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Preface

The first conference of the series “Fractal Geometry and Stochastics,” which took
place in 1994, was the first meeting in Europe devoted to the mathematics of
fractals. Since then, fractal structures and techniques have become well-established
in many fields of mathematics, and conferences in the area have been organized
in many countries. Held every 4 or 5 years, “Fractal Geometry and Stochastics” has
continued to be a leading meeting in the field, gathering together the world’s experts
to discuss current developments, new trends, and open problems. For each of these
conferences, the main contributions have been published by Birkhaeuser in their
series Progress in Probability.

“Fractal Geometry and Stochastics V,” with 123 participants from 23 countries,
took place in Tabarz, Thuringia, Germany, from March 24 to 29, 2014. As in the
previous meetings, we followed the principle of inviting representatives of very
active areas of research, including new, young, and promising researchers. The main
speakers were asked to write contributions for this volume. Most of them are nice
introductions to the subjects, in the form of surveys with selected proofs. Some
papers contain interesting original results. The volume is aimed both at newcomers
in the field and to specialists.

We express our gratitude to the Deutsche Forschungsgemeinschaft for their
financial support without which our conferences could not have been organized.
We also thank a number of referees for their help in preparing this volume.

Christoph Bandt
Kenneth Falconer
Martina Zihle
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Introduction

As a mathematical discipline, fractals have undergone a remarkable metamorphosis.
They arose as curious counterexamples in topology around 1900. When Hausdorff
defined fractal dimension in 1918, its significance was not understood by his
contemporaries. It took several decades to develop geometric measure theory, both
in its own right and as a tool for studying the geometry of highly irregular sets.
In the 1970s Mandelbrot coined the word “fractal” and highlighted the potential of
fractal structures for modeling nature. The advent of graphical computer interfaces
boosted the field by attracting the attention of scientists, social scientists, and the
general public but also by raising many deep mathematical questions. Thus, fractal
techniques continue to grow in importance in both pure and applied fields.

The contributions to this volume reflect different aspects of this development in
recent years. The authors are amongst the world’s leading experts in their fields, and
they present their topics in an attractive and comprehensible manner. The book is
divided into five parts, with papers ordered alphabetically within each part.

We begin with “Geometric Measure Theory”, a fundamental area. K. Falconer,
J. Fraser, and X. Jin review the diverse and continuing research which has grown
from Marstrand’s classical projection theorems from the 1950s. This survey is
complemented by the paper of P. Shmerkin which shows how new techniques yield
stronger projection results for classes of sets and measures with particular dynamical
or arithmetic structure. The closely related concepts of scenery flow, and tangent
distributions are used in A. Kdenmaki’s paper to study questions of rectifiability and
conical densities of general sets. The use of Minkowski functionals for describing
anisotropy of fractals, motivated by needs of materials science, is discussed by
P. Schonhofer and K. Mecke.

“Self-Similar Fractals and Recurrent Structures” contains papers on particular
recursive and self-similar constructions. K. Baranski provides an accessible account
of the recent proof of many cases of the long-standing conjecture for the Hausdorff
dimension of Weierstrass functions and their generalizations. D. Feng and Y. Wang
prove a new result characterizing tilings of the plane using translates of four tiles.
M. Kessebohmer and S. Zhu review recent results on the quantization dimension
of measures, that is, how well measures can be approximated by discrete measures,

ix



X Introduction

with particular reference to self-similar and self-affine measures. Apollonian circle
packings are discussed in M. Pollicott’s paper which covers both contemporary and
historical aspects, with particular emphasis on the rate of convergence of the circle
radii. On the dynamical side, M. Rams studies the entropies of the Mather sets,
defined in terms of Lyapunov exponents, for noncommutative dynamical systems.

Fractal structures in analysis and algebra are discussed in “Analysis and Algebra
on Fractals.” R. Grigorchuk, V. Nekrashevych, and Z. Suni¢ explain self-similar
groups, along with related automata and fractals, and investigate the spectra of
corresponding Schreier graphs. Self-similar graphs approximating certain fractals
are also studied by P. Grabner, who calculates associated spectra of Laplacians
by renormalization based on complex rational functions. This leads to fractal zeta
functions, which are also central in the survey of M.L. Lapidus, G. Radunovi¢, and
D. Zubrini¢, which introduces a new “distance” zeta function that extends the theory
of complex dimensions of fractals to the multidimensional case.

Multifractals are the theme of “Multifractal Theory.” Motivated by requirements
of signal and image processing, S. Jaffard, P. Abry, C. Melot, R. Leonarduzzi, and
H. Wendt introduce a new type of multifractal analysis, based on the concepts of
a local p-exponent and lacunarity exponent of functions. J. Barral reviews recent
work on the construction of measures and functions with prescribed multifractal
characteristics.

“Random Constructions” conclude the volume. M. and E. Jdrvenpdd review
refined techniques to find the dimension of certain limsup sets defined by random
subsets of d-dimensional tori. Then A. Telcs and M.E.-Nagy consider isoperimetric
problems for random walks on weighted graphs.

Christoph Bandt
Kenneth Falconer
Martina Zihle
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Sixty Years of Fractal Projections

Kenneth Falconer, Jonathan Fraser, and Xiong Jin

Abstract Sixty years ago, John Marstrand published a paper which, among other
things, relates the Hausdorff dimension of a plane set to the dimensions of
its orthogonal projections onto lines. For a long time the paper attracted little
attention. But over the past 30 years, Marstrand’s projection theorems have become
the prototype for many results in fractal geometry with numerous variants and
applications and they continue to motivate leading research.

Keywords Fractals * Projections * Dimensions * Measure

Mathematics Subject Classification (2000). Primary 28 A80; Secondary 28A78

1 Marstrand’s 1954 Paper

In 1954, John Marstrand’s paper [56] ‘Some fundamental geometrical properties
of plane sets of fractional dimensions’ was published in the Proceedings of the
London Mathematical Society, see Fig. 1. The paper was essentially the work for
his doctoral thesis at Oxford, which was heavily influenced by Abram Besicovitch, a
Russian born mathematician and pioneer of geometric measure theory. For 25 years
after its publication the paper attracted only limited attention, since then it has
become one of the most frequently cited papers in the area now referred to as fractal
geometry. Indeed, the paper was the first to consider the geometric properties of
fractal dimensions.
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4 K. Falconer et al.

Fig. 1 Proceedings of the SOME FUNDAMENTAL GEOMETRICAL
London Mathematical PROPERTIES OF PLANE SETS OF
Society(3).4 (1954), 257-302 FRACTIONAL DIMENSIONS

By J. M. MARSTRAND
[Received 27 March 1953.—Read 16 April 1953)

1. Introduction

1.1. Norarion axp DeFmvrTions. Given any positive number g, by
Alqg) we denote any sequence of convex areas U, each of diameter dU < g.

Suppose that we have a plane set of points E, and that A(E, q) denotes
any set A(g) which contains E. Then by

NE

duye
Agm( '
taken over all possible sets A(E,g).

we denote the lower bound of

The best-known results from the paper are the two Projection Theorems, stated
below in Marstrand’s wording, which relate the dimensions of sets in the plane
to those of their orthogonal projections onto lines. Note that ‘dimension’ refers
to Hausdorff dimension, and an ‘s-set’ is a set that is measurable and of positive
finite measure with respect to s-dimensional Hausdorff measure H°. ‘Almost all
directions’ means all lines making angle 6 with the x-axis except for a set of
0 € [0, ) of Lebesgue measure 0.

Theorem 1.1 Any s-set whose dimension is greater than unity projects into a set of
positive Lebesgue measure in almost all directions.

Theorem 1.2 Any s-set whose dimension does not exceed unity projects into a set
of dimension s in almost all directions.

The statements are followed by a remark that, by a result of Roy Davies [9],
every Borel or analytic set of infinite s-dimensional Hausdorff measure contains an
s-set. This allows the theorems to be expressed in terms of Hausdorff dimension, and
this is the form in which they are now usually stated. We write dimy for Hausdorff
dimension, £ for Lebesgue measure, and proj, for orthogonal projection of a set
onto the line at angle 6 to the x-axis, see Fig. 2.

Theorem 1.3 ([56]) Let E C R? be a Borel or analytic set. Then, for almost all
0 € [0, ),

(i) dimy projyE = min{dimy E, 1},
(ii) L(proj,E) > 0 ifdimyg E > 1.

Since projection does not increase distances between points it follows easily
from the definition of Hausdorff measure and dimension that dimy projgE <
min{dimy E, 1} for all 8, but the opposite inequality is much more intricate.
Marstrand’s proofs depend heavily on plane geometry and measure theory, with, for
example, careful estimates of the measures of narrow strips in various directions. As
John Marstrand once remarked, analysis essentially consists of integrating functions
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Fig. 2 Projection of a set E B PN
onto a line in direction 6 e

in different ways and applying Fubini’s theorem — but it may be difficult to find an
appropriate function. The proofs in this paper illustrate this well.

It is worth mentioning that Marstrand’s paper [56] includes a nice, but often
forgotten, extension to the theorems, that the same exceptional directions can apply
to subsets of the given s-set that are of positive measure. In the following statement
from the paper | | denotes Lebesgue measure.

Proposition 1.4 IfE is an s-set and s > 1, then for almost all angles 0, all s-sets A
which are contained in E satisfy |proj,A| > 0.

Although Marstrand’s paper is most often cited for the projection theorems, its
46 pages contain a great deal more, much of which anticipated other directions in
fractal geometry.

* Dimension of the intersection of sets with lines. E.g. Almost every line through
‘H’-almost every point of an s-set E (s > 1) intersects E in a set of dimension
s — 1 and finite s — 1-dimensional measure.

» Construction of examples with particular projection properties. E.g. For 1 < s <
2 there exists an s-set which projects onto a set of dimension s — 1 in continuum
many directions in every sector.

* Dimension of exceptional sets. The dimension of the set of points from which
an irregular 1-set (see Sect. 4) has projection of positive Lebesgue measure is at
most 1.

o Densities of s-sets. The density lim,_o H*(E N B(x, 7))/ (2r)* of an s-set E C R?
can exist and equal 1 for H*-almost all x only if s = 0, 1 or 2. (B(x, r) denotes
the disc of centre x and radius r.)

* Angular densities. Bounds are given for densities defined in segments emanating
from points of an s-set.

* Weak tangents. For 1 < s < 2 an s-set fails to have a weak tangent (with an
appropriate definition) almost everywhere.

This area of research is a central part of what is now termed fractal geometry.
This paper will survey the vast range of mathematics related to projections of sets
that has developed over the past 60 years and which might be regarded as having its
genesis in Marstrand’s 1954 paper.
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2 The Potential-Theoretic Approach

By virtue of the fact that an orthogonal projection is a Lipschitz map, we invariably
have dimy projE < min{m, dimg E} for every set E C R" and projection proj :
R"™ — V onto every m-dimensional subspace V, a fact that should be borne in mind
throughout this article. It is inequalities in the opposite direction that require more
work to establish. (However, a particularly straightforward situation is that for a
connected set E C R2, both dimyg E > 1 and dimy projE = 1 for projections onto
lines in all directions with at most one exception.) Throughout this article we will
always assume that the sets E being projected are Borel or analytic — pathological
constructions show that dimension ceases to have useful geometric properties if
completely general sets are considered.

Marstrand’s proofs of his projection theorems were geometrically complicated
and not particularly conducive to extension or generalization. But in 1968 Kauf-
man [50] gave new proofs of Theorem 1.1(i) using potential theory and of
Theorem 1.1(ii) using a Fourier transform method. This provided a rather more
accessible approach, leading eventually to many generalizations and extensions.
Kaufman’s proofs depend on the following characterization of Hausdorff dimension
in terms of an energy integral:

dimy E = sup {s : E supports a positive finite measure

,usuchthat//d'u(x)dﬂ(y) oo} 2.1
lx—yl*

Thus if E C R? and s < dimy E where 0 < s < 1, we may find a measure j

d d
supported by E such that / / M
x—y|*

onto the line in direction 0, so [0 f(t)dps (1) = [, f(x - 0)dji(x) for continuousf,
where we identify 6 with a unit vector in the direction 6. Then

/ [/ / duolitidzf(u)}de:/ U/ﬂfuémf(’gs}d@ 02
I e e

-

where u,, denotes the unit vector w/|w| and f0” ltty—y - 0]7°dO = ¢ < o0.

o0 o0
Hence for almost all 6, / W
_ —uls

by projgE, we conclude from the characterlzanon (2.1) that dimy projyE > s. This
is true for all s < dimy E, so dimy projyE > dimy E for almost all 6.

< 0o. Write pg for the projection of u

| /\

< 00, S0, since g is supported
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For the case where 1 < s < 2, a variant of this argument shows that

/0” [/_: /_Z |@(u)|2i|du <00

where [1 is the Fourier transform of g from which it follows that ¢ is absolutely
continuous with respect to Lebesgue measure with L? density, so in particular has
support of positive Lebesgue measure.

In 1975 Mattila [57] used potential theoretic methods to obtain the natural
extension of these theorems to projections from higher dimensional spaces to
subspaces. For 1 < m < n, and V an m-dimensional subspace of R", let proj,, denote
orthogonal projection onto V. These subspaces form the Grassmanian G(n, m), an
m(n — m)-dimensional compact manifold which carries a natural invariant measure,
locally equivalent to m(n — m)-dimensional Lebesgue measure.

Theorem 2.1 ([57]) Let E C R" be a Borel or analytic set. Then, for almost all
Ve G(n, m),

(i) dimy proj,E = min{dimy E, m}.
(ii)) L™(projyE) > 0 if dimy E > m, where L™ denotes m-dimensional Lebesgue
measure on'V.

3 Exceptional Sets of Projections

We can deduce rather more from Kaufman’s proof above. Let E C R and 0 < s <
dimyE < 1. Let T = {0 : dimy projgE < s}. If dimy T > s then it can be shown
that we may find a measure v supported by 7 such that [ [u-0]|~°dv(f) < ¢ < oo
for every unit vector u. If we integrate with respect to v instead of Lebesgue measure
in (2.2) we still get a finite triple integral, and so for v-almost all § € T the s-energy
of 1 is finite and dimy proj,E > s, a contradiction. It follows that if E C R? and
0 <s < dimygE < 1 then

dimy{0 : dimy proj,E < s} <.

Thus the set of 8 for which the projections have much smaller dimension than
that of the set is correspondingly small. Indeed, the dimension of a projection is
rarely less than half that of the set. As Bourgain [8] and Oberlin [63] showed, again
when E C R? and dimpg E < 1,

dimy {6 : dimyg proj,E < %dimH E} =0.
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For E C R? and dimy E > 1, the greater the ‘excess dimension’ dimy E — 1 the
smaller the set of § where Marstrand’s conclusion fails. To be more precise:

dimy{0 : L(projyE) = 0} <2 —dimy E.

This was first proved in [14] and all known proofs depend on Fourier transforms.

Not surprisingly there are higher dimensional analogues of these bounds on the
dimensions of the exceptional set, that is the set of V € G(n,m) for which the
conclusions of Theorem 2.1 fail. These are summerised in the following inequalities,
written for comparison with m(n — m), the dimension of the Grassmanian G(n, m),
see [51, 57-59] for more details.

Theorem 3.1 Let E C R" be a Borel or analytic set.

(i) If0 < s < dimyg E < m then
dimg{V € G(n,m) : dimg proj, E < s} < m(n —m) — (m — s);
(ii) If dimy E > m then
dimy{V € G(n,m) : dimy proj E < s} < m(n —m) — (dimy E — s);
(iii) If dimy E > m then
dimg{V € G(n,m) : L"(proj, E) = 0} < m(n —m) — (dimpg E — m);
(iv) Ifdimyg E > 2m then

dimu{V € G(n,m) : projyE has empty interior} < m(n—m)— (dimyg E —2m).

4 Sets of Integer Dimension

Marstrand was the first person to consider the effect of projection on the numerical
value of the dimension, but his paper also includes a few results on projections of
s-sets in the ‘critical case’ where s = 1. This case had been studied in great detail
somewhat earlier by Besicovitch around the 1930s [5-7] who showed that 1-sets or
‘linearly-measurable sets’ in the plane could be decomposed into a regular part and
an irregular part, using local densities D(x) = lim,_.o H'(E N B(x, r))/2r.

The regular part consists of those x where the limit D(x) exists with D(x) = 1,
and the irregular part is formed by the remaining points. Besicovitch showed
that, to within a set of measure 0, the regular part is ‘curve-like’, that is a subset
of a countable collection of rectifiable curves. On the other hand, the irregular
part is ‘dust-like’ intersecting every rectifiable curve in length 0. Using intricate
geometrical arguments, Besicovitch obtained the following projection theorem.
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Theorem 4.1 ([7]) Let E C R? be a 1-set.

(i) IfE is regular then L(proj,E) > 0 for all 0 € [0, ) except perhaps for a single
value of 6.
(ii) IfE is irregular then L(proj,E) = 0 for almost all 6 € [0, ).

The natural higher dimensional versions of Theorem 4.1, with appropriate
definitions of regular and irregular sets, were obtained by Federer [27, 28].

If E is measurable and of o-finite ' measure, it follows from Theorem 4.1 that
L(proj,E) is either O for almost all § or positive for almost all 6, by decomposing E
into countably many 1-sets. However if dimyg E = 1 but E is not o-finite then strange
things can occur: we can find a set E whose projections are, to within Lebesgue
measure 0, anything we like.

Theorem 4.2 ([9, 15]) For each 6 € [0,7) let Eg be a given subset of the line
through the origin of R? in direction 0, such that \Uo<o<r Eo is plane Lebesgue
measurable. Then there exists a Borel set E C R? such that, for almost all 9,
L(Ep A projoE) = 0 where A denotes symmetric difference, in other words proj,E
differs from the prescribed set Eg by a set of negligible length.

Theorem 4.2 may be obtained by dualising a result of Davies [9, 10] on
covering a plane set by lines without increasing its plane Lebesgue measure. It was
proved directly, along with the natural higher dimension analogues, in [15]. For
projections from R3 to R? this has become known as the ‘digital sundial theorem’:
Given a subset Ey of each 2-dimensional subspace V of R* (with a measurability
condition), there exists a Borel set E C R? such that, for almost all subspaces V,
L2(Ey AprojyE) = 0. Thus, in theory at least, there is a set in space such that the
shadow cast by the sun gives the thickened digits of the time at any instant, see
Fig.3.

S Packing Dimensions

Packing measures and packing dimension were introduced by Tricot [84] in 1982 as
a sort of dual to their Hausdorff counterparts, see [17, 58]. Whilst packing measures
require an extra step in their definition, the gap of over 60 years between the two
concepts seems very surprising with hindsight. Nowadays, however, every problem
that involves Hausdorff dimension is almost routinely studied in terms of packing
dimension as well. Projection theorems are no exception, but the dimensional
relationships turn out to be more complicated in the packing dimension case.
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DIGITAL SUNDIAL stands in the courtyard of the Cartesian Monastery, home of
Brother Benjamin and the Euclidean monks.

SCIENTIFIC AMERICAN August 1991 89

Fig. 3 A digital sundial — drawing by Andrew Christie

Jarvenpéd [43] constructed compact sets E C R" with dimp E taking any
prescribed value in (0, 7] such that dimp projy E = dimp E /(14(1/m—1/n) dimp E)
for all V € G(n, m). This is essentially the least value that can be obtained, that is

dimp £ < dimp proj, E < min{dimp E, m}
,m
T+ (1 /m—1/n)dimpE —  PPrOVE = P

for almost all V € G(n,m), see [19]. For packing dimensions of projections of
measures, rather than sets, this lower bound was refined to incorporate both the
Hausdorff and packing dimensions of the measure, see [23].

These inequalities raised the question of whether dimp proj, E takes a common
value for almost all subspaces V and this was answered affirmatively with the
introduction of ‘dimension profiles’ [20]. The packing dimension profile dimy, E
of a set E C R” reflects how E appears when viewed in an s-dimensional setting.
For s > 0 the s-dimensional packing dimension profile of a measure @ on R” with
bounded support is defined in terms of local densities of measures with respect to a
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kernel of the form min{1, r*/|x — y|*}:

dimj 4 =sup{tr>0: liminfr_’/min{l, 4 }du(y) < o0
N0 |x —y|

for p-almost all x € R”} .

This leads to the s-dimensional packing dimension profile of a set E C R”
dimy E = sup { dimj, p : p is a finite compactly supported measure on E},

see [20]. The profiles generalize packing dimensions, since dimp E = dimp E for
E C R". The profiles may also be expressed in terms of measures defined by
weighted coverings, see [38, 53].

Theorem 5.1 ([20]) Let E C R" be a Borel or analytic set. Then, for almost all
Ve G(n, m),

dimp projyE = dimg E.

There is a certain parallel with Hausdorff dimensions, where one might define
a dimension profile simply as dimj; E = min{s, dimyg E} which, by Marstrand’s
theorem, gives the Hausdorff dimension of projections onto almost all s-dimensional
subspaces.

As well as giving the almost sure packing dimension of the projections, the
profiles provide upper bounds for the dimension of the exceptional set of directions
for which the packing dimension falls below the almost sure value see [20] and also
[68].

Since their introduction, packing dimension profiles have cropped up in other
contexts, notably to give the almost sure packing dimension of images of sets under
fractional Brownian motion [53, 85].

6 Projections in Restricted Directions

A general question that has been around for many years is under what circumstances
we can get projection theorems for projections onto families of lines or subspaces
that form proper subsets of V(n, m). For instance, if {8(¢) : t € P} is a smooth curve
or submanifold of V(n, m) smoothly parameterized by a set P C R¥, then what can
we conclude about dimy projg, E for Lk-almostall # € P, where £ is k-dimensional
Lebesgue measure?

For a simple example, it follows easily from Theorem 3.1 (ii)—(iii) that if {6(¢) :
0 <t < 1} is a smoothly parameterized curve of directions in R3 (i.e. a curve in
V(3, 1)), then for almost all 0 < ¢t < 1 we have dimy projgE > min{dimg £ — 1, 1}
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and if dimyg £ > 2 then Ll(projg(r)E) > 0, where projg,, denotes projection onto
the line in direction (7).

The following lower bounds were obtained Jarvenpad, Jarvenpid and Keleti [44]
for parameterized families of projections from R” to m-dimensional subspaces, see
also [45]. For 0 < k < m(n — m) define the integers

=0,1,...,m—1),

p(;)zn_m_{wj (

m—1

where the ‘floor’ symbol ‘| x|’ denotes the largest integer no greater than x.

Theorem 6.1 ([44]) Let P C R* be an open parameter set and let E C R" be
a Borel or analytic set. Let {V(t) C G(n,m) : t € P} be a family of subspaces
such that V is C' with the derivative D,V () injective for all t € P. Then, for all
1=0,1,...,mand L*-almost all t € P,

. . dimgE—p()  ifp() +I<dimgE <p()+1+1
d E>
POV E =1 4 ifp() +14+1<dimgE <p(l+1)+1+1.

Moreover, if dimy E > p(m—1) +m then L™ (projy, E) > 0 for Lk-almost all t € P.

These are the best possible bounds for general parameterized families of pro-
jections. The same paper [44] includes generalizations of these results to smoothly
parameterized families of C>-mappings.

Better lower bounds may be obtained if there is curvature in the mapping s +—
V(s). This is a difficult area, and work to date mainly concerns projections from
R? to lines and planes. Let 6 : (0,1) — S? be a family of directions given by a
C3-function 6, where S is the 2-sphere embedded in R?. We say that the family of
directions is non-degenerate if

span {6(1),0'(1),0" (1)} = R> forallz € (0, 1).

The following theorem was proved by recently by Fissler and Orponen [26].

Theorem 6.2 ([26]) Let E C R? be a Borel or analytic set, let 0(f) be a non-
degenerate family of directions, and let projg,, denote projection onto the line in
direction 0. Then, for almost all t € (0, 1),

dimy projg, E > min{dimy E, 1}. (6.1)

It is conjectured that % can be replaced by 1 in (6.1) and this is verified where E
is a self-similar set without rotations in [26], a paper that also contains estimates for
packing dimensions of projections.

The following bounds have been established for projections onto planes in R3
in the non-degenerate case. The conjectured lower bound is min{dimy E, 2} and the
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bound min{dimy E, 1} for all values of dimy E was obtained in [26]. The further
improvements stated below come from Fourier restriction methods [64, 65].

Theorem 6.3 ([26, 64, 65]) Let E C R? be a Borel or analytic set, let 0(t) be
a non-degenerate family of directions, and let projy, ,, denote projection onto the
plane perpendicular to direction 6. Then, for almost all t € (0, 1),

min{dimy E, 1} if0 < dimyE < %
dimy projy, ,E > { 2 dimy E if 4 <dimyE <2 .
min{dimpg E — 1,2} if2 <dimgE <3

Orponen [71] also showed that there exist numbers o(1) > 1 defined for A > 1,
and increasing with A, such that if dimyg £ > 1 then dimyg projy, wE = o(dimy E)
for almost all 7 .

Estimates for packing dimensions of projections may be found in [26]. The
introduction of the paper [71] provides a recent overview of this area.

7 Generalized Projections

The projection theorems are a special case of much more general results. The
essential property in Kaufman’s proof in Sect.2 is that the integral over the
parameter 6 satisfies [ |projyx — projyy|~*d6 < c|x — y|™*; such a condition can
hold for many other parameterized families of mappings as well as for projg.

Thus for X C R" a compact domain, consider a family of maps 7y : X — R”
for 6 in an open parameter set P C R¥. Assume that the derivatives with respect to
0, Dgmy(x) exist and are bounded.

Let

|70 (x) — ﬁe(Y)|'

P =TI

The family {7y : 6 € P} is transversal if there is a constant ¢ such that
|®o(x,y)| <c = det (Dy®y(x,y)(Dy Do (x.y))") > ¢

for & € P and x,y € X, where Dy denotes the derivative with respect to 6 and
T denotes the transpose of a matrix. (A form of transversality was first introduced
in [75]). This condition implies that if & € P is such that ®g(x,y) is small, then
®y(x, y) must be varying reasonably fast as € changes in a direction perpendicular
to the kernel of the derivative matrix.

By generalizing beyond recognition earlier arguments involving potential theory
and Fourier transforms, Peres and Schlag [72] obtained theorems such as the
following for a transversal family of generalized projections; compare Theorem 3.1.
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Theorem 7.1 ([72]) For X C R" and P C R¥, let {my : X — R" : 0 € P} bea
transversal family and let E C X be a Borel set.

(i) If0 < t < dimg E < m then
dimy{0 € P : dimy mpE < t} < k— (m—1);

(ii) Ifdimyg E > m then

dimg{f € P : dimyg mpE < t} < k— (dimyg E — 1);
(iii) If dimy E > m then

dimy{f € P : L™ (mpE) = 0} < k — (dimyg E — m);
(iv) Ifdimyg E > 2m then

dimy{6 € P : wyE has empty interior} < n —dimy E + 2.

This powerful result has been applied to many situations, including Bernoulli
convolutions, sums of Cantor sets and pinned distance sets, see [72]. For a recent
treatment of transversality, see [62].

Leikas [55] has used transversality to extend the packing dimension conclusions
of Sect.5 to families of mappings between Riemannian manifolds where the
dimension profiles again play a central role.

8 Projections of Self-Similar and Self-Affine Sets

One of the difficulties with the projection theorems is that they tell us nothing about
the dimension or measure of the projection in any given direction. There has been
considerable recent interest in examining the dimensions of projections in specific
directions for particular sets or classes of sets, and especially in finding sets for
which the conclusions of Marstrand’s theorems are valid for all, or virtually all,
directions. Of particular interest are self-similar sets which we consider briefly here;
there is a very nice and much more detailed account of the area by Shmerkin [80]
elsewhere in this volume.

Recall that an iterated function system (IFS) is a family of contractions
{fi..--.fip with f; : R" — R". An IFS determines a unique non-empty compact
E C R? such that

k
E = Jsi®. (8.1)

i=1
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called the attractor of the IFS, see [17, 42]. If the f; are all similarities, that is of the
form

fix) = r0i(x) + a;, (8.2)

where 0 < r; < 1 is the similarity ratio, O; is an orthonormal map, i.e. a rotation or
reflection, and q; is a translation, then E is termed self-similar. An IFS of similarities
satisfies the strong separation condition (SSC) if the union (8.1) is disjoint, and the
open set condition (OSC) if there is a non-empty open set U with U*_,£,(U) C U
with this union disjoint. If either SSC or OSC hold then dimy E = s, where s is the
similarity dimension given by Zf=1 r] = 1, where r; is the similarity ratio of f;, and
moreover 0 < H*(E) < oo. The rotation group G = (O, . .., O) generated by the
orthonormal components of the similarities plays a crucial role in the behaviour of
the projections of self-similar sets.

It is easy to construct self-similar sets with a finite rotation group G for which
the conclusions of Marstrand’s theorem fail in certain directions. For example, let
fi,....,fs be homotheties (that is similarities with O; the identity in (8.2)) of ratio
0 <r< % that map the unit square S into itself, each f; fixing one of the four
corners. Then dimyg E = —log 4/ log r, but the projections of E onto the sides of the
square have dimension —log2/logr and onto the diagonals of S have dimension
—log 3/ logr, a consequence of the alignment of the component squares f;(S) under
projection. There is a similar reduction in the dimension of projection in direction
whenever projg (f;, o - - -0 £, (S)) = projy(fj, o - --of;, (5)) for distinct words iy, . . ., ik
andji, ..., Jk.

Kenyon [52] conducted a detailed investigation of the projections of the
1-dimensional Sierpiiski gasket E C RZ, that is the self-similar set defined by
the similarities

filey) = (Gx3y). Ly = Gx+ 3. 39), filey) = Gr 3y + ).

He showed that the projection of E onto a line making an angle to the x-axis
with tangent p/q with has dimension strictly less than 1 if p + ¢ # 0 (mod 3),
but if p + ¢ = 0(mod3) then the projection has non-empty interior. For
irrational directions he proved that the projections have Lebesgue measure 0 and
Hochman [34] complemented this by showing that they nevertheless have Hausdorff
dimension 1.

In fact, when the rotation group is finite, there are always some projections
for which direct overlapping of the projection of components of the usual iterated
construction leads to a reduction in dimension, as the following theorem of Farkas
shows.

Theorem 8.1 ([25]) If E C R” is self-similar with finite rotation group G and
similarity dimension s, then dimy proj, E < s for some V € G(n, m). In particular
if E satisfies OSC and 0 < dimy E < m then dimy proj,E < dimy E for some V.
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A rather different situation occurs if the IFS has dense rotations, that is the
rotation group G is dense in the full group of rotations SO(n, R) or in the group of
isometries O(n, R). Note that an IFS of similarities of the plane has dense rotations
if at least one of the rotations in the group is an irrational multiple of .

Theorem 8.2 ([35,74]) IfE C R" is self-similar with dense rotations then
dimy projyE = min{dimy E, m} for all V € G(n, m). (8.3)

More generally, dimy g(E) = min{dimy E, m} for all C' mappings g : E — R"
without singular points, that is maps with non-singular derivative matrix.

Peres and Shmerkin [74] proved (8.3) in the plane without requiring any
separation condition on the IFS. To show this they set up a discrete version of
Marstrand’s projection theorem to construct a tree of intervals in the subspace (line)
V followed by an application of Weyl’s equidistribution theorem. Hochman and
Shmerkin [35] proved the theorem in higher dimensions, including the extension
to C' mappings, for E satisfying the open set condition. Their proof uses the CP-
chains of Furstenberg [31, 32], see also [33], and has three main ingredients: the
lower semicontinuity of the expected Hausdorff dimension of the projection of a
measure with respect to its ‘micromeasures’, Marstrand’s projection theorem, and
the invariance of the dimension of projections under the action of the rotation group.

That the open set condition is not essential follows since, for all € > 0, we
can use a Vitali argument to set up a new IFS, consisting of compositions of the
f:, that satisfies SSC, with attractor E/ C E such that dimyg E’ > dimg E — €; we
can also ensure that the new IFS has dense rotations if the original one has, see
[21, 25, 69, 74].

It is also natural to ask about the Lebesgue measures of the projections of self-
similar sets. We have seen examples of self-similar sets E of Hausdorff dimension
s < m with finite rotation group and satisfying SSC such that H*(proj E) is positive
for some subspaces V and O for others. For dense rotations, the situation is clear cut:
the following theorem was proved by Eroglu [13] in the plane case for projections
when OSC is satisfied, and for more general mappings with the separation condition
removed by Farkas [25].

Theorem 8.3 ([25]) Let E C R" be the self-similar attractor of an IFS with dense
rotations, with dimy E = s. Then H*(projyE) = 0 for all V € G(n,m). More
generally, H*(g(E)) = 0 for all C' mappings g : E — R" without singular points.

In the dense rotation case, if dimy £ > m then dimy projy,E = m forall V €
G(n,m) by Theorem 8.2, but we might hope from the second part of Marstrand’s
theorem that the projections also have positive Lebesgue measure. Shmerkin and
Solomyak showed that this is very nearly so in the plane.

Theorem 8.4 ([81]) Let E C R? be the self-similar attractor of an IFS with dense
rotations with 1 < dimyg E < 2. Then L' (projyE) > 0 for all § except for a set of 6
of Hausdorff dimension 0.
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Fig. 4 A Bedford McMullen self-affine carpet obtained by repeated substitution of the left-hand
pattern in itself

The proof depends on careful estimation of the decay of the Fourier transforms
of projections of a measure supported by E. The method can be traced back to a
study of Bernoulli convolutions by Erdds [12], which Kahane [49] pointed out gave
an exceptional set of Hausdorff dimension O rather than just Lebesgue measure 0,
see [73].

The attractor of an IFS is self-affine if (8.1) holds for affine contractions
{fi.--..fi}. A plane self-affine set is a carpet if the contractions are of the form

fitx,y) = (aix + ci, biy + d;), (8.4)

i.e. affine transformations that leave the horizontal and vertical directions invariant,
see Fig. 4. For many self-affine carpets the dimensions of the projections behave
well except in directions parallel to the axes.

Theorem 8.5 ([30]) Let E C R? be a self-affine carpet in the Bedford-McMullen,
Gatzouras-Lalley or Barariski class. If the defining IFS is of irrational type, then
dimy proj,E = min{dimy E, 1} for all  except possibly 8 = 0 and 6 = %71.

For definitions and details of these different classes of carpets, see [30]. The IFS
is of irrational type if, roughly speaking, log a;/ log b; is irrational for at least one
of the f; in (8.4).

Along similar lines, for an integer n > 2, let 7, : [0,1] — [0, 1] (where O
and 1 are identified) be given by T,,(x) = nx(modl). In the 1960s Furstenberg
conjectured that if £ and F are closed sets invariant under 7, and 73 respectively,
then dimy proj, (E x F) should equal min{dimy(E x F), 1} for all 8 except possibly
0 =0and 6 = %71. This was proved by Hochman and Shmerkin [35] along with
more general results such as the following.

Theorem 8.6 ([35]) Let E and F be closed subsets of [0, 1] that are invariant
under T,, and T, respectively, where m,n are not powers of the same integer. Then
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dimy proj,(E x F) = min{dimy(E x F), 1} for all 6 except possibly 6 = 0 and
0=1in.
2

Projection properties of self-affine measures underpin this work and there are
measure analogues of these theorems, see [29, 30, 35].

9 Projections of Random Sets

Fractal percolation provides a natural method of generating statistically self-similar
fractals, with the same random process determining the form of the fractals at both
small and large scales.

Best known is Mandelbrot percolation, based on repeated decomposition of
squares into smaller subsquares from which a subset is selected at random. Let D
denote the unit square in R?. Fix an integer M > 2 and a probability 0 < p < 1. We
divide D into M? closed subsquares of side 1/M in the obvious way, and retain each
subsquare independently with probability p to get a set D; formed as a union of the
retained subsquares. We repeat this process with the squares of D, dividing each
into M? subsquares of side 1/M? and choosing each with probability p to get a set
D,, and so on. This leads to the random percolation set E = N{2,Dy. If p > M2
then there is a positive probability of non-extinction, i.e. that E # @, conditional on
which dimyg E = 2 + logp/ log M almost surely.

The topological properties of Mandelbrot percolation have been studied exten-
sively, see [11, 17, 78] for surveys. In particular there is a critical probability p, with
1/M < p. < 1 such that if p > p, then, conditional on non-extinction, E contains
many connected components, so projections onto all lines automatically have
positive Lebesgue measure. If p < p. the percolation set E is totally disconnected,
and Marstrand’s theorems provide information on projections of E in almost all
directions. However, Rams and Simon [76-78] recently showed using a careful
geometrical analysis that, conditional on E # @, almost surely the conclusions of
Theorem 1.3 hold for all projections.

Theorem 9.1 ([77]) Let E be the random set obtained by the Mandelbrot percola-
tion process in the plane based on subdivision of squares into M* subsquares, each
square being retained with probability p > 1/M?. Then, with positive probability
E # @, conditional on which:

(i) dimy proj,E = min{dimy E, 1} for all 6 € [0, &),
(ii) Ifp > 1/M then forall 6 € [0, ), proj,E contains an interval and in particular
L(proj,E) > 0.

The natural higher dimensional analogues of this theorem for projections onto all
V € G(n,m) are also valid, see [83]. There are also versions of this result when the
squares are selected using certain other probability distributions.

Statistically self-similar subsets of any self-similar set may be constructed using
a similar percolation process. Let {fi, . .., f,} be an IFS on R” given by (8.2) and let
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Fig. 5 A self-similar set with dense rotations and a subset obtained by the percolation process

Ey be its attractor. Percolation on Ey may be performed by retaining or deleting
components of the natural hierarchical construction of E in a random but self-
similar manner. Let 0 < p < 1 and let D C R” be a non-empty compact set
such that f;(D) C D for all i. We select a subfamily of the sets {f;(D),...,fn(D)}
where each f;(D) is selected independently with probability p and write D; for
the union of the selected sets. Then, for each selected f;(D), we choose sets from
{fifi(D),....fifn(D)} independently with probability p independently for each i,
with the union of these sets comprising D,. Continuing in this way, we get a
nested hierarchy D D D; D D, D --- of random compact sets, where Dy, is the
union of the components remaining at the kth stage. The random percolation set is
E = NP2, Dy, see Fig. 5. When the underlying IFS has dense rotations, Falconer and
Jin [21] extended the ergodic theoretic methods of [35] to random cascade measures
to obtain a random analogue of Theorem 8.2.

Theorem 9.2 ([21]) Let Ey C R”" be a self-similar set with dense rotation group
and let E C E be the percolation set described above. If p > 1/m there is positive
probability that E # @, conditional on which,

dimy projyE = min{dimy E, m} for all V € G(n, m).

More generally, conditional on E # @, dimy g(E) = min{dimy E, m} for all C'
mappings g : E — R"™ without singular points.

Recently, Shmerkin and Suomala [82] have introduced a very general theory
showing that for a class of random measures, termed spatially independent mar-
tingales, very strong results hold for dimensions of projections and sections of the
measures, and thus of underlying sets, with the conclusions holding almost surely
for projections in all directions or onto all subspaces. Such conclusions are obtained
by showing that almost surely the total measures of intersections of the random
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measures with parameterized deterministic families of measures are absolutely
continuous with respect to the parameter. Spatially independent measures include
measures based on fractal percolation, random cascades and random cutout models.

10 Further Variations and Applications of Projections

This discussion has covered just a few of the numerous results which may be traced
back to Marstrand’s pioneering work. We end with an even briefer mention of some
further applications, with one or two references indicating where further information
may be found.

Visible parts of sets The visible part VisgE of a compact set E C R? from direction
0 is the set of x € E such that the half-line from x in direction 6 intersects E in
the single point x; thus VisgE may be thought of as the part of E that can be ‘seen
from infinity’ in direction 6. It is immediate from Marstrand’s Theorem 1.3 that, for
almost all 9,

dimyg VisgE = dimg E if dimgE <1 and dimyg VisgE > 1if dimgE > 1.

It has been conjectured that if dimy £ > 1 then dimy VisgE = 1 for almost all 8, but
so far this has only been established for rather specific classes of E. The conjecture
is easily verified if E is the graph of a function (the only exceptional direction being
perpendicular to the x-axis), see [47]. It is also known for quasi-circles [47] and for
Mandelbrot percolation sets [1]. For self-similar sets, it holds if E is connected and
the rotation group is finite [1], and also if E satisfies the open set condition for a
convex open set such that proj, E is an interval for all 6 [18] (in this case E need not
be connected). The analogous conjecture in higher dimensions, that the dimension
of the visible part of a set E C R” equals min{dimy E, n — 1}, is also unresolved if
dimH E>n—1.

Projections in infinite dimensional spaces Infinite-dimensional dynamical systems
may have finite dimensional attractors. When they are studied experimentally what
is observed is essentially a projection or ‘embedding’ of the attractor into Euclidean
space and infinite-dimensional versions of the projection theorems can relate these
projections to the original attractor. Let E be a compact subset of a Banach space
X with box-counting (or Minkowski) dimension d. Hunt and Kaloshin [41] show
that for almost every projection or bounded linear function = : X — R™ such that
m > 2d,

m—2d
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Here ‘almost every’ is interpreted in the sense of prevalence, which is a measure-
theoretic way of defining sparse and full sets for infinite-dimensional spaces. The
book by Robinson [79] provides a recent treatment of this important area.

Projections in Heisenberg groups The Heisenberg group H”" is the connected
and simply connected nilpotent Lie group of step 2 and dimension 2n + 1 with
1-dimensional center, which may be identified topologically with R***!, However,
the Heisenberg metric dy, which is invariant under the group action, is very different
from the Euclidean metric, and in particular the Hausdorff dimension of subsets of
H" depends on which metric is used in the definition. Despite the lack of isotropy,
there is enough geometric structure to enable families of projections to be defined,
and it is possible to get bounds for the dimensions of certain projections of a Borel
set E in terms of the dimension of E, where the dimensions are defined with respect
to dy, see [2, 3, 61].

Sections of sets Dimensions of sections or slices of sets, which go hand in hand
with dimensions of projections, also featured in Marstrand’s 1954 paper [56]. He
showed essentially that, if E C R? is a Borel or analytic set of Hausdorff dimension
s > 1, then for almost all directions 6, dimy projglx < s — 1 for almost all x € Vy,
with equality for a set of x € Vj of positive Lebesgue measure. Here proj, :
R? — Vjy is orthogonal projection onto Vy, the line in direction #. The natural
higher dimensional analogues were obtained by Mattila [57, 58, 60] using potential
theoretic arguments. Most of the aspects discussed above for projections have
been investigated for sections, including packing dimensions [23, 48], exceptional
directions [70], self-similar sets [22, 31] and fractal percolation sets [22, 82].

Projections of measures For p a Borel measure on R” with compact support such
that 0 < p(R") < oo, the projection projy,u of p onto a subspace V € G(n,m) is
defined in the natural way, that is by (proj,u)(4) = u{x € R* : proj,(x) € A}
for Borel sets A or equivalently by [ f(r)d(proj,u)(t) = [ f(projy(x))du(x) for
continuous f. The support of proj, u is the projection onto V of the support of pu,
s0 it is not surprising that many of the results for projection of sets have analogues
for projection of measures. Indeed many projection results for sets are obtained by
putting a suitable measure on the set and examining projections of the measure, as
in Kaufman’s proofin Sect. 2. There are many ways of quantifying the fine structure
of measures, and the way these behave under projections have been investigated in
many cases.

For example, the lower pointwise or local dimension of a Borel probability
measure i onR" atx € R is given by dim  (x) = lim, _,, log p(B(x, r))/ log r, with
a corresponding definition taking the upper limit for the upper pointwise dimension.
Then, for almost all every subspace V € G(n, m) and p-almost all x € R”,

dim  (projyx) = min{dim (x),m} and dim,, (proj,x) = min{dim, (x), m},

see [24, 35, 39, 40, 86]. The (lower) Hausdorff dimension of a measure . is defined
as dimg u = inf{dimgA : p(A) > 0}. It follows easily from the projection
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properties of pointwise dimension that, for almost every V,
dimg (projy, 1) = min{dimy p(x), m}.

The L,-dimensions of projections are examined in [40], for the multifractal spectrum
see [4, 66, 67], and for packing dimension aspects see [23].

For a special case of projection of measures, let M be a compact Riemann surface
and proj : T'M — M be the natural projection from the unit tangent bundle 7'M
to M. Let i be a probability measure on 7'M that is invariant under the geodesic
flow on T'M. Ledrappier and Lindenstrauss [54] showed that if dimy i < 2 then
dimy proju = dimpg w, and if dimyg > 2 then proju is absolutely continuous
see also [36, 37]. However, the analogous conclusion fails if the base manifold has
dimension 3 or more, see [46].

Other results, such as Theorems 8.2 & 9.2 have natural measure analogues.

11 Conclusion

If this article does nothing else, it should demonstrate just how much of fractal
geometry has its roots in Marstrand’s 1954 paper. If further evidence is needed,
there are hundreds of citations of the paper in MathSciNet and Google Scholar,
despite these indexes only including relatively recent references.

This survey of projection results has been brief and far from exhaustive and there
are many more related papers. For a both broader and more detailed coverage of
various aspects of projections, the books by Falconer [16, 17] and Mattila [58, 62]
and the survey articles by Mattila [59-61] may be helpful.
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Abstract We present an application of the recently developed ergodic theoretic
machinery on scenery flows to a classical geometric measure theoretic problem in
Euclidean spaces. We also review the enhancements to the theory required in our
work. Our main result is a sharp version of the conical density theorem, which we
reduce to a question on rectifiability.
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1 Introduction

We survey a recent advance in the study of scenery flows and show how it can be
applied in a classical question in geometric measure theory which a priori does not
involve any dynamics. The reader is prompted to recall the expository article of
Fisher [8] where it was discussed how the scenery flow is linked to rescaling on
several well-studied structures, such as geodesic flows, Brownian motion, and Julia
sets. The purpose of this note is to continue that line of introduction.

The idea behind the scenery flow has been examined in many occasions. Authors
have considered the scenery flow for specific sets and measures arising from
dynamics; see e.g. [1-3, 7, 21]. Abstract scenery flows have also been studied with
a view on applications to special sets and measures, again arising from dynamics
or arithmetic; see e.g. [11-13]. The main innovation of the recent article by
Kienmiki, Sahlsten, and Shmerkin [15] is to employ the general theory initiated by
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Furstenberg [10], greatly developed by Hochman [12] and extended by Kéenmiki,
Sahlsten, and Shmerkin [16], to classical problems in geometric measure theory.

One of the most fundamental concepts of geometric measure theory is that of
rectifiability. It is a measure-theoretical notion for smoothness and to a great extend,
geometric measure theory is about studying rectifiable sets. The foundations of geo-
metric measure theory were laid by Besicovitch [4, 5]. For various characterizations
and properties of rectifiability the reader is referred to the book of Mattila [18].
In conical density results, the idea is to examine how a measure is distributed in
small balls. Finding conditions that guarantee the measure to be effectively spread
out in different directions is a classical question going back to Besicovitch [6] and
Marstrand [17]. For an account of the development on conical density results the
reader is referred to the survey of Kdenmaiki [14].

The scenery flow is a well-suited tool to address problems concerning conical
densities. The cones in question do not change under magnification and this allows
to pass information between the original measure and its tangential structure. In fact,
we will see that there is an intimate connection between rectifiability and conical
densities.

This exposition comes in two parts. In the first part, we review dynamical aspects
of the scenery flow and in the second part, we focus on geometric measure theory.

2 Dynamics of the Scenery Flow

Let (X, B, P) be a probability space. We shall assume that X is a metric space and
B is the Borel o-algebra on X. Write R = [0, 00). A (one-sided) flow is a family
(F)rer. of measurable maps F;: X — X for which

Fyp=FoFy, t,l/€R+.

In other words, (F;);er,. is an additive Ry action on X. We also assume that (x, 7)
F;(x) is measurable.

We say that a set A € B is F, invariant if P(F;'AAA) = 0 for all t > 0. If
F,P = P for all + > 0, then we say that P is F, invariant. In this case, we call
(X, B, P, (Fi)ier,.) a measure preserving flow. Furthermore, a measure preserving
flow is ergodic, if for all + > 0 the measure P is ergodic with respect to the
transformation F;: X — X, that is, for all F; invariant sets A € B we have
P(A) € {0, 1}.

Theorem 2.1 (Birkhoff ergodic theorem) If (X, B, P, (F))er,) is an ergodic
measure preserving flow, then for a P integrable function f: X — R we have

lim l/OTf(F,x)dt: /fdP

T—oo T

for P-almost all x € X.
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We write @ ~ P to indicate that w is chosen randomly according to the
measure P.

Theorem 2.2 (Ergodic decomposition) Any F; invariant measure P can be
decomposed into ergodic components P, w ~ P, such that

P= [ P,dP(w).
[ Patr)

This decomposition is unique up to P measure zero sets.

Let us next define the scenery flow. We equip R with the usual Euclidean norm
and the induced metric. Denote the closed unit ball by B;. Let M; := P(B;) be
the collection of all Borel probability measures on By and M} = {u € M, :
0 € spt(w)}. Here spt(u) is the support of . To avoid any confusion, measures on
measures will be called distributions. We define the magnification Sipu of u € MY
at 0 by setting

p(e™'A)

A B0

A C Bj.

In other words, the measure S, is obtained by scaling (|~ into the unit ball
and normalizing. Due to the exponential scaling, (S;)er,. is a flow in the space
M and we call it the scenery flow at 0. An S, invariant distribution P on M7 is
called scale invariant. Although the action S, is discontinuous (at measures @ with
1(0B(0,r)) > 0 for some 0 < r < 1) and the set M} C M is not closed, we shall
witness that the scenery flow behaves in a very similar way to a continuous flow on
a compact metric space.

With the scenery flow we are now able to define tangent measures and distri-
butions. Let u be a Radon measure and x € spt(u). We want to consider the
scaling dynamics when magnifying around x. Let T, ;u(A) := (A + x) and define
Mt = S;(Typ). Then the one-parameter family (ii.)ser, is called the scenery flow
at x. Accumulation points of this scenery in M, will be called tangent measures of
1 at x and the family of tangent measures of p at x is denoted by Tan(u, x) C M.
However, we are not interested in a single tangent measure, but the whole statistics
of the scenery u,, as t — co. We remark that we have slightly deviated from Preiss’
original definition of tangent measures, which corresponds to taking weak limits of
unrestricted blow-ups; see [20].

Definition 2.3 (Tangent distributions) A rangent distribution of | at x € spt(u)
is any weak limit of

1 T
WT = — 8, dt
(M) T T /0 Mox.t
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as T — oo. The family of tangent distributions of u at x is denoted by 7D(u, x) C
PMY).

If the limit above is unique, then, intuitively, it means that the collection of
views wy, will have well-defined statistics when zooming into smaller and smaller
neighbourhoods of x. The integration above makes sense since we are on a convex
subset of a topological linear space. We emphasize that tangent distributions are
measures on measures. Notice that the set 7D(u, x) is non-empty and compact at
x € spt(u). Moreover, the support of each P € T D(u, x) is contained in Tan(u, x).

According to Preiss” well-known principle, tangent measures to tangent mea-
sures are tangent measures; see [20, Theorem 2.12]. We shall define an analogous
condition for distributions. We say that a distribution P on M is quasi-Palm if for
any Borel set A C M, with P(A) = 1 it holds that for P-almost every v € A
and for v-almost every z € R? there exists £, > 0 such that for > ¢, we have
B(z,e™") C By and

v € A

This version of the quasi-Palm property actually requires that the unit sphere of the
norm is a C! manifold and does not contain line segments; see [15, Lemma 3.23].
The Euclidean norm we use of course satisfies this requirement. If we were
considering unrestricted blow-ups, then the requirement for B(z, ¢ ") to be contained
in B; could be dropped. Roughly speaking, the quasi-Palm property guarantees that
the null sets of the distributions are invariant under translations to a typical point of
the measure.

Definition 2.4 (Fractal distributions) A distribution P on M is a fractal distri-
bution if it is scale invariant and quasi-Palm. A fractal distribution is an ergodic
fractal distribution if it is ergodic with respect to S;.

It follows from the Besicovitch density point theorem that ergodic components
of a fractal distribution are ergodic fractal distributions; see [12, Theorem 1.3].

A general principle is that tangent objects enjoy some kind of spatial invariance.
For tangent distributions, a very powerful formulation of this principle is the
following theorem of Hochman [12, Theorem 1.7]. The result is analogous to a
similar phenomenon discovered by Morters and Preiss [19, Theorem 1].

Theorem 2.5 For any Radon measure |1 and j-almost every x, all tangent distri-
butions of | at x are fractal distributions.

Notice that as the action S, is discontinuous, even the scale invariance of tangent
distributions or the fact that they are supported on M7 are not immediate, though
they are perhaps expected. The most interesting part in the above theorem is that a
typical tangent distribution satisfies the quasi-Palm property.

Hochman’s result is proved by using CP processes which are Markov processes
on the dyadic scaling sceneries of a measure introduced by Furstenberg [9, 10]. Let
D be a partition of [—1, 1] into 2¢ cubes of side length 1. Given x € [-1,1]¢,
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let D(x) be the only element of D containing it. If D € D, then we write Tp for
the orientation preserving homothety mapping from D onto [—1, 1]¢. Define the CP
magnification M on Q := P([—1, 1]¢) x [—1, 1]¢ by setting

M(j1, x) := (Tpe it/ (D(x)), Tp (%))

This is well-defined whenever p(D(x)) > 0. Note that, since zooming in is done
dyadically, it is important to keep track of the orbit of the point that is being zoomed
upon. A distribution Q on €2 is adapted if there is a disintegration

[ 1000000 = [[ s av agw)

for all f € C(R). Here Q is the projection of Q onto the measure component. In
other words, Q is adapted if choosing a pair (i, x) according to Q can be done in a
two-step process, by first choosing u according to Q and then choosing x according
to . A distribution on 2 is a CP distribution if it is M invariant and adapted.

The micromeasure distribution of  at x € spt(u) is any weak limit of

1 N—1
(X = 5 3 Butiun-
k=0

By compactness of P(£2), the family of micromeasure distributions is non-empty
and compact, and by [12, Proposition 5.4], each micromeasure distribution is
adapted. Furthermore, if the intensity measure of a micromeasure distribution Q
defined by

[01(4) = / (A d0(w)., AcC 1Y,

is the normalized Lebesgue measure, then Q is M invariant. By adaptedness,
this is the case for any weak limit of (1 + z,x + z)y for Lebesgue almost all
z € [—1/2,1/2]% see [12, Proposition 5.5(2)]. In other words, by slightly adjusting
the dyadic grid, a micromeasure distribution can be seen to be a CP distribution.
The family of CP distributions having Lebesgue intensity is compact; see [16,
Lemma 3.4].

If Q is a CP distribution, then the system (£2, M, Q) is a stationary one-sided
process (£,),en With & ~ Q and M§, = &, ;. Considering its two-sided extension,
we see that there exists a natural extension Q supported on the Cartesian product of
all Radon measures and [—1, 1]%. A centering of Q is a push-down of the suspension
flow of Q under the unrestricted magnification of p at x. For a precise definition,
see [12, Definition 1.13]. By [12, Theorem 1.14], a centering of Q is an unrestricted
fractal distribution. We remark that [12] and [16] use L*° norm to allow an easier
link between CP processes and fractal distributions. By [16, Appendix A], the results
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are independent of the choice of the norm and hence, our use of the Euclidean norm
is justified.

Relying on the above, we are now able to give an outline for the proof of
Theorem 2.5. If P = limg— oo (i), iS a tangent distribution, then, passing to a
subsequence, define a micromeasure distribution Q = lim;— oo {1, X)n,, - Slightly
adjusting the dyadic grid, we see that Q is a CP distribution with Lebesgue intensity.
Thus, by [12, Proposition 5.5(3)], P is the restriction of the centering of Q and hence,
P is a fractal distribution.

Although fractal distributions are defined in terms of seemingly strong geometric
properties, the family of fractal distributions is in fact very robust. The following
theorem is due to Kidenmiki, Sahlsten, and Shmerkin [16, Theorem A].

Theorem 2.6 The family of fractal distributions is compact.

The result may appear rather surprising since the scenery flow is not continuous,
its support is not closed, and, more significantly, the quasi-Palm property is not a
closed property. The proof of this result is also based on the interplay between fractal
distributions and CP processes. We have already seen that each CP distribution
defines a fractal distribution. The converse is also true. Let us first assume that P
is an ergodic fractal distribution. If f is a continuous function defined on P(M,),
then, by the Birkhoff ergodic theorem, we have

1T
gﬁfﬁf@mm=fmp

for P-almost all . Considering a countable dense set of continuous functions f* and
applying the quasi-Palm property, it follows that

lim (1), = P @1

T—o00

for P-almost all v and for p-almost all x; see [12, Theorem 3.9]. As we already have
seen, any tangent distribution can be expressed as the restriction of the centering
of an extended CP distribution having Lebesgue intensity. Thus, by (2.1), the
same holds for ergodic fractal distributions. Relying on the ergodic decomposition,
this observation can be extended to non-ergodic fractal distributions; see [12,
Theorem 1.15]. Therefore, since the family of CP distributions with Lebesgue
intensity is compact, to prove Theorem 2.6, it suffices to show that the centering
is a continuous operation. This is done in [16, Lemmas 3.5 and 3.6].

Together with convexity and the uniqueness of the ergodic decomposition,
Theorem 2.6 implies that the family of fractal distributions is a Choquet simplex.
Recall that a Poulsen simplex is a Choquet simplex in which extremal points are
dense. Note that the set of extremal points is precisely the collection of ergodic
fractal distributions. The following theorem is proved by Kdenmiki, Sahlsten, and
Shmerkin [16, Theorem B].

Theorem 2.7 The family of fractal distributions is a Poulsen simplex.
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The proof is again based on the interplay between fractal distributions and CP
processes. We prove that ergodic CP processes are dense by constructing a dense
set of distributions of random self-similar measures on the dyadic grid. This is
done by first approximating a given CP process by a finite convex combination
of ergodic CP processes, and then, by splicing together those finite ergodic CP
processes, constructing a sequence of ergodic CP processes converging to the
convex combination. Roughly speaking, splicing of measures consists in pasting
together a sequence of measures along dyadic scales. Splicing is often employed
to construct measures with a given property based on properties of the component
measures. For details, the reader is referred to [16, §4].

In geometric considerations, we usually construct a fractal distribution satisfying
certain property. We often want to transfer that property back to a measure. This
leads us to the concept of generated distributions.

Definition 2.8 (Uniformly scaling measures) We say that a measure p generates
a distribution P at x if

TD(p,x) = {P}.

If u generates P for p-almost all x, then we say that u is a uniformly scaling
measure.

One can think that the uniformly scaling property is an ergodic-theoretical notion
of self-similarity. Hochman proved the striking fact that generated distributions
are always fractal distributions. The following result of Kdenmiki, Sahlsten, and
Shmerkin [16, Theorem C] is a converse to this.

Theorem 2.9 If P is a fractal distribution, then there exists a uniformly scaling
measure [L generating P.

Recall that if P is an ergodic fractal distribution, then, by (2.1), P-almost every
measure is uniformly scaling. Thus, by Theorems 2.6 and 2.7, it suffices to show
that the collection of fractal distributions satisfying the claim is closed. Let (P;); be
a sequence of ergodic fractal distributions converging to P and let i; be a uniformly
scaling measure generating P;. The proof is again based on the interplay between
fractal distributions and CP processes. The rough idea to obtain a uniformly scaling
measure generating P is to splice the measures u; together. For the full proof, the
reader is referred to [16, §5].

3 Geometry of Measures

Let G(d, d — k) denote the set of all (d — k)-dimensional linear subspaces of R?. For
xe€RY r>0,VeG(d,d—k),and 0 < a < 1 define

X(x,r,V,a) ={y € B(x,r) : dist(y — x, V) < a|y — x|}.
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Conical density results aim to give conditions on a measure which guarantee that
the cones X(x,r, V,«) contain a large portion of the mass from the surrounding
ball B(x, r) for certain proportion of scales. For example, a lower bound on some
dimension often is such a condition. Recall that the lower local dimension of a
Radon measure i at x € RY is

log i (B(x,
dim,,. (1, x) = liminf -2E~Ex0) 3.1)
L0 logr

and the lower Hausdorff dimension of j is
dimy; (1) = essinf dimy (i, x)
o~ p
= inf{dimg(A) : A C R? is a Borel set with ;(A) > 0}.

Here dimy(A) is the Hausdorff dimension of the set A C RY. A measure p is exact-
dimensional if the limit in (3.1) exists and is p-almost everywhere constant. In this
case, the common value is simply denoted by dim(u).

Intuitively, the local dimension of a measure should not be affected by the
geometry of the measure on a density zero set of scales. Thus one could expect
that tangent distributions should encode all information on dimensions.

Definition 3.1 (Dimension of fractal distributions) The dimension of a fractal
distribution P is

dim(P) = /dim(u) dP(u).

The dimension above is well defined by the fact that if P is a fractal distribution,
then P-almost every measure is exact-dimensional; see [12, Lemma 1.18]. The
dimension of fractal distributions has also other convenient properties. While the
Hausdorff dimension is highly discontinuous on measures, the function P
dim(P) defined on the family of fractal distributions is continuous; see [15,
Lemma 3.20]. The usefulness of the definition is manifested in the following result
of Hochman [12, Proposition 1.19]. Recall Theorem 2.5.

Theorem 3.2 If i is a Radon measure, then

dim (@, x) = inf{dim(P) : P € TD(u,x)}

for w-almost all x. Furthermore, if | is a uniformly scaling measure generating a
fractal distribution P, then | is exact-dimensional and dim(u) = dim(P).

It turns out that tangent distributions are well suited to address problems con-
cerning conical densities. The cones in question do not change under magnification
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and this allows to pass information between the original measure and its tangent
distributions. Let

Ae :={v e M; :v(X(0,1,V,a)) < e forsome V € G(d,d —k)}

for all ¢ > 0. It is straightforward to see that A, is closed for all ¢ > 0; see [15,
Lemma 4.2]. The key observation is that

Ao ={v e My :spt(v) NX(0,1,V,) = @ for some V € G(d,d — k)},

where the defining property concerns only sets, is S; invariant.

The following conical density result is proved by Kidenmiki, Sahlsten, and
Shmerkin [15, Proposition 4.3]. Roughly speaking, it claims that if the dimension
of the measure is large, then there are many scales in which the cones contain a
relatively large portion of the mass. A slightly more precise version is that there
exists € > 0 such that if dimy (@) > k, then for many scales e~ > 0 we have

wX@x, eV, a))
in
veG(dd—k  u(B(x,e™))

for p-almost all x. The precise formulation of the theorem is as follows.

Theorem 3.3 Ifk € {1,...,d— 1}, k <s <d, and 0 < a < 1, then there exists
& > 0 satisfying the following: For every Radon measure . on R? with dimy; (1) > s
it holds that

s—k

for u-almost all x € R,

The proof is based on showing that there cannot be “too many” rectifiable tangent
measures. This means that, perhaps surprisingly, most of the known conical density
results are, in some sense, a manifestation of rectifiability.

Definition 3.4 (Rectifiability) A set E C RY is called k-rectifiable if there are
countably many Lipschitz maps f;: R¥ — R¢ so that

HE (E\ U f,-(R")) —0.

Here ¥ is the k-dimensional Hausdorff measure. Observe that a k-rectifiable set
E has dimy(E) < k. A sufficient condition for a set E C R? to be k-rectifiable
is that for every x € E there are V € G(d,d — k), 0 < o < 1, and r > 0 such
that E N X(x,r,V,a) = @; see [18, Lemma 15.13]. Thus, if a fractal distribution
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P satisfies P(A4p) = 1, then the quasi-Palm property implies that the support of
P-almost every v is k-rectifiable and hence dim(P) < k.

To prove Theorem 3.3, let p,§ > O be such thatp < (s —§ —k)/(d — k) <
(s — k)/(d — k). Suppose to the contrary that there is 0 < o < 1 so that for each
& > 0 there exists a Radon measure p with dimy (1) > s such that the claim fails to
hold for p, that is,

limsup (u),r(Ae) >1—p

T—00

on a set E; of positive  measure. By Theorems 2.5 and 3.2, we may assume that at
points x € E,, all tangent distributions of u are fractal distributions and

inf{dim(P) : P € TD(u,x)} = dim, (1, x) > s — 6.

Fix x € E,. For each ¢ > 0, as A, is closed, we find a tangent distribution P, €
TD(u,x) so that P.(A;) > 1 — p. Since the sets .4, are also nested, we get

P(Ay) = liﬁ)lP(.Ag) >1—p,

where P is a weak limit of a sequence formed from P, as ¢ | 0. Furthermore, since
the collection of all fractal distributions is closed by Theorem 2.6 and the dimension
is continuous, the limit distribution P is a fractal distribution with

dim(P) > s — 6.

Let P,, w ~ P, be the ergodic components of P. By the invariance of 4y, we
have P, (Ay) € {0, 1} for P-almost all w. If P,(Ay) = 0, then we use the trivial
estimate dim(P,) < d, and if P,(Ap) = 1, then the rectifiability argument gives
dim(P,) < k. Since P({w : P,(Ap) = 1}) = P(Ap) > 1 — p we estimate

s—8 < dim(P) = / dim(P,) dP(w) < P(Ao)k + (1 — P(Ag))d < (1 — p)k + pd

yielding p > (s — & —k)/(d — k). But this contradicts the choice of §. Thus the claim
holds.

Relying on the existence of uniform scaling measures, we are able to study the
sharpness of Theorem 3.3. The following result is proved by Kéaenmiki, Sahlsten,
and Shmerkin [15, Proposition 4.4].



Scenery Flow, Conical Densities, and Rectifiability 37

Theorem 3.5 Ifk € {l,...,d— 1}, k<s <d,and 0 < a < 1, then there exists a
Radon measure j on R? with dim(i) = s such that

(s—k)/(d—k), if0<e<e(dka),

li X, M ’AE =
Tingo(u) (M1 \ Ae) 0. ife > e(d, k,a),

for pi-almost all x € R,

Here, fork € {1,...,d —1},0 <a < 1,and V € G(d, d — k), we have defined

£9(X(0,1,V,
e(d.k.a) = ZEOLV.0)
L4(B(0,1))
It follows from the rotational invariance of the Lebesgue measure £¢ that &(d, k, )
does not depend on the choice of V.
The measure p above is just a uniform scaling measure generating

P e+ (1= o

where £ is the normalization of £¢ |, and # is the normalization of ’H,k|wn s, fora
fixed W € G(d, k). Since P is a convex combination of two fractal distributions, it
is a fractal distribution. The existence of p is guaranteed by Theorem 2.9. Recalling
Theorem 3.2, we see that p is exact-dimensional and

. . s—k s—k
dim(u) = dim(P) = md + (1 - )k =s.
The goal is to verify that u has the claimed properties.

Fix 0 < ¢ < &(d,k,a). Since L(X(0,1,V,a)) = e(d,k,a) > eforall V €
G(d,d — k) and H(X(0, 1, W+, @)) = 0 we have P(M; \ A,) = (s —k)/(d — k).
Thus, by the weak convergence, it follows that

. s—k
TILH;O(M)x,T(Ml \A) = m

In the case ¢ > &(d, k, «) we can reason similarly.
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The Shape of Anisotropic Fractals: Scaling
of Minkowski Functionals

Philipp Schonhéfer and Klaus Mecke

Abstract The shape of fractals can be characterized by intrinsic volumes, so-
called Minkowski functionals, which share with the common d-dimensional volume
of spatial structures the property of being additive. Here, we study the effects
of anisotropy on the scaling behavior beyond the fractal dimension by applying
tensorial functionals. It can be shown that Minkowski tensors of anisotropic pre-
fractals scale with additional subdimensions. In addition, for anisotropic pre-fractals
even scalar Minkowski functionals exhibit multiple edge subterms which merge for
the isotropic case.

