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Preface

Density-functional theory (DFT) has its roots in the works of Hohenberg and Kohn
[1], Kohn and Sham [2], and Slater [3]. Despite rumors of its untimely demise [4],
DFT is presently enjoying ever greater application across a wide range of scientific
disciplines, including chemistry, physics, biochemistry, and engineering. While
density-functional approximations can be used for calculation of accurate structural
and spectroscopic properties, they are most widely used for thermochemical pre-
dictions, such as heats of reaction, which are the subject of the present volume.

Becke’s article applying gradient-corrected functionals to the “G1” set of atom-
ization energies [5] was the key study which first attracted the interest of the
computational-chemistry community to density-functional theory. The subsequent
implementation and testing [6] in the Gaussian-92/DFT electronic-structure pro-
gram marked the point where density functionals became a practical and attractive
alternative to correlated-wavefunction theory for reaction thermochemistry.
Because of their high accuracy and computational efficiency, DFT methods have
become the standard approach for thermochemical predictions. Generalized gradi-
ent approximations (GGAs) and hybrid functionals are now implemented in a
variety of commercial and open-source electronic-structure programs which can
be readily used by chemical researchers.

In recent years, several other classes of functionals have been proposed. Notable
developments include meta-GGAs, range-separated hybrid functionals, random-
phase approximation functionals, and dispersion corrections, all of which have
extended the range of systems to which one can reliably apply density-functional
approximations. However, no functional is currently applicable to general thermo-
chemical study of all types of chemical species and reactions. Particular challenges
include systems with extensive electron delocalization or multi-reference character
and thus the field is continuing to evolve.

This volume aims to reflect the current state of density-functional thermochem-
istry. It presents highlights of ongoing research at the frontiers of DFT and
discusses the outstanding problems of delocalization error and strong correlation.
The first few chapters give overviews of density-functional approximations as they
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currently stand and push the boundaries of their applicability to increasingly
complex systems, consisting of very large molecules (Chap. 1), surface chemistry
(Chap. 2), and van der Waals dimers (Chap. 3). Next, we address the problems
associated with judging the relative quality of functionals (Chap. 4). Finally, we
consider research on non-conventional functionals, including recent successes of
random-phase approximations for thermochemistry (Chap. 5), spin-density func-
tionals and issues with derivative discontinuities (Chap. 6), and real-space strong-
correlation models for exact-exchange-based DFT (Chap. 7), which may represent
the future of the field.

In closing, I would like to thank Elizabeth Hawkins, Judith Hinterberg, Tanja
Jaeger, and Arun Manoj Jayaraman at Springer for their help and for the opportu-
nity to edit this volume. I would also like to thank the authors for their contribu-
tions, making this work possible, and the members of my research group for their
support and camaraderie.

Merced, CA, USA Erin R. Johnson
February, 2015
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Accurate Thermochemistry for Large
Molecules with Modern Density Functionals

Marc Steinmetz, Andreas Hansen, Stephan Ehrlich, Tobias Risthaus,
and Stefan Grimme

Abstract The thermodynamic properties of molecules are of fundamental interest
in chemistry and engineering. This chapter deals with developments made in the
last few years in the search for accurate density functional theory-based quantum
chemical electronic structure methods for this purpose. The typical target accuracy
for reaction energies of larger systems in the condensed phase is realistically about
2 kcal/mol. This level is within reach of modern density functional approximations
when combined with appropriate continuum solvation models and slightly modified
thermostatistical corrections. Nine higher-level functionals of dispersion corrected
hybrid, range-separated hybrid, and double-hybrid type were first tested on four
common, mostly small molecule, thermochemical benchmark sets. These results
are complemented by four large molecule reaction examples. In these systems with
70-200 atoms, long-range electron correlation is responsible for important parts of
the interactions and dispersion-uncorrected functionals fail badly. When used
together with properly polarized triple- or quadruple-zeta type AO basis sets,
most of the investigated functionals provide accurate gas phase reaction energies
close to the values estimated from experiment. The use of theoretical back-
correction schemes for solvation and thermal effects, the impact of the self-
interaction error for unsaturated systems, and the prospect of local coupled-cluster
based reference energies as benchmarks are discussed.
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1 Introduction

In the past two decades Kohn—Sham Density Functional Theory (DFT) [1-5] has
become a very important tool for understanding mechanistic problems in chemistry.
At the heart of this topic is the proper energetic description of all chemical species
involved in a reaction. This thermochemistry problem, which from a broader point
of view may also contain transition states or non-equilibrium structures in addition
to the normal minima, is the topic of this work. The evaluation of the performance
of density functionals (DFs) by benchmarking for energetic properties is a crucial
step prior to the investigation of a new system. The reason for this is the still
somewhat empirical nature of current DF approximations and their non-systematic
improvability.

Several molecular sets were developed over the last few years to test DFs for,
e.g., atomization energies [6—8], non-covalent interactions (NCI) [9—11], or special
reactions and kinetics [12—16]. Many of them were collected in the GMTKN30 [17]
test set by our group to build a large benchmark set which includes the chemically
most important properties of main-group chemistry. Less extensive benchmarks
exist in the field of transition metal chemistry for which we mention a few examples
[18-24].

The reference data used can be taken from experiment but nowadays it has
become common practice to compute reference reaction energies at high Wave
Function Theory (WFT) level (normally coupled-cluster) and compare these data
for the same molecular geometry directly with DFT results. This procedure avoids
the effects of temperature, conformations, solvents, and other uncertainties in the
measurements, and is the preferred way in our group. However, it cannot always be
applied to large molecules because the computationally demanding WFT calcula-
tions are intractable. Mixed approaches which combine experimental and theoret-
ical data (back-correction schemes) represent a solution to the problem and will be
discussed below.
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Another important aspect in the context of DFT and larger chemical systems is
the effect of the London dispersion interaction. As an electron correlation effect,
dispersion has a fundamentally quantum chemical, complex many-particle origin
but is chemically a local phenomenon. It often operates on a relatively long-range
length scale where classical (atomic or other local) approximations perform well
(and exchange is negligible) but also has a short-range component. The dispersion
energy, and in particular its long-range (London) part, is not accurately described
by common semi-local DFs [25-27] and dispersion corrections represent a very
active field of research [28-30]. In this chapter we also want to highlight the
importance of the dispersion energy in intramolecular cases and in thermochemistry
generally. Even if dispersion alone is insufficient to form a stable chemical bond, it
is clear that larger molecules are significantly more influenced by the intramolec-
ular dispersion energy than smaller ones. Because dispersion as a special type of
electron correlation effect is always attractive (energy lowering), this means larger
molecules are thermodynamically stabilized by dispersion compared to small
systems [31]. From this new concept it is concluded that large (preferably
electron-rich and polarizable) functional groups can be used to stabilize thermody-
namically (and not merely kinetically) weak bonds or reactive parts in a molecule.
The chemical examples discussed at the end of this chapter illustrate this point.

As already mentioned, DFT has also become the “work-horse” of modern
quantum chemistry because it represents a good compromise between computa-
tional effort and accuracy. However, the huge number of developed DFs to date
shows that current approximations still suffer from several flaws and that the quest
for finding a functional which comes close to the “true one” is still going on. In this
context, we want to particularly focus on the fact that not every DF is equally well
applicable to every problem [32]. This makes choosing the right functional for the
right problem a tough task, even for experienced researchers in this field. Here, we
want to shed light on the question whether very recent, newly or further developed
functionals are accurate for thermochemistry and concomitantly robust, i.e.,
broadly applicable to various chemical problems. For evaluation we employ a
combination of standard thermochemical benchmark sets and four “real” chemical
reactions of molecules with about 70-200 atoms. Nine modern, higher-level func-
tionals of dispersion corrected hybrid, range-separated hybrid, and double-hybrid
type are tested.

2  Theory

2.1 Thermochemical Calculations in the Condensed Phase

A free reaction energy AG;, in solution, which is often measured experimentally
under convenient equilibrium conditions for solvent X at temperature 7, can be
computed as
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AG, =~ AE,(gas) + AG{py(gas) + ASGL (solventX) (1)
DFT, RRHO, COSMO-RS
low-freq. mode
approx.

where AFE(gas) is the zero-point-vibrational exclusive reaction energy for the
isolated molecules, AGLpy(gas) is the thermo-statistical correction from energy
to free energy with translational, rotational, and vibrational contributions, and
ASGT . is the solvation free energy contribution. For the latter term we employ
the COSMO-RS continuum solvation model [33-35] throughout. It is based on
single point calculations on the default BP86/def-TZVP [36-38] level of theory for
optimized gas phase structures. Consistently, the rigid-rotor-harmonic-oscillator
(RRHO) model is also based on gas phase structures. Note that the normally
small effects stemming from changes of the structure and vibrational frequencies
upon solvation are implicitly accounted for by the COSMO-RS parametrization.
For charged or very polar species, where larger changes are expected, we usually
compute the structure and frequencies at the DFT-D3/COSMO level. Low-lying
vibrational modes (<100 cm™') are treated by a special rigid-rotor approximation
in order to avoid numerical artifacts in the entropy calculations [39].

Equation (1) can be rearranged to obtain approximate experimental reaction
energies from condensed phase equilibrium measurements and the corresponding
theoretical correction energy terms given above according to

AE,(gas)™™ ~ AG™ — AGL., (gas) — ASGT

solv

(solventX). (2)

This approach is used to obtain reference reaction energies for three examples
discussed in Sect. 3.2 with which the various DF results are compared. If experi-
mental values are not available, the quantum chemistry “gold standard,” namely
coupled-cluster with single and double excitations and perturbative triple excita-
tions (CCSD(T)), is employed to obtain reference reaction energies directly. For
large molecules it cannot be applied in its canonical form due a steep increase of the
computational effort with the number of correlated electrons. However, CCSD
(T) calculations on larger molecules become computationally feasible if local
correlation approaches are applied. Among the growing number of local coupled
cluster implementations, the recently published DLPNO-CCSD(T) method [40],
which employs pair-natural orbitals (PNOs) and domain-based techniques, seems to
be very promising. It shows near linear scaling of the computation time with the
system size and, hence, molecular calculations with up to 200 atoms and reasonable
valence triple-zeta AO basis sets are possible, although the computational demands
are still significantly higher compared to DFT methods. It has been shown [40] and
confirmed by us [41] that the errors due to the additional approximations in the
DLPNO-CCSD(T) method are small (<1-2 kcal/mol) and well controllable. Using
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a tight value of the electron pair cut-off (Tcypairs = 1072 Ey) to ensure that London
dispersion interactions are captured properly, and estimating the remaining basis set
incompleteness error by focal point analysis [42, 43], DLPNO-CCSD(T) offers a
reliable means for obtaining accurate reference reaction energies if experimental
values are missing.

The complete basis set (CBS) DLPNO-CCSD(T) results were estimated from
the following standard additivity scheme for the electronic energy E in which a
correction from a def2-TZVP (TZ) [44] calculation is added to the MP2/CBS result:

E(CCSD(T)/CBS) ~ E(MP2/CBS) + [E(CCSD(T)/TZ) — E(MP2/TZ)]. (3)

Here E(CCSD(T)) refers to a canonical CCSD(T) or for large molecules to a
DLPNO-CCSD(T) energy.

For neutral systems and reaction energies in a “normal” range (10-40 kcal/mol),
the errors of the back-correction scheme as well as residual errors in the DLPNO-
CCSD(T)/CBS treatment (mostly due to basis set extrapolation errors and
non-additivity effects) typically amount to 10% of AE, i.e., 2-3 kcal/mol. As will
be shown below this is within the error range of most modern DFs. According to our
experience, the often claimed “chemical accuracy” of about 1 kcal/mol for ther-
mochemistry is unrealistic for large systems from the experimental as well as the
theoretical point of view and the quoted 2—3 kcal/mol should be considered as a
more realistic target.

2.2 The Functional “Zoo”

The “zo0” of density functionals [45] has grown tremendously over the years and it
has become difficult even for an expert in the field to follow all developments
continuously. About a decade ago it was basically sufficient to specify the choice of
the Generalized Gradient Approximation (GGA) flavor in a DF with the amount
of non-local Fock-exchange included (as specified by the mixing parameter a,
[46, 47]). Nowadays, the exchange-correlation energy Exc is composed of more
diverse components. We want to clarify this issue with the help of the general
formula

Exc = EF% + E}*ayp) + SO 4 B @

where E%’A represents semi-local GGA exchange-correlation energy components,
EY¥*(a,, p) is the non-local (NL) Fock-exchange energy determined by the global
mixing parameter a, and possibly the range-separation parameter u, with the
non-local correlation energy EISL describing mostly long-range London dispersion
effects. These three parts constitute three independent “coordinate axes” which
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define the functional space of modern DFT. Because there are many technically and
theoretically different choices for the three parts, and since there is no universally
accepted theory on how to combine them, the number of possible (and probably at
least reasonably performing) DFs is huge. In the spirit of John Perdew’s so-called
“Jacob’s Ladder” scheme [48, 49], however, one can make some general classifi-
cations (cf. Peverati and Truhlar [50]):

Global hybrids like B3LYP [47, 51] or PBEO [52, 53] employ standard GGA and
Local Density Approximation (LDA) components and a fixed amount of Fock-
exchange. The hybrids performing optimally for thermochemistry have small a,
values, typically in the range 0.1-0.3. They have been used extensively in
chemistry and recently their theoretical foundation was discussed in some detail
[54]. If properly corrected for London dispersion effects, e.g., by the atom-
pairwise D3 [55, 56] or density-dependent VV10 [57] schemes (i.e., inclusion of
ERE, see below), good accuracy for thermochemical properties can be obtained
[50, 58, 59].

Range-separated hybrids (RSHs) split the two-electron operator based on the
inter-electronic distance into short-range (SR) and long-range (LR) parts, which
are then treated differently. Hirao and coworkers [60] realized this splitting as

rl_zl =erfc(u-ripa) - ;'1_21 +erf(u-rin) ~r1_2l , (5)

SR LR

where erf(x) is the error function, erfc(x) = 1 — erf(x), and u is an adjustable
parameter controlling the switch between the two regimes SR and LR. Usually,
the SR part is treated by a conventional GGA while the LR part is considered
“exactly,” 1i.e., Fock-exchange is taken. Again, such functionals can be
dispersion-corrected for better performance like wB97X-D or wB97X-D3
[61, 62]. Note that simple RSHs derived from standard GGA components
perform worse for thermochemistry than global hybrids [58] but improve reac-
tion barriers.

If EX™ contains an orbital-dependent term which is computed by second-order
perturbation theory, the functionals are called double-hybrids (DHs). The similar
term “doubly-hybrid” for a linear combination of DFT and MP2 parts was first
coined in Zhao et al. [63] (the term DH was first used in Neese et al. [64]). The
first DF in this class was B2PLYP [65] (for earlier related mixtures of DF and
MP2 components, see [63, 66, 67]). A general expression for the correlation
energy Ec in modern DFs is given by

Ec = (1 —a)ES" + a EZ™” + ES, (6)

where q. is a local/non-local mixing parameter (in analogy to the Fock-exchange
mixing parameter a,), EICYr2 is the standard MP2 correlation energy expression
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but evaluated with hybrid-GGA orbitals and eigenvalues, and Eo™ is a further
London dispersion energy correction. In the limit ¢, = 0 a normal hybrid is
obtained. For the PT2 part, different scale factors for same- and opposite-spin
pair correlation energies in the spirit of the SCS-MP2 method [68, 69] can be
used, increasing robustness in electronically complicated situations and possibly
leading to computational savings. According to extensive benchmarks [58],
DHDFs are the best performing methods in the functional “zoo.” For a thorough
review of DHDFs including extensive benchmarking, see Kozuch et al. [70].

» Dispersion effects are ubiquitous in matter and hence we briefly describe our
recommended procedure for their computation. For reviews on dispersion cor-
rections to DFT and other atom-pairwise approaches, see [28—30, 71-73]. In the
VV10 scheme by Vydrov and van Voorhis [57] (application denoted by “-NL”
or “-V”), which is based on earlier work by Langreth and Lundqvist [74], the
non-local correlation (dispersion) energy takes the form of a double-space
integral

—~

E(éiSp’VVIO = %U/)(r)d)(r, rl)/)(rl)drdr/, 7)

where p is the charge density and r and r/ denote electron coordinates. The
different flavors of such density-dependent corrections [57, 74, 75] only differ in
the choice of the non-local correlation kernel ¢(r, 1’). These kernels are physi-
cally based on local approximations to the (averaged) dipole polarizability at
frequency w (i.e., a(r, )). Knowing a at all (imaginary) frequencies leads
automatically, via the famous Casimir—Polder relationship [76], to the long-
range part of the dispersion energy. This clarifies the deep relation to atom-
pairwise methods (e.g., the DFT-D3 [55] approach used here) which employ
these coefficients as basic quantities and replace the charge density by atom-
centered delta functions and the double-integral by a double-sum. The Cg
dispersion coefficient for induced dipole—dipole dispersion interacting frag-
ments A and B is given by

3 o0
CAB :,J a(io)*a(io)®do. (8)
7 Jo
Higher-order dipole—quadrupole, quadrupole—quadrupole, ... coefficients

(i.e., Cg, Cyg, ...) can also be computed by similar formulas [77]. The Cq
coefficients (and derived Cg) in the D3 method were obtained from a modified
form of this relation where the a(iw) are computed non-empirically by time-
dependent DFT and A and B are reference molecules from which atomic values
are derived [55]. Because the reference system can also be a molecular cluster
modeling a solid environment, special coefficients for atoms in the bulk can be
derived [78] (for a discussion of these atom-in-molecules effects, see Johnson
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[79]). The final form for the DFT-D3 two-body part of the dispersion energy
employs the so-called Becke—Johnson (BJ) damping [56, 71] and truncates the
expansion at Cg:

disp, D3 (BJ) 1 Z CpB CyB
Ecls s = —— S6 3 + 53 ) (9)
2A#B R3g +f(Rg) Rig +f(Ryg)

where f(RgB) = aleB + a,, and ay, a,, s¢ and sg are empirical parameters that
have been determined by a fit to CCSD(T) interaction energies for typical NCI
(i.e., the S66 set [10]). The VVI10 functional also contains two empirical
parameters (adjusting the long- and short-range behavior) of which only the
latter is fitted for each DF [59]. The above form of the damping function (which
is similar in VV10) ensures that, for small interatomic distances, the right
constant limit of the dispersion energy is obtained [80]. The D3 or VV10
corrections can be added to all semi-local DFs that are dispersion devoid in
the medium-range regime so that no significant double-counting effects occur.
For DHDFs the correction is scaled to complement the contribution of the
orbital-dependent PT2 part [17] or empirically fitted [70].

Although these DFs do not fully solve the “bouquet of DFT puzzles” [81] (see
also [82]), the modern functionals considered in this work are expected to provide,
for “non-exotic” electronic structure problems, on average a significantly higher
accuracy than what was typically obtained a decade ago. This will be illustrated by
selected sets from our GMTKN30 [17] database and a few “real-life” examples
involving large but in a chemical sense prototypical systems. We consider three
standard dispersion corrected hybrids with two flavors of dispersion correction
(B3LYP-NL, PW6B95-D3, and PBEO-D3), two RSHs which have been constructed
consistently by including dispersion in the empirical fittings ®B97X-D3 [62] and
®B97X-V [83], and three versions of double-hybrid DFs which are based on
different construction principles (DSD-PBEP86-D3 [84], PWPB95-D3 [17], and
PBEO-DH [85]). The highly parametrized M06-2X meta-hybrid DF [86] is included
because of its widespread use and to investigate the question of how much accuracy
is lost by including only the medium-range dispersion energy [87]. For comparison,
dispersion uncorrected B3LYP results are also given. Table 1 provides an overview
and some properties of the investigated functionals.

Rather important in practical applications is the amount of non-local Fock-
exchange included as determined by the mixing parameter a, (in RSHs the non-
local exchange contribution normally reaches 100% for large inter-electronic
distances). It determines the magnitude of the so-called self-interaction error
(SIE) which leads to too low reaction barriers, too loosely bound electrons, and
over-delocalized electronic structures [88—90]. In particular, these problems may
arise in unsaturated, radical-containing structures. Most DHDFs employ larger a,
values and hence suffer less from SIE because the unwanted effects of the larger
Fock-exchange contribution are compensated by the orbital-dependent correlation
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Table 1 Overview of the investigated density functionals

DF Type Parameters a, Dispersion References
B3LYP-NL GGA hybrid 4 0.2 Density [47, 51, 57,
59]
PBEO-D3 GGA hybrid 3 0.25 Atom-pairs [52, 53, 55,
56]
PW6B95-D3 Meta-GGA 9 0.28 Atom-pairs [55, 56,
hybrid 133]
MO06-2X Meta-GGA 33 0.54 Density® [134]
hybrid
wB97X-D3 RSH 16 0.195728-1 Atom-pairs [55, 62]
wB97X-V RSH 10 0.167-1 Density [57, 83]
PBEO-DH GGA DH" None 0.5 Orbitals [85]
PWPB95-D3 Meta-GGA DH® 8 0.5 Orbitals/ [17,55, 56]
atom-pairs
DSD-PBEP86-D3  Meta-GGA DH® 6 0.7 Orbitals/ [55, 56, 84]
atom-pairs

“Long-range (asymptotic) part not included

Ya.=a =0.125

“Opposite-spin correlation energy only, a. = 0.269

9Different scale factors for same- and opposite-spin correlation

energy. The influence of SIE on thermochemical properties and its structural
dependence in large systems is much less clear than that of the dispersion energy.

2.3 Technical Details of Quantum Chemical Calculations

The most important issue to consider in practical calculations is the choice of the
one-particle atomic orbital (AO) basis set which is used to expand the orbitals in the
Kohn—Sham approach and to generate excitation spaces in PT2 or CCSD(T)
treatments. While thermochemical results with hybrid DFs are typically already
close to convergence with properly polarized triple-{ type basis sets (e.g., def2-
TZVP [44] or cc-pVTZ [91]), DHDFs require larger sets due to the presence of the
perturbation term [58]. Therefore, we employ here in single-point energy compu-
tations the def2-QZVP basis deprived of g-functions on non-hydrogen atoms and f-
functions on hydrogen and lithium atoms. In standard notation this basis reads for
first- and second-row elements [7s4p3d2f]/[4s3p2d]. According to many tests
performed over the years for various reactions (see, e.g., [24, 58, 92]), this basis
set level provides reaction energies within 1-2 kcal/mol of the complete basis set
(CBS) limit for the cases considered here. Because basis set effects are largest for
energies but only moderate in structure optimizations (see, e.g., [93]), the def2-
TZVP level is sufficient for the latter purpose and hence most structures are based
on TPSS-D3/def2-TZVP optimizations. The structures in the subsets of the
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GMTKN30 [17] database in Sect. 3.1 were taken without modification. For the
palladium atoms (DIMPD reaction) an ECP (SD(28,MWB) [94]) (and respective
ECP basis set) was used. In this case, the geometries used were obtained on the
PBE-D3/def2-TZVP level. The MP2 energies used in the DLPNO-CCSD(T) cal-
culations are based on def2-TZVP/def2-QZVP extrapolations according to the
procedure of Halkier et al. [95, 96]. For the two-electron Coulomb integrals the
RI-approximation [97-99] was used which speeds up the computations remarkably
without any significant loss of accuracy when optimized auxiliary basis sets
[100, 101] are used. The MP2 results are also based on Rl-treatments [102] with
the corresponding exchange-type auxiliary basis sets [103]. All orbital-dependent
correlation energies were obtained within the frozen (chemical) core approxima-
tion. The numerical quadrature grid mS was generally employed for the integration
of the exchange-correlation contribution. For the M06-2X calculations with ORCA
the larger grid 7 was used because results with this functional are known to be
strongly grid-dependent [58, 104]. Moreover, it was recently reported [105] that the
MO06-2X functional produces artificially large basis set superposition errors (BSSE)
even with very large AO basis sets indicating some numerical instability.

All electronic energy and frequency calculations were conducted with
TURBOMOLE [106, 107] or ORCA [108, 109] codes which provide practically
identical results for similar technical settings. The COSMO-RS corrections were
obtained from the COSMOtherm [110] software package. For further numerical
details and discussions of the back-correction scheme, see Grimme [39]. All cal-
culations involved in the DLPNO-CCSD(T) treatment were conducted with the
ORCA code.

3 Examples

3.1 Thermochemical Benchmark Sets

A very convenient and unbiased way to assess the “global” accuracy of DFs is using
the so-called GMTKN30 [17] database developed in our group over several years
[111]. This benchmark covers 30 subsets related to general main group thermo-
chemistry, kinetics, and NCI. In total, it encompasses 1,218 single-point calcula-
tions and 841 data points (relative energies). It therefore turned out to be ideal for
evaluation and development of DFT methods. Here we utilize only parts of the
GMTKN30 database and concentrate on four prototypical benchmarks for “true”
chemical reactions which are described below. Intermolecular NCI have been
studied extensively in recent years [9, 10, 112, 113] and are not considered here.
It is noted that all tested functionals in this work perform well for NCI as long as
they are corrected for long-range London dispersion effects by, e.g., D3 [55, 56] or
NL(VV10) [57, 59] methods. As usual, fixed molecular structures are used and all
energies are vibrational zero-point energy exclusive, which can conveniently be
compared to the result of a standard QC calculation.
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The MB0S-165 subset: the “mindless-benchmark” set (MB08-165) was intro-
duced by Korth and Grimme. [16] It contains 165 randomly created so-called
“artificial molecules” (AMs) with varying constituents. For these molecules,
decomposition energies into their hydrides (for the main group elements 1-4) and
homonuclear diatomics (main group elements 5-7) were calculated. For these
reactions, estimated CCSD(T)/CBS reference values were computed. In contrast
to other benchmark sets, MB08-165 is less biased towards certain chemical aspects,
as it contains artificial systems only. Korth and Grimme assessed a variety of
density functionals and could reproduce nicely the Jacob’s Ladder scheme, with
higher rung functionals yielding better results. We chose MBO08-165 to be the first
subset of our benchmark study as it can be regarded as one of the most important for
general thermochemistry, in particular in difficult situations when the electronic
structure is not fully clear. Although the stated objective of this investigation is to
focus on non-exotic cases, we believe it is also important to test the limits of DFT.
Compared to the other subsets, it contains a large number of reference values and
rather large reaction energies (117 kcal/mol on average, with an energy range from
—570.6 to 433.7 kcal/mol).

The G2RC subset: contains 25 reactions, whose reactants and products are part
of the G2/97 set of heats of formation [6]. Based on vibrationally back-corrected
experimental data from Curtiss et al. [6], reference energies were calculated. The
G2RC set comprises 47 single point calculations and has an average absolute
reaction energy of 50.6 kcal/mol, with an energy range from —1.0 to
—212.7 kcal/mol. It contains relatively small molecules (benzene being the largest)
but is non-trivial because chemically large structural changes (e.g., transformation
of multiple to single bonds) occur. In contrast to MB08-165, however, it covers
only the conventional chemical space.

The BH76 subset: a fusion of the HTBH38 [114] and NHTBH38 [12] databases
by Truhlar and co-workers. HTBH38 contains forward and reverse barriers of
19 hydrogen atom transfer reactions. NHTBH38 comprises 38 barriers of
19 heavy atom transfer, nucleophilic substitution, unimolecular, and association
reactions. Reference values are based on high-level W1 calculations and “best
theoretical estimates” (see [12, 114] for more details). The combined BH76 test
set involves 95 single point calculations and has an average barrier height of
18.5 kcal/mol, with an energy range from —15.5 to 106.2 kcal/mol. Because the
reaction energy considered always involves a transition state in which chemical
bonds are partially broken, the results are sensitive to the treatment of the SIE in
approximate DF.

The ISOL24-6 subset: Huenerbein et al. recently published a new benchmark set
containing 24 isomerization reactions (ISOL24 [15]) of large molecules covering a
wide range of different compounds, like, e.g., a sugar, a steroid, an organic dye,
hydrocarbons, and large molecules containing heteroatoms. As reference, estimated
SCS-MP3/CBS(TQ) was used. In contrast to the popular ISO34 set [14], which is a
part of GMTKN30, the large size of the molecules casts additional light on effects
that are important in “real life” organic chemistry. These are in particular intramo-
lecular London-dispersion effects. Charged systems are also considered. This set
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Table 2 Statistical results for the thermochemical benchmark sets

MBO08-165 G2RC BH76 ISOL24-6 All
MAD MaxD MAD MaxD MAD MaxD MAD MaxD MAD
B3LYP 8.2 320 26 6.9 47 11.0 25 4.1 4.5
B3LYP-NL 5.9 23.1 3.2 103 6.0 13.1 1.2 2.8 4.1
PBEO0-D3 8.9 367 7.0 246 45 14.6 1.0 1.6 5.4
PW6B95-D3 4.8 169 34 102 34 9.2 1.5 3.4 33
MO06-2X 48 255* 26 6.9 13 3.7 13 2.1 2.5
©B97X-D3 8.9 470 53 153 26 5.9 1.1 2.8 45
®B97X-V 7.6 33.8 43 13.1 1.9 52 1.5 32 3.8
PBEO-DH 8.5 509 6.6 21.8 1.7 5.9 13 3.3 45
PWPB95-D3 2.6 130 23 7.6 1.7 5.2 1.0 2.4 1.9
DSD-PBEP86-D3 2.5 142 22 12.3 13 83 03 0.4 1.6

“Two cases were excluded because of SCF convergence problems
Mean absolute deviation (MAD), maximum absolute deviation (MaxD), and mean MAD (MAD)
are given in kcal/mol

has been reconsidered by Truhlar et al. [115] and for a selection of smaller systems
(with 24-35 atoms) new, higher-level CCSD(T) reference values were computed.
The energy range is from 4.7 to 33.5 kcal/mol and the average reaction energy is
13.6 kcal/mol.

The statistical data (mean and maximum deviations) for the four benchmarks
sets are given in Table 2 along with an overall performance measure (mean of the
four MAD values) for each DF. Because the sets are of varying complexity and the
reaction energies are also of different magnitude, we mostly consider the relative
performance of the DF and take the maximum deviation as a measure of robustness
(which should be proportional to the number of expected outliers). We have also
investigated a weighted MAD similar to that of Goerigk and Grimme [17], but have
found virtually no difference in relative performances.

From the mean MAD one can identify three groups of DFs with increasing
accuracy: (1) PBEO-D3, PBEO-DH, and wB97X-D3 with values in the range 4.5—
5.4 kcal/mol and a largest MaxD value >36 kcal/mol; (2) B3ALYP-NL, ¥B97X-V,
and PW6B95-D3, with values in the range 3.3—4.1 kcal/mol and largest MaxD
values in the range 17-34 kcal/mol; (3) M06-2X, PWPB95-D3, and DSD-PBEP86-
D3 with MAD values of 1.6-2.5 kcal/mol and largest MaxD values of 13-25 kcal/
mol. According to these four benchmarks, the PWPB95-D3 and DSD-PBEP86-D3
double-hybrids are clearly the best performers. They provide the smallest MAD for
all sets, the lowest mean MAD, and always very low MaxD values. The other
double-hybrid (PBEO-DH) performs less well, which is not unexpected because it
misses a dispersion correction and the non-local perturbation contribution is much
smaller than for the other two DHDFs. The only moderately good result for
®B97X-V is somewhat disappointing because this functional tries to account for
all exchange-correlation effects, and is based on extensive parametrization and/or
empirical searches for best performing functional components. The improved



Accurate Thermochemistry for Large Molecules with Modern Density Functionals 13

accuracy of @B97X-V compared to ®B97X-D3 at least shows that some progress
can be made even on a relatively high accuracy level at a formal cost lower than for
most DHDFs. The good performance of B3LYP with the density dependent dis-
persion correction is noteworthy and, as mentioned before [59], the combination of
an over-repulsive hybrid GGA part with a (partly overbinding) medium-range
correlation part (VV10) is beneficial due to systematic error compensation.
B3LYP-NL yields mostly small MaxD values and only fails for the barrier heights
(similar to PBEO-D3) due to the SIE introduced by the too small Fock-exchange
component. Although in particular the LYP part in B3LYP is sometimes responsi-
ble for larger errors [17, 116], this functional in dispersion-corrected form (and this
also holds for B3LYP-D3) can still be recommended for thermochemistry at least
for comparison (error estimation) purposes. However, at a similar numerical com-
plexity and empiricism level, PW6B95-D3 provides in general better results and
hence represents our default hybrid DF. It is often close to the performance of
MO06-2X which unfortunately is numerically unstable as noted above. Nevertheless,
it is clear that all “modern” functionals perform better than standard B3LYP which
yields large errors, in particular for the MB08-165 and ISOL24-6 sets. The only
moderately positive effect of the NL(VV10) dispersion correction to the B3LYP
results is mostly rooted in the small molecules considered so far. Whether this
picture also prevails in larger, more realistic situations will be discussed below.

3.2 Chemical Reaction Examples

In the following sections we discuss the results for four “real-life” chemical
applications involving rather large systems: the dissociation energy of a substituted
hexaphenylethane (HEXAPE), of a substituted, dimeric hydrochinone derivative
(DHCH), and the ligand exchange and dissociation reaction of a dimeric palladium
species (DIMPD). The last example considers activation of H, by a so-called
frustrated Lewis pair (FLP) which is a very active field of chemical research
[117]. The results for all tested functionals are given in Table 3; the reaction
formulas and structures are shown graphically in each subsection.

3.2.1 Hexaphenylethane

The predominant view in chemistry is that bulky groups in molecular structures are
more repulsive rather than stabilizing. In particular the widespread misconception
that a tert-butyl group only acts repulsively has recently been challenged by
Grimme and Schreiner who re-investigated the textbook case of hexaphenylethane
(Fig. 1) [118]. The stabilization of normal covalent bonds by dispersion in large
systems is rather obvious from general considerations of the size and distance
dependence of the dispersion energy [31]. Here we discuss a case in which the
dispersion interaction between seemingly “innocent” ligands provides the main
driving force for binding, meaning that without these forces the system would
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Table 3 Results for the four chemical reaction energies AE (in kcal/mol)

HEXAPE DHCH DIMPD FLPH2
Reference 33 £ 4° 17 £ 2° —32 £ 3¢ —21.6¢
B3LYP -393 —14.6 —11.9 —18.6
B3LYP-NL 35.8 44 —34.8 —~18.3
PBE(-D3 36.5 3.8 —414 —234
PW6B95-D3 30.5 1.4 —-36.3 —-19.3
M06-2X 28.2 8.3 -20.5 —~19.1
»B97X-D3 60.6 12.3 —42.1 —233
®@B97X-V 45.6 13.0 —~36.6 —22.7
PBE(O-DH 5.6 1.7 —28.8 —24.0
PWPB95-D3 412 12.6 —39.1 ~19.3
DSD-PBEP86-D3 e 27.1 —43.7 —-20.8

“Back-corrected AG value; see Grimme and Schreiner [118]. The experimental AG is not precisely
known and a value of zero which is compatible with the observed radical concentration has been

assumed

®Back-corrected experimental AG value; see Stephan and Erker [120]
“Back-corrected AG value from ITC measurements; see Hansen et al. [41]

IDLPNO-CCSD(T)/CBS value

“Not computed because of technical problems in the perturbation calculation

Fig. 1 Reaction formula and optimized structures for the all-meta substituted hexaphenylethane

(HEXAPE). In the structure on the lower left, hydrogens have been omitted for clarity



Accurate Thermochemistry for Large Molecules with Modern Density Functionals 15

spontaneously dissociate. Hexaphenylethane is known for its inability to form a
stable C(sp3 )—C(sp3) single bond [118]. A delicate balance of covalent bonding,
dispersion attraction, and Pauli repulsion forces between the phenyl rings
and attached substituents can be expected when the central C—C bond is broken.
However, why the parent molecule hexaphenylethane cannot be synthesized
but the seemingly sterically more overcrowded all-meta tert-butyl substituted
derivative can be isolated was an open question. It was shown that its thermody-
namic stability and the instability of the parent molecule can be fully explained by
dispersion-corrected DFT computations and that the terz-butyl groups stabilize
the molecule compared to its radical fragments by as much as 40 kcal/mol.
Because the system is very large (212 atoms), and involves open-shell
species and various interaction types, we consider the computation of the disso-
ciation energy AFE as non-trivial. Unfortunately, the experimental AG is not
precisely known. A value around zero with an error bar of £2 kcal/mol is
compatible with the observations [118] from which, after back-correction, a gas
phase AE value of 33 £ 4 kcal/mol for the formation of the two trityl-type
radicals is deduced.

As can be seen from the results in Table 3, most functionals come close to this
value, but we also note a rather large spread of the computed values (5.6—60.6 kcal/
mol). Because of the missing dispersion effects in B3LYP, its error is huge
(>70 kcal/mol) so that the molecule becomes unbound. In accordance with this
observation, the lowest dissociation energies result from M06-2X and PBEO-DH.
The former DF only includes the medium-range dispersion energy but misses the
important long-range component and the DHF does not include enough dispersion
by the perturbation part as noted above. The other examples discussed below
support this finding and this underbinding tendency of M06-2X was also observed
for non-equilibrium (stretched) van der Waals complexes [119]. Good performers
with values within the error bar of the reference value are B3LYP-NL, PBE0O-D3,
and PW6B95-D3 with deviations of about 3 kcal/mol (10%). Considering the size
and complexity of the system, this agreement between theory and experiment is
very satisfactory.

3.2.2 A Zero Free Dissociation Energy Bond

It was recently shown experimentally [120] that the 2,6-di-fert-butyl-4-
metoxyphenoxyl radical dimerizes in solution and in the solid state (Fig. 2). In
the same study, a bond dissociation free Gibbs energy around zero (—0.2 £ 0.1
kcal/mol) was measured using optical and IR spectroscopies. The authors also
provided results of DFT calculations in the gas phase in the supporting information.
However, the calculations were done with a rather small basis set and only one DF
was applied without any consideration of solvation effects. Thus, a more detailed
theoretical investigation is justified and we take this example here to test our
selection of modern DFs.
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Fig. 2 Reaction formula and optimized structures for the substituted chinone dimer (DHCH)

Similar to the previous example, the dimer is stabilized by dispersion interac-
tions between the tert-butyl substituents on the aromatic ring. While the stabiliza-
tion here is surely smaller than in the case of the HEXAPE, the counteracting Pauli-
repulsion is also smaller, resulting in a similar AG value in solution. As will be seen
below, the DFT description of the monomers suffers more from spin-
overdelocalization, which leads to an overstabilization of the monomers with
respect to the dimer. This makes the system, though smaller than the previous
one, very challenging.

The DFT results for the dissociation are given in Table 3. From the experimental
free dissociation energy, a back-corrected value for AE of 17 £ 2 kcal/mol has
been deduced. Thus, the central C-C bond is even weaker than in the
hexaphenylethane example but, similarly, uncorrected B3LYP yields an unbound
molecule due to missing dispersion effects. Good DF performers are in this case
only the two range-separated DFs and one of the DHDFs with dispersion correction,
namely PWPB95-D3. Even though these functionals counter the SIE to some
degree, they still overestimate the stability of the radicals by 4-5 kcal/mol. It should
be noted here that M06-2X performs better than most other functionals due to its
large amount of Fock-exchange (54%), but cannot match the accuracy of the above-
mentioned methods, which can in part be attributed to the missing long-range
dispersion energy in this functional. The M06-2X value reported here deviates by
about 3 kcal/mol from that given in the original publication (11.6 kcal/mol), which
can be attributed to the basis set superposition error by the small basis used in the
original publication leading to artificial overbinding. The strong overbinding of
DSD-PBEP86-D3 by about 10 kcal/mol with respect to the reference value is
probably related to the higher spin contamination of the monomer compared to
the other functionals.

