¥ (y) for any differentiable scalar func-
tion v (y), the contact pressure density (3.81) also satisfies the boundary condition

(3.77) on the ellipse (3.83).
Furthermore, by straightforward calculations, we find

1
%VyP(Y) =28+ xEW)(VyE® + xVyE®V),

1
—A,p(y) =EWAEW +IV,EWP

2po
+ x[EMALE(Y) + E(WAE®Y) + 2V, E(Y) - Vyé(y)]
+ X2 EWMAE®Y) + IVEWIP), (3.84)
where
VyE(y) = —2(B1y1, B2y2), AyE(y) = —2(B1 + By), (3.85)

Vy&(y) = 2QA11y5 + Ayys, Anylys + 2423),
AyE(Y) = 2(6A11 + A12)yT + 2(A12 + 6A0)y3.

Now, substituting the above relations into (3.84) and neglecting the terms of order
X2’ we obtain
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1
2—p0AyP(Y) ~ Py + P1y7 + Pay3 + Pyt + Piayiys + Pays, (3.86)

where

Py = —4(B1 + By),
Py = 4[Bi(3B1 + By) + x(6A11 + A1),
Py = 4[By(B1 +3B2) + x(A12 4+ 6A12)],
P11 = —4x[(15B) + B2)A11 + Bi A1),
Py = —24x[B2A11 + (B1 + B) A + An By,
Py = —4x[(Bi + 15B2) A2y + By A1z,
Formula (3.86) allows us to calculate the result of the substitution of the approx-
imation (3.81) into the left-hand side of Eq.(3.79). Alternatively, when substituting

the approximation (3.81) into the right-hand side of Eq. (3.79), under the assumption
that x is relatively small, we make use of the following approximate relation:

xVyo(y) - Vyp(y) = 2xpoE () Vye(y) - Vy E(Y). (3.87)

Hence, in light of (3.71), (3.85), and (3.87), we obtain

m(p(y) — 80) — xVy@(y) - Vyp(y) = Qo + Q1yf + 023
+ 0yt + 01yiy: + 00y3,  (3.88)

where
m 4xpo m 4xpo
— 8 N = — B 5 = — B 5
Qo mdy, 01 3R, + R, D! 0> 3R + R, 0
4xpo o 1 1 4xpo o
=_-22p? =4 BB(— —), =— B3
O11 R, 012 XpoB1 B R + I O0»n R, 02

The right-hand sides of Egs.(3.86) and (3.88) are represented by fourth-order
polynomials with 6 coefficients that lead to the following system:

4po(B1 + By) = méy,

m_ 4xpo
4po[BI(3B1 + B2) + x (6A11 + A2)] = 2—R1+R—131, (3.39)

m
4po[B2(B1 +3B2) + x (A1 + 6An)]| = " + 25
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and

2
Br
Ry’

(15B1 + B2)A11 + B1A12

1,1 1
BoAn + (Bi + B) A + AnBy = — (o + o) BB, (390)
6\ R Ry

2
2

Ry’

(B1 +15B3)An + BrAyp =

Thus, the contact pressure density (3.81) satisfies Eq. (3.79) up to terms of order
Xz, provided its coefficients pg, Bi, B2, A11, A12, and Ap; are determined as a
solution of the system of algebraic equations (3.89) and (3.90).

3.3.3 Asymptotic Solution of the Resulting Algebraic Problem

The subsystem (3.90), regarded as a system of three linear algebraic equations with
respect to A1y, A2, and Apy, yields

» A1(Bi, B2) _ An(Bi, By)

2 A2(By, B2)
Bl ——————, Ap= ,
A(B1, By) A(B1, By)

Ay = ==
" 2"A(By, By)

A» =B (3.91)

where

A =90R Ry(Bi + B2)(B} + 14B1 By + B3),
Ay = 6B{Ry + B3(75R: — 9Ry) + B1B2(89Ry — Ry),
A1z = B1Bo[3B{(5R1 +3R2) +3B3(3R1 + 5R>) + 136B1 Bo(R1 + R»)],
Ay = B}(75R; — 9Ry) + 6B3R| + B1B2(89R| — R»).

Now, substituting (3.91) into Eq.(3.89), we arrive at the following system of
nonlinear algebraic equations with respect to pg, By, and By:

4po(B1 + By) = méy,

m
B1(3B1 + By) = + xf1(B1, B2), (3.92)
8R1 po
m
By(B1 +3B2) = -——— + xf2(B1, B2).
8R2po

The new quantities f1(B1, B2) and f>(Bj, By) are given by

A (By, B2)
A(B1, By)’
Ay (By, Ba)
A(By, By)

J1(B1, B2) = B1(9B| + By)

f2(B1, B2) = B2(B1 +9B>)
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To solve the system (3.92), we first convert it to the form

_ méy
bo= 4(By + By)’
By + B>
3B} + BiBy = ——— + xf1(B1. B2). (3.93)
2R16¢
By + B>
BBy +3B; = ———— + xf2(B1. By).
2R»8¢

We will consider the last two equations in (3.93) independently of the first one
and set
B ~B+xB!, i=1,2, (3.94)

where B? and Bg represent the solution to the limit problem such that

0 _ R — Ry 0

B0 _ o BU+38D) R
= o B=BBl, —— =
6(By — DR1R250

=—. (3.95)
3+ 83 Ry

Thus, substituting the approximations (3.94) into Eq.(3.93) and neglecting the
terms of order x2, we arrive at the following linear algebraic system with respect to
the asymptotic corrections Bll and le:

I I
(689 + B9 - M)B} + (7 - m)Bg = f1(BY, BY),

1
BY — )B (BO 6B°——)B1= BY, BY).
(2 2Rys) B T BUH OB = o) B = LB B
From here it immediately follows that
ANBY, BY)
ilz%, 1.2, (3.96)
AY(BY, BY)
where
al=(BY+689 - )fl( 0B - (B) - )fz( 0. BY).
0 0 0 0
= (68 + B - 2R8)fz(B,Bz) B — s ) AGBE. BY).

Al = 6(BY + BY)? + 24BYBY — = (5 +Ri)—%o(5 +Riz).
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Formulas (3.94) and (3.96) give the first-order asymptotic approximations for the
coefficients By and B», provided the contact displacement &y is known. After that,

formulas (3.91) allow evaluation of the coefficients A, A1z, and Ay, while the first
equation (3.93) yields the maximum contact pressure py.

3.3.4 Approximation for the Contact Area

Recall that the contour I of the contact area w is defined by (3.83), which as a
consequence of (3.82) can be rewritten as

xAnys — (Ba — xA1y?)y3 + 1 — Biyi + xAnyj = 0. (3.97)

It is clear that the domain w is symmetric with respect to the coordinate axes, and
the upper arc of I" is described by the equation

d
=Y, Inl=

1
—, 3.98
2 (3.98)
where Y (y1) and d; are given by
YO \/ 2(1—Bly12+XA11yf) p 242
1) = , dr = ,
By, — xAny? + VD201
M g \/31 +/B? —4xAn

2
Dy (y1) = (B2 — xA12y12) —4xAxn(l - Biyi + XAuyﬂ
Observe that d; has a geometrical meaning as the diameter of the contact area

in the direction of the yj-axis.
The obtained formulas allow us to calculate the double integral (3.78) as follows:

F=po //(E(y) + xE)dy

dy/2 Y(y1)
— 2
= 4p0 / dyi / (E@) + xEW) dya.
0 0

thus implicitly connecting the contact force F' and the contact displacement J.
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3.3.5 Equation for the Contact Force

We now return to the governing differential equation (3.79). Following [19], we
multiply both sides by ¢(y) and integrate over the contact domain w. In this way, we
obtain

/ / o) Ayp(y) dy = m / / (o) — 80)o(y) dy

i [[ewvow Vipmay. G99
Second, making use of the second Green’s formula
0 d
[ wwawe —vwa,umiay = [ (uwem - 3ew)ds,.

r

we transform the left-hand side of Eq. (3.99) to the form

//w(y)Ayp(y) dy =// PN Ayp(y)dy

ap I
+ [ (o032 - pm 3 w)ds,.
r

Thus, taking into account the homogeneous boundary conditions (3.76) and (3.77),
we find

11
//w(y)Ayp(y) dy = (R—1 + R—Z)F, (3.100)

irrespective of the shape of w.
Third, the first integral on the right-hand side of Eq.(3.99) can be calculated
directly:

200 _ (I  29n() fo4(w))
//(p(y)dy 80//<0(y)dy—4( 72 tRR T R

B 3_o(fzo(w) n /02(60))
2 R R> ’

(3.101)

Here we have introduced the notation

(@) = / / Yiyady. (3.102)
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Fourth, the last term on the right-hand side of Eq. (3.99) can be evaluated with the
help of the first Green’s formula

3
// Vyu(y) - Vyv(y) dy = —//u(y)AyV(y) dy+/u(y)£(y)dsy
w [} r

and the differential identity

2 _ 1 2
(V) Vye(y)” = EVyw(y) .

Taking into account the boundary condition (3.76), we obtain
1
[[ewviow-vpmay == [[ rwapwiay. Gy
w w

where
A()2—1(3+1)2+1(1+3)2
Py " RI\R R I Ry\Ry1 R 2

Now, collecting formulas (3.99)—(3.101) and (3.103), we arrive at the relation

Ri+R, _ ﬂ(:ﬂo(w) N 295 (w) N fo4(w))
RiR> 4 R% RiR; R%

B m_So(fz()(w) n foz(w))

2 R R>
+§ / Py Ayp(y)*dy. (3.104)

w

We emphasize that this equation is an exact consequence of the governing dif-
ferential equation (3.79). In order to derive from it the force-displacement relation
we still need to calculate the last integral in (3.104). However, as we are considering
the first-order asymptotic model, it will be sufficient to solve this problem with an
accuracy of the order O( Xz).

Again following [19], we multiply both sides of Eq. (3.79) by ¢(y)? and integrate
them over the contact domain w. Using once more the second Green’s formula and
taking into account the homogeneous boundary conditions (3.76) and (3.77), we find

/ / PY)Ayp(y)2dy = m / / (9(¥) — 80)e(y)*dy + O(x). (3.105)
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Finally, from (3.104) and (3.105), it follows that

AR A Ry) o Jw@)  2Ip@) | Su(@)

mR1R> R RiR> R3
X (f6o(w) 3Ip(w) 354  He (w))
4\ R} RIR, R\R3 R3
Ho(w)  In(w)
— 8012
0[ ( R, * R )
X [ Fa(w)  290w)  Fo(w)
= , 3.106
+ 2 ( R% + RiR» + R% )] ( )

where .7 (w) are the moments of the contact area w defined by formula (3.102).

3.3.6 Variation of the Contact Area

We now recast Eq. (3.97) for the contour I" of the contact area w in the form
1= Biyf = Bays + x(Auyf + Ayiys + Anyz) =0, (3.107)
and consider the contour I” as a variation of the ellipse y defined by the equation
1 — Biy} — Boy3 =0, (3.108)
which can also be parameterized by the equations
yir =bjcost, y»=bysinrt.

Here, 7 € (0, 27] is a parameter, b1 and b, are the semi-axes of the ellipse (3.108)

such that
1 b2 — 1
2 = 32 .

bt = —,
1 B
In the neighborhood of y we introduce a local coordinate system (t, n), where n
is the signed distance to the ellipse (3.108) measured along the outward normal

1
n(t) = (bycost, bysinT).

\/b% sin?t + b% cos?t

Thus, the unknown boundary I" of the contact domain w can be described in the
local coordinates by a parametric equation (see Fig.3.8)



3.3 Refined Contact Model for a Thin Bonded ... 95

Fig. 3.8 Schematic
representation of the contact
domain w with the contour
I', which is considered as a
variation of the elliptic W
contour y = 0]

n=xH"(q), (3.109)
so that the parametrization in the Cartesian coordinate system is as follows:

brcosT
9
\/bf sin?t + b% cos? T
bysint

\/b% sin? T + b% cos? T

y1 = bycost + x H*(1)

vy =bysint + x H*(1)

Substituting the above equations into Eq. (3.107) and neglecting the terms of the
order O(x 2), we obtain

biby(A11b} cos* T + Ajpb7b3 cos® T sin? T + Aybs sin? T)

2\/b% sin?t + b% cos?t

H*(1) = (3.110)

This obtained result allows us to approximately calculate the integral character-
istics (3.102) of the contact area w as follows:

27
(@) =~ / / yivhdy + x / Y10 2 (0) H* (v) ds .
0

Biy}+Byy?<1

Here, yi(7) and y;(7) are the coordinates of the point 7 on the ellipse (3.108), that
is y1(r) = by cost and y»(t) = b sin 7, while the differential of the arc length is

given by ds; = \/b% sin? 7 + b3 cos? T d.
In this way, we obtain

T
Fo(w) = Zb?bz(l + %(SAnb‘f + Aabib3 + Azzbé)),

x X (3.111)
Fon(w) >~ Zb]b%(l + Z(A]]b‘l1 + Alzb%b% + 5A22b42‘))
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for the second-order moments and

Fio(w) ~ —b5b2(1 + 7 X (354116 + 5A 126262 + 3A22b4))

I (@) = ﬁlﬁbz(l + —)6((5A11b? + 34126363 + 5422b3) ), (3.112)

Ioa(@) =~ —b1b2(1 + L 3A16Y + 5410262 + 35A22b2))

16!
for the fourth-order moments of the contact domain w.

Finally, as the sixth-order moments of w enter Eq. (3.106) along with the factor
we can make use of the zeroth-order approximations

Fe0(w) 569
Ip) | mb1by b?b%
Iuw) | — 64 b2b3 G.113)
Hos(w) 5b8

Note that in numerically solving the moments of the contact area .%;(w) can be
evaluated directly based on the definition (3.102).

3.3.7 Comparison with the Solution of the Axisymmetric
Problem

In the axisymmetric case (see Fig.3.9), formula (3.81) simplifies to

2
p(y) = po(1 — Bir* + xAur')”, (3.114)

where r =,/ yl2 + y% is the polar radius.

Correspondingly, Egs. (3.89) and (3.90) take the form

m 4xpo
8poB1 =mdo, 16po(B} +2x A1) = T+~ =B,
Fig. 3.9 Axisymmetric F
contact of a parabolic punch
with a bonded YL i
incompressible elastic layer h e o
a
WI7T77777777777777777777777
z
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B

All= —. 3.115
1= 13R ( )
From here it immediately follows that
R (3.116)
"7 48R " 36R’ '

Note that, because formula (3.95); does not allow a direct passage to the limit
Ry = Ry and By = 1, it should be transformed with the help of Eq. (3.95)3 as follows:

o__ Bitl
" 2R180(BE +3)

Further, formula (3.114) assumes that the contact area is circular with radius a
determined from the equation

XA11a4 — Blaz +1=0.

In light of (3.115) and (3.116), this equation yields
4
a® ~ 4RSy — %ng.

The same results can be obtained from the asymptotic formula (3.65) as a conse-
quence of (3.59) and (3.61)1, provided the relation 2 = x /R is taken into account.

We note that the established asymptotic method can be used for solving the two-
dimensional refined unilateral contact problem for a thin orthotropic incompressible
elastic strip, thus generalizing the asymptotic solutions obtained in [1, 2, 12, 20].

Finally, observe that the asymptotic models developed in this section can be
applied not only for articular contact, but also, for example, in studying the heel
resting problem [14] and other bone-soft tissue contact problems [22].
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Chapter 4
Frictionless Contact of Thin Viscoelastic
Layers

Abstract The chapter begins with an introduction to linear viscoelastic theory, and
then proceeds to a generalization of the elastic leading-order asymptotic models
for the viscoelastic case, based on the correspondence principle. In Sect.4.2, we
consider the main features of the analytical technique for solving unilateral contact
problems for a viscoelastic foundation. The axisymmetric contact problem for a thin
bonded incompressible viscoelastic layer is analyzed in Sect.4.3 and in the refined
formulation accounting for tangential displacements in Sect. 4.4. Finally, in Sect. 4.5
we solve the problem of frictionless contact for thin incompressible viscoelastic
layers bonded to rigid substrates shaped like elliptic paraboloids.

4.1 Deformation of a Thin Viscoelastic Layer

In this section we consider a general correspondence principle for quasi-static defor-
mation of viscoelastic materials and apply it in the case of a thin transversely isotropic
layer based on the developed leading-order asymptotic solution.

4.1.1 Viscoelastic Constitutive Laws

Various mathematical models have been developed to describe the deformational
material properties of time-dependent materials [17, 24]. Recall that according to
the Boltzmann superposition principle [11], the constitutive relation for a viscoelastic
anisotropic material can be written in the form of the Stieltjes integral

e ¢]

01 (1) = / st — ) dGiu(s). @.1)
0

Here, G jk; (t) are components of a fourth order tensor, which are called the relaxation
functions. It is assumed that G; () = 0 for —oco < ¢ < 0, and thus the constitutive
law (4.1) is invariant with respect to arbitrary shifts in the time scale.
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From the symmetry of the stress and strain tensors, it immediately follows that
Gijki(t) = Gjiri(t) = Gijik(t). The relaxation functions are presumably positive
and decreasing at positive times, being discontinuous at time zero [22]. In particu-
lar, transversely isotropic materials are describable by five independent relaxation
functions, which can have different time dependence.

Usually it is assumed that strains &;; (¢) are continuous for # > 0 and may have a
step discontinuity at t = 0, while &;;(t) = 0 for < 0. Assuming additionally the
continuity of the first derivatives of the relaxation functions Gz (¢) for 0 < t < oo,
we can rewrite Eq. (4.1) in the form

/ dGijk
0ij(t) = Gijki (e () + | et —s)———(s)ds. 4.2)
ds
0

The above form of the constitutive law exposes the instantaneous elastic reaction of
the viscoelastic material with the instantaneous elastic moduli G (0).
After integration by parts, Eq. (4.2) takes the form

t

0ij(t) = Giji(t)er (0) + / Giju(t — v)ép(r) dr, 4.3)
0

where the differentiation with respect to the time variable ¢ is denoted by a dot.
Further, the above relation can be generalized for the whole history, provided that
gij(t) — 0ast — —o0, as follows:

t
0ij (1) = / Gyt — D) () d. (44)
—0Q
The inverse constitutive law has the form

t
&ij(t) = / Jijki (t — )0y (7) dr, 4.5)

—0oQ
where J; i (¢) are the creep functions such that J; i (1) = 0 for —oo < ¢t < 0, and
Jijri(t) = Jjiri(t) = Jijik(t). It is assumed that the creep functions are continuous

and possess continuous first derivatives on the interval 0 < t < oco.
Now, taking the Fourier transform of (4.4), we find

6ij(@) = Gjjy (@)ép (@), (4.6)
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where the circumflex refers to the corresponding Fourier transformed quantity, which
is a complex-valued function of the angular frequency w. In particular, by definition,
we have

o0
Gia(@ = [ Gty expi—ion i, @)
—00
where i is the imaginary unit such that i> = —1.

Since the Fourier transform of the derivative dey;(¢)/dt is given by iwéy; (w), the
application of the convolution property yields the following representation for the
complex elastic moduli: .

ijkl(a)) = i10Gjji (w). (4.8)

In the same way, the Fourier transform of Eq. (4.5) results in the relation
&ij (@) = Jjj (@) (w), 4.9)
where ij‘. 11 (@) are the complex elastic compliances such that
T (@) = ioJiju (). (4.10)
Note that Eqs. (4.4) and (4.5) represent the stress-strain relations in the relax-

ation and creep integral forms, respectively, while Eqs. (4.6) and (4.9) represent the
constitutive relations in the frequency domain.

4.1.2 Correspondence Principle for a Viscoelastic Layer

To set up the following analysis, we consider the quasi-static deformation of a linear
anisotropic viscoelastic layer bonded to a rigid substrate (see Fig.4.1).

The stress-strain relationship is given by either (4.4) or (4.5), while the linearized
strain-displacement relations are

1 314,' n au,- (4 11)
Eij =\ — o B .
Y 2 ax]' ax,-

Fig. 4.1 A viscoelastic layer /Ml/l’l—l‘lw
bonded to a rigid substrate

and loaded by a normal load
variable in time h

Xy

T7777777777777777777777777777777777777777777777777777
X3
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where u1, u», and u3 denote the Cartesian components of the displacement vector u.
The equations of equilibrium in the absence of body forces take the form

d0; d0; do;
il + i2 + i3

=0, i=1,2,3. 4.12)
dx1 0x2 0x3

In the case of the viscoelastic layer bonded to a rigid base, the following displace-
ment boundary conditions hold:

u 0, i=1,23. (4.13)

i x3=h =
Assuming that the layer is loaded by a normal distributed load, ¢ (¢, x1, x2), we
impose the following traction boundary conditions on the upper layer surface:

o13 =023, =0, 03 = —q(t, x1, x2). (4.14)

x3=0 x3=0

Moreover, the following initial conditions must be met:
ui(t,x) = ¢;;(t,x) = 0;;(t,x) =0, —oo<t<0. 4.15)

Thus, the deformation problem consists in finding field histories for the displace-
ment vector u, the strain tensor &€, and the stress tensor o which for the known
relaxation tensor G (or the creep tensor J) and the prescribed surface load density
q(t, x1, x2) satisfy Eqs. (4.4) (or (4.5)), (4.11)—(4.15).

Among the above equations, only the viscoelastic constitutive equations (4.4) and
(4.5) contain products of time-dependent quantities. Therefore, applying the Fourier
transform to Egs. (4.11)—(4.15), the obtained relations in the frequency domain will
not differ from their elastic counterparts. Correspondingly, the Fourier transform of
Eqgs. (4.4) and (4.5) leads to Egs. (4.6) and (4.9), respectively, which relate the Fourier
transforms of stresses and strains and are analogous to the generalized Hooke’s law
o0ij = Cijxiéri, where Cjjy; are elastic moduli.

Thus, the transforms @, &, and ¢ satisfy what is formally an elasticity problem. The
correspondence principle [17, 22] states that if a solution to some linear elasticity
problem for an elastic solid characterized by elastic moduli Cjjx; is known, then
the solution to the corresponding deformation problem for a linearly viscoelastic
material, characterized by relaxation functions G; (), can be obtained by replacing
the real elastic moduli C;jy; in the elastic solution with the complex moduli G?‘j @)
of the viscoelastic material, and then employing an inverse Fourier transform back
to the time domain from the frequency domain.

‘We emphasize that usually the correspondence principle involving Laplace trans-
form is usually used to solve boundary-value problems for viscoelastic materials. In
this case, for example, Eq. (4.4) is transformed to the Laplace domain as follows:

Gii(s) = sGijri()Eki (5). (4.16)
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Here, s is the transformation variable, and tildes denote Laplace transforms, i.e.,

]

Gijui(s) :/Gijkl(t)exp(—St) dt.
0

Observe that, in contrast to Eq.(4.6), on the right-hand side of Eq. (4.16) there
is an extra multiplier of the transformed variable, which was previously absorbed
into the definition of the complex elastic moduli G:.f/. (@) (see Eq.(4.8)). Hence, if
an elastic solution is known, according to the correspondence principle, the corre-
sponding viscoelastic solution may be obtained by replacing each elastic material
characteristics appearing in the elastic solution by its s-multiplied Laplace transform,
and transforming back to the time domain.

It is also worth noting [17] that the Fourier transform of a transient viscoelastic
response function represents a dynamic response function (in a harmonic loading)
which is itself measurable experimentally.

4.1.3 Deformation of a Thin Compressible Transversely
Isotropic Viscoelastic Layer Bonded to a Rigid Base

According to the perturbation analysis performed in Sect. 1.2 (see, for example, for-
mula (1.58)), the leading-order asymptotic solution for the quasi-static local inden-
tation of a compressible elastic layer of thickness / is given by

wo(t,y) = usz(t, y1, y2,0)

h
—ql(t,y). 4.17
A33q( y) (4.17)

[

In the isotropic case the elastic constant A3z is equal to A + 2 (with A and p
being Lamé’s constants) and is called the aggregate elastic modulus [1, 15]. Recall
that while Young’s modulus, E’, is determined from a uniaxial loading testing in
the x3-direction, the aggregate elastic modulus A33 is determined under a uniaxial
confined strain testing condition with the only non-zero strain component ¢33. In
the case of transversely isotropic materials, we call A3z the longitudinal aggregate
elastic modulus and introduce a new notation

E;‘ = Aj33. (4.18)

For a transversely isotropic viscoelastic material, we can introduce the longi-
tudinal (axial) aggregate relaxation modulus, E’, (¢). This function can be experi-
mentally measured in the confined compression test (see Fig.4.2), which models a
one-dimensional deformation problem in the x3-direction, where the normal strains
€11, €22, and all shear strains vanish.


http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Loading platen F
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Fig. 4.2 Confined compression testing configuration for measuring the aggregate creep modulus
of a viscoelastic material using a cylindrical sample placed in a confining chamber of ring form

In the displacement-controlled confined compression test [13], where the axis of
material symmetry coincides with the axis of geometrical symmetry, the stress-strain
relation (with the convention of positive compressive stress) has the form

t

o33(1) = €33(0)E'y (1) +/Ei;(t —1)é33(1)dt
0
1
= /E;l(t —1)é33(r)dr, 4.19)

0-

where the lower integration limit 0~ indicates that the integration starts at infinites-
imally negative time in order to include the strain discontinuity at time zero.

Thus, the introduced above material characteristic £, (r) represents the material
response for unit-step deformation loading e€33(t) = J7(t), where JZ(t) is the
Heaviside step function such that 77 (1) = 0 forr < 0 and 77 (¢t) = 1 for ¢t > 0.

In the load-controlled testing configuration for the confined compression test, the
inverse relation can be written as

t

ent) = [ I3t = Dom(r dr
J
t
= 033(0)J; (1) + / J4(t — D)633(0) d, (4.20)
0

where the function J) (¢) represents the creep response of the viscoelastic material
in confined compression under application of a step normal stress of unit magnitude.

In what follows, the material characteristics J), (r) will be called the longitudinal
(axial) aggregate creep compliance. Since the creep compliance represents the strain
history resulting from a step stress 033(¢r) = J(t) (see, e.g., formula (4.20)), by
substituting the function J ;‘ (¢) into Eq. (4.19), we obtain
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t

dJ
H(t) = Jy(0)E/, (1) +/Ef4(t - 1) A0 dr. 4.21)
T

0

From (4.21), it immediately follows that
Ji(0) = ——. 4.22
4(0) AT) (4.22)

Note also that Eq.(4.21) can be recast equivalently as
t

/E;(t—r)lg(t)dr =t (4.23)

0

In the Laplace domain, the interrelation between the relaxation and creep func-
tions, which is represented by Eq. (4.23), results in the relation

SPEN(s)T4(s) = 1. (4.24)

Thus, by applying the viscoelastic correspondence principle, in light of the nota-
tion (4.18), Eq. (4.17) yields

- h .
wo(s,y) = SEA(S)q(s,y),

where tildes denote Laplace transforms.
Taking into account (4.24), we rewrite the above equation in the form

Wo(s,y) = hsJ4()G(s, y). (4.25)

Finally, performing the inverse transform, we find

¢
wo(t,y) = h/ J/&(t — r)g—Z(t, y)dr. (4.26)
o-

Equation (4.26) represents the leading-order asymptotic model for a thin bonded
compressible transversely isotropic viscoelastic layer.
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4.1.4 Deformation of a Thin Bonded Incompressible
Transversely Isotropic Viscoelastic Layer

According to the perturbation analysis performed in Sect.2.5 (see, in particular,
formula (2.152)), the leading-order asymptotic solution for the quasi-static local
indentation of an incompressible elastic layer of thickness % is given by

wo(t,y) = us(t, y1, y2,0)
’%

h;
~ “3an Ayq(t,y), (4.27)
as4

where the elastic constant a44 coincides with the out-of-plane shear modulus G, i.e.,
am =G, (4.28)

For a transversely isotropic viscoelastic material, we introduce the out-of-plane
relaxation modulus in shear, G'(¢). This material characteristic represents the mate-
rial response for unit-step deformation loading €31 (¢t) = J2(¢) (or €32(¢t) = F(1)),
and thus the corresponding stress-strain relations are as follows:

t

03 (1) = 263;(0)G'(¢) + 2/ G'(t —1)é&3 (1) dt

0
t

= Z/G’(t —0)&i(r)dr, i=1,2. (4.29)
o
The inverse relations are given by

t
2¢3(1) =/J/(t—r)c'r3i(r)dr
o
t
= 03;(0)J () +/J/(t — 1)63: (1) d. (4.30)
0

Here, J'(¢) is the out-of-plane creep compliance in shear, which represents the defor-
mation response of the viscoelastic material under application of a step out-of-plane
shear stress of unit magnitude.

For the relaxation modulus G’(¢) and the creep compliance J'(¢), relations similar
to (4.21)—(4.24) hold true. In particular, for their Laplace transforms we have

$2G'(s)J ' (s) = 1, (4.31)


http://dx.doi.org/10.1007/978-3-319-20083-5_2
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while, analogously to (4.22), their instantaneous values are inversely reciprocal

1

J'(0) = GO’

(4.32)
so that at zero-plus time an elastic material response prevails.

Thus, by applying the viscoelastic correspondence principle, in light of (4.28),

Eq.(4.27) yields
3

ﬁ/O(SVY):_ qu(svy)'

35G/(s)
Taking into account (4.31), we rewrite the above equation in the form

_ W
WO(S’ Y)=—?SJ (S)qu(s’ y)s (433)

which after performing the inverse transform takes the final form
t
Wl dq
wot,y) =—— | J t —1)Ay—(t,y)dr. (4.34)
3 at
o-

Equation (4.34) represents the leading-order asymptotic model for a thin incom-
pressible isotropic viscoelastic layer bonded to a rigid base.

4.2 Axisymmetric Contact of Thin Compressible
Viscoelastic Layers

This section presents closed-form solutions for the contact pressure induced by the
frictionless contact interaction of two thin compressible transversely isotropic vis-
coelastic layers bonded to rigid substrates. It is assumed that inertial effects are
negligible, and the contact interaction is quasi-static.

4.2.1 Contact Problem Formulation

Consider axisymmetric frictionless contact interaction between two thin compress-
ible viscoelastic layers of thicknesses /1 and 4, bonded to rigid substrates shaped
like bodies of revolution. Introducing the cylindrical coordinate system, we write the
equations of the layer surfaces (in the undeformed state) in the form

z=(=D"ga(r), n=12.
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Denoting the contact approach of the substrates by 8o(¢), we write the unilateral
contact non-penetration condition (see Sect.2.1.2) as follows:

8oy — (W @, ) + WS (1, 1) < 0(r). (4.35)

Here, w(()") (¢, r) is the vertical displacement (local indentation) of the surface points
of the nth layer, and ¢(r) is the initial gap function defined by

@(r) = @1(r) + @2(r).

According to Eq. (4.26), the local indentation of a thin bonded compressible trans-
versely isotropic viscoelastic layer can be approximated as

t
3
wi (t,r) = hn/J/g(")(t — r)%(z, rydr. (4.36)
&

Here, p(t, r) is the contact pressure distribution, J;‘(") () is the axial aggregate creep
compliance of the nth layer, t+ = 0 is the initial time of contact, while the lower
integration limit 0~ denotes the infinitesimally negative time moment to account for
the pressure discontinuity at zero.

Under the assumption, for example, that the gap function ¢(r) is positive and
convex, the contact area w(z) will be a circle of radius a(z). The contact area is
determined by the condition that the contact pressure is positive inside w () and
vanishes at the contour of the contact area, that is

pt,r)y >0, r<a(), p,a())=0. 4.37)

Outside the contact area (for r > a(t)), in light of the unilateral contact condition
(4.35), the following inequality must be satisfied:

So(t) — p(r) < wi @, r) + Wi, r).

In the thin-layer approximation, the in-plane deformational interaction in a thin
compressible elastic layer is neglected (as in the Winkler foundation model), the
above condition reduces to

So(t) — () <0, r>a(). (4.38)
The equilibrium equation for the whole system is

a(t)
2 / p(t, podp = F(1), (4.39)
0


http://dx.doi.org/10.1007/978-3-319-20083-5_2
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Fig. 4.3 Schematic diagram for the contact interaction of bonded viscoelastic layers under variable
external load F'(¢) in the current deformed configuration corresponding to the time moment ¢

where F'(t) denotes the external load (see Fig.4.3).
By substituting the asymptotic approximations (4.36) into (4.35), we arrive at the
following equation for the contact pressure:

2 t
> ha / I~ r)g—’Z(r, rydt = 8o(t) — () A1), r<a(t). (4.40)
n=1 0-

Observe that, by introducing the Heaviside function factor 77°(¢), Eq. (4.40) takes into
account the zero initial conditions for ¢t < 0 and assumes that contact deformation
is applied in a step manner at time ¢ = 0.

The contact problem thus consists in finding histories 8o (), a(t), p(t, r) which,

for given ¢(r), known J\™” (1), n = 1,2, and prescribed F (7), satisty (4.35)—(4.40),

4.2.2 Axial Aggregate Relaxation and Creep Functions

Let E;, be the instantaneous axial (longitudinal) aggregate elastic modulus of a
transversely isotropic viscoelastic layer, i.e., E,, = E’, (0). By letting

E)\(t) = El\(W, (1), (4.41)

we introduce the corresponding normalized relaxation function ¥’ () such that
wi(0) =1. (4.42)
Now, taking into account the relation between the relaxation and creep functions

in the Laplace domain (4.24), we may introduce the associated creep function @ ;‘ (1)
of the viscoelastic layer material as

1
Jy@) = ETQDA ), (4.43)
A0
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so that the following relation holds true:
s2WL(5)P )y (s) = 1. (4.44)
The above equation allows one to determine @/, (1), given ¥, (7), or vice versa.
Further, consider an integral operator

t

/qb;\ t — t)g—Z(t)dr = (1), (4.45)
o

where u(t) = 0 fort < 0, so that u(0™) = 0.
In light of (4.44), Eq. (4.45) can be inverted to yield

u(t) =/‘1’A(t—r)§—:(r)dr. (4.46)
o

Hence, for any function u(t), we have

1 T

u(t) :/cbg(t - r)%/w;‘(r —G)z—g(e)dedt. (4.47)
0~ (Vi

Note also that for any time moment t; € (0, 400), the identity (4.47) can be
generalized as follows [9, 23]:

1 4

u(t) = u(ty) +/11/A(t - r)%/cpg(r - 9)2—;(9)61961‘[. (4.48)

7 7

Formulas (4.47) and (4.48) also hold true in the case when q)% (¢) and 'JIA (1) are
exchanged as well as for 71 () being a function of time.

4.2.3 Instantaneous Contact

Following [7], we transform the governing equation (4.40) into the form

t
L, / Dy (t — I)a—p(r, rydt =680(t) — o(r)F(t), r <a(t), (4.49)
EA0 ot
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where h = h1 + h» is the joint thickness, E ;10 and @, (¢) are the equivalent aggregate
instantaneous axial elastic modulus and the compound creep function, respectively,
given by

By (1) = a1 & (1) + 20D (1), (4.50)
hED hyEY)
ap = 2 e 2= 2 1’ 4.5D)
hE g +hoE 4 hE g +hoE 4
hy 4+ h)E'VE'®
Ejy = Un+h2)Eay Pag (4.52)

hlE;%) + th:i(l)) ’
where @;f”) () is the normalized axial aggregate creep function and E ,/i}(l)) =F 2") 0)
is the instantaneous axial aggregate elastic modulus of the nth layer.

Observe that formula (4.52) determines the equivalent modulus in such a way that
o1 + oy = 1 (see Eq.(4.51)), and so @4(0) = 1.

We consider the compressive loading histories which are discontinuous at the
initial time ¢ = 0, such that F(¢) = 0 for t < 0 with F(07) > 0, where

F(0") = lim F().
t—0t

We emphasize that the asymptotic model (4.49) assumes that the contacting vis-
coelastic layers are relatively thin, meaning that the radius a (0 ™) of the instantaneous
contact area w(0™"), corresponding to the instantaneous value of the contact force
F(07), is much larger than the thicknesses of the contacting layers /1 and h», so that
the underlying assumption of the asymptotic analysis holds true.

Now, considering an infinitesimally positive time ¢ in Eq. (4.49), we arrive at the
equation of instantaneous contact

h
7 p(OF, 1) = 80(07) — o(r), (4.53)
A0

where we have taken into account the normalization condition @, (0) = 1.
According to (4.37), the contact area w(0") coincides with the domain where the
right-hand side of Eq. (4.53) is positive, and so

/

E
pOF, 1) = =1 (80(0") = () . (4.54)

where (x)4+ = (x + |x])/2 is the positive part function.
As a result, the instantaneous contact radius is determined from the equation

80(0%) = p(a(0™h)), (4.55)
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whereas, in turn, the instantaneous contact approach, 8y(0™"), is determined by the
instantaneous contact force F(0") from the equilibrium equation

a(0h)
—F(0%) =a(0")*8(0%) — 2 / ¢(p)pdp. (4.56)
TEy,
0
Note also that Eq. (4.54) can be rewritten as
E/
p(OF,r) = % (80(0%) — (1) A (a(0F) —r). (4.57)

Based on physical considerations for non-conforming contact, it is reasonable to
assume that (), r € (0, +00), is a positive, continuous and differentiable function
with a piecewise continuous second derivative ¢” (r) such that ¢(0™) = 0 (normal-
ization condition for the contact approach), ¢’ (07) = 0 (condition of smoothness of
the contact surfaces), and ¢’ (r) > 0 for r > 0 (condition that the gap is an increasing
function). In such a case, Eqs. (4.55) and (4.56) will have unique solutions.

4.2.4 Monotonically Increasing Contact Area

Let us first consider the case when w(t) C w(¢) for any time moments t, ¢ € (0, t,,,)
such that t < ¢ (see Fig.4.4). In other words, the contact radius a(#) is assumed to
be a monotonically increasing function of the time-like variable ¢.

In light of (4.20), Eq. (4.49) can be rewritten as

13
/

n . Exo
pO7, r)d, (1) + / Dyt —1)p(r,r)dt = h (80(t) — (p(r)%”(t)). (4.58)
0

Now, integrating by parts, we reduce Eq. (4.58) to the following form:

t
/

. E\,
Cba(O)p(t,r)—i—/cDa(t—t)p(r,r)dr = 2 (30(0) = (A (D). (4.59)

0
Fig. 4.4 Variation in time of (0%) (1)
the contact area in the case of
monotonically increasing (1)

contact radius (07 < 7 < 1),
where @ (07) is the
instantaneous contact area
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Recall [11] that the relaxation moduli J, p () and J, "2) (t) must be strictly
monotonically increasing functions. This 1mpl1es that the der1vat1ve Py (1) is strictly
positive for ¢ € (0, +00). Thus, in the case of monotonically increasing contact
area, according to (4.37) and (4.38), the contact area w (¢) coincides with the domain
where the right-hand side of Eq. (4.59) is positive.

Indeed, since negative pressure is not allowed due to (4.37), the left-hand side of
Eq. (4.59) is positive inside the contact area w (¢). This implies that w (¢) is a subset of
the domain, where the right-hand side Eq. (4.59) is positive. However, due to (4.38),
the intersection of this last set with the absolute complement of w(¢) is empty.
Hence, in the case when the viscoelastic layers are not initially deformed outside
the monotonically increasing contact area w(¢) (i.e., the gap between the layers is
determined by the function ¢ () defined according to the undeformed configuration),
the positiveness condition of the right-hand side of Eq. (4.59) determines the location
of the contact area w(t).

Thus, the governing integral equation (4.49) can be rewritten in the form

t
h
T /cp (t —r)—(r r)dr = (80(t) — () (1)) ,. (4.60)

0

or as follows:

t
d
/q§a(t - r)f(r, rydt = (8o(t) — () (1)) A (a(t) —r).  (4.61)

/
Eao J

Under the assumptions imposed upon the gap function ¢(r) in Sect. 4.2.3, we find
that the contact area is circular, and the contact radius a(z) is related to the contact
approach &o(¢) by the formula

a(t) = ¢~ (80(1)), (4.62)

where ¢! (x) is the inverse function for x = ¢(r).
Integrating both sides of Eq. (4.60) over the contact domain and taking into account
(4.39), we obtain

t a(t)

/45 (t = ) F(v) dv = ma(t)*8o(1) — 2w A (1) / p(p)pdp.
0,

E/

Note that, formally speaking, §o(¢) and a(¢) are histories such that §o(#) = 0 and
a(t) = 0fort < 0. That is why the above equation can be simplified as follows:
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" t a(t)
n / Dyt —T)F(1)dt = rra(t)zéo(t) — 2 / p(p)pdp. (4.63)
A0
0~ 0
As a result of (4.62), the right-hand side of Eq. (4.63) can be represented by
¢~ Go(1)
_ 2
g(80(0)) = m8o()p ' (80(1))” — 27 / p(p)pdp. (4.64)

Therefore, from (4.63) and (4.64), it follows that

t
/ Dyt — t)F(t)dt), (4.65)

0-

h
So(1) = g‘l(

Elo
where g~ (y) is the inverse function for y = g(x) given by

7 (x)
g(x) = mxp ' (x)* — 27 / o(p)pdp.
0

Further, by inverting Eq. (4.63), we obtain the force-displacement relationship

/!

t
F(t) = E;:o /%(r-r)m dr.

4.66
17 (4.66)
o-
Here, ¥, () is the compound relaxation function defined by
i 7002
T (5) = a4 O ) (4.67)

a2 (s) + ¥V (s)

while lffé(l)(s) and @2(2) (s) are the Laplace transforms of the relaxation functions
lI/;‘(l)(t) and WAQ) () for the viscoelastic layers. Observe that by normalization,

v, 0) =1, (4.68)
and that, according to the initial value theorem for Laplace transforms, we have

W, (01) = Jim sWy (s).
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Now, taking into account (4.67), we obtain

n slﬁf"(l)(s)slﬁ;(z)(s)
Ye(07) = lim =0 5,7(D)
a1s¥, 7 (s) +axs¥, 7 (s)
WA(I)(O+)W//1(2)(O+)
¥ 2 0+) + awV (0)

The normalization condition (4.68) for the compound relaxation function is readily
established by making use of Egs. (4.42) and (4.51).
In the case of a parabolic gap function, when

r2
o(r) = R’ (4.69)

we have ¢~ !(x) = v2Rx and g~!(y) = /(xR)~y, and
V2Rx
2 P’ d
=2mRx" —2 —
g(x) =2m Rx 7T / SR’ AP
0
= 7 Rx>.
Therefore, Eqs. (4.62), (4.65)—(4.73) can be concretized, respectively, as follows:

a(t) = /2Ré(1), (4.70)

t

n . 1/2
So(t) = (nRE/ /qsa(z - r)F(r)dt) , @71
A0

t

/ W, (t — r)iao(r)%zr. 4.72)
dt
o

TRE)

F(t) =

Observe that, in the case of the increasing contact area, the relation between the
contact radius a(¢) and the contact approach 8o () has the form of the corresponding
elastic solution (see Eq.(4.70)), and is general in nature [12, 18, 23].
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4.2.5 Monotonically Increasing Contact Area: Contact
Pressure

As the right-hand side of the integral equation (4.61) makes sense for all » > 0, we
can write out its solution in the form

t
E’ 0
plt,r) = =1 / Palt = 05— {[800) = 9 # @] a(0) = 1) | dr. @.73)
J

where 6o (#) and a (¢) are known functions, since they are determined from the function
F(¢) by formulas (4.62) and (4.65).
In the case of the parabolic gap (4.69) and as aresult of (4.70), Eq. (4.73) reduces to

t
E 9
Pt r) = 20 /lI/a(t - r)a—r{(a(r)z =P @) A (a(0) ~ 1) dr. @474)
J

where according to (4.70) and (4.71), we have

MR | : 1/4
a(t) = ( - /éa(t — ‘L')F(‘L')dl’) .
TEy
o-

Note that Eq. (4.73) can be further simplified by integration by parts. Alternatively,
the obtained result can be explained as follows. If the point of observation r belongs
to the instantaneous contact area w(07), then it is clear that r < a(t) for any
t € (0, t,;,), and formula (4.73) reduces to

t
E/ a
pt,r) = 20 /‘Ifa(l - T)E[SO(T) — (A (D)]dr, r<a"),
o

which is equivalent to

E/
pt,r) = ;1‘0 o (1) (80(0T) — (1))

t
/

n E;:O / W (t — Ddo(r)dT, 1 <a(Oh). (4.75)
0

Now, if the point r lies outside of w (0™), then it is known a priori that p(z, r) = 0
for t € (0, t.(r)), where t,(r) is the time when the contour of the contact area first
reaches the point r. The quantity is determined by the equation
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do(tx) = @(r), (4.76)

so that
1:(r) = 85 (@(r)), 1 > a(b).