Keywords Integral geometry * Fractals * Anisotropy ¢ Minkowski functionals ¢
DLA

1 Introduction

The concept of fractal dimension is a standard method of characterizing complex
structures and processes [14]. This dimension d; determines the scaling behavior
of the volume of a set embedded in d-dimensional Euclidean space [3]. Fractal
geometries are applied to all kind of spatially structured objects studied in geog-
raphy [13], economy [2], biology [7], medicine [9], and physics [15, 22]. In physics
especially phase transitions are determined by fractal dimensions — also called
critical exponents [21]. For example, networks of voids in a porous material such as
a sandstone exhibit fractal behaviour at the critical percolation density p. of grains.
Since sandstones are made out of grains, there is a typical size [ which can be used to
model the pore space by a grid of voxels as shown in Fig. 1. The shape of the fractal
pore space depends on the shape of the grains and can be characterized by a volume-
boundary ratio. Another example is shown in Fig.2 from [8]: long chain alkanes
form two-dimensional domains at a solid/gas interface. Here, the characterization of
the spatial structure plays an important role in describing and modelling the relevant
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Fig. 1 Three percolating clusters of voids in a porous medium at the critical percolation threshold
pc. The typical size [ of the grains determines the grid size. The shapes of the grains differ (a:
squares, b: sticks, ¢: mixture of squares and sticks) which leads to different typical morphologies
and anisotropies of the fractal percolating clusters (for more examples see [17])

Fig. 2 Solid alkane domains (black area) at the surface of SiO, substrate (from [8]): the structures
are fractal but the morphologies depend on the surface coverage (ranging between 24.9 % and
83.3 % in an area of typically 100 x 100 um). The shape of the domains depends on the solidifica-
tion conditions, i.e. the surface coverage, the cooling rate, etc. Thus, a morphological analysis may
reveal the prevailing two-dimensional nucleation, transport, and solification processes. Typically,
dendritic or seaweed shapes will appear due to morphological instabilities of the growth fronts
which can be modelled by DLA-clusters shown in Fig. 3

physical and chemical processes. For instance, the morphology of the domains
reflects the aggregation process of the particles. A typical and widespread example is
the relation between diffusion-limited aggregation and fractal morphologies, which
can be modelled by the Witten and Sander algorithm shown in Fig. 3.

The fractal structures studied in these applied research areas have one crucial
issue in common: all objects in nature are built out from small elements of a certain
size [ which determines a smallest scale. Thus, from a mathematical point of view
we deal with pre-fractals in these cases. It is, hence, “natural” to analyse the shape
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Fig. 3 The growth process of N

a DLA cluster which is 3
modelled by the Witten and g
Sander algorithm after 1,000 : 7
(black), 3,300 (grey), 6,600 g ; w9 :
(blu.e), and IQ,OOO (red) By, ) 3 i
particles of size [ are added. : %3 3 1

The shape of the cluster, in

particular, its anisotropy

depends on the specific Kok
conditions of the growth ¢‘_ o)
process, e.g., the transport e

and solification of alkanes i
shown in Fig. 2

of fractals by exploiting a smallest scale [ first and only afterwards study the limit
| — 0 — in contrast to the standard mathematical method [11, 18, 24], where the
fractal limit / — O is performed — before an analysis of its shape is done. Taking a
finite value of / into account one can define scaling dimensions and amplitudes of
intrinsic volumes or Minkowski functionals, which characterize the shape of fractals
beyond the standard fractal dimension (see [16, 19]). Here, we study in particular
the anisotropy of fractals by tensorial shape descriptors and restrict the analysis to
two dimensions for the illustration of the technique.

1.1 Morphometry of Fractals

For most fractals the dimension dy is indeed sufficient to characterize and thus to dis-
tinguish objects and processes. Nevertheless, sometimes more spatial information is
needed to characterize shape. The Vicsek box fractals are two examples shown in
Fig.4 [4, 23]. Both fractals look similar: one is like the other but rotated by an angle
of 45°. Thus in both cases the fractal dimension is d; = % However, the apparent
shape is quite different because one is built out of crosses and one out of Xs. In order
to distinguish these features the concept of a fractal dimension has to be extended.
To differentiate the structures mathematically one may use intrinsic volumes and
their scaling behavior, e.g. the boundary length V| and the Euler characteristics V,
of a fractal F in two dimensions.

In [16] it was shown that the scaling of the intrinsic volumes V| and V; of a fractal
F, when observed within an observation windows W with different edge length x,
exhibit subterms in addition to the fractal term visible in the 2-dimensional volume
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Fig. 4 Vicsek fractal constructed out of Xs (above) and out of crosses (below) in the zeroth, first,
second, and fourth iterated step, from left to right
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V()(]: n W) = Uo;()xdf
VI(F N W) = vpox¥ 4 vy, x® (1.1)
Va(F N W) = va0x% + vp5x™ + vp0x®.

The first exponent dr is the conventional fractal dimension. The exponents d; and d,
are called subdimensions and v,.; are the corresponding amplitudes of the dimension
d;. Here, we extend the analysis to anisotropic features of fractals by using tensorial
Minkowski functionals.

1.2 Tensorial Minkowski Functionals

A spatial domain K with a smooth boundary contour dK can be characterized next to
its scalar properties such as volume and boundary length also by tensorial additive
valuations of its shape, the socalled tensorial Minkowski functionals or intrinsic
volumes [5, 20]. In two-dimensional Euclidean space E2 the tensorial Minkowski
functionals are defined by [20]

V(t)l,b(K) — / ;_’a ®h’bd2r

K
1 g =
Vf’b(K) = —/ 7 ntdr
2 Jox
ab 1 - -p K
Vo' (K) = = r®n’—dr. (1.2)
2 9K b
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where k denotes the local curvature at the point 7 € dK of the contour K. For the
normal vector 7 at the boundary point 7 € dK the symmetric tensor products

MR =R - QTN ®. (1.3)
a b

0

rinj+rin;
L) J are

R
called Minkowski scalars and Minkowski vectors, respectively. Thus, Vy = V(())'0
is the volume of the body, V| := V?’O is proportional to the boundary length, and
Vy = Vg 9 describes the Euler characteristic. The Minkowski tensors are in general
motion covariant, i.e., an important property of the tensorial Minkowski functionals
is their behavior under translation [20]

The functionals V, := VS*O and \7\, =V

are used with (¥ ® 1); = b

VKWl =) (‘l’)? ® Vi (K) (1.4)

i=0

where K & 7 is a translation of K by 7. Alesker’s theorem states [1], that the
Minkowski tensors are complete set of additive tensorial functionals. However, not
all possible rank-2 tensors has to be considered due to linear dependencies [5]

EqV, = vV + (n— vV, (1.5)

where E; denotes the rank-2 unit tensor in d dimensions. A list of the Minkowski
rank-2 tensors used here is given by Table 1.

Table 1 A set of linear independent Minkowski tensors is given which describe shape and
anisotropy of an object completely (see Eq. (1.5)) in regards to rank-2 tensors

Rank-2 Minkowski tensors 2D Rank-2 Minkowski tensors 3D
VoEs VoEs

VIE, VIE,

VzEz VZEZ

- V3E,

V)2 V02

_ ngz

vyl vyl

Vit Vit

vy0 vy0

2,0
— V3
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2 Minkowski Functionals of Fractals

Let us consider iterated fractals F which are constructed by an iterated algorithm
[3, 6] with an initiator structure and an iterated function system (IFS) {¢1,--- , dn},
such that the contracting maps ¢; obey

Ue 1 gty =0fori #j @.1)

The fractal set F is given after infinite steps

Joir) =F. (2.2)

Then, Minkowski functionals V,,(F, €) of the fractal set are calculated not directly
of F but of the e-neighborhood set [11, 18, 24]

F(F) = {x € RY: dist(x, F) < €} (2.3)

and by applying Steiner’s formula [11]

d
Vo(Fe(F)) == (i) Vo(F. e)e. 2.4)

v=0

In general, the Minkowski functionals V,(F,¢€) oscillate with €, but the limit
Vu(F) = liné Vi (F, €) is well defined. However, the method has the disadvantages
e—>

that it cannot be applied to the physical structures shown above and that one looses
important information on the shape of the fractal structures found in Nature. Both is
related to the existence of a smallest length scale / which regularises the fractal but
does not exist for F, where ¢ can be chosen arbitrarily small.

2.1 Regularisation by Smallest Length Scale

In physics fractal-like structures are constructed out of single particles which exhibit
naturally a smallest length scale /. Therefore, we introduce an alternative method
based on pre-fractals, which seems to be more "natural’ and allows for the definition
of scaling amplitudes which characterize the shape of a fractal structure beyond the
fractal dimension.

Let the initiator I C R? be a closed hypercube around the origin 09 =
(00 ---0)T € I. For the first iterated step a set of N functions ¢; : RY — R? is

d
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defined, which scales I by a real factor s; > 1 and translates it by the vector t; € R4,
gZ;i(X)ZSi'X-Fti VlE{l,,N}

- 2.5)
DN =0  Vijri#]j
In addition we define a function ¥, : R — R< with W,(x) = r-x and the zoom
factor or scaling factor

N
re=inf{s € R: | J§i(l) € W.(D)}. (2.6)

i=1
Then, the functions of the n-th iterated step ¢>l["] are given by
[l . 4ln—1] [ [] e P
¢; I -1 ¢, (x) =si-x+ t; 2.7

where the sets I are defined as

n

. X 0
=9l =g o...ow () 190 =id) =1 (2.8)

For every iterated step the iterated function system is
IFS = (¢! i {1.... . N}}. 2.9)

The pre-fractal set F, after n iterated steps is defined as the union F, :=
UY, o (1) with

N

o1y = ! (U q>£”‘”(1)) o1y = id(). (2.10)

i=1

The limit F = Fo, = lim,—« F, defines the fractal set F. Notice, that there is a
regularization for every iterated step and even after infinite steps a smallest length
scale is given by the size of the initiator /. This regularization ensures that the
Minkowski functional V,(F) can be calculated without using neighborhood sets.
The fractal dimension dy is determined by the scaling of the volume Vj with the
iterated steps n. This procedure corresponds to the Sandbox method where F is
investigated within different sized observation windows W of size x = 7" with
a scaling factor r [8]. The oscillations of V,(F,¢) in the previous method using
Steiner’s formula (2.4) are suppressed here. This alternative method can be viewed
as an exchange of the limits € — 0 and n — oo. The advantage of doing € — 0
first is that shape descriptors such as the Minkowski functionals V@®(n) exhibit a
well-defined scaling behavior.
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2.2 Isotropic Fractals

Minkowski functionals V;’*” (F, N W,) of a pre-fractal F, are calculated within a
centered observation windows W, with different lengths x [8]. For iterated fractals
this corresponds to calculate the functionals for every iterated step n = log, x,
where the scaling factor is symbolized by r. The initiator determines here the
smallest scale size. The construction algorithm of the alternative, more ’natural’
method is explained in detail in [19]. As in [16] the Minkowski functionals indeed
reveal next to the fractal term additional subterms with subdimensions d; and
intrinsic amplitudes v,;. In general, the scalar functionals could be identified by
the Egs. (1.2) and the tensors of rank 2 by

tr[Vg’O](x) = vz.’gxdf 24 vz.’oxd3+2

tr[V ](X) 20 df+2 + U20 di+2 + U20 d3+2

@2.11)
tr[VZZO](x) — U20 dr+2 + U20 d+2 + U20 dr+2 + U20 d3+2

a{V)?]() = viiox” + v

However, in [19] only fractals are considered which are isotropic, i.e., invariant
under rotation of 90°. Here, we discuss the effects of anisotropy and analyse
anisotropic iterated fractals, where rotation by an angle of 90° does not yield the
same set. This is the case, for instance, in sandstones where the gravitational field
breaks the orientational symmetry of the grains and thus of a percolating pore space
(see Fig. 1), as well as in the process of diffusion limited growth (see Figs. 2 and 3),
where patterned substrates or external fields may yield preferred orientations. The
notation of [19] is used in the following.

3 Anisotropic Fractals: Minkowski Tensors of U-Fractals

Effects of anisotropy can be illustrated by the so-called U-fractal shown in Fig.5.
The initiator of this U-shaped fractal is the unit square Ko = [—0.5,0.5]> C R?. The
initiator is mapped by seven functions ¢;(x) = s;x + ; with s; = 1, where ¢; are the
seven different translation vectors with

e 0)-6)-C)-C)-G)- )G o
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| - .-

Fig. 5 The U-fractal in the zeroth, first, second, and fourth iterated step, from left to right

The scaling factor of the carpet is r = 3. The elements of IFS [ (see [19] Eq. (1.17))
for the n-th iterated step are

P! [=37.05.3".057 > [-3"1-05.371 057 pMx) =x+3"1
(3.2)

In the following, the Minkowski functionals V\(,”’b) are calculated for scalars (a, b =

0), vectors (a = 1, b = 0) and tensors of rank 2 (a + b = 2). Compared to isotropic

fractals we find additional subterms, which characterize the anisotopy of the fractal
structure.

3.1 Minkowski Scalars

The Minkowski functionals are calculated analytically for every iterated step. First,
we analyze the Minkowski scalars in dependence of the iterated step,

Vo(n) =T7"
Viln) = 7" 4 231 4 Do
) =57 +33+3 (3.3)
Va(n) = ——=7" 4 2n 4 |
n) =—— - =
2 150 57 '3

The scaling behavior of the volume Vj, yields the fractal dimension d; = log; 7. The
other scalars, however, show deviations compared to the assumption of Eq. (1.2).
The anisotropy reveals already one additional subterm here in the scalar functionals.
This term can be identified as a second edge subterm which first occurs for V;. The
dimension of scaling terms can be identified by calculating the geometric or spectral
zeta functions {r(s) and identify their singularities [10, 12]. Usually, the whole
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fractal structure F is considered to calculate {x(s). Here, we apply the technique
also on subdimensional intersections, i.e., zeta functions of F,, N E intersected with
a hyperplane E, and define so called edge zeta functions {g(s) of the pre-fractal
F, [19]. Then, it is immediately obvious why there are two subdimensions. For
isotropic fractals like the Sierpinski carpet or the Vicsek fractals (see Fig.4) the
vertical and horizontal cutting lines where two maps ¢>l["] (x) and ¢>}"] x)i #j
intersect in edges yield the same one-dimensional fractal string. In the case of the
U-fractal two different fractal strings emerge (see Fig.6). The first zeta function
tr, = {(s) corresponding to the vertical cut is the Riemann zeta function ¢(s), so
that the first subdimension is the abscissa of convergence d; = 1 of {(s). The second
zeta function (g, corresponding to the horizontal cut is

3 s

Ser(8) = T2 3~ (3.4)
so that the second subdimension is consequently d, = log; 2. In the isotropic case
these two dimensions merge. As expected the Euler characteristic V, has another
subterm with d; = 0 corresponding to the intersection of four maps qbl["] (x) in
a vertex. Here, the isotropic and anisotropic fractal show no difference. Thus,
the subdimensions coincide with the fractal dimensions of the structure in lower

dimensional sections, i.e., of the pre-fractal edges and vertices, respectively.

W i X
R
i AHHH HHE i AHH HHE i
il :!:: LA B E i i i

Fig. 6 U-fractal in the fourth iterated step. Left: vertical cutting lines are indicated; right:
horizontal cutting lines are indicated
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3.2 Minkowski Vectors

Due to anisotropy the Minkowski vectors Vvl*o are nontrivial and not negligible any
more as in the isotropic case. The magnitudes of the vectors are

1 1
Vim) = —21"— —7"
VUl = o5 7
1 3 3 4
Vi) = —21"— 29" 4 Z7" — Zg" 3.5
Vil = 35 ;. t27 75 (3-3)
1 11 4 5
Vi m) = —21"— —7" 4+ 6" — —3" .
V27100 = 153 %' T30 0

The vectors scale as expected with the dimensions dy + 1,d; + 1,d> + 1, d3 + 1,
and dy. The same effect was already calculated and explained for the rank-2 tensors
in [19]. The summand +1 is naturally due to the position vector 7 in the integral
Eq.(1.2) defining V!* and should be subtracted from the scaling exponent in
order to obtain the subdimensions. The vector V!°, consequently, scales with the
subdimensions of V, and additionally with the vectorial dimension dy = dy — 1.

3.3 Minkowski Tensors

Finally, the tensors of rank 2 are calculated explicitly. The traces of the Minkowski
tensors read

[Vl (n) = 13—99663" — %21” - %7"

[V (n) = %63" + %27" + 13—421" + %18" + %7’1 - 3—102" a6
V3 %)(n) = —%63” + %21" + %18” + %9" - %7 + %z" |
V2 (n) = %)21" - %9" + ;7" - 26".

Similar to the vectors the summand +2 has to be taken into account for the tensors
VS’O because of the tensor product 7 ® 7 in the integral in Eq.(1.2). Thus, the
dimensions dy, di, d», d3 and ds = dy — 2 can be identified with the dimension
which also occur in the isotropic case. In general, there are two additional tensorial
subdimensions d¢ = d; — 2 and d; = d, — 2. The subdimension d, — 2 was already
observed for the three dimensional Menger’s sponge [19]. Since this subterm occurs
only if d; # d—1 it cannot be observed for the Sierpinski carpet studied in [19]. The
last dimension is the vectorial submission d4 = dp— 1. Due to the covariant property



50 P. Schonhoéfer and K. Mecke

Table 2 Minkowski functionals of the U-fractal up to tensors of rank 2 (see Eq. (4.1-4.3)): the
fractal dimension dy = dy, the subdimensions d,>1, and the corresponding amplitudes v,‘i‘;b,, are

obtained from Egs. (3.3), (3.5), and (3.6), respectively

Scalars Vectors Rank-2 tensors
v 0 1 2 3 4 5 6
d, log; 7 1 log; 2 0 do— 1 dy—2 dy —2
v |1 - |- - - - -
7 1 4
Uiy 10 2 5 - - - -
_2 4 1 _ _ _
V2;w 15 0 5 3
UI.O 1 _ _ _ _ 1 _ _
0:v 14 14
10 1 _3 4 _ 3 _ _
Ly 20 4 5 2
1.0 1 4 - _u _ _
V2w 105 0 5 12 28
p20 39 _ _ _ _ L _ 13 _
0:v 196 98 588
220 39 3 17 _ L L1157 0
Ly 280 14 110 15 9,240
2.0 13 0 17 3 pin 2879 0
2w 490 110 4 196 5390
002 7 1 4 _ _ _ _
Ly 10 2 5

7
dr —

(see Eq. (1.4)) the vectorial dimension also affects the tensors. Table 2 summarizes
all subterms for the U-fractal, the scaling dimensions d, and the corresponding

: b
amplitudes vy;,.

4 Conclusion

An alternative way of constructing and analyzing pre-fractals by Minkowski
functionals was introduced in [19]. Here, we extended the method towards tensorial
functionals and analyzed effects of anisotropy on the scaling behavior. To illustrate
the method we calculated explicitly for an U-shaped iterated fractal the Minkowski
functionals up to tensors of rank 2. In general, for anisotropic fractals the scaling

behavior are for the Minkowski scalars
_ dr
V()(x) = Vo;0X
Vl(x) = Ul;()xdf =+ vl;lxd‘ =+ Ul;zxdz
— dy d dy
Va(x) = v2;0xY + vo;1x" + 020%™ + vap3x
for the Minkowski vectors
|V10|(.x)—v df+1 +U10 dsg+1

|V10|(.x) — v df+1 +v10 di+1 + le dr+1 +v10 dsg+1

1,0 1,0 1,0 1,0 1,0
|V2 |()_U df+l+v d1+1+1} d2+l+v dz+l+v2.4xd4+l’

d3

@.1)

4.2)
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and for the Minkowski tensors of rank 2

[Vg 0](x) xdf+2 + U20 dy+2 + U20 ds+2

V2 () = Uzo d+2 Uzo ait2 | Uzo h+2 | vzo a2 vi,gxd5+2
e e T

“4.3)
[ ](x) 20 2 + UZO di+2 + ;g dr+2 + v20 d3+2 vi’gxd“ﬂ

i v%gxd5+2 n vzo de+2 | vzo dr+2

tr[V?’2](x) = vl;oxdf + Ul;lxdl + Ul;zxdz.
The specific values of the scaling dimensions d, and the corresponding amplitudes
vﬁ[f) are given in Table 2 for the U-fractal shown in Fig. 5.

In particular, the Minkowski scalars V,, show next to the leading fractal scaling
two edge subterms and one vertex subterm, which are identical for isotropic fractals.
It is interesting to notice that the anisotropic fractal exhibits no further vertex
subterm. Consequently, we conclude that the number of different orientations of
v-dimensional boundary planes determine the maximal number of these subterms.
For example for three dimensional fractals there are maximally three face subdimen-
sions, three edge subdimensions, and one vertex subdimension. The triangular shape
of the set of equations in Eq. (1.2) becomes less visible: the number of subterms
admittedly increases with each equation, but the number does not increase by 1 for
the next highest intrinsic volume (see Eq. (4.1)).

The Minkowski vectors VI}’O are nontrivial for the anisotropic case. The vector
VI}’O scales with the subdimensions of the corresponding scalar V), and an vectorial
subdimension dy— 1. However, one has to add the summand +1 due to the definition
of the vectors (see Eq. (1.2)). The same holds for the Minkowski tensors of rank 2.
The scaling of the tensor Vf*o is also determined by the scalar subdimensions and the
vectorial subdimension dy — 1. But additionally there are tensorial subdimensions,
i.e., df — 2 based on the fractal dimension df, and d; — 2 based on the edge
subdimensions d;.

It would be interesting to apply this morphometric analysis on physical fractals
such as percolation clusters (Fig. 1) and diffusion limited aggregates shown in
Figs.2 and 3.
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Projections of Self-Similar and Related Fractals:
A Survey of Recent Developments

Pablo Shmerkin

Abstract Inrecent years there has been much interest -and progress- in understand-
ing projections of many concrete fractals sets and measures. The general goal is to
be able to go beyond general results such as Marstrand’s Theorem, and quantify the
size of every projection — or at least every projection outside some very small set.
This article surveys some of these results and the techniques that were developed to
obtain them, focusing on linear projections of planar self-similar sets and measures.

Keywords Self-similar sets ¢ Self-similar measures ¢ Projections ¢ Hausdorff
dimension ¢ L9 dimensions

Mathematics Subject Classification (2000). Primary: 28A78, 28 A80, Secondary:
37A99

1 Introduction

The study of the relationship between the Hausdorff dimension of a set and that of its
linear projections has a long history, dating back to Marstrand’s seminal projection
theorem [24]:

Theorem 1.1 Let A C R? be a Borel set. Let T1,, denote the orthogonal projection
onto a line making an angle o with the x-axis.

(i) IfdimyA < 1, then dimy I1,A = dimy A for almost every a € [0, 7).
(ii) IfdimyA > 1, then L(I1,A) > O for almost every o € [0, 7).
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Here dimy stands for Hausdorff dimension and £ for one-dimensional Lebesgue
measure. Note that, in particular,

dimy(IT,A) = min(dimy A, 1) for almost all & € [0, 7).

Although Marstrand’s Theorem is very general, unfortunately it does not give
information about what happens for a specific projection, and although the excep-
tional set is negligible in the sense of Lebesgue measure, it may still have large
Hausdorff dimension. A more recent, and very active, line of research is concerned
with gaining a better understanding of the size of projections of sets with some
dynamical or arithmetic structure. The goal of this article is to present an overview
of this area, focusing on projections of planar self-similar sets and measures
(projections of other fractals are briefly discussed in Sect. 7). For a wider view of
the many ramifications of Marstrand’s Projection Theorem, the reader is referred to
the excellent survey [7] in this volume.

2 Self-Similar Sets and Their Projections

We review some standard terminology and fix notation along the way. An iterated
function system (IFS) on R is a finite collection F = (f;);e of strictly contractive
self-maps of RY. As is well known, for any such IFS F, there exists a unique
nonempty compact set A (the attractor or invariant set of F) such that A =
Ujen fi(A). We will repeatedly make use of the iterated IFS

Fk= (f)ienk, where fi,.;, =fi,0o---ofi,

which has the same attractor as /. When the maps f; are similarities, the set A
is a self-similar set. From now on the maps f; will always be assumed to be
similarities, unless otherwise noted. For further background on self-similar sets and
fractal dimensions, see e.g. [6].

Although we will be concerned with projections of self-similar sets, it will
be useful to recall some ideas that apply to self-similar sets themselves. The
similarity dimension dims(F) of an IFS F = (f});ea is the only positive root s
of 3 .cp p(fi)* = 1, where p(f) is the contraction ratio of the similarity f. If A is
the attractor of 7, then there is a natural family of covers of A, namely

{fi(A) 1ie A

Using these families, one can easily check that dimyA < dimg(A) (we follow a
standard abuse of notation and speak of the similarity dimension of a self-similar
set whenever the generating IFS is clear from context). Intuitively, it appears that
if the sets f;(A),i € A do not overlap much, then these covers should be close to
optimal, and one should have an equality dimy A = dimg A. Recall that the IFS
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F satisfies the open set condition (OSC) if there exists a nonempty open set O
such that ;O C O for all i, and the images f;(O) are pairwise disjoint. The open
set condition ensures that the overlap between the pieces f;(A) is negligible in a
certain sense, and it is well known that Hausdorff and similarity dimensions agree
whenever it holds. On the other hand, there are two trivial mechanisms that force
the Hausdorff dimension to drop below the similarity dimension:

1. If A C R? and dimg(A) > d, then certainly dimy(A) < d < dimg(A).

2. If f; = f; for some i # j, then one can drop f; from the IFS, resulting in a
new generating IFS with strictly smaller similarity dimension. The same happens
if two maps of F* agree for some k, and in turn this happens if and only the
semigroup generated by the f; is not free. In this case we say that F has an exact
overlap.

When the open set condition fails, but there are no exact overlaps, the combinatorial
structure of the overlaps is very intricate, and calculating the dimension becomes
much more challenging. In dimension d = 1, a major conjecture in the field
is whether these are the only possible mechanisms for a drop in the Hausdorff
dimension of a self-similar set (in higher dimensions this is false, but there is an
analogous, albeit more complicated, conjecture).

We now turn our attention to projections of self-similar sets. Let A be a self-
similar set generated by (f;);ea. If the similarities f; are homotheties, i.e. fi(x) =
Aix + t; for some contractions A; € (0, 1) and translations #; € R, then for any
linear map IT : RY — R, the image TIA is also self-similar: it is the attractor of
(Aix+ I1;) ;e - We note that even if the original self-similar set satisfies the open set
condition, their projections need not satisfy it; some of them (albeit only countably
many) may have exact overlaps. In general, linear projections of self-similar sets
need not be self-similar.

From now on we settle on the case d = 2, k = 1. We will say that a planar IFS F
(or its attractor) is of irrational type if, for some %, F* contains a map of the form
ARgx + t with 6/ irrational, where Ry is rotation by 6. Otherwise, we say that
the IFS is of rational type. We also say that F is algebraic if, when representing
filx) = Six + t; for a matrix S; € R*? and 1; € R?, all the entries of S, #; are
algebraic for all i € A. The following theorem summarizes the current knowledge
about the projections of planar self-similar sets.

Theorem 2.1 Let A be a planar self-similar set.

(1) IfA is of irrational type, then dimpy I1,A = min(dimn A, 1) for all o.
(ii) IfA is algebraic, then {« : dimy [1,A < min(dimy A, 1)} is countable.
(iii) dimy [ToA = min(dimy A, 1) for all « outside of a set of zero Hausdorff (and
even packing) dimension.
(iv) Ifdimy A > 1, then dimp{o : L(7eA) = 0} = 0.

Hence, without any assumptions, the exceptional set in Marstrand’s Theorem for
planar self-similar sets has zero Hausdorff dimension (rather than just zero Lebesgue
measure).
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Part (i) of Theorem 2.1 was proved by Peres and the author [29], with a different
proof yielding many generalizations obtained later in [20]. We discuss a different
approach in Sect. 4.

Claims (ii) and (iii) are consequences of some deep recent results of M. Hochman
[18]. We present their proof, modulo a major result from [18], in Sect. 5.

The last part, concerning positive Lebesgue measure, was recently obtained by
the author and B. Solomyak [33]. We will outline the proof in Sect. 6.

We will also discuss variants valid for (some) self-similar measures, which in
most cases are a necessary step towards the proof of the set statements.

In the algebraic, rational type case, the set of exceptional directions can some-
times be explicitly determined. In particular, this is the case for the one-dimensional
Sierpiriski gasket, resolving a conjecture of Furstenberg. See Sect. 5.2 below.

We comment on the related natural question of what is the Hausdorff measure
of T1,A in its dimension. When dimyA > 1, a partial answer is provided by
Theorem 2.1(iv). When dimy A < 1, in the irrational type case the answer is zero
for all . This was proved by Eroglu [5] under the OSC (his result predates 2.1(i); he
actually proved that the dimpy (A)-Hausdorff measure is zero), and recently extended
to the general case by Farkas [11].

3 Dimension and Projection Theorems for Measures

3.1 Dimensions of Measures

Even if one is ultimately interested in sets, the most powerful methods for studying
dimensions of projections involve measures in a natural way. Since a given set
may support many dynamically relevant measures (such as self-similar or Gibbs
measures) it is also useful to investigate measures for their own sake.

For sets, in this article we focus mostly on Hausdorff dimension. For measures,
there are many notions of dimension which are useful or tractable, depending on the
problem under consideration. We quickly review the ones we will need. From now
on, by a measure we always mean a Radon measure (that is, locally finite and Borel
regular) on some Euclidean space R?.

Given x € supp i, we define the lower and upper local dimensions of 1 at x as

log uB(x,
dim(yt. x) = lim inf 22HB&D).
- O logr
S log uB(x,
dim(u, x) = lim sup M.
rN\O 1Ogr
If dim(u,x) = dim(u,x), we write dim(u,x) for the common value and call

it the local dimension at x. Local dimensions are functions; in order to obtain
a global quantity, one may look at the p-essential supremum or infimum of the
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local dimension. This yields four different notions of dimension, out of which the
following two are most relevant for studying the dimension of projections:

dim, g = sup{s : dim(u,x) > s for p-almost all x}

Dim* p = inf{s : dim(u,x) < s for j-almost all x}.

Note that the supremum and infimum in question are attained. In the literature,
dim, and Dim* are known as the lower Hausdor{f dimension and (upper) packing
dimension of a measure, respectively. The terminology stems from the follow-
ing alternative characterization, which is closely related to the mass distribution
principle:

dimy pu = inf{dimy A : ©(A) > 0},
Dim* ;1 = sup{dimp A : u(R?\ A) = 0}.

Here dimp denotes packing dimension. The measure u is called exact dimensional
if dimy u = Dim™* u or, alternatively, if dim(u, x) exists and is j-a.e. constant.
Many dynamically defined measures are exact dimensional, but we note that, in
general, a fixed projection of an exact dimensional measure needs not be exact
dimensional.

A rather different notion of dimension (or rather, a one parameter family of
dimensions) is related to the scaling law of the moments of the measure. Namely,
given g > 0,q # 1, write

I(uar) = / (B, )" dp (). G.1)

logl,(u,r

Dy() = liminf &%)
~O (g—1)logr

The numbers D,, are known as the L? dimensions of the measure, and are an essential

ingredient of the multifractal formalism. The function g — D,u is always non-

increasing, and

Dy(p) < dimy o forall g > 1.

We refer to [10] for the proof of these facts, as well as further background on the
different notions of dimension of a measure and their relationships. We finish by
remarking that the value ¢ = 2 is particularly significant, and D, () is also known
as the correlation dimension of .
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3.2 Dimensions of Self-Similar Measures

If 41 is a measure on R and g : RY — R is a map, we denote the push-forward of
w under g by gu, that is, gi(B) = (g~ 'B) for all Borel sets B. If F = (f;);en is an
IFS and p = (pi)iea is a probability vector, then there is a unique Borel probability
measure ;£ = u(F, p) such that

="y pifits.

i€EA

The measure p is called the self-similar measure associated to the IFS F and the
weight p. For convenience we always assume that p; > 0 for all i (otherwise one
may pass to the IFS formed by the maps (f; : p; > 0)). In this case, the topological
support of u is the self-similar set associated to F.

Self-similar measures are always exact dimensional; this is a rather deep fact
which (at least in some special cases) can be traced back to ideas of Ledrappier and
Furstenberg; see [12] for a detailed proof. As is the case for sets, dimensions of
self-similar measures are well understood under the open set condition. In this case,
one has

Y ieaPilogpi

dimp = .
> ica Pilog p(fi)

3.2)

This is an instance of the heuristic formula “dimension=entropy/Lyapunov expo-
nent”, which often holds for measures invariant under some kind of conformal
dynamics.

Regarding L? dimensions, under the OSC it holds that D, = ©(q)/(q — 1),
where t(g) is the only real solution to

DT = 1.

i€EA

In the special case where p; = p(f;)* (where s = dimg(F)), it can be easily checked
that dim u = Dy = s for all ¢ > 0. These are called the natural weights.

Just as for sets, the formulae for dim u and D, given above are expected to
“typically” hold even in the presence of overlaps. For this reason, we call the right-
hand side of (3.2) the similarity dimension of y, and denote it dimg .

3.3 Projection Theorems for Measures

Theorem 1.1 has an analog for various notions of dimension of a measure.
The standard potential-theoretic proof of Marstrand’s Theorem (due to Kaufman)
immediately yields a projection theorem for the correlation dimension. Projection
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theorems for other notions of dimension of a measure were obtained by Hu and
Taylor [21, Theorem 6.1], and Hunt and Kaloshin [22, Theorem 1.1]; we remark
that they are still fairly straightforward deductions from the proof of Theorem 1.1
as presented in i.e. [25, Chapter 9].

Theorem 3.1 Let dim denote one of dimx« or D, where g € (1,2], and let 1 be a
measure on R2. The following holds for almost all a:

1. Ifdimu < 1, then dimIlyu = dimpu
2. Ifdim u > 1, then Ty is absolutely continuous.

The theorem fails for Dim* and for D, if ¢ ¢ (1, 2], see [22]. When D,u > 1, it
can be shown that in fact I, has an L? density. There is an analogous result valid
in higher dimensions.

4 The Irrational Case: Dimension of Projections

4.1 Projections of Some Self-Similar Measures

In this section we discuss the main ideas behind a proof of Theorem 2.1(i). The
proof we sketch is based on ideas from [26], and is a particular case of more general
results in [17].

For the time being we assume that f;(x) = ARpx + 1;, i € A, for some A € (0, 1),
6 € [0,7) with 8/ ¢ Q, and t; € R? are translations. In this case, we say that
the IFS (f;)ica is homogeneous. In other words, in a homogeneous IFS, the linear
parts are the same for all maps. Fix a probability vector (p;);ea, and let u be the
corresponding self-similar measure. The key to our proof of Theorem 2.1(i) is the
following result.

Theorem 4.1 If i is as above, then for any g € (1,2] and any o € [0, 27),
D,(ITg ) = min(Dyp, 1).
We indicate the main steps in the proof. The first main ingredient is the inequality
Iy (Map A7) < €y Iy (TMap, 2 I (Maao . A%, 4.1

valid for ¢ > 1 for some constant C; > 0. Recall (3.1). This is a consequence
of the self-similarity of p. A result of the same kind, for self-similar (and even
self-conformal) measures rather than their projections, was obtained by Peres and
Solomyak [30, Equation (3.2)], and the proof here is similar. The homogeneity of
the IFS is key in deriving this inequality.
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We can rewrite (4.1) as

Prte(@) < @) + (T a),

where T is the 6 rotation on the circle (identified with [0, 277)), and
o) = log I,(Popt, A5 + log C,.

In other words, ¢, is a subadditive cocycle over T, which is a uniquely ergodic
transformation (this is where the irrationality of 8/ gets used). A result of Furman
[16, Theorem 1] on subadditive cocycles over uniquely ergodic transformations
implies that for all « € [0, 2r) and almost all 8 € [0, 27),

. o) . o (B)
liminf ————— > lim ——————.
k—oo k(g —1)logA ~ k—oo k(g —1)log A

The limit in the right-hand side exists and is a.e. constant from general consid-
erations (the subadditive ergodic theorem), but in this case we know it equals
min(Dyt, 1) by Theorem 3.1 (it is easy to see that, in the definition of D,, one
can take the limit along the sequence AX). This is the step of the proof that uses
that ¢ < 2. It follows that D,(ITopt) > min(Dyu, 1) for all a. The opposite
inequality is trivial since D, does not increase under Lipschitz maps and cannot
exceed the dimension of the ambient space. This concludes the sketch of the proof
of Theorem 4.1.

We point out that the analog of Theorem 4.1 holds for arbitrary self-similar
measures (of irrational type) in the plane, at the price of replacing L? dimension by
Hausdorff dimension. This is a particular case of [20, Theorem 1.6]. The problem
of whether Theorem 4.1 remains valid in this setting, for any values of g, remains
open.

4.2 Conclusion of the Proof

We can now finish the proof of Theorem 2.1(i). If A is a self-similar set for a
homogeneous IFS satisfying the open set condition, then we know that the self-
similar measure p with the natural weights satisfies Dot = dimg A = dimp A, and
hence, by Theorem 4.1,

dimy(IT,A) > Dy I1, 0 = min(D,p, 1) = min(dimy(A), 1) > dimy(IT,A).

This shows that the claim holds when A has this special structure. To conclude the
proof, we show that any self-similar set can be approximated in dimension from
inside by such a self-similar set; this essentially goes back to [29]. We include the
proof, since similar approximation arguments have turned to be useful in a variety
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of situations, see e.g. [27, Lemma 3.4], [11, Proposition 1.8], and [34, Section 9].
Recall that an IFS (f;);ep with attractor A satisfies the strong separation condition
(SSC) if the images f;(A) are pairwise disjoint (this is stronger than the OSC).

Lemma 4.2 Let A be a self-similar set in R* with dimy A > 0. Then for any ¢ > 0
there is a self-similar set A’ for a homogeneous IFS satisfying the strong separation
condition, such that A’ C A and dimy A’ > dimpy A — e.

Proof Write s = dimy A. It is classical that self-similar sets can be approximated in
dimension from inside by self-similar sets satisfying the SSC. For completeness we
sketch the argument: given ¢ > 0, we can find r > 0 arbitrarily small and a disjoint
collection of balls {B(x;, r)} centres in A, with at least />~ elements. Since x; € A,
it is easy to see that for each i there is a word j; such that f;;(A) C B(x;,r) and
p(fj;) = &r, where § is a positive constant that depends only on the IFS. Then (f},)
satisfies the strong separation condition, the attractor A” is contained in A, and its
similarity dimension (equal to dimy A”) can be made larger than s — ¢ by taking r
small enough. Hence, we may and do assume that A itself already satisfies the SSC.

A similarity f on R2 can be written as AORy + ¢, where A € (0, 1), O is either
the identity or reflection around the x-axis, Ry is rotation by angle #, and ¢ € R?
is a translation. Let Rot denote the similarities with O equal to the identity, and let
Ref be the remaining ones. We claim that A can be approximated from inside by
the attractor of an IFS with elements in Rot (that still satisfies the SSC). To see this,
assume without loss of generality that fj € Ref. Fix a large integer k, and consider
the IFS

F, = (g€ F*NRot) U (fig: g€ F*NRef).

A calculation shows that dimg(F]) can be made arbitrarily close to s by taking &
large enough, so this is the desired IFS.

Thus, we assume F satisfies the SSC and f;(x) = A;Rp,x + ¢; for suitable A; €
(0,1), 6; € [0,27) and t; € R?. Because the similarities ARy commute, if we write
F* = (fi(x) = Six + ti)ienr, then S; is determined by the number of times each
index £ € A appearsin i = (i, ..., i), whence there are fewer than kAl different
possibilities for S;. Hence, there is some fixed similarity S, such that the IFS ]-",i =
(Six + t; : S; = S) satisfies Np(S)* > k~1A1, where N is the number of maps in F;.
On the other hand, p(S) < Afmx, where Amax = max;ea A; < 1. Hence, if we write
dimg(F}) = s — &, then

1 = Np(S)" ™ > k—IA\p(S)—Sk > k_‘All;li;k.
Thus (1/Ama)™ < kI, and therefore & — 0 as k — oo. Since Fiis a

homogeneous IFS satisfying the SSC, whose attractor is contained in A (as it is
derived from F* by deleting some maps), this completes the proof. O
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5 The Rational Rotation Case: Hochman’s Theorem
on Super Exponential Concentration

5.1 Hochman’s Theorem

In the introduction we briefly discussed the following conjecture:

Conjecture 5.1 If A is a self-similar set in R with dimy(A) < min(dimg(A), 1),
then A has exact overlaps.

Although a full solution to the conjecture seems to be beyond reach of current
methods, a major breakthrough was recently achieved by M. Hochman [18].
Hochman proved a weaker form of the conjecture, which allows to establish the
full conjecture in a number of important special cases. In order to state his result,
we need some definitions. The separation constant of an IFS F = (A;x +1;);ea On
the real line is defined as

A(F) = . 00 ifki;zékjfor.alli;éj,'
min;{|t; — 4| 1 A = A} otherwise

Although A(F) may be infinite, we will only be interested in A(F¥) for large
values of k, and this is always finite (already for k¥ = 2) due to the commutativity
of the contraction ratios. The sequence k +—> A(F¥) is always decreasing. Notice
also that there is an exact overlap if and only if A(F¥) = 0 for some (and hence
all sufficiently large) k. On the other hand, by pigeonholing it is easy to see that
A(F*) decays at least exponentially fast in k. We say that F has superexponential
concentration of cylinders (SCC) if A(F*) decays at superexponential speed or,
in other words, if

. —log A(FY)
lim T =00

k—o00

We can now state Hochman’s Theorem:

Theorem 5.2 If u = w(F,p) is a self-similar measure in R with dimyu <
min(dims u, 1), then F has super-exponential concentration of cylinders.

In particular, if A is a self-similar set in R with dimy(A) < min(dimg(A), 1),
then (the IF'S generating) A has super-exponential concentration of cylinders.

The proof of this result combines several major new ideas. A key ingredient is an
inverse theorem for the growth of entropy under convolutions, which belongs to the
field of additive combinatorics. See the survey [19] or the introduction of [18] for
an exposition of the main ideas in the proof.

In the remainder of this section, we explain how to apply Theorem 5.2 to the
calculation of the dimension of projections of planar self-similar sets and measures,
in the rational rotation case. In turn, this will be a key ingredient for establishing
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absolute continuity of projections. For many other applications of Theorem 5.2, see
[15, 28, 32, 33] in addition to [18].

5.2 Projections of the One-Dimensional Sierpiniski Gasket,
and Theorem 2.1(ii)

The attractor S of the planar IFS ( S ONCUE NS H'1)) is known as the one-

dimensional Sierpinski Gasket, see Fig. 1. Since S satisfies the SSC, indeed
dimy(S) = 1. Because the generating IFS has no rotations, the orthogonal
projections of S onto lines are again self-similar sets. Let P,(x,y) = x + uy. Then
S, := P,S is homothetic to I1,,-1,S. This provides a smooth reparametrization of
the orthogonal projections of S, which has the advantage that S, is the attractor of
the simpler IFS (%, &4, 24),

It is clear that S, has an exact overlap for some values of u, for example, for

= 1. Kenyon showed that there is an exact overlap if and only if u = p/q in

lowest terms with p + ¢ % 0 mod 3, see [23, Lemma 6], and provided an expression
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Fig. 1 The one-dimensional Sierpiriski gasket
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for the dimension of S, in this case. Hence, unlike the irrational rotation case, there
are exceptional directions, and an infinite number of them. Kenyon rounded off the
understanding of projections with rational slope by showing that if u = p/q in
lowest terms with p + ¢ = 0 mod 3, then S, has positive Lebesgue measure (in
particular, dimension 1).

An old (unpublished) conjecture of H. Furstenberg states that dim .S, = 1 for all
irrational u. Since S, has no exact overlap for u irrational, this is a particular case
of Conjecture 5.1. In the same article [23], Kenyon proved that S, has Lebesgue
measure zero for all irrational u (answering a question of Odlyzko), and exhibited
a dense Gj set of irrational u# such that dimy S, = 1. It turns out that a positive
solution to Furstenberg’s conjecture follows rather easily from Theorem 5.2 (the
short deduction is due to Solomyak and the author). The argument is presented in
[18, Theorem 1.6] just for projections of the one-dimensional Sierpifiski gasket. A
variant of the proof yields the following more general result.

Theorem 5.3 Let A € (0, 1) be algebraic, and let a;, b; (i € A) also be algebraic.
Suppose that the IFS

F=Ax+a) A+ bi))ieA

does not have an exact overlap. Write s = dimg(F) = log|A|/log(1/A). Let S be
the attractor of F, and let S, be the image of S under (x,y) — x + uy.

Then dimy S, = min(s, 1) for all u such that the S, does not have an exact
overlap, and in particular for all but countably many u.

In the proof we will need the following lemma, see [18, Lemma 5.10] for the
proof. Given a finite set B, the family of polynomial expressions in elements of B of
degree at most k will be denoted Py (B).

Lemma 5.4 Let B be a finite set of algebraic numbers. There is a constant § =
8(B) > 0 such that if x € Py(B), then either x = 0 or |x| > 8.

Proof of Theorem 5.3 The projection S, is the attractor of
Fu= ()L(x +a; + ub,-))ieA.

If u is algebraic, then F, is algebraic (i.e. all the parameters are algebraic). As shown
in [18, Theorem 1.5], it follows easily from Theorem 5.2 and Lemma 5.4 that in this
case dimy S, = min(dimg S,,, 1) > min(s, 1) if F, does not have an exact overlap.
Hence from now on we assume that u is transcendental.

The IFS F% is given by (Afx + Yy_, Af(ay, + ubi,));epr. In particular, there are
i #j € A¥ such that

A(]-"Llf) = x¢ + uyg,

where x; = Y b _ Al(ai, — a;), i = Y b_, AL(bi, — b},). Since u is transcendental,
this can be zero only if x; and y; are both zero, but in this case F*¥ can be seen to
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have an exact overlap, which contradicts our hypothesis. Hence for each k either
Xk 7é 0or Vk 7é 0.

Note that xi,yx € Pry1(B), where B = {A,a; —a;j,b; — b; : i,j € A}. Let
§ = 8(B) be the number given by Lemma 5.4. If x; = 0 or y; = 0, then |A(F¥)| >
min(1, |u|)8¥*1. If this happens for infinitely many k then, in light of Theorem 5.2,
dimy S, = min(dimy S, 1) and we are done. Hence we may assume that x;y;, # 0
forall k > k.

For any k > ko, we hence have

AF)  AF 2%

Yk Yi+1

Xk Xk+1
Y oo Yik+1

’

VieYk+1

where 7z € Pai+3(B). Therefore, Lemma 5.4 yields that either zz = 0 or |z| >
§2k+3  Assume first that z; = 0 for all sufficiently large k, say for all k > k; > k.
Then

|AFED| = Iy /i, + W) = |5, /ye + ul8T forall k > ky,

so there is no SCC and the conclusion follows again from Theorem 5.2. Thus, we
may and do assume that z; # O for infinitely many k. For any such k, since |yx| is
bounded uniformly in k, we conclude that either

AFD] = 8%, or AT = 8%,

for some ¢ > 0 independent of k. This shows that also in this case there is no SCC,
so a final application of Theorem 5.2 finishes the proof. O

The same proof works for self-similar measures for F,,.

Part (ii) of Theorem 2.1 follows from Theorem 5.3 and Lemma 4.2: if A is of
irrational type there is nothing to do by part (i). If A is algebraic and of rational type
then, given ¢ > 0, Lemma 4.2 provides us with an IFS F satisfying the hypotheses
of Proposition Theorem 5.3 such that dimg F > dimyA — ¢ (it is clear from the
proof that F is still algebraic, and also has rational rotations, so after iterating we
may assume it has no rotations). To finish the proof we apply Theorem 5.3 to F and
let ¢ N\ 0 along a sequence.

5.3 Dimension of Projections in the Rational Case

We now apply Theorem 5.2 to prove Theorem 2.1(iii). Since we already know that in
the irrational rotation case there are no exceptional directions at all, it remains to deal
with the rational rotation case. Once again, we will first establish a corresponding
result for measures, but imposing some additional structure on the IFS. Then we
will deduce the general case for sets from Lemma 4.2.
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Proposition 5.5 Let F = (f)iea be a planar IFS satisfying the SSC, where f;(x) =
Ax + t; for all i, that is, the maps f; are homotheties with the same contraction ratio.
There exists a set E C [0, ) of zero Hausdorff (and even packing) dimension, such
that if p, = w(F,p) denotes the self-similar measure for F and the weight p, then

dimy Iy pp = min(dims p,, 1) foralla € [0, ) \ E.
In particular, if A is the attractor of F, then
dimy IT,A = min(dimy A, 1) foralla € [0,7) \ E.
Proof The latter claim follows by applying the first claim to the natural weights.
Once again, instead of working directly with orthogonal projections I1,, we work
with the family P, (x, y) = x+uy; this makes no difference in the statement since the
reparametrization is smooth and hence preserves Hausdorff and packing dimension.

As before, write F, for the projected IFS (Ax + P,f;);ca. Note that

A(FH = min Tjy(u),
) j#j’le/\" i @)
where

k—1
P, (Z A, — ff;))‘ = Pultiy)]-
i=0

Since F satisfies the SSC, |£;7| > ¢ > 0 for some ¢ = ¢(F). Let E denote the set of
u such that F, has SCC. Then, by definition of SCC,

reMUN U e =N

>0 K=1k=K j£j e Ak >0

k—1 k—1
FjJ/(M) = Zkiputj,- — Zkiputj’{
i=0 i=0

Fix an interval I = [-M, M]. We first note that, since |£;y| > c, for large enough
k, the set I N Fj;} (—¢&k, &) can be covered by an interval of length O(g*). Hence
Uj#,e A Fj;,l (—¢*, %) can be covered by |A|?* intervals of length O(&X), which
implies that

o0
dimp ﬂ U I (—&" 6" | <0 (|loge|™).
k=K j£]/ €Ak

with the implicit constant depending on | A |, where dimg is upper box-counting (or
Minkowski) dimension. In turn, since packing dimension is -stable and bounded
above by dimg, this shows that dimp(E; N 1) = O (| log 8|_1). Since I = [-M, M]
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was arbitrary, we conclude that dimp(E) = 0. The claim now follows from
Theorem 5.2. O

The above proposition is a particular case of [18, Theorem 1.8], which deals
with much more general analytic families of self-similar measures. The proof of the
more general result is similar, except that in order to show that I} (—¢&*, £) can
be covered efficiently one needs to rely on “higher-order transversality” estimates
(which are trivial in our setting because I';; is affine).

Claim (iii) of Theorem 2.1 follows from Proposition 5.5 and Lemma 4.2 in
exactly the same way as part (ii) followed from Theorem 5.3.

6 Absolute Continuity of Projections

The methods from [18, 20, 26, 29] that we have discussed so far appear to be
intrinsically about dimension (of sets or measures) and so far have not yielded
any new information about positive Lebesgue measure or absolute continuity when
the similarity dimension exceeds the dimension of the ambient space. Recently, in
[32, 33] these results on dimension have been combined with some new ideas to
yield absolute continuity outside a small set of parameters for many parametrized
families of self-similar (and related) measures. One particular application of these
ideas is the last claim of Theorem 2.1. In this section we discuss the main steps in
the proof, referring the reader to [33] for the details.

We start by describing the general scheme for proving absolute continuity outside
a small set of parameters. The measures u, to which the method applies have an
infinite convolution structure: they are the distribution of a random sum

where X,,,, are independent Bernoulli random variables, and | X, ,|co decreases
exponentially uniformly in u, so that the series converges absolutely. Once a large
integer k is fixed, this allows as to express u, as a convolution 1, * v,, where 7, is
the distribution of kn Xun> and v, is the distribution of D tn Xun- The dimension
results discussed in the previous sections can be applied to show that, in many cases,
v, has full dimension for all parameters « outside of a small set of exceptions (note
that, in the definition of v,, we are skipping every k-th term only, so v, should be
“almost as large” as p,). On the other hand, adapting a combinatorial method that
goes back to Erdds [4] and has become known as the “Erd6s-Kahane” argument, it
is often possible to show that the Fourier transform

uE) = / exp(2mifx, £)) dnu(x)
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has a power decay, again outside of a small set of possible exceptions (because 7,
is defined by keeping only every k-th term, these measures will have very small
dimension and hence a very small power decay, but all that will matter is that it is
positive).

Recall that the Fourier dimension of a measure 7 is defined as

dime(n) = sup{o > 02 3C. [§(§)] < Cl| /%),

Absolute continuity then follows from the following general fact:
Theorem 6.1 Let 1, v be Borel probability measures on RY.

(1) Ifdimy v + dimg n > d, then n x v has an absolutely continuous density.
(ii) If D4v + dimr n > d for some q € (1,2], then n x v has a density in L9.

The second part in the case ¢ = 2 is a rather straightforward consequence of
well-known identities relating D, to energies, and energies to the Fourier transform,
while the first part follows from the second for ¢ = 2 (or any other value of
q); see [32, Lemma 2.1]. The second part for arbitrary values of ¢ € (1,2] is
somewhat more involved, and relies on the Littlewood-Paley decomposition; it is
proved in [33, Theorem 4.4] (where a version for g € (2, +00) is also established).
The intuition behind the theorem is that convolving with a measure of positive
Fourier dimension is a smoothing operation (positive Fourier dimension is a kind
of “pseudo-randomness” indicator), which is enough to “upgrade” full or almost
full dimension to absolute continuity.

We now indicate how to implement the above strategy for projections of planar
self-similar measures . We need to assume that the IFS is homogeneous; this is to
ensure that the measure we are projecting, and therefore also its projections, have
the desired convolution structure.

Theorem 6.2 Let (fi(x) = Sx + t;)ien be a homogeneous IFS on R? satisfying
the SSC and dimg F > 1. Then there exists a set E C [0, ) of zero Hausdorff
dimension, such that for all o« € [0, ) \ E the following holds:

(i) Let pp = w(F,p). If dimy p, > 1, then Iy, is absolutely continuous.
(ii) In the irrational rotation case, if Dyjt, > 1, then 1, has an LY density.
(iii) Moreover, in the rational rotation case, if dimpy u, > 1, then Iy, has a
density in L1 for some q = q(F,p,a) > 1.

Note that, since F satisfies the SSC, there are explicit formulae for dimy u, Dy,
and lim,_,;+ Dy = dimy u, and the set of p to which the theorem applies is
nonempty (it includes, for example, the natural weights). In particular, it follows
from the second part that, in the irrational rotation case, if dimy 1, > 1 then Iy,
has an L? density for an explicit ¢ > 1 that is independent of « and p. Also, if
Dy, < 1, then DoI14(pp) < 1, and Iy (itp) cannot have an LY density, so the
second part is sharp up to the endpoint. Thus we know a lot less about the density
of the projections in the rational rotation case.
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Sketch of proof First of all, by replacing F by F* for suitable k, in the rational
rotation case we may assume that S is a homothety, i.e. there are no rotations at all.

The self-similar measure p, is the distribution of the random sum Zsil X,
where P(X,, = S"t;) = p;, and the X, are independent. Indeed, this measure is
easily checked to satisfy the defining relation 1, = Y, pifiltp- Since p is fixed in
the proof we drop any explicit reference to it from now on.

As indicated above, let k be a large integer to be determined later, and let 1, v be
the distribution of the random sums Zkln X0, Dy 4 Xn respectively, so that = n*v
and therefore I, u = I1,n*I1,v. This fits with the general description above, since
IT, p is the distribution of Z;il Xo.n, where P(Xy , = I14(8"t;)) = pi, and the X, ,
are independent, and likewise with T1,n, [Tov.

Both 7, v are again homogeneous self-similar measures of the same rotation type
(irrational or no rotation), which also satisfy the SSC. Moreover, a direct calculation
shows that

dimyv = (1 — 1/k) dimy u,
Dyv = (1 —1/k)Dypu.

Consider first the irrational rotation case, and suppose p is such that Dy > 1.
Provided we chose k large enough, then also D,v > 1. By Theorem 4.1, D,I1,v =
1 for all . On the other hand, a combinatorial argument similar to (although
slightly more involved than) the classical Erdés’ argument from [4], shows that
dimf IT,n > 0 outside of a possible exceptional set of zero Hausdorff dimension.
See [33, Proposition 3.3] (this also holds in the no rotation case). Claim (ii) then
follows from Theorem 6.1, and we have already seen that this implies (i) in the
irrational rotation case.

The first claim in the no-rotations case follows in the same way, using Proposi-
tion 5.5 instead of Theorem 4.1. A priori this gives no information whatsoever about
the densities (the reason being that Theorem 5.2 is about Hausdorff dimension and
it is unknown if it holds for L? dimension for any g). However, in [33, Theorem 5.1]
we have shown that for any homogeneous self-similar measure 7, and in particular
for t = Il,v in the no-rotations case,

lim D,(t) = dimy .
q—>l+

(This is immediate from the explicit formulae under the OSC, the point is that

it holds regardless of overlaps.) Hence, if « is such that dimy(IT,v) = 1 and
dimg(I1gn) > 0, there is a (non-explicit) g > 1 such that D, (I v) +dimg(I1yn) >
1. The third claim then follows again from Theorem 6.1. O

Using Lemma 4.2 once again, we conclude the proof of Theorem 2.1(iv) in the
by now familiar way.

Unfortunately, the proof of Theorem 6.2 (and hence of Theorem 2.1(iv)) is
completely non-effective. The reason is that it seems very hard to prove that a given
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projection of a self-similar measure has power Fourier decay, even though we know
that all outside of a zero-dimensional set do!

7 Further Results

We briefly discuss projections of other natural classes of sets and measures. This
section has some overlap with [7, Sections 8 and 9].

7.1 Bernoulli Convolutions

Given A € (0, %), the Bernoulli convolution v, is the self-similar measure for
the IFS (Ax — 1, Ax + 1) with weights (3, 1). Alternatively, v, is the distribution
of the random sum Y °0 ' +A", where the signs are chosen independently with
equal probabilities; this explains the name. When A € (0, 1/2], the generating IFS
satisfies the OSC and the measure v, is well understood; however, for A € (%, 1),
surprisingly little is known. It is known since Erd&s [3] that if A~! is a Pisot number
(an algebraic integer larger than 1, all of whose algebraic conjugates are smaller than
1 in modulus), then v, is singular. It is not known if there are any other A € (%, 1)
for which v, is singular. Solomyak [35] proved that v, is absolutely continuous with
an L? density for almost all A € (%, 1). This is a kind of Marstrand Theorem for a
family of nonlinear projections. Using the method described in Sect. 6, the author
proved in [32] that v, is absolutely continuous for A outside of a zero Hausdorff
dimension set of exceptions, and in [33] we showed that, furthermore, outside this
exceptional set, v, has a density in L? for some non-explicit g = g(A) > 1. These
results rely heavily on Theorem 5.2.

7.2 Self-Similar Sets in Higher Dimension

Much less is known about projections of self-similar sets in higher dimensions.
In dimensions d > 3 there is no neat decomposition into “rational rotation” and
“irrational rotation” cases. In particular, if the orthogonal parts of all the maps in
the IFS coincide, then they cannot generate a dense subgroup of the orthogonal
group — this is problematic for generalizing Theorems 4.1 and 6.2. Also, the
lack of commutativity precludes approximation arguments such as Lemma 4.2.
Nevertheless, the more flexible approach of [20] yields the following, see [20,
Theorem 1.6 and Corollary 1.7].
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Theorem 7.1 Let A C RY d > 2, be the attractor of the IFS (A;0;x + t;)ien, where
Ai€(0,1),0,€Qgandt; € R9. Assume the SSC holds. Fix 1 < k < d and let G
denote the Grassmanian of k-dimensional subspaces of RY.

Suppose that the action of the semigroup generated by the O; on G is transitive,
that is, {O;, --- O;, 7 : ij € A, n € N} is dense for some (and therefore all) w € Gg.
Then for all C' maps g : R? — R¥ without singular points,

dimy(gA) = min(dimy A, k)

Note that in dimension d = 2, the transitivity condition is met precisely for self-
similar sets of irrational type. Once again, this follows from a corresponding result
for measures. Using an approximation argument, Farkas [11, Theorem 1.6] was able
to remove the SSC assumption.

7.3 Projections of Self-Affine Carpets

If the maps f; in an IFS are affine rather than similarities, the attractor is called a
self-affine set. Dimension problems for self-affine sets are notoriously difficult, and
almost nothing beyond the general results of Marstrand and others is known about
their orthogonal projections, outside of some special classes known as self-affine
carpets. Roughly speaking, a self-affine carpet is the attractor of an IFS of affine
maps that map the unit square onto non-overlapping rectangles with some special
pattern (generally speaking, it is required that when projecting these rectangles onto
either the x or y-axes, there are either no overlaps or exact overlaps).

In [14], it was proved that under a suitable irrationality condition, for many self-
affine carpets A C R? it holds that dimy ITA = min(dimy(A), 1) for all projections
IT other than the principal ones (which are always exceptional for carpets). The
proof was based on ideas of [29] and did not extend to measures. Recently,
based on the approach of [18], Ferguson, Fraser and Sahlsten [13] obtained the
corresponding results for Bernoulli measures for the natural Markov partition for the
(x,¥) = (px, gy) mod 1 toral endomorphism. This was extended to Gibbs measures
by Almarza [1].

7.4  Sums of Cantor Sets

The arithmetic sum A 4+ B of two sets A,B C RYis {x+y : x € A,y € B}.
Up to an homothety, this is the projection of A x B under a 45 degree projection.
More generally, the family A + uB is a reparametrization of the projections of
A x B (other than the horizontal projection). The methods discussed in the previous
sections can be applied (with suitable modifications) to yield the following analog
of Theorem 2.1. Following the terminology of [29], we say that the attractors of
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(Aix + t;) and (A}x + 1)) are algebraically resonant if log A;/ log A; is rational for
all i,;. ‘

Theorem 7.2 Let A,B C R be self-similar sets, and write s = dimp(A) +
dimH(B).

(1) If A and B are not algebraically resonant, then dimy(A + uB) = min(s, 1) for
allu € R\ {0}.
(ii) If both A and B are given by algebraic parameters, then {u : dimy(A 4+ uB) <
min(s, 1)} is countable.
(iii) Without any assumptions, if s < 1, then dimy{u : dimy(A 4+ uB) < s} = 0.
@iv) Ifs > 1, then dimy{u : L(A + uB) = 0} = 0.

Part (i) was proved in [29], (ii) and (iii) follow in a very similar manner to
the corresponding claims in Theorem 2.1, and the last claim is [33, Theorem E]J.
Measure versions of these results exist, see [20, Theorem 1.4] and [33, Theorem D].

Much is known for sumsets beyond self-similar sets and measures. One of the
first results in the area, due to Moreira, was a version of Theorem 7.2(i) for attractors
of nonlinear IFSs (under standard regularity assumptions). See [2]. A general
version of this (valid also for Gibbs measures) was obtained in [20, Theorem 1.4].
Furthermore, it follows from [20, Theorem 1.3] that if A, B C [0, 1] are closed and
invariant under x — px mod 1, x > gx mod 1 respectively, with logp/logg ¢ Q,
then

dimy(A + uB) = min(dimy(A) 4 dimy(B), 1) forallu € R\ {0}.

For u = 1, this was another conjecture of Furstenberg.

7.5 Projections of Random Sets and Measures

There is a vast, and growing, literature on geometric properties of random sets and
measures of Cantor type, including the behavior of their projections. We do no more
than indicate some references for further reading. Generally speaking, there are two
main strands of research in this area. One concerns random sets and measures that
include deterministic ones as a special case. In this direction, Falconer and Jin [8,
9] investigated projections of random cascade measures (and related models) on
self-similar sets, obtaining generalizations of several of the results we discussed.
In [8], these results were applied in a clever way to study the dimension of linear
sections of deterministic self-similar sets. The second line of research concerns sets
and measures with a large degree of spatial independence; one of the most popular
such models is fractal percolation, consisting in iteratively selecting random squares
in the dyadic (or M-adic) grid. With stronger independence, one can typically say
a lot more, for example proving positive Lebesgue measure, and even nonempty
interior, for all projections simultaneously (compare with Theorem 2.1(iii)). See e.g.
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[31] for results of this type for fractal percolation. A general approach to the study
of measures with strong spatial independence was recently developed in [34]. We
refer the reader to this paper for many further references and detailed statements.
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1 Introduction

In this paper we consider continuous real functions of the form

RCE PRI EY (1.1)

n=0

forx € R, whereb > 1,1/b < A < 1 and ¢ : R — R is a non-constant, Z-periodic,
Lipschitz continuous, piecewise C! function. Probably the most famous function of
that form is the Weierstrass cosine function

oo
Wip(x) = Z A" cos(2mb"x),
n=0
introduced by Weierstrass in 1872 as one of the first examples of a continuous

nowhere differentiable function on the real line. In fact, Weierstrass proved the
non-differentiability for some values of the parameters A, b, while the complete
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Fig. 1 The graph of the Weierstrass cosine nowhere differentiable function

proof for b > 1, 1/b < A < 1 was given by Hardy [16] in 1916. Later, starting
from the work by Besicovitch and Ursell [8], the graphs of functions of the form
(1.1) and related ones have been studied from a geometric point of view as fractal
curves in the plane (Fig. 1).

In this paper we present a survey of recent results concerning various kinds of
dimensions of the graphs of functions of the form (1.1).

Since

ML () = £, () — ¢ ().

the graph of fﬁ , exhibits a kind of approximate self-affinity with scales A and 1/b,
which suggests a candidate for its dimension to be

log A

D=2 .
+ logh

We will see that this is indeed the case for the box dimension of the graph
of fx , (unless it is a piecewise C' function with the graph of dimension 1), see
Theorem 2.4. For the Hausdorff dimension, the situation is not so simple — we
know some general lower estimates by constants smaller than D (see (3.1) and
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Theorem 3.4), while the Hausdorff dimension of the graph is known to be equal
to D only in some concrete cases (see Theorems 3.5 and 3.6), and for integer b and
generic smooth function ¢ (see Theorem 4.2). On the other hand, we do not know
any example of a function of the form (1.1), where the Hausdorff dimension of the
graph is smaller than D.

Let us note that if b is an integer, then the graph of a function ff” , of the form
(1.1) is an invariant repeller for the expanding dynamical system

®:R/ZxR—>R/ZxR,  ®(xy) = (bx (mod 1), y—T¢(x)) (1.2)

with two different positive Lyapunov exponents —logA < log b, which allows to
use the methods of ergodic theory of smooth dynamical systems. In this case the
graph of ff , is the common fractal boundary between the basins of attraction to
(vertical) 400 and —oo on the cylinder R/Z (see Fig. 2). Alternatively, the system

Fig. 2 The graph of the
Weierstrass function as the
boundary between two
attracting basins on the
cylinder
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can be treated as a nonlinear iterated function system (IFS) on [0, 1) x R composed
of the maps

x i x i
Sie,y)=\-+-, 4 -+-1]] i =0,....,.b—1.
(x,y) (b+b y+¢(b+b)) i

Some results presented in this paper are valid also for a more general class of
functions

Y@ =" Apd"x + 6,). (1.3)

n=0

where ® = (61,6,,...) for 8, € R is a sequence of phases (with the previous
assumptions on A, b and ¢).

We will consider the Hausdorff, packing and box dimension denoted, respec-
tively, by dimgy, dimp and dimg. The upper and lower box dimension will be
denoted, respectively, by dimp and dim,. For an unbounded set, the (upper, lower)
box dimension is defined as the supremum of (upper, lower) box dimensions of its
bounded subsets.

For the definitions of the considered dimensions and their basic properties we
refer to [14, 28]. We only note that for a set X C R* we have

dimy (X) < dim,(X) < dimp(X)
and
dimy(X) < dimp(X) < dimp(X).

The plan of the paper is as follows. In Sect.2 we determine the box and
packing dimension of the graphs of functions of the form (1.1). Results on
the Hausdorff dimension are presented in Sects.3—4. In Sect.5 we deal with a
randomization of functions of the form (1.3). Additional issues (complex extension
of the Weierstrass cosine function, non-exponential sequences of scalings) are
treated in Sects. 6-7.

Note that the quoted results are not necessarily presented in the chronological
order and the formulation can be different from the original. Due to lack of space,
the proofs are generally not included and the reader is referred to original articles.