The system is a good example where consideration of both SIE and dispersion
effects is necessary and that an accuracy of 2—3 kcal/mol or better poses a challenge
for even the most sophisticated DFs.
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Pd + 2PPR3 —— 2 Pd|

\Cl/ \ = \F'F'n 9

Fig. 3 Reaction formula and optimized structures for the palladium dimer ligand exchange
reaction (DIMPD)

3.2.3 Transition Metal Complex

As a third example, a chemical reaction which involves a di-palladium complex
was studied (see Fig. 3), for which the reaction enthalpy in solution was measured
experimentally by Djukic et al. and back-corrected to pure electronic energies
[41]. In this reaction, the Pd—Pd bond is quenched by a triphenylphosphane ligand,
yielding the corresponding monopalladium complex. The best estimate experimen-
tal reference value for the reaction energy is AE = —32 =+ 3 kcal/mol, whereat the
largest source of error stems from the Gibbs free solvation energy correction (for a
comprehensive discussion including different ligands and methods, see [41]). The
relatively large uncertainty of £3 kcal/mol reflects the problems associated with
obtaining reliable reference values for large systems, and a relative error of about
+5% is a realistic estimate. Hence, it should be emphasized once again that the
term “chemical accuracy” has to be adjusted for the thermochemistry of large
molecules which are the focus of this review. Several KS-DFT methods were tested
concerning their ability to reproduce the experimental reference value of AE for the
investigated reaction. For comparison, it should be noted that the plain HF method
predicts the reaction energy qualitatively wrong (endothermic) which clearly shows
that the driving force for this reaction is electron correlation. There is no strong
steric cluttering around the Pd center, and thus it is easily accessible for the ligand
and the base can easily approach the Lewis acid. It is also not the relatively large
medium-range correlation but the significant long-range contribution to dispersion
energy which renders this reaction particularly difficult. Not surprisingly, KS-DFT
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methods without dispersion correction are unable to reproduce the experimental
reference value, e.g., the hybrid functional B3LYP undershoots the reaction energy
by more than 60% and also the M06-2X functional underbinds as noted before. The
best performance of all tested methods is given by B3LYP with NL correction
but the meta-hybrid PW6B95 with D3 correction and the @B97X-V functional are
also able to reproduce the reaction energy almost quantitatively. Moreover, the
B3LYP-NL reaction energy is in reasonable agreement with the PW6B95-D3
result, thus indicating the D3 dispersion correction is physically sound. The two
double hybrids PWPB95-D3 and DSD-PBEP86-D3 suffer from an overestimation
of the reaction energy on the MP2 level and hence slightly overshoot the reaction
energy. In contrast, the PBEO-DH functional, which does not include the D3
correction, underestimates the reaction energy due to the missing long-range
dispersion interaction. It is encouraging to see that after describing the physics
correctly, i.e., proper treatment of medium and long-range correlation effects,
KS-DFT methods can reproduce the experimental reaction energy with sufficient
accuracy, thus giving the right answer for the right reason. This finding is in
agreement with a previous study of ligand substitution energies for transition
metal complexes [23]. Thus, we are confident that the available modern KS-DFT
methods are also well suited for studying the thermochemistry of larger transition
metal complexes.

3.2.4 Dihydrogen Activation by an FLP

Activation of dihydrogen is typically a domain of transition metal chemistry and
even Nature uses metal centered reactions to split the dihydrogen molecule in the
hydrogenase enzymes. There is a recent development in the use of metal-free
systems for Hj-activation. Stephan, Erker, and others have described so-called
frustrated Lewis pairs (FLP), i.e., pairs of Lewis acids and bases, which do not
quench each other due to the steric bulk of their substituents and heterolytically
split the H,-molecule [117, 121]. Phosphane/borane pairs such as the
system considered here (see Fig. 4) react rapidly and effectively with H, to yield
the corresponding phosphonium cation/hydridoborate anion pair [122]. These
systems have been used as active metal-free hydrogenation catalysts [123] and an
increasing number of related systems that appear in the literature can activate
many other small molecules (e.g., alkenes, CO, CO,, NO [124-127]). The
quantum chemical description of FLP reactions has attracted a lot of interest
recently [92, 128-132]. Here we study the reaction energy of the original
[B(CgFs)3]/[P(tBu)s] system [122] with H,. Because the thermodynamic properties
have never been measured accurately (the reaction is practically irreversible in
common solvents, i.e., AG < 0) we take as reference the value of —21.6 kcal/mol
from a DLPNO-CCSD(T)/CBS treatment which should be accurate to about
1-2 kcal/mol. Note that the reaction energy is calculated relative to the weakly
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Fig. 4 Reaction formula and optimized structures for dihydrogen activation by a frustrated Lewis
pair (FLPH2)

bound [B(C¢Fs)3]/[P(rBu);] donor-acceptor complex and separate H, and not with
respect to all free reactands (which would lower the reaction energy by about
15 kcal/mol [129]).

As can be seen from Table 3, the DFT results are relatively close to each other
and also to the reference value. The span of the values from —18.3 to —24 kcal/mol
is much smaller than in the previous cases and the DFT results nicely bracket the
DLPNO-CCSD(T)/CBS reference value. Although the structural changes are large,
i.e., splitting of a strong single bond and formation of a zwitterionic structure with
two new bond types, it seems that the FLP reaction is electronically rather easy to
treat by DFT. Part of the reason for this somewhat surprising finding (which,
however, has been noted before for a comparison of MP2, SCS-MP2, and B97-D
methods [129]) is that the non-covalent interactions are similar in the FLP and the
reaction product so that most errors in the theoretical treatment cancel. This view is
supported by the relatively good results of uncorrected B3LYP. The best results
with deviations of only about 1 kcal/mol are provided by ®»B97X-V and
DSD-PBEP86-D3. The worst performers are B3ALYP-NL and M062-X with devi-
ations of 3.3 and 2.5 kcal/mol, respectively.

4 Summary and Conclusion

The accurate description of the electronic energy part of the thermodynamic
properties in large molecule reactions still represents some challenge to theory.
However, the benchmarks presented and the four “real-life” chemical problems
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show that significant progress has been achieved in DFT in recent years. The
modern density functionals investigated from hybrid and double-hybrid rungs of
“Jacob’s Ladder” mostly perform very well when properly corrected for long-range
London dispersion effects. The basic reason for this is that larger molecules are
significantly more stabilized by the intramolecular dispersion energy than smaller
ones, and in particular dissociation reactions definitely require dispersion correc-
tions in DFT. This also explains why the long-range dispersion devoid M06-2X
functional performs less well for all larger “real-life” examples. Note that these
findings are not evident from still widely employed small molecule benchmark sets.
Similar conclusions apply to the performance analysis of the dispersion-
uncorrected PBEO-DH double-hybrid functional. In contrast, the “old-fashioned”
B3LYP approach shows reasonably good performance in its tested NL(VV10)-
corrected form. Somewhat better accuracy than with global hybrids — which include
non-locality only for the exchange part — can be achieved with double-hybrids that
include a perturbative orbital-dependent correlation energy. From the three tested
variants, the PWPB95-D3 functional, which is also computationally efficient due to
the use of opposite-spin orbital correlation only, shows the best overall perfor-
mance. The two range-separated functionals tested from the ®B97X family provide
good results in particular when the self-interaction error is relevant (e.g., for
delocalized radicals or reaction barriers) but also some outliers are noted. This is
tentatively attributed to the underlying Taylor-expansion of the B97-type GGA
part. Nevertheless, we reiterate that the error estimates of the experimental mea-
surements of substantial reaction energies in large molecular systems do not justify
the supposition of a chemical accuracy of 1 kcal/mol. Rather, we suggest a
relaxation to 2-3 kcal/mol and note that the modern functionals investigated are
not too far away from this bound. Concerning just the electronic energy we
conclude that DFT in combination with nowadays possible large-scale DLPNO-
CCSD(T) calculations opens a bright future for theoretical thermochemistry.

However, comparisons to experimental data under typical conditions require
inclusion of thermal and entropic effects in the gas phase together with corrections
for solvation. Since solvation and entropic contributions almost never cancel and
some reactions are entirely driven by solvation (e.g., those leading to zwitterions or
ion pairs), their accurate account is mandatory. Comparison of the results from
different continuum solvation models (not shown here) for large but not very polar
systems indicates that an accuracy of 1-2 kcal/mol for the solvation free energy
contribution to a reaction is not easy to achieve. Similar estimates are obtained for
the error of the thermostatistical calculation of reaction entropies. Further work
along these lines together with improved density functionals should allow routine
calculations with 2 kcal/mol accuracy or better for even larger systems than treated
in this review in the foreseeable future.
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Density Functional Theory Beyond
the Generalized Gradient Approximation
for Surface Chemistry

Benjamin G. Janesko

Abstract Density functional theory with generalized gradient approximations
(GGAs) for the exchange-correlation density functional is widely used to model
adsorption and reaction of molecules on surfaces. In other areas of computational
chemistry, GGAs have largely been replaced by more accurate meta-GGA and
hybrid approximations. Meta-GGAs and hybrids can ameliorate GGAs’ systematic
over-delocalization of electrons and systematic underestimate of reaction barriers.
This chapter discusses extensions of meta-GGAs and screened hybrids to surface
chemistry. It reviews evidence that GGAs’ systematic underestimate of gas-phase
reaction barriers carries over to reactions on surfaces, and that meta-GGAs and
screened hybrids can improve results. It closes with recent applications and new
work towards more accurate functionals for surfaces. These promising results
motivate further exploration of meta-GGAs and screened hybrids for surface
chemistry.

Keywords GGA < Meta-GGA « Reaction barrier » Screened hybrids * Surface
chemistry
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1 Introduction

1.1 Chemistry on Surfaces

Chemical reactions at surfaces and interfaces are central to many problems in
chemistry. Topical examples include heterogeneous catalysis [1], surface-enhanced
spectroscopies [2], battery technologies and hydrogen storage [3], and nanoscale
devices [4]. Experimental studies of surface chemistry can be challenging. Mea-
surements of molecules’ adsorption, desorption, and reaction on single crystal
surfaces under ultrahigh vacuum have yielded important insights [1] recognized
by the 2007 Nobel Prize in Chemistry [5]. However, connections to practical
surface chemistries often requires bridging the “pressure gap” between ultrahigh
vacuum and industrially relevant high pressures, and the “materials gap” between
single crystal surfaces and industrially relevant nanoparticles or catalysts. These
gaps can play critical roles in surface chemistry. To illustrate, the Fischer—Tropsch
process [6] for converting synthesis gas (CO + H,) to long-chain hydrocarbons is
catalyzed industrially by promoted and nanostructured cobalt [7] and iron [8]
surfaces, but does not occur on single-crystalline surfaces under ultrahigh vacuum
[9]. While there has been substantial progress in experiments bridging these gaps
[10-12], experimental surface science remains challenging. Figure 3 of Maitlis [13]
illustrates the contrast between well-defined experiments on homogeneous catalysts
and the more “impressionistic” data available for heterogeneous catalysts.
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1.2 Simulating Surface Chemistry

Simulations of molecules on surfaces have become essential tools for interpreting
this impressionistic experimental data [14]. Such simulations typically require
electronic structure calculations. Simulations of surface-enhanced spectroscopies
combine classical electrodynamics models [15] with electronic structure calcula-
tions modeling how molecule—surface interactions shift a molecule’s vibrational
spectrum [16]. Simulations of nanoscale device chemistry generally center on
modeling the electronic structure and properties of model devices [17]. Simulations
of heterogeneous catalysis typically begin with electronic structure calculations on
the geometries and adsorption energies of reaction intermediates on catalyst sur-
faces. The resulting potential energy surfaces can be applied in microkinetics
models of reactions at realistic pressures, temperatures, and catalyst compositions
[18-21].

Electronic structure calculations generally model a surface as either a periodic
slab [22] or a finite cluster of surface atoms [23], potentially embedded in a simpler
model background [24]. Cluster models are widely used for insulators, and are
readily applicable to charged species. However, cluster models for metal surfaces
often converge slowly with cluster size [25]. (Differences between calculations at
different levels of theory can converge more rapidly [26].) Electronic structure
approximations applicable to periodic slabs are desirable for treating metal, semi-
conductor, and insulator surfaces on an equal theoretical footing.

1.3 Choice of Electronic Structure Approximation

Electronic structure calculations on molecules, solids, and surfaces typically must
approximate the many-body electron—electron interactions [27]. To be useful, an
approximation should be both accurate enough to make experimentally meaningful
predictions, and computationally inexpensive enough to treat the chosen system in a
reasonable time using available computational resources. Several different elec-
tronic structure approximations have been applied to surfaces. One route uses first
principles ab initio approximations for the many-electron wavefunction. Recent ab
initio calculations on surfaces include coupled cluster [28-31] simulations of
clusters of surface atoms, and quantum Monte Carlo (QMC) [26, 32-35] and
random phase approximation (RPA) [36—42] simulations of periodic slabs. Unfor-
tunately, ab initio methods typically have rather steep computational scaling [27],
making them problematic for large and realistic model surfaces. A second route is
to use tight-binding Hamiltonians. These can be applied to large systems, but
require substantial empirical parameterization and can have limited
transferability [43].
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2  GGAs for Surface Chemistry

2.1 Density Functional Theory

The vast majority of electronic structure calculations on surfaces use Kohn—Sham
density functional theory (DFT) [44, 45]. DFT can often provide acceptable accu-
racy at modest computational expense. Figure 1 illustrates DFT’s dominance in
modeling surface chemistry.

Kohn—Sham DFT models the ground state of an N-electron system as a reference
system of N noninteracting Fermions corrected by a mean-field Hartree interaction,

EH[,U] _%JdSI‘JdSF/M (1)

¥ —r|’

and an exchange-correlation (XC) density functional Exc[p] containing all many-
body effects. p(r) is the probability density for finding an electron at r. The Kohn—
Sham reference system has the same p(r) as the real system by construction. The
exact Exc[p] is a unique and variational functional of p(r) [44]. The Hamiltonian of
the non-interacting Fermions includes local and multiplicative Hartree and XC
potentials, e.g., vxc(r) = 6Exclpl/dp(r). Practical calculations typically use separate
T- and |-spin densities and Kohn—Sham orbitals. This work suppresses spin depen-
dence for conciseness. All orbitals, densities, density matrices, and exchange energies
are assumed to be spin polarized.

The accuracy and computational expense of a typical DFT calculation is deter-
mined by the one-electron basis set used to expand the reference system’s wave-
function, by any approximate treatments of relativistic effects, reciprocal space, and
core electrons, and by the choice of approximate XC functional. DFT’s success is

250
200
150
100
Fig.1 Results of a Web of
Science search for “DFT 50 -
catalyst* surface*”
illustrating published
applications of DFT to 04—

201 1 |

2005
2009 I———
2010

2005
2006 P
2007

. IO MO S e O Mt o ot

heterogeneous catalysis oo ooooo —
OO OO OO ooo

[46] — ot O N O T



Density Functional Theory Beyond the Generalized Gradient Approximation for. . . 29

largely attributable to the development of accurate and computationally tractable
XC approximations [47]. Systematically convergent hierarchies of XC approxima-
tions (ab initio DFT) have been developed [48]. However, the vast majority of DFT
calculations use an alternative “Jacob’s Ladder” of approximations [49] based on
the homogeneous electron gas (HEG, p(r) =constant). The first “rung” of this
ladder is the local spin-density approximation (LSDA) [50, 51] constructed to
reproduce the numerically exact XC energy density [52, 53] of the HEG.

Generalized gradient approximations occupy the second rung of Jacob’s Ladder.
GGAs model the nonunique [54] XC energy density at point r as a function of p(r)
and its gradient:

Vp(r)]). (2)

ESOp) = [r e o(r),

GGAs tend to improve upon the LSDA for total energies, atomization energies,
and reaction barriers, and expand and soften bonds to (over)correct the LSDA’s
overbinding [55]. Their improved accuracy and computational simplicity makes
them widely applied to periodic slab models for surfaces.

2.2 Design of GGAs

Unlike the LSDA, there is no single “best” choice of a GGA [55]. This flexibility
has been exploited to construct GGAs which perform well for specific aspects of
surface chemistry. In practice, a GGA’s performance is often largely a function of
its exchange enhancement factor F'x:

ESNp) = [ Cxp ()Fx(o) (3)

The “exchange” portion of Exc[p] ( 4) is defined in terms of the expectation
value of the electron—electron interaction operator, evaluated with the
wavefunction of the noninteracting Kohn—Sham reference system [56]. Coefficient

Cx =—-3(9 3 is from the exact Kohn-Sham wavefunction of the HEG
[57]. s = IV p)/(2(67%) P p*>(r)) is the unitless reduced density gradient.

Figure 2 illustrates representative GGAs’ exchange enhancement factors and
their performance for some properties relevant to surface chemistry. The LSDA is
included for comparison. Similar to the LSDA, GGAs with small enhancement
factors (PBEsol [62], AMOS5 [63], Wu-Cohen [64]) combine accurate lattice param-
eters with overestimated adsorption energies [65]. GGAs with larger enhancement
factors (revPBE [66], RPBE [67], BLYP [68, 69]) improve adsorption energies [67]
and molecular thermochemistry [70] at the expense of lattice parameters and
geometries [71]. PBE [55] and PW91 [50, 72] provide intermediate performance
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Lattice (pm) Bulk modulus CO/Pt(111)  Barriers GMTKN30
Functional Ref. [58] (GPa) Eads (eV) (kcal/mol)
LSDA -4.59 35.74 17.5 12.0
PBEsol -1.98 28.79 -2.1 13.2 7.4
PWI1 1.95 7.46
PBE 2.10 5.21 -1.6 10.5 5.2
RPBE,revPBE 4.19 -7.89 -1.3 8.1 4.5
BLYP -1.0 9.6 53

Fig. 2 Top: Exchange enhancement factors of the LSDA and representative GGAs (F, Eq. (3)).
Bottom: Mean errors in the shortest interatomic distances of 30 transition metals [58]; mean error
in bulk moduli of 30 transition metals [58]; predicted chemisorption energies for CO on Pt(111)
[60]; root-mean-square deviation in BH76 barrier heights and weighted mean absolute deviation in
the GMTKN30 database of gas-phase properties (kcal/mol) [61]. Functionals are approximately
sorted in order of increasing enhancement factor

[59]. None of these GGAs perform well for gas-phase reaction barrier heights, a fact
central to what follows.

2.3 Dispersion Corrected GGAs

The locality of Eq. (2) prevents it from treating truly nonlocal correlation effects,
including the asymptotic van der Waals interaction between distant closed-shell
uncharged fragments [73]. Over the last decade, substantial resources have been
invested into dispersion corrections for approximate XC functionals [74-76]. Dis-
persion corrections generally improve GGA simulations of molecule-surface
adsorption [77], particularly for larger molecules such as coronene [78] and
perylene derivatives [79, 80]. Dispersion corrections can be critical for some
catalytic processes [37], some dissociation barriers [81], and some reactions of
adsorbed molecules [82]. Dispersion corrections to adsorption energies are also
important for apparent activation barriers on surfaces [83, 84]. However, dispersion
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corrections generally do not correct GGAs’ systematic underestimate of gas-phase
reaction barriers. This can be seen, for example, in Tables S30-S31 of Goerigk and
Grimme [85], where dispersion corrections slightly degrade PBE’s performance for
the BH76 benchmark set of gas-phase reaction barriers [85—87]. This assertion is
supported by the widespread adoption of dispersion-corrected beyond-GGA func-
tionals in computational chemistry [88-92]. Similar results are seen for reaction
barriers of molecules on surfaces, evaluated with dispersion-corrected GGAs
(Svelle et al. [93], Sect.4). The studies reviewed below suggest that improving
DFT for surface chemistry requires both dispersion corrections and beyond-GGA
functional forms.

3 Successes of GGAs for Surface Chemistry

DFT calculations with generalized gradient XC functionals have been applied to an
enormous array of problems in surface science. A comprehensive discussion of this
literature would extend to several volumes, and is far beyond the scope of this work.
This section presents a few representative successes connected to our work. Hafner
[94], Greeley et al. [95], and Ngrskov et al. [96] provide more extensive recent
reviews.

GGAs are widely applied to determine how surface functionalization of
nanostructures controls their properties. DFT calculations have mapped out the
relationship between edge functionalization and electronic properties of graphene
nanoribbons [4, 17, 97-99], have predicted how adsorbates open a bandgap in
graphene electronics [100, 101], and have motivated studies of other quasi-1D
semiconductors [102]. GGA calculations have also provided mechanistic insight
into ammonia adsorption and reaction on Si(100) surfaces, a process relevant to
chemical vapor deposition of silicon nitride for integrated circuits [103—-107].

GGAs are also extensively applied to heterogeneous catalysis. Microkinetics
models of ammonia synthesis over ruthenium nanoparticles, constructed from the
RPBE and PW91 GGAs, reproduce experimental turnover frequencies to within an
order of magnitude [108]. The calculated mechanisms also clarify the role of atomic
steps for the rate-limiting N, dissociation [109]. Recent GGA calculations give new
evidence for H,-induced CO dissociation on Fischer—Tropsch catalysts [21, 110-
114], a mechanism appearing to show significant structure sensitivity [115]. Studies
of the C—C coupling step in the Fischer—Tropsch reaction point to the importance of
surface carbide species [116]. Several recent simulations of the Fischer—Tropsch
reaction considered the roles of adsorbed promoters which stabilize corrugated
surfaces [117] and block graphitization [118], and adsorbed sulfur poisons which
block CO dissociation [119]. These results have been expanded into complete
microkinetics models of the Fischer—Tropsch reaction [21, 114, 120-123]. Other
studies have considered methanol synthesis and the water-gas shift reaction [124]
over some industrially relevant catalysts [18, 125, 126]. A recent combined com-
putational and experimental study of methanation over nickel catalysts further



32 B.G. Janesko

illustrates the value of GGA calculations for interpreting experiment [112]. GGA
calculations have also provided atomic-scale explanations for the catalytic activity
of gold nanoparticles, particularly bound to defective metal oxide supports
[127-131]. Newer GGAs resolve the “CO/Pt(111) puzzle,” in which standard
GGAs’ over-delocalization leads to qualitatively incorrect site dependence for
CO adsorption on coinage metals [132]. Perhaps most importantly, GGA calculations
have yielded general insights into periodic trends in adsorption [133, 134] and
reactivity [135, 136] on catalyst surfaces.

A particularly interesting set of recent studies use GGA calculations to design
new heterogeneous catalysts. Such studies often begin by identifying descriptors,
such as adsorption or dissociation energies, which can be correlated with a cata-
lyst’s overall performance [137]. Typical calculations yield a “volcano plot” of
catalytic activity vs descriptor, with optimal catalysts having intermediate values of
the adsorption or dissociation energy [138]. GGA calculations of the descriptor on
many model catalysts are then used to identify optimal candidates. GGA calcula-
tions on CO adsorption energies predicted that nickel-iron alloy catalysts could
outperform more expensive pure Ni for CO methanation [139], a prediction subse-
quently verified by experiment [140]. GGA calculations were used to identify
methylene chemisorption energies as a good descriptor for ethylene hydrogenation,
and subsequently to identify novel nickel-zinc alloy catalysts [141]. GGA calcula-
tions on H, chemisorption energies were also used to identify near-surface alloy
hydrogenation catalysts [142]. Ngrskov et al. [143] reviews this active field.

4 Limitations of GGAs for Surface Chemistry

The successful applications reviewed above are all the more remarkable given the
limitations of the GGA form. The large errors for gas-phase reaction barriers in
Fig. 2 are not a special case, but are a general property of GGAs. GGAs system-
atically over-delocalize electrons [144—146] and overstabilize systems such as the
stretched bonds of transition states. These errors are well known in the computa-
tional chemistry literature [86, 87, 147—154]. They have led to GGAs being almost
entirely superseded in the computational chemistry community. (See, for example,
the discussion of Fig. 1 in Burke [47].) The XC functionals which replaced them are
discussed in Sect. 5.

The aforementioned difficulties of surface chemistry mean that there are rela-
tively few experimental or computed benchmarks available to test GGAs’ perfor-
mance on surfaces. GGAs’ limitations for surface chemistry are thus less well-
characterized, and arguably less appreciated, than their limitations for molecules.
However, available evidence strongly suggests that GGAs’ errors for gas-phase
barriers carry over to reactions of molecules on surfaces. The LSDA and the BP86
[50, 68] and BLYP GGAs underestimate QCISD(T) barriers for H, dissociation on
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gas-phase silanes and a cluster model for Si(100) [155]. The PW91 GGA underes-
timates experimental [156] and quantum Monte Carlo [26] adsorption barriers for
H, dissociative adsorption on Si(100). The PW91, PBE, and RPBE GGAs all
underestimate the QMC barrier for H, dissociation on Mg(0001) [32]. PBE also
underestimates QMC barriers for hydrogen abstraction by styrene radical on
hydrogen-terminated Si(001) [33]. A series of studies by Bickelhaupt and
coworkers show similar GGA errors for small organic molecules reacting with
atomic Pd [157-159]. We found comparable errors in several GGAs’ predicted
dissociation barriers for H, dissociation on Auj and Agj clusters [160]. The BP86
GGA severely underestimates completely renormalized coupled cluster reaction
barriers for methanol oxidation on Aug [31]. PW91 underestimates both coupled
cluster reaction barriers for water splitting on an Fe atom, and RPA barriers for
water splitting on Fe(100) [41]. PBE underestimates the barrier to O, sticking on a
cluster model of Al(111) [161], and PBE and RPBE incorrectly predict barrierless
O, dissociation on Al(111) slabs [162]. (While this is attributed to spin selection
rules [162], recent hybrid DFT calculations [163] suggest that the GGA’s limita-
tions also play a role.) PBE and PW91 also incorrectly predict barrierless dissoci-
ation of H,O, on cluster models of zirconium, titanium, and yttrium oxide surfaces
[164]. Dispersion-corrected PBE calculations systematically underestimate the
experimental reaction barrier to alkene methylation over a slab model zeolite
catalyst [93]. We showed that the LSDA, the PBE, and revPBE GGAs underesti-
mate the coupled cluster barrier for NH3 dissociation on a cluster model of the
reconstructed Si(100) surface, with differences between GGAs and beyond-GGA
functionals persisting on larger clusters and periodic slabs [165]. GGAs also
incorrectly predict the relative barriers to inter- vs intra-dimer NHj dissociation
[104-106, 166, 167]. The LSDA and the PBE, PW91, and revPBE GGAs tend to
underestimate diffusion Monte Carlo calculations for diffusion barriers (i.e.,
adsorption energies at different sites [168]) of adatoms on graphene [34, 169].
PBE also underestimates accurate reaction barriers for hydrogenation of graphene
model compounds [30]. Other relevant GGA errors include overbinding of Cu on
cluster models of the MgO(001) surface [170], and qualitatively incorrect spin
distributions for defects on titania [171] and ceria [172] surfaces.

A particularly instructive illustration of GGAs’ strengths and limitations comes
from the aforementioned careful and insightful study of ammonia synthesis over
ruthenium [108]. As discussed above, microkinetics models constructed from the
PWO91 and RPBE GGAs both predicted overall turnover frequencies within an order
of magnitude of experiment. However, PW91 predicted that the rate-limiting N,
dissociation barrier was 0.6 eV lower than the RPBE barrier. This corresponds to an
enormous ten orders of magnitude discrepancy in the room-temperature Arrhenius
rate constant. At least one of the predicted mechanisms thus enjoyed substantial
error cancellation between inaccurate adsorption energies and reaction barriers.
The authors explicitly characterized this error cancellation, stating that PW91
calculations “increased the coverage ... and decreased the number of free sites
for dissociation” [108]. While such error cancellations are acceptable for some
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applications, improvements are clearly desirable. This result illustrates the handi-
caps faced by computational surface scientists, and motivates the development of
new approximations.

Several groups have attempted to remedy these issues with new GGAs. Some
explore parameterized GGA forms similar to those pioneered in Becke [173]. The
BEEF-vdW dispersion-corrected GGA incorporates 31 empirical parameters fitted
using Bayesian error estimation [174]. Calculations using this functional accurately
treat a wide variety of properties, from small-molecule heats of formation and
noncovalent interactions to lattice constants, bulk moduli, and chemisorption ener-
gies [174]. Applications to metal-carbon bond formation from hydrogenation of
supported graphene [175] and chemisorption on zeolites [176] leverage its strengths
for noncovalent interactions. A study of CO, hydrogenation even points to
improvements over RPBE for some reaction barriers on surfaces [177]. However,
BEEF-vdW still gives a 0.26 eV mean absolute error in representative gas-phase
reaction barriers [150], comparable to RPBE (0.27 eV), and significantly larger than
the B3LYP global hybrid (0.17 eV) [174]. This is especially noteworthy given that
B3LYP is, for a hybrid functional, not particularly accurate for reaction barriers.
(To illustrate, the HISS screened hybrid discussed in Sect. 5.3 gives mean absolute
errors of 1.7 and 1.8 kcal mol™" in the HTBH38/04 and NHTBH38/04 test sets of
gas-phase reaction barriers [86, 87], significantly smaller than B3LYP errors 4.23
and 4.34 kcal mol™" obtained with a different computational setup [87].) The
SOGGAI11 [178] and non-separable N12 [179] GGAs, which respectively incor-
porate 18 and 24 empirical parameters, also give fairly large errors in these test sets
[180]. These errors are dramatically reduced by the empirical meta-GGAs
discussed in Sect. 5.4 [180].

“Specific reaction parameter” GGAs interpolating between, for example, PW91
and RPBE have also been proposed [181]. The interpolations are not guaranteed to
be transferable, and require fitting to known experimental values. Interpolations can
also be problematic where the known experimental value is not bracketed by two
different GGAs [182]. GGAs’ systematic underestimate of reaction barriers appears
to make this circumstance rather common. Indeed, specific reaction parameter
functionals originally tuned a hybrid functional’s GGA term and fraction of exact
exchange [183], exploiting the effects discussed in Sect. 5.1. Unfortunately, it
appears that this “Procrustean dilemma” (Perdew et al. [62]) is an inherent
limitation of the GGA form. This fact motivates exploration of methods beyond
the GGA.

S Beyond the GGA

DFT calculations on small and medium-sized molecules almost exclusively use
beyond-GGA approximations for the exchange-correlation functional [47]. Exten-
sion of these methods to surface chemistry offers a potential solution to the
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dilemma presented in Fig. 2. This section focuses on screened hybrids and meta-
GGA:s, two beyond-GGA approximations that show particular promise for surface
chemistry.

5.1 Hybrid XC Functionals

DFT’s widespread adoption for computational chemistry [47] is arguably directly
attributed to the ability of fourth-rung “hybrid” XC approximations to outperform
Hartree—Fock theory and second-order many-body perturbation theory for chemical
bond breaking. Hybrid functionals [56] incorporate a fraction of exact exchange:

y(r,r)?
Ir —r|

ES[p] = —%Jd%]d%’ (4)

Here, y(r,r’) is the nonlocal one-particle density matrix of the noninteracting
Kohn—Sham wavefunction, constructed from the occupied orbitals of the Kohn—
Sham wavefunction {¢;(r)} as y(r,r’) = Z,¢,(r)¢; * (r'). These orbitals and density
matrices are thus implicit density functionals. Equation (4) provides the exact XC
functional for one-electron systems, where it exactly cancels the Hartree
interaction.

Admixture of a fraction of Eq. (4) to a GGA is justified by an adiabatic connection
between the real system and the noninteracting Kohn—Sham reference [56, 184].
Such admixture corrects GGAs’ over-delocalization, improving the prediction of a
variety of properties including reaction barrier heights [146]. GGA calculations with
more localized Hartree—Fock orbitals [153, 185], self-interaction corrections [186],
and explicit constraints on localization [187] all give related improvements.

Hybrid functionals’ success can be rationalized in terms of GGAs’ simulation of
nondynamical correlation [188]. Briefly, the many-body correction to the Hartree
interaction may be modeled as a “hole” hxc[p](r, r') in the electron density about an
electron at point r [145]. The total Hartree + XC energy becomes

d3r/p(r') + hxclp](r, r’) .
Ir —r|

Eunclp] = ['rp(r) (5

The XC hole is delocalized in systems such as stretched Hl, where hxc[p]
(r,r')= —p(r"). Nondynamical correlation in stretched covalent bonds localizes
the XC hole about r, such that (for example) an electron on the left atom in stretched
singlet symmetric H, pushes the other electron to the right atom. GGA exchange
functionals use localized exchange holes by construction. Thus, GGA “exchange”
in practice models both exchange and nondynamical correlation [189].

Unfortunately, this rather crude model tends to overestimate nondynamical
correlation and overbind. It is especially problematic in stretched Hj and other
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odd-electron bonds [190]. (Notions of self-interaction error [144, 191, 192], delo-
calization error [193], exact constraints on the XC hole [194], and symmetry
breaking [195] provide additional insights into these effects.) Exact exchange
admixture tunes this model, providing a surprisingly effective treatment of chem-
ical bonding.

It is worth noting another useful aspect of hybrid functionals. Generalized
Kohn—Sham calculations with a nonlocal XC potential vxc(r, r’') = 8Exc/Sy(r, 1)
approximate the exact functional’s derivative discontinuity, allowing occupied-
virtual orbital energy gaps to better approximate fundamental band gaps better
[196-198]. Kohn—Sham calculations with hybrid functionals require the local and
multiplicative effective potential SES [p]/dp(r), typically constructed with opti-
mized effective potential methods [199-201] or variants thereof [202]. Cohen
et al. [197] provides a particularly useful illustration of the differences between
Kohn—Sham and generalized Kohn—Sham calculations.

5.2 Hpybrid Functionals’ Limitations

Hybrid functionals have three limitations which are particularly relevant to surface
chemistry. First, the optimal fraction of exact exchange is not known a priori, but
depends on the role of nondynamical correlation in the system or property of
interest. In practice, simple global hybrids typically require ~20% exact exchange
for accurate thermochemistry [203, 204], ~40-50% exact exchange for kinetics
[205], 100% exact exchange far from finite systems where Eq. (4) is the exact XC
functional [206-208], and relatively small exact exchange admixtures for many
organometallic properties [209, 210]. Figure 3 illustrates how this is problematic
for reactions on metal surfaces. Other implications for surface chemistry are
discussed in Hafner [211]. (The “+U” method, where the Kohn—Sham reference
system includes a Hubbard repulsion on special sites [212], has similar issues
centered on choosing the magnitude of U [213].) There has been substantial interest
in overcoming this limitation through system-dependent [214-219] or position-
dependent [220-222] exact exchange admixture, or through more sophisticated
mean-field models of the XC hole [223, 224]. However, existing position-
dependent “local hybrids” are not unambiguously more accurate than global
hybrids [222, 225], and system-dependent exact exchange admixture can introduce
size consistency issues [217].

Other limitations for surface chemistry arise from the long-range piece of exact
exchange (large Ir —r'l in Eq. (4)) Evaluating this long-range contribution is
computationally expensive in metallic systems where the Kohn—-Sham y(r, r’)
delocalizes over a large range of Ir — r/l [226]. (More sophisticated treatments of
this term have been proposed [227, 228].) Additionally, long-range exact exchange
is exactly cancelled by higher order electron correlation effects in the HEG, and
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approximately cancelled in metals [229, 230]. There are thus relatively few global
hybrid DFT calculations on periodic metal slabs [161, 163, 231-233].

5.3 Screened Hybrids

Screened hybrid functionals [234, 235] rigorously [236] cut off the problematic
long range of Eq. (4), sacrificing [237] an exact treatment of density tails [206-208]
to enable facile treatments of periodic systems. The HSE06 screened hybrid [235,
238, 239] includes 25% of the error-function-screened exact exchange:

1 Ny (e, r) 2 ,
ESR-ex[p] = 7§J d3rJd3r Herfo (w!r -r D (6)
This is combined with 75% screened PBE exchange and 100% long-range PBE
exchange and PBE correlation. Screened PBE exchange is constructed from

explicit models [240, 241] of the angle- and system-averaged PBE exchange hole
of Eq. (5):

ESR-PBE[] — Jd3re§R—PBE(p(r)’ Vp(r)), (7)
hEBE (p(r), Vp(r), [r — 1 ,
RPBE(h(r), Vp(r)) = —%p(r)chr i (o )|r f£,|) ) erfc (a)|r -r |)

(8)

Exchange screening accelerates hybrid DFT calculations on periodic systems.
Calculations with atom-centered basis functions can integrate Ir —r’| over a reduced
number of replica cells [242]. Calculations with plane-wave basis functions can
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downsample the k-space mesh for reciprocal space integration [226]. HSEO06 is
implemented in standard codes [243-245] and has been extensively applied to
semiconductors [246, 247].

As for global hybrids, screened hybrids’ optimum fraction of exact exchange and
optimum screening parameter w are not known a priori. The HSE06 exact exchange
admixture comes from perturbation theory arguments [248], and the screening
parameter is chosen empirically [235, 238]. Both parameters significantly affect
the functional’s computational cost in solids, and its performance for many prop-
erties [238, 249]. For example, while the HSE06 screening parameters appear
nearly optimal for semiconductor bandgaps [250], they underestimate the bandgaps
of large-gap insulators [218] and overestimate metals’ energy bandwidths
[226]. (Marques et al. [218] gives a particularly enlightening perspective on this
effect, based on a relation between generalized Kohn—Sham equations with a
screened hybrid functional and many-body GW calculations [251] with an effective
static dielectric constant.) This has led to the exploration of several other screened
hybrid forms [153, 252-257]. The “middle-range” screened hybrid HISS [152, 258]
shows particular promise for surface chemistry. HISS uses a second screening
function to include additional exact exchange at moderate Ir —r'l. HISS accurately
treats semiconductor bandgaps and lattice parameters [259], as well as some
reactions on surfaces [165, 169]. Its more aggressive screening reduces its compu-
tational cost relative to HSE06 [259].

5.4 Meta-GGAs

A second route to fixing GGAs’ limitations is third-rung functionals incorporating
the noninteracting kinetic energy:

1 . '
o) =32 IV ) = lim Ve Vpr(r.r'). ©)

Exc o] = Jd3r€§1§GA(p(r), Vp(r)|,#(r)). (10)

Meta-GGAs may also use the density Laplacian, which incorporates information
similar to T [260]. Meta-GGA calculations are not much more expensive than
calculations with GGAs [209, 261]. This makes meta-GGAs particularly attractive
for calculations on solids and surfaces. Early meta-GGAs [262, 263] showed
promise for properties such as surface energies [264] and molecular thermochem-
istry [261, 265]. However, their adoption was limited by the fact that they are only
comparable to GGAs for lattice parameters [263] and gas-phase kinetics
[266]. Modifications improving lattice parameters [267] do not improve reaction
barriers [180]. This performance was somewhat disappointing, given that Eq. (9)
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should contain some information about the short-range nonlocal one-particle den-
sity matrix of Eq. (6), which clearly improves hybrid functionals’ performance.

A breakthrough came with the demonstration that the M06-L meta-GGA
containing 37 empirical parameters can treat many properties, from lattice param-
eters to molecular thermochemistry to reaction barriers, with accuracy approaching
hybrid functionals [268, 269]. Reverse-engineering M0O6-L [270] showed that part
of its success comes from the inclusion of 7 '= t/tueg. Here typg = (3/10)
(67%)*p°" equals 7 in the HEG. ' can differentiate covalent vs non-covalent
interactions [270]. The success of M06-L motivated subsequent development of
minimally empirical meta-GGAs based on a= (t—tw)/tygg, Where Tw = IV pl?/
(8p) < 7, equals 7 in one-electron systems [271-273]. Viewed from this perspective,
MO6-L becomes a meta-GGA form fit to the exact functional (which would
presumably give zero error in the fitting set), whose fitting coefficients revealed
meta-GGAs’ previously unrecognized possibilities. Other empirical meta-GGAs
have also been explored [180, 274]. These new meta-GGAs are designed in part to
overcome the oscillatory behavior of M06-L [275].

6 Beyond the GGA for Surface Chemistry

The methods introduced in Sect. 5 have begun to be applied to chemistry on
periodic slab model surfaces. Results to date indicate that these new methods
have a great deal of potential, and point to some remaining limitations which
motivate further development.

6.1 Recent Applications

One important series of studies applies the MO6-L meta-GGA to molecule-surface
adsorption. Hammer and coworkers showed that the M06-L meta-GGA accurately
treats “medium-range” noncovalent interactions for adsorbates on graphene
[270, 276, 277], despite its lack of true long-range correlation [278]. The authors
have applied M06-L in subsequent studies of hydrogenation [279] and CO interca-
lation [280] of supported graphene, and of RS-Au-SR “staple” motifs [281] in
alkanethiol monolayers on Au(111) [282].

