Finite Energy Coordinates and Vector Analysis
on Fractals

Michael Hinz and Alexander Teplyaev

Abstract We consider local finite energy coordinates associated with a strongly
local regular Dirichlet form on a metric measure space. We give coordinate formulas
for substitutes of tangent spaces, for gradient and divergence operators and for the
infinitesimal generator. As examples we discuss Euclidean spaces, Riemannian local
charts, domains on the Heisenberg group and the measurable Riemannian geometry
on the Sierpinski gasket.
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1 Introduction

Suitable coordinate maps are tools in many branches of geometry. For instance,
smooth coordinate changes are the crucial ingredient in the definition of a differ-
entiable structure on a manifold and therefore omnipresent in differential geometry
(e.g. [26, 29]). For a general metric measure space we can not expect to find local
coordinates that transform smoothly. However, in the field of analysis on fractals
Kusuoka [35, 36], Kigami [32, 34], Strichartz [42], Teplyaev [44], Hino [15, 16],
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Kajino [30, 31] and others have contributed to a concept that is now referred to
as ‘measurable Riemannian geometry’. This concept is based on Dirichlet forms
and involves the use of harmonic functions as ‘global coordinates’. In probability
similar ideas can already be found in works of Doob, Dynkin and Skorohod. On the
other hand there is recent progress in the studies of a first order calculus on fractals,
[8,9, 19-22, 25, 28] again based on Dirichlet form theory, [6, 13], which allows to
discuss differential 1-forms and vector fields, partially based on [7, 40].

In the present note we consider metric measure spaces, equipped with a strongly
local Dirichlet form and consider associated local finite energy coordinates. Analo-
gously to Riemannian geometry, we provide coordinate expressions for the gradient
and divergence operators (derivation and coderivation) used in the first order theory,
and for the infinitesimal generator. The present paper is a brief introduction to
the subject. We hope to facilitate understanding of how the measurable first order
calculus is related to Euclidean, Riemannian, sub-Riemannian and measurable
Riemannian situations.

2 Preliminaries

Let X be a locally compact separable metric space and p a nonnegative Radon
measure on X such that u(U) > 0 for all nonempty open U C X. Let (£, F) be
a strongly local regular Dirichlet form on L(X, i), that is:

(1) Fisadense subspace of L, (X, i) and £ : F x F — R is a nonnegative definite
symmetric bilinear form; we denote £(f) := £(f.f);

(2) F is a Hilbert space with the norm /& (f) := (E(f) + ||f||%2(x~#))1/2 ;

(3) Forany f € F wehave (fVO) Al € Fand E((f v 0) A1) < E(f), where
fVvg:=max{f,g}andf A g := min{f, g};

4) C := F N C.(X) is dense both in F with respect to the norm /& (f), and in
the space C.(X) of continuous compactly supported functions with respect to
the uniform norm;

(5) Iff, g € C and g is constant on a neighborhood of suppf then £(f, g) = 0.

To each Dirichlet form (£, F) on L, (X, 1) there exists a unique non-positive self-
adjoint operator (L, dom L), called the infinitesimal generator of (€, F), such that
dom L C F and

E(f, g) = - (Lfv g)Lz(X,;L)

forall f € dom L and g € F. See [6, 13]. For pointwise products we have

ESRD? <€D lIglli i + €@ Nk - f-8 € F N Loo(X. ),
2.1
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[5, Corollary 1.3.3.2], and in particular, the space C := F N C.(X) is an algebra. For
any f, g € C a signed Radon measure I'(f, g) on X is defined by

1
[ oo = €0 + o) - EGew). vec. @2

By approximation in F we also define I'(f, g) for any f, g € F, referred to as the
(mutual) energy measure of f and g, see [13]. We denote the nonnegative measure
T'(f) = I'(f.f). Below it will be advantageous to consider functions that are only
locally of finite energy. We define F,. as the set of functions f € L; j,.(X, i) such
that for any relatively compact open set V C X there exists some u € F such that
flv = u|y p-a.e. Exhausting X by an increasing sequence of relatively compact
open sets and using related cut-off functions we can define I'(f) for f € Fi,.. If V
is relatively compact open and u € F agrees with f p-a.e. on V then

L(Hlv = T@w)ly. (2.3)

Example 1 A prototype for a strongly local regular Dirichlet form is the Dirichlet
integral

)= [ IVfPdx
RVI

on L, (R"), where F is the Sobolev space H' (R") of functions f € L,(R") with % €

Ly(R") for all i. Note that C!(R") is dense in H'(R") and in C.(R"). The generator
is the Laplacian L = A and the energy measures are given by I'(f) = |Vf|? dx.

A nonnegative Radon measure m on X is called energy dominant if all energy
measures ['(f), f € F, are absolutely continuous with respect to m, [15, 16, 18, 25].
By (%r(ﬁf) we denote the corresponding Radon-Nikodym densities.

Let ¢ € C, let V be a relatively compact open neighborhood V of supp ¢ and
suppose (fu)n C Fioc. We say that ¢ is locally approximated by the sequence (f,)n
on V if there is a sequence (u,), C F with lim, & (¢ —u,) = 0 and f,|y = u,lv
u-a.e. for all n. The following lemma follows from (2.3), [13, Theorem 2.1.4 and
Lemma 3.2.4].