There are a number of related issues which are not discussed in this paper (e.g. the
case A = b, wider classes of functions ¢, dimension of the graphs of self-affine
functions). The reader can find some information on these questions in the works
included in the bibliography and the references therein.
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2 Local Oscillations, Holder Condition and Box Dimension

To determine the box dimension of the graphs of the considered functions, we
examine their local oscillations in terms of the Holder condition. By I we denote
a non-trivial (not necessarily bounded) interval in R.

Definition 2.1 We say that a function f : I — R is Hélder continuous with
exponent 8 > 0, if there exist ¢, § > 0 such that

f(@) —fO)| < clx =yl

for every x,y € I such that |x — y| < §. Holder continuous functions with exponent
1 are called Lipschitz continuous (with the Lipschitz constant c).

We say that f satisfies the lower Holder condition with exponent f > 0, if there
exist ¢, 8 > 0 such that the oscillation

oscy(f) = supf — irJlff
J

of f on every interval J C I with |J| < § satisfies
osc, (f) > &lJ|P

(where | - | denotes the length).

Note that the lower Holder condition with exponent 8 € (0, 1) implies non-
differentiability (i.e. non-existence of a finite derivative) of the function at every
point.

The following proposition follows directly from the definitions of the upper and
lower box dimension.

Proposition 2.2 Iff : I — R is Holder continuous with exponent 8 € (0, 1], then
dimp(graph f) <2 - B.

If a continuous function f : 1 — R satisfies the lower Holder condition with
exponent B € (0, 1], then

dimg(graph f) > 2 — B.

Let

log A
logh _
logb
Note that by definition, @ € (0,1) and A = b™*. The following upper estimate

of the box dimension of the graphs of the considered functions is a consequence of
Proposition 2.2.
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Proposition 2.3 Every function ff ’b® of the form (1.3) is Holder continuous with

exponent a, and hence dimg(graph ffb@) <D.

Proof Let ¢ be a Lipschitz constant of ¢. Take x,y € I such that 0 < |x —y| < 1.
Then, choosing N € N with 1/b" < |x —y| < 1/b"~!, we have

N—1 oo
77 =7 O] = cbe =y Y (4b)" + 2maxg Y 2"

n=0 n=N
cb 2 max ¢ cb 2 max ¢
AN —y*.
<(Ab—1+ 1—/\) <(Ab—1+ l—k)lx v

O

One cannot expect a non-trivial lower estimate for the dimension of the graph,
which holds for every function under consideration. Indeed, if

P (x) = g(x) — Ag(bx)

for an integer b > 1 and a Z-periodic, Lipschitz continuous, piecewise C' function
g, then ff , has the form (1.1) and ff , = &, so its graph is a piecewise smooth curve

of dimension 1. However, for functions of the form (1.1), the case of a piecewise C!
curve is the only possible exception, when the box dimension of the graph is smaller
than D. The following fact is a consequence of a result by Hu and Lau [18].

Theorem 2.4 For every function ffb of the form (1.1), exactly one of the two

following possibilities holds.

(a) fﬁb is piecewise C' (and hence the dimension of its graph is 1).

(b) fﬁ , satisfies the lower Holder condition with exponent o (in particular it is
nowhere differentiable) and dimg(graph ff ») = D.

Proof Adding a constant to ff »» we can assume ¢(0) = 0. In [18, Theorem 4.1] it
is proved that in this case, if the Weierstrass—Mandelbrot function

v = Y wetmo =1, + 3 20 ()
n=1

n=—0o0

is not identically zero, then ff , satisfies the lower Holder condition with exponent c.
Hence, if V # 0, then we can use Propositions 2.2 and 2.3 to obtain the assertion (b).
On the other hand, Y72, (1/A")¢ (x/b") is a piecewise C' function, so the condition

V = 0 implies that ff , 1S piecewise C', which is the case (a). O

A consequence of Theorem 2.4 is that the graphs of functions of the form (1.1)
have packing dimension equal to box dimension.
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Proposition 2.5 For every functionff , of the form (1.1), we have
dimp(graph fﬁb) = dimp(graph .fﬁb)-

Proof We can assume that we are in the case (b) of Theorem 2.4, i.e. ffﬁ , satisfies the
lower Holder condition with exponent « and dimg(graph fﬁ ,) = D.Itis a general
fact (see [14, Corollary 3.9]), that for every compact set X C RX, if

dimg(X N U) = dimp(X)

for every open set U intersecting X, then dimp(X) = dimp(X). To prove the
proposition, we check this condition for X = graph l’b| 1, where [ is an arbitrary
non-trivial compact interval in R.

By the continuity offﬁ »» for an open set U intersecting graph fﬁ o1, we can take

a non-trivial interval J C [ such that graph ff »ls C graph ff »l1 N U. Since ff Bl
satisfies the lower Holder condition with exponent ¢, Proposition 2.2 implies

D < dimg(graph £, ;) < dims(graph f{,|; 0 U) < dimp(graph £7,|1) < D,
which ends the proof. O

In particular, the Weierstrass cosine function W, ; satisfies the lower Holder
condition with exponent « and

dimp(graph W, ;) = dimg(graph W, ;) = D

forb > 1,1/b < A < 1. Similar results for various classes of functions ¢ were
obtained, among others, by Kaplan, Mallet-Paret and Yorke [24], Rezakhanlou [34],
Przytycki and Urbanski [33] and Bousch and Heurteaux [9].

In [17], Heurteaux generalized the above results to the case of functions of the
form (1.3) with transcendental b.

Theorem 2.6 Every function ff ’b® of the form (1.3), where b is a transcendental
number, satisfies the lower Holder condition with exponent o (in particular it is
nowhere differentiable). Moreover,

dimp(graph fﬁZQ) = dimg(graph fﬁ’b@) =D.

3 Hausdorff Dimension

The question of determining the Hausdorff dimension of the graphs of the con-
sidered functions is much more delicate and far from being completely solved.
Since the upper bound dimy < dimp < D is known, one looks for suitable lower
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estimates. A standard tool is to analyse local properties of a finite Borel measure on
the graph.

Definition 3.1 Let i« be a finite Borel measure in a metric space X. The upper and
lower local dimension of | at a point x € X are defined, respectively, as

N ! B, 1 B,
r—0+ logr r—0+ logr

’

where B, (x) denotes the ball of radius r centered at x. If for some d the upper and
lower local dimensions of p at x coincide and are equal to d for p-almost every x,
then we say that u has local dimension d and write dim 4 = d. Such measures are
also called exact-dimensional.

Estimating the Hausdorff dimension of a set, it is standard to use the following
fact (see [14, 28]).

Lemma 3.2 If for some d > 0 we have dim u(x) > d for p-almost every x,
then every Borel set of positive measure | has Hausdorff dimension at least d. In
particular, this holds if dim u > d.

In [33], using Lemma 3.2 for the lift of the Lebesgue measure on [0, 1] to the
graph of the function, Przytycki and Urbanski proved the following.

Theorem 3.3 Iff : I — R is Holder continuous with exponent f € (0,1) and
satisfies the lower Hilder condition with exponent 3, then

dimg (graph f) > C > 1,

where C depends only on B and constants c, ¢ in Definition 2.1.

This together with Proposition 2.3 and Theorem 2.4 implies that for every
function ff , of the form (1.1), if ff , 18 NOt piecewise C!, then

dimg (graph ffb) > 1. (3.1)
Better estimates can be obtained for large b, even in the presence of phases, as shown
by Mauldin and Williams [29].

Theorem 3.4 For every function ff ’b® of the form (1.3), there exists a constant B >
0 depending only on A and ¢, such that

. g B
dimg (graph ffi’bo) >D— @

for every sufficiently large b.

The result was obtained by using Lemma 3.2 for the lift of a measure supported
on a suitable Cantor set in [0, 1] to the graph of the function.
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The first example of a function of the form (1.1) with the graph of Hausdorff
dimension equal to D was given by Ledrappier [25], who proved the following
result, using the theory of invariant measures for non-uniformly hyperbolic smooth
dynamical systems (Pesin theory) on manifolds [26].

Theorem 3.5 For ¢(x) = dist(x, Z) (the sawtooth function) and b = 2,
dimg(graph fﬁz) =D

for Lebesgue almost all A € (1/2,1).

In fact, the assertion holds provided the infinite Bernoulli convolution
Yoo o £1/(24)", with £ chosen independently with probabilities (1/2,1/2), has
absolutely continuous distribution. As proved by Solomyak [39], the condition is
fulfilled for almost all A € (1/2, 1). By a recent result by Shmerkin [38], in fact it
holds for all A € (1/2, 1) except of a set of Hausdorff dimension 0.

In [40], Solomyak generalized the result from Theorem 3.5 to the case of some
functions ¢ with discontinuous derivative (nonlinear sawtooth functions).

For the Weierstrass cosine function W, ;, the conjecture that the Hausdorff
dimension of its graph is equal to D was formulated by Mandelbrot [27] in 1977
(see also [7]) and then repeated in a number of subsequent papers. Recently, Barany,
Romanowska and the author [5] proved the following result, showing that the
conjecture is true for every nonzero integer b and a large set of parameters A.

Theorem 3.6 For every integer b > 1 there exist Ap, Ay € (1/b, 1), such that for
every A € (Ap, 1) and Lebesgue almost every A € (Ap, 1), we have dimu, , = D,
where W  is the lift of the Lebesgue measure on [0, 1] to graph W, . In particular,

dimy (graph W) ;) =D
for every A € (Ap, 1) and almost every A € (;\b, 1). We have

Ay <0.9352, A3 <0.7269, A4 <0.6083, A, < 0.5448  forevery b > 5,
Ay <081, A3 <055 Ay <044, A, <1.04/b foreveryb>5

and
A ! AVb ! b— o0
- —, _ as N .
b T b JT

The proof uses the Ledrappier—Young theory from [26], Tsujii’s results [41] on
the Sinai-Bowen—Ruelle (SBR) measure for some smooth Anosov endomorphisms
of the cylinder and the Peres—Solomyak transversality methods developed under the
study of infinite Bernoulli convolutions (see e.g. [31, 32, 40]).
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4 Dimension of Graphs of Generic Functions

In mathematics there are a number of definitions of a generic (typical) property. A
topologically generic set in a space X is a set containing an open and dense set in X,
or a residual set (containing a countable intersection of open and dense sets in X).
A measure-theoretic generic set in R¥ is a set of full Lebesgue measure. We use the
following infinite-dimensional analogue of this property, which is called prevalence
(see e.g. [30]).

Definition 4.1 A Borel set E in a real vector space V is prevalent, if there exists a
finite set {vy, ..., vx} C V (called the probe set), such that for every v € V, one has
v+ Zf:l tiv; € E for Lebesgue almost every (#(,...,%) € R¥. A non-Borel subset
of V is prevalent, if it contains a Borel prevalent set.

The topological and measure-theoretical genericity need not coincide. In fact, a
topologically typical (residual) continuous function on [0, 1] is nowhere differen-
tiable (this follows from the Baire Theorem, see [1]) and has the graph of lower
box dimension 1 (see [22]) and packing dimension 2 (see [19]), while a measure-
theoretic typical (prevalent) continuous function on [0, 1] is nowhere differentiable
(see [20]) and has the graph of Hausdorff dimension 2 (see [15]). In [12] (see
also [36]), using the wavelet technique, it was proved that functions with graphs
of Hausdorff dimension 2 — 8 are prevalent within the space of Holder continuous
functions on R with given exponent 8 € (0, 1).

In [5], Bardny, Romanowska and the author proved that for functions ff , Of the

form (1.1) with integer b, the Hausdorff dimension of graph ff » 18 equal to D both

for topologically and measure-theoretic typical C* function ¢. To formulate the
result precisely, consider the space C"(R/Z), for r = 3,4,..., 00, of Z-periodic
C" real functions on R, treated as functions on R/Z. For b > 1 let

Fo={(A.¢) € (1/b,1) x C}(R/Z) : dim pg , = D},
where pff’b is the lift of the Lebesgue measure on [0, 1] to graph ;.- Recall that

dimg (graph fﬁh) =D for every (A, ¢) € Fp.
For A € (1/b,1), let
Eip =19 € C(R/Z) : (A, ¢) € int Fp},

where int denotes the interior with respect to the product of the Euclidean and C?
topology in (1/b, 1) x C3(R/Z). In [5], the following result was proved.

Theorem 4.2 For every integer b > 1 and A € (1/b, 1), the set &,  is prevalent
as a subset of C*(R/7Z), with a probe set contained in C*® (R /7). Consequently, for
everyr =3,4,...,00, the set &,  is an open and dense subset of C"(R/7Z), and the
set Fy, contains an open and dense subset of (1/b, 1) x C*(R/7Z).
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Similarly as for Theorem 3.6, the proof is based on the Ledrappier—Young theory
from [26] and a result by Tsujii [41] on the generic absolute continuity of the SBR
measure for some smooth Anosov endomorphisms of the cylinder.

5 Randomization

It is a well-known fact that introducing some additional parameters or stochastics
to a system can sometimes help to answer questions which could not be solved in a
standard setup. In studying dimension of the graphs of functions of the form (1.3),
a number of results were obtained by randomizing suitable parameters.
Concerning the box dimension, Heurteaux [17] proved the following.

Theorem 5.1 Letfff be a function of the form (1.3). If one considers the phases
0, as independent random variables with uniform distribution on [0, 1], then almost
surely, ff,; satisfies the lower Holder condition with exponent o + ¢, for arbitrarily

small ¢ > 0 (in particular it is nowhere differentiable). Moreover,
dimp(graph ff ’b@) = dimp(graph ff f) = D almost surely.

An analogous result on the Hausdorff dimension can be obtained with stronger
assumptions on the function ¢, as proved by Hunt [21].

Theorem 5.2 Let ff ’:) be a function of the form (1.3), where ¢ is a C* function
with bounded set of orders of all its critical points. If one considers the phases 6,, as
independent random variables with uniform distribution on [0, 1], then

dimg (graph f;ﬁ ’:)) = D almost surely.

This includes the case, when ¢ is real-analytic, in particular (for ¢ (x) = cos(2mx)),
whenff ’b® is the Weierstrass cosine function with phases 6.

Similar results of that kind were obtained by Romanowska [35], using random-
ization of the parameter A.

6 Complex Extension of the Weierstrass Function

It is interesting to notice that if b is an integer, then the Weierstrass cosine function
W, » is the real part of the lacunary (Hadamard gaps) complex power series

o
we) =Y A" zeC. 7 =1
n=0
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on the unit circle {|zl] = 1}. In particular, W), has a harmonic extension
to the unit disc. This approach was already used by Hardy [16] to prove the
non-differentiability of W) ,, in this case. The study of the boundary behaviour of the
holomorphic map w is itself an interesting question. Salem and Zygmund [37] and
Kahane, Weiss and Weiss [23] proved that for given b, if A is sufficiently close to 1,
then the image of the unit circle under w is a Peano curve, i.e. it covers an open
subset of the plane. In [2], the author showed that in this case the box dimension of
the graph of the function

o0 o0
X (Z Atcos(2ub"x), Z Al sin(27rb”x))

n=0 n=0

(which is a subset of R?), is equal to 3 — 2«. Moreover, the author [3] (see also
Belov [6]) showed that for given b, if A is sufficiently close to 1, then the map w does
not preserve (forwardly) Borel sets on the unit circle. The boundary behaviour of w
from a topological point of view was studied by Dong, Lau and Liu [13] (Fig. 3).

Fig. 3 The image of the unit circle under the map w
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7 Other Sequences of Scalings

It is natural to study a generalization of functions of the forms (1.1) and (1.3),
replacing A", b" by another sequences of scales A, b,, which are not exponential.
More precisely, one can consider functions of the form

@ =" A (bax + 6,) (7.1)

n=0

for A,, b, > 0, Z;io Ay < 00, byy1 > by, b, — 0o and a non-constant, Z-periodic,
Lipschitz continuous, piecewise C! function ¢ : R — R.

It turns out that the case of rapidly (faster than exponential) growing scales
1/An, b, is easier to handle than the exponential one. In 1937, Besicovitch and
Ursell [8] considered this case rather than the exponential one, and showed that
for the sawtooth function ¢(x) = dist(x,Z), if A, = b, * for some o € (0,1)
and b,41/b, tends to oo sufficiently slowly, then dimg(graph f) = 2 — «. The
Hausdorff, upper and lower box dimension of the graphs of functions of the general
form (7.1) for rapidly growing scales 1/, b, was computed by Carvalho [10] and
the author [4]. More precisely, the following result was proved in [4].

Theorem 7.1 For every function f of the form (7.1), if Ay+1/An — O, byy1/by —
00 as n — 0o, then

log™ d,
dimg(graph f) = dimg(graph f) = 1 + liminf ,
(eraph /) BIETP n—>00 10g(by+1dn/dy+1)

— . log* d,
dimg(graph f) = 1 + lim sup ,
) n—oo logb,

where logJr = max(log,0) and d, = A1by + -+ - + A,by,.
If additionally, A, = b,[* for some a € (0, 1) andlogb,4/logb, — 1, then

dimg (graph f) = dimp(graph f) = dimg(graph ) =2 —«.

In particular, this shows that in the case of rapidly growing scales, the dimensions
need not coincide. In fact, in [4] it is shown that for every H, B € [1,2] with H < B
one can find a function f satisfying the assumptions of Theorem 7.1, such that

dimy(graph f) = dimg(graph f) = H,  dimg(graph f) = B.

The case when the scales 1/, b, grow slower than exponentially is much more
difficult and almost nothing is known about the dimension of the graph of f. Some
work was done for

R =) % sin(27n’x)

n=1
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(called the Riemann example) and similar functions. In particular, Chamizo [11]
determined the box dimension of the graph of R to be equal to 5/4.
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Tiling Z? by a Set of Four Elements

De-Jun Feng and Yang Wang

Abstract A finite subset D of Z? is called a tile of Z2, if Z? can be tiled by disjoint
translates of D. In this note, we give a simple characterization of tiles of Z? with
cardinality 4.

Keywords Tiling ¢ Translation

Mathematics Subject Classification (2000). Primary 05B45; Secondary 52C20

1 Introduction

Let D be a finite subset of Z¢. We say that D tiles Z¢ or D is a tile of Z¢, if Z* can
be written as a disjoint union of translates of D, i.e. there exists a subset C of Z¢
such that each v € Z¢ can be expressed uniquely as x + y withx € D and y € C;
in symbols, 7Z¢ =D & C. For example, each two-element subset of Z is a tile of Z,
and the set {0, 3} tiles Z in two essentially different ways,

7 =1{0,3} @ (67 U (6Z + 1) U (6Z + 2)) = {0,3} & (27).
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As an easy fact, D is a tile of Z if and only if the set T := |, ([0, 1] + a) is a
tile of RY, in the sense that there exists a set 7 C R such that Uer (T +1t) = R¢
and the Lebesgue measure of (T + t;) N (T + t,) is zero for all different t;, t; € 7.

One of the fundamental problems in the tiling theory is to characterise the
tiles of Z¢ (and generally, R?) and their tiling structures. The problem is not only
interesting to mathematicians, but also to artists, physicists and engineerians (cf.
[4]). In mathematics, the classification of tiles of Z is related to the theory of self-
similar tiles and self-affine tiles, see [1, 5, 8—13]. It is also related to the Fuglede
problem on the tiles and spectral sets which has been received a lot of attention
recently [3, 6, 7, 19].

The problem has been studied by many authors in the case when d = 1, see
[2, 14, 16, 17, 20]. In [14], Newman proved that any tile D of Z tiles Z periodically,
that is, if D @ C = Z then C = C + v for some v € Z. Furthermore, Newman gave
a simple characterization of tiles D of Z in the case that the cardinality of D is a
prime power. To state his result, let D = {ay,...,a} with k = #D = p®, where
pis a prime and & € N. For any pair a;, a;, i # j, let t;; be the highest power of p
which divides a; — a;. Newman showed that D tiles Z if and only if there are at most
«a distinct ¢; ;. Applying this criterion to the special case that #D = 3, we see that if
D tiles Z and if not all the difference of the numbers in D are divisible by 3, then no
difference could be a multiple of 3. Due to this, {0, 1, 3} and {0, 1, 4} do not tile Z.
Later, Coven and Meyerowitz [2] did the work in the case that the cardinality of D
has at most two prime factors. For arbitrary cardinality, the problem is still open.

The case d > 2 is much harder to study. One of the difficulties comes from the
possibility that a tile of Z¢ with d > 2, might admit a non-periodic tiling of Z?. In
[8], Lagarias and Wang conjectured that any tile D of Z¢ can tile Z¢ periodically
when d > 2. However, this conjecture is still wide open. Using a group-theoretic
approach, Szegedy [18] proved the conjecture in the particular case that d = 2 and
#D is a prime or equals 4. Furthermore, he formulated two algorithms to check
whether a given D C Z? can tile Z?, in the two different situations: (i) D is a prime;
(i1)) D = 4. His algorithm in dealing with the prime case was re-discovered by Rao
and Xue in [15] under an additional assumption of periodicity.

It is a simple fact that any two-element subset of Z? tiles Z?. For the convenience
of the reader, we present here the simple classification for D = 3: each three-
element subset of Z? that is not contained in a straight line always tiles Z?; and if
the subset is contained in a straight line, then it tiles Z? if and only if it tiles that
straight line. The second part of the classification is easy to see, and we may use
Newman’s criterion to check whether the set tiles the straight line. To see the first
part, we just take an example, say D = {(0, 0), (m, 0), (0, 1)}, to illustrate the idea.
Choose an integer n, different from 0, m, such that {0, m, n} tiles Z (the existence of
such n follows from Newman’s criterion). Take 7 C Z so that Z = {0,m,n} & T.
Set

C={(a—knk):aeT,kel}.
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Then it is easy to check that Z?> = D @ C.
In this article, we give the following characterization of tiles of Z> with cardinal-
ity 4, which looks much more intuitive and simpler than Szegedy’s algorithm.

Theorem 1.1 Let D C Z? with #D = 4. Then D is not a tile of Z? if and only if D
is of the form {v1,Va, V3, Va} in which v, — v| = ‘é(w — v3) for some p € 27\ {0}
and q € 27 + 1.

According to the above theorem, D C Z? with cardinality 4 is not a tile of Z? if
and only if one of the following two scenarios occurs: (1) D is the set of vertices of
a bilateral which contains two parallel edges with length ratio in 2Z/(2Z + 1); (2)
D is contained in a straight line and satisfies the ratio condition in the theorem. See
Fig. 1 for their geometric pictures.

We remark that using Theorem 1.1 and the involved proofs, we can manage to
prove that Fuglede’s conjecture is true for the union of four integral unit squares in
R2, that is, if Q = UyenlO. 1]? 4+ v for some D C Z? with #D = 4, then Q tiles R?
by translation if and only if L?(€2) has an orthogonal basis consisting of complex
exponentials. Details will be given somewhere else.

2 A Standard Form for D

First suppose that D is contained in a straight line in R?. Without loss of generality,
we may just assume that D is on the x-axis, i.e. D C Z. In this case, it is clear that
D tiles Z? if and only if D tiles Z. Write D = {v|, v2, v3,v4}. For 1 <i,j < 4 with
i # j, let 2% be the highest power of 2 which divides v; — v;, where 1 < i,j < 4
and i # j. Newman [14] proved that D tiles Z if and only if there are at most 2
distinct e; ;. We will show that this criterion implies Theorem 1.1. For convenience,
we say that D has property (I) if there are at least 3 distinct e;;, whilst we say
that D has property (II) if there is a partition {v}, v5} U {v},v}} of D such that
vy — v = ‘é(vg —v}) for some p € 27 \ {0} and ¢ € 27 + 1. We claim that these
two properties are equivalent, from which Theorem 1.1 follows.

To see the claim, we notice that these two properties keep unchanged if we
replace D by an affine copy of D, provided that the latter is contained in Z. Hence
we may assume, without loss of generality, that D contains 0 and at least an odd
integer.

Property (II) = property (I). Suppose that D has a partition {vy, vo} U {vs, va}
such that

p
V) — V1 = —(U4 — U3)
q

with p € 27 and g € 27 + 1. Equivalently, e;» > e34. Suppose that property
(I) does not hold, i.e., e;; € {e12,e34} for all i # j. We derive a contradiction as
follows. Notice that e; 3 # e (since e; 3 = e, implies that e; 3 > ¢]), and also
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e14 # e12. Hence ey 3 = e34 and e) 4 = e3 4. But this is impossible since e; 3 = e; 4
implies that e 4 > e 3.

Property (I) = property (II). Suppose that property (I) holds. When D contains
0 and three odd numbers, or D contains 0, one odd number and two non-zero even
numbers, it is easy to see that property (II) holds. The remaining case is that D =
{0, a, b, c}, where a is a non-zero even number, and b, ¢ are two odd numbers. The
assumption that there are at least 3 distinct e;; then implies that the highest power
of 2 dividing b — c is different from that dividing a — 0 = a, from which property
(I) follows. This completes the proof of the claim.

In what follows, we consider the case that D is not contained in a straight line. We
introduce a standard form for our set D and prove the following statement instead of
Theorem 1.1 (here and afterwards, we will use column vectors to express elements
in Z?).

Theorem 2.1 Let D be a subset of 7Z? with cardinality 4. Assume that D is not
contained in a line, and furthermore 0 € D. Then a sufficient and necessary
condition for D not to tile 72 is that there exists a 2 x 2 matrix G so that

o {(2)-()-() ()

withp,q € Z\ {0} andp + q € 2Z + 1;

The equivalence of the above theorem with Theorem 1.1 comes from the
following simple fact: if D (which contains the origin) is the set of vertices of a
bilateral which contains two parallel edges with length ratio in 2Z/(2Z + 1), then
there exists an invertible linear transformation G such that GD has the standard form
given in Theorem 2.1. To see this, let D = {A, B, C, D} as shown in Fig. 1, where
the edge AB is parallel to CD, and assume A = 0. Let G be the linear transformation

so that GD = ((1)) and GB = ((1)) Then GC has the desired form ( } ) with
p/q

p.qg € Z\{0},and p + q € 2Z + 1.
To prove Theorem 2.1, we need the following.

A A

Fig. 1 Two general cases when D can not tile Z>
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Proposition 2.2 Let A be a finite subset of 7. Then the following statements are
equivalent:

(i) There exists B C Z¢ such that A® B = Z7°.
(i) There exist a non-singular d x d matrix G with rational entries and D C Q!
such that (GA) @ D is a lattice in RY.

Proof The direction (i) = (ii) is clear. Now we show the opposite direction.
Assume that (GA) @D is a lattice in R?, i.e. (GA)®D = HZ? for some d xd matrix
H. Clearly H is rational. We may assume that H is non-singular (otherwise there
exists C C Q7 so that HZ? @ C = HZ for some non-singular d x d rational matrix
Hand (GA) @ D@ C = HZ?). Then (H~'G.A) ® (H™'D) = Z¢. Choose an integer
p so that E := pH™'G is an integral matrix. Note that (EA) & (pH™'D) = pZ¢
and EA C Z4. It follows that A := (pH™'D) C Z“. Since p is an integer, there
exists a finite set V C Z¢ so that (pZ?) @ V = Z4. Therefore (EA) @ A ® V = Z.
Note that Z¢ = (EZ?) @ U for some finite set U C Z< with 0 € U. We have
(EA)® A @V = (EZY) @ U. Letting A = (EZ% N (A & V), we obtain
(EA) ® A = EZ. This implies A ® (E"'A) = 7¢. O

As a direct corollary of the above proposition, we have

Corollary 2.3 Let A and B be two finite subsets of Z¢. If A = GB for some non-
singular d x d rational matrix G, then A tiles 7% if and only if B tiles 7.

3 Construction of Tilings

Lemma 3.1 Let

1 1
e={(0)- (,2)- GIn)- Gt e
0 5+p2 t+ pa §+I+P6

forsomet € Qandp; € Z (j=1,...,6). Then there exists B C Q? such that C® B
is a lattice in R

Proof Write t = **, where m € Z, n € N and gcd(m,n) = 1. Define

u
B = )i uv,jeZ, 0<j<n-—1;.
%(v+2’—n) oo 7=n }

Then by direct calculation, we conclude
) 72

This finishes the proof. O

C@Bz(

S i
P-o
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Corollary 3.2 Let A be a subset of 72 of cardinality 4. Assume 0 € A. Then A can
tile 77 if A = GC for some 2 x 2 non-singular rational matrix G and some C C R?
of the form as in (3.1).

Proof By Lemma 3.1, there exists B C Q? such that C @ B is a lattice in R?. That
is, (G™'A) @ B is a lattice. Hence by Proposition 2.2, A can tile Z?. O

Lemma 3.3 Let u,v € Q. Then at least one of the following three equations has a
solution (x,y,7) € 73:

) G+u+G+yv==z

(i) xu+ (3 +yv=1+z
(iii) (% +X)u+yv = % +z.
Proof We first show that if one of the equations has an integral solution (x, yo, zo)
for u,v and p, q,p’, ¢’ are integers then there is an integral solution (xi, y1, z;) for
i=up+1)/Q2q+1)and & = v(2p’ + 1)/(24' + 1). For brevity, we give the
proof only for equation (i). Take x1, y; so that

1 1 1 1
(5 +x1) = (5 +x0)(2q + D)(2p' + 1), (5 +y1) = (5 +y0Q2¢ + D(2p + 1).
Then xy,y; € Z. Setz; = z0(2p + 1)(2p’ + 1). Then (x1, y1,z1) satisfies

1 1
(5 + x)u + (5 +y1)v = z3.

This proves the claim.
Hence to prove the lemma, we can assume without loss of generality that u = 2"
and v = 2" for m, n € Z. This case is not difficult to check. O

For convenience, set

Q1 ={p/q: p,qare odd integers}. (3.2)

- 1(0)-()-() ()

where u,v € Q. Then there exists a non-singular 2 x 2 rational matrix G such that
GD has the same form as C in Lemma 3.1 if the pair (u, v) does not satisfy anyone
of the following conditions:

(i) u=1landv € Q.
(i) v=1andu & Q.
(iil)) u = —vandu € Q.

Proposition 3.4 Let
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Proof We will prove the existence of G in each of the following scenarios:

l.u=1andv € Q.
2. v=1andu € Q.
3. u=—-vandu € Q.
4. u#1,v#1landu # —v.
In scenario (1), let v = %,wherep,q € Z. We may take

L
G:(?p+2).

1 1
meoov= (o) (1) (530) (42t )l
0 5 2p+1 3 +2¢+1

In scenario (2), let u = %, where p, g € Z. We may take

G=(P+20)
2413
Then GD has the same expression as that in scenario (1).

In scenario (3), let u = %, where p, g € Z. We may take

1 1
G= 2 2 ).
(%+1p+%)

e {(2). (44 ) ,44) (2]

Now let us turn to the scenario (4). By Lemma 3.3, one of the following equations
has an integral solution (x, y, z):

(el) (% + x)u + (% +y)v =z
€2) xu+(G+yv=1+z
(e3) (%—l—x)u—i—yv =%+z.

Assume at first that (e1) has an integral solution (x, y, 7). Since u # —v, there exists
t € Q such that

1 1
(t+x)u+(§+t+y)v=§+z.
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Loy 1
Take G= (275,27 ) Then
t+x§+t+y

oo=1() (20) () Gt

Now we assume (e2) has an integral solution (x,y,z). Since v # 1, there exists

1
te@sothat%u+tv=%+t.TakeG=()lczjy).Then
2

={(o)- (1) (1) (2

If (e3) has an integral solution, we may construct G in a similar way as above. O

4 Nonexistence of Tilings

Proposition 4.1 Let

1) 6) () )

where u, v € Q. Then there exists no C such that D ®C is a lattice if u, v does satisfy
one of the following conditions:

i) u=1landv & Qy;
(i) v=1andu & Qy;
(iii) u = —vandu & Qy;

where Q is defined by (3.2).

Proof Without loss of generality we may only consider case (ii), since the sets D in
cases (i) and (iii) differ from that in (ii) only by an affine map.

Assumeu:5WithpEZ,qGNemdp—i—qGZZ—i—1.TakeG= (qo).Then

oo ={(6)- () (1) (D)

By Proposition 2.2, we only need to prove that GD can not tile Z>.
Assume on the contrary that GD can tile Z2, i.e., (GD) @ A = Z*. Then any
X € 7? can be uniquely written as X = X; + X, with x; € GD and x, € A. Define
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¢ : 7> — GD by x — x;. Let {a,},cz be the sequence defined by

1 if ¢(n.0) = (8)

2 if ¢(n,0) = g)
)
)

a, =

4 if p(n,0) =

(
3 if ¢(n.0) = (
(

e =)

We have the following observations:

(a) Foranyn € Z, ayyp # a, and ayq 7 ay.
(b) If a, = 1thena,yy =2.1fa, =2 thena,—, = 1.If a, = 3 then a,y, = 4. If
a, = 4thena, , =3.

Let us first prove (a). From (GD) @ A = Z? we obtain (GD—GD)N(A—A) = {0}.

Since (f)) , (g) € GD — GD, we have (1(7)) , (g) & A — A. Now assume (a) is

not true. Without loss of generality we assume a,+, = a, for some n. Then

n n+p
= A,, = A
(O) y+ A1 ( 0 ) y+ Az

for somey € GD and A, A, € A. It implies that I(;) = Ay—A; € A— A, which
leads to a contradiction. This proves (a). To prove (b) without loss of generality we

0) + A for

prove that a,4+, = 2 when a, = 1. Since a, = 1, we have (g) = (0

some A € A. Therefore (n —g q) = (g) + A, which implies a,4+, = 2. This

finishes the proof of (b).
According to (a) and (b), we have the following claims:

(cl) Assumep > 0.1If a, € {1, 3}, then a, 1,14 € {1,3}.
(c2) Assumep < 0.1Ifa, € {1,4},thena, ,, € {2,3}.

Without loss of generality we only prove (cl). First assume a, = 1. Then by (b) we
have a,1, = 2. Thus by (a) we have a,4,1, # 2. In the same time by (b) we have
Antptq 7 4 since otherwise a,1, = 3. Therefore we always have a,,1, € {1,3}
when a, = 1. Using an essentially identical argument, we can prove that a, 4,1, €
{1, 3} when @, = 3. This finishes the proof of (c1).
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Now assume p > 0. Then (c1) implies that the set {0, 1,...,p + g — 1} can be
partitioned into two sets A and B such that there exists a large N € N so that for
n > N,a, € {1,3} if n(mod p + ¢q) € A, and a, € {2,4} if n(mod p + q) € B.
That means the density of those n with a, € {1,3}in ZN [N, oco) is#A/(p + ¢q), and
the density of the rest is #B/(p + g). Since p + g € 2Z + 1, these two densities are
different. However from (b), these two densities must be the same. This leads to a
contradiction.

Similarly we can derive a contradiction in the case when p < 0. This finishes the
proof of the proposition. O

5 Proof of Theorem 2.1

Proof Since D is not contained in a straight line, there exists a non-singular rational
2 x 2 matrix A so that

o= {0 () () ()

with u, v € Q. Assume D can not tile Z?. Then by Proposition 2.2, there is no non-
singular rational matrix G and C C Q? such that GD @ C is a lattice. Therefore by
Proposition 3.4 and Lemma 3.1, u, v do satisfy one of the following conditions:

(i) u=1landv & Qy;
(i) v=1andu & Qy;
(iii) ¥ =—vandu & Qy;

where Q) is defined by (3.2). By taking B to be
10 01 1 1
, and
(o1): (o) e (o-in)
respectively, in the above 3 cases, we see that
BAD — 0 ’ 1 ’ 0 ’ 1
0 0 1 p/q

for some p,q € 7Z \ {0} with p + g € 27 + 1. This proves the necessity. The
sufficiency is implied by Proposition 4.1. O
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Some Recent Developments in Quantization
of Fractal Measures

Marc Kessebohmer and Sanguo Zhu

Abstract We give an overview on the quantization problem for fractal measures,
including some related results and methods which have been developed in the last
decades. Based on the work of Graf and Luschgy, we propose a three-step procedure
to estimate the quantization errors. We survey some recent progress, which makes
use of this procedure, including the quantization for self-affine measures, Markov-
type measures on graph-directed fractals, and product measures on multiscale
Moran sets. Several open problems are mentioned.

Keywords Quantization dimension ¢ Quantization coefficient ¢ Bedford-
McMullen carpets * Self-affine measures * Markov measures * Moran measures
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1 Introduction

The quantization problem for probability measures originated in information theory
and certain areas of engineering technology such as image compression and data
processing. In the past decades, this problem has been rigorously studied by
mathematicians and the field of quantization theory emerged. Recently, this theory
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has also been found to have promising applications in numerical integrations and
mathematical finance (see e.g. [22-24]). Mathematically we are concerned with the
asymptotics of the errors in the approximation of a given probability measure with
finitely supported probability measures in the sense of L,-metrics. More precisely,
foreveryn € N, we set D, ;== {& C R? : 1 < card(o) < n}. Let i be a Borel
probability measure on R?, ¢ € N, and let r € [0, 0c0). The n-th quantization error
for p of order r is given by [6]

infyep, ([ d(x,a)" d,u(x))l/r, r>0,

: (1.1)
infyep, exp [logd(x,a) du(x), r=0.

en,r(ﬂ) =

According to [6], e, (1) equals the error with respect to the L,-metrics in the
approximation of p with discrete probability measures supported on at most n
points. See [6, 13] for various equivalent definitions for the quantization error. In
the following we will focus on the L,-quantization problem with » > 0. For the
quantization with respect to the geometric mean error, we refer to [8] for rigorous
foundations and [37, 41, 42, 44] for more related results.

The upper and lower quantization dimension for p of order r, as defined below,
characterize the asymptotic quantization error in a natural manner:

— . logn o logn
D,(n) :==limsup ———, D,(n) := liminf ——.
®) n—>00p —loge,, (n) (i n—oo —loge, (1)
If D,(n) = D,(u), we call the common value the quantization dimension of

of order r and denote it by D,(u). To obtain more accurate information about
the asymptotic quantization error, we define the s-dimensional upper and lower
quantization coefficient (cf. [6, 26]):

0,() = limsupn'e,,(n), Q'() = liminfn' e, (1), s> 0.
n—00 = =00

By [6, 26], the upper (lower) quantization dimension is exactly the critical point at
which the upper (lower) quantization coefficient jumps from zero to infinity.

The following theorem by Zador is a classical result on quantization of absolutely
continuous measures. It was first proposed by Zador [32] and then generalized by
Bucklew and Wise [2]; we refer to [6, Theorem 6.2] for a rigorous proof.

Theorem 1.1 ([6]) Let u be absolutely continuous Borel probability measure on
R? with density h with respect to the q-dimensional Lebesgue measure 9. Assume
that for some § > 0, we have [ [x|"T3 du (x) < oo. Then for all r > 0 we have

gtr
q

Q') = 0'(w) = CCr, q)( [ 1w a (x)) ,

where C(r, q) is a constant independent of |L.
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While engineers are mainly dealing with absolutely continuous distributions, the
quantization problem is significant for all Borel probability measures satisfying the
moment condition [ |x|"du (x) < oo. For later use we define the subset of Borel
probabilities M, := {u: u (R) = 1, [ |x|]"du (x) < oo} and let Mo denote the set
of Borel probability measures with compact support. This condition ensures that
the set of n-optimal sets of order r denoted by C, (1) is non-empty. Also note that
Moo C M, forall r > 0. The most prominent aspects in quantization of probability
measures are the following:

Find the exact value of the upper/lower quantization dimension for u of
order r: In the case where the quantization dimension does not exist, it is usually
difficult to obtain the exact value of the upper or lower one (cf. [30]). Up to now,
in such a situation, the upper and lower quantization dimension could only be
explicitly determined for very special cases.

Determine the s-dimensional upper and lower quantization coefficient: We
are mainly concerned about the finiteness and positivity of these quantities. This
question is analogous to the question of whether a fractal is an s-set. Typically,
this question is much harder to answer than finding the quantization dimension.
So far, the quantization coefficient has been studied for absolutely continuous
probability measures ([6]) and several classes of singular measures, including
self-similar and self-conformal [19, 29, 33, 39] measures, Markov-type measures
[16, 29, 44] and self-affine measures on Bedford-McMullen carpets [15, 38].
Properties of the point density measure 1 : Fix a sequence of n-optimal sets
a, € C,, () of order r, n € N, and consider the weak limit of the empirical
measures, whenever it exists,

1
My = nll>nolo ; Z Sa-

acay,

The point density measure characterizes the frequency at which optimal points
fall into a given open set. Up to now, the point density measure is determined
only for absolutely continuous measures [6, Theorem 7.5] and certain self-similar
measures [9, Theorem 5.5].

Local properties and Voronoi partitions: Fix a finite subset « of R?. A Voronoi
partition with respect to o refers to a partition (P,(c)) e, of R? such that

P,a) C{xeR?:d(x,a) =d(x,a)}, a € a.
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It is natural to ask, if there exists constants 0 < C; < C, < oo such that for all
a, € C,,(u) and n € N we have

n acoy,

Cie,, .
=< m1n/ d(x, o) dpe(x)
Pu(an)

Cae,,
< max/ dix, o) dp(x) < ———.
Po(an) n

acay,

This question is essentially a weaker version of Gersho’s conjecture [5]. Graf,
Luschgy and Pages proved in [10] that this is in fact true for a large class of
absolutely continuous probability measures. An affirmative answer is also given
for self-similar measures under the assumption of the strong separation condition
(SSC) for the corresponding iterated function system [39, 43].

In the final analysis, the study of the quantization problem addresses the optimal
sets. Where do the points of an optimal set lie? Unfortunately, it is almost
impossible to determine the optimal sets for a general probability measure. It
is therefore desirable to seek for an “approximately explicit” description of such
sets. In other words, even though we do not know exactly where the points of an
optimal set lie, we want to know how many points are lying in a given open set.
This would in return enable us to obtain precise estimates for the quantization
error.

Connection to fractal geometry: To this end, some typical techniques in fractal
geometry are often very helpful. In fact, the quantization problem is closely
connected with important notions in fractal geometry. One may compare the
upper (lower) quantization dimension for measures to the packing (Hausdorff)
dimension for sets; accordingly, the upper (lower) quantization coefficient may
be compared to the packing (Hausdorff) measure for sets. Although they
are substantially different, they do have some close connections, as all these
quantities can be defined in terms of coverings, partitions and packings. In fact,
we have

(1) dim¥ 1 < D, (1) < dim}iu and dim 1 < D, (i) < dimyu, for r = 2 these
inequalities were presented in [26], and for measures with compact support and
all r € (0, oo] they were independently proved in [6].

(2) In [14] we have studied the stability of the upper and lower quantization
dimension in some detail. In [14], for r € [1, co], we proved the following
statements:

(i) For all u € M, we have D, (1) = 1maxﬁ, (p;) with u; € M,, s; > 0,
<i<n
i=1,....,n,neNand pu = >_| sii;.
(i) dim} (u) = inf%supﬁ, (i) T ] =Y jen Silis i € Moo, si > 0¢ for all
ieN

U E Moo _
(iil) There exists 4 € Moo such that D, () # dimp (@).
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(iv) There exists & € Moo such that D, (i) > D, (11).
(v) There exists @ € Mo such that D, (u) # maxD (u;) for some u; €

Moo, 5;>0,i=1,...,n,n € Nwith u = Zl 151H:

(3) For certain measures arising from dynamical systems, the quantization dimen-
sion can be expressed within the thermodynamic formalism in terms of
appropriate temperature functions (see [15, 19, 27, 28]).

(4) The upper and lower quantization dimension of order zero are closely connected
with the upper and lower local dimension. As it is shown in [43], if v-almost
everywhere the upper and lower local dimension are both equal to s, then Dy(v)
exists and equals s.

We end this section with Graf and Luschgy’s results on self-similar measures. These
results and the methods involved in their proofs have a significant influence on
subsequent work on the quantization for non-self-similar measures.

Let (S;)Y_, be a family of contractive similitudes on RY with contraction ratios
(s))_,. According to [12], there exists a unique non-empty compact subset E of
R? such that £ = va=1 S;(E). The set E is called the self-similar set associated
with (S;)X_,. Also, there exists a unique Borel probability measure on RY, such that
= YW pi oS!, called the self-similar measure associated with (S;)Y_, and
the probability vector (p;)_,. We say that (S;)"_, satisfies the strong separation
condition (SSC) if the sets S;(E),i = 1,---, N, are pairwise disjoint. We say that it
satisfies the open set condition (OSC) if there exists a non-empty open set U such
that S;(U) N S;(U) = @ foralli # jand S;(U) C Uforalli = 1,---,N. For
r € [0, 00), let k, be the positive real number given by

ll 1
ko= =——— Ziipilogp Z(p = 1. (1.2)
Zl lpllogs, P

Theorem 1.2 ([7, 8]) Assume that (Si)f.\’:l satisfies the open set condition. Then for
all r € [0, 00), we have

0 < @) < 0" (W) < oo

In particular, we have D,(u) = k;.

This is the first complete result on the quantization for (typically) singular
measures. In its proof, Holder’s inequality with an exponent less than one plays
a crucial role, from which the exponent &,/ (k, + r) comes out in a natural manner.
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2 The Three-Step Procedure

Following the ideas of Graf-Luschgy we propose a three-step procedure for
the estimation of the quantization errors by means of partitions, coverings and
packings. This procedure is applicable to a large class of fractal measures, including
Moran measures, self-affine measures and Markov-type measures, provided that
some suitable separation condition is satisfied; it even allows us to obtain useful
information on the quantization for general Borel probability measures on R? with
compact support.

Step 1 (Partitioning). For each n, we partition the (compact) support of p into @,
small parts (F,x)4,, such that ju(F,x)|Fu|” are uniformly comparable, namely,

for some constant C > 1 independentof k,j € {1,...,¢,} and n € N, we have
C U (Fu) | Fuil” < (o) |Fjl " < Cl(Fui) [Pl

where |A| denotes the diameter of a set A C R“. This idea was first used by
Graf and Luschgy to treat the quantization problem for self-similar measures, we
refer to [6] for a construction of this type. The underlying idea is to seek for some
uniformity while p generally is not uniform.

Step 2 (Covering). With a suitable separation condition, we may also assume that
for some § > 0, we have that

d(Fu, Frj) = S max{|Ful, |Fyl}, kK #j, n> 1.

In this step, uniformity and separation allow us to verify that any ¢,-optimal set
distributes its points equally among suitable neighborhoods of Fy, 1 < k < ¢,
in other words, each F,; “owns” a bounded number of points of the ¢,-optimal
set. More precisely, we prove that there exists some constant L;, which is
independent of #, such that for every o € C,, (1), we have

max card (o N (F)s— <L,
max. (@ N (Fu)a=1515,)) < L

where A; denotes the s-parallel set of A. This can often be done inductively by
means of contradiction.

Step 3 (Packing). In the last step we have to find a constant L, and subsets S, of
F, with cardinality at most L, such that for all o € C,, () and x € Fy we
have

d(x,a) > d(x, (@ N (Fnk)4—15\F”k\) U Buk).
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This reduces the global situation to a local one and enables us to restrict our
attention to an arbitrary small set F,;. We have

(pl’l
%MMzZ/d@mmmmwwumwmw
k=17 Fnk

Note that card (((x N (Fuk)a—15F,,)) U ,Bnk) < L; + L. For measures with explicit
mass distributions, we often have

/F d(x.y U B du() = Du(Fy)|Fyl”

for any subset y of R? with cardinality not greater than L; 4+ L, and an appropriate
constant D. Thus, we get a lower estimate for the quantization error:

©n
eh (W)= DY w(Fu) | Ful”
k=1

On the other hand, by choosing some arbitrary points by € Fy, k € {1,...,¢,},
one can easily see

Pn Pn
DY / d(x, b)) dp(x) < 3 wFalFul.
k=1 Fnk

k=1

After these three steps, for sufficiently “nice” measures, we may additionally
assume that ¢, < ¢,+1 < Cg, for some constant C > 1 (cf. [34-36]). To determine
the dimension it is then enough to estimate the growth rate of ¢,. Here, ideas from
Thermodynamic Formalism — such as critical exponents or zeros of some pressure
function — often come into play: E.g., for » > 0 we often have

D, (1)

Pn
D) +r inf{f €R:Y D (uFw)|Ful)' < o0

neN k=1

allowing us to find explicit formulae for the quantization dimension for a given
problem (see [15] for an instance of this). Typically, for a non-self-similar measure
such as a self-affine measures on Bedford-McMullen carpets, this requires a detailed
analysis of the asymptotic quantization errors. In order to formulate a rigorous
proof, we usually need to make more effort according to the particular properties
of the measures under consideration. As general measures do not enjoy strict
self-similarity, it seems unrealistic to expect to establish simple quantities for the
quantization errors as Graf and Luschgy did for self-similar measures [6, Lemma
14.10]. However, the above-mentioned three-step procedure often provides us with
estimates of the quantization errors which is usually a promising starting point.
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Moreover, in order to examine the finiteness or positivity of the upper and lower
s-dimensional quantization coefficient of order r, it suffices to check that (cf. [40])

wll (pn
0 < liminf ) " (U(Fy)|Fyl )™ <limsup Y (u(Fy)|Fyl )7 < oo.
n—>oo n—>00
k=1 k=1

An effective way to do this is to construct some auxiliary probability measures.
Such a measure should closely reflect the information carried by (u(F; nj)|Fnj|’)$.
For a self-similar measure, as Graf-Luschgy’s work shows, an auxiliary probability
measure is the self-similar measure associated with (Si)ﬁ\;l and the probability

vector ((pic! )#)f’:l It is interesting to note that this measure coincides with
the point density measure provided that the k,-dimensional quantization coefficient
exists. For a self-similar measure, as Graf and Luschgy showed, we can use the
above auxiliary probability measure and obtain the finiteness or positivity of the
upper and lower k,-dimensional quantization coefficient, which also implies that the
quantization dimension exists and equals k. In the non-self-similar situation, due to
the complexity of the topological support, it is often not easy to construct a suitable
auxiliary probability measure to estimate the quantization coefficients.

3 Recent Work on the Quantization for Fractal Measures

3.1 Self-Affine Measures on Bedford-McMullen Carpets

Fix two positive integers m, n with 2 < m < n and fix a set
Gc{o1,....n=1}x{0,1,....m—1}
with N := card (G) > 2. We define a family of affine mappings on R? by
fii @y (0 x+nlimTy +m7Y), () € G. (3.1)

By [12], there exists a unique non-empty compact set E satisfying E =
Ujecfi(E), which is called the Bedford-McMullen carpet determined by
(fiijec- Given a probability vector (pjj)ijec with p; > 0, for all (i,j) € G,
the self-affine measure associated with (p;) jyec and (fj) e refers to the unique
Borel probability measure p on R? satisfying

w= ) piwof; . (3.2)

(i) €G
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Sets and measures of this form have been intensively studied in the past decades,
see e.g. [1,4, 11, 17, 18, 21, 25] for many interesting results. We write

: (i,j) € Gforsomej}, Gy = {j: (i.j) € G for some i},

G, = {i
Gy =1{i:(,))eG}, q= Zl’u

i€Gy

We carry out the three-step procedure and obtain an estimate for the quantization
errors. This allows us to conjecture that the quantization dimension exists and equals
s, where

0 1-6
- S _ logm
( Z (p,jm )S,<+r) (Z(qjm )Sr+V) = 1’ 0= logn . (33)

(ij)€G JE€Gy

However, it seems rather difficult to find a suitable auxiliary measure for a proof
of this conjecture. A cornerstone is the crucial observation that the number s,
coincide with a Poincare-like exponent [15]. Using the property of sup-additive
sequences, we are able to prove that D,(u) exists and also coincides with «,.. Finally,
we consider the self-affine measure associated with (( p,;im_’)# /Cr)ijec as an
auxiliary measure, where C, := 3 ; 1 c6( p,;,m")#. This measure and the above-
mentioned estimate enable us to obtain sufficient conditions for the upper and lower
quantization coefficient to be both positive and finite. We have

Theorem 3.1 ([15]) Let ju be as defined in (3.2). Then for each r € (0, 00) we have
that D, (1) exists and equals s,, Moreover, 0 < Q;' (n) < Qir (1) < oo if one of the
following conditions is fulfilled:

(A) Ziecx_j(pijq]'_l)# are identical for all j € G,,
(B) g are identical for all j € G,.

Open problem: Is it true that 0 < g;' (n) < @ir (1) < oo if and only if condition
(A) or (B) holds?

3.2 Quantization for Markov-Type Measures
3.2.1 Mauldin-Williams Fractals
Let J;, non-empty compact subsets of RY with J; = cl(int(J;)), 1 <i < N, where

cl(A) and int(A) denote the closure and interior in R? of aset A C R“. For the integer
N > 2 let P = (pjj)i<ij<n be a row-stochastic matrix, i.e., p; > 0,1 < i,j <N,
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and Zi\;l pij = 1,1 <i < N. Let 6 denote the empty word and set

Qo = {9}, Q= {1, .. .N},
Qk = {U S QII Doyos * " Poj—i0% > O}, k > 27

QF — UQ"’ Qoo = {0 € Q) : poyo,,, >0 forall h>1}.
k>0

We call J;, 1 <i < N, cylinder sets of order one. Foreach 1 <i < N, letJ;;, (i,)) €
25, be non-overlapping subsets of J; such that J;; is geometrically similar to J; and
diam(Jy)/diam(J;) = c;. We call these sets cylinder sets of order two. Assume
that cylinder sets of order k are determined, namely, for each o € €2, we have a
cylinder set J;. Let Jouj (0 * gt € Q+1, be non-overlapping subsets of J,; such
that Jy4;, , is geometrically similar to J;, ;. Inductively, cylinder sets of order k are
determined for all k > 1. The (ratio specified) Mauldin-Williams fractal is given by

3.2.2 Markov-Type Measures

Let (x;)_, be an arbitrary probability vector with min; <;<y x; > 0. By Kolmogorov
consistency theorem, there exists a unique probability measure [t on 24 such that
(o)) == Xo,Po10y ** *Por_yo, fOr every k > 1 and 0 = (0y,...,0x) € Qi, where
[0] :={w € Qc : ®||s| = o}. Let & denote the projection from Q2 to E given by
7 (o) := x, where

{x} = ﬂJa|k, for 0 € Q.

k>1

Let us assume the following:

(Al) card({j:p; > 0})>2foralll <i<N.
(A2) There exists a constant ¢ € (0, 1) such that for every 0 € Q* and distinct
i1,ip € 2y witho xi; € Q\a\+la [=1,2,

d(Jowiys Joxi) Z tmax{|Joxi | [Jowi |-
Under this assumption, 7 is a bijection. We consider the image measure of jt under
the projection 7 given by p := ji o w~!. We call u a Markov-type measure which

satisfies

o) = Xo1Poror ** *Por—io for o = (o1...0k) € Q. (3.4)
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For 1 < i,j = N, we define a;(s) == (pjcj)*. Then we get an N x N matrix
A(s) = (a;j(s))nxn- Let ¥ (s) denote the spectral radius of A(s). By [20, Theorem
2], ¥ (s) is continuous and strictly decreasing. Note that, by the assumption (A1),
the Perron-Frobenius theorem and intermediate-value theorem, there exists a unique
number £ € (0, 1) such that ¥ (&) = 1. Thus, for every r > 0, there exists a unique
positive number s, such that W(Sj_r) =1.

We consider the directed graph G associated with the transition matrix (p;)yxw.
Namely, G has vertices 1,2, ..., N. There is an edge from i to j if and only if p;; > 0.
In the following, we will simply denote by G = {1, ..., N} both the directed graph
and its vertex sets. We also write

by0) = (a7 A= Gy, Wo(o) = ().

s+r
Let SC(G) denote the set of all strongly connected components of G. For H, H, €
SC(G), we write H; < H,, if there is a path initiating at some i; € H; and
terminating at some i € H,. If we have neither H, < H, nor H, < Hj, then
we say Hy, H, are incomparable. For every H € SC(G), we denote by Ay ; the sub-
matrix (b;j(s))ijen of Ag(s). Let Wy(s) be the spectral radius of Ay, and s.(H) be
the unique positive number satisfying Wy (s,(H)) = 1.

Again, we apply the three-step procedure in Sect. 2 and obtain upper and lower
estimates for the quantization error. Using these estimates and auxiliary measures
of Mauldin-Williams type, we are able to prove that, when the transition matrix is
irreducible, the upper and lower quantization coefficient are both positive and finite.
This fact also leads to the positivity of the lower quantization coefficient in the
general case. Then, based on a detailed analysis of the corresponding directed graph
(not strongly connected) and some techniques in matrix theory, we are able to prove
the formula for the quantization dimension. Finally, by using auxiliary measures of
Mauldin-Williams type once more, we establish a necessary and sufficient condition
for the upper quantization coefficient to be finite as stated next.

Theorem 3.2 ([16]) Assume that (Al) and (A2) are satisfied. Let . be the Markov-
type measure as defined in (3.4) and s, the unique positive number satisfying
Ws(s,) = 1. Then, D, () = s, and Qi’(u) > 0. Furthermore, @;r(u) < oo if
and only if M := {H € SC(G) : s,(H) = s,} consists of incomparable elements,
otherwise, we have Qi’ (n) = oo.

3.3 Quantization for Moran Measures
3.3.1 Moran Sets

Let J be a non-empty compact subset of R? with J = cl(int(J)). Let |A| denote the
diameter of a set A C R?. Let (m)52, be a sequence of integers with ming> g > 2
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and 6 denote the empty word. Set

k

o0
Q= {0}, Qo= [ 112 mh 2% =
i1 k=0

Foro =01 -0y € Qrandj € {1,--- ,n41}, we write 0 * j = a1 - -+ 0.

Set Jg := J and let J, for 0 € 2; be non-overlapping subsets of Jy such that
each of them is geometrically similar to Jg. Assume that J,; is determined for every
0 € Q. Let Joxj,1 < j =< npy1 be non-overlapping subsets of J, which are
geometrically similar to J,;. Inductively, all sets J,,0 € Q* are determined in this
way. The Moran set is then defined by

D)

E=NU % (3.5)
gEQ

k=1

We call J,,0 € €4, cylinders of order k. It is well known that the Moran sets E are
generally not self-similar (cf. [3, 31]). For k > 0 and 0 € €4, we set

We assume that there exist some constants ¢, 8 € (0, 1) such that
(Bl) inf min ¢y =c>0,
0EQ* 1<57<n6)41

(B2) dist(Joxis Joxj) = B max{|Joxil, |[Joxj|} for 1 <i#j<ng+; ando € Q.

3.3.2 Moran Measures

Foreach k > 1, let ( ij)}lil be a probability vector. By the Kolmogorov consistency

theorem, there exists a probability measure v on Qo = ]_[,fi AL, 2, -+ m} such
that

V([O—lv"' ,Uk]) :pldl "'pk(Tkv 010 € ka
where [01,-++,01] ={T € Qoo : 7 =0, 1 <j < k}. Let I : Qoo — E be defined

by I1(0) = (V> Jo|, With ok = 071 -+~ 0x. Then, with the assumption (B2), IT is a
continuous bijection. We define p1 := v o I1~!. Then, we have

n() =1, u(Js) :=Ppio, ***Pkoys 0 =010, € U, k> 1.
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We call the measure p the Moran measure on E. It is known that the quantization
dimension for u of order r does not necessarily exist. Let dy ,, d,, d, be given by

dir _
S (poc)) e = 1, d, 1= limsupdy,, di,d, = liminfdy,.

k—00
oeQy k—o00

Open problem Is it true that D, (1) = d,, D, (1) = d,?

3.3.3 Multiscale Moran Sets

A multiscale Moran set is Moran set with some additional structure encoded in the
infinite sequence ® = ()2, € Y = {1,...,m}" for some m > 2. For this fix

some positive integers N; > 2,1 < i < m and forevery 1 < i < m, let (g; ;v=,-1 be

the contraction vector with g;; € (0, 1) and ( p,;j)i.\lz’l a probability vector with p; > 0
for all 1 <j < N;. Now using the notation in the definition of Moran sets, we set

Noygy N,

ni+1 = Na)H_lv (CGJ)jzl = (ga)[+1j)j=ujll+l , 0 € le lZ 0. (36)
If, for some [ > 0, we have w;4+; = i, then for every 0 € €;, we have a

continuum of choices of {J,«; ;V=’1 fulfilling (B1),(B2) and (3.6), because we only fix
the contraction ratios of the similitudes. Hence, to every w € Y, there corresponds
a class M, of Moran sets according to (3.5). We call these Moran sets multiscale
Moran sets.
For each w € Y, we write
Nei(w) ==card{l <l <k:w =i}, 1 <i<m.

Fix a probability vector y = (y;)/-, with y; > 0 forall 1 <i < m and define

G(y) ={weY: lim kK 'Ni(w) = i, 1 <i<m},

k—00

Go(x) ={w € Y : limsup [Ni(w) —kyi| < o0, 1 <i<m}.
k—00

3.3.4 Multiscale Moran Measures

Fix an w € G(}y). According to Kolmogorov consistency theorem, there exists a
probability measure v,, on the product space Qo0 := [[72;{1,2, "+, Ny, } such that

Vw([U],"' sUk]) :pwlol "'pa)kUks 010 € Qka
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where [01,-++ ,01] = {T € Qoo : 7 = 05,1 <j < k}. We define py, := v, 0 |
Then, we have

wW) =1, o(s) = Poo, " *Pagors 0 =010k € Q, k> 1.

We call the measure 4, the infinite product measure on E(w) associated with @ and
(pgjvél,l <i<m.
For every w € G(y) and k € N, let 53, (@), s, and H, (), H,(w) be defined by

N,‘ m
1

m sr@) N\ Nii(@) Ni o\ X
H(Z(pyg{,-)W*f) =1, H(Z(pi,-g;,-)w) =1 (37
j=1

i=1 N j=1

i=

H (0) == liminfk|s, (@) —s,|, H (@) = limsup ks, (@) — s,|.
k=00 k—o00

Compared with Mauldin-Williams fractals, the disadvantage is that we have more
patterns in the construction of multiscale Moran sets. However, the pattern we use at
the (k + 1)-th step is independent of words of length k, which is an advantage. After
we carry out the three-step procedure in Sect.2, we conveniently obtain the exact
value of the quantization dimension by considering some measure-like auxiliary
functions. This also enables us to transfer the question of the upper and lower
quantization coefficient to the convergence order of (sx (w))g2,. For the latter, we
need a detailed analysis of some auxiliary functions related to (3.7). One may see
[40] for more details. Our main result is summarized in the following theorem.

Theorem 3.3 ([40]) For every w € G(y), we have
(i) D,(w) exists and equals s,, it is independent of w € G(y),
(i) If sir-(w) > s, for all large k, then Q;"(,uw) > 0. If in addition H,(w) = oo,
then we have Q) (j1,,) = oo, .
(i) If spr(w) < s, forall large k, then Q, (11,) < 00, if, in addition, H,(w) = oo,
then we have Q;' (1) =0,
(iv) IfH.(w) < 0o, then Qi’ (1w) and @ir (o) are both positive and finite,
) If o € Go(y), then the assertion in (iv) holds.
Open problem: What can we say about necessary conditions for g;' (o) and
0 (1) to be both positive and finite?
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Apollonian Circle Packings

Mark Pollicott

Abstract Circle packings are a particularly elegant and simple way to construct
quite complicated and elaborate sets in the plane. One systematically constructs a
countable family of tangent circles whose radii tend to zero. Although there are
many problems in understanding all of the individual values of their radii, there is
a particularly simple asymptotic formula for the radii of the circles, originally due
to Kontorovich and Oh. In this partly expository note we will discuss the history of
this problem, explain the asymptotic result and present an alternative approach.

Keywords Apollonian circle packings * Poincaré series * Transfer operators e
Asymptotic formulae
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1 A Brief History of Apollonian Circles

Apollonius (c. 262—-190 BC) was born in Perga (now in Turkey) and gave the names
to various types of curves still used: ellipse, hyperbola and parabola. However,
very little detail is known about his life and, although he wrote extensively on
many topics, rather little of his work has survived (perhaps partly because it was
considered too esoteric by his contemporaries). What has survived (partly in the
form of translations into arabic) includes seven of his eight books on “conics”. These
include problems on tangencies of circles.

I am very grateful to Richard Sharp for many discussions on this approach and the details. I would
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Fig. 1 The three initial circles Cj, C,, C3, and the two mutually tangent circles Cp and C4
guaranteed by Apollonius’ theorem

The result of Apollonius which is of particular interest to us is the following.

Theorem 1.1 Given three mutually tangent circles Cy, Cy, C3 with disjoint interiors
there are precisely two circles Cy, C4 which are tangent to each of the original three.

This result is illustrated in Fig. 1b. The proof is so easy and short that we
include it.

Proof We can apply a Mobius transformation which takes a point of tangency
between two of the initial circles to infinity. These two circles are then mapped to
two parallel lines, and the third initial circle to a circle between, and just touching,
these parallel lines. We can then construct the two new circles by translating the
middle circle between the parallel lines and then transforming back. Since a Mobius
transformation preserves circles and lines we are done. O

In 1643, René Descartes (1596—-1650) wrote to Princess Elizabeth of Bohemia
(1618-1680) stating a formula he had established on the radii a;, as, as, as of the
tangent circles, and for which she independently provided a proof. The radii are
related by the following formula.

Theorem 1.2 (Descartes-Princess Elizabeth) Assume that the radii of the orig-
inal circles are aj,az,a3 > 0 and the fourth mutually tangent circle has radius

ays > 0 then
1 1 1 1 1 1 1 1)
2 —2+—2+—2+—2 ={—-+—+—+—] .
ay as as ay ay as as ag

A simple proof appears in the notes of Sarnak [16].
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(a)

<«
ay

Fig. 2 (a) The initial circles with radii a;, ay, a3 and smaller choice of mutually tangent circle
with radius ag4; (b) The initial circles with radii a;, a,, a3 and the larger choice of mutually tangent
circle with radius a

Notation 1.3 The formula also applies where the radius as of the inner circle is
replaced by the radius of the outer circle ap. However, in this case we adopt the
convention that ay < 0, where |ay| > 0 is the radius of the circle Cy (Fig. 2).

Princess Elizabeth was a genuine princess by virtue of being the daughter of
Queen Elizabeth (1596-1662) and King Frederick V of Bohemia (whose reign
lasted a brief 1 year and 4 days). Queen Elizabeth of Bohemia was in turn the
daughter of King James I of England (Fig. 3).

In 1605, King James was the target of an unsuccessful assassination plan
(the “gunpowder plot” of Guy Fawkes and co-conspirators, celebrated in England
annually on 5th November) and Queen Elizabeth of Bohemia would have become
Queen of England (aged 9) had the plot succeeded.

In 1646, Elizabeth’s brother Philip stabbed to death Monsieur L’Espinay, for
flirting with their mother and sister. In the ensuing family rift, Elizabeth wrote to
Queen Christina of Sweden for an audience and help reinstating her Father’s lands,
but Christina invited Descartes to Stockholm instead, which proved unfortunate for
him since he promptly died of pneumonia. Finally, Elizabeth entered a convent in
Germany for the last few years of her life, where she worked her way up to the top
job of abbess.

The formula of Descartes was subsequently rediscovered by Frederick Soddy
(1877-1956), which is the reason that the circles are sometimes called “Soddy
circles”. Frederick Soddy is more famous (outside of Mathematics) for having won
the Nobel Prize for Chemistry in 1921, and having introduced the terms “isotopes”
and “chain reaction”. However, most relevant to us, he rediscovered the formula of
Descartes and published it in the distinguished scientific journal Nature in the form
of a poem [18]:
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Mary, Queen of Scots

James I of England
[ : 1
Queen Elizabeth of Bohemia Charles I of England

Princess Elizabeth Sophia of Hanover Charles IT of England

George I of England

Fig. 3 The family tree of Princess Elizabeth. Her uncle, Charles I of England, was executed during
the English revolution. Her nephew, George I, also became King of England and was the 6th Great-
Grandfather of the present Queen

The kiss precise

For pairs of lips to kiss maybe
Involves no trigonometry.

"Tis not so when four circles kiss
Each one the other three.

To bring this off the four must be
As three in one or one in three.

If one in three, beyond a doubt
Each gets three kisses from without.
If three in one, then is that one
Thrice kissed internally.

Four circles to the kissing come.

The smaller are the benter.