Another important milestone concerns treatments of CO on noble metal surfaces
[132]. The HSEO3 screened hybrid and the M06-L and revTPSS meta-GGAs all
improve the binding site preference. The meta-GGAs correctly predict that CO
preferentially adsorbs atop a single Pt atom on Pt(111), along with encouraging
accuracy for lattice constants, surface formation energies, and adsorption energies
[283, 284]. HSEO3 provides the correct site preference for CO on Cu(111) and Rh
(111) surfaces. While it still fails for Pt(111), it reduces the top-fcc energy differ-
ence relative to PBE [231]. HSEO3 shows similar trends for CO adsorption on the
terraces of stepped Rh(553) [59].
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A third application is to adsorbates and defects on metal oxide surfaces. These
studies build upon screened hybrids’ successes for modeling electrons localized in
bulk defects [246, 285, 286]. HSE06 and the B3LYP global hybrid were used to
analyze Au adatoms on ceria defects [172], a system where GGAs’ over-
delocalization leads to qualitatively incorrect results [213, 287]. HSE was used to
check PBE + U calculations on ceria-supported vanadia catalysts [288], to confirm
conclusions about the reactivity of oxygen vacancies on titania surfaces [289], and
to check the spin polarization of graphite surface defects [290]. Pacchioni [291]
reviews some other relevant studies.

There have been relatively few applications of meta-GGAs and screened hybrids
to reaction barriers of molecules on surfaces. However, results to date suggest that
these functionals’ improvements for gas-phase barriers carry over to surfaces.
Unlike the PBE and RPBE GGAs [162], the HSE06 screened hybrid and PBEQ
global hybrid predict a substantial barrier to O, dissociation on Al(111) slabs
[163]. (As discussed above, this failure of GGAs was previously attributed entirely
to spin selection rules for triplet O, dissociation [162].) M06-L predicts reasonable
binding energies for molecules on zeolite catalysts [83], and has been applied to
heterogeneous catalysis by zeolites and metal-oxide frameworks [292, 293]. We
showed that the HSEO06 and HISS screened hybrids, and the M06-L meta-GGA,
improved upon GGAs’ underestimate of the dissociation barrier for ammonia
dissociation on a cluster model of Si(100). Similar trends were seen for calculations
on Si slabs [165]. We also showed that HSE06, HISS, and M06-L improve GGAs’
underestimated diffusion barriers for adatoms on graphene [169] and H, dissocia-
tion on gold and silver clusters [160]. Interestingly, the TPSS meta-GGA increases
the too-low PBE barriers for H, dissociation on reconstructed Si(001) surfaces,
despite the two functionals’ similarity for gas-phase barriers [266].

6.2 Limitations

Some studies have identified limitations of existing beyond-GGA functionals for
surface chemistry. Lousada et al. [164] shows that, similar to GGAs, M0O6-L pre-
dicts a qualitatively incorrect barrierless dissociation of H,O, on metal oxides.
Valero et al. [294, 295] shows that M06-L is problematic for the frequency shifts of
CO and NO on nickel and magnesium oxides. These errors are mitigated by global
hybrids [294, 295]. The M06-L and TPSS meta-GGAs do not improve upon the
dispersion-corrected B97-D GGA for the aforementioned problem of methanol
oxidation over Aug, giving mean unsigned errors in reaction barrier heights of
10.1, 9.2, and 7.4 kcal mol™!, respectively [31]. However, the B3LYP and M06
[269] global hybrids improve upon B97-D, with errors of 3.6 and 3.9 kcal mol ™.
HSEQ6’s overestimated metal bandwidths [226] appear to contribute to its afore-
mentioned problems for CO on Pt(111) [231]. The B3LYP global hybrid has other
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problems for metals, which arise because its GGA for correlation [69] does not
recover the correct HEG behavior [296].

6.3 Systematic Trends

Our recent extension [169] of diffusion Monte Carlo studies on adatom adsorption
and diffusion over graphene [34] provides a systematic illustration of how screened
exchange affects the Procrustean dilemma [62] faced by GGAs for surface chem-
istry. Part of that study considered systematic modification of the PBE GGA by
both rescaling of the exchange enhancement factor (Fx=BFPE, see (3)), and
admixture of a fraction a of screened exact exchange. (Put another way, changing
p is similar to specific reaction parameter GGAs used for surface chemistry
[181, 182]. Changing a is similar to the original specific reaction parameter global
hybrids [183]). Figure 4 illustrates how changing f and a affect representative
surface and molecule properties. The left panel shows calculated adsorption ener-
gies and diffusion barriers for O atom on graphene, compared to the diffusion
Monte Carlo results of Hsing et al. [34]. The right panel shows errors in standard
sets of gas-phase molecular thermochemistry and kinetics [297]. Computational
details are in Barone et al. [169].

Figure 4 shows that GGA rescaling # simultaneously changes both adsorption
energies and reaction barriers, and that no value of f can treat both properties.
Figure 3 of Barone et al. [169] shows that a simple dispersion correction increased
the GGA chemisorption energies, but did not affect reaction barriers. This is
consistent with the results of Fig. 2 and with the limitations of empirical GGAs
discussed in Sect. 4. In contrast, screened exchange admixture a increases both
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Fig. 4 Systematic variations in GGA enhancement factor Fy = fF f(BE (dotted lines) and screened
exchange admixture a (solid lines). =1, a=0 is the PBE GGA, =1, a=0.25 is the HSE06
screened hybrid. Left: Diffusion barrier vs adsorption energy for O on graphene. Right: Mean
signed errors in gas-phase BH6 [297] kinetics vs AE6 thermochemistry. “Ref.” are diffusion
Monte Carlo from Ren et al. [34] (leff) and zero mean signed error (right). Adapted with
permission from Barone et al. [169]. Copyright 2013 American Chemical Society
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surface diffusion barriers and molecule reaction barriers, while maintaining rea-
sonable thermochemistry and atomization energies. The results suggest that
screened hybrids have the potential to improve reaction barriers on surfaces, just
as global hybrids improve gas-phase reaction barriers.

7 New Frontiers

Meta-GGAs and screened hybrids are not yet standard methods for simulating
heterogeneous catalysis or surface chemistry. Additional work is needed to under-
stand better their strengths and limitations, and to develop more accurate exten-
sions. This section briefly reviews selected recent work along those lines, focusing
on results from the author and his collaborators.

7.1 Dispersion-Corrected and Empirical Screened Hybrids

Barone et al. [169] suggests that GGAs’ limitations for dispersion interactions and
reaction barriers are largely orthogonal. Dispersion-corrected screened hybrids
could in principle combine the aforementioned successes of dispersion corrections
for adsorption energies and hybrid exchange for reaction barriers. A dispersion-
corrected screened hybrid was recently benchmarked for rare-gas solids [255], and
applied to C—H bond cleavage in crystalline polyethylene [298] and Au adatom
adsorption on defective CeO,(111) [172] mimicking ceria-supported gold catalysts
[299]. Dispersion-corrected PBE and HSE calculations gave similar barriers to
tetrachloropyrazine chemisorption on Pt(111) [300]. Dispersion-corrected global
hybrids have also been applied to some molecular crystals [301], crystalline poly-
mers [302], and surface chemistry [303].

It is interesting to consider whether empirical functional forms [173, 174, 179,
180] could benefit from screened exchange admixture. Perverati and Truhlar [257]
proposed screened hybrids built upon the parameterizations of [179, 180].
These functionals improve upon HSE06 for gas-phase reaction barriers and
some lattice constants [257]. They show modest promise for binding and relative
energies of water clusters, properties which appear to be improved by dispersion
corrections [304]. However, they have not yet been extensively tested for surface
chemistry.

7.2 Rung 3.5 Functionals

We have proposed a new class of approximate functionals constructed to be
intermediate between third-rung meta-GGAs and fourth-rung screened hybrids.
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Rung 3.5 functionals replace one of the one-particle density matrices in ( 4) with a
GGA model density matrix Ygga:

El]p) = _%J d3rJ A 70T ) Va6 (Pr(i)’jl’(r)’ r-r) (11)

The integrand of (11) is symmetrized in r, r’ before use. The GGA model density
matrix is implicit in the construction of the GGA exchange hole of Eq. (8):

gt (p(r), Vp(r),
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where (...)o denotes angle averaging. Most existing exchange hole models treat
the angle- and system-averaged hole [240, 241], while ygga is explicitly not angle
averaged [305]. ygaa, similar to h§9A, decays rapidly in Ir—r’I by construction,
aiding evaluation of Eq. (11) in metals. (Recall from Sect. 5.1 that this localization
is central to the GGA “exchange” functionals’ model of nondynamical correlation.)
Yoca also tunes the amount of nonlocal information incorporated at each point,
potentially providing a route to simultaneously treating several of the regions in
Fig. 3. (Note that Eq. (11) cannot include 100% long-range exact exchange, and is
not exact for one-electron regions.) Rung 3.5 functionals thus have the potential to
address all three limitations of exact exchange admixture discussed in Sect. 5.1.
Janesko [306] reviews our applications of Rung 3.5 functionals. Benchmarks for
molecular thermochemistry and kinetics show that they can provide accuracy
intermediate between standard GGAs and screened hybrids.

Table 1 presents previously unpublished results applying the Rung 3.5 func-
tional 77 1PBE [305] to ammonia dissociation on Si(100). I7 1PBE admixes 25% of
Eq. (11) to the PBE GGA, using a model density matrix ypgg constructed to
reproduce the PBE exchange enhancement factor. Calculations use a small cluster
model (nine Si atoms) from Sniatynsky et al. [165]. The Rung 3.5 reaction barrier is
between the third-rung TPSS meta-GGA and the fourth-rung HSEO06 screened

Table 1 Adsorption and Method AE, 4 AET AE,.,
dissociation of NH; on Si —
PBE —1.01 0.67 —0.99
(100)
TPSS -0.97 0.71 —1.15
IT 1PBE —1.11 0.74 —1.03
HSE06 —1.13 0.80 —1.11
ref —1.08 0.86 —1.19

Calculated Si-NHj adsorption energy AE,q, and dissociation
barrier AE* and reaction energy AE., (eV) for adsorbed NH,—
H bond dissociation. Results for NH; adsorbed to a cluster model
for the Si(001) surface. DFT calculations use the 6-311++G
(2d,2p) basis set, other computational details and “ref” com-
plete-basis-set-extrapolated CCSD(T) benchmarks are in
Sniatynsky et al. [165]
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hybrid, indicating that the functional lives up to its name. (Results in Table 1 differ
by ~0.02 eV from Sniatynsky et al. [165] because of a different basis set.) We are
currently exploring more extensive applications of Rung 3.5 functionals to surface
chemistry.

8 Conclusions

The successes of GGAs for surface chemistry are particularly remarkable, given
their underlying limitations. Density functional approximations beyond the GGA,
largely developed in the computational chemistry community, show promise for
ameliorating these limitations in simulations of surface chemistry. Recent calcula-
tions illustrate these new methods’ potential and point to remaining issues. It is
hoped that these promising preliminary results motivate density functional devel-
opers to consider further the applications to surfaces, and motivate surface scientists
to test beyond-GGA approximations on new systems. More accurate, computation-
ally tractable methods including beyond-GGA DFT will help build upon GGAs’
successes for surface chemistry.
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Abstract van der Waals interactions are important in typical van der Waals-bound
systems such as noble gas, hydrocarbon, and alkaline earth dimers. The summed-up
van der Waals series of Perdew et al. 2012 works well and is asymptotically correct
at large separation between two atoms. However, as with the Hamaker 1937
expression, it has a strong singularity at short non-zero separation, where the two
atoms touch. In this work we remove that singularity (and most of the short-range
contribution) by evaluating the summed-up series at an effective distance between
the atom centers. Only one fitting parameter is introduced for this short-range
cut-off. The parameter in our model is optimized for each system, and a system-
averaged value is used to make the final binding energy curves. This method is
applied to different noble gas dimers such as Ar—Ar, Kr—Kr, Ar—Kr, Ar—Xe, Kr—Xe,
Xe—Xe, Ne—Ne, He—He, and also to the Be, dimer. When this correction is added to
the binding energy curve from the semilocal density functional meta-GGA-MS?2,
we get a vdW-corrected binding energy curve. These curves are compared with the
results of other vdW-corrected methods such as PBE-D2 and vdW-DF2, and found
to be typically better. Binding energy curves are in reasonable agreement with those
from experiment.
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1 Introduction

Theoretical prediction of matter and proper explanation of many physical, chemi-
cal, and biological processes require an accurate description of atomic and molec-
ular interactions. The only way to get a clear picture of these interactions at the
atomic and molecular level is to apply quantum mechanics. Much effort has been
made to develop quantum mechanical methods for this purpose. As a result there
are many wave-function-based ab initio quantum mechanical methods such as
Configuration Integration (CI), Many Body Perturbation Theory (MBPT), and
Quantum Monte Carlo (QMC) which are popular in the scientific community.
However, the Kohn—Sham (KS) [1] density functional theory (DFT) [2] has become
the most popular in condensed matter physics and in quantum chemistry, because of
its low computational cost and reasonable accuracy. It maps a many-electron wave-
function problem to a one-electron problem. The many-electron effects are in its
exchange-correlation part Exc. This exchange-correlation functional Exc is often
approximated through satisfaction of various physical constraints.

Among numerous exchange-correlation approximations, the local spin density
approximation (LSDA) [1-4], the Perdew-Burke-Ernzerhof (PBE) [5] generalized
gradient approximation (GGA), and the Becke-3-Lee-Yang-Parr (B3LYP) [6] and
HSEO3 [7, 8] hybrid GGAs are especially popular in DFT [9] calculations for



Short-Range Cut-Off of the Summed-Up van der Waals Series: Rare-Gas Dimers 55

physical and chemical systems. LSDA and PBE are efficient local and semilocal
functionals widely used for extended systems, whereas PBEO and HSEOQ6 are hybrid
functionals which hybridize a GGA with the exact exchange energy. Another
hybrid functional B3LYP has a more complicated mixing of LDA and GGA
exchange functionals with HF exact exchange, and its correlation energy part is
also a mixing of LDA and GGA. These hybrid functionals are popular for calcu-
lations in both finite and extended systems. At the semilocal level, however, the
meta-GGA is the highest rung of the so-called Jacob’s ladder of DFT [10, 11] and
potentially the most accurate one [12]. Meta-GGA can also serve as a better base for
hybridizing with the exact exchange energy.

At the semilocal level, the Exc of density functional theory can be written as [3,
4, 12-14]

E§C [m,nl] = Jd3rne§C (”T’”l» Vay, an,TT,Tl). (1)

In this equation, n;, n| are the electron densities of spin up and down o4, 0|
respectively, and the Vny, Vi are the local gradients of the spin densities. The
kinetic energy densities are 7, = 1/2% ", ’ Vl//,m|2 for the occupied KS orbitals vy,

of spin o, and E§C is the approximate exchange-correlation energy per electron.
LSDA uses only n, n) whereas GGAs use Vny, Vi, in addition. Meta-GGAs [15-
17] also use the kinetic energy density 7, as one of its ingredients. This 7, has
information about the shell structure. The z-dependence of meta-GGAs has been
studied by Sun et al. [18, 19]. Meta-GGAs can distinguish different orbital-overlap

% 9 i

. w
regions by “a”, defined as o = T where 7= E 75,7V :%‘Vn‘z/n and
(2

it — 3(372)*3,5/3 Sun et al. [20] showed that different values of a recognize
three different typical regions: (1) @ =0 in the single-orbital regime with one- and
two-electron densities which characterize covalent single bonds, (2) a~ 1 in the
slowly-varying density regime that characterizes the metallic bond, and (3) « > 1 in
the weakly-overlapped density region which characterizes a noncovalent bond.

In principle, DFT provides exact ground-state energies and densities, but in
practice there are many situations where DFT fails to give a physical result. The
long-range van der Waals interaction in rare gas dimers [21, 22], hydrocarbons, and
alkaline earth diatomics is one of them. There have been many tests of density
functional theory in rare gas dimers and alkaline earth dimers. Tao and Perdew [23]
observed that the GGA of Perdew, Burke, and Ernzerhof (PBE) [5], the meta-GGA
of Tao, Perdew, Staroverov, and Scuseria (TPSS) [11, 12], and its hybrid version
(TPSSh) [23] all give a satisfactory and reasonable description of the short-range
part of the van der Waals interaction in the van der Waals bound complexes which
have strong density overlap. The authors Tao and Perdew [23] concluded that these
functionals predict too-long bond lengths and too-small binding energies for the
rare gas dimers, which can be improved by long-range correction of the van der
Waals interaction. Ruzsinszky et al. [24] have tested non-empirical GGAs and
meta-GGAs and found that GGAs and meta-GGAs tend to overbind the diatomics
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with valence “s” electrons such as He, and Be, while underbinding the diatomics
with valence “p” electrons such as Ar,.

van der Waals interactions [25] are important for many material properties. The
source of this weak, long-range interaction between two objects is instantaneous
charge fluctuation. The van der Waals interaction is important in atomic and
molecular systems, where it has many implications such as heat of sublimation of
hydrocarbon molecules, chemical reaction precursor complexes, energy transfer
intermediates, protein folding, stacking of nucleobases, crystal packing, and self-
assembly of organic molecules. Long-range van der Waals interaction between two
distinct objects requires full density-functional non-locality. There are many long-
range correction methods [26-29] developed in the last few years which are good
for predicting van der Waals (vdW) interaction. These also include many post
Hartree—Fock (HF) methods [30-33]; see KlimeS and Michaelides [34] for an
overall review of DFT-based dispersion methods. Tao et al. [35] developed a
reliable approach to evaluate accurately the dynamic multipole polarizabilities
and higher order vdW coefficients from electron densities and static multipole
polarizabilities for spherical atoms or objects, without using any empirical fitting
parameter.

Perdew et al. [36, 37] have discussed the vdWinteraction. For two spherical
objects of radius R separated by a distance d, second-order perturbation theory
gives the attractive long-range van der Waals interaction [38]

Ejqw = ——2 — =8 =10 . 2)

The above expression is valid for d — co. Here C¢ describes the dipole—dipole
interaction, Cg the dipole—quadrupole interaction, and C, the quadrupole—quadru-
pole interaction and the dipole—octupole interaction. In Ruzsinszky et al. [39] these
coefficients are modeled accurately and analytically for classical solid-spheres
(nanoclusters) and shells (fullerenes) using the static dipole polarizability.

Furthermore, Perdew et al. [38] proved that the above asymptotic expansion can
be summed to all orders for two identical spherical shells. In that work a possible
two-parameter solution to the divergence problem in van der Waals interactions at
very short atomic separation has also been discussed. Such divergences (which
occur at d =0 for any finite-order series but at d >0 for the summed-up infinite
series) are normally removed by a damping function [40]. Inspired by Perdew
et al. [38], we suggest that a physical summation of the vdW series [35] can be
used for long-range correction of semilocal density functionals, which by them-
selves do not have any long-range vdW interaction correction.

In this chapter we discuss a simplified cut-off approach based on the summed-up
asymptotic series. This method uses only one parameter, optimized here for differ-
ent systems and averaged for all systems, which can usefully provide the long-range
part of the van der Waals interaction when added to the calculated binding energy
curves from the meta-GGA-MS?2 [18, 20].
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2 Methods

2.1 Asymptotic van der Waals Series

The van der Waals interaction between two spherical-shell objects A and B (with
thickness “¢”, radius “R”, and electron density “p”) can be found from (10) of
Perdew et al. [38] as the infinite series

o0

E(d) = —/4p)_ ci(t/R)Z", (3)

k=3

. . . 2
where d is the distance between the centers of the two objects, z = (2)7, and all
equations are in atomic units. The reduced coefficient c;(#/R) is defined by

k oo
Cou = ck(t/R)\/4np{(2R)2} . When the geometric series Zk:lzk =(1-2"

for 0 <z <1 is introduced and the approximation c; — ¢, is used for k> 5, we
find that (3) can be summed up as [38]

EE°(d) = *\/4—”;[6‘3 (é)f +c’4<£>24 +cs (;)ZS+COC{(1 72)7l — izk}. (4)

k=0

(See Appendices 1 and 2 for details; also see Table 1 for the values of ¢ (t#/R =1).)

The important message from Table 1 is that the reduced coefficients tend to a
constant value as k — oo. This means that the higher-order terms of (3) can be
summed as a geometric series ~(1 —z)~', leading to an analytic closed-form
expression which sums up this asymptotic (d — oo) series. The resulting expression
for E#°°(d) (4) approximately sums the asymptotic van der Waals series to all orders
in d~', but diverges at very short atomic separation when the two spheres touch

Table 1 Values of reduced Values of c,(t/R = 1)

van der Wa'als coefficients at Coefficient Values for 7R — 1
t/R =1 (solid spheres)
c3 0.006766 (0.006766)
Cy4 0.008842 (0.0101015)
Cs 0.009599 (0.01217)
Ce 0.009946
C10 0.010447
€20 0.010761
C40 0.010904
g0 0.010979
Coo 0.011 (0.020)

Values from the Hamaker [41] expression are in parentheses. The
Hamaker expression has one adjustable parameter, chosen here to
make the lowest-order coefficients agree (from Perdew et al. [38])
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each other. The corresponding separation is d=Ra+Rp for two non-identical
spheres and d = 2R for two identical spheres, but the true van der Waals interaction
energy remains finite there. Thus, the summed-up expression must be cut off at
small d while remaining unchanged to all orders in @' at large d. The simplest way
to do this is to replace d by d’, where the difference between d’ and d vanishes
exponentially as d — oo. Perdew et al. [38] suggested a possible choice for d':

d =d+ gexp[—(d — 2R) /h] (5)

which ensures d > 2R for g > 0 and & > 0. In that work, Perdew et al. [38] have also
shown that reasonable parameters for Cso—Cgo are g =10 and 4 =2 atomic units.
These parameters are of course system-dependent. We assume that the summed-up
series is only valid when d is sufficiently greater than 2R. Each choice of g > 0 and
h > 0 defines a different asymptotic summation of (3) to all orders in ™.

In this work we have chosen instead the simplest possible form:

y=y+ aexp(—g). (6)

Here y = %, and y = %. a > 2 is a parameter. It should be noted that y’ starts out as

)2 . . . .
a= %—a at small y, then increases monotonically, approaching y exponentially at

large y. Moreover, a > 2 guarantees that the singularity is removed. (To establish

that y’ is monotonic in y for non-negative y, just compute % =1- exp(—%) >0.)
We have considered E(d’) as an additive correction to the binding energy curve of a
semilocal density functional such as GGA or meta-GGA. For each functional, we
adjust the parameter “a” to obtain the best overall fit to known accurate reference
binding energy curves. PBE GGA needs a smaller value of “a”, which more
significantly shortens the equilibrium bond length and strengthens the binding.
The meta-GGA Made Simple (MGGA-MS2), which captures more of the
intermediate-range vdW interaction, needs a larger value of “a”, providing a
correction which is less short-ranged and has less effect on the equilibrium bond
length and binding energy. It should be noted that the fitting is done only for the
range of d greater than or equal to the reference equilibrium bond length, because
we cannot expect any useful correction of short-range errors in the functional from
this approach. Here we present the vdW-corrected binding energy curves calculated
by MGGA-MS2, which should give us a proper insight into the summed-up series
expansion of the van der Waals interaction.

2.2 Physical Explanation of R

Let R=(Ra+Rp)/2 be the arithmetic average of the radii of the two spherical
objects A and B. If the objects are classical metallic spheres with uniform density
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inside and zero density outside a cutoff radius, then the radius of a sphere is
clearly the only relevant length scale for that sphere. One could find polarizability

radiiRp = [af\(O)]% andRp = [aF(O)]%, where a}(0) and a2 (0) are the static dipole
polarizabilities of A and B, or one could find the same radius R from R = RP! — half
the equilibrium bond length of a dimer, because two such spheres would be
attracted to one another right up to the point where they touched. In this case,
there is no decay length for the density of a sphere (as in (6)), but the summed-up
van der Waals interaction must still be cut off to avoid a spurious divergence to
minus infinity when the spheres touch. This shows that R is indeed the radius of
object A.

This gives us an insight: the infinite van der Waals series (2) is an asymptotic
series, valid only when the “aspect ratio” R/d is small enough. This series can be
summed to all orders, but that summation misses contributions which are important
when the aspect ratio is not small. Only when the objects are so far apart that each
“looks small” to the other is the summed-up van der Waals series accurate.

When we extend these ideas from pairs of classical metallic spheres to pairs of
atoms, we can no longer expect that RP°' = R™'. We need to choose between these
two alternatives. Simple density functionals for R are not expected to work because
the static polarizability of a classical metallic sphere depends only on the radius,
and not on the density inside that sphere (e.g., Perdew et al. [38] and Ruzsinszky
et al. [39]). We have found empirically, for rare gas and alkaline earth dimers (Be,),
that we can obtain a reasonable long-range correction to the binding energy curve
of MGGA-MS?2 [19] using a system-averaged value of the fitting parameter “a”
(see Table 2) along with

R = max[R™, 1.37R"]. (7)
This is R™' for all considered rare gas atoms, but 1.37R" for Be. This choice
guarantees that the singularity of the summed-up vdW series is removed for any
pair of spherical objects. It should be noted that this R™ is basically the half-bond
length of any homo-dimer (A,) and hetero-dimer (AB) which can be defined as

R = Raa/2 (8)

for homo- and

Table 2 Optimized values of the fitting parameter “a” for different rare-gas dimers

Optimized values of “a” from MGGA-MS2 +vdW[d']

Fitting parameter | Ar—Ar| Kr—Kr| Xe—Xe Ar-Kr | Ar—Xe | Kr—Xe | System-averaged “a”.
a 2.19 |2.14 |2.00 2.00 2125 |2.09 |2.09

Optimized values of “a” from MGGA-MS2 + H[d']

a 1286 252 [2.14 1246 |245 [233 [246
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R)3 = (Raa + Rpg)/2 )

for hetero-dimers. We take Raa from the experimental binding energy curve.

3 Computational Details

3.1 Calculation of Dimer Binding Energy

The binding energies of different pairs of atom have been calculated in the projector
augmented wave approach (PAW) [42] implemented in the Vienna ab initio
simulation package (VASP) [43-45] within meta generalized gradient approxima-
tion (MGGA-MS?2) for the exchange-correlation functional. In the calculations, the
kinetic energy cutoff is first set to be 600 eV, and a I" centered 1 x 1 x 1 k-point
mesh in the BZ is used for the k-space integration. The total energy of the atomic
pairs has been calculated using a 10 x 20 x 10 rectangular super-cell. The PAW
scheme is utilized with the potentials taken from the VASP PBE library. The energy
of an isolated atom is calculated by a 10 x 10 x 10 cubic super-cell. The binding
energy is calculated in the following way:

AE = —[E(Rgimer) — 2 X E(Ratom)]- (10)

We have also used other van der Waals methods, PBE-D2 [27] and vdW-DF2 [46],
to perform this calculation. All these DFT methods are available in VASP. Our
long-range-corrected meta-GGA-MS2 seems to give better results than these two
vdW-corrected functionals.

3.2 Optimization of the Fitting Parameter

The average error (AE) calculation and the additive correction to the DFT results
have been made in computer codes. The inputs to these codes are the binding
energy curves calculated using DFT (Eygoa-ms2)s Static dipole polarizabilities, and
electron densities for each atom of the pair, and van der Waals coefficients Cg, Csg,
C1o- Reference values for comparison are the experimental binding energy curves
[47, 48].

There is a strong singularity near d = 2R in the summed-up van der Waals series,
as discussed before. To remove it, we replace y and y' in (6) by d/R and d'/R,
respectively, to get

d = d+ aRexp [—i} (11)
a
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Fig. 1 (a) Plot of average error vs fitting parameter “a” for Ar—Ar. (b) Plot of minimum average
error for different rare gas dimers

with R™ for rare-gas dimers and R = 1.37R" for Be,. This ' is used to calculate
the summed-up E(d’). In this section, we use E(d") from (14) below as the long-
range van der Waals correction to be added to the MGGA-MS2 binding energy
curve.

We have optimized the fitting parameter “a” by minimizing the error between
the binding energy curve from the vdW-corrected method and the experimental
binding energy curve over the set of d's in the range din A <d <9 A in steps of
0.1 A for each dimer. Here d,j, A is the separation at the minimum in the
experimental binding energy curve. The fitting parameter “a” in (11) is varied in
the range 0.0 < a < 10.0 in steps of 0.001 to maintain accuracy. The average error
(AE) at each value of “a” is calculated using

9
AE|, = Z ‘EMGGA—MSZJrvdW (d ) — Egxp
d/:dmin

/(Total number of d points).

(12)

Figure 1a shows the average error vs fitting parameter “a” plotted for the Ar,
dimer. Figure 1b shows a histogram plot of minimum average error (MAE) for
different rare gas dimers. MAE is the minimum of the average error at the
optimized value of “a” for each system. So this is a discrete-column graph where
each column gives the error at the minimizing value of “a”.

3.3 Calculation of the van der Waals Interaction Corrected
Binding Energy

To avoid the system dependence of the fitting parameter, the system-averaged value

[Tl

of the fitting parameters “a” was used to recalculate all the binding energy curves.
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We found that the system-averaged fitting parameter gives us even better correction
in most cases. In this work, all the binding energy curves are calculated using the

system-averaged fitting parameter “asys” (see Table 2). Replacing “a” with “agy”,
(11) becomes

! d
d =d + asysRexp <_a R>' (13)
sys

Finally, the vdW-corrected energy is calculated by replacing E(d) by E(d'). The
correction part is calculated using Hamaker’s expression E''(d) as modified in
Perdew et al. [38]:

, Cs Cg Cy Coo\ [uf s\, Co  Ci  Cip
Evdw(d)_<——,6—d—,8—d,—lo)+<@)[E <d)+ﬁ+d’8+d’_l° (14)

and then added to the MGGA-MS2 result

Encoamsavaw (@) = Evaw(d') + Evcoams2 (d)
Co Cs Ci Coo\ [,/ sy  C& C& CR
= <'6d'8d'10> + (ql){o> [E (d) + 6+ 5 + 710
+Emcca-ms2(d).

(15)

It should be noted that by E(d) we mean Hamaker’s [41] classical expression for
the van der Waals interaction energy E'(R4, Rg, d) between two spherical objects
of radii R5, and Rg when the two centers are separated by a distance “d”. This
EYRA, Ry, d) is given by the following equation:

2 2RAR 2RAR 2 _ (Rx +Rp)*
EH(RAvRBvd):ig ) ATS 2 ) AT 2+ln d2 ( A+ B)2
6 |d*— (Ra +Rp)” d*— (Ra—Rp) d* — (Ra — Rg)

(16)

where § = ¢3(1)y/4np () 226 = 0.006766+ /Arp () *26is evaluated using the value

of ¢3(1) from Table 1. The electron density is p = -2 for a sphere with radius R.

(3nR°)
N is the total number of valence electrons (2 for He and 8 for the other rare gas
atoms). For non-identical spheres, we replace ,/p by 2,/pa+/Pp/ (\/p_A +/Ps )
The van der Waals coefficients (Cg, Cg, C1o) used in the first part of the right-
hand side of (15) are taken from their tabulated values in the supporting informa-
tion of [35]. All these standard van der Waals coefficients are calculated by
time-dependent Hartree-Fock theory. The van der Waals coefficients from
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Hamaker’s formula (CY, CH, Ctl) in the second part of the right-hand side of the
same equation are evaluated by extracting the coefficients of d~°, d~°, and 4~ '°
from the Taylor series expansion of the expression of EY(R A, Rg, d) of (16) in
power of d~*

2 3 p3 3 p3 (p2 2
RIRS  32RARL(R2 +R
EH(RA:RB:R,d):_Q( AlB ARg (RR +R)

6 \ 3d° d®
(17)
64 (SRARY + 14R3R;, + SRR},
Sdlo +
For two identical spheres we can easily obtain the values of C§, C§, Cty) from the
simpler expression E" (R, d) = (?ﬁ,ﬁ + Oy ”;;’g“’) +..

3.4 Calculation of Binding Energy Using the Unmodified
Hamaker Expression

Simpler than in (15), Hamaker’s [41] expression can be used without modification
as a long-range vdW additive correction to the DFT results. We have used

EmGGA-MS2+H (d/) = E" (d/) + Emcea-ms2(d)
77,'2/77 { 2RARB + 2RARB
d

6 — (Ra+Rg)® d°—(Ra—Rg)*  (18)
12 2
d — (Ra+R
+In ,2#]3)2 } + Emcca-ms2(d).
d® — (Ra — Rp)

Here f is calculated in the same way as is done for EH(R A, Rp, d) as discussed in the
above section. (See Appendix 1 for an explanation of EH(d ).) In this version, no
input vdW coefficient is needed.

4 Results and Discussion

We believe MGGA-MS2 gives better result than other semilocal GGA and meta-
GGA functionals (PBE,TPSS) in our calculation because it uses “a” [18-20] which
can recognize and describe the intermediate-range vdW interaction [20].
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4.1 Ar-Ar Dimer

In Fig. 2 for Ar,, binding energy curves are calculated using MGGA-MS2, MGGA-
MS2 +vdW[d], MGGA-MS2+vdW[d'], MGGA-MS2+H[d], MGGA-MS2+H
[d'], vdW-DF2, and PBE-D2, and are compared with the experimental results
[47]. The binding energy (AE in kcal/mol) and the equilibrium distance (R, in A)
for different methods are tabulated in Table 3 along with the experimental results.
Figure 2a shows that the MGGA-MS2 + vdW[d'] is in very good agreement with the
experimental curve, whereas MGGA-MS2 binds slightly less than the experimental
curve. In this figure the MGGA-MS2 + vdW|[d] curve is calculated by adding the
van der Waals correction part to the MGGA-MS2 result, but without using the
cut-off distance ', and thus it clearly depicts the divergence near d =2R. The
interesting thing about this graph is that MGGA-MS?2 gives a comparatively good
intermediate-range part of the binding energy curve as expected [19, 20], slightly
overestimating the equilibrium bond length ~3.75 A compared to the experimental
one at 3.76 A. Figure 2a also shows that at larger atomic separation MGGA-MS2
significantly underbinds the experimental binding energy curve. Figure 2b shows
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Fig. 2 Binding energy curves for the Ar—Ar dimer calculated from the vdW method combined
with MGGA-MS?2 using the system-averaged a =2.09. (a) Binding energy curves for MGGA-
MS2, MGGA-MS2 +vdW[d], MGGA-MS2+vdW[d'], and experiment. (b) Binding energy
curves for MGGA-MS2, MGGA-MS?2 + H[d], MGGA-MS2 + H[d'], and the experimental curve.
(¢) Comparison of the vdW-DF2 [46] and PBE-D2 [27] curves with the experimental one
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Table 3 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ar—Ar
dimer

MGGA- MGGA-MS2 MGGA-MS2 PBE- vdW-
Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.
AE 0.17206 0.34025 0.36057 0.38889 |0.43207 |0.28500
R. 3.85 3.75 3.72 3.80 3.80 3.76
- . B _ b —— :
[— ] ] = le-He 4
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Fig. 3 Binding energy curves of the He—He dimer. Here we have also used the cut-off distance d'
for long-range correction with the system-averaged a =2.09. (a, b) Binding energy curves for
MGGA-MS2, MGGA-MS2 + vdW[d], MGGA-MS2 + vdW[d'], MGGA-MS2 + H[d], and MGGA-
MS2 +H[d']. (¢) Comparison of the curves for vdW-DF2 [46] and PBE-D2 [27] with the exper-
imental curve

that when the unmodified Hamaker (E™) expression is used, it also gives a very
good long-range part of the interaction potential, although MGGA-MS2 + H[d']
slightly overbinds the experimental curve. The divergence in the additive correction
part (see MGGA-MS2 + H[d] curve) can be seen as for the vdW correction part in
Fig. 2a. We also calculated the binding energy curves of the Ar—Ar dimer with the
two popular van der Waals corrected methods vdW-DF2 [46] and PBE-D2
[27]. The binding energy curves from these calculations along with the MGGA-
MS2 + vdW[d'] and experimental results can be seen in Fig. 2c. Both vdW-DF2 and
PBE-D2 overbind the experimental binding energy curve in the range
3.3 A<R.<5.4 A. Figure 3c also shows that MGGA-MS2 +vdW[d'], PBE-D2,
and vdW-DF2 almost overlap with the experimental curve beyond 5.10 A.
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Table 4 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the He—He
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-

Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.

AE 0.06849  |0.13913 0.12038 0.10742 |0.06214 |0.02201
R. 2.73 2.59 2.61 2.60 2.80 2.97

4.2 He-He Dimer

Figure 3 shows the binding energy curves for He, from MGGA-MS2, MGGA-MS2
+vdW[d], MGGA-MS2+vdW[d'], MGGA-MS2+H[d], MGGA-MS2+H[d'],
vdW-DF2, and PBE-D2 calculations, along with the experimental results [47]. As
predicted by Ruzsinszky et al. [24], nonempirical GGAs and meta-GGAs tend to
overbind van der Waals-bound diatomics that have valence “s” electrons, such as
He,. Figure 3a shows that MGGA-MS2 and MGGA-MS2 + vdW|[d'] overbind the
experimental curve. When we plot MGGA-MS?2 + vdW[d] we observe a divergence
similar to the one for the Ar dimer because, in this case, the cut-off ¢ has not been
used to remove the singularity. This graph also shows very good long-range
behavior of MGGA-MS2 +vdW [d']. Figure 3b shows an almost similar picture
where MGGA-MS2 +H [d'] also overbinds the experimental curve. In this case, a
divergence in the Hamaker (E™) expression can be seen. From Table 4 we note that
the strong attractive nature of MGGA-MS?2 yields a minimum at 2.73, 2.59, and
2.61 A for MGGA +MS2, MGGA +MS2 +vdW|[d'], and MGGA-MS2 +H[d'],
respectively, which is quite different from the experimental one at 2.97 A. From
Fig. 3c we can see that two other popular methods, PBE-D2 [27] and vdW-DF2
[46], overbind the experimental curve in the same way as MGGA-MS2 + vdW(d'),
but all these three curves almost overlap with the experimental curve in the very
long-range part beyond 4.00 A, a significant success for the method.