Lemma 2.1 Let ¢ € C and let V be a relatively compact open neighborhood V
of supp ¢. Suppose that ¢ is locally approximated by (f,)n C Fioe on V. Then
lim, I'(p — f,)(V) = 0. If the functions f, are continuous on V, then there is a
subsequence (fy, )k such that limy f,, = ¢ I'(f)-a.e. on 'V for any f € Fiy,.
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3 Finite Energy Coordinates

Let y = ()')ie; be a finite or countable collection of locally bounded functions y'.
Given a finite ordered subset J = (ny, ..., ng) of I, the space of all functions of form
f=F(y",...,y*%), where the functions F are polynomials in k variables and such
that F(0) = 0, will be denoted by P;(y). For a fixed collection ( y');c; set

P(y) == J Py, 3.1)

JCI

the union taken over all ordered finite subsets J of I. Note that P(y) is an algebra
of locally bounded functions. For any k we regard the space R¥ as a subspace of
RY containing (vi,vs,...,v%.0,0,...) for (vi,vs,...,v;) € RK Similarly, we
consider (k x k)-matrices as linear operators from R" to R,

Definition 3.1 Let m be an energy dominant measure for (£, F). A finite or
countable collection y = (y%);e; of continuous and locally bounded functions
y' € Fie is called a coordinate sequence for (€, F) with respect to m if

(1) Any ¢ € C can locally be approximated on a relatively compact neighborhood
V of supp ¢ by a sequence of elements of P(y)
(ii) For any i € I we have

dr (')

€ Li(X,m) N Loo(X, m),

and for any i and j

Zi(x) =

dr (y'.y)
2w

m
are Borel functions (versions) such that for m-a.e. x € X, Z(x) := (Z¥ (€9)
defines a bounded symmetric nonnegative definite linear operator Z(x) :
lz — lz.

(iii) We say that the coordinates y' have finite energy if y' € F foralli € I.

A coordinate sequence y = (y');c; induces a mapping y : X — R,

Remark 1 Condition (i) in Definition 3.1 makes sense because we have P(y) C
Fioe- If the coordinates y' have finite energy the inclusion P(y) C F is clear
from (2.1). To see this inclusion in the general case it suffices to show that for
any continuous and locally bounded f,g € Fj,, we have fg € Fj,.. Clearly
8 € Ly joc(X, p). Further, given a relatively compact open set V C X we can find a
suitable cutoff function y € C with0 < y < 1 and y = 1 on V, arelatively compact
open neighborhood of supp y and functions u,v € F such that f|y = u|y and
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glu = v|y p-a.e. Clearly yu € Ly(X, 1), and using locality, [13, Corollary 3.2.1],

1/2 1/2 1/2
£Gu)"? = ( /U dF(xu)) < ( /U x2dr(u)) + ( /U ﬁzdl“(x)) ,

where # is a quasi-continuous version of u. See e.g. [13, Chapter II] for quasi-
continuity and the Appendix in [24] for comments on the formula (which also

follows from Cauchy-Schwarz applied to (4.5) below). Approximating u in 811 /2.

norm by a sequence from C we see that yu is the limit in 811 /2 norm of a sequence
from C, and by completeness yu is in F. Similarly for yv. Both functions are
bounded on U p-a.e. and vanish outside U, hence are also members of L, (X, ).
Therefore y>uv € F by (2.1), what implies fg € Fio,.

In Sect.8 we show that (under an additional continuity assumption) it is
always possible to construct a finite energy dominant measure and a corresponding
coordinate sequence of finite energy coordinates. The following examples relate
Definition 3.1 to well known situations.

Example 2
(1) Consider

- d d
«n=2 [ a,;f(x)a—fi(ﬂa—fj(x)dx, fecl®),

ij=1

where a;; = aj;; are bounded Borel functions satisfying Zl" =1 4ij(0&& = cl€ |2
with a universal constant ¢ > 0 for any £ € R" and A"-a.e. x € R". Here A"
denotes the n-dimensional Lebesgue measure A"(dx) = dx. Then (£, C!(R"))
is closable in the space L,(R"), and its closure (£, H'(R")) is a strongly local
regular Dirichlet form. Obviously A" is energy dominant for (£, H' (R")). The
Euclidean coordinates y" (x) = x4, k = 1,...,n, form a coordinate sequence
for (£, H'(R")) with respect to A". Note that Vy* = ¢; is the k-th unit vector in
R”, and we have

Z7(x) = a;j(x) for A"-a.e.x € R

and i,j = 1,...n. This shows (ii). If ¢ € C!(R") then we can find a
relatively compact open set V containing supp ¢ on which the function ¢ can
be approximated it in C'-norm by a sequence of polynomials in the variables
X1,...,Xn, hence in the coordinates y!,...,y". Multiplying these polynomials
by a (nonnegative) C'-cut-off function supported in V and equal to one on
supp ¢, the approximation is seen to take place in H'(R"). As C!(R") is dense
in H'(R"), this implies (i). The coordinates y* do not have finite energy.