The bend is just the inverse of

The distance from the center.

Though their intrigue left Euclid dumb
There’s now no need for rule of thumb.
Since zero bend’s a dead straight line
And concave bends have minus sign,
The sum of the squares of all four bends
Is half the square of their sum.

To spy out spherical affairs

An ocular surveyor

Might find the task laborious,

The sphere is much the gayer,

And now besides the pair of pairs

A fifth sphere in the kissing shares.
Yet, signs and zero as before,

For each to kiss the other four

The square of the sum of all five bends

Frederick Soddy (1877-1956)
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2 Circle Counting
2.1 The Asymptotic Formulae

Starting from mutually tangent circles we can inscribe new circles inductively to
arrive at what is known as an Apollonian circle packing consisting of infinitely many
circles. We denote by C the set of such circles (Fig.4).!

We can order these circles by (the reciprocal of) their radii, which we shall denote
by a,, for n > 0. It is easy to see that the sequence (1/a,) tends to infinity or,
equivalently, the sequence of radii (a,) tends to zero. This is because the total area
of the disjoint disks enclosed by the circles Y oo, wa2 which is in turn bounded by
the area inside the outer circle. A natural question is then to ask: How fast does the
sequence (1/a,) grow, or, equivalently, how fast do the radii (a,) tend to zero? We
begin with some notation.

Definition 2.1 Given, T > 0 we denote by N(T) the finite number of circles with
radii greater than %

In particular, we see from our previous comments that N(7) — +ooas T — 0.
A far stronger result is the following [5, 11].

Fig. 4 An Apollonian circle packing consisting of infinitely many circles. The closure of their
union is the Apollonian gasket denoted by A

'For other aspects of the rich theory of circle packings, we refer the reader to [19].
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Theorem 2.2 (Kontorovich-Oh, 2009) There exists C > 0 and § > 1 such that
the number N(T) is asymptotic to CT® as T tends to infinity, i.e.,

. N(T)
lim — =C.
T—oo T9

It is the convention to write N(T) ~ CT® as T — oo (Fig. 5).
We can illustrate Theorem 2.2 with two examples.

Example 1 Assume that we begin with four mutually tangent circles the reciprocals
of whose radii are ayg = —%, a, = %, a = é and a3 = é Using Theorem 1.2 we

can compute the following monotone increasing sequence of reciprocal radii:

1 o0
(—) =5,8,8,12,12, 20,20, 21,29,29,32,32, - .-

Qn ) n=1

We will return to this in Example 4 in the Appendix.

Example 2 Assume that we begin with four mutually tangent circles the reciprocals

of whose radii are ay = —%, a, = % ,ay = é and a3 = % Using Theorem 1.2 we

can compute the following monotone increasing sequence of reciprocal radii:

1 o0
(—) =3,6,7,7,10,10,15,15,19,19,22,22,---

an ) p=1

We will return to this in Example 5 in the Appendix.

In the Appendix we also recall why the numbers in these sequences are all natural

numbers.
800 |- /

600 +
400 -

200 +

L L L L L 1 L L L L 1 L L L L 1
100 200 300 400

Fig. 5 A plot of N(¢) against %
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2.2 The Exponent § in Theorem 2.2

Of particular interest is the value of § which controls the rate of growth of the radii.
The next lemma provides an alternative characterisation of this number.

Lemma 2.3 The value § in Theorem 2.2 has the following alternative characteri-
sation:

1
§ = inf t>0:Z—r<+oo
a

n=1 "

The expression for § in Lemma 2.3 is usually called the packing exponent.

Notation 2.4 We can denote by A the compact set given by the closure of the union
of the circles in the Apollonian circle packing.

This leads to a second useful alternative characterisation.

Lemma 2.5 The value § in Theorem 2.2 is equal to the Hausdorff Dimension
dimy () of the limit set A.

Remark 1 (The numerical value of §) Unfortunately, there is no explicit expression
for § and it is rather difficult to estimate. The first rigorous estimates were due to
Boyd [3] who, using the definition above, estimated 1-300197 < § < 1:314534. A
well known estimate is due to McMullen [10], who showed that § = 1-30568. ..

Perhaps a little surprisingly, the value of § is independent of the particular
Apollonian circle packing being considered, as is shown by the next lemma.

Lemma 2.6 For different Apollonian circle packings exactly the same value of §
arises (independently of the initial choices ay, a1, as, as, as).

Again the idea of the proof is so simple that we recall the idea so as to dispel any
mystery.

Proof Let C; and C, be any two Apollonian circle packings and let A; and A, be the
associated Apollonian gaskets. By Lemma 2.5 it suffices to show that dimg(A;) =
dimg (A3). We can then deduce the independence of the value § using the following
well known result: If there exists a smooth bijection T : C; — C, then the sets share
the same Hausdorff Dimension. Let us identify the plane with C. Then it is a simple
exercise to show that there is a Mobius transformation g : C — C of the form

b
2@ = L2 anda b e C with |af2 = b2 = 1,
bz +

such that T(C;) = C,. In particular, this follows easily since Mobius transformations
necessarily take circles to circles. O
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3 Some Preliminaries for a Proof

We will describe a proof which differs from the original proof of Kontorovich-Oh
and other subsequent proofs. This approach is more in the spirit of the classical
proof of the Prime Number Theorem, except we use approximating Poincaré series
in place of zeta functions.

3.1 An Analogy with the Prime Numbers

Purely for the purposes of motivation, we recall the classical Prime Number
Theorem. Consider the prime numbers

2,3,5,7,11,13,17,19,23, - --

Let 7 (x) denote the number of primes numbers between 1 and x. Since there are
infinitely many primes, we see that 7(x) — oo as x tends to infinity. This again
poses the natural question: How does m(x) grow as x — +o00? The solution is the
classical prime number Theorem [4].

Theorem 3.1 (Prime Number Theorem: Hadamard, de la Vallée Poussin

(1896)) There is a simple asymptotic formula 7w (x) ~ lozx asx — 400, ie.,

. o)

lim —— =

x—>+00 ——
log x

1.

The essence of the proof of the Prime Number Theorem is to analyse the
associated complex function, the Riemann zeta function, defined formally by

21
é’(s):Z;, seC.
n=1

The Riemann zeta function has the following important basic properties [4].

Lemma 3.2 The Riemann zeta function {(s) converges to a well defined function
for Re(s) > 1. Moreover:

1. For Re(s) > 1 we have that {(s) is analytic and non-zero;

2. There exists a small neighbourhood of each 1 + it with t # 0 on which {(s) has
a non-zero analytic extension 2. and

3. ¢(s) has a simple pole at s = 1.

2The zeta function ¢(s) even has an analytic extension to C \ {1}, but one does not need this to
prove Theorem 3.1.
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The result then follows by using a Tauberian theorem to convert this information
on the domain of £(s) into information on prime numbers. For completeness, we
recall the statement of the Ikehara-Wiener Tauberian Theorem [4].

Theorem 3.3 (Ikehara-Wiener Tauberian Theorem) Assume that p : R — R is
a monotone increasing function for which there exists ¢ > 0, § > 0 such that the
function

F(s) = /0 ffdp(t)—ﬁ

is analytic in a neighbourhood of Re(s) > § then limr_ 4 % =c

Remark 2 The Prime Number Theorem easily follows from applying Theorem 3.3
to the auxiliary function p(T) = ZPHST log p and then relating the Stieltjes integral
to ¢’'(s)/¢(s). We refer the reader to [4] for further details of these now standard
manipulations.

To adapt the proof of the Prime Number Theorem to the present setting, suggests
considering a new complex function

Es) =) a,
n=1

where a, are the radii of the circles in the Apollonian circle packing. In fact,
it is more convenient to study a related function (a Poincaré series) and use an
approximation argument to get the final result. However, to analyse such functions,
we first introduce a dynamical ingredient.

3.2 An Iterated Function Scheme Viewpoint

Let us again identify the plane with the complex numbers C, then we can introduce
a transformation which preserves the circle packing C. We want to define the
“reflection” R in the circle C = C(zo, r) of radius r centered at zy (Fig. 6).

More precisely, let zp € C and radius r > 0 then we associate a transformation

R:C\ {z0} = C\ {zo}

_ (z—2)

= + 20.
|z — z0]?

R(2)
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Fig. 6 Reflection in a circle

Rather than reflecting in the original Apollonian circles, we need to find four
“dual circles” which we will reflect in. This point of view has a nice historical
context. The original statement of the result was due to Philip Beecroft (1818—-1862)
who was a school teacher in Hyde, near Manchester, in England, and was the son of
a miller and lived with his two elder sisters [1]. In his article he too had recovered
Theorem 1.2.

Theorem 3.4 (Philip Beecroft, from “Lady’s and Gentleman’s diary” in 1842)
“If any four circles be described to touch each other mutually, another set of four
circles of mutual contact may be described whose points of contact shall coincide
with those of the first four.”

As in [5], we associate to the four initial Apollonian circles a new family of
“dual” tangent circles (the dotted circles in Fig. 7). We can then consider the four
associated reflections R; : C — C in the four dual circles K, K>, K5, K4 as shown
inFig.7( =1,2,3,4).

The aim is to associate to the Apollonian circle packings complex functions,
playing the role of the zeta function in number theory. These will be defined in
terms of a family of contractions (i.e., an associated iterated function scheme) built
out of the maps R; on each of the four curvilinear triangles external to the initial four
circles. For definiteness, let us fix the central curvilinear triangle A, whose sides
are arcs from the circles C;, C, and C; (with the other cases being similar) and
let x1, x», x3 denote the vertices. We can consider the three natural linear fractional
contractions f1, 2, f3 : A — A defined by

fi=RioR:, i=1223,

each of which fixes the vertex x; of A (Fig. 8). A simple calculation gives that:

* |fl(@)| <lforze A\ {x;}fori=1,2,3;and
e |f/(x;)] = 1fori = 1,2,3 (i.e., x; is a parabolic point at the point of contact of
K4 with K1, K, and K3, respectively).

We recall the following explicit example from [7].
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Fig. 7 (a) The four dual (dotted) circles K, K>, K3, K4 associated to the original four Apollonian
circles Cj, C,, C3, Cy; (b) The image of one of the original circles reflected in one of the dual
circles begins the next generation of the circle packing

(@) 2 (b) 2

f1(Ca)
fT(Cy)

S1(C4)

Z2 z3 Z2

Fig. 8 (a) The central curvilinear triangle A and the images f{'(Cs) of C4 for n = 1,2,3,..;
(b) the images f3f{'(C4) of C4 forn =1,2,3, ...

Example 3 1In the case of the Apollonian circle packing C with ap = —1 and a; =
a, = a3 we can explicitly write:

100+/3 — 153
78

fikk) =

andfz(z) — e—27ri/3f1 (627ri/3z) andfg(z) — e—27ri2/3f1 (82711'2/32).
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g ' (o0)

Fig. 9 The radius of g(Cy) is related to the derivative |g’(0)| by the value of g~ (c0)

In particular, one can easily check that:

1. Foreach i = 1, 2, 3 the iterates fi" : A — A (k = 1) have the effect of mapping
the central circle C4 on to a sequences of circles { fl."(C4)},‘f°=1 occurring in C
leading into the vertex x; (cf. Fig. 9a); and

2. Any sequence of compositions of these three maps can be naturally written in the
form f =1k fit A — A forny, - = 1and iy, -+ ik € {1,2,3} with
iz?éi1+1f0r1§l§k—1.

The relevance of these maps to our present study is that we see that we can
rewrite

£(s) = ) _ diam(f(Co))',
7

at least for the contribution of circles in A, the other cases being similar, where the
summation is over all such compositions f = fl:”‘ e ffl" in item 2 above.

3.3 Contracting Maps and Poincaré Series

The maps described above can be conveniently regrouped as follows:
.f = i::k_l o (ftk o L:“:z) ©---0 (ﬁkfz ° izz) o (ftz ° iylll)‘ (3.1)

The advantage of this presentation is that at least part of this expression is
contracting, in the following sense (cf. [7]).
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Lemma 3.5 (After Mauldin-Urbanski) For the Apollonion circle packings we
have that the maps ¢; = ¢j.(lj”’-f) = fi_, of;j : A — A are uniformly contracting
(i.e., sup;sup,er |¢;(2)| < 1).

This is illustrated in Fig. 9b with f3'f1, n > 1.

Unfortunately, considering only compositions of the uniform contractions ¢;
leads only to some of the circles in the circle packing C. The rest of the circles
require the final application of the maps fi:“‘_l in (3.1), which therefore also needs
addressing. Moreover, the counting function we will actually use is a more localized
version, which allows us to approximate the counting function for circles by a
counting function for derivatives — for which the associated complex functions are
easier to analyse. In particular, we want to analyse the following related complex
functions.

Definition 3.6 Given zp € A and an allowed word j = (j1,--- ,jn), With j, # j41

forr =1,---,N — 1, we can associate a localised Poincaré function
o0
ni(s) =D D I edog) )l (3.2)
k=0 g
where:

1. We first apply a fixed contraction ¢; = ¢, ©--- 0 ¢;;;

2. We next sum over all subsequent allowed hyperbolic compositions ¢ := ¢, o
cro iy, 1 A — A;and, finally,
3. We sum over the “parabolic tails” fik (where i is associated to ¢;, = fi o f]", say).

The need to consider the contribution from different ¢; is an artefact of our
method of approximation in the proof.

Remark 3 Poincaré series are more familiar in the context of Kleinian groups
I" acting on three dimensional hyperbolic space and its boundary, the extended
complex plane C. Our analysis applies to the Poincaré series of many such groups.
In the particular case of classical Schottky groups the analysis is easier, since one
can dispense with the parabolic tail (i.e., item 3 above).

As we will soon see, each such Poincaré series satisfies the hypotheses of
Theorem 3.3, which allows us to estimate the corresponding counting function
defined as follows.

Definition 3.7 We define an associated counting function
MUT) =#{ff odogy:|(ffop o) (z0)| <T}forT > 0.
Let ¥ = {(in)$2, : in # int1 for n > 0} and consider the cylinder

1= {2, € X i, =j,, for]l <r <N}
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In particular, in the next section we will use the Poincaré series to deduce the
following.

Proposition 3.8 There exists C > 0 and a measure j on X such that Mi(T) ~
Cu([NT° as T — +o0, i.e.,

. MUT)
lim =

1.
T—>+4o00 T9

There may be some circles whose radii we don’t seem to capture with this coding,
but their contribution doesn’t effect the basic asymptotics.

4 The Proof of Theorem 2.2

To complete the proof of Theorem 2.2 we need to complete the proof of Proposi-
tion 3.8 (in Sect.4.1 below) and then perform the approximation of the counting
functions for circles by those for derivatives (in Sect. 4.2 below).

4.1 Extending the Poincaré Series

By the chain rule we can write
(ffod o) (20) = (/1) @ 0 42008 (¢120)8](20)

and, in particular, we can now rewrite the expression for 7(s) in (3.2) as:

ni(s) = 19l Y D D () @ 0 ¢20)¢ (920
n=0 |g|=n =0
4.1)

=1/ GI" D" > 16 (z0)*hy((z0)

n=0|g|=n
where the function i, : A — C is defined by the summation
o0
hs(z) = Z (Y ()] € C'(A)
1=0

is analytic in s. In particular, we see from the following lemma that /,(z) converges
to a well defined function for Re(s) > %
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Lemma 4.1 We can estimate ||(f!)'|alloo = O(7?).
We recall the simple proof (cf. [8]).

Proof By a linear fractional change of coordinates (mapping the vertex of A to
infinity) the map f; becomes a translation. Transforming this back to convenient
coordinates we can write, say,

f,l(z) — M
' (—lz 41+ /3)
From this we see that
@ =
: | — Iz + 1+ /32
and the required estimate follows. O

The Poincaré series have the useful feature that they can be expressed simply in
terms of linear operators on appropriate Banach spaces of functions.

Definition 4.2 Let C'(A) be the Banach space of C' functions on A. We can
consider the transfer operators £ : C'(A) — C'(A) (s € C) given by

Low(x) =Y ¢/ @) wig)
1

where w € C!(A). This converges provided Re(s) > %

We are actually spoilt for choice of Banach spaces. Although the continuous
functions C°(A) is too large a space for our purposes, we could also work with
Holder continuous functions or suitable analytic functions (on some neighbourhood
of the complexification of A thought of as a subset of R?). The choice of C'(A) is
perhaps the more familiar.

The approach in the rest of this subsection is now relatively well known (cf.
[6, 8, 13], for example) and is a variant on the symbolic approach to Poincaré series
and the hyperbolic circle problem [14, 15]. Recall that § > 0 is the exponent in
Theorem 2.2.

Lemma 4.3 The operators are well defined provided Re(s) > % Moreover, for
Re(s) > & we have that the spectral radius satisfies

p(Ly) := limsup | L] < 1.

n——+00

In particular, we see from the definition of L that we can write

Liw@) =Y ¢ @Fw@2), forn>2,
¢
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where the summation is over allowed compositions of contractions ¢ = ¢;, o- - -o¢;,.
We can now rewrite the expression for the Poincaré series in (4.1) more concisely as

ni(s) = 18] G0l D Lyhi(@0).

n=0

In order to construct the required extension of 7i(s), we recall the following
simple lemma improving on the result in Lemma 4.3.

Lemma 4.4 Let Re(s) = §. Then

1. For s = § + it with t # 0 we have that the spectral radius satisfies p(L;) < 1;
and
2. For s = § we can write Ls = Q + U where

(a) Q is a (one dimensional) eigenprojection with QU = UQ = 0, Q> = Q, and
(b) Andlimsup,_, ;o [|U"|V" < 1.

Remark 4 The spectral properties of £ can be seen when the operator acts on C'
functions. Alternatively, we could have looked at bounded analytic functions on a
small enough neighbourhood T C U C C? in the complexification (cf. [6]).

We can now deduce almost immediately from Lemmas 4.3 and 4.4 the following
corollary for this Poincaré series.

Corollary 4.5 The Poincaré series ni(s) converges to a well defined function on
Re(s) > 6. Moreover,

1. For Re(s) > § we have that n’(s) is analytic;

2. There exists a small neighbourhood of each § + it with t # 0 on which nl(s) has
an analytic extension; and

3. ni(s) has a simple pole at s = §.

Remark 5 In fact, we can deduce a little more which, if a little technical looking, is
needed in the approximation argument below. In particular, we can also show that
the simple pole for n(s) at s = § has a residue of the form

LT
where:

(1) A(?) is an isolated eigenvalue equal to the spectral radius of £, (¢ € R); and
(i) Q(h) = u(h)k where k is an associated eigenfunction, i.e., £1k = k.

If we now write

1o = [ v
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then comparing Corollary 4.5 with Theorem 3.3 gives the asymptotic formula for
NL(T) in Proposition 3.8.
Let us now move on to the final step in the proof of Theorem 2.2.

4.2 The Approximation Argument

We can now approximate the radii rad(g(C4)) of the circle g(C4) by suitably scaled
values of 1/|g’(xo)|, where g = f! o ¢ o ¢;. Without loss of generality we can choose
coordinates in C so that C, is the unit circle.

As a prelude to this we consider some simple geometric estimates on the sizes of
the images of circles.

Lemma 4.6 Ifg(z) = (az+ b)/(cz+ d), withad —bc = 1 and a,b,c,d € C, then
the radius of the image circle C = g(Cy) is equal to

1 lg'(0)]

llel>=1dPl 1G> =1

The proof is a reassuringly elementary exercise:

Proof For the first part, we see that the image circle g(Cy) has centre z. = (ac —
bd)/(|c|* — |d|?) and radius 1/(||c|> — |d|?|) since we can check that for ¢’ € Cy =
{zeC: |zl =1}

B 1
llel? = ldPP

ae’ +b ac — be
ce® +d |c|*—|d|?

lg(e”) —z| =

We then observe that |g'(z)| = |cz + d|™2 and thus |g’(0)| = |d|~2. Thus by the
above we see that the radius of the image circle C is:

g'(0)]

[ 2 ’
5P -1

1
rd(©) = e Zjap =

as claimed. ]

We can write g~'(z) = (dz — b)/(—cz + a) and thus g~ (c0) = d/c.

Finally, we come to the crux of the approximation argument. The essential idea
is to approximate the (technically more convenient) weighting of elements g by
|g'(z0)|, with a weighting by the more geometric weighting by reciprocals of the
radii rad(g(C4)). One simple approach is as follows. We are taking zop = 0, for
definiteness, and then we want to use Proposition 3.8 to localise the counting to
regions where

c?
Fsl
d

g0 _
rad(3(C))
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is close to constant, using Lemma 4.6. Given an allowed string (j;,--- ,jy) We can
write
- n n n n -1
g = (RioR;)™ o0 -0 (RyoR;, )"* o (RyoRj)™ o0 (RyoR;)")
= (Rj, oRy)" o---0(Rjy o Ry)™ o (Rj,,, ©Ry)"™*+' 00 (Rj, o Ry)™

_ % 2

=S ol

where we denotefj ‘= Rjo R4 (j = 1,2,3) acting on the complement of the disk
containing A (i.e., the dotted circle in Fig. 10). In particular, given n > 0, we can
choose N sufficiently large such that for each | J_| = N we can choose K; such that

forg =f o o ¢y:

18'(0)]
iTh= rad(g(Cs)) =Kt @2

We can define a local version of N(T), which is useful to compare with M/(T).

Definition 4.7 We define a restricted counting function
NAT) = {g : rad(g(Cy)) = T},

forT > 0.

Fig. 10 Sequences of circles generated by reflections in disjoint circles. The three initial circles
are represented by solid lines and the first two generations of circles generated by reflections are
represented by dashed lines
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Using (4.2) we can write

iy < N(T) < ME r ).
K+ K=

and observe that N(T) = Z‘ =N NI(T). Using the asymptotic formula from
Proposition 3.8 and summing over allowed strings j of length N, we have that

w(lD) N(T) w(jD
< (Kj+n)° =l ™= hT—>oo =€ ZN (K; —n)*

Letting N — 400 (and thus € — 0) gives the result in Theorem 2.2 with

. w(lD)
k= NBTOO ¢ jZ=:N (1(1)8 :

Remark 6 The existence of the limit, and its value K, can be understood in terms of
an integral related to the natural measure 1 on C. A modified argument leads to an
equidistribution result (expressed in terms of the measure p, of course).

4.3 Generalizations

The approach to counting circles is more analytical than geometrical, and thus is
somewhat oblivious to the specific setting of circle packings. In particular, the same
method of proof works in a number of related settings where we ask for the radii of
circles which are images under a suitable Kleinian group. For example:

1. Other circle packings for which the circles can be generated by the image of
circles under reflections;

2. The radii of the images g(C) of a circle C, where I' C SL(2,C) is a Schottky
group (i.e., a convex cocompact Kleinian group generated by reflections in a
finite number of circles with disjoint interiors);

3. The radii of the images g(C) of a circle C, where I' C SL(2,C) is a quasi-
Fuchsian group.

For more details of such examples, we refer the reader to [9].
The same basic method can also be used to prove other more subtle statistical
properties of the radii of the circles.
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Appendix: The Case of Reciprocal Integer Circles

The following is an interesting corollary to Descartes’ Theorem.

Corollary 4.8 If o, ;. o, o € Z then - € L.

ap’ ay’ ay’ a3

Proof In particular, this is a quadratic polynomial in i 0, so given the radii of

the initial circles ay, a», a3 we have two possible solutions

1 1 1 1 1 1
—+— 4+ —*2 + + .
ay as as ayay aras asday

and we denote these al > 0 (and % < 0). We use the convention that the smaller
inner circle has radius a4 > 0 and the larger outer circle has a negative “radius” a4
(meaning its actually radius is |a4] > 0 and the negative sign just tells us it is the
outer circle). Adding these two solutions gives:

from which we easily deduce the result. O

Proceeding inductively, for any subsequent configuration of four circles with
radii a,, dp+1, An+2, Ant3, for n > 0, we can similarly write

1 1 1 1 1
=2 + + - —.
An+4 An+1 an+2 an+3 An
Proceeding inductively, then one gets infinitely many circles. Moreover, if the

reciprocals of the initial four circles are integers then we easily see that this is true
for all subsequence circles.

Corollary 4.9 If the four initial Apollonian circles have that their radii
ao, ay, az,as are reciprocals of integers then all of the circles in C have that the
reciprocals of their radii a,, n > 4, are integers.

Example 4 Let us consider the example starting with ag = —%, a = %, a, = é,
and a3 = % In Fig. 11 below we illustrate the iterative process of inscribing circles
into each curved triangle formed by three previously constructed tangent circle and
write % inside the corresponding circle of radius a,,.

Example 5 Let us also consider the example with ag = —%, a = %, a, = %,
az = % In Fig. 12 below we illustrate the iterative process of inscribing circles into
each curved triangle formed by three previously constructed tangent circle and write

al inside the corresponding circle of radius a,,.
n
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Fig. 11 We iteratively inscribe additional circles starting with circles of radii ap = —1, a; = %,

)

=1 —
2 = 5,43 = 3

Fig. 12 We iteratively inscribe additional circles starting with circles with radii ay = —1

2
— 1 _ 1
h =03 =3

S

1

Remark 7 An easy consequence of the fact § > 1 is that then _- € N some value

must necessarily have high multiplicity (since we need to fit approximately Ce
inverse diameters into the first [¢ '] natural numbers and the “pigeonhole principle”
applies). In subsequent work, Oh-Shah showed that similar results are true for
other sorts of circle packing [12]. Oh-Shah also gave an alternative approach to
the original proof of Kontorovich-Oh using ideas of Roblin.

Remark 8 Another question we might ask is: It we remove the repetitions in the
sequence (a,) then how many distinct diameters are greater than € ? The following
result was proved by Bourgain and Fuchs [2]: There exists C > 0 such that

#{distinct diameters a,, : a, > €} > —
€

for all sufficiently large €.s Previously, Sarnak [17] had proved the slightly weaker
result that there exists C > 0 such that

#{distinct diameters a,, : a,, > €} >

C
e/Toge’
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Entropy of Lyapunov-Optimizing Measures
of Some Matrix Cocycles

Michal Rams

Abstract This is an extended version of my talk at the Fractal Geometry and
Stochastic V conference in Tabarz. It is based on my joint paper (Bochi and Rams,
The entropy of Lyapunov-optimizing measures of some metric cocycles, preprint)
with Jairo Bochi (PUC Santiago). Compared with the paper, I’ll skip some details
of some proofs, but I'll try to explain the main idea of our approach.

Keywords Joint spectral radius * Ergodic optimization ¢ Barabanov norm e

Noncommutative multifractal formalism

Mathematics Subject Classification (1991). Primary 15B48 Secondary 37H15,
37D30, 93C30

1 Setting
The object we study is seemingly very simple. We are given a finite family of 2 x
2 matrices Ay, ...,A; € GL(2,R). For any sequence v € {I,.. . BN we write
Ap(@) = Aw,_, + ...+ Ay, and consider the Lyapunov exponent
1
AMw) = lim —log|A,(w)], (1.1)
n—oon

whenever it exists. The maximum and minimum values A, A~ attained by the
Lyapunov exponent are called the joint spectral radius and joint spectral subradius,
respectively; those notions play a significant role in control theory, see for example
[11] and references therein.

The same object appears naturally in dynamical systems as well; let us explain
the relation. Let us start from the main object studied in the area of multifractal
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formalism: the Birkhoff average. Let T : X — X be a topological dynamical system
(a continuous map of a compact space into itself) and let ® : X — R™ be a
continuous function. We consider the cocycle T: (X x R*Y) — (X x RT) given
by the formula

T(x,r) = (T(x), r- ().

The value
1
A(x) = lim —log (®(x) - &(Tx) - ...  D(T" 'x))
n—oon

(whenever it is defined) is called the exponential rate of growth in the fiber {x}, or
the Birkhoff average of the potential log ® at the point x.

Let us now consider a natural generalization of this object: noncommutative
Birkhoff averages. That is, we replace R by some noncommutative group, and
we calculate the fiber rate of growth of the corresponding cocycle using some
appropriate norm. In our case, the base dynamics is the full shift on £ symbols,
the fiber action is given by the group GL(2,R) and the norm is the usual matrix
norm:

T(w,M) = (cw,A(w) - M)

(where A is a 2 x 2 matrix-valued potential), so
1
AMw) = lim —loglA(c" 'w) - ... -A(ow) - A(w)|. (1.2)
n—oo n

This system is quite complicated, so let us consider the special case: the one-step
cocycle, that is, let A(w) depend only on wy. This takes us exactly to the situation
we considered in the beginning: denoting by A, the value of A on {w; wy = £}, (1.2)
reduces to (1.1).

2 Domination

It turns out to be difficult to describe the product of matrices, in particular, the
norm of such a product can strongly depend on the order in which we multiply
the matrices. For this reason the usual dynamical approach is to forget about
the geometry of matrix product, and use only the subadditivity property of the
(logarithm of) norm. The theory of subadditive thermodynamical formalism has
recently developed strongly, let us just mention the book [3] and the papers [9, 10].

We will apply an alternative approach, coming from the paper [6]. That is, instead
of considering a product of matrices and asking how fast the norm grows, we will
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multiply this product by a given vector, and will ask how fast the length of the vector
ZrOws:

1
AMw,v) = lim —log|A,(®) - v|.
n—oo n
The main difference is that we can write

Ar(w)v
|Ae(w)v]

Ay

n—1
log |4,(w) -v| =) _log
=0

That is, we replace a noncommutative cocycle over a simple dynamical system (full
shift) by a commutative cocycle but over a considerably more complicated system
(action of matrices {A;} on P'). However, we need to explain why the growth rate of
the length of a vector is related to the growth rate of the matrix norm in our original
problem.

It will be more convenient for us to work with cocycles over the full shift on
bi-infinite sequences (X, 0), where ¥ = {1,...,k}” and o is the usual left shift.
Naturally, the Lyapunov exponent A(w) can be defined on this space as well; it will
only depend on the positive coordinates wy = {w;,i > 0}. We will distinguish
between the action of a matrix on R2 = R? \ {0,0} and the action on P' by the
following notation: when we have A : R2Z — R2, we write A’ : P! — P!. Similarly,
if M is a union of a family of lines in R2 passing through the origin, we denote by
M’ the corresponding subset of P!.

We say that the 2 x 2 matrix cocycle is dominated (or exponentially separated)
if for each w € ¥ we are given a splitting of R? as the sum of two one-dimensional
subspaces ¢ (w), e2(w) such that the following properties hold:

* Equivariance:
A(w)(ei(w)) = ej(cw) forallw € ¥ andi € {1,2}; 2.1
¢ Dominance: there are constants ¢ > 0 and § > 0 such that

AP @er@)] _ s,

—— > ce forallw € Y andn > 1. 2.2)
|A (w)er ()]

This definition works for general cocycles, in our case there exists another,
equivalent, definition. We define the standard positive cone in R2 := R? \ {0} as

Cy = {(x,y) € R; xy > 0}.

A cone in R2 is an image of C+ by a linear isomorphism. A multicone in R2 is
a disjoint union of finitely many cones. It was proved in [1, 4] that the one-step
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cocycle generated by {A,,...,As} is dominated if and only if it has a forward-
invariant multicone, that is, when there exists a multicone M such that its image
(J; Ai(M) is contained in the interior of M.

We can choose on M’ a generalization of the Hilbert metric, that is a bounded
metric d (depending on {A,,...,A;}) in which all the maps A/ are uniformly
contracting:

Lemma 2.1 Let {Ay,..., A} be a dominated cocycle with forward-invariant mul-
ticone M. Then there exists a metric d on M’ and constants ¢y > 1,0 < © < 1 such
that for v',w' € M’ we have

d (A;v/,A;w/) < 1d (v/, w/) forallie{l,... Kk}, (2.3)

A TR §d(v’,w’) <col (v, w). (2.4)

If M is forward-invariant for {A,...,A;} then M, = (R2Z\ M) is forward-
invariant for {A7!, ..., A;'}. Moreover,

o
ej(w)= (A, ... A, (M)
n=1
and
o0
&)= (A, _ ... AL (M)
n=1
Let w = (w—,w4), where w— = {w;,i < —1}. Then ¢;(w) = e1(w-), e2(w) =

er2(w+). We have e (X) C M, e2(X) C M..
For 2 x 2 matrices A(w,v) = A(w) forall v ¢ ex(w). As ex(w) C M, for all
w € X, we get

AMw,v) = AMw)

forallw € ¥ and v € M.
Given w € X, consider the pair (e;(w), e2(w)). This behaves very nicely under
action of the shift:

(¢)(ow), ey (0w)) = (A, €} (®), A, &5 (). (2.5)

We say that the cocycle {A,...,A;} satisfies the forward non-overlapping con-
dition if we can choose a forward-invariant multicone M in such a way that
Ai(M)NA;(M) = @ fori # j. It satisfies the backward non-overlapping condition it
we can choose a forward-invariant multicone M such that A7 (M) N Aj_l M) =0
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for i # j. If the cocycle satisfies both forward and backward non-overlapping
condition (not necessarily for the same multicone), we say it satisfies the non-
overlapping condition (NOC). The NOC is not only a geometric condition, it has
a dynamical meaning as well: it is a necessary and sufficient condition for the map
o — (e1(w), e2(w)) to be a bijection.

3 Statement of Results

The paradigm of ergodic optimization (see [12]) says that for typical potentials the
optimizing orbits (sets {w;A(w) = A*}) should have low dynamical complexity.
This is true in the commutative case, see [8, 13]. In the noncommutative situation it
is probably not true in general, at least for the joint spectral subradius. However, in
the open set of cocycles dominating and satisfying NOC, it is satisfied for all (not
just typical) cocycles.

We will define upper and lower Mather sets K+, K~ for a dominated cocycle
{A1,..., A} as follows: KT (resp. K™) is the union of supports of all o-invariant
measures 4 on X such that () = AT (resp. A 7).

Theorem 3.1 For a dominated cocycle, the Mather sets KT, K~ are compact,
nonempty, and invariant under o. Moreover, every measure i supported on K+
(resp. K™) satisfies A(i) = AT (resp. A7)

Our main result is the following:

Theorem 3.2 For a dominated cocycle satisfying NOC, the Mather sets K+, K~
have zero topological entropy under o.

Both assumptions of Theorem 3.2 are necessary. For example, the cocycle

A= ((3) 1(/)3)’ 42 = G 1(/)3)

satisfies domination and the forward NOC, but still it does not satisfy the assertion of
Theorem 3.2 (in this case, K™ = K~ = X). For cocycles not satisfying domination
the situation for joint spectral subradius is even worse: if we restrict our attention
to cocycles {Aj,..., A} € SL(2,R)¥, among cocycles not satisfying domination
one can find an open and dense subset for which there exists an invariant positive
topological entropy subset of ¥ for which the norms |A,(w)| are uniformly bounded
for all n (this corresponds to A~ = 0). That is, the ergodic optimization fails.

The behaviour of the joint spectral radius is unknown in this case, but by a long-
standing conjecture the ergodic optimization holds.
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4 Barabanov Functions and Proof of Theorem 3.1

If the cocycle {Ay, ..., A} is irreducible (has no nontrivial invariant subspace) then
one can construct a Barabanov norm, that is a norm | - |z on R? such that for any
veR?

max [Av]p = ¢ - [vls. @.1)

In fact, such a norm can be defined in a much more general situation (i.e. for any
irreducible compact subset of GL(n, R)), see [2, 14].

Unfortunately, in general there cannot exist a norm satisfying the analogue
of (4.1) for the joint spectral subradius. However, we are able to construct a replace-
ment (based on a similar idea in [6]). Given a dominated cocycle {A1, ..., A} with
a forward-invariant multicone M, a pair of functions p*, p~ : M — R will be called
Barabanov functions if they have the following properties:

e Extremality: for all v € M,

max pt(Aw) =pT(v)+ AT, 4.2)
i€{l,....k}

min p~(Av) =p (V) + 17 ; 4.3)
i€f{l,...k}

* log-homogeneity: for all v € M, and t € R,,
pE() = p* () +logil: 4.4)
* Regularity: there exists ¢; > 0 such that for all vy, v, € M,
PE@) —p*(v2) < 1 4(v1,v2) + log [vi| — Tog [vs] . (4.5)

Theorem 4.1 For any dominated cocycle {Ai,...,Ax} there exist Barabanov
functions pT,p~.

Proof For each i let

|A;v]
|v]

This function does not change under multiplying v by a scalar, hence it can be
defined on P!. Let ¢, be the common Lipschitz constant of all A;s:

hi(v) = log

|hi(v") — hi(W)| < c2Z(v,w)  foralli e {l,... k}, forallv, we R2.
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Let c3 = coc2/(1 — 7). Let K be the space of c¢3-Lipschitz functions (in d) from
M’ to R endowed with sup metric. For f € K let

One can check that 77,7~ : K — K. We also have
TE(f +¢) = ¢ + T,

hence we can define Tt,T~ on the quotient K of K by the subspace of constant
functions. K is convex and (by Arzela-Ascoli) compact, hence Tt and T~ have
fixed points in K that we will denote by f0+ .Jo - Thatis, there exist constants ,3+, B~
such that

T* oi — foi 1 Bt
This immediately implies that the functions

pE) =f55(v') + log v]

satisfy all the required properties of Barabanov functions, with 8% in place of A %.
The only thing left is to check that 8% cannot be different from A*.

Let us present this argument for 87. For any vector v € M there exists a (not
necessarily unique) ;" € {1,...,k} such that p”L(Aler v) = pt(v) + BH. We

can then find " such that p*(A +A 1v) = pT(v) + 287, and so on. Thus, B+
Wy O

is the maximal growth rate of p™ for any vector v € M. At the same time, by
log-homogeneity of Barabanov functions, p*(v) can differ from log |v| by at most
a constant. Hence, the growth rate of p™ must be the same as the growth rate of
log| - |, and we are done. O

The statement of Theorem 3.1 follows easily (once again, we will only construct
K). Above we constructed for any vector v € M a set of infinite sequences
Q*(v) C {1,..., k" such that for every w € QT (v)

P* (An(@)v) = p*(v) +na*.

Consider the set K0+ C X of the following form: = (w—, w+) belongs to KJ if
and only if w4 € QT (e1(w-)). Clearly, 0K;” C K. We define

o0
Kt =)ok
j=0
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This set is nonempty and compact, and has the following property: let € K and
jeZ. Letolw = (0, wi{)). Then

wﬂrj) € QT (e1(w)).

It follows that every measure supported on K has the maximal growth of p*. Vice
versa, every measure giving maximal growth of p™ must for almost every past w_
give full probability to futures from Q% (e;(w—)), hence it must be supported on
K. As the growth of p™ must be the same as the growth of the length of any vector
from M, this proves that the constructed set K * is the Mather set.

5 Proof of Theorem 3.2

The strategy of the proof is quite simple. We consider the space {(e; (w), e2(®)); w €
K*} with the dynamics given by (2.5). We will use Barabanov functions and
geometric arguments to prove that this dynamical system has zero entropy (this
result does not use NOC, only domination). We will then use NOC to transport the
entropy result back to the full shift (2, o).

Let us start with a simple lemma.

Lemma 5.1 Let v = (w_,wy) € KE. Choose any x € ej(w-). If y € M is such
that x —y € ex(w+) then

P <pT() ifo ek,
pP®=p () foek”.
Proof Consider the case w € K, the other is analogous. As y — x € es(w4),
P (An(@)x) — pF(Au(@)y) — 0.

At the same time,

P (An(@)x) —pT () = ndT = pT(Au(@)y) = pT ().

|

Given vectors xi, yi, X2, Y2 € Ri, no three of them collinear, we define their
cross-ratio

X1 XXy Y1 XY
X1 Xy2 Y1 XX

[x1,y15 %2, y2] := € RU {oo},
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where x denotes the cross-product in R?, i.e. the determinant. The cross-ratio
depends only on the directions of the four vectors, hence we can define it on (P')*.
See [7, Section 6].

Applying Lemma 5.1 twice, we get

Lemma 5.2 Letw,t € K*. Then

ller(w-), er(z-); er(w4), e2(z)] 2 1 ifw, T € KT,
[e1(@w-). e1(t-)ie2(wy), e2(rp)] =1 ifw, T € K.

Proof We will consider the case w, 7 € K *, the other one is analogous. We choose
x1 € ej(w-),x; € ex(w4+),y1 € e1(t=),y2 € ea(t+). We can write

x; =ax; + Byr and y; = yy, + 8x;.

Applying Lemma 5.1 twice, we get

pr () <pt(By1) < pT(BSx1) = pt(x1) + log |BS|.
Hence, |8§] > 1. Substituting

Xp X X X
X 2 and 8:)’1 Y2

Y1 X X2 X1 X y2
we obtain the assertion. O

We now use the hyperbolic geometry representation of P!. We identify the point
(cos 0, sinf) € P' with 2% on the boundary 9D of the unit disk . We endow I
with the Poincaré hyperbolic metric. Given two points x, y € dDD, we consider their
connecting geodesic xy € D.

There are three possible types of configurations of a 4-tuple of distinct points
(x1.¥1:x2,y2) in P! (see Fig. 1):

e Antiparallel: x| <y, <y; < xp < x; for some cyclic order < on P!,
e Coparallel: x; <y < y; < x < x; for some cyclic order < on P!,
e Crossing: x; < y; < X <y, < x1 for some cyclic order < on P!.

Y1 Y2 Y2 Y1 X2 Y1

X2 X1 X2 X1 Y2 X1

Fig. 1 From left to right: antiparallel, coparallel, and crossing configuration
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Two geodesics xx7 and yy] with distinct endpoints are called antiparallel,
coparallel, or crossing according to the configuration of the 4-tuple (x1, y1;x2, y2).
In terms of the cross-ratio, configurations can be expressed as follows.

Lemma 5.3 The configuration of a 4-tuple (x1,y1; X2, y2) in P! is

 Antiparallel iff [x1, y1;x2,y2] <O,
e Coparallel iff 0 < [x1, y1;x2, 2] < 1,
» Crossing iff [x1, yi;x2, 2] > 1.

Hence, Lemma 5.2 implies that for two sequences , T € KT the corresponding

geodesics e (w— )ez(w+) el(t_)ez(r+) cannot be in coparallel (if w,7 € K*) or
crossing (if w, T € K™) configuration.

We will not formulate the last part of the proof for the dynamical system acting
on pairs (ej(w_), e2(wy)) but directly for (K*, o). We recall that NOC guarantees
that the two systems are conjugated. For K+, K™ let us consider the sets of pasts
with more than one future and sets of futures with more than one past. Formally,
consider

N1+ = {w_; there exists more than one w, such that (w_,wy) € K1}, (5.1

N2+ = {w; there exists more than one w_ such that (w_,wy) € KT}.  (5.2)

We define N;, N; analogously.
Lemma 5.4 The sets N1+ ,N2+ ,N{.N; are countable.

Proof Consider N1+ first (the case of N2+ is analogous). Let w_ € N1+ . Denote
by I (w-) the convex hull (taken in P! \ {e;(w-)}) of the points es(w4) for
w4 such that (w_,wy) € K. Then for different w_,7_ € N1+ the intervals
I (w), I't (r—) have disjoint interiors. Indeed, otherwise some pairs of geodesics

e1(w-)er(w+), e1(t—)ez(t4) would be in coparallel configuration, see Fig. 2.

I (w_) ‘ er(r—)
e1(7-) h ,‘

I*(r-) e1(w—)

Fig. 2 Two cases in the proof of Lemma 5.4: disjoint arcs and disjoint geodesic triangles
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Consider now the case N (or N;). For any w— € N[ we construct I~ (w-)
analogously to I (w_) above, and then we construct the geodesic triangle A(w-)
with vertices e} (w—) and the two endpoints of /™ (w—). Then for any two sequences
w—,7— € N the triangles A(w-), A(r—) have disjoint interiors (otherwise

some pair of geodesics el(w_)zz(w+), el(c_)22(1+) would have to be in crossing
configuration), see Fig. 2.
The assertion follows by the separability of 0D and . O

Thus, in either K+ or K~ every past (except countably many) has a unique future
and every future (except countably many) has a unique past. Such sets have zero
topological entropy:

Lemma 5.5 Let K be a compact o-invariant subset of a two-sided shift. Define
Ni,N> as in (5.1), (5.2). If N1 and N, are countable then K has zero topological
entropy.

Proof 1t is enough to prove that every ergodic invariant measure has zero metric
entropy. The atomic measures have entropy zero. The nonatomic measures do not
see Ni, N>, hence the past uniquely determines the future (and vice versa). This
means that the conditional entropy of the generating partition with respect to the
past/future is zero. O

6 Open Questions

There are many open questions. In particular:

* What happens for more general potentials (i.e. not piecewise constant)?

* What happens for more general base systems (for example, for subshifts of finite
type)?

* What happens for matrices of size greater than 2 x 2?7

* What happens in the generic situation?
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Poincaré Functional Equations, Harmonic
Measures on Julia Sets, and Fractal Zeta
Functions

Peter J. Grabner

Abstract We collect results from earlier work with G. Derfel and F. Vogl, which
led to the proof of the existence of a meromorphic continuation of the fractal
zeta function for certain self-similar fractals admitting spectral decimation. We
explain the connection to classical functional equations occurring in the theory
of polynomial iteration, namely Poincaré’s and Bottcher’s equations, as well as
properties of the harmonic measure on the underlying Julia set. Furthermore, we
comment on some more recent developments based on the work of N. Kajino and
state a conjecture related to our approach via functional equations.

Keywords Fractal zeta function ¢ Poincaré functional equation * Bottcher func-
tional equation

1 Introduction

Connections between the analysis on fractals and the iteration of rational functions
were discovered in the earliest publications on diffusion processes on certain self-
similar sets, such as the Sierpinski gasket (see, for instance [3, 38]). The connection
stems from the fact that time on the successive approximations of the fractal
is modelled by a branching process. The relation of branching processes to the
iteration of holomorphic functions is known for a long time (see [19]).

More precisely, in order to obtain a diffusion on a fractal, define a sequence of
random walks on approximating graphs and synchronise time so that the limiting
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Fig. 1 The Sierpifiski graph G in black with the graph G in grey. The corresponding set F' consists
of the grey vertices

process is non-constant and continuous. This was the first approach to the diffusion
process on the Sierpiiski gasket given in [3, 14, 26] and later generalised to other
“nested fractals” in [29]. In our description we will follow the lines of definition of
self-similar graphs given in [24, 25] and adapt it for our purposes.

We consider a graph G = (V(G), E(G)) with vertices V(G) and undirected edges
E(G) denoted by {x,y}. We assume throughout that G does not contain multiple
edges nor loops. For C C V(G) we call 9C the vertex boundary, which is given by
the set of vertices in V(G) \ C, which are adjacent to a vertex in C. For F C V(G)
we define the reduced graph Gr by V(Gr) = F and {x,y} € E(GpF), if x and y are in
the boundary of the same component of V(G) \ F. This requires that removing the
set F disconnects the graph G into different components.

The following definition is taken from [25]. It is motivated by the properties
of the infinite Sierpinski gasket (see Fig. 1). Furthermore, it will turn out that this
definition of self-similarity of a graph is reflected by according functional equations
for the Green function (the generating function of the transition probabilities) and
by rational function relations between the eigenvalues of the transition Laplace
operator, which will be exploited later.

Definition 1.1 A connected infinite graph G is called self-similar with respect to
F CV(G)and ¢ : V(G) = V(GF), if

1. No vertices in F are adjacent in G,

2. The intersection of the boundaries of two different components of V(G) \ F does
not contain more than one point,

3. ¢ is an isomorphism of G and Gr.

A random walk on G is given by transition probabilities p(x,y), which are
positive, if and only if {x,y} € E(G). For a trajectory (¥,),en, of this random walk
with Yy = x € F we define stopping times recursively by

Tm+1:min{k>Tm|YkeF\{YTm}}, T():O.
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Then (Y7, )men, is a random walk on Gr. Since the underlying graphs G and Gr
are isomorphic, it is natural to require that (go_l(YTm))meNo is the same stochastic
process as (Yy,)nen,- This requires the validity of equations for the basic transition
probabilities

P (Y4 =¢0) | Y1, =) =P (Yap1 =y | Yy =2) =p(r.y). (LD

These are usually non-linear rational equations for the transition probabilities
p(x,y). The existence of solutions of these equations has been the subject of several
investigations, and we refer to [31-33, 41] for further details.

The process (¥y),en, on G and its “shadow” (¥7,),en, on G are equal, but they
are on a different time scale. Every transition Y7, — Y7, on Gr comes from a path
Yr, - Yr,41--- — Y1, ,—1 — Y7, , in acomponent of V(G) \ F. The time scaling
factor between these processes is given by

A =E(Ty41 — Tn) = E(T).

This factor is > 2 by assumption (1) on F. More precisely, the relation between
the transition time on G and the transition time on G is given by a super-critical
(A > 1) branching process, which replaces an edge {¢(x), ¢(y)} € Gr by a path in
G connecting the points x and y without visiting a point in V(G) \ F (except for x,
and for y in the last step).

In order to obtain a process on a fractal in R4, we assume further that G is
embedded in R? (i.e. V(G) C RY). The self-similarity of the graph is carried over
to the embedding by assuming that there exists a § > 1 (the space scaling factor)
such that F = V(Gr) = BV(G). The fractal limiting structure is then given by

76 = U B~V(G).

n=0

Iterating this graph decimation we obtain a sequence G, = (87*V(G), E(G)) of
(isomorphic) graphs on different scales. The random walks (Y,(,k) Jnen, on Gy (see
Fig.2) are connected by time scales with the scaling factor A. From the theory of
branching processes (cf. [19]) it follows that the time on level k scaled by Ak
tends to a random variable. From this it follows that B~ Y| x| weakly tends to a
(continuous time) stochastic process (X;);>o on the fractal Z. Notice, that 8 has to
be chosen so that the limiting process (X;);>o is continuous and not constant; thus
there is of course only one (intrinsic) choice for S.

On the level of generating functions, the transition between the random walks on
the graphs Gy and Gy is encoded by the relation

G(x,y | 2) = g(2)G(p(x), 0(v) | ¥(2)) (1.2)
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Fig. 2 Transition between Y;;~ and Y(T’;Jrl)

for the Green function
o0
Gr.yl2) = palx.y)2".
=0

where p,(x,y) denotes the n-step transition probability between x and y (cf. [15,
16, 25]). The generating function g encodes paths starting and ending in x without
visiting any other point of F, whereas ¥ (z) is the probability generating function of
all paths starting in a point of a € F, ending in a point of b € F, b # a, without
visiting any point of F different from a, except for the last step.

The Laplace operator on Zg is then defined as the infinitesimal generator of the
semigroup of operators given by

A f(x) = Exf(X)),

namely

A —
A f= lim =S ,
t—0+ t

(1.3)

defined for functions f, for which the limit exists.

It has been first observed by Fukushima and Shima [13, 42, 43] that the
eigenvalues of the Laplacian on the Sierpifiski gasket and its higher dimensional
analogues exhibit the phenomenon of spectral decimation (see also earlier work by
Bellissard [5, 6]). Later on, spectral decimation for more general fractals has been
studied by Malozemoyv, Strichartz, and Teplyaev [1, 2, 30, 45, 47, 48].

Definition 1.2 (Spectral decimation) The Laplace operator on a p. c. f. self-
similar fractal Zg admits spectral decimation, if there exists a rational function R, a
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finite set A and a constant A > 1 such that all eigenvalues of A can be written in the
form

A" lim A"RCP({w)), weA, meN (1.4)

where the preimages of w under n-fold iteration of R have to be chosen such that the
limit exists. Furthermore, the multiplicities f,,(w) of the eigenvalues depend only
on w and m, and the generating functions of these multiplicities are rational.

The fact that all eigenvalues of A are negative real implies that the Julia set of R
has to be contained in the negative real axis. We will exploit this fact later.

The function R occurring in the definition of spectral decimation is conjugate to
the function v occurring in (1.2) by a linear fractional transformation £, i.e. R =
£ o o £71. In some cases such as the higher dimensional Sierpifiski gaskets, the
rational function R is a polynomial. This is the case that will be discussed further in
this paper.

2 Polynomial Iteration

In order to discuss the consequences of spectral decimation further, we need to
introduce some concepts and notation from the iteration theory of polynomials.
Throughout, we will denote by p™ the n-fold iterate of the (polynomial) function p,
ie.

P’@ =z p"V@=pep" Q). 2.1)

Let p be a real polynomial of degree d. We always assume that p(0) = 0 and
pP'(0) = a; = A with |A| > 1. We refer to [4, 34] as general references for complex
dynamics.

We denote the Riemann sphere by Co, and consider p as a map on C,. We recall
that the Fatou set F(p) is the set of all z € Co which have an open neighbourhood
U such that the sequence (p™),ey is equicontinuous on U in the chordal metric on
Coo. By definition F(p) is open. We will especially need the component of oo of
F(p) given by

Foolp) = {2 € C| lim p(2) = oof . 22)

as well as the basin of attraction of a finite attracting fixed point wy (p(wg) = wy,
[P (wo)| < 1)

Funlp) = {z € C| lim p@) = wol. 23)
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The complement of the Fatou set is the Julia set J(p) = Co \ F(p).
The filled Julia set is given by

K(p) = {z € Coo | (0" (2))nen is bounded} = Coo \ Foo(p). (2.4)
Furthermore, it is known that (cf. [12])
IK(p) = 0Fsc(p) = T (p). (2.5)

This relation only holds for polynomials; for the iteration of general rational
functions the situation is much more complicated.

3 Poincaré’s Functional Equation

We now want to analyse Eq. (1.4) further, assuming that R = p, a polynomial of
degree d with a fixed point at 0 with p’(0) = A > 1. Let z be a complex number
obtained as a limit

lim A"p™" ({w}); 3.1)
n—>o00
this means that
lim p™(A™"z) = w. (3.2)
n—>o00

It is a well known fact from the iteration theory of polynomials that the function
sequence (p"™(17"z)), converges uniformly on compact sets to an entire function
®(z). This function satisfies the Poincaré functional equation

d(Az) = p(®(z)), ®(0)=0, @ (0)=1. (3.3)

The function ® provides a linearisation of the action of p around 0 and was studied
intensively since the fundamental work of H. Poincaré [36, 37]. The order of this
function and precise asymptotic information about its maximal function

Mo(r) = max [®(2)] (3.4)

were derived in [49, 50]. In [8, 9] a complete asymptotic expansion valid in certain
angular regions of the complex plane could be obtained. This was used in [10] to
give an analytic continuation of the spectral {-function

ta)= Y, (3.5)

— Au=pu
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of the Laplace operator to the whole complex plane. For future reference, we denote
the abscissa of convergence of this Dirichlet series by %dg, the spectral dimension.
The factor % is added by convention so that the classical result of H. Weyl [51]
for the asymptotic expansion of the eigenvalue counting function on a compact
d-dimensional manifold 2

Na= > 1 (3.6)
— Au=pu
<x

namely (wy is the volume of the d-dimensional unit ball)

w,
Np(x) ~ ﬁvol(ﬂ)x

d
2

is reproduced as a special case.

The values z that can be obtained by (3.1) are exactly the solutions of the equation
®(z) = w. As is well known from the theory of entire functions (see [7]), the
behaviour of the counting function of the number of solutions of ®(z) = w in a
circle of radius r is directly connected to the growth order of ®, or more precisely,
the maximal function Mg (r) in (3.4).

4 Bottcher’s Functional Equation

As was pointed out in Sect. 3, the Poincaré-function ®(z) given by (3.3) provides
a local linearisation of the polynomial function p around its fixed point z = 0.
The construction of this function as the limit (3.1) depends heavily on the fact that
|[A| > 1 (repelling fixed point), where A = p’(0). A similar linearisation can be
found for 0 < |A| < 1 (attracting fixed point); the case of an indifferent fixed point
(JA| = 1) is much more delicate and the existence of a local linearisation depends
heavily on Diophantine conditions on the argument of A (see [4, 34]). The case of
vanishing derivative A = 0 (hyper-attracting fixed point) leads to a different kind of
linearisation, which shall be the subject of this section. Notice, that z = oo is such
a fixed point for a polynomial of degree d > 2, if considered as a function on the
Riemann sphere.

The Bottcher functional equation associated to the hyper-attracting fixed point
oo of a polynomial p(z) = ayz? + - -+ + ao of degree d > 2 is given by

aa(g(2))! = g(p(2)). 4.1
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The solution of this equation exists in some neighbourhood of oo and can be
expressed as a Laurent series around oo

o0

Cn

gz =z+ Z o
n=0

Furthermore, the sequence of functions (a;ﬁ (P"™(2))?"), converges uniformly to
g on compact subsets of C, contained in the domain of g (if the branches of the
d-th roots are chosen accordingly).

The Bottcher function g(z) admits the integral representation, which also pro-
vides an analytic continuation of g to any simply connected subset of C \ K(p)

ﬂ@=em([”f%&—ﬂdM@), (4.2)
P

where p denotes the harmonic measure on J(p). The measure pu is the unique
probability measure supported on 7 (p) minimising the logarithmic energy

1
Ev) = / / log dv(z) dv(w)
T ST (p) |z —wl|

(see [39]). For the measure u the corresponding potential

1
U, () = / log du(w)
g lz=wl

is constant on KC( p); this constant equals ﬁ log ay, the logarithm of the capacity
of J(p). This is also the value of the energy £(u).
The measure p can be obtained as the weak limit of the sequence of measures

% > 5. (4.3)

P (E)=x

where x is an arbitrarily chosen point and J¢ denotes a unit point mass at £. The fact
that (4.2) and (4.1) yield the same function, follows immediately from p* () = d- .

Equation (4.2) can be used to obtain an analytic continuation of g(z) to any
simply connected subset of Co \ K(p). Furthermore, if [C(p) is connected,
1/ (a(l/ (d_l)g(z)) is the Riemann mapping, mapping Co \ (p) to the unit circle.
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The function log |g(z)| is the Green function for the logarithmic potential on Foo( p)
and

1

lim |gz)| =a,"" & 20 € T(p).
=20
2€F oo (p)

In the case that KC(p) is not connected, the mapping g : C \ K(p) — C is much
more complicated. For further details we refer to [28].

5 Asymptotic Behaviour of Poincaré Functions

Combining the solutions of the functional equations (3.3) and (4.1), we are now in
the position to obtain an asymptotic expansion of the Poincaré function & for real
values of A inside angular regions, where ® tends to oco.

Consider the function 4(z) = g(®(z)) in an angular region

Wop ={z€ C\{0} |« < arg(z) < B}
where ® tends to co. Then £ satisfies the functional equation
agh(z)! = h(X2),

which has the solution

h(z) = a, 7 exp (z"F(log, 7)) , (5.1)

where p = log, d, and F is a periodic function of period 1, which is holomorphic
on the strip

o p
Cl— <3 —1.
tzeCl log A <3@ < logk}

Furthermore, the fact that ® tends to oo in W, g yields
Vz e Wyp : R(zPF(log) 2)) > 0.

Writing

o0 b
=D — _n
g’ w)=w+ E el
n=0
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we obtain the full asymptotic expansion

1 i n
D(z) = a, " exp (z’F(log; 2)) + Z bpai™" exp (—nz’F(log, 2)) (5.2)

n=0

valid for z € W, g. This derivation is the content of [9, Theorem 2.1].
Taking the logarithm of (5.1) and using the fact that ®(z) = z+ O(z?) for z — 0,
we obtain

1
d—1

log g(2) = /j | ToBe =) ~ T ogay + Flog; )+ 0GY) (53
V4

for z — 0 in W, g. On the other hand, taking the logarithm of (5.2), we get

log®(z) = — logay + z°F(log; z) + O(exp(—z"F(log, z))) (5.4)

d—1
for z — oo again in W, g. This means that the same periodic function F' can be
observed in the asymptotic behaviour of log g for z — 0 and log ® for z — oo. The
function F encodes properties of the Julia set 7 (p) in the following sense.

Theorem 5.1 ([9, Theorem 2.2]) The periodic function F is constant, if and only
if the polynomial is either linearly conjugate to 7z or to the Chebyshev polynomial
of the first kind T,(z). In the first case the Julia set J (p) is a circle, in the second
case the Julia set J (p) is a closed interval.

Remark 1 Tt is known from [17] that the circle and the interval are the only cases
of smooth Julia sets; these occur precisely for the polynomials described in the
Theorem.

6 Fractal Zeta Functions

We now return to the study of the spectrum of the Laplacian A on a fractal admitting
spectral decimation with the polynomial p in the sense of Definition 1.2. In this
case the Julia set J(p) is contained in the negative real axis, which implies that
p = log,d < % by [9, Theorem 4.1]. The Poincaré function @ is thus an entire

function of order p < 1. Here, the case p = % can only occur, if J(p) is an

2
interval, or equivalently p is a Chebyshev polynomial. In the context of fractals

with spectral decimation, this occurs, if the fractal is a compact interval viewed as

a self-similar fractal. If this case is ruled out, we have p < % Functions of order

< % are unbounded on every ray (see [7]). Furthermore, this together with the fact
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that @ attains values in J(p) = K(p) only for negative real arguments yields that

lim  ®(2) = oo. 6.1)

2€EW_r 5
Especially, this implies that lim,_, 4 .o ®(x) = oo and thus (5.2) holds for z — +o0
along the positive real axis.

Let —&(w) (¢ = 1,2...) denote the solutions of ®(z) = w; for w = 0, we set
£(0) =0and &(0) # 0for £ =1,2,.... Define

Bo(@) = B(:) and D) = 1 — ~B(2).
Z w

Then we have the following Hadamard product expansion

. =[] (1 + &(ZW)) . 6.2)

(=1

Taking the Mellin transform of the logarithm of (6.2) yields

T

M) = [ tog(@u et e = TS 6.3)
=1

for —1 < N(s) < —p. The left inequality comes from the fact that log(®,,(x)) =
O(x) for x — 0, whereas the right inequality comes from the behaviour of @ for
x — oo given in (5.2): log(d,,(x)) = O(x°).

The functions

Cowls) =Y E(w)™ (6.4)
(=1

will be used to derive an expression for ¢, later. In order to obtain an analytic
continuation of ¢4 to the whole complex plane, we will need analytic continuations
of the functions {g,,,. We will follow the lines of [11]; similar, but slightly different
ideas were used in [10].

We consider the function

_ p(@@)-w ®,(A2)

\IIW(Z) = ad(q)(z) _ W) B ad(—W)d_quW(Z)d

for w # 0. Taking the logarithm, we obtain

log ¥,,(z) = log ®,,(Az) —dlog ®,,(z) — loga, — (d — 1) log(—w);
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this function tends to 0 like exp(—cz”) for z — +o00. Taking the Mellin transform
and using standard methods to obtain analytic continuations of such transforms, we
obtain (we indicate the region of validity of the equation in every line)

(A_S - d)Mw(S)

o0
= / (log @,,(Ax) — dlog ®,,(x)) ¥ Ldx (for—1 < 9ts < —p)
0
1
= / (log ®,,(Ax) — dlog ®,,(x)) ¥ ' dx — (logay + (d — 1) 10g(—w))l
0 s
o0
+ / (log @,,(Ax) — dlog ®,,(x) —logag — (d — 1) log(—w)) x*"'dx  (for hs > —1)
1
o0
= / log(W,,(x)x*'dx (for Rs > 0).
0

The above computation shows that M,,(s) has a simple pole at s = 0 with residue

logay
d—1

R_eg M, (s) = + log(—w).

Furthermore, it provides an analytic continuation of M,,(s) to the half-plane fs > 0;
the second line also gives the analytic continuation to the half-plane hs > —I1.
Using (6.3) gives an analytic continuation of {¢,,(s) to the half-plane Rs < 0

sSin s

OO —s—1
m A log(‘l’w(x))x dx.

é‘CD,w (S) =

From this we derive the existence of “trivial zeros” (g, (—m) = 0 (for m € Ny).
Notice, that the simple pole of M,,(s) at s = 0 is cancelled by the double zero of
s sin 7rs. Observing this, we also obtain

logay
d—1

$pu(0) = — log(—w).

Similar computations yield the analytic continuation of (¢ to the whole complex
plane; this function has “trivial” zeros {¢ o(—m) = 0 (for m € N) and

logay

(00(0) =1, L4,(0) = T

Simple poles of (g, (s) can occur only at the solutions of A* = d, namely s =
p + 2kmi/log A (k € Z). These poles are in correspondence with the growth order
of ®, which implies that there is a pole at s = p. The other poles for k # 0 only
occur, if the periodic function F in (5.2) is not constant. Theorem 5.1 characterises
the polynomials, for which the periodic function F is constant.
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We now use the assumption that the multiplicities B,(w) of the eigenvalues
A"E¢(w) have a rational generating function (see Definition 1.2). Let

B(x) = ) ful(w)x".

m=0

Then using our knowledge on the eigenvalues of A together with our assumptions
from the definition of spectral decimation, we obtain

Ea(s) =D Bu(A™)au(s). (6.5)

WEA

This expression provides the analytic continuation of the spectral zeta function to
the whole complex plane.

If p < %ds then all the functions (g,,(s) are holomorphic in a half-plane s >
%ds — ¢ for some ¢ > 0. On the other hand, A (s) has a simple pole at s = %ds
by the fact that N (x) < x3ds (see [23]). Thus at least one of the rational functions
B,,(x) has to have a pole at x = A~24s. Since all the rational functions B,, have
positive power series coefficients (the multiplicities of the eigenvalues), there can
be no cancellation of poles, which implies that the functions B,, can have at most
a simple pole at x = A~29. Let W denote the set of all w € A, for which the
corresponding function B,, has a (simple) pole at x = A~2495. Then we write the
Laurent expansion of B,,(x) around x = A~724s in the form

This implies that ¢;(w) > 0 by the combinatorial interpretation of B,,. Then the
Dirichlet series

n(s) = Y ctw)aw(s)

wew

has positive coefficients. By [27, Theorem 9.5,p. 184] this implies that n(%dg +
ikt) = 0 cannot hold for fixed t > 0 and all k € Z \ {0}. Thus the function

> B au(s)

wew

has a simple pole at s = %ds and at least two non-real poles on the line hs = %ds.
The remaining summands in (6.5) do not have poles on the line fs = %ds; thus the
function ¢ A (s) has at least two non-real poles on this line.

As a conclusion, we have reached the following theorem (see [10, Theorem 9]).
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Theorem 6.1 Let Zg be a p. c. f. self-similar compact fractal, whose Laplace
operator A admits spectral decimation in the sense of Definition 1.2 with a
polynomial of degree d. Then the Dirichlet generating function of the eigenvalues
of A

o= Y —

S
— Au=pu K

has a meromorphic continuation to the whole complex plane with poles contained
in a finite union of sets {py + 2mwimo | m € Z}, where 6 = @ and A is the
parameter coming from spectral decimation. There is a simple pole at s = %ds. If

log, d < %ds then ¢ A (s) has at least two non-real poles on the line Ns = %ds.

Remark 2 The case of G = [0, 1] which gives the Riemann zeta function and has
log, d = %ds shows that the condition log, d < %ds is needed for the last assertion.
The case log; d > %ds cannot occur.

7 Consequences and a Conjecture

We introduce one further notion in connection with the diffusion on a fractal, namely
the trace of the heat operator

P(t) = Tr(A) =Tr(e'Y) = Y e (7.1)
— Au=pu

In the classical case of a Riemannian manifold studied by H. Weyl [51], the
behaviour of this function for + — 0+ was used to prove asymptotic relations
for the eigenvalue counting function N . Furthermore, precise information on the
asymptotic behaviour of P(f) for t — 0+ can be used to prove that the spectral
zeta function of A on a Riemannian manifold has an analytic continuation to
the whole complex plane (see [35, 40]). In the case of a fractal with spectral
decimation, we proceed in the opposite direction; starting from precise information
on the eigenvalues we derive the existence of an analytic continuation of {, to
the whole complex plane with the location of all poles, from which we conclude
asymptotic information about N and P(z). We sum this up by citing the following
theorem.