4.3 Xe-Xe Dimer

In the Xe—Xe dimer, MGGA-MS2, MGGA-MS2 + vdW[d'], and MGGA-MS2 + H
[d'] underbind the experimental curve, which can be seen in Fig. 4a, b. These two
graphs also show similar divergences for MGGA-MS2 + vdW[d] and MGGA-MS2
+ H[d] because of the singularity near d = 2R in both the vdW correction part and in
the Hamaker expression. Figure 4c compares PBE-D2 [27], vdW-DF2 [46], and
MGGA-MS2 + vdW[d'] with the experimental curve. From these three figures, and
from Table 5, it can be said that, where PBE-D2 and vdW-DF2 overestimate the
binding energy, MGGA-MS2 +vdW[d'] and MGGA-MS2 +H[d'] underestimate
the same, but all these four methods give very different minima than the experi-
mental one.
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Fig. 4 (a) Binding energy curves for MGGA-MS2, MGGA-MS2 + vdW|[d], and MGGA-MS2
+vdW[d']. (b) Binding energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2
+H[d']. (¢) Binding energy curves using vdW-DF2 [46] and PBE-D2 [27] plotted with the
experimental one

Table 5 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Xe—Xe
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdw-
Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.
AE 0.23100 | 0.39302 0.42232 0.80012 |0.65163 |0.56057
R. 4.59 453 4.54 4.40 4.40 435
4.4 Kr-Kr Dimer

Figure Sa—c shows the binding energy curves for the Kr—Kr dimer for MGGA-MS?2,
MGGA-MS2 +vdW[d], MGGA-MS2+vdW[d'], MGGA-MS2+H[d], MGGA-
MS2 +H[d'], vdW-DF2, and PBE-D2 approaches. These curves show that both
MGGA-MS2 +vdW[d'] and MGGA-MS2 +H[d'] give a very satisfactory long-
range part of the van der Waals interaction. It should be noted that these two curves
cross the experimental curve at R(Kr-Kr) ~4.1 A and at ~3.77 A. One can readily
note the divergence of MGGA-MS2 + H[d] at small atomic separation because of
the obvious singularity in the expression of E'. Table 6 gives the binding energy
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Fig. 5 (a) Binding energy curves for MGGA-MS2, MGGA-MS2 + vdW|[d], and MGGA-MS2
+vdW[d']. (b) Binding energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2
+H[d']. (¢) Binding energy curves using vdW-DF2 [46] and PBE-D2 [27] plotted with the
experimental one. The vdW corrected curves are calculated using the cut-off distance d' and
system-averaged a = 2.09

Table 6 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Kr-Kr
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- |vdW-
Quantity | MS2 +vdW(d) +H(d) D2 DE2 Expt.
AE 020379 | 0.37102 0.39750 0.53832 | 0.53242 | 0.40005
R. 4.17 4.11 4.03 4.00 4.00 4.01

(AE in kcal/mol) and the equilibrium distance (R, in A) for different methods. We
notice that MGGA-MS2 +H[d'] gives very good equilibrium bond length when
compared to the experimental result. Figure 5S¢ confirms that another two methods,
PBE-D2 [27] and vdW-DF2 [46], significantly overbind the experimental curve.
We can see the same trend in MGGA-MS2 +vdW[d'] along with PBE-D2 and
vdW-DF2 in the very long-range part, where they tend to overlap with the exper-
imental result.
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4.5 Ne-Ne Dimer

In the Ne—Ne dimer, MGGA-MS2, MGGA-MS2 +vdW [d'], and MGGA-MS2 + H
[d'] overbind the experimental curve. MGGA-MS2 + H[d] and MGGA-MS2 + vdW
[d] show the divergence at small atomic separation. However, Fig. 6a, b shows the
similar kind of long-range correction by both MGGA-MS2 + vdW[d'] and MGGA-
MS2 + H[d']. We plot the PBE-D2 and vdW-DF2 result with the experimental and
MGGA-MS2 +vdW[d'] results in Fig. 6c. We conclude that, for the Ne dimer,
semilocal functionals normally overbind the experimental result. From Fig. 6¢c we
find that the long-range part of the MGGA-MS2 + vdW[d'] and vdW-DF2 curves
almost overlap with the experimental curve in the range 3.9 A <R. < 5.0 A. Table 7
shows numerical values.
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Fig. 6 Binding energy curves for the Ne—Ne dimer: (a) for MGGA-MS2, MGGA-MS2 + vdW[d],
and MGGA-MS2 + vdW[d']; (b) for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2 + H[d'].
(¢) Comparison of the calculated binding energy curves using vdW-DF2 [46] and PBE-D2 [27]
with the experimental curve

Table 7 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ne-Ne
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-

Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.

AE 0.16811  |0.33323 0.32208 0.27369 |0.20395 |0.08401
R. 2.94 2.83 2.81 3.00 3.00 3.09
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4.6 Ar-Kr Dimer

MGGA-MS?2 underbinds the experimental curve [48] in the Ar—Kr dimer, as can be
seen in Fig. 7a, b. This tendency is removed and we get very satisfactory binding
energy curves when the cut-off distance d' is introduced in the MGGA-MS2 + vdW
[d'] and MGGA-MS2 + H[d'] methods. This removes the singularity as expected
and gives significant improvement in the long-range part of the van der Waals
interaction. The strong divergence in van der Waals interaction series and in
Hamaker’s expression can be seen in MGGA-MS2 + vdW[d] and in MGGA-MS2
+H[d] in Fig. 7a, b. PBE-D2 [27] and vdW-DF2 [46] results are not so satisfactory
compared to the experimental result. Table 8 shows the binding energy (AE in kcal/
mol) and the equilibrium distance (R in A) for different methods.
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Fig. 7 Binding energy curves of the Ar—Kr dimer calculated: (a) using MGGA-MS2, MGGA-
MS2+vdW[d], and MGGA-MS2+vdW[d']; (b) using MGGA-MS2, MGGA-MS2 +HI[d],
MGGA-MS2 +H[d'], and the experimental result. (¢) Comparison of vdW-DF2 [46] and
PBE-D2 [27] with experiment. The vdW corrected binding energy curves are calculated using
the cut-off distance @’ and system-averaged a =2.09

Table 8 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ar-Kr
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-
Quantity | MS2 +vdW(d') +H(d") D2 DF2 Expt.
AE 0.18772 0.35712 0.38053 0.46469 |0.46481 |0.36123
R. 3.98 3.89 3.88 3.80 4.00 3.88
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4.7 Ar-Xe Dimer

We plot the binding energy curves of the Ar—Xe dimer in Fig. 8a, b. These figures
show outstanding performance of the method in the long-range part of the energy
when either of the additive corrections E,qw(d’) or E(d’) is used. Table 9 gives a
qualitative picture of different methods for the estimation of equilibrium bond
length and binding energy. It can be inferred from Table 9 that both MGGA-
MS2+vdW [d'] and MGGA-MS2 + H[d'] produce almost correct binding energy
but slightly overestimate the equilibrium bond length.
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Fig. 8 Binding energy curves of the Ar—Xe dimer calculated from the vdW method combined
with MGGA-MS2 using the system-averaged a. (a) Binding energy curves calculated using
MGGA-MS2, MGGA-MS2 +vdW[d], and MGGA-MS2 +vdW/[d'], and the experimental one.
The vdW-corrected binding energy curve is calculated using the cut-off distance d’ and system-
averaged a = 2.09. (b) Binding energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-
MS2 +H[d'], and the experimental results. (¢) Binding energy curves from other vdW-corrected
methods

Table 9 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Ar—Xe
dimer

MGGA- | MGGA-MS2 MGGA-MS2 PBE- | vdW-

Quantity | MS2 +vdW(d) +H(d) D2 DF2 Expt.

AE 0.18677 | 0.34032 0.38191 0.53029 |0.51532 |0.37505
R. 4.24 4.10 4.10 4.00 4.20 4.07
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4.8 Kr-Xe Dimer

As in the Ar—Kr dimer, in the Kr—Xe dimer MGGA-MS2 underbinds the experimental
curve. Figure 9a, b shows that introduction of the cut-off distance d' not only removes
the singularity but also improves the underbinding of MGGA-MS2 in the long-range
part of the van der Waals interaction energy, although it remarkably overestimates the
equilibrium bond length. The binding energy estimated by MGGA-MS2 +H [d'] is in
very good agreement with the experimental result. The PBE-D2, vdW-DF2, MGGA-
MS2+vdW[d'], and experimental curves are shown in Fig. 9c. PBE-D2 and
vdW-DF?2 seem to be too attractive in the short-range part and overbind the experi-
mental curve, although the equilibrium bond lengths from these two curves are in very
good agreement with experiment. Table 10 shows numerical values.
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Fig. 9 Binding energy curves of the Kr—Xe dimer calculated from the vdW method combined
with MGGA-MS2 using the system-averaged a =2.09. (a) Binding energy curves for MGGA-
MS2, MGGA-MS2 + vdW[d], and MGGA-MS2 + vdW[d'], and the experimental one. (b) Binding
energy curves for MGGA-MS2, MGGA-MS2 + H[d], and MGGA-MS2 +H[d'], and the experi-
mental results. (¢) Comparison of vdW-DF2 [46] and PBE-D2 [27] with experiment

Table 10 Binding energy (AE in kcal/mol) and equilibrium bond length (R, in A) for the Kr—Xe
dimer

MGGA- | MGGA-MS2 MGGA-MS2 | PBE- | vdW-
Quantity | MS2 +vdW(d') +H(d") D2 DF2 Expt.
AE 0.20900 0.37242 0.39787 0.67692 |0.58528 |0.46422
R, 4.39 431 427 4.20 4.20 4.18
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Fig. 10 Binding energy curves for the Be-Be dimer calculated (a) from meta-GGA-MS2 and (b)
from other vdW-corrected methods

4.9 Be-Be Dimer

Be, is chosen because it is a van der Waals-bound diatomic from the alkaline earth
group. The characteristic difference of Be, from the rare gas dimers is that it shows
much more density overlap. Figure 10a gives us a qualitative picture of how the
strong divergence at d = 2R in the E"(d) part of the van der Waals interactions energy
expression of (15) is successfully removed upon introduction of the cut-off distance
d'. Figure 10b shows that MGGA-MS2 +vdW [d'] gives a satisfactory long-range
correction compared to PBE-D2. In the same figure the similar performance of
vdW-DF?2 can be seen. The common tendency of overbinding the experimental result
[49] by semilocal functionals MGGA-MS2 and PBE [24] can be seen in Fig. 10b.
From this result we conclude that more accurate correction is needed for semilocal
functionals for He,, Ne,, and Be,. Moreover, Fig. 10b shows that vdW-DF2 correctly
estimates the equilibrium bond length ~2:5 A, where MGGA-MS2 + vdW[d'] fails to
do so. It overestimates the bond length at ~2.7 A. The experimental equilibrium bond
length is 2.45 A. Careful observation of Fig. 10b reveals that the too-attractive nature
of PBE yields a deep minimum at very short distance ~1.5 A for the PBE-D2 curve.

4.10 Comparison Between Hamaker and Geometric Series
for Two Identical Solid Spheres

An interesting feature of the Hamaker expression [41] and the geometric expression
[38] (see (25) in Appendix 1) is that both have divergences at two different values
of d, one at d=2R and the other at d =0. To investigate further the divergence of

-1 2R\ *
these two expressions, we have plotted Coo{ (1 _ (271?)2)) _ Zizo <7> }

and (:—”,3) E"(Rp = Rg = R,d). These two quantities have the same singularity at

d="72R but they are rather different in the range of typical vdW energies, which can
be seen in Fig. 11. This could explain why the Hamaker expression works better in
the fits.
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Fig. 11 Divergence of Comparison Of Divergence
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5 Conclusions

In summary, our work is a reasonable and physical way to remove the nonzero
d singularity in the summed-up van der Waals interaction series. We also conclude
that, although the fitting parameter “a” is system-dependent and empirical in nature,
averaging it and using R = max(R"™, 1.37RP°") as an input to our calculation gives
our formulas some predictive value. In this work we have presented a simplified
version with only one fitting parameter a, replacing the earlier model [38] with two
parameters (g, /), to get the long-range van der Waals correction to a density-
functional binding energy curve for objects with spherical densities. We have
reached similar or better accuracy when compared with the PBE-D2 [27] and
vdW-DF2 [46] correction schemes.

An interesting outcome of our work is that the complicated (15), as proposed in
Perdew et al. [38], can be replaced without loss of accuracy by the simpler (18).
This means in particular that no input vdW coefficient is needed.

One extension of this work could be to use it to obtain a semi-local density
functional with an embedded long-range vdW correction using this summed-up
series method. The positive outcome of this method motivates us to use it for other
strongly dispersion-driven systems such as layered-materials. Furthermore,
MGGA-MS?2 often provides a useful description of intermediate-range vdW inter-
action. It underestimates this in most rare gas dimers, but overestimates it in He,,
Ne,, and Be,. Appreciable performance by MGGA-MS2 [19] in predicting stacking
energies between nucleobases of DNA and RNA confirms that improved density
functionals can give a better description of different chemical and physical prop-
erties. It remains to be seen whether further improvements in meta-GGAs yield a
more consistent description of intermediate-range vdW interactions.
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Appendix 1 Summed-Up Series Expression

The Casimir—Polder [50, 51] formula for the van der Waals coefficients between
two objects A and B to the second-order in electron—electron interaction is

(2k — 2)1 &3

AB 1 >
C =
2k 2 (211)!(212)!J0

dua(iu)a (iu), (19)

where [ =k —[; — 1 and a,f\ — 2/ pole dynamic polarizability of A at imaginary
frequency ® =iu. It should be noted that /=1,/=2, =3 are for dipole,
quadrupole, and octupole interactions, respectively.

The dynamic multipole polarizabilities for a classical conducting spherical shell
can be found from the following expressions:

71—
) — R2+1 I 20
(i) o + 21— B0, (20)
where
2~2
w|"w;
= 21
ﬁl (CU] + uz)( + uz) ( )
and
R A\ 2T
o= (52 =a-urp (22)

from the work of Lucas et al. [52]. Here w;=w,\/I/(214+1) and

®; = wpy\/(l+1)/(21+ 1). The plasma frequency of the system is w, = \/4zp

with p = W for the spherical shell (with radius R and thickness #) and

p= Q g{ 3 for the sphere (with radius R). N is the total number of valence electrons,
3

equal to 2 for He and 8 for other rare gas atoms.

In Perdew et al. [37] it is shown that, for a classical conducting spherical shell of
radius R, thickness ¢, and uniform density p, the above integration at (18) can be
performed to get all the higher order vdW coefficients. For two identical spheres,
i.e., when A =B, one can get

1 (2k — 2' —2

2k

Cot = 0y (R Z
=1

1
X\/(21+ D/l++/(2k=21=1)/(k—1—1)

1(2k — 2zf1)
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Then the van der Waals interaction of (2) can be written as
E(d) = —/4mp)_ ci(t/R)Z, (24)
=3

where ¢(#/R) is related to C,; by (4) and z = (2%)2.

Now, by the introduction of the geometric series of Z:il *=(1- 2)71 for
0 <z <1 and approximating ¢; — ¢, for k> 5, we find

E&°(d) = —\/4_7;5[03 (I%)f + C4<}%)Z4 +cs (I%)ZS —|—cw{(1 —z) = izk}].

k=0
(25)

This expression interpolates between the very large d and d — 2R limits. The
above expression for £2°°(d) has an unphysical divergence at z= 1 or d = 2R where
the two spheres touch each other. This divergence appears because we sum up all
the terms. However, in reality there is no divergence in (2) because it is an
asymptotic expansion for large value of d.

This is true because at large d the exponential density overlap between the two
real quantum-mechanical objects may be neglected. This divergence in the expres-
sion of E2°(d) can be removed by replacing z by z/ where z/ = (2R/d')* with a
proper choice of d'. The expression for E2°°(d) is true for the interaction between
identical spheres but it can be generalized to non-identical spheres 2R — Ra + Rp,
which leads to an equation such as (14) for the expression of E, qw(d').

In the pair interaction picture, Hamaker’s [41] expression of the van der Waals
interaction between two solid spheres of uniform density p is

1

/
’r—r

. (26)

where 8 = c3(1)/Aap(2) 28 = 0.006766\/37p ()29 can be evaluated using the
value of ¢3(1) from Table 1.

Appendix 2 Binding Energy Curves from Geometric Series

The summed-up van der Waals series expression of (4) can also be used to obtain
the binding energy curves for the rare-gas dimers if we use our short-range cut-off
idea. Reduced van der Waals coefficients c3(#/R), c4(t/R), c¢5(t/R) and c..(¢/R) are
taken from Table 1 for #/R = 1, e.g., for solid spheres. For identical solid-spheres the
electron density is p = N/ (47rR3 / 3) for a sphere with radius R and number of total
valence electrons N (N is 2 for He and 8 for the other rare-gas atoms). The electron

density for non-identical spheres can be evaluated using 2, /pA+/Pp/ (, /PA Tt o /pB).
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We could not optimize the fitting parameter for every dimer. We have used
a=4.09, the average of the optimum values for Ar—Ar and Kr—Kr. Figure 12

shows the results.
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Judging Density-Functional Approximations:
Some Pitfalls of Statistics

Andreas Savin and Erin R. Johnson

Abstract Density-functional theory (DFT) methods have achieved widespread
popularity for thermochemical predictions, which has lead to extensive
benchmarking of functionals. While the use of statistics to judge the quality of
various density-functional approximations is valuable and even seems unavoidable,
the present chapter suggests some pitfalls of statistical analyses. Several illustrative
examples, focusing on analysis of thermochemistry and intermolecular interactions,
are presented to show that conclusions can be heavily influenced by both the data-
set size and the choice of the criterion used to assess an approximation’s quality.
Even with reliable approximations, the risk of publishing inaccurate results natu-
rally increases with the number of calculations reported.
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1 Introduction

A combination of the high performance of modern computers, fast algorithms, and
good accuracy have permitted widespread use of density-functional approximations
(DFAs) across chemistry and physics. However, the high number of DFAs often
causes users of the theory to pose the question: “Which functional should I use?”
Nowadays, large sets of reference data are available to provide valuable help in
answering this question. Consequently, there has been a recent surge of
benchmarking studies where readers can take their pick of statistical measures to
justify use of their chosen functional in a particular application. The rapid growth in
the numbers and citations of benchmarking studies is illustrated in Fig. 1.

Habitually, statistical measures such as the mean absolute error are used to
indicate the quality of a density-functional approximation. Unfortunately, statistics
can also deform reality, and using statistics to judge the quality of an approximation
is no exception. A recently published paper [1] sought to answer several questions
regarding benchmarking of DFAs:

1. Is the approximation the only source of error and would an exact treatment give
the right result?

2. Do the approximations provide the necessary quantitative accuracy?

3. Are we interested in obtaining absolute values or in reproducing trends?

In general, the user is provided with a selection of DFAs and must decide which to
choose. However, there is no single objective criterion to determine which DFA is
best for a particular problem and a somewhat subjective choice is made regarding,
for example, the statistical criteria used to rank the functionals. Which specific
functional is then qualified as the best depends on this choice [1].

In the spirit of reference [2], we consider the performance of selected DFAs for
thermochemistry and intermolecular interactions. In these cases, accurate data
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should be accessible via coupled-cluster theory with large basis sets and extrapo-
lation. We address the following questions:

1. How strong are the effects caused by the finite sample size?

2. Can the same data produce opposite interpretations?

3. What is the probability that all of the results published in an article have
sufficient quantitative accuracy?

In the process, we discuss some potential pitfalls of statistics that rank the quality of
density-functional approximations.

2 Methodology

In a previous study [3], various dispersion-corrected density functionals were
benchmarked against either experimental or high-level ab initio reference data for
intermolecular complexes, thermochemistry, and reaction barrier heights. All data
sets used in the present work are taken from this prior study. The types and sources
of the reference data are summarized in Table 1. These data sets are by no means a
comprehensive collection of DFT benchmarks and this chapter focuses on the
illustrative examples of thermochemistry and intermolecular interaction data sets
only.

The density-functional approximations considered herein are also the same as in
our earlier work [3]. The acronyms follow the usual notation related to the names of
the authors: BLYP [13, 14], B3LYP [14, 15], BH&HLYP [14, 16], B97-1 [17],
CAM-B3LYP [18], LC-wPBE [19, 20], PBE [21], PBEO [22], and PW86PBE
[21, 23]. To ensure that the conclusions are not adversely impacted by the basis
set, aug-cc-pVTZ bases were used as they give results close to the complete basis
set limit for conventional density-functional calculations. In all cases, the
exchange-hole dipole moment (XDM) dispersion correction was applied [3, 24],
but this does not appear in the acronyms used below. Note that the two empirical
parameters used in the dispersion damping function were fitted separately for each
of the functionals, with the aug-cc-pVTZ basis set, which also tends to correct
deficiencies of the base DFA.

To assess the quality of the various DFAs for each data set, three statistical error
measures are used: the mean absolute errors (MAE):

1
MAE=%=-Y ux, 1
iy o

i=l,n

the mean absolute percent errors (MAPE):
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Table 1 List of reference data, showing the abbreviation of the data-set name, the source of the
data (either calculated or experimental), the number of data points, a brief description of the set,

and the relevant literature reference

Name Type No. Description References

KB49 calc 49 Intermolecular interactions [3, 4]

S22 calc 22 Intermolecular interactions [5, 6]

S66 calc 66 Intermolecular interactions [7, 8]

HSG calc 21 Intermolecular interactions [6, 9]

Gl expt 56 Atomization energies [10]

G2 expt 149 Atomization energies [11]

G3 expt 222 Atomization energies [24]
MAPE — 120 i 2)

i=1,n |xref,i‘

and the root-mean-square errors (RMSE):

where n is the number of data points in the set and x; = ’xcalc, i — Xref, ,-} is the
absolute error for each point. Finally, the sample variance is

1
2 _ §: L =\2
’ _I’l— 1i:1 n (Xl X) (4)

and the mean absolute error has a variance equal to the sample variance divided by
the size of the sample, or 6%/n. The uncertainty of the MAE is thus o//n.

3 Using Statistical Measures to Judge Density Functional
Approximations

When judging the performance of DFAs, the mean error does not tell the full story
and further statistical measures are available to describe the distribution of errors
for a particular benchmark set. As an example, let us consider the G3/99 data set
[12] which gauges the ability of the functionals to describe atomization energies.
Histograms of the error distribution for the G3 set are shown in Fig. 2 for selected
functionals. From the figure, we see that BLYP and B3LYP have narrow error
distributions, while the BHandHLYP distribution is much broader. The maximum
errors are 27.3 kcal/mol for BLYP, 34.4 kcal/mol for B3LYP, and 79.7 kcal/mol for
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Fig. 2 Histograms of the signed errors for the G3 set with selected functionals. The lines show fits
of the data to Gaussian distributions and are included to guide the eye

BHandHYLP. Thus, even for a relatively narrow error distribution, the maximum
errors are far from the desired chemical accuracy.

Analogous results can be presented more compactly via “box-and-whisker”
plots, where the boxes span the interquartile range of the data (i.e., the range that
spans the middle half of the data), the ends of the whiskers show the minimum and
maximum errors, and the lines show the median errors. Error distributions are
plotted in this fashion for all the DFAs considered in Fig. 3. The figure also
shows an analogous plot for the errors expressed on a per-atom basis, which
eliminates any bias of the error distribution based on molecular size.

When benchmarking density functionals, mean absolute errors are most often
presented to indicate the quality of an approximation. However, the average can be
greatly inflated by a few outliers in a data set. The root-mean-square error (RMSE)
is even more strongly affected, while the median absolute error reduces this bias.
Table 2 collects these statistics for the G3 set. B3ALYP gives the lowest MAE and
median absolute error, while CAM-B3LYP gives the lowest RMSE and B97-1 the
lowest maximum error. As a further alternative, one can also consider the MAE,
RMSE, and median or maximum absolute error per atom, to account for differences
in molecular size within the benchmark. With the per-atom statistics, B3LYP,
CAM-B3LYP, LC-wPBE, B97-1, and PBEO all give MAEs of near 1 kcal/mol
per atom. B97-1 gives the lowest RMSE, B3LYP gives the lowest median absolute
error, and CAM-B3LYP the lowest maximum error. Thus, the choice of which
statistical indicator is used to judge the DFAs determines which is ultimately
selected as the best functional.
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Fig. 3 Box-and-whisker plots of the atomization-energy errors for the G3 set with selected
functionals. The boxes span the interquartile range, the ends of the whiskers show the minimum
and maximum errors, and the /ines show the median errors. The upper panel shows the total errors
and the lower panel shows the errors per atom

With each DFA, the distribution of errors for the G3 set is very broad and the
decay of the absolute errors is very slow, so that the mean is not well defined. To
demonstrate what is meant by this, consider a linear molecule of n+1 atoms,
forming n chemical bonds. For each bond energy, we let the error with a particular
DFA be x kcal/mol. Then the mean error for chains of size n = 1,2, ..., m is
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Table 2 MAEs, RMSEs, median absolute errors (Med), and maximum absolute errors (Max) for
the G3 set, in kcal/mol. The same quantities, expressed per atom, are also shown

Total Per atom

Functional MAE RMSE Med Max MAE RMSE Med Max
B3LYP 4.0 6.7 22 344 0.8 1.5 0.3 6.8
CAM-B3LYP 4.6 6.5 35 29.9 0.9 1.5 0.6 5.0
LC-wPBE 5.2 7.0 3.9 24.6 1.1 1.7 0.6 9.3
B97-1 53 7.1 4.0 22.8 0.8 1.1 0.4 6.6
BLYP 6.5 8.8 4.7 27.3 1.3 2.1 0.6 9.1
PBEO 6.7 9.5 4.2 38.6 1.0 1.5 0.6 6.3
PW86PBE 9.4 12.6 6.7 38.6 1.7 2.6 1.0 11.5
PBE 20.8 25.8 17.5 82.0 3.0 3.8 24 13.7
BH&HLYP 29.2 335 28.6 79.7 4.5 5.7 34 20.4

1 & m+1

mz =X (5)

n=1

and this diverges as m — oo. Thus, the atomization energy errors increase steadily
with molecular size and, as larger systems are added to the benchmark set, the errors
increase and the mean is inflated. Conversely, the atomization energy per atom is
well defined and approaches x when m — oo. The divergence of the MAE with
increasing system size can be seen by comparing the error distributions for the G1,
G2, and G3 test sets, as shown in Fig. 4. The G1 set was the first set of atomization
energy data, compiled for small molecules only. This set was later expanded to the
G2, and subsequently the G3, by adding progressively larger organic molecules to
the benchmark. From the figure, the errors in total atomization energies increase
going from the G1 to the G3 set. On the other hand, the errors per atom remain
roughly constant or even decrease slightly going from the G1 to the G3 set. The
errors are reduced in some cases since the DFAs tend to perform better for organic
molecules, which constitute a larger fraction of the G3 set. Ultimately, the MAE per
atom should be a favored statistic over the total MAE when comparing performance
of DFAs for atomization energies.

Another consequence of the breadth of the error distribution is that the MAE
may have a large associated uncertainty, particularly for small sample sizes.
Therefore, the variance of the mean may be larger than the difference in MAEs
between two or more functionals, prohibiting use of this metric to make an
informed ranking of DFA quality. For the G3 set, MAEs and their uncertainties
for each functional are collected in Table 3. The uncertainties are fairly large,
ranging from 0.3 to 1.1 kcal/mol, illustrating that the MAEs are not certain beyond
the first decimal point. Additionally, we cannot definitively conclude that B3LYP is
the optimum functional, despite giving the lowest MAE, because the difference
between the MAEs from B3LYP and CAM-B3LYP is smaller than the sum of the
uncertainties.
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Table 3 MAESs and their uncertainties, measured using the square-root of the sample variance, for
the full G3 set and three randomly-chosen subsets, in kcal/mol

Functional G3 Subset 1 Subset 2 Subset 3

B3LYP 40+04 2.7+0.5 24404 3.6+0.8
CAM-B3LYP 46+0.3 35+£05 4.0+0.7 4.84+0.8
LC-wPBE 52403 4.6+0.7 5.14+0.7 4.6+0.8
B97-1 53403 4.6+0.8 44408 50+1.0
BLYP 6.5+0.4 5.1+1.1 55+1.2 6.3+1.1
PBEO 6.7+0.5 6.6+ 1.9 48+0.8 5.6+1.0
PWS86PBE 9.4+0.6 8.7+2.1 72+14 7.1+£1.2
PBE 20.8+1.0 20.6+4.2 20.2+3.8 20.7+2.0
BH&HLYP 29.2+ 1.1 26.1+4.3 274426 30.3+2.2
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In general, because of the finite number of systems considered, the mean of a
data set is uncertain and has a variance which is inversely dependent on the sample
size. To investigate the dependence of the statistics on sample size, we consider the
effect of taking three randomly-chosen subsets, each consisting of 22 molecules,
from the G3 and evaluating the MAE and its variance for each subset. This
procedure demonstrates the danger of using small data sets when benchmarking
functionals. For example, using subset 2, the errors for CAM-B3LYP, B97-1, and
PBEOQ are all equivalent, to within the uncertainty. However, for the full G3 set,
CAM-B3LYP is more accurate to within one standard deviation, with an MAE
2 kcal/mol lower than that of PBEQ. Additionally, the MAEs obtained with B3LYP
for each of the subsets are much lower than the MAE for the full G3 set, showing
that it is quite probable that larger errors appear for increasingly larger sets. Indeed,
the means for the full set are often worse, because some molecules for which the
errors are particularly large are not included in the subsets.

We now turn our focus away from atomization energies and towards
intermolecular interactions. Since small sets can give misleading results, are these
data sets large enough for us to trust our conclusions? The MAEs for the KB49,
S22, S66, and HSG data sets, obtained with the various DFAs, are shown in Table 4,
together with their uncertainties, calculated using the square-root of the sample
variance. We also consider a superset of 115 intermolecular complexes by com-
bining the KB49 (which already includes the S22 set) with the S66 data set (which
is entirely separate from the KB49 set). The MAEs and uncertainties are also shown
graphically in Fig. 5. Because of the small size of the benchmarks, particularly for
the S22 and HSG sets, definitive statements about the relative quality of the DFAs
cannot be made because the uncertainties are so large that the MAEs for many of
the functionals are not distinguishable. The statistics for the combined S115 set
show, more definitively than for any of the smaller constituent data sets, the
separation in performance between the three best-performing functionals
(B3LYP, BLYP, and LC-wPBE) and the rest of the DFAs.

Because of the small values of the interaction energies for dispersion-bound
complexes, the mean absolute percent error (MAPE) is often preferred over the
MAE. The MAPE:s for the intermolecular data sets are shown in Table 5. However,
as seen previously for the G3 set, different conclusions regarding which DFA is
preferable may be drawn depending on which statistic is used as the selection
criterion. The difference between MAE and MAPE is particularly important in sets
where the absolute values cover a wide range. For example, considering the HSG
set, BALYP gives the lowest MAE while CAM-B3LYP gives the lowest MAPE.
This occurs because, when the binding energies are large in magnitude (typically
for H-bonding), CAM-B3LYP generally gives larger errors than B3LYP, while it
performs quite well for small binding energies (BEs). The errors for large BEs have
less weight in the MAPE than the MAE, so the apparent accuracy of CAM-B3LYP
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Table 4 MAE:s and their uncertainties for the KB49, S22, S66, and HSG sets, together with the
S115 superset (combining KB49 and S66), in kcal/mol

Functional KB49 S22 S66 HSG S115
LC-wPBE 0.27 £0.03 0.31£0.06 0.21£0.02 0.23 £0.04 0.23£0.02
BLYP 0.29 £0.04 0.22 £0.04 0.19£0.02 0.20 +£0.04 0.23 £0.02
B3LYP 0.26 £0.03 0.31£0.06 0.22 £0.02 0.12+£0.03 0.24 £0.02
PW86PBE 0.39 £0.06 0.35+0.09 0.26 +0.03 0.17 £0.02 0.32+0.03
BH&HLYP 0.35+0.06 0.47+£0.11 0.31£0.04 0.18 £0.05 0.33£0.04
CAM-B3LYP 0.37 £0.06 0.50£0.11 0.35+0.04 0.16 £0.05 0.36 £0.03
PBEO 0.39 £0.06 0.53+0.13 0.36 +£0.04 0.15+0.03 0.37 £0.04
B97-1 0.42 £0.09 0.62+0.18 0.38+0.05 0.21+0.05 0.40+0.05
PBE 0.48 £0.08 0.57£0.15 0.39 +£0.04 0.16 £0.02 0.43£0.04
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Fig. 5 Mean absolute errors for intermolecular interaction data sets, with the square root of the
variance indicated by error bars, for selected DFAs. The numbers in the benchmark names refer the
size of each data set

improves. Thus, the choice of statistical indicator determines which would be
selected as the best functional and this is an example where the same data can
produce opposite interpretations. It is also interesting that B3ALYP, BLYP, and
LC-wPBE all give equivalent MAEs for the S115 set, but B3LYP gives a signifi-
cantly lower MAPE.

As we have demonstrated, using a sufficiently large data set to ensure that the
differences between functionals are less than the sum of the uncertainties is of key
importance. However, other hidden problems may be encountered when enlarging
the test set. For example, a method can perform well for one part of the set, but not
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Table 5 MAPE:s for the Functional KB49 [S22 S66 |HSG [S115
KB49, S22, S66, and HSG
sets, together with the S115 B3LYP 6.3 5.0 39 10.0 4.9
superset LC-wPBE 7.6 5.0 4.3 23.7 5.7
BLYP 9.4 4.8 3.9 9.9 6.2
BH&HLYP 8.1 6.4 5.2 9.5 6.4
CAM-B3LYP 8.2 7.2 6.1 8.4 7.0
PWS86PBE 11.3 5.9 6.0 10.5 8.3
PBEO 9.8 8.3 7.4 13.5 8.4
B97-1 11.9 11.7 8.8 14.9 10.1
PBE 13.8 10.5 8.5 10.7 10.8
Table 6 MAPEs for selected pynctional HB WI
methods, for the combined
S115 set, divided into two B97-1 3.0 13.3
subsets of 35 H-bonded B3LYP 34 5.6
(HB) complexes and 80 other BLYP 34 7.5
weakly-interacting LC-wPBE 35 6.7
(WI) complexes PWS6PBE 3.7 103
PBEO 3.9 10.4
PBE 4.2 13.7
BH&HLYP 5.6 6.8
CAM-B3LYP 6.5 7.2

for another. This is the case for intermolecular complexes, where the functionals
behave differently depending on whether a dimer is bound by dispersion interac-
tions or hydrogen-bonding. To illustrate this, consider the combined KB49 and S66
sets (called S115 above), which can then be divided into two new subsets: a subset
of 35 H-bonded (HB) complexes and a subset of 80 weakly-interacting
(WI) complexes. The MAPEs for each subset are given in Table 6 for the selected
DFAs. For the WI subset, the lowest MAPE is obtained with B3LYP, and it also
gives the second-lowest MAPE for the HB subset, so it performs best for the
combined set. However, many of the other functionals do not provide such balanced
performance for both interaction types. For the hydrogen-bonding complexes, the
best result is obtained with B97-1, although it performs much worse for dispersion-
bound complexes. Conversely, CAM-B3LYP and BH&HLYP give the largest
MAPEs for H-bonding, but perform much better than B97-1 for dispersion-bound
complexes.

When combining data sets, we often wish to determine which functional gives
the best balance of errors. As an example of a potential pitfall in such an assess-
ment, let us attempt to judge whether B97-1 or BH&HLYP is most accurate for the
union of the HB and WI sets, using ratios of the MAPE:s.

On one hand, the defender of B97-1 makes the following argument. True, the
ratio of MAPEs for the WI subset (6.8/13.3~0.51) is <1 and favors BH&HLYP.
However, for the HB subset, the ratio is >1 (5.6/3.0~1.87) and BH&HLYP is
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worse for this set. Thus, on average, we get (1.87+0.51)/2 ~ 1.19 and conclude that
the errors of BH&HLYP are larger than those of B97-1 so the latter should be
preferred.

On the other hand, the proponent of BH&HLYP makes the following, analogous
argument. True, the ratio of MAPEs for the HB subset (3.0/5.6 ~0.54) is <1 and
favors B97-1. However, for the WI subset, the ratio is >1 (13.3/6.8 = 1.96) and
B97-1 is worse for this set. Thus, on average, we get (1.96+0.54)/2~1.24 and
conclude that the errors of B97-1 are larger than those of BH&HLYP so the latter
should be preferred.

This illustrates how the same data can support two different conclusions. To
understand how it is possible to reach two contradictory conclusions in this fashion,
consider the more general case, where the two functionals to be compared are
labeled methods 1 and 2 and the data sets are A and B. We denote the average error
(MAPE in this case) for functional 1 on set A as A; and follow an analogous
notation for the other functional and data set. To compare the errors of the two
functionals we average the ratios for both data sets: A| /A, and B /B,. If the result is
<1, then functional 1 is judged to perform better. However, this analysis can also be
performed using the inverse ratios: A, /A_1 and B, /B_1 . The result depends on which
ratio was used because of the different order of operations:

1<‘3‘+§‘) 791(1‘2+§2) (6)
2 A2 BZ 2 A1 B 1

Thus, we see that the way the mean has been produced (arithmetic vs harmonic) can
sometimes lead to different conclusions. In particular, using the harmonic mean can
favor a method that gives near zero error for one data set.

Finally, we consider the probability that all the results published in an article are
significant. As we have seen, based on statistics for the G3 set, density-functional
approximations work very well for general thermochemistry. However, there is
always the possibility of obtaining an error larger than one wants to accept for
useful chemical predictions and this risk increases as more results are generated.

For example, assume that the distribution of the errors for the G3 is representa-
tive for the chemical systems under study and that the required accuracy is 0.5 kcal/
mol per atom. Then the number of cases where this accuracy is reached in the G3
data set, divided by the size of the set, gives the probability that a single additional
calculation yields an accurate result. The highest probability to obtain the desired
accuracy is provided by B3LYP, but it is only 0.64. Thus, if ten new B3LYP
calculations are performed, for systems having the same error distribution as the
3 data set, the probability that all results possess the needed accuracy is extremely
small (0.64'°=0.01).

One can also impose less strict requirements to judge a result as accurate.
Figure 6 shows how the probability of obtaining one, two, five, or ten accurate
results for the G3 set evolves when gradually increasing the acceptance bar. For
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Fig. 6 The probability to obtain B3LYP atomization energies with absolute errors per atom less
than a chosen maximum acceptable value, for a set of n systems and assuming the same error
distribution as the G3 data set

Table 7 Probabilities of a G3 KB49
single calculated result having Functional <05 <1 <05
an error less than a particular : :
accuracy threshold (in kcal/ B3LYP 0.64 0.78 0.86
mol) for either the G3 or CAM-B3LYP 0.57 0.77 0.73
KB49 data sets, with selected  Bg7-1 0.43 0.80 0.78
functionals. The values forthe "~ spe 0.45 0.68 0.84
G3 set refer to errors per atom
BLYP 0.41 0.68 0.80
PBEO 0.38 0.65 0.73
PW86PBE 0.29 0.48 0.67
PBE 0.05 0.15 0.63
BH&HLYP 0.03 0.08 0.71

example, if one wants to accept errors within 2 kcal/mol per atom, the probability
of reaching the desired accuracy for ten calculations is now 0.23.

Similar effects are observed for other data sets and functionals, as shown in
Table 7. For example, if we repeat this analysis for the KB49 set, the probability of
obtaining a required accuracy of 0.5 kcal/mol from a single B3LYP calculation is
very high at 0.86. However, the probability of having ten sufficiently accurate
results decreases to 0.22, and to 0.05 for 20. Even if the probability of obtaining a
reliable result is high, the probability that all future calculations are accurate
becomes low as the number of published results increases.
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4 Summary

There is no doubt that density-functional approximations have enhanced the field of
computational chemistry. This would not have been the case without the ability of
DFAs to produce interesting and reliable data. As the use of statistical measures to
assess the quality of DFAs is valuable and necessary, the number of benchmarking
studies has been growing rapidly. It should be pointed out, however, that such
statistics-based judgments are subject to several potential pitfalls. For atomization
energies, commonly used in parameterization of new functionals, the mean absolute
error is not well defined in the limit of large molecular size and errors per atom are a
preferable statistic. Large data sets are critical for ranking of functionals to mini-
mize the variance, although they can include a variety of effects and can thus blur
one’s judgment of the functionals. It is even possible to reach opposite conclusions
using the same data, for example depending on the choice of statistical measure.
Finally, publishing more data naturally augments the risk of including some data
with unsatisfactory accuracy. Statistical data used to judge the quality of density-
functional approximations must be carefully analyzed and understood in advance of
drawing conclusions.
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The Ring and Exchange-Ring Approximations
Based on Kohn—Sham Reference States

Andreas HeBelmann

Abstract The ring or random-phase approximation (RPA) method combined with
Kohn—Sham reference states has become established as an alternative method to
common ab initio wave function methods for the description of the electronic
structure of molecules and solids. The reason for this lies in the fact that the RPA
possesses, in contrast to, for example, configuration interaction or coupled-cluster
methods, a favourable scaling behaviour of N*-log (N) with the system size and
describes a number of thermodynamic and electronic properties with a higher
accuracy than standard density-functional theory methods. Moreover, the RPA
method is able to describe not only dynamic but also strong static electron corre-
lation effects, in contrast to conventional single-reference methods. The latter also
include large systems with a small or vanishing band gap. In this work, the
performance of the RPA and some extensions to the RPA, including exchange
correlations, are tested for the description of thermochemical properties.