(2) Let (M, g) be an n-dimensional Riemannian manifold, [26, 29], let (V,y) be a
local chart with coordinates y = (y!,...,y") and U a relatively compact open



214

3)

M. Hinz and A. Teplyaev

set with U C V. By dvol we denote the Riemannian volume (restricted to U).
The closure (£, H' (U)) in L,(U, dvol) of

&= [ (V. V) dvol(o, £ € CLV)

is a strongly local Dirichlet form. The reference measure dvol is energy

dominant, for any k = 1,...,n we have
.0
vyt =g"—
y 8 3y

and
Y
Zhk Vyk’vyk _ gk/gkt<_" _> _ gkk
( )TM ayt ay] ™

and therefore (ii). Recall that

Cof 3 0
Vf = L/——., ii=\a:> 5>
f=¢ oy oy 80 <3y’ Ay >TM

and g"g;; = §F. For a function f € C}(U) the function f o y~" is a member of
C!'(W), and accordingly it can be approximated in C'(W)-norm by a sequence
(Pm)m of polynomials in the variables y!,...,y". Consequently the functions
Pm © y approximate f in C'(U)-norm (note that the differentials d((p,, o y) o
y~ ) (y(x)) approximate d(f o y~')(y(x)) uniformly in x € U). This implies
(i). Here the y' are not in F because they do not satisfy the Dirichlet boundary
conditions on dU.

A sub-Riemannian example is given by the Heisenberg group H, [10, 27, 38,
41], realized as R? together with the non-commutative multiplication

G 8- Gms ) =G +6,m +m. 8+ o+ §im—mé).
Left multiplication by (£, 0, 0) and (0, n, 0) yields the left-invariant vector fields

1 9

3‘_ 1.0
el 27acl

and Y(q) := a%)q + EE&L,

X(q) ==
and at each ¢ = (&,7,{) € H the tangent vectors X(q) and Y(g) span a two-
dimensional subspace V,, of the tangent space T,H = R?. The sub-Riemannian
metric is given by the inner products (., ')Vq on the spaces V, that makes
(X(g), Y(q)) an orthonormal basis, respectively. We use the Haar measure on
H, which coincides with the Lebesgue measure A> on R*. Now let U C H be a
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“

connected bounded open set and consider the bilinear form
e = [ 2+ apdax, s eclw.
U

Let (E,S‘I(U)) denote the closure of (£,C}(U)) in Ly(U). Obviously A* is
energy dominant. A coordinate sequence for (£ ,:S)‘ '(U)) and A3 is given by
y = (y'.)%y*) = (£ 1n.¢). Condition (i) follows again by polynomial
approximation in C!(U). It is immediate that Xy! = 1, Yy! = 0, similarly
for y?, and Xy* = —g, Yy = %, which yields the symmetric and nonnegative
definite matrices

(ST

“+ o

2

£24n

10
Zigg=| 0 1
_né
22

~

so that (ii) is satisfied. For any ¢ € H the matrix Z(g) has rank 2. As in (2) the
coordinates are not in F.

We consider a prototype of a finitely ramified fractal in finite energy coordi-
nates. Let K denote the Sierpinski gasket, seen as the post-critically self-similar
structure generated by the maps f; : R? - R?, fikx) = %(x +p).j=12,3,
where pi, p» and p; are the vertices of an equilateral triangle in R?. Let
(€, F) be the standard resistance form on K, obtained as the rescaled limit of
discrete energy forms along a sequence of graphs with increasing vertex sets V,
‘approximating K’,

e =i (3) X vt -r@p,

3
P4EVn

see e.g. [32, 33, 35, 36, 43] for details. With { py, p2, p3} as boundary and with
Dirichlet boundary conditions there exist two harmonic functions y',y> € F
with £(y') = £(y*) = 1 and £(y',y?) = 0 such that the mapping y : K — R?

y@) 1= (V' (@),5° (), x €K, (3.2)

is a homeomorphism from K onto its image y(K) C R2. We consider K
endowed with the Kusuoka measure v, defined as the sum

vi=T"+ T

of the energy measure I'(y') and I'(y?) of y' and y?, respectively. The
resistance form (&, F) induces a strongly local Dirichlet form on L, (K, v), for
which the finite measure v is energy dominant. The pair ( y', y?) is a coordinate
sequence for this form: Condition (ii) is satisfied by construction, condition (i)



216 M. Hinz and A. Teplyaev

follows by polynomial approximation and the density of functions of type F oy,
F € C'(R?),in F,see e.g. [32, 35, 36, 45]. The operators Z(x) may be viewed as
(2x2)-matrices, and for v-a.e. x € K the matrix Z(x) is symmetric, nonnegative
definite and has rank 1.

4 Energy, Fibers and Bundles

In what follows we will assume throughout that (£, F) is a strongly local regular
Dirichlet form on L,(X, jt), m is an energy dominant measure and y = (y');c; be a
coordinate sequence for (£, F) with respect to m.

We would like to emphasize that unless stated otherwise we do not assume
that the reference measure itself is energy dominant or that the form (€, F) has
a restriction that is closable with respect to the energy dominant measure m under
consideration.

In Example 2 (4), a well known formula of Kusuoka [35] and Kigami [32] is

E(f.8) = /K(VF(y),Z(X)VG(y))Rz v(dx), 4.1

forallf = Foyand g = G oy with F,G € C'(R?). This identity expresses
the energy in terms of coordinates. As the matrix Z varies measurably in x, it has
been named a measurable Riemannian metric, [15, 30, 34]. The following is version
of (4.1) immediately following from the chain rule [13, Theorem 3.3.2].

Lemma 4.1 Let m be an energy dominant measure and (y')ie; a coordinate
sequence. For allf = Foyand g = G oy from P(y) we have

L(f.8)®) = (VF(). ZW)VG(y), 4.2

for m-a.e. x € X. If in additionf, g € F, then

5(f,g)=/X(VF,ZVG)lzdm.