Thus, since 77 (a(t) —r) = 0for t € (0, t,(r)), formula (4.73) can be recast as

1
/

E 0
Pl = =20 / Falt = D)= [30(0) — 0 A (0] dx
t:(r)
E'y . X
=~ / Wt — )éo(r)dr, > a(0"). (4.77)
t:(r)

Finally, extending the definition of the function #, () to the whole contact area by
assuming that #,(r) = 0 for 0 < r < a(0"), we combine the two formulas (4.75)
and (4.77) into one as follows:

E/
p(t,r) = Ij‘) Wo (1) (80(0T) — @(r)) S (a(0h) —r)

/

+% / W, (t — 7)d0(7) d. (4.78)

(1)

Here, in light of (4.76), we have

0, r=<a(0h),
t*(r) = —1
8 (p(r)), r>a(0™).

The first term on the right-hand side of (4.78) is caused by the instantaneous
indentation, while the second term reflects the subsequent creep effect.

4.2.6 Case of Stepwise Loading

Let us now assume that
F(t) = Fo7(1). 4.79)

Then, in the case of a parabolic gap function (4.69), Eq.(4.71) yields

_( hF 12
do(1) = (JTREAO @a(t)) A1), (4.80)
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where the Heaviside function factor may be dropped, as @,(¢) = 0 for ¢ < 0, by
definition of the compound creep function.

It is clear that for a monotonically increasing function @, (¢), the function 8o(¢)
determined by the above equation will also be monotonically increasing. Hence, as
the contact approach 8o(#) and the contact radius a(¢) are related by a monotonic
function (see Eq.(4.70)), the circular contact domain w(¢) will be monotonically
increasing as well.

Further, if the point of observation r belongs to the instantaneous contact domain
®(0™), then Eq.(4.75) fort > 0 and r < a(0™) yields

t

h .
Fo0 p(t,r) = We(1)(80(0T) — (1)) +/%(f —1)d0(7) dT, (4.81)
A0 5
where, in light of (4.80), we have
hFo®q(0)\/?
50(0%) = (—0 4 )) : (4.82)
TRE),

hFy 1 ddg(7)
2mRE), 8o(z) dt

5(r) = (4.83)

Now, if the point r lies outside of the instantaneous contact area w(07), i.e.,
r > a(0"), then by formula (4.77) we obtain

t

},’ p(t,r) = / W, (t — 1)80(1) d. (4.84)
EAO 1)

Here, #,.(r) is the time moment when the contour of the contact zone first reaches the
point r and is determined by Eq. (4.76), which in the case of a parabolic gap takes

the form

r2

8o(ty) = R (4.85)

Finally, according to (4.80), Eq. (4.85) is reduced to the following equation:

;4
NEAO"_

Pa(t) = 4Fy hR’

From here it follows that

/4
TE Yo7 )
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where @ L(x) =t is the inverse function with respect to @, () = x.
Now, in light of (4.82), Egs. (4.80) and (4.70) can be rewritten in the form

®, 1/2
30(t)=50(0+)((p—((t0))) , 4.86)
1/4
a(t)=a(0+)(§“—((to))) , (4.87)

where 8y(0™) is given by (4.82), and

. (4RhF, 14
a(0h) = 2, (0)) .
TE’
A0

Observe that the solution (4.86), (4.87) agrees with the solution obtained by
Naghieh et al. [20] in the axisymmetric isotropic case.

We underline that formulas (4.80), (4.82), (4.83), (4.85)—(4.87) are valid for the
case of the parabolic gap function (4.69), while Eqgs. (4.81) and (4.84) have a more
general character.

4.2.7 Monotonically Decreasing Contact Area

Following [9], we consider the case when t > 1, (see Fig.4.5) and the contact radius
a(t) is monotonically decreasing.
Let us rewrite (4.49) in the form

t

h ap
— | @ot — 1) —(T,r)dT = wo(t, 1), (4.88)
E'o ot
where
wo(t, r) =éo(t) — (r) (), r =al(r). (4.89)
Fig. 4.5 A stepwise a(t)
non-monotonic history of the
contact radius variation a(®)

a(0%)
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Now we can invert the relation (4.88) and write out the obtained result in the form

tm
E 9
1) = Ao/wa(t—r)ﬂ(r, r)de
h 0T
J
£ 9
+ 20 / Wa(t—t)g(t, r)dx. (4.90)

Im

Since the contact pressure is already known on the interval ¢ € (0, 1,,), the first
term on the right-hand side of Eq. (4.90) is known, and

t
h d
W()([,r):f/(pa(t_f)—p(f,r)df, te(ovtm)a

Eso ot
o-
where the contact pressure density p(z,r) is given by formula (4.73). Thus, by
substituting (4.73) into the above equation and making use of the identity (4.47),
which is valid also for the compound relaxation and creep functions, we obtain

wo(t, r) = [8o(t) — p(r) (1) | (alt) —r),
= [80(t) — (r)H (1) |7 (80(1) — @(r)),
= (80(t) — (A D). 1€ (O, tw), 4.91)

where (x)4+ = (x + |x])/2 is the positive part function.

On the other hand, the second term on the right-hand side of Eq. (4.90) inside the
contact area is determined by the gap function according to (4.89).

Thus, in light of (4.89) and (4.91), Eq. (4.90) can be further transformed into

/

E, [ 9
pt.n) = =20 [ 0,0 = 015 (0(0) - ) # (D), dr

0-

+ %/l]/&(t — r)&)(r)dr, r<alt). (4.92)

Im

Note that the function §o(7), T € (¢, t), in the second integral on the right-hand
side of (4.92), is not known and should be determined together with the function
a(t), t € (ty, t). We recall that during the process of contact interaction, the contact
approach 8 (¢) and the contact radius a(t) are related by Eq. (4.63), which is insuffi-
cient to determine the two functions. The missing equation is obtained by satisfying
the positiveness condition of the right-hand side of Eq. (4.92), that in fact determines
the location of the contact area w (7).
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At the time moment ¢ = #; (see Fig.4.5), the decreasing contact area enters the
instantaneous contact area r < a(0™), which is formed as the result of instantaneous
elastic deformation. Hence, on the time interval ¢ € (t(/), ty), the right-hand side of
Eq. (4.88) can first be solved by the application of the inverse transform in time [9].
In this way, we calculate the contact pressure

t
E’ a
p(t,r) = TAO(/%(I - T)E[(SO(T) - <p(r)e%”(f)]df) ) (4.93)

0- +

and, correspondingly, the contact radius is given by

t
1 .
%(I)O/ W (1 — r)80(r)dr)+. (4.94)

a(t)y =¢~! (8o<0+> +

Finally, we emphasize that formulas (4.93) and (4.94) hold true only on the time
interval z € (¢}, t,), where 1,, is the extremum of the contact radius a(r) (see Fig. 4.5).

4.2.8 Case of Stepwise Displacement-Controlled Loading

We now consider the situation where the contact approach is applied in a stepwise
manner at the initial moment and then held constant for the rest of the contact
interaction, i.e., 8o (t) = 8977 (t), where & is constant over time.

According to the governing integral equation (4.49), we have

t

h a
T/cbo,(t — 0Lz rydr = G0 — )N AHW). r<al).  (4.95)
E4o at

By the same argument as that in Sect. 4.2.3, it can be easily shown that the contact
radius a(t) = const, and is determined by the equation ¢ (a) = §p.

Hence, Eq. (4.95) yields

E’ d
pt.n) =220 [ 05 [0 - o), )] dr,
J

from which it immediately follows that

E/
p(t,r) = =2 W (1) (80 — 9 (1) -
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Thus, in the case of stepwise displacement-controlled loading, the contact area
remains constant, while the contact pressure relaxes as a function of time.

4.3 Axisymmetric Contact of Thin Incompressible
Viscoelastic Layers: Monotonically Increasing Contact
Area

In this section, we obtain closed-form solutions for the contact pressure induced by
the frictionless contact interaction of two thin incompressible transversely isotropic
viscoelastic layers bonded to rigid substrates.

4.3.1 Formulation of the Contact Problem

‘We now consider an axisymmetric contact between two thin linear viscoelastic layers
firmly attached to rigid substrates shaped like bodies of revolution. Introducing the
cylindrical coordinate system, we write the equations of the layer surfaces (before
loading) in the form z = (—1)"¢, (r) (n = 1, 2). The gap function is defined in the
undeformed configuration (see Fig.4.6) as follows:

o(r) = @1(r) + @2(r).

Denoting the contact approach of the substrates by 8o (¢), we write out the lin-
earized unilateral non-penetration condition in the form

So) — (w1, 1) + WS (1, 7)) < 01 () + @2(r). (4.96)

According to Eq. (4.34), the vertical displacement of the boundary points of the nth

thin layer, w(()") (t, r), is expressed through the contact pressure p(t, r) as follows:

Fig. 4.6 Two viscoelastic z
layers bonded to
axisymmetric rigid
substrates in the undeformed
configuration
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t
h d
wg! (1) = = / VAQIO I)Aa—p(r, r)dr. (4.97)
T
o-
Here, h, is the thickness of the nth layer, J'"(¢) is the out-of-plane shear creep

compliance, and A is the Laplace operator, which in the axisymmetric case is given
by the following formula:

Ap = li(ri—’:). (4.98)

ror

The equality in the contact condition (4.96) determines the contact radius a(z). In
other words, the following equation holds within the contact area:

wi (6, 7) + Wi, 1) = 80(t) — @(r), 1 < a(). (4.99)
Substituting the expressions for the displacements w(()l)(t, r) and w(()z) (t,r) given

by formula (4.97) into Eq.(4.99), and taking into account (4.98), we represent the
contact condition in the form

2 3 ! 2

h 19, 8%p

_ n /(n) _ - _ _

2_1 > /J =)~ (rarat(r,r)) dv = 8o(t) — (r) A1), (4.100)
n= 0,

where .77 (¢) is the Heaviside function introduced in the usual way, () = 0 for
t <0and 77 (t) =1fort > 0.

By letting
1
Ity = —— '™ (1), (4.101)
G’(”)
0
where GZ)(") = 1/J'™(0%) is the instantaneous out-of-plane shear elastic modulus

of the nth layer, we introduce the corresponding normalized creep function @' (r).
Furthermore, the compound creep function, @g(¢), and the equivalent instanta-
neous shear elastic modulus, G6, can be defined as follows:

p(1) = 10" V(1) + p@' P (1), (4.102)

,(n+ )Gy G
-
n Gy +n3Gy"

(4.103)

nG,? nG,"
1= s P= .
37 3/ 3/ 3/
mGy? + h3Gy mGy? + h3Gy

(4.104)
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Observe that formula (4.103) determines the equivalent modulus in such a way that
B1 + B2 = 1 (see Eq.(4.104)) and thus, ®g(0) = 1.
We proceed by introducing an auxiliary notation

_ 36,
_ %,

(4.105)

where h = hy + h> is the joint thickness.
Then, taking into account (4.101)—(4.105), we rewrite Eq. (4.100) as

t

19/ 9
/@ﬁ(t—‘r);a—(r E(.n)dr = m(pm) A1) = 6®).  (4106)

r\ orot
o-

The above equation is used to find the contact pressure p(¢, r), while the contact
radius a(¢) is determined from the condition that the contact pressure is positive and
vanishes at the contour of the contact area, i.e.,

pt,r)>0, r<a(), p,a))=0. 4.107)

In the case of contact problems for thin incompressible layers (see Sect.2.7.3 and
[8, 10, 14]), we additionally assume a smooth transition of the contact stresses from
the contact region r < a(t) to the outside region r > a(t) that is

op
—(t,r) =0. (4.108)
ar

r=a(t)

Furthermore, from the physical point of view, the contact pressure between the
contacting smoothly curved surfaces should satisfy the regularity condition at the
center of the contact area that the even extension p(¢, x), x € (—a(t), a(t)), of the
contact pressure density is continuously differentiable. Thus, the following boundary
condition is additionally imposed:

op

=0. 4.109
ar ( )

r=0

p(t,r)

Finally, the equilibrium equation for the whole system is given by

a(t)

2 / pt, p)pdp = F(t), (4.110)
0

where F(t) denotes the external axial load. We consider the loading histories which
are discontinuous at the initial time # = O such that F (1) = 0fort < Oand F(t) > 0
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fort > 0, as the asymptotic model is not capable of describing the contact interaction
when the contact radius is smaller or comparable with the layer thicknesses.

Note also that for non-decreasing loads when d F'(t)/dt > 0, the contact radius
is expected to increase monotonously, that is da(t)/dt > 0. This condition must be
checked a posteriori.

Following [3], we derive a general solution for the axisymmetric contact problem
for thin incompressible viscoelastic layers formulated by Eq. (4.106), in the case of
an arbitrary joint geometry and under the assumption of increasing loading.

4.3.2 Equation for the Contact Approach

Integrating Eq. (4.106) with respect to r, we find

1 r
9? H
/%(r—r) - (r,r)dr=m(#/¢(p)pdp—%so(r)), @111
0

arat
o-
where the constant of integration vanishes due to the regularity condition (4.109).
After substituting the value r = a(#) into the above equation and taking into
account the boundary conditions (4.107) and (4.108), we transform this equation
into the following:
a(t)

/w(p)p dp. (4.112)

0

2
8o(1) = 202

Equation (4.112) connects the contact approach §p(#) and the unknown contact
radius a(t) of the circular contact area.

4.3.3 Equation for the Radius of the Contact Area

Upon integration with respect to r and changing the order of integration, Eq. (4.111)
takes the form

t r

ap r r?

Dp(t — T)E(‘E, rydt =m\ @) | ¢(p)pln ; dp — Z(So(t) + Dy (1).

0- 0

(4.113)

By using the boundary condition (4.107), the constant of integration D> (#) can
be obtained as a function of the contact radius a(¢) in the form
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a(t)
Dy (1) = %&)(tm(t)z —mA (1) / ¢(p)pln%d9- (4.114)
0

We now multiply both sides of Eq.(4.113) by r and integrate over the contact
interval (0, a(t)). After changing the order of integration and taking account of
(4.110) and (4.114), we obtain

a(®)?
8

t
L/qsﬂ(; — D) F(1)dr = (1)
am
J

a(t)
(1)
- p(p)p(a(t)? — p*) dp. (4.115)
0
Finally, in light of (4.112), the above equation can be simplified to

a(t) t
T[Tmff(t) / 9(p)p(20% — a(t)?) dp =/<1>,3(z — 1)F(1)dr. (4.116)
0 0~

Equation (4.116) connects the unknown radius of the contact area a(¢) and the
prescribed contact load F ().

4.3.4 Example: General Paraboloid of Revolution

Let us assume that the gap between the layer surfaces is described by the formula
o(r) = Cr, 4.117)

where C and A are constants.
Then, Egs. (4.112) and (4.116) take the form

So(t) = a(m*, (4.118)

A2

amACa(t)*+*

r0 1 SO (-119)
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where we have introduced the notation

t
f@) =/¢,3(t—r)F(r)dr. (4.120)
o-
It is readily seen that Eq. (4.119) allows us to determine the contact radius a(z) as

follows:

40.+2)0 + 4) f(t)) s+ @120

a() = ( amAC

By substituting the obtained solution (4.121) into Eq.(4.118), we derive the fol-
lowing formula for the contact approach:

2C 4 +2)(A+4) A/ (A+4)
So(t) = . 4.122
o) x+2( 2miC f(t)) (4.122)
‘We recall that formula (4.120) can be rewritten as
t
f@) = @ﬂ(t)F(0+) + / Dp(t — ) F(7)dr. (4.123)

0

Since we consider monotonic loading (i.e., the contact force function F(¢) does
not decrease with time), the utilized mathematical model of contact shows (see,
in particular, Eqs. (4.121) and (4.123)) that the contact radius a(¢) will also be
increasing.

4.3.5 Contact Pressure Distribution

By taking formula (4.114) into account, we can rewrite Eq. (4.113) as follows:

t

/cpﬁ(t — r)‘;—’;(r, rydr = %50@)(610)2 —r?)
J
—mA (O (at),r), r<a(). (4.124)

The new notation ® (a, r) is given by

a r

a r
O(a,r) =/¢<p)pln;dp —/w(p)pln;dp,
0 0
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and in the special case (4.117), we have

c
(A +2)2

Oa,r) = (aH'2 — r)‘+2).

For an arbitrary r > 0, formula (4.124) can be generalized to

t
ap m
/tp,s(t — r)a—r(r, rydrt = T 80(t)(a(t)2 _ r2)+
o-
—mA ()0 (a(t), r) A (a(t) = r). (4.125)

Therefore, by inverting Eq. (4.125), we obtain

1
p(t,r) = m/lI/ﬁ(t - r)%[[% 8o(v)(a(t)* —r?)

0-

— A (1) (a(1), r)}ff(a(r) - r)] dr. (4.126)

Here, Wg(1) is the corresponding compound relaxation function determined by its
Laplace transform

g(s) = ———. (4.127)

Formula (4.126) is the sought-for general solution of Eq. (4.124). Note also that,
since

Bp(s) = p1®"V(s) + pr®' @ (s)

and

where ¥’ ™ () is the Laplace transform of the normalized relaxation function in
out-of-plane shear ¥’ (¢) for the nth layer, formula (4.127) can be rewritten as

j//(l)(s)jﬂa)(s)
L&' (s) + B’ D (s)

Wg(s) = (4.128)

while the coefficients 81 and B, are given by (4.104).
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4.3.6 Example: Paraboloid of Revolution

This is a special case of the more general situation considered in Sect.4.3.4, where

="
r)y=—
Y= 0R
and R is a positive constant.

So, making use of the substitution C = (2R)’1 and A = 2, we have reduced
Eqgs. (4.118), (4.121), and (4.122) respectively to the following relations:

2
So(t) = af]; , (4.129)
96R 1/6
at) = (n—m f(t)) , (4.130)
1 /12R 1/3
So(t) = ﬁ(%f(t)) . (4.131)

where the quantity f(¢) is related to the contact load F'(¢) through Eq. (4.120).
Furthermore, in light of (4.126) and (4.129), the contact pressure is given by

t

Pt r) = 32% Wy(r — r)%{(a(r)z _ rz)i%(z)} d. (4.132)
o-

Observe that, as we are considering the case of a stepwise loading, the function
80(7) can be replaced with §o(7) 57 (t) in (4.126) in order to simplify the integrand
in (4.132). Note also that the effect of the multiplier 7 (a (r) — r) is introduced
through the the positive part function (x)+ = (x + |x])/2.

4.4 Axisymmetric Refined Contact Problem for a Thin
Bonded Incompressible Viscoelastic Layer with
Allowance for Tangential Displacements on the Contact
Surface

In this section, the frictionless unilateral axisymmetric contact problem for a thin
incompressible viscoelastic layer indented by a rigid punch is considered. The refined
linearized contact condition, which takes into account both the radial and tangential
displacements of the boundary points of the viscoelastic layer, is imposed and an
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approximate analytical solution is constructed under the assumption that the contact
area increases with time under a non-decreasing external loading.

4.4.1 Refined Formulation of the Contact Problem

We consider a thin incompressible transversely isotropic linear viscoelastic layer
indented by a punch shaped like a body of revolution. Introducing the cylindrical
coordinate system, we write the equation of the punch surface (before loading) in the
form z = —@(r), so that the punch occupies a convex domain z < —@(r) whereas
it is in contact with the plane z = 0 at a single point chosen as the origin of the
coordinate system (7, z).

In the case of the punch shaped like a paraboloid of revolution, we have

}”2
= —, 4.133
o) = > ( )
where R is the curvature radius of the punch surface at its apex.
We denote the vertical displacement of the punch by §o(¢) (see Fig.4.7). The
refined unilateral contact condition that the surface points of the viscoelastic layer
(under loading) do not penetrate into the punch can be written as follows [16]:

wo(t, r) = 8o(t) — @(r + vo(t, r)). (4.134)

According to the perturbation analysis carried out in Sect.2.5 and the elastic-
viscoelastic correspondence principle formulated in Sect.4.1.2, the leading-order
asymptotic approximations for the vertical and the radial horizontal displacements
of the boundary points of the viscoelastic layer, wo (¢, r) and vo (¢, ), in the cylindrical
coordinates can be expressed as follows:

t
3 d
wolt.r) = ——/J’(t — AL ryar, (4.135)
3 at
0-
w2 9?
volt,r) = ——— | 7t — )L (1, r) dr. (4.136)
2 orot
0-
Fig. 4.7 A thin F(1)
incompressible viscoelastic
layer indented by a rigid Y v T
punch P e lSO(Z)

—a@m
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Here, & is the thickness of the viscoelastic layer, J'(¢) is the out-of-plane shear creep
compliance, and A is the Laplacian, which in the axisymmetric case is defined by

10 8p
P r 8r 8r

The equality in relation (4.134) determines the contact area, and the following
equation holds within the contact interval:

wo(t, r) — 8o(t) + go(r + vo(t, r)) =0, r=<a@). (4.137)

We assume that the tangential displacement vo(z, r) is small compared to the
contact radius a(¢). In this case, the nonlinear equation (4.137) can be replaced by
the following linearized contact condition (see also Sect. 1.3):

do(r)
dr

wo(t,r) — o) + @) + vo(t,7) =0, r <a(®).

In light of formula (4.133), the above equation takes the form

2
wo(t. r) + %vo(t, r) = 8o(t) — ;—R, r<a(). (4.138)

Substituting the expressions (4.135) and (4.136) into Eq.(4.138), we write the
governing integral equation in the following form (r < a(t)):

h3
3

10 3r
J' (1 - )—[;5( —(1’ )) + ﬁa—(f ")]df = @(r) (1) — o(1).
(4.139)
Here, 57 (t) is the Heaviside function introduced in the standard way such that
() =0fort <0and () = 1fort > 0.
By letting

J'(t) = %@(r) (4.140)

where G, = 1/J ’(0) is the instantaneous out-of-plane shear elastic modulus of the
viscoelastic layer, we introduce the corresponding normalized creep function @ ().
To simplify our formulas, for any function of time and position, g (¢, r), we intro-

duce the notation
t

Hq(t,r) =/¢>(t—r)§—z(r,r)dr. (4.141)
o
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Therefore, the operator equation ¢ ¢g(t,r) = Q(t,r) can be inverted to obtain
q(t,r) = 2~10Q(z, r), where

t
0
%/_IQ(I, r):/lll(t—t)a—Q(r, rydrt (4.142)
T
o-
and V¥ (r) denotes the normalized relaxation function in out-of-plane shear.

Thus, in light of (4.133) and (4.141), Eq. (4.139) can be written in the form

19,0 9
%[ —(ra—]:(r, r)) n %ra—]:(r, r)] =m(Cr2A() — 8o(1),  (4.143)

ror
where sz, m, and C are dimensional constants given by

3 3G, 1
=, M= ) = 5"
2hR h3 2R

(4.144)

Equation (4.143) is used to find the contact pressure density p(t,r),0 < r < a(t).
The radius of the contact area a(¢) is determined from the condition that the contact
pressure is positive and vanishes at the contour of the contact area, that is

p(t,r)y>0, r<a(); p,a()=0. (4.145)

In the case of a thin incompressible layer, we additionally assume a smooth tran-
sition of the contact pressure from the contact region r < a(z) to the outside region
r > a(t), i.e., the following zero-pressure-gradient boundary condition is imposed
(see Sect.2.7.3 and [1, 10]):

ap(t,r)
ar

=0. (4.146)

r=a(t)

Moreover, from the physical point of view, the contact pressure under an axisym-
metric blunt punch should satisfy the regularity condition

op(t,r)
or

=0. (4.147)
r=0

Finally, the equilibrium equation for the whole system is

a(t)
27 / p(t, p)pdp = F(1), (4.148)
0
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where F'(t) denotes the external load such that F(t) = O fort < 0 and F(¢) > O for
t > 0 with F(07) > 0.

For non-decreasing loads, when dF(t)/dt > 0, the contact area increases
monotonically, i.e., the following monotonicity condition holds [25]:

da(t)
dt

>0, te(0,+00). (4.149)

This condition must be checked a posteriori.

It can be seen from formulas (4.135) and (4.136) that the tangential displacement
vo(t, r) is an order of magnitude greater than the normal displacement wy(z, r),
due to the multipliers 22 and h3, respectively. Thus, the formulation of the contact
problem without the tangential displacement contradicts with the notion of neglecting
terms that could contribute significantly in certain configurations. This begs the
question of whether and how the tangential displacements influence the parameters
of the contact pressure distribution. It is clear that the inclusion of the tangential
displacements makes the contact problem formulation more precise, at the cost of
increased difficulty in solving, and requires a much more elaborate approach in
finding an analytical solution.

4.4.2 Equation for the Punch Displacement

Integrating Eq. (4.143) with respect to r, we obtain

J{Hrm + %/pZM d,o} =2(crt = 250(0)r2),  (4.150)
or ap 4
0

where the constant of integration D1 (¢) vanishes in accordance with the regularization
condition (4.147) at r = 0.
We transform the second integral in (4.150) by integration by parts

r r

ap(z, p)
/pzpa—pp dp =r*p(z,r) —2/p(r, p)p dp.
0 0

Thus, Eq. (4.150) becomes

%[% + %(rp(t, r) — ;/p(r, PP d,o)] = %(Cr3 — 280(t)r). (4.151)
0
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Substituting the value r = a(#) into the above equation and taking into account
the corresponding boundary conditions (4.145) and (4.146), we obtain

a(t)
2 m -
a0 | pEpedr =7 (Ca()’ =280 (Da(®)). (4.152)

0

Further, by definition (4.141), we have

a(r) ' 5 a(r)
%/p(r,p)pdp=/¢(t—r)§/p(r, p)pdpdt
0 0~ 0
t 9 a(t)
=/¢(t—r)8—T / p(z, p)pdpdr,
0~ 0
where the monotonicity condition (4.149) was taken into account.
Thus, Eq. (4.152) reduces to

a(t)
2 m

“an” / p(@. ppdp = 7 (Ca)* = 280(Ha(®), (4.153)
0

and, as a consequence of (4.148), takes the form

a®? 2x 1

o) =C 2 m ma(r)?

A F (7). (4.154)

Equation (4.154) connects the unknown contact radius, the unknown punch dis-
placement §¢(#), and the contact load F ().

4.4.3 Equation for the Radius of Contact Area

We now return to Eq. (4.151) and integrate with respect to r to obtain

r r ,0
1
«%/[p(r, r)+%(/ p(T,p)pdp — 2/;/1}(1, £)¢ dfdp)}
0 0 0
4

- %(Cr — 480(1)r2) + Da(1). (4.155)
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Changing the order of integration in the second integral, we arrive at the formula

r

r P
1
/;/P(f, S)Edédp=/p(t, p)pln%dp.
0 0

0

Then, taking into account the above formula, we rewrite Eq. (4.155) in the form

H [p(r, ")+ z( / p(t. p)pdp — 2 / p(r.p)pln % dp)]
0 0

m

= (Cr* = 480(1)r?) + D (1). (4.156)

By using the boundary condition (4.145), the constant of integration in the above
equation can be evaluated as follows:

Da(1) = %BO(Z)(J(I)Z _ ;"—6Ca(t)4 + %%F(r)

a(t)
—2%%/p(r,p)pln&dp. (4.157)
o
0

Further, by multiplying both sides of Eq.(4.156) by r and integrating over the
current contact interval (0, a(z)), we obtain

aty p

1
S AF@ + %ﬂ/i / P / p(r. )& ddp

0 0
at) p
—2/p/p(r,s>sln§dédp]
0
B a(t)® a)*\ | a@)?
—m(C 9% — 8o(1) 16 )+ > Dy (1), (4.158)

and by changing the order of integration, we obtain

a(t)
1 1
E%F(ﬂmxb / (. O () — £7) de
0
a(t)

1
- / p(tv g)é: (Cl(l)2 11’1 ? — E(a(t)z _ §-2)) d%_]
0
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B a(r)® a()* a(r)?
—m(C % — 80(1) T )+ 5 Dy (1).

In light of (4.148) and (4.157), we reduce the above equation to the form

a(t)

2
a(t) F(r)—2n/p(f, p)p3dp)

%F(r)+%%(

-C
8 24

4 6
—m (800)(1(;) alt) )

Finally, taking into account Eq. (4.154), we obtain

Tm 6 _
15 Ca’ = HF(7)

a(t)
F(t)—27t/p(‘r,,0)p3d,0). (4.159)
0

a(t)?

—I—%Jif(

Since we consider a monotonic loading (the function F'(¢) does not decrease with
time), the function a(¢) will also be increasing.

4.4.4 Contact Pressure

Returning to Eq. (4.143), we introduce a new dependent variable y(z, r) such that

y(t,r) = rap(t’ r). (4.160)
ar

Using the substitution (4.160), we can represent Eq. (4.143) in the form

%(l dy(z,r)
r or

+ 2y(1, r)) =mf(t,r), (4.161)
where
f(t,r) = (Cr* = 80(0)) A (alt) —r). (4.162)
By applying the Laplace transform to both sides of Eq.(4.161), we obtain

sé(s)(l‘;—i +%y) =mf(s,r), (4.163)

r
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where the tilde denotes the time Laplace transform and s is the Laplace transform
variable. Note that all these functions should be analytic in the half-plane fis > 0.

The general solution to the homogeneous equation corresponding to Eq. (4.163)
has the form

Fo(s. r) = Co(s) eXp<—§r2), (4.164)

where Co(s) is an integration variable.
Now, applying Lagrange’s method of variation of parameters, and taking into
account the regularity condition (4.147), now given by

§(s,r)=0@?), r—0, (4.165)

we obtain the following particular solution of Eq. (4.163), which is valid for arbitrary

r>0:
.

(s, 7) =mexp(—§r2)/exp(§§2)%s(’j)d§. (4.166)
0

Under the assumption of monotonic loading and as a result of increasing contact
radius a(t), we compute the Laplace transform of the right hand-side of Eq. (4.161)
as follows:

cr? S
= —9do(s), 0=<r =<ao,

S C—rexp(_st*(r))_ / exp(—s1)do(t)dt, r = ap.
s

t:(r)

(4.167)

Here, ag = a(07") is the radius of the instantaneous contact area, and #,(r) is the
time when the contour of the contact area first reaches the point .
If we denote by 1 = a~!(r) the inverse to the function r = a(r), then we have

0, 0<r =<ay,

a-'(r). ap <r. (4.168)

te(r) = [

We note that the solution to Eq. (4.161) is different from zero only in the domain
20 U $24, as illustrated on Fig. 4.8. This problem must be considered separately for

Fig. 4.8 Support domain of t
the solution to Eq. (4.161)
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each domain. We finally note that when the parameter s in its dimensionless form
is reasonably small, an approximate equation for the contact radius can be derived
from Eq. (4.159). For more details we refer to [5, 19].

4.5 Elliptical Contact of Thin Bonded Incompressible
Viscoelastic Layers: Monotonically Increasing
Contact Area

In this section, an exact solution for the frictionless unilateral contact problem for
two thin incompressible transversely isotropic viscoelastic layers bonded to rigid
substrates is obtained in the framework of the leading-order asymptotic model, under
the assumption of a monotonically increasing contact area.

4.5.1 Formulation of the Contact Problem

Consider two thin viscoelastic layers of uniform thicknesses /41 and h», ideally
bonded to rigid substrates, and touching at a single point in the undeformed con-
figuration (see Fig.4.9). Let ¢(y) denote the gap between the layer surfaces before
deformation. Here, following Argatov and Mishuris [6, 7], we consider a special
case, where the gap function is represented by an elliptic paraboloid

yl )’2
_— 4 == 4.169
p(y) = + Ry’ ( )

and Ry and R; are positive constants having dimensions of length.

Let §o(t) and w(”)(t y) denote, respectively, the contact approach of the rigid
substrates under external loading and the corresponding local indentation of the nth
layer. Then, inside the contact area, w(¢), which is assumed to be a function of the
time variable 7, we impose the contact condition

ws (2, y) + w2, y) = 8o(t) — o(y), ¥ € (). (4.170)

R

BT

Vi
oSBT e e .

Fig. 4.9 Contact of two thin viscoelastic layers in the initial undeformed configuration, with the
variable initial gap function ¢(y) measured along the common normal axis z
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In the case of unilateral contact, the contact pressure between the viscoelastic
layers, p(y), is assumed to be positive inside the contact area w(¢) and to satisfy the
following boundary conditions (see Sect.2.7.3 and [1, 10, 14]):

d
p(t,y) =0, ﬁ(t, y) =0, yel). (4.171)

Here, d/0n is the normal derivative at the contour I"(¢) of the domain w(?).

According to Eq. (4.34), the vertical displacement of the surface points of the nth
layer of a thin bonded incompressible transversely isotropic viscoelastic layer can
be approximated by

t
(n) _ h;,t /(n) dp 4.172
W == [ 10a—na, Ly, 4.172)
o-

where J'™ (1) is the out-of-plane creep compliance in shear of the nth layer.
By substituting the asymptotic approximations (4.172) into (4.170), we arrive at
the governing integro-differential equation

2 3 !
-2 % / I~ )4, 2—’; (T.y)dT =b0(1) =W H(1).  (4.173)
n=1 0-
where y € w(t), and the Heaviside function factor .77 (¢) takes into account the zero
initial conditions for ¢ < 0.

Finally, denoting the external load applied to the substrates by F(¢), we write out
the equilibrium equation

F(t) = // p(t,y)dy. 4.174)
w(t)

The unilateral contact problem under consideration thus consists in finding his-
tories 8o(¢), w(t), p(t,y) which, for given ¢(y), known J'™(r), n = 1,2, and
prescribed F(t), satisfy (4.171), (4.173), and (4.174).

We retain the notation used in Sect. 4.3 and rewrite Eq. (4.173) as

t

d
- / Dyt — r)Ayﬁ(r, y)dt = m(8(1) — o(y) A (1)). (4.175)
&

Here, ®g(t) is the normalized (®(0) = 1) compound creep function and m is a
dimensional constant given by (4.102)—(4.105).

Following [6, 7], we derive an exact solution of the contact problem for thin
bonded incompressible viscoelastic layers, which is formulated by Eqgs. (4.171) and
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(4.175) in the case of an elliptic gap (4.169), under the monotonicity condition for
the contact area, that is w(t1) C w(fp) fort; < 1.

4.5.2 General Solution for the Case of Elliptical Contact

Let us rewrite Eq. (4.175) in the form
AyP(t,y) =m(py)A (1) = (1)), ¥y € ), (4.176)

where we have introduced the notation

t
d
P(t,y) =/¢ﬁ(t - t)a—]j(t, y)drt. (4.177)
07

As a consequence of (4.171), the function Z(t,y) must satisfy the following
boundary conditions:

3P
P.y)=0. yel®), ——.y)=0, yel®. (4.178)

In the case (4.169), the right-hand side of Eq.(4.176) is a quadratic polynomial
in the variables y; and y,, and we set

oo my
y(f,y): y()(l‘)(l _W_W) , YEw(). 4.179)

Itis simple to verify that the function (4.179) satisfies the boundary conditions (4.178)
exactly.

The representation (4.179) assumes that the contour /7(¢) is an ellipse with the
semi-axes a(t) and b(t). Moreover, fory € w(t), we should have Z(t,y) = 0.
Thus, the function Z(t, y) determined by (4.179) for y € w(z) can be extended on
the entire plane of variable y = (y1, y2) by the multiplication of the right-hand side
of (4.179) by the factor (1 — y?/a(t)? — y3/b(1)?), that is

P(ty) = Po)EW, YA (E(t.y). yeR? (4.180)

where we have introduced the notation

2 2
ot 3
a2 " bR (4.181)

E(y) =1
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Substituting (4.180) into Eq. (4.176), we obtain after some calculation the follow-
ing system of algebraic equations:

4P (1 1
bolt) = m (a(t)2 + b(t)2)’ (4.182)

1 4P ( 3 1
m " ma(r)? (a(t)2 + b(t)z)’ (4.183)

1 4200 ( 1 3
2_R2 N mb(t)? (a([)2 + b(t)2)' (4.184)

The form of the ellipse I"(¢) can be characterized by its aspect ratio s, defined as

follows:
b(t)
s = —. (4.185)
a(t)

From Egs. (4.183) and (4.184), it immediately follows that

Ry _ s2(3s2 4+ 1)

R = 51 (4.186)

and it is readily seen that Eq. (4.186) can be reduced to a quadratic equation for s>

R 3R

3 (1= 2)s2 = =2 =0,
Ry Ry

In this way we immediately obtain
2
R —R R R —R
2= (o) R (Ri- Ry (4.187)
6R; R, 6R,

Further, in light of (4.183)—(4.185), Eq. (4.182) takes the form

a®)? s>+ 1)

So(t 4.188
o(?) = R G2 D) ( )
From Eq. (4.183) it follows that
0 2
Po(t) = matty s (4.189)

8R; (3s 1’
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As a consequence of (4.177), the contact force F(¢) satisfies the equation

t

dF(x) ~ am s 6
/zpﬁ(r -0 dt = AR G T l)a(t) ) (4.190)

0—

Thus, the major semi-axis a(z) of the contact domain w(#) can be determined as
a function of time ¢ in the following way:

2 16 , ! 1/6
a(;):[z“RlM} (/(Dﬁ(t—r)dz_(:)dr) . 4.191)

Tm s3

Then, formulas (4.188) and (4.189) allow us to determine the quantities 8o (¢) and
Py (1), respectively.

Let us denote by Wg(t) the normalized compound relaxation function for the
viscoelastic incompressible layers defined by formula (4.127) or, equivalently, by
formula (4.128).

Then, according to Egs. (4.177) and (4.180), the contact pressure distribution is
given by

t

9
p(t,y) =/wﬁ(z —r)a—r{%(r)s(r, V2 (E(1,y))dr. (4.192)
0—

The application of integration by parts to (4.192) yields
pt,y) = Po(t)E(t,y)*
t
Y,
_/ —(%ﬁ t — )P (r)E(r, y)Z%(E(t, y))dr. (4.193)
0+

Recall that ¥g(0) = 1, and formula (4.193) assumes that p(z,y) = 0 fory &€ w(z).
Denoting by 7, (y) the time when the contour of the contact zone first reaches the
point y, we rewrite formula (4.193) as follows:

t

Y,
plt.y) = Po(E(t,y)* — / 3—;30 — 1) P(1)E(x,y) dr. (4.194)
1. (y)

The quantity #,(y) is determined by the equation

a(ty)? = yf +s572y3. (4.195)
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Substituting the expression (4.191) into Eq. (4.195), we arrive at the equation

ty 3

dF(7) Tm s 5 VA3
By (1, — dr = 23, 4.196
/ plts = D) ==t 24R1(352+1)(y1+s2) (4.196)

07
We note that formula (4.194) assumes that #,.(y) = O for the points of the instan-

taneous contact area @ (0™). In the following, the quantity z,(y) will be called the
time-to-contact for the point y.

4.5.3 Case of Stepwise Loading

Assuming that
F(t) = Fo (1), (4.197)

and using Eqs. (4.188) and (4.191), we find that

1/3
80(t)=80(0+)(§a(((t)))) A1), (4.198)
1/6
a(t) = a0 )(ZZ“(((’)))) A1), (4.199)
2/3
Py(t) = Po(0" )(g"‘((g))) A1), (4.200)
where ; U (2 N
+y s7+ 1/3
80(07) = (nmR%) Gty Foes ), 4.201)
3 ~1/6
a0 = [QZ'ZI a7 +1)] (Fo25 )" 200
9m \1/3 52 ;
Po(0%) = (anl) ETETERTE (Fo®s (). (4.203)

Equation (4.202) determines the major semi-axis of the instantaneous contact
domain @ (0T). For y lying outside @ (0T), the quantity #,(y) satisfies Eq. (4.195).
From Egs. (4.202) and (4.195), it follows that
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@50 2.2
t(y) = @5 (%(}]1 + %) ) (4.204)

where 4551 (x) =t is the inverse function with respect to @g (1) = x.

4.5.4 Axisymmetric Contact Problem for Incompressible
Coatings: Case of Stepwise Loading

Axisymmetric indentation problems for a viscoelastic layer have been considered
in papers [20, 21] for the special cases of the Maxwell model and the standard
viscoelastic solid model. Now, let us set Ry = Ry = R. Consequently, we obtain
s = 1, and Eqgs. (4.201)—(4.203), respectively, take the form

3 1/3
800" = (3——5)  (Foo()', (4.205)
1
T L —1/6 1/6
a(0™) = (96_Rl) (Fo®p(0)) ", (4.206)
18m \1/3
Po(0") = (n 2211) (Fo®p(0))*°. (4.207)

According to (4.194), the axisymmetric contact pressure distribution is given by
the following formula (cf. Sect.4.3.6):

2 ! 2

2 oy, 2
p(r, 1) = W0 Zo(0) (1 - a:;ﬂ) - / a_f“")%(”(l‘a:T)z) dr.
1 (r)

(4.208)

Here, r =,/ yl2 + y% is the radial coordinate, and in light of (4.204), the time-to-
contact for all points on the circle of radius » > a(0™) is given by

100 6). (4.209)

1e(r) = 45/3_1(a(0+)6r

Formulas (4.205)—(4.209) are valid for the stepwise loading (4.197). In the general
case of the axisymmetric contact problem, the solution can be easily derived using
formulas (4.188), (4.191), (4.194), and (4.196) with s = 1 and y? + y5 = r2.
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4.5.5 Case of Incompressible Layers Following the Maxwell
Model

Recall that the Maxwell model is represented by the series combination of an elastic
spring and a dashpot, and can be characterized by the following normalized creep
and relaxation functions:

'MW (1) =1+

W' (1) = exp(—L), 4.210)

rén) ’ Tén)

where rén) is the relaxation time of the viscoelastic material of the nth layer. Note

that the concept of the relaxed state for the Maxwell model is not applicable.
According to (4.102), the normalized compound creep function is given by

t
Dp(1) =1+ —,
70

where 19 is defined by the formula

L B B2

— =L 4 =
(1 2)
01 )

for B1 and B, given by (4.104).
Correspondingly, in light of (4.210), the normalized compound relaxation function
is simply

Wy(1) = exp(—rt—o),

which agrees with formula (4.128).
Taking into account that p(¢,y) = 0 for r < 0, we can rewrite Eq. (4.175) as

1
1
Ayp(t.y) + t_o / Ayp(r,y)dT =m(py)H (1) = 8o(1)). (4.211)
0
We observe that Eq. (4.211) coincides with the governing integral equation derived
as a result of asymptotic analysis in [1] for describing the short-time contact of thin

biphasic cartilage layers.
In light of (4.210), formula (4.194) takes the form

t
1 t—
Py = 203 -~ [ W@y en(-)dr. @21
70 70
1:(y)
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where the factor Z (¢, y) is given by formula (4.181), and where Z(t), a(t), and
b(t) satisfy Eqs. (4.182)—(4.184). Apart from the notation, formula (4.212) coincides
with the solution obtained in [6].

4.5.6 Force-Displacement Relationship

Excluding a(¢) from (4.190) and (4.188), we arrive at the following equation [4]:

t

2 d 3
F(t) = TC}?(S)I’I’[R]RQ/‘I%(I — r)E(SO(T) )dr. (4.213)
0—

Here, cr(s) is dimensionless factor, which depends on the aspect ratio of the contact
area s = b/a (see formula (4.187)) and is given by

s(3s% + D(s2+3)
2(s2+ 1)3

cp(s) =

We note that Eq.(4.213) is valid for the contact interaction that consists of a
monotonic loading phase. Thus, it can be applied to modeling contact forces in
impact situations, whereas the case of repetitive loading requires a special further
consideration.
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Chapter 5
Linear Transversely Isotropic Biphasic
Model for Articular Cartilage Layer

Abstract In Sect.5.1, we develop a linear biphasic theory for the case of a trans-
versely isotropic elastic solid matrix with transverse isotropy of permeability. In
Sects.5.2 and 5.3, we consider the linear biphasic models of confined and uncon-
fined compression, respectively, for the biphasic stress relaxation and the biphasic
creep tests. Finally, in Sect. 5.4 we outline the biphasic poroviscoelastic model, which
accounts for the inherent viscoelasticity of the solid matrix.

5.1 Linear Biphasic Model

In this section we introduce the linear biphasic theory, which models articular carti-
lage as a binary mixture of an intrinsically incompressible elastic matrix (skeleton)
and an inviscid (i.e., dissipationless) incompressible fluid. We also present and dis-
cuss the formulation of the governing differential equations along with the different
types of boundary conditions.

5.1.1 Linear Biphasic Theory

According to the biphasic theory of Mow et al. [60], articular cartilage is modeled
as a biphasic mixture consisting of a solid phase (representing collagen, proteogly-
cans, chrondrocytes, and other quantitatively minor glycoproteins) and a fluid phase
(representing mobile interstitial fluid and dissolved electrolytes). The fluid phase
typically ranges between 65 and 90 % of the articular cartilage tissue by weight [8].

Note also that various biphasic and poroelastic models were used to describe the
deformation behavior of bone [20], skin [62], polymeric and silk hydrogels [16, 42],
and arterial walls [40]. An overview of computational models for the mechanical
behavior of articular cartilage was given in [27, 49, 76].