Keywords Random-phase approximation, Exchange interactions, Feynman
diagrams, Correlation energy, Brueckner orbitals, Atomisation energies, Reaction
energies, Reaction barriers

Contents

J B 6113 {014 11113 10 s PRI 98

2 Derivation of the RPA Correlation Energy Using Feynman Diagrams ................... 105

3 RPA Methods in a Kohn—Sham Orbital Basis ..o 117

4 Performance of Kohn—Sham RPA Methods for Thermochemistry ....................... 122
4.1 Atomisation Energies, lonisation Energies and Electron and Proton Affinities.... 124
4.2 Reaction ENergies ... ....ooouiunuiitiie et 129

A. Heflelmann (D<)

Lehrstuhl fiir Theoretische Chemie, Universitit Erlangen-Niirnberg, Egerlandstr. 3,
D-91054 Erlangen, Germany

e-mail: andreas.hesselmann@fau.de


mailto:andreas.hesselmann@fau.de

98 A. HeBelmann

4.3 Barrier Heights . .....oooiiii 137
S USUMIMATY ettt ettt ettt 140
RETEIENCES . ..ottt e e e 141

1 Introduction

Consider an infinitely large many-electron system in which the electrons are not
confined in an external potential but in which a positive background charge serves
for a neutral charge of the whole system (physicists term this model ‘homogeneous
electron gas’). Without the restriction of generality, one can further assume that the
system is one dimensional, that is, all electrons are constrained on a single line.
There are then three cases which would have to be considered in order to describe
the motion of the electrons, displayed in Fig. 1:

1. Low density limit: the electrons are sufficiently far apart from each other so that
the movement of a single electron within the system is almost free, because the
interactions between the electrons decay with the inverse distance 1/x (Coulom-
bic decay). In this case, the whole system can very well be described in terms of
a noninteracting many-electron system obeying solely the Pauli exclusion prin-
ciple. The latter means that the wave function of the system may be represented
by a Slater determinant of the individual single-particle states.

2. Mean density case: collisions between the electrons become more frequent and the
system can no longer be well described in terms of a noninteracting system as in

particles moving almost free

b bare particle quasi particle
c collective motion of all particles

Fig. 1 One-dimensional many-electron system at (a) low density, (b) mean density and (c) high
density
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case 1. However, the repulsion of the electrons from each other now leads to a
charge depletion around each electron, where it is then unlikely to find another
electron. Identifying this region of space as so-called holes or regions with an
increased positive charge (because of the lack of negative charges around) means
that, for each electron within the system, its negative charge is screened because of
this positive ‘cloud’ around it. One can then introduce a new fictitious particle, the
quasi particle, which is just the combination of the bare particles (the electrons)
with their positive charge cloud: see Fig. 1. In this picture, mapping the bare
particle case on a set of quasi particles, again the system can be well described in
terms of movements of these quasi particles as their interactions are much reduced
because of the screening effects compared to the bare particles. One can then set
up another single particle Hamiltonian describing the interactions of the quasi
particles by an effective external potential produced by the ‘quasi’ particle system.
All interactions which go beyond this effective single-particle picture can then be
accurately described in terms of (low-order) perturbation theory methods. This
holds true because of the weak interactions of the quasi particles in comparison to
the true interactions of the bare electrons.

3. High density limit: the electrons are now that close to each other that the above
quasi-particle model breaks down and the system can no longer be well described
solely in terms of a superposition of single-particle states. Indeed, the random
oscillations of the electrons now also affect the motion of all other electrons, as is
shown in Fig. 1. This means that, in order to describe this situation properly, one
has to account for the collective motion of all electrons. It goes without saying that
a (truncated) perturbation theory approach is unlikely to be successful in this case
because of the strong coupling of the motions of the electrons. Interestingly,
analogous to case 2, the collective motions of the electrons can also be associated
with a quasi-particle termed the plasmon and the behaviour of electrons in the
high-density case is referred to as plasmon oscillation.

For chemists, the mean density case 2 is certainly the most interesting as this is
most akin to a molecular system. In the following, however, we now look more in
detail at case 3, the high-density limit. Experimental evidence for the mentioned
plasma waves in such a system was found when a thin metal foil (being a real
representative system for the homogeneous electron gas) is bombarded with high
energy electrons; see, e.g. [1]. In a theoretical study of this behaviour, Bohm and
Pines have set up the equations for the time behaviour of these density fluctuations
[2], leading to two distinct terms: a term which arises from the random thermal
motions of the electrons which also appear in a noninteracting system, and a second
term which describes the collective motions of the electrons caused by their
interactions with each other. This second term was split up into two further terms
by Bohm and Pines, yielding one term which describes the oscillations all in phase
with each other, and a second term which describes the coupling of oscillations in
different modes [2]. Since this coupling term depends explicitly on the particle
coordinates, distributed nearly in random positions, it can be argued that their
average contribution tends to zero. Furthermore, it was shown, with the aid of
numerical arguments by Bohm and Pines, that these anharmonic coupling
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Fig. 2 Polarisation
propagator in the random-
phase approximation

contributions are negligible in typical electron gas systems with a number of about
10" electrons per cm® [2]. The omission of the ‘out of phase’ terms in the equations
was defined as ‘random-phase approximation’ (RPA) in [2].

Using the model system of Fig. lc, the RPA can be interpreted as follows.
Consider the linear many-electron model as a system of coupled oscillators. In the
high-density case, if an electron is displaced from its position, it is likely that it
transfers its momentum completely to its neighbouring electron. In total, this leads
to a motion of the whole system with all oscillations in phase, and any ‘out of phase’
oscillations are small in the limit of a highly dense electronic system. Clearly this
would be different in the case in Fig. 1b where the transfer of the momentum of one
electron to another is largely reduced because of the lower density within the
system.

The propagation of the density fluctuation of the system can be represented
graphically by the diagram in Fig. 2 [3]. In this figure a density fluctuation arising in
point a is transferred to point b through a series of electron—electron collisions
represented by the red wiggly lines. The upward pointing arrows in the figure
represent the movement of the electron which is excited from its single-particle
ground-state while the accompanying downward pointing arrows represent a
corresponding unoccupied hole state. Thus the two-arrow units in Fig. 2 can be
interpreted as an electron which leaves its mean position and oscillates back in a
cycle. The separation of the particle (up) and hole (down) arrows (so-called
particle-hole pair) therefore mark a polarisation within the system, i.e. a separation
of negative and positive charges.

The propagator shown in Fig. 2 represents the most important contributions in
the high-density case, i.e. in the diagram in Fig. 2 each particle-hole pair transfers
its momentum (marked by ¢ in the diagram) completely to another particle—hole
pair in concordance with the above considerations. A more unlikely situation in the
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Fig. 3 Polarisation
propagator with a negligible
contribution in the high-
density case

k-1

high-density case is shown in Fig. 3, since here an electron transfers only a fraction
of its momentum (k — /) to another electron. Such a case is omitted within the RPA.

After the RPA was introduced by Bohm and Pines [2, 4, 5], the theoretical
predictions of the ground-state energy and the quasiparticle properties of the
homogeneous electron gas led to a considerable improvement over the commonly
used Hartree—Fock results [6]. However, its validity was questioned by a number of
people because the collective modes were treated on a quite different basis com-
pared to quasiparticle excitations. Soon after the works of Bohm and Pines, it was
found that a perturbational technique by Gell-Mann and Brueckner [7] which was
used by them to calculate the ground state energy and specific heat of the homo-
geneous electron gas turned out to be identical to the RPA [8]. In this method, the
ground-state correlation energy is approximated by summing over all most diver-
gent terms in each order in the electron—electron interaction (the divergency
originating from the long-range character of the Coulomb interaction). Interest-
ingly, while each term then in itself diverges, the total sum of all these terms leads
to a finite number which is identical to the exact energy of the homogeneous
electron gas at high density [7]. Independently, Hubbard also established a connec-
tion between the collective coordinate approach and the perturbation-theoretic
summation using a field-theoretic method [9, 10].

It should be noted that this perturbative technique, the summation over the most
divergent terms in each order, is closely connected to the form of the propagator
shown in Fig. 2. This is because each red wiggly photon exchange line in the
diagram produces a term that contributes a factor of 1/¢* in the propagator expres-
sion (cf. [3]). Therefore, the larger the total momentum transfer of a given propa-
gation process, the larger its degree of divergence for ¢ — 0. Collecting all diagrams
contributing to the correlation energy with the highest degree of divergence means
that only fragments of the type of the one shown in Fig. 2 but not of the type of the
one shown in Fig. 3 have to be summed. The resulting diagrams, as shown in
Sect. 2, all possess a ring structure. This is why the RPA is sometimes also referred
to as ring-approximation.

The question which arises now is why the RPA has also gained an increasing
popularity for describing the electronic structure in molecular systems, cf. [11-15]?
As mentioned above, apart from the fact that a molecular system is finite in size, in
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contrast to the homogeneous electron gas model, it certainly is much better
represented by the mean density case in Fig. 1b rather than the high-density case
in Fig. Ic. A first point which should be noted and which was already taken into
account by Hubbard is the fact that the RPA is not accurate anymore, even in the
electron gas case for large momentum transfers [10, 16]. The reason is that in the
RPA there is no distinction between the correlations of electrons with a parallel and
antiparallel spin, and thus the method does not take into account the Pauli principle
(in second and higher orders). Clearly, a remedy for this problem is obtained by also
including exchange contributions in the correlation energy. In the high-density
electron gas the only nonvanishing contribution to the exchange correlations is
the second-order one that affects the total correlation energy by more than 10%
[17]. In chemistry, the first applications of exchange-RPA methods were carried out
by McLachlan and Ball, who studied both the ground-state correlations as well as
the excited states of the z electrons of a double bond [18, 19]. At that time, thanks to
the work of Ehrenreich and Cohen, it was already clear that the RPA with
(a complete account of) exchange effects is identical to the time-dependent gener-
alisation of Hartree—Fock theory (TDHF) [20]. Since then, the TDHF method has
been used much more often to study excited states or response properties of
chemical systems rather than ground-state correlations [21-24]. Two significant
contributions on the application of exchange-RPA methods to describe the ground
state are those by Szabo and Ostlund [25, 26] and Oddershede [24]. In the
exchange-RPA method by Szabo and Ostlund, the RPA energy expression is
modified such that the long-range correlation energy between two closed-shell
molecules resembles the dispersion interaction energy in the TDHF formalism
[25-27], in contrast to the method by McLachlan and Ball [18, 19]. The RPA
method by Oddershede takes into account that the TDHF method is often affected
by triplet instabilities caused by an incompatibility of the wave function ansatz and
the excitation operators [24] and expresses the ground-state correlation energy
solely in terms of the singlet excitations. Only recently, however, it was observed
that these exchange-RPA variants based on Hartree—Fock reference states yield
rather unsatisfactory results for chemical reaction energies or intermolecular inter-
action energies if compared to low-order Mgller—Plesset perturbation theory or
coupled-cluster results [28].

To that end, it should be noted that yet another approach for calculating the
(exchange-) correlation energy of metallic systems was developed in the 1970s by
Langreth and Perdew, based on the fluctuation-dissipation theorem [29] and termed
the adiabatic-connection fluctuation dissipation theorem (AC-FDT) [30, 31]. While
the fuctuation-dissipation theorem itself relates the internal random fluctuations of a
many-particle system to the response the system undergoes caused by a small
applied external perturbation, the AC-FDT method generalises this theorem to
enable the calculation of the correlation energy of the system. This is achieved by
connecting the noninteracting and interacting many-electron systems in such way
that their density along the connection path is identical [30, 31]. Surprisingly, it can
be shown that this approach and the above sketched perturbative approach are
identical within the RPA [32, 33]. From that perspective it is, however, clear that
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using the Hartree—Fock reference wave function to represent the noninteracting
system might not be the optimal choice for use within the AC-FDT method. The
reason for this is that, while the Hartree—Fock determinant minimises the energy
expectation value, its density differs from that of the correlated many-electron
system. A much more natural choice therefore would be to use a reference deter-
minant in conjunction with the AC-FDT method, which yields the exact density,
i.e. the Kohn—Sham determinant.

Recent works applying Kohn—Sham-based RPA (KS-RPA) methods to molec-
ular systems, starting with the initial work by Furche [11], have indeed shown that
KS-RPA not only describes dynamic electron correlation effects with a reasonable
accuracy, important, for example, for the description of non-covalent interactions
of molecules [14, 34] or molecular crystals [35], but also that this method is able to
describe static correlation effects qualitatively correctly [11, 14, 36-38]. Such
effects become important in systems with a small HOMO-LUMO gap, generally
for transition metal complexes, metallic systems, or for the description of bond
dissociations of single- and multiple-bonds. These cases can usually only be
described by computationally expensive multi-reference methods; standard
single-reference methods (including standard density-functional theory (DFT)
methods) usually fail severely for systems with a small HOMO-LUMO gap.
Certainly this flexibility of the KS-RPA method in the description of various
kinds of correlation interactions is one of the reasons for its increased popularity.
It has to be noted, however, that the KS-RPA method fails dramatically in describ-
ing the bond dissociation of systems with an uneven number of electrons, e.g. in
case of the H2+ molecule [14, 37, 39]. The reason again lies in the fact that the RPA
does not account for exchange interactions, and therefore strongly overestimates
electron correlation energies caused by a self-correlation error (see also Sect. 2).
The most striking example for this error is a single-electron system for which the
RPA correlation energy is unequal to zero [36, 40]. As a consequence of this, it was
observed that the RPA also systematically overestimates the strength of ionic and
covalent bonds [14, 15].

A remedy for this problem is again obtained by including exchange contribu-
tions within the RPA correlation energy. As has already been mentioned above in
the context of Hartree—Fock-based RPA methods, this can be done in many various
ways, and therefore a number of different exchange KS-RPA methods have been
developed in recent years [41-46]; see [12, 13] for an overview. While these
methods certainly are computationally more expensive than the corresponding
direct RPA methods, they often yield a higher accuracy, e.g. for intermolecular
interaction energies [15, 45], chemical reaction energies [45] or atomisation ener-
gies [15]. Furthermore, certain variants, such as the second-order screened
exchange (SOSEX) method [43] or the RPAX2 method [45], still possess a mod-
erate scaling behaviour of N° with the molecular size N, which is only slightly
larger than with RPA (having a scaling behaviour of N*- log(N) [47]). An interest-
ing alternative approach for treating exchange effects indirectly within the RPA is
the RXH method proposed by Gould which uses a model of the exchange-hole
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[46]. This method possesses the same scaling behaviour as RPA, although it gives
improved total correlation energies and C¢ atom—atom dispersion coefficients for a
number of atoms [46]. Whether this also holds true for molecular systems, however,
has yet to be proven.

An important aspect of using RPA methods for larger molecular systems in
favour of, e.g. more popular standard DFT methods is its scaling behaviour with the
molecular size. As was mentioned above, the scaling behaviour of the RPA method
with the molecular size N is relatively favourable in comparison to standard
perturbation-theory or coupled-cluster methods, namely it increases by N* - log(N).
Currently there exist a number of efficient implementations of the RPA method in
various computer programs for molecules [14, 45] and solids [15, 48, 116]. For
example, the resolution-of-identity implementation of the RPA by Eshuis
et al. allows the computation of a system of 120 electrons (tetracene) within a
quarter of an hour on a 2.80-GHz machine and a moderate memory requirement of
900 MB [47]. This is good enough to also be able to perform geometry optimisa-
tions for large molecular systems.

Apart from the scaling behaviour of the RPA method with respect to the size of
the molecule, however, the convergence of the RPA correlation energy with respect
to the number of basis functions used to expand the molecular orbitals also has to be
taken into account. Since in RPA methods, similar to wave-function methods, the
interelectronic cusp of the pair correlation function has to be modelled explicitly
[40, 49] by a finite basis set, the basis set convergence is de facto identical in both
cases and can be described by an inverse cubic function of the cardinal number of
the underlying basis set [11, 50, 51]. This means that generally large basis sets [34]
or basis set extrapolation techniques [45, 50, 51] have to be used in conjunction
with the RPA, otherwise the results are more or less affected by a basis set error.

A different way of tackling this problem is to use so-called range-separated
methods [52]. In these the Coulomb operator is split up into a short- and long-range
part with the idea that then only the long-range interactions are described on the
RPA (or generally any other wave-function theory) level while the short-range
interactions are described by standard DFT methods instead [42, 53, 54]. In this
way a large fraction of the dynamic electron correlation effects are described on the
conventional DFT level, leading to a much faster basis set convergence compared
to the RPA [42]. Different variants of these range-separated methods describe
intermolecular interactions [42, 54, 55] and atomisation energies [37] with good
accuracy.

The above overview could hopefully shed some light on the origin of the RPA
method, developed primarily in order to describe the homogeneous electron gas,
and also explain its recent success in the molecular world. This work continues with
a derivation of the RPA correlation energy using Feynman diagrams (Sect. 2). It
should be noted that the purpose is to sketch briefly how diagram expansions of
wave functions or correlation energies can be set up, rather than to give a thorough
and detailed discussion of the underlying concepts of drawing Feynman diagrams.
The presentation is therefore incomplete (if not inaccurate) and the reader is
referred to a number of good reference texts on the subject; see [3, 17, 56-59].



The Ring and Exchange-Ring Approximations Based on Kohn—Sham Reference States 105

Section 3 explains why Kohn—-Sham RPA methods are favoured compared to
Hartree—Fock-based RPA methods for describing electron correlation effects. In
Sect. 4 it is analysed how accurate Kohn—Sham RPA methods are in describing
thermochemical properties, namely atomisation energies, ionisation energies,
electron and proton affinities (Sect. 4.1), chemical reaction energies (Sect. 4.2)
and reaction barrier heights (Sect. 4.3). Section 5 gives a brief summary.

2 Derivation of the RPA Correlation Energy Using
Feynman Diagrams

In order to describe a quantum many-body system, a sum over all possible interac-
tions within the system has to be made. Practically this is what is different
compared to a classical many-body system where no interference properties of
the particles need to be accounted for and for which particles follow definite and
physically observable paths. Nevertheless, it has become convenient to describe a
quantum many-body system in terms of quasi-physical processes which can be
represented by graphical cartoons derived by Feynman [60]. Such a process is
exemplified in Fig. 4.

In Fig. 4, two electrons which are in the states a and b, marked by the green
arrows, move towards the points X and Y. They then interact with each other as
marked by a red wiggly photon-exchange line in the diagram, and thereby scatter
into two new states ¢ and d (note that the exchanged photon is a virtual one, so the
uncertainty principle is not violated). As in a classical scattering process, the initial
and final momenta of the electrons have to be such that the total momentum is
conserved. While the Feynman diagram in Fig. 4 now appears to describe an actual
physical process, its interpretation differs from how one usually calculates the time
propagation of particles in the classical world. Namely, rather than describing
directly the probability that if two electrons enter in states a and b and are scattered
into the states ¢ and d, the diagram represents the probability amplitude for this
process. The physical significance of a probability amplitude is that it needs to be
squared in order to obtain the (physically observable) probability for the underlying

time,

Fig. 4 Interaction of two
electrons in a space-time
coordinate system
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process. In this way, Fig. 4 may be interpreted as a quasi-physical process which
can be used to describe true physical observables.

As a matter of fact, however, Fig. 4 illustrates just one possibility of how two
electrons can propagate from a, b to c, d. Practically, as is the nature of electrons
being quantum particles, they follow all possible paths on their way from the states
a, b to ¢, d. As an example, they could first scatter into two different states e and
f and then interact again, being pushed in their final states, which would be a
second-order process. Thus, in order to describe accurately a many-electron system,
all different possibilities need to be accounted for. For systems already of the size of
the water molecule containing ten electrons, as an example, this is not possible
anymore in praxis, because the effective calculation of the sum of amplitudes
becomes too expensive.

Therefore, in order to describe a many-electron system, approximations have to
be made. The aim of quantum chemistry methods derived from perturbation theory
methods is to make partial sums over the most important contributions to an
amplitude, while neglecting other terms, either because they make only small
contributions to the total sum or because they cancel to some extent with other
terms not accounted for. One such approximate method, which includes only a
subset of all possible interactions within a quantum many-electron system, is the
RPA, which is derived here in terms of a diagrammatical expansion.

In order to do this, note that quantum chemical methods usually describe a
many-electron system in terms of an amplitude termed the many-electron wave
function. The ground state wave function [¥y) itself may be referred to as an
unconditional amplitude for finding simultaneously electrons in all possible states
i, j,-.., a, b,... below (hole-states) or above (particle-states) the Fermi level (the
mixing of the excited states into the noninteracting ‘vacuum’ arising from the
mutual interactions). If the electronic ground state is considered, one calculates
the probability to find the system in an unperturbed (non-interacting) ground state
@, (which usually is a single-determinant wave function and referred to as Fermi
vacuum) at a time #; when it started from the same state @ at a previous time fy and
with the external potential and the interactions between the electrons switched on
within the time interval [#, #;]. The quantity of interest is also termed vacuum
amplitude as there are no electrons added or removed from the system.
Corresponding Feynman diagrams for the vacuum amplitude possess, in contrast
to the diagram shown in Fig. 4, no open lines (see below for some examples of
vacuum amplitude diagrams).

Certainly, if the system is in a state @ at a time 7, and ends up in this state at a
later time ¢4, then in between the system may undergo all possible transitions from
its noninteracting ground-state. Thus the interacting ground-state many-electron
wave function ¥, in addition to the noninteracting ground-state configuration @,
contains a linear combination of all possible excitations as shown schematically in
Fig. 5.

The second term on the right-hand side of Fig. 5 represents all singly excited
configurations from the reference state ®,, the third term all doubly excited
configurations, and so on. As an example, note that the doubly excited configuration
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Fig. 5 Diagrammatic representation of the many-electron wave function

Fig. 6 Two-particle excitation involving hole states i, j and particle states a, b

involves a sum over all amplitude probabilities that two electrons are simulta-
neously excited from hole states i, j into two particle states a, b; see Fig. 6.

Since all possible double excitations occur simultaneously, a summation over all
distinct pairs of hole and particle states in Fig. 5 is implied, and thus the explicit
labels shown in Fig. 6 are left out. The same is also true for the other excitation
amplitudes of Fig. 5.

In order now to calculate the vacuum amplitude from the many-electron wave
function, the system has to go back to its noninteracting ground-state configuration
@, which, in terms of diagrams, means that no open lines may appear above the
final vertex of a given diagram. Obviously, the simplest possibility for the proba-
bility that the system is in state @ at a time ¢, is that it remains in this state within
the time period [#y, #;]. This would mean that the system is unperturbed and can be
described solely in terms of a single Slater determinant ®,. In all other cases,
however, the system has to be described by two successive processes: (1) the
system is excited from its noninteracting ground state; (2) the system is
de-excited into its noninteracting ground state. According to the rules for two
successive Feynman paths, the amplitudes for these two steps have to be multiplied.
This is exemplified in Fig. 7 for the singly, doubly and triply excited cases. The
upper dashed line in the figure represents the corresponding de-excitation and
corresponds to the complex conjugate of the wave function. In the case of the
double excitation, it stands for the probability amplitude that if two electrons enter
in the particle states a, b whether, after interacting with each other, they scatter into
two hole states i, j. The blue zigzag lines in Fig. 7 denote possible electron—electron
interactions.

From the vacuum amplitude diagrams in Fig. 7 one can directly calculate the ground-
state correlation energy of the many-electron system using corresponding rules for
evaluating Feynman diagrams [3, 56, 58, 59, 61, 62]. In order to see this, note that the
vacuum amplitude diagrams as drawn in Fig. 7 just represent the expectation value of the
electron—electron interaction operator 1% given as <‘P0 ’ 1% ’To> [3, 56]. In the following
we are now concerned with the approximate evaluation of the ground-state energy since,
as stated above, a summation of all possible vacuum amplitudes is already no longer
feasible for small molecular systems.
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Fig. 7 Examples of vacuum amplitudes. The bottom and upper red fragments represent the wave
function and the blue zigzag lines the electron—electron interaction operator
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Fig. 8 A diagram containing the Hartree—Fock effective interaction potential cancels with the
same diagrams containing a bubble vertex and an open oyster vertex instead

As a first restriction, which is abolished later on, the reference state @ is
assumed to be the Hartree—Fock determinant. With this, the number of diagrams
which have to be accounted for in a given order of the electron—electron interactions
is significantly reduced because all diagram fragments containing the Hartree—Fock
one-electron effective interaction operator cancel with corresponding diagrams
which contain a bubble vertex and an open-oyster vertex instead [56]; see Fig. 8.

The interpretation of the diagrams in Fig. 8 is as follows: the diagram on the
left-hand side describes an interaction of an electron with the effective Hartree—
Fock potential while the two diagrams on the right-hand side describe the actual
interaction. In the first one the bubble vertex means that the second electron which
interacts with the electron coming on the left-hand side is instantaneously pushed
back in its hole state after the interaction. The second diagram on the right-hand
side is a first-order exchange diagram and practically describes the same process as
in the first diagram, but in which the electrons after the interaction are exchanged,
that is, the electron in the particle state coming from the left is pushed in a hole state
from which another electron is excited in the same particle state.

It has to be noted that the specification of the noninteracting system does not
affect the total sum of vacuum amplitudes as long as al/ contributions are summed
in Fig. 7 (also including quadruple, pentuple, etc. contributions not shown in the
figure). It does, however, affect the sum in an incomplete expansion of the vacuum
amplitudes. This is an important point in this work and is discussed below when the
Hartree—Fock reference state is replaced by a noninteracting Kohn—Sham reference
state.

Having specified the reference state, it should be noted in passing that the first-
order vacuum amplitudes, i.e. the amplitudes involving only one photon exchange
between the electrons, in RPA methods are always calculated as in Hartree—Fock-
based RPA methods, i.e. by the sum of the double-bubble (direct Coulomb inter-
action) and oyster (exchange interaction) diagrams shown in Fig. 9.
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Fig.9 In RPA methods the first-order vacuum amplitudes are always calculated by the sum of the
double-bubble and oyster diagrams shown in the figure, irrespective of the chosen reference state

Actually, the second first-order exchange diagram in Fig. 9 represents an impor-
tant contribution to the total interaction energy, since it cancels the unphysical
Coulomb self-interaction contributions from the first diagram in Fig. 9. This self-
interaction contribution arises from the fact that, in unlabeled diagrams, a summa-
tion over all hole- and particle-lines is made, and, thus, the double-bubble diagram
of Fig. 9 partially describes unphysical interactions of an electron with itself. This
contribution, however, is cancelled by the corresponding same-labeled terms aris-
ing from the second diagram in Fig. 9, showing the importance of the description of
electron exchange in the sum of vacuum amplitudes.

This problem of equal labeled diagrams at the same horizontal position holds
true in general, and a corresponding diagram is termed an exclusion-principle
violating (EPV) diagram [56, 58, 63]. While such diagrams would cancel
completely in an unlinked expansion of the vacuum amplitude (which also means
that disconnected diagrams are accounted for in the sum), in praxis it is much more
convenient to use the simpler linked expansion (with only connected diagram
contributions), using unconstrained summations, and keep the EPV diagrams
[56, 58].

The basic first approximation which is used to define the RPA is that the wave
function at most contains double excitations from the reference state. This means
that the triply and all higher order excitations from the reference state displayed in
Fig. 5 are neglected. It has to be noted that this is also the lowest possible level at
which the expansion of the wave function may be truncated, because single
excitations from the reference state cannot describe electron correlation effects
beyond the single-determinant approximation. The reason is that singly excited
configurations can be written in terms of unitary transformations of the reference
state, and can thus be absorbed in the single-determinant reference state (Thouless
theorem [64]). As a second approximation, single-excitations are also omitted in the
RPA wave function. This appears to be a good approximation if the Hartree—Fock
determinant is used as the reference determinant, since in a Hartree—Fock basis
singly-excited vacuum amplitudes at first appear in fourth order [59]. Since below,
however, the RPA is combined with Kohn—Sham reference states, this point needs
to be justified by a different argument to be given later on. In summary, the RPA
wave function can be written by the sum of a noninteracting single-determinant
reference state and two-electron excited configurations; see Fig. 10.

By this means, one can now start to derive explicitly the RPA vacuum ampli-
tudes (defining the RPA correlation energy, i.e. omitting the first-order interaction
contributions of Fig. 8) in an order-by-order expansion. This can be done by
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Fig. 10 Diagrammatic representation of the RPA wave function
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Fig. 11 Possible types of electron—electron interactions. The first line displays different particle-
hole interactions which are described by the RPA. The second line displays particle—particle, hole—
hole (not described in any RPA methods) and mixed type interactions which are described by some
exchange RPA variants. The third line displays two different exchange particle-hole interactions
which are accounted for in exchange RPA methods

creating double excitations from the reference state in all possible ways, but using
the following confinements which further reduce the number of contributions to the
RPA correlation energy:

* In RPA only particle-hole interactions are included in the electron—electron
interactions

¢ In the particular direct RPA method exchange interactions (beyond first order)
are omitted

The first line in Fig. 11 shows the different particle-hole interactions which can
occur in RPA methods. As a rule of thumb, an electron that interacts with another
electron in an RPA description of the many-electron system is either excited from a
hole state or de-excited from a particle state. In contrast, the diagrams in the second
row in Fig. 11 present processes in which a particle state is transferred to another
particle state (particle—particle interaction) or a hole state is transferred to another
hole state (hole—hole interaction). The first two types of interactions do not occur in
any RPA methods, while the last two types can occur in some exchange RPA
methods.
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Fig. 12 Double excitation amplitudes occurring in the direct RPA method in first (1st line),
second (2nd line) and third (3rd line) order

The generation of RPA vacuum amplitude diagrams now involves the steps to
create all possible distinct (connected, see above) double excitations using the
diagram fragments of the first line of Fig. 11 and close them by an electron—electron
interaction (operator) contribution, so as to leave no open lines in the resulting
diagram. This has to be done such that only hole lines are attached to hole lines and
particle lines to particle lines. The resulting double excitation amplitudes which can
be constructed with the constraints given above are shown in Fig. 12 up to third-
order (i.e. involving up to three interaction processes).

As can be seen, in first- and second-order there exists only one distinct way to
connect particle-hole interactions to a corresponding double excitation amplitude.
A set of distinct diagrams is one in which it is impossible to obtain one diagram
from another without cutting any line, i.e. by distorting the diagram in the horizon-
tal direction but leaving the vertical ordering of the interaction lines. Thus, in third
order there are three different ways to create a double excitation amplitude; see the
third row in Fig. 12. Here the involved particle-hole interactions in the three cases
possess different time orderings and the resulting amplitudes cannot be obtained
from one another without violating the rule given above. All other possibilities to
draw a third order amplitude results, however, in a diagram which is topologically
equivalent to one shown in Fig. 12. As an example, the first third-order diagram
reflected around the vertical axis is topologically equivalent to the one given in
Fig. 12, since it can be obtained by distorting this diagram in the horizontal
direction.

The vacuum amplitude diagrams can now be obtained from the diagrams of
Fig. 12 by closing each diagram with a particle-hole interaction operator, explic-
itly, using the second diagram in the first line in Fig. 11. Since no exchange-type
interactions are allowed in the direct RPA method, this can be done in only one
possible way, so up to fourth order the vacuum amplitudes of Fig. 13 contributing to
the RPA correlation interaction energy result.

It goes without saying that the total RPA correlation energy is obtained by an
infinite sum over all diagrams of the type shown in Fig. 13. One can observe that
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Fig. 13 Vacuum amplitudes of second, third and fourth order contributing to the RPA correlation
energy

they all possess a characteristic ring form, because of which the RPA is sometimes
also referred to as ring-approximation. Of course, in an actual calculation of the
RPA correlation energy it is not possible to calculate the infinite sum of all ring-
diagrams. Instead, an iterative algorithm is used to calculate the doubles amplitudes
contributions of Fig. 12 up to a given order [32, 45]. Fortunately, the high order
ring-diagrams become less and less important in the summation and can then be
neglected. This and the fact that actually the order-by-order summation of the ring-
diagram correlation energy ETNS =EP+E®+E® 4+ is an alternating series
with E® <0, E® > 0, E® <0 and so forth means that already a truncation of
this series at a low order is very close to the infinite sum. Note that the prefactor
associated with a corresponding vacuum amplitude diagram is given by — (—1)"*
where h corresponds to the number of hole lines and / to the number of closed loops.
As an example, the second-order diagram in Fig. 13 contains two hole lines and two
closed loops and therefore has a prefactor of —1 (note that this rule needs to be
combined with the convention for the energy denominators used in the algebraic
expressions derived from the diagrams, so the reader is referred to [56, 58, 61] for a
more complete and consistent definition of the diagram sign rule).

As has already been discussed for first-order interactions, the unrestricted sum-
mations over orbital states in diagrams leads to a number of unphysical contribu-
tions which violate the Pauli exclusion principle (so-called EPV diagrams, see
above). As an example, the second-order ring diagram with two identical
particle-line labels (see left diagram in Fig. 14) describes an interaction of two
electrons which are in the same unoccupied state a. As is shown in the figure, the
two particle lines may be exchanged on either the upper or the lower interaction
vertex without changing the diagram (including the sign). By this operation one
then obtains the diagram on the right-hand side in Fig. 14 which possesses the form
of the second-order exchange diagram.
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Fig. 14 The exchange of two same labeled particle lines ending at the same interaction line leaves
the diagram, including its prefactor, unchanged

Fig. 15 All second-order vacuum amplitudes (Hartree—Fock basis). The exchange-type diagram
on the right-hand side cancels the unphysical self-correlation contributions of the second-order
ring diagram on the left-hand side

The problem is now that in the summation over the ring diagrams in RPA
(Fig. 13), many such unphysical contributions occur and are not cancelled as
compared to a complete order expansion of the correlation energy. In analogy to
the first-order case, where this issue is termed self-Coulomb interaction, the RPA
method is stated to include a self-correlation error. Indeed, it has been found that the
RPA method usually overestimates electron correlation energies of atoms and
molecules significantly because of the uncancelled EPV diagrams [13, 28, 65].

Obviously, since in a complete sum the EPV diagram contributions are elimi-
nated, this must also hold true in each order in the vacuum amplitude expansion. As
an example, Fig. 15 displays the two second-order vacuum amplitude diagrams
which would occur in a complete perturbation series expansion also containing
exchange-type interactions as shown on the bottom of Fig. 11.

As can be seen, the exchange-diagram on the right-hand side in Fig. 15 has the
same form as the third diagram in Fig. 14, being associated, however, with a
different prefactor being — (—=1)**' =41 (two hole lines, one loop). Therefore,
the EPV diagrams arising from the ring-diagram of Fig. 15 is cancelled by
corresponding contributions from the second diagram.

While one way to deal with the self-correlation error of RPA would be to correct
the RPA correlation energy in low orders by adding corresponding exchange
contributions [41], a more effective way is to do this through all orders. As a matter
of fact, however, this can be done in many various ways and a number of different
exchange-RPA methods have been derived; see [12, 13] for an overview. In this
work only two of these methods are presented which can be implemented using
efficient algorithms [43, 45] and thus also allow one to calculate the electron
correlation energy for extended systems.

The first of these two exchange-RPA methods is the SOSEX method by Kresse
et al. [43]. In this method the double excitation amplitudes are calculated just as in
the RPA method and are then antisymmetrised. Thus, in first and second order
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Fig. 16 Antisymmetrised first- and second-order doubles amplitudes described by the SOSEX
method

I 0

Fig. 17 Labeled third-order EPV diagrams occurring in the RPA vacuum amplitude expansion

(yielding second- and third-order energy contributions), in addition to the two RPA
amplitude diagrams shown in Fig. 12, the SOSEX method also contains terms
arising from the amplitudes shown in Fig. 16.

One can observe that the antisymmetrised doubles amplitudes can be obtained
from the RPA amplitudes just by intersecting the two particle lines of the
corresponding RPA diagram. Obviously, by this the SOSEX method contains in
second-order, in addition to the ring diagram, the exchange diagram of Fig. 15, and
is therefore exact through this order.

The antisymmetrised second-order doubles diagram of the SOSEX method of
Fig. 16 cancels all labeled EPV diagram stemming from the third-order ring-
diagram, shown in Fig. 17.

In third order, however, there exist further exchange contributions not described
by the SOSEX method. These can be obtained by performing the antisymme-
trisation of the doubles amplitudes in all orders. A straightforward recipe to realise
this, implemented by the RPAX2 method of [45], is to generate the doubles
amplitudes as described above for the RPA method, but to add, in each order, a
corresponding antisymmetrised amplitude diagram with the two open particle lines
exchanged. By this, in first-order the two diagrams of the first row in Fig. 18 are
obtained which yield the two second-order vacuum amplitude diagrams of Fig. 15.
In second-order the attachment of a (non-antisymmetric) particle-hole interaction
diagram (first or third diagram in Fig. 11) yields the two second-order diagrams in
the second row of Fig. 18. Finally, these two doubles amplitudes are
antisymmetrised, yielding the last two diagrams in Fig. 18.

As can be seen, with this method two additional diagrams to those shown in
Fig. 16 are obtained in second order. The corresponding exchange vacuum ampli-
tude diagrams generated are displayed in Fig. 19. Note that the third diagram in the
figure can alternatively be obtained by turning the second diagram upside down,
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Fig. 18 First- and second-order doubles amplitudes described by the RPAX2 method
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Fig. 19 Exchange vacuum amplitude diagrams of second- and third-order described by the
RPAX?2 method

which corresponds to taking the complex conjugate of it. Since now both the second
and third diagram of Fig. 19 remove the EPV diagrams of Fig. 17, their sum
overcorrects the third-order EPV contributions of the ring-diagram. However, the
fourth diagram in Fig. 19 again has a positive prefactor (one loop and three hole-
lines) and gives the same EPV contributions on magnitude as the ring-diagram.
Because of this, in total the RPAX?2 method also removes the RPA self-correlation
error in third-order.

The SOSEX and RPAX?2 methods contain only vacuum amplitudes which are of
the particle-hole type, namely which correspond to amplitudes built by the frag-
ments of the first row in Fig. 11, along with corresponding exchange fragments
(bottom row in the figure). There also exist, however, exchange-RPA methods
which contain further contributions which are of the mixed ph-pp or ph-hh type
(third and fourth fragments in Fig. 11). These are presented in Fig. 20.

Again, individually labelled diagrams of Fig. 11 are EPV diagrams which are
cancelled if the complete sum of these diagrams is taken. As an example, the second
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Fig. 20 Third-order mixed particle-hole and particle—particle/hole—hole diagrams not described
by SOSEX and RPAX2. These amplitudes are, however, contained in other exchange-RPA

o
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Fig. 21 Third-order particle—particle and hole-hole vacuum amplitudes not described by RPA
methods

diagram cancels the EPV contributions of the first diagram because it can be
obtained from it by an exchange of the two bottom particle lines and possesses a
different prefactor (the first diagram has two closed loops and the second one
closed loop).

Any RPA method, however, cannot be exact in third order in the electron—
electron interaction. The reason is that particle—particle and hole-hole interactions
are not described by the RPA. The corresponding missing third-order vacuum
amplitude diagrams are shown in Fig. 21.
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3 RPA Methods in a Kohn—-Sham Orbital Basis

Commonly RPA methods were formulated based on Hartree—Fock (HF) reference
states. This has the advantage that single excitation contributions to the vacuum
amplitudes first appear in fourth order in the electron—electron interaction; see
Sect. 2. The question is therefore which particular advantage it has to derive RPA
methods in a different orbital basis such as the Kohn—Sham single-particle func-
tions. In order to answer this question, first the transformation of the HF RPA
amplitude equations to the KS-RPA amplitude equations is considered. The HF
RPA amplitude equations, which can be obtained from the coupled-cluster doubles
equations omitting all ladder contributions (see [32, 56]) is given by the Riccati-
type equation:

B+ ¢T +Te+ AT +TA + TBT = 0 (1)

with &;,, = (&, — €)0;i0,» being a diagonal matrix containing HF orbital energy
differences of occupied orbitals labeled i, j and unoccupied orbitals labeled a, b, and
A and B are matrices defined by the antisymmetrised two-electron integrals
Aiqjp = liallbj] and B, j, = [ialljb] written in chemist’s notation in this work. Note
that the indices i and a are combined to a single superindex ia so that the matrices in
(1) are of the size Ny.. X Nyiy With N, and N,; being the number of occupied and
virtual orbitals, respectively. The matrices T in (1) are the RPA doubles amplitudes.
Note that the use of antisymmetrised integrals in (1) means that exchange vacuum
amplitudes presented in Figs. 19 and 20 are accounted for in third-order and the
underlying RPA method is sometimes termed also ring coupled-cluster doubles
method.