We rewrite (4.2) in a somewhat artificial way. For any x € X such that Z(x) is
symmetric and nonnegative definite, the bilinear extension of

(i ® 81,2 ® &)y, 1= G1(¥G2y) (VF1(¥), Z(x)VF2(y)),, , (4.3)

where f; = F;oyand g; = G; oy are members of P(y) with polynomials F; and G;,
i = 1,2, defines a nonnegative definite symmetric bilinear form on the vector space
P(y)®P(y).Let -], denote the associated Hilbert seminorm. Factoring out zero
seminorm elements and completing, we obtain a Hilbert space (H,, (-, V2.0)- The
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‘H,-equivalence class of an element f ® g of P(y) ® P(y) we denote by (f ® g)x.
Note that for m-a.e. x € X the expression in (4.3) equals

2@ I .

Example 3

(1) In the situation of Example 2 (1) we observe H, =~ R" for A"-a.e. x € R" and

(i ® 81./2 ® g2)3, = §1(082(0) (V1 (1), a() V2 (X))o »

where we write a = (a;); ;-

(2) For the Riemannian situation in Example 2 (2) we have

(i ® 81,2 ® 2)3y, = 81(0)&2(%) (dfi (x). df2(X)) 121

for dvol-a.e. x € U, where
> df = Z —d i (4.4)

denotes the exterior derivation. Note that H, =~ Ty M =~ T.M =~ R".
(3) For the Heisenberg group as in Example 2 (3),

(i ®g1./2 ® g2)3, = 81(9)82(q) (X(f) (X (9)f2) + Y (@) (Y (9)f2))

for A3-ae. ¢ € U. Here H, is isometrically isomorphic to the horizontal
fiber V.

We proceed to a more global perspective. A nonnegative definite symmetric
bilinear form on C ® C can be introduced by extending

(1 ®81./r®g)y = /Xgl(X)gz(X) L(f1./2) (x)m(dx). 4.5)

The associated Hilbert seminorm is denoted by ||-|4,. Factoring out zero seminorm
elements and completing yields another Hilbert space H, usually referred to a the
Hilbert space of 1-forms associated with (€, F). This definition has some history,
see e.g. [11, 39, 40], and in the context of Dirichlet forms it was first introduced by
Cipriani and Sauvageot in [7]. Right and left actions of C on the space C ® C can be
defined by extending

(f®g9h:=f®(gh) and h(f®g) = (fh) ®g—h® (fg). (4.6)
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By strong locality they coincide. Moreover, they extend further to an action of C on
H and ||whlly < Al x.m) l@lly for any @ € H and h € C. A linear operator
d : C — H can be introduced by setting

f =f®1, feC,

note that f ® 1 is a member of , as can be seen from (4.5) by approximating 1
pointwise. The operator d is a derivation, i.e.

a(fg) = (0f)g +fog., f.g€C. 4.7)

It satisfies

19713, = £(f), feC, (4.8)

and extends to a closed unbounded operator d : L,(X, i) — H with domain F.

Since the left action in (4.6) is also well defined for bounded Borel functions,
approximation shows that (f ® g)1y = (df)gly is in H for any f,g € F and
relatively compact open V. By locality, (2.3) and approximation (pointwise m-a.e.)
we then have (f ® g)1y € H even for locally bounded f, g € Fj,.. Formulas (4.6)
and (4.7) have local versions valid for elements of PP(y). Note also that for m-a.e
x€eX,

dr(f,
()0 9)0)s, = Tl )

Let {ky}y-, be a family of bounded Lipschitz functions ky : R — R such that
for all N we have «y(f) = t on [N, N]. Let P(y) denote the collection of functions
ky o g for any g € P(y) and N. The next lemma contains a version of Lemma 4.1.

Lemma 4.2 Forf; = F;oyandg;, = G;oyfrom P(y), i = 1,2, and any relatively
compact open 'V we have

(i ® g)1vofo ® g2}y = /V (i ® g1)se (2 ® 82)s) 3, m(d)

— [ G102 (VF (). 2V (), e
v
Ifin addition f, g € F, then we can replace V by X. Moreover,
span ({(f Q) 1y :f € P(y), g € P(y). V C X relatively compact open})

is a dense subspace of H. If the coordinates y' have finite energy, then P(y) @ P(y)
is a dense subspace of H.
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Proof The first statement is obvious. To see the second, let ¢ and i be functions
from C and U a relatively compact open set containing supp ¢ on which ¢ is locally
approximated on U by a sequence (f,), C P(y). We have ¢ @ ¥ —f, ® ¥3, <
sup,cy |V (x)|?T' (¢ — £,)(U), which converges to zero by Lemma 2.1. Hence the
span of elements f ® ¢ with f € P(y) and ¥ € C is dense in H. On the other
hand, if V is a relatively compact open set containing supp ¥ and (g,), C P(y)
approximates ¥ locally on V, after replacing the sequence by a suitable subsequence
Lemma 2.1 implies | f ® ¥ — (f ® @)Wvl3 = [, (¥ — &)* dT(f) — 0 by

bounded convergence, where g, = ky o g, with fixed N > ||y Il sup- O

Example 4

(1) In Example 2(1) the space H is isometrically isomorphic to the space
Ly(R",R") of R"-valued square integrable functions on R".