Let the fluid volume fraction (porosity) be denoted by ¢¢ = V¢/V, and the solid
volume fraction be ¢ = Vi/V, where Vy + Vi = V, so that

© Springer International Publishing Switzerland 2015 149
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¢+ s =1 (6.1
The continuity equation for a biphasic medium is
V(v + v =0, (5.2)

where v and v® are solid and fluid velocities, V is the gradient operator.
Under quasi-static conditions, and in the absence of body forces, the momentum
equations for each phase are given by

V.os—nf=0,

V.ol +nf =0, )
where ' is the momentum exchange between the phases due to frictional drag of
relative fluid flow through the porous-permeable solid matrix. In articular cartilage,
it has been shown [35] that this momentum exchange term creates a frictional drag
several orders of magnitude greater than the viscous shear stress within the interstitial
fluid due to the viscosity of the fluid. The internal fluid viscosity can usually be
neglected except for very small layers of very permeable materials [11].

Thus, neglecting the frictional dissipation between the fluid particles, the intersti-
tial water is assumed to be inviscid, and the fluid phase stress is given by

of = —¢eplL (5.4

Here, p is the fluid pressure, I is the identity tensor.
The single pore-fluid flow is governed by the local interaction force per unit
volume defined as follows [12, 55, 65]:

= K. —v). (5.5)

Here, K represents a hydraulic resistivity (or inverse permeability) tensor, which is
related to the permeability tensor, k, through

K = ¢fk !, (5.6)

and apparently depends on the deformable pore structure and the interstitial fluid
properties [58, 59, 67]. Note also that the permeability of the tissue decreases when
the pore volume decreases [24, 33].

Generally, k is a positive definite and symmetric tensor. For a transversely isotropic
skeleton, if x3 = 0 is the plane of isotropy, the matrix of the permeability tensor takes
the form

b

1

o o

k =

oF o
=~
(%)

0
0
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As was shown in [25], the transverse isotropy of permeability in articular cartilage
is caused by its microstructural anisotropy. In particular, the permeability is greater
in the direction parallel to the collagen fibres than the orthogonal.

In the isotropic case [44], K = K1, where K is the diffusion coefficient and is
related to the permeability coefficient of the solid matrix, k, by k = ¢f2 /K.

The stress-strain relation for the solid matrix is assumed to have the form

0" = —¢spl+0°, (5.7)

where ¢ is the effective (or elastic) stress of the solid matrix. Note that the concept
of effective stress was originally formulated by Terzaghi [74] in a geotechnical con-
solidation problem, presuming that the effective soil stress is determined by the total
stress minus the excess pore pressure.

Thus, under these assumptions the total stress in the biphasic material, which is
defined as the sum

og=0"+o', (5.8)
in light of (5.4) and (5.7) is given by
o=—-pl+o°, (5.9)
while from (5.3) it follows that
V.o =0. (5.10)

For an anisotropic linearly elastic material, the effective stress o © is related to the
infinitesimal strain tensor of the solid matrix, ¢, by Hooke’s law

0¢=C:e¢,

where C is a fourth-order stiffness tensor, and the strain tensor is given by

1
e = E(Vu+VuT), (5.11)
where u is the displacement vector of the solid phase. Note also that the solid veloc-
ity is
ou
vi=—, 5.12
a7 (5.12)
where ¢ is a time variable.
Following Cohen et al. [19], we assume that the solid-phase material is trans-
versely isotropic, so that
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O'lel Ail A?Z AiS 0 0 0 €11
o) A, A5 A5, 0 0 0 £
03:3 _ | A3 A53A% 0 0 0 &3] (5.13)
033 0 0 0245, 0 0 €23
E 0 0 0 0 245 0 €13
) L0 0 0 0 0 24\

where AY |, A},, A§3, A§3, and A}, are five independent elastic constants of the solid
skeleton.
The substitution of (5.4), (5.5), and (5.7) into Eq. (5.3) yields
—¢Vp+V-6°+K - (v —v) =0, (5.14)
—pVp—K- (v —v%) =0, (5.15)
whereas the substitution of (5.9) into Eq. (5.10) gives
-Vp+V.0°=0. (5.16)
Observe [55] that in the equations above, the vector vi — v® represents the seepage
velocity, describing the fluid motion relative to the deforming solid matrix. Moreover,
relating this vector only to the fluid part of the mixture, the so-called relative fluid
flux (or filter velocity), wi, can be defined by the formula
f_ 4 orof S
w o= ¢ (Vv — V). 5.17)
Then, introducing the relative fluid flux into Eq. (5.15) according to its definition
(5.17) and taking into account the relation (5.6) between the hydraulic resistivity
tensor K and the permeability tensor k, we arrive at the equation
w =—k-Vp, (5.18)
which can be interpreted [10] as Darcy’s law relative to the motion of the solid matrix.
As aresult of (5.1) and (5.17), the continuity equation (5.2) can be recast as

V. +w)=0,

which after the substitution of (5.12) and (5.18) is reduced to the equation

d
EV-u:V-(k-Vp), (5.19)
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where V -u is the dilatation of the solid matrix. It is important to note that Egs. (5.16)
and (5.19) can be solved independently of Eq. (5.18).

Observe [19] that the linear transversely isotropic biphasic model requires alto-
gether seven constitutional parameters: five elastic constants (Young’s moduli and
Poisson’s ratios in the transverse plane and out-of-plane, E}, v}, and E3, v5,, respec-
tively, and the out-of-plane shear modulus, G§5) and two permeability coefficients
k1 and k3, which are called the axial (in-plane) and transverse (out-of-plane) perme-
ability coefficients, respectively.

Finally, it should be emphasized [57] that in addition to its mechanical response,
articular cartilage also exhibits complex electrochemical phenomena due to the
charged nature of its solid phase and the electrolytes dissolved in the interstitial
water. A number of constitutive theories [31, 37, 45] for charged-hydrated soft tis-
sues like articular cartilage have been developed using the multiphasic approach
(see comprehensive review by Mow and Guo [57]), and a generalized correspon-
dence principle for the equilibrium deformational behavior in the framework of the
triphasic model was introduced [52, 53].

5.1.2 Boundary and Initial Conditions

Following Barry and Holmes [10], we consider the most common boundary con-
ditions applicable to thin fluid-saturated porous layers. We assume that a biphasic
layer is firmly attached to a rigid impermeable substrate, on the bottom of the layer,
x3 = h, in which case the boundary conditions become

ul,_, =0 (5.20)
9

op = 0. (5.21)
0x3 x3=h

On the upper surface, x3 = 0, a number of different boundary conditions may be
formulated depending on the problem setting. If the porous layer is in contact with
a porous filter, then the boundary condition

Mmﬂzo (5.22)
is imposed on the top surface.

If the layer is pressed against an impermeable punch, then

ap

=0. 5.23
o3 (5.23)

x3=0

Further, the normal stress balance under a rigid punch 033 0 = —4 gives
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oup

duyp
— + AS
8x1

—p+ AS —= 4 -
p 13 13 x> 33 9x3

= —q, (5.24)

where ¢ is the load distribution on the top surface transferred by the punch. Note that
the left-hand side of Eq. (5.24) represents the normal total stress 033.
For the frictionless contact, the tangential stresses 03 and o037 are zero, so that

ouy ous our  Jdus

0x3 0x1

— =0. (5.25)
0x3 0x2

x3=0

’

x3=0

In an idealized situation, the normal load ¢ would be a known function of variables
t, x1, x2. However, if the surface load is transferred from a punch, then within the
contact area, w, the contact condition is formulated as

U3l g = %0(1) = p(x1, x2), (x1,%2) € ®, (5.26)

where §¢(#) is the normal displacement of the punch, ¢(x1, x2) is the punch shape
function (defining the initial gap between the contacting surfaces).
Before continuing, we observe that the punch equilibrium implies that

//q(t, ydy = F(t), (5.27)

where F(¢) is an applied external force.

In the case of frictionless contact between two biphasic layers, based on the results
of Hou et al. [35] for porous layers saturated with inviscid interstitial fluids, Ateshian
et al. [6] formulated the following interface boundary conditions:

[pl=0, [u-nf=0, [w -n]=0, [o]=0, (5.28)
o =0. (5.29)

Here, n is the normal unit vector on the contact interface, [[ - ]| denotes the jump across
the interface of the quantity within the brackets (e.g., [p] = p+ — p—, where p

and p_ are the limit values of p at the two opposite sides of the interface), 01(\;’ ) and

G(T" ) are the normal and tangential components of the total stress vector 6™ = ¢ - n,
such that o](v") =0o™ .nand J(T") =o™ — 0'1(\;1)n.

Note that the interface boundary conditions (5.28) simply state that the fluid
pressure, p, the normal component of the solid displacement vector, u - n, the normal
component of the relative fluid flow, wf . n, and the normal component of the total

stress vector, UI(V" ), must be continuous across the interface.
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Finally, we consider the usual initial conditions that the displacement vector, u,
the relative fluid flux, wi, and the fluid pressure, p, are zero before the external load
is applied, i.e.,

u=0, w =0, p=0, —oco<t<0, (5.30)

throughout the biphasic medium.

5.1.3 Equivalent Elastic Material Properties of a Transversely
Isotropic Biphasic Material for the Instantaneous
Response

It is known [23] that during short-duration impact events, articular cartilage can be
considered as an elastic material. Moreover, it has been shown that the instantaneous
response of a biphasic material is equivalent to that of an incompressible elastic
material [5-7]. Following Garcia et al. [29], we introduce the elastic properties of
the equivalent transversely isotropic incompressible elastic material, which can be
used to model its instantaneous response.

In the biphasic model (see Eq.(5.8)), the total stresses in a biphasic material are
defined as

oij =0 + 0. (5.31)

where al.sj are the stresses in the solid matrix, 015 are the stresses in the fluid phase.
The stresses in the fluid phase are equal to the pressure in the fluid, p, averaged

over the whole volume, i.e.,
ol = —pepsij. (5.32)

where ¢ is the volume fraction of the fluid phase, §;; is the Kroneker delta.
At the same time, the stresses in the solid matrix are determined in terms of the

effective stresses, ofj., as

Uisj = _¢sp5ij + 0“;}, (5.33)

where ¢ = 1 — ¢y is the volume fraction of the solid phase.
From (5.31)—(5.33), it follows that the total stresses in the biphasic tissue can be
decomposed as

0ij = —pdij + O‘f}-. (5.34)
It should be emphasized that, since both the fluid and the material forming the

skeleton are assumed to be incompressible, the strains in the biphasic tissue are due
to the effective stresses. Thus, the strains in the tissue are given by
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1 V3 1
31
e1 = — (07 — v]103,) — =033, €3 = 55023,
E: ES 2GY,
1 Vﬂ[ 1 e
£ = ( Viaol) +05) — 25033, 813 = 5073, (5.35)
E3 2G13
V3 1 1
31
£33 = —_S(fﬁe] +0§2) + —503?3, &12 = 5 (7162,
E3 E3 2G12

where EY and E3 are Young’s moduli of the solid matrix in the plane of transverse
isotropy and in the orthogonal direction, respectively, v}, and v3, are Poisson’s ratios
characterizing the lateral strain response in the plane of transverse isotropy to a stress
acting parallel or normal to it, respectively, G} is the shear modulus in planes normal
to the plane of transverse isotropy, and G}, = E}/[2(1 + v},)] is the in-plane shear
modulus.

For a transversely isotropic material, the incompressibility condition is attained
if its Poisson’s ratios are as follows [29, 39]:

1
L 1 5.36
V3L =2, V12 = 2B (5.36)

Let the three independent constants of the equivalent incompressible elastic mate-
rial be denoted by E1, E3, and G13, while its Poisson’s ratios are given by (5.36).

Observe [7] that upon sudden loading of a biphasic tissue, the interstitial fluid
does not have sufficient time to leave the tissue, except at permeable boundaries. At
time t = 0T, the matrix pores change shape but not volume. Thus, it is assumed [29]
that the general stress field in a transversely isotropic biphasic material at time zero
can be decomposed into the pressure in the fluid and the effective stresses in the solid
skeleton according to Eq. (5.34), in such a way that the fluid pressure at time zero is

P = —A0kk. (5.37)

Here, oxr = o011 + 022 + 033 is the trace of the total stress tensor, and « is a
dimensionless parameter, to be determined.

Thus, on one hand, the deformation of a biphasic material at time zero is given
by Eq. (5.35), where in light of the hypothesis (5.37) we have

‘753' = 0] — 0okS;j. (5.38)

On the other hand, the same deformation must be equal to the deformation of the
equivalent incompressible tissue under the total stress field o;;. This means, first,
that the shear moduli G3, and G§ should be the same for the solid skeleton and the
equivalent incompressible elastic material, and in particular,

Gi3 = Gis. (5.39)
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since the inviscid interstitial fluid sustains only pressure.

Therefore, applying the decomposition (5.38) to normal stresses, one arrives at
a homogeneous system of linear algebraic equations with respect to o1, 022, and
033, with the coefficients depending on E;, E3, and «. As was shown in [29], this
system is satisfied for any combination of the normal stresses, if the equivalent elastic
moduli are given by

ES[1 —4v§, +2(1 — v}, (ES/EY)]
L+ (1= v3)(ES/E) — 2v5, (1 +v5,) — v§H(ES/ES)
E5[1—4v§, +2(1 — v}, (ES/ED)]
2(1 — v}, (ES/E}) — 4v§?

E| =

(5.40)
E; =

Note that the corresponding decomposition parameter « depends on the applied
stresses 011, 022, and 033.

Thus, the instantaneous response of any transversely isotropic biphasic tissue is
equivalent to that of an incompressible transversely isotropic elastic material with
the material constants vi2, v31, G13, E1, and E3, given by (5.36), (5.39), and (5.40).

We note that in the isotropic case, the equivalent elastic material will also be
isotropic, with Poisson’s ratio v = 0.5 and the shear modulus G = Gg, where
G, is the shear modulus of the elastic skeleton. As a consequence of the relations
E} = E5 = 2(1 + v5)G and v}, = v3; = vs, Eq.(5.40) yield the same result
E1 = E3 = 3Gy, irrespective of the value of the Poisson’s ratio vg of the skeleton.

Note also that if the elastic constants of the elastic skeleton satisfy the incompress-
ibility condition (5.36), then Eq.(5.40) give E1 = E} and E3 = E3, respectively,
when successively taking the limits v3; — 0.5 (with v}, fixed) and after that as
vi, = 1 — E}/(2ES), and vice-versa.

5.1.4 Axisymmetric Biphasic Model

Let us consider a biphasic material with the axis of symmetry oriented along the
z axis of an (r, 0, z) cylindrical coordinate system. The constitutive equations (5.13)
for the effective stresses of the solid matrix are as follows:

oy = Al &rr + Al 00 + Alsezz,

05 = Alperr + Aj €00 + Alsezz, (5.41)

0. = Alzerr + Ajz00 + Afzezz,

e _ N
o5, = 2A8;

The strain-displacement relations (5.11) become
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ou, Uy au; 1 (Bur Buz)
9z ar /)’

s &0 = —, Ezz = /o, &z =
or r

o = (5.42)

Ery =

where u, and u, denote the radial and axial displacements.
The equilibrium equations (5.10), which are written with respect to the total stress

o=—-pl+o0°,
now reduce to the following equations of equilibrium:

op 1) o ok
aor r or r 9z ’
ap la(rarez) N dos,

9z o or 0z

(5.43)
=0.

Correspondingly, Eq. (5.19) takes the form

d (du, u, OJu, 19 ap ad ap
— — 4+ — )= —-—\rk1— — (k3 —), 5.44
8t(8r+r+az) rar(rlar)+az(38z) 49

where k| and k3 are the in-plane and out-of-plane permeability coefficients, while
the relative fluid flux can be expressed as

0 0
w = —kl—per — k3 P

—e,, 5.45
ar 9z €; ( )

with the radial and axial unit coordinate vectors e, and e,, respectively.

5.2 Confined Compression of a Biphasic Material

In this section, we outline a linear confined compression biphasic model. In particular,
the biphasic stress relaxation and the biphasic creep tests in confined compression
are considered.

5.2.1 Confined Compression Problem

In the confined compression test, a cylindrical plug of biphasic material is constrained
in a confining chamber with impermeable rigid walls, and is subjected to a compres-
sive load, F (¢), via a porous loading plate (see Fig.5.1). Observe that the non-linear
confined compression problem has been considered in a number of publications
[8, 9, 62].
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Fig. 5.1 Schematic of the ~ Rigid porous filter f v
. Bathing | —
confined compression solution =

configuration [52]

|
T

Cartilage
sample

Rigid, impermeable bony substrate

In the cylindrical coordinate system, the boundary conditions on the lateral surface
are

wyl,_, =0, or|,_, =0w|_,=0 u =0, (5.46)

r=a "lr=a

where wf is the transverse (in-plane) relative fluid flux, o,, and o,¢ are out-of-plane
and in-plane total shear stresses, and u, is the radial displacement of the solid matrix.
The boundary conditions at the bottom surface, z = h, are as follows:

w£|zzh =0, oyl _,=0w|_, =0 ul_,=0, (5.47)

Here, wi and u, are the vertical relative fluid flux and the vertical displacement of
the solid matrix, respectively.
Meanwhile, the boundary conditions at the top surface, z = 0, have the form

p|Z:0 =0, <;Z,|Z:O = aze|zzo =0, (5.48)

where p is the interstitial fluid pressure.

Observe that the boundary condition (5.48); describes the free-draining porous
interface, where no resistance to fluid movement is assumed at the interface between
the porous loading plate and the sample surface.

For the stress relaxation test, the additional boundary condition at the top is

U |,_o = wi), (5.49)

where w(r) is a specified displacement of the loading plate.
For example, the ramp displacement is defined as

Vot, 0=t <1y,
w(t) = (5.50)
Woto, 10 =<t,
and Vp, 7o are given constants.
On the other hand, for creep, the boundary condition is
F(t
o L (5.51)

=0 A’
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where F(¢) is a specified external load acting on the porous loading plate, and A =
ma? is the sample cross-sectional area.
For example, if the load is applied instantaneously, then

F(t) = Fo (1), (5.52)

where 7 (t) is the Heaviside step function.
The experimental setup of the confined compression test for articular cartilage
represents a one-dimensional problem in the axial direction, so that

up =ug =0, &,=e09=0, wi=wl=0, (5.53)

while all non-trivial variables are dependent on ¢ and z only.
Note that the assumptions (5.53); and (5.53), dictate that the rigid confining
chamber prevents any lateral deformation. Therefore, the axial total stress is

Ozz=—p+ HAszzs (5.54)

where H 4 is the confined compression equilibrium modulus (aggregate elastic mod-
ulus) of the solid matrix given by

Hy = AS;. (5.55)

Hence, taking into account the free-draining condition (5.48), the traction bound-
ary condition (5.51) can be reduced to the following:

du,

Ha—~| _ =—f® (5.56)

Here, f(¢) is the applied compressive stress, i.e.,

_F@®)
f@) = — (5.57)

Finally, to complete the confined compression problem formulation, we assume
the usual initial conditions (5.30).
5.2.2 Governing Equation of the Confined Compression Model

Under the assumptions made in the confined compression model, the only equilibrium
differential equation (5.43), takes the form
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dp  0d0%,
_ & =0, 5.58
0z * 0z (5:58)
where, in light of (5.53) and (5.54), we have
o5, = Hpe,. (5.99)

Integrating Eq. (5.59) with respect to the coordinate z, we arrive at the equation
—p+o, =o0.(). (5.60)

Here, o, (#) is the integration constant (being a function of the time variable 7 only).
Now, comparing Eqs. (5.54) and (5.60), we find that the total normal stress, o, (¢),
is uniform through the depth of the biphasic sample.
Further, since all non-trivial variables are dependent on # and z only, the equilib-
rium equation (5.44) for the fluid phase after integration with respect to the coordinate
z reduces to

% _ k32_[:’ (5.61)
where k3 is the axial permeability coefficient.
Now, collecting Egs. (5.59)—(5.61), we arrive at the governing equation
Bk (Ha5E), (5.62)
which for a homogeneous biphasic material simplifies to a Fourier equation
e = ksHy 382;2. (5.63)
Equation (5.63) is supplemented by the homogeneous initial condition
u;(0,z) =0
and the boundary condition at the bottom surface
u,(t,h) =0.
For stress relaxation, the general boundary condition at the top surface is
uz(t,0) = w(), (5.64)

where w(t) is the prescribed surface displacement as a function of time, while for
creep, in light of (5.56), we have
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—(,0)=——-, (5.65)
4

where f () is the prescribed compressive stress as a function of time.

Note that the second-order parabolic partial differential equation (5.62) was solved
in [26] using a semi-analytical approach based on the finite difference and Laplace
transform methods. The effect of the depth-dependent aggregate modulus on articular
cartilage stress-relaxation in confined compression was studied in [75].

5.2.3 Biphasic Stress Relaxation in Confined Compression

The following formula [64] gives the general solution to the problem (5.63) and
(5.64):

z - 2 . Z
uy(t,7) = w(t)(l - Z) - ; = sm(n’nz) () (). (5.66)
Here we have introduced the notation
! 2
() (1) = / exp(—@)v’v(r) d, (5.67)
R

o
where 7, is the characteristic relaxation time in confined compression defined by

h2

/!
Tp= —5—-. 5.68

R= 7 2k3Hy ( )
Recall that the lower integration limit 0~ in the integral operator above indicates that
the integration in (5.67) starts at infinitesimally negative time so as to include the
displacement discontinuity at time zero.

The strain of the solid matrix can be simply obtained from the relationship

o = du;
T — aZ .
Then according to Eq. (5.60), we have
p = Hpe,; — o (1), (5.69)

from which we can determine the total normal stress, in light of the free-draining
boundary condition (5.48), as follows:

0,.(t) = Hpgy; |z:0'
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The interstitial hydrostatic pressure can be expressed in the form
2H 4 ad Z
pt,2) = T;[l —cos(nnz)](%fnw)(t). (5.70)

The corresponding stress relaxation response in confined compression is then
given by
w(t) 2Hj —
Ou(f) = —Hp—— ——= (Sw) (). (5.71)

n=1

In the case of constant strain rate compression in the loading phase ¢ € (0, #p),
followed by the hold period ¢ € (fy, +00), formula (5.50) yields

. Vo, 0=t =<1,
w(t) =
0, 1<t.

Therefore, in the case of ramp displacement (5.50), the integral (5.67), which
appears on the right-hand sides of (5.66), (5.70), and (5.71), is evaluated as

/ 2

Vi t
(%w)(t) = ZER (1 — exp(—z—/)), 0<t<t,

R
Vot 2 24
(%w)(r) = 02R exp(—n—/) (exp(n ,0) — 1), to <t.
n e Tp

Now, taking into account the above formulas and the identity

$1o
2T e
—n 6

we arrive at the following formulas [60]:

Vot Voh ~ 2Voh i n“t
= —Hp— — 2 4 N (——) 5.72
0:(1) A h 33 + 712k3 = 2 exp [/? ( )
for0 <t < 1y, and
Voto  2Voh 1 n2t nz(t — 1)
O’Zz(t) = —HAT + 7'[2_k3n2_1 ﬁ CXp(—g) — exp —T (573)

fort > 1.
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Fig. 5.2 The effect of 1p/7} 16
on the stress-relaxation time
history in response to a %14
ramped displacement. (The = 12
values taken by #o/ 7 are §
indicated on the figure.) Note 10
the limit value 1 as t — oo %
in all cases due to the = 8
normalization 2
6
=
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Q
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Dimensionless time t/1o

According to Eqgs.(5.72) and (5.73), the effect of to/t;e on the dimensionless
stress-relaxation time history —o,.(t)/[Haéoto], where &g = Vy/h, is shown in
Fig.5.2.

Equations (5.72) and (5.73) can be used for determining the aggregate modulus,
Hy, and the constant axial permeability coefficient, k3, from the stress relaxation
experiment by fitting the theoretical solution on to the experimental curve for the
measured total normal stress [69].

5.2.4 Biphasic Creep in Confined Compression

The following formula [64] gives the general solution to the problem (5.63) and
(5.65):
2k3 ~— n@2n - 1)z
ue(t,9) = =2 Zcos(T) (M f) . (5.74)

n=1

Here we have introduced the notation

t
(S f)(0) = /exp(—(zn _el T_,/t))f(t)dt, (5.75)
0

R

where 7 is the characteristic time having the meaning of a retardation time in
confined compression defined as

. 4h?

= —. 5.76
R w2ksHy ( )
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Thus, the nominal sample-average strain (surface-to-surface strain), which is cal-
culated from the distance h — u,(¢t, 0) between the loading platens, is

L(1,0) 2k —
e ) (5.77)

n=1

Taking into account the constitutive equation (5.60) and the boundary conditions
(5.48)1 and (5.56), we find that the total normal stress in the biphasic sample is

o (1) = —f(1).
Hence, Eq. (5.69) allows evaluation of the interstitial hydrostatic pressure via
p = Haezo + f(0). (5.78)

Evaluating the strain of the solid matrix according to formula (5.74) and substi-
tuting the obtained result into Eq. (5.78), we find

wk

Hy 2n—1
D (n - 1)sin(%)(m . (519

p(t.2) = f@t) -

n=1

For a creep experiment, where a constant external load, Fy, is applied instanta-
neously, the following loading law holds true (see Eq.(5.57)):

f@) = fo (). (5.80)

Here, 7 (1) is the Heaviside step function, fo = Fp/A is the constant compressive
stress, and A is the cross-sectional area of the biphasic sample.
Correspondingly, formula (5.77) yields the following result [14]:

(1,00 fo 8 o~ |1 2 1

Note that in writing (5.81), we used the identity
SERE
Qn—-12  8°

n=1

In the same way, in the case (5.80), formula (5.79) is rearranged to obtain

Cdfoe 1 m@n—1)z )t
plt,7) = 722’1_ 1 sm( = )exp(—(Zn— 1 T_Ee’) (5.82)

n=1
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In writing (5.82), the following identity was used (see, e.g., [30], formula (1.442.1)):

SR sim@n D¢ _ 7o, o (5.83)

vt 2n — 1 4
By substituting z = h into Eq. (5.82), we readily obtain

4fo =~ (=D 5t
p(t,h) = - %‘;%—Hexp(—(zkﬂ) r_;;) (5.84)

Note also [69] that the interstitial fluid pressure at the impermeable interface,
z = h, can be represented by the formula

pt. h)= HA(SZZ|Z=;1 - 8zz|zzo),

where ¢, is the strain of the solid matrix, &,; = du;/dz, while the displacement u
is taken from (5.74) for creep and from (5.66) for stress relaxation.
Correspondingly, the so-called fluid load support

WP p(t,h)
14 f@)
is evaluated as follows [63]:
wp B ou ou ou
W 0z 1z=0 0z lz=h 07 1z=0

In the stepwise creep test, according to (5.80) and (5.84), we have
WP 4 (—DF 5t
—_— = — —Q2k+ 1) "—).
w néZk—i—leXp( 2k + )r;é)

Therefore, as a consequence of (5.83), the above formula yields the maximum value

wPpP

— =1.
w

t=0

It should be noted [63] that in real creep testing configurations, there exists a delay
in pressurization due to the impedance of the pressure transducer in measuring the
pressure p(t, h). Namely, the greater the compliance of the pressure transducer, the
greater the delay in the interstitial fluid pressurization achieving the peak value of
WP/W.
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Equation (5.81) is commonly used in determining the aggregate modulus, Hy4, and
the constant axial permeability coefficient, k3, from the confined compression creep
experiment by fitting the theoretical solution on to the experimental curve for the
nominal sample-average strain. It should be mentioned that for improved mechanical
characterization of articular cartilage, testing experiments may involve multiple-step
ramp loading [50] as well as an alternating sequence of stress relaxation and creep
transients [17].

Finally, observe [13] that the presence of a gap between the loading plate and
the confining chamber walls, which is necessary to guarantee a correct plate move-
ment, allows flow exudation and tissue extrusion around the plate, thus leading to
underestimation of H4 and overestimation of k3.

5.2.5 Dynamic Behavior of a Biphasic Material Under Cyclic
Compressive Loading in Confined Compression

Let us now consider the following loading history for cyclic compressive confined
compression [70, 73]:

f(@) = fo(1 —coswt)(1). (5.85)
Here, fy is the median magnitude of the applied cyclic stress, and w is the loading
angular frequency. Recall that w/(27) is the loading frequency measured in hertz.

First of all, using integration by parts and the identity (see, e.g., [30], formula
(1.444.6))

> cos(2n — 1)¢ T
2 T 2n — 1) _Z(E_g)’ 0<¢<m

n=1

we transform formulas (5.74) and (5.79) as follows:

u.(t,7) = H%[f(t)(l - %)

8 < 1 7(2n — 1)z
__den—l)z COS( o )(///nf)(t)], (5.86)

4 & Cm@n—1)z
p(t,2) = ;Z_; - sin(T ) (A f) 0. (5.87)
Here we have introduced the notation
t
(A f) () = / exp(—(zn— ns - ))f(t)dr (5.88)
R

0-
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As usual, the notation 0~ in the lower limit of the integral above means that

t t

/efan(tft)f‘(r) dt = f(0+)e*ant _’_/e*tln(tff)f'(-[)d-[’

0~ 0
where f(0T) is the limit of the function f(f) when the independent variable ¢
approaches 0 from the right.
Since f(0) = O for the function defined by formula (5.85), we have
£ (1) = wfo (1) sinwt,

so that Egs. (5.86) and (5.87) yield

fO z
u(t,z) = A[(l—coswt)( —];)

8 ad wa 7(2n — 1)z
- n -

— — sinwt

2 M@ ; 2n — D@ + w?) COS( 2h )

8 ad w? 7(2n — 1)z
— t
t oz eese nZ:% 2n — D2(@2 + o) COS( 2h )

2

8 < w T@n — 1)z
RED Mermy e COS(T)] (5.89)

for the vertical displacement of the solid matrix and

. 4fo | . ad way . /m(2n — 1)z
pt,z) = - [sm a)t; oD@ 1D sm( 5 )
ad w? o mn— 1)z
_COS‘”’Z_: 2n— (@2 + ) sin(=—5,—)

S Cm(2n— 1)z
Zl (2n — 1)((12 ?) exp(—apt) sm(T)] (5.90)

for the interstitial fluid pressure, where we have introduced the notation

2n —1)2
ap = ————
TR

It can be checked that Egs. (5.89) and (5.90) coincide with the corresponding
results obtained by Suh et al. [73], apart from notation.
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5.3 Unconfined Compression of a Biphasic Material

In this section, the unconfined compression biphasic model is developed. In partic-
ular, the biphasic stress relaxation and the biphasic creep tests in unconfined com-
pression are studied.

5.3.1 Unconfined Compression Problem

In the axisymmetric unconfined compression test, a thin cylindrical disk of biphasic
material is compressed between two smooth (frictionless) and impermeable rigid
platens (see Fig. 5.3). Therefore, the material is free to expand radially, and free fluid
flow is enabled across the lateral cylindrical surface.

In the cylindrical coordinate system, the boundary conditions on the lateral surface
are

pl_,=0. or|_,=0r|,_, =0r|_,=0. (5.91)
Here, p is the interstitial fluid pressure, o,, and o9 are shear stresses, o, is the
radial normal stress.
The boundary conditions at the bottom surface, z = h, are

w§|zzh =0, oy|_,=0w| _,=0. ul_, =0 (5.92)

where wg and u, are the vertical relative fluid flux and the vertical displacement of
the solid matrix, respectively.
At the top surface, z = 0, we have the following boundary conditions:

W£|z=0 =0, 0u|,o= (729|Z=0 =0, uZ|Z:0 =w(t). (5.93)

Here, w(¢) is the vertical displacement of the upper platen.

Again, we can consider either the creep test (load-controlled) or the stress-
relaxation test (displacement-controlled) in unconfined compression. For the stress-
relaxation experiment, w(t) is a prescribed function of time.

Rigid, impermeable
loading platen
|

\
i<

Bathing

solution l l l J l

|| ame ||
VI

TTTT77777777777777777777777777777777777777777777

Fig. 5.3 Schematic of the unconfined compression configuration [52]. The articular cartilage sam-
ple has to be stripped off from the subchondral bone and cut into a perfect cylinder
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Following Armstrong et al. [5] and Cohen et al. [19], we assume the radial dis-
placement of the solid skeleton, u,, the fluid relative radial velocity, w , and the fluid
pressure, p, to be of the form

w = u,(t,r), who=wle,r), p=p@r). (5.94)

Moreover, the axial strain, €,,, is assumed to be uniform throughout the sample, i.e.,
&7z = £(1), (5.95)

where ¢(t) is a time-dependent function.
Hence, in light of the assumption (5.95), the integration of the equation

ou,
0z

&2z =

with the boundary conditions (5.92)3 and (5.93)3 taken into account yields

o) = -0 (5.96)
h
ua(t, 2) = —e(t)(h — 2). (597

According to (5.94), (5.95), and (5.97), the only nonzero strain components are

ouy Uy
Err = ——, &po = 7’ €z =€,

ar

and, correspondingly, Eq. (5.41) yield the following nonzero effective stresses:

ou u
_As Ur s r As ,
1 27 + Aj3¢
8
3

The substitution of (5.98) into the equilibrium equations for the solid matrix (5.43)
results in the differential equation

op 2u, 10ur u
(GG ) =0 529

while Eq. (5.44) takes the form
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O (ur v 18(k8p) (5.100)
— —+e)=—-—— —, .
dat \ ar r rarrlar

where kj is the transverse (in-plane) permeability coefficient.
Finally, the relative fluid flux (5.45), in light of (5.94), is given by

w = —kla—pe,, (5.101)
or

where e, is the radial unit vector.

Equations (5.99)—(5.101), with the boundary conditions (5.91)—(5.93) and the
zero initial conditions, constitute the unconfined compression problem.

It has been established [57] that the incorporation of a transverse isotropy for
material properties into the linear biphasic theory improves its predictive power in
unconfined compression analysis [19].

5.3.2 Solution of the Unconfined Compression Problem

Let us first turn to Eq. (5.100). Taking into account that

8u,+u,_18( )
ar r_rarrur’

we can integrate Eq. (5.100) once with respect to the radial coordinate to get

ap 10 e
L +=r), 5.102
or ki ot (“r 2r) (5.102)

where the integration constant vanishes due to the regularity condition at the center
of the sample, r = 0.

Therefore, Eqs. (5.99) and (5.102) yield the following equation [19]:
Pu,  10u,  u, 1 a( € )

_ T4z - + =
or? r or r2 A ky ot tr "

5 (5.103)

Recall that the boundary conditions (5.91), are formulated in terms of the com-
ponents of the total stress tensor

o = —pl+o°. (5.104)

Hence, as a consequence of the constitutive equation (5.98), the boundary conditions
(5.91) become
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ou u
p r=a — O’ Aslla_rr + AiZTr + A§38 e =0. (5105)

To simplify our treatment of the problem, we introduce dimensionless variables

p

;
= —, U = —_, = f, P = . 5.106
P=a a a? A}, ( )
Then, Egs. (5.102)—(5.105) take the form
oP 0 £
(vt ) 5.107
op ar( tar (5.107)
U 19U U 9
- - =—(U+20). (5.108)
p2  pop p? ot 2
oU U
P -1 =0, — 4oap— +ope =0, (5.109)
o= 8:0 1Y p=1
where we have introduced the notation
AS AS
12 13
A = —=, o)3= (5.110)
Al Al

Now, let I5(s), U (s), and &(s) denote the Laplace transforms with respect to the
dimensionless time t. Taking into account the zero initial conditions, the Laplace
transformation of Egs. (5.107)—(5.109) leads to the system

opP - &
= =s(0+>p). 5.111
= s(0+30 (5.111)
30U 19U U (f/+ g ) 5.112)
— - —— =5 —p), .
p:  pop  p? P
au U -
| =0, —4an—+a3é =0. (5.113)
r= ap P p=1
The general solution of Eq. (5.112) can be represented in the form
~ g -
U=—=p+ Uy, (5.114)

2

where Uy is the general solution of the homogeneous equation corresponding to
Eq.(5.112), i.e.,
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20, 1090, 1\ -~
= — ) Uy =0. 5.115
ap? * p p (s—l— p2) 0 ( )

Making use of the change of the independent variable p = p’/+/s, Eq.(5.115)
can be reduced to the modified Bessel’s equation. In this way, taking into account
the regularity condition at p = 0, we obtain

Uy = Col1(\/50), (5.116)

where Cy is an arbitrary function of the Laplace transform parameter s. This integra-
tion constant (with respect to the variable p) should be determined from the boundary
condition (5.113),, which in light of (5.114) becomes

J g
— 4 app— = (1 4+ a2 — 2a13).
p=1 2

By substituting the expression (5.116) into the above equation and taking into
account the identity / { (x) = Ip(x) — (1/x)I1 (x) for the modified Bessel functions
of the first kind, we find

(1 4+ a12 — 2a13)é(s)

Co= . 5.117
C T A5 — (1 — a1 (V5)] o1
Collecting formulas (5.114)—(5.117), we obtain
17:—;,0 |- (1+0t12—20!13)11(\/15/()i/_) (5.118)
s
ﬁp(l()(ﬁ) ~-(- a12)1—)
J5

We now calculate the Laplace transform of the dimensionalized pressure, P , from
Eq.(5.111), which as a result of (5.114) can be rewritten as

P 0
— = .
ap 0

The integration of the above equation with respect to p, in light of the identity
Ij(x) = I1(x), yields

P = Co/sIo(v/sp) + Cy,

where C is an arbitrary function of s. By satisfying the boundary condition (5.113),
we immediately get C; = —Co+/s1o(+/s) and

P = Cov/s(Io(v/sp) = Io(V/5)), (5.119)
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where Cy is given by (5.117).
Finally, we consider the force response of the biphasic sample

a

F(t) = —Zn/azz(t, ryrdr, (5.120)
0

where, in light of (5.98) and (5.104), the out-of-plane normal total stress is given by

ouy

u
0= —p+ AR+ A§'3Tr + Alze. (5.121)

In terms of the dimensionless variables (5.106), Eq. (5.120) takes the form

1

WU

F(1) = —2/(—P +(x13(8— n —) +ot338)p dp, (5.122)
o p

0

where we have introduced the notation

F(t)
F(1) = , 5.123
= zar (5.123)
A%
o33 = (5.124)
AYy
After application of the Laplace transform, Eq. (5.122) becomes
, 00 0
<j\(s) = —2/(—]3 + 013 (8_ + —) + Ol33§),0d,0. (5.125)
0
2 9
Now, taking into account Egs. (5.114), (5.117), (5.119) and formulas
Iy(x) = I1(x), xI{(x) = xlp(x) — I1(x),
the integral (5.125) becomes
L1 ({/s)
. yilo(Vs) — y2 \/\é—
F(s) = — £(s), (5.126)
Io(V3) — 11(\/s)
0 0 \/E

where we have also introduced the notation
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w=1-an,
1
Y= 5(1 + a1 + 2033 — 4a13), (5.127)
y2 = as3(l —ap) + 1 + a2 — o3 + 2073.

Formulas (5.126) and (5.127) coincide with the corresponding results given by
Cohen et al. [19], up to the notation. In the isotropic case, we have

v e gl e s 3 B
12 13 HA7 33 Yo HA’ Y1 HA, Y2 H§’

where Ag, (4s, and H 4 are the Lamé elastic constants and the aggregate elastic modulus
of the solid skeleton, respectively, and the original results of Armstrong et al. [5] are
immediately recovered.

5.3.3 Unconfined Compression Model

Following [3], we rewrite Eq.(5.126) in the form
F(5) = —s&(s).H (s), (5.128)

where we have introduced the notation

1
. rilo(Vs) — v 1%)
B ) S
Js

By applying the convolution theorem to Eq. (5.128), we obtain

T

F(1) = —/ d’;(; ) (e —ydr (5.130)

0-

where ¥ (7) = L1 (s)} is the original function of ji;(s), and T = 07 is the
dimensionless time moment just preceding the initial moment of loading 7 = 0. In
deriving Eq. (5.130), we have used the formula

2 (58 (s)) = % +2(0M)8(0),

where §(7) is the Dirac function.
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Following [5], we calculate the inverse Laplace transform by using the residue
theorem (see, e.g., [46, 48]) to find

291 — — 2(y2 —
Ay = - (2 — vor1) T (5.131)
2=v oo —n2Z-w)
where «,, are the roots of the transcendental equation
J
B = 1 o, (5.132)
in which Jo(x) and J; (x) are Bessel functions of the first kind.
The inverse relation for Eq. (5.130) can be represented by
. d a; !/
Rz
e(t) = _/ © 4 —yar', (5.133)
dt’
o
where . (t) = L~ Y. (s)}, and .4 (s) is defined by the formula
11 (\/s)
) Io(V/s) — w0 \/\é_
M (s) = . (5.134)
s\ vilo(v/s) —y L)
1o 2 NG
Again making use of the residue theorem, we obtain
2— - 2(y2 — yoy1) >
My = 5 TRV (5.135)
W=v2 SriBit -2
where B, are the roots of the transcendental equation
J
Tty — 2N g (5.136)
Yiox

The short-time asymptotic approximation for the kernel #(t), as can also be
found for .#(t), can be obtained by evaluating the Laplace inverse of JZ (s) as
s — 00. For this purpose, we apply the following well known asymptotic expansion
(see, e.g., [30], formula (8.451.5)):

€ (1 — 4n?) 5
In(z)—m{l+—82 +oe ).
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By making use of the above asymptotic formula, we expand the right-hand sides
of (5.129) and (5.134) in terms of 1/./s. As a result, we arrive at the following
asymptotic expansions:

2
A (M) =y — =0 —nwy)JT+0@), -0, (5.137)
JT
AM(T) = iJri(yz_—;/oyl)\/hr o(r), ©— 0", (5.138)
viooNT

The asymptotic approximations (5.137) and (5.138) can be used in evaluat-
ing unconfined impact compression tests where the impact duration is relatively
small compared to the so-called [5] gel diffusion time for the biphasic material
tg = a® /(H k1), which is the time taken for a cylindrical biphasic sample of radius
a to reach equilibrium in unconfined stepwise compression.

Further, let us introduce the notation

by = H(0), My= #(0).
In light of (5.137) and (5.138), we have

1
o =1, ///ozy—. (5.139)
1

Hence, the following identities hold true:

M- |~ 20n—nn) "

2-n  Za-n2-n 5.140)
21 _i 200 —yoy) 1 '
2

- Sy +rn-2n n

Using Eq. (5.140), we can rewrite the kernel functions (5.131) and (5.135) as

= 2(y2 — Yoy1) —a;
H (@) =H0 = Q (1 —e7),
(7) 0 ; a2 —y(2 — yo)( ‘ ) (5.141)
o 2(y2 — yon1) ~Br |
&) = Mo+ 1—e ﬁnr,
’ r; viBE +v2(r2 = 2y1) ( )

and then introduce the normalized kernel functions

Ailzkl t), M) = %LO//{(

a

AS k
11 lt),

1
K(t) = %;{( 1 (5.142)
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so that, in light of (5.106) and (5.139)—(5.142), we have

K@) =1 —idn(l —exp(—L)), (5.143)

o Pn
M) =1 +Z,%’n(1 —exp(—TL)), (5.144)
n=1 n

where we have introduced the notation

2(y2 — vor1) B — 2y1(y2 — voy1)

oy = , - , (5.145)
" yilez — @2 —w)] " YEB2 + v2(y2 — 2v1)
2 2
a a
o= L (5.146)
! arAf ki ! BrAY ki

Note that, by analogy with the viscoelastic model, the functions K (t) and M (¢)
may be called the normalized biphasic relaxation function and the normalized bipha-
sic creep function for unconfined compression, respectively. Note also that the
sequences p; > pp > ...and 71 > 1p > ..., which are defined by formulas
(5.146), represent the discrete relaxation and retardation spectra, respectively.

In the dimensional form, Egs. (5.130) and (5.133) can be recast as follows (see
formulas (5.96), (5.106), and (5.123)):

t
2
Fay = 745 / K(t — )yw(t)dr, (5.147)
o
t
w(t) = #/M(: —YF()dr'. (5.148)
wa-E3
o

Here we have introduced the notation

s
All

Es =A% = ,
3 1100 %0

which according to Egs. (5.110), (5.124), (5.127), and (5.139), has the form

1
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Note that the elastic constant E3 defined by formula (5.149) coincides with the out-
of-plane Young’s modulus of the equivalent (for instantaneous response) transversely
isotropic incompressible elastic material given by formula (5.40).

In terms of the technical elastic constants, formulas (5.127) yield

1—vs, — 2082,
"= % ©150)
- V3t

Y2 _ 2{[1 —4v3 (1 — V?z"gl)]”l + - V?z)z - V;%(l - 4‘)31)”%} (5.151)
g (1= nvs})[(1 = 4v5pns +2(1 = viy)] S

where we have introduced the notation
S
E 1

ny = -
E3

Finally, we note that in light of (5.150), Eq. (5.132) coincides with the correspond-
ing equation derived in [19].