In order to write (1) in terms of a Kohn—Sham orbital basis, a partitioning
different to the conventional HF partitioning is chosen for the Hamiltonian opera-
tor. As a most natural choice, the Kohn—Sham partitioning is used so that the
unperturbed Hamiltonian is just defined by the Kohn—Sham orbital energies 8}_(3
(with r referring to an arbitrary orbital). This can be formulated in second-quantised
form as

Hy = Zefs{ﬁr} (2)
V=W+ ;f,«a [{a'i} + {ifa}] + Z (P[0 HF — vy | ) {rtr}
D PR = et} + 3 (gl = vielp){a'b}

i#j atb

3)

with W being the electron—electron interaction operator and f;, is an occupied-
virtual Fock-matrix element. The fluctuation potential V contains differences of the
matrix elements of the Hartree—Fock exchange potential v and the Kohn—Sham
exchange correlation potential v,.; see (3).
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A first approximation which is used from now on is to approximate the full
exchange-correlation (xc) part of the Kohn—Sham potential by

Vie(r) = vy(r) 4)

that is, the xc-potential is approximated by the local Kohn—Sham exchange poten-
tial. Because of this, the following derivations are strictly valid only for the
exchange-only case, but we return to the description of correlated single-particle
states later on. It is known now that, with a good accuracy, orbitals from a local
exact exchange potential can be transformed to HF orbitals using occupied-
occupied virtual-virtual unitary transformations and vice versa [66]. This means
that the occupied-virtual matrix elements of the Fock matrix in (3) are close to zero
so that Brillouins theorem is virtually fulfilled using an exact-exchange Kohn—
Sham orbital basis. With this, the partitioning of the Hamiltonian in (2) and (3) is
simplified and the RPA amplitude equations of (1) can be written as

B+ T + TeXS + AT + TA + TBT = 0 (5)

with e*S containing the Kohn—Sham orbital energy differences and the matrix A
differs from the original matrix A by additional contributions originating from the
differences of the matrix elements of the occupied-occupied and virtual-virtual
blocks of the HF and Kohn—Sham exchange matrices, respectively:

A’m,ﬂ, = Aia,jb + A,‘a,ﬂ, with Aia,jb = <l{\3XHF — Vx |]>5ah + <(l|l3XHF — VX’b>5,'j. (6)

With this, the RPA equations in terms of a KS orbital basis has the same form as
the RPA equations for HF references states in (1) but with the A matrix modified
according to (6).

While in general the local exchange potential v, has to be obtained by, e.g. the
optimised effective potential approach [67-72] in which v, can be calculated from a
response-type equation containing the density differences of the HF and KS sys-
tems to first-order, in the case of closed-shell two-electron systems it is given
exactly by minus one half of the Coulomb potential [36, 38, 73]. Then the A matrix
in (6) reads A, j, = [ijlba] — [iblja] in this particular case of a two-electron system,
i.e. with the restriction i =j = 1. Identifying that the sum A + A is then identical to
B (see above) means that the RPA equations can be rewritten as

B + 5T + TS + BT + TB + TBT = 0. (7)

In the special case of a closed-shell two-clectron system, Bi,j, = 3lialjb] =
%C,-a, ibs 50 (7) is identical to the direct RPA equations apart from the prefactor

of one half for the two-electron integral matrices taking into account electron
exchange effects.
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Certainly, the approximations used in order to arrive at (7), especially the
restriction to a two-electron system, are questionable in general. Nevertheless, in
[45] it has been investigated whether an RPA method based on the amplitude
equation (7) also gives a good description of electron correlation effects for general
electronic systems. This method was termed RPAX1 in [45]. It was found therein
that correlation energies calculated using the RPAX1 method are of about the same
magnitude as corresponding coupled-cluster singles doubles (CCSD) correlation
energies for a number of small organic molecules. Furthermore, for a set of
16 chemical reactions of organic compounds, the RPAX1 method is almost as
accurate as the CCSD method if compared to corresponding accurate CCSD(T)
reaction energies [45]. However, as is shown in [45], the RPAX1 method
contains unphysical electron-correlation energy terms in third order. This
problem is resolved by the RPAX?2 method which is derived in [45] and reviewed
in Sect. 2.

However, on account of the results of [45], it may nevertheless be concluded that
the omission of differences of potential matrix elements (see (6)) combined with the
omission of ph-pp/hh contributions (Fig. 20) is a reasonable approximation to be
used in KS-RPA methods.

Such effective potential matrix elements also appear, however, in a many-body
expansion of the singly excited amplitudes and these in turn contribute to the
correlation energy already in second-order if a non-HF reference state is used.
Moreover, the one-particle density matrix is wrong already in second-order without
the inclusion of single excitations even in an HF orbital basis (thus effecting
electron properties). The question is therefore how to account for single excitations
in KS-based RPA methods?

To answer this, consider an RPA method in which the orbitals are optimised such
as to make the RPA energy stationary with respect to orbital variations. Such a
method can be realised, for example, by a unitary transformation of an original set
of orbitals [74]. Considering the case that this would be done for the exact energy
functional, not for the RPA one, it can be shown that the variationally optimised
orbitals obtained in this way are identical to Brueckner orbitals, i.e. orbitals which
yield a determinant ®® which has maximum overlap with the exact wave function

\chact [75]:
(P! ®®) = maximum. (8)
It can easily be shown [58] that the maximum overlap criterion of (8) is identical

to the requirement that single-excitation contributions to the exact wave function
vanish, that is:

(et (@F)) =0, )

where (dDB)i” is a singly-excited determinant with occupied orbital i replaced by an
unoccupied orbital a. Because of this, in the case of an expansion of the exact wave
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function, single excitations need not be considered if the orbitals are optimised such
that the energy is minimised, i.e. the orbitals defined by

OE
30, 0 (10)
(with 6,,, denoting an orbital rotation parameter) are identical to the orbitals defined
by (8) and (9). Therefore, in the case of the exact wave function, conditions (10) and
(9) are redundant.

Noting that the RPA wave function is not the exact one, however, it has to be
analysed to which extent, for this particular case, the orbitals obtained by the two
criteria (10) and (9) resemble each other. Previous studies for coupled cluster
doubles methods [74] as well as coupled-pair functional methods [76] have also
shown that, in the case of approximate wave functions, Brueckner orbitals from the
projection condition (9) and the variationally optimised orbitals determined by
condition (10) are close. Indeed, in [76] it was shown that the singles-amplitude
equations determining Brueckner orbitals and the gradient equations for fulfilling
the optimisation criterion are identical up to first order in the doubles amplitudes,
providing analytical evidence for the similarity of projective and variationally
optimised orbitals.

Because of this, it can also be concluded that in the case of approximate wave
functions, such as the RPA wave function, single excitations can be omitted
altogether if the orbitals are variationally optimised. Such optimised-orbital RPA
methods based on Kohn—Sham reference states have previously been developed by
several groups [77-79] and it was observed, for example, that the HOMO orbital
energies from these methods are close to the exact ionisation potentials for a
number of systems [78, 79]. This indicates that the optimised orbitals from an
RPA functional are already close to the exact Kohn—Sham orbitals. In order to
support this finding further, Fig. 22 displays the exact Kohn—Sham correlation
potentials from Umrigar et al. [117] in comparison to the correlation potentials
calculated by the optimised-orbital RPA method of [79] for the helium and neon
atom. In addition, the diagrams in Fig. 22 also show the correlation potentials
calculated by the Brueckner coupled-cluster doubles OEP (BCCD-OEP) method of
[80]. As can be seen, both the RPA correlation potentials and the BCCD-OEP
correlation potentials are fairly close to the exact KS correlation potentials. This in
turn means that Kohn—Sham orbitals, too, resemble Brueckner orbitals or varia-
tionally optimised orbitals associated with a given wave function truncation to
some extent (see also [75] for a theoretical argument of this point). Furthermore,
these numerical results not only justify the use of RPA methods in conjunction with
Kohn—Sham reference states, but also indicate why such KS-based RPA methods
tend to describe the electronic structure much more accurately than HF-based RPA
methods, because KS-based RPA methods to some degree can implicitly describe
single excitations as opposed to HF-RPA methods.
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In most practical calculations, however, neither the exact KS orbitals nor
variationally optimised orbitals are used in conjunction with the RPA. Instead,
many KS-based RPA methods, such as those presented in this work, use orbitals
from approximate GGA or hybrid-GGA functionals of a preceding self-consistent
KS calculation. The question is thus how close these orbitals from approximate
functionals resemble the variationally optimised ones. To analyse this, Fig. 23
shows the determinant overlaps of the optimised-orbital RPA determinant with
the HF determinant as well as the determinants from the approximate Perdew—
Burke—Ernzerhof (PBE) and PBEO GGA and hybrid-GGA functionals for the neon
atom and a number of small molecules, respectively. As can be seen, compared to
the overlaps with the HF determinant, both the PBE and the PBEO determinant
strongly overlap with the optimised-orbital RPA determinant, the latter being
slightly stronger than the former. With this, the use of KS orbitals from approximate
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functionals in RPA methods is also justified, since these too capture missing single
excitations to some extent in contrast to HF-based RPA methods.

4 Performance of Kohn—-Sham RPA Methods
for Thermochemistry

In this section, the accuracy of Kohn—Sham RPA methods for describing thermo-
chemical properties is investigated. For this, a number of existing databases were
used, which are summarised in Table 1.

The databases IP13, EA13, PA8 and zTC13 are part of the Minnesota database
for chemistry and solids by Truhlar et al. [94] and the databases G2RC, DARC,
BSR36, NBPRC, BH76RC and BH76 are part of the GMTKN30 database by
Grimme et al. [95-97]. In most cases, as can be seen in Table 1, the accurate
reference values are theoretical results obtained by the CCSD with perturbative
triples (CCSD(T)) method [58]. These values were extrapolated to the complete
basis set limit using various basis sets; see references given in the last column of the
table. In those cases where experimental values are taken as reference, databases
IP13 and G2RC, the values are backcorrected by subtracting the zero-point vibra-
tional energies (ZPVE) so that they can be compared directly to calculated results;
see e.g. [84]. In the case of the ionisation energy and electron affinity calculations,
relaxed cation and anion geometries were used, respectively.

To assess the performance of Kohn—Sham RPA methods for these databases,
two exchange-RPA variants along with the standard (direct) RPA method were
used, namely the SOSEX [43] and RPAX2 methods [45]; see Sect. 2 for a
description of these methods.

In the case of the RPA and the SOSEX methods, the electron—electron interac-
tion energy was calculated using orbitals from a preceding self-consistent
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Table 1 Summary of databases for thermochemical properties used in this work
Reference
Database | Description method References
HEAT Atomisation energies est. CCSD(T)/ | [81, 82]
cbs
1P13 ITonisation energies exp. and [83, 84]
QCISD
EA13 Electron affinities G3 [83, 84]
PAS8 Proton affinities est. CCSD(T)/ | [85]
cbs
#TCI13 Thermochemistry of z-systems est. CCSD(T)/ | [86]
cbs
G2RC Reaction energies of selected G2/97 systems exp. [87]
DARC Reaction energies of Diels—Alder reactions est. CCSD(T)/ | [88]
cbs
BSR36 Bond separation reactions of saturated hydrocarbons |est. CCSD(T)/ | [89]
cbs
NBPRC | Oligomerisations and H, fragmentations of NH3/BH; | est. CCSD(T)/ |[90, 91]
systems; H, activation reactions with PH;/BHj; systems | cbs
BH76RC | Reaction energies of the BH76 set W1 and theor. | [92, 93]
est.
BH76 Barrier heights of hydrogen transfer, heavy atom W1 and theor. |[92, 93]
transfer, nucleophilic substitution, unimolecular, and | est.
association reactions

Kohn—Sham calculation employing the PBE exchange-correlation functional
[98]. In contrast to this, the RPAX?2 electron—electron interaction energy was
calculated using orbitals from PBE exchange-only Kohn—Sham calculations. It
was found in [45] that this gives slightly better intermolecular interaction energies
compared to RPAX?2 used in conjunction with PBE orbitals. It should be noted,
however, that, for the thermochemical properties considered in this work, the
differences between the results from RPAX2/PBE and RPAX2/PBEx calculations
are relatively small. This means that in the following analysis differences caused by
the use of different orbitals in the RPA and exchange-RPA calculations can be
neglected.

In order to capture effectively the dynamic correlation effects described by the
RPA methods, all results, except of those for the IP13, EA13 and PAS8 databases,
were obtained using the two-point basis-set extrapolation method by Bak
et al [99]. For this, the corresponding augmented triple- (aug-cc-pVTZ) and
quadruple-zeta (aug-cc-pVQZ) basis sets by Dunning et al. were used. The results
for the IP13, EA13 and PAS8 databases, however, were calculated using only the
aug-cc-pVQZ basis set because the properties of these databases are less basis set
dependent. Also, the zeroth- and first-order energies (Fig. 9) have not been extrap-
olated but were also calculated using solely the aug-cc-pVQZ basis set which
should provide energies close to the complete basis set limit in this case.

The RPA and RPAX?2 amplitude equations were solved using the density-fitting
algorithms described in [45]. In the case of the RPA method, the denominator
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decomposition was done using an incomplete Cholesky decomposition with a
threshold of 10~ for deleting linearly dependent Cholesky vectors. In the case of
both the RPA and the RPAX2 method, the corresponding aug-cc-pV(T,Q)Z-
MP2Fit basis sets by Weigend et al. [100] have been used for the two-electron
integral decomposition.

With the exception of the calculations of the atomisation energies, core electrons
were not correlated in the calculations. Open shell systems treated in this work were
calculated with a spin unrestricted reference state to enable full symmetry breaking.
All calculations were done using a developers’ version of the Molpro quantum
chemistry program [101].

4.1 Atomisation Energies, Ionisation Energies and Electron
and Proton Affinities

In this section, the performance of RPA, SOSEX and RPAX2 is investigated for the
following reactions:

M(R,) — Y A, (11)

MR,) — M(R.) +e, (12)
M(R,) + ¢ — M(ﬁe)f, (13)
M(R,)+H' — MH(R,), (14)

where M(R,) corresponds to the molecule in its equilibrium geometry, ﬁe denotes a
relaxed geometry of the given compound and ) ;A; corresponds to the sum of the
constituent atoms of molecule M. The reaction in (11) describes the atomisation,
the reaction in (12) the ionisation, the reaction in (13) the electron affinity and the
reaction in (14) the proton affinity of molecule M.

Clearly, a direct comparison of the calculated reaction energies of the reactions
in (11)—(14) to experimental ones is not straightforward because, apart from the
electronic ground-state energies accessible through quantum-chemical calcula-
tions, other energy terms also need to be accounted for, most notably the ZPVE
of the molecules in the given equilibrium structures and, in order to achieve an even
higher accuracy, spin-orbit interactions. Since the aim of this work is to analyse
specifically the role of electron correlation effects which contribute to the electronic
ground-state energies, however, all results in this and all subsequent sections
present only the dominating electronic contributions to the given reactions,
i.e. vibrational and relativistic effects are excluded. It should therefore be noted
that the comparison to experimental results is strictly only possible if at least the
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Table 2 HEAT database: System | RPA SOSEX RPAX2 Ref?

atomisation energies in kcal/

mol N, —221.17 —215.06 —227.98 —228.15
H, —108.73 —109.54 —112.03 —109.49
F, —29.93 —24.58 —37.58 —38.45
CO —243.21 —251.86 —260.25 —259.72
O, —112.20 —103.74 —116.37 —120.27
C,H, —381.24 —399.44 —407.97 —405.45
CCH —243.79 —257.97 —264.69 —265.21
CF —119.98 —127.38 —132.50 —132.67
CH, —178.91 —190.99 —191.75 —190.71
CH —79.98 —82.98 —85.80 —84.07
CHj; —294.63 —308.19 —311.13 —307.84
CN —170.31 —161.69 —177.46 —179.38
CO, —363.31 —376.54 —389.43 —390.20
H,0O, —256.21 —257.28 —270.60 —268.96
H,O —224.03 —229.92 —235.56 —233.04
HCN —297.20 —302.57 —313.86 —313.21
HCO —262.87 —269.39 —278.88 —279.23
HF —13343 —139.82 —143.09 —141.72
HNO —197.84 —191.88 —206.71 —205.54
HO, —165.75 —161.57 —174.16 —175.05
NH, —179.03 —179.51 —184.66 —182.44
NH; —291.09 —295.12 —302.12 —298.00
NH —81.95 —80.84 —83.70 —82.97
NO —146.28 —138.87 —150.82 —152.25
OF —45.92 —39.19 —50.65 —52.20
OH —103.76 —105.09 —108.23 —107.17
MAE 10.41 7.84 1.53

4CCSD(T)/cbs, see [82]

ZPVE corrections are added to the presented results, because these can change the
electronic contribution to the reaction energies by 10% and even more for a given
system; see [102].

Table 2 displays the atomisation energies (see (11)) for the HEAT database of
[81, 82] calculated with the RPA, SOSEX and RPAX2 methods. The last column in
the table shows the CCSD(T) complete basis set extrapolated (cbs) reference results
of [82] for comparison. The description of atomisation energies is actually a
challenging test for electron correlation methods because they are calculated from
energy differences of systems with a different number of paired electrons, requiring
a balanced description of short-range interactions. This of course raises the question
whether the CCSD(T) reference method itself can provide a high accuracy for
atomisation energies. This has been thoroughly investigated in the past — see, for
instance, [102] (Chap 15.7), [103] (Chap. 18.2) and [82] — and it turns out that, for
molecules of the size of those in Table 2, the CCSD(T) method yields atomisation
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energies which only deviate by about 0.3 kcal/mol on average from the experiment
(if ZPVEs and other corrections are accounted for; see above).

The values presented in Table 2 show that the accuracy of the respective RPA
methods obviously depends on their capturing of exchange interactions. Most
notably, the mean absolute error (MAE) for the respective RPA method, displayed
in the last line in the table, decreases from 10.4 over 7.8 to only 1.5 kcal/mol with no
(RPA), screened second-order (SOSEX) and all-order exchange interactions
(RPAX?2). A closer inspection of the sources of the relatively large error of the
RPA method shows that it has especially difficulties in describing the atomisation
energies for molecules containing double or triple bonds e.g. CO, and C,H,, for
which the RPA method strongly underestimates the atomisation energy by over
20 kcal/mol. Compared to this, the SOSEX method gives a much more balanced
description for the atomisation energies of the molecules in the table; however, it
does not significantly reduce the mean average error of the RPA method since, for
some molecules, the SOSEX atomisation energies deviate more strongly from the
reference energies than the RPA ones; see Table 2. In contrast to this, the RPAX2
atomisation energies are almost always closer to the CCSD(T) reference values
than the RPA ones, the exception being only the H, molecule. Overall, the RPAX2
method gives a strong improvement over both the RPA the and SOSEX methods for
the considered property. While not directly comparable to results from the literature
because of differing databases, it is nevertheless remarkable that the small error of
1.5 kcal/mol for the atomisation energies of the HEAT database obtained by the
RPAX2 method is significantly smaller than typical errors for a range of established
[103] (Chap. 18.2) and modern [104] (Chap. 8.6.1) [97, 105, 106] (hybrid/meta)-
GGA based density functionals for which errors of the order of typically 3—6 kcal/
mol are obtained.

Tables 3, 4 and 5 show the results for ionisation energies, electron affinities and
proton affinities, respectively (see (12)-(14)). Conventionally, the former two
properties are sometimes also calculated using Koopman’s theorem in the frame-
work of HF and Kohn—Sham DFT methods. By this, however, it is only possible to
capture the correlation contributions while relaxation contributions, both electronic
and structural, cannot be described with this approach. Also, in the case of DFT
methods, Koopman’s theorem cannot be extended to the description of electron
affinities as in case of HF because, in Kohn—Sham DFT, where the electrons are
bound by a local effective potential, all electrons ‘feel’ the effective field of N — 1
electrons so that the unoccupied orbital levels in an N+ 1 system are not proper
electron affinities [107]. Furthermore, with approximate DFT methods the extra
electron in the radical anion is often loosely bound so that results for electron
affinities can be subject to large overdelocalisation errors.

In this work, however, all results presented in Tables 3 and 4 correspond to
adiabatic ionisation potentials and electron affinities, respectively. The results in
Table 3 are therefore not directly comparable to the ionisation energies of [79]
which were obtained from the HOMO energies using the orbital-optimised RPA
method. Nevertheless, the RPA ionisation energies shown in Table 3 roughly
deviate by the same magnitude from the experimental values compared to the
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Table 4 EA13 database:
electron affinities in kcal/mol

The Ring and Exchange-Ring Approximations Based on Kohn—Sham Reference States 127
System RPA SOSEX RPAX?2 Ref.®
265.77 258.50 257.76 259.74
S 248.63 233.97 236.24 238.34
SH 247.58 237.43 239.13 238.36
Cl 304.36 296.31 297.51 299.31
Cl, 266.74 268.57 266.60 265.30
OH 309.09 296.83 299.38 298.90
(¢} 325.53 308.39 311.08 313.67
0, 283.70 279.79 276.83 278.90
P 239.94 241.60 241.50 242.80
PH 237.51 234.42 233.14 234.10
PH, 231.81 225.99 224.27 226.30
S, 220.77 218.24 215.61 216.00
Si 194.09 186.17 189.62 188.05
MAE 6.27 2.08 1.49
dexp. and QCISD, see [83, 84]
System RPA SOSEX RPAX?2 Ref.?
32.50 24.72 26.23 29.19
S 53.52 45.37 46.92 4791
SH 57.41 52.34 53.37 53.84
Cl 84.08 82.96 83.05 84.24
Cl, 65.96 53.35 53.45 55.60
OH 46.40 35.30 41.03 42.30
(¢} 40.93 26.15 31.40 33.77
0, 17.12 6.54 8.29 10.80
P 32.20 16.30 15.65 16.92
PH 30.29 20.94 22.93 23.20
PH, 34.46 27.47 28.98 29.40
S, 44.99 38.24 37.99 38.50
Si 31.54 29.86 30.45 32.33
MAE 5.79 2.96 1.40

G3, see [83, 84]

orbital-optimised RPA results of [79], namely by 5-6 kcal/mol. This is about the
same order of magnitude as is obtained with standard density-functional methods if
the ASCF method is used [104, 105]. Compared to this, both the SOSEX and
RPAX?2 functionals yield a substantial improvement over the RPA results, for both
the ionisation energies and the electron and proton affinities; see Tables 3, 4, and 5.
While the RPAX?2 values are somewhat more accurate than the SOSEX values, both
the SOSEX and RPAX2 methods describe these properties clearly better than a
range of modern density-functionals tested for these particular databases; see
[86]. As an example, the MOS functional by Zhao and Truhlar has MAEs of 2.9,
3.0 and 2.2 kcal/mol for the IP13, EA13 and PAS databases, respectively [86].
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Table 5 PAS database: System RPA SOSEX RPAX2 Ref?

proton affinities in kcal/mol
NH; 214.08 212.87 212.50 211.90
H,O 173.50 172.77 172.28 171.80
CH, 161.70 160.46 159.09 156.60
SiH, 160.06 156.42 157.10 156.50
PH, 196.21 194.22 193.85 193.10
H,S 178.30 174.43 174.91 173.70
HCI 142.72 138.22 139.01 137.10
H, 107.63 105.98 106.32 105.90
MAE 345 1.12 1.06

4CCSD(T)/cbs, see [85]

Table 6 7TC13 database: isomeric energy differences between cumulenes and polyenes (lines
1-3), proton affinities of five conjugated polyenes (lines 4-8) and proton affinities of the five
conjugated Schiff bases (lines 9-13)

System | RPA | SOSEX | RPAX2 | Ref.*
Polyenes — cumulenes

C3Hy —0.34 —1.47 —1.04 —1.40
CsHy —6.62 —8.85 —8.22 —8.80
C7H, —10.96 —13.33 —12.86 —14.30
Conjugated polyenes

CyH, - CoHY 173.24 170.18 168.71 167.81
C4Hg - C4HY 201.69 197.02 196.10 193.45
CgHg - C6HY 219.60 214.18 213.54 209.68
CgHyo- CgHY 230.96 225.15 224.58 219.67
CioHy2- CioH 239.01 232.99 232.43 225.95
Conjugated Schiff bases

CH,NH - CH,NHS 219.25 217.43 215.68 214.46
C3H,NH - C;H,NHY 232.55 230.24 228.37 226.15
CsHeNH - CsHNHS 241.46 238.90 236.93 233.44
C,HgNH - C;HgNHS 247.73 244.96 242.94 238.16
CoH,oNH - CoH | (NH5 252.45 249.57 247.46 240.97
MAE 7.29 4.00 3.03

Energies are in kcal/mol
!CCSD(T)/cbs, see [86]

Proton affinities were also studied for a number of z-systems from the zTCI13
database [86]; see Table 6. In addition, the table contains the isomeric energy
differences between three polyene/cumulene systems. One can see that, compared
to the proton affinities of the eight small molecules in Table 5, the errors of the three
RPA methods considered are now somewhat larger and clearly increase with the
size of the polyene or Schiff bases of the database. The same is also observed for a
range of density-functionals which have been tested for the #TC13 database
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[86]. As an example, the MO5 functional, which performs best among the 15 func-
tionals selected in [86], has an average unsigned error of 5.1 kcal/mol for the z-
systems of Table 6. Thus, again, the performance of the RPA is comparable to the
performance of standard DFT methods, while both the SOSEX and the RPAX2
methods yield proton affinities which are significantly more accurate than with
current density functionals.

4.2 Reaction Energies

The accuracy of RPA, SOSEX and RPAX2 for reaction energies is assessed by
using a variety of different chemical reactions contained in five different databases.
The G2RC database is a selection of 25 chemical reactions of small closed-shell
molecules containing main-group elements from the first to third row of the
periodic table [87]. The DARC database contains 15 Diels—Alder reactions; for
reactions of the type see [88]. The BSR36 database contains 36 bond separation
reactions of saturated hydrocarbons, i.e. chemical reactions of the general form

(m + 1)C2H6 — CH3(CH2)mCH3 + mCHy.

This database was developed by Steinmann et al. in order to study the effect of
intramolecular correlation effects in DFT + D methods and thus contains relatively
large reactants (with m up to 17) [89]. The NBPRC database is a set of six
oligomerisation and dihydrogen fragmentation reactions of ammonia/borane sys-
tems as well as six H, activation reactions of corresponding ammonia/borane
systems [90, 91]. The general form of the reactions of this database are

mNH, + mBH, — mNH,BH,
MNHMBHH - NanHn—Z + HZ
PR} + BR? — RIP — BR?

RIP — BR? + H, — [PRIH] " [BRZH] ™

with R! and R? denoting different substituents; see [96]. These reactions have been
considered in [96, 108] because it turns out that standard DFT methods such as the
B3LYP method [109] have difficulties in describing the formation of boron—
nitrogen bonds; see [110].

Finally, the reactions of the BH76RC database are considered, which include
four heavy atom transfer and 17 hydrogen transfer reactions of the type

R'A+R? - R' +R?A
with A denoting either hydrogen or a heavy atom (in this database only elements

from the second row are considered), two nucleophilic substitution reactions,
i.e. reactions of the type



130 A. HeBBelmann

A” +BR — AR+ B~
and finally five unimolecular and association reactions of the type
R' +R* - R' —R?
and
R' - R

The reactions of the BH76RC database were developed by Truhlar et al. in order
to study the forward and reverse reaction barriers of the chemical reaction consid-
ered; see [92, 93].

In Sect. 4.1 it has already been mentioned that, in order to be able to compare the
reaction energies from quantum chemical calculations to experimental ones, it is
necessary to decompose the latter into distinct contributions. These are, at 0 K, the
nonrelativistic electronic reaction enthalpies at the equilibrium, a vibrational con-
tribution taking into account the zero-point vibrations (ZPVE) of the molecules, and
a relativistic correction term. As in the case of atomisation energies (see Sect. 4.1),
the molecular ZPVEs can be significant and thus cannot be neglected if a compar-
ison with experimental reaction energies is made. It is fortuitous, however, that, for
chemical reactions where the reactants are in their ground-state equilibrium, it
usually suffices to describe the molecular ZPVEs using the harmonic approxima-
tion. As compared to this, the relativistic corrections are usually very small if the
reactants contain only elements from the first to third rows; see [102].

In the current work, the only database for which backcorrected (i.e. ZPVE and
spin-orbit excluding) experimental results are used as reference results is the G2RC
database; see Table 7 and [87]. The DARC, BSR36 and NBPRC databases (see
Tables 8, 9 and 10) all use estimated complete basis set CCSD(T) results as
reference values instead. It can be assumed that these are accurate to within about
0.4 kcal/mol if compared to experimental reaction enthalpies [102]. In the case of
the BH76RC database, the W1 method by Martin and Oliveira [111] is used as the
reference method. Basically, this method is designed to extrapolate to the complete
basis set limit of a CCSD(T) calculation and thus can be expected to yield
accuracies similar to raw CCSD(T)/cbs calculations for reaction energies,
i.e. about 0.5 kcal/mol [111].

The RPA, SOSEX and RPAX2 reaction energies for the individual databases are
compiled in Tables 7, 8, 9, 10 and 11. Considering the G2RC reaction (Table 7), it
can be observed that there are few reactions for which all RPA methods fail to
reproduce accurately the experimental reference results, namely the water abstrac-
tion reaction of CH3(SO)CHj;, the silicon-carbon swapping reaction SiCl,+ CF,
and the hydrogenation reaction of SO,. The SOSEX method in particular yields
reaction energies which strongly deviate from the experimental values for these
three cases, e.g. for the SO, hydrogenation the error is larger than 18 kcal/mol and
explains that overall the SOSEX method performs worse than RPA and RPAX2.
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Table 7 G2RC database: reaction energies of selected G2/97 systems in kcal/mol

System RPA SOSEX RPAX2 Ref.?
CH3(SO)CH; — C,H,yS + H,O —6.19 —8.67 —6.48 —0.96
HCOOH — CO, + H, —0.83 —3.74 —1.78 —2.03
CH;3CHO — CO+CH,4 —5.26 —3.37 —4.24 —2.55
Si,Hg+H, — 2SiH, —4.70 —4.62 —4.23 —3.88
CO+H,0—CO,+H, —5.09 —4.06 —5.48 —7.01
CH;3COClI +H,0 — CH3COOH + HCI —9.78 —11.88 —10.61 —9.96
CH;CN + H,0 — CH3(CO)NH, —17.30 —21.16 —19.09 —20.13
C,H, + HF — CH,CHF —26.45 —27.69 —26.53 —25.37
F, + Cl, — 2FCl —25.70 —28.61 —27.07 —26.42
BCl; + AlF; — BF; + AlCl; —27.67 —32.99 —30.39 —26.85
SiCly + CF,4 — SiF, + CCly —23.69 —15.81 —20.04 —26.33
H,CO +H, — CH;0H —27.00 —32.25 —29.27 —29.23
C,H, + C,H, — cyclobutene -30.97 —35.62 —31.93 —32.73
SiO +3H, — SiH, + H,0 —33.68 —43.86 —37.25 —33.91
N, +3H, — 2NH; —33.54 —44.90 —38.95 —38.87
CH, +2Cl, — CH,Cl, + 2HCl —45.20 —52.70 —48.67 —47.08
C,H, +H, — C,Hy —48.10 —51.64 —49.32 —48.42
SO, +3H, — H,S + 2H,0 —62.98 —78.65 —68.31 —60.47
CO+3H, — H,0+CH, —58.89 —68.70 —63.80 —64.78
OF, +H, — F,+ H,0 —66.09 —74.34 —69.92 —68.72
N,O+H,; — N, +H,0 —79.90 —86.73 —82.20 —80.74
C,H,4 + CH, — cyclopropane —105.99 —111.19 —111.17 —109.06
H,+F, — 2HF —127.36 —143.99 —135.61 —134.29
3C,H, — C¢Hg —148.40 —166.37 —155.07 —151.57
Li, +F, — 2LiF —201.98 —216.13 —207.10 —212.70
MAE 2.71 5.30 2.14

“Experimental, see [87]

A comparison of the MAEs of RPA and RPAX?2 for the G2RC database (see last
line in Table 7) to results from other quantum chemistry methods shows that they lie
in the range of the errors obtained by the MP2 and SCS-MP2 methods which yield
3.6 and 2.2 MAEs, respectively (see [97] and Fig. 24). In contrast to this, DFT
methods (raw and dispersion corrected) typically have larger errors for this bench-
mark set [97]. For example, the reaction energies from the M06 functional [112]
(with or without dispersion correction) deviate by 4.3 kcal/mol from the experi-
mental reference results on average [97].

For the Diels—Alder reactions displayed in Table 8, no such strong deviations as
for the G2RC set of the reactions from the reference results are observed with the
(exchange-)RPA methods. However, in the case of these chemical reactions, it can
also be seen that the SOSEX reaction energies in most cases do not improve the
RPA reaction energies, again indicating that the exchange interactions described by
the SOSEX method obviously give an unbalanced description of the correlation
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Table 8 DARC database: Diels—Alder reactions in kcal/mol

System RPA SOSEX RPAX2 Ref.®
C,H, + CH,CHCHCH, — [C¢H10]° —42.33 —49.08 —44.38 —43.80
C,H, + CH,CHCHCH, — [C¢Hg]" ~57.96 —64.91 —60.04 ~59.30
C,H, +cyc-CsHg — [C7H o] 2828 —31.88 —28.69 —30.00
C,H, +cyc-CsHg — [C7Hg]? —32.69 —35.29 —32.60 —33.10
C,H, +cyc-CeHg — [C7H,5]° —35.47 —40.36 —36.54 —36.50
C,H, + cyc-CgHg — [C7Ho]° —46.99 —52.15 —48.25 —48.20
C4H4,0+ C4H,03 — [C8H6O4]b —13.15 —14.26 —12.43 —14.40
C,H,0 + C,H,05 — [CsHgO4>* ~14.86 ~16.37 —14.35 ~16.20
C,H,0 + C,H;0,N — [CsH,05N]° ~15.75 ~17.30 —15.14 ~17.20
C4H,0 + C4H;30,N — [CgH,0;3N]>* —17.59 —19.51 —17.21 —19.20
cyc-CsHg + C4H,05 — [CoHgO5]° —30.60 —33.85 —30.78 —31.60
cyc-CsHg + C4H,053 — [CoHgO5]°° -30.97 —34.25 —31.20 —32.10
cyc-CsHg + C4H;0,N — [CoHgO,N]° ~32.79 ~36.51 —33.12 —34.10
cye-CsHg + C4H305N — [CoHgO,N]P* ~33.03 ~36.78 ~33.41 —34.40
MAE 1.26 2.33 1.06

4CCSD(T)/cbs, see [88]

Denotes a molecular transition state

“Denotes an alternate conformer to the reaction product of the respective reaction of the previous
line

effects within the educts and products. This is again strongly corrected by the
RPAX?2 method, which yields a comparable average error of 1.1 kcal/mol to the
CCSD(T) reference reaction energies as RPA; see Table 8. This is clearly better
than with, for example, the MP2 method, yielding an error of 4.0 kcal/mol or the
B3LYP method with an error of 15 kcal/mol, the latter thus dramatically failing in
describing the considered Diels-Alder reactions [97]. More modern density-
functionals such as the M06 functional or the B2PLYP double hybrid functional
[113] are also much less accurate than the RPA methods considered here: they yield
MAE:s of 3.7 and 5.0 kcal/mol, respectively, for the DARC database if combined
with the D3 dispersion correction by Grimme [91, 97].

As opposed to the G2RC and DARC reactions, for the reactions of the BSR36,
NBPRC and NH76RC databases the SOSEX method tends to describe the respec-
tive reactions better than the RPA method. This is true in particular for the bond
separation reactions of Table 9 and the reactions involving B/N/P-compounds of
Table 10. Again, the RPAX2 reaction energies have significantly smaller errors for
these sets than the SOSEX reaction energies, as can be observed in Tables 9, 10,
and 11.

In comparison to a large number of benchmark results for standard GGA,
hybrid-and meta-GGA functionals as well as double-hybrid functionals (see
[96, 97]), the performance of the RPAX2 method for the selected databases is
remarkable. In order to highlight this, Fig. 24 shows the MAEs of the RPA
methods for the different databases in comparison to the errors of a selection of
other wave-function and DFT methods, namely second-order Mgller—Plesset
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Table 9 BSR36 database: bond separation reactions of saturated hydrocarbons in kcal/mol
System RPA SOSEX RPAX2 Ref.?
5C,Hg — [CeH14]" +4CH, 8.50 9.67 9.84 9.81
5C,Hg — [CH14]* +4CH,4 8.53 9.70 9.66 9.66
5C,Hg — [CH 4] +4CH, 9.97 11.23 11.37 11.37
5C,Hg — [CgH14]* +4CH, 7.87 9.01 9.09 9.04
5C,He — [CeH 4]° +4CH, 7.81 8.87 8.72 8.71
6C,Hg — [CH 41°+5CH, 9.80 11.11 10.95 10.91
6C,Hg — [CeH 1417 +5CH, 11.43 13.00 13.09 13.05
6C,Hg — [CeH14]® +5CH, 10.54 11.96 11.92 11.89
6C,Hg — [CsH14]° +5CH, 11.91 13.40 13.55 13.53
6C,Hg — [CeH14]'" +5CH, 9.87 11.22 11.52 11.43
6C,Hg — [CeHi4]' +5CH, 11.14 12.57 12.99 12.97
6C,Hg — [C¢H14]"2 +5CH, 11.04 12.48 12.92 12.77
6C,Hg — [CH14]"> +5CH, 9.84 11.22 11.30 11.23
6C>Hg — [CeH 41" +5CH, 8.73 10.01 10.30 10.16
7C,He — [CeH 4)" +6CH, 12.70 14.17 15.06 15.05
5C,Hg — [CsH;o] + 5CH, 2.07 2.68 2.13 2.38
6C,Hg — [CsH;5]" + 6CH, 9.77 11.10 10.80 10.67
6C,Hg — [CsH;5])* +6CH, 5.67 6.70 6.12 6.35
7C,Hg — [C7H 41" +7CH,4 13.54 15.36 14.99 14.88
7C>Hg — [C7H 4)* + 7CH,4 9.47 10.82 10.47 10.65
7C,He — [C;H 4] + 7CH, 9.07 10.47 9.92 10.11
7C,Hg — [C7H 4]* + 7CH, 8.06 9.31 9.05 9.13
7C,Hg — [C7H 4] + 7CH,4 9.36 10.85 10.30 10.48
7C,Hg — [C7H 4]° +7CH,4 8.79 10.13 9.66 9.82
11C,Hg — [CoH;s]' + 12CH,4 17.36 19.70 19.42 19.30
11C,Hg — [C1oH;s]* + 12CH,4 8.04 9.52 10.13 9.67
11C,Hg — [C1oH;g]° + 12CH, 13.56 15.55 15.42 15.19
11C,Hg — [C1oH 5]* + 12CH, 23.86 26.90 26.30 26.05
11C,Hg — [CyoH;s]° + 12CH,4 21.34 24.02 23.81 23.45
13C,Hg — [C,Hy,] + 14CH, 25.31 28.51 28.44 27.96
12C,Hg — [Cy,Hau]' + 12CH, 22.96 25.96 25.74 25.41
12C,Hg — [CoH 6] + 14CHy4 25.62 28.48 27.46 27.56
14C,Hg — [C1oHa0]" + 16CH, 36.27 40.52 39.43 39.56
14C,Hg — [C12Ha0)* + 16CH, 29.43 32.75 32.34 32.42
16C,Hg — [C14Ho4] + 18CHy 46.85 52.39 51.25 51.44
18C,Hg — [C4Ha0] +22CH, 43.81 48.64 46.90 47.06
MAE 1.70 0.39 0.14

4CCSD(T)/cbs, see [89]

(MP2), spin-component-scaled MP2 (SCS-MP2) [114], the Becke—Lee—Yang-Parr
three parameter hybrid functional (B3LYP), the Minnesota 2006 functional without
and with Grimmes dispersion correction (M06 and M06-D3) and the double hybrid
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Table 10 NBPRC database: oligomerisations and H, fragmentations of NH3;/BH; systems/H,
activation reactions with PH3/BH3 systems

System RPA SOSEX RPAX2 Ref.*
NH; + BH; — NH;BH; —28.96 -30.32 -30.61 —31.84
NH; + BH; — NH,BH, + H, ~1.20 0.49 —0.32 —0.06
NH,BH, — NHBH + H, 36.56 40.62 37.96 37.27
2NH,BH, — cyc-(BH,NH,), ~17.72 —18.81 ~18.07 —18.94
3NH,BH, — B;N;Hg + 3H, —45.84 —48.33 —47.42 —48.27
3NH,BH, — B3;N3;H,» —42.27 —44.69 —43.58 —45.06
BH; + PH; — BH;PH; —21.01 —23.11 —23.26 —24.40
BH;PH; + H, — [PH,BH,] 40.73 42.19 4139 40.40
BF; + P(CHs); — BF;P(CH;); —13.55 —13.87 —14.44 —14.60
BF3P(CH,); + H, — [P(CH5);H-BF;H]° 19.99 19.15 19.19 18.80
P(CH;); — BCIP(CH3); + BCl, —28.65 —30.98 —30.78 —30.80
BC13P(CH3); + H, — [P(CH3);sHBCI;H]? 18.59 17.17 17.74 17.60
MAE 1.69 0.89 0.68

Energies in kcal/mol
4CCSD(T)/cbs, see [90, 91]
*Denotes a molecular transition state

functional B2PLYP-D3 by Grimme [113], including the D3 long-range dispersion
correction [91]. An inspection of the diagrams in Fig. 24 shows that, with few
exceptions, the RPA methods on average describe the different chemical reactions
in the databases better than corresponding second-order perturbation theory
methods and the selection of DFT methods. This is particularly true if the
(exchange-)RPA errors are compared to those from the standard B3LYP hybrid
functional, which strongly fails to describe the Diels—Alder reactions, the bond-
separation reactions of the BSR36 database and the reactions involving N/B/P-
compounds in the NBPRC database with reasonable precision; see Fig. 24. One can
observe that the more modern M06 and M06-D3 functionals, which contain a large
number of empirical parameters, in most cases outperform the B3LYP method for
the databases considered, but even compared to these methods the RPA and in
particular the RPAX2 method yield smaller errors on average.