(2) For the Riemannian situation in Example 2(2) the space H is isometrically iso-
morphic to the space L, (U, T*M, dvol) of L,-differential 1-forms on U C M.

Remark 2

(i) The spaces H, may be seen as the fibers of the measurable L,-bundle H.
Formula (4.3) expresses the fibers in terms of coordinates.

(i) The spaces H, depend on the choice of m. However, the space H does not, as
follows from (2.2) and (4.5).

(i) If the coordinates y' have finite energy then we may replace C by P(y) in (4.5)
and the subsequent formulas. By Lemma 4.2, regularity and [13, Theorem
2.1.4] this yields the same space H.

(iii) We formulated (4.5) and (4.6) in terms of the algebra C in order to use the
same definition of the space of 1-forms as in [7, 23, 25, 28]. Alternatively —
and in view of Definition 3.1 this seems more appropriate — one can endow
Py ® P( y) with a directed family of Hilbert seminorms determined by
I/ ® glla vy := II(f ® g1v|ly, where the sets V are relatively compact and
open. This yields a presheaf of Hilbert spaces whose inverse limit is a locally
convex space H,,.. Details can be found in [24, Section 6]. Also Fj,. may be
viewed as a locally convex space, and the derivation d may then be interpreted
as a continuous linear operator from Fj,. into H;,., if (4.8) is replaced by

19f 54y = TNV f € PV).
5 Differential and Gradient in Coordinates

For any coordinate function y' and any relatively compact open set V the element
(3y")1y is an element of . This implies the identities

(). @)}y, = 20 ()
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for m-a.e. x € X. Moreover, the local version of (4.7) shows that for any function
f=FOM,...,y"%) from P(y) we have on any locally compact open set V

k
oF _
af = Z T Qy" (5.1)
i=1

Example 5 In the Euclidean and Riemannian situations (1) and (2) in Examples 2
the operator d may be identified with the exterior derivation and formula (5.1)
becomes the classical identity in (4.4).

The operator d may be viewed as a generalization of the exterior derivation
and (5.1) may be viewed as a formula for the differential df of f in terms of
coordinates.

On a general metric measure space a smooth theory of ordinary differential
equations is not available. On the other hand the spaces H, are Hilbert, hence self-
dual. Therefore it seems artificial to rigorously distinguish between 1-forms and
vector fields. We interpret the elements of H also as (measurable) vector fields and
d as a substitute for the gradient operator.

Recall the notation in (3.1). Given a finite ordered subset J of I let the collection
of ‘H,-equivalence classes of elements of P; ® P;(y) be denoted by H, ;. Clearly
this is a subspace of H,, and we have

H. = clos (U HX,J) ,

JCI

the union taken over all finite ordered subsets J of 1.
Now suppose J = (ny,...,n;). Formula (5.1) implies that the elements (dy™),,
, (0y™), span H, ;. Let Z J(x) denote the matrix (Z(x)" ")~ i j=1» clearly symmetric
and nonnegative definite. The preceding formulas yield another expression of the
gradient df, now in terms of the Euclidean gradient and the measurable metric Z:
Foranyf = Foy e Pj(y)andanyj = 1,...,k we have

k

(s (3y")x) 3y Z"(x) = (Z;(x)VF(y)); . (5.2)

where VF is the gradient of F on R¥,
Example 6
(1) For Examples 2 (1) we obtain

n

(@5 @)y, = 3 0 = @) VS0,

i=1
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(2) In the Riemannian case of Examples 2 (2) formula (5.2) gives

(@ O3, = )y = GO )y = 550,

of 9

oy! dyi”
(3) Let {(:,-)) denote the cometric associated with the Heisenberg group H. Then

This equals dy/(gradf) because gradf = g/ -~

3

(@ Oy )g)s, Z (q) (@', dy')) = Z(@)Vf(@), = Xf(q).

In a similar manner we obtain
(@), (3y2)q)Hq = (Z(@Vf (@), = Yf(q)

()0 0N}y, = @V @) = —2X1(@) + 51 (@).

6 Divergence in Coordinates

By —0d* we denote the adjoint of 9, that is the unbounded linear operator —0* : H —
L, (X, ) with dense domain dom 0* and such that the integration by parts formula

(v, 0u)y; = — (0" v, u)p, (x ) (6.1)

holds for all v € domd* and f € F. We view the operator —0* both ways, as
coderivation and as divergence operator.

In the context of coordinates it is more suitable to deviate a bit from the Hilbert
space interpretation in (6.1). First assume that all coordinates y’ have finite energy.
For an element (df)g of H with f, g € P(y) we then set

() () == —((9f)g. ()3, . u€P(y).

By Cauchy-Schwarz [0* ((9f)g)(u)| < ||(9f)glly; €(u), and therefore 0*(df)g may
be seen as a continuous linear functional on P(u), and after a straighforward
extension by Definition 3.1 and regularity, on F.

As before let J = (ny, ..., ng). Given functions polynomials F and G in y™, .. .,
y" and a function u = U o y with U € C'(R*) put

( y)m(dx).

v VP W) =Y [ 6L e 20

ij=1
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Then

9*((9f)8) (u) = divz,(GVF)(U) (6.2)

provides a ‘distributional’ coordinate expression for the divergence. Of course this
is a naive definition by duality, and in particular we have 0* ((9f))(u) = —E(f, u).
In general there is no integration by parts formula on the level of coordinates that
could permit a more interesting definition.