5.3.4 Biphasic Stress Relaxation in Unconfined Compression

For an imposed step displacement, i.e.,
w(t) = wos (1),
where 7 (t) is the Heaviside step function, by formula (5.147) we have
F(t) = na B3~ K (0. (5.152)

for K(¢) and E3 given by (5.143) and (5.149).

Following Cohen et al. [19], we consider the ratio of the peak load intensity (Fpeak
att — 07)to the one at equilibrium (Feq,att — +o00), whichin light of the relations
K(0)=1and K(+00) =1 — > 22 | o, takes the form

Fpeak _ y1(2 — ) (5.153)
Feq 2y1 =2 ’ .

We note that in writing the above equation we have used the first identity (5.140).

In the isotropic case, the right-hand side of (5.153) reduces to 3/[2(1 + vy)],
which is a strictly decreasing function of Poisson’s ratio vg and for positive vy attains
a maximum value of 1.5 at vy = 0, as shown by Armstrong et al. [5].
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Fig. 5.4 The effect of v},
and E}/E3 on the peak to
equilibrium ratio of the load
intensity in the stress-
relaxation response to a step
displacement. (The values
taken by E}/Ej3 are
indicated on the figure)
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Taking into account formulas (5.110), (5.124), and (5.127), we rewrite Eq. (5.153)
in the following form [19]:

Foea 21 — %)) + (1 — 403 E}/ ES

= 5.154
Feq 2(1 —v§, — 20§1E}/ES) G159

For the particular case of v3; = 0, the maximum values of the load intensity ratio
are depicted in Fig.5.4 for different values of E}/E3 and v}, € (0, 1.0). Note the
high values that this ratio can attain (much greater than the maximum value 1.5 for
the ratio Fpeak/Feq = 3/[2(1 + v)] in the isotropic case for v = 0).

For an imposed ramp displacement, i.e.,

[Vot, 0<t<t,

Wto, to <t,

when a constant strain rate —Vj/h is maintained until time #(, the general solution
(3.49) yields

2y t
F(t) = ma’Ez— [— + szp 1 —e /P (5.155)
Y12 = y0) Zl &l )
for 0 <t < 1y, and for t > 1 gives
F(t) = ma’Es —[ @y = +Z,¢zfp =) /e _ e’/Pn))]. (5.156)
12— Vo)

Note that at equilibrium (as t — 00), the load intensity will be
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Fig. 5.5 The effect of v}, on f( I)S
the stress-relaxation time .
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history in response to a Ei&tol 1 Ve
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2y1 — Vot
Fug = na2E3( v1 — »2) Volo
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which in light of (5.110), (5.124), and (5.127), reduces to

Vot
Feq = nazEg%. (5.157)

The characteristic relaxation time in unconfined compression can be defined by

a2

_, 5.158
O‘%Ailkl ( :

TR =

where « is the first root of the transcendental equation (5.132).

For the special case in which v3; = 0, E{/E5 = 5, and the ratio of the ramp
time to the gel diffusion time, f, = az/(Aﬁlkl) (cf. formula (5.158)), is to/t; = 1,
the effect of v}, on the dimensionless stress-relaxation time history f(t)/[E5éoto],
where f () = F(t)/[yraz] and &g = Vy/ h, is shown in Fig.5.5. Also, according to
Cohenetal. [19], Fig. 5.6 illustrates the effect of the ratio # /7, on the stress relaxation
time history for the special case of v}, = 0.3, 3, =0, and E}/E5 = 5.

We also note an alternative representation for F'(¢) in the loading stage, similar
to the one obtained in [19], which follows from the direct inverse Laplace transform
of Eq.(5.128) for &(s) = —(Votg/h)s’z. Then, for 0 <t < fy we have

Vo | Cy1 — »2) Y2 — VoY1 - _t
F(t):nazEg—[ t+ — oy pn e font
hln@-=w)  4nQ2-n)? ; o



182 5 Linear Transversely Isotropic Biphasic Model for Articular Cartilage Layer
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Equations (5.155) and (5.156) can be used in determining the material properties
from the unconfined stress relaxation experiment, by fitting the theoretical solution
on to the experimental curve for the total normal stress [19, 32].

5.3.5 Biphasic Creep in Unconfined Compression
For an imposed step loading, F (1) = Fy.7¢(t), we obtain from formula (5.148) that
h F
w(t) = —5 M (1), (5.159)
wa“E3

where M (t) and E3 are given by (5.144) and (5.149).
Taking into account Egs. (5.140), and (5.145),, we find

nH2E =i +1r) t
M) = — B expl——), (5.160)
Y12yt — v2) g ! p( Tn)

where yy, y1, ¥2 and %, 7, are given by (5.127) and (5.145),, (5.146),, respectively.
The characteristic retardation time in unconfined compression can be defined by

a2

BrAY i

T =

where S is the first root of the transcendental equation (5.136).
In the isotropic case, formulas (5.159) and (5.160) reduce to the solution originally
obtained by Armstrong et al. [5].
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Equations (5.159) and (5.160) are used in determining the biphasic materials prop-
erties from the unconfined compression creep experiment by fitting the theoretical
solution with the experimental curve for the nominal strain [5, 47].

Observe that the deformation response is characterized by an instantaneous jump

hF
w(0t) = —
mwa“E3
followed by a decreasing slope until equilibrium is reached, where

hFy

0) = ——.
w(eo) na2E§

Note that the identity

= Y12y1 —y2) £
Tty —vin+n)

can be directly proved using the expressions (5.110), (5.124), (5.127), and (5.149).

In the isotropic case, when the deformation behavior of the solid phase is described
by two elastic constants Eg and vg, the equilibrium response of biphasic material in
unconfined and confined compression allows us to evaluate the Young’s modulus Ej
and the aggregate modulus Hy4. Thus, taking into account that

1— v

Hy=—
(I 4+ v9) (1 = 2v5)

S»

the following formula for Poisson’s ratio can be derived [43]:

vs=%(§—i—1+\/(§—;—1)(§—:—9)).

Finally, note that platen/specimen friction influences the mechanical response
of articular cartilage in unconfined compression [5, 71, 77]. In particular, the peak
reaction forces in unconfined stress-relaxation experiments exceed the corresponding
maximum values predicted analytically. Consequently, the frictional effect becomes
more significant for specimens with large aspect (diameter/height) ratios.

5.3.6 Cyclic Compressive Loading in Unconfined Compression

It is well known that the long-term creep and relaxation tests, typically used for
determining viscoelastic and biphasic/poroelastic properties, are not appropriate for
rapidly assessing the dynamic biomechanical properties of biological tissues like
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articular cartilage. For in vivo measurements of tissue viability, Appleyard et al. [1]
developed a dynamic indentation instrument, which employs a single-frequency
(20 Hz) sinusoidal oscillatory waveform superimposed on a carrier load.

Following Li et al. [51], we assume that a biphasic tissue sample is subjected to
a cyclic displacement input

w(t) = [wo(l — coswt) + w]7(¢), (5.161)

where w1/ h is the prestrain resulting from the initial deformation applied to the

sample to create the desired preload, wy is the displacement amplitude, i.e., wo/ & is

equal to one-half the peak-to-peak cyclic strain input superimposed on the prestrain,

and w = 2x f is the angular frequency, f being the loading frequency.
Differentiating (5.161), we obtain

dw(t)
dt

= J(H)wow sin wt + wi8(t). (5.162)

Substituting expression (5.162) into Eq. (5.147), we arrive, after some algebra, at the
following stress output:

F(t) Ej3 2y1 — 2 — prw’dly t
ok (2 S (1)
7a®  h [Wl ()+W°(yl(2—yo)+zl+p,%w2 =P

n=1

— wo[K1 (w) cos wt — Ky (w) sin a)t]]. (5.163)

Here we have introduced the notation

[o/e]
),
Kl(w)zl—zﬁ, (5.164)
n=1 I+ e
o0
Py
Kr(w) = Z T4 20 (5.165)
n=1

To assign a physical meaning to the introduced functions Ki(w) and K3 (w),
let us compare the oscillating part of the input strain, that is —(wg/h) cos wt,
with the corresponding oscillating part of the compressive stress, which is equal to
—E3(wo/ h)[ K1 (@) cos wt — K2 (w) sin ot |. By analogy with the viscoelastic model,
we obtain that K1 (w) and K> (w) represent, respectively, the apparent relative storage
and loss moduli. Correspondingly, the apparent loss angle, § (), can be introduced
by the formula

K> (w)

tan §(w) = Ki(@)

(5.166)
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The apparent loss angle § (w) describes the phase difference between the displacement
input and force output.

In the case of load-controlled compression, following Suh et al. [73], we will
assume that the tissue sample is subjected to a cyclic compressive loading

F(t) = [Fo(1 — coswt) + F115€(1), (5.167)
where Fj is the force amplitude, and F| is the initial preload.

After substitution of the expression (5.167) into Eq. (5.148), we finally obtain the
following resulting strain output:

w(t) 1 M2 —1) ~= T20’%, t
mU_ FIM(@t) + F - (——)
h wa?E3 [ M@+ 0( 21 — ¥ ’; 1+ t2w? exp T

— Fy [M1 (w) cos wt + M (w) sin a)t] ], (5.168)

where we have introduced the notation

B,
Ml(a))—1+21+T (5.169)
o0
T, WPy,
Ms(w) = r; T 2a? (5.170)

Note that M1 (w) and M;(w) have physical meanings of the apparent relative storage
and loss compliances, respectively.

5.3.7 Displacement-Controlled Unconfined Compression Test

Following Argatov [3], we consider an unconfined compression test with the upper
plate displacement specified according to the equation

w(t) =wpsinwt, t e (0, 7/w). (5.171)

The maximum displacement, wo, will be achieved at the time moment #,, = 7/(2w).
The moment of time ¢t = fz/v[» when the contact force F(¢) vanishes, determines
the duration of the contact. The contact force itself can be evaluated according to
Eqgs. (5.147) and (5.171) as follows:
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t
wow/ K(t —1t)coswrtdr. (5.172)
0

2E3

wa
F(t) =

According to Eq. (5.172), the contact force at the moment of maximum displace-

ment is given by
2

wa“Ej
F(tm) =

woK1(w), (5.173)

where we have introduced the notation

7/ Qw)
Ki(®)=ow / K (7) sinwt dr. (5.174)
0

By analogy with the viscoelastic case [2, 4], the quantity K (w) will be called the
reduced incomplete apparent storage modulus.

Substituting the expression (5.143) into the right-hand side of Eq.(5.174), we
obtain

El(w)zl_ii S _Pn@ %y (_

T
- exp ) (5.175)
1+ plw? ~1+ prew? 200,

n=1

Now, taking into consideration Egs. (5.164) and (5.175), we may conclude that
the difference between the reduced apparent storage modulus K| (w) and the reduced
incomplete apparent storage modulus Ki(w) is relatively small at low frequen-
cies. To be more precise, the difference Ki(w) — K 1(w) is positive and of order
o (a)pl exp(—m/Qwp 1))) as w — 0, where p; is the maximum relaxation time.

In the high frequency limit, the upper limit of the integral (5.174) tends to zero
as w increases. Thus, the behavior of K 1(w) as w — +oo will depend on the behavior
of K(t) ast — 0. According to (5.137), as w — oo, we have

_ 2 - Ak 1
Riw =1- 22w Jaik 1 g (5.176)

N %! a2 Jo

where 517 = foﬂ/z Jxsinx dx.

On the other hand, due to the asymptotic formula (5.176), the following limit
relation holds true: lim K| (w) = 1 as w — oo. Thus, we conclude that K| (w) ~
K| (w)forw — ooaswellas K (w) ~ K| (w) forw — 0.Inother words, the reduced
incomplete apparent storage modulus K| (w) obeys both asymptotic behaviors of the
reduced apparent storage modulus K (w).
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5.3.8 Force-Controlled Unconfined Compression Test

Consider now an unconfined compression test where the external force is as specified
by the equation

F(t) = Fysinwt, t € (0,7/w). (5.177)

The maximum contact force, Fy, will be achieved at the time moment 7y, = 7/(2w).
The moment of time tz/w = 1 /w, when the contact force F(¢) vanishes, determines
the duration of the compression test. According to Egs. (5.148) and (5.177), the upper
plate displacement can be evaluated as follows:

h
w(t) = 3 Foa)/ M(t — t)coswrt dr. (5.178)
wa-E3

Due to Eq. (5.178), the displacement at the moment of maximum contact force is
given by

h -
w(ty) = —5FoMi(w), (5.179)
E3
where we have introduced the notation
7/(Qw)
M (o) = » / M (7) sinwr d. (5.180)
0

By analogy with the viscoelastic case [2, 4], the quantity M (w) will be called the
reduced incomplete apparent storage compliance.

Substituting the expression (5.138) into the right-hand side of Eq.(5.180), we
obtain

B, S T,0B, 4
¥ 1 —— ). 5.181
1(@) + z 1+ 1202 " nZ:;‘ 1+ t20? eXp( 2wfn) ( )

Using the same method as for K1 (), it can be shown that the incomplete apparent
storage compliance M (w) obeys both asymptotic behaviors of the apparent storage
compliance M (w), that is Mi(w) ~ M () forw — 0 along with Mi(w) ~ M ()
for v — oo.

5.4 Biphasic Poroviscoelastic (BPVE) Model

In this section, the biphasic poroviscoelastic model is briefly outlined. The confined
and unconfined compression tests as well as the torsion test are considered.
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5.4.1 Linear Biphasic Poroviscoelastic Theory

The biphasic theory was extended by Mak [54] to account for the inherent viscoelas-
ticity of the solid matrix, by replacing the effective stresses (5.13) in the constitutive
equation (5.7) with viscoelastic constitutive relations in the hereditary integral form.
Therefore, for a transversely isotropic material, we have

VE VE
01" = By xe11 + Bl,xexn + B3k 33, 0y = 2B *x &3,
VE _ ps S s VE _ s
0y, = Biy* 11 + By * €0 + Bjzx €33, 05 = 2B *¢13, (5.182)

VE _ ps S S VE _ s
033" = Biyx 11 + By €2 + Biyx €33, 005 = 2Bge* €1,

where the * sign denotes the Stieltjes integral, i.e.,

t
By*eij = / By (t — 1) deij (7). (5.183)
—0o0
For simplicity’s sake, following [68], we assume that the deformation behavior

of the solid phase is governed by a single reduced stress-relaxation function, v (¢),
which is usually assumed to be in the following form proposed by Fung [28]:

o0
Y =1+ / S(e " dr, (5.184)
0
where
c
) Tl S T E 7:2’
Sty=17 (5.185)
0, T<r1, T>10.

We note (see, e.g., [38, 49]) that the relaxation spectrum (5.185) with constant ampli-
tude over a range of frequencies T € (71, 72), which was originally introduced by
Neubert [61], has least sensitivity to strain rate, which has been believed to be the
case for some biological tissues [28].

The function S(7) defines a continuous relaxation spectrum, where the parameter
c is a proportionality constant for the amplitude of the spectrum S(t). The width of
the spectrum is defined by the time constants 71 and 72, which govern the fast and
slow relaxation phenomena, respectively.

Note that at initial times after loading and at equilibrium, respectively, we have

¢(0)=1+clnz—?, Y (+00) = 1. (5.186)
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Therefore, under the above assumptions, the relaxation functions B;l (t) can be
represented as

Bjy(t) = By (1), (5.187)

where Bj?° = B}, (+00) are the equilibrium elastic moduli, while the instantaneous
elastic moduli, Bz? = le (0), are given by

B = B (1+cln %) (5.188)

The viscoelastic parameters ¢, 71, 7o are material properties of the solid skeleton
that need to be determined from experimental data. The confined and unconfined
compression problems for a BPVE material were considered in [34, 36, 54, 68].

Thus, the constitutive equations for the solid matrix in the biphasic poroviscoelas-
tic (BPVE) theory have the form

o' =—¢spl +0E, (5.189)

where p is the pressure of the fluid phase, I is the identity tensor, and the components
of the stress tensor ¥ are given by (5.182).
The reduced stress-relaxation function (5.184) and (5.185) can be represented by

Y =1+ c[E1 (;—2) —E (L)] (5.190)

71

where E1(x) is the exponential integral function, i.e.,

1
El(x)zo/éexp(—;—c)dé.

Observe [68] that, if the width of the relaxation spectrum reduces to zero, i.e.,
71 — 77, the reduced relaxation function (5.190) becomes /() = 1.Itis also readily
seen that the intrinsic viscoelastic effect diminishes as ¢ — 0. Thus, for the limiting
cases ¢ — 0 or 11 — 12, and the BPVE theory reduces to the linear biphasic theory.
Note also that for the sake of numerical efficiency the discrete form of the relax-

ation function
t
t)y=1 Ci (——)
Y (1) +IZ rexp(——

has also been used for articular cartilage [21, 72]. Multiple discrete spectrums (dif-
ferent sets of C; and ;) can be used to fit the experimental data for the short-term,
mid-term and long-term responses [49].
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We finally note [57] that the inclusion of intrinsic matrix viscoelastic properties for
the solid matrix in the biphasic theory [54] improved the prediction in the unconfined
compression case [68] as well as the material property determination [36, 66].

5.4.2 Confined Compression of a Biphasic
Poroviscoelastic Material

Under the idealized conditions of the confined compression experiment described in
Sect.5.2.1, the displacement of the solid matrix and the fluid movement occur only
in the axial direction, and the governing differential equation (5.63) of the biphasic
model should be replaced with the following [54, 68]:

t

9 /0%u 1 du
s _ o Z — -7z
/333@ r)ar( = )dr P (5.191)

—00

Here, u, (¢, z) is the axial displacement of the solid phase, k3 is the axial permeability,
and B3,(¢) is the axial aggregate relaxation modulus of the solid phase.
For creep, the initial and boundary conditions are

u(t,z) =0, —oo<t <0, (5.192)
/ 3 /0
S Uz _
/ Bi;(t —I)E(E)dr'z_o — —a (AW, (5.193)
uz|,_, =0, (5.194)

where o (¢) is the applied compressive stress (see Eq. (5.63)).
Following [54, 68], we put

B3(t) = Hayr (1), (5.195)

where Hy = B35 is the equilibrium aggregate elastic modulus, and v (¢) is the
reduced stress-relaxation function given by (5.184) and (5.185).
To solve the problem (5.191)—(5.194), we introduce dimensionless quantities

z . Haks
{=—, T=uoit, T,‘/=Ol1fi, i=1,2, O“:T

W (5.196)

and apply the Laplace transform to Eqgs. (5.191), (5.193), and (5.194) with respect
to the dimensionless time variable 7. In this way, remembering that the Laplace
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transform of the function v (t/a1) (see Egs. (5.184) and (5.185)) is given by

&(s)z_(wclnlj:”%), (5.197)

we arrive at the problem

8%, 3
8§2 - f(s)uz = 07 ; € (Oa 1)7
~ - (5.198)
i, h f(s)a(s)
L P L Ty
a¢ l¢=0 Hy s ¢=1
where we have introduced the notation
1
fls) = —. (5.199)
Y(s)
From (5.198), we readily obtain
& inh 11—
i — hé (s)+/F(s) sinh[/F(s)( g)]' (5.200)

Hys cosh v/ f(s)

In the case where a constant external load, Fy, is applied instantaneously, we have
o (t) = 09I (t), where oy = Fy/A with A being the sample cross-sectional area,
and 6 (s) = op/s, so that formula (5.200) reduces to the fallowing [54, 68]:

i hoo v/ [ (s) sinh[/F(s)(1 — 0)]
“7 Hy s2 cosh /F (s) '

An asymptotic approximation of the surface displacement u |,—o for small times
after loading can be obtained by evaluating the inverse Laplace transform as s — oo,
when f(s) ~ s/a, for a constant . Taking into account (5.197), (5.199) and the
relation 7 /7] = 12/71 (see Eq.(5.196)3), we get

1)
o) =14+ cln—=.
71

Thus, the short-time asymptotic approximation for the nominal sample-average
strain is given by the following formula [54, 68]:

uz(t,O) - 200 o] ;
h T HaVTmon

Note thatay = ¥ (0) (see Egs. (5.184) and (5.185)). This dimensionless parameter
characterizes the intrinsic solid matrix viscoelastic effects. Observe also [68] that
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larger values of a», reflecting increased effects of matrix viscoelasticity, or lower
values of a1, and reflecting a low value of the solid matrix permeability, will have
the same effect in reducing the early creep response.

5.4.3 Unconfined Compression of a BPVE Material

In the framework of the BPVE theory, the unconfined compression problem (consid-
ered previously in Sect. 5.3.1) differs in essence via the constitutive equations (5.98),
which now take the form

rr

.0
oVE = B, x 8ur+B2*u—r+Bf3>ks,
ou,
o = Bjy* P BH* L+ Bjyxe, (5.201)

VE
Oz Bl3 * o

oy +Bl3>|< +B33*e

The equilibrium equation of the solid matrix (5.99) now has the form

ap azur 10u, u,
—— + B} —_— - = =0.
ar Rt ( or? + r or r2

We recall that the boundary conditions (5.91)—(5.93) are formulated in terms of
the components of the total stress tensor

o=—pl+aE (5.202)

To solve this problem, let us first introduce the dimensionless variables

r ur
pP=— U= >
a a
where we have refrained from using the variables # and p in the non-dimensionali-
zation. Secondly, we apply the Laplace transform with respect to the time variable ¢,
denoting by a tilde the transformed quantities. We then introduce auxiliary notation

. p B}, (s) Bj5(s) B3;(s)
P = - = = = = = = 2
B an B a3 B o33 B (5.203)
a2s = ~
f(s) = B (s) = s B} (5). (5.204)

le 1()
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In this case, the biphasic unconfined compression problem (5.111)—(5.113) is
replaced with the following:

L o) (0 +Z0)
_ = Ky — s
ap 2'0
3?0 190 U - F
PO LI p(o+ L),
oty 2=l 50
- k104 U N
P| _, =0, —4an@)— +a3s)E =0.
P ap o p=1
In the same way as was done in Sect.5.3.2, we find
L/ f(s)p)

- 1+ -2
5(s) (I + a12(s) — 2013(5)) iG] 5205

U= ——0p|1- ,
2 L/ ()
Io(v/ f(s)) — (1 — QIZ(S))W

(1 +a12(s) = 213())ES)[Io(v/ [ (5)p) — Io(v/ £ (5))]

p= (5.206)
o I («/f(s)’))
2(10(\/ f($)) — (1 —oa2(s)) ViG]
We now consider the force response of the BPVE sample
F() = —ZJT/UZZ(Z, ryrdr, (5.207)

0
where, as a result of (5.201) and (5.202), the normal total stress is given by

ou,

ar

, u .
gzz(;,r)z_p+B§3*( +7’)+B§3*a.

Upon application of the Laplace transform to Eq. (5.207), rewritten in terms of
the dimensionless variables (5.203), we obtain

~ 1 - -
F(s) ~ ou U ~
=2 (Prao(5 ) emei)ou
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Taking into account formulas (5.205) and (5.206), and performing the integration
in the above equation, we arrive at formula (5.126), where the coefficients yy, y1,
and y» are evaluated by Eq. (5.127), where o2, «13, and 33 are as given by (5.203).

Finally, note that the instantaneous axial modulus E3, in light of (5.149), is

1 . ;
Es = 3 (BIY + Biy + 2B3; — 4B13),

where B,io = B},(0) are the instantaneous elastic moduli of the solid matrix.

We can thus hypothesize that the instantaneous response of a transversely isotropic
biphasic poroviscoelastic tissue is equivalent to that of an incompressible transversely
isotropic elastic material with the material constants given by formulas (5.36), (5.39),
and (5.40), where v},, v3,, G}, E}, and E3 are regarded as instantaneous elastic
material properties of the poroviscoelastic matrix.

Observe that the deformation response of a biphasic or BPVE sample depends on
how it is tested. In particular, while only the aggregate relaxation modulus B3, ()
governs the behavior of a sample tested in confined compression, all four relax-
ation moduli B}, (1), B},(t), Bj;(t), and B3;(t) have significant influence on the
deformation behavior of a BPVE sample tested in unconfined compression.

Finally, we note [34] that the failure to account for either anisotropy or viscoelas-
ticity of the articular cartilage matrix could result in flawed predictions of the tissue
deformation under general external loading.

5.4.4 Torsion of a Biphasic Poroviscoelastic Material

We consider a cylindrical sample of a BPVE material of radius a and height  sub-
jected to a torque T (see Fig.5.7). Let 6 denotes the angle of torsional displacement
imposed on the upper surface of the sample to achieve a specified shear strain, y.
Between these geometrical parameters, the following relation takes place:

y = Ya. (5208)

Here, & = 6/ h is the so-called twist, defined as the angle of rotation per unit length
along the axis of the sample.

Fig. 5.7 Schematic of the Torque 4, 7
pure torsional shear testing transducer a
configuration
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The components of the in-plane displacement vector are u, = 0 and up = 9rz,
and so the only nonzero component of strain is

1
£0 = zz?r. (5.209)

The torque is given by

a

T =27 / rlodr, (5.210)
0

where according to (5.182) and (5.202) the total shear stress 0,4 is related to the
shear strain component &, as follows:

t

0.9 =2 / B, (t— 1)

—0o0

3
0 (1)dr. (5211)
at

Therefore, the substitution of (5.209) and (5.211) into Eq. (5.210) yields

t
T(t):Ip/BZ4(f—T)g—lj(T)dT, (5.212)

—00

where I, = ma* /2 is the polar moment of inertia of the sample’s cross section area.
Furthermore, introducing the so-called shear stress

which is defined as maximum shear stress in the sample, and taking into account
(5.208), we can rewrite Eq. (5.212) in terms of the shear strain as follows:

t

NOY
T(t) = / BL(I—I)W(t)dt. (5.213)

—00

Now, assuming that the employed herein viscoelastic material of the solid phase
is described by the Fung model [28], we represent the above equation in the form

t
9
(1) = Biy° / llf(t—t/)a—i/,(t’)dt’, (5.214)
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where Bj3° is the equilibrium out-of-plane shear modulus, and /(¢) is the reduced
relaxation function given by (5.184) and (5.185), i.e.,

17)

V() =1+ c/ lexp(—f)dz. (5.215)
T T

Following Iatridis et al. [38], we now outline the main shear testing protocols.

Stress-relaxation behavior. In the stress-relaxation experiments, the sample is
subjected to a ramping phase, where the strain increases linearly at a constant strain
rate, followed by a relaxation phase, where the shear strain is held constant, i.e.,

0

Ry 0<r<n.
y(@)=1 10

Yo, fto <t

where yo and 7y are given constants.
For the ramping phase (0 < t < 1), we have
SO0
_ By vo [
1

(1) 1+ Fi(t, T, »),

where (with Ej(x) being the exponential integral)

Fit, 1, ) =1l — e /?) — (1 —e /™) —t[Ei(t/11) — Ei(t/ )],

o0

Ei(x) = / ex"é—_“’%) dE.

X

For the stress-relaxation phase, the solution is given in terms of the shifted time
parameter f=1t—1tinthe following form [38]:
Bir'vo

T(t) = [to+c1Gi(t. 7, 11, 1)),

where

Gi(t,t,11,10) = rg(e_f/fz - e_l/fz) -1 (e_’A/T1 —e!/m)
—{i[Ei(t/r2) — Ei(t/1)] — t[Ei(t/72) — Ei(t/D)]}.
Creep behavior. Let us introduce the out-of-plane creep compliance in shear of

the solid matrix, J;,(¢), which governs the deformation response of the solid phase
under application of a step out-of-plane shear stress of unit magnitude. Hence, the
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inverse relation for (5.213) is given by

t

y(t) = / it — ﬂ)%(ﬂ) dr’. (5.216)

0-

For a given relaxation modulus B}, (), the corresponding creep compliance can
be evaluated via its Laplace transform

Io(s) = ——. (5.217)
4 s2Bj,(s)
Let us now introduce the reduced creep function, ¢(¢), by the formula
T (1) = T (1), (5.218)

where JjP° = J},(400) is the equilibrium compliance. Since the reduced stress-

relaxation function is defined by v (1) = B3, (t)/B33°, where B}3° is the equilibrium
modulus such that B33° = 1/J;7°, the following normalization conditions hold:

Y(+00) =1, ¢@(+o0) =1
The Fung reduced creep function ¢(¢) corresponding to the reduced relaxation

function ¥ (¢) given by Eq.(5.218) can be obtained by employment of the Laplace
transform and Eq. (5.217), that is

~ 1
V(s)els) = 2

where the Laplace transform &(s) is given by formula (5.197).
According to Dortmans et al. [22], the following formula holds:

(e =)@ =)y,

H=1-
¢ cte(r2 — 11)
F 1
—c/e*f/f— —— dr, (5.219)
4 ’ <1+cln 2—) + 72c?
T—T1T

where we have used the notation

nel/c — g
el/e —1

Tc =
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In the creep experiment, a constant torque, Tp, is applied instantaneously, i.e.,
T(t) = Tos2(t) and 1(t) = 197 (t), where 19 = aTy/Ip. Therefore, by formulas
(5.216) and (5.218), we obtain

y () = 107 e1),

where ¢(¢) is given by (5.219).
Steady sinusoidal behavior. If the sample is subjected to a dynamic frequency
sweep, the sinusoidal shear strain input is given by

y = ne,

where yy (rad) is the peak shear strain, w (rad/s) is the angular frequency, and i is
the imaginary unit equal to the square root of —1.
In the absence of inertial forces, the corresponding shear stress output will be

T = T()elwt,

where 7 is a complex quantity.
The ratio of the amplitudes 7y and yp determines the reduced complex elastic
shear modulus, ¥*, such that

70 = B3 v 0.
The reduced complex modulus * is comprised of real and imaginary parts, i.e.,

V= iy,

which defines as the reduced storage, V1, and loss, {2, modulus, respectively.
The reduced storage and loss moduli as functions of angular frequency are eval-
uated as follows [38]:

c 1+(a)rz)2
=1+-In———,
V1 (o) + 5 nl—l—(a)rl)2

Yo (w) = c{tan_l(wtz) —tan”! (wt1)}.

The torsional shear configuration shown in Fig. 5.7 has been used to study equilib-
rium and dynamic shear moduli as well as the characterization of the stress-relaxation
behavior of articular cartilage. Note also [15] that other types of shear testing (for
instance, single-lap test) may be important in determining the capacity of cartilage
to repair.

It is also noteworthy that under a small shear strain no volumetric changes or
pressure gradients occur in a cylindrical sample of BPVE material, and therefore no
interstitial fluid flow is induced. Thus, shear tests under infinitesimal strain enable
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evaluation of the intrinsic viscoelastic, flow-independent properties of the collagen-
proteoglycan solid matrix [18, 41].

Finally, we note that a finite element formulation for describing the large defor-

mation response of biphasic materials in torsion was presented in [56], with a specific
focus on the consideration of nonlinear coupling between torsional deformation and
fluid pressurization in articular cartilage.
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Chapter 6
Contact of Thin Biphasic Layers

Abstract In Sect.6.1, a three-dimensional deformation problem for an articular
cartilage layer is studied in the framework of the linear biphasic model. The articular
cartilage bonded to subchondral bone is modeled as a transversely isotropic biphasic
material consisting of a solid phase and a fluid phase. In Sect. 6.2, the same problem
is reconsidered with the effect of inherent viscoelasticity of the solid matrix taken
into account. The frictionless unilateral contact problem for the articular cartilage
layers is considered in Sect. 6.3. It is assumed that the subchondral bones are rigid and
shaped like elliptic paraboloids. The obtained short-time leading-order asymptotic
solution is valid for monotonically increasing loading conditions.

6.1 Deformation of a Thin Bonded Biphasic Layer

In this section, the short-time leading-order asymptotic solution of the deformation
problem for a thin transversely isotropic biphasic layer bonded to a rigid impermeable
substrate and subjected to a normal load is constructed. Also, the long-term response
of the biphasic layer under constant load is briefly discussed.

6.1.1 Deformation Problem Formulation

Let us consider a thin transversely isotropic biphasic layer of uniform thickness,
h, ideally bonded to a rigid impermeable substrate and loaded by a normal time
dependent load, ¢, (see Fig.6.1). In the following, the two-dimensional Cartesian
coordinate system (xp, x2) in the plane of the biphasic layer will be denoted by y =
(»1, y2), so that x = (y, z), where z is the normal coordinate. Also, the displacement
vector of the solid matrix is represented as u = (v, w), where v and w are the in-plane
displacement vector and the normal displacement, respectively.

The system of governing differential equations (5.16)-(5.19) for a biphasic
medium can now be rewritten as
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Fig. 6.1 A biphasic layer q(t,x,x5)
bonded to a rigid

impermeable substrate and
supporting a time-dependent h
normal load

X1

[777777T777TTTTTiTTTTTiTrIigirrirmirzrirrrizizrzrrrirrrrz
X3

AgeAyV + (A7) — Age)Vy Vy- v + AZ4227: + (A + Afm)aizvyw = Vyp,

A Apw + A@f% (A + Aj4)aa—zvy- v= g—"z’ 6.1)
i(vy-v+8—w)=1<1Ayp+k382—"2’, (6.2)
ot 0z 9z

w =k Vyp— k32—§e3. (6.3)

Here, Vy, = (3/dy1)e; + (3/0y2)e2 and Ay = V,- V, are the in-plane Hamilton and
Laplace operators, respectively, while the scalar product is denoted by a dot.

At the bottom surface of the biphasic layer, z = &, the boundary conditions (5.20)
and (5.21) now take the form

ap
dz z=h

v\z:h = 0’ W|z:h =0, =0.

As on the upper surface, z = 0, the layer is assumed to be loaded only by a
variable distributed normal load ¢, the traction boundary conditions

U33|z:0 =9 Ul3|z:0 = 023|z:0 =0
can be rewritten as follows (see Egs. (5.24) and (5.25)):
ow

—p+ Aj3Vy v+ A3 —
dz z=0

=—q, 6.4)

Vyw + ov
W E—
Y 9z

=0.
z=0

Moreover, assuming that the normal load ¢ is transferred from an impermeable
punch, we require that
op

=0,
0z

z=0

that is no fluid flow takes place across the contact interface.
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Equations (6.1)-(6.3) along with the above boundary conditions and the zero
initial conditions (see Eq. (5.30))

v=0, w=0, p=0, wf=0, -0 <t <0,

constitute the deformation problem for a thin biphasic layer.

6.1.2 Perturbation Analysis of the Deformation Problem:
Short-Time Asymptotic Solution

Assuming that the biphasic layer is relatively thin, we set
h = ehy, (6.5)

where ¢ is a small positive parameter, /1, is independent of ¢ and has the order of
magnitude of a characteristic length in the plane of the layer.
Now, we introduce the dimensionless in-plane coordinates

Vi .

772(7717 772)5 '71 Zh_ly 1= 1727 (6'6)
%

and the stretched dimensionless normal coordinate

=12, 6.7)

Also, following Ateshian et al. [7], the governing equations are non-dimensiona-
lized using non-dimensional variables

_ 4
A

k3 A%
= 3033

V=

w
W=-—, P=
h

Q (6.8)

Observe that as a consequence of (6.5), the first formula above can be simply
rewritten as T = 8’2(k3A§3 / hi)t, so that a finite interval for the fast variable t
corresponds to a very short interval for the time variable ¢. Correspondingly, the
approximate solution obtained below represents the short-time asymptotics.

Therefore, the system of differential equations (6.1)-(6.3) with the corresponding
boundary and initial conditions takes the form

ERAY oW
5E5—%e(ﬂ-+ﬁm)vnzif-vnp)

+&%(Bes AnV + (B11 — Be6) Vo Vi V) = 0,
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B W o 4 (14 B13)V N AW =0 (6.9)
A T & - — E = s .
33 a2 ac 13) Vi T "
W o + B Yy V=l P =0
&%k =0,
Borac  acz PP 120
IP
Vi =0 Wl =0 2| o
- _ 3 |,y
W
Q—P+ep13Vy V+pBa3— =0, (6.10)
8¢ |o—o
v IP
——i—eV,,W‘ —0, | =o,
9% ¢= 9 lr=0

V=0, W=0, P=0, —o0o<1t<0O.

Here we have introduced the notation

Al Al A, Ak
s = —, = — , = s K1 = —. 6. 1 1
Afm B13 5, B33 o Bes o = (6.11)

i1 =

Following Ateshian et al. [7], the asymptotic ansatz for the solution to the system
(6.9) and (6.10) is represented in the form

P=P 4P 4.,
V=eV'4..., (6.12)
W=2eWw'+...,

where only non-vanishing leading asymptotic terms are included. Note that this
asymptotic ansatz is particularly motivated by the only nonhomogeneous equation
(6.4) in the deformation problem under consideration.

Substituting the asymptotic expressions (6.12) into Eq. (6.9) and the boundary
conditions (6.10), after collecting terms of like order, we obtain

P’=9 (6.13)
and arrive at the following problems:

R Jvo
=Vv,0, ¢, 1), —| =0, V| _ =0; (6.14)
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B Cwh ol (14 B13)V Ak €, 1)
3502 T 13V 5 ¢ » D), 615
AN i A,0— B 9 v, V° € (0,1 |
33818; a2 = K14y 337V Y » D),
aP!
wo _ =0, —| =0,
¢=1 ac =1
o | (6.16)

Pl By BV Vg 0
- 33— = —B13Vy- —0 = 0.

8é. £=0 n =0 8§- =0

By direct integration of the ordinary boundary-value problem (6.14), we find

VO = —%(1 -V, 0. (6.17)

The substitution of (6.17) into (6.15) and (6.16) yields

2wl ap!
'8338—52 - Y = —(1+B13)¢4,0, ¢ €(0,1),
(6.18)
*wo  97p! Bs3 9
- =K A 220 -5H—Aa,0, 0,1),
B33 aror o2 A nQ+ 5 1 =¢H—-4,0. €01
0 aP!
Wo,_, =0, —| =0,
= a; {:1
o | (6.19)
ow 1 . B13 oP .
B33 —— — =—4,0, — =
ac ) 9 {,—o

The exact solution of this resulting problem (6.18) and (6.19) can be determined
via the Laplace transform method (see, e.g., [19, 20]).

6.1.3 Solution of the Resulting Ordinary Boundary-Value
Problem

We proceed by first remarking that, along with the coordinate system (y, z) where
the coordinate center is placed at the contact interface and the z axis is directed into
the layer, another coordinate system is commonly used with its coordinate center
placed at the bottom surface of the layer (see Fig. 6.2). In this case we have

Z=h—-z, y=-y, (6.20)
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Fig. 6.2 A biphasic layer of z 2-0
uniform thickness bonded to —
a rigid impermeable h

SUbStrate TWO SYStemS Of T77777777777777777777777777. ////////////////\Q/ 777
coordinates z z=0

where Z and y are the new normal and in-plane coordinates.
Moreover, since the normal axis has changed direction to its opposite, the normal
displacements should be related by

W(t,§.2) = -W(t.y. 2). (6.21)
The coordinate transformation (6.20) and (6.21) must be taken into account when

comparing the obtained results with other studies.
Making use of (6.20) and (6.21), we transform the problem (6.18) and (6.19) to

?wo  op! - -
ﬂ33?2 _— = (1 +ﬁl3)(1 - ;)AnQv ; € (O? 1),
¢ ¢
¢ (6.22)
WO PP A 0+2i0-pla0 ieon
Pograr gz et RO Al £ D,
1
wo:_, =0, oF =0,
£=0 9z lz=0
i, . (6.23)
Tog for 20T 0 iy

Now, let W9, 131, and Q denote the Laplace transforms of wO, Pl and 0,
respectively, with respect to the dimensionless time variable t, and s be the Laplace
transform parameter.

Taking into account the zero initial conditions, the Laplace transformation of
Egs. (6.22) and (6.23) leads to the system

2WO  §p! S
B33 572 —¥=(1+/313)(1—§)AnQ, ¢ €(0,1),
Eo S _ (6.24)
ow - P ~ e - - -
Sﬂ33¥_ 852 =K1AT)Q+SIB33E(2_§)AUQ’ é‘ € (0’ 1)7
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2 P!
0
WOy =0. —' =0,
% le=o (6.25)
8 awo B ,313A 3151‘ ‘
3= — =5 ’ z =
cle gz 20 9% lz=1

The homogeneous differential system corresponding to Eq. (6.24) has the char-
acteristic equation A% — 522 = 0, with three roots A 12 =0, X34 = £./5, and its
general solution is given by

VT/(()) = Co + C cosh \/s¢ 4+ Cy sinh /52,
Py = C3 + B33+/s(Cy sinh /3¢ + C; cosh /5¢),
where Co, ..., C3 are arbitrary functions of the Laplace transform parameter s.
A particular solution of the system (6.24), which does not necessarily satisfy the

boundary conditions (6.25), can be found by the method of undetermined coefficients
in the form

T N
Wy = (sﬂ:(l—“(] +,313—,333)C+7—€)AUQ,
-, )

Bl = (b =1 i) (E =5 ) 4,0

Now, substituting the expressions

into the system of boundary conditions (6.25), we derive a system of four linear
algebraic equations for determining Cyp, C1, C3, and C3 as follows:

Co=—Ci=— (14 B~ ) 2,0, €= ONVS
T T B R 2_sinh«/E 0

1 1
3= (5 + ;(1 +x1+ P13 — ,333))AnQ~
Collecting the above formulas, we thus obtain
= 8 inh /s(1 —¢ ¢? ¢ s -
WO = A, 1(1_sm .«/E( C))_l_f(l_g)_l_ Og,
Bizs sinh \/s

- cosh/s(1—-¢) - ¢ 1 &
AnQ[al(—ﬁSmhﬁ +;(1—§ )+—+?},

]

f,]
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where, for simplicity, we have introduced the auxiliary notation
So=1+4+x1+B13— P33, 81 =p3—1-pis. (6.26)

By performing the inverse Laplace transform using the residue theorem, we get

. 2,0y G+ [ .
WO = AnQ(t)?(l—g)—l—T/A,,Q(r)dt
0

T

81 ) _
. AnQ(T)[l -

B33
0
25 ST =0 e )]
+ - Z‘( 1 . e ]dr , (6.27)
YA [ o
pl = A,,Q(r)(5 + 5@(1 _ 5)) + SO/A,,Q(r )dt (6.28)
0

T

+81/A,7Q(t’)[1 +2> (=) cos n(l —E)e—”2"2<f—f’)]dr’.

0 n=1
Note that in the isotropic case we have §o = 0 and 1 = 1, i.e.,

I+x1+B13—PB33=0, Bz—1-PBiz=1,

and formulas (6.27) and (6.28) agree with the leading-order asymptotic solution
originally obtained by Ateshian et al. [7].

6.1.4 Displacements of the Solid Matrix

By recovering the dimensional variables (see, in particular, Egs. (6.6)—(6.8), (6.11),
(6.12), (6.17), (6.20), (6.21), and (6.27)), we arrive at the following leading-order
asymptotic approximations for the in-plane (tangential) and out-of-plane (normal)
displacements:

h2 2

Z
~_ 1——)v, 1Y),
v 2A34( p2) Vra:y)
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W %qu(t,y)(l - %) (1+ 2h)

t

ki +k3)AS, + k3 (A5 — AS
—hkl/qu(t/,y)dt/ 1— [(Ki +k3) A4y + ks (Al 33)]3
k1AL, h

0

t

hkz (A5, — A%, — AS z

n (A% = 44 13)[E/qu(t’,y)dt’
44

t
2 (=D 2 : 22k AY
+;Z s1nrrnz/qu(t,y)exp(—n n T(r—t))dt ]

0

According to the derived solution, the displacements of the surface points of the
bonded thin biphasic layer are

2

h
Vizzo ~ —Equ(t, ), (6.29)

t
h3
wl o= —ﬁqu(I,y) — hky / Ayq(z,y)dr. (6.30)
0

The leading-order asymptotic relations (6.29) and (6.30) derived for the so-called
local indentation will be used to formulate asymptotic models for the unilateral
frictionless contact interaction between thin bonded biphasic layers.

6.1.5 Interstitial Fluid Pressure and Relative Fluid Flux

In light of (6.6)~(6.8), (6.12)1, (6.13), and (6.28), we obtain

t

W2 (A4 + 245 - 24%;)

p=q(ty)+ T Ayq(t,y) +k1A§3/qu(t’, y)dt’
44 )
2h? (A§3 — Al — Agi3) . (=" <
- — E — 6.31
) A5, = cosnnh ( )

n=1
t

x [ 2,0y exp(~a? B85 i)ar.

0-
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Recall that the lower integration limit 0~ in the last integral in (6.31) allows consid-
eration of the load discontinuity at time zero.