The MP2, SCS-MP2 and B2PLYP-D3 methods all contain explicit second-order
perturbation theory corrections to the correlation energy, i.e. involve the terms
displayed in Fig. 15. While the MP2 method accounts for both terms in second-
order completely (but misses all higher order terms compared to RPA methods), in
the SCS-MP2 method these two terms are scaled with empirical prefactors with the
idea of improving the description of parallel and antiparallel spin-component
contributions to the correlation energy [114] (note that the antiparallel and parallel
spin-component parameters pg and py can be easily transformed into corresponding
prefactors for the direct and exchange term of Fig. 15, yielding a factor of (Ps+ Pr)/2
for the direct term and py for the exchange term). The drawback of this correction
approach is, however, that the SCS-MP2 method is not self-correlation free in
second-order because the direct and exchange contributions have different
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Table 11 BH76RC database: reaction energies in kcal/mol

System RPA SOSEX RPAX2 Ref.?
H+N,O— OH+N, —68.56 —71.65 —67.27 —65.08
H+ CH3;F — HF + CH; —26.05 —28.45 —27.49 —26.64
H+F, —HF+F —102.90 —114.05 —104.98 —103.91
CH; + CIF — CH3F + Cl —55.25 —55.73 —53.21 —52.74
F~ +CH;Cl — Cl™ + CH5F —31.31 —36.08 —32.92 —32.65
[FCH;CI]® — [FCH5CI]>¢ —26.17 —31.21 —27.98 —26.73
OH™ + CH;F — CH;0H+F~ —18.86 —20.79 —19.25 —20.11
[HOCH5F]® — [HOCH;F]"¢ —34.76 —37.92 —35.81 —36.24
H+N, — HN, 3.03 4.25 3.99 3.97
H+CO —HCO —19.46 —17.25 —18.37 —19.51
H+C,H; — C,Hs —38.87 —43.02 —40.68 —40.03
CH;+ C,H; — C3H4 —24.37 —28.14 —26.03 —26.12
HNC — HCN —14.33 —12.48 —13.92 —15.05
H+HCl—H,+Cl —8.29 —1.82 -3.03 —3.00
OH+H, —-H,0O+H —11.52 —15.00 —15.04 —16.10
CH;+H, — CH4+H —1.61 —2.60 —2.24 -3.20
OH + CH4 — H,O + CH; -9.91 —12.40 —12.79 —12.90
OH + NH;3 — H,0O + NH, —8.69 —9.41 —10.08 —9.50
HCl+CH;3 — Cl+CH, —-9.90 —4.42 —5.27 —6.20
OH + C,Hg — H,O + C,Hj —12.84 —15.83 —16.33 —16.50
F+H, —HF+H —24.58 —29.93 -30.72 —31.60
O+ CH4— OH + CH; 6.67 7.20 6.16 5.60
H+PH; — H, +PH, —23.45 —22.04 —22.54 —20.10
H+OH—H,+0 —5.06 —4.60 —-3.92 —2.40
H+H,S —H,+HS —16.91 —13.60 —14.38 —13.80
O+HCl— OH+Cl —3.23 2.78 0.89 —0.60
NH, + CH; — NH + CH4 —13.27 —13.66 —13.47 —14.40
NH, + C,Hs — NH + C,Hgq —10.35 —10.23 —-9.93 —10.80
C,Hg+NH,; — C,Hs + NH;3 —4.15 —6.42 —6.25 —17.00
NH, + CH; — NH; + CH3 —1.23 —2.99 —2.71 -3.30
MAE 2.19 2.03 0.83

W1 and theor. est., see [92, 93]
®Denotes a molecular transition state

“Denotes an alternate conformer to the respective educt

prefactors in the original parametrisation by Grimme. As a consequence, the EPV
contributions of the first diagram in Fig. 15 are not properly corrected by the
corresponding cancelling contributions of the second diagram in the figure; see
Sect. 2 for a discussion of the importance of the self-correlation correction. The
B2PLYP-D3 method does not lack this inconsistency, but involves the terms in
Fig. 15 multiplied by an empirical prefactor and mixes them with a local GGA-type
functional as in standard hybrid functionals (this method is therefore also referred to
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Fig. 24 Mean absolute errors of the different RPA methods compared to the corresponding errors
of other wave-function and density-functional theory methods for the different databases studying
reaction energies; see text. Also included in the figure is a diagram showing the MAEs for the
barrier heights of the BH76 set; see Sect. 4.3

as double hybrid functional). While in this way the SCS-MP2 method can be seen as
a correction approach to the MP2 method, since it is based on Hartree—Fock, the
B2PLYP method is more akin to a DFT method which tries to capture long-range
correlation effects missing in standard (hybrid-)GGA functionals.

A comparison of the performance of these second-order perturbation theory-
based methods to the RPA methods for the chemical reactions considered shows
that, with few exceptions, the latter are clearly performing better. This means that
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obviously the inclusion of higher than second-order correlation energy contribu-
tions plays a significant role in the accurate prediction of chemical reaction ener-
gies. It also shows that methods involving empirical parameters such as the
SCS-MP2 method and the B2PLYP method cannot be considered to be as reliable
as the parameter-free RPA methods for the thermodynamic properties considered
here. So the advantage, if any, of these empirical perturbative methods lies in the
fact that, at least if compared to SOSEX or RPAX2, they are computationally
slightly more efficient, because no amplitude equations need to be solved for
calculating the second-order correlation energy terms. So one might assume that
these methods become more attractive than RPA methods for larger systems. Note,
however, that, for very large chemical systems, another point needs to be taken care
of if perturbative methods are applied, namely small or even vanishing band gaps of
these systems leading to strong non-dynamical correlation effects, which can even
lead to a breakdown of perturbation theory methods.

In summary, it can be concluded that the RPA, SOSEX and RPAX?2 methods
describe chemical reaction energies quite accurately if compared to other com-
monly used wave-function and DFT methods. This is especially true for the RPAX2
method which, not unexpectedly, performs best among the three RPA methods and
yields errors which typically lie in the range of 1-2 kcal/mol for all chemical
reactions considered here; see Fig. 24.

4.3 Barrier Heights

In this section, the performance of the RPA, SOSEX and RPAX2 methods for
describing barrier heights of chemical reactions is analysed, i.e. compared to the
analysis of Sect. 4.2 the energy differences between the educts/products and a
corresponding transition state are examined. Since the Hartree—Fock method does
not reliably predict barriers for chemical reactions and yields average and maxi-
mum errors of typically 10 and 30 kcal/mol [103], respectively, an adequate
description of electron correlation effects is of great importance for describing
barrier heights for chemical reactions. Standard GGA-type DFT methods are able to
describe these correlation effects to some extent, but often underestimate barrier
heights on magnitude [92, 93, 103]. The only satisfactory description of this
property seems to require at least hybrid-type functionals [93, 103] which correct
parts of the self-interaction errors of the Coulomb energy in first order; see Fig. 9.
However, the performances of different hybrid functionals for reaction barriers are
very varied and it is difficult to choose between the existing functionals. For
example, the most popular B3LYP hybrid-functional significantly underestimates
barrier heights [93] and it appears to be necessary to derive functionals which are
explicitly parametrised against this property to achieve a satisfying accuracy. The
first such functional developed was the MPW 1K functional [115], which performs
much better than ‘older’ hybrid-functionals for thermokinetic properties.
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Here we examine whether the parameter-free RPA methods are able to describe
reaction barriers with a good accuracy. For this, the reactions of the BH76 database
[92, 93] are considered, which are compiled in Table 12. This table contains both
the activation energies for the forward and reverse reactions, so each column in the
table has two subcolumns (except for the reactions where the educts and products
are identical). The last line in the table again shows the MAEs for the three RPA
methods compared to the reference values of the last column. As with some
chemical reaction databases (see Sect. 4.2), one can see that the description of
electron exchange effects through the SOSEX method does not lead to an improve-
ment over the RPA barrier heights. On the contrary, the average error for the
SOSEX barrier heights is even more than twice as large as the RPA ones. This is
because of a strong overestimation of the barrier heights, most notably found for the
hydrogen transfer reaction in the O---H- .- Cl system with deviations of 18 and
15 kcal/mol from the reference barrier heights, respectively. It is difficult to explain
what the origin of this poor performance of the SOSEX method for this property
might be, yet, considering the reasonable description of the corresponding under-
lying reaction energies of the BH76RC set (see Table 11), one can narrow the
failure of the SOSEX method to a poor description of the transition states, which are
obviously too weakly bound with SOSEX. Compared to this, the RPAX2 method
yields barrier heights much closer to the reference values with a mean absolute
deviation of 1.4 kcal/mol, i.e. even slightly smaller than for RPA; see Table 12.

A comparison of the MAEs of the RPA methods to those of other wave-function
and DFT methods (see Fig. 24) shows that, just as with the SOSEX method, the
MP2, SCS-MP2 and B3LYP methods are also unable to predict barrier heights with
reasonable accuracy. In contrast to this, more modern density-functionals such as
the M06 and B2PLYP-D3 functional have smaller average errors of 2-2.5 kcal/mol,
respectively. The best performance for barrier heights of the different methods
considered is again achieved by the RPAX2 method.

S Summary

Three KS-RPA correlation methods were considered in this work for studying a
number of thermochemical properties. It was found that, compared to a range of
commonly used second-order perturbation theory-based wave-function and DFT
methods, these RPA methods often yield a higher accuracy for chemical reaction
energies. In the case of the direct RPA method, excluding any high-order exchange
interactions, this is a remarkable result when considering the fact that this method
was originally developed for describing electron—electron interactions in the homo-
geneous electron gas in the high density limit. While this system is certainly not a
good model system of a molecule where the electrons are confined in an external
potential stemming from the nuclei, the question arises as to why the RPA can also
be successfully applied to molecular systems? It was argued in this work that one
reason for the good performance of KS-RPA methods is the fact that the Kohn—
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Sham determinant is close to the Brueckner determinant and, thus, to some extent,
includes single-excitation contributions which are missing in Hartree—Fock-based
RPA methods. Kohn—Sham RPA methods can thus be regarded as approximate
Brueckner coupled-cluster doubles methods.

A main advantage of RPA methods over common DFT methods and empirical
wave-function methods such as the SCS-MP2 method [114] is the fact that they are
free from any empirical parameters and that they can systematically be improved.
The latter was demonstrated in this work by using, in addition to the standard direct
RPA method, two exchange RPA methods, which account for electron exchange
effects in second and higher orders, namely the SOSEX [43] and the RPAX2”
method [45]. It has been observed that, with these methods, the description of
thermodynamic properties is often more accurate than with the direct RPA method,
which possesses a self-correlation error in second and higher orders. Furthermore, a
comparison of the performance of SOSEX and RPAX2 themselves shows a clear
advantage of RPAX2 over the SOSEX method. This again can be attributed to the
fact that the RPAX?2 method is more complete in each order of perturbation theory
than the SOSEX method; see Sect. 2. In fact, it has been observed that the RPAX?2
method yields only very small errors for atomisation energies, ionisation energies
and chemical reaction energies, the latter being even more accurate than those from
the CCSD method if compared to CCSD(T) reference reaction energies [45]. This
indicates that electron correlation effects in third and higher orders, which are missing
in RPAX2, are either small or tend to cancel each other in a complete summation of
perturbation theory terms contributing to the electron correlation energy.

In summary, the combination of RPA methods with Kohn—Sham reference states
leads to attractive alternative methods for studying thermochemical properties of
molecular systems.
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Non-analytic Spin-Density Functionals

Martin A. Mosquera and Adam Wasserman

Abstract We examine the integer discontinuity (or derivative discontinuity) of the
exact energy functionals of Kohn—Sham density-functional theory for the spin-
polarized case. The integer discontinuity and its cause, the piecewise linearity of the
energy in the grand canonical ensemble, are required to improve the predictive
power of density-functional approximations to the exchange-correlation energy.
We show how any spin-polarized DFA can be adapted to display the proper integer
discontinuity. The formalism we present here can be used to improve functionals
further within spin density-functional theory and fragment-based formulations
of DFT.

Keywords Derivative discontinuity - Electronic spin - Ensemble - Magnetic field -
Molecular dissociation
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1 Introduction

Density-functional theory (DFT) is employed by scientists to calculate properties of
molecules and materials. The ground-state energy of a system of electrons is used to
predict ground-state geometries, spectra, and forces involved in the dynamics of
molecules. DFT establishes that the electronic density is sufficient in principle to
calculate all ground-state properties. Nevertheless, approximations to the energy as
a functional of the density are necessary in practice to carry out the calculations.
Kohn—Sham theory [1] is the preferred paradigm to search for approximations to
the energy, which is decomposed into several functionals: (1) the kinetic energy of a
system of non-interacting electrons, (2) an energy functional accounting for a semi-
classical repulsion (Hartree repulsion energy), (3) the external energy of the
electrons, and (4) an unknown functional, the exchange-correlation (XC) energy.
This latter functional, if properly approximated, leads to efficient computational ab
initio methods for the calculation of ground-state molecular observables.

Density-functional approximations (DFAs) to the XC energy work well for
atoms and molecules around their equilibrium geometry [2, 3], but challenges
remain [4—6]. Molecular properties such as the energies involved in bond breaking
(or formation) are not accurate enough to describe chemical reactions [2]. XC
energy functionals are also needed to describe molecules involving transition
metal atoms, where the coupling of magnetic moments is non-negligible
[7]. Although the exact energy functional is unknown, its properties are accessible
in some cases. For example, when two atoms are far apart but exchange electrons
adiabatically [8], the change of energy in the charge-transfer process displays a
piecewise linear dependency on the average number of electrons transferred, and
the derivative of the energy is discontinuous at the point where the atoms are in their
neutral state. Most known DFAs fail this simple discontinuity test [9].

The integer discontinuity is found by using the statistics of the grand canonical
ensemble. In this picture, a molecule or atom exchanges electrons adiabatically
with a reservoir. This exchange takes place if the work function of the metal is
tuned to the change of energy when the quasi-isolated molecule loses or gains an
electron [10]. In other words, the energy must be conserved in the exchange of
electrons. The lack of integer discontinuity limits the accuracy of DFA calculations
for chemical systems in general [9]. One can devise 1d systems that can be solved
with standard numerical techniques to illustrate the integer discontinuity. Tempel
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et al. [11] considered a system of two 1d electrons interacting via a soft-coulomb
potential that are subject to a double-well potential, also described by soft-coulomb
electron-nucleus interaction potentials (this model follows a similar one studied
earlier by Perdew [10]). By varying the distance, they noticed a step and a peak in
the potential. The height of the step is the difference between the ionization
energies of the atoms. The step is caused by the ionization theorem, stating that
the highest occupied orbital energy is the negative of the lowest ionization energy.
The peak is produced by the tendency of the atoms to neutralize their charges when
they are separated by a large distance. Because standard XC functionals miss this
peak, the atoms render fractional charges instead.

The need for better spin-resolved electronic structure methods for solids and
molecules is justified by applications in engineering, where tools to design and
model ferromagnetic materials are needed. Devices based on magnetic materials
are useful for health, information, communication, and computer technologies.
Molecules and solids can be found in states of high spin-multiplicity (especially
during chemical reactions), not just doublet and singlet states (for example, ferro-
magnetism in molecular chemistry [12, 13]). For development of quantum com-
puters, molecules with high spin moments also need to be modeled [14].

SDFT is the de facto method for molecular calculations, yet most studies on the
derivative discontinuity focus on the theory of functionals of the total electronic
density. On the other hand, for dissociation of molecules, spin-polarized DFAs fail
to yield products in their neutral state; in addition, they predict the products to be in
a mixture of spin states, giving rise to non-natural spin moments on each fragment.
The motivation for the piecewise linearity of the energy also derives from lattices
when considering their unit-cell with its molecules or atoms at large separations.
The electrons in these systems can hop from one subsystem to another. Projection
of the wavefunction onto a state where the electrons are localized gives the
probability amplitude that the system is found on such a state. In the case of a
gas, we could assume that the collisions between the molecules change their spin-
momentum in a random fashion, such that the grand-canonical ensemble prescrip-
tion applies to each atom or molecule.

In this work we consider the ensemble formulation of SDFT. We show how
the exact energy functional with integer discontinuity can be constructed. The back-
ground formalism to define the spin-polarized density functionals of this work is
presented. A formula for the XC energy functional in the ensemble is shown, which
follows from work developed by us in [15] which introduces the integer discontinuity
to the exact XC energy functional and permits extension of any DFA to feature
the integer discontinuity. We also extend the Levy constrained search to the zero-
temperature ensemble; our definition does not use density matrices but wave-functions
over the Fock space. Finally, we discuss how partition spin-density-functional theory
[16] can be used to satisfy the constraints of molecular dissociation.
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2 Definitions

The state of a system of non-relativistic electrons is determined by a normalizable
wave-function that decays rapidly in the asymptotics. If the number of electrons is a
positive natural number J, then the wave-function depends on 4J Cartesian coordi-
nates: three spatial and one spin coordinate per electron. The wavefunction is a
member of the Hilbert space of antisymmetric wave-functions that are square
integrable, and vanishes in the asymptotic region. For convenience we employ
spaces of kets throughout this work; we denote the Hilbert space of kets
corresponding to J electrons as J;, and the symbol lys) represents a member of H;.

Most of this work concerns states with a number of particles in the positive real
line. Hence, we require the Fock space (JF), formally defined as

F=a 3,
=0

where J¢,, for convenience, is the set of complex numbers, assigned to states with
no electrons. The operators corresponding to the physical observables of the system
are expressed in terms of creation (y | (r)) and annihilation (7 ,(r)) operators; they

satisfy the anticommutation relation {lﬁn(r),lp; (r')} - 56615({ - r), where ¢

denotes the spin-coordinate, | or | for electrons.
To complete the definition of our system of electrons, let us introduce the
Hamiltonian:

H,=H,+ [d3rﬁ(r)v(r). (1)

H is the internal energy Hamiltonian. In the absence of spin-orbit and spin-spin
couplings, Ho=T +W, where T and W are the kinetic energy and electron—
electron repulsion operators, respectively. The spin-density operator is expressed as
it 5(r) =y L (r)y ,(r), and the total density operator is 7 (r) = 7i1(r) + 7 | (r). The
1-body external potential v represents the interaction between a single electron
and the nuclei (whose positions are fixed). The Hamiltonian operator is thus deter-
mined by the 1-body external potential.

Let M be a natural number (including 0) that runs over the number of
particles, and k be a vector running over the quantum numbers of the system.
Suppose {lyyx)} is a basis set for the Hilbert space J,, for M=1, 2, .. .. Define
the Liouville space £ as the set of density matrices of the form

= MQ?ka)M,k l//M,k> <‘/’M,k|’

oy,x > 0and ZM,kwM’k = 1. For a given basis set, a density matrix is completely

determined by the weights {wx}. Let N ,,:JdSrﬁg(r) be the operator
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corresponding to the measurement of the number particles with spin o. The operator
for the total number of particles is

N:NT+Nl'

If two kets lyyy) and lyy) (M, M' € N and M # M’) are eigenkets of the particle
number operator (N ly ;) =jly;), j =M, M'), then they are orthogonal, () =0.
A ket ly) in the Fock space is expressed as a direct sum of kets belonging to
different Hilbert spaces:

lw) =col0) Der|w,) ®ealys) @,

where the coefficients {c;} are complex.

3 Variational Principles

For a given number of electrons J € N, the ground-state energy and ket are obtained
by infimizing the average energy of the system {w|H ,|y) over the Hilbert space
JL;. Let e be the functional defined by

),

ly) € F. For systems with any number of particles N € R, the ground-state energy,
Ey, reads

eflw)i v] = (vl

Eo(N; ) = inf{e[|w); v][{w|N [w) =N, |y) € F}. (2)

The Hamiltonian H, is particle-conserving, [N ,H V] = 0, a property allowing us
to write the functional e[ly); v] as follows:

ellw); v] =D omellw); v, (3)
M=1
where wy; = Ichz. Hence, the infimum in (2) is written as
Eo(N; V) = inf{ > ouEo(M; )| > Moy =N,y oy =1,0 < oy < 1},
MeN M=1 M=1

4)

where
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Eo (M; [v]) = inf {e[|yy); v] ||wu) € Fn}.

The above is the energy of a system with discrete number of electrons, i.e., the
energy of an isolated molecule.

A density matrix I' € X£ is a combination of subdensity matrices':
f = W0|0><0| +W1f1 + szz + ey

where
ZWM k|WMk Y, k| ZWMk =L
k

This corresponds to expressing £ =L@ £, D L, @ - - -. The set £, is the space
of M-electron density matrices. If T"y € £y, then [N , lA“M} = 0. Consider the
following functional:

,g()[f‘;\/} :TI'[ vl:‘}, (5)

which also describes the energy of a system with any number of particles.
Expanding I' we find that

= Z Wieo [fM; V]

MeN

The above equation is similar to (3); the difference is that e [fM; v] is a linear
combination of ensemble energies of systems with a discrete number of electrons,
whereas (3) is a linear combination of pure-state energies. By the variational princi-
ple, the infimum of ¢ over density matrices in £, for a given potential v is equal to
Eo(M;v). Therefore, the ground-state energy can be alternatively calculated using

Eo(N;[v]) = inf {&o [['; v]|Tt[NT'] =N, T € £}. (6)

For a real, non-integer, number of electrons, the solution of the minimization of
¢, under the constraints shown in (4), is a linear interpolation of the energy of the
states with the nearest integer number of electrons. Hence, if J <N <J+1 (J € N),
the energy is given by:

"In this work by “subdensity-matrix” we mean a density matrix corresponding to a state with
strictly an integer number of electrons.
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Eo(N; ) = (1 =w) Eo (J; P]) + wEo (J + 15 [V]), (7)

where @ =N — J. In general, the above result for the energy can be re-expressed as

Eo(N; V]) = ) y(N — M) Eo(M; ).
MeN

The definition of the function y is

1 x=0,

1—-x 0<x<1,
1+x —1<x<0O,
0  otherwise.

yx) =

The averaging formula (7) holds if Eq(N;[v]) is convex. For two particles Ny, N,
S R+ with N2 >N1:

Eo(tN1 + (1 = 6)Na; [v]) < tEg(Ny; V) + (1 =) Eg(N2; [v]) 0 <2< 1.
For some J € N,if Ny, =J—1,N,=J+1, and ¢t = 1/2, the above relation turns into

1

E(J; b)) <5(Eo = 1; D) + Eo ( + 15 ).

This is referred to as the convexity assumption. No counterexample to this assump-
tion is known for electronic systems under Coulomb repulsions. In general, any
observable of the system becomes a linear interpolation; for example, if {n,,} are
the ground-state densities of the system under v for M € N, then the average density is

n(r) =" y(N — M)ny(r).

MeN

The chemical potential is given by

polM: ) = o (OV: ).

This function shows a step-like behavior with respect to the number of electrons:
po(N; ) = E([NT; ) — E(IN]; [V]) N¢N,
[1and || are the ceiling and floor functions, respectively. In the special case where

the molecule is neutral for J electrons, the chemical potential around J is the
ionization of the system, or its affinity; the discontinuity of the chemical potential is
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lim g (7 + AN: []) = pig (7 — AN: [v]) = I[v] — A

where I[v]=Eo(J — 1; [v]) — Eo(J; [v]) is the ionization, and A[v]=Eq(J;[v]) —
Eo(J+1; [v]) is the affinity. The quantity / —A is the fundamental gap of the
system [17].

The energy obtained in (7) corresponds to the average energy of a molecule in
the grand-canonical ensemble. An ensemble of molecules that are distantly sepa-
rated is considered (the molecular geometry can be regarded as static). The mole-
cules are also in contact with a distant reservoir of electrons, i.e., a metal surface.
When the temperature of this ensemble of molecules is 0" K, and the chemical
potential of the system is — A[v], each member of the ensemble has either J or J + 1
electrons. On average, the number of electrons per molecule is a real number
between J and J + 1. An alternative interpretation is the following. A single, neutral
molecule is placed in contact with a metallic reservoir. If the work function is tuned
to the affinity of the molecule [10], then at 0" K the molecule exchanges electrons
with the surface.” Time-averaging of the number of electrons yields a real number
between J and J+1; the averaged energy of the system, in the ensemble and
temporal cases, is thus given by (7).

4 Restricted Spaces

The o-density (n,) corresponding to a state with J; spin-up and J| spin-down
electrons derives from a normalized wavefunction y € I, T+,

ns(r) =J, Z Jd3r2 . ..d3r‘,|y/(ra, ros, ...,r,a‘,)|2.

02,...,0J,

This implies n,(r) >0, Vr € R, and f d’r n,(r)=J,. For a given pair of spin-
densities n,, there always exists an antisymmetric wave function yielding such pair
of densities; such a wavefunction is a Slater determinant formed by spin-orbitals
{lpro )1, k € N satisfying [18]:

Balt) = [ exp ik £ (). ®

where f is a function chosen to satisfy orthogonality when integration in spatial
coordinates is taken. If the J,; are integer numbers, then the spin-orbitals of the form

2 The described ensemble is not a truly zero-temperature system because the spin-interactions are
neglected.
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shown above can be used to construct a single Slater determinant. If the spin-
densities do not integrate to an integer number, or the total number of electrons is
not an integer, a proper combination of Slater determinants using excited spin-
orbitals is required.

For the spin-orbitals of (8) to be physically meaningful, they must have a finite
kinetic energy. This requires: fd3 r |V\/n_g(r)| < 0o, which is equivalent to
demanding that |V \/n] is L' (R3) Hence, the set of physically acceptable electronic
densities is

D={ner! (&)|n>0,[Vn'?|eL! (&), [nert}.

To define density functionals, in general, the Fock and Liouville spaces are
restricted to sets of states corresponding to a given density. Let us introduce

G ([n], o) = {|w) € F (w|Aq(r)|y). = n(r),vr € R?, n € D},

Ge([n], 0) ={T' € F|Tr{Tii,(r)} = n(r),Vr € B>, n € D}, 9)

where in the spin-unpolarized case we denote Gy([n], O),U = F, Las the restricted
set for the total density; the operator 71, is replaced by 7 when ¢ = O. For a pair of
spin-densities ny, n € D we define

Gulny,n] =6Gu([m], 1) NGu([n],1); U=F,L.
5 Density Functionals

5.1 Spin Unpolarized Case

For a given density n € D, the infimum of the average value of H, over the space G
([n], O) is a density functional, F,. When evaluated at #, it reads

Fuli] = inf {(w|A o|w)||w) € G (1], 0)}. (10)
If the infimum is sought over Gy ([n], O), the result is given by F ul[n]:
Fuln] = inf {Tr[H o[']|T" € G ([n], 0)}. (11)

Both functionals, F, and F u, are valid for any positive, real number of electrons.

Nevertheless, the functional F, is a search over the density matrices of the grand-
canonical ensemble. The functional F,, on the other hand, is a mixed quantum-
ensemble search: first one searches over the wave-functions corresponding to
integer number of electrons; then one searches over the positive weights of the
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states with integer numbers of electrons. The functional F, is an extension of the
Levy functional [19]:

Fuln] = inf {{y|H ofw)| (| (1) |w) = n(r).Vr € B,y € Oy},

where N = f n € N. The functional F u,» on the other hand, extends the Lieb—Valone
functional [20, 21]:

Fv[}’l] = inf {ﬁ (S Ij‘n | Tr[ﬂof‘], JdSr I’l(l‘) S N} .
5.2 Functional Derivatives and v-Representability

The inner product for any pair of real-valued functions defined over R? is obtained
as follows. Let f and g be two real-valued functions. Then

(f. ) = Jd% £(0)g(r).

Suppose U is some space of functions and G : U — R. Consider two different
functions f and % in U. The differential in the A direction, §,GIf], at f is defined as
(22]

5iGlf] = lim w _

If this limit exists for any 4 € U then the function is Gateaux-differentiable at f.
Additionally, the space U must be equipped with a locally convex topological
vector space (a set S is convex if for two points in S, x, and y, the point #x
+ (1 —¢)y for any 7 € [0, 1] is in S as well). The convexity requirement is necessary
for a Gateaux derivative to exist [23]. The functional derivative 6G/df exists if we

can write
5:G[F] = <§ 7. h> = [ar % ] 0 (r)

for any ]~”, hin U.

Let Dy, C Dbe a subspace of densities integrating to M electrons, where M € N.
The functional Fy over D, is + oo if the density at which Fy is evaluated is not in
Dy, Because of this property, Fy is not Gateaux differentiable because if n is a
density in D,,, then one can always find a direction in b such that 7+ €b is not in Dy,
regardless of how small ¢ is, implying that the differential 6F/6n does not exist
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[24]. On the other hand, for perturbations of the form n+¢b that are in Dy, the
directional derivative does exist, which indicates that the term 6Fy/6n must be
interpreted under exceptional restrictions.

A density 7 is said to be pure-state v representable [25, 26] if there is a potential,
v, giving rise to a non-degenerate ground-state ket ly), such that n(r) = (wli (r)hy )
and H ) = Ely). This definition can be extended to the Fock space for densities
integrating to real numbers. If there is a ly) € G ([n], O) yielding n, and for which
(y| Holy) is an infimum over G ([n], O) and (w! H,ly) is an infimum over F, then
we refer to n as Fock-space v-representable (FSVR). On the other hand, if there is a
density matrix in G ([n], O) that gives n such that Tr [I:] Of] is infimized with

respect to Gy ([n], ©) and Tr[H ,I'] is an infimum over £([n], O), then we say n is
ensemble-v-representable (EVR). An FSVR density is EVR because one can write
the density matrix as a combination of pure-state density submatrices. Nevertheless,
an EVR density may not be FSVR.

There is a map u from the set of FSVR densities into the set of physical
potentials. If n is FSVR, then u[#] is the potential representing such density. Now
define the following functional, valid for FSVR densities:

Flnl = Eo (N; [ul) - jd n(r)u(r) (12)

where N and u on the right-hand-side of the above equation are evaluated at
n (N= [ n). Let

n=n +em
be a perturbed density, where ¢ is a small real number and m is a perturbation
satisfying [ m=1, and let v=u(n),N = N[n]. We assume there is a potential v/ =v

+6W+0(€2) [24] that represents the density »’. The differential of f at n in the
direction m is

Suf ] = SuE(N: 1)) — 5nljd3rn(r)v(r). (13)
Following the steps in the Appendix, we find

Suf ] = u(N: [V]) — jd3rm<r>v<r>,

B (14)
= Jd3r (,u(N; [v]) — v(r))m(r).

This result suggests that under the v-representability condition in the Fock space
we obtain
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and

;ﬁs) = u(N; [u]).

This result is valid if N is not an integer, and implies that the functional derivative of
E is discontinuous (non-analytic) with respect to the number of electrons.

The functional derivative of the functional Fy evaluated at a certain EVR
density, under the special restrictions mentioned above, is a constant minus the
external potential which represents the density. Notwithstanding, not every density
is EVR nor is Fy differentiable at every density. Alternative formulations to avoid
the differentiability, and/or representability problem, are reported in the literature.
Chayes et al. [27] showed that discretizing the coordinate space into a lattice and
formulating quantum mechanics in such a lattice solves the v-representability
problem. Examination of the limit when the grid spacing tends to zero leads to
recovered derivatives and potentials. Ayers [28] suggested that any non-v-repre-
sentable density can be approached from a sequence of v-representable ones. Kvaal
et al. [29] added a small term to the energy that penalizes largely oscillating
potentials. For an arbitrary strength of the penalty, the differentiability is recovered,
and by analyzing the limit when the coupling goes to zero one recovers the physical
quantities of interest. The price for differentiability and/or v-representability is an
extra operation that maps the system out of the troublesome regime and then brings
it back by some limiting procedure (or extra operation). This also applies to time-
dependent density-functional theory [30-32].

In the exact framework discussed here, there is thus a problem of representability
and differentiability. In practice, however, neither exotic densities nor the exact
energy functional is accessible, except in very special cases. The space of densities
is severely constrained by computational limitations. The problem solved in prac-
tice is a minimization over a set of expansion coefficients, Cy, C|. A differentiable
energy functional is constructed (i.e., the LSDA energy) and then the KS orbitals
are expanded in terms of a truncated basis of Gaussian functions. The resulting
problem is that of minimizing S(CT, C)) subject to a normalization condition, a
nonlinear optimization problem. In principle, one would search using a convenient
algorithm using derivatives of the function &, requiring functional differentiation as
an intermediate step through the chain rule. The search for the best expansion
coefficients, however, is performed in practice by self-consistent solution of the KS
equations; convergence within this scheme is challenging [33, 34]. Symmetry-
breaking must be properly addressed. In addition, near avoided crossing points
the HOMO-LUMO gap might be small, causing convergence problems.
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6 Spin-Polarized Density Functionals

6.1 The 2-Potential

For a system of electrons interacting with a static magnetic field B, the Hamiltonian
is written as

H[v,B]|=H,+ Jd3r [m (r) - B(r) + 7 (r)v(r)],

where m (r) is the local magnetization operator: m (r) = %Zw,y?j;(r)o-mry}”/ (r),
where ¢ is the Pauli Spin-matrix vector. The conditions of the HK theorem stating
that there is a one-to-one map between ground-state densities and external poten-
tials can be extended and analyzed for systems under static magnetic fields. The
constrained-search density functional, analog to F, is defined over the set of kets
that yield the local magnetization m(r) and density #(r). The resulting functional is
then employed to introduce the total-energy functional depending on m and n.
Although there is an energy functional depending on the (m, n) pair, the 1-1
correspondence between (m, n) and (v, B) is absent if the ground-state ket ly) is
common to another system subject to a different combined magnetic-scalar field
pair [35]. In other words, there is not a 1-1 map if one can find a perturbation AB,
An such that [[rii(r) - AB(r) + 7 (r)Av(r)]ly) = Cly), ly) remains the ground state of
the system under the potentials B+ AB and v + Av, and C is a constant. Therefore,
the energy functional regarding the local magnetization and electronic density is
many-valued. Nevertheless, in the presence of non-collinear magnetic fields, the
1-1 correspondence is preserved [36].
Suppose B(r) = (0, 0, B.(r)), and set

V() = (1) + 5800
1

() = () = 3B:(r).

These potentials allow us to write v=v;+v, and B, =2(v; —v|). We define the
Hamiltonian for the electrons in the collinear case as

HvV]=H,+ Jd3rv(r) -n (r),

where v=(vq,v)) andn = (ﬁT, n L) .H [v] is the Hamiltonian of main interest and we
introduce spin-density functionals based on it in the next sections.
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6.2 Lowest Energyin Terms of the Number of Spin-Electrons

Let N be a vector of two components, the number of spin-up (V;) and spin-down
(N)) electrons. For N= (N, N)), Ny, N| € R™, let E be energy:

E(N; [v]) = inf{¢[[; v]|[(w|N |y) = N.T € £}, (15)

where E[f“; V] has the same form as ¢, except that H, is replaced by H[v] in the
r.h.s. of (5). To calculate E(N; [v]) one first minimizes over the subdensity matrices,
and then over the weights, leading to the linear-programming problem:

minz wmEMm[V]
™M
S.t.ZWM =1

M
ZMWM:N
M

OSWMSL

Upon specification of N and v, solution of the above linear programming problem
yields the average energy of a system in the ensemble as a function of N and v.
Unlike the case of spin-unpolarized systems, there is no simple convexity assump-
tion allowing us to derive an analytical expression for the energy as a function of the
average number of spin-electrons, N. For example, introduce N =N;+N, and
S.=1/2(N; — N)), and suppose N is fixed. For a neutral atom such as carbon the
energy along the pairs (N, N|) is not strictly convex because the energy tends to be
minimized according to Hund’s rules [37, 3’8],3 giving a flat line between states with
N, =5, 6, 7. For the carbon anion [40—42] the ground state is a quartet; if N is fixed
as 7 then there is a flat line between N| =2, 3, 4, 5.

Balawender [43] performed an analysis in the grand-canonical ensemble of spin-
electrons, and Malek and Balawender [44] studied the bi-spline interpolations of a
set of molecules using several spin-polarized DFAs. They found that the energy as a
function of S, and N is a series of triangles with derivative discontinuities at the
edges. The pattern in which the triangles form varies depending on how the energies
of the pure states distribute. Malek and Balawender [44] offer explicit formulas for
the chemical potentials in the different types of triangles. These formulas are useful
for the explicit calculation of the derivative discontinuities. Because the disconti-
nuities are system-dependent, we approach the problem in a more general fashion,
such that the formalism is compact.

The minimum finite element for interpolation in 2d surfaces is a triangle; one
needs three different points to form a plane. We thus assume that the energy E(N;
[v]) is formed by averaging the energies at the vertices of the corresponding

3 Here we use Hund’s rules as a guide. Exceptions to these rules are known [39].
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triangle. Let A, be a triangle used in the interpolation. The domain of E(N; [v]) is
then U A,. Denoting A, B;, and C; as the vertices of the triangle we find that

E(N; [v]) = wa, E(Ag; [V]) + wp, E(By; [v]) + we, E(Ci; [V]).

To simplify the notation let V(A;) = {A;, By, Ci}. The average number of spin-
electrons is

N = Z WMM.

MeV(Ay)

An important feature of the triangles is that they are determined by a functional of
the 2-potential v.

Suppose N lies in a triangle whose vertex with the lowest number of electrons is
Ay, a singlet state (A=A, ), and let

w; =N; — Ay k.
IfBy=(A s, A1 x+1)and C, = (A| 1+ 1, Ay), then the energy of the system becomes
E(N;[V]) = (1 —w; — ) )E(A; [v]) + 01E(A £ ep;[v]) + 0 E(A £ e;[v]).
Now assume vy =v,. If we let
w=w + o,
we recover the PPLB form:
E(N; [vV]) = (1 — @)E(A; [V]) + 0E(A £ e [v]).

It should be noted that one can add e; or e to A in the argument of the last term of
the above equation and the result remains the same because v; =v,. In general, the
energy surface as a function of the spin-electron numbers is piecewise bilinear,
where the surface is a union of triangular elements.