If the coordinates y' do not have finite energy, we view P(y) as a locally
convex space, then 9*(df)g1ly with relatively compact open V defines a continuous

linear functional on P(y). Proceeding similarly as before one obtains local versions
of (6.2).

Example 7
(1) For Example 2 (1) we obtain

diva(gV/) () = Z/ £ 1 a5 O

ij=1

forany u € C!(R"). If in addition the coefficients a;; are C', this is seen to equal

/ div(a(gVf))u dx.

(2) In the Riemannian situation of Examples 2 (ii) we have

BfB

divg(hVf)(u) = / 8 By

—Jgdy' - -dy' = / div(h gradf) u dvol
U

for any u € C!(U), where g := det(g;;) and

1 0 )
div(h gradf) = N (\/Eg” 85)

is the divergence of h gradf in the usual Riemannian sense. See [29, Section
2.1].
(3) In Example 2 (3) formula (6.2) yields

S of D > 3 (.. 9
divz(gVf)(u) = Z/Z” B)Jj 3:/ dr} = Z/ 3_yf (Z’/gB—j;) udh’

ij=1 ij=1"U
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for any u € C!(U), what equals

b d d n § s [ & 3
[ (G + goerr + g (s34 50) ) wan = [ aveziaspyuan,

where div is the ordinary divergence operator on R

7 Generator in Coordinates

We consider the infinitesimal generator (L, dom L) of (£, F). From (6.1) and the
definition of the adjoint we see that for any f € dom L we have df € dom 0* and

Lf = 0*of. (7.1)

Although in general a coordinate version of this formula may not be available, it can
be written in terms of coordinates for specific examples.

To express L in coordinates additional assumptions are inevitable. Even if y' €
dom L for all i the inclusion P(y) C domlL holds if and only if the reference
measure g itself is energy dominant, that is if (£, F) admits a carré du champ
in the sense of [5]. For Examples 2 (1)—(4) this is satisfied. However, the standard
resistance form on the Sierpinski gasket, considered as a Dirichlet form with respect
to the natural self-similar Hausdorff measure, does not have this property, and this
situation is typical for a large class of self-similar spaces, [4, 14, 17].

Assumption 1 The reference measure u itself is energy dominant.

Let (L, dom(;) L) denote the smallest closed extension of the restriction of L to
{f edomLNL(X,p): Lf € Li(X, )}

Assumption 1 is known to be necessary and sufficient for dom(;) L N Lo (X, 1) to be
an algebra under pointwise multiplication. If it is in force, then f, g € dom L implies
fg € dom(;) L and we have

TUE 1)~ g~ sty. (1.2
u
see [5, Theorems 1.4.2.1 and 1.4.2.2]. To formulate local conditions on the coor-
dinate functions we follow [37, Definition 4.2 (2)] and say that a function f €
Ly 1oc (X, ) belongs to the strong local domain domy,. L of L if for any relatively
compact open set V there exists some u € F such that f|y = u|y u-a.e. Similarly
we define dom(i), ;. L. Then identity (7.2) holds for any f, g € domy,. L locally on
any relatively compact open set V.
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Assumption 2 The coordinates yi are members of domy,. L.

Let Assumptions 1 and 2 be in force. This implies P(y) C domy,. L. Suppose
f = Foy e P(y), where againJ = (ny,...,n;). Using (7.2) on the coordinates y'
and iterating, we inductively arrive at a coordinate formula for the generator

Lf () = Z T (y)znf"/<x)+2 o L"),

ij=1

valid locally on any relatively compact open V. This is a version of a well known
identity, see e.g. [12, Lemma 6.1] or [11].

Example 8

(1) For Example 2 (1) with C _coefficients a;; we have

. n 32 a
Lf = div(aVf) = l; axiax Z ox; ; 8_

(2) For Example 2 (2) we observe

_ divieradfy = 2 (e
Af = div(gradf) = L (\/Eg/ ayi) ;

what differs by a minus sign from the Laplace-Beltrami operator (convention).
(3) For Example 2 (3) arrive at the Heisenberg sub-Laplacian,

e LS Pf E+r P
Lf_dlv(ZVf)_a—g:Z+a—;72+sana§+ 858§+ 1 8§2_(x + Y?)f.

(4) In Example 2 (4) the Dirichlet form generator of (£, F) on Ly(K,v) is the
Kusuoka Laplacian (A,,dom A,). The coordinate functions y’ are harmonic,
thatis y' € dom A, and A,y = 0,i = 1, 2. Accordingly we have

Auf () = Z iy w7

ij=1

for any f = F oy € P(y). This can be rewritten as tr(Z(x)D*>F(y)), where D*F
is the Hessian of F and tr the trace operator, see [45, Theorem 8§].
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8 Constructing Coordinate Sequences

Let (£,F) be a strongly local regular Dirichlet form. Under some continuity
condition it is always possible to simultaneously construct an energy dominant
measure and a corresponding coordinate sequence. The latter may be designed to
have nice decay properties. Let (P;),~o denote the Markovian semigroup uniquely
associated with (£, F), [6, 13]. If it is also a strongly continuous semigroup of
contractions P; : Co(X) — Co(X) on the space Cy(X) of continuous functions
vanishing at infinity, then it is called a Feller semigroup.