We now introduce the dimensionless variables (6.6)—(6.8) into Eq. (6.3), and
obtain

As aresult of (6.12)1, we state the following asymptotic formulas

: ki AS
wtlel + wgez ~ — 44 (V,,Q + SZV,,PI),

sy
kzAS, o P!
W AR P
he 0C

The in-plane and out-of-plane components of the relative fluid flux can be evalu-
ated by differentiating the asymptotic expansion (6.31).

6.1.6 Stresses in the Solid and Fluid Phases

As a consequence of (6.8) and (6.12), the above asymptotic analysis yields the fol-
lowing leading-order asymptotic formulas for the solid matrix strains:

avo vy awo
€11 282—1, 822282—2, 833282—,
an a2 ile

(6.32)

g2 favy vy

1
en> —|—+—), e3> -—, exn~_-—=.
? Z(anz i am) P2 T
Substituting these asymptotic approximations into Eq. (5.13), we can evaluate the

effective stresses o/ in the solid matrix. After that, in light of (5.1) and (5.7), the
stresses in the solid matrix can be approximately evaluated by the formula

o’ =—(1 —¢f)pI~|—0’e,

where ¢y is the porosity of the solid matrix (fluid volume fraction), and the stresses
in the fluid phase are defined by the following formula (see Eq. (5.4)):

o' = —¢¢pl.
In particular, according to (5.13), (6.17), and (6.32), we obtain

03181 + 05,62 >~ zVyq(1,y), (6.33)
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from which it follows that the maximum shear stress in a thin bonded biphasic layer
under distributed normal loading is achieved at the bonding interface, z = h, at the
location of maximum gradient |g (¢, y)|.

Observe [7] that, as the dominant terms in the deformations and stresses are the
lowest-order quantities, the normal strains and effective stresses as well as the in-
plane shear strain and effective stress, €17 and af‘z, are O (g?), while the out-of-plane
strains and effective shear stresses are O(¢) (see Eq. (6.32)).

In light of (6.12)1, the hydrostatic pressure is O (1) and is significantly larger than
the effective normal stresses. Also, as its lowest-order term is O (¢), the shear stresses
O'?‘?i (i = 1, 2) in the solid phase, which are equal to the effective shear stresses afl.
(i =1, 2), are one order of magnitude greater than the effective normal stresses.

We emphasize (see, e.g., [7]) that this order of magnitude analysis has major
implications on how a thin layer of biphasic tissue (e.g., articular cartilage) supports
distributed compressive load under the bonding condition.

Finally, let us now introduce the in-plane typical length scale, L, such that ¢ =
h/L. (Note that, as a consequence of (6.5), we simply have L = h..) In contact
problem [7], L refers to the characteristic length of the contact area. Then, the first
formula (6.8) can be rewritten as

where .73 = h?/ (k3A%3) is the typical vertical diffusion time within the biphasic
layer [8]. On the other hand, formula (6.8); can be rewritten as

S
-2 k3A33t

T=2¢ b

which shows that the dimensionless time variable 7 is introduced by stretching the
dimensionless time variable (k3A3;/ L?)t.

We thus underline that formulas (6.29) and (6.30) present the leading-order as-
ymptotic solution, which is valid for short times only.

6.1.7 Long-Term (Equilibrium) Response of a Thin Bonded
Biphasic Layer Under Constant Loading

To begin, we assume that the normal load distribution ¢ has a finite support and
does not depend on the time variable ¢. Following [7], we consider the equilibrium
(long-term, when t/.23 > 1) response of a thin bonded layer of biphasic material
after the relative motion of the interstitial fluid has ceased and the fluid pressure has
vanished. In this case the system of governing differential equations (6.1) and (6.2)
reduces to that for a single phase compressible elastic layer with material properties
coinciding with those of the solid matrix.
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The corresponding asymptotic solution was derived in Sect. 1.2 and the leading
asymptotic terms are summarized below (see Eqgs. (1.22) and (1.23))

e L (R e (S LA
"= A};3 (1-7)ew-

Finally, we observe [7] that during the biphasic creep process, the short-time
asymptotic solution gradually evolves into the equilibrium (long-term) asymptotic
solution, which has drastically different characteristics.

6.2 Deformation of a Thin Transversely Isotropic Biphasic
Poroelastic Layer Bonded to a Rigid Impermeable
Substrate

In this section, the short-time leading-order asymptotic solution of the deformation
problem for a thin biphasic poroelastic (BPVE) layer is constructed. The main result
of the section (see Sect. 6.2.3) is an approximate formula for the local indentation of
a thin bonded BPVE layer.

6.2.1 Deformation Problem Formulation

In this section, we follow the problem formulation given in detail in Sect. 6.1, with
the sole difference being that the total stresses within a thin biphasic poroviscoelastic
(BPVE) layer are determined by the constitutive relations

011 = —p+ B} *e11 + B}, xe2n + 3153 * €33, 023 = 2By, * €23,
on =—p+Byren+ By ken+ Biyken, 013 =2Byxen,  (6.34)
033 = —p+ By xe11 + Bjyx e + Byy €33, o012 =2Bgg * €12,

where p is the pressure in the fluid phase, B}, (t), B}, (), B{;(t), B3;(1), and B}, (t)
are independent stress-relaxation functions of the solid phase, B, (¢) = (Bf (@) —
B‘fz(t)) /2, and the symbol * denotes the Stieltjes integral, i.e.,

t

le*sijz/B,ﬁl(t—r)de,-j(t).

—0o0
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http://dx.doi.org/10.1007/978-3-319-20083-5_1
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Correspondingly, the equilibrium equations of the solid matrix take the form

92v

9
+ (B3 + By VW =Vsp, (639)

9w

d
B, x A B % — B3, + Bj,)* —V,-v=
44% Ayw + B33 022 + (By3 + Byy) PG

3_p’ (6.36)
0z
where v and w are the in-plane displacement vector and the normal displacement of
the solid matrix, respectively.
The continuity equation for the BPVE medium has the same form as for biphasic
mixtures, i.e.,
9 aw 3%p

E(Vy~v+a—z)=k1Ayp+k3a—Z2. (6.37)

The boundary conditions at the bottom surface of the layer, z = &, and at the top
surface, z = 0, can be written as follows:

)
V=0 W, =00 | =0
z=h
9
P+ Bk Vy vt Bk | =g, (6.38)
BZ 7=0
av ap
BS *k (V w + _) = N -_— =
“ ' 0z z=0 0z z=0

Equations (6.35)—(6.37) with the given above boundary conditions and the initial
conditions
v=0, w=0, p=0, —oco<t <0,

constitute the deformation problem for a bonded BPVE layer.

Here, following Argatov and Mishuris [4], we construct a leading-order asymp-
totic solution to the deformation problem (6.35)—(6.37).

6.2.2 Short-Time Asymptotic Analysis of the Deformation
Problem

Introducing a characteristic length, /., and a small parameter, ¢, we require that

h = ¢eh,.
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Moreover, as usual, we introduce the dimensionless in-plane coordinates

Yi .
n=,n)), m=h—l, i=12,
*

and stretch the normal coordinate as follows:

_ 1%
=¢ L

The governing equations will be non-dimensionalized using the following non-
dimensional variables (cf. Eq. (6.8)):

q

sO

_ k3B44 _
= — =—0"
By

S, (6.39)

w=2 pr=2L_ 9
_hs _Big’

Here, ng = Bj},(0) is the instantaneous shear modulus.
Following non-dimensionalisation, we apply the Laplace transformation to the
obtained system and arrive at the following problem:

_ PV W
b44@ + 8(b13 + b44)V,,¥
+ &2 (b AnV + (B} — bie)VyVy- V) = eV, P, (6.40)
W WV o o o P
:8338_{2 +8(b?3 +bi4)V,, % +¢ bZSM-A’IW = i, (641)
(aﬁ/ t eV V) &P + &%, A, P (6.42)
s{— . = K s B
ac n 3c2 1<
3 - aP
V’C=1=0, \{:1—0, —| =0,
L .- W _
—P+b§3V,]-V+b§3—‘ = -0, (6.43)
) ) a{ {':O
Y P
VoW + — =0, — =0.
8{ {:0 a§ {:0

The Laplace transforms are denoted by a tilde, x; = k;/k3, and E‘Zl = sl?,ﬁl / ng,
where E,ﬁl is the Laplace transform of B}, (hzr / (Bzgk3)) with respect to the dimen-
sionless time variable 7.

Following Ateshian et al. [7], we represent the asymptotic ansatz for the solution
to the system (6.40)—(6.43) in the form
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P~ Q—i—ezPl, V:svo, W~ 2wo. (6.44)

Substituting the asymptotic expressions into Egs. (6.40)—(6.42) and the boundary
conditions (6.43), we find after some simple calculations
V0 =— 1 1 -5V, 0 (6.45)
2b3, i

where the pair W and P! should be determined as the solution of the problem

]}%M — 8_P1 = _(524+5?3)vn. E
d¢? ¢ 9’
20 g2p ) . (6.46)
STr " ag T KAn@ sV VL
» dp!
0
WO _ =0, —| =0
=0 3 p] (6.47)
Pl 4 b5 —— —b3;V,- VO , — =0.
+ b33 3 _ 13V |;:o oz o

The general solution of the homogeneous differential system corresponding to
Eq. (6.46) is given by

W0 = Co + Cj cosh /F(5)¢ + Ca sinh /F(5)¢,

Pl=Cs+ ﬁ(cl sinh /£ ()¢ + Cy cosh /£ ()¢),

where we have introduced the notation

S
=—.
b33

f@s) =

It can be shown that, in light of (6.45), the following pair represents a particular
solution of the system (6.46):

- 2 _ _ _ 2\ ¢ -
WO = (Z[b5y + 555 — by + by +1— = )—=—A4,0,
1 (s[ 44 13 33 T K1 44] 6 253, nQ

5 (l;s 4 l;s _ l;s ) 5
Pll — Y44 ‘153 33 szr;Q-
2by,

Substituting the expressions
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wo=wl+w? Pl=Pp+p (6.48)

into the system of boundary conditions (6.47) and taking into account Eq. (6.45), we
evaluate the integration constants Co, C1, C», and C3 as follows:

b +b b3 A0
sbi, sinh /f(s)’

1 ~
Co=—(—+2)a,0. =0, C;=
365, s

_ E%% z IS IS s IS _ 5?3 A
C3 = =\ - (bag +b13 — bz +K1bgy) +1 = == )4, 0.
2baa \S b3,

The functions W, V, and P can thus be obtained by performing the inverse Laplace
transform.

6.2.3 Local Indentation of a Thin BPVE Layer

Recall that BZ4 () represents the out-of-plane relaxation modulus in shear so that, in
light of the zero initial conditions, Egs. (6.34), and (6.34)4 take the form

t

o3 (1) =2/BZ4(t —D)éy(r)dr, i=1,2. (6.49)
L

Let us introduce the out-of-plane creep compliance in shear of the solid matrix,
J;4 (1), which governs the deformation response of the solid phase under application
of a step out-of-plane shear stress of unit magnitude. Hence, the inverse relations for
(6.49) are given by

t
2¢e3;(t) = / It —1)osi(t)dr, i=1,2.
ha

For a given relaxation modulus Bj,(¢) and its Laplace transform Iéfm(s) (with
respect to the time variable 7), the corresponding creep compliance can be evaluated
through its Laplace transform

J(s) = (6.50)

szlg’fm(s)'
Thus, collecting formulas (6.39), (6.44), (6.45), (6.48) and taking account of

(6.50), we obtain the following asymptotic representations for the displacements of
the surface points of the thin bonded BPVE layer:



6.2 Deformation of a Thin Transversely Isotropic ... 219

W d
V.o = —?/JLU — 13-V (@ y)dr, (6.51)
a
t

t

3 B
wl _y = ——/154@ — r)a—Tqu(t, y)dt — hkl/qu(r,y)dr. (6.52)
0- 0

Observe that the derived asymptotic formula (6.52) reflects two types of mech-
anisms, which are responsible for time-dependent effects in articular cartilage: the
flow independent and the flow dependent, characterized by the first and second terms
on the right-hand side of (6.52), respectively.

The asymptotic relations (6.51) and (6.52) will be used to formulate asymptotic
models for the frictionless contact interaction between thin bonded BPVE layers.

6.2.4 Reduced Relaxation and Creep Function for the Fung
Model

Recall (see Sect.5.4.1) that the so-called reduced stress-relaxation function, ¥ (¢), is
defined by
B (1) = Big"y (1),

where B35° = B}, (400) is the equilibrium modulus.
Let us now consider the reduced creep function, ¢ (), defined by the formula

T (t) = i (1).

Here, J;3° = J},(4-00) is the equilibrium compliance such that J;2° = 1/B}3°.
The following normalization conditions then hold:

Y(4+00) =1, ¢(+o0) = 1.

The reduced relaxation function can be represented in terms of a relaxation spec-

trum S(t) as follows:
(0.¢]

v() =1+ / S(r)e *dr.

0

According to Fung [13], in order to account for the weakly frequency dependent
behavior of soft biological tissues, the relaxation spectrum is taken in the form


http://dx.doi.org/10.1007/978-3-319-20083-5_5
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c

- T =T=T1,
S(r): T

0, T<1, T>1,

where 71 and 1, have the dimension of time, and c is dimensionless.
The Fung reduced relaxation function can be evaluated as

w0)=1+cph(é)—E(é)} (6.53)

where E1(x) = fxoo e~ /& d& is the exponential integral function.
The Fung reduced creep function ¢(¢) corresponding to the reduced relaxation
function ¥ () given by Eq. (6.53) can be obtained by employment of the Laplace

transform and Eq. (6.50), that is
-~ . 1
YV ($)els) = 7

where the Laplace transform &(s) is given by formula (5.197). Note also that the
above relation immediately implies that

t
/w(t —Dp(t)dt =1t.
0

According to Dortmans et al. [10], the following formula holds:

o) = 1 — (e = ) (Te = T1) i/,
cte(12 — 71)
() 1

1

—c/e’t/f_ T —T\2

4 T(l—{-clnz—) + 722
T—T1T

dr, (6.54)

where we have used the notation

nel/c —
To=—7"——
¢ ellc — 1

From (6.53) and (6.54), we find

Y(©O) =1+cln =

T2
b
71
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T

(te — 2)(te — T1) B /Zl ! dr.

c
ct(mp—t T T —T\2
(t2 —11) J (1+cln ) 122
T—1T

p0)=1-

It can be numerically verified that ¥ (0)¢(0) = 1. We conclude this case by noting
that the creep spectrum corresponding to (6.54) was discussed in [10].

6.3 Contact of Thin Bonded Transversely Isotropic BPVE
Layers

In this section, the leading-order asymptotic models have been developed for the
short-time frictionless contact interaction between thin biphasic poroviscoelastic
layers bonded to rigid impermeable substrates shaped like elliptic paraboloids.

6.3.1 Contact Problem Formulation for BPVE Cartilage
Layers

When studying contact problems for real joint geometries, a numerical analysis, such
as the finite element method, is necessary [6, 14, 27], since exact analytical solutions
were obtained only for two-dimensional [5, 16], or axisymmetric and simple geome-
tries [11, 12, 21]. In particular, the two-dimensional contact creep problem between
two cylindrical biphasic layers bonded to rigid impermeable substrates was solved
by Kelkar and Ateshian [18] for all times and arbitrary layer thicknesses using the
integral transform method. The frictionless rolling contact problem for cylindrical
biphasic layers was analytically studied by Ateshian and Wang [5].

An asymptotic solution for the contact problem of two identical isotropic biphasic
cartilage layers attached to two rigid impermeable spherical bones of equal radii
modeled as elliptic paraboloids was obtained by Ateshian et al. [7]. This solution
was extended by Wu et al. [24] to a more general model by combining the assumption
of the kinetic relationship from classical contact mechanics [17] with the joint contact
model for the contact of two biphasic cartilage layers [7]. Animproved solution for the
contact of two biphasic cartilage layers which can be used for dynamic loading was
obtained by Wu et al. [25]. These solutions have been widely used as the theoretical
background in modeling articular contact mechanics.

Later, Mishuris and Argatov [1, 22] refined the analysis of [7, 24] by formulating
the contact condition which takes into account the tangential displacements at the
contact interface. Finally, the axisymmetric model of articular contact mechanics
originally developed in [7, 24] was generalized in [2] in the case of elliptical contact.

In this section, the asymptotic model of articular contact for isotropic biphasic
layers [2, 7, 24] is extended for the transversely isotropic BPVE case.
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Fig. 6.3 Schematic diagram F(t)¢

of the contact of articular

cartilage surfaces / and 2 N - T==C 50
under the external load F (). o= = Wi /0 ="
The dashed lines imply the Z - - - e = X
surfaces’ profiles in the 1 a0 N
undeformed state

X1

Fol

Consider two thin articular cartilage layers of uniform thicknesses /1 and &, firmly
attached to subchondral bones. Let w(()]) (t,y) and w(()z) (¢, y) be the absolute values of
the vertical displacements of the boundary points of the cartilage layers (see Fig. 6.3).
Let also ¢ (¢) denote the contact (vertical) approach of the rigid subchondral bones
under a specified external vertical load, F(¢), which is assumed to be a function of
the time variable 7.

Further, let ¢(y) denote the gap between the layer surfaces before deformation.
Here, following Argatov and Mishuris [2, 3], we consider a special case of the gap
function represented by an elliptic paraboloid

2 2
of o1

s (6.55)
2R 2R,

p(y) =

where R and R, are positive constants having dimensions of length.
Then, the linearized contact condition in the contact area w(¢) can be written as

wil (2, y) + w2, y) = 8o(t) — (y), ¥ € w(0). (6.56)

In the case of unilateral contact, the contact pressure between the cartilage layers,
p(y), is assumed to be positive inside the contact area w (¢) and satisfies the following
boundary conditions [7] (see also [15, 23]):

d
pt.y) =0, ﬁ(t,w:o, y el @).

Here, d/0n is the normal derivative at the contour I'(¢) of the domain w(¢).
Moreover, the following equilibrium equation holds:

F) = / / P, y) dy.

w(t)

Applying the leading-order asymptotic model (6.52) for the short-time deforma-
tion of a thin bonded biphasic poroviscoelastic (BPVE) layer, we approximate the
vertical displacement of the surface points of the nth cartilage layer by the formula
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t

wo (1, y) = — / T r)%Ayp(r, v dt — k(" / Ayp(r.y)dr,
0
(6.57)
where J,, 37) (t) and k%n) are the out-of-plane creep compliance in shear of the solid
matrix and the transverse (in-plane) permeability coefficient of the nth cartilage layer,
respectively.
Let us simplify the mathematical formalism. First, by letting

1

1s(n)
G - S(Vl) +
44 (0 )

0

we introduce the instantaneous out-of-plane shear elastic modulus of the solid matrix
of the nth layer.

Second, using the integration by parts formula, we represent the second integral
in (6.57) as follows:

t

t
9
/Ayp(r, ydt = /(t - r)a—TAyp(r, ydr.
e

0

Third, combining the fluid flow-independent viscoelasticity and the fluid flow-
dependent viscous effects in articular cartilage, we introduce the following general-
ized normalized creep function of the nth thin BPVE layer:

3G/s(n)
™ (1) = GE" I (1) + h+k§”)t. (6.58)

n

Finally, the compound creep function, ®g(¢), and the equivalent instantaneous
shear elastic modulus, G6, can be defined as follows (cf. Egs. (4.102)—(4.105)):

p(t) = 10"V (1) + " P (1),

(h1 +h2)* GV G
i"Ge® +h3Gg

/

(6.59)

3 ~/8(2) 3 /sl
hiGy, h>G

B = B = , —.
Gy + 3Gy nGg® +nicyh

Thus, following the above relations, and after the substitution of the asymptotic
approximations (6.57) into Eq. (6.56), we arrive at the governing integro-differential
equation


http://dx.doi.org/10.1007/978-3-319-20083-5_4
http://dx.doi.org/10.1007/978-3-319-20083-5_4
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t

0]
- / Dp(t — ‘L’)Ayﬁ(‘[, ydt = m(So(t) — w(y)%”(t)), yew(). (6.60)
o-

where the Heaviside function factor 77 (t) takes into account the zero initial condi-
tions for ¢t < 0, and m is given by (with 7 = h| 4 hj being the joint thickness)
_ 36,
=3

Equation (6.60) can be used to determine the contact pressure distribution p(z, y)
between BPVE cartilage layers under the monotonicity condition w(t;) C w(f2)
for t; < . The monotonicity condition that the contact zone increases for non-
decreasing loads, when d F'(t) /dt > 0, should be checked a posteriori.

6.3.2 Exact Solution for Monotonic Loading

As in the Hertz theory of elliptic contact between two elastic bodies, the contact area
w(t) between the cartilage layers with the initial gap determined by Eq. (6.55) is
elliptic with the semi-axes a(¢) and b(¢) changing with time. The form of the ellipse
I'(t) can be characterized by its aspect ratio s = b(t)/a(¢). Assuming, as usual, that
R{ > R,, we obtain a(t) > b(t), and, generally, 0 < s < 1 where the value s = 1
corresponds to a circular contact area. We emphasize that the parameter s is constant
during loading and depends only on the ratio R2/R; via the following relation (see

Sect.4.5):
o \/ R — R, 2+&_(R1—R2)
- 6R; R; 6R;

The evolution of the major semi-axis of the contact area is governed by formula

5 1/6 ! 1/6
a(t) = (%n%) ca(s)(/CDﬁ(t—r)%dt) . (6.61)

Here, /R R, is a geometric mean of the radii Ry and R;, while ¢, (s) is a dimen-
sionless factor given by (see Fig. 6.4)

(\/(3s2 + )2+ 3))1/6
cq(s) = .

454
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Fig. 6.4 Dimensionless scaling factors: a Coefficients ¢, and cs; b Coefficients ¢ g» and cfr. It is
interesting that this behavior for the different scaling factors is overall substantially similar.

The contact approach between the subchondral bones is given by

3\ t dF@  \'"*
80(l) = (m) C(S(S)(/@ﬁ([ — T) dz dT) s (662)

where we have introduced the notation

B 2(s* + 1) 1/3
@)= (s(3s2 T2+ 3)) ‘

Now, if the contact load F () is known, then Eqgs. (6.61) and (6.62) allow us to
determine the quantities a(¢) and 8¢ (¢), respectively.
The contact pressure is calculated by means of the formula

i %\
pt.y) = %(r)(l - (t)z)
t
I i o\
— / ?(f — T)L@O(T)(l - a(‘[)z — m) dr. (6.63)

14 (y)

Here, Wg(t) is the corresponding generalized normalized relaxation function deter-
mined by its Laplace transform l17/3 (s)y =1/ [s2q5ﬂ (s)], s is the Laplace transform
parameter, and &2 (¢) is an auxiliary function given by

Por) = (—27'” )1/3 ()(/@ -0ty )2/3
0= 96724/R| R, cr b ¢ dt ‘ ’
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where we have introduced the notation

4s 1/3
cr) = (\/(3s2 T2 + 3)) '

The quantity ¢, (y), which enters the lower limit in the integral (6.63), is the time
when the contour of the contact area w(¢) first reaches the point y. If, however, the
point under consideration lies inside the instantaneous contact area, i.e.,y € w(0),
then #,(y) = 0. The quantity #,(y) is called the time-to-contact for the point y. When
the point y is located outside of w (0™), the nonzero quantity of z,. (y) is determined by
the equation a(t,)> = yl2 + y% /s2, or in accordance with Eq. (6.61) by the following:

L

dF (1) m ( 5 y§)3
(p te — d = +_ .
/ P O AT = S R VT T 2

In the case of a stepwise loading, we have F (1) = Fy¢ (t), and the above equation
reduces to

1 y2 3
Dy(ty) = —6(y% + —5) , (6.64)
a, N

where ag = a(0™) is the instantaneous value of the major semi-axis, which is given
by

1/6

ap = ca(s)Fy'.

96/ R1R> 176
()
We note that the asymptotic model (6.57), n = 1, 2, holds true only when the
cartilage thicknesses are small compared with the characteristic size of the contact
area, i.e., max{hj, ho} << ag. For this reason the contact force Fy, and F(0T)
generally, should not take too small values.

Table 6.1 Isotropic and transversely isotropic biphasic material properties of human articular
cartilage. The highlighted values are used in the asymptotic models [9]

Material property Isotropic Transversely isotropic
Young’s modulus E (MPa) 0.69 0.46

Young’s modulus E} (MPa) 0.69 5.8

Poisson’s ratio v{, 0.0 0.0

Poisson’s ratio v§; 0.0 0.0

Shear modulus Gi; (MPa) 0.345 0.37

Shear modulus G$, = Ej/[2(1 +v{,)] (MPa) 0.345 0.23

Permeability k; = k3 (x 10~ m* /Ns) 3.0 5.1

Solid volume fraction ¢* 0.25 0.25
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Thus, in the case of a stepwise loading, formula (6.63), where quantity #,.(y) is
determined by Eq. (6.64), represents the sought for solution of Eq. (6.60). Note that
in the case of the biphasic layers the derived expression for the contact pressure
coincides with the result obtained previously in [2].

Table 6.1 shows some typical values for biphasic material properties of human
articular cartilage in the isotropic and transversely isotropic cases. It is known that the
mechanical properties of cartilage may change with disease. In particular, the early
stages of osteoarthritis are characterized [26] by increased permeability, increased
thickness of the cartilage layers, reduced shear modulus, increased Poisson’s ratio,
and/or a combination of these effects.

To conclude, we emphasize (see, e.g., [7, 25]) that specifically in regard to artic-
ular cartilage, the constructed asymptotic model, which is based on the short-time
asymptotic solution of the deformation problem for a thin BPVE layer and assumes
that most of the contact load is carried by the interstitial fluid, can be used for time
periods of several thousand seconds, when the articular joint is biologically func-
tional, and becomes invalid for time ¢ — oo, when the interstitial fluid is pushed
out of the cartilage layer underlying the contact area and the total contact pressure
is carried only by the solid phase of the cartilage.
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Chapter 7
Articular Contact Mechanics

Abstract In this chapter, an asymptotic modeling methodology for tibio-femoral
contact is developed, based on the asymptotic models of frictionless unilateral con-
tact interaction between thin cartilage layers. In Sect. 7.1, the normal contact forces,
which are needed for multibody dynamics simulations, are determined analytically
based on the exact solution for elliptical contact between thin cartilage layers gener-
ally modeled as viscoelastic incompressible layers. In Sect. 7.2, the equivalent Hunt—
Crossley model for articular contact is developed in the framework of the short-time
contact model for thin bonded biphasic layers.

7.1 Asymptotic Modeling Methodology for Tibio-Femoral
Contact

In Sects.7.1.1 and 7.1.2, we present a brief overview of the principal models used in
multibody dynamics simulations of human-body locomotion. The asymptotic mod-
eling approach outlined in Sects. 7.1.3-7.1.5 requires use of the smooth contact sur-
face geometry and efficient contact points detection methods, while in Sect. 7.1.6, the
articulating femur and tibia geometries are approximated by elliptic paraboloids. In
Sect.7.1.7, the effective geometric characteristics of articular surfaces are introduced
for use in the developed asymptotic models of elliptical contact between articular
surfaces.

7.1.1 Articular Contact in Multibody Dynamics

Mathematical modeling of the distributed forces generated by articular contact in
joints is required for multibody dynamic simulations of physical exercise of a human
skeleton based on the rigid multibody approach [34] as well as on the flexible multi-
body approach [59]. It is believed that dynamic and impact patterns of the contact
pressures play an important role in the development and progression of knee joint
osteoarthritis [46]. Therefore, multibody dynamic models of the knee joint capable
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of predicting contact pressures between the articular cartilage layers would be also
useful for studying the mechanical aspects of this degenerative disease.

In a number of multibody dynamic models for the tibio-femoral joint [2, 69, 86],
the problem of articular contact is resolved under the assumption of a rigid con-
tact formulation, where the contact interaction between the surface of each femoral
condyle and the surface of the tibia is realized at a single point and no deformation is
considered in the articular cartilage layers due to the contact loading. In contrast to the
rigid contact model, the deformable contact models, which take into account defor-
mation of the articular cartilage layers, require not only a description of the articular
surface geometry, but also additional information about the deformation behavior of
articular cartilage. As was pointed out [24], the advantage of the deformable articular
contact models over the rigid contact model is two-fold: firstly, they are not restricted
to contraform contact and conforming surfaces can also be considered, and secondly
the knee multibody dynamic models with deformable contact have higher numerical
stability.

We observe (see, e.g., [22, 70]) that a multibody knee contact modeling method-
ology based on the deformable contact model should include the implementation of
an efficient mathematical model for calculating contact pressures and the resulting
contact forces. A number of models of the knee joint employ different forms of the
elastic Winkler foundation model [24]. We recall (see Sect.1.5.1) that the defor-
mation response of a thin transversely isotropic compressible layer of thickness &
resembles that of a Winkler elastic foundation with the modulus

h

k=—,
Aszz

where, with E, v and E’, v’ being respectively the in-plane and out-of-plane Young’s
modulus and Poisson’s ratio,

2E ,\ !
A33=E’(1—1))(1—1)—Fv/2) .

For two thin compressible layers in contact, the joint Winkler foundation modulus
is defined as k = (kl_1 +ky =1 and in the isotropic case is given by

L ((1+v1)(1 —20)h; (14w —2v2)h2)_1' a1

(I —-v)E; 1 =wm)E;

Furthermore, if the layers’ materials are similar (i.e., £y = E> = E and v; =
vy = v), formula (7.1) simplifies to

(1 —V)E

= GFwd—2nn’ 72
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where h = hy + h is the joint thickness. It is readily seen that the denominator in
formula (7.2) vanishes in the incompressibility limit as v — 0.5, and consequently
the Winkler foundation modulus & tends to infinity.

The fact that a thin isotropic elastic layer, with a Poisson’s ratio sufficiently differ-
ent to 0.5, behaves like a Winkler elastic foundation was first rigorously established
in [3]. The case of elliptical contact in the framework of Winkler’s foundation model
was considered in detail in [54]. The elastic foundation model based on Eq.(7.2)
was used for multibody dynamic simulation of knee contact mechanics in a number
of papers [24, 77]. Formula (7.1) was considered in [79] within a discussion of the
analytical models employed for describing articular contact.

It is known [21] that the Winkler elastic foundation model is appropriate for
describing the stress-deformation behavior of thin compressible elastic coating lay-
ers, and that it fails to represent the contact interaction of incompressible layers. At
the same time, it has been shown [19] that the instantaneous response of a bipha-
sic cartilage layer under distributed normal forces is in perfect agreement with the
corresponding solution for a bonded thin incompressible elastic layer.

In recent years, finite-element (FE) models have been increasingly developed to
simulate articular contact [85, 88]. In particular, a mathematical model of distributed
contact using a number of contacting patches was employed in [27] with a uniform
stress distribution assumed over each contact patch. The advantage of FE models
over the elastic foundation model is based on their ability to evaluate the sub-surface
stresses. Moreover, FE models are not confined to simple geometrical configurations,
which are necessary for deriving analytical solutions like those used in the rigid
contact model. However, in comparison [79] with simple deformable contact models,
FE models are expensive in time and resources for the simulation of the knee joint
dynamics in real activities such as the gait cycle.

To lower the high computational cost of repeated contact analysis within multi-
body dynamic simulation, the so-called surrogate modeling approach for perform-
ing computationally efficient three-dimensional elastic contact with general surface
geometry was proposed [68]. The surrogate modeling method [68] fits a computa-
tionally cheap surrogate contact model to data points sampled from a computationally
expensive FE elastic contact model.

7.1.2 Articular Cartilage Structure and Models

Articular cartilage is typically 2—4 mm thick and is composed of a dense extracellular
matrix (ECM) with a sparse distribution of cells called chondrocytes. The ECM
primarily consists of water, collagen, and proteoglycans. It is estimated [35] that the
average pore size within the ECM is approximately 6.0 mm.

The structure of articular cartilage is often described in terms of the following four
zones between the articular surface and the subchondral bone [35, 51, 72, 75]: the
surface (or superficial/tangential) zone, the transitional (or middle) zone, the deep
zone, and the calcified zone.
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Tangential/superficial zone. The thin superficial zone protects deeper layers from
shear stresses and makes up approximately 10 to 20 % of articular cartilage thickness.
This zone is characterised by the tight parallel alignment of both the collagen fibers
and the chondrocytes to the articular surface.

Middle/transitional zone. The middle zone represents 40 to 60 % of the total
cartilage volume. In the transitional zone, the ECM and cells arch over from the
perpendicular alignment with respect to the articular surface, seen in the deep zone,
to the parallel alignment of the superficial zone, whereas the collagen fibrils are
isotropically arranged.

Deep zone. The deep zone represents approximately 30 % of the articular car-
tilage volume. The chondrocytes are typically arranged in a columnar orientation
perpendicular to the articular surface, this alignment being replicated in fibrils of the
collagen matrix. It was experimentally observed [4, 5] that the commonly described
deep zone longitudinal fibres were found to be tubular structures filled with fluid.
We also note that in the deformation analysis of articular cartilage, this phenomenon
can be described by microstructural models [25].

Calcified zone. The calcified layer plays an integral role in securing the cartilage
to subchondral bone. The tide mark, the calcification front, is used to distinguish the
deep zone from the calcified zone. The calcification of the collagen fibrils is found
at the base of the deep zone.

We observe (see, e.g., [26]) that articular cartilage tissue in vivo is exposed to
extremely complicated loading histories throughout life and even the period of a
day. It is the cumulative influence of these loading histories that governs the biology
of the tissue. At the same time articular cartilage is avascular and the movement
of fluid into and out of cartilage (by ‘pumping’ solutes through the matrix under
cyclic loading) aids nutrition and removal of the by-products of metabolism [76].
It is known [58] that mechanical forces can modulate synthesis and degradation of
articular cartilage matrix, and can influence structural and functional adaptation of
the tissue [55]. Itis also known [57] that due to its avascular nature, articular cartilage
has a very limited capacity to regenerate or repair. Phenomenological damage models
for fibrous tissues like articular cartilage were developed in [53, 63].

A number of elastic analytical models for articular contact were developed by
Eberhardt et al. [33]. It was shown that in conditions where the load times are short
(i.e., running, jumping, or impact) it should often be sufficient to consider only elastic
response. At the same time, the instantaneous response of the articular cartilage layers
to impulsive compressive loads (see Fig. 7.1) corresponds to that of an incompressible
elastic material [18, 36].

The effect of energy dissipation due to internal damping in articular cartilage
can be taken into account in the framework of the theory of viscoelasticity. However,
viscoelastic models [67, 75] have limited capabilities in describing the known viscous
effects associated with the interstitial fluid flow. Previous studies have shown [17] that
interstitial fluid pressurization plays an important role in the load support mechanics
of articular cartilage.

It has been long known that articular cartilage is anisotropic and inhomogeneous,
although it has been difficult to incorporate these complexities into engineering
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analysis [31]. Finite element models incorporating the inhomogeneity of articular
cartilage were developed in [23]. The combined role of menisci and ligaments in load
transmission and stability of the human knee was analyzed by a three-dimensional
FE model [78]. Note also [20] that articular cartilage exhibits remarkable frictional
properties, and pressurization of its interstitial fluid may contribute predominantly
to reducing the friction coefficient at the contact interface [17].

An asymptotic modeling methodology for simulating tibio-femoral contact [8],
which is further developed in this study, is based on the asymptotic models of fric-
tionless unilateral contact interaction between thin biphasic [13] and viscoelastic
[14] layers. The approach requires use of the smooth contact surface geometry and
efficient contact points detection methods. While the subchondral bone is assumed
to be rigid, the articular cartilage is considered to be a thin layer of transversely
isotropic linear-elastic or viscoelastic incompressible material. The normal contact
forces are determined analytically based on the exact solution for elliptical contact
between thin viscoelastic incompressible cartilage layers bonded to rigid substrates.

7.1.3 Articular Surface Geometry

Observe [27] that an anatomically-based multibody dynamics model requires an
accurate description of the articular surfaces in order to solve the articular contact
problem. In this section, following [8], we present a generalization of the method [84]
for approximating articular surfaces from the unstructured experimental surface data,
which can be used for regularization of noisy surface data.

Let us assume that the geometrical data of the tibia and femur are given in the
Cartesian coordinate systems (xp, x3, x3) and (X1, X2, X3), respectively. Following
[24], the positive x;-axis is directed anteriorly, the positive xp-axis is pointed medi-
ally, and the positive x3-axis is directed proximally (see Fig.7.2). To describe the
relative position of the femur with respect to the tibia, we assume that the tibia is con-
sidered to be rigidly fixed. In such a case, the coordinates x and X can be referred to
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Fig. 7.2 Knee joint Femur
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as the “space-fixed” and “body-fixed” [50]. It is assumed that in the fully extended
position of the joint, the directions of the corresponding coordinate axes of both
coordinate systems coincide.

Let the position of an arbitrary point P on the femoral surface be represented
by the vector £(P) in the body-fixed coordinate system. To describe the position
vector r(13) of the same point in the space-fixed system (x1, x2, x3), one needs to
determine the transition vector r(Q) from the origin of the tibial coordinate system
(point O) to the origin of the femoral coordinate system (point 0) as well as the
rotation transformation matrix Z (for its description, we refer to [24]). According
to these definitions, the following relation holds [24, 50]:

r(P) =r(0) + #¥(P). (7.3)

Consider now an arbitrary point P on the tibial surface and a distance vector
between the points P and P (see Fig.7.2), i.e.,

d(P, P) =r(P) —r(P). (7.4)

Following [38, 70], we introduce the normal contact distance vector, dy, between
the articular surfaces in such a way that it is parallel to each of the surface normals.
The corresponding points P? and PO are called the potential contact points. As a
result, we have dg = d(PO, [30)_

The length of vector dy with the proper sign taken into account will be called the
pseudo-penetration and will be denoted as follows:

50 = —do . no. (7-5)

Here, n° is the outer normal to the tibial surface at the point PO, and the dot denotes
the scalar product of vectors.

In the following, we will assume that for any admissible position of the femur
relative to the tibia, there is only a pair of potential contact points P? and PO for
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Fig. 7.3 Pseudo-penetration of the contacting bodies: a there is no contact interaction between the
articular surfaces; b the contact between the articular surfaces exists

each pair of femoral and tibial condyles. Note that this assumption is in agreement
with the geometric compatibility of rigid bodies condition used in [2, 69, 86].

Therefore, if §o = 0, then the articular surfaces contact each other at a single
point. In this case a single tangent plane exists to both femoral and tibial surfaces. If
do-n° > 0(anddy- 7 < 0, where i? is the outer normal to the femoral surface at the
point ﬁo), then there is no contact between the surfaces and 5o < O (see, Fig.7.3a).
Finally, the penetration condition states that if d - n’ < 0 (and dy - 2° > 0), then
the contact between the articular surfaces exists and §p > O (see, Fig.7.3b).

Let us now introduce a local Cartesian coordinate system (£1, &>, ¢) with its center
at the point PY, in such a way that the positive ¢-axis is directed along the normal
vector n°. Thus, in the vicinity of points P° and PO, the equations of both articular
surfaces can be written as follows:

¢ =—¢o6), ¢ =—80+do&). (7.6)

It is assumed that locally the tibia and femur occupy the domains { < —¢o(§) and
¢ > =80 + ¢o(&), respectively.
In light of Eq. (7.6), we define the local gap function as follows:

D (&) = do(&) + do(£). (7.7)

In the next section, following [86], we may assume that the functions ¢o(&) and
@0 (&) can be approximated by polynomials in &} and & of degrees n and 7 as

n p nop
P0&) = D D apEl U], do®) =D D aptl e (18)
p=24=0 p=249=0
The coefficients a,, and @, are calculated by minimizing the functions

n

N )4 ) ) N . n p . .
(e =D ap e )‘1)2, PN GEDIPNIGH >"“1<52’)'I)2,

=1 p=2q=0 =1 p=249=0
(7.9)
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where N and N are the numbers of measured surface points, and (élj s ézj R ;j ) and
(é 1/ , ézj , fj ) are the measured coordinates of the jth point on the tibial surface (j =
1,..., N) and on the femoral surface (j =1, ..., N ), respectively.

7.1.4 Contact Constitutive Relation. Elliptical Contact of Thin
Incompressible Elastic Layers

We now consider analytical models of deformable tibio-femoral contact under
the assumption that the local gap function can be approximated by an elliptical
paraboloid. The articular cartilages are modeled as thin incompressible elastic or
viscoelastic layers.

Consider the frictionless contact between two thin linear elastic layers of constant
thicknesses, i1 and h;, firmly attached to rigid substrates with continuously varying
curvatures. Let us assume that in the undeformed state, the surfaces of the layers touch
atasingle point denoted by P°. Introducing a Cartesian coordinate system (171, 12, ¢),
with the center at the point P° such that the coordinate plane ¢ = 0 coincides with the
common tangent plane to the layer surfaces, we may assume without loss of generality
that with accuracy up to terms of order |g|* the gap function, ¢ (1), defined as the
distance between the layer surfaces along the ¢-axis, is represented by an elliptic
paraboloid

() = 77_% + n_% (7.10)
= 2R 2Ry’ '

Now, let —wq () and wo () be the vertical displacement functions for the surface
points of the layers representing the tibial and femoral articular cartilages, respec-
tively, due to the action of the surface pressures with the density p(»). Given that
the materials of the layers are elastic, incompressible and transversely isotropic with
out-of-plane shear moduli G| and G/, and based on the asymptotic analysis of the
frictionless contact problem for a thin elastic layer bonded to a rigid substrate in
the thin-layer limit (see Sect.2.5), the following contact constitutive relation for thin
incompressible layers can be established:

h3 ) h3
wo(n) = —361, Ayp(n), Wo(n) = —35, Ayp(n). (7.11)
1 2

Here, A, = 32/ 877% +9%/0 n% is the Laplace differential operator, and the index “1”
refers to the tibia, while “2” refers to the femur.

Let &g be the normal approach of the rigid substrates, which model the subchondral
bones. Then, the following equation should hold in the contact region, w, where the
contact pressure is positive:

wo(m) +wo(n) =8 — @), 7€ w. (7.12)
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Substituting the expressions (7.11) into Eq. (7.12), we obtain the contact condition
in the form of a differential equation

"y 75 Y A pa) = 50— o) 7.13)
— = — s cw. .
We emphasize that Eq. (7.13) should hold over the whole contact region w, which is
not given a priori. As this differential equation is of the second order, it is necessary to
formulate appropriate boundary conditions on the contour /" of the contact region w.
According to [21, 28] (see also Sect.2.7.3), we impose the two boundary conditions

0
p(p) =0, ﬁ(n) =0, nel, (7.14)

where d/0n is the normal derivative.
In the case of the parabolic gap function (7.10), the exact solution to the problem
(7.13), (7.14) was obtained in [21] in the form

2 2\ 2
m B
p(n) = Po( i ﬁ) . (7.13)

The maximum contact pressure po and the semi-axes a and b of the elliptical contact
area w satisfy the following system of algebraic equation [21]:

4 1
5o = Lg(l 4 —2), (7.16)
ma s
1 4po 1 1 4po 3
—=——3+=), —=——\14+5). 7.17
2Ry ma* ( + s2) 2R,  ma*s? ( + s2) (7.17)

Here, s = b/a is the aspect ratio of the contact area, and

m = h? + h% B
3G, 3G) '

Integrating the contact pressure distribution (7.15) over the contact area and taking
into account (7.16) and (7.17), we obtain

/ /

F= chF(s)£R1R288, (7.18)
hiG) + h3G|

where cr(s) is a dimensionless factor given by (see also Sect.3.1.2)
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2
Rl — R Ry (R| — Ry)
2 1 2 2 1 2
_ 2 _W—h) 7.19
’ \/( 6R, )+R1 6R (7.19)

s(3s% + 1)(s2 +3)
2(s2 4 1)3

cr(s) = (7.20)

Equation (7.18) represents the force-displacement relationship for the case of
elliptical contact of thin incompressible coatings.

7.1.5 Asymptotic Model for Elliptical Contact of Thin
Incompressible Viscoelastic Layers

Applying the viscoelastic correspondence principle to the elastic equation (7.13) (see
Sect.3.1.2), we arrive at the governing integro-differential equation

2 3 !
-> h?" / J® (¢ — t)Ang—i(n, 1) dt = 80(1) — () H(1). (7.21)
n=1 0—
Here, J'"(t) is the out-of-plane creep compliance in shear for the nth viscoelastic
layer, ¢ is a time variable, §o(#) is the variable normal contact approach of the rigid
substrates, 7 (t) is the Heaviside step function such that 7 () = 1 for ¢t > 0 and
() =0fort < 0.