Theorem 7.1 ([10, Theorem 101) Let Zg be a p. c. f. self-similar compact fractal,
whose Laplace operator A\ admits spectral decimation in the sense of Definition 1.2.
Then the following are equivalent:
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1. Ca(8) has at least two non-real poles in the set %ds + ligi Z,

2. The limit lim,_ o x_%dSNA (x) does not exist, where N (x) denotes the eigen-
value counting function (3.6),

3. The limit lim, o4 P(t)t%ds does not exist, where P(t) denotes the trace of the heat
kernel (7.1).

Remark 3 Recently, N. Kajino [20-22] could prove an asymptotic expansion of the
trace of the heat kernel on a p. c. f. fractal and also on the generalised Sierpinski
carpet

P(t) =) 1 Gy(logt) + O (exp(—ct™?)) fort — 0+
k=0

for certain exponents g > o) > --- > o, > 0, periodic continuous functions Gy
(k=0,...,n),and ¢, y > 0. This result was obtained without precise knowledge of
the eigenvalues and properties of the zeta function. This was used in [44] to obtain
an analytic continuation of the zeta function ¢ 5 to the whole complex plane in these
cases.

Remark 4 Theorems 6.1 and 7.1 together show that the limit lim,_, x25N Ax)
does not exist for fractals admitting spectral decimation with a polynomial of degree
d andlog, d < 1ds.

More precisely, in the case that log; d < %ds we obtain

Nalx) = x%dSQ(logl x)+o (x%ds) forx — oo
and
P(1) = f_%dSR(IOgA 1+ 0 (t_%dﬁ's) fort — 0+

for some ¢ > 0 and for continuous periodic functions with period 1, Q and R
(see [10, 11]).

Remark 5 In [18] it was shown that there exist gaps in the spectrum of the
Laplacian if and only if the Julia set of the spectral decimation function R is
totally disconnected. Spectral gaps (in the sense that there exists a subsequence,
along which the quotient of consecutive eigenvalues stays bounded away from 1)
yields uniform convergence of the Fourier series of continuous functions along the
subsequence mentioned above (see [46]).

In the context of fractals the polynomials occurring for spectral decimation have
a negative real Julia set 7 (p) (which is a Cantor set, except for the case when 7 (p)
is an interval; this last case only occurs, if the underlying fractal itself is an interval).
Nevertheless, the Poincaré and Bottcher functions can be defined and studied for any
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polynomial p of degree d > 2. This was done in [9]. There the asymptotic behaviour
of the zero counting function of ®

No@) = Y 1 (7.2)

|&|<x
P(€)=0

could be related to the behaviour of the harmonic measure of small balls around the
origin, namely

Theorem 7.2 ([9, Theorem 5.2]) Let ® be the entire solution of (3.3), and let p =
log, d. Then the limit

lim x "Ny (x) (7.3)
X—>00
exists, if and only if the limit
lim#?u(B(0, 1)) (7.4)
t—0

exists.

We repeat the following conjecture about the existence of the limits (7.3)
and (7.4)

Conjecture 7.3 ([9]) The limits (7.3) and (7.4) exist, if and only if the polynomial
p is either linearly conjugate to a pure power or a Chebyshev polynomial of the first
kind.
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1 Introduction

The purpose of this survey is to present some recent developments in the theory of
self-similar groups and its applications to the study of fractal sets. For brevity, we
will concentrate only on the following two aspects (for other aspects see [7]):

(i) Construction of new fractals by using algebraic tools and interpretation of well
known fractals (the first Julia set, Sierpifiski gasket, Basilica fractal, and other
Julia sets of post-critically finite rational maps on the Riemann sphere) in terms
of self-similar groups and their associated objects — Schreier graphs.
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(i) Study of the spectra of the Laplacian on Schreier graphs of self-similar groups
and on the associated fractals by appropriate limiting processes.

The presentation will be focused on a few representative examples for which
the “entire program” (going from a self-similar group to its associated self-similar
objects and calculation/description of their spectra) is successfully implemented,
such as the first Grigorchuk group' G, the lamplighter group £,, the 3-peg Hanoi
Towers group H, and the tangled odometers group 7, but also some examples
with only partial implementation, such as the Basilica group B and the iterated
monodromy group IMG (2% + i).

2 Self-Similar Groups and Their Schreier Graphs

2.1 Schreier Graphs

Let G be a finitely generated group, generated by a finite symmetric set S (S being
symmetric means S = S~!) acting on a set Y (all actions in this survey will be left
actions). The Schreier graph of the action of G on Y with respect to S is the oriented
graph I'(G, S, Y) defined as follows. The vertex set of the Schreier graph is Y and
the edge setis S x Y. For s € Sand y € Y, the edge (s, y) connects y to sy. When the
graph is drawn, the edge (s, y) is usually labeled just by s, since its orientation from
y to sy uniquely indicates the correct “full label” (s, y). In other words, one usually

s . (5.)
draws y ¢ —— e sy instead of y ¢ ——— e sy.

The Schreier graph I'(G, S, Y) is connected if and only if the action is transitive
(some authors define Schreier graphs only in the transitive/connected case).

Example 1 Let Y = {1,2,3,4} and D4 be the subgroup of the symmetric group
on Y (with its usual left action) generated by S = (o, 0, t), where o is the 4-cycle
o = (1234),G isits inverse & = 0~ = (1432), and 7 is the transposition T = (24)
(note that one can interpret Dy as the dihedral group of isometries of a square with
vertices 1,2,3,4; o is the rotation by 7/2 and t the mirror symmetry with respect to
the line 13). The Schreier graph I"(Dy, S, Y) is drawn on the left in Fig. 1.

The edge (s,y) connects y to sy and the edge (s™',sy) goes in the opposite
direction and connects sy to y. In order to avoid clutter in the drawings, for each
pair of mutually inverse generators s, s~' € S that are not involutions, one usually
chooses one of them, say s, and only draws the oriented edges labeled by s, while
all edges labeled by s—! are suppressed. Further, for an involution s € Sandy € Y,
only one unoriented edge is drawn between y and sy (see the graph on the right in
Fig. 1 and note that o is not an involution, while 7 is).

I'The second and the third author insist on the use of this terminology.
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Fig. 1 The Schreier graph I'(Dy, S, Y), and its simplified drawing

a

2.2 Random Walk Operators on Schreier Graphs

The Schreier graph I' = I'(G, S, Y) is regular with every vertex having both the out-
degree and the in-degree equal to |S|. The random walk operator on I' (also known
as the Markov operator) is the operator

M : 2(T) — £2(T)

1
MOO) = 15 > flsy).

SES

where £2(I") = £2(Y) is the Hilbert space of square summable functions on ¥

) =W ={f:Y>R| Y |fO) <00

yE€Y

Thus, given a function f : ¥ — R on the vertex set Y, the operator M produces an
updated function Mf : Y — R by replacing the value at each vertex y by the average
of the f-values at the neighbors of y in the Schreier graph.

For x € R, let M(x) be the operator M(x) = M — xI. The spectrum Sp(M) of
M is the set of values of x for which the operator M (x) from the pencil of operators
{M(x) | x € R} is not invertible. Note that the operator M is bounded (in fact
[IM|| < 1) and, since S is symmetric, it is self-adjoint. Therefore its spectrum is a
closed subset of the interval [—1, 1]. When Y is finite, the spectrum Sp(M) is just the
set of eigenvalues of the operator M, but in general the spectrum only contains the set
of eigenvalues of M. Recall that A is an eigenvalue of M if and only if Mf = Af, for
some nonzero functionf € £2(I"); such a nonzero function is called an eigenfunction
of M.

Let G = (S) act ontwo sets Y and ¥ and § : ¥ — Y be a surjective G-equivariant
map, that is, a surjective function § such that gé6(y) = 6(gy), forg € Gandy €
Y (equivalently, s8(3) = 8(sy), for s € S and § € Y). On the level of Schreier
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graphs § induces a surjective graph homomorphism from I'y = I'(G, S, Y)toTy =

I'(G, S, Y) preserving edge labels and sending the edge y N sy to the edge 5(3) N
s8(y). We say that I'; is a covering of I'y and § is a covering map.

Assume that both ¥ and Y are finite. For every function f € £2(Ty), define the
lift f € L2(T5) by f(3) = £(8(3)), for§ € Y. For all f € £*(Ty), we have

(M5F)3) = (Myf)(G)).

If f is an eigenfunction of My with eigenvalue A, then f is an eigenfunction of
My with the same eigenvalue. Therefore, whenever there exists a surjective G-
equivariant map § : ¥ — Y between two finite sets Y and Y, the spectrum of My is
included in the spectrum of My, that is, Sp(My) € Sp(My).

Let {Y,}°2, be a sequence of finite G-sets (sets with a G-action defined on
them), {8, : Y41 — Y,}°2, a sequence of surjective G-equivariant maps, ¥ be
a G-set, and {gn 1Y — Y,}°2, a sequence of surjective G-equivariant maps such
that 6,8,+1 = 8,, forn > 0. Denote T, = T'(G,S,Y,), T = T'(G,S,Y), and the
corresponding random walk operators by M,, and M, respectively. The sequences of
equivariant maps {8,} and {8,} induce graph coverings between the corresponding
Schreier graphs such that the following diagram commutes

8o 8 &

@2.1)

and we obtain an increasing sequence {Sp(M, )}, of finite sets, each consisting
of the eigenvalues of M,,. We are interested in situations in which this sequence is
sufficient to determine the spectrum of M in the sense that

| Sp(M,) = Sp(m).

n=0

Example 2 This example is relatively straightforward, but it illustrates the setup we
introduced above. Consider the infinite dihedral group Do = (a, b), generated by
two involutions a and b. We may think of it as the group of isometries of the set of
integer points on the real line, with the action of @ and b given by a(n) = 1 —n
and b(n) = —n. Let Y = Z and T be the Schreier graph I' = I'(Deo, S, Y), drawn
in the bottom row in Fig.2. Forn > 0, let ¥, = {0,%1,...,£2"71 — 1,271},
Note that Y, is a set of unique representatives of the residue classes modulo 2",
for n > 0. Thus we may think of Y, as Z/2"Z. The action of Ds, on Z induces a
well defined action on the set of residue classes Z/2"Z, for n > 0, and we denote
Il = I'(Dwo, S, Yy). The sequence of Schreier graphs {I',} is indicated in the top
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b ab a b b a
o2 Hol—{1l= <fo—1]
b b b b

Fig. 2 The Schreier graphs 'y, 'y, I'2, ... (top row) and T (bottom row) for the infinite dihedral
group Do = (a, b)

]
E]

row in Fig.2. For n > 0, the maps §, : Y,41 — Y, and §p 1 Y —> Y, given by

8,(y) = mod(y,2"), fory € Z/2"+1Z, and 8,(y) = mod(y, 2"), for y € Z, where

mod(y, 2") is the remainder obtained when y is divided by 2", are D,-equivariant.
For n > 0, Sp(M,,) consists of 2" distinct eigenvalues of multiplicity 1

iplus-minus signs

where f(x) = x> — 2. On the other hand, the spectrum of the doubly infinite path T
is [—1, 1] and we have

sp() = (=111 = 5 [ s~0) = [ Sp).
n=0

n=0

2.3 Adjacency Operator on Schreier Graphs and Schreier
Spectrum

For the Schreier graph I' = I'(G, S, Y) of the action of G = (S) on Y, the adjacency
operator on T is the operator A : £>(I") — ¢*(T") defined by

ANHG) =D _flsy).

SES

The random walk operator M = ﬁA is the normalized version of the adjacency
operator A and their spectra are just multiples of each other. Denote the spectrum of
A by Sp(T") and call it the Schreier spectrum of T'. This is the so called adjacency
spectrum, but we want to emphasize the scope of all our considerations, namely,
adjacency spectra of Schreier graphs of finitely generated groups. For the purposes
of our calculations, the Schreier spectra turn out to be the most convenient, but it is
easy to switch to their Markovian or Laplacian versions when needed (the Laplacian
operator is the operator L = I — M, where [ is the identity operator).
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2.4 Rooted Regular Trees and Self-Similar Groups

We introduce the class of self-similar groups acting on regular rooted trees,
providing a framework for examples like Example 2, and a source of other examples.

Let X be a finite set, usually called the alphabet, of size k. The set of all finite
words over X is denoted by X*. The set X* can be naturally equipped with the
structure of a rooted k-regular tree as follows. The vertices of the tree are the words
in X*, the root is the empty word €, the level n is the set X" of words of length n
over X, and the children of each vertex u € X™* are the k vertices of the form wux, for
x € X. We use X* to denote the set of finite words over X, the set of vertices of the
rooted tree we just described, as well as the tree itself.

The group Aut(X*) of all automorphisms of the rooted k-regular tree X*
preserves the root and all levels of the tree. Every automorphism g € Aut(X*)
induces a permutation o, of X, defined by o, (x) = g(x), called the root permutation
of g. It represents the action of g at the first letter in each word. For every
automorphism g € Aut(X*) and every vertex u € X*, there exists a unique tree
automorphism of X*, denoted by g, such that, for all words w € X*,

g(uw) = g(u)gu(w).

The automorphism g, is called the section of g at u. It represents the action of g on
the tails of words that start with u. Every automorphism g is uniquely determined
by its root permutation o, and the k sections at the first level g,, for x € X. Indeed,
for every x € X and w € X* we have

glw) = g(x)gx(w). (22)

When X = {0, 1, ...,k — 1}, a succinct representation, called wreath recursion,
of the automorphism g € Aut(X™*), describing its root permutation and its first level
sections is given by

8= ag(g()ﬂgls---sgk—l)' (23)

In addition of being short and clear, it has many other advantages, not the
least of which is that it emphasizes the fact that Aut(X™) is isomorphic to the
semidirect product Sym(X) x (Aut(X*))X, that is, to the permutational wreath
product Sym(X) ¢x Aut(X™*), where Sym(X) is the group of all permutations of X.

A set § € Aut(X™) of tree automorphisms is self-similar if it is closed under
taking sections, that is, every section of every element of § is itself in the set S.
Thus, for every word u, the action of every automorphism s € S on the tails of
words that start with u looks exactly like the action of some element of S. Note that
for a set S to be self-similar it is sufficient that it contains the first level sections of
all of its elements. Indeed, this is because g,, = (g,)y, for all words u,v € X*. A
group G < Aut(X™) of tree automorphisms is self-similar if it is self-similar as a
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set. Every group generated by a self-similar set is itself self-similar. This is because
“sections of the product are products of sections” and “sections of the inverse are
inverses of sections”. To be precise, for all tree automorphisms g and 4 and all words
uecX*,

(&M)u = gn(uhu and (¢, = (gg—1<u>)_l

The observation that groups generated by self-similar sets are themselves self-
similar enables one to easily construct many examples of finitely generated self-
similar groups, as demonstrated in the next subsection.

Remark 1 It should be clarified that when we speak of a subset S or a subgroup G of
Aut(X™) as a self-similar set, we do not use this terminology in the, by now widely
accepted and used, sense of Hutchinson [28]. It would be more precise to say, and it
is often said, that the action is self-similar, that is, the action is adapted to the self-
similar nature of the rooted tree and its boundary, the Cantor set. Self-similar sets
in the sense of Hutchinson do play a role here, as such sets appear as limit spaces
of contracting self-similar groups (see Sect. 3) and our considerations lead to results
on Laplacians on such self-similar sets (see Sect. 7).

2.5 Automaton Groups

An automaton, in our context, is any finite self-similar set S of tree automorphisms.
The group G(S) = (S), called the automaton group over S (or of S), is a finitely
generated self-similar group. A simple way to define an automaton is by defining
the action of each of its elements recursively as in (2.2).

Example 3 Consider the binary rooted tree based on the alphabet X = {0, 1}*.
Define a finite self-similar set S = {a, b} of tree automorphisms recursively by

a(Ou) = la(u) b(Ou) = 0b(u),
a(lu) = 0b(u) b(1lu) = la(u),

for every word u € X*, and a(¢) = b(¢) = €. Evidently, the root permutations and
the sections of @ and b are given in the following table.

S| Og S0 51
all(0)|a b
bl O |b a

where () and (01) denote, respectively, the trivial and the nontrivial permutation of
X = {0, 1}. Calculating the action of any element of S on any word in X* by using
the recursive definition is straightforward. For instance,

a(10101) = 0h(0101) = 00H(101) = 001a(01) = 0011a(1) = 00110.



182 R. Grigorchuk et al.

One may think of the elements of an automaton S as the states of a certain type
of transducer, a so-called Mealy machine. The recursive definition 2.2 of the action
of s € Sis interpreted as follows. To calculate the action of the state s on some input
word xu starting with x, the machine first rewrites x into o (x), changes its state to s,
and lets the new state handle the rest of the input « in the same manner. It reads the
first letter of u, rewrites it appropriately, then moves to an appropriate state, which
then handles the rest of the input, and so on, until the entire input word is read. It
is common to represent the automaton S by an oriented labeled graph as follows.
The vertex set is the set of states S, and each pair of a state s € S and a letter x € X
determines a directed edge from s to s, labeled by x| (x) (equivalently, by x|s(x)).

Example 4 Four examples of finite self-similar sets of tree automorphisms are given
in Fig. 3. The self-similar groups defined by these sets are the lamplighter group
Ly = Z x (®z7Z/2Z) (top left), the dihedral group Do (top right), the binary
odometer group Z (bottom left), and the tangled odometers group 7 (bottom right).
In the last three automata the state e represents the trivial automorphism of the tree,
which does not change any input word. Thus, we use € for the empty word, that is,
the root of X*, () for the trivial permutation of X, and e for the trivial automorphism
of the tree X*. To avoid clutter, in the automaton for Z we used the convention that
the same edge may be used with several labels, while in the automaton for 7 the
convention that the loops associated to the trivial state e are not drawn. Note that the
first three automata are defined over the binary alphabet X = {0, 1} while the last
one is defined over the ternary alphabet X = {0, 1, 2}, hence that group acts on the
ternary rooted tree.

One can easily switch back and forth between the various representations of the
given automata. For instance, the recursive definition of the action of the dihedral
group Doy, = (a, b) on the binary rooted tree is given by

a(Ou) = 1u, b(0u) = Oa(u),
a(lu) = Ou, b(1u) = 1b(u),

11 0[0 0/1 11
01, 0[0
o @ e - @ o<
0

110 1)1 1

200
o0lo

10~ o1 0|2
g4 s @
2 Om®
01

2[2 11

Fig. 3 Automata defining £, Doo, Z, and T
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Tabular representation of the self-similar set defining 7 and the wreath recursion
describing the same set are given on the left and on the right, respectively in

S| O |So 81 52
all(0l)|e a e a=(01)(e,a,e) 2.4)
b|[(02)|e e b b = (02)(e,e,b)

It is clear that defining a finitely generated self-similar group is an easy task,
in particular for automaton groups (note that not all finitely generated self-similar
groups are automaton groups). One can methodically construct, one by one, all
automaton groups by constructing all automata with a given number of states over
an alphabet of a given size. However, it is not an easy task to recognize the group
that is generated by a given automaton. A full classification of all automaton groups
defined by automata with given number of states m and size of the alphabet k has
been achieved only for m = k = 2 [15], while for the next smallest case m = 3 and
k = 2 only a partial classification was obtained [6].

2.6 The Boundary Action and the Convergence I';, > T’

Let G = (S), with S symmetric and finite, be a finitely generated subgroup of
Aut(X*) and, forn > 0, let I, = I'(G, S, X") be the corresponding Schreier graph
of the action on level n. The map §, : X"T! — X" given by deleting the last letter in
each word is G-equivariant and induces a sequence of coverings of degree | X|

o 81 )
Ty Iy I

Under the covering §, each of the |X| edges ux e — e s(u)s,(x) in T4, for

x € X, is mapped to the edge u o — e s(u)in T,.

Example 5 The first Grigorchuk group G is the self-similar group G = (a, b, c,d)
generated by four involutions a, b, ¢, and d acting on the binary tree and given by
the wreath recursion

a=00D(e.e), b=(0@c), c=0(d, d=0(b).

The Schreier graphs of its action on levels 0,1,2, and 3, are given in Fig.4.
This group was constructed by the first author in [17] as a particularly simple
example of a finitely generated, infinite 2-group. It was the first example of a
group of intermediate growth and the first example of an amenable group that is
not elementary amenable [18] (we will get back to this aspect later).
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b b b b dn » nd b
d d d d ¢ d

’n b 0 S 0 IS O 0
f1u1o1] [ooilF-[101] [100}F-[000] [010}-[1101>
U (& d C U
d d

Fig. 4 The Schreier graphs I'y, I'y, I'; (fop row), and T'5 (bottom row) for the first Grigorchuk
group G

g ﬂ

Ctloool |100| |11o |111| |1o1| |oo1|:)

Fig. 5 The Schreier graphs Iy, I'1, I'; (top row), and I's (bottom row) for the Basilica group B

Example 6 The Basilica group is the self-similar group B = (a, b) generated by the
binary tree automorphisms a and b given by the wreath recursion

a = (0l)(e,b), b= (e, a).

The Schreier graphs of its action on levels 0,1,2, and 3, are given in Fig. 5.

The group B was first considered in [26] and [27] where it was proved that it is a
weakly branch, torsion free group which is not sub-exponentially amenable. It was
later proved by Bartholdi and Virdg [5], using speed estimates for random walks,
that this group is amenable, thus providing the first example of an amenable group
that is not sub-exponentially amenable.

Example 7 The Hanoi Towers group is the self-similar group H = {(a,b,c)
generated by three involutions acting on the ternary tree given by the wreath
recursion

a = (01)(e,e,a), b = (02)(e, b, e), c = (12)(c, e, e).
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b a b, a
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Fig. 6 The Schreier graphs I'y, I';, and I'; for the Hanoi Towers group #

The Schreier graphs of its action on levels 0,1, and 2 are given in Fig. 6.

The group H was introduced in [21]. It models the well known Hanoi Towers
game on three pegs in such a way that the Schreier graph I', models the game for
n disks. It is the first example of a finitely generated branch group that admits a
surjective homomorphism onto the infinite dihedral group Do, (note that branch
groups can only have virtually abelian proper quotients [19], and any finitely
generated branch group that admits a surjective homomorphism to an infinite
virtually abelian group must map onto Z or onto D, [8]).

The boundary X® of the tree X* is the space of ends of the tree X*. More
concretely, this is the space of all infinite rays

X® = {x1x2x3... | X1,X2,X3,° EX},

that is, infinite paths without backtracking that start at the root. It has the structure of
a metric space (in fact, ultrametric space) with metric defined by d(£, ¢) = 1/2/E¢,
where £ A denotes the longest common prefix of the infinite rays £ and ¢, and |E AZ|
denotes its length. Thus, the longer the common prefix the closer the rays are. The
induced topology is the product topology on []2, X, where the finite space X is
given the discrete metric, implying that, topologically, the boundary X is a Cantor
set, and hence compact.

The action of any group of tree automorphisms G < Aut(X*) naturally induces
an action on the boundary of the tree X*. The action of any automorphism g €
Aut(X*) on X is given by (2.2) with the understanding that w in that formula now
applies to rays in X*, that is, to right-infinite words over X. If, for n > 0, we denote
by 8n 0 X® — X" the map that deletes the tail of any ray beyond the first n-letters
we obtain a sequence of G-equivariant maps. Thus we obtain the following diagram
of G-equivariant maps.
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(2.5)

Even if G = (S) acts level transitively on the tree X* (transitively on each
level X" of the tree) and all Schreier graphs I, = TI'(G,S,X") are connected,
the Schreier graph I'(G, S, X®) of the action of G on the tree boundary is not
connected. Indeed, since this graph is uncountable and the group G is countable,
each orbit of the action on the boundary is countable and there must be uncountably
many connected components (orbits) in the graph I'(G, S, X). Picking a connected
component is equivalent to picking a point on the boundary that represents it, that
is, picking an infinite ray § = xjxx3--- € X“. Choose such a ray & and let
I' =T = I'(G, S, G§) be the Schreier graph of the boundary action of G on the
orbit GE = {g(£) | g € G}. We call the Schreier graph I' = It the orbital Schreier
graph of G at &. It is a countable graph of degree |S| and, since the restrictions
of the maps 8y, for n > 0, to the orbit G¢ are G-equivariant, the induced maps
8, : I' — T, are coverings. Therefore, we are precisely in the situation described by
the diagram (2.1). Moreover, we can now state a sufficient condition under which
the spectra of the sequence of finite graphs {T",} approximates the spectrum of T".

Theorem 2.1 (Bartholdi-Grigorchuk [3]) Let G = (S) < Aut(X™) be a finitely
generated, self-similar, level-transitive group of automorphisms of the rooted tree
X* and let £ € X® be a point on the tree boundary. Forn > 0, let T, = I'(G, S, X")
be the Schreier graph of the action of G on level n of the tree and let ' = Ty =
I'(G, S, G) be the orbital Schreier graph of G at §. If the action of G on the orbit
G¢ is amenable, then

| Sp(T) = Sp(r).

n=0

‘We recall the definition of an amenable action. The action of G on Y is amenable
if there exists a normalized, finitely additive, G-invariant measure p on all subsets
of Y, that is, there exists a function p : 2¥ — [0, 1] such that

¢ (Normalization) u(Y) =1,
* (Finite additivity) w(A U B) = w(A) + n(B), for disjoint subsets A,B C Y,
¢ (G-invariance) u(A) = u(gA),forge G, A CY.

For a finitely generated group G = (S) (with S finite and symmetric, as usual)
acting transitively on a set Y, the amenability of the action is equivalent to the
amenability of the Schreier graph I' = T'(G, S, Y) of the action and one of the
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many equivalent ways to define/characterize the amenability of T" is as follows. The
graph I' is amenable if and only if

oF
inf % | F finite and nonempty set of vertices of I' ; = 0,

where the boundary dF of the set F is the set of vertices in I" that are not in F but
have a neighbor in F, thatis, 0F = {v e | v ¢ Fandsv € F forsomes e S }.

One sufficient condition for the amenability of the graph I' is obtained by looking
at its growth. Let I" be any connected graph of uniformly bounded degree. Choose
any vertex vo € I' and, for n > 0, let y,,(n) be the number of vertices in I'
at combinatorial distance no greater than n from vy. If the growth of y,,(n) is
subexponential (that is, lim sup,,_, o, /¥, () = 1), then I is an amenable graph.

By definition, a group G is amenable if its left regular action on itself is amenable.
In such a case, every action of G is amenable and Theorem 2.1 applies. The
class of amenable groups includes all finite and all solvable groups and is closed
under taking subgroups, homomorphic images, extensions, and directed unions. The
smallest class of groups that contains all finite and all abelian groups and is closed
under taking subgroups, homomorphic images, extensions, and directed unions is
known as the class of elementary amenable groups. There are amenable groups that
are not elementary amenable and many such examples came from the theory of
self-similar groups, starting with the first Grigorchuk group G. The amenability of
this group was proved by showing that it has subexponential (in fact intermediate,
between polynomial and exponential) growth [18]. Other examples of amenable
but not elementary amenable groups include Basilica group B [5], Hanoi Towers
group H, tangled odometers group 7, and many other automaton groups. See [4]
and [1] for useful sufficient conditions for amenability of automaton groups based
on random walk considerations and the notion of activity growth introduced by
Sidki [41].

A large and interesting class of examples to which Theorem 2.1 applies is the
class of contracting self-similar groups.

Definition 2.2 Let G < Aut(X™) be a self-similar group of automorphisms of the
rooted regular tree X*. The group G is said to be contracting if there exists a finite
set V' C G such that, for every g € G, there exists n such that g, € N, for all words
v € X* of length at least n. The smallest set A" satisfying this property is called the
nucleus of the group.

Since the growth of each orbital Schreier graph I' of a finitely generated, self-
similar, contracting group is polynomial [3], such a graph I' is amenable and,
therefore, its spectrum can be approximated by the spectra of the finite graphs in
the sequence {I',}, as in Theorem 2.1. Note that it is not known yet whether all
finitely generated contracting groups are amenable.
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3 Iterated Monodromy Groups

The content of this section is not necessary in order to follow the rest of the survey,
but it provides excellent examples, motivation, and context for our considerations.

3.1 Definition

Let M be a path connected and locally path connected topological space, and let
f: M — M be a finite degree covering map, where M, is a subset of M. The
main examples for us are post-critically finite complex rational functions. Namely,
a rational function f € C(z) is said to be post-critically finite if the forward orbit
O, = {f°"(x)}n>1 of every critical point x of f (seen as a self-map of the Riemann
sphere (@) is finite. Let P be the union of the forward orbits Oy, for all critical points.
Denote M = C\ Pand M; = f~!(M). Then M; C Mandf : M| — Misa
finite degree covering map.

Let t € M, and consider the tree of preimages Ty whose set of vertices is the
disjoint union of the sets f~"(f), where f~°(f) = {t}. We connect every vertex v €
F7(¢) to the vertex f(v) € f~"~D(r). We then obtain a tree rooted at 7.

If y is aloop in M starting and ending at ¢ then, for every v € f~"(z), there exists
a unique path y, starting at v such that f°" o y, = y. Denote by y(v) the end of
the path y,. Then v +— y(v) is an automorphism of the rooted tree T;. We get in
this way an action (called the iterated monodromy action) of the fundamental group
71 (M, t) on the rooted tree T;. The quotient of the fundamental group by the kernel
of the action is called the iterated monodromy group of f, and is denoted IMG (f).
In other words, IMG (f) is the group of all automorphisms of T} that are equal to a
permutation of the form v + y(v) for some loop y.

3.2 Computation of IMG (f)

Let X be a finite alphabet of size degf, and let A : X — f~!() be a bijection. For
every x € X, choose a path £(x) starting at t and ending at A(x). Let y € w1 (M, 1).
Denote by y, the path starting at A(x) such that f o y, = y, and let A(y) be the end
of y,. Then the paths £(x), y,, and £(y) ™! form a loop, which we will denote y |, (see
Fig.7).

Proposition 3.1 (Nekrashevych [35]) Let X be an alphabet in a bijection A :
X — 7). Let £(x), y, and y|; be as above. Then A can be extended to an
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7 e

Fig. 7 Computation of IMG (f)

isomorphism of rooted trees A : X* — Ty that conjugates the iterated monodronty
action of w1 (M, t) on Ty with the action on X* defined by the recursive rule:

y(xv) = yy[(v).

In particular, IMG (f) is a self-similar group.

The self-similar action of IMG (f) on X* described in the last proposition is
called the standard action. It depends on the choice of the connecting paths £(x), for
x € X, and the bijection A : X — f~!(¢). Changing the connecting paths amounts to
post-composition of the wreath recursion with an inner automorphism of the wreath

product Sym(X) x IMG ().

Example 8 (Basilica group B = IMG (z> — 1)) The polynomial z2 — 1 is post-
critically finite with P = {0, —1, co}. The fundamental group of @ \ P is generated
by two loops a,b going around the punctures 0 and —1, respectively. With an
appropriate choice of the connecting paths (see [35, Subsection 5.2.2.]), the wreath

recursion for IMG (z2 - 1) is exactly the same as the one in Example 6. Thus,
B =IMG (> —1).

Example 9 (Tangled odometers group T = IMG (—% + %)) The polynomial

f(z) = —z%/2 + 3z/2 has three critical points: 1, —1, and co. All of them are fixed
points of f, hence P = {1, —1, 0o}, and the fundamental group of is generated by
loops around 1 and —1. The corresponding iterated monodromy group is defined by
the wreath recursion (2.4), and this is the tangled odometers group 7.

; _ 2 _ 16 .
Example 10 (Hanoi Towers group H = IMG (z — 2—71) ) The iterated monodromy

group of the rational function z> — 16/(27z) is conjugate in Aut(X*) to the Hanoi
Towers group H (see [22]).

Example 11 (Dihedral group Do, = IMG (zz - 2) and binary odometer group 7. =
IMG (zz) ) The iterated monodromy group of the polynomial z?> — 2 is the dihedral
group Dy, and of the polynomial z° is the binary odometer group Z (infinite cyclic
group) from Example 4.
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3.3 Limit Spaces of Contracting Self-Similar Groups

Suppose that G is a contracting self-similar group. Let X~ be the space of all left-
infinite sequences ...x»x; of elements of X with the direct product topology. We
say that two sequences ...xpx; and ...y2y; in X~ are asymptotically equivalent
if there exists a sequence {g;};2, of elements in G, taking a finite set of values,
such that gg(xg...x1) = yx...y1, forall & > 1. It is easy to see that this is an
equivalence relation. The limit space of G is the quotient of the topological space
X~ by the asymptotic equivalence relation. It is always a metrizable space of finite
topological dimension (if G is contracting). Note that the asymptotic equivalence
relation is invariant with respect to the shift ... x;x; — ...x3x;. Consequently, the
shift induces a continuous self-map on the limit space of G. The obtained map is
called the limit dynamical system of the group G.

Theorem 3.2 (Nekrashevych [35]) Suppose that f is a post-critically finite com-
plex rational function. Then IMG (f) is a contracting self-similar group with respect
to any standard action. The limit dynamical system of IMG (f) is topologically
conjugate to the restriction of f onto its Julia set.

The Julia set of a complex rational function f can be defined as the closure of the
set of points ¢ such that there exists n such that f"(c) = ¢ and ‘ d%f” (z)‘ ‘ > 1.
=c

The Julia sets of z — 2> — 1, z > —é + %, and 7z — 72 — 21—76Z are given in Fig. 8.
Theorem 3.2 provides context and explanation for the striking similarity between
the structure of the Schreier graphs of the Basilica group in Fig. 5 and the Basilica
fractal in Fig. 8, as well as between the structure of the Schreier graphs of the Hanoi

Towers group in Fig. 6 and the Sierpiniski gasket in Fig. 8.

Fig. 8 Julia set of z — z2 — 1 (top left), z — —73 + X (bottom left), and z > 2% — 3% (right)
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4 Relation to Other Operators and Spectra

4.1 Hecke Type Operators

Let G = (S), with S finite and symmetric, be a finitely generated group and A :
G — U(WV) a unitary representation of G on a Hilbert space W. To each element
m =) ", & -g; of the group algebra C[G] one can associate the operator

Am) =) @A (g)-
i=1

In particular, we consider the Hecke type operator H) on the Hilbert space W

associated to the group algebra element ) = E Z s and given by
SES
1
Hy=—Y"A).
|S| SES

4.2 Koopman Representation and Hecke Type Operators

Let G be a countable group acting on a measure space (Y, ;t) by measure-preserving
transformations. The Koopman representation m is the unitary representation of G
on the Hilbert space L?(Y, 1) given by

@(@NO) =f(g™'y)

forf e L*(Y,)andy € Y.

Let G = (S) < Aut(X*) be a finitely generated, self-similar, level-transitive
group of automorphisms of the rooted regular tree X*. Note that the boundary X?,
which has the structure of a Cantor set [ ]2, X, is a measure space with respect to the
product of uniform measures on X (for the cylindrical set uX*, we have p(uX*) =

1

W)' The group G acts on X* by measure-preserving transformations and we may

consider the Koopman representation 7w of G on L>(X®, 1) and the associated Hecke
type operator H, on L>(X®, 1), given by

1
H, = m Zn(s).

SES
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For every n > 0, we may also consider the representation 7, on I? (X", ) on the
finite probability space X" with uniform probability measure pu,, corresponding to
level n of the tree, and the associated Hecke type operator

1
H,, = ] Znn(s).

SES
Denote Sp(H,) = Sp(r) and Sp(H,,) = Sp(s,), forn > 0.

Theorem 4.1 (Bartholdi-Grigorchuk [3]) Let G be a finitely generated, self-
similar, level-transitive group of automorphisms of the rooted regular tree X*. Then

Sp(r) = () Sp(m).

n=0

Note that, unlike in Theorem 2.1, no additional requirements (such as amenabil-
ity of the action) are needed in the last result.

4.3 Quasi-Regular Representations and Hecke Type Operators

It is well known that every transitive left action of a group G on any set Y is
equivalent to the action of G on the left coset space G/P, where P = Stabg(y)
is the stabilizer of the point y € Y (since the action is transitive this point may be
chosen arbitrarily). In fact, Schreier graphs originate as the graphs of the action of
groups on their coset spaces.

For a countable group G and any subgroup P < G, the quasi-regular representa-
tion is the unitary representation pg/p of G on the Hilbert space £*(G/P) given by

(pc/p()f)(hP) = f(g™'hP),

for f € £>(G/P) and h € G. When P is the trivial group we obtain the left regular
representation pg defined by

(6 (8)f)(h) = f(g~"h),

forf € £>(G) and h € G.

Let G = (S) < Aut(X*) be a finitely generated, self-similar, level-transitive
group of automorphisms of the rooted regular tree X* and let § = xjxx3... be a
point on the boundary X. For n > 0, the point x;x; . . . x, is the unique point at level
non the ray &. Let

P, = Stabg(x1x;...x,), forn > 0,and
P = Stabg(§).

Note that (o Pn = Ps.
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Denote by p, the quasi-regular representation pg,p, corresponding to the sub-
group P, (thus, to the action of G on level n of the tree) and by p; the representation
pG/p.- We consider the Hecke type operator Hp, on 02(G/Py)

1
Hy, = 1 22 peo)

SES

and, for n > 0, the Hecke type operator

1
Hp = 15 > ouls).

SES

Denote Sp(H,,) = Sp(p¢) and Sp(H,,) = Sp(p,), forn > 0.

The following result extends Theorem 2.1 and compares the Schreier spectrum
to the spectrum of the Hecke type operators H and H, associated to the Koopman
representation v and the quasi-regular representation pg, respectively.

Theorem 4.2 (Bartholdi-Grigorchuk [3])

(a) Let G = (S) < Aul(X™) be a finitely generated, self-similar, level-transitive
group of automorphisms of the rooted regular tree X* and let ¢ € X®. Then, for

n=>0,
1
and

1

5] Sp(I's) = Sp(ps) < Sp(n).

(b) If the action of G on the orbit G¢ is amenable, then

LJSp(T) = —Sp(T') = Sp(pe) = Sp().
S| 5]

(c) If the group Pg is amenable, then

1

5] Sp(Ts) = Sp(ps) < Sp(pc).

where pg is the left-regular representation of G (and Sp(pc) is the spectrum of
the corresponding Hecke type operator Hp; ).

By part (b) in the last result, if the group G is amenable, then all orbital Schreier
graphs have the same spectrum (there is no dependence on the choice of the point



194 R. Grigorchuk et al.

& € X, since the representation = does not depend on it). More generally, if all
orbital Schreier graphs I'g, for § € X“ are amenable, as it happens in the case of
contracting self-similar groups, then they all have the same spectrum. Examples
of nonamenable groups with amenable orbital Schreier graphs I's were provided
in [13] (thus, part (b) applies to some nonamenable groups).

We point out that part (b) is mistakenly stated in [3] under the assumption that
either the action of G on the orbit G¢ is amenable or P¢ is amenable. The assumption
that P¢ is amenable only applies in part (c), and this part of Theorem 4.2 follows
from [3, Proposition 3.5].

5 Method of Computation

The method of computation of spectra, introduced in [3] and further implemented
and refined in [14, 16, 23, 25] is based on the use of invariant sets of multidimen-
sional rational maps and the Schur complement. We will present the approach in the
next two subsections, one addressing the global picture, and the other the details.

5.1 A Global Preview of the Method

Let A be an operator for which we would like to calculate the spectrum. Include A
and the entire pencil {A(x) | x € C} with A(x) = A — xI into a multidimensional
pencil of operators

{A(d)(xl,xz,...,xd) IX],...,Xd S (C}

such that
AG) = AD (e 0 OO
for some particular values £ , x(30) e ,xi,o) € C. Define the joint spectrum by

Sp(A(d)) = { (X1, X2,...,xg) € C | A9(x, x5, ..., xg) is not invertible }
Then
Sp(4) = Sp(A“) N ¢,
where £ is the line

{ ={(x1,xz,...,xd) eC? | XZZX(ZO),X3 =x(30),...,xd=x£lo)}

in the d-dimensional space C?.
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In the case of a self-adjoint operator A, which is always our case, we can use the
field R instead of C.
The problem naturally splits into three steps:

(i) Determine a suitable higher-dimensional pencil containing {A(x) | x € R}.
(ii) Determine the joint spectrum Sp(A?).
(iii) Determine the intersection Sp(A) = Sp(A@) N £.

In the examples that were successfully treated by this approach, the joint
spectrum Sp(A?) is an invariant set under some rational d-dimensional map
F:RY — RY. Thus, in practice, the step (ii) is understood as

(ii)’ Determine the joint spectrum Sp(A@) as an F-invariant set for a suitable
d-dimensional rational map F : R — R,

It may be somewhat counterintuitive why one should “increase the dimension
of the problem in order to solve it”, but the method has worked well in situations
were direct approaches have failed. What happens is that the joint spectrum in R¢,
corresponding to the d-fold pencil of operators, is sometimes well behaved and
easier to describe than the spectrum of the original 1-fold pencil. On the other hand,
even when appropriate A) and F are found, the structure of the F-invariant set can
be quite complicated and have the shape of a “strange attractor”.

5.2 More Details

Let G = (S) be an automaton group generated by the elements of the finite and
symmetric self-similar set S. For n > 0, the representations i, and p, are equivalent
and may be viewed as representations on the |X|"-dimensional vector space £?(X").
The |X|" x |X|" adjacency matrix A, (the rows and the columns are indexed by the
words over X of length n) of ', is given by

Ap =" 7a(s).

SES

The [X|" x |X|" matrix m,(s) is given recursively, for n > 0, by blocks of size
|X|n—1 X |X|n—1

7a(s) = [By,x(s)]y’xex (5.1)

corresponding to the decomposition

eZ(Xn) — @e2(xxn—l)’

x€X
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and the block By «(s) is given by

By = i) ) =
’ 0, otherwise

For n = 0, the space ¢>(X°) corresponding to the root of the tree is 1-dimensional
and 7o (s) is the 1 x 1 identity matrix mo(s) = [1]. We call (5.1) the matrix wreath
recursion of § (it directly corresponds to the wreath recursion that defines the
generators s € ).

From now on, we use the notation s, = 1, (s).

Example 12 For the first Grigorchuk group G the matrix wreath recursion gives
ap =bo = co =do = [1]

and forn > 0,

L o1 p — [a 0 o [ 0 d_lO
" 110 "0 e "0 d "0 b, |

where, in each case, 0 and 1 denote the zero matrix and the identity matrix,
respectively, of appropriate size (2! x 2"~!). Therefore, Ay = [4] and, for n > 0,

A = [am+1 1
" 1 bn—l + -1 + dn—l .

Example 13 For the tangled odometers group 7 the matrix wreath recursion gives
— . — ol -1 _
ap=bo=a, =by =[]

and forn > 0,

0 a, 0 0 10]
apg1= {100 @1 =1[@"H,00
001 L 0 o01]
[0 0 by 0 017
bay1 =101 0 b Y= 0 10].
(10 0 L (™1, 00]
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Therefore, Ay = [4] and, for n > 0,

0 1 +a,1+b,
A= |14+ (@), 2 0
1+®", 0 2

Once the recursive definition of the adjacency operator A, is established we
consider the matrix

A(x) = A, —xI = (an) —xI,

SES

and more generally, a matrix of the form

d d
AD(xy, .. x0) = Ay —x1] — (in'gi) = (an) —xid — (in'gi) ,
i=2 i=2

SES

for some auxiliary operators g», . . . , g4. There is no known general approach how to
choose appropriate auxiliary operators. In practice, one needs to come up with good
choices that make the subsequent calculations feasible.

We then calculate, by using elementary column and row transformations and the
Schur complement, the determinant of Aild) in terms of the determinant of Aild) , and
obtain a recursive expression of the form

det(A9 (x1,. .., %)) = Pu(x1, ..., %) det(A') (F(x1,..., %)), (5.2)

where P,(x1,...,x;) is a polynomial function and F : RY — R? is a rational
function in the variables xi, ..., xq. Clearly, if the point (x},...,x/) is in the zero
set of det(Afl‘ﬁ1 (x1,...,%q)), then any point in F~1(x},...,x)) is in the zero set of
det(A,(fi) (x1,...,xq)). Thus, describing the joint spectrum through iterations of the
recursion (5.2) leads to iterations of the rational map F.

Understanding the structure of the zero sets of det(Aild) (x1,...,x4)), forn > 0,
and relating them to the zero sets of det(A,(x)) is accomplished, in the situations
when we are able to resolve this problem, by finding a function ¥ : R — R and a
polynomial function f : R — R such that

V(Fx,. ... x0) =f(Y(x1,.... %)),

that is, by finding a semi-conjugacy from the d-dimensional rational function F to a
polynomial function f in a single variable. Since we have

YE" (1) =W (s xa),

the iterations of F are related to the iterations of f and then the desired spectrum is
described through the iterations of the latter.
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6 Concrete Examples and Computation Results

In this section we present several concrete examples of calculations of spectra based
on the method suggested in the Sect. 5. All groups in this section are amenable. By
Theorem 4.2, the choice of the point on the boundary is irrelevant for the Schreier
spectrum and this is why no such choice is discussed in these examples.

One of the examples, the Hanoi Towers group H, leads to results on the
Sierpiniski gasket. The spectrum of Sierpiiiski gasket goes back to the work of
the physicists Rammal and Toulouse [38]. It was turned into a mathematical
framework by Fukushima and Shima [9]. Note that, in these works, the Sierpifiski
gasket was approximated by a sequence of graphs that are 4-regular (with the
exception of the three corner vertices, which have degree 2), while our approach
yields an approximation through a different, but related, sequence of 3-regular
graphs. A method for spectra calculations in more general cases, called spectral
decimation, was developed by Kumagai, Malozemov, Shima, Teplyaev, Strichartz
and others [31, 33, 34, 40, 42, 43]. Connections with Julia sets are well-known, as
for instance given by Teplyaev [44].

6.1 The First Grigorchuk Group G

As was already mentioned, the method sketched above was introduced in [3] in order
to compute the spectrum of the sequence of Schreier graphs {I',} and the boundary
Schreier graph T" for the case of the first Grigorchuk group G, as well as several
other examples, including the Gupta-Sidki 3-group [20].

Theorem 6.1 (Bartholdi-Grigorchuk [3]) For n > 1, the spectrum of the graph
Iy, as a set, has 2" elements (thus, all eigenvalues are distinct) and is equal to

%
1i,/5+4cos2—f | k:o,...,zn—l} \ {=2,0}.

The spectrum of T (the Schreier spectrum of G), as a set, is equal to

Sp(I') = [~2,0] U [2,4].

Remark 2 There is a different way in which the spectrum of T', can be written.
Namely, forn > 2,

n—2

Sp(ry) ={4.23u |1+ |52 0|,

i=0



From Self-Similar Groups to Self-Similar Sets and Spectra 199
where
fx) =2 -2.

Note that

f_k(O)::t\/Z:i: \/21 V2 £ £2,

where the root sign appears exactly k times. The closure | 72, f~(0) is equal to the
interval [—2, 2] and is the Julia set of the polynomial f, Therefore,

Sp(I) = {4,2} U (1 +,/5+2- [—2,2]) = {4,2}U (1 + [1,9])
— (4,200 £[1,3]) = [-2,0] U [2,4].

For the calculations in this example, we may use the 2-dimensional auxiliary
pencil of operators defined by

AP (x,y) = ay 4 by + ¢ + dy— (1 + 1) + (y — Da,.

The recursive formula for the determinant of A, (x, y) is, forn > 2,

n—2
det(4? (x,y) = (¥ —4)"  detd 2, (F(x.y)),
where F : R? — R? is given by

xy2 Zy2
X2—4"x2—4)"

Py = (-

The map v : R? — R that semi-conjugates F to f(x) = x> — 2 is
x> —4—y?
Yy = —5——.
y
The 2-dimensional joint spectrum of A,(x,y) is a family of hyperbolae and
intersecting this family with the line y = 1 gives the desired spectrum.

The more general problem of determining the spectrum of the operator associated
to any element of the form ra 4+ ub + vc +wd in the group algebra R[G] is considered
in [11], where it is shown that, apart from few exceptions (such as the case u = v =
w considered above), the spectrum is always a Cantor set.
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6.2 The Hanoi Towers Group H = IMG (z2 - %)
and Sierpiriski Gasket

Theorem 6.2 (Grigorchuk-Sunié [21, 23]) For n > 1, the spectrum of the graph
T, as a set, has 3 - 2"~ — 1 elements and is equal to

n—1 n—2
3y u o u (Jr-o.

i=0 j=0
where
fx) =x*—x—3.

The multiplicity of the 2 eigenvalues in f~(0), i = 0,...,n— 1, is a,—;, and the
multiplicity of the 2 eigenvalues in f7(=2), j = 0,...,n — 2, is b,—;, where, for
m>1,

3m—1 3 3m—1 -1
= Sl and by = ——.
2 2

Am

The spectrum of T (the Schreier spectrum of H), as a set, is equal to

Js0).
i=0

It consists of a set of isolated points, the backward orbit I = |72, ~'(0) of 0
under f, and the set J of accumulation points of 1. The set J is a Cantor set and is
the Julia set of the polynomial f.

The KNS spectral measure is concentrated on the union of the backward orbits

(gf—im)) U (gf—"(—@) .

The KNS measure of each eigenvalue in f {0, =2}, fori = 0,1, ..., is TIJH

Remark 3 The Kesten-von-Neumann-Serre measure (KNS measure for short) is the
weak limit of the counting spectral measures u, associated to the graph I',, for
n > 0 (u,(B) = my(B)/|X|"), where m,(B) counts, including multiplicities, the
eigenvalues of ', in B.
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For the calculations in this example, the auxiliary pencil of operators used in [23]
is 2-dimensional and given by

AP () = ay + by + ¢y + —xI + (v — 1)d,
where the block structure of d,, is
011

d,=[101
110

The recursive formula for the determinant of Aﬁ,z) (x,y) is, forn > 2,

det(A@(x,y) = (2 — (1 + 92" (@@ =14y -y det@?, (F(x.))).

n—

where F : R? — R? is given by

2?2 (= + x + %) VEx—14+y)
F(x,y) =[x+ ) N 2 2y |-
=1=—-14+y=-y) =1-yE-1+y—)?)
The map ¥ : R> — R that semi-conjugates F to f(x) = x> —x — 3 is

x> —1—xy—2y?
. .

Vx,y) =

6.3 The Tangled Odometers Group T = IMG (—% + %)
and the First Julia Set

Theorem 6.3 (Grigorchuk-Nekrashevych-Sunié [16]) For n > 0, the spectrum
of the graph T,,, as a set, has 2" — 1 elements and is equal to

n—1 n—1
v U@ v Jr o,
i=0 j=0
where

fx) =x* —2x—4.



202 R. Grigorchuk et al.

The multiplicity of the 2 eigenvalues in f~'(2), i = 0,...,n— 1, is 3" 7,
the multiplicity of the 2 eigenvalues in f7(=2), j = 0,...,n — 1, is I, and the
multiplicity of the eigenvalue 4 is 1.

The spectrum of T (the Schreier spectrum of T), as a set, is equal to

Ur@.
i=0

It consists of a set of isolated points, the backward orbit I = | J72,f~'(2) of 2
under f, and the set J of accumulation points of 1. The set J is a Cantor set and is
the Julia set of the polynomial f.

The KNS spectral measure is concentrated on the backward orbit

I=Jr '@
i=0

of f. The KNS measure of each eigenvalue in f~'{2}, fori = 0,1, ..., is 3,%

For the calculations in this example, the auxiliary pencil of operators used in [16]
is 3-dimensional and given by

AV, y,2) =an+ by +a; + b —xe, — (24 2)dy + (v — Dgn,

where the block structure of ¢,,, d,, and g, is

100 000 011
¢, =1000], diy1=1010], e,r1=1]100
000 001 100

6.4 Lamplighter Group L, = 7. x @77./]27

Theorem 6.4 (Grigorchuk-Zuk [25]) Forn > 0, the spectrum of the graph T, as
a set, is equal to

SpT,) = {4} U 4COSBJT | 1 <p<gq=<n+1andp and qrelatively prime ; .
q
The multiplicity of the eigenvalue 4 cos %n,for l1<p<g=<n+1,andpandq

relatively prime is equal to

on _ 2m0d(n,q)

1 + 1yg divides n+1}»
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where mod(n, q) is the remainder obtained when n is divided by q, and 1, givides n+1
is the indicator function equal to 1 when q divides n 4+ 1 and to 0 otherwise. The
multiplicity of the eigenvalue 4 is 1.

The spectrum of I (the Schreier spectrum of L), as a set, is equal to

Sp(I') = [—4,4].

The KNS spectral measure is discrete and, for the eigenvalue 4 cos Ién, with 1 <

p < g and p and q relatively prime, is equal to ﬁ

The above result has several interesting corollaries. First, note that there exist
an infinite ray { € 0X* for which the corresponding parabolic subgroup P; =
Str, (¢) is trivial [25] (in fact, this is true for all infinite rays that are not eventually
periodic [10, 36]). For such a ray ¢, the Schreier graph I'y = I'(£,, P¢, S) and the
Cayley graph I'(L,, S) are isomorphic. The calculation of the spectrum of £, led to
a counterexample of the Strong Atiyah Conjecture. The Strong Atiyah Conjecture
states that if M is a closed Riemannian manifold with fundamental group G, then
its L?>-Betti numbers come from the following subgroup of the additive group of
rational numbers

1
fin"'(G) = <{ H | H a finite subgroup of G }> <Q.

This is contradicted by the following result.

Theorem 6.5 (Grigorchuk, Linnell, Schick, Zuk [12]) There exists a closed
Riemannion 7-dimensional manifold M such that all finite groups in its fundamental
group G are elementary 2-abelian, fin™' (G) = Z[%], but its third L*-Betti number

is ,3?2)(/\/1) =1

Note that other versions of Atiyah Conjecture were later also disproved by using
examples based on lamplighter-like groups [2, 32].

6.5 Basilica Group B = IMG (z* — 1) and IMG (z* + i)

We do not have complete results for these two examples, but some progress was
achieved.

The Schreier spectrum of Basilica group B was considered in [27], using the
auxiliary 2-dimensional pencil of operators given by

AP(x,y) = a, +a; " +yb; " + b ") —xl.

Partial results were also obtained by Rogers and Teplyaev by using the spectral
decimation method [39].
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The group K = IMG (22 + i) of binary tree automorphisms is generated by three
involutions defined by the wreath recursion

a= (0l)(e,e) b= ((a,c) c=(0(b,e).

The Schreier spectrum of IMG (z2 + i) was considered in [24], using the auxiliary
3-dimensional pencil of operators given by

AP (x,y.2) = an + yby + 2¢y — 2.

In both cases, the corresponding multi-dimensional map F : R — R? was found,
but the shape of the corresponding F-invariant subset (that is, the joint spectrum) is
unknown.

7 Laplacians on the Limit Fractals

For some contracting self-similar groups G, the Hecke type operators H,, , when
appropriately rescaled, converge to a well defined Laplacian on the limit space.
The process of finding the rescaling coefficient and proving existence of the limit
Laplacian has much in common with the process of computing the spectra of
operators H,, as described in Sect. 5. A general theory, working for all contracting
groups is still missing, but many interesting examples can be analyzed.

The technique in the known examples is based on the theory of Dirichlet forms
on self-similar sets, see [29]. A connection of this theory with self-similar groups,
and the examples described in this section are discussed in more detail in [37].

Let G be a self-similar group generated by a finite symmetric set S and, forn > 0,
let L, = 1 — H,, be the corresponding Laplacian on the Schreier graph I',. Let &,
be the quadratic form with matrix L,, that is, the form given by &,(x,y) = (L,x, y).

Choose a letter xo € X, and consider for every n > 1 the subset V,, = x;“X" of
the space X~ encoding the limit space of G. We have V,, C V, 1, and we naturally
identify V,, with X" by the bijection v = x;“v. We also consider &, as a form on
C(V,) = (X",

The trace &, , | of £,41 on V,, is the quadratic form & such that for f € 2(V,) the
value of £(f,f) is equal to the infimum of values of &,+(g, g) over all functions
g€ Ez(Vn.H) such that g|y, = f.

The matrix of £ 1 1s found as the Schur complement of the matrix L+ of &,+1.

Namely, decompose the matrix L, into the block form |:12, gi| according to the

decomposition of £2(X"*!) into the direct sum £2(xoX™) & £>((X \ {x0})X") (so that
A, B, C,and D are of sizes k" xk", k" x (k—1)k", (k—1)k"xk", and (k—1)k"x (k—1)k",
respectively, where k = |X]| is the size of the alphabet). Then the matrix of £, | is
A—BD™'C.
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Let us consider some examples. Let G = IMG (22 - 1) be the Basilica group.
Consider the Laplacian 1 —a(a+a~')—B(b+b"), and the corresponding Dirichlet
forms &,. Then it follows from the recursive definition of the generators @ and b that

the decomposition of L, into blocks [é gi| (forxg = 1)is

1-Bla+al) —a(l+b7hH
|: —a(l +b) 1-28 i|

hence the matrix of &, 41, is (1 - %) - (,3 (a+al)+ %) Consequently, if we take
o= 2_7‘5, and § = @, then we have 6’,’,+1 = A&, for A = \/LE It follows then
from the general theory, see [30], that the forms A7, converge to a Laplacian on
the limit space of G, that is, on the Julia set of 2 —1.

In some cases one needs to take slightly bigger sets V,,. For example, consider the
Hanoi Towers group #. Let V,, be the set of sequences of the form 07*°X", 17°°X",
and 27°X". Let a = (01)(e,e,a), b = (02)(e,b,e), and ¢ = (12)(c, e, e), and
consider, for positive real numbers x, y, the form &, on (V) given by the matrix

y(1—a)—2x —X —X
—Xx y(1—5b) —2x —Xx
—X —X y(1—c)—2x

with respect to the decomposition £2(V,)) = £2(07“X") @ £2(17°X") @ £>(27°X"),
where a, b, ¢ act on the corresponding subspaces £%(x~“X") using the representation
7, (after we identify x~“X" with X" in the natural way).

Then a direct computation using the recursive definition of the generators a, b, c,

and the Schur complement shows that trace of £,41 on V, is given by the same

matrix where (x,y) is replaced by (T‘;’x/yx, y). Passing to the limit y — oo, and

restricting to functions on which the limit of the quadratic form is finite (which
will correspond to identifying sequences ...x~“v representing the same points of
the limit space), we get rescaling x +> %x, hence convergence of (5/3)"E, to a
Laplacian on the limit space of H, which is the Sierpinski gasket.
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Finite Energy Coordinates and Vector Analysis
on Fractals

Michael Hinz and Alexander Teplyaev

Abstract We consider local finite energy coordinates associated with a strongly
local regular Dirichlet form on a metric measure space. We give coordinate formulas
for substitutes of tangent spaces, for gradient and divergence operators and for the
infinitesimal generator. As examples we discuss Euclidean spaces, Riemannian local
charts, domains on the Heisenberg group and the measurable Riemannian geometry
on the Sierpinski gasket.
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1 Introduction

Suitable coordinate maps are tools in many branches of geometry. For instance,
smooth coordinate changes are the crucial ingredient in the definition of a differ-
entiable structure on a manifold and therefore omnipresent in differential geometry
(e.g. [26, 29]). For a general metric measure space we can not expect to find local
coordinates that transform smoothly. However, in the field of analysis on fractals
Kusuoka [35, 36], Kigami [32, 34], Strichartz [42], Teplyaev [44], Hino [15, 16],
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Kajino [30, 31] and others have contributed to a concept that is now referred to
as ‘measurable Riemannian geometry’. This concept is based on Dirichlet forms
and involves the use of harmonic functions as ‘global coordinates’. In probability
similar ideas can already be found in works of Doob, Dynkin and Skorohod. On the
other hand there is recent progress in the studies of a first order calculus on fractals,
[8,9, 19-22, 25, 28] again based on Dirichlet form theory, [6, 13], which allows to
discuss differential 1-forms and vector fields, partially based on [7, 40].

In the present note we consider metric measure spaces, equipped with a strongly
local Dirichlet form and consider associated local finite energy coordinates. Analo-
gously to Riemannian geometry, we provide coordinate expressions for the gradient
and divergence operators (derivation and coderivation) used in the first order theory,
and for the infinitesimal generator. The present paper is a brief introduction to
the subject. We hope to facilitate understanding of how the measurable first order
calculus is related to Euclidean, Riemannian, sub-Riemannian and measurable
Riemannian situations.

2 Preliminaries

Let X be a locally compact separable metric space and p a nonnegative Radon
measure on X such that u(U) > 0 for all nonempty open U C X. Let (£, F) be
a strongly local regular Dirichlet form on L(X, i), that is:

(1) Fisadense subspace of L, (X, i) and £ : F x F — R is a nonnegative definite
symmetric bilinear form; we denote £(f) := £(f.f);

(2) F is a Hilbert space with the norm /& (f) := (E(f) + ||f||%2(x~#))1/2 ;

(3) Forany f € F wehave (fVO) Al € Fand E((f v 0) A1) < E(f), where
fVvg:=max{f,g}andf A g := min{f, g};

4) C := F N C.(X) is dense both in F with respect to the norm /& (f), and in
the space C.(X) of continuous compactly supported functions with respect to
the uniform norm;

(5) Iff, g € C and g is constant on a neighborhood of suppf then £(f, g) = 0.

To each Dirichlet form (£, F) on L, (X, 1) there exists a unique non-positive self-
adjoint operator (L, dom L), called the infinitesimal generator of (€, F), such that
dom L C F and

E(f, g) = - (Lfv g)Lz(X,;L)

forall f € dom L and g € F. See [6, 13]. For pointwise products we have

ESRD? <€D lIglli i + €@ Nk - f-8 € F N Loo(X. ),
2.1
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[5, Corollary 1.3.3.2], and in particular, the space C := F N C.(X) is an algebra. For
any f, g € C a signed Radon measure I'(f, g) on X is defined by

1
[ oo = €0 + o) - EGew). vec. @2

By approximation in F we also define I'(f, g) for any f, g € F, referred to as the
(mutual) energy measure of f and g, see [13]. We denote the nonnegative measure
T'(f) = I'(f.f). Below it will be advantageous to consider functions that are only
locally of finite energy. We define F,. as the set of functions f € L; j,.(X, i) such
that for any relatively compact open set V C X there exists some u € F such that
flv = u|y p-a.e. Exhausting X by an increasing sequence of relatively compact
open sets and using related cut-off functions we can define I'(f) for f € Fi,.. If V
is relatively compact open and u € F agrees with f p-a.e. on V then

L(Hlv = T@w)ly. (2.3)

Example 1 A prototype for a strongly local regular Dirichlet form is the Dirichlet
integral

)= [ IVfPdx
RVI

on L, (R"), where F is the Sobolev space H' (R") of functions f € L,(R") with % €

Ly(R") for all i. Note that C!(R") is dense in H'(R") and in C.(R"). The generator
is the Laplacian L = A and the energy measures are given by I'(f) = |Vf|? dx.

A nonnegative Radon measure m on X is called energy dominant if all energy
measures ['(f), f € F, are absolutely continuous with respect to m, [15, 16, 18, 25].
By (%r(ﬁf) we denote the corresponding Radon-Nikodym densities.

Let ¢ € C, let V be a relatively compact open neighborhood V of supp ¢ and
suppose (fu)n C Fioc. We say that ¢ is locally approximated by the sequence (f,)n
on V if there is a sequence (u,), C F with lim, & (¢ —u,) = 0 and f,|y = u,lv
u-a.e. for all n. The following lemma follows from (2.3), [13, Theorem 2.1.4 and
Lemma 3.2.4].

Lemma 2.1 Let ¢ € C and let V be a relatively compact open neighborhood V
of supp ¢. Suppose that ¢ is locally approximated by (f,)n C Fioe on V. Then
lim, I'(p — f,)(V) = 0. If the functions f, are continuous on V, then there is a
subsequence (fy, )k such that limy f,, = ¢ I'(f)-a.e. on 'V for any f € Fiy,.
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3 Finite Energy Coordinates

Let y = ()')ie; be a finite or countable collection of locally bounded functions y'.
Given a finite ordered subset J = (ny, ..., ng) of I, the space of all functions of form
f=F(y",...,y*%), where the functions F are polynomials in k variables and such
that F(0) = 0, will be denoted by P;(y). For a fixed collection ( y');c; set

P(y) == J Py, 3.1)

JCI

the union taken over all ordered finite subsets J of I. Note that P(y) is an algebra
of locally bounded functions. For any k we regard the space R¥ as a subspace of
RY containing (vi,vs,...,v%.0,0,...) for (vi,vs,...,v;) € RK Similarly, we
consider (k x k)-matrices as linear operators from R" to R,

Definition 3.1 Let m be an energy dominant measure for (£, F). A finite or
countable collection y = (y%);e; of continuous and locally bounded functions
y' € Fie is called a coordinate sequence for (€, F) with respect to m if

(1) Any ¢ € C can locally be approximated on a relatively compact neighborhood
V of supp ¢ by a sequence of elements of P(y)
(ii) For any i € I we have

dr (')

€ Li(X,m) N Loo(X, m),

and for any i and j

Zi(x) =

dr (y'.y)
2w

m
are Borel functions (versions) such that for m-a.e. x € X, Z(x) := (Z¥ (€9)
defines a bounded symmetric nonnegative definite linear operator Z(x) :
lz — lz.

(iii) We say that the coordinates y' have finite energy if y' € F foralli € I.

A coordinate sequence y = (y');c; induces a mapping y : X — R,

Remark 1 Condition (i) in Definition 3.1 makes sense because we have P(y) C
Fioe- If the coordinates y' have finite energy the inclusion P(y) C F is clear
from (2.1). To see this inclusion in the general case it suffices to show that for
any continuous and locally bounded f,g € Fj,, we have fg € Fj,.. Clearly
8 € Ly joc(X, p). Further, given a relatively compact open set V C X we can find a
suitable cutoff function y € C with0 < y < 1 and y = 1 on V, arelatively compact
open neighborhood of supp y and functions u,v € F such that f|y = u|y and
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glu = v|y p-a.e. Clearly yu € Ly(X, 1), and using locality, [13, Corollary 3.2.1],

1/2 1/2 1/2
£Gu)"? = ( /U dF(xu)) < ( /U x2dr(u)) + ( /U ﬁzdl“(x)) ,

where # is a quasi-continuous version of u. See e.g. [13, Chapter II] for quasi-
continuity and the Appendix in [24] for comments on the formula (which also

follows from Cauchy-Schwarz applied to (4.5) below). Approximating u in 811 /2.

norm by a sequence from C we see that yu is the limit in 811 /2 norm of a sequence
from C, and by completeness yu is in F. Similarly for yv. Both functions are
bounded on U p-a.e. and vanish outside U, hence are also members of L, (X, ).
Therefore y>uv € F by (2.1), what implies fg € Fio,.

In Sect.8 we show that (under an additional continuity assumption) it is
always possible to construct a finite energy dominant measure and a corresponding
coordinate sequence of finite energy coordinates. The following examples relate
Definition 3.1 to well known situations.

Example 2
(1) Consider

- d d
«n=2 [ a,;f(x)a—fi(ﬂa—fj(x)dx, fecl®),

ij=1

where a;; = aj;; are bounded Borel functions satisfying Zl" =1 4ij(0&& = cl€ |2
with a universal constant ¢ > 0 for any £ € R" and A"-a.e. x € R". Here A"
denotes the n-dimensional Lebesgue measure A"(dx) = dx. Then (£, C!(R"))
is closable in the space L,(R"), and its closure (£, H'(R")) is a strongly local
regular Dirichlet form. Obviously A" is energy dominant for (£, H' (R")). The
Euclidean coordinates y" (x) = x4, k = 1,...,n, form a coordinate sequence
for (£, H'(R")) with respect to A". Note that Vy* = ¢; is the k-th unit vector in
R”, and we have

Z7(x) = a;j(x) for A"-a.e.x € R

and i,j = 1,...n. This shows (ii). If ¢ € C!(R") then we can find a
relatively compact open set V containing supp ¢ on which the function ¢ can
be approximated it in C'-norm by a sequence of polynomials in the variables
X1,...,Xn, hence in the coordinates y!,...,y". Multiplying these polynomials
by a (nonnegative) C'-cut-off function supported in V and equal to one on
supp ¢, the approximation is seen to take place in H'(R"). As C!(R") is dense
in H'(R"), this implies (i). The coordinates y* do not have finite energy.