6.3 Spin DFT

The spin-densities are used instead of the total electronic density to perform
calculations in SDFT, hence the name. Denote the 2-density as a vector n(r) =
(n4(r), n)(r)). The energy is expressed as
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Elniv] = Fln] + [&r (3 (0 () 4 v1 (0 (). (17)
In a similar fashion to the spin-unpolarized case, the functional F[n] is defined as
Fln] = inf{Tr[ﬂof} T e @x[n}}.

For a given 2-potential (vy, v)), (17), when minimized over the spin-densities, yields
the ground state of the system. However, it should be noted that the Hohenberg—
Kohn theorem does not apply for the map between 2-potentials and 2-densities
because there can be two different sets of spin-densities that yield the same total
electronic density [35].

If there is a 2-potential u, yielding n, for which the following quantity exists:

Eln] — inf{Tr[ TR TN ] = [n 1 e ;c},
then n is ensemble 2-v representable (E2VR). The infimization to calculate Eis
performed only over density matrices yielding [ n pairs of spin-electrons.

The 2-potential u is a functional of the E2VR spin-densities. LetT"" [n] (for E2VR
densities) be defined by

£ *[n) :argmf{n[mum Te[NE] = Jn,f e ;a},

where I"“[n] is a density matrix that minimizes the quantity Tr| [u]f] under the

mentioned restrictions. Around the pair M, I “[n] obeys

= > wul ynl. (18)
MeV(A[n])

The submatrices f;,l[n], M € V(A[n]), give rise to three densities at the vertices,
{np} M € V(A[n]). Now define the projector I 5, for J € N2, as follows:

iJ = ; |U/J,k><'//J,k|7

where {lyy)} is a complete basis set with <1//J,k ’N ’wJ,k> = J. We extract the
densities of the discrete states (those with strictly integer number of spin-electrons)
of I' [n]:
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ny(r, [n]) = Tr[7 ya (r)I" “[n]].
The energy of a discrete state in the ensemble is obtained in a similar fashion:
&y[n] = Tr[I A [u]l *[n]]
We limit the free-energy functional to E2VR 2-densities:

F[n] = &[n] — Jd3r u[n|(r) - n(r).

Insertion of (20) into the above equation yields the recursive relation:

Finl= > wwFlnu]. (19)

MeV(A[n])

For simplicity, suppose that w;+w| <1 and w; >0, w| > 0. Following the steps
shown in Sect. 5.2, it can be shown that

oF
Sng(r)

[n] = p5[n] — u[n](r)

For this result to hold, the vertices of the triangle must be the same upon perturba-
tion of the 2-density.

The chemical potential y,[n] is a function of the energies at the vertices. In the
simple case where the triangle is By =(A}, A1+ 1) and C, = (A, +1, Ay):

Holn] = Exve,[n] — Exln],

which is the energy released when a spin-electron is added to the system in the
lowest energy state A.

7 Integer Discontinuities

The results presented in this section generalize the work of [15]. Let us consider the
variation of F:

oF
3.9

SmF[n] = lii%émn + em] — Fln]] = Jd ad

n](r) - m(r),

where
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oF oF oF
on(e) ™ = (5m(r) ) S [“])'

From the results of the previous section we infer the following. The variation 6,,F
displays a discontinuity at the points where non-coplanar triangles join. In some
cases the discontinuity is present at the points where the spin-electron numbers are
integers. 6F/on, also displays discontinuities.

Suppose | n is located at a joint-point, u is the potential representing n, and
N = [ n. We define the following the DD measure:

[ +€ oF

srll) = iy 50 o] =520

el0 Sy (r)

where n¢ is determined by the potential u, fixed at the joint point, and N & ¢. The
discontinuity is thus taken along a path of ensemble ground-state densities. In this
case we set the external 2-potential as fixed and only vary the number of electrons.
Therefore

Ar o[n](r) = p [n] — p; [n],
where
i) = g £ ).

The discontinuity of the functional derivative of F is independent of the position r.
In the special case where u; =u|, and Ny =N, or IN; — N |=1, the DDs of F are
each the fundamental gap of the system. In contrast with spin-unpolarized DFT, the
above results for the functional derivative of F carry a caution: there can be another
2-potential u’ that differs from u by more than a 2-component constant vector,
yielding the same density n.

One can define a DD that depends on the directions used to perturb the density.
For example, if two E2VR 2-densities m* and m™~ are considered, the generalized
discontinuity 6F/én,[n+em™] — 6F/én,[n—em™], as ¢ | 0, is not related to the
fundamental gap of the system at n because m* and m™ are arbitrary variations with
arbitrary density decay in the asymptotics; the generalized DD of F is a function
that depends on position.

7.1 KS SDFT

In spin-unpolarized KS-DFT, a system of non-interacting electrons is subject to an
effective potential such that its electronic density matches the ground-state
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electronic density of the “real system”. The extension of this formalism considering
spin-densities is thanks to von Barth and Hedin [45].
The kinetic energy of a system of non-interacting electrons is

[n]}.

This kinetic energy functional averages over the triangle of the density-functional
F. It is convenient to introduce the following space:

T[n] = inf{Tr [Tf]

A density is said to be non-interacting ensemble 2-v representable if there is a
potential ug such that there is a density matrix satisfying

['[n] = a.rgmf{Tr[ q[ug}f]
Tr[[;[na (r)] =n(r),

TNF] = [ f ez:A},

where H, is the Hamiltonian of the non-interacting system of electrons:
Hu]=T + Jd3rus(r) A (r).

The density matrix can be decomposed as

=) waliy (20)

MeA[n]

Note, however, that the density matrix f: comes from a different constrained search
than I ", and the projected densities of the form

nys[n](r) = Tr{/ya (r)T"{[n]}
are not necessarily the same as those extracted from I *(n). In the case where the
spin-electron density n integrates to integer number of spin-electrons, for example

Jn=M, ny=nnm.
For a non-interacting E2VR density n, the KS equations are

(573 ) ) . (6) = el ),

the spin-densities of the system being obtained from
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no(r) = > wungm(r).
]

MeAn

This averaging of densities is similar to that of Ullrich and Kohn [46], who
presented an extension of the KS theory for densities that come from degenerate
orbitals, for example, those of atoms with non-zero total angular momentum. In
such a case, the HOMO level is manifold, where each orbital is assigned an
occupation number. In our case, we are assigning weights to spin-densities that, if
required, are already averaged over spatial degeneracy, according to the formalism
of Ullrich and Kohn [46].

Suppose that the number of spin-electrons lies in a doublet-singlet triangle, such
as the one used to recover the PPLB averaging in Sect. 6.2. To minimize the kinetic
energy of the system, each level is fully occupied ( fx , = 1), in increasing order, and
the highest occupied level is assigned an occupation number w, (the remainder
levels are not occupied; this is valid as long as the highest occupied energy level is
non-degenerate). Therefore

ka?a =M, + w,.
K

The non-interacting projected densities are

o) = 3 (Jowsf fo, 0] )

fully occ.

2
0 Moye, () = ng m(r) + |‘/)HOMO,6’ (r)e,.

At non-interacting E2VR densities (and directions), the functional derivative of
T, becomes

oT
Sng(r)

[n] = :us,a[n] - MS,”(r)7

where y , is the chemical potential of the channel o. It is a function of the HOMO
orbitals of the states at the triangle vertices; for the single-doublet triangle the
chemical potential is the HOMO energy of the state M + e,. Assuming that ug gives
bound states and that it goes to zero in asymptotics, we obtain the discontinuity

T

571,;([‘) [n — n;E:I

T

Az 4(r,[n]) = lim [n+n}] —

€l0 8n,(r)
= 'uirr[n} _ﬂ;(f[n]’

The functional F is expanded as follows:
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F[n] = Tg[n] + Euxc[n], (21)

where Eyxc is the Hartree-exchange-correlation spin-density functional. By
definition,

EHXC [ll] = EH [ll] + EXC [l’l]7
where
1 cn(e)n(r
En[n] = _Jd3rd3r non(r)
2 [r —r'|

and Exc is the exchange-correlation energy. The Hartree energy does not display
derivative discontinuity, implying that the integer discontinuity of the XC energy
functional is

Axc,o[n] = Az, [n] — Az, ,[n]
= (uf ] — ;) — (4, In] — pg ,n)).

By inserting (21) into (19) we arrive at

Tin] + Enxcn] = Y wm(Tinu] + Enxc[nu).-
MEV(A[r])

Expanding T we find the formula for the HXC energy:

Euxc[n] = Z wm(Ts[nm] — Ts[ng m] + Enxc[nm]). (22)
MeV(A[n)

This is a recursion relation between the HXC energy of the ensemble density, the
HXC energy of the systems with discrete number of electrons, and a residual term
produced by the different density matrices used (i.e., those involved in the
constrained searches defining Ti[n] and F[n]). The densities {ny} are obtained
by projections based on the minimization of H,. However, for practical computer
calculations the explicit use of W is quite expensive. Hence we define

G[n] = inf Z wmGlnm],
M Al

where
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Glnm] = inf Tr {fM (T + Jd3ruch[nM}(r) ‘n (r))}

I'v—ny

The optimal densities at the vertices are now obtained in the search defining G[n],
without the use of Ho, provided an estimation to uyxc is given.

An approximation to Eyxc for states with integer number of electrons and the
density-relaxation terms T[ny] — T5[ns p] need to be inserted on the r.h.s. of (22)
to recover the discontinuity of any density-functional approximation. In dissocia-
tion of symmetric radicals, fractional average numbers of electrons emerge on each
fragment. The XC energy averages over the XC energy of the pure states and over
the relaxation KS kinetic energy. The latter is a term often ignored in the literature.
Relaxation of the orbitals is required to yield the electron densities at the vertices.
This can be particularly challenging for small atoms, where self-interaction and
correlation errors can lead to unphysical unbound anions; recall, the densities are
usually sought through a single self-consistent solution of the KS equations [4]
(although non-self consistent densities seem to be useful in these cases [4]).

So far, the various spin-orbit interactions have been omitted. Inclusion of these
interactions in the internal Hamiltonian is allowed. We must say, however, that the
HXC energy accounting for these relativistic interactions is different from the
traditional one. Even if the exact HXC functional in the absence of these couplings
is employed, the results are inexact; a proper XC energy functional must be used for
the magnetic couplings. The total spin is not a constant of motion if relativistic
interactions are considered. Therefore, the ensemble-averaging does not necessarily
involve integer states, but fractional ones. In atoms, alternative constant of motions
are more adequate such as the J quantum number.

8 Molecular Dissociation

Suppose two fragments are isolated from one another. The total density of the
system is the density of the sum of two localized densities n; +ngr such that
J mL-ng=0. Then the energy obtained using a local or semi-local XC energy
functional is size-consistent:

EA [DL + I'IR] = EA[IIL] + EA [HRL

where E® is an approximation to the energy. The LDA and GGA functionals suffer
from self-interaction error (SIE). When N = 1, the XC energy does not cancel the
Hartree energy; the electron density repels itself.

Let us analyze the case of a simple one-electron system, Hj . Assume that the
nuclei are well separated and the ground-state density is a linear combination of the
kets lyy ) and hyg), which represent the electron being around the left and the right
nucleus, respectively. The state of the system at infinite separation is
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lw) = cLlwr) + crlwr),

where the coefficients only need to satisfy I I* + lcgl* = 1. On the other hand, if the
separation is taken from the equilibrium distance step by step until approaching the
infinite separation, the coefficients tend to IcLI2 = IcRI2 = 1/2. The energy at disso-
ciation reads

1 1
E[n] — EEL [nll_] + EER [nlu,

where n/, ,(r) = Wa.o| (r), @ = L,R. The LDA functional, for example, does not
satisfy the above condition. If one scales the density of a fragment as

a,0°

J (vana,g)M 3= yf/ SJn“/ 3, one finds that the relation is not linear; the correlation

energy also displays a nonlinear dependency.

At infinite separation the total energy splits into a weighted sum of energy
functionals of the isolated atoms (or fragments). This result is obtained if the energy
functional is defined in terms of density matrices or kets. The use of density
matrices, however, has several advantages: (1) there is no need to constrain the
analysis to dissociating molecules and (2) ensemble-v-representability is stronger
than the pure-state one. Nevertheless, the results are the same at the ground state of
the molecule.

Vydrov et al. [47] have illustrated the spurious minimization of energy with the
XC PBE functional, spin-polarized case, for lithium hydride. Any neutral diatomic
molecule dissociates adiabatically to produce two neutral atoms. The PBE spin-
polarized functional, when used in self-consistent KS-SDFT calculations, does not
yield two neutral species, but two partially charged atoms, i.e., Li***+H™%*. This
result is unphysical, and calls for a proper correction. Long-range corrected func-
tionals achieve this task by allowing the local exchange to act only around each
nucleus, although non-local exact exchange accounts for the long-range interaction.
This eliminates the fractional charges via symmetry breaking. Furthermore, when
the PBE XC energy functional is assumed to be applicable in the ensemble regime,
it is observed that the average energy is a nonlinear function in terms of the average
number of electrons that is convex between integers. This piecewise convexity is
responsible for the spurious behavior of functionals at dissociation.

The rule for constructing spin-polarized XC density functionals is usually the
following: given a functional f define f'[n, n|]1 = 1/2(f[2n]+f2n,]), where f' is
the spin-polarized density functional. This rule is applied to obtain approximations
to the exchange and non-interacting kinetic energies. Even though the rule is simple
and appealing, one can rotate the KS orbitals while preserving the total ground-state
density and can observe that the energy varies depending on the rotation parameter.
For this simple reason, in molecules, the LSDA yields dissociation states whose
densities do not correspond to those of pure states (states with integer numbers of
electrons and half-integer azimuthal spin number).
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If an approximation to the exchange correlation energy displayed the correct
limit at a fractional number of electrons, (22), the erroneous behavior would be
replaced by a piecewise planar dependency (or a piecewise-linear dependency in
the unpolarized case). Nonetheless, we have highlighted the correct form at disso-
ciation and not the whole picture along the dissociation. The question is thus: how
can we connect the regimes where the regular DFA works and the regime at
complete dissociation?

9 Energy Spin-Density Functionals and Approximations
The energy of a non-relativistic system of electrons where the nuclei are fixed is

E,[n] = F[n] + Jd3r (ny(r) + ny(r))v(r). (23)

Its functional derivatives are

OE,
Sng(r)

(] = po[n] + v(r) — usn](r),

and if we demand that the r.h.s. of the above equation is y, we obtain the ground-
state problem

us[n)(r) = v(r).

This problem remains the same when the number of electrons of the system is
integer (where the derivative discontinuity is present). Let us denote n” as the
ground-state density of the system. The ground state of each isolated molecule is
usually (but not always) singlet or doublet. For the former, the ground-state spin-
densities are equal, n; = nt When the system is a doublet, however, there are
infinitely many spin-densities that yield the same ground-state energy.

The Kohn—Sham potential is split into two components, us=u+uygxc. The
ground-state density problem, using non-interacting E2VR potentials, is

Us,o[n"] = uxc,o 0] +v. (24)
Comparing the above equation with (23) we identify, in general,

OEuxc,s
———[n] = n|(r).
5, (1) [n] = unxc,o[n)(r)
Equation (24) represents a fixed-point problem, and requires the solution of the KS
equations self-consistently. As mentioned previously, the functional derivatives are
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not unique. Hence, we must set the potential that represents our system, such that
the functional derivatives can be taken. This is accomplished in approximate SDFT
by choosing an explicit differentiable form of the XC energy. The formulation of
approximated XC energy functionals is mainly based on the following criteria:
(1) the approximate XC energy functional must satisfy known formal properties
(scaling, bounds, size-consistency, etc.) or (2) a suitable functional with adjustable
parameters is defined for the XC functional, and the parameters are fit by minimiz-
ing the error in the estimation of molecular properties with respect to experiments
and/or ab initio calculations.

The problem of representing the 2-density with a system of non-interacting
electrons can also be written in terms of the KS equations:

(—%Vf + unxc,o(r, [0*]) + V(r)> b0 (1, [0*]) = €k o[n*] Py ,(r, [n*]).

Using the decomposition of the exact energy, (23) and (21), and taking the
functional derivative of E,, we identify the HOMO energy as

Ma[n] = eHaff[nL

But

for this result to hold the numbers of spin-electrons must be non-integer. The
exchange-correlation potential displays a discontinuity with respect to the number
of electrons. It is, however, always convenient to set the KS potential as zero in the
asymptotics. In Coulomb systems this guarantees that the numerical value of the
HOMO has a physical meaning. For example, when the number of electrons is an
integer and the ground state is a singlet, the HOMOs in both the T and | channels
yield the ionization of the system. For a doublet ground state, the HOMO of the
mostly populated channel is the ionization of the system, and the HOMO of the
other channel is an ionization with respect to an excited ion, the triplet of lowest
energy [48]. The ionization of the less-populated channel is not the one given by the
chemical potential of such a channel. Therefore, a constant must be added to the KS
potential of the less populated channel to compensate. In general, the use of
ensembles eliminates the arbitrary constant in the potential if the numbers of
electrons are non-integers [15].

A simple form of the total energy is

EV [n] = Z WMEV [HM] .

MeV(An])

This form does not use Epxc evaluated at the density n which integrates to
non-integer number of electrons. If some density-functional approximation is
used for the discrete-electron states described by E[nyy], then the piecewise linear-
ity and the proper derivative discontinuity are recovered. Nevertheless, this replace-
ment does not solve the dissociation problem.
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The main argument in support of the inclusion of the piecewise linearity is the
example provided in the work of Perdew et al. [8] (PPLB). They considered two
separated atoms, where the energy of the system, in practice, is additive, and the
energy as a function of the charge transfer amount displays a piecewise linearity
and a derivative discontinuity. If an approximation such as the local-density
approximation were used to approximate the energy of each atom, one would
obtain a deviation from the piecewise linearity. With the methods shown here,
however, we can recover the linearity and the derivative discontinuity in such a
hypothetical case of infinitely separated atoms. How can we thus extend this idea of
using nearly additive energies to describe bond stretching? Partition-DFT [16, 49,
50] answers this question.

In the presence of two nuclei, the 1-body external potential is of the form v; + vg.
The 2-density, when both nuclei are well separated, is the sum of two 2-densities,
n; + ng; as the distance increases the energy becomes more additive. In general, one
can split the 1-body external potential as the sum of potentials, that is:

v(r) = va(r).

Define an energy functional of the form
E*[n; {vo}] = inf$ > E, ]| Y mg=n

This is an additive energy, under a constraint: the sum of all the n, must yield a
preset total 2-density, i.e., that of the ground state. The functionals {E,,[n,]} display
the required non-analytic properties. The functional E* derives from the PPLB
picture of adiabatic charge transfer between atoms, and is applicable to the molec-
ular fragments. Using the formalism outlined in this chapter, E* can be calculated.
The functional E* is not the true energy of the system, except when the distance
between the fragments is very large. Because it is a functional of the total density,
comparison with E, leads to the partition energy functional:

Epn; v, {ve}] := E,[n] — ET[n; {v,}].

This functional accounts for the correlation effects between the fragments defined
across the molecule, and it is the energy required to place the fragments in contact
while maintaining the total density fixed.

When the distance between fragments is finite, the averaging of energies is taken
over configurations where the fragments are discrete, in terms of the number of
electrons. Hence, the non-analytic, additive energy is constructed, E*, by ensemble-
averaging; the partition energy functional is the missing object. An alternative route
is thus offered: approximate the partition energy. This requires analysis of formal
limits, comparison with multiconfigurational theories, and tuning of the coupling
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strength of the fragments, using available, accurate ab initio calculations. For the
case of H, this idea has been successful. Because it is easier to restrict the
configurations to be discrete with PDFT, the Kohn—Sham potential displays natu-
rally the desired barrier in the bonding region [51].

10 Conclusions

We analyzed the non-analyticity of density functionals for the spin-polarized case.
In agreement with unpolarized DFT, the integer discontinuity also arises when the
energy is minimized for systems under a collinear, position-dependent, magnetic
field, and is expressed in terms of the number of spin-electrons. It must be borne in
mind that the total and KS spin-density functionals present non-unique functional
derivatives with respect to the spin-densities. Nevertheless, around a chosen
2-potential that represents the spin-densities of integer spin-electrons there are
derivative discontinuities with physical interpretation. The construction of approx-
imations with piecewise linearity which we have illustrated here can be used as
exact conditions to develop functionals within SDFT, and extensions where the
system of interest is decomposed into composite fragments.

Acknowledgements We thankfully acknowledge support by the National Science Foundation
CAREER program under Grant No. CHE-1149968. A.W. also acknowledges support from an
Alfred P. Sloan Foundation Research Fellowship and a Camille-Dreyfus Teacher Scholar award.

Appendix. Calculation of Functional Derivatives

The first term on the r.h.s. of (13) can be calculated using the chain rule:

OE -
SnE(N, v]) = | O +OuE (N, WD)y

where |, and |y mean that these objects are fixed. The second term of the r.h.s. is
interpreted as

B W[ ]]) ~ (V) B+ ) ~ BV )

= (SWE(N, M)

The differential of N is trivial:
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[n 4 em] — N|m]

N
OmN = ljrr(l)

:szl,

When N is fixed, ly) is only determined by u, then

SwEly = 8w (w|Holw)|, + éwjd3r n(r)u(r) |N

= (8w (w|)Holw) +c.c. + Jd3r n(r)w(r) + Jd3r u(r)s,n(r).
Note that

Swn(r)|y = Z y(N — M) [(6w<1//M|)ﬁ (r)|l//M>|N +c.c.].

This allows us to express 6,,Ely as

SuEly = 3 y(N — M) [(5w<y,|ﬁo 4 Jd3rﬁ (r)u(r)\y/> tee] + Jd3r n(e)w(r)

MeN

= Z y(N = M)Eo(M, [u])8, ({wulw)) + [d3r n(r)w(r)
MeN .

= Jd3r n(r)w(r).

Noting that o,,u[n] =w, we get (14).
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Fractional Kohn-Sham Occupancies from
a Strong-Correlation Density Functional

Axel D. Becke

Abstract It is not always possible in Kohn—Sham density-functional theory for the
non-interacting reference state to have integer-only occupancies. Cases of “strong”
correlation, with very small HOMO-LUMO gaps, involve fractional occupancies.
At the transition states of symmetric avoided-crossing reactions, for example,
representation of the correct density requires a 50/50 mixing of degenerate
HOMGOs. In a recent paper (Becke, ] Chem Phys 139:021104, 2013) the “B13”
strong-correlation density functional of Becke (J Chem Phys 138:074109, 2013 and
138:161101, 2013) was shown to give excellent barrier heights in symmetric
avoided-crossing reactions. However, the calculations were performed only at
reactant and transition-state geometries, where the fractional HOMO-LUMO occu-
pancies in the latter are 50/50 by symmetry. In the present chapter, we compute full
reaction curves for avoided crossings in H,+H,, ethylene (twisting around the
double bond), and cyclobutadiene (double-bond automerization) by determining
fractional occupancies variationally. We adopt a practical strategy for doing so
which does not involve self-consistent B13 computations (not yet possible) and
involves minimal cost. Single-bond dissociation curves for H, and LiH are also
presented.

Keywords Density-functional theory - Electronic structure - Strong correlation
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1 Introduction

Kohn-Sham density-functional theory (KS-DFT) is based on a non-interacting,
single-Slater-determinant reference state having the same total density p as the
“real” interacting system [1-3]. The KS reference orbitals y; satisfy the single-
particle Schroedinger equation

1
—Evzl//i + vksy; = eiy; (1)
where vkg is the non-interacting potential such that

p= Zniq/iz, n=0,1, or2 (2)

equals the density of the real system. The KS potential is given by [2]

_ 6Exc

p(r2) d3r
2

VKS = Vext + Vel + VXC» Vel = J 2, VXC (3)

where vy, is the external (one-body) potential in the real system, v, is the classical
Coulomb potential arising from the electron density, and vxc is the functional
derivative [3] with respect to the density of the “exchange-correlation” energy
Exc defined by

_ 1 2 L([p(r1)p(r2)
Etolal - _EZ niJWiv V/8 + Jpvext + EJJT + EXC (4)

i.e., that part of the total energy containing all the quantum and correlation effects.

We restrict ourselves in this work to singlet states. Thus the occupation numbers
n; in (2) and (4) are 0 or 2 if the reference state is a single Slater determinant. Not all
quantum systems, however, can be referred to a single determinant or “configura-
tion”. Consider a four-electron system in a perfectly square Dy, nuclear framework:
square Hy, for example, or the pi-electrons in square cyclobutadiene C4H4. The
orbital energies are as sketched in Fig. 1, with a doubly degenerate HOMO set, v,
and y,. Two equivalent singlet configurations (determinants) are possible: |l/l§> and
ly2) in the figure. These interact strongly to produce the two-configuration mixtures
v,
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Fig. 1 Dy, Slater t ] 11
determinants

-
-

1

¥
V2

(lv2) £ [vi)) (5)

with W_ being the ground state. Neither of the individual determinants, Il//§> or |l//%>,
is an adequate reference state. Indeed, neither has a density having even the correct
Dy, symmetry of the actual ground-state density (if we constrain ourselves to real
orbitals). The actual ground-state p is represented by

HOMO-1
p=2 Y witwitw (6)
i=1

involving occupancies other than 2 for the degenerate HOMO orbitals. In each of
v, and yr, there is half an electron of spin up and half an electron of spin down.
The orbital occupancies in the above example are fixed by symmetry: i.e., a
doubly degenerate HOMO level yielding two symmetry-equivalent reference con-
figurations. In general, strongly correlated systems have densities of the form

HOMO- 1
p=2 Z wi +2(1 = Flwiiomo + 2 ¥ umo (7)
p

where f may have any value in the interval 0 <f< 1, depending on the HOMO-
LUMO gap and the relevant interaction matrix elements. The f parameter in (7), and
the corresponding fractional occupancies in (4), must be determined variationally.

An analysis by Schipper et al. [4] of the H, + H, reaction is a beautiful illustra-
tion. These authors have computed accurate CI and MRCI wavefunctions at various
points on the H,+H, potential-energy surface and, at each geometry, have
extracted the exact Kohn—Sham potential vgs and orbitals y; using a robust
Kohn—Sham inversion procedure [5]. For geometries close to perfect squares
(Dg4p), their inversion procedure fails to converge; i.e., occupation “holes” appear
under the HOMO if single-determinant occupancies are enforced. Stable KS solu-
tions are obtained only if fractional occupancies are allowed in (7). Geometries far
from Dy, admit conventional integer-occupancy KS solutions. Standard exchange-
correlation GGAs (Generalized Gradient Approximations) also produce fractional
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occupancies near Dy, geometries, but with rather poor accuracy compared to the
exact Kohn—Sham results [4].

In this chapter, a recently developed [6, 7] strong-correlation density functional,
“B13”, is benchmarked on the Schipper et al. [4] H, + H, data, and also on ethylene
torsion and cyclobutadiene automerization data from Jiang et al. [8]. All three of
these are challenging avoided-crossing problems involving fractional occupancies
near their transition states. The B13 functional is reviewed in Sect. 2. Variational
optimization of B13 fractional occupancies, and reaction profiles for our three
avoided-crossing tests, are discussed in Sect. 3. Dissociation curves for the single
bonds H, and LiH are presented in Sect. 4. Concluding remarks and future pros-
pects are discussed in Sect. 5.

2 The B13 Strong-Correlation Density Functional

In recent papers [6, 7] we have introduced a correlation-energy density functional
able to describe both moderately and strongly correlated systems. “Strong” corre-
lation arises from a small HOMO-LUMO gap, resulting in strong mixing of the
configurations

2 0 0 2
e “l/HOMo‘//LUMo> and | ) "//HOMO‘//LUM0> (8)

as described above. The signature of strong correlation in KS-DFT is fractional
occupancies in the minimum-energy KS density (see (7)). At the same time, Janak’s
theorem [3, 9] implies that

€HOMO = €LUMO )

in any such strongly-correlated, fractionally-occupied, Kohn—Sham minimum.
Strong correlation is often discussed in the context of molecular bond dissoci-
ation; i.e., the correlation energy required to dissociate molecular bonds using spin-
restricted orbitals. Small HOMO-LUMO gaps and strong mixing of configurations
play a major role here as well. Spin-restricted dissociation of molecules implies

Spin polarized Spin depolarized

Fig. 2 Carbon atom spin states
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that, for all free atoms, the usual Hund’s-rule spin-polarized configuration has the
same energy as the spin-depolarized configuration obtained by replacing every
unpaired electron by half an electron of spin up and half an electron of spin down
(as sketched for the carbon atom in Fig. 2). This is a stringent test of density
functionals. Conventional GGAs fail this test [7] with errors of the order of 40 kcal/
mol in the first three rows of the periodic table. Our B13 functional, however, is
designed to capture this spin-invariance property [7] while maintaining good
performance in standard thermochemical applications.

B13 is based on exact exchange and is hence a pure correlation theory. The total
exchange-correlation energy has the form [6, 7]

ERP = B R 4 ALY (10)
where EQ™ is the exactly-computed Kohn—Sham (or Hartree—Fock depending on
the implementation) exchange energy, ES3 is a sum of opposite- and parallel-spin
static and dynamical correlation potential energies:

BI3 _ ,0Pp 1P opp 7 opp par rpar
Ec” = dgncUgdic + @hacUsac + ddgncUdgne T dagncUtgnc (11)

B13 . . . . . .
and AEG. S, ¢ 18 a strong-correlation correction given by

N

AEgoec = Jd (12)
n=2

To an excellent first approximation, the four prefactors in (11) are all equal to each
other with optimum value 0.62 (see Becke [6]). Nevertheless, greater accuracy can
be achieved by fitting these independently. In (12), uc is the sum of the integrands
of the four terms in (11):

par opp par
uc = slatC + U c + Ugyn + Ugync> (13)

namely the static + dynamical correlation potential-energy density, and x is the
following ratio of the static correlation potential-energy density to the total:
4P
X = Ugtar C + ustatC (14)
uc

This is a reasonable, local measure of strong correlation. In atoms, where strong
correlation is insignificant, x — 0. In stretched, spin-restricted H,, on the other
hand, the quintessential case of strong correlation, x — 1. We assume that interme-
diate situations are well characterized by intermediate values of x. The c,, in (12) are
polynomial expansion coefficients fit to the atomic spin-depolarization condition of
the previous paragraph.
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Our fit set in Becke [7] consisted of the “G2/97” atomization energies of
Curtiss, Raghavachari, and Pople [10] plus the spin-depolarization condition on
all open-shell atoms Z < 36, including transition metal atoms. Two terms were
deemed optimum in the strong-correlation correction, (12). The best-fit coeffi-
cients are

e =10.552 . =0.844

PP =0.640 i o =0.559 (15)
¢ =0825  ¢3=—0.380

and these are used in the present work. Mean absolute B13 errors on the G2/97
atomization energies and the atomic spin-depolarization tests are 3.8 and 5.7 kcal/
mol, respectively [7].

It should be noted that the B13 correlation model is based on a single Slater
determinant as the reference state [6]. The model adds multi-center correlations to
single-determinantal pair densities as the starting point. How then, can B13 be
justified in fundamentally two-configuration problems such as avoided crossings?
Consider again the 50/50 mixtures at symmetric avoided-crossing transition states
[11]. Imagine replicating the system of interest by an identical system at infinite
distance from the first. The degenerate orbitals y, and y, on the system (A) and its
replicant (B) combine to form the degenerate “super” system orbitals

suj 1 suj 1
vl = 5wt E ) and yl = oo (ul £ ). (16)

Now consider the single supersystem Slater determinant with occupancy
|- 20 Dy (1) (17)

In each subsystem, this determinant places one electron in y, (half spin-up and half
spin-down) and similarly one electron in wy, precisely the density of (6)
corresponding to a 50/50 configuration mixture.

The more general densities of (7) can be reproduced by single Slater determi-
nants spanning supersystems of more than two replicas. Appropriate numbers of
replicants and appropriate occupations of supersystem orbitals can reproduce any
two-configuration density. Because B13 maximizes multi-center correlation, it
delivers the ground state energy corresponding to any such two-configuration
density, not an excited-state energy or an ensemble energy. Excited states supported
by the HOMO-LUMO orbitals will be studied in future work.
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3 Avoided-Crossing Reaction Curves

In Becke [11], B13 was tested on barrier heights of four symmetric avoided-
crossing reactions: Hy, ethylene double-bond twisting, and double-bond
automerization in cyclobutadiene and cyclooctatetraene. At the transition states
of these reactions, there is 50/50 HOMO-LUMO mixing by symmetry. Variational
determination of fractional occupancies was not needed. In this chapter, however,
we draw full reaction curves for the first three of these reactions. Thus fractional
occupancies must be computed.

Self-consistent B13 calculations are not yet possible, though prospects for
SCF-B13 are good; see Proynov et al. [12-14] for an SCF implementation, and
Arbuznikov and Kaupp [15] for an OEP implementation of an earlier B13 variant
known as BO5 [16]. Our current calculations are “post-LDA.” All total energies are
evaluated using LDA orbitals computed by the grid-based NUMOL program [17,
18]. The optimum post-LDA fractional occupancies in (7) are determined by
searching in the range 0 <f<1 for the minimum-energy f value. We adopt the
simple strategy of minimizing the energy of a three-point quadratic interpolation
with calculations performed at f=0, 1/2, and 1. For comparison purposes, the same
post-LDA three-point approach is applied to the B88 [19]+PBE [20] exchange-
correlation GGA.

In our first avoided-crossing reaction, H, + H,, we consider the nine H, geom-
etries in Table II of Schipper et al. [4]. Each geometry is a rectangle with the longer
side denoted R and the shorter side denoted r. Table 1 lists these geometries, along
with the fractional occupancies f for “exact” Kohn—-Sham, for the B88+PBE
exchange-correlation GGA, and for B13. We find qualitative agreement between
our B88+PBE GGA results and the B88+LYP [21] GGA results in Schipper
et al. [4] (also recorded in Tablel), but both GGA sets agree poorly with exact
Kohn—Sham. There is qualitative agreement, however, between our B13 fractional
occupancies and the exact KS values, although B13 appears to be somewhat too
strongly correlated. Note that the region of fractional occupancies near the square

Table 1 Fractional

r Exact KS |B88+LYP |B88+PBE |BI13
occupancies as in (7) for the
H, + H, reaction 232 232 |0.50 0.50 0.50 0.50
235 (229 (032 0.10 0.07 0.45
240 [2.21 |0.07 0.00 0.00 0.33
2.50 [2.06 |0.00 0.00 0.00 0.11
275 |1.68 |0.00 0.00 0.00 0.00
3.00 |1.44 |0.00 0.00 0.00 0.00
4.00 |141 |0.00 0.00 0.00 0.00
5.00 |1.40 |0.00 0.00 0.00 0.00
10.0 |1.40 |0.00 0.00 0.00 0.00

Geometry parameters R and 7 in bohr. Exact KS and B88 + LYP
results from Schipper et al. [4]. B§88 + PBE and B13 results from
the present work
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transition state is smaller for the GGA than for exact KS and B13. The exact KS,
GGA, and B13 energy curves are plotted in Fig. 3. The energy zero for each curve is
the energy at geometry R =10.0 and = 1.40 bohr. The B13 reaction barrier of
141.2 kcal/mol is in fair agreement with the MRCI barrier of 147.6 kcal/mol.
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Our second avoided-crossing test is twisting around the double bond in ethylene.
We took MR-ccCA (Multi-Reference Correlation Consistent Composite Approach)
reference data from Jiang, Jeffrey, and Wilson [8] and have performed all calcula-
tions at the geometries specified in their paper. Figure 4 plots reference, B§8 + PBE
GGA, and B13 reaction curves. Zero energy for each method is the planar ethylene
equilibrium geometry. In this case, the GGA energies always minimize at f=0
(no HOMO-LUMO mixing) producing an unphysical cusp at the top of the GGA
curve. The B13 curve, on the other hand, is smooth throughout. The B13 barrier of
77.1 kcal/mol agrees better with the MR-ccCA barrier of 68.3 kcal/mol than does
the GGA barrier, 90.2 kcal/mol.

Double-bond automerization in cyclobutadiene is an especially challenging
avoided-crossing test. The reaction profile is plotted in Fig. 5, with MR-ccCA
reference data and geometries again from Jiang, Jeffrey, and Wilson [8]. Zeroes
of all curves correspond to the rectangular equilibrium geometry. The GGA curve is
cuspless in this case but has a barrier more than twice too large (21.8 kcal/mol
compared to 9.2 kcal/mol for MR-ccCA). The B13 barrier of 10.4 kcal/mol
compares quite well with the 9.2 kcal/mol MR-ccCA barrier.

4 H, and LiH Dissociation Curves

Spin-restricted KS-DFT dissociation curves, even employing sophisticated GGA
and hybrid functionals, have asymptotes well above the exact dissociation limits.
Spin-unrestricted calculations (“UKS”) can capture the correct limits. UKS
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computations are undesirable, however, as they break spin and space symmetries.
To the best of our knowledge, no successful spin-restricted DFT dissociation curve
has yet been reported in the literature. We therefore apply B13 to this fundamental
problem.

In Fig. 6 the H, dissociation curve is plotted for highly accurate Hylleraas
variational reference data from Sims and Hagstrom [22] for the B88 + PBE GGA
and for B13. Fractional mixing of the ¢, and the o, orbitals begins at R ~ 3.4 bohr
for B13. The GGA does not mix these orbitals at all, and the GGA curve is
significantly above the exact asymptote. B13, on the other hand, exhibits a good
dissociation limit and, quite interestingly, an asymptotic f of 0.50 (computed at
R =30.0 bohr), in accord with the asymptotic CI wavefunction

\}Z(‘6§> — |oﬁ>) (18)

That B13 is sensitive enough to mix these MOs, and with the correct mixing
fraction no less, is intriguing.

The heteronuclear dissociation of LiH is even more interesting. At large sepa-
ration, the HOMO of the system is the 1s orbital of the H atom, and the LUMO is

the 2s orbital of the Li atom. Thus the two configurations

|1s{; - HOMO?) and |1s{; - LUMO?) (19)

have charges Li*H™ and Li"H* and dissociation to neutral atoms requires f=0.50.
Because LDA calculations on Li~ and H™ are problematic, the f=0 and f=1
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endpoints of the quadratic minimization are unreliable at large separations. Instead,
we scan over f values in steps of 0.05 in order to locate the energy minimum at each
internuclear separation.

We plot LiH dissociation curves for MR-CISD (Multi-Reference Configuration
Interaction with Singles and Doubles) reference data [23], the B§8 + PBE GGA, and
B13in Fig. 7. All curves are zeroed at their minimum energy. The limit of the GGA
dissociation curve is too high. The B13 curve has an excellent asymptotic energy, and
an asymptotic f (computed at R = 80.0 bohr) of 0.45, very close to the required 0.50.
The dissociation limit is roughly Li**"H !, very close to neutral atoms. The manner
in which B13 captures, to a very good approximation, the correct dissociation limit of
this heteronuclear bond is fascinating. At play is a “resonance” of singlet ionic atomic
states.

S Summary and Conclusions

This work marks the first successful application of a spin-restricted Kohn—Sham
density functional, “B13”, to two-configuration mixing problems with densities as
in (7). Moreover, B13 is exact-exchange-based. Therefore stretched radical systems
such as H," and He,", the bane of GGA and hybrid functionals [24], are correctly
accommodated.

These calculations have been post-LDA and not self-consistent. It is difficult to
predict how self-consistency might change their nature, and what significance
would be lent to the orbital energies. Is the HOMO-LUMO mixing in H, and
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LiH an artifact of the post-LDA approach here? Might mixing be obviated in an
SCF approach? SCF implementations of the predecessor “B05” functional have
been published [12—-15]. SCF-B13 should be possible too and could be very
interesting.

In future work we will also investigate multiple bond dissociations and other
strongly-correlated reactions requiring variational optimization of one or more
mixing fractions. Low-lying excited states of strongly-correlated systems, and
how they might depend on B13 ground-state determinations, will be explored
as well.

The author gratefully acknowledges the Natural Sciences and Engineering
Research Council (NSERC) of Canada for research support, the Killam Trust of
Dalhousie University for salary support through the Killam Chair program, and the
Atlantic Computational Excellence network (ACEnet) for computing support.
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