Let us introduce the normalized creep function @7 (¢) of the nth layer by letting

'™ (1) = Gg" ™ (1), (7.22)
where Gg") = 1/J'(0%) is the instantaneous out-of-plane shear elastic modulus

of the nth layer, so that (" (0) = 1.
Then, Eq.(7.21) can be represented in the form

3
3G,

a
/cbﬂ(t — 'L’)A,;%(ﬂ, 7)dt = 8o(t) — ¢() (1), (7.23)
0—

where ®g(t) = 1@ V(1) + Br®'@(r) is the compound creep function, 1 and S,
are weighted coefficients such that 81 + B> = 1,

3G/

_ hlGO

R CIERIOR
h3Gy” + h3Gy,
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hiGy” + h3Gy
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B2 (7.24)
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whereas & and G, are the joint thickness and the equivalent instantaneous out-of-
plane shear elastic modulus given by

GG
0™ 302 3~
Gy~ + G,

h=hi+h;. (7.25)

As before, following [19], we require that the contact pressure distribution p(, t)
should satisfy the boundary conditions (7.14).

The general solution of Eq. (7.23) in the case of the parabolic gap function (7.10)
was derived in [14]. Integrating the obtained contact pressures over the elliptical
contact area, we arrive at the following force-displacement relationship:

t

R1R2/11/ﬁ(t — r)%(8o(r)3) dr. (7.26)
0—

/(1) ~1(2)
0o Go

F(t) =2mcr(s)
3/(2) 3~/(D)
Gy~ +hyGy

Here, cr (s) is the factor introduced by formula (7.20), and ¥4 (z) is the correspond-
ing normalized compound relaxation function determined by its Laplace transform
117,3 (5) = (szcﬁg ()", where cﬁﬁ (s) is the Laplace transform of ®g(t).

It is noteworthy that Eq. (7.26) is valid for the case of contact interaction under
monotonic loading and can be applied for modeling contact forces in impact situa-
tions, and underline that the case of repetitive loading requires a special treatment.

We also emphasize that Egs. (7.18) and (7.26) do not exactly describe the initial
short time interval of contact interaction, while the contact zone does not exceed
the joint thickness of the layers. However, if the maximum characteristic size of the
contact zone achieved during the loading phase is much greater than each thickness
of the layers, then the overall error introduced by this initial interval will be relatively
small, just as was shown in [7] with respect to the influence of the superseismic stage
of contact on the Hertzian impact theory.

7.1.6 Approximation of the Articular Femur and Tibia
Geometries by Elliptic Paraboloids

To model the articular contact, one needs to describe the articular surface geometry
in the framework of a mathematical model. A number of surface-fitting methods for
representing the three-dimensional topography of articular surfaces, in particular the
B-spline method [16, 30], use a structured data set and provide a limited continu-
ity of the fitted articular surface. Methods to represent articular surfaces from the
unstructured data were suggested in [44, 83] and are based on a parametric poly-
nomial representation. In order to effectively deal with non-ordered data points, a
method for the representation of articular surfaces was introduced in [84], based on
the influence surface theory of elastic plates.
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Since experimental measurements of surface data always contain a degree of
measurement uncertainty, it was observed in [16] that a surface-fitting method which
consists of interpolating the measured surface data may result in some degree of
surface roughness. It was also noted that one limitation of the fitting method [84]
is that it requires the fitting surface to pass through all measured surface points.
This means that the fitting accuracy of the method [84] is partially controlled by
the accuracy of the measurement instrument. Consequently, due to the noisy nature
of measured data, forcing the fitting surface to pass through all measured surface
data points may not produce an optimal fitting surface [84]. A regularization of the
method [84] was proposed in [8], and spline smoothing methods for regularization
of noisy data were considered in [16].

Due to the complexity of human knee joint geometry, it is difficult to obtain
analytical solutions for the contact pressure distribution in the knee joint under phys-
iological loading conditions, even under simplifying assumptions about the articular
cartilage mechanical behavior. In [66], different analytical models for articular con-
tact were compared with a finite element method solution in the case of an axisym-
metric articular joint idealized as a system of a rigid ball covered with a cartilage
layer in frictionless contact with a hemispherical layer of cartilage attached to a rigid
base. Note that spherical surfaces were used for representing the medial and lateral
femoral condyles in a number of papers [2, 62]. Also, in two-dimensional models
[1, 62], the tibia surface is generally represented as a parabolic profile. In [79], a
toroidal geometry was selected to represent the geometry of the medial (or the lateral)
femoral and tibial components in a total knee replacement.

Elliptic paraboloids are widely used in contact mechanics for approximating the
interacting non-axisymmetric surfaces. Based on high-resolution MRI (Magnetic
resonance imaging), it was shown [47] that all articular surfaces of the knee joints
of healthy volunteers displayed predominantly convex ovoid shapes, except for the
central aspect of the medial tibia (with the highest degree of concavity), while none
of the articulating surfaces displayed saddle-like properties.

In [60], the principal curvature radii of the femoral and tibial cartilage surfaces
were measured in the weight-bearing regions of the medial and lateral compartments
of three-dimensional models from the MP images obtained from 11 young healthy
male individuals (age 30.5 & 5.1 years). In particular, in the lateral condyle of the
femur, the average radii were 22 4+ 4 and 25 £ 4 mm in AP and ML directions,
respectively. In the medial condyle of the femur, the average radii were 34 & 5 and
21 & 3 mm in AP and ML directions, respectively. In the lateral (medial) plateau
of the tibia, the average radii were 37 4+ 10 and —43 £ 11 mm (—95 + 38 and
—29 + 7 mm), respectively. Here, positive and negative values represent convex and
concave surfaces, respectively.

According to the measured data from [60], the shape functions ¢ (&) and qSO &)
in Eq. (7.6) are specified as follows:

Ly — i_ﬁ) M __(—_flz_ﬁ)
P (®) = (37 2) deo--(z=-3) o
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Bor =S8 -, 8 (7.28)
08770 T a5t PO T3 Ty ‘
The coordinates &; and & are assumed to be measured in millimeters, whereas
the indexes “L” and “M” denote the quantities referring to the lateral and medial
compartments, respectively.
Substituting (7.27) and (7.28) into Eq. (7.7), we obtain

0 ® = (5+5)8+ (5 - 55)8

M® = (53— 52)8 + (37~ 55)8

From here it immediately follows that RlL = 30 mm, R2L = 7 mm, Rllw = 38 mm,
and R%’[ = 26 mm (recall that the inequality R; > R is assumed in the choice of
the radii R; and R»). Therefore, we have

2 2 2 2
ey Mo m Moo 0
=0ty CW=gt 53

Further, formula (7.19) yields sL = 0.61 and sM = 0.89. Now, substituting these
values into formula (7.20), we obtain cr (s) = 0.84, ¢ (sM) = 0.99.

Thus, as a first approximation, the actual articulating surfaces in tibio-femoral
contact can be represented by elliptic paraboloids. The parameters of such an approx-
imation (i.e., the principal radii of curvature) generally depend on the position of the
central contact point (point P° in Fig.7.3).

The difference between the actual articulating surfaces and the idealized elliptic
paraboloid surfaces influences the articular contact and especially the distribution of
contact pressures. This question is explored in [12], where a perturbation solution
is obtained under the assumption that the subchondral bones are rigid and shaped
closely to elliptic paraboloids.

7.1.7 Determining the Effective Geometrical Characteristics
Jrom Experimental Surface Data

In order to apply the force displacement relationship (7.18) or (7.26), one needs to
evaluate the geometric parameters R; and R, appearing in the paraboloid approxi-
mation (7.10) of the local gap function (7.7). In other words, the local gap function
(7.7) must be approximated as follows:

(&) = 9&) + P(&). (7.29)
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Here, ®(£) can be interpreted as a small discrepancy, while ¢(£), according to (7.10),
should be taken in the form of an elliptic paraboloid

o(8) = & (cos 0 n sin29) 52(s.m 0 L 00329)

2R 2Ry 2R 2R»
1 1
in20f — — — ). 7.30
+ &162sin (2R1 2R2) (7.30)

Observe that the parameter 6 introduced in (7.30) represents the angle between the
positive &1-axis and the positive n;-axis.

Under the assumption that the gap variation ¢(§) introduces a small perturba-
tion into the contact region  and the contact force F, we arrive at the following
optimization criterion [8, 10]:

: 2
anin, [ 106 = e@P @) . (.31

Here, w, is an characteristic elliptic domain with the semi-axes a, and b,, while
px(&)=1-— a*_2$12 - b*_2$22 is a weight function.

The optimization criterion (7.31) requires a continuous representation of the gap
function ¢ (§), whereas originally only the coordinates of experlmental surface data
points (51 52 ¢ (G =1,...,N)and (51 52 g“f) (=1, N) were provided
from the measurement expenment (see, Eq.(7.9)). It would be useful, however, to
determine the parameters R and R, directly from the experimental surface data.
Consequently, the following discrete variant of the optimization criterion (7.31) is
relevant and useful. o ‘

Given the measured surface data points (¢{,&),¢/) (j = 1,...,N) and (é‘lj,

é"z’, Z‘f ) ( ]A =Al, R N ), the two sets of effective geometrical parameters R?, R(z), 6o
and R(l), Rg , Bp must satisfy the criteria

0 2 .
Ro“}ifo Z ¢/ = 9E)Ppu (&), (7.32)
=" &P, 733
ﬁ?r’r;g%; 67— & EDPpuE) (733)

where ¢°(&) and ¢ (&) are given by

0 cos?6p  sin? 90) (sin2 0y cos? 90)
2 2
® él( 2R(1) 2R(2) 5 2R? 2R(2)

1 1
+ sin26p{ — — — |, 7.34
§15 O(ZR? 2R‘2)) (7.34)
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QJO(E) . Ez(cosz 8y  sin? éo) +€2(sin2 6o  cos? éo)
"0 T 2RY 20 T 2RY
~ 1 1
+&1828in 290( = —) (7.35)
2R)  2RY

According to (7.32) and (7.33), the tibial and femoral surfaces are represented
locally by the effective elliptic paraboloids (7.34) and (7.35), whose orientations
with respect to the positive £1-axis are determined by the angles 8y and 6o, respec-
tively. The effective geometrical parameters R; and R, appearing in the elliptic
paraboloidal approximation (7.10) can now be determined from RY, RY, 6y and RY,
Iég s éo following a standard procedure used in Hertzian contact mechanics [54].

It is interesting to observe that, following [24] where the effects of different
mathematical descriptions of articular contact and articular surface geometry on the
kinematic characteristics of the knee model were investigated, close approximations
of the articular surfaces by polynomials are not necessary, since the motion charac-
teristics were not influenced greatly by the degree of the polynomial approximations
for the curved tibial surfaces. This was a result of the size of the contact area, which
covered small surface irregularities and made the contribution of the contact pressure
distribution to the net contact force less dependent on the irregularities. This observa-
tion supports the necessity of operating with the effective geometrical characteristics
of articular surfaces.

We also emphasize that the analytical models for the contact force using the
local geometrical characteristics (principal radii of curvature of the articular surfaces
at the potential contact points P° and P°) in contrast to the effective geometrical
characteristics are restricted to simple geometries, and therefore their applicability
to real articular contact geometries is limited.

7.1.8 Generalization of the Contact Constitutive Relation

The asymptotic methodology for tibio-femoral articular contact developed in [8]
and outlined above is based on the leading-order asymptotic theory for a thin incom-
pressible viscoelastic layer attached to a rigid substrate. As was shown in [14], the
viscoelastic contact model for incompressible layers incorporates the asymptotic
model [13, 19, 87] for short-time response of biphasic layers as a special case,
corresponding to the Maxwell model of viscoelastic material.
In the elastic case, the force-displacement relationship for incompressible layers
(7.18) can be generalized as
F = EM,R's}. (7.36)

Here, E is a characteristic elastic modulus, R = /R R; is a geometric mean of
the curvature radii Ry and R», the factor M,, is a function of the thicknesses of the
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layers (h1 and hy) and the aspect ratio s of the elliptical contact region, which in
turn depends on the ratio R/ R;. For incompressible layers, n = 3 and [ = 2, while
for compressible layers, n = 2 and [ = 1. Note that the dimension of M is |
where L is the dimension of length.

We point out that Eq. (7.36) incorporates the Hertzian force-displacement rela-
tionship with n = 3/2 and [ = 1/2. The contact constitutive relation in the form
(7.36) was used in a number of publications on multibody simulations [37].

From Eq. (7.36), it is readily seen that in the case of incompressible layers, the
contact force, F, is inversely proportional to the joint thickness cubed, h3, while in the
case of thin compressible coatings, the contact force is simply inversely proportional
to the joint thickness /. This obvious implication is very important from the viewpoint
of the articular contact modeling of osteoarthritic joints, as the change of the articular
cartilage thickness has been widely used as an indicator of its degenerative status
[15, 56].

In the case of viscoelastic layers, according to Egs. (7.26) and (7.36), the contact
constitutive relations can be represented as follows:

t

F(t) = EoMan/lI/(t - r)%(éo(t)")d'ﬂ. (7.37)
0—

Here, Ey is a characteristic instantaneous elastic modulus, ¥ (¢) is the normalized
compound relaxation function, and M, is the same factor as shown in Eq.(7.36),
with the dimension L>~"~,

Alternatively, in order to take into account the effect of energy dissipation during
the elasto-plastic contact interaction, the following general Hunt—Crossley model
[52] has been widely employed for modeling impact situations:

F(t) = bdo(t)"50(1)? + kbo(1)". (7.38)

The stiffness parameter £ and the damping parameter b depend on material and
geometric properties of colliding bodies. As was observed in [37], an important
aspect of Eq. (7.38) is that damping depends on the indentation, which is physically
sound in the impact of metal balls, since the contact area increases with deformation
and a plastic region is more likely to develop for larger contact displacements.

For biomechanical applications, the general Hunt—Crossley model (7.38) was
used in a number of papers [42, 70, 81]. Note also that the consideration of viscous
effects in quasistatic or dynamic simulations could be important, in particular, in the
simulation of total knee replacement [79].

Additionally, Eq. (7.38) incorporates the so-called Lankarani—Nikravesh contact-
impact force model (with p = n and the coefficient b inversely proportional to
the initial impact velocity). In biomechanical applications, the Lankarani—Nikravesh
model was used in [74] for describing articular contact between intervertebral discs
in the study of cervical spine dynamics.
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We observe that in contrast to Eq.(7.38), the force-displacement relationship
(7.37) introduces the viscous mechanism of energy dissipation and is likely to be
more physically sound in view of the biphasic nature of articular cartilage.

7.1.9 Modified Incomplete Storage Shear Modulus
and Loss Angle

Let D/’g (#) be the equivalent out-of-plane shear relaxation modulus defined as
D/’g (1) = Go¥p(1), (7.39)

where G|, and (1) are the equivalent instantaneous out-of-plane shear elastic mod-
ulus and the corresponding normalized compound relaxation function.
Then, in light of (7.25) and (7.37), Eq. (7.26) can be rewritten in the form

t

F(t) = MyR' / Dy(r — r)%(&)(r)") dr, (7.40)
0—

where (with ¢y (s) and & being defined by formulas (7.20) and (7.25);)

27er (s
n=3 1=2, R=+R R, M3=”2—§(‘). (7.41)

Let us now consider a sinusoidal loading with a prescribed contact approach
according to the law
So(t) =6 sinwt, t e (0,t,). (7.42)

Here, &;, is the maximum contact approach, and w is a given quantity having the
dimension of reciprocal time. The quantity

ty = — (7.43)

has a physical interpretation as the time moment when the contact approach &o(#)
reaches its maximum §,,. We emphasize that one may use Eq.(7.40) in the time
interval (0, #,,,), that is up to the moment when the monotonically increasing contact
area attains its maximum.

Following [11], we consider the quantity

Im

1 F(ty) , d {8(1)\"
—— = | Dy(ty, — 1)— dr, 7.44
M, R! on / ﬁ( " T)df ( Om ) ’ ( )

0
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and note that the quantity on the right-hand side of Eq. (7.44) was previously con-
sidered in a number of studies on indentation of viscoelastic materials [49, 61].

Substituting the expression (7.42) into the right-hand side of Eq. (7.44), we arrive
at the following integral:

7/Qw) 4
Gl (w) = / D/’S(%—I)E(sina)t)"dr. (7.45)
0

As shown in [11], the notation é; (w) has distinct interpretations for different values
of the subscript n.
By changing the integration variable, the integral (7.45) may be recast in the form

7/QRw)
Gl (w) =w / Dig(s)n cos" ! ws sinws ds. (7.46)
0

Comparing the above integral with the storage shear modulus (see, [80])

o0
Gl(w) = a)/ D;g(s) sin ws ds, (7.47)
0

we see that in the case n = 1, formulas (7.46) and (7.47) coincide up to the upper
limits of integration. This explains why the quantity G; (w) will be called the modified
incomplete storage shear modulus.

We now let 7); be the time moment when the contact force (7.40) reaches its
maximum, i.e., F(7y;) = 0, for the loading protocol (7.42). Then, by analogy with
the case of linear harmonic vibrations, we set

5, () = % — wiy. (7.48)

As a consequence of (7.43), formula (7.48) can be rewritten in the form

(tm - fM)

3

gn (w) =

SRS

Im

where we call the quantity 8, (w) the modified incomplete loss angle.
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7.2 Hunt—Crossley Contact Model

In this section, we study the Hunt—Crossley model of nonlinear impact, which
is widely employed in biomechanical applications. The equivalent Hunt—Crossley
model for articular contact is introduced based on the coincidence of the corre-
sponding modified incomplete storage moduli, in one instance, and of the so-called
modified incomplete loss angle of viscoelastic (short-time biphasic) model with the
corresponding loss angle for the Hunt—Crossley contact model, in the other.

7.2.1 Nonlinear Viscoelastic Hunt—Crossley Model of Impact

We now consider the impact of a rigid body of mass m against a deformable obstacle
with the following contact force [52]:

F(x, %) = bkx"% + kx". (7.49)

Here, n is a real constant, k is a stiffness coefficient, and b is a damping parameter.
According to Newton’s second law, the differential equation of the impact process

has the form
mxX = —F(x,x), tel0,t], (7.50)

where .. is the duration of contact interaction.
The initial conditions for Eq. (7.50) are formulated as follows:

x(0) =0, x(0)=vop, (7.51)

where vy is the body velocity before impact.

The contact duration . is determined as the instant ¢t = 7., when the reaction
force —F (x, x), or the body’s acceleration X, vanishes. It can be proven [32] that if
at the initial time moment, ¢ = 0, the before-collision velocity vy and the damping
parameter b are positive, then at any subsequent time moment ¢ during the impact
the following inequality holds:

. 1
x(t) > 5 (7.52)

Since the penetration x > 0 for ¢ € (0, #.), the contact force (7.49) vanishes as a
consequence of (7.52), when
x(t.) = 0. (7.53)

In other words, there is no residual penetration left as a result of the contact interaction
in the Hunt—Crossley impact model (7.49)—(7.51).
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7.2.2 Maximum Displacement
According to (7.49) and (7.50), the governing differential equation is
. ko, .
X+ —x"(14+bx)=0. (7.54)
m

We can eliminate the time variable from this equation by making use of the
differential relation
. dv
¥ = -

dv dx dv
=—=——=v—.
dt dx dt dx

In this way, Eq. (7.54) is transformed to the form

dv k
v— 4+ —x"(1 +bv) =0,
dx m

which can be integrated by separating variables as follows:

v

vdv 1
/ T = —;H(x). (7.55)

Vo

Here, I1(x) is the potential energy of elastic deformation, i.e.,

kxn—H

n+1

nx) = k/é"dé = (7.56)
0

Evaluating the integral on the left-hand side of Eq. (7.55), in light of the inequality
(7.52), we arrive at the following first integral [32, 48, 73]:

b2
In(1 + bv) — by = In(1 + bvg) — bvo + — I (x). (7.57)
m

Let x,, denote the maximum displacement of the body during the impact, which
occurs at the instant # = t,,,, when the velocity vanishes, i.e., x(t,;) = 0. So, substi-
tuting the value v = 0 into Eq. (7.57), we obtain

[bvo —In(1 + bvo)]

X = HM (7.58)

1/(n+1)
kb? ]

We now see that the peak penetration monotonically increases with increasing vg
and decreases with increasing b.
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7.2.3 Coefficient of Restitution

Since displacement x = 0 at the beginning and at the end of the impact (see
Egs.(7.51)1 and (7.53)), the post-collision velocity v is related to the pre-collision
velocity v by the equation

In(1 + bvy) — bvy = In(1 + bvg) — by, (7.59)

which follows from (7.57) due to the normalization I7(0) = 0 (see formula (7.56)).
We note that vi < 0.
Following Dyagel and Lapshin [32], we solve Eq. (7.59) for v; using the Lambert
W -function. Recall [29] that the Lambert function W (z) is defined implicitly as the
function satisfying
W(2)e"® =z, (7.60)

or, equivalently, for a given z, the corresponding value W (z) (possibly non-unique)
can be found as the solution of the equation We" = z. Over the field of real numbers,
the Lambert function has two branches Wy(x), x € (—1/e, +00), and W_1(x),
x € (—1/e, 0), shown in Fig.7.4. Note that Wo(—1/e) = W_1(—1/e) = —1.
Reducing the equation
In¢—¢=¢&

to the equation of the type (7.60)

we arrive at the following formula [32]:

1 1+ bvy
=——11 - 7.61
. b{ + WO( exp(l + bvo))} (7.61)

Fig. 7.4 Branches of the 1
Lambert function W (x): w 0 | - T [
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Since the velocity at the end of the impact
V1 = —exVo, (7.62)

where e is the coefficient of restitution, formula (7.61) yields

1 1+ bvy
=— 11+ Wl-——r——) - 7.63
o bvo [ + O( exp(l + bvo)) ] (7.63)

Here, Wy (x) is the principal real branch of the Lambert function.

7.2.4 Interpretation of the Damping Parameter in Terms
of the Coefficient of Restitution

The kinetic energy loss in the impact is

Asz_V(%_m_v%:m_‘%(l_ei),
2 2 2
where we have taken (7.62) into account.
The experimental data on collisions of balls [39] show that for most linear mate-
rials with an elastic range at low collision velocities vy, the kinetic energy loss is
proportional to the collision velocity cubed, i.e., AT ~ amvé, while the coefficient

of restitution decreases proportionally to vy, i.e.,
e ~ 1 —av. (7.64)

Here, « is an empirical constant, which can be obtained as a linear fit (see formula
(7.64)) of the experimental data for the coefficient of restitution e, regarded as a
function of the collision velocity vg.

In the framework of the Hunt—Crossley model, by the substitution of (7.62) into
Eq.(7.59), we arrive at the following equation for e:

In(1 — exbvg) + exbvy — In(1 + bvg) + bvg = 0. (7.65)

For relatively small values of the impact velocity (i.e., assuming that bvy < 1),
we can expand the left-hand side of Eq. (7.65) in a series of ascending powers of a
small dimensionless parameter

B = bvg.

In this way, Eq. (7.65) reduces to the following equation:

3 4
%(1+ei)+%(l—ei)_...=0.

2
La-a -
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We can derive useful formulas by keeping only two terms in the above expansion,

as follows:
3 —e))

T2(1+6d)

p (7.66)

By factoring the right-hand side of (7.66), we obtain the following formula [45]:

3 1 -
~ 3 (ze) (1.67)
2v0 (1 — e + €2)
Since for bvy <« 1, the coefficient of restitution is close to 1, and therefore we can
simplify the denominator in formula (7.67) by putting 1 — e, + ez ~ 1, we arrive at
the following asymptotic formula [52]:

3

b~
2vo

(1 —ex). (7.68)

Now, performing the same procedure for (7.66), we derive the following approx-
imate formula [64, 65]: 3

b~
4y

(1 —e?).

Other approximate relations connecting the damping parameter b and the coeffi-
cient of restitution e, are discussed in [37, 43, 71, 82, 89] along with the applications
of the Hunt-Crossley model in multibody dynamics simulations. Observe that the
coefficient of restitution in the linear viscoelastic impact models [9, 73] depends on
the impactor mass and does not depend on the impact velocity. An advantage of the
Hunt-Crossley impact model is the lack of dependence of the coefficient of restitu-
tion on the mass of the colliding bodies, and thus it can be regarded as an intrinsic
property of the material [73].

We point out that in [40, 89] it was recommended to evaluate the value of the
damping parameter b from the exact Eq.(7.65), provided the value of e, is known
from experimental measurements.

7.2.5 Interpretation of the Damping Parameter in Terms
of the Loss Angle in the Hunt—Crossley Model

Let us consider the variation of the Hunt—Crossley contact force (7.49) for a sinusoidal
displacement
x(t) = Asinwt, te 0,7/w), (7.69)

with an amplitude A and an angular frequency w.
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Substituting (7.69) into formula (7.49), we obtain
F(t) = kA" sin” wt (1 + bAw cos wt). (7.70)

Let 37 be the time moment when the contact force (7.70) reaches its maximum.
Then, following [11], by analogy with the case of harmonic vibrations, we set

5, () = % — wiy. 71.71)

Differentiating Eq. (7.70), we derive the equation F(tpr) = 0, which after the
substitution x = cos wtys can be reduced to the following form:

(n+ x> +nx — g =0. (7.72)
Here we have introduced the notation
f = bAw. (7.73)
Further, according to (7.71), we have
cos wtyr = sin &, (w),

and, therefore, Eq. (7.72) yields

2
sin &, (w) = p . (7.74)
V2 4+4m+1DB2 +n
Alternatively, from (7.72) it follows that
in 8
B = nem ",(“’2) . (1.75)
1 — (n+ 1)sin” 8, (w)
Finally, taking into account that x(0) = Aw and introducing the notation
vo = Aw, (7.76)
we can rewrite formula (7.75) as follows:
b— n sin &, (w) 777

o[l = (n+ Dsin? 8, (w)]

Note that in writing the above formula, we used relations (7.73) and (7.76).
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The quantity §,(w) will be called the loss angle for the Hunt—Crossley contact
model. If this quantity is measured experimentally, the damping parameter can be
recovered from (7.77) with (7.76) taken into account.

7.2.6 Equivalent Hunt—Crossley Model for Articular Contact

Based on the viscoelastic constitutive relation (7.26), we strightforwardly determine
two parameters n and k from the three parameters of Eq.(7.49) as follows:

n=3, (7.78)

_ Gy
k=2mcr(s) § RiRy, (7.79)

where cr(s) is a dimensionless factor (see formulas (7.19) and (7.20)), which is
close to 1 when the geometrical parameters Ry and R, do not differ significantly,
h = h1+h; is the joint thickness of articular cartilage layers, and G is the equivalent
instantaneous out-of-plane shear elastic modulus given by (7.25).

A greater difficulty is encountered in determining the damping parameter b. In
a number of papers (see, e.g., a review by Machado et al. [71]), the Hunt—Crossley
model was employed in multibody dynamics simulations with the parameter b
expressed in terms of the coefficient of restitution e,, which concept is difficult
to interpret in the context of articular contact.

We suggest the following approximate relation, based on Eq.(7.77), regarding
the loss angle as an intrinsic property of both the viscoelastic and the Hunt—Crossley
models: B
3 sin §3(w)

b= —.
vo[1 — 4sin? §3(w)]

(7.80)

Here, 5(w) is the so-called modified incomplete loss angle introduced by Argatov
et al. [11] for the viscoelastic model (see formula (7.48)).

We recommend replacement of the straightforward formula (7.79) with a new
relation, based on the coincidence of the corresponding modified incomplete storage

moduli. Since
F(ty) _ T

k’ = 5
A" " 2w

and taking into account Egs. (7.44) and (7.45), we obtain k = M, Rlég(a)). Alter-
natively, as a result of (7.41), we find

Gy(w)

k =2mcp(s) X

R Ry, (7.81)

where G/, () is the modified incomplete storage shear modulus (7.47).

/7
n
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In the framework of the short-time contact model for thin bonded biphasic poro-
viscoelastic layers (see Sect. 6.3), the corresponding normalized relaxation function
Wg(t) is determined by its Laplace transform lffﬁ s)y=1/ [s2d g(s)], where @g(t) is
given by Eqs. (6.58) and (6.59).

In the framework of the short-time contact model for thin bonded biphasic layers
(see [9, 14]), the corresponding equivalent instantaneous out-of-plane shear elastic
modulus is

) (hy + hy )3 S(l)AS(Z)
0= mASD +n3as)

(7.82)

where AZE:) and Aféf) are the out-of-plane shear elastic moduli of the solid matrices
of the biphasic layers, 4 and h; are the layer thicknesses.
Further, the equivalent (normalized) relaxation function is given by

Ws(r) = exp(—;—o), (7.83)

where the equivalent relaxation time 1 is defined by the formula
(1) éZ)
with B and B being given by
13 A5 B3 LD
YV EETON 2= BAD ¢ m3a)

p1 =

while ‘L'él) and r(gz) are the corresponding relaxation times of the biphasic layers, i.e.,

2 2
0= M (Do
st 2,
344 Ky REIYNS

Here, k%l) and k%l) are the in-plane permeability coefficients of the biphasic layers.
The modified incomplete storage shear modulus (7.46) is given by

7/Qw)
Gl () = Ghw / Wg(s)ncos" ' ws sinws ds,
0
where G6 and Wg(t) are defined by formulas (7.82) and (7.83).

In periodic activities like walking or running, we can put v = 2rf, where
f is the corresponding frequency. Otherwise, we suggest a simple approximation
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w = 1w /(2ty,), where t,, is a characteristic time period of the loading phase up to the
moment of peak contact approach. As in [37, 43, 71], the parameter v( in formula
(7.80) is interpreted as the initial contact velocity.

Observe also that formulas (7.80) and (7.81) can be used in developing semi-

analytical surrogate models for articular contact [41, 42], which, for instance, can
also take into account the effect of menisci.
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Chapter 8
Contact of Thin Inhomogeneous
Transversely Isotropic Elastic Layers

Abstract In this chapter we consider contact problems for thin bonded inhomo-
geneous transversely isotropic elastic layers. In particular, in Sects. 8.1 and 8.2, the
deformation problems are studied for the cases of elastic layers with the out-of-
plane and thickness-variable inhomogeneous properties, respectively. In Sect. 8.3, the
axisymmetric frictionless contact problems for thin incompressible inhomogeneous
elastic layers are studied in detail in the framework of the leading-order asymptotic
model. Finally, the deformation problem for a transversely isotropic elastic layer
bonded to a rigid substrate, and coated with a very thin elastic layer made of another
transversely isotropic material is analyzed in Sect. 8.4.

8.1 Deformation of an In-Plane Inhomogeneous Elastic
Layer

In the present section, the leading-order asymptotic models for the local indentation
of compressible and incompressible elastic layers developed in Chaps. 1 and 2 are
generalized for elastic layers with in-plane inhomogeneous material properties.

8.1.1 Deformation Problem Formulation

Recall that the constitutive relationship for a transversely isotropic media based in
the Cartesian coordinates (y1, y2, 7), where the Oyj y2 plane coincides with the plane
of elastic symmetry, has the following form [9]:

o1l AjptAp A3 0 00 11
022 Ap AirAiz 0 0 0 €22
033 | _| Az AizAs 0 0 0 £33 8.1)
023 0 0 0 244 O 0 £23 ’
o013 0 0 0 0 2444 O £13
012 0 0 0 0 0 2A(,6 €12
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In this section, we assume that the elastic constants Ay; are functions of the
in-plane coordinates y = (y1, y2), so that the layer possesses an in-plane inhomo-
geneity.

By substituting the components of strain

L /0vy Ovg
==\—+ _)5 ) = 17 2’
Sap 2 (3yf3 A o b

1(8w n Bva) ow
& = —| — —, & [ —
=5 \oye " 0z Pz

into Hooke’s law (8.1), we obtain the stress-displacement relations

vy vy ow aw AL
on=An—+Ap—+Ai—, 023=A44(—+—),
ay1 ay2 0z dy, 9z
avy AL ow aw avy
on =Ap—+Anu-—+AB—, o =A44(—+—), (8.2)
0y1 ay2 0z dy1 9z
vy o ow vy | dn
033 = Az — + Az — + Az —, 012=A66(—+—),
ay1 a2 0z dy2 9y
where A1y = Aj] — 2Ag6 due to the in-plane symmetry properties.
The substitution of the above expressions into the equilibrium equations
doj1  dojp  d0j3 .
=0, i=1,2,3,
0x1 + 0x2 + 0X3 !
yields the system of Lamé equations
2(V,) +V(A aw)+A v Y g (8.3)
)V —_— —_— — =V, .
y y 13 9z 44 Vy 9z 44 3Z2
3 9 32w
Vy- (AgaVyw) + —Vy - (AgaV) + —AV, v+ Az3— =0, (8.4)
9z 0z 0z

where V, = (3/0dy1, 8/dy>) is the in-plane Hamilton operator, the scalar product is
denoted by a dot, and £(V,) is a 2 x 2 matrix differential operator such that

CualVy) = (A ) o (g ).

P 66

A 0Ya 0y3—« 0Y3—q

9 9 9 9
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We consider the deformation of a thin in-plane inhomogeneous elastic layer (with
the elastic constants Ay (y)) of uniform thickness, %, ideally bonded to a rigid



8.1 Deformation of an In-Plane Inhomogeneous Elastic Layer 263

L7777777777777777777777777777777777777777777777777777
Z

Vi

Fig. 8.1 An in-plane inhomogeneous elastic layer of uniform thickness bonded to a rigid substrate
and supporting a distributed normal load

substrate (see Fig.8.1). At the bottom surface of the layer, z = h, the following
boundary conditions are imposed:

v|._, =0, w[_,=0. (8.5)

On the upper surface of the elastic layer, we impose the boundary conditions of
normal loading with no tangential tractions

013|Z=0 = 023}Z=0 =0, 033|Z=0 =-p, (8.6)

where the normal load p(y) is a given (sufficiently smooth) function of the in-plane
coordinates y = (y1, y2).

The problem (8.3)—(8.6) generalizes the deformation problem studied in Chaps. 1
and 2 for the case of transversely isotropic elastic layers with in-plane inhomogeneous
properties.

8.1.2 Perturbation Analysis of the Deformation Problem

Assuming that the elastic layer is relatively thin, we require that
h = ehy, (8.7)

where ¢ is a small positive parameter, and /. is a characteristic length, which is
assumed to be independent of €.
By introducing the so-called “stretched” dimensional normal coordinate

¢ =23, (8.8)
E

we transform the Lamé equations (8.3), (8.4) into the following:

— _— 4 —— ) w) + W s .
g2 448§2 £ 9¢ v “ Y

1 ®w 139
£_2A338_§2 + gg(vy- (Agqv) + A13V,- V) + Vy- (AaVyw) = 0. (8.10)
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Correspondingly, the boundary conditions (8.6) become

10

g a¢ =0
1 ow
—A33— +A;3Vy v = —p. (8.12)
& 8{ =0

As before, we apply the perturbation algorithm [14] to construct an approximate
solution to the system (8.5), (8.9)—(8.12) in the form of asymptotic expansions

v=ev'y. O) + eV 3y, )+ -, (8.13)
w=ewl(y, o) +ewl(y, o) +---, (8.14)

where the successive coefficients of the powers of ¢ are independent of ¢.
Following the standard procedure of the perturbation technique, we derive a set

of equations for the terms of expansions (8.13) and (8.14). In particular, the leading

terms of the asymptotic expansions are determined as solutions of the problems

92v0 avo
App——— =0, € (0, hy), — =0, v° =0; 8.15
w3 ¢ € (0, hy) 3 |eco v |;:h* (8.15)
At o re O, hy), A 3w’ 0] 0, (8.16)
=Y, 5 ) = —p, w =0V, .
3502 ¢ * B2 o p t=h,
from here it follows that
p(y)
Vy. 0 =0, Wy o) = T =0, (8.17)

The next two terms of the asymptotic expansions (8.13) and (8.14) satisfy the
problems

A 92yl _ v (A 3W0) e G0 o
“gez = Ay 44y8§,; Iy,
vl 0 |
3 “Vowesgr Vi, =0 (8.18)
92wl 9 0 P .
Az3 3;2 = —Evy' (Agqv”) — A13&V},. v, ¢ € (0, hy),
wl 0 1
A33¥ o —A13Vy- v |§_0, w |§=h* =0. (8.19)
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In light of (8.17)1, from (8.19), it immediately follows that
wl(y,¢) =0, (8.20)
while the substitution of (8.17); into Eq. (8.18) leads to the problem

=) s (). ceon

av! p 1
_h*Vy(A_:B)’ \% |§:h* = 0

¢ =0
As the elastic constants and the normal load are functions of the in-plane coordi-
nates only, the right-hand side of Eq.(8.21); is independent of ¢. Thus, the double
integration of Eq. (8.21); with the boundary conditions (8.21); and (8.21)3 taken into
account yields

Lo W=D (A N (=0 p
v(y.§) = A Vy(A33p)+ 5 Vy(A%). (8.22)

Agq
(8.21)

The second non-trivial term of the asymptotic expansion satisfies the problem
3*w? 3
38_{2 = —%[Vyn (A44V1) — A13Vy- Vl] —Vy- (A44Vyw0),

w2

A33— =0.

—A13Vy-vl|§:0, w2|§=h*

In light of (8.17); and (8.22), the above equations take the form

32W2 A13 1 A13
i =) e (e ()
= 0ABA(4-). e Oh, (8.23)
_ hiAp 1 Az 14 ) _
o 2433 [Vy' (A44V (A33 )) _Ay(A_33):| Wiy, =0

Integrating Eq. (8.23); and taking into account the boundary condition (8.23), at
¢ = 0, we obtain

1‘\338—W2 = —Csz(ﬂp) + sz)ABVy (LV (Amp))

w2

a¢ 7 Az Ay Asz3
S P
+ (-5 -3) 13Ay(A—33), ¢ €0, hy)



266 8 Contact of Thin Inhomogeneous Transversely Isotropic Elastic Layers

By integrating the above equation and taking into account the boundary condition
(8.23)3 at ¢ = h,, we arrive at the formula

2 _ 1 3.3 ﬂ
W0 = = e94,(30 )

Aqs 2 1 Aqs
— (b — 02 +2h) Yy (A—vy( ))

6A33 44 A33p

A3 3 p

——(hy — Ayl — ), 8.24
st = 0ay(1) (8.24)

where for brevity we do not show the argument y of the functions p(y), A13(y),
A33(y), and As4(y).

8.1.3 Local Indentation of the In-Plane Inhomogeneous
Layer: Leading-Order Asymptotics for the Compressible
and Incompressible Cases

Recall that the local indentation of an elastic layer is defined as

wo(y) = w(y, 0),

where w(y, 0) is the normal displacement of the layer surface.
In the case of the compressible layer, Egs. (8.7), (8.8), (8.14), and (8.17); yield

wo(y) = P, (8.25)

A33(y)

so that the deformation response of the elastic layer is analogous to that of a Winkler
elastic foundation with the variable modulus

A
k(y) = 32(” . (8.26)

‘We emphasize that formula (8.26) is valid for a thin bonded compressible transversely
isotropic elastic layer with in-plane inhomogeneous properties.

When the material approaches the incompressible limit, the right-hand side of
(8.26) increases unboundedly and the first term in the asymptotic expansion (8.14)
disappears. Consequently, the ratios A44/A33 and A13/A33 tend to O and 1, respec-
tively.

Therefore, in the limit situation, formula (8.24) reduces to

2 1 2 1
WA 0) = = (hs = 0P + 2h) V) (A—nyp). (8.27)
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In the case of an incompressible bonded elastic layer, formulas (8.7), (8.8), (8.14),
and (8.27) give

~ h3V ! 8.28
WO(Y)—_? y'( +(¥) yp(Y)) (8.28)

where aqq4 = Ayq is the out-of-plane shear modulus.

8.2 Deformation of an Elastic Layer
with Thickness-Variable Inhomogeneous Properties

In the present section, the leading-order asymptotic models for the local indentation
of thin bonded compressible and incompressible elastic layers developed in Chaps. 1
and 2 are generalized for elastic layers with the so-called thickness-variable inho-
mogeneous material properties.

8.2.1 Deformation Problem Formulation

Let us consider the deformation of a thin transversely isotropic inhomogeneous elas-
tic layer of uniform thickness, &, with variable properties across the layer thickness
(see Fig.8.2). If the plane of isotropy is parallel to the layer surface, the stress-
displacement relations take the form

o11 —Au—avl +Alz8 2 +A13—aw, 623—A44(8W +_8vz)
ay1 0y 0z ay2 0z

02 = A12_8v1 + An—av2 + A13—aw, o013 = A4 (—aw + _8v1) (8.29)
0yl 0y 9z ay1 0z

033 = A13—8 + A13_aV2 + A33—8 , O = A66(8V1 + —avz).
ay ay2 0z dy2 Iy

Here, u = (u, w) is the displacement vector, v and w are the in-plane and out-of-
plane displacements, respectively, both of which are functions of three-dimensional
Cartesian coordinates (y, z).

T7777777777777777T77777777T 7777777777777 777777777
Z

Vi

Fig. 8.2 A thickness-variable inhomogeneous elastic layer of uniform thickness bonded to a rigid
substrate and supporting a distributed normal load
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Let us assume that the elastic constants Ay; are represented in the form

Ap = oy (%) (8.30)

or, equivalently, the material properties are expressed as functions of the normal-
ized depth coordinate z/h. Note that according to the terminology introduced in
[11, 12], we consider a transversely isotropic, transversely homogeneous (TITH)
elastic model.

The substitution of the stress-displacement relations (8.29) into the equations of
equilibrium

do; d0; d0;
0il + 0i2 4 0i3 —0, i=1223,
0x1 0x2 0X3

yields the Lamé equations

ad
AgeAyvV + (A11 — Ag6)VyVy -V + A13&Vyw

ad ad av
— (A V —(Au—) =0, 8.31
+8z( 44 yw)+8z( 443Z) (8.31)

d d ) ow
SABYs V) + Au Vv Audgr+ o (Ango) =0 (832)

where Vy, = (3/dy1, 9/dy2) and Ay = V-V, are the in-plane Hamilton and Laplace
operators, respectively, and the scalar product is denoted by a dot.

Let us assume that the elastic layer is loaded on the upper surface, z = 0, with a
normal load, p, without tangential tractions, and that it is perfectly attached to a rigid
substrate at the bottom surface, z = h, so that the following boundary conditions
take place:

013 _g = 053], = 0. om| o= —p. (8.33)
V|z:h =0, W|z:h =0. (8.34)
As before, we are interested in the case where the applied load p is specified on

the whole upper surface of the layer, and is a sufficiently smooth function of the
in-plane coordinates y = (y1, y2).

8.2.2 Perturbation Analysis of the Deformation Problem

We assume that the elastic layer is relatively thin and we set

h = ehy, (8.35)
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where ¢ is a small positive parameter, and %, is a characteristic length, which is
assumed to be independent of ¢.
Let us also introduce the dimensional stretched normal coordinate

=2, (8.36)

so that in light of (8.30), (8.35), and (8.36), we obtain

Ap = Otkl(hi*). (8.37)

The substitution of the coordinate change (8.36) into the Lamé equations (8.31),
(8.4) leads to the system

—(A44—) + é(AB%VyW + %(A44Vyw))
+ AgeAyv + (A11 — Ags)VyVy- v =0, (8.38)
Y b (LAY W) + AoV )

e \9¢ ) ac

+ AggAyw = 0. (8.39)

Correspondingly, the boundary conditions (8.33) on the upper surface of the layer
become

10dv

-— +Vyw ’ =0, (8.40)
1 ow
—Az3z— +A13Vy-v = —p. (8.41)
€ 9¢ =0

The boundary conditions (8.34) on the bottom surface then take the form

cen, =0, w|._, =0. (8.42)

Using the perturbation algorithm [14], we construct an approximate solution to
the system (8.38)—(8.42) in the form of asymptotic expansions

v=ev'y. O) + eV 3y, )+, (8.43)
w=ewl(y, o) +ewl(y, o)+, (8.44)

where the successive coefficients of the powers of ¢ are assumed to be independent
of the small parameter ¢.

The substitution of the asymptotic expansions (8.43) and (8.44) into Egs. (8.38)—
(8.42) produces a set of differential equations that must be satisfied for arbitrary ¢.
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In particular, the leading terms of the asymptotic expansions (8.43) and (8.44) are
determined as solutions of the following two problems:

B av? av0
A =0, 0,hy), —| =0, v° =0; (845
sclAusr) =0 ceon, o =0 Pl =0 @49
9 w0 aw?

A =0, 0,hy), Apz—/| =—p, w =0. (8.46
8§( 33 C) el *) 338;;0 D W\;:h* ( )
From (8.45), it immediately follows that

vy, o) =0, (8.47)

while the non-trivial boundary-value problem (8.46) has the following solution:

W05, 0) = p(y) / (8.48)
A3’
As a result of (8.47), it can be easily seen that the problem
8(A aW) 9 A3V V) — A2V, V0. £ e (0.hy)
—(An——)=—— V) = Ay =V v ),
ac 33 T T 13Vy 4484“ y e *
aw! 0 1
Asag =—AiVy-v |;=0’ w |§=h* =0
is homogeneous, and therefore its solution is trivial:
wl(y, ) =0. (8.49)

Simultaneously, for the first non-trivial term of the asymptotic expansion (8.43),
we have the problem

d 3V 3A13 0
7 —(Au-) = eV = e (A + AwV). £ e O h).