(2) Let (M, g) be an n-dimensional Riemannian manifold, [26, 29], let (V,y) be a
local chart with coordinates y = (y!,...,y") and U a relatively compact open
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set with U C V. By dvol we denote the Riemannian volume (restricted to U).
The closure (£, H' (U)) in L,(U, dvol) of

&= [ (V. V) dvol(o, £ € CLV)

is a strongly local Dirichlet form. The reference measure dvol is energy

dominant, for any k = 1,...,n we have
.0
vyt =g"—
y 8 3y

and
Y
Zhk Vyk’vyk _ gk/gkt<_" _> _ gkk
( )TM ayt ay] ™

and therefore (ii). Recall that

Cof 3 0
Vf = L/——., ii=\a:> 5>
f=¢ oy oy 80 <3y’ Ay >TM

and g"g;; = §F. For a function f € C}(U) the function f o y~" is a member of
C!'(W), and accordingly it can be approximated in C'(W)-norm by a sequence
(Pm)m of polynomials in the variables y!,...,y". Consequently the functions
Pm © y approximate f in C'(U)-norm (note that the differentials d((p,, o y) o
y~ ) (y(x)) approximate d(f o y~')(y(x)) uniformly in x € U). This implies
(i). Here the y' are not in F because they do not satisfy the Dirichlet boundary
conditions on dU.

A sub-Riemannian example is given by the Heisenberg group H, [10, 27, 38,
41], realized as R? together with the non-commutative multiplication

G 8- Gms ) =G +6,m +m. 8+ o+ §im—mé).
Left multiplication by (£, 0, 0) and (0, n, 0) yields the left-invariant vector fields

1 9

3‘_ 1.0
el 27acl

and Y(q) := a%)q + EE&L,

X(q) ==
and at each ¢ = (&,7,{) € H the tangent vectors X(q) and Y(g) span a two-
dimensional subspace V,, of the tangent space T,H = R?. The sub-Riemannian
metric is given by the inner products (., ')Vq on the spaces V, that makes
(X(g), Y(q)) an orthonormal basis, respectively. We use the Haar measure on
H, which coincides with the Lebesgue measure A> on R*. Now let U C H be a



Finite Energy Coordinates and Vector Analysis on Fractals 215

“

connected bounded open set and consider the bilinear form
e = [ 2+ apdax, s eclw.
U

Let (E,S‘I(U)) denote the closure of (£,C}(U)) in Ly(U). Obviously A* is
energy dominant. A coordinate sequence for (£ ,:S)‘ '(U)) and A3 is given by
y = (y'.)%y*) = (£ 1n.¢). Condition (i) follows again by polynomial
approximation in C!(U). It is immediate that Xy! = 1, Yy! = 0, similarly
for y?, and Xy* = —g, Yy = %, which yields the symmetric and nonnegative
definite matrices

(ST

“+ o

2

£24n

10
Zigg=| 0 1
_né
22

~

so that (ii) is satisfied. For any ¢ € H the matrix Z(g) has rank 2. As in (2) the
coordinates are not in F.

We consider a prototype of a finitely ramified fractal in finite energy coordi-
nates. Let K denote the Sierpinski gasket, seen as the post-critically self-similar
structure generated by the maps f; : R? - R?, fikx) = %(x +p).j=12,3,
where pi, p» and p; are the vertices of an equilateral triangle in R?. Let
(€, F) be the standard resistance form on K, obtained as the rescaled limit of
discrete energy forms along a sequence of graphs with increasing vertex sets V,
‘approximating K’,

e =i (3) X vt -r@p,

3
P4EVn

see e.g. [32, 33, 35, 36, 43] for details. With { py, p2, p3} as boundary and with
Dirichlet boundary conditions there exist two harmonic functions y',y> € F
with £(y') = £(y*) = 1 and £(y',y?) = 0 such that the mapping y : K — R?

y@) 1= (V' (@),5° (), x €K, (3.2)

is a homeomorphism from K onto its image y(K) C R2. We consider K
endowed with the Kusuoka measure v, defined as the sum

vi=T"+ T

of the energy measure I'(y') and I'(y?) of y' and y?, respectively. The
resistance form (&, F) induces a strongly local Dirichlet form on L, (K, v), for
which the finite measure v is energy dominant. The pair ( y', y?) is a coordinate
sequence for this form: Condition (ii) is satisfied by construction, condition (i)
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follows by polynomial approximation and the density of functions of type F oy,
F € C'(R?),in F,see e.g. [32, 35, 36, 45]. The operators Z(x) may be viewed as
(2x2)-matrices, and for v-a.e. x € K the matrix Z(x) is symmetric, nonnegative
definite and has rank 1.

4 Energy, Fibers and Bundles

In what follows we will assume throughout that (£, F) is a strongly local regular
Dirichlet form on L,(X, jt), m is an energy dominant measure and y = (y');c; be a
coordinate sequence for (£, F) with respect to m.

We would like to emphasize that unless stated otherwise we do not assume
that the reference measure itself is energy dominant or that the form (€, F) has
a restriction that is closable with respect to the energy dominant measure m under
consideration.

In Example 2 (4), a well known formula of Kusuoka [35] and Kigami [32] is

E(f.8) = /K(VF(y),Z(X)VG(y))Rz v(dx), 4.1

forallf = Foyand g = G oy with F,G € C'(R?). This identity expresses
the energy in terms of coordinates. As the matrix Z varies measurably in x, it has
been named a measurable Riemannian metric, [15, 30, 34]. The following is version
of (4.1) immediately following from the chain rule [13, Theorem 3.3.2].

Lemma 4.1 Let m be an energy dominant measure and (y')ie; a coordinate
sequence. For allf = Foyand g = G oy from P(y) we have

L(f.8)®) = (VF(). ZW)VG(y), 4.2

for m-a.e. x € X. If in additionf, g € F, then

5(f,g)=/X(VF,ZVG)lzdm.

We rewrite (4.2) in a somewhat artificial way. For any x € X such that Z(x) is
symmetric and nonnegative definite, the bilinear extension of

(i ® 81,2 ® &)y, 1= G1(¥G2y) (VF1(¥), Z(x)VF2(y)),, , (4.3)

where f; = F;oyand g; = G; oy are members of P(y) with polynomials F; and G;,
i = 1,2, defines a nonnegative definite symmetric bilinear form on the vector space
P(y)®P(y).Let -], denote the associated Hilbert seminorm. Factoring out zero
seminorm elements and completing, we obtain a Hilbert space (H,, (-, V2.0)- The
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‘H,-equivalence class of an element f ® g of P(y) ® P(y) we denote by (f ® g)x.
Note that for m-a.e. x € X the expression in (4.3) equals

2@ I .

Example 3

(1) In the situation of Example 2 (1) we observe H, =~ R" for A"-a.e. x € R" and

(i ® 81./2 ® g2)3, = §1(082(0) (V1 (1), a() V2 (X))o »

where we write a = (a;); ;-

(2) For the Riemannian situation in Example 2 (2) we have

(i ® 81,2 ® 2)3y, = 81(0)&2(%) (dfi (x). df2(X)) 121

for dvol-a.e. x € U, where
> df = Z —d i (4.4)

denotes the exterior derivation. Note that H, =~ Ty M =~ T.M =~ R".
(3) For the Heisenberg group as in Example 2 (3),

(i ®g1./2 ® g2)3, = 81(9)82(q) (X(f) (X (9)f2) + Y (@) (Y (9)f2))

for A3-ae. ¢ € U. Here H, is isometrically isomorphic to the horizontal
fiber V.

We proceed to a more global perspective. A nonnegative definite symmetric
bilinear form on C ® C can be introduced by extending

(1 ®81./r®g)y = /Xgl(X)gz(X) L(f1./2) (x)m(dx). 4.5)

The associated Hilbert seminorm is denoted by ||-|4,. Factoring out zero seminorm
elements and completing yields another Hilbert space H, usually referred to a the
Hilbert space of 1-forms associated with (€, F). This definition has some history,
see e.g. [11, 39, 40], and in the context of Dirichlet forms it was first introduced by
Cipriani and Sauvageot in [7]. Right and left actions of C on the space C ® C can be
defined by extending

(f®g9h:=f®(gh) and h(f®g) = (fh) ®g—h® (fg). (4.6)
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By strong locality they coincide. Moreover, they extend further to an action of C on
H and ||whlly < Al x.m) l@lly for any @ € H and h € C. A linear operator
d : C — H can be introduced by setting

f =f®1, feC,

note that f ® 1 is a member of , as can be seen from (4.5) by approximating 1
pointwise. The operator d is a derivation, i.e.

a(fg) = (0f)g +fog., f.g€C. 4.7)

It satisfies

19713, = £(f), feC, (4.8)

and extends to a closed unbounded operator d : L,(X, i) — H with domain F.

Since the left action in (4.6) is also well defined for bounded Borel functions,
approximation shows that (f ® g)1y = (df)gly is in H for any f,g € F and
relatively compact open V. By locality, (2.3) and approximation (pointwise m-a.e.)
we then have (f ® g)1y € H even for locally bounded f, g € Fj,.. Formulas (4.6)
and (4.7) have local versions valid for elements of PP(y). Note also that for m-a.e
x€eX,

dr(f,
()0 9)0)s, = Tl )

Let {ky}y-, be a family of bounded Lipschitz functions ky : R — R such that
for all N we have «y(f) = t on [N, N]. Let P(y) denote the collection of functions
ky o g for any g € P(y) and N. The next lemma contains a version of Lemma 4.1.

Lemma 4.2 Forf; = F;oyandg;, = G;oyfrom P(y), i = 1,2, and any relatively
compact open 'V we have

(i ® g)1vofo ® g2}y = /V (i ® g1)se (2 ® 82)s) 3, m(d)

— [ G102 (VF (). 2V (), e
v
Ifin addition f, g € F, then we can replace V by X. Moreover,
span ({(f Q) 1y :f € P(y), g € P(y). V C X relatively compact open})

is a dense subspace of H. If the coordinates y' have finite energy, then P(y) @ P(y)
is a dense subspace of H.
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Proof The first statement is obvious. To see the second, let ¢ and i be functions
from C and U a relatively compact open set containing supp ¢ on which ¢ is locally
approximated on U by a sequence (f,), C P(y). We have ¢ @ ¥ —f, ® ¥3, <
sup,cy |V (x)|?T' (¢ — £,)(U), which converges to zero by Lemma 2.1. Hence the
span of elements f ® ¢ with f € P(y) and ¥ € C is dense in H. On the other
hand, if V is a relatively compact open set containing supp ¥ and (g,), C P(y)
approximates ¥ locally on V, after replacing the sequence by a suitable subsequence
Lemma 2.1 implies | f ® ¥ — (f ® @)Wvl3 = [, (¥ — &)* dT(f) — 0 by

bounded convergence, where g, = ky o g, with fixed N > ||y Il sup- O

Example 4

(1) In Example 2(1) the space H is isometrically isomorphic to the space
Ly(R",R") of R"-valued square integrable functions on R".

(2) For the Riemannian situation in Example 2(2) the space H is isometrically iso-
morphic to the space L, (U, T*M, dvol) of L,-differential 1-forms on U C M.

Remark 2

(i) The spaces H, may be seen as the fibers of the measurable L,-bundle H.
Formula (4.3) expresses the fibers in terms of coordinates.

(i) The spaces H, depend on the choice of m. However, the space H does not, as
follows from (2.2) and (4.5).

(i) If the coordinates y' have finite energy then we may replace C by P(y) in (4.5)
and the subsequent formulas. By Lemma 4.2, regularity and [13, Theorem
2.1.4] this yields the same space H.

(iii) We formulated (4.5) and (4.6) in terms of the algebra C in order to use the
same definition of the space of 1-forms as in [7, 23, 25, 28]. Alternatively —
and in view of Definition 3.1 this seems more appropriate — one can endow
Py ® P( y) with a directed family of Hilbert seminorms determined by
I/ ® glla vy := II(f ® g1v|ly, where the sets V are relatively compact and
open. This yields a presheaf of Hilbert spaces whose inverse limit is a locally
convex space H,,.. Details can be found in [24, Section 6]. Also Fj,. may be
viewed as a locally convex space, and the derivation d may then be interpreted
as a continuous linear operator from Fj,. into H;,., if (4.8) is replaced by

19f 54y = TNV f € PV).
5 Differential and Gradient in Coordinates

For any coordinate function y' and any relatively compact open set V the element
(3y")1y is an element of . This implies the identities

(). @)}y, = 20 ()
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for m-a.e. x € X. Moreover, the local version of (4.7) shows that for any function
f=FOM,...,y"%) from P(y) we have on any locally compact open set V

k
oF _
af = Z T Qy" (5.1)
i=1

Example 5 In the Euclidean and Riemannian situations (1) and (2) in Examples 2
the operator d may be identified with the exterior derivation and formula (5.1)
becomes the classical identity in (4.4).

The operator d may be viewed as a generalization of the exterior derivation
and (5.1) may be viewed as a formula for the differential df of f in terms of
coordinates.

On a general metric measure space a smooth theory of ordinary differential
equations is not available. On the other hand the spaces H, are Hilbert, hence self-
dual. Therefore it seems artificial to rigorously distinguish between 1-forms and
vector fields. We interpret the elements of H also as (measurable) vector fields and
d as a substitute for the gradient operator.

Recall the notation in (3.1). Given a finite ordered subset J of I let the collection
of ‘H,-equivalence classes of elements of P; ® P;(y) be denoted by H, ;. Clearly
this is a subspace of H,, and we have

H. = clos (U HX,J) ,

JCI

the union taken over all finite ordered subsets J of 1.
Now suppose J = (ny,...,n;). Formula (5.1) implies that the elements (dy™),,
, (0y™), span H, ;. Let Z J(x) denote the matrix (Z(x)" ")~ i j=1» clearly symmetric
and nonnegative definite. The preceding formulas yield another expression of the
gradient df, now in terms of the Euclidean gradient and the measurable metric Z:
Foranyf = Foy e Pj(y)andanyj = 1,...,k we have

k

(s (3y")x) 3y Z"(x) = (Z;(x)VF(y)); . (5.2)

where VF is the gradient of F on R¥,
Example 6
(1) For Examples 2 (1) we obtain

n

(@5 @)y, = 3 0 = @) VS0,

i=1
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(2) In the Riemannian case of Examples 2 (2) formula (5.2) gives

(@ O3, = )y = GO )y = 550,

of 9

oy! dyi”
(3) Let {(:,-)) denote the cometric associated with the Heisenberg group H. Then

This equals dy/(gradf) because gradf = g/ -~

3

(@ Oy )g)s, Z (q) (@', dy')) = Z(@)Vf(@), = Xf(q).

In a similar manner we obtain
(@), (3y2)q)Hq = (Z(@Vf (@), = Yf(q)

()0 0N}y, = @V @) = —2X1(@) + 51 (@).

6 Divergence in Coordinates

By —0d* we denote the adjoint of 9, that is the unbounded linear operator —0* : H —
L, (X, ) with dense domain dom 0* and such that the integration by parts formula

(v, 0u)y; = — (0" v, u)p, (x ) (6.1)

holds for all v € domd* and f € F. We view the operator —0* both ways, as
coderivation and as divergence operator.

In the context of coordinates it is more suitable to deviate a bit from the Hilbert
space interpretation in (6.1). First assume that all coordinates y’ have finite energy.
For an element (df)g of H with f, g € P(y) we then set

() () == —((9f)g. ()3, . u€P(y).

By Cauchy-Schwarz [0* ((9f)g)(u)| < ||(9f)glly; €(u), and therefore 0*(df)g may
be seen as a continuous linear functional on P(u), and after a straighforward
extension by Definition 3.1 and regularity, on F.

As before let J = (ny, ..., ng). Given functions polynomials F and G in y™, .. .,
y" and a function u = U o y with U € C'(R*) put

( y)m(dx).

v VP W) =Y [ 6L e 20

ij=1
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Then

9*((9f)8) (u) = divz,(GVF)(U) (6.2)

provides a ‘distributional’ coordinate expression for the divergence. Of course this
is a naive definition by duality, and in particular we have 0* ((9f))(u) = —E(f, u).
In general there is no integration by parts formula on the level of coordinates that
could permit a more interesting definition.

If the coordinates y' do not have finite energy, we view P(y) as a locally
convex space, then 9*(df)g1ly with relatively compact open V defines a continuous

linear functional on P(y). Proceeding similarly as before one obtains local versions
of (6.2).

Example 7
(1) For Example 2 (1) we obtain

diva(gV/) () = Z/ £ 1 a5 O

ij=1

forany u € C!(R"). If in addition the coefficients a;; are C', this is seen to equal

/ div(a(gVf))u dx.

(2) In the Riemannian situation of Examples 2 (ii) we have

BfB

divg(hVf)(u) = / 8 By

—Jgdy' - -dy' = / div(h gradf) u dvol
U

for any u € C!(U), where g := det(g;;) and

1 0 )
div(h gradf) = N (\/Eg” 85)

is the divergence of h gradf in the usual Riemannian sense. See [29, Section
2.1].
(3) In Example 2 (3) formula (6.2) yields

S of D > 3 (.. 9
divz(gVf)(u) = Z/Z” B)Jj 3:/ dr} = Z/ 3_yf (Z’/gB—j;) udh’

ij=1 ij=1"U
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for any u € C!(U), what equals

b d d n § s [ & 3
[ (G + goerr + g (s34 50) ) wan = [ aveziaspyuan,

where div is the ordinary divergence operator on R

7 Generator in Coordinates

We consider the infinitesimal generator (L, dom L) of (£, F). From (6.1) and the
definition of the adjoint we see that for any f € dom L we have df € dom 0* and

Lf = 0*of. (7.1)

Although in general a coordinate version of this formula may not be available, it can
be written in terms of coordinates for specific examples.

To express L in coordinates additional assumptions are inevitable. Even if y' €
dom L for all i the inclusion P(y) C domlL holds if and only if the reference
measure g itself is energy dominant, that is if (£, F) admits a carré du champ
in the sense of [5]. For Examples 2 (1)—(4) this is satisfied. However, the standard
resistance form on the Sierpinski gasket, considered as a Dirichlet form with respect
to the natural self-similar Hausdorff measure, does not have this property, and this
situation is typical for a large class of self-similar spaces, [4, 14, 17].

Assumption 1 The reference measure u itself is energy dominant.

Let (L, dom(;) L) denote the smallest closed extension of the restriction of L to
{f edomLNL(X,p): Lf € Li(X, )}

Assumption 1 is known to be necessary and sufficient for dom(;) L N Lo (X, 1) to be
an algebra under pointwise multiplication. If it is in force, then f, g € dom L implies
fg € dom(;) L and we have

TUE 1)~ g~ sty. (1.2
u
see [5, Theorems 1.4.2.1 and 1.4.2.2]. To formulate local conditions on the coor-
dinate functions we follow [37, Definition 4.2 (2)] and say that a function f €
Ly 1oc (X, ) belongs to the strong local domain domy,. L of L if for any relatively
compact open set V there exists some u € F such that f|y = u|y u-a.e. Similarly
we define dom(i), ;. L. Then identity (7.2) holds for any f, g € domy,. L locally on
any relatively compact open set V.
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Assumption 2 The coordinates yi are members of domy,. L.

Let Assumptions 1 and 2 be in force. This implies P(y) C domy,. L. Suppose
f = Foy e P(y), where againJ = (ny,...,n;). Using (7.2) on the coordinates y'
and iterating, we inductively arrive at a coordinate formula for the generator

Lf () = Z T (y)znf"/<x)+2 o L"),

ij=1

valid locally on any relatively compact open V. This is a version of a well known
identity, see e.g. [12, Lemma 6.1] or [11].

Example 8

(1) For Example 2 (1) with C _coefficients a;; we have

. n 32 a
Lf = div(aVf) = l; axiax Z ox; ; 8_

(2) For Example 2 (2) we observe

_ divieradfy = 2 (e
Af = div(gradf) = L (\/Eg/ ayi) ;

what differs by a minus sign from the Laplace-Beltrami operator (convention).
(3) For Example 2 (3) arrive at the Heisenberg sub-Laplacian,

e LS Pf E+r P
Lf_dlv(ZVf)_a—g:Z+a—;72+sana§+ 858§+ 1 8§2_(x + Y?)f.

(4) In Example 2 (4) the Dirichlet form generator of (£, F) on Ly(K,v) is the
Kusuoka Laplacian (A,,dom A,). The coordinate functions y’ are harmonic,
thatis y' € dom A, and A,y = 0,i = 1, 2. Accordingly we have

Auf () = Z iy w7

ij=1

for any f = F oy € P(y). This can be rewritten as tr(Z(x)D*>F(y)), where D*F
is the Hessian of F and tr the trace operator, see [45, Theorem 8§].
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8 Constructing Coordinate Sequences

Let (£,F) be a strongly local regular Dirichlet form. Under some continuity
condition it is always possible to simultaneously construct an energy dominant
measure and a corresponding coordinate sequence. The latter may be designed to
have nice decay properties. Let (P;),~o denote the Markovian semigroup uniquely
associated with (£, F), [6, 13]. If it is also a strongly continuous semigroup of
contractions P; : Co(X) — Co(X) on the space Cy(X) of continuous functions
vanishing at infinity, then it is called a Feller semigroup.

Example 9 The transition semigroups of many diffusion processes of Euclidean
domains or manifolds are Feller semigroups. Also the semigroups of many diffu-
sions on fractals are known to be Feller, see for instance [1-3, 33].

Lemma 8.1 Assume that the semigroup (P;);>¢ is a Feller semigroup. Then there
exist a finite energy dominant measure m and a coordinate sequence (y')ie; C
dom L for (€, F) with respect to m such that

(i) span({y'},.,) is dense in F,

(ii) For any i also the functions Ly’ are continuous,

o0 o0
2 2
(iii) We have Z Hy ||Sup < 400 and Z HLy ||Sup < +00.

i=1 i=1
Proof Let {fi}; C C.(X) be a countable family of nonzero functions that is
dense in Ly(X, ). By the Feller property, the resolvent functions G, fi(x) :=
fooo e~'P,f(x)dt, are continuous and G,f; € dom L. Set

Y 1= 27G1fi [ (1G1 fillup + 1 fillap + EGLA'P).

Then (ii) and (iii) are satisfied. The range ImG; of G; : Ly(X,n) — Lr(X, 1)

is dense in F and any element of ImG; can be approximated in JF by linear

combinations of the functions G f;, what implies (i). Now set m := Y =, 2/T'(y").
I'G: f; ;

( lf ) < 2_2,’ we
228(G1 i) ,
have m(X) < Y 72,27 < 4oo0. For the densities we observe Z = 1:1(,;“!‘") <
2‘,?;153';3) < %_i m — a.e. Polarizing and choosing appropriate m-versions of the
functions ZY, we may assume that for m-a.e. x € X and any N € N the matrix
(Z¥ (x))f\"j=1 is symmetric and nonnegative definite. To do so it suffices to note that

given vy,...,oy € R,0 < T (Zf\]:l viyi) A =/, Zf.\lleif(x)vivj m(dx) is a

nonnegative Radon measure, hence its density must be nonnegative rii-a.e. By letting
N go to infinity we can finally obtain

Because the energy measures I'(y') satisfy T'(y') <

, ) S ,
1Zewl7, <Y 1ZI@P Iy < Y 12T @12 @) ol < Y27y < |l
ij

i i
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for any v = (vy,v2,...) € I, what allows to conclude that Z(x) is bounded,
symmetric and nonnegative definite on /, for pu-a.e. x € X. O
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Fractal Zeta Functions and Complex
Dimensions: A General Higher-Dimensional
Theory

Michel L. Lapidus, Goran Radunovié, and Darko Zubrini¢

Abstract In 2009, the first author introduced a class of zeta functions, called
‘distance zeta functions’, which has enabled us to extend the existing theory of
zeta functions of fractal strings and sprays (initiated by the first author and his
collaborators in the early 1990s) to arbitrary bounded (fractal) sets in Euclidean
spaces of any dimensions. A closely related tool is the class of ‘tube zeta functions’,
defined using the tube function of a fractal set. These zeta functions exhibit deep
connections with Minkowski contents and upper box (or Minkowski) dimensions,
as well as, more generally, with the complex dimensions of fractal sets. In
particular, the abscissa of (Lebesgue, i.e., absolute) convergence of the distance
zeta function coincides with the upper box dimension of a set. We also introduce
a class of transcendentally quasiperiodic sets, and describe their construction based
on a sequence of carefully chosen generalized Cantor sets with two auxilliary
parameters. As a result, we obtain a family of “maximally hyperfractal” compact
sets and relative fractal drums (i.e., such that the associated fractal zeta functions
have a singularity at every point of the critical line of convergence). Finally, we
discuss the general fractal tube formulas and the Minkowski measurability criterion
obtained by the authors in the context of relative fractal drums (and, in particular, of
bounded subsets of RY).
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Keywords Fractal set ¢ Fractal zeta functions ¢ Distance zeta function ¢ Tube
zeta function * Geometric zeta function of a fractal string ¢ Minkowski content ¢
Minkowski measurability ¢ Upper box (or Minkowski) dimension ¢ Complex
dimensions of a fractal set * Holomorphic and meromorphic functions ¢ Abscissa
of convergence ¢ Quasiperiodic function ¢ Quasiperiodic set * Relative fractal
drum ¢ Fractal tube formulas

1 Introduction

This article provides a short survey of some of the recent advances in the theory
of fractal zeta functions and the associated higher-dimensional theory of complex
dimensions, valid for arbitrary bounded subsets of Euclidean spaces and developed
in the forthcoming research monograph [41], entitled Fractal Zeta Functions and
Fractal Drums: Higher-Dimensional Theory of Fractal Dimensions. (See also the
research articles [42—46] and the survey article [47].)

The theory of zeta functions of fractal strings, initiated by the first author in
the early 1990s and described in an extensive research monograph [52], joint with
M. van Frankenhuijsen (see also the references therein), was given an unexpected
impetus in 2009, when a new class of zeta functions, called ‘distance zeta functions’,
was discovered (also by the first author).' Since distance zeta functions are associ-
ated with arbitrary bounded (fractal) sets in Euclidean spaces of any dimension (see
Definition 2.1), they clearly represent a valuable tool connecting the geometry of
fractal sets with complex analysis. This interplay is described in [41-47], where the
foundations of the theory of fractal zeta functions have been laid. In this paper, by
‘fractal zeta functions’ we mean the following three classes of zeta functions: zeta
functions of fractal strings (and, more generally, of fractal sprays), distance zeta
functions and tube zeta functions of bounded subsets of R, with N > 1, although
some other classes may appear as well, like zeta functions of relative fractal drums
in RY and spectral zeta functions; see Sect. 6 below and [41, Chap. 4]. The theory
of fractal zeta functions exhibits very interesting connections with the Minkowski
contents and dimensions of fractal sets; see Theorems 2.3 and 2.5.

Like fractal string theory, which the present theory of fractal zeta functions
extends to arbitrary dimensions (as well as to “relative fractal drums” in RV),
the work described here should eventually have applications to various aspects
of harmonic analysis, fractal geometry, dynamical systems, geometric measure
theory and analysis on nonsmooth spaces, number theory and arithmetic geometry,
mathematical physics and, more speculatively, to aspects of condensed matter

!For fractal string theory and the associated one-dimensional theory of complex dimensions, as
well as for the extensions to higher-dimensional fractal sprays (in the sense of [39]), we refer the
reader to the research monographs [50-52] along, for example, with the articles [5, 6, 12, 14—
16,2040, 48, 49, 53, 56, 60, 61]. We refer, in particular, to [52, §12.2.1 and Chap. 13] for a survey
of some of the recent developments of the theory, prior to [41-47].
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physics and cosmology. Some of the more mathematical applications of the theory
are described in [41], as well as in [42—47], but a variety of potential applications
remain to be explored or even imagined.

The basic property of the distance zeta function of a fractal set, described in
Theorem 2.2, is that its abscissa of (absolute or Lebesgue) convergence is equal to
the upper box dimension D of the set. Under some mild hypotheses, D is always
a singularity; see part (b) of Theorem 2.2. Furthermore, assuming that D is a pole,
then it is simple. Moreover, the residue of the distance zeta function computed at
D is, up to a multiplicative constant, between the corresponding upper and lower
Minkowski contents. A similar statement holds for the tube zeta function. (See
Theorems 2.3 and 2.5, respectively.)

In addition, according to part (b) of Theorem 2.2, under some mild assumptions
on a bounded set A, the abscissa of (Lebesgue, i.e., absolute) convergence of its
distance zeta function coincides not only with D, but also with the abscissa of
holomorphic continuation of the zeta function.

We stress that if D := dimgA < N, all the results concerning the distance zeta
functions have exact counterparts for the tube zeta functions, and vice versa. In other
words, the fractal zeta functions introduced in [41-47] contain essentially the same
information. In practice, however, it is often the case that one of the fractal zeta
functions is better suited for the given situation under consideration.

In Sect. 3, we discuss the existence and the construction of a suitable meromor-
phic continuation of the distance (or tube) zeta function of a fractal set, both in the
Minkowski measurable case (Theorem 3.1) and a frequently encountered instance of
Minkowski nonmeasurable case (Theorem 3.2). We will illustrate the latter situation
by computing the fractal zeta function and the associated complex dimensions of the
Sierpiniski carpet; see Proposition 3.3 and Example 4 when N = 2 or 3, respectively.
Many other examples are provided in [41] and [42-46], where are calculated, in
particular, the complex dimensions of the higher-dimensional Sierpifiski gaskets and
carpets in R", for any N > 2.

In Sect. 4, we introduce the so-called transcendentally n-quasiperiodic sets, for
any integer n > 2 (that is, roughly speaking, the sets possessing n quasiperiods;
see Definition 4.4), and describe the construction of 2-quasiperiodic sets, based
on carefully chosen generalized Cantor sets with two parameters, introduced in
Definition 4.1; see Theorem 4.5. It is also possible to construct n-quasiperiodic sets,
for any n > 2, and even co-quasiperiodic sets, that is, sets which possess infinitely
many quasiperiods; see Sect. 5 below and [41, §4.6].

In Sect.6, we introduce the notion of a relative fractal drum (A, 2) (which
represents a natural extension of the notion of bounded fractal string and of bounded
set). We also introduce the corresponding relative distance and tube zeta functions
Ca(+,2) and ¢4 (-, 2), and study their properties. It is noteworthy that the relative
box dimension dimp(A, 2) can be naturally defined as a real number, which may
also assume negative values, including —oo.

In Sect.7, we address the question of reconstructing the tube function ¢
|A; N 2| of arelative fractal drum (A, €2), and thereby of obtaining a general “fractal
tube formula” expressed in terms of the complex dimensions of (A, 2) (defined as
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the poles of a suitable meromorphic extension of the relative distance zeta function
Za(+, 2)). The corresponding tube formulas are obtained in [41, Chap. 5] and [46]
(announced in [45]), as well as illustrated by a variety of examples. The example of
the three-dimensional Sierpinski carpet is given in Example 4. Moreover, towards
the end of Sect. 7, we explain how to deduce from our general tube formulas (and
significantly extend) earlier results obtained for fractal strings (in [50-52]) and,
especially, for fractal sprays and self-similar tilings (in [35] and [36]).

In closing this introduction, we recall some basic notation and terminology which
will be needed in the sequel. First of all, in order to avoid trivial special cases,
we assume implicitly that all bounded subsets of R under consideration in the
statements of the theorems are nonempty. Assume that A is a given bounded subset
of RN and let r be a fixed real number. We define the upper and lower r-dimensional
Minkowski contents of A, respectively, by

|A/|

tN—r

|A/]

N—r’

M*(A) := limsup ,  ML(A) ;= liminf

=0t =0t
where A, denotes the Euclidean t-neighborhood of A (namely, A, := {x € R" :
d(x,A) < t}) and |A,| is the N-dimensional Lebesgue measure of A,. The upper and
lower box (or Minkowski) dimensions of A are then defined, respectively, by

dimpA := inf{r € R: M*(A) =0}, dimzA := inf{r € R : M, (A) = 0}.

It is easy to check that 0 < dimzA < dimgA < N. Furthermore, if A is such that
dimzA = dimpA, then this common value is denoted by dimp A and is called the box
(or Minkowski) dimension of A. Moreover, if A is such that, for some D € [0, N],
we have 0 < MP(A) < M*P(A) < oo (in particular, then dimg A exists and
D = dimgA), we say that A is Minkowski nondegenerate. If M2(A) = M*P(A),
then this common value is denoted by MP(A) and called the Minkowski content of
A. Finally, assuming that A is such that MP(A) exists and 0 < MP(A) < oo, we
say that A is Minkowski measurable.?

Throughout this paper, given @ € R U {£oo}, we denote by {Res > «} the
corresponding open right half-plane in the complex plane, defined by {s € C :
Res > a}. (In particular, if « = +o00, {Res > «} is equal to @ or C, respectively.)
Similarly, given any @ € R, we denote by {Res = «} the corresponding vertical
line {s € C : Res = a}.

2We note that the notion of Minkowski dimension was introduced (for noninteger values) by
Bouligand [3] in the late 1920s (without making a clear distinction between the lower and upper
limits), while the notions of (lower and upper) Minkowski content, Minkowski measurability and
Minkowski nondegeneracy were introduced, respectively, in [9, 59] and [67]. (See also [22, 24, 38]
and, especially, [39, 40], along with [52], for the latter notions.) For general references on the
notion of Minkowski (or box) dimension (from different points of view), we refer, for example, to
[7,9, 54, 63] and [52].
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2 Distance and Tube Zeta Functions

Let us introduce a new class of zeta functions, defined by the first author in 2009,
which extends the notion of geometric zeta functions of bounded fractal strings to
bounded subsets of Euclidean spaces of arbitrary dimensions.

Definition 2.1 ([41, 42]) Let A be a bounded subset of RY and let § be a fixed
positive real number. Then, the distance zeta function {4 of A is defined by

La(s) := /A | d(x,A)*Ndx, (2.1)

for all s € C with Res sufficiently large. Here, d(x,A) := inf{|x —y| : y € A}
denotes the usual Euclidean distance from x to A. Furthermore, the integral is taken
in the sense of Lebesgue, and hence, is absolutely convergent.’

Remark 1 Since the difference of any two distance zeta functions of the same set A
corresponding to two different values of § is an entire function, it follows that the
dependence of the distance zeta function {4 on § > 0 is inessential, in the sense that
the poles (of meromorphic extensions) of {4, as well as their multiplicities, do not
depend on the choice of §.

The key for understanding the behavior of the distance zeta function ¢4 consists
in understanding the Lebesgue integrability of the function As > x > d(x, A)ReS™V,
where s € C is fixed.> (We shall soon see that Re s should be sufficiently large.)
More precisely, we are interested in the Lebesgue integrability of the function x
d(x,A)™7 defined on As, where y := N — Res and s is a fixed complex number.
Since the function is clearly bounded (and hence, integrable) for y < 0, it suffices
to consider the case when y > 0, that is, when Re s < N.

Let us recall a useful and little known result due to Harvey and Polking,
stated implicitly on page 42 of [13], in which a sufficient condition for Lebesgue
integrability is expressed in terms of the upper box dimension. If A is any nonempty
bounded subset of RN, then the following implication holds®:

y <N—dimpAd = d(x,A)77dx < oco. (2.2)
As

3For simplicity, we implicitly assume throughout this paper that |[A| = 0; the case when |A| > 0 is
discussed in [41].

“This is an easy consequence of the fact that d(x,A) € [8;, §,] for all x € As, \ As, with 0 < §; <
8, < 00.

SIndeed, note that |d(x, A)* ™| = d(x, A)Rs~¥ for all x € A;.

SMoreover, if we assume that D := dimg A exists, D < N and MQ (A) > 0, then the converse
implication holds as well; see [67, Thm. 4.3]. (See also [68, Thm. 4.1(b)].)
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Remark 2 The sufficient condition for the Lebesgue (i.e., absolute) integrability of
the function As > x — d(x,A)*™" in the Harvey—Polking result in (2.2), becomes
y := N —Res < N — dimgA, that is, Re s > dimpA. In other words, Z4(s) is well
defined for all s € C in the open right half-plane {Re s > dimpA}.

The distance zeta function of a bounded set represents a natural extension of
the notion of geometric zeta function ., associated with a bounded fractal string
L = ({);>1 (introduced by the first author and his collaborators in the early 1990s
and extensively studied in [50-52] and the relevant references therein):

Le(s) =) (6", 2.3)

J=1

for all s € C with Re s sufficiently large. Here, a bounded fractal string L is defined
as a nonincreasing infinite sequence of positive real numbers ({;);>1 such that £ :=
> =1 {; < oo. Alternatively, £ can be viewed as a bounded open subset 2 of R, in
which case the ¢;s are the lengths of the connected components (open intervals) of
€2, written in nonincreasing order (so that £; | 0 as j — 00).

An important first result concerning ¢ (first observed in [23, 24], using a result
from [2]) is that its abscissa of (absolute) convergence coincides with D (the inner
Minkowski dimension of £ or, equivalently, of its fractal boundary d<2), defined by
D= EB(BQ, 2); see definition (6.1) below. For a direct proof of this statement,
see [52, Thm. 1.10] or [52, Thm. 13.111] and [31]. In light of the next comment,
it can be readily shown that part (a) of Theorem 2.2 below extends this result to
arbitrary compact subsets of Euclidean spaces in any dimension; see [41, 42].

It is easy to see that the distance zeta function 4. of the set

AL‘, = %ak:: Zéjkz 1} E [07615

j=k

associated with £, and the geometric zeta function {, are connected by the
following simple relation:

Cap(5) = u(s) Ec(s) + v(s), (2.4)

for all complex numbers s such that Res is sufficiently large, where u and v are
holomorphic on C\{0} and « is nowhere vanishing. In particular, due to Theorem 2.2
below, it follows that the abscissae of convergence of the distance zeta function {4
and of the geometric zeta function ¢, coincide, and that the corresponding poles
located on the critical line {Res = dimpA .} (called principal complex dimensions
of L or, equivalently, of A.), as well as their multiplicities, also coincide. The exact

7See, especially, [23, 24, 32, 33, 38—40] and [14].
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same results hold if A, is replaced by 02, the boundary of €2, where 2 is any
geometric realization of £ by a bounded open subset of R. For more details, see
[41, 42].

Before stating Theorem 2.2, we need to introduce some terminology and
notation, which will also be used in the remainder of the paper.

Given a meromorphic function (or, more generally, an arbitrary complex-valued
function) f = f(s), initially defined on some domain U C C, we denote by Dy (f)
the unique extended real number (i.e., Dyhoi(f) € R U {£o00}) such that {Res >
Dyoi(f)} is the maximal open right half-plane (of the form {Res > «}, for some
a € R U {#£o0}) to which the function f can be holomorphically extended.® This
maximal (i.e., largest) half-plane is denoted by H(f) and called the half-plane of
holomorphic continuation of f.

If, in addition, the function f = f(s) is assumed to be given by a ramed Dirichlet-
type integral (or DTI, in short),” of the form

() = /E () du ), 2.5)

for all s € C with Re s sufficiently large, where p is a (positive or complex) local
(i.e., locally bounded) Borel measure on a given (measurable) space E and

0<¢kx)<C for |u|-ae.x€E, (2.6)

where C > 0,'° then D(f), the abscissa of (absolute or Lebesgue) convergence of f,
is defined as the unique extended real number (i.e., D(f) € R U {£o0}) such that
{Res > D(f)} is the maximal open right half-plane (of the form {Res > «}, for
some o € R U {z£o0}) on which the Lebesgue integral initially defining f in (2.5) is
convergent (or, equivalently, is absolutely convergent), with y replaced by |u|, the
total variation measure of u. (Recall that || = p if @ is positive.) In short, D(f) is
called the abscissa of convergence of f. Furthermore, the aforementioned maximal
right half-plane is denoted by I1(f) and is called the half-plane of (absolute or
Lebesgue) convergence of (the Dirichlet-type integral) f. It is shown in [41, §2.1]

8By using the principle of analytic continuation, it is easy to check that Dyo (f) and H(f) are well
defined; see [41, §2.1].

This is the case of the classic (generalized) Dirichlet series and integrals [55, 58], the classic
arithmetic zeta functions (see, e.g., [52, App. A] and [25, Apps. B, C & E]), as well as of the
geometric zeta functions of fractal strings studied in [50-52] and of all the fractal zeta functions
considered in this paper and in [41-47].

10Such functions f are called tamed DTIs in [41-47]; see esp. [41, App. A] for a development of
their general theory.
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that under mild hypotheses (which are always satisfied in our setting), D(f) is well
defined and (with the notation of (2.5) just above) we have, equivalently'!:

D(f) = inf{a eR: /Efp(x)“d|,u|(x) <oop, 2.7)

where (as above) || is the total variation (local) measure of . Under the stated
conditions on f, we have T1(f) € H(f); thatis, —00 < Dyoi(f) < D(f) < +o0.
Note that the distance zeta function ¢4, defined by (2.1), is a tamed DTTI of the
form (2.5), with E := As, ¢(x) := d(x,A) and dj(x) := d(x,A)~Vdx. Furthermore,
we can clearly take C := § in (2.6).
The following key result describes some of the basic properties of distance zeta
functions.

Theorem 2.2 ([41,42]) Let A be an arbitrary bounded subset of RN and let § be a
fixed positive real number. Then:

(a) The distance zeta function {4 is holomorphic on {Res > dimpA}. Moreover;
I1(¢4) = {Res > dimpA}; that is,

D(&x) = dimpA. (2.8)

(b) Ifthe box (or Minkowski) dimension D := dimg A exists, D < N and M2 (A) >
0, then {4(s) — 400 as s € R converges to D from the right. In particular,
H(Ls) = [1(Ca) = {Res > dimg A}, that is,

Dhol(gA) = D(é‘A) = d1mBA (29)

Remark 3

(a) It would be of interest to construct (if possible) a class of nontrivial bounded
subsets A of RN such that Dy, (¢4) < D(Ca). A trivial example is given by
A = [0, 1], since then Dpo(4) = 0 and D(&4) = 1. ~

(b) The analog of Theorem 2.2 holds for the tube zeta function {4 (to be introduced
in Definition 2.4 below), except for the fact that in part (»), one no longer needs
to assume that D < N.

Given a bounded set A, it is of interest to know the corresponding poles of the
associated distance zeta function {4, meromorphically extended (if possible) to a
neighborhood of the critical line {Res = D({4)}. Following the terminology of
[52], these poles are called the complex dimensions of A and we denote the resulting

"Let D := dimgA, for brevity. In light of Theorem 2.2, for this alternative definition of D({,) (or

of D(EA)), with A € RY bounded (as in the present situation), it would suffice to restrict oneself
to a > 0 in the right-hand side of (2.7); this follows since D(¢4) = dimgA > 0 and (if D < N),
D(¢s) = D(&4). Here, ¢4 stands for the tube zeta function of A, defined by Eq. (2.12).
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set of complex dimensions by P(£4).'> We pay particular attention to the set of
complex dimensions of A located on the critical line {Re s = D({4)}, which we call
the set of principal complex dimensions of A and denote by dimpc A.

For example, it is well known that for the ternary Cantor set C /3, dimg /3 =
log; 2 and, moreover (see [52, §1.2.2 and §2.3.1]), with i := +/—1,

. 2r
dimpc cl/? .= log; 2 + — iZ.
log3
The following result provides an interesting connection between the residue of
the distance zeta function of a fractal set at D := dimpg A and its Minkowski contents.

Theorem 2.3 ([41, 42]) Assume that A is a bounded subset of RN which is
nondegenerate (that is, 0 < MP(A) < M*P(A) < oo and, in particular,
dimgA = D), and D < N. If the distance zeta function Ca(-,As) := Ca, initially
defined by (2.1), can be meromorphically extended" to a neighborhood of s = D,
then D is necessarily a simple pole of {a( -, As), and

(N — D) M2(A) < res(¢a(+.As), D) < (N — D) M*P(4). (2.10)

Furthermore, the value of res({a (-, As), D) does not depend on § > 0. In particular,
if A is Minkowski measurable, then

res(Za(-,As), D) = (N — D) MP(A). (2.11)

The distance zeta function defined by (2.1) is closely related to the tube zeta
function of a fractal set, which, in turn, is defined via the tube function ¢ — |4,|, for
t > 0, of the fractal set A, as we now explain.

Definition 2.4 ([41, 42]) Let § be a fixed positive number, and let A be a bounded
subset of RY. Then, the tube zeta function of A, denoted by {4, is defined (for all
s € C with Re s sufficiently large) by

8
Cals) == / #7714, | dr. (2.12)
0

12Strictly speaking, one should talk about the set (¢4, U) of visible complex dimensions relative
to a domain U € C to which {4 can be meromorphically extended; see [41-44] (along with [52]).
In the examples described in this paper, we have U := C.

3The existence and construction of meromorphic extensions of fractal zeta functions is discussed
in Sect. 3. It is studied in a variety of situations in [41-44, 46].
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For any fixed positive real number § > 0, the distance and tube zeta functions
associated with a given fractal set A are connected as follows'*

La(s, As) = 8NAs] + (N — $)8a(s, ), (2.13)

for Res > dimpA!S: see [41, 42].10 Using this result, it is easy to obtain the analog
of Theorem 2.2 for ¢4 (as was stated in Remark 3(b) above) and to reformulate
Theorem 2.3 in terms of the tube zeta functions. In particular, we conclude that the
residue of the tube zeta function of a fractal set, computed at s = D, is equal to its
Minkowski content, provided the set is Minkowski measurable.

Theorem 2.5 ([41, 42]) Assume that A is a nondegenerate bounded subset of RN
(so that D := dimp A exists), and there exists a meromorphic extension of s to a
neighborhood of D. Then, D is a simple pole ofé'A, and for any positive 8, res(L4, D)
is independent of 8. Furthermore, we have

MP(A) < res(84. D) < M*P(A). (2.14)
In particular, if A is Minkowski measurable, then
res(E4, D) = MP(A). (2.15)

A class of fractal sets A for which we have strict inequalities in (2.14) (and hence
also in (2.10) of Theorem 2.3 above) is constructed in Theorem 3.2; see (3.8).

3 Meromorphic Extensions of Fractal Zeta Functions

Since the definition of the set of principal complex dimensions dimp¢ A of A requires
the existence of a suitable meromorphic extension of the distance zeta function ¢y, it
is natural to study this issue in more detail. For simplicity, we formulate the results
of this section for {4, but we note that the analogs of Theorems 3.1 and 3.2 also hold
for ¢4, provided D < N; see [41, §2.3.3] or [43].

Theorem 3.1 (Minkowski measurable case, [41, 43]) Let A be a bounded subset
of RN such that there exist « > 0, M € (0, +00) and D > 0 satisfying

A =P M+ 0@) as t—07. (3.1

14We write here £4(+,As) := &4 and EA(' ,6) 1= Z‘A, for emphasis.
'5In light of the principle of analytic continuation, one deduces that identity (2.13) continues to

hold whenever one (and hence, both) of the fractal zeta functions {4 and {4 is meromorphic on a
given domain U C C.

16The case when D = N in Theorem 2.5 must be treated separately.
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Then, dimg A exists and dimg A = D. Furthermore, A is Minkowski measyrable
with Minkowski content MP (A) = M. Moreover, the tube zeta function {4 has
for abscissa of convergence D(§4) = dimgA = D and possesses a (necessarily
unique) meromorphic continuation (still denoted by 4) to (at least) the open right
half-plane {Res > D — a}. The only pole of (s in this half-plane is s = D; it is
simple and, moreover, res(C4, D) = M.

Next, we deal with a useful class of Minkowski nonmeasurable sets. Before
stating Theorem 3.2, let us first introduce some notation. Given a locally integrable
T-periodic function G : R — R, with T > 0, we denote by Gy its truncation to
[0, T], while the Fourier transform of Gy is denoted by GO: forallr € R,

A +w . T .
Go(t) := / e M Gy(r) dr = / e "G (1) dr. (3.2)
- 0

o0

Theorem 3.2 (Minkowski nonmeasurable case, [41, 43]) Let A be a bounded
subset of RY such that there exist D > 0, o > 0, and G : R — (0, +00) a
nonconstant periodic function with period T > 0, satisfying

A = """ (Glogt™") + 0(*)) as t—0F. (3.3)

Then G is continuous, dimg A exists and dimg A = D. Furthermore, A is Minkowski
nondegenerate, with upper and lower Minkowski contents respectively given by

MP@A) =minG, M*P(A) = max G. (3.4)

Moreover; the tube zeta function E 4 has for abscissa of convergence D(EA) = Dand
possesses a (necessarily unique) meromorphic extension (still denoted by C4) to (at
least) the half-plane {Res > D — a}.

In addition, the set of principal complex dimensions of A is given by

. 2w, 4 (k
dimpcA = {5, = D+ ik Go<?) £0, ke Z} (3.5)

(see (3.2)) and there are no other complex dimensions in {Res > D — a}; they are
all simple, and the residue at each s, € dimpcA, with k € 7, is given by

- 1. /k
res(Ea, s1) = ?Go(?). (3.6)

If s;. € dimpc A, then s—; € dimpc A (in agreement with the ‘reality principle’), and
[ res(Ca, si)| < %fOT G(1) dz; furthermore, limy_, 4 oo res(Ca, s) = O.
Moreover; the set of principal complex dimensions of A contains s = D, and

T
res(¢y, D) = % / G(t)dr. (3.7)
0
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In particular, A is not Minkowski measurable and
MP(A) < res(Ey. D) < M*P(A). (3.8)
Example 1 (a-strings) The compactset A := {j~¢ : j € N} U {0}, where a > 0, is
Minkowski measurable and
1-D 1

2
MPA) = ; DaD, D = dimpA =

— 3.9)

(See [22, Exple. 5.1 and App. C].) The associated fractal string £ = ({;);>1, defined
by {; =j*—(+ 1) forallj > I (or, equivalently, by Q := [0,1]\ A C R,
so that 02 = A), is called the a-string; see [14, 22-24, 38, 39] and [52, §6.5.1]. In
light of (2.11) and (2.15), we then know that res({a(-,As). D) = (1 — D)MP(A)
and res({4, D) = MP(A).

Example 2 (fractal nests) Leta > 0 and let A be the countable union of concentric
circles in R?, centered at the origin and of radii » = k™%, where k € N. According
to the terminology introduced in [41-44], A is called the fractal nest of inner type
generated by the a-string from the preceding example. Then, using the distance zeta
function of A it is possible to show that

_ 2
D := dimpA = {1—} 3.10
img max T a ( )

(See [41, Chap. 3] and [42—44].) The set A is closely related to the planar spiral '
defined in polar coordinates by r = 67, 8 > 6, where 6y > 0, and the value of
dimg I is the same as for A; see [63]. We mention in passing that for a # 1, the
fractal nest A (as well as the corresponding spiral I') is Minkowski measurable and
for every a € (0, 1), the value of its Minkowski content is independent of 6, and
given by

1
MP(A) = n(z/a)zﬂ/““)#. (3.11)
—a
Using (3.11), along with Eq. (2.11) from Theorem 2.3, we conclude that the residue
of the distance zeta function {4, computed at s = D, is given by

)2a

res(¢s, D) = m(2/a)*/ () —

(3.12)
provided @ € (0,1). For a = 1, we have M'(A) = M!(I') = +o0. These and
related results are useful in the study of fractal properties of spiral trajectories of
planar vector fields; see, e.g., [69].
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More generally, if we consider the fractal nest Ay defined as the countable union
of concentric spheres in RY, centered at the origin and of radii » = k~“, where
k € N, then using the distance zeta function {4, it can be shown (see [41, §3.4] and
[42-44]) that

_ N
dimpAy = {N—l, . 3.13
ImpAy = max 1+a} ( )

Note that for N = 1 and N = 2, we recover the box dimension of the a-string and
of the fractal nest, respectively; see [42—44] and Egs. (3.9)-(3.10) above.

In the following result, we provide the distance zeta function of the Sierpifiski
carpet and the corresponding principal complex dimensions. It is well known that
the Sierpiniski carpet is not Minkowski measurable. See, e.g., [52], as well as [17]
for explicit values of its upper and lower Minkowski contents. A similar result can
be obtained for the Sierpifiski gasket (and its higher-dimensional analogs); see [41,
§3.2.2] and [4244].

Proposition 3.3 (Distance zeta function of the Sierpinski carpet) Ler A be the
Sierpiriski carpet in R?, constructed in the usual way inside the unit square. Let §
be a fixed positive real number. We assume without loss of generality that § > 1/6
(so that for this choice of §, As coincides with the §-neighborhood of the unit square
[0, 11%). Then, for all s € C, the distance zeta function C4 of the Sierpiriski carpet is
given by

s s—1

dr— + 4—— | (3.14)
R

s—1

Cals) =

8
25s(s — 1)(3° = 8) +

which is meromorphic on the whole complex plane. In particular, the set of complex
dimensions and of principal complex dimensions of the Sierpiriski carpet are given,
respectively, by

2
™ 7. (3.15)
log3

,P@‘A) = {O, 1} U dimpcA, dimpcA = 10g3 8+
Furthermore, each of the complex dimensions (i.e., each of the poles of £4) is simple.
Moreover, the residues of the distance zeta function 4 computed at the principal
poles si :=log; 8 + ﬁ%kﬁ, with k € Z, are given by

2%

_— 3.16
(o2 35k — ) .10

res(8a, s1) =

Finally, the approximate values of the lower and upper D-dimensional Minkowski
contents are given by MP(A) ~ 1.350670 and M*P(A) ~ 1.355617. (The precise
values can be found in [17].)
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Sketch of the proof In order to compute the distance zeta function
tals) = [ (.47 ey
As
of the Sierpinski carpet A, we first have to calculate

£, 20) = / d((r.y). Ay) drdy. (3.17)

Qe

where € is a square of the k-th generation (of side lengths a; = 37*) and A; is its
boundary. (Here, we deal in fact with ‘relative distance zeta functions’, which are
discussed in Remark 4 just below; see (6.2) and [41-44].) This can be easily done
by splitting €2 into the disjoint union of eight congruent right-angle triangles, and
we obtain after a short computation that {4, (s, ) = 8- 2%ajs™' (s — 1)~1. Since
the k-th generation consists of 8¥~! squares congruent to £, we deduce that

e 8
CA(Sv [07 1]2) = Z 8k_l§Ak(s’ Qk) = ZSS(S — 1)(3Y — 8) ’

k=1

(3.18)

for Re s > log; 8. The last expression in (3.18) is meromorphic in all of C. Hence,
upon analytic continuation, 4 (s, [0, 1]?) is given by that expression for all s € C.
Note that the value of Z4(s, [0, 1]?) is precisely equal to the first term on the right-
hand side of (3.14). The remaining two terms are obtained by considering 4 (s, As \
[0, 1]%), which can be easily reduced to considering a disk Bs(0) of radius § with
respect to its origin 0 € R?, and two rectangles that are congruent to £ := (0, 1) x
(-3, 8) with respect to its middle section A, := (0, 1) x {0}. O

Remark 4 Equation (3.17) is a very special case of the zeta function of a relative
fractal drum (A, Q) in R, a notion which will be briefly discussed in Sect. 6 and is
the object of [44] and [41, Chap. 4]; see the first equality in Eq. (6.2) below.

4 Transcendentally Quasiperiodic Sets

In this section, we define a class of quasiperiodic fractal sets. The simplest of such
sets has two incommensurable periods. Moreover, using suitable generalized Cantor
sets, it is possible to ensure that the quotient of their periods be a transcendental real
number. Our construction of such sets is based on a class of generalized Cantor sets
with two parameters, which we now introduce.

Definition 4.1 ([41, 42]) The generalized Cantor sets C"9 are determined by an
integer m > 2 and a real number a € (0, 1/m). In the first step of the analog
of Cantor’s construction, we start with m equidistant, closed intervals in [0, 1] of
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length a, with m — 1 ‘holes’, each of length (1 — ma)/(m — 1). In the second step,
we continue by scaling by the factor a each of the m intervals of length a; and so
on, ad infinitum. The (two-parameter) generalized Cantor set C"™® is then defined
as the intersection of the decreasing sequence of compact sets constructed in this
way. It is easy to check that C is a perfect, uncountable compact subset of R;
furthermore, C¥ is also self-similar. For m = 2, the sets C™9 are denoted by
C@. The classic ternary Cantor set is obtained as C>!/?. In order to avoid any
possible confusion, we note that the generalized Cantor sets introduced here are
different from the generalized Cantor strings introduced and studied in [52, Chap.
10], as well as used in a key manner in [52, Chap. 11].

We collect some of the basic properties of generalized Cantor sets in the
following proposition.

Proposition 4.2 (Generalized Cantor sets, [41, 42]) IfA := C"9 is the gener-
alized Cantor set introduced in Definition 4.1, where m is an integer larger than 1,
and a € (0,1/m), then

D :=dimg A = D({s) = log,,, m. 4.1
Furthermore, the tube formula associated with A is given by
|A)| = t'"PG(logt™") forall te€ (0,1), 4.2)

where ty is a suitable positive constant and G = G(t) is a continuous, positive and
nonconstant periodic function, with minimal period T = log(1/a).

Moreover, A is Minkowski nondegenerate and Minkowski nonmeasurable, that
is, 0 < MP(A) < M*P(A) < 0.7

Finally, the distance zeta function of A admits a meromorphic continuation to all
of C and the set of principal complex dimensions of A is given by

. 27 .
dlmpcA =D+ THZ (43)

Besides (dimpc A) U {0}, there are no other poles, and all of the poles of (4 are
simple. In particular, P({4) = (D + 27”]'12) U {0}.

The definition of quasiperiodic sets is based on the following notion of quasiperi-
odic functions, which will be useful for our purposes.'®

1"The periodic function G = G(t), as well as the values of M~ (A) and M*P (A), can be explicitly
computed; see [41, §3.1.1].

$We note that Definition 4.3, although rather close to the one provided in [64], is very different
from the usual definition of Bohr-type quasiperiodic functions.
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Definition 4.3 ([41, 42]) We say that a function G = G(7) : R — R is transcen-
dentally n-quasiperiodic, with n > 2, if it is of the form G(r) = H(z,..., 1),
where H : R” — R is a function that is nonconstant and 7j-periodic in its k-th
component, for each k = 1,...,n, and the periods T1,...,T, are algebraically
(and hence, rationally) independent.l" The positive numbers 7; (i = 1,...,n) are
called the quasiperiods of G. If, instead, the set of quasiperiods {7, ..., T,} is
rationally independent and algebraically dependent, we say that G is algebraically
n-quasiperiodic.

Definition 4.4 ([41, 42]) Given a bounded subset A of RV, we say that a function
G : R — R is associated with the set A (or corresponds to A) if it is nonnegative
and A has the following tube formula:

A, = ~P(G(log(1/1)) + o(1)) as t — 07, (4.4)

with 0 < liminf; o G(7) < limsup,_, . ,, G(r) < oo. In addition, we say that
A is a transcendentally (resp., algebraically) n-quasiperiodic set if the function
G = G(1) is transcendentally (resp., algebraically) n-quasiperiodic. The smallest
possible value of n is called the order of quasiperiodicity of A.

The following result, which has a variety of generalizations as will be briefly
explained below, provides a construction of transcendentally 2-quasiperiodic fractal
sets. Its proof is based on the classical Gel’fond—Schneider theorem (as described
in [10]) from transcendental number theory.

Theorem 4.5 ([41, 42]) Let C19) and dimg C"2%) pe two generalized Cantor
sets such that their box dimensions coincide and are equal to D € (0, 1). Assume
that I} and I, are two unit closed intervals of R, with disjoint interiors, and
define Ay := (minl;) + C"™-4) C [, and Ay := (minl) + C"®) C I,. Let
{p1.P2, ..., pi} be the set of all distinct prime factors of m; and m,, and write

my = pi'py’ ... pet, my = p’flpgz .. .pfk,

where o;, B; € NU {0} fori = 1,...,k If the exponent vectors e, and e, of,
respectively, m| and m,, defined by

e = (ar,00,...,0¢) and e := (B1,B2,.... B,

are linearly independent over the field of rational numbers, then the compact set
A := A UA; C Ris transcendentally 2-quasiperiodic.

Moreover, the distance zeta function 4 can be meromorphically extended to the
whole complex plane, and we have that D({4) = D. The set dimpc A of principal

9That is, linearly independent over the field of algebraic numbers.
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complex dimensions of A is given by

27,02 )ﬁ. (4.5)

dimpcA = D + (—ZU—Z
pC T, 2

Besides (dimpc A) U {0}, there are no other poles of the distance zeta function (s
and they are all simple. In particular,

P(La) = (D + (ZT—]:Z U %Z)ﬁ) U {0}. (4.6)

Remark 5 This result can be considerably extended by using Baker’s theorem
[1, Thm. 2.1] which, in turn, is a far-reaching extension of the aforementioned
Gel’fond—Schneider’s theorem. Indeed, for any fixed integer n > 2, using Baker’s
theorem and n generalized Cantor sets, an explicit construction of a class of
transcendentally n-quasiperiodic fractal sets is given in [42] and [41, §3.1]. In
[43, 44] and [41, Chap. 4], we even construct a set which is transcendentally oco-
quasiperiodic; see Sect. 5.

5 Maximally Hyperfractal co-Quasiperiodic Sets

It is possible to construct a bounded subset A of the real line, such that the
corresponding distance zeta function 4 has for abscissa of (Lebesgue, i.e., absolute)
convergence D({4) any prescribed real number D € (0,1) and A is maximally
hyperfractal; that is, any point on the critical line {Res = D} is a nonremovable
singularity of the corresponding distance zeta function 4. In particular, there is no
meromorphic continuation of ¢4 to any open and connected neighborhood of the
critical line (and, moreover, not even to any open and connected neighborhood of
an arbitrary point on the critical line). Furthermore, it is possible to construct a
maximally hyperfractal set which is co-transcendentally quasiperiodic as well. A
construction of such sets is described in detail in [41, Chap. 4] or in [44]. In the
sequel, we provide a rough sketch of this construction.

The set A C R which is a maximal hyperfractal and oo-transcendentally
quasiperiodic set, can be constructed as the nonincreasing sequence

A:Agz{ak:ZEj:keN} (5.1)

Jj=k

of positive real numbers a; converging to zero as k — 0o, generated by a suitable
bounded fractal string £ = ({;);>1. Roughly speaking, the fractal string L is
obtained as a (suitably defined) union of an infinite sequence of bounded fractal
strings Ly = ({ij)j=1, corresponding to generalized Cantor sets of the form
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¢ - Cmead) for ke N, with carefully chosen values of the parameters my and ay
appearing in Definition 4.1, and where (cx)x>1 is an appropriate summable sequence
of positive real numbers.

More precisely, the union £ := | |;2, £ of the sequence of bounded fractal
strings Ly, is defined as the set-theoretic union of the elements of the strings, but by
definition, each of its elements has for multiplicity the sum of the corresponding
multiplicities from all of the fractal strings £; to which belongs the element in
question. Note that the multiplicity of an element of £ is well defined since this
element must belong to at most finitely many bounded fractal strings £y, which
follows from the fact that the sequence c; converges to 0 as k — oco. Moreover, we
must assume that ) 2| ¢; < oo, so that the string £ be bounded (i.e., Y72, ¢; <
00). We can also ensure that for each positive integer k, the corresponding upper
box dimension of Ly (that is, of the set Az, ) be equal to a fixed value of D € (0, 1),
prescribed in advance. (Note that the set A is distinct from UZ2 Az, .)

Recall that the oscillatory period of £; (in the sense of [52]), which is defined
by pr = log(zl#, provides valuable information about the density of the set of
principal complex dimensions of £ on the critical line {Re s = D}. More precisely,
by choosing the coefficient a; € (0, 1/my) so that a; — 0 as k — oo, we see that for
the set of principal complex dimensions of the generalized Cantor string Ly (i.e., the
set of the principal poles of {,), dimpc £y = dimpc CUma) = p 4 P«1Z, becomes
denser and denser on the critical line, as k — oo, since then the oscillatory period px
tends to zero. Therefore, the distance zeta function of the fractal string £ := L2, Ly

will have D + (U,fil ka)]i as a set of singularities, which is densely packed on

the critical line {Res = D} = D + Ri, since the set Uy, pxZ is clearly dense
in R. In conclusion, the whole critical line {Res = D} consists of nonremovable
singularities of ¢£,?° which by definition means that the fractal string £ is maximally
hyperfractal. Hence, the corresponding set A := A is also maximally hyperfractal.

Since the coefficients a;, appearing in the definition of the generalized Cantor
set (see Definition 4.1), have been chosen above so that ¢y — 0 as k — oo, it is
clear that m; — o0, because D = dimg C"-@%) = log(”l’%, where D € (0,1) is
given in advance and independent of k. This enables us to use our result mentioned
in Remark 5, obtained by means of Baker’s theorem from transcendental number
theory [1], in order to ensure that the sequence of quasiperiods Ty := log(1/ax), k €
N, is algebraically independent (that is, any finite subset of this set of quasiperiods
is linearly independent over the field of algebraic real numbers).?' According to

20In light of the discussion surrounding Eq.(2.4) above, the same is true if ¢, is replaced by
{a, or, more generally, by the relative distance zeta function {4(-,2) defined by {4 (s, Q) =
fQ d(x,A)*"Ndx (see Sect.6 and [44] or [41, Chap. 4]), where A = 9% is the boundary of any
geometric realization of £ by a bounded open subset €2 of R.

2I'The algebraic independence of the set of quasiperiods {7} : k > 1}, with k > 1, can be deduced
(using the aforementioned Baker’s theorem, [1]) if we assume, in addition, that the sequence
(ex)x>1 (suitably redefined), corresponding to the sequence (m )i 1, is rationally independent.
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Definition 4.3, this means that £ is co-transcendentally quasiperiodic, and so is the
corresponding bounded subset A := A, of the real line.

As we see from the above rough description, the nature of a subset A := A, of
the real line which is maximally hyperfractal and co-transcendentally quasiperiodic,
is in general extremely complex, although it is, in fact, ‘just’ defined in terms of a
nonincreasing sequence of positive real numbers converging to zero.

In closing this discussion, we mention that this construction (as well as Theo-
rem 4.5 and its generalization mentioned in Remark 5), extends to any N > 2, by
letting B := A x [0, 1]V"! C RY; see [41, 42, 44].

6 Fractal Zeta Functions of Relative Fractal Drums

In this section, we survey some of the definitions and results from [41, Chap. 4]; see
also [44]. Let A be a (possibly unbounded) subset of RY and let Q2 be a (possibly
unbounded) Borel subset of RY of finite N-dimensional Lebesgue measure. We say
that the ordered pair (A, 2) is a relative fractal drum (or RFD, in short) if there
exists a positive real number ¢ such that 2 C As. It is easy to see that for every
8 > 0, any bounded subset A can be identified with the relative fractal drum (A, As).
Furthermore, any bounded fractal string £ = (Ej)fil can be identified with the
relative fractal drum (U72,91;, U2, 1), where (1), is a family of pairwise disjoint
open intervals in R such that |[;|; = {; forall j > 1.

Given a relative fractal drum (4, ) in RV and for a fixed real number r, we
define the relative upper and relative lower r-dimensional Minkowski contents of
(A, ©2), respectively, by

A,NQ A,NQ
AnQ| ML(A) = tim i A0 2

(A, Q) = i
M™(A, Q) im sup —5— iminf —5—

t—0+

The relative upper and relative lower box (or Minkowski) dimensions of (A, ) are
then defined, respectively, by

dimp(A, Q) = inf{r e R : M*" (A, Q) = 0},
dimg(A, Q) := inf{r e R: M, (A, Q) = 0}.

6.1)

It is easy to check that —oco < dimg(A, ) < EB(A, ) < N, and it is shown in
[41, 44] that the relative box dimensions can indeed attain arbitrary negative values
as well, including —oo (an obvious example is when As N Q2 = @ for some § > 0).
Intuitively, negative relative box dimensions correspond to the property of flatness
of the RFD under consideration. If dimg (A, 2) = —o0, then the RFD (A, 2) is said
to be infinitely flat. A nontrivial example of an infinitely flat RFD (A, Q) in R? is
given by A := {(0,0)} and Q := {(x,y) € (0,1)? : 0 < y < e~ /*}. Other examples
of flat RFDs can be found in [41, 44].
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If (A, 2) is such that dimgz(A, Q) = dimg(A, Q), then this common value is
denoted by dimg(A, 2) and is called the box (or Minkowski) dimension of (A, 2).
Moreover, if (A, ) is such that, for some D € (—oo, N], we have 0 < M2(A, Q) <
M*P(A, Q) < oo (in particular, then dimg(A, Q) exists and D = dimg(A4, Q)), we
say that (A, ) is Minkowski nondegenerate. If M2 (A, Q) = M*P(A, Q), then the
common value is denoted by MP(A, Q) and called the Minkowski content of (A, 2).
Finally, assuming that (A, ) is such that MP(A, Q) exists and 0 < MP(A, Q) <
0o, we say that the RFD (A, 2) is Minkowski measurable.