Example 9 The transition semigroups of many diffusion processes of Euclidean
domains or manifolds are Feller semigroups. Also the semigroups of many diffu-
sions on fractals are known to be Feller, see for instance [1-3, 33].

Lemma 8.1 Assume that the semigroup (P;);>¢ is a Feller semigroup. Then there
exist a finite energy dominant measure m and a coordinate sequence (y')ie; C
dom L for (€, F) with respect to m such that

(i) span({y'},.,) is dense in F,

(ii) For any i also the functions Ly’ are continuous,

o0 o0
2 2
(iii) We have Z Hy ||Sup < 400 and Z HLy ||Sup < +00.

i=1 i=1
Proof Let {fi}; C C.(X) be a countable family of nonzero functions that is
dense in Ly(X, ). By the Feller property, the resolvent functions G, fi(x) :=
fooo e~'P,f(x)dt, are continuous and G,f; € dom L. Set

Y 1= 27G1fi [ (1G1 fillup + 1 fillap + EGLA'P).

Then (ii) and (iii) are satisfied. The range ImG; of G; : Ly(X,n) — Lr(X, 1)

is dense in F and any element of ImG; can be approximated in JF by linear

combinations of the functions G f;, what implies (i). Now set m := Y =, 2/T'(y").
I'G: f; ;

( lf ) < 2_2,’ we
228(G1 i) ,
have m(X) < Y 72,27 < 4oo0. For the densities we observe Z = 1:1(,;“!‘") <
2‘,?;153';3) < %_i m — a.e. Polarizing and choosing appropriate m-versions of the
functions ZY, we may assume that for m-a.e. x € X and any N € N the matrix
(Z¥ (x))f\"j=1 is symmetric and nonnegative definite. To do so it suffices to note that

given vy,...,oy € R,0 < T (Zf\]:l viyi) A =/, Zf.\lleif(x)vivj m(dx) is a

nonnegative Radon measure, hence its density must be nonnegative rii-a.e. By letting
N go to infinity we can finally obtain

Because the energy measures I'(y') satisfy T'(y') <

, ) S ,
1Zewl7, <Y 1ZI@P Iy < Y 12T @12 @) ol < Y27y < |l
ij

i i
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for any v = (vy,v2,...) € I, what allows to conclude that Z(x) is bounded,
symmetric and nonnegative definite on /, for pu-a.e. x € X. O
References

1. M.T. Barlow, Diffusions on fractals. Lectures on Probability Theory and Statistics (Saint-Flour,
1995), 1-121, Lecture Notes in Math., 1690 (Springer, Berlin, 1998)
2. M.T. Barlow, R.F. Bass, Brownian motion and harmonic analysis on Sierpinski carpets. Canad.
J. Math. 51, 673-744 (1999)
3. M.T. Barlow, R.F. Bass, T. Kumagai, A. Teplyaev, Uniqueness of Brownian motion on
Sierpinski carpets. J. Eur. Math. Soc. 12, 655-701 (2010)
4. O. Ben-Bassat, R.S. Strichartz, A. Teplyaev, What is not in the domain of the Laplacian on a
Sierpinski gasket type fractal. J. Funct. Anal. 166, 197-217 (1999)
5. N. Bouleau, F. Hirsch, Dirichlet Forms and Analysis on Wiener Space. deGruyter Studies in
Mathematics, vol. 14 (deGruyter, Berlin, 1991)
6. Z.-Q. Chen, M. Fukushima, Symmetric Markov Processes, Time Change, and Boundary Theory
(Princeton University Press, Princeton, 2012)
7. F. Cipriani, J.-L. Sauvageot, Derivations as square roots of Dirichlet forms. J. Funct. Anal. 201,
78-120 (2003)
8. F. Cipriani, J.-L. Sauvageot, Fredholm modules on p.c.f. self-similar fractals and their
conformal geometry. Commun. Math. Phys. 286, 541-558 (2009)
9. F. Cipriani, D. Guido, T. Isola, J.-L. Sauvageot, Spectral triples for the Sierpinski gasket. J.
Funct. Anal. 266, 4809-4869 (2014)
10. B.K. Driver, T. Melcher, Hypoelliptic heat kernel inequalities on the Heisenberg group. J.
Funct. Anal. 221, 340-365 (2005)
11. A. Eberle, Uniqueness and Non-uniqueness of Semigroups Generated by Singular Diffusion
Operators. Springer LNM, vol. 1718 (Springer, New York, 1999)
12. M. Emery, Stochastic Calculus in Manifolds. Springer Universitext (Springer,
Berlin/Heidelberg, 1989)
13. M. Fukushima, Y. Oshima, M. Takeda, Dirichlet Forms and Symmetric Markov Processes
(deGruyter, Berlin/New York, 1994)
14. M. Hino, On singularity of energy measures on self-similar sets. Probab. Theory Relat. Fields
132, 265-290 (2005)
15. M. Hino, Measurable Riemannian structures associated with strong local Dirichlet forms.
Math. Nachr. 286, 1466-1478 (2013)
16. M. Hino, Energy measures and indices of Dirichlet forms, with applications to derivatives on
some fractals. Proc. Lond. Math. Soc. 100(1), 269-302 (2013)
17. M. Hino, K. Nakahara, On singularity of energy measures on self-similar sets II. Bull. Lond.
Math. Soc. 38, 1019-1032 (2006)
18. M. Hinz, Sup-norm-closable bilinear forms and Lagrangians (Preprint). arXiv:1407.1301
19. M. Hinz, Magnetic energies and Feynman-Kac-Ito formulas for symmetric Markov processes
(Preprint). arXiv:1409.7743
20. M. Hinz, L. Rogers, Magnetic fields on resistance spaces (Preprint). arXiv:1501.01100
21. M. Hinz, A. Teplyaev, Dirac and magnetic Schrodinger operators on fractals. J. Funct. Anal.
265(11), 2830-2854 (2013)
22. M. Hinz, A. Teplyaev, Local Dirichlet forms, Hodge theory, and the Navier-Stokes equations
on topologically one-dimensional fractals. Trans. Am. Math. Soc. 367, 1347-1380 (2015)
23. M. Hinz, D. Kelleher, A. Teplyaev, Measures and Dirichlet forms under the Gelfand transform,
Probability and statistics 18, Zapiski Nauchnyh Seminarov POMI 408, 303-322 (2012).
arXiv:1212.1099