¢
vl
3¢ |,

(8.50)
—0.

yWO’g=o’ v ’g:h*

To solve the above problem, we first rewrite formula (8.48) in the form

wo(y, 0) = p?°©), (8.51)
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where we have introduced the notation

hy

de’
wO) = / ) 8.52
) { A (C) (8.52)

Observe that we employ the notation A33(¢) for brevity, and that as a result of
(8.37), Eq.(8.52) can be written as

h

1
e =/—d g
© ! a33(¢'/ hy) ¢

Thus, according to (8.51), the solution of the system (8.50) can be represented in
the form

vy, O) = Vypm 7 @), (8.53)

where #1(¢) is a scalar function satisfying the problem

d dv'! av’ d 0

E(AM?) = _ABW — E(AMW )7 ¢ €(0,hy),
i (8.54)
ar — 0 1 _
i 7o), 7, =0

Integrating the differential equation (8.54);, we obtain

¢
ar! 1 A 0 Ci
- At — W) + —2
dc A44<c)0/ ane) O Lo

where C is an integration constant. In light of the first boundary condition (8.54),
we readily find that C; = 0.
Upon integration of the above equation, we arrive at the formula

Iy &
I ARE)
7! :_/( /13 a5’ =" )d’
© J\iw®) Ane) & @) )

which after recalling the definition of the function #9(¢) (see Eq.(8.52)) can be
rewritten as
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Ny 3
1 A3(Z") S ¢
1l =_/ / B2 acd . 8.55
“ | Au® ) 4 CAET [ e s )

We now return to the problem for the second non-trivial term of the asymptotic
expansion (8.44), that is

d aw? 3 | d | 0
§(A33¥) = _&(Alf%vy' V) — A44§Vy~ vV — Ay Ayw?,

an?
A33—

(8.56)

= —Ap;Vy-v! |e—o> W2|c=h* =

According to (8.51) and (8.53), the solution to the problem (8.56) can be repre-
sented in the form
wh(y, 0) = A, pWM A2 (0). (8.57)

where #/%(¢) is a scalar function satisfying the problem

d an’ d dy’!
A =——(An?Y"YH — Apy—— — A, 0, hy),
dg( 33— ac ) dC( 1377) 44 ac 44 ¢ €(0,hy)
e (8.58)
Azz—— = —A137/1 P w2 _, =0.
dé’ =0 |§_0 |§_h*

By integrating Eq.(8.58); with boundary condition (8.58), taken into account,
we find

sz_ A13 / A13(§)
T ¢ =50

A final integration reveals

s Iy &
Ai3(n) 1 A3
Y =/ YY) d / / e de'de. (8.59
) J A () €)) n+{ A33(§)0 & C)A33(§/) 'dé. (8.59)

By collecting formulas (8.57) and (8.59), we can write out a closed-form repre-
sentation for the function w2(y, ).
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8.2.3 Local Indentation of the Inhomogeneous Layer:
Leading-Order Asymptotics for the Compressible
and Incompressible Cases

In the case of the compressible layer, formulas (8.44), (8.51), and (8.52) yield for
the local indentation

wo(y) = w(y, 0)

the following leading-order asymptotic approximation:

dg
A33(0)’

D
wo(y) = EP(Y)/
0

Following (8.30), (8.35)—(8.37), the above formula can be transformed to

dz
A33(2)’

h
wo(y) = p(y) / (8.60)
0

In other words, the deformation response of a thin bonded compressible inhomoge-
neous elastic layer resembles that of a Winkler elastic foundation with the modulus

h ; )
k = (/ < ) . (8.61)
A33(2)

0

Itis clear that in the case of a thin compressible homogeneous elastic layer formula
(8.61) reduces to (1.65).

When the layer material approaches the incompressibility limit, the ratio A44/A33
vanishes, while the ratio A13/A33 tends to 1. At the same time, the Winkler foundation
modulus k defined by (8.61) tends to infinity. Thus, in the case of the incompressible
layer, formula (8.55) results in the following:

Dy
Ed&
as(€)’

() = — (8.62)

¢

Here, a4q4 = Aua is the out-of-plane shear modulus.
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Correspondingly, Eq. (8.59) reduces to
i
72 = / 7y dy. (8.63)
¢

The substitution of (8.62) into (8.63) reveals

Ty
2 _ 1 h*_/ d_nj/l
rO=cr'o| - [
0
By
= & d (8.64)
B a44(%) ¢ ‘

Collecting formulas (8.44), (8.57), (8.64), and taking into account Eqgs. (8.35)—
(8.37), we obtain

22dz

as(z)’

h
wo(y) = —Ayp(Y)/ (8.65)
0

We emphasize that formula (8.65) is derived for a thin bonded incompressible
transversely isotropic, transversely homogeneous elastic layer.

8.3 Contact of Thin Bonded Incompressible Inhomogeneous
Layers

In this section we briefly consider the axisymmetric frictionless contact problems for
thin inhomogeneous transversely isotropic elastic layers bonded to slightly curved
rigid substrates. The developed leading-order asymptotic models are validated by
comparison with available published results.

8.3.1 Contact Problem Formulation

We consider two thin uniform inhomogeneous elastic layers firmly attached to rigid
substrates. In the undeformed configuration the layers are in contact at a single point,
O, chosen as the center of the Cartesian coordinate system Oy>y»z (see Fig.3.1).
We write the equations of the layer surfaces in the form z = (—1)"¢,(y) (n = 1, 2),
so that the gap between the contacting surfaces is


http://dx.doi.org/10.1007/978-3-319-20083-5_3
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oY) = e1(y) + e2(y). (8.66)

Denoting the vertical contact approach of the substrates—as usual—by &g, we
formulate the linearized unilateral non-penetration condition as follows:

8o — (W@ +w ) < o). (8.67)

Here, w(()n) (y) is the local indentation of the nth elastic layer.
Generalizing the results of the previous two sections, we arrive at the approximate
formula for the local indentation of the nth layer

hn

\ 2d
v%sz—vy(/aaf;vW@O, (8.68)
0

where p(y) is the contact pressure density, /,, is the thickness of the nth layer, and
G, (y, z) is the out-of-plane shear modulus as it measured from the layer surface.

The contour I of the contact area w is determined from the condition that the
contact pressure is positive inside w and vanishes at I", so that

p(y) >0, yeow, p(y)=0, yel. (8.69)

Moreover, in the case of incompressible layers, we additionally assume a smooth
transition of the pressure density p(y) from the contact region w to the outside
regiony ¢ w, where p(y) = 0. Thus, in addition to (8.69),, we impose the following
zero-pressure-gradient boundary condition (see Sect.2.7.3 and [5, 7, 8]):

ap
“(y)=0, yeT. (8.70)
on

Here, d/0n is the normal derivative directed outward from w.

By substituting the expressions for the local indentations w(()l)(y) and w(()z) (y)
provided by formula (8.68) into the contact condition (8.67) and taking into account
(8.69)1, we derive the governing differential equation

Yy (YO Vyp®) =80 — ¢(y). ¥ € o, 8.71)

where we have introduced the notation

h] hl

72dz z2dz
= . 8.72
) mem+5amw (8.72)
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Finally, the equilibrium equation for the whole system is

// p(y)dy = F, (8.73)

where F is the external load compressing the elastic layers.

The boundary-value problem (8.69)—(8.71) will be used to find both the contact
area w and the contact pressure p(y), while the equilibrium equation (8.73) will
allow determination of the contact approach §y, provided that the contact force F is
given in advance.

8.3.2 Axisymmetric Unilateral Contact Problem

Introducing the cylindrical coordinate system (r, 6, z), we can write equations of the
undeformed layer surfaces in the form z = (—1)"¢,(r) (n = 1, 2), so that the gap
function (8.66) becomes (see Fig. 8.3)

o) = 1(r) + 2(r). (8.74)

For the sake of simplicity, we assume that the gap ¢(r) is a smooth increasing
function and thus that the contact area w is a circle of some radius a.
Due to the chain rule of differentiation, we have

d sinf a a .0 cosf 0
ay1 ar r 90’ 3y ar r 00’

so that the in-plane Hamilton operator is

v (cos@a sin 0 a)e —i—(s'n@a +cos9 a)e
, — —_— —_— 1 e —_— s
y ar  r 90/ ar 5 00/

where e and e; are the basis vectors of the Cartesian coordinate system.

Fig. 8.3 Two z
inhomogeneous
incompressible elastic layers
bonded to axisymmetric
rigid substrates in the
undeformed configuration
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For an axisymmetric density p(r), we have
d d
V, p(r) = cos Qd—I:(r) el + sian—I:(r) e
and correspondingly

Vy- (y()Vyp()

=2 (v L),

while, as a result of (8.72), the function y (r) is given by
h] hl

(r)—/ Z2dz +/ 72dz
A AT G(r.2)

0 0

Further, Eq. (8.71) takes the form

1d d

— ;E(ry(r)d—]:(r)) =680 —¢(r), re0,a),

whereas the boundary conditions (8.69), and (8.70) become

pla) =0, Z—lr’(a) =0.

Integrating Eq. (8.76), we find

dp. % r 1 ]
d—r(r) =250 + ry(r)/qJ(p)pdp,
0

d dp 1 dp
(v ZEw) + -y e
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(8.75)

(8.76)

(8.77)

(8.78)

where the integration constant vanishes due to the regularity condition for the solution

of the problem (8.76), (8.77) at the center of the contact area r = 0.

By substituting 7 = a into the above equation and taking into account the boundary

condition (8.77),, we derive the following equation:

.
2
do = ;/w(p)pdp-
0

(8.79)
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By integrating Eq. (8.78) and employing the boundary condition (8.77)1, we obtain

a

a p
:5_0/‘”1’)_/ ! / ded 8.80
p(r) > | v , py(p)o p(&)EdEdp. (8.80)

r

Formula (8.80) presents the contact pressure in terms of the gap function ¢(r),
given by (8.74), the elastic compliance function y (r), defined by (8.72), and two
a priori unknown parameters & and a, which are related by Eq. (8.79).

An additional equation for determining the contact approach §p and the contact
radius a is provided by the equilibrium equation (8.73). Specifically, the substitution
of (8.80) into Eq. (8.73) yields

a

3 a r

T p dp / r /
F=—=§ —_ = —_— dodr. 8.81
> O/y(p) b4 V(r)o w(p)pdpdr (8.81)

0 0

In the case of in-plane homogeneous elastic layers, where y(r) is constant,
formulas (8.80) and (8.81) reduce to the following:

p(r) = 8—0(112 —r?) - l@(a, ), (8.82)
4y Y
_ 2 2
F = 4—/<p(p)(2p —a”)pdp. (8.83)
14
0

Here we have introduced the notation

a r

Oa,r) = / v(pin % dp - / ¢(p)oin - dp. (8.84)

r

Observe that in writing formula (8.83) we have taken into account Eq. (8.79). We
also note that the contact radius is determined as a solution of Eq. (8.79).

8.3.3 Contact Problem for a Thin Bonded Non-homogeneous
Incompressible Elastic Layer with Fixed Contact Area

Let us now consider contact interaction between a thin elastic layer bonded to a rigid
substrate and a punch, under the assumption that the contact area, w, does not change
if the contact load, F, varies. In this case, the contact condition is
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wo(y) =80 —¢(y), ye€w, (8.85)

where &g and ¢ (y) are the punch’s normal displacement and the punch shape function,
and wo(y) is the local indentation of the elastic layer.

For a thin incompressible elastic layer, according to the asymptotic analysis per-
formed in Sects. 8.1 and 8.2, we have

h
2
wo® =~y [ [ 22 v o). (8.86)
y G/(y, Z) y
0

where p(y) is the contact pressure distribution, 4, and G’ (y, z) are the elastic layer’s
thickness and out-of-plane shear modulus measured in the z-direction from the layer
surface, respectively.

Substituting (8.86) into Eq. (8.85), we arrive at the equation

= Vy (y@MVyp®) =80 — ¢(y), yE€ o, (8.87)

where we have introduced the notation

h
22dz

= _ 8.88
r(y) 0/ G'(y, 2) (8.88)

The second-order differential equation (8.87) requires some boundary conditions
at the contour I of the domain w. As was shown by Aleksandrov [1] (see also
Sect.2.7.2) in the axisymmetric contact problem for a thin incompressible isotropic
elastic layer, in order to construct the leading-order inner asymptotic solution for the
contact pressure under a flat-ended punch, the differential equation (8.87) should be
supplemented with the following boundary condition:

p(y)=0, yer. (8.89)

In the case of a thin bonded homogeneous incompressible elastic layer (when
y(y) = const), Barber [7] has shown that the problem (8.87), (8.89) is formally
equivalent to the Saint-Venant torsion problem (see, e.g., [19], Chap. 10), and hence
the analytical solutions to many contact problems can be written down.

We emphasize that in the case of an elastic layer indented by a rigid punch with
a sharp edge, the contact pressure has a square-root singularity at the contour I”
(see, e.g., [3, 13, 15]). For a thin elastic layer this effect is taken into account by the
additional asymptotic solution of the boundary-layer type (see, in particular, [1]).

Finally, the punch’s displacement &y and the contact force F are related through
the equilibrium equation
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// p(y)dy = F. (8.90)

Observe that, from a physical point of view, there exists a constant y; such that
the function (8.88) satisfies the condition

y¥) =y, yEO=wUTI.

According to the weak maximum principle (see, e.g., [10]), if the right-hand side
of Eq. (8.87) satisfies the condition

do—¢(y) =0, yeo, (8.91)
then the minimum of the contact pressure p(y) in @ is achieved on I, i.e.,

min p(y) = min p(y). (8.92)
YEW yel’

Hence, from (8.89) and (8.92), it follows that in the case (8.91), we have throughout
the contact area

p(y) =0, yeco. (8.93)

We note that under some assumptions on the domain w (e.g., for a simply con-
nected domain  bounded by a smooth contour I of class C?), the strict inequality
in (8.91) implies the strict inequality in (8.93). Equivalently, if the local indentation

of a thin incompressible elastic layer is positive over the whole contact area, then the
contact pressure under the punch is positive, which is generally not the case.

8.3.4 Axisymmetric Contact Problem with Fixed Contact Area

We now consider the following linear contact problem (see Fig. 8.4):

1d dp -5 0 8.94
—;E(ry(r)%(r)) =d0—¢(r), re(0,a), (8.94)
p(a) =0, (8.95)

2n/p(r)r dr =F. (8.96)

0
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Fig. 8.4 An inhomogeneous F
incompressible elastic layer
bonded to a rigid substrate in 1111110 y !
full contact with an | S
. M h T
axisymmetric rigid punch a
I7T77777777777777777777777
Z

As aresult of (8.88), we have

h

Z2dz
y(r) =/ o)

0

The solution to Egs. (8.94)—(8.96) is given by the formulas (see Sect. 8.3.2):

a a p
25_0/""‘)_/ ! / ded 8.97
p(r) > r () r py(p)o p(§)§ d&dp, (8.97)
F—z(s/a@—n/aL/r (p)p dpdr (8.98)
BV RTONF RTCV R '

In the case of the in-plane homogeneous elastic layer, where the shear modulus
G’ does not depend on r and y (r) is constant, Egs. (8.97) and (8.98) yield simply

) 1
p(r) = ~2(a® - r?) — —O(a. ), (8.99)
4y 4
a
T T
F=spat— X / 0(0)@® — pP)pdp, (8.100)
8y 2y
0

where the factor @ (a, r) is given by formula (8.84).

The obtained solution and, in particular, formula (8.99) agree with the so-called
degenerate asymptotic solution obtained by Aleksandrov [1] in the isotropic and
homogeneous case. The contact problem for an incompressible inhomogeneous
isotropic elastic layer bonded to a rigid substrate, and indented without friction by a
rigid punch, was studied by Malits [16], who, in particular, constructed the leading-
order asymptotic solution in the case of a circular punch of three-dimensional profile,
where formula (8.100) takes the following form:
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a
T

F= 5 —8oa* ——/dG/cp(p 0)(a®> — p*)pdp.
Y
0

For the flat-ended punch, when ¢(r) = 0, Egs.(8.99) and (8.100) further sim-
plify to

5
p(r) = ~2(a® - r?), (8.101)
4y
F =" s0a" (8.102)
8y

In the case of the homogeneous isotropic incompressible elastic layer, we have

h3

—, 8.103
3G ( )

y =
where G is the shear modulus, and formula (8.101) coincides with the solution
obtained by Aleksandrov [1], while Eq. (8.102), apart from notation, coincides with
the corresponding equation obtained by Malits [16].

8.4 Deformation of a Thin Elastic Layer Coated
with an Elastic Membrane

In this section we consider the deformation problem for a transversely isotropic elastic
layer bonded to a rigid substrate and coated with a very thin elastic layer made of
another transversely isotropic material. The leading-order asymptotic model is based
on the simplifying assumptions that the generalized plane stress conditions apply to
the coating layer, and the flexural stiffness of the coating layer is negligible compared
to its tensile stiffness.

8.4.1 Boundary Conditions for a Coated Elastic Layer

We consider a very thin transversely isotropic elastic coating layer (of uniform thick-
ness fz) bonded to an elastic layer (of thickness #) made of another transversely
isotropic material (see Fig.8.5).

Let the five independent elastic constants of the elastic layer and its coating are
denoted by Ay, A12, A13, A3z, Agq and Au, A12, A13, A33, A44, respectively.

Under the assumption that the two layers are in perfect contact with one another
along their common interface, z = 0, the following boundary conditions of continuity
(interface conditions of perfect bonding) should be satisfied:
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Fig. 8.5 A two-layer elastic 2b
system (coated layer and ,
coating layer in perfect pOLY)
bonding) bonded to a rigid R
substrate and loaded by a h i
normal load h
7777777777777 777777 7777777777 777777777 7777777777777
z
V(y,0) = v(y,0), Ww(y,0) =w(y,O0), (8.104)
63j(y,0) =03;(y,0), j=123. (8.105)

Here, (V, W) is the displacement vector of the elastic coating layer, and &;; are the
corresponding components of stress.

On the upper surface of the two-layer system, z = —h, we impose the boundary
conditions of normal loading with no tangential tractions

&31(y, —h) = o3 (y, —h) =0, 633(y, —h) = —p(y), (8.106)

where p(y) is a specified function.

Following Rahman and Newaz [18], we simplify the deformation analysis of the
elastic coating layer based on the following two assumptions: (1) the coating layer is
assumed to be very thin, so that the generalized plane stress conditions apply; (2) the
flexural stiffness of the coating layer in the z-direction is negligible compared to its
tensile stiffness.

In the absence of body forces, the equilibrium equations for an infinitesimal
element of the coating layer are

9611 9612 96 3621 | 96 36

o1 4 012 n 013 —o. 021 + 022 + 023 =0, (8.107)

dyp  dy2 0z Iy a2 B2

a0 0 a0
3, 00m | 903

ay1 ay2 9z

=0. (8.108)

The stress-strain relationship for the transversely isotropic elastic coating layer is
given by

611 AnpAp A 00 0 811

522 AAIZ f}ll AAIS 0 0 0 §22

6:733 _|A3A3A3 0 0 0 %33 (8.109)
023 0 0 0 244 0 0 &3 |’ '
13 0 0 0 0 244 0 €13

012 L 0 0 0 0 0 24g | \%12

where 2AA66 = All — AA12.
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Integrating Eqs. (8.107), (8.108) through the thickness of the coating layer and
taking into account the interface and boundary conditions (8.105) and (8.106), we
find

~ 88‘11 33‘12 ~ 302'12 33'22
hl —— — ) = — s hl —= + — )= — s 8.110
( o | om ) 711l ( Iy ) o2l G110

L (0013 3323)

h _— 4+ — = —033|._n— D (8111)
( dyr Iy =0

Here, fri ; are the averaged stresses, ie.,

0
2 I [.
oij(y) = Z/Uij(y, 7)dz.

—h
Under the simplifying assumptions made above, we have

33 =0. (8.112)

Qn»
Qn»
Qp

13 =023 =
Hence, Eq. (8.111) immediately implies that

o33],_o = —p- (8.113)
Moreover, in light of (8.112), the averaged strain £33 must satisfy the equation

A13811 + A13822 + A33833 =0,

and, therefore, the in-plane averaged stress-strain relationship takes the form

&1 1‘511 412 0 &1
on | =| A A O & |, (8.114)
012 0 0 24¢ | \€12

where we have introduced the notation

~ ~

~ A2 A2 A ~ A

&2 13 3 13 & 2 y

A=A — ==, An=Anp— ==, 246 =A11 —Ap. (8.115)
Aszz Aszz

2 1>

On the other hand, in light of the interface conditions (8.104), we have

11 =E11|,_g €2 =262|._, E12=2¢812| _, (8.116)
z=0 z=0 z=0
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where €11, €22, and €17 are the in-plane strains in the coated elastic layer z € (0, k).
Taking Egs. (8.114) and (8.116) into account, we transform the boundary condi-
tions (8.110) into the following:

1 0 = 8V1 2 8\12) = 0 (3\)1 3\)2)
—=031|,g= > \Aus-+An— | tAe— |-+ )
h =0 1 ( v ay2 ay2\dy2 I

1 | 2 a (8v1 n 8vz) N ] (: vy +2 sz)
—=0xn| _o=Acwr— |-+ )t (A -
hole=0 dyr \ 9y, 9y 9y2 13}’1 113)’2

The above boundary conditions can be rewritten in the matrix form as
asier +oner| o = —L£(Vy)v| (8.117)

where )f:(Vy) is a 2 x 2 matrix differential operator such that

n 2 92 P 92
Loa(Vy) = hA11— + hAgs
oo y ayt% 3)7%_0(
A A ) (8.118)
Lap(Vy) = h(A12 + Ags L, B=1,2, a#p
A ( )3)’a8)’ﬂ

Thus, the deformation problem for an elastic layer coated with a very thin flexible
elastic layer is reduced to that for the elastic layer without coating, but subjected to
a different set of boundary conditions (8.113) and (8.117) on the surface z = 0.

Observe that in the axisymmetric case, as a result of (8.116), we have

orr = A11&r + A12809, Ogp = A12&r + Al1809, 09 =0,
where
AT Vy
Err = ——, €9 = —,
or r

and Egs. (8.110) should be replaced with the following:

h(80am) 2\ _
- a7 —0gp | = _azr|Z:O'

r

Correspondingly, the boundary condition (8.117) takes the following form:

a2 9%y 10v v
O'zr|Z:0 = _hAll( arzr + - - —;)

r or r

(8.119)

We note here that the axisymmetric boundary condition (8.119) was previously
derived in a number of papers [2, 6, 17, 18].
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8.4.2 Deformation Problem Formulation

We now consider a relatively thin transversely isotropic elastic layer of uniform
thickness, &, coated with an infinitesimally thin elastic membrane and bonded to a
rigid substrate (see Fig. 8.6), so that

V=0 wl_, =0 (8.120)

In the absence of body forces, the vector (v, w) of displacements in the elastic
layer satisfies the Lamé system

9%y

ad
Age AyvV + (A11 — Age)VyVy- v + A448_22 + (A3 + A44)£Vyw =0,

9Zw

Aga Ayw + Azz—
444y 33822

9
+ (A3 + A44)8—2Vy- v=0.
' (8.121)

Assuming that the coated layer is supporting a normal load and denoting the load
density by p, we require that
033|,_g = —P- (8.122)

Based on the analysis performed in Sect. 8.4.1, the influence of the elastic mem-
brane is represented by the boundary condition

o3e1 + ones| o = —LE(Vy)v]__. (8.123)

where )ﬁ(Vy) is the matrix differential operator defined by formulas (8.118).
Taking into account the stress-strain relationship

o11 A A Az 0 0 0 11
02 Ap Anp Az 0 0 0 €2
o33 | _[AizA3A33 0 0 O £33
o3 | 0 0 0 244 O 0 en |’
013 0 0 0 0 2A44 0 €13
o12 0O 0 0 O 0 2A¢s e12
Fig. 8.6 A coated elastic 2b
layer of uniform thickness
bonded to a rigid substrate POLY)
and loaded by a normal load

T7777777777777777777777777077777777777777777777777777
Z
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we rewrite Eqs. (8.122), (8.123) as follows:

av av aw
Al + Ay — + A3 — =-p, (8.124)
ay1 ay2 07 |,—
ov A
A44(Vyw n 5) o= R (8.125)

Equations (8.120), (8.121), (8.124), and (8.125) comprise the deformation prob-
lem for the coated transversely isotropic elastic layer.

Here, following Argatov and Mishuris [4], we construct a leading-order asymp-
totic solution to the deformation problem (8.120)—(8.125).

8.4.3 Asymptotic Analysis of the Deformation Problem

Let A, be a characteristic length of the external load distribution. Denoting by ¢ a
small positive parameter, we require that

h = eh, (8.126)

and introduce the stretched dimensionless normal coordinate

oz
ehy’

¢

In addition, we non-dimensionalize the in-plane coordinates by the formulas

i
ni=h—’, i=1,2, 1=, mn),
*
so that
3 1.9 _ 1y
9z ehy 9 0 hy "

Moreover, we assume that the tensile stiffness of the coating layer is relatively

high, i.e., AU >> A11, and so on. Continuing, we consider the situation when

£(v,) = ¢718%(V,), (8.127)

so that, in particular, the ratio A1/ Ay is of the order of ¢.
Following the perturbation algorithm [ 14], the solution to the deformation problem
(8.120), (8.121), (8.124), (8.125) is represented as follows:

v=ev o)+, (8.128)
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w=ewl(n, o)+ W@ o)+ . (8.129)

For the sake of brevity, we include here only the non-vanishing terms (for details see
Sect. 1.2).
It can be shown that the leading-order term in (8.129) is given by

h
Wwo(n, £) = 3’Z<1 —0), (8.130)

A

whereas the first non-trivial term of the expansion (8.128) satisfies the problem

Al a9, e
A448—V1 + i,é*(v w! = —AuV,'| vl,_, =0
ac h, n o n =0’ =1

Substituting the expansion (8.130) for w” into the above equations, we obtain

vl A+ Au
Ayq =

h*Vnp, ; € (07 1)9

92 A
ool 1§ 33 | (8.131)
v A 44 1
Agg— + —L£5(V,)v! =-—2nvV,p, V| _ =0
9 hy ! =0 Az P |§_1

The solution to the boundary-value problem (8.131) is represented in the form

Az + A
V=SB TM  n Y p 4+ (= OV (), (8.132)
2A33A44

where V! () satisfies the equation

A3 — Ay

hV 8.133
2433 * VP ( )

1 Qx 1 1
h—*ﬂ (VpV' — AV =

on the entire plane ¢ = 0.
For the second non-trivial term of the expansion (8.129), we derive the problem

A o (A13 4+ AV av! A’ € (0,1)
= - TN . T w, ) )
33 a2 13 44) Vip ac 444y
ow? | 5
Az—|  =-ApVyv'|._,. w|,_, =0.
8§ ¢=0 ! §=0 ¢=1
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Substituting the expressions (8.130) and (8.132) for w? and v!, respectively, into
the above equations, we arrive at the problem

92w? heApp
—— = —[(A3+ Aw)?Qc — 1) +242,(1 — )| ——1—
072 [(A13+ Aw)*(2¢ — 1) 14 ( g)]2A§3A44
A3+ A
4 Mvn-vh e, (8.134)
Aszz
aw? A3 L
=——V,- Vi, w},_ =0 (8.135)

c =0 An

Integrating Eq. (8.134) twice with respect to ¢ and taking into account the bound-
ary condition (8.135),, we obtain

hiAyp
2= [(As 4+ Aw)? (203 = 3¢2 4 1) + 242,31 — ¢)3] 1l
w [(A13 + Aaa)*(2¢ CH1)+245(0 -20) ]12A§3A44
A+ A
1—32A B =02V, Vi + G -0, (8.136)
33

where C;(1) is an arbitrary function.
The substitution of (8.136) into the boundary condition (8.135); yields

Agq Agq

Cr= 21 A v, V!,
2 2A%3* nP n

Ay
and thus, in light of this relation, formula (8.136) implies

h*Anp Az — Ay

v,-V', (8.137
12A%3A44 2A33 " ( )

W2|;:o = —[(A13 + Aw)? — 4A%]

where V! is the solution of Eq.(8.133).

8.4.4 Local Indentation of the Coated Elastic Layer:
Leading-Order Asymptotics for the Compressible
and Incompressible Cases

In the case of the compressible layer, Egs. (8.129) and (8.130) yield

h
wo(y) = A—%p(yx (8.138)
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so that the deformation response of the coated elastic layer is analogous to that of
a Winkler elastic foundation with the foundation modulus k = As3/h. In other
words, the deformation of the elastic coating does not contribute substantially to the
deformation of a thin compressible layer.

When the material approaches the incompressible limit, the right-hand side of
(8.138) decreases to zero and the first term in the asymptotic expansion (8.129)
disappears. Hence, the ratios A13/A33 and A44/A33 tend to 1 and 0, respectively.

Therefore, in the limit situation formula (8.137) reduces to

h 1
2 * 1
=——A +-V,-V , 8.139
w =0 2am nP(ﬂ) 5V () ( )

where aqqa = Aus is the out-of-plane shear modulus of the elastic layer, and Vl(n)
satisfies the equation

1 - Dy
h—z:*(vnw‘ () — auaV' () = = Vap(, me R?. (8.140)
¥

Thus, in the case of the incompressible bonded elastic layer, formulas (8.127)—
(8.129), (8.139), and (8.140) produce

3
12a44

h
wo(y) = — Ayp(¥) + 5Vy- Vo), (8.141)

where the vector v (y) satisfies the equation

2

n h
hL(Vy)Vo(y) — aaavoy) = —-Vyp(¥). vy € R?. (8.142)

Here, f}(Vy) is the matrix differential operator defined by formulas (8.118).
Observe that, as a consequence of (8.132), the vector-function vq(y) can be inter-
preted as the tangential displacement of the surface point (y, 0) of the elastic layer.
Finally, let us consider two opposite limit situations. First, when the coating is
absent and Q(Vy) = 0, Eq. (8.142) implies

2

h
vo(y) = —Z—Vyp(y)-
aq4

The substitution of this expression into formula (8.141) leads to

3

h
wo(y) =~ —mAyp(y), (8.143)

which agrees completely with the asymptotic model developed in Sect.2.7.1.
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Second, in the case of a very stiff coating we have vo(y) = 0, and formula (8.141)

reduces to 3

1 26144

wo(y) =~ — Ayp(y). (8.144)

In other words, comparing (8.143) and (8.144), we conclude that the inextensible
membrane coating attached to the surface of a thin bonded incompressible elastic
layer reduces the out-of-plane shear compliance of the layer by a factor of four.
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Chapter 9
Sensitivity Analysis of Articular Contact
Mechanics

Abstract Asymptotic models of articular contact developed in the previous chapters
assume, in particular, that the cartilage layers are of uniform thickness and are bonded
to rigid substrates shaped like elliptic paraboloids. In this final chapter, treating the
term “sensitivity” in a broad sense, we study the effects of deviation of the substrate’s
shape from the elliptic (Sect.9.1) and of nonuniform thicknesses of the contacting
incompressible layers (Sect. 9.2). Itis shown that these effects in multibody dynamics
simulations can be minimized if the geometric parameters in question (in particular,
the layer thicknesses) are determined in a specific way to minimize the corresponding
error in the force-displacement relationship.

9.1 Non-elliptical Contact of Thin Incompressible
Viscoelastic Layers: Perturbation Solution

In this section, a more general three-dimensional unilateral contact problem for thin
incompressible transversely isotropic viscoelastic layers bonded to rigid substrates,
whose shapes are close to those of elliptic paraboloids, is considered and approxi-
mately solved by the perturbation technique.

9.1.1 Formulation of the Contact Problem

Consider the frictionless unilateral contact between two thin linear incompressible
transversely isotropic viscoelastic layers firmly attached to rigid substrates. Introduc-
ing the Cartesian coordinate system (yi, y2, z), we write the equations of the layer
surfaces (n = 1, 2) in the form z = (—1)"<p§")(y), where y = (y1, y2). In the unde-
formed state, the two layer/substrate systems occupy convex domains z < —(pél) (y)
and 7z > <p£2) (y) in contact with the plane z = 0 at a single point chosen as the
coordinate origin. Let us assume that

o™ () = 9 (¥) + £ (y), 9.1)
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where (p(()") (y) is an elliptic paraboloid, ¢ is a small positive dimensionless parameter,
and the function e¢,, (y) describes a small deviation of the nth substrate surface from
the paraboloid shape (n = 1, 2).

We denote the normal approach of the substrates by &, (7). The linearized unilateral
contact condition that the surface points of the viscoelastic layers do not penetrate
one into another can then be written as follows:

8e(t) —wo (1, y) —wi (1, 9) < "3 + P ). 9.2)
Here, w(()") (t,y) is the local indentation (i.e., the normal displacement of the surface
points) of the nth layer (n = 1, 2).
According to the perturbation analysis performed in Sect.2.5 (see, in particular,
formula (2.152)), the leading-order asymptotic solution for the local indentation of
an incompressible viscoelastic layer of thickness #/, is given by

t
h3 9
Wt y) = —?”/J’(")(t - I)Ayg(r, v) dr. 9.3)
o

Here, J'™ () is the out-of-plane shear creep compliance of the nth layer (n = 1, 2),
Pe(2,y) is the contact pressure, and A, = 82/0 yl2 +93%/0 y% is the Laplace operator.

The equality in relation (9.2) determines the contact region wg (). In other words,
the following equation holds within the contact area

ws (2, y) + WP (e, y) = 86 (1) — 9e(¥), ¥ € we (1), (9.4)

where we have introduced the notation ¢, (y) = <p£1)(y) + <p§2) (y).
According to (9.1), we have

0 (y) = @o(y) + ep(y), (9.5)

where ¢o(y) = ¢ () + ¢ (¥) and ¢ (y) = ¢1(y) + ¢2(y). The function e¢(y)
will be called the gap function variation.
Without any loss of generality we may assume that

2 2
Y1 D)
=L 4 72 9.6
Po(y) 2R, +2R2 9.6)
where the parameters R; and R» are positive and can be related to the coefficients
of the paraboloids (p(()l) (y) and gp(()z) (y) by known formulas (see Sect.2.1.1).
Substituting the expressions for displacements w(()l)(t, y) and wéz) (t,y) given by
formula (9.3) into Eq. (9.4), we obtain the contact condition in the following form:
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2 3 !
h a
-3 / IO =), TE @Y dT =80 = 9 H D). O])
n=1
o-

Here, we assume that y € w,(¢), and 7 (¢) is Heaviside’s function introduced in a
standard way, namely Z°(t) = 0 fort < 0 and 7 (¢t) = 1 fort > 0.

Let GE)(") = 1/J'™(07) be the instantaneous out-of-plane shear elastic modulus
of the nth layer. Then, the normalized creep function &' () is introduced by

1
J D) = ch/('”(r). 9.8)
Gy"

Let us rewrite Eq. (9.7) in the form corresponding to one layer by introducing
the compound creep function, @4(¢), and the equivalent instantaneous shear elastic
modulus, G, as follows:

Ds(1) = 19"V (1) + fr0" (1), 9.9)
i+ )6 G ©.10)
07 36/@ 4 135D :
hi Gy~ + hyG,
oy’ o’
hr="som IPEVCZON b= 5o PEVTON ©-11)
1¥0 2Y0 1Y0 2Y0
Moreover, let us introduce an auxiliary notation
3Gy,

m= 3 (9.12)

where h = h1 + h; is the joint thickness. Recall that formula (9.10) determines the
equivalent modulus in such a way that 81 + B> = 1 and thus, ®g(0) = 1.
Thus, taking into account (9.8)—(9.12), we rewrite Eq. (9.7) as

t

ope
/d)ﬂ(t - r)Ay%(t, ) dt = m(@: () A1) — 8:(1)). (9.13)
o

Equation (9.13) will be used to find the contact pressure density p(z,y). The
contour I (t) of the contact area w,(¢) is determined from the condition that the
contact pressure is positive and vanishes at the contour of the contact area:

ps(ts y) > 07 y € 0)3([), (914)

pe(t,y) =0, ye @), (9.15)
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In the case of the contact problem for an incompressible layer (see, in particular,
Sect.2.7.3), we additionally assume a smooth transition of the surface normal stresses
from the contact regiony € w,(¢) to the outside regiony ¢ w, (t). Hence, we impose
the following zero-pressure-gradient boundary condition [9, 10, 13, 17]:

0
%(z, V) =0, ye . 9.16)

Here, d/0n is the normal derivative directed outward from w, ().
We assume that the density p.(¢, y) is defined on the entire plane such that

pe(t,y) =0, y & we (). .17

From the physical point of view, the contact pressure between the smooth surfaces
should satisfy the regularity condition, i.e., in the case (9.5), the function p.(t,y) is
assumed to be analytical in the domain w,(¢).

The equilibrium equation for the whole system is

// pe(t,y)dy = F(1), (9.18)
wg (1)

where F(t) denotes the external load, which is assumed to be known a priori.
For non-decreasing loads, when d F (¢) /dt > 0, the contact zone should increase.
Thus, we assume that the following monotonicity condition holds:

we (1) C we(t2), 1 <. (9.19)
Following Argatov and Mishuris [8], we construct an asymptotic solution for the
three-dimensional contact problem formulated by Eq. (9.13), under the monotonic-

ity condition (9.19). We will first consider the problem in its general formulation
transforming it to a set of equations more suitable for further analysis.

9.1.2 Equation for the Contact Approach

Integrating Eq. (9.13) over the contact domain w, (), we find

t
op.
] [ est=naZecpazay=m [[ (e - s.w)ay. 020

we (1) 0~ we (1)

In light of (9.17) and (9.19), we have w.(t) C w.(t) for T € (0, 1), as well as
pe(t,y) = 0fory & w.(t). Therefore, the integral on the left-hand side of (9.20),
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which is denoted by .# (¢), can be transformed into

13
dpe
Z(t) =///@ﬁ(l‘—l’)Ay£(T, y) dtdy

we(t) 0~
[ ad
:/@;;(t—r)//Ay%(r,y)dydr
T
0~ we (1)
t ad
:/@50—1)%// Aype(t,y)dydr. (9.21)
(U we (1)

We note that, as a consequence of (9.15)—(9.17), the density p.(¢,y) is a smooth
function of the variables y; and y, on the entire plane.
Further, by employing the second Green’s formula

av u
//(u(y)AV(y) —v(y)Au(y)) dy = /(u(y)ﬁ(y) - V(y)a—n(y))ds, (9.22)
1) r

where ds is the element of the arc length, we obtain

e
[[apcpay= [ Peayas 9.23)

we (1) Te(r)

In light of the boundary condition (9.16) and the monotonicity condition (9.19), the
right-hand side of Eq. (9.23) vanishes for # > 0 and, therefore, Eq. (9.20) reduces to

// (0 (M)A (1) = 8(1)) dy = 0.

e (1)

From here it immediately follows that

H
sy = 7 ((;)) / / 0:(¥) dy, 9.24)

e (1)

where A.(¢) is the area of w, () given by the integral
A (1) = // dy. (9.25)
ws(t)

Equation (9.24) connects the unknown contact approach §. () with some integral
characteristics of the contact domain w, (t).
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9.1.3 Equation for the Integral Characteristics
the Contact Area

Substituting the functions u(y) = p.(t,y) and v(y) = (y% + y%) /4 into Green’s
formula (9.22) for the domain w,(¢), assuming that T < ¢, and taking into account
the boundary conditions (9.15), (9.16) and the monotonicity condition (9.19), we
obtain the relation

1
Z// lyI>Ape(z, y)dY=// pe(T,y)dy. (9.26)

we (1) e (T)

Using formula (9.26), we can evaluate the contact load (9.18). Indeed, by mul-
tiplying both sides of (9.13) by (yl2 + y%) /4 and integrating the obtained equation
over the contact domain w, (), we obtain

t

0
/ Dy —) - / / petr.y) dydr = / / Y2 (A O0e ) —5:0) dy. (927)

0- g (T) e (1)

Taking into account the notation (9.18) for the contact force, we rewrite (9.27) as

t
/ Dyt — 1) F(1)dT = %%”(t) / / |y|2gog<y>dy—58<t)§ / lyIdy. (9.28)

0~ we (1) e (1)

where the dot denotes the differentiation with respect to time, i.e., F (t)y =dF(t)/dt.
Then, excluding the quantity 8. (¢) from (9.28) by means of Eq. (9.24), we arrive
at the following equation:

t

. _m 2 1. (1)
/ @p(t —~DF@dr =T AW / / (|y| . (t))%(y) dy.  (9.29)
0~ wg (1)

Here, 1.(¢) is the polar moment of inertia of w,(¢) given by the integral
L(1) = / ly|*dy. (9.30)
e (1)

Equation (9.29) connects the known contact force F (¢) with some integral char-
acteristics of the unknown contact area w, (t).
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9.1.4 Equation for the Contact Pressure

Let us rewrite Eq. (9.13) in the form

AyPe(t,y) = m(@e(y) = 8:(), ¥ € w:(1), 9.31)

where we have introduced the notation

t

dp
Pty = [ @4t =Py dr. 9.32)
o-
By denoting the integral operator on the right-hand side of the previous equation

by ', we have

t

Hy(t) = / Dp(t —v)y(r)dr, (9.33)
o

so that formula (9.32) can be represented as
The inverse operator to .#  denoted by .# ~! is defined by the formula

1
H Y () = / Wyt — 1Y (1) dr, (9.35)
o

where Wg(t) is the compound relaxation function defined by its Laplace transform

g(s) = ——. (9.36)

Note that since y 3 :
Bp(s) = 10"V (s) + Brd' @ (s),

and
1

é/(n) = Y= >
(S) S2lI//(”)(S)

where &' (s) is the Laplace transform of the relaxation function in out-of-plane
shear for the nth layer, formula (9.36) can be reduced to the following:

&' (5) @@ (s)

G (s) = — LN
PO = LT+ pi ()

(9.37)
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Recall also that the coefficients 81 and S, are introduced by formulas (9.11) in such
a way that Wg(0) = 1.

As a result of the boundary conditions (9.15) and (9.16), the function P.(z,y)
must satisfy the following boundary conditions:

P.(t,y) =0, ye (), (9.38)
oP,

(t,y) =0, yeTl.(). (9.39)
on

Thus, in the case of monotonically increasing contact area w.(t), the problem
(9.31), (9.38), (9.39) allows us to determine the domain w, (¢) based on the positivity
condition for the contact pressure (9.14). Then, from Eq. (9.24) we can determine the
contact approach &, (¢). Finally, by applying the inverse operator (9.35), we obtain a
complete solution to the problem.

9.1.5 Limiting Case Problem: Elliptical Contact Area

We now consider the problem for the limiting case ¢ = 0, when the function ¢y (y)
represents an elliptic paraboloid. In a special case of the integral operator ., the
solution to this problem has previously been presented in [6]. Here we adopt it in
the necessary form for the further asymptotic analysis, in order to construct a more
general solution to the problem with the slightly perturbed boundary of an arbitrary
shape.

In this case the right-hand side of (9.31) takes the form m (po(y) — 89()). This
suggests that we assume the domain wy(¢) to be elliptical and so we set

¥} ¥ \?
Py(t,y) = Qo(t)(l Taur W) . (9.40)

In other words, the contour I (¢) is an ellipse with the semi-axises a(¢) and b(z). It
is simple to verify that the function Py(t, y) satisfies the boundary conditions (9.38)
and (9.39) exactly.

Substituting (9.40) into Eq. (9.31), we obtain after some algebra the following
system of algebraic equations:

400 (1 1
== (a(r)2+b(r>2)’ ©4D

1 800 ( 3 1 1800 (1 3
R maG)? (a(r)2 + b(r)z)’ Ry~ mb(1)? (a(r)z * b(r)z)' 042
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The form of the ellipse 17 (¢) can be characterized by its aspect ratio s defined as

)

= (9.43)

and from (9.42), it immediately follows that s is constant with time and is determined
as a positive root of the equation

Ry s2(3s2 + 1)

= 9.44
Ry 3 +s2 ©44)
In turn, Eq. (9.44) can be reduced to a quadratic equation for s2, so that
Ri—R\> Ry (R —R
Szz/ 1 —R) R Ri—R) (9.45)
6R R 6R;

Recall that, along with Egs. (9.41) and (9.42), we have Eqgs. (9.24) and (9.29),
which connect the contact approach 6. (¢) and the known contact force F(¢) with
some integral characteristics of the contact domain wg (t).