To any given RFD (A4, ) in RY, we can associate the corresponding relative
distance zeta function and the relative tube zeta function defined, respectively, by

8
Cals, Q) := / d(x, A Ndx, (s, Q) = / VN4, N Q| dt, (6.2)
Q 0

for all s € C with Re s sufficiently large, where § is a fixed positive real number.
They are a valuable theoretical and technical new tool in the study of fractals.

The basic result dealing with relative distance zeta functions, analogous to
Theorem 2.2 of §2, is provided by the following theorem.

Theorem 6.1 ([41,44]) Let (A, 2) be an arbitrary RFD. Then:

(a) The distance zeta function §s(-, S2) is holomorphic on {Res > dimg(A, Q)}.
Moreover, TI(C4 (-, 2)) = {Res > dimg(A, Q)}; that is,

D(5a(+, ) = dimp(A, ). (6.3)

(b) If the box (or Minkowski) dimension D := dimg(A, ) exists, D < N, and
MP(A, Q) > 0, then £a(s, Q) — +00 as s € R converges to D from the right.
In particular, H(Ca(-, R)) = I1(La(-, Q) = {Res > dimg(A, Q)}; that is,

Duoi(8a(-. €2)) = D(8a(-, 2)) = dimp(4, 2). (6.4)

An entirely analogous result holds for the tube zeta function f 4 (-, ), except for
the fact that the hypothesis D < N is no longer needed in the counterpart of part (b)
of Theorem 6.1.

A very useful property of relative distance zeta functions is the following scaling
property: for any RFD (A, ) and for any positive real number A, we have

Goals, AQ) = A%Ca(s, Q). (6.5)
We refer the interested reader to [41, Chap. 4] and [44—47] for many other related

results, examples and comments. We mention, in particular, that ‘fractal drums’ (that
is, ‘drums with fractal boundary’, in the sense of [22—24], for example)22 correspond

22See also [52, §12.5], [27] and [47] for many other references on fractal drums.
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to RFDs of the form (9€2, 2), where €2 is a nonempty bounded open subset of
RY, and that the results discussed in Sect. 5 above are applied in a crucial way in
order to show the optimality of certain inequalities pertaining to the meromorphic
continuations of the spectral zeta functions of fractal drums (viewed as RFDs); see
[41, §4.3] and [47].

7 Fractal Tube Formulas and a Minkowski Measurability
Criterion

In this section, we briefly explain how under suitable growth conditions on the
relative distance (or tube) zeta function (see a variant of the languidity (resp., of
the strong languidity) condition of [52, §5.3] given in [45, 46]), it is possible to
recover a pointwise or distributional fractal tube formula for a relative fractal drum
(A, Q) in RY, expressed as a sum of residues over its visible complex dimensions.
These fractal tube formulas, along with a Tauberian theorem due to Wiener and
Pitt (which generalizes Ikehara’s Tauberian theorem, see [19, 55]) make it possible
to derive a Minkowski measurability criterion for a large class of relative fractal
drums (and compact subsets) of RV. These results generalize to higher dimensions
the corresponding ones obtained for fractal strings (that is, when N = 1) in [52,
§8.1 and §8.3].

The results of this section are announced in [45] and fully proved in [46]. (See
also [41, Chap. 5].) Furthermore, we refer the interested reader to [41, 46] and
[52, §8.2 and §13.1] for additional references on tube formulas in various settings,
including [4, 8, 11, 18,29-31, 34-37, 50, 51, 57, 65, 66]. (See also [52, §13.1,§13.2
and §13.4].)

In order to be able to state the fractal tube formulas, we introduce the following
notions, adapted from [52] to the present much more general context. The screen S
is the graph of a bounded, real-valued, Lipschitz continuous function S(t), with the
horizontal and vertical axes interchanged: S := {S(r) + it : t € R} and we let
sup S := sup,cg S(t) € R. Given a relative fractal drum (A, ) of RY, we always
assume that the screen S lies to the left of the critical line {Re s = dimg (A,Q)},1.e.,
that sup S < dimg(A, ). Furthermore, the window W is defined as W := {s € C :
Res > S(Ims)}. The relative fractal drum (A, 2) is said to be admissible if its tube
(or distance) zeta function can be meromorphically extended to an open connected
neighborhood of some window W.

Assume now that (A, ) is an admissible relative fractal drum of RY for some
screen S such that its distance zeta function satisfies appropriate growth conditions
(see [45, 46] for details).”> Then its relative tube function satisfies the following

ZRoughly speaking, {u.q) 1= Ca(-, ) is assumed to grow at most polynomially along the vertical
direction of the screen and along suitable horizontal directions (avoiding the poles of {4 q)); see
[52, Def. 5.2] for the so-called “languidity condition”.



250 M.L. Lapidus et al.

identity, for all positive real numbers ¢ sufficiently small**:

A, N Q| = > res (IGN_ Eals, Q),w) + R(). (7.1)

wEP(EA(-. Q)W) -

The above fractal tube formula is interpreted pointwise or distributionally,
depending on the growth properties of {4(-, 2) and then, R(f) is a pointwise or
distributional®> asymptotic error term of order at most O(f¥™%5) as t — 0.
Moreover, if S lies strictly to the left of the vertical line {Res = sup S} (that is,
if S(t) < sup S, forall T € R), then R(Z) is o(¥~"P5), pointwise or distributionally,
as t — 0T, In the case when {4(-, Q2) satisfies stronger growth assumptions (i.e.,
the analog of the “strong languidity condition” of [52, Def. 5.3]), we obtain a tube
formula without an error term (i.e., R(f) = 0) and with W = C. Following [52], the
resulting formula is then called an exact fractal tube formula.

The tube formula (7.1) can also be expressed in terms of the relative tube zeta
function when analogous growth conditions are imposed on {4 ( -, £2)%:

angl= 3 res (tN_SZ'A(s, Q),a)) +R®). (1.2)
w€P(Eal-.Q).W)

In fact, the key observation for deriving the above formula is the fact that
- +o00
G = [ s 0N Qld= 6. ()
0

where yg is the characteristic function of the set E, {9y }(s) := 0+°° £~y (1) de
is the Mellin transform of the function ¥, and f(¢) := 1~ y(0.5)(£)|A; N Q|. One then
applies the inverse Mellin transform (see [62]) to recover the relative tube function
t — |A; N Q| and proceeds in a similar manner as in [52, Chap. 5] for the case of
fractal strings.

As an application, the following result generalizes the Minkowski measurability
criterion given in [52, Thm. 8.15] for fractal strings to the present case of relative
fractal drums.

Theorem 7.1 (Minkowski measurability criterion, [45, 46]) Let (A, 2) be an
admissible relative fractal drum of RN such that D := dimg A exists and D < N.
Furthermore, assume that its relative distance (or tube) zeta function satisfies

24The ranges within which the formulas are valid are fully specified in [45, 46].

25For the precise definition of distributional asymptotics, see [52, §5.4.2], [45, 46] and the relevant
references therein.

Z6Note that in light of the functional equ':ltion (2.13), assuming growth conditions for {4 is
essentially equivalent to assuming them for ¢4 (and vice versa).
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appropriate growth conditions®*’ for a screen passing between the critical line
{Res = D} and all the complex dimensions of A with real part strictly less than
D. Then, the following statements are equivalent:

(a) A is Minkowski measurable.
(b) D is the only pole of the distance zeta function {4 located on the critical line
{Res = D}, and it is simple.

There exist relative fractal drums which do not satisfy the hypothesis of
Theorem 7.1 concerning the screen; see [52, Exple. 5.32]. We point out that the
fractal tube formula (7.1) can be used to recover (or obtain for the first time) the
(relative) fractal tube formulas for a variety of well-known (and not necessarily
self-similar) fractal sets, as is illustrated by the following examples.

Example 3 Recall from Proposition 3.3 that the distance zeta function of the
Sierpinski carpet A is given for all s € C by

s s—1

2n— + 4——,
K s—1

8
Lo =5e-ne-9 "

for § > 1/6, and is meromorphic on all of C. It is easy to check that {4 satisfies
growth conditions which are good enough for (7.1) to hold pointwise without an
error term and for all 7 € (0, 1/2):

t2—x

A= > res (2 —0(s), a)) : (7.4)

w€P((a,C)

Now, also recall from Proposition 3.3 that P({4,C) = {0,1} U {s} : k € Z},
where s, = log; 8 + 12; ki for all k € Z. Furthermore, res(¢4,0) = 27 + 8/7,
res({4, 1) = 16/5 and the residues at s; are given in (3.16); so that (7.4) becomes

the following exact, pointwise fractal tube formula, valid for all ¢ € (0, 1/2):

[2—logy8 T 25k t—k%kﬂ 16 8
Al = —— _— + —¢ 2 — |2 7.5
Al = Tog3 k;oo wo—D2—s) 3 +( T 7) (7.5)

The above example can be generalized to an N-dimensional analog of the
Sierpiniski carpet (see [41, 46]). We next establish the special case of this assertion
for the relative 3-dimensional Sierpifiski carpet.

Example 4 Let A be the three-dimensional analog of the Sierpinski carpet and €2
the closed unit cube in R*. More precisely, we construct A by dividing € into 27
congruent cubes and remove the open middle cube, then we iterate this step with
each of the 26 remaining smaller closed cubes; and so on, ad infinitum. By choosing

27See [45, 46] for details about these growth conditions.
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8 > 1/6, we deduce that {4 is meromorphic on C and given for all s € C by
(see [41, 46])

48 .27

s(s = 1)(s —2)(3* - 26) (7.6)

Cals. 2) =

In particular, P(¢4(-, 2),C) = {0,1,2} U (log3 26 4 pﬁZ), where p := 27/ log 3.
Furthermore, we have that

fes(Ca(+, 2).0) =~ 20 res(@(- Q). )= 2, res(Gy(+R).2) =

and, by letting wy := log; 26 4 pki for all k € Z,

2427
13- ap(wp — 1) (wp —2)log3’

res(8a( -, R2), wp) =

Again, the relative distance zeta function {4 ( -, 2) satisfies sufficiently good growth
conditions, which enables us to obtain the following exact pointwise relative tube
formula, valid for all ¢ € (0, 1/2):

24 3~log; 26 too 9~ —Ppki 6
131log3

rr2p_Sp
oo (3—a)k)(a)k—1)(a)k—2)a)k 17 23 25 '

k=

In particular, we conclude that dimg(A, 2) = log; 26 and, by Theorem 7.1, that, as
expected, (A4, 2) is not Minkowski measurable.

One can similarly recover the well-known fractal tube formula for the Sierpiniski
gasket obtained in [35] (and also, more recently, by a somewhat different method,
in [4]), as well as a tube formula for its N-dimensional analog described in [41,
Chap. 5].28 We also point out that, in light of the functional equation (2.4), the above
fractal tube formulas (7.1) and (7.2) generalize the corresponding ones obtained for
fractal strings (i.e., when N = 1) in [52, §8.1]. Furthermore, these tube formulas can
also be applied to a variety of fractal sets that are not self-similar, including ‘fractal
nests’ and ‘geometric chirps’ (see [41, Chaps. 3 and 4] for the definitions of these
notions and [46] along with [41, Chap. 5] for the actual fractal tube formulas).

We conclude this section by briefly explaining how these results can also be
applied in order to recover (and extend) the tube formulas for self-similar sprays
generated by a suitable bounded open set G C RY. (See [35, 36].) A self-similar
spray is a collection (Gy)en of pairwise disjoint sets Gy C R", with Gy := G and
such that Gy is a scaled copy of G by some factor A, > 0. The sequence (A¢)ken is

28We can also recover and extend the significantly more general fractal tube formulas obtained (for
fractal sprays and self-similar tilings) in [36] and used, in particular, in [37].
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called the scaling sequence associated with the spray and is obtained from a “ratio
list” {ri,r2, ..., 15}, with 0 < r; < 1 foreachj € {1,2,...,J}, by building all
possible words based on the ratios r;. Let now (A, 2) be the relative fractal drum
such that A := 9(UrenGy) and Q = UenGy, with dimg(dG, G) < N. Then,
it is clear that its relative distance zeta function {4 (-, 2) satisfies the following
functional equation, for all s € C with Re s sufficiently large:

EA(S, Q) = é‘BG(sv G) + CrlA(ss rlQ) + -+ CVJA(S’ VJQ)v (77)

where (r;A, rj2) denotes the relative fractal drum (A, 2) scaled by the factor
r;. Furthermore, by using the scaling property (6.5) of the relative distance zeta
function, the above equation becomes

Cals, 2) = Cag(s, G) + ri8als, Q) + -+ + rjlals, ), (7.8)
which yields that
.G
Eals, Q) = Lﬂ) (7.9)
I=2 =17

It is now enough to assume that the relative distance zeta function £y (s, G) of the
generating relative fractal drum (dG, G) satisfies suitable growth conditions in order
to obtain the following formula for the ‘inner’ volume of A, = (d2), relative to
Q = UkenGi, for all positive ¢ sufficiently small:

N—s
A, NQ| = 3 res 66, +R(®), (7.10)

W€D (W)UP (Lag(+.G).W) (N - S)(l - 'ﬁ)

where (W) denotes the set of all visible complex solutions of Z/!=1 ri=1
(in W) and W is the window defined earlier. It is easy to check that (at least)
in the case of monophase or pluriphase generators (in the sense of [35] and
[36, 37]), these growth conditions are satisfied, so that one obtains exactly the same
distributional or pointwise fractal tube formulas as in [35] or [36], respectively, after
having calculated the distance zeta function {36(-, G) of the generator. Moreover,
if ¢y6(-, G) is strongly languid, we can let R(f) = 0 and W = C in (7.10) and
therefore obtain exact fractal tube formulas.

We conclude this survey by pointing out that a broad variety of open problems
and suggestions for directions for future research in this area are proposed in [41,
Chap. 6].
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2 Inverse Problems in Multifractal Analysis of Measures

2.1 Generalities About Multifractal Analysis

Let M (RY) stand for the set of compactly supported Borel positive and finite
measures on RY (d > 1). The upper box dimension of a bounded set E C R will
be denoted dimgE, and its Hausdorff and packing dimensions will be denoted by
dimy E and dimp E respectively (see [20, 44, 52] for definitions).

Multifractal analysis is designed to finely describe geometrically the heterogene-
ity in the distribution at small scales of the elements of M (RY). If u € M (R9),
this heterogeneity can be described via the lower and upper local dimensions of u,
namely

ogB&N) 4 d(pu.x) = lim sup 2EHBEED)

d(p,x) = liminf
dlpe.x) igég log(r) o+ log(r)

and the level sets
E(u.0)={x € supp(e) : d(u.x) = o}, Eu.)={x € supp(u) : (. ) = o,
and

E(i.0) = E(u.o) NE(u.a) (@ € R U {oo}),

where B(x, r) and supp(u) stand for the closed ball of radius r > 0 centered at x and
the topological support of u respectively.
The lower Hausdorff spectrum of p is the mapping defined as

f’: ta € RU{oo} — dimy E(u, &),

with the convention that dimy § = —oo0, so that J_‘ZI () = —oo if @ < 0. This

spectrum provides a geometric hierarchy between the sets E(u, «), which partition
supp(u). Here, the lower local dimension is emphasized as it provides at any point
the best pointwise Holder control one can have on the measure p at small scales.
However, the upper local dimension is of course of interest, and much attention is
paid in general, especially in ergodic theory, to the sets E(u, ) of points at which
one has an exact local dimension. The Hausdorff spectrum of p is the mapping
defined as

[ o e RU{oo} > dimy E(u, ).

After basic observations made by physicists [26, 27], mathematicians derived,
and in many cases justified, the heuristic according to which, for a measure
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possessing a self-conformal like property, ff should be the Legendre transform
of a kind of free energy function, called the L?-spectrum. This led to an abundant
literature on what has become called multifractal formalism (see e.g. [12, 13, 39, 48,
49, 52]).

To be more specific we need some definitions. Given I € {R, R U {oo}} and
f I — RU {—o0}, the domain of f is defined as dom(f) = {x € I : f(x) > —o0}.
For t : R - R U {—o0c}, if dom(7) # @, the concave Legendre-Fenchel transform
of 7 is the upper-semi continuous concave function defined as t* : « € R —
inf{og — 7(q) : ¢ € dom(7)} (see [54]). If, moreover, 0 € dom(r), we define its
(extended) concave Legendre-Fenchel transform as

t* o € RU{oo} > inflag —7(q) : ¢ € dom(z)} ifo €R,
inf{ag —1(q) : ¢ € dom(r) NR_} ifa = oo,

with the conventions co x ¢ = —oo if ¢ < 0 and co x 0 = 0. Consequently,
oo € dom(t*) if and only if 0 = min(dom(t)), and in this case t*(00) = —7(0) =
max(7*). In any case, T* is upper semi-continuous over dom(z*), and concave over
the interval dom(z*) \ {oo} (here the notion of upper semi-continuous function is
relative to R U {oco} endowed with the topology generated by the open subsets of R
and the sets (&, 00) U {00}, o € R).

Now, define the LI-spectrum of € MF(R?) as

log sup { > (B(xg, r))q}
7, . q € R+ liminf

r—0t log(r)

)

where the supremum is taken over all the centered packings of supp(u) by closed
balls of radius r. The following properties are standard and proved for instance
in [39].
Proposition 2.1 Let p € M} (RY).
1. 7, is concave and non-decreasing; t,(1) = 0, —=d < 7,(0) = —dimgp supp(u)
<0.
2. Either dom(t,) = R, or dom(t,) = Ry, according to whether the exponent
log(inf{u(B(x, r)) : x € supp(n)})

log(r)
non-negative on its domain, which is a closed subinterval of R4 U {o0}.

lim sup,_, o+ is finite or not. Moreover ‘c: is

For o € R we always have (see [39, Section 3] or [49, Section 2.7])
£l@ = fl(@) = 77(@) < max(e. —7,(0)) < max(a. d): @.1)
we also have

F1(00) < T*(c0)



264 J. Barral

(see [3]), a dimension equal to —oco meaning that the set is empty. Notice that due to
.1, ifff(oz) > g atsome «, then 0 < o < d andf/f(a) = 7;(a) = a, so that &
is a fixed point of ‘L':. Moreover, since 7,(1) = 0 and 7, is concave, the set of fixed
points of 7 ¥ is the interval [¢/, (1), 7/, (17)].

We say that p obeys the multifractal formalism at « € R U {oo} if J_‘ZI () =
r;: (), and that the multifractal formalism holds (globally) for p if it holds at all
a € RU {oo}. If[ﬁ () can be replaced byff () in the previous definition, we say
that the multifractal formalism holds strongly. In this case one has

dimy E(p, &) = dimp E(, &) = dimy E(14, @) = dimy E(1t, @) = 75 ().

The multifractal formalism turns out to hold globally, or on some non-trivial
subinterval of dom(r:), for some important classes of continuous measures, namely
some classes of self-conformal measures (including certain Bernoulli convolutions),
Gibbs and weak Gibbs measures on hyperbolic dynamical systems (see e.g. [13, 16,
21-25, 39, 42, 52, 53] and [3] for more references), and scale invariant limits of
certain multiplicative chaos [1, 6, 17, 29, 46]; in these cases it also holds strongly.
It also holds for some natural classes of discrete measures (see e.g. [2, 9, 34, 51] as
well as references in [3]). Other examples are special self-affine or Gibbs measures
on self-affine Sierpinski carpets [4, 7, 38, 50], or on almost all the attractors of
IFS associated with certain families of d x d invertible matrices with small enough
singular values [5, 18, 19], as well as generic probability measures on a compact
subset of R? [11, 14].

The measures mentioned above share the geometric property of being exact
dimensional, i.e. for such a measure p, there exists D € [0, d] such that d(u,x) =
d(u,x) = D, p-almost everywhere. This implies D € [tI/L(IJr), 7,(17)] and p
strongly obeys the multifractal formalism at D. In fact, for any u € MF(R?),
for p-almost every x one has T}IL(1+) < d(u,x) < d(u.x) < 7, (17) ([48]), and
for most of the continuous measures mentioned above, t;(l) exists, hence equals
D; also, 7, is piecewise C !, and even analytic in certain cases, a typical example
being Gibbs measures associated with Holder potentials on repellers of C'*¢
conformal mappings. Another property of these measures is that, when they obey
the multifractal formalism globally, they are homogeneously multifractal (HM), in
the sense that the lower Hausdorff spectrum of the restriction of u to any closed ball
whose interior intersects supp(u) is equal to the lower Hausdorff spectrum of .

2.2 Full Illustration of the Multifractal Formalism

Theorem 2.2 ([3]) Let t : R — R U {—00} be a concave function satisfying the
necessary properties (see Proposition 2.1) to be the L1-spectrum of some element of
MF(RY). Let D € [t/ (17), 7' (17)]. There exists an (HM) measure . € M7 (R?),
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exact dimensional with dimension D, and which strongly satisfies the multifractal
Sformalism with t, = t.

Remark 1 In [3] we develop much more general results by using a finer multifractal
formalism to prescribe and distinguish Hausdorff and packing dimensions of the
level sets {x € supp(u) : d(u.x) = o, d(u,x) = B}, (@ < B < o0). The
connection with Olsen’s multifractal formalism [49] is also studied.

It is interesting to complete this statement by describing the possible behaviors of
(T, r:) (see Figs. 1-6). For this we need to extend the notion of Legendre-Fentchel
transform to functions f : RU{oo} — RU{—oc0}: for such anf, if dom(f) "R # @,
we define the concave Legendre-Fenchel transform of f as

fFiq e R inf{ga — f(«) : @ € dom(f)},

with the conventions g X co = sign(g) x oo if ¢ # 0 and 0 x co = 0. Consequently,
if oo € dom(f) and f is bounded from above, then 0 = min(dom(f*)) and
f*(0) = —max(sup(f)r),f(c0)); moreover, f* is concave over dom(f™), upper
semi-continuous over dom(f*) \ {0}, and upper semi-continuous at 0 only if and
only if f(co) = max(f).

Proposition 2.3 ([3, 39]) Suppose that t : R — R U {—o00} satisfies the properties
of the L1-spectrum described in Proposition 2.1. One has (t*)* = t on R, and:

1. If dom(z) = R, then dom(z*) is the compact interval I = [t'(00), T’ (—00)], T*
is concave and continuous on its domain.

(4) TM(Q)
_ _/ q
o /1« (B)
// /1 i 7—“ (Oé)
// 1 ,,,,,,,,,,,,,,,
// . . a
by 7, (a+) 7/,(0) 7,,(—00)

Fig. 1 Illustration of Proposition 2.3.1. when the domain of 7, is a non trivial interval and 7, is
differentiable, with a second order phase transition at some g4 > 1.

The case of a trivial interval {o} would correspond to a monofractal measure with 0 < oy < d,
7u(9) = ap(g— 1) forallg € R, 7 () =  if & = o and 7, (&) = —00 otherwise. (a) The L?
spectrum of p. (b) Its Legendre transform
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(B)
(@)
77%(0) a= >
0 //1 " B
7 (0) 0= (&7

7,,(0%)

Fig. 2 Illustration of Proposition 2.3.2(b) when ‘[;1 07) < oo, 7, is differentiable, and it has
a second order phase transition at some g4+ > 1. (a) The L? spectrum of u. (b) Its Legendre
transform

(4)
7u(q) (B)
()
—7.(0) @z

0 /1 T:L(li)
7,.(0) 0= «Q

" T 70

Fig. 3 Illustration of Proposition 2.3.2(b) when r[l (07) < oo, 7, is not differentiable at 1, and it
has a second order phase transition at some g4+ > 1. (a) The L? spectrum of p. (b) Its Legendre
transform

2. If dom(t) = Ry, then co € dom(t*) with T*(c0) = —1(0) and:

(a) If 1(0) = 0 then T = 0 over Ry, dom(z*) = Ry U {oo} and t* = 0 over
R+ U {OO}

(b) If T(0) < 0 and 7 is continuous at 0%, then dom(t*) = [t'(c0), 00], T* is
concave, continuous, and increasing over [t'(00), T/(01)), T*(a) = —1(0) =
*(00) = —1(0) for all @ € [t'(0T), 00) and t* is continuous at co; there
are two distinct behaviors according to whether ©'(0™) < oo or not.

(©) If T(0) < 0 and t is discontinuous at 0T, then dom(t*) = [t'(c0), 00].
Moreover, for all @ € [lim,_,,+ T'(g™),00) one has t*(a) = —-7(0") <
7*(00) = —1(0), so that T* is concave and continuous on [t'(c0), 00) and
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(a) () Tu(@)
T,
M](Q) 77'“(0)
T ” “ Ay
- (0%
7, (0) (1)

Fig. 4 Illustration of Proposition 2.3.2(b) when ‘[;1 01) = oo, 7, is not differentiable at 1, and it
has a second order phase transition at some g4+ > 1. (a) The L? spectrum of w. (b) Its Legendre
transform

(a)

Tt(q) B *

/ ®) ()
_T;L(O) @m0
_TM(O+) ...............

T (17
Tl1(0+) 0 “( ) «
7.(0) (1) (o)

Fig. 5 Illustration of Proposition 2.3.2(c) when rli 01) < oo, 7, is not differentiable at 1, and it

has another first order phase transition at some g4 > 1. (a) The L7 spectrum of w. (b) Its Legendre
transform

7.(q) ) o =00
_Tu(0+)
q
o] /1
7.(0%) 7 (17)
71.(0) 0 a

Fig. 6 Illustration of Proposition 2.3.2(c) when rl’L(OJr) = 00, T, is not differentiable at 1 and
T,i( 1) takes the minimal value 0. (a) The L? spectrum of . (b) Its Legendre transform

discontinuous at oo (there are also two cases, according to limq_>0+ '(q7)
equals oo or not).

Remark 2 The behavior described in Proposition 2.3.1 is illustrated, for instance, by
(weak) Gibbs measures on conformal repellers [25, 49, 52]. The behaviors described
by Proposition 2.3.2(b) are illustrated by some Gibbs measures on countable
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Markov shifts and their geometric realizations [30, 42, 43], which also obey the
multifractal formalism, though in [30, 43] the set E(u,o0) is not studied. The
fact that the behaviors described in Proposition 2.3.2(a) and (c) be illustrated by
measures obeying the mutifractal formalism seems to be new.

Remark 3 In [28], when d = 1, for each D € (0, 1) one finds an exact dimensional
measure ¢ with dimension D and L?-spectrum equal to min(g — 1, 0) over R. It is
also worth mentioning that in [10] one finds examples of inhomogeneous Bernoulli
measures over [0, 1] with an L?-spectrum presenting countably many points of non-
differentiability over [1, +00).

2.3 Measures with prescribed lower Hausdorff spectrum

In general, dom(]jf) = {ad € RU {00} : E(u,a) # @} is not a closed subinterval

of [0, o¢], and even when it is the case, the restriction of f;’ to dom( f;’ )NR; is not
necessarily concave. Consequently, it is also natural to study the inverse problem
consisting of associating to a function f : RU {oo} — [0, d] U {—o0} whose domain
is a subset of R4 U {oo} and such that f(¢) < « for all @ > 0, an (HM) measure
whose lower Hausdorff spectrum is equal to f. In [3] we construct such a measure
W, exact dimensional, when f shares important properties with t; specifically, f is
taken in the family:

dom(f) is a closed subset of [0, 0]
F(d) = {f : RU{oo} — [0,d] U {—o0} : {fisu.s.c., Fix(f) # 0 )
f(a) < aforalla € dom(f)

where Fix(f) (C [0, d]) stands for the set of fixed points of f.

Theorem 2.4 ([3]) Let f € F(d). For each D € Fix(f), there exists an (HM)
measure |1 € MF(R?), exact dimensional with dimension D, such that}_‘i’ =f.

Remark 4

(1) The measures constructed in the proofs of Theorems 2.2 and 2.4 are continuous
and supported on Cantor sets.
(2) Our approach does not make it possible to replace ﬁ:’ = f by ff = f in the

previous statement unless dom(f) = Fix(f) or dom(f) is an interval and f
is concave over dom(f) N R4. It turns out that the proof given in [3] can be
slightly improved so that u is absolutely continuous with respect to Lebesgue
measure when D = d.
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Remark 5 (Related result by Z. Buczolich and S. Seuret) The prescription of the
lower Hausdorff spectrum has also been studied in [15]. The authors work on R
and construct (HM) continuous measures, not exact dimensional, but with upper
Hausdorff dimension equal to 1, and whose support is equal to [0, 1]. Moreover,
the lower Hausdorff spectrum is prescribed in the class F of functions f : Ry —
[0, 1]U{—o0} which satisfy: f(1) = 1, dom(f) is a closed subinterval of [0, 1] of the
form [e, 1] such that & > 0, and fjj,,1) = max(g|.1). 0), where the function g has
the following properties: (i) g is the supremum of a sequence of functions (g,)u>1,
such that each g, is constant over its domain supposed to be a closed subinterval
of [0,1] and g,(B) < B forall B € [0, 1]; (ii) [«, 1] is the smallest closed interval
containing the support of g.

It is also shown that for an (HM) measure to be supported by the whole interval
[0, 1], it is necessary that the support of its lower Hausdorff spectrum contains an
interval of the form [, 1], (0 <« < 1).

The authors also study the case of non-(HM) measures. They construct measures
that are non exact dimensional with upper Hausdorff dimension 1 whose support is
equal to [0, 1], with a prescribed lower Hausdorff spectrum in the broader class F
of functions f which satisfy that f(1) = 1, 0 < inf(dom(f)), and figom(p\(1} =
8ldom(n)\{1}» Where g satisfies property (i). This includes all such functions f* for
which g is lower semi-continuous. Simultaneously, they also construct a non-(HM)
measure with lower Hausdorff spectrum given by g.

Remark 6 The spectra previously defined make sense if measures are replaced by
non-negative functions of subsets of R? to which a notion of support is associated.
This is the case for instance for Choquet capacities. In [40], the prescription of
a +— dimy E(C, @) is studied, where C is a (HM) Choquet capacity on subsets of
[0, 1] but not a positive measure, which makes the situation easier to study; spectra
are prescribed in a broader class than F, but defined in a similar spirit.

In [41], one finds non-(HM) non-negative functions C of subsets of [0, 1], which
are not measures, for which the spectrum « +— lim _ o+ dimg (o (o<, it €
supp(C) : r*t¢ < C(B(x,r)) < r* ¢} is prescribed in the class of upper semi-
continuous functions f : Ry > [0, 1] U {—oc} with non-empty compact domain.

2.4 Outline of the Proof of Theorem 2.4

Let us sketch the main ideas leading to the construction of the measure p provided
by Theorem 2.4. To establish Theorem 2.2 one must improve this approach in order
to control both the finer level sets E(u, o) and the upper large deviations spectrum

f P of W when f = ‘C , and the relation 7, = fL

For simplicity, We assume that dom(f) is a non-trivial interval [0yin, Omax] C
R, f is continuous over [0min, ¢max], 0 < f(o) < min(«, d) over [otmin, ®max], and
f(D) = D for a unique point D in [&/min, ®max]- The homogeneity of the construction
of the measure p automatically implies that the measure is (HM).
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At first one shows (independently of f) that for each y € [0,d] and @ > y, one
can find two Borel probability measures ji, , and vy, supported on [0, 1]¢ such that
Hyy = Vyy, Vg, is exact dimensional with dimension y, and v, , is concentrated

on E(itq,y, ), as well as on the set defined similarly but with o(u, x) replaced by

lim,— o0 %, where I,,(x) stands for the closure of dyadic cube semi-open to

the right containing x.

Set A} = {&; = D}, and for each integer m > 1, define A1 = A, U {041},
where &, +1 € [0min, ¥max] \ Am, in such a way that the set {,, : m > 1} is dense
in [0min, ®max]- By using the previous property with y = f(«), for all m > 1 one
gets an integer n,, such that for all « € A,, for all n > n,, there is a collection
Gonn(ar) of about 2"/ dyadic subcubes of [0, 1]¢ such that for all I € G,,,(ct) one
has fla, fa) (1) & 27", Vo @) (D) ~ 277, and Y- 6 o) Vausie () € [1/2,1].

For every integer m > 2, one considers m dyadic closed subcubes Ly, , .. ., Ly,
of [0, l]d , of the same generation n:n, so that the 27"n/3 neighborhood of each L,
does not intersect any of the other Ly;.

The measure j is constructed on a Cantor set K = (,~; Ujeg,,» where the Gy,
are families of closed dyadic subcubes of [0, 1]¢ of generation g,, tending to oo as
m — 00, constructed recursively according to a scheme roughly as follows:

One obtains G; by considering the measure o, f,) = Up,p, an integer Ny >
n; much bigger than n’2 and setting G| = Gy, (1) = Gy, (D). This yields the
probability measure @, defined on G; as

wp.p()
Y reg, Moo’

2—N1D

pil) =

This measure satisfies u; (/) =~ . Suppose now that the set G,, has been
constructed, as well as a probability measure p,, on its elements. One takes N,,+; >
ny+1 an integer much bigger than max(g,,, n;n+2), and foreach1 <i<m+ 1, one
considers the measure (o, f(«;) and the associated set Gp+1() := Gut1.n,4, ().
Foreach 1 <i <m+ 1and [, € G,, one defines the set of the elements of G,,+
contained in I, as Uf:;l Gut1(Ln, @), where Gt (L, ) = {Iy - Lo, -1 2 1 €
Gon+1(;)}, and the concatenation J - J/ of two closed subcubes of [0, 1]¢ is obtained
as the cube f7(J'), where f; is the natural contracting similitude mapping [0, 1] onto
J (this operation is associative). One gets a probability measure j,,4+1 on G4+ by
setting, for I € G4+ (;):

o, fe) (1)

. 2.2)
ZaeAm_H ZlfeG,n+1(a) Ha, f(a) )

Mm+l(1m . Loc,' : I) = Hm(lm)

This makes it possible to define a Borel probability measure carried on K and
coinciding with p,, over G, for allm > 1.

Since f() < « except for« = o) = D, if N4, is taken big enough, in (2.2)
for each i > 1 the contribution of the elements of G,,+(c) is roughly 2Vn+1(/(@®)=e)
hence is negligible so that the denominator is equivalent to the single contribution
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of Z,,GGMI(D) upp(’) € [1/2,1]. Consequently, for I,,+1 € G+ of the form
Iy - Lo, - 1, I € Gy (i), we have the following estimate:

M(Im+l) ~ /JLm(Im)Ma,',f(a,')(I) ~ /JLm(Im)z_o[iNm-"_l Ay 2 %i8mtl (23)
because g, < Nyi1. Also, we have that #G,, 11 (;) ~ 2/@Nn+1 hence

#{l € Gy1: 1 € Gpy1(Ly, ) with I, € G}
= (#Gn) #Gpt1(o)) = 2/ (@81 ,

again because g, < Np+1. The previous estimate and the continuity of f
essentially yield that f is an upper bound for . Combined with (2.3), it shows
that at generation m + 1, the mass of p is essentially carried by the intervals
L, -Lp-1,1 € Gyy1(D), since we have 1 = ||u| =~ Z:":ll 2/ (@)8m+1)~igmt1 =
St U =—agntt  pf@D=esmtt = | (recall that a; = f(;) = D). This can
be strengthened to show that u is exact D-dimensional.

Another important fact is the natural existence of a family of auxiliary measures
used to find a sharp lower bound for f7: with each ,3 = (Bu)m>1 € [y Am is
associated the Cantor subset of K defined as K 5= (=1 U,ecﬁ ., I, where Gé,m
is the subset of G, obtained by selecting only the intervals of the construction for
which one considers the exponent ; € A; at step i for all 1 < i < m. Using (2.3)
and finer properties of the measures (14, one can show that K 5 C E(w, B), where
B = liminf,, . Bn. Moreover, the measures vg,, r(s,) can be used to construct a
nice auxiliary probability measure v ki carried by K 5. At first one defines recursively
a sequence of measures (v Jm=1 on the atoms of the sets G ,m > 1, as follows:

Vi, is the restriction of vp p to G; 1(— G)), and assuming that Vim is constructed

onG; ,ifl, € G; ,forl e Gm+1(,3m+1) one sets

B.m> B.m>

VBt f Bug) )
ZI/GGWJH (Bm+1) VBt vf(ﬁm-‘rl)(l/)

vﬁ,m+l(lm ’ Lﬂerl ' I) = Uﬁ:m(lm)

This yields a Borel probability measure Vs supported on K i such that vg(lm
Lg, - D) = vﬁ‘\’m{_l(lm “Lg,, D &~ Uéqm(lm)vﬂnﬂrl,f(ﬂerl)(I), so that Vg(lm
Loy - 1) ~ Vp,pr s ) & 277/ Prtsntt (again since g, < Nyt1). This
can be strengthened to dimH(v/;) = liminf,,— 0 f(Bm), wWhich yields dimg K/; >
liminf,,— o0 f(B:x) by the mass distribution principle (see [20]). Finally, if 8 €

[@min, Omax] and lim,, o0 By = B, wWe get ]_CH(:B) = dimy E(u, ) > f(B) by
continuity of f.
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3 Application to Multifractal Analysis of Holder Continuous
Functions

Multifractal analysis of functions has developed in parallel to multifractal analysis
of measures, mainly under the impulse of Frisch and Parisi’s note about multifrac-
tality in fully developed turbulence [26], and with its own multifractal formalisms
[33, 35-37, 47]. These are based on the link between pointwise Holder regularity
and the wavelet expansions of Holder continuous functions [31].

Theorems 2.2 and 2.4 can be used to construct Holder continuous wavelet series
with prescribed upper semi-continuous lower Hausdorff spectra, and also to give
a full illustration of the multifractal formalism for Holder continuous functions
based on the wavelet leaders [36], according to the bridge made in [8] between this
formalism and the multifractal formalism for measures. We will restrict ourselves
tothecased = 1.

To be more specific, recall first that if F : R — R is a bounded Holder continuous
function, for each xy € R, one defines the pointwise Holder exponent of f at xj as

hr(xo) = sup{h > O : for some polynomial P,

|[F(x) = P(x = x0)| = O(|x — xo|") as [x — xo| — 0},

where |x — xo| stands for the Euclidean norm of x — x,. This exponent is the
counterpart for functions of the lower local dimension for measures.
One usually calls the mapping

hi— dimg{x € R: hp(x) =h} (heRU{oo})

the singularity spectrum of F (we keep the terminology lower Hausdorff spectrum
for a slightly different spectrum defined below). Notice that if f is y-Holder, then
{xeR:hp(x) =h}=0ifh < y.

We are going to restrict the study to [0, 1]. We fix a wavelet basis {y;} (I
describing all the dyadic subintervals of R), so that the mother wavelet is in the
Schwartz class (see [45, Ch. 3]) and the i, are normalized to have the same
supremum norm.

Denoting {A;} the collection of the wavelet coefficients of F in the basis {;},
let L; = sup{|Ar|}, the supremum being taken over all the dyadic intervals included
either in / or in the two dyadic intervals of the same generation as I neighboring /.
Then, let supp(F) be the closed set of those x € [0, 1] such that |L(Z,(x))| > 0 for
all n > 1, where I,(x) stands for the closure of the unique semi-open to the right
dyadic cube of generation n which contains x. According to [36], this set does not
depend on y; moreover, for x € supp(F), one has

log (LU, ()

hp(x) = liminf
n—00 n



Inverse Problems in Multifractal Analysis 273

For h € R U {o0}, we set
E(F.h) = {x € supp(F) : hp(x) = h}.
The lower Hausdorff spectrum of F' is the mapping
[7 e dimg E(F,h)  (h € RU {o0}).

We say that F is homogeneously multifractal (HM) if for all A € R U {oo}, the
Hausdorff dimension of E(F, k) N B does not depend on the ball B whose interior
intersects supp(F).

A basic idea [8] to relate multifractal analysis of functions to that of measures is
to consider wavelet series of the form

Fuyp = Z 1" w1,

1C[0,1]

where |/| stands for the diameter of 7, y; > 0, y» > 0, u € MT(R) with supp(p) C
[0, 1], and

log, (max{u(l) : I dyadic C [0,1], |I| =27"}) -0

y = y1 + y2 liminf
n—00 —n

’

so that the function F,, ,, ,, is B-Holder continuous for all 0 < 8 < y. Then, the
study achieved in [8] yields

h—vy
E(Fuyeoh) = E(t. =) (3.

for all h € R U {oo}, so that any information about the multifractal structure
of measures should transfer to a similar one for this class of wavelet series. In

. o, . . h_
particular, it is clear from (3.1) that dimg E(F . 4, 1,, 1) < Tyl

3.1 Prescription of the Lower Hausdorff Spectrum

Theorem 3.1 Let f : Ry U {oo} — [0,1] U {—o0} be upper semi-continuous.
Suppose that dom(f) is a closed subset T of [0, 00| such that 0 < min(Z) < oo.
There exists an (HM) Holder continuous function F such that ]:I; =f.

Proof For A > 0 set 8(A) = sup{f(h)/Ah : h € T}, with the convention x/co = 0
for all x > 0. Since f is upper semi-continuous and bounded over its domain, 6(1)
is reached at some & < oco. Moreover, the mapping 6 is continuous, and we have
0(1/ min(Z)) < 1 by definition of f. Now we distinguish two cases.
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If f # 0 over Z, then 6(1) tends to oo as A tends to 07, so the continuity of 6
yields 0 < A9 < 1/ min(Z) such that 8(Ao) = 1, hence f(h) < Aoh forall h € Z,
with equality at some h. Let f = f(A5"). By construction we have f € F(1). Put f
in Theorem 2.4 to get an (HM) measure in M} (R) supported on [0, 1] whose lower
Hausdorff spectrum is given by f. Then F = F 105! is Holder continuous and has
f as lower Hausdorff spectrum by (3.1).

If f = 0 onZ, then f = f(- — min(Z)) belongs to F(1) (with 0 as unique fixed
point). Put f in Theorem 2.4 to get an (HM) measure in M (R) supported on [0, 1]
whose lower Hausdorff spectrum is given by f Then F' = F, ninz),1 is Holder
continuous and has f as lower Hausdorff spectrum.

Remark 7 In [15], the measures described in Remark 5(1) are used to construct
(HM) functions of the form F = F,,, ,, with supp(F) = [0, 1]. Previously in
[32], S. Jaffard constructed non-(HM) wavelet series with prescribed spectrum in
the class of functions f : (0, c0) — [0, 1] which are representable as the supremum
of a countable collection of step functions.

3.2 Full Illustration of the Multifractal Formalism

Our results also yield a full illustration of the multifractal formalism for Holder
continuous functions whose support is a subset of [0,1]. This requires some
preliminary definitions and facts.

If F = ), A/y; is a non-trivial such function, i.e. @ # supp(F) C [0, 1],
denote by T'(g) the L?-spectrum associated with the wavelet leaders (L;);co, 1] i.€.
the concave non-decreasing function

-1
Tr(g) = liminf —log, » " L{ (g €R),
n—>oQ n
1€G}

where G stands for the set of dyadic cubes I of generation n for which L; > 0.
Due to [36] again, this function does not depend on the choice of {1/} if the mother
wavelet is in the Schwartz class. Moreover, if F takes the form F, ,, ,,, one has
almost immediately

r(q) = 1u(129) —v1q (¢ € R). (3.2)

1 Ly I€G
From now on we discard the trivial case of lim,_, M = 00, SO

that T = —dimg supp(F)1yp + (—o0)1rx + (oo)lR* and supp(F) E(F, 00).

Now we have lim inf,— oo M < 00, so there exists 8 > 0 such that

Tr(q) < Bq forall g > 0, which ensures that T takes values in R U {—o0}.
We say that F satisfies the multifractal formalism if dimy E(F, h) = Ty (h) for all
h € R4 U{oo}. This is essentially the multifractal formalism considered in [36]. One
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simple, but important, observation in [8] is that from (3.1) and (3.2) follows the fact
that if © € M7 (R) is supported on [0, 1] and obeys the multifractal formalism for
measures, then if F, ,, ,, is Holder continuous, it obeys the multifractal formalism
just defined above.

Let us now examine some features of the L?-spectrum when the multifractal
formalism holds. We distinguish three important properties denoted (i)—(iii): since
L; = O(|1|*) for some o > 0 by the Holder continuity assumption, we have

(i) There exists & > 0 and ¢ € [0, 1] (here ¢ = dimg supp(F) = —Tr(0)) such
that Tr(g) > ag — ¢ for all ¢ > 0. Moreover,
(ii) Tr satisfies the same properties as t in Proposition 2.1.2, in particular 77 is
non-negative over its domain.
Due to (i), we can define g9 = inf{g > 0 : Tr(q) > O}. If F satisfies the
multifractal formalism, we must have the third property:
(iii) Either go > 0, or T-(0") > 0 and Tr(q) = T,(0")q for all g > 0.

Let us justify this fact. If go = 0, there exists ¢’ € Ry such that Tr(g) =
T.(0%)g + ¢ for all ¢ > 0, for otherwise by concavity of Tr one has —oco <
T#(Tr(q7)) < 0 for all ¢ > 0 large enough so that T.(¢q”) < T(0"), while Ty
must be non-negative over its domain. Also, since there exists § > 0 such that
0 < Tr(q) < Bgfor g > 0, we have ¢’ = 0. If, moreover, F satisfies the multifractal
formalism, we must have T,.(0%) > 0, otherwise Tr = —dimgp supp(F) over R* ,
and no Holder continuous function F can fulfill the multifractal formalism with
Tr as L9-spectrum; indeed, this would imply T7(0) = dimgsupp(F) > 0 hence
E(F,.0) # 0.

Theorem 3.2 Suppose that a non-decreasing concave function T satisfies the above
properties (i)—(iii) necessary to be the L1-spectrum of a Holder continuous function
whose support is a non-empty subset of [0, 1]. Then there exists an (HM) Hélder
continuous function F with supp(F) C [0,1], which satisfies the multifractal
formalism with Tp = T.

Proof Let g9 = inf{g > 0 : T(q) > 0}. If g > O, then ©(q) = T(qo0q)
satisfies the properties of Proposition 2.1, so that it is the L?-spectrum of an exact
dimensional measure u of dimension D, for any D € [goT’ (qg' ). q0T"(q5)] C
[0, 1] by Theorem 2.2. Moreover, the inequality 7,,(q) > agog — ¢ implies that
7,(B) = —oc forall B < aqo. Consequently, the function F = F, 0,1/, i8 (& — €)-
Holder continuous for all € > 0, and due to (3.1) and (3.2) it fulfills the multifractal
formalism for wavelet leaders with Tr : ¢ — 7,.(¢/q0) = T(q).

If go = 0, the function defined as t(q) = T(g) — T'(0")q satisfies the conditions
required by Proposition 2.1. Take the (HM) measure p associated with this function
t by Theorem 2.2. Then, the function F, /(g+) ; is (T” (0%) — €)-Holder continuous
for all € > 0 and due to (3.1) and (3.2) it fulfills the multifractal formalism for
wavelet leaders, with Tr : ¢ — 1,(q) + T'(0")g = T(q).

Remark 8 In [35], S. Jaffard uses a multifractal formalism associated with wavelet
coefficients (not leaders). He introduces a class of concave functions such that to
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each element t of this class he can associate a Baire space V built from Besov
spaces, so that generically an element of V has a non-decreasing Hausdorff spectrum
obtained as the Legendre transform of ¢ computed by taking the infimum over a
subdomain of R .
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Multifractal Analysis Based on p-Exponents
and Lacunarity Exponents

Patrice Abry, Stéphane Jaffard, Roberto Leonarduzzi, Clothilde Melot,
and Herwig Wendt

Abstract Many examples of signals and images cannot be modeled by locally
bounded functions, so that the standard multifractal analysis, based on the Holder
exponent, is not feasible. We present a multifractal analysis based on another
quantity, the p-exponent, which can take arbitrarily large negative values. We
investigate some mathematical properties of this exponent, and show how it allows
us to model the idea of “lacunarity” of a singularity at a point. We finally adapt
the wavelet based multifractal analysis in this setting, and we give applications to a
simple mathematical model of multifractal processes: Lacunary wavelet series.

Keywords Scale Invariance * Fractal ¢ Multifractal « Hausdorff dimension e
Holder regularity « Wavelet ¢ Lacunarity exponent ® p-exponent

1 Introduction

The origin of fractal geometry can be traced back to the quest for non-smooth
functions, rising from a key question that motivated a large part of the progresses
in analysis during the nineteenth century: Does a continuous function necessarily
have points of differentiability? A negative answer to this question was supplied
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by Weierstrass when he built his famous counterexamples, now referred to as the
Weierstrass functions

+o00
Wap(x) = Za"cos(b”nx) (1.1)

n=0

where 0 < a < 1, b was an odd integer and ab > 1 + 3m/2. The fact that
they are continuous and nowhere differentiable was later sharpened by Hardy in
a way which requires the notion of pointwise Holder regularity, which is the most
commonly used notion of pointwise regularity in the function setting. We assume
in the following that the functions or distributions we consider are defined on R.
However, most results that we will investigate extend to several variables.

Definition 1.1 Letf : R — R be a locally bounded function, xy € R and let
y > 0;f belongs to C? (xo) if there exist C > 0, R > 0 and a polynomial P of degree
less than y such that:

fora.e. x suchthat |x—xo| <R, | f(x)—P(x—x0)| < Clx—xo]". (1.2)
The Holder exponent of f at xg is
h(xo) = supiy : f is C"(x)}. (1.3)

The Holder exponent of W, is a constant function, which is equal to H =
—loga/logh at every point (see e.g. [14] for a simple, wavelet-based proof);
since H < 1 we thus recover the fact that W, ; is nowhere differentiable, but the
sharper notion of Holder exponent allows us to draw a difference between each
of the Weierstrass functions, and classify them using a regularity parameter that
takes values in R*. The graphs of Weierstrass functions supply important examples
of fractal sets that still motivate research (the determination of their Hausdorff
dimensions remains partly open, see [6]). In applications, such fractal characteristics
have been used for classification purposes. For instance, an unorthodox use was the
discrimination between Jackson Pollock’s original paintings and fakes using the box
dimension of the graph supplied by the pixel by pixel values of a high resolution
photograph of the painting, see [25].

The status of everywhere irregular functions was, for a long time, only the one
of academic counter-examples, such as the Weierstrass functions. This situation
changed when stochastic processes like Brownian motion (whose Holder exponent
is H = 1/2 everywhere) started to play a key role in the modeling of physi-
cal phenomena. Nowadays, experimentally acquired signals that are everywhere
irregular are prevalent in a multitude of applications, so that the classification and
modeling of such data has become a key problem. However, the use of a single
parameter (e.g. the box dimension of the graph) is too reductive as a classification
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tool in many situations that are met in applications. This explains the success of
multifractal analysis, which is a way to associate a whole collection of fractal-based
parameters to a function. Its purpose is twofold: on the mathematical side, it allows
one to determine the size of the sets of points where a function has a given Holder
exponent; on the signal processing side, it yields new collections of parameters
associated to the considered signal and which can be used for classification, model
selection, or for parameter selection inside a parametric setting. The main advances
in the subject came from a better understanding of the interactions between these
two motivations, e.g., see [3] and references therein for recent review papers.

Despite the fact that multifractal analysis has traditionally been based on the
Holder exponent, it is not the only characterization of pointwise regularity that can
be used. Therefore, our goal in the present contribution is to analyze alternative
pointwise exponents and the information they provide.

In Sect. 2 we review the possible pointwise exponents of functions, and explain
in which context each can be used.

In Sect.3 we focus on the p-exponent, derive some of its properties, and
investigate what information it yields concerning the lacunarity of the local behavior
of the function near a singularity.

In Sect.4 we recall the derivation of the multifractal formalism and give
applications to a simple model of a random process which displays multifractal
behavior: Lacunary wavelet series.

We conclude with remarks on the relationship between the existence of
p-exponents and the sparsity of the wavelet expansion.

This paper partly reviews elements on the p-exponent which are scattered in
the literature, see e.g. [2, 8, 15, 16, 21]. New material starts with the introduction
and analysis of the lacunarity exponent in Sect. 2.3, the analysis of thin chirps in
Sect. 3.5, and all following sections, except for the brief reminder on the multifractal
formalism in Sect. 4.1.

2 Pointwise Exponents

In this section, unless otherwise specified, we assume thatf € L}UC (R). An important
remark concerning the definition of pointwise Holder regularity is that if (1.2) holds
(even for y < 0), then f is bounded in any annulus 0 < r < |x —xo| < R. It
follows that, if an estimate such as (1.2) holds for all xy, then f will be locally
bounded, except perhaps at isolated points. For this reason, one usually assumes
that the considered function f is (everywhere) locally bounded. It follows that (1.2)

holds for y = 0 so that the Holder exponent is always nonnegative.
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2.1 Uniform Holder Regularity

An important issue therefore is to determine if the regularity assumption f € L7°

is satisfied for real life data. This can be done in practice by first determining their
uniform Holder exponent, which is defined as follows.
Recall that Lipschitz spaces C*(R) are defined for 0 < s < 1 by

fel® and 3C. Vry.  [f(x)—fO)] = Clx—yl.

If s > 1, they are then defined by recursion on [s] by the condition: f € C*(R) if f €
L and if its derivative f’ (taken in the sense of distributions) belongs to C*~!(R).
If s < 0, then the C* spaces are composed of distributions, also defined by recursion
on [s] as follows: f € C*(R) if f is a derivative (in the sense of distributions) of a
function g € C*t!(IR). We thus obtain a definition of the C* spaces for any s ¢ Z
(see [22] for s € Z, which we will however not need to consider in the following).
A distribution f belongs to C;,. if fo € C° for every C*° compactly supported
function ¢.

Definition 2.1 The uniform Holder exponent of a tempered distribution f is
H{'"™ = supfs : f € C},.(R)}. 2.1)

This definition does not make any a priori assumption on f: The uniform Holder
exponent is defined for any tempered distribution, and it can be positive or negative.
More precisely:

o If H;’”" > 0, then f is a locally bounded function,
e if H;"”’ < 0, then f is not a locally bounded function.

In practice, this exponent is determined through the help of the wavelet coeffi-
cients of f. By definition, an orthonormal wavelet basis is generated by a couple of
functions (¢, V), which, in our case, will either be in the Schwartz class, or smooth
and compactly supported (in that case, wavelets are assumed to be smoother than
the regularity exponent of the considered space). The functions ¢(x — k), k& € Z,
together with 2//2y(2x — k), j > 0, k € Z, form an orthonormal basis of L>(R).
Thus any function f € L?>(R) can be written

f) = ch px—k) + Z ch,k v (Yx — k),
k

j=0 kezZ

where the wavelet coefficients of f are given by

cr = / p(t—k)f(t)dt and cjx =2 / v (2t — k)f(1)dt. (2.2)
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An important remark is that these formulas also hold in many different functional
settings (such as the Besov or Sobolev spaces of positive or negative regularity),
provided that the picked wavelets are smooth enough (and that the integrals (2.2)
are understood as duality products).

Instead of using the indices (j, k), we will often use dyadic intervals: Let

k k+1

A (= A1) = [57) 23

and, accordingly: ¢; = c¢jx and ¥ (x) = ¥ (2x — k). Indexing by dyadic intervals
will be useful in the sequel because the interval A indicates the localization of the
corresponding wavelet: When the wavelets are compactly supported, then, 3C > 0
such that when supp(y) C [—C/2, C/2], then supp(yr;) C 2CA.

In practice, H;”m can be derived directly from the wavelet coefficients of f
through a simple regression in a log-log plot; indeed, it follows from the wavelet
characterization of the spaces C*, see [22], that:

log (sup |cj,k|)
H!'™ = liminf ———* 2~

- 24
J—+00 log(277) @4
This estimation procedure has been studied in more detail in [20]. Three examples
of its numerical application to real-world functions are provided in Fig. 1.

A multifractal analysis based on the Holder exponent can only be performed
if f is locally bounded. A way to determine if this is the case consists in first

H'=027 | [ P) 0 H™"=-0.80 0'; 1,(p)

0.05 N -
m -2 -0.1 p070.69
0 ™ 02
-0.05 -0.3
i p 6 i N -04 p

j " py=int

=Ini
45 ] Po=I" p o4
765483210 0 1 2 76543210 0 1 2 6 543210 0 1 2

H"0.16- "(P)
1 1

5 %

(4}
g
o
o (<]
S [ (] ~ ©
j
7
b
o
E
1.
INd
n
(]
1
L

Fig. 1 Real-world images (top row) of Romanesco broccoli (left column), fern leaves (center
column) and a patch of a hyperspectral image of the Moffett field, acquired by the AVIRIS
instrument (spectral band 90, right column). Bottom row: corresponding numerical estimation of
uniform Holder exponents H;”i”, wavelet scaling functions 7;(p) and critical Lebesgue indices py,
respectively
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checking if H}"’"’ > 0. This quantity is perfectly well-defined for mathematical
functions or stochastic processes; e.g. for Brownian motion, H;”i" = 1/2, and for
Gaussian white noise, H;”i" = —1/2. However the situation may seem less clear for
experimental signals; indeed any data acquisition device yields a finite set of locally
averaged quantities, and one may argue that such a finite collection of data (which,
by construction, is bounded) can indeed be modeled by a locally bounded function.
This argument can only be turned by revisiting the way that (2.4) is computed in
practice: Estimation is performed through a linear regression in log-log coordinates
on the range of scales available in the data and H;"”’ can indeed be found negative
for a finite collection of data. At the modeling level, this means that a mathematical
model which would display the same linear behavior in log-log coordinates at all
scales would satisfy H"" < 0.

The quantity H””" can be found either positive or negative depending on the
nature of the apphcatlon For instance, velocity turbulence data and price time series
in finance are found to always have Hy min - (), while aggregated count Internet traffic
time series always have H’"”’ < 0. For biomedical applications (cf. e.g., fetal heart
rate variability) as well as for image processing, H]’Z”” can commonly be found either
positive or negative (see Fig. 1) [1, 3, 19, 20, 28]. This raises the problem of using
other pointwise regularity exponents that would not require the assumption that the
data are locally bounded. We now introduce such exponents.

2.2 The p-Exponent forp > 1

The introduction of p-exponents is motivated by the necessity of introducing
regularity exponents that could be defined even when H””” is found to be negative;

T} (xo) regularity, introduced by A. Calderén and A. Zygmund in [8], has the
advantage of only making the assumption that f locally belongs to L”(R).
Definition 2.2 Let p > 1 and assume thatf € L] (R). Let @ € R; the function f

belongs to Tk (xo) if there exists C and a polynomial P,, of degree less than  such
that, for  small enough,

1 Xo+r 1/p
(— / [f(x) — Py, () |de) < Cr*. (2.5)

2r Jyo—r

Note that the Taylor polynomial P, of f at xo might depend on p. However, one
can check that only its degree does (because the best possible o that one can pick
in (2.5) depends on p so that its integer part may vary with p, see [2]). Therefore
we introduce no such dependency in the notation, which will lead to no ambiguity
afterwards.
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The p-exponent of f at x( is defined as
hf (x0) = supfa : f € Th(xo)}. (2.6)

The condition that f locally belongs to L”(R) implies that (2.5) holds for ¢ =
—1/p, so that 7 (xo) > —1/p.

We will consider in the following “archetypical” pointwise singularities, which
are simple toy-examples of singularities with a specific behavior at a point. They
will illustrate the new notions we consider and they will also supply benchmarks on
which we can compute exactly what these new notions allow us to quantify. These
toy-examples will be a test for the adequacy between these mathematical notions
and the intuitive behavior that we expect to quantify. The first (and most simple)
“archetypical” pointwise singularities are the cusp singularities.

Let @ € R — 2N be such that @ > —1. The cusp of order « at 0 is the function

Cax) = |x[*. 2.7

The case o € 2N is excluded because it leads to a C* function. However, if @« = 2n,
one can pick

Con(x) = x|x>,

in order to cover this case also.

If « > 0, then the cusp C, is locally bounded and its Holder exponent at O is
well-defined and takes the value «. If @ > —1/p, then its p-exponent at 0 is well-
defined and also takes the value «, as in the Holder case. (Condition « > —1/p is
necessary and sufficient to ensure that C, locally belongs to L”.) Examples for cusps
with several different values of « are plotted in Fig. 2.

Iff € L} . in aneighborhood of xy forap > 1, let us define the critical Lebesgue
index of f at xy by

po(f) = sup{p:f €L} (R)inaneighborhood of xo}. (2.8)
The importance of this exponent comes from the fact that it tells in practice for
which values of p a p-exponent based multifractal analysis can be performed.
Therefore, its numerical determination is an important prerequisite that should not
be bypassed in applications. In Sect. 3.1 we will extend the definition of po(f) to
situations where f ¢ L}OC and show how it can be derived from another quantity, the
wavelet scaling function, which can be effectively computed on real-life data.
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Fig. 2 Cusps with exponents @ = {+40.3, —0.2, —2} (from top to bottom row, respectively):
functions (left column) and estimation of p-exponents and lacunarity exponents (center and
right column, respectively). The critical Lebesgue indices are given by po = {+o00, 5, 0.5},
respectively

2.3 The Lacunarity Exponent

The p-exponent at x, is defined on the interval [1, po(f)] or [1, po(f)); when the p-
exponent does not depend on p on this interval, we will say that f has a p-invariant
singularity at xo. Thus, cusps are p-invariant singularities.

This first example raises the following question: Is the notion of p-exponent only
relevant as an extension of the Holder exponent to non-locally bounded functions?
Or can it take different values with p, even for bounded functions? And, if such is the
case, how can one characterize the additional information thus supplied? In order to
answer this question, we introduce a second type of archetypical singularities, the
lacunary singularities, which will show that the p-exponent may be non-constant.
We first need to recall the geometrical notion of accessibility exponent which
quantifies the lacunarity of a set at a point, see [17]. We denote by M(A) the
Lebesgue measure of a set A.
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Definition 2.3 Let 2 C R. A pointx, of the boundary of €2 is az-accessible if there
exist C > 0 and ry > O such that Vr < ry,

M (2 N B(xo,r)) < Crth, (2.9)

The supremum of all values of « such that (2.9) holds is called the accessibility
exponent of Q2 at xo. We will denote it by &,,(€2).

Note that &, (£2) is always nonnegative. If it is strictly positive, then €2 is lacunary
at xo. The accessibility exponent supplies a way to estimate, through a log-log
plot regression, the “size” of the part of € which is contained in arbitrarily small
neighborhoods of xy. The following sets illustrate this notion.

Let w and y be such that 0 < y < w; the set U, , is defined as follows. Let

B, =[2"%2+4+27): then U,,=|]JL,. (2.10)
j=0

Clearly, at the origin,
14
Eo(Uw,y) = P 1. (2.11)

We now construct univariate functions Fy, : R — R which permit us to better
understand the conditions under which p-exponents will differ. These functions will
have a lacunary support in the sense of Definition 2.3.

Let v be the Haar wavelet: ¥ = 1jo.1/2) — 1[1/2,1) and

0() =¥ (20) —y(2x—1)

(so that 6 has the same support as ¥ but its two first moments vanish).

Definition 2.4 Leto € Rand y > 1. The lacunary comb Fy ,, is the function

F () =) 2790 (27 (x—27)). (2.12)

J=1

Note that its singularity is at xo = 0. Numerical examples of lacunary combs are
provided in Fig. 3.

Note that the support of Fiy , is Us,, so that the accessibility exponent at 0 of
this support is given by (2. ll) The function F7 ,, is locally bounded if and only if
o > 0. Assume that o < 0; then Fy , locally belongs to L7 if and only if & > —y/p.
When such is the case, a stralghtforward computation yields that its p-exponent at O
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Fig. 3 Lacunary combs with py = 400 (top row) and py = 9.1 (bottom row): functions

(left column) and estimation of p-exponents and lacunarity exponents (center and right column,
respectively)

is given by

o« y 1

In contradistinction with the cusp case, the p-exponent of F, |, at 0 is not a constant
function of p. Let us see how the variations of the mapping p — h}’ (xo) are related
with the lacunarity of the support of f, in the particular case of Fij . We note that
this mapping is an affine function of the variable ¢ = 1/p (which, in this context, is
a more natural parameter than p) and that the accessibility exponent of the support
of F, ,, can be recovered by a derivative of this mapping with respect to ¢. The next
question is to determine the value of g at which this derivative should be taken.
This toy-example is too simple to give a clue since any value of ¢ would lead to the
same value for the derivative. We want to find if there is a more natural one, which
would lead to a canonical definition for the lacunarity exponent. It is possible to
settle this point through the following simple perturbation argument: Consider a new
singularity F that would be the sum of two functions F'; = Fy |, and F> = F2
with

O<or <o, and y; > s (2.14)

The p-exponent of F (now expressed in the g variable, where g = 1/p) is given by

1 o o
g b o) =min[2 4 (B —1)g, 24 (B-1)q]. (2.15)
' w w w w
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The formula for the lacunarity exponent should yield the lacunarity of the most
irregular component of F; since F € L{°, the Holder exponent is the natural way
to measure this irregularity. In this respect, the most irregular component is F;; the
lacunarity exponent should thus take the value (% - ) But, since (2.14) allows the
shift in slope of the function (2.15) from (% - ) to (% - ) to take place at a g
arbitrarily close to 0, the only way to obtain this desired result in any case is to pick
the derivative of the mapping g — h;/ ?(xo) precisely at ¢ = 0.

A similar perturbation argument can be developed if po(f) < oo with the
conclusion that the derivative should be estimated at the smallest possible value
of g, i.e. for

1
q=qo(f) = m,

hence the following definition of the lacunarity exponent.

Definition 2.5 Letf € L, in aneighborhood of xq forap > 1, and assume that the
p-exponent of f is finite in a left neighborhood of py(f). The lacunarity exponent of
f atxp is

0
£y0) = 5 (1 0) (2.16)

=qHt
Remarks

e Even if the p-exponent is not defined at po(f), nonetheless, because of the
concavity of the mapping ¢ — hfl/ ?(x0) (see Proposition 3.2 below), its right
derivative is always well-defined, possibly as a limit.

* As expected, the lacunarity exponent of a cusp vanishes, whereas the lacunarity
exponent of a lacunary comb coincides with the accessibility exponent of its
support.

* The condition £;(xo) # 0 does not mean that the support of f (or of f — P) has a
positive accessibility exponent (think of the function Fy , + g where g is a C*°
but nowhere polynomial function).

e The definition supplied by (2.16) bears similarity with the definition of the
oscillation exponent (see [4, 20] and ref. therein) which is also defined through
a derivative of a pointwise exponent; but the variable with respect to which the
derivative is computed is the order of a fractional integration. The relationships
between these two exponents will be investigated in a forthcoming paper [21].
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3 Properties of the p-Exponent

In signal and image processing, one often meets data that cannot be modeled by
functions f € L}, see Fig. 1. It is therefore necessary to set the analysis in a wider
functional setting, and therefore to extend the notion of T4 (xo) regularity to the case
p<l

3.1 The Casep <1

The standard way to perform this extension is to consider exponents in the setting
of the real Hardy spaces H” (with p < 1) instead of L” spaces, see [15, 16]. First,
we need to extend the definitions that we gave to the range p € (0, 1]. The simplest
way is to start with the wavelet characterization of L” spaces, which we now recall.

We denote indifferently by y;x or y, the characteristic function of the interval
A (= Ajx) defined by (2.3). The wavelet square function of f is

1/2
Wi = D el xu(x)
(j.k)ez?
Then, forp > 1,
fel’!R) / Wy ()" dx < o0, (3.1
R

see [22]. The quantity ( / (Wf(x))p dx)l/p is thus equivalent to || f [|,. One can then
take the characterization supplied by (3.1) when p > 1 as a definition of the Hardy
space H? (when p < 1); note that this definition yields equivalent quantities when
the (smooth enough) wavelet basis is changed, see [22]. This justifies the fact that
we will often denote by L the space H”, which will lead to no confusion; indeed,
when p < 1 this notation will refer to H?, and, when p > 1 it will refer to L”.