http://arxiv.org/abs/1407.1301
http://arxiv.org/abs/1409.7743
http://arxiv.org/abs/1501.01100
http://arxiv.org/abs/1212.1099

Finite Energy Coordinates and Vector Analysis on Fractals 227

24.

25.

26.
27.

28.

29.
30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,
45.

M. Hinz, D. Kelleher, A. Teplyaev, Metrics and spectral triples for Dirichlet and forms. J.
Noncommut. Geom. (To appear). arXiv:1309.5937

M. Hinz, M. Rockner, A. Teplyaev, Vector analysis for Dirichlet forms and quasilinear PDE
and SPDE on metric measure spaces. Stoch. Proc. Appl. 123(12), 4373-4406 (2013)

S. Gallot, D. Hulin, J. Lafontaine, Riemannian Geometry (Springer, Berlin/Heidelberg, 1990)
M. Gordina, Th. Laetsch, Weak convergence to Brownian motion on sub-Riemannian manifolds
(2014, preprint). arXiv:1403.0142

M. Ionescu, L. Rogers, A. Teplyaev, Derivations and Dirichlet forms on fractals. J. Funct. Anal.
263(8), 2141-2169 (2012)

J. Jost, Riemannian Geometry and Geometric Analysis (Springer, Heidelberg, 2002)

N. Kajino, Heat kernel asymptotics for the measurable Riemannian structure on the Sierpinski
gasket. Potential Anal. 36, 67-115 (2012)

N. Kajino, Time changes of local Dirichlet spaces by energy measures of harmonic functions.
Forum Math. 24, 339-363 (2012)

J. Kigami, Harmonic metric and Dirichlet form on the Sierpiriski gasket. Asymptotic problems
in probability theory: stochastic models and diffusions on fractals (Sanda/Kyoto, 1990), 201-
218, Pitman Res. Notes Math. Ser., 283, (Longman Sci. Tech., Harlow, 1993)

J. Kigami, Analysis on Fractals (Cambridge University Press, Cambridge, 2001)

J. Kigami, Measurable Riemannian geometry on the Sierpinski gasket: the Kusuoka measure
and the Gaussian heat kernel estimate. Math. Ann. 340(4), 781-804 (2008)

S. Kusuoka, Dirichlet forms on fractals and products of random matrices. Publ. Res. Inst. Math.
Sci. 25, 659-680 (1989)

S. Kusuoka, Lecture on diffusion process on nested fractals, in Statistical Mechanics and
Fractals. Lecture Notes in Mathematics, vol. 1567 (Springer, Berlin, 1993), pp. 39-98

D. Lenz, A. Teplyaev, Expansion in generalized eigenfunctions for Laplacians on graphs and
metric measure spaces. Trans. Am. Math. Soc. (To appear). arXiv:1310.5650

R. Montgomery, A Tour of Sub-Riemannian Geometries, Their Geodesics and Applications.
Mathematical Surveys and Monographs, vol. 91 (American Mathematical Society, Providence,
2002)

S. Nakao, Stochastic calculus for continuous additive functionals. Z. Wahrsch. verw. Geb. 68,
557-578 (1985)

J.-L. Sauvageot, Quantum differential forms, differential calculus and semigroups, in Quantum
Probability and Applications V. Lecture Notes in Mathematics, vol. 1442 (Springer, New York,
1990), pp. 334-346

R.S. Strichartz, Sub-Riemannian geometry. J. Diff. Geom. 24(2), 221-263 (1986)

R.S. Strichartz, Taylor approximations on Sierpinski type fractals. J. Funct. Anal. 174, 76-127
(2000)

R.S. Strichartz, Differential Equations on Fractals: A Tutorial (Princeton University Press,
Princeton, 2006)

A. Teplyaev, Gradients on fractals. J. Funct. Anal. 174, 128-154 (2000)

A. Teplyaev, Harmonic coordinates on fractals with finitely ramified cell structure. Canad. J.
Math. 60, 457480 (2008)


http://arxiv.org/abs/1309.5937
http://arxiv.org/abs/1403.0142
http://arxiv.org/abs/1310.5650

	Finite Energy Coordinates and Vector Analysis on Fractals
	1 Introduction
	2 Preliminaries
	3 Finite Energy Coordinates
	4 Energy, Fibers and Bundles
	5 Differential and Gradient in Coordinates
	6 Divergence in Coordinates
	7 Generator in Coordinates
	8 Constructing Coordinate Sequences
	References