By taking into account (9.45), we transform Eq. (9.24) into

S _r i 2
o(t) = s\ & + % a(t)”. (9.46)

Then, by excluding the quantity §o(¢) from Egs. (9.41) and (9.46), we obtain

m 52 1 52 4
00 = 57y (R—l + R_z)“(” . (9.47)

By application of the same method, Eq. (9.29) becomes

am (3s —s> 355 —s° 6
F(t) = — . 4
HF(1) 384( R, + & )a(t) (9.48)

This allows us to determine the major semi-axis a(¢) of the contact area wq(?) as
a function of time ¢ in the form

Tm (3s—s> 355 —s3\] V6 1/6
a(t):[ﬁ( TR )} (A F()"". (9.49)

As a consequence of (9.49), formulas (9.46) and (9.47) determine the quantities
8o(t) and Qo (t), respectively.

We now turn to evaluating the contact pressure in the case of elliptical contact. In
light of (9.33) and (9.40), we obtain the following operator equation for the contact
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pressure density po(z,y):

¥} y3

2
Cl(l)z - b(t)Z) > Y € C()()(t). (950)

A po(T,y) = Qo(t)(l -

By inverting Eq. (9.50) with the help of (9.35), we obtain

2

2 \2 2 2
_ -1 . Vi . ) _ Y1 _ b5
po(t,y) =% {Qo(r)(l 202 b(r)z) jf(l (o) b(t)z)l’ (9.51)

where the Heaviside factor indicates the contact domain wg(7).
Following the notation (9.35), Eq. (9.51) can be transformed into

2

! y y2 2
PO(th)Z/Wﬁ(t_T)QO(T)<1— ! 2 ) dr. (9.52)

a(m?  b)?),

0-

Here the positive part function (x)4+ = (x 4 |x|)/2 is used as an indicator of the
current contact area wg (7).

9.1.6 Slightly Perturbed Elliptical Contact Area

We now consider the gap function ¢, (y), given in a general form (9.5) with small
¢ > 0. The solution corresponding to the limiting case ¢ = 0 was defined above and
is denoted by po(¢, y) and 8o(#), where the contact domain wq(#) is bounded by an
ellipse I'y(z). Then, the function Py(r,y) = % po(t,y) satisfies the problem

Aypo(t, y) = m(po(y) — 8o(t)), ¥ € wolt), (9.53)

0
po(t.y) =0, %(n y) =0, ye . (9.54)

Recall also that in accordance with (9.24), the contact approach 8 (¢) is given by

1
do(r) = m// po(y) dy, (9.55)

wo (1)

where Ag(?) is the area of wo(¢). Moreover, in light of (9.29), we have

HF@ =" / / Bo(t, Y)po(y) dy. 9.56)

wo (1)



9.1 Non-elliptical Contact of Thin Incompressible Viscoelastic Layers ... 303

where, with Iy (¢) being the polar moment of inertia of wy (),

Io(2)
Ao(r)’

Bo(t,y) = lyl* - (9.57)

We represent the solution to the perturbed auxiliary contact problem (9.31), (9.38),
(9.39) as
Pe(t,y) = Po(t,y) + e Pi1(1,y) + O, (9.58)

8¢(t) = 8o(r) + €81 (1) + O(e?), (9.59)

and recall that the contact load F'(¢) is assumed to be specified, while the contact
approach & (¢) is unknown a priori.
By substituting (9.58) and (9.59) into Eq. (9.31), we arrive at the equation

AyPi(t,y) =m(p(y) = 81(1)), ¥ € wo(t). (9.60)

Let us assume that the unknown boundary I (¢) of the contact area w; () (see
Fig.9.1) is described by the equation

n=nhgt, o), selp). 9.61)

Here, o is the arc length along [(f), and n is the distance (taking the sign into
account) measured along the outward (with respect to the domain wq(¢)) normal to
the curve I'y(¢). The function h.(t, o) describes the variation of the contact area and
should be determined by considering the boundary conditions for Eq. (9.60).

In light of (9.58) and (9.59), we set

he(t, o) = eh(t, o), (9.62)

where the function %(¢, o) is assumed to be independent of €.
Applying the perturbation technique (see, for example, [20]), we have

P,
on

P8|r=P€|ro+h8

+ 0(2). (9.63)
Iy

Fig. 9.1 Schematic
representation of the contact
domain w, (t) with the
boundary I (¢), and the limit
domain wq(7) with the
boundary I(¢)
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Let n, be the unit outward normal vector to the curve I'¢(¢). Then, the following
formula holds:

(1 —k(t,0)he(t, 0))ng — hj(t, o)ty

(9.64)
\/(1 —k(t, 0)he(t, 0))” + HL(t, )

n, =

Here, ty and ng are the unit tangential and outward normal vectors to the curve Iy(¢),
k(t, o) is the curvature of Ij(¢), and the prime denotes the derivative with respect
to the arc length o.

Taking into account formula (9.64), we obtain

pe
on

_ 9pe
r on

_n ope
Iy € do

+ 0(g?), (9.65)

Iy

and by substituting the expansion (9.58) into Eqgs. (9.63), (9.65) and taking into
account the boundary conditions (9.54) for the function Py(z,y), we derive the fol-
lowing boundary conditions at the unperturbed contact boundary:

Pi(t,y) =0, yelp(), (9.66)

dP;

82P0
——(t,y)=—h(t,0)—(t,y), ye€Ip@). (9.67)

on on
Here, in accordance with Eq. (9.53), we have

32P0

Sz Y= m(@o(y) — 8o(1)), ¥y € Io(1). (9.68)

Note that the right-hand side of (9.68) is strictly positive. This can be verified by
employing the explicit formula obtained in Sect.9.1.5, or proved by using the max-
imum principle for harmonic functions.

Finally, Egs. (9.24) and (9.29) yield

Ao(t)51(t)=/ ¢(y)dy + / po(Nh(t, 0)doy — A(1)8o(1), (9.69)
wo(7) To()

from which it follows that, for By(z, y) defined by (9.56),

In(?)
0= Bo(t,y)¢(y)dy — So(O| L1 (2) — Ao(t)Al(t)

wo(t)

+ / Bo(t, y)po(Y)h(t, o) doy. (9.70)
o)
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Here, A1(¢) and I, (¢) are the first-order perturbation coefficients of A (¢) and I.(¢),
respectively, given by

Al(t) = / h(t,o)doy, 9.71)
To()
I(t) = / |y|2h(t,o)doy. (9.72)
Io()

Equations (9.60), (9.66), (9.67), (9.69) and (9.70) constitute the first-order pertur-
bation problem. By employing the relations (9.68) and (9.71), it is not hard to check
that Eq. (9.69) coincides with the solvability condition (see, for instance, (9.23)) of
the boundary-value problem (9.60), (9.66), (9.67).

9.1.7 Determination of the Contour of the Contact Area
First, let us express the solution to Eq. (9.60) in the form
Pt y) =m(P{ @, y) + P2, y), (9.73)
where we have introduced the notation
Pt y) = v y) — 6107y, (9.74)

01y _ ! _ (01 (yy — ! _
Yo ) =3 ¢(y)Inly —yldy, Y (y)= Inly —yldy. (9.75)
T 2

wo(t) wo (1)

Substituting the form (9.73) into Egs. (9.60), (9.66) and (9.67), we obtain the
following boundary value problem for the function P1[ I (t,y):

AP y) =0, yew®), (9.76)
Pl y) = -y w +810v"(v). ye @), (9.77)

[1]

a; (t,y) = —h(t, o) (eo(y) — 8o (1))

9 Y[O] 9 Y[()]

—3—¢(r,y>+61<r> L_(t,y), yeo@). (9.78)
n on

Here we have used relations (9.68) and (9.74).
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Let us denote the first term on the right-hand side of (9.78) by —fz(t, o), so that

h(t, o) = _hto) e () (9.79)
7T ey — oy’ Y SO ‘

As aresult of (9.71), (9.72) and (9.79), Egs. (9.69), (9.70) and (9.78) respectively
take the forms

1 1 ~
51(t) = / W dy + —— | h(t,0)do,, (9.80)
O=20 ] PV G !
wo (1) Io(r)
0= [[ Buvomay+ [ Bow.via.ordo,. ©.81)
wo (1) I (1)
(1 510l 5yl

Lt,y) = —h(t,0) - L@y + 810 —1-(.y), ye (). (9.82)
on on on
Second, to proceed further with the computation of the contour of the contact

area, we now define the Steklov—Poincaré (Dirichlet-to-Neumann) operator S :
H'2(Iy(0) — H™'2(Io (1) by

aw
(Gg)(y) = E(y), y € I'n(0), (9.83)
where w(y) is the unique solution of the Dirichlet problem

Ayw(y) =0, yewo); w(y) =g({y), yelp®. (9.84)

The operator G for a circular domain is well known, and we will use the above
form later in Sect.9.1.9. To the authors’ best knowledge there is no closed form
representation for & in the case of an elliptic domain. However, the finite element
Steklov—Poincaré operator can be computed by standard FEM packages (see for
details [15]). In [8], an alternative approach for constructing the operator numerically
in terms of conformal mappings was presented.

In terms of the Steklov—Poincaré operator, Egs. (9.77) and (9.82) yield

P [0] 8Y<£0]
h(t,o) = (6Y¢ )¥) — W(l‘,)’)
. 10!
—&(r)((GY} Nay) - 8; <r,y>), ye o).  (9.85)

Note that the substitution of (9.85) into (9.80) results in an identity, which we
check by verifying the following properties:
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/ (Gg)(y)doy =0, Vge H'*(Ih1),
I'p(t)

gy
//¢(y)dy— / —(r y)doy, Yo e L*(wo(1)).

wo(7) To(1)

Now, excluding the variable §; (¢) from (9.85) by means of (9.80), we obtain

. oy
h(t,0) = _(A B /¢(Y)dY+Ho(l))((6Y Ny - (t,Y))

wo (1)
BY[O]
+ (&Y (y) - a—;‘;a, ). ye o, 9.86)

where I:IO(t) is the relative weighted increment of the contact area defined as

ﬁo(t)zﬁ / h(t,o)do. (9.87)

Ty(r)

At this point, the function h(t, o) is determined by Eq. (9.86) with an accuracy
up to its integral characteristics Ho(t).

By substitution of the expression (9.86) into Eq. (9.81), we arrive at the following
simple equation to determine I:Io(t):

101
~[01 _ E17(0)

(1) Ho(t) = (t)+ Bo(t,y) — ¢ (y)dy. (9.88)
Ap(t)

o (1)
Here, both functions & 1[01 (H)nd B (LO](I) are determined by the formula

oY)l
Egh (D) = / Bo(t,y)(( Yl ) — a‘fl’ (t,y))dy. (9.89)

To(1)

It is clear that the solvability of Eq. (9.86) depends crucially on the property of
having fixed sign for & "'[0 (t). In [8], it was proven that = ”'[0] (t) <O.

Thus, determining the function Ho (1) by dividing both sides of (9.88) by & 1[0] (1)
and substituting the obtained result into Eq. (9.86), we find fz(t, o) and, as a con-
sequence of (9.79), uniquely determine the function /4 (¢, o), which describes the
variation of the contact domain wq(t).
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9.1.8 Asymptotics of the Contact Pressure

In accordance with (9.34), the contact pressure is given by
pe(t,y) = A (Pe(y, ) I, ¥)) (9.90)

where the integral operator JZ° ~1is defined by formula (9.35), and .7,,_)(y) is the
indicator function of the domain w, (¢) defined by

17 y € wﬁ(t)a

Fo ) = [0 Y € 0 (1).

In the interior of the contact area w, (), Eqs. (9.58) and (9.90) yield the asymptotic

representation 5
pe(t,y) = po(t.y) +epi(t.y) + O(e7), 9.91)

where X
pi(t,y) =X (Pi(t,y) Tuwyn)(¥y)), i=0,1. (9.92)

In the boundary-layer region near the contour I; (¢), the so-called outer asymptotic
representation (9.91) does not work, and the so-called inner asymptotic representation
should be constructed. Here we employ the terminology from the method of matched
asymptotic expansions [20].

The inner asymptotic representation

pe(t,y) =2 L P(1,5,v) + O(Y) (9.93)
will be constructed by making use of the stretched coordinate
v=¢"n. (9.94)

In light of (9.73)—(9.75), the function P;(z,y) will be determined completely

as soon as we know the function Pl[l](t, y) which satisfies the following Dirichlet
problem (see (9.76) and (9.77)):

AP y) =0, yewn®: Pty =gy, ye .
Here we have introduced the following notation (see Eqgs. (9.80), (9.87) and (9.88)):

gyt y) =¥ y) + 810y, (9.95)

and as a consequence of said relations, we have

OIS

S

T o / / Bo(t,y)¢(y) dy. (9.96)
1@

81(1) =
g% &

wo (1)
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Near the boundary of the domain wy(#), we may use the Taylor expansions

m 2 3
Py(t,y) = E[fﬂo()’o(d)) —8o(0)]n* + 0(n?), (9.97)

Pi(t,y) = %[qﬁ(yo((f)) —81(0)|n* — mh(t, 0)n + 0(n?), (9.98)

where yo(o) is the point of the curve I'h(¢) with the natural coordinate o.
Applying the perturbation method developed by Nazarov [18], we construct the
auxiliary function of the inner asymptotic representation (9.93) in the form

m

P(t,0,v) = > [¢0(y0(0)) = 8o()](v — h(t, 0))*, (9.99)

The function (9.99) exactly satisfies the relations (9.15), while the boundary condition
(9.16) is satisfied asymptotically. We note that the normals ng and n, to the contours
I'v(r) and I (¢) are, generally speaking, different (see formula (9.64)).

Finally, taking account of the relations (9.79), (9.94), (9.97)—(9.99), it is not hard
to verify verify that the matching asymptotic condition for the outer (9.91) and inner
(9.93) asymptotic representations is fulfilled.

9.1.9 Slightly Perturbed Circular Contact Area

Let us assume that a circular domain can be taken as a zero approximation in the
form (9.5), where the function ¢(y) defining the perturbed boundary is given by the
polynomials

N n
L 2 2 i n—j
poy) = 7207 +32), 60) =Z(',)Zocnjy{y§’ /, (9.100)
n=0 j=

where c,; are given dimensional coefficients.
In this case, the limit (¢ = 0) auxiliary contact problem (9.31), (9.38), (9.39) has
the following solution:

2
ity
ao(1)?

Py(t,y) = Qo(t)(l

Correspondingly, Egs. (9.46), (9.47) and (9.49) take the form

ao(t)? m ap(t)*

ag 0 Qo0 =5m—p

So(1) = (9.101)
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mr\-1/6( | : 176
ao(t)z(ﬁ) (/@ﬂ(t—t)F(t)dr) . (9.102)

The first-oder perturbation problem (9.60), (9.66), (9.67), (9.69) and (9.70) now
can be written as follows:

AP, y) = m( i Zn:c,,,y{y;"f — 51(r)), y € wo(t), (9.103)
n=0 j=0
Pi(t.y) =0, ye Ih@), (9.104)
aﬂ(t ¥) = —mh(t, )24 )2, y € o), (9.105)
mao()*81 (1) = Z “0(””” icn, K+ “0(” = Ho(0), (9.106)
n=0
Ho(t) + Z i nioég)(';Jrj— - Zn(:)cnj Knj. (9.107)

Here, wo(t) and I(¢) are the disc and the circle of the radius a (), K,;; = 0 for odd
nand j, while K,,j = 2B((n+1— j)/2, (j + 1)/2) for even values of n and j, and
B(¢, &) is the Beta function defined by

1
B(¢,§) = /t¢‘1(1 — 0¥ lar.
0

Moreover, Hy(t) is an integral characteristics of the contour variation A (z, o)
which can be described by the contour variation in polar coordinates as

2

Hy(t) = /h(@,z)d@.

0

From (9.106) and (9.107), it immediately follows that

n

N 4Rag(r)"!
HO(”Z_Z(n+2><n+4>ZC’” g
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N
L a0
31(1) = E n(n+2)(n—|—4) E cnjKnj. (9.108)

Using Green’s function 4 (t, y, y') of the Dirichlet problem for the domain w(z),
we express the solution to the Dirichlet problem (9.103), (9.104) in the form

Pi(t,y) = m/ oYY (t,y,y)dy — %&(ﬂ(lyl2 —ap(1)?). (9.109)
(1)

Recall that for a circular domain wq(¢) of radius ag(¢), Green’s function is

acMy'lly =¥l

I.y.¥) = " Tyly — a0

whereas, in polar coordinates, we have

ao(t)*(r* +r'* = 2r'r cos(6 — 0))
n .
ag(®)* + r2r2 = 2r'rag(t)? cos(® — 0)

1
g(ta Y, y/) = 4_

Calculating the normal derivative of the function (9.109), we obtain

P 0¥
Dy = m//¢(y’>5(r,y, vydy = 250yl 9.110)

wo(1)

where

12

LI o =
on Y T ) (a0 () + 12 — 2ag(t) cos(@ — 01))

By substitution of the expression (9.110) into the boundary condition (9.105) and
taking into account (9.108), we obtain the function A(¢, ) describing variation of
the contact domain in the following form:

2R & 4 Da)
0= o ;0 (n+2)(n +4) ;C’”K’”

2R 27 ap(t) N
- > ¢, cos! 0 sin" T g
o] [ (2 )
0

ao(t)2 —r2

'dr. 9.111
a2+ 2 — 2rap(t) cos@ — 6 " ¢ ©-11D)
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Note that the integral with respect to 6’ on the right-hand side of (9.111) can be
evaluated with the help of the following relation (see, e.g., [14]):

e

/ cosnxdx mp"

2
= <l.
1—2pcosx+p2 1—p p

5>
0

It was shown [8] that formula (9.111) asymptotically coincides with the exact
solution for the ellipse presented in Sect.9.1.5 in the case of small eccentricity.

9.2 Contact of Two Bonded Thin Transversely Isotropic
Elastic Layers with Variable Thicknesses

In this section, a three-dimensional unilateral contact problem for a thin transversely
isotropic elastic layer with variable thickness bonded to arigid substrate is considered.
Two cases are studied sequentially: (a) the layer material is compressible; (b) the layer
material is incompressible. It is well known that the asymptotic solution for a thin
isotropic elastic layer undergoes a dramatic change in the limit as Poisson’s ratio v
tends to 0.5, so that the formulas obtained in the case (a) are not applicable when
the layer material approaches the incompressible limit. After developing a refined
asymptotic model for the deformation of one elastic layer of variable thickness,
we apply sensitivity analysis to determine how “sensitive” the mathematical model
for contact interactions of two thin uniform layers of thicknesses 41 and h; is to
variations in the layer thicknesses. We will consider the term “sensitivity” in a broad
sense by allowing variable layer thicknesses H;(y) and H(y), whereas the original
model deals with the scalar parameters 41 and /5.

9.2.1 Unperturbed Asymptotic Model

As a rule, analytical models of articular contact assume rigid bones and represent
cartilage as a thin elastic layer of constant thickness resisting deformation like a
Winkler foundation consisting of a series of discrete springs with constant length and
stiffness [12]. However, a subject-specific approach to articular contact mechanics
requires developing patient-specific models for accurate predictions. A sensitivity
analysis of finite element models of hip cartilage mechanics with respect to varying
degrees of simplified geometry was performed in [2].

Based on the asymptotic analysis of the frictionless contact problem for a thin
elastic layer bonded to a rigid substrate in the thin-layer limit (see Chap.2), the
following asymptotic model for contact interaction of two thin incompressible trans-
versely isotropic layers was established:
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( hh3
- + —)Aw(y) = —¢y), yYeo, (9.112)
3G, ' 3G,

9
p(y) =0, ﬁ(y) =0, yel. (9.113)

Here, p(y) is the contact pressure density, &, and G;, are the thickness and out-
of-plane shear modulus of the nth layer material, respectively, n = 1,2, A, =
9%/ 8y% +92/9 y% is the Laplace differential operator, § is the vertical approach of
the rigid substrates to which the layers are bonded, ¢(y) is the initial gap function
defined as the distance between the layer surfaces in the vertical direction, w is the
contact area, and I” is the contour of w, d/9n is the normal derivative.

In the isotropic case, the asymptotic model (9.112), (9.113) was developed in
[4, 10]. It was shown [6, 9, 11] that this model describes the instantaneous response
of thin biphasic layers to dynamic and impact loading. In [7], the isotropic elastic
model (9.112), (9.113) was generalized for a general viscoelastic case.

With respect to articular contact, a case of special interest is when the subchondral
bones are approximated by elliptic paraboloids, so that the gap function is given by

2 2
7w o,
R

9.114
2Ry 2R, ( )

p(y) =

with positive curvature radii Ry and R».
In the case (9.114), the exact solution to the problem (9.112), (9.113) has the
following form [6, 10]:

2 2\ 2
y Y
py) = Po(l - - —3) : (9.115)
ay 4

Integration of the contact pressure distribution (9.115) over the elliptical contact
area w with the semi-axes a; and ap results in the following force-displacement
relationship [4]:

21 3
F = TCF(S)leRzao. (9.116)

Here, cr(s) is a dimensionless factor depending on the aspect ratio s = as/a; (see
Sect.4.5.6), and the coefficient m is given by

hi o m3\!
m=3(—+—) : (9.117)
G G

The asymptotic model (9.112)—(9.114) assumes that the cartilage layers have
constant thicknesses, whereas it is well known [1] that articular cartilage has a vari-
able thickness and that the surface of subchondral bone deviates from the ellip-
soid shape [19]. A sensitivity analysis of the model (9.112), (9.113) with respect
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to small perturbations of the gap function (9.114) was performed in [8]. In partic-
ular, it has been shown [4] that the influence of the gap function variation on the
force-displacement relationship will be negligible if the effective geometrical char-
acteristics Ry and R; are determined by a least square method.

The two-dimensional contact problem for a thin isotropic elastic strip of variable
thickness was solved by Vorovich and Peninin [21] using an asymptotic method,
under the assumption that the Poisson’s ratio of the strip material is not very close to
0.5. A three-dimensional unilateral contact problem for a thin isotropic elastic layer
of variable thickness bonded to a rigid substrate was studied in [5]. Here, the results
obtained in [5] are generalized for the transversely isotropic case.

9.2.2 Contact Problem for a Thin Transversely Isotropic
Elastic Layer with Variable Thickness

We consider (see Fig.9.2) a homogeneous, isotropic, linearly elastic layer with a
planar contact interface, x3 = 0, and a variable thickness, H (x1, x»), firmly attached
to an uneven rigid surface

x3 = H(xy, x2). (9.118)

In the absence of body forces, the equilibrium equations and the strain-displace-
ment relations governing small deformations of the elastic layer are

007 i 007 ; 003 ;
Iy /oy 3j

=0, j=12,3, 9.119

ax1 0x3 0x3 I ( )
1 (0u; Ouj

sij= (o + ), 0 =1,2,3, (9.120)

’ 2 ax]' ox;

where o;; is the Cauchy stress tensor, ¢;; is the infinitesimal strain tensor, and u ; is
the displacement component along the x ;-axis. Here the Cartesian coordinate system
(»1, ¥2, z) will be used such that y; = x1, yo = x2, and z = x3.

Moreover, a transversely isotropic elastic body is characterized by the following
stress-strain relationships:

Fig. 9.2 Elastic layer with a

. R Xi=Y1
variable thickness

P i A(y)
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o1l At Ap Az 0 0 0 e
022 ApAnp Az 0 0 0 €22
o3| _ [ AizAi3A3 0 0 O £33
o3 | 0 0 0 244 O 0 &3 | ©.121)
013 0 0 0 0 2A44 0 €13
o12 0O 0 0 O 0 2Ae6 12

Recallthat2Ags = A11—A12, while A1, A12, A13, A3z, and Ay are five independent
elastic constants.

We assume that the elastic layer is indented by a smooth rigid punch in the form
of an elliptic paraboloid

z=—¢(1, y2),
where 5 5
1 D)

= T 4 =, 9.122

@(y) 2R, + 2R, ( )

Under the assumption of frictionless contact, we have

031(y,00 =0, 032(y,00=0, y=(y,y) R’ (9.123)

Denoting by §p the indenter’s displacement, we formulate the boundary condition
on the contact interface as

u3(y,0) > 8o — @(y), o033(y,0) <0,

5 (9.124)
(u3(y,0) — 80 + ¢(y))ox3(y,0) =0, yeR?
while on the rigid substrate surface defined by Eq. (9.118) we have
uj(y. Hy) =0, yeR® (j=1.2.3). (9.125)

Assuming that the layer is relatively thin in comparison to the characteristic dimen-
sions of w, we introduce a small dimensionless parameter ¢ and require that

So=e8;, Ri=¢ 'R}, Ry=¢'R}, (9.126)

H(y) = ehy(1 + e (y)), (9.127)

where &5, R}, and R are assumed to be comparable with /. Without loss of gen-
erality we can assume that |, (y)| < h, forany y € R2.

The problem is to calculate the contact pressure distribution

p(x1, x2) = —033(x1, x2,0), (x1,x2) € w, (9.128)
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and the contact force required to indent the punch into the elastic layer

F://p(y)dy. (9.129)

‘We introduce the notation
h=c¢h,, H(y) =e"Hy(y), (9.130)

where 5
Hy(y) = hatp(y). (9.131)

Hence, the following relation is evident:
H(y) =h+H(y), 9.132)

where £ is an average thickness, and H (y) is a small variation such that H (y) < h.
We note that as a consequence of (9.128), the unilateral contact condition (9.124)
can be rewritten as follows:

p(y) =0, yeR?
p(y) >0 = u3(y,0) =d— oy,
p(y) =0 = u3(y,0) >3 —e(y).

We pose the following frictionless unilateral contact problem: for a given value
of the punch displacement §, find the contact pressure p(y) such that the Signorini
boundary condition (9.124) is satisfied both inside the contact area w and outside
(thatis p(y) = 0 fory € R?\ @).

9.2.3 Perturbation Solution

First, we introduce the so-called stretched coordinate
c=¢"z (9.133)

Substituting (9.121) and (9.120) into Egs. (9.119) and taking into account the
variable transformation (9.133), we arrive at the following Lamé system for the
displacement vector u = (v, w):

2

_ v _
€ 2A44@+ e 1Az + AV

ow
Yac
+Ag6AyV + (A1 — Ags)VyVy- v =0, (9.134)
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2

) 0w 1 ov
€ A338_§2 +e (A3 + A44)Vy- & + A44Ayw =0. (9.135)

Here, V, = (9/0y1, 3/0y>) is the Hamilton differential operator, and the dot denotes

the scalar product, so that Vy- V, = Ay, is the Laplace operator.
Correspondingly, the boundary condition (9.123) takes the form

— 4V =0 (9.136)

In light of (9.124) and (9.126), we have

w(y, 0) = e85 — ¢™(¥), y€ o, (9.137)

where we have introduced the notation (see Egs. (9.122) and (9.126))

=2 9.138)
2R}  2R;’ '

Furthermore, by stretching the normal coordinate, Eq. (9.128) is reduced to

ow
—py) =¢'An—+ApY,-v| , yeo. (9.139)
Cle =0

The boundary conditions (9.125) on the substrate surface (see Egs. (9.118) and
(9.127))

¢ =he(1+e(y)) (9.140)

take the following form:

V(Y. by + R (3)) = 0, w(y, by + ehui(y)) = 0. (9.141)
Observe that among Eqgs. (9.134)—(9.137), (9.139) and (9.141), there are only two

inhomogeneous equations, namely (9.137) and (9.139). The form of (9.137) suggests
the asymptotic expansion

w(y, ) = ew’(y, O) + 2wy, o) +-- - (9.142)

In light of (9.139) and (9.142), we suggest that p(y) = O(1) as ¢ — 0. Taking
into account the homogeneous conditions (9.136), (9.141), we set

VY. O =’y O+ eV O+ (9.143)
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We emphasize that the asymptotic ansatz (9.142), (9.143) is valid only inside the

contact region w. In other words, a plane boundary layer should be constructed near
the edge of the contact area. We refer to [3, 13] for more details.

9.2.4 Derivation of Asymptotic Expansions

Substituting (9.142) and (9.143) into Egs. (9.134) and (9.135), we obtain

& 8

+ SO[AsﬁAyVO + (A11 + Age)Vy Vy- V0

aw! 3%v?
+ (A3 4+ Ap)Vy— T +Apu—> 2 ] +--=0, (9.144)

pe (4 4 a4 4 )Vy- WO 0] 4y
& + ¢
3B a2 13 44 3;‘ 33 3c?

av!
+ (A3 + Ag)Vy- 3 + A44Aywo] +---=0. (9.145)

Further, by substituting (9.142) and (9.143) into the boundary conditions (9.136)
and (9.139) at the contact region, we find

av0 av! av2
Al +s°(vyw°+ L) +e(v w! + —) +-- ’ =0, (9.146)
a¢ ag a¢ =0

A 8W0+€ AV, VO + A ow!
33 8{ 13 33 8;_

ow?
+ 82(A13Vy' v+ A338—) +- ’ =—p(y). (9.147)
¢ =0

The substitution of (9.142), (9.143) into Egs. (9.141) then yields

-9 0 -9 1 1:1282 0
v0+8(V1+H* M )+82(V2+H* M +—*—V)+~-~' =0, (9.148)
t=h,

aC ¢ 2 092



9.2 Contact of Two Bonded Thin Transversely ... 319

- awd - ow!  HZ 92w
0 1 2f 2 *
+ H. + + H. —_— )+ =0, (9.149
w 8(W + H, T ) € (w grT: + > 8{2) ';:h* ( )

where we have used notation (9.131).
Thus, on the basis of Egs. (9.144)—(9.149), we have arrived at a recurrence system

of boundary-value problems for the functions vk and wk (k = 0,1,...). Let us
construct the first several terms of the asymptotic series (9.142) and (9.143).

9.2.5 Asymptotic Solution for a Thin Compressible Layer

According to (9.144)—(9.149), the first-order problem takes the form

ERaT w0 0
g =0 ¢ €O, Ange o =P, W, =00 (9.150)
320 av0 0
Free 0, ¢e(0,hy), W o =0, Vv |Z=h* =0. (9.151)
From (9.150) and (9.151), it immediately follows that
y)
Wy 6) = B0 - o), 9.152)
33
vy, 2) = 0. (9.153)

As a consequence of (9.153), the second-order problem, derived from (9.144)—
(9.149) is

92wl
W =0, ¢€(0,h),
ow! - and
— =0, w!,, =—H.(y)— : (9.154)

3%v! aw?
A448_§2 =—(A;3 + A44)Vy¥, ¢ € (0, hy),

avl

% =0. (9.155)

= —VyW0|§=O,

1
v
=0 |§:h*
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It is readily seen that the solution of the problem (9.154) is given by

p(y)

wh(y, £) = H.(y). (9.156)

On the other hand, the solution of the problem (9.155) is

vy, ) = ¥ (@) Vyp(y). (9.157)
where we have introduced the notation

(A13 + Aaa) 2
W)= 2 gy ) -
() A Am ( 5

h*A13

(hye — 7). (9.158)

Collecting Egs. (9.142), (9.152) and (9.156), we arrive at the two-term asymptotic
approximation for the normal displacement

w(y, ¢) :Sp(y) (hy —0) +¢ [;\(_j)H y). (9.159)

By taking into account the scaling relations (9.130), we rewrite (9.159) in the form

p(y)
(

us(y, z) >~ —— o h+H(y) —z). (9.160)

By substituting the expression (9.160) into the contact condition

u3(y,0) =80 — ¢(y), y€ o, (9.161)

we derive the following equation for the contact pressure density:

h+ H(y)

) p(y) =38 —¢y), yE€o. 9.162)
33

In light of the condition p(y) > O for y € w, we obtain

A3z
= —F7 (6 — , 9.163
p(y) e H(y)( 0— o), (9.163)

where (x)4+ = max{x, 0} is the positive-part function.
Invoking the notation (9.132) for the variable thickness of the elastic layer, we
rewrite formula (9.163) as

Asz3
p(y) = 0—9M),- (9.164)

H(y) "y
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Formula (9.164) shows that a thin compressible elastic layer deforms like a

Winkler foundation with the variable foundation modulus

Aszz
H(y)

k(y) = (9.165)

Let us recall that the elastic parameter As3 is related to Young’s moduli, £ and
E’, and Poisson’s ratios, v and v’, by the formulas

E'(1—-v)
A3z = 3 , (9.166)
1—v— "7
E/

Finally, according to [16] (see also Sect.2.4), the denominator of (9.166) would
approach zero if the layer material became more incompressible. It is readily seen
from (9.165) that k(y) — oo in the incompressibility limit, implying that the case
of an incompressible elastic layer requires special consideration.

9.2.6 Asymptotic Solution for a Thin Incompressible Layer

Let us continue the process of constructing terms of the asymptotic expansions
(9.142) and (9.143). In light of (9.156), Egs. (9.144)—(9.149) yield the following
third-order problem:

3%2w? av! 0
Az—5 = —(A13 + Aa)Vy- — — AuAyw”, ¢ € (0, hy),
o a¢
A aw = —A;Vy v w?| =0; (9.167)
33 T ;:o_ 13Vy Vo c=n, =0 .
92v?
W =0, ¢¢€(0,hy),
av? 1 2 ~ av!
= ==yl VY = —Hy)—] . (9.168)
a; =0 y |(_0 ‘{-h* * 8{ c=h,

Substituting (9.152) and (9.157) into Egs. (9.167), we derive the problem

?w?  ApAyp(y)
9¢? A3 Au

[(A13 4+ 2444) (h — ) — (A13 + Ag)hy ], £ € (0, hy),
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| An(Aw — Ak
9% Jr=0 2A3;Au

Ayp), W, =0. (9.169)
It can be verified that the solution to (9.169) condenses into the form

(hy —¢)°

A3Ayp(y) | A13 + 2Au
wi(y, §) = "py[ 1

A3, 6A44
(A3 + Agg)hy

h2
_ )2 _
A (he —0O)" + > (hy {)]. (9.170)

Further, in light of (9.156) and (9.157), the problem (9.168) takes the form

82V2

W =0, ¢e(0,hy),
av? V,(pH. Azhy -
v V) X 9.171)
9% {r=o Asz3 §=hx A33A44 ’

where we have omitted the arguments of functions p(y) and H,(y) for clarity.
It can be easily verified that the solution to (9.171) has the form

h* -
Aszz

Apshy -
vy, 0) = B 7.9,p. 9.172)

Vy(pHy) —
Y T AyAg

We emphasize that in contrast to the two-term approximation (9.159), the third
term (9.170) does not vanish at the contact interface in the limit as v — 0.5. Indeed,
formula (9.170) yields

_hiA(A — Ag)

2
wi(y, 0) =
342, Au

Ayp(y). (9.173)

In the incompressibility limit, we have

A;3(A;z — A 1
13( 213 44) x 9.174)
A33A4 asq
where aqq = Agq4 = G’ is the out-of-plane shear modulus.
In order to construct a correction for the leading asymptotic term (9.170), we
consider the following problem:

32w dv? :
A338_§2 = —(A13 + Aga)Vy- b AgAyw, ¢ € (0, hy),
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3 2| %| 2

Azz— =—-A;Vy-v w* *(y)— (9.175)
=0’ —he

By substituting (9.156), (9.170) and (9.172) into Egs. (9.175), we find

32W3 A13
— ="A,(pH € (0, hy), 9.176
T = AL y(pHL). ¢ € (0.h) (9.176)
3W3 A13h* ~ ~
= (A3, (H.Vyp) — Assdy(pH,)), (9.177)

3{ =0 A%3A44

Ay3h?
3 1375,
W P H A p. 9.178
e, = 242, ©-178)

Integrating Eq. (9.176), we obtain

Wy, 0) = Ay (pHAIE? + CLY)E + Coly), 9.179)

2
2A3%,;

where the integration functions Ci(y) and Cy(y) are determined by the boundary
conditions (9.177) and (9.178). It can be checked that

Aqzhy

Ci1(y) = —5——(A13Vy (H,Vyp) — AigAy(pH,)), (9.180)
A3 A4
A13 A2 12 -
Co(y) = —2[H Ayp + Ay(pH)] — 522V, (H,Vyp).  (9.181)
33 A33A44

From (9.179), it immediately follows that

wi(y, 0) = Co(y), (9.182)

and it can be shown that in the incompressibility limit (when Aj3/A33 — 1 and
A4s/Az3 — 0), we arrive at the following result:

h? -
Coy) = —ﬁvy (H:Vyp). (9.183)

Thus, collecting Eqs. (9.142), (9.173), (9.182) and (9.183), we obtain the follow-
ing two-term asymptotic approximation for the normal displacement at the contact
interface in the case of the incompressible elastic layer:

3

L h?
e Ap) — Y (L Vp). (9.184)
asq

w(y, 0) ~
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Recalling the scaling relations (9.130) and the notation agq = G’, we rewrite (9.184)

in the form
n3 h? -
u3(y,0) >~ _ﬁAyp(Y) - aVy (HY)Vyp®¥)). (9.185)

Now, substituting the expression (9.185) into the contact condition (9.161), we
arrive at a partial differential equation in the domain » with respect to the func-
tion p(y). According to the asymptotic analysis [13] (see also Sect.2.7.3), at the
contour I of w, we impose the following boundary conditions:

9
r(y) =0, ﬁ(y) =0, yel. (9.186)

Here, d/0dn is the normal derivative. We underline that the location of the contour I
must be determined as part of the solution. For analytical evaluation of the contour I,
a perturbation-based method was developed in [8].

9.2.7 Perturbation of the Contact Pressure
in the Compressible Case

Collecting Eqs. (9.142), (9.152), (9.156), (9.170) and (9.179), we obtain

he 2 Hi(y) Jh3A13(A13 — Aw)
w(y,0) ~e—py) +e——p{y) —¢ Ay p(y)
y yeadts 4, PY A2 Am yP(y
h2A13, ~ .
+84H B .y Ayp(y) + Ay (P A )]
2A33
h2A?, -
- Vy- (He(y)Vyp(y) ] (9.187)
AL Ay (H0Vy )

By substitution of the asymptotic expansion (9.187) into the contact condition
(9.137) and using the notation (9.131), we arrive at the equation

S h3A13(A1s — Aug)
3A33A44

p(y) + e (y)p(y) — & Ay p(y)

3 Akl
2 A33Am [A““[‘/’*(Y)AyP(Y) + Ay (PN )]
A3z .,
— 2A13Vy- (W*(Y)Vyp()’))] =7 @y, (9.188)

where we have introduced the shorthand notation

Ay =85 — o™ (y). (9.189)
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It should be noted that Eq. (9.188) is applied in the case of compressible materials
when its right-hand side makes sense.

By employing a perturbation method, the third-order asymptotic solution to
Eq. (9.188) is expressed in the form

A
ply) =~ h” (00(y) + £01(y) + £202(y) + £203(y)). (9.190)

Upon substitution of (9.195) into (9.188), we straightforwardly obtain

h2A13(A13 — Asg)

o0 =f*. o1=—Yuf*. oa=vyif*+ A f*, (9.191)

3A33A44
h2A13(A;3 — A
=i 13235444 +) (Vs dy 5+ Ay (P f)
h A
T 2ApA o {A44[¢* v A Y0] = 24153V UV ), (9.192)

where, for the sake of brevity, the argument y is omitted.
Further, by making use of the differential identities

V-V =Vy . -Vf+yAf,
AfY) = YAf + fAY +2V f - Vi,
we simplify formula (9.192) as follows:

h2A13(2A13 + Aag)

3 x A13(2A13 44) Ly

=—y [ - A,y

vt 6A33A44 F Ay
h2A13(A1s — Asg)

3A33A44

(Vo f* - Vo + YAy f). (9.193)

Observe also that formula (9.181) can be transformed to

h2A13(A13 — Aag) ~ ~ h2A13 ~
Coly) = — = VyH, - Vyp+ H Ay pl+ =B p AL H,, (9.194)

where the expression in the brackets in (9.194) is equal to V- (I:I*Vy p).
In the isotropic case, Egs. (9.190)—(9.193) reduce to the following [5]:

A 2 3
(00(y) + e01(y) + e702(y) + €7 03(y)), (9.195)

2+
p(y) >~ ™



326 9 Sensitivity Analysis of Articular Contact Mechanics

h2A(h —
o0 =f* o1=—Yuf" o=yl + %Ayf*, (9.196)
h20(2A + )
— 3 DT e
o3 =Y, f EITESS FrAY
hih (= ) . .
i\ Vel A L), (9.197)

It can be easily checked that the four-term asymptotic expansion (9.195), with the
coefficients given by (9.196) and (9.197) in the 2D case, recovers the corresponding
solution obtained in [21], where the next asymptotic term for the contact pressure in
(9.195) was given explicitly.

9.2.8 Application to Sensitivity Analysis of the Contact
Interaction Between Two Thin Incompressible Layers

According to (9.185) and (9.186), the refined asymptotic model for contact interaction
of thin incompressible layers bonded to rigid substrates takes the form

Z 2 N
—m = Ay p(y) = DV (i @)Vyp) = 80— 9(y). y €@, (9.198)
n=1 "
ap .
p(y) =0, g(y) =0, yel, (9.199)

where I” is the contour of the contact region @&, and m is given in (9.117).
Let us define

p(y) = p(y) + p(y), (9.200)

where p(y) is the solution to the original asymptotic model (9.112), (9.113), and
p(y) represents a perturbation due to the variability of the layer thickness.

Then, under the assumption that the thickness variation functions H; (y) and H, (y)
introduce a small variation into the elliptical contact region w corresponding to the
density p(y), we derive from (9.198)—(9.200) the following limit problem for the
variation of the contact pressure density:

2 h2 _
—mT AV = SV @V ), Y € o, (9.201)

n=1 "

p(y) =0, yer. (9.202)
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Here, I is the contour corresponding to the contact pressure (9.115).
Moreover, the thickness variation functions H;(y) and H(y) will not greatly
influence the resulting force-displacement relationship, if

/ / p(y)dy = 0. (9.203)

In this case, the contact force P is related to the displacement 8 by the same relation
as that derived in framework of the original asymptotic model (9.112), (9.113).

Let us derive the conditions for H 1(y) and ﬁz (y) under which the equality (9.203)
holds true. With this aim we consider an auxiliary problem

A,0(y)=1, yew, O =0, yeTl (9.204)
with the solution
2.2
Oy) = ——22o(y),
2((1% + a%)
where
2 2
y Y
oy)=1-= - =. (9.205)
ary a4

As a result of (9.204), we rewrite Eq. (9.203) as

/ / p(y)A,O(y)dy = 0. (9.206)

Applying the second Green’s formula and taking into account Egs. (9.201), (9.202)
and (9.204), we reduce Eq. (9.206) to

//9()’) Z i V - (Hy(y)Vyp(y) dy = 0. (9:207)

After rewriting Eq. (9.207) in the form

//Q(Y’Zay( Z "H(y)) =0
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and integrating by parts with (9.205) taken into account, we find

//Zzy"a”()z B, (v) dy

_ 2 0
ap h> -
+ / 0(y) Z cosn 0 520 S E A dsy =0, 9208
T k=1 n=1
It is clear that the line integral in (9.208) vanishes due to the boundary condition

(9.205). Hence, taking into account the exact expression (9.115) for p(y), we finally
transform Eq. (9.208) into

2 2
> 2 // H,(y)p(y)dy =0, (9.209)
Gn
n=1 ©
where we have introduced the notation
2 2 2 2
sy Y y Y
p(y) = (—21 + —22) (1 - - —’g) (9.210)
aj say ai a3

Based on the derived Eq. (9.209), we suggest the following optimization criterion
for determining the average thicknesses /1 and h;:

min / (Hu(y) — hn)? 0 (y) dy. 9.211)

Here, w; is a characteristic elliptic domain with semi-axes a} and a3. In particular,
in the capacity of w, we can take the average elliptic contact area for a class of
admissible contact loadings, while p,(y) is given by

s % oo
Px(y) = (F + S*a*Z 1- w2 %2 ©:212)

1 2 a a

where s* = a3 /aj is the aspect ratio of w.
It is clear that the necessary optimality condition for (9.211) has the form

/ (Hp(y) = hn)px(y) dy = 0, (9:213)



9.2 Contact of Two Bonded Thin Transversely ... 329

from which it follows that

1
= o / / Hy¥)pe(y) dy. 9.214)

where

g
R. = // px(y) dy = E(QTZ +a>2.<2)~
Wx

It remains to show that Eq. (9.209) follows from (9.213) if w, coincides with w.
Indeed, as a consequence of (9.132), Eq. (9.213) is equivalent to the following:

/ HWpa¥)dy =0, n=1,2. 9.215)

Wy

By adding the two equations above, multiplied by h% /Gl n = 1,2, respectively, we
arrive at Eq. (9.209).

It is interesting to observe that Eq. (9.214) indicates that, in order to obtain the
optimal average thickness 4, the corresponding variable thickness H, (y) has been
averaged with the weight function p,(y) given by (9.212).

To conclude, we note that in the case of compressible layers, the optimal value of
the average thickness &, coincides with the simple average of H,(y).
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