Note that, if p = 1, (3.1) does not characterize the space L! but a strict subspace
of L' (the real Hardy space H', which consists of functions of L' whose Hilbert
transform also belongs to L', see [22]).

Most results proved for the L? setting will extend without modification to the
HP setting. In particular, T, regularity can be extended to the case p < 1 and has
the same wavelet characterization, see [13]. All definitions introduced previously
therefore extend to this setting.

The definition of 7% (xo) regularity given by (2.5) is a size estimate of an 1 norm
restricted to intervals [xg — r, xo + r]. Since the elements of H” can be distributions,
the restriction of f to an interval cannot be done directly (multiplying a distribution
by a non-smooth function, such as a characteristic function, does not always make
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sense). This problem can be solved as follows: If I is an open interval, one defines
|| f lar@y=inf || g ||p, where the infimum is taken on the g € H” such that f = g
on I. The T condition for p < 1 is then defined by:

|
FeTlx) <= |f lmwe-ro+mn=Cre,

also when p < 1. We will show below that the p-exponent takes values in
[—1/p. +o0].

3.2 When Can One Use p-Exponents?

We already mentioned that, in order to use the Holder exponent as a way to measure
pointwise regularity, we need to check that the data are locally bounded, a condition
which is implied by the criterion H;’”" > 0, which is therefore used as a practical
prerequisite. Similarly, in order to use a p-exponent based multifractal analysis, we
need to check that the data locally belong to L7 or H?, a condition which can be
verified in practice through the computation of the wavelet scaling function, which
we now recall.
The Sobolev space L7 is defined by

VseR, Vp>0, fel’ — Id—AN"* el

where the operator (Id — A)*/? is the Fourier multiplier by (1 + |£]?)*/2, and we
recall our convention that I” denotes the space H” when p < 1, so that Sobolev
spaces are defined also forp < 1.

Definition 3.1 Let f be a tempered distribution. The wavelet scaling function of f
is defined by

Vp>0,  n(p)=p supls:feLl} (3.2)

Thus, Vp > 0:

o Ifns(p) > Othenf € L] .
« Ifne(p) <Othenf ¢ Lj

loc*

The wavelet characterization of Sobolev spaces implies that the wavelet scaling
function can be expressed as (cf. [11])

log (2_j Z |cjk |”)
Vp >0, = lim inf £
P 1y (p) = lim inf Toe )

(3.3)
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This provides a practical criterion for determining if data locally belong to L7,
supplied by the condition 7;(p) > 0. The following bounds for py(f) follow:

sup{p : nr(p) > 0} < po(f) < inf{p: nr(p) <0},

which (except in the very particular cases where 7y vanishes identically on an
interval) yields the exact value of py(f).

In applications, data with very different values of po(f) show up; therefore, in
practice, the mathematical framework supplied by the whole range of p is relevant.
As an illustration, three examples of real-world images with positive and negative
uniform Holder exponents and with critical Lebesgue indices above and below pg =
1 are analyzed in Fig. 1.

3.3 Wavelet Characterization of p-Exponents

In order to compute and prove properties of p-exponents we will need the exact
wavelet characterization of Th(xo), see [13, 15]. Let A be a dyadic interval; 34 will
denote the interval of same center and three times wider (it is the union of A and its
two closest neighbors). For xg € RY, denote by A;(x) the dyadic cube of width 27/
which contains xy. The local square functions at x, are the sequences defined for
J = 0by

1/2
W= > laluw
AC34j(x0)
Recall that (cf. [13])
feTl(x) ifandonlyif3C >0, Vj>0 HM%W sy

(3.4)

The following result is required for the definition of the lacunarity exponent
in (2.16) to make sense, and implies that Definition 2.5 also makes sense when

po(f) < 1.

Proposition 3.2 Let p,q € (0, +00], and suppose that f € Th(xy) N Tg(xo); let
6 €[0,1]. Then f € T (xo), where

1 6 1-6
- =—+—— and y=0u+ (1-0)p.
,

It follows that the mapping g — h;/ U(xo) is concave on its domain of definition.
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Proof When p,q < oo, the result is a consequence of (3.4). Holder’s inequality
implies that

P

8/p S 1(1=0)/q
v
p f

%0
q

X0 X0
We thus obtain the result for p, g < oco. The case when p or ¢ = 400 does not
follow, because there exists no exact wavelet characterization of C*(xg) = T35°(xp);
however, when p,g > 1, one can use the initial definition of T%(xy) and C* (xo)
through local I and L*° norms and the result also follows from Holder’s inequality;
hence Proposition 3.2 holds.

If f € HP, then || Wy [,< C. Since W/ < W, it follows that | W/ ||,< C,
so that (3.4) holds with « = —1/p. Thus p-exponents are always larger than —1/p
(which extends to the range p < 1 the result already mentioned for p > 1). Note
that this bound is compatible with the existence of singularities of arbitrary large
negative order (by picking p close to 0). The example of cusps will now show that
the p-exponent can indeed take values down to —1/p.

3.4 Computation of p-Exponents for Cusps

Typical examples of distributions for which the p-exponent is constant (see Propo-
sition 3.3 below) and equal to a given value @ < —1 are supplied by the cusps Cy,
whose definition can be extended to the range o« < —1 as follows: First, note that
cusps cannot be defined directly for « < —1 by (2.7) because they do not belong
to L, . so that they would be ill-defined even in the setting of distributions (their
integral against a C°*° compactly supported function ¢ may diverge). Instead, we
use the fact that, if @ > 1, then C] = a(o — 1)Cq—2, which indicates a way to define
by recursion the cusps Cy, when @ < —1 and @ ¢ Z, as follows:

1

if <0, Co=—"—-Cli).

T+ D(a+2)
where the derivative is taken in the sense of distributions. The C, are thus defined
as distributions when « is not a negative integer. It can also be done when « is a
negative integer, using the following definition for « = 0 and —1:

1
Co = log(|x|) and C_;=Cy=P.V. (—) ,
x

where P.V. stands for “principal value”.
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o and its p-exponent is a. If

forp < —1/a and its p-exponent is .

Proposition 3.3 If o > 0, the cusp Cy belongs to L

a < 0, the cusp Cy belongs to L,

loc

Proof of Proposition 3.3 The case « > 0 and p > 1 has already been considered
in [17, 21]. In this case, the computation of the p-exponent is straightforward. Note
that, when o € (—1,0) and p > 1 the computations are similar. We thus focus
on the distribution case, i.e. when p < 1. The global and pointwise regularity will
be determined through an estimation of the wavelet coefficients of the cusp. We
use a smooth enough, compactly supported wavelet basis and we denote by c; the
wavelet coefficients of the cusp

Cik = Zj(l//j,k |Coz>'

The selfsimilarity of the cusp implies that

Vj,k Cik = Z_a‘IC(),k; (35)

additionally, as soon as k is large enough so that the support of ¥ (x — k) does not
intersect the origin, the cusp is C* in the support of ¥ (x — k) and coincides with
the function |x|*. An integration by parts then yields that, for any N smaller than the
global regularity of the wavelet,

Cok = (—1)N / 1p(—N)(x_ k) oa(e —1)---(a —N)|x|a_Ndx,

so that the sequence co 4 satisfies

Cy
< — 3.6
lcox] < T kDY (3.6)

where N can be picked arbitrarily large. The estimation of the L” norm of the wavelet
square function follows easily from (3.5) and (3.6), and so does the lower bound for
the p-exponent. The upper bound is obtained by noticing that one of the c( ; does not
vanish (otherwise, all ¢;x would vanish, and the cusp would be a smooth function at
the origin). Therefore, there exists at least one ko such that Vj, ¢;z, = C27%, and
the wavelet characterization of T%, regularity then yields that #”(xo) < .

Three examples of cusps and numerical estimates of their p-exponents and
lacunarity exponents are plotted in Fig. 2.

3.5 Wavelet Characterization and Thin Chirps

In practice, we will derive T} regularity from simpler quantities than the local square
functions. The p-leaders of f are defined by local #” norms of wavelet coefficients



Multifractal Analysis Based on p-Exponents and Lacunarity Exponents 295

as follows:

1/p
& = (Z ey |Pz—0"—f>) (3.7)

A’ C3A

(they are finite if f € L] (R9), see [17]). Note that, if p = 400, the corresponding
quantity d7° is usually denoted by d, and simply called the wavelet leaders; we

have

d) = df{o = Sup |C)J|. (3.8)
A'C3A

The notion of 74 regularity can be related to p-leader coefficients (see [16, 17,
20]):

log (d’;_( ))
— X0
If n7(p) > 0, then 1 (xp) = liminf —————=

j>+o00  log(27) (3-9)

Our purpose in this section is to introduce new “archetypical” pointwise singu-
larities which will yield examples where the p-exponent and the lacunarity exponent
can take arbitrary values. Because of (3.9), it is easier to work with examples
that are defined directly by their wavelet coefficients on a smooth wavelet basis.
We therefore develop new examples rather than extending the lacunary combs of
Sect. 2.3.

Definition 3.4 Leta,b € (0,1) satisfying 0 < b < 1 — a, and let @ € R. The thin
chirp 7,54 is defined by its wavelet series

Tapa = Z Z Cik Yiks

j>0 keZ
where

cix =279 if ke 2079 20=a) 4 b))
=0 otherwise.

The following results are straightforward, using the wavelet characterization of
L7 and T}, regularity.

Proposition 3.5 The thin chirp T, pq is bounded if and only if @ > 0.

1-b
If a=<0, Po(Tapa) = Y
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Fig. 4 Thin chirps with py = oo (fop row) and py = 3.2 (bottom row): functions (left column)
and estimation of p-exponents and lacunarity exponents (center and right column, respectively)

The p-exponent of T, o at the origin is

l—a-»b o

MO = ——a+ .

Note that, if the wavelets are compactly supported, then for j large enough the

pack of 2% successive wavelets with non-vanishing coefficients covers an interval of

length 2772% at a distance 2% from the origin, so that the accessibility exponent of

the support of T« is (1 —a—b)/a: Thus, it coincides with the lacunarity exponent

of 7,54 as expected.

[lustrations of thin chirps and the numerical estimation of their p-exponents and

lacunarity exponents are provided in Fig. 4.

3.6 p-Exponent Analysis of Measures

Several types of measures (such as multiplicative cascades) played a central role
in the development of multifractal analysis. Since measures (usually) are not L!
functions, their p-exponent for p > 1 is not defined. Therefore, it is natural
to wonder if it can be the case when p < 1. This is one of the purposes of
Proposition 3.6, which yields sufficient conditions under which a measure y satisfies
n.(p) > 0 for p < 1, which will imply that its p-exponent multifractal analysis can
be performed. An important by-product of using p-exponents for p < 1 is that it
offers a common setting to treat pointwise regularity of measures and functions.
Recall that dimg(A) denotes the upper box dimension of the set A.
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Proposition 3.6 Let i be a measure; then its wavelet scaling function satisfies
nu(1) > 0. Furthermore, if |1 does not have a density which is an L' function,
then n,(1) = 0.

Additionally, if |1 is a singular measure whose support supp(jL) satisfies

8, = dimp(supp(1)) < 1, (3.10)
then
Vp<1l,  mu(p)=(1-=8,)(1—p). (3.11)
and
Vp>1.  nu(p) =1 —=38,)(1—p). (3.12)
Remarks

e (3.11) expresses the fact that, if i has a small support, then its Sobolev regularity
is increased for p < 1. This is somehow counterintuitive, since one expects a
measure to become more singular when the size of its support shrinks; on the
other hand (3.12) expresses that this is actually the case when p > 1.

* Condition 8, < 1 is satisfied if u is supported by a Cantor-like set, or by a
selfsimilar set satisfying Hutchinson’s open set condition.

e (3.11) has an important consequence for the multifractal analysis of measures:
Indeed, if §,, < 1, then 5, (p) > 0 for p < 1, so that the classical mathematical
results concerning the multifractal analysis based on the p-exponent apply, see
Sect. 4.

* A slightly different problem was addressed by H. Triebel: In [27], he determined
under which conditions the scaling functions commonly used in the multifractal
analysis of probability measures (see (4.4) below) can be recovered through
Besov or Triebel-Lizorkin norms (or semi-norms).

Proof of Proposition 3.6 If p is a measure, then for any continuous bounded
function f

Kl A= CHLf lloo - (3.13)

We pick

f= Z?i,kwj,k, where & = %1,
X

so that f is continuous and satisfies || f |co< C, where C depends only on the
wavelet (but not on the choice of the ;). Denoting by c;; the wavelet coefficients



298 P. Abry et al.

of i, we have
(ulf) = / Virdi =27 ) £j4ci.
k k
Picking & = sgn(cjx) it follows from (3.13) that

2793 el < G, (3.14)
k

or, in other words, 1 belongs to the Besov space B(l)’oo, which implies that (1) > 0,
see [14, 22].

On other hand, if y ¢ L', then using the interpretation of the scaling function in
terms of Sobolev spaces given by (3.2), we obtain that 7, (1) < 0. Hence the first
part of the proposition holds.

We now prove (3.11). We assume that the used wavelet is compactly supported,
and that its support is included in the interval [—2/,2] for an [ > 0 (we pick the
smallest / such that this is possible). Let § > dimg(supp(u)); for j large enough,
supp(i) is included in at most 217 intervals of length 277, It follows that, at scale j,
there exist at most 2% . 2.2 wavelets (¥ x)kez Whose support intersects the support
of . Thus for j large enough, there are at most C2% wavelet coefficients that do not
vanish.

Let p € (0,1), ¢ = 1/p and r be the conjugate exponent of ¢, i.e. such that
1/g + 1/r = 1. Using Holder’s inequality,

1/q 1/r
> el < (Z |Cj,k|pq) (Z 1’) ,
k k k

where the sums are over at most C2¥ terms; thus

p
Z|Cj,k|pf <Z|Cj,k|) c2ilr.
k k

Using (3.14), we obtain that

2= Z lejxl? < Cz—(l—t?)j/f’
k

so that n,,(p) > (1 —§)(1 — p). Since this is true V6 > §,, (3.11) follows.
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We now prove (3.12). Let p > 1 and let g be the conjugate exponent. Using
Holder’s inequality,

Let again § > §,,; using the fact that the sums bear on at most 29 terms, and that the
left-hand side is larger than C2/, we obtain that

1/p
(Z |cj!k|p) > C 2274,
k
which can be rewritten

2= Z |cjxlP = € 27/2pip=0la,
k

so that n,(p) < (1 — p)(1 — 8); since this is true V§ > §,, (3.12) follows, and
Proposition 3.6 is completely proved.

Since p = 1 is a borderline case for the use of the 1-exponent one may expect
that picking p < 1 would yield n,(p) > 0 (in which case one would be on the
safe side in order to recover mathematical results concerning the p-spectrum, see
[2, 15]). However, this is not the case, since there exist even continuous functions f
that satisfy Vp > 0, n¢(p) = 0. An example is supplied by

1
=y jgvﬁk‘

j>0 kezZ

4 Multifractal Analysis of Lacunary Wavelet Series

Multifractal analysis is motivated by the observation that many mathematical
models have an extremely erratic pointwise regularity exponent which jumps
everywhere; this is the case e.g. of multiplicative cascades or of Lévy processes,
whose exponents / satisfy that

a.s. Vxo, lim sup A(x) — lim inf /(x) “.1n
X—X0

X—X0

is bounded from below by a fixed positive quantity (we will see that this is also the
case for lacunary wavelet series). This clearly excludes the possibility of any robust
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direct estimations of 4. The driving idea of multifractal analysis is that one should
rather focus on alternative quantities that

 are numerically computable on real life data in a stable way,
* yield information on the erratic behavior of the pointwise exponent.

Furthermore, for standard random models (such as the ones mentioned above) we
require these quantities not to be random (i.e. not to depend on the sample path
which is observed) but to depend on the characteristic parameters of the model
only. The relationship between the multifractal spectrum and scaling functions
(initially pointed out by U. Frisch and G. Parisi in [23]; see (4.6) below) satisfies
these requirements.

We now recall the notion of multifractal spectrum. We denote by dim(A) the
Hausdorff dimension of the set A.

Definition 4.1 Let A(x) denote a pointwise exponent. The multifractal spectrum
d(H) associated with this pointwise exponent is

d(H) = dim{x: h(x) = H}.

In the case of the p-exponent, the sets of points with a given p-exponent will be
denoted by Fy (H):

F{(H) = {xo: Ij(xo) = H}, (4.2)

and the corresponding multifractal spectrum (referred to as the p-spectrum) is
denoted by d”(H); in the case of the lacunarity exponent, we denote it by d* (L).

4.1 Derivation of the Multifractal Formalism

We now recall how d(H) is expected to be recovered from global quantities
effectively computable on real-life signals (following the seminal work of G. Parisi
and U. Frisch [23] and its wavelet leader reinterpetation [14]). A key assumption
is that this exponent can be derived from nonnegative quantities (which we denote
either by e;; or e;), which are defined on the set of dyadic intervals, by a log-log
plot regression:

log (ex,x)

h = liminf ———+=, 4.3

(x0) lim in log(2) (4.3)

It is for instance the case of the p-exponent, as stated in (3.4) or (3.9), for which the
quantities e, are given by the p-leaders d.

In the case of the lacunarity exponent, quantities e, can be derived as follows:

Let Ag > 0 small enough be given. If f has a 1/g-exponent H and a lacunarity
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exponent L at xo then its 1/g-leaders satisfy
djl/q(xo) ~ 2_va
and its 1/(g + Ag)-leaders satisfy

4/ atao (xg) ~ 2~ (H+AdL,
,/ ’

we can eliminate H from these two quantities by considering the £-leaders:

4V at+80 1/8q
dt = < ~ 2L
A . dl/q .

J
(this argument follows a similar one developed in [20, Ch. 4.3] for the derivation of
a multifractal analysis associated with the oscillation exponent).
The multifractal spectrum will be derived from the following quantities, referred
to as the structure functions, which are similar to the ones that come up in the
characterization of the wavelet scaling function in (3.3):

Sy(r.j) = (Z_j Z |ej,k|r) .
k
The scaling function associated with the collection of (e, ) is

log (S(r,j
VreR,  &(r) = liminf log (8/(r.)

jo+oo  log(27) (44)

Let us now sketch the heuristic derivation of the multifractal formalism; (4.4) means
that, for large j,

Sy(r.j) ~ 2750V,

Let us estimate the contribution to S¢(r, j) of the dyadic intervals A that cover the
points of Ey. By definition of Ey, they satisfy e, ~ 27; by definition of d(H),
since we use cubes of the same width 27 to cover Eg, we need about 2¢#V guch
cubes; therefore the corresponding contribution is of the order of magnitude of

9=igd(H)jy—Hrj _ 2—(l—d(H)+Hr)j‘

When j — +o0, the dominant contribution comes from the smallest exponent, so
that

£(r) = inf(1 — d(H) + Hr). (4.5)
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By construction, the scaling function ¢(r) is a concave function on R, see
[14, 23, 24] which is in agreement with the fact that the right-hand side of (4.5)
necessarily is a concave function (as an infimum of a family of linear functions)
no matter whether d(H) is concave or not. If d(H) also is a concave function, then
the Legendre transform in (4.5) can be inverted (as a consequence of the duality of
convex functions), which justifies the following assertion.

Definition 4.2 A nonnegative sequence (e;), defined on the dyadic intervals,
follows the multifractal formalism if the associated multifractal spectrum d(H)
satisfies

d(H) = inf(1 = £(r) + Hr). (4.6)

The derivation given above is not a mathematical proof, and the determination of
the range of validity of (4.6) (and of its variants) is one of the main mathematical
problems concerning multifractal analysis. If it does not hold in complete generality,
the multifractal formalism nevertheless yields an upper bound of the spectrum of
singularities, see [14, 23, 24]: As soon as (4.3) holds,

d(H) < igﬂg(l —¢(r) + Hr).

In applications, multifractal analysis is often used only as a classification tool
in order to discriminate between several types of signals; then, one is not directly
concerned with the validity of (4.6) but only with a precise computation of the
new multifractal parameters supplied by the scaling function, or equivalently its
Legendre transform. Note that studies of multifractality for the p-exponent have
been performed by A. Fraysse who proved genericity results of multifractality for
functions in Besov or Sobolev spaces in [10].

4.2 Description of the Model and Global Regularity

In this section, we extend to possibly negative exponents the model of lacunary
wavelet series introduced in [12]. We assume that ¥ is a wavelet in the Schwartz
class (see however the remark after Theorem 4.6, which gives sufficient conditions
of validity of the results of this section when wavelets of limited regularity are
used). Lacunary wavelet series depend on a lacunarity parameter n € (0,1) and a
regularity parameter o« € R. At each scale j > 0, the process X, , has exactly [27]
nonvanishing wavelet coefficients on each interval [/, [ 4+ 1) (I € Z), their common
size is 27%, and their locations are picked at random: In each interval [[,/ + 1)
(I € Z), all drawings of [27] among the 2/ possibilities & € [/, + 1) have the
same probability. Such a series is called a lacunary wavelet series of parameters
(o, ). Note that, since « can be arbitrarily negative, X, , can actually be a random
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distribution of arbitrary large order. By construction

W=

and, more precisely, the sample paths of X, , are locally bounded if and only if
o > 0. The case considered in [12] dealt with @ > 0, and was restricted to the
computation of Holder exponents. Considering p-exponents allows us to extend the
model to negative values of ¢, and also to see how the global sparsity of the wavelet
expansion (most wavelet coefficients vanish) is related with the pointwise lacunarity
of the sample paths. Note that extensions of this model in different directions have
been worked out in [5, 9].

Since we are interested in local properties of the process X, we restrict our
analysis to the interval [0, 1) (the results proved in the following clearly do not
depend on the particular interval which is picked); we can therefore assume that
ke{0,---2 —1}.

We first determine how o and 7 are related with the global regularity of the
sample paths. The characterization (3.3) implies that the wavelet scaling function is
given by

Vp >0, Nx,,(p) =ap—n+1. 4.7

It follows that

=l ifa <0

Po :=poXay) =1 ¢
o1 +oo ifa > 0.

Note that po always exists and is strictly positive, even if « takes arbitrarily
large negative values. We recover the fact that p-exponents allow us to deal with
singularities of arbitrarily large negative order. We will see that this is a particular
occurrence of a general result, see Proposition 5.2; the key property here is the
sparsity of the wavelet series.

4.3 Estimation of the p-Leaders of X,

An important step in the determination of the p-exponent of sample paths of X, ;
at every point is the estimation of their p-leaders. We now assume that p < py,
so that the sample paths of X, , locally belong to L7 and the p-exponent of X, ; is
well-defined everywhere. Recall that the p-leaders are defined by

1/p
b= (Z Icmpz—ﬁ’—f’) : (4.8)

AC3A
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The derivation of the p-exponent of X, , everywhere will be deduced from the
estimation of the size of the p-leaders of X, ,. A key result is supplied by the
following proposition, which states that the size of the p-leaders of a lacunary
wavelet series is correctly estimated by the size of the first nonvanishing wavelet
coefficient of smaller scale that is met in the set {1’ : A’ C 31}.

Proposition4.3 Leta € R, n € (0,1) and let X, , be a lacunary wavelet series of
parameters (a, n); for each dyadic interval A (of width 277), we define j’ ( = j'(1))
as the smallest random integer such that

3N C3A suchthat |X| =27 and ¢y # 0.
Then, a.s. 3J, 3C, C' > 0 such that ¥j > J, YA of scale j
c2—% 9=0"=D/p <1l < C’z—di'z—(i'fi)/PjZ/P

Proof This result will be implied by the exponential decay rate 2=0'=D that appears
in the definition of p-leaders together with the lacunarity of the construction; we will
show that exceptional situations where this would not be true (as a consequence
of local accumulations of nonvanishing coefficients) have a small probability and
ultimately will be excluded by a Borel-Cantelli type argument. We now make
this argument precise. For that purpose, we will need to show that the sparsity of
wavelet coefficients is uniform, which will be expressed by a uniform estimate on
the maximal number of nonvanishing coefficients ¢,/ that can be found for A’ (at a
given scale ;') included in a given interval 3. Such an estimate can be derived by
interpreting the choice of the nonvanishing wavelet coefficients in the construction
of the model as a coarsening (on the dyadic grid) of an empirical process. Let us
now recall this notion, and the standard estimate on the increments of the empirical
process that we will need.

Let N; = [27] denote the number of nonvanishing wavelet coefficients at scale j.
We can consider that the corresponding dyadic intervals A have been obtained
first by picking at random N; points in the interval [0, 1] (these points are now
N; independent uniformly distributed random variables on [0, 1]), and then by
associating to each point the unique dyadic interval of scale j to which it belongs.
Let P’ be the process starting from 0 at ¢+ = 0, which is piecewise constant and
which jumps by 1 at each random point thus determined. The family of processes

ol = /N (ﬁ - t) (4.9)
J

is called an empirical process on [0, 1]. The size of the increments of the empirical
process on a given interval yields information on the number of random points
picked in this interval. If it is of length [, then the expected number of points is /[27],
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and the deviation from this average can be uniformly bounded using the following
result of W. Stute which is a particular case of Lemma 2.4 of [26].

Lemma 4.4 There exist two positive constants C| and C’, such that, if 0 < 1 < 1/8,
Nil>1and8 <A < C|/Njl,

o C
IP( sup |} — o] >Ax/2> < Tze_A2/64.

r—s|<I

Rewritten in terms of P,j , this means that

. . C!
P ( sup |P] — P/ —Ni(t—s)| > A,/le) < 2,746 (4.10)

|t—s|=i l

Recall that the assumption A’ C 3A implies that 3 - 277 > 27 We will
apply Lemma 4.4 differently for small values of j/ where the expected number of
nonvanishing coefficients ¢, that can be found for A’ (at a given scale j') included in
a given interval A is very small, and the case of large j/ where this number increases
geometrically.

We first assume that

2 > il (4.11)

We pick intervals of length [ = ;' 221" and, for the constant A in Stute’s lemma, we
pick A = j. Then (4.10) applied with N = [2’”'/] yields that, with probability at least
1— e_fz, the number of intervals A’ of scale j' picked in such intervals is

271 4+ 0(%) = 0(/).
We now assume that
7 < a7, (4.12)

Then we pick intervals of length / = 3-277/, and A = j+'. Then (4.10) applied with
N = [Z’Zi/] yields that, with probability at least 1 — e_(H'j/)z, the number of intervals
A’ of scale j' picked in such intervals is

2V 4+ O+ )2 V2 ) <22V, (4.13)

We are now ready to estimate the size of /), assuming that all events described
above happen (indeed, we note that the probabilities such that these events do not
happen have a finite sum, so that, by the Borel-Cantelli lemma, they a.s. all occur
for j large enough).
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At scales j/ which satisfy (4.11), if at least one of the A’ C 31 does not
vanish, then there are at most j2 of them, and the corresponding contribution to
the sum in (4.8) lies between |(cx/)?2~U~) | and j2|(c;)P2~U)|. At scales j/ which
satisfy (4.12), the contribution of the wavelet coefficients of scale j/ to the sum
lies between 27|(c)/)?2~U=)| and its double. Since c;; = 27%', the condition
p < po implies that these quantities decay geometrically, so that the order of
magnitude of the p-leader is given by the first non-vanishing term in the sum. Hence
Proposition 4.3 holds.

4.4 p-Exponents and Lacunarity

We now derive the consequences of Proposition 4.3 for the determination of the p-
exponents of X, , at every point. We first determine the range of p-exponents. First,
note that all p-leaders have size at most 2~%, so that the p-exponent is everywhere
larger than «. In the opposite direction, as a consequence of (4.13), every interval
32 of scale j includes at least one nonvanishing wavelet coefficient at scale j/n +
(log j)?; therefore, all p-leaders have size at least

A 2

VR S—

It follows that the p-exponents are everywhere smaller than

o 1 1
Hyy =—4+|--1]-. (4.14)
n n p

We have thus obtained that

a.s. Vp < po, Yxo € R, a < h[;(u_n(xo) < Hpux.

For each j, let EL, denote the subset of [0, 1] composed of intervals 34 (A € A))
inside which the first nonvanishing wavelet coefficient is attained at a scale / < [wyj],
and let

E, = limsup Efw

Proposition 4.3 implies that, if xo ¢ E,, then, for j large enough, all wavelet leaders
[3(xp) are bounded by

j%‘“%‘%(%_f)

3



Multifractal Analysis Based on p-Exponents and Lacunarity Exponents 307
so that:

-1
if xo ¢ E,,then  Jy (x0) > cw + i (4.15)
o, p

On other hand, if xy € E,, then there exists an infinite number of p-leaders lAj(XO)
larger than

so that:
. w—1
if xo € E,, then h’;( n(XO) <ow+ ——. (4.16)
“ p

It follows from (4.15) and (4.16) that the sets of points where the p-exponent takes
the value
w—1

H=o0w+ ——
p

are the sets

Hy,= () Ew— | Ew-

o'>w o' <w
We have thus obtained the following result.

Proposition4.5 Leta € R, n € (0,1) and let X, , be a lacunary wavelet series of
parameters (o, n). Let p < po; the sets of points with a given p-exponent are the sets

H+1/p

4 — —
FXo(.,](H) _Hw fO}" w = o + l/p’

and additionally, if xo € H,, then
Ly, ,(x) = o — 1.

Remark We actually do not need the wavelet used to be in the Schwartz class for
Theorem 4.6 to be true. One can verify that, if the uniform regularity of the wavelet
is larger than max(|a|, |Huax|), then all previous computations remain valid.

In order to determine the p-spectra and the lacunarity spectrum, one has to
determine the Hausdorff dimensions of the sets H,. We note that these sets do not
depend on @ and on p, but only on the parameter w and on the random drawing of the
locations of the non-vanishing wavelet coefficients. When « > 0, the dimensions of
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these sets (expressed in a slightly different way) were determined in [12], where it
is shown that

dim(H,) = nw.

The following result follows.

Theorem 4.6 Let o € R, n € (0,1) and let X, , be a lacunary wavelet series of
parameters (&, 1); the p-spectrum of X, y is supported by the interval [, Hy4x] and,
on this interval,

H+1/p

a.s. VYp <po, VH, d’(H) = .
P < Do (H) Ua+1/p

Furthermore, its lacunarity spectrum is given by
as. YLe[0,1/n—1], d“(L) = n(L+1).

Remark 1t is also shown in [12] that all the sets H,, are everywhere dense, so that
the quantity (4.1) is equal everywhere to H,,,x — o.

For the sake of completeness, we now sketch how these dimensions can be
computed. We start by estimating the size of E,,. Note that the number of intervals
3\ which comprise E, is bounded by

[27] + [27UFD] 4 ..o 4 2] < c2n,

Using these intervals for j > J as an e-covering, we obtain the following bound for
the Hausdorff dimension of E,,

dim(E,) < no. 4.17)

We now consider the sets H,,; it follows from (4.15) and (4.16) that

H, = ﬂ E, — U E, .

o' >w o' <w
Since Yo' < w, H,, C E,, it follows from (4.16) that
dim(H,) < no.

In order to get a lower bound on the Hausdorff dimension of H,,, we will need
the following (slightly) modified notion of §-dimensional Hausdorff measure.
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Definition 4.7 Let A C R. Fore > 0 and § € [0, 1], let

M%7 (A) = inf A’ log(|AD]" ] .
27 (4) = in (D 1°] log(| |)|)
where R denotes an e-covering of A, and where the infimum is taken on all ¢-
coverings. The (8, y)-dimensional Hausdorff measure of A is

M7 (A) = lim M2V (A). (4.18)

Since E, is composed of ~ C2" randomly located intervals of length 3 - 27,
standard ubiquity arguments (such as in [7, 12]) yield that

M"?(G,) > 0;

(4.16) implies that Uw,<w E. (which can be rewritten as a countable union) has a
vanishing (nw, 2)-dimensional Hausdorff measure. Thus

M2 (Ew — U Ew) > 0.

o' <w
Since this set is included in H,,, we obtain that
dim(H,) > no.

It suffices now to rewrite these dimensions as a function of the p-exponent to
obtain Theorem 4.6.

Numerical examples for the estimation of @”(H) and d* (H) of a lacunary wavelet
series are given in Fig.5. As predicted by theory, the numerical estimates of the
p-exponent multifractal spectra are not invariant with p but follow the evolution
with p of the theoretical spectra d” (H). The positions of the mode of the estimated
spectra have a constant negative bias; yet, quantitatively, they very well reproduce
the shift of the mode of the theoretical spectra to smaller values of H for increasing
p, revealing the lacunary nature of the function. A refined analysis is possible with
the estimated lacunarity exponent multifractal spectrum d*(H), which has been
computed here for several values of p for illustration purposes. The mode of the
spectrum is estimated at H ~ 0.2 (instead of the theoretical H = 0.25). This
clearly indicates the existence of positive lacunarity exponents. While the estimates
for small values of p fall short of revealing the full support of the theoretical
multifractal spectrum, they still enable one to identify a relatively large interval
of positive lacunarity exponent values. The best estimate of d“(H) is obtained
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Fig. 5 Lacunary wavelet series: A typical sample path of a lacunary wavelet series (¢ = 0.3,
n = 0.8, top row) and estimated structure functions (center row) and multifractal spectra (bottom
row) for p-exponents (left column) and lacunarity exponents (right column) obtained with different
values of p. The dashed lines indicate the theoretical multifractal spectra

for the canonical value p = py = 400 (g = qo = 0) in this example and
produces a satisfactory concave envelope of the theoretical multifractal spectrum
that provides clear evidence for ensembles of lacunary singularities with a range of
positive exponents.

5 Concluding Remarks

The analysis that we developed is based on the assumption that po(f) > 0, or that
nr(p) > 0 for p small enough, so that p-exponents can be defined, at least, for
p < po; we saw that this assumption allows us to deal with distributions of arbitrarily
large order and, equivalently, to model pointwise singularities with arbitrarily large
negative exponent. However, this does not imply that any tempered distribution
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satisfies these assumptions. Simple counterexamples are supplied by the Gaussian
fractional noises B, for « < 0 whose sample paths can be seen as fractional
derivatives of order % —a of the sample paths of a Brownian motion on R (Gaussian
white noise corresponds to @« = —1/2, in which case it is a derivative, in the sense of
distributions, of Brownian motion). In [18] the wavelet and leader scaling functions
are derived, and it is proved that g, = —ap, hence always is negative. However, the
following result shows that, as soon as the wavelet expansion of the data has some
sparsity, then this phenomenon no more occurs, and pg is always strictly positive
(note that this situation is quite common in practice since sparse wavelet expansions
are often met in applications).

Definition 5.1 A wavelet series Zj,k ¢jxVjx is sparse if there exist C > Oandn < 1
such that, on any interval [/, + 1],

Card{k : cjx # 0} < C2".

Typical examples of sparse wavelet series are supplied by lacunary wavelet series
or by the measures which satisfy (3.10). The following proposition implies that
multifractal analysis based on p-exponents is always possible for data with a sparse
wavelet expansion.

Proposition 5.2 Let f be a tempered distribution, which has a sparse wavelet
expansion, then 1;(p) > 0 for p small enough, so that po(f) > 0.

Proof Since f is a tempered distribution, it has a finite order, and thus it is a
derivative of order A of a continuous function. Therefore f belongs to C™(R), so
that

cix| < C24.
Js

Using again compactly supported wavelets, the same argument as in the proof of
Proposition 3.6 yields that there are at most C2" nonvanishing wavelet coefficients
at scale j; it follows that

2~ Z lejxlP < C2IninApI
k

so that ns(p) > 1 —n —Ap, and n¢(p) > 0 forp < (1 —n)/A.
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1 Introduction

1.1 Limsup Sets

Various types of limsup sets defined in a natural manner as upper limits of sequences
of sets play an important role in many fields of mathematics. One of the well-known
examples of such sets is related to the Diophantine approximation. According to the
Dirichlet’s approximation theorem, for all real numbers x € R, there are infinitely
many positive integers g € N satisfying |x—[%| < ql—z for some p(g) € Z. Replacing

qiz with a general function ¢ (g), leads to the following type of extension which has
been extensively investigated in the literature:

|x—’¥| <6(0). (L1
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The natural questions addressed in this context are as follows: Which properties of

¢ guarantee that for all or for almost all x € R there are infinitely many g € N

satisfying (1.1) for some p(q) € Z? Given ¢, what is the size of the set of points x €

R for which there exist infinitely many g € N satisfying (1.1) for some p(q) € Z?

Alternatively, one may study simultaneous approximations for xj,...,x, € R. We

refer to the work of Beresnevich and Velani [2] for a breakthrough in this direction.
Multiplying (1.1) by g gives the inequality

lxg — p(q)| < ¢(q) (1.2)

which can be interpreted by means of rotations. Indeed, denoting by R, : T' — T!
the rotation by the angle x on the circle T' := R/Z, inequality (1.2) is satisfied if
and only if the distance between zero and the g-th iterate of zero R%(0) is less than
&(g). Hence, the above mentioned problems are equivalent to the investigation of
the size of the set

{xeR||RI(0)| < $(g) for infinitely many ¢ € N}

which can be regarded as a special case of the shrinking target problem or the
dynamical Diophantine approximation formulated in full generality as follows:
given a dynamical system 7 : X — X on a metric space X, a point xo € X and
a sequence (r;) of positive real numbers tending to zero, determine the size of the
set

{x e X | T"(x) € B(xp, rp) for infinitely many n € N},

where B(x, r) is the open ball with radius r centred at x € X. A variant of this
question is the moving target problem concerning the study of the following limsup
set

lim sup B(T" (xo), 1) = m U B(T"(x0), 1)

n=1k=n

= {x € X | x € B(T"(xo), ) for infinitely many n € N}.

We refer to [12] for a recent account on this line of research.

An interesting relation between limsup sets and Brownian motion was discovered
by Khoshnevisan, Peres and Xiao in [23]. They defined a class of limsup random
fractals for the purpose of characterising the sets which intersect the set of fast points
almost surely. The notion of fast points was introduced by Orey and Taylor [28] as
the set of times where the increments of the Brownian motion are exceptionally
large.
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1.2 Random Covering Sets

Random covering sets are a class of limsup sets defined by means of a family
of randomly distributed subsets of the d-dimensional torus T¢ = R9/Z4. More
precisely, letting (A,);2, be a sequence of non-empty subsets of T and letting
X = (x,)52, be a sequence of independent random variables which are uniformly
distributed on T¢, define the random covering set E = E(x) by

oo o0
E(x) = limsup(x,, + A,) = Xp + Ag),
(x) = lim sup( )= G + A

n=1k=n

where x + A := {x +y | y € A}. In the case A,y = B(0, r¢) the study of random
covering sets may be interpreted as a moving target problem for the random walk
on T¢.

Denoting the Lebesgue measure on T¢ by L, it follows from the Borel-Cantelli
lemma and Fubini’s theorem that, almost surely, either L(E) = 0 or L(E) = 1
depending on whether the series Y ;- L£(Ax) converges or diverges, respectively,
that is, almost all or almost no points of the torus are covered, depending on whether
or not the series of the Lebesgue measures of the generating sets diverges.

The case of full Lebesgue measure has been extensively studied. Even in the
simplest case when d = 1 and the generating sets are intervals of length [, it was a
long-standing problem to find conditions which guarantee that the whole circle T' is
covered almost surely. This problem, known in literature as the Dvoretzky covering
problem, was first posed by Dvoretzky [6] in 1956. After substantial contributions of
many authors, including Billard [3], Erd6s [8], Kahane [19] and Mandelbrot [26],
the full answer to the Dvoretzky covering problem was given in this context by
Shepp [30] in 1972. He verified that E = T' almost surely if and only if

oo

1
Z—zexp(h + -+ 1) = o0,
n

n=1

where the lengths (/,) are in decreasing order.

In the higher dimensional case the Dvoretzky covering problem has been studied
by El Hélou [7] and Kahane [21] among others. In [21] Kahane gave a complete
solution for the problem when the generating sets are similar simplexes. However,
in the general case the covering problem is still unsolved.

For an overview on various results concerning random covering sets and related
topics, we refer to [20, Chapter 11] and [22] and the references therein. We briefly
mention a few modifications to the random covering model. As a generalisation of
the Dvoretzky covering problem one can consider the number of covering times for
a given set K C T, or whether K C E almost surely. For different approaches
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to related questions, see [1, 7, 9, 10, 14, 16, 20] and [21]. The Dvoretzky covering
problem can be formulated in terms of Mandelbrot cutout sets [27]. For the solution
of the covering problem in this setting, see Shepp [31]. In metric spaces the random
coverings by balls have been studied in [15]. Recent contributions to the topic
include various types of dynamical models, see [12, 18] and [25], and projections of
random covering sets [4].

2 Dimension Results in the Torus

From now on we focus on the natural problem of determining the almost sure value
of the Hausdorff dimension of the covering set E in the case of zero Lebesgue
measure. The investigation of dimensional properties of covering sets was pioneered
by Fan and Wu [11]. They gave a formula for the almost sure Hausdorff dimension,
denoted by dimy, of the limsup set in the circle T' provided that each generating
set A, is an open interval of length [, = 1/n* for ¢ > 1. Using different methods,
Durand [5] studied the case of arbitrary decreasing sequences of lengths (/,)°2, and
proved the following generalisation of the dimension formula: almost surely

o0
1
dimy E = inf{t = 0] Y1, < 00} = lim sup —

n—>oo 10g ln

2.1

n=1

Note that here the covering set E is almost surely a dense Gs-set in T! since A, =
10, Z,[ is an open interval. This implies that both packing and Minkowski dimensions
of E are equal to 1. When considering hitting probabilities of random covering sets
in the circle, Li, Shieh and Xiao [24] gave an alternative proof of the dimension
result (2.1) under additional assumptions.

The various methods used in the proofs of the above results rely heavily on the
facts that the ambient space is 1-dimensional or the generating sets are ball like. The
natural question of calculating the almost sure dimension value of the covering set
in the d-dimensional torus T¢ was first addressed in [17] for generating sets of the
formA, = II(L,(R)), where IT : RY — T4 is the natural covering map, R is a subset
of the closed unit cube [0, 1]¢ with non-empty interior and the map L, : RY — R? is
a contractive linear injection such that for all i = 1,...,d the sequence of singular
values (0i(L,))52, decreases to 0 as n tends to infinity. Recall that o;(L,) is the
length of i-th longest semiaxis of L,(B(0, 1)). It turns out that, almost surely, the
Hausdorff dimension of E can be calculated in terms of the singular value functions

CDT(Ln) =0 (Ln) cOm—1 (Ln)o-m(Ln)r_WH_l
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where m is an integer withm — 1 <t <mand 0 < o4(L,) < --- < o1(L,) < 1.
More precisely, almost surely

o0
dimyE = inf{0 <t <d| Y _ ®'(L,) < 00} (2.2)

n=1

with the interpretation inf @ = d, see [17].
Recently, Persson [29] showed that for open generating sets A, C T¢, almost
surely,

o
dimyE > inf{0 <t < d | ) g(A,) < oo}, (2.3)
n=1
where
L(A)?
A) =
gi(A) L(A)

for all Lebesgue measurable sets A C T¢. Here

1(A) = // =y dL() dL() 2.4)
AXA

is the 7-energy of A. Note that, for simplicity, we use the notation |x — y| for both the
Euclidean distance and the natural distance in T¢.

It is straightforward to see that inequality (2.3) gives a generalisation of (2.2).
Indeed, it follows easily that the lower bound in (2.3) equals the right-hand side
of (2.2) under the assumption that the generating sets A, are open rectangles. The
fact that in [17] the monotonicity assumption o;(L,) | 0 as n — oo is not needed
for the purpose of verifying the upper bound of the Hausdorff dimension in (2.2)
implies that (2.2) is valid for generating sets of the form A, = IT(L,(R)) without
the convergence assumption. To conclude, the results of this section cover the case
of A, C T being box-like, that is, linear images of a set having non-empty interior,
and moreover, give a lower bound for general open sets.

3 Dimension Results in Riemann Manifolds

In this section we concentrate on dimensional properties of random covering sets in
a d-dimensional Riemann manifold. The setting we are dealing with is quite general:
the generating sets are Lebesgue measurable, and moreover, instead of the uniform
distribution £ we consider any non-singular measure. This section is based on our
recent joint work with De-Jun Feng and Ville Suomala [13].
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We begin by introducing the notation. Let U, V C R? be open, simply connected
and bounded sets, and let £ : U x V — R? be a C'-map such that the maps
E(,y) : U - E(U,y) and E(x,:) : V — E(x,V) are diffeomorphisms for all
(x,¥) € U x V. Denoting the derivatives of Z(-,y) and E(x,-) by D1E and D, E,
respectively, we assume that there are constants C;, C,, > 0 such that the singular
values satisfy

C <0i(D1E(x,y)),0:(DE(x,y)) <C, 3.1

forall (x,y) € Ux Vandforalli=1,...,d.

Let I be a Radon probability measure on U which is not purely singular with
respect to the Lebesgue measure £. We consider the probability space (UY, F, P)
which is the completion of the infinite product of (U, B, T"), where B is the Borel
o-algebra on U. Assuming that A, C V for all n € N, define the random covering
set E(x) for all x = (x,)nen € UN by

oo o0
E(x) := limsup E(x,,4,) = 8 (xg, Ag).
(x) := lim sup & (3 A,) U BG40

n=1k=n

Note that, choosing U = V = T¢ and E(x,y) = x + y, gives the setting of Sect. 2.

For the purpose of computing the almost sure value of the Hausdorff dimension
of covering sets, we need the following quantities. For 0 < ¢ < oo, the -dimensional
Hausdorff content of a set A C R? is denoted by

o0 o0
Hio(A) = inf{y (diamB,)" | A C (] B}
n=1 n=1
where diam B is the diameter of a set B C R?. Define
o0
fo:=inf{0 <t <d| ) Hi(A,) < oo} (3.2)
n=1
with the interpretation inf @ = d. For Lebesgue measurable sets A, C R?, we set
o0
s0:=sup{0 <s <d| ) Gs(An) = 00}, (3.3)
n=1

where

G4(B) := sup{gs(A) | A C B, A is Lebesgue measurable and L(A) > 0}
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with the interpretation sup@ = 0. Finally, we say that a point x € A C R? has
positive density if

.. LANB(x,r))

Now we are ready to state our main theorem from [13].

Theorem 3.1 Suppose that K C V is compact and the generating sets (A,)52, are

subsets of K. Then

(a) dimy E(x) <ty forallx € UY,

(b) dimy E(X) > so for P-almost all x € UN provided that A, is Lebesgue
measurable for alln € N,

(c) dimyg E(X) = so = ty for P-almost all x € U™ provided that for all n € N the
set A, is analytic and all points in A, have positive density,

(d) dimy E(x) = d for P-almost all x € U provided that A, is Lebesgue
measurable and L(A,) > 0 for alln € N.

As a consequence of Theorem 3.1 we obtain the following dimension result
for random covering sets in compact Riemann manifolds [13]. Note that in
Corollary 3.2 the quantities #y and so are defined similarly as in (3.2) and (3.3) by
using the distance function induced by the Riemann metric and by replacing £ by
the Riemann volume.

Corollary 3.2 Let My, M, and N be d-dimensional compact Riemann manifolds.
Suppose that & : My x My — N is a C'-map such that E(x,-) and E(-,y) are local
diffeomorphisms satisfying (3.1). Let (A,)52, be a sequence of analytic subsets of
M, such that all points in every A, have positive density with respect to the Riemann
volume on M. Assume that I is a Radon measure on M| which is not purely singular
with respect to the Riemann volume on My. Then for P-almost every x € (M;)Y, we
have dimy E(x) = ty = 59 and dim, E(x) = d.

In Corollary 3.2 the compactness assumption guarantees that the random cov-
ering set is non-empty. The claim is valid for compact subsets of non-compact
Riemann manifolds as well. Note that Corollary 3.2 is sharp in the sense that, almost
surely, dimgy E(x) may be strictly between sy and ¢, if we only assume that for all
n € N we have L(A, N B(x,r)) > 0 for all x € A, and r > 0. Moreover, even for
open generating sets the quantity sy may be strictly larger than the right hand side
of (2.3). In particular, the lower bound in (2.3) is not the best possible one. Finally,
Theorem 3.1 may fail if the distribution I' is singular with respect to the Lebesgue
measure. We refer to [13] for details of these facts.

Acknowledgements We thank the Centre of Excellence in Analysis and Dynamics Research
funded by the Academy of Finland.



324 E. Jarvenpid and M. Jarvenpdd

References

1. J. Barral, A.H. Fan, Covering numbers of different points in Dvoretzky covering. Bull. Sci.
Math. 129(4), 275-317 (2005)

2. V. Beresnevich, S. Velani, A mass transference principle and the Duffin-Schaeffer conjecture
for Hausdorff measures. Ann. Math. (2) 164(3), 971-992 (2006)

3. P. Billard, Séries de Fourier aléatoirement bornées, continues, uniformément convergentes.
Ann. Sci. Ecole Norm. Sup. (3) 82, 131-179 (1965)

4. C. Chen, H. Koivusalo, B. Li, V. Suomala, Projections of random covering sets. J. Fractal
Geom. 1(4), 449467 (2014)

5. A. Durand, On randomly placed arcs on the circle, in Recent Developments in Fractals
and Related Fields. Applied and Numerical Harmonic Analysis (Birkhduser, Boston, 2010),
pp. 343-351

6. A. Dvoretzky, On covering a circle by randomly placed arcs. Proc. Nat. Acad. Sci. U.S.A. 42,
199-203 (1956)

7. Y. El Hélou, Recouvrement du tore 79 par des ouverts aléatoires et dimension de Hausdorff de
I’ensemble non recouvert. C. R. Acad. Sci. Paris Sér. A-B 287, A815-A818 (1978)

8. P. ErdSs, Some unsolved problems. Magyar Tud. Akad. Mat. Kutat6 Int. Kozl. 6, 221-254
(1961)

9. A.H. Fan, How many intervals cover a point in Dvoretzky covering? Isr. J. Math. 131, 157-184
(2002)

10. A.-H. Fan, J.-P. Kahane, Rareté des intervalles recouvrant un point dans un recouvrement
aléatoire. Ann. Inst. Henri Poincaré Probab. Stat. 29, 453-466 (1993)

11. A.-H. Fan, J. Wu, On the covering by small random intervals. Ann. Inst. Henri Poincaré Probab.
Stat. 40, 125-131 (2004)

12. A.-H. Fan, J. Schmeling, S. Troubetzkoy, A multifractal mass transference principle for Gibbs
measures with applications to dynamical Diophantine approximation. Proc. Lond. Math. Soc.
107, 1173-1219 (2013)

13. D.-]. Feng, E. Jarvenpdi, M. Jarvenpdi, V. Suomala, Dimensions of random covering sets in
Riemann manifolds (Manuscript)

14. J. Hawkes, On the covering of small sets by random intervals. Quart. J. Math. Oxf. Ser. (2) 24,
427-432 (1973)

15. J. Hoffmann-Jgrgensen, Coverings of metric spaces with randomly placed balls. Math. Scand.
32, 169-186 (1973)

16. S. Janson, Random coverings in several dimensions. Acta Math. 156, 83—118 (1986)

17. E. Jarvenpdd, M. Jarvenpad, H. Koivusalo, B. Li, V. Suomala, Hausdorff dimension of affine
random covering sets in torus. Ann. Inst. Henri Poincaré Probab. Stat. 50, 1371-1384 (2014)

18. J. Jonasson, J.E. Steif, Dynamical models for circle covering: Brownian motion and Poisson
updating. Ann. Probab. 36, 739-764 (2008)

19. J.-P. Kahane, Sur le recouvrement d’un cercle par des arcs disposés au hasard. C. R. Acad. Sci.
Paris 248, 184—186 (1956)

20. J.-P. Kahane, Some Random Series of Functions. Cambridge Studies in Advanced Mathemat-
ics, vol. 5 (Cambridge University Press, Cambridge/New York, 1985)

21. J.-P. Kahane, Recouvrements aléatoires et théorie du potentiel. Colloq. Math. 60/61, 387-411
(1990)

22.J.-P. Kahane, Random coverings and multiplicative processes, in Fractal Geometry and
Stochastics I1. Progress in Probability, vol. 46 (Birkhduser, Basel/Boston, 2000), pp. 125-146

23. D. Khoshnevisan, Y. Peres, Y. Xiao, Limsup random fractals. Electron. J. Probab. 5(5), 24pp
(2000)

24. B. Li, N.-R. Shieh, Y. Xiao, Hitting probabilities of the random covering sets, in Fractal
Geometry and Dynamical Systems in Pure and Applied Mathematics. Il. Fractals in Applied
Mathematics. Contemporary Mathematics, vol. 601 (American Mathematical Society, Provi-
dence, 2013), pp. 307-323



Dimensions of Random Covering Sets 325

25. L. Liao, S. Seuret, Diophantine approximation by orbits of expanding Markov maps. Ergod.
Theory Dyn. Syst. 33, 585-608 (2012)

26. B. Mandelbrot, On Dvoretzky coverings for the circle. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 22, 158-160 (1972)

27. B. Mandelbrot, Renewal sets and random cutouts. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 22, 145-157 (1972)

28. S. Orey, S.J. Taylor, How often on a Brownian path does the law of iterated logarithm fail?
Proc. Lond. Math. Soc. 28, 174-192 (1974)

29. T. Persson, A note on random coverings of tori. Bull. Lond. Math. Soc. 47(1), 7-12 (2015)

30. L.A. Shepp, Covering the circle with random arcs. Isr. J. Math. 11, 328-345 (1972)

31. L.A. Shepp, Covering the line with random intervals. Z. Wahrscheinlichkeitstheorie und Verw.
Gebiete 23, 163-170 (1972)



Expected Lifetime and Capacity

Andras Telcs and Marianna E.-Nagy

Abstract We investigate sharp isoperimetric problems for random walks on
weighted graphs. Symmetric weights on edges determine the one step transition
probabilities for the random walk, measure of sets and capacity between sets. In
that setup one can be interested in the exit time of the random walk from a set, i.e.
to find for a fixed starting point the “optimal” set of given volume which maximizes
the expected time when the walk leaves the set. A strongly related problem is to
find a set of fixed volume which has minimal conductance with respect to a given
set. In both problems the answer is less appealing than in the case of Euclidean
space. As demonstrated by a simple counterexample, there is no unique optimal set.
The Berman-Konsowa principle is used in the search for optimal sets. It allows to
construct a new graph on which the calculation of conductance and mean exit time
is tractable.

Keywords Isoperimetric inequality ¢ Random walks e Berman-Konsowa
principle

1 Introduction

Isoperimetric problems have a long and shining history in mathematics as well
as in human culture. Pappus credited to Zenodorus the first statement of the
two dimensional isoperimetric problem. Several other isoperimetric problems were
formulated in the course of time. One can find a classical introduction in Polya’s

P

and Szeg6’s book [9] and further references in the nice survey of Caroll [5]. We are
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not going to present a review here. To find the optimal set for the maximal expected
lifetime of a planar Brownian motion in a finite closed, connected domain of fixed
area is a naturally arising similar problem (cf. [1, 5] and their references). In the
light of recent developments in the study of diffusion processes in measure metric
Dirichlet spaces (cf. [3, 7]) it is natural to rise the same question on such spaces.

Let us imagine that we have a sheep, a piece of grassland, and an electric fence
of a given length. The sheep starts at a given point at time zero and performs a
diffusion according to a fixed measure and a local, regular, Markovian Dirichlet
form. We want to enclose the sheep with the fence in such a way that the sheep
is hit by electricity as late as possible, in expectation. This scenario inspired Erin
Pearse to coin the name “Brownian sheep” at the Cornell Conference on Analysis
and Probability on Fractals in 2005.

In the present paper we make a very first step towards the solution of the
Brownian sheep problem. We consider a discrete space-time counterpart of the
problem, given by random walks on weighted graphs (for general introduction and
background c.f. [6, 10]).

We provide a characterization of the optimal solution for:

1. The minimal capacity problem: given two sets I' and ' C I" and a constant M,
find a set D C F with volume not larger than M such that the capacity between
D and I'\F is minimal.

2. The maximal lifetime problem: given a starting point of the walk and a constant
M, find a set F' of volume not larger than M such that the expected exit time of
the walk is maximal.

The key tool for us is the Berman-Konsowa (B-K in the sequel) principle [4]
(see also [8] for a nice interpretation), by which the problem can be reduced to star
graphs.

The paper is organized as follows. In Sect.2 we introduce basic notation and
facts. In Sect. 3 we present the Berman-Konsowa principle, in Sect. 4 we discuss the
problem of capacity and in Sect. 5 the problem of Brownian Sheep. Some technical
details are collected in an Appendix.

2 Foundations

Let (T, Or, i) be a connected weighted undirected graph with vertex set I, edge
set Or and a symmetric weight on edges (., = i, .. The corresponding resistance
iSRey = 1/pxy. Forx € Tlet u(x) = 3 pxy.

For sake of simplicity we will solve the problem on the cable system of the graph,
i.e., all edges are considered as copies of the unit interval [2]. For an edge (x, y) and
a € [0, 1] let (o, x, y) denote the point which splits the edge into ¢, 1 — o parts. We
write wo = (0,x,y) forx, w; = (1,x,y) fory, and wy = (@, x,y) for points on the
edge. Resistance and weight are proportional to the length of a subinterval:

Rygwe = Ry and  fly wy = Qfly,y.
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The basic space for our study is the set of all points of the unit intervals
representing edges. It is denoted by W. We consider subsets A C W which are
unions of subintervals where adjacent endpoints are identified. We assume that such
a set A is convex in the following sense: if wg = (&, x,y) € A then at least one of
the vertices x and y is in A, and if lets say x € A, then wy, = («,x,y) € A for all
a € [0, a] as well.

In the sequel the investigated sets A C W are assumed to be open and
precompact. Let A denote the closure of the set and JA = A\A the boundary of
A. The boundary of a set is a discrete set of points on intervals. The set of edges
crossing dA will be denoted by cA.

The weights on edges define a measure djt (@, x,y) = Ly yda, with

w(A) = Z My + Z Oflyy-

x,yeEANT (a,x,y)€0A
XEA,yEA

We consider the usual random walk X,, € " on (I', ) defined by the transition
probability P (x,y) = ptyy/p(x). We assume that there is a py > 0 such that for all

(-xv y) € QF
P (x,y) = po. 2.1

As a consequence deg (x) < 1/pg for all x € T, i.e. the graph has bounded degree.
I" can be infinite, however.

Now we define the killed random walk for a set A which contains a finite number
of vertices. We assign to A a corresponding graph with vertex set 'y = ' N A U JA
and the induced edges. On this graph we have a random walk which we will start
at an interior vertex and kill at the first boundary vertex. The transition probabilities
P* (x,y) are equal to P (x,y) for x,y € T NA. If x € T N A is adjacent with one
boundary point w, = (¢, x,y) € dA then the interval (x, y) is splitted into two parts
and the transition probability modified accordingly:

1
o My

P (x,wo) = :
ZZ;éy Hx,z + éﬂx,y

In other words new points are introduced as edge splitting points on the boundary
of A and the walk is defined inside A as usual, choosing a neighbor proportional to
the conductance. On vertices next to the boundary the walk tends to choose short
edges with small ¢, which get bigger weights by 1/«. The walk is killed as soon as
it reaches a boundary point. The exit time of the random walk is

Ty = min{n: X, € T\A},
and the mean exit time for the walk starts in x € I" is defined as

E.(A) = E* (Ta|Xo = %),
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where EA is the expected value with respect to the probability measure P* induced
by the random walk X,, starting at Xy = x € I" and killed when it leaves A.

Remark 1 The notions of weight, capacity and resistance need a bit of explanation.
Capacity is the reciprocal of resistance, shorter subintervals have smaller resistance
and bigger capacity, while the weight assigned to the subinterval is proportional to
its length. In that sense weight and capacity are not the same on subintervals while
they numerically coincide on full intervals.

One can assume that the resistance is not uniform along the edges but there is a
resistivity p (s) along it and

Ryy v, :/0 p (s)ds.

This extension is not discussed here, but seems tractable and the whole machinery
can be generalized to it without essential change.

Problem 1 (Maximal exit time) Letx € I' and M > 0 be given. Find a set F > x,
F C W with volume p (F) < M and maximal expected exit time E, (F).

Problem 2 (Minimal capacity) Let F' C W be a fixed set and M > 0 be given. Let
Cap (D, F) denote the capacity of the ‘annulus’ F\D for D C F, more precisely

: 2
Cap (D F) =f1€ng , /ef%;FU;]D (f ) =F ()t

where H = H (D, F) is the set of functions f : W — R, f|p > 1 andflﬁ = 0.

Here again the boundary crossing edges are splitted and only the parts in F\D is
considered. We seek for a set D such that D C F, (D) < M and the capacity
Cap (D, F) is minimal.

3 The Berman-Konsowa Principle

The other model that we will use is the path system of the graph. Consider a pair of
sets (D, F), where D C F. Denote L = Lp r the set of all finite paths connecting
d;D and 0, F cropped at the boundary of the sets. Denote the ends of a path [ € Lp
by d; and z;, respectively. The path-graph on F\d;D will be defined between y’s and
I'\F and completed with common, unsplitted edges (d, y) reaching dD, see Fig. 1.
(Ify € doD buty ¢ F we consider the single edge (d, y) as a path.)

We introduce Pp r as the set of all probability measures on Lp r, and let Op ¢ be
the edge set induced on F\D by the original graph.

Definition 3.1 A flow between D and '\ F is a function on Qp r. A flow function
® is nonnegative and satisfies the following rules.
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Fig. 1 Paths starting inside Z;
F\D F 2

1. D(x,y) ®(y,x) =0 V (x,y) € Opp, ie. the flow is one-directional,
2. forx € F\D

Z ® (x,y) =0,

y:(xy)€0p F

Yoo ewdyn= > 0@, 3.1)

deD.y:(d,y)€Qp.F 2€0F y:(y,2)€0p.F

4. ®(x,d) = ®(z,y) = Oforall x,y € F\D,d € D,z € dF. In addition we say
that @ is a unit flow if ZdeD’y:(d’y)EQDF ®d,y) =1.

We define a new network (I'z, Qy, 1) based on the path system L = Lp r. That
will be the set of paths connecting D and I'\F with vertex and edge replicas of
the original graph, to ensure that the path have no common vertices except at their
endpoints. The objects of the new graph will be labeled by / € L. Eachl/ e Lisa
sequence of edges. We redefine the vertex set. For each x € F\D let x; be a vertex in
I'pifx e IN (F\D), formally: '), = {x;: x € F\DNland/ € L}. Edges are kept
along the paths. We associate a new resistance Ri’y to each edge on / with respect
to a probability measure P € Ppr. If (x,y) € Opr the flow can be decomposed
into separate flows along disjoint paths

p(r.y)= Y. P(l)

U:'>(x,y)
P (I)

M op (x,)

- ®p (x,
R, = (i) =R, HED((xl)y)‘

ey =1t

3.2)
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The path [ has resistance r; = ), )¢ Ri’y and its conductance is Cap” (1) = 1/r.
Finally the capacity or conductance determined by P between D and 9F is

Cap® (D, F) = Z Cap® (I).

l€Lp F

Remark 2 Let us observe that the edge weights are shared between the paths, it is
contained proportional to the probability measure. For each edge

Y " Zl’:l’a(x,y) P (l/) ’

and consequently

Z /“L,Zr,y = lu“Xay'

LI3(xy)

Theorem 3.2 (Berman-Konsowa principle)

Cap (D,F) = Jjax Cap” (D, F).

€Pp r

In what follows this nice path system will play a particular role. Let us mention
that the capacity potential defines an important unit flow which minimizes the
energy dissipation of the network. Let t¢ = min{k : X; € C} be the hitting time
of the set C and v (y) = P (tp < tr\r|Xo = y). The natural flow generated by the
properly adjusted external source is

P (x,y) = (v (X)) =) My, (3.3)

where a4 = max {a, 0}.

4 Sets with Minimal Capacity

Let D be an optimal solution of Problem 2. Then we may assume that for all w € dD,
w = (a,x,y) with @ € (0, 1), i.e., the boundary points of D are internal points of
edges. We can assume even more, that there is a small ¢ > 0 such that

ae(el—e¢).

If it is not the case, given that dD is finite, with an arbitrary small change of the
volume M that can be ensured.

Consider the Berman-Konsowa path system L, p r and let us extend each path [
which connect y; € d,D to F with the edge segment (d;, y;) , where d; € 0D and
d; = (a4, x;,y;) for some 0 < oy < 1. Then the resistance from d; can be calculated
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as follows. We have

Cap, (v1.0F) = Y _ Cap (yi.f) .

7:y167
where f; € F Nl and R, (y;, 0F) = 1/Cap; (y;, OF)
R (d}, OF) = Rayy, + Re (i, OF) .

Finally, Cap; (d;, 0F) = 1/R;, (d;, 9F) and we have

Cap (D.F) = ) _ Cap, (d.0F).
deoD

Let us recognize, that the path system we have used here is smaller than the path
system in the original B-K construction, since the border crossing edges are not
split. For that reason we will refer to this construction as reduced B-K path system.

In order to investigate the optimal set of Problem 2 we use the Lagrange method
and consider small perturbations of the optimal set. Let us consider a function
& : ¢D — (0, 1) which defines the boundary of the set D¢ with w = (£ (x,y) ,x,y) €
0D¢.

We consider the reduced B-K path system over (D, F) and fix the resistances
R,lr.y defined in (3.2) by the capacity potential and optimal flow (3.3) . We reserve
P for the optimal distribution and P will denote an arbitrary other one on the fixed
set of paths L. We shall consider in many cases a fixed set of paths L with different
weights, in that case the resistances, conductances on the path system with respect
to the probability P, P will be denoted by R, Cap, and R = R, = R}, Cap =
651/% = Capf, respectively. We shall drop the sub and superscripts if it does not
cause ambiguity.

Remark 3 The Berman-Konsowa principle says that for any set D C F and any
weight system PP with the corresponding Capy,

Cap (D, F) = mﬂngapE’ (D,F) > 651/% (D,F).

In particular if D is optimal, and D is another set in F then

Cap (D, F) > Cap (D, F) > Cap, (D, F).

Lemma 4.1 IfD C F, u (D) < M minimizes the capacity on the path system Lp p
(with weights defined by the optimal P) then D is optimal for Problem 2.

Proof Let D CF, 7 (D) < M be another set and L be the path system defined by
(D, F). Then from

Cap} (D, F) > Cap; (D.F)
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and from the capacity definition and Remark 3, we have the statement:
Cap (D, F) = EEBZ (DF) > Capf (D, F) > Capf (D,F) =Cap(D,F).

|

For each path [ € L, we introduce the resistance r; and the weight u; of the whole
path:

= Z Ri’v and = Z p,i’v,

(z,v)€el (z,v)€l

where (z,v) € [ are the edges of path /.
The proof of the following statement is given in the Appendix.

Proposition 4.2 If D is optimal, then in the path system for eachl € Lp g
! (x1.y1) ri = const, (4.1)

where (x;,y;) € c¢D denotes the crossing edge of I.

Remark 4

1. The simplest case is to fix x € I" and look foraset Dwithx € D C F,u (D) <M
which minimizes Cap (x, D).

2. The following example shows that an optimal set D need not be unique. Consider
two copies of L; = {0;,1;2;,3;,4;,5;}, i = 1,2 with edges between direct
neighbours and join them by setting 0; = 0,. We switch to continuous setup.
Let

2ifs € [0, 1]
mi(s) = 4 4ifs € (1,2]
3ifs e (2,5]

be the mass density along L;. Denote the mass and resistance of the ray from 0
to a point x € [0, 5] by m and r. Then

2x ifo<x<l1
mx)=92+4(x—-1)ifl <x<2
6+3(x—2)if2<x<5

% ifo0<x<l1
r)=131/2+;x-1ifl <x<2.
24+1(x=2) if2<x<5
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For the calculation of capacity we pick a point x on the first ray for which m (x)
is the total mass from O to it. We allocate the rest of the mass to the point y on the
second ray, that is m (y) = 12 — m (x) if M = 12. We define the inverse function
p of the function m:

t/2 if0<t<?2
p=q30+2)if2<1<6
t/3 if6<tr<I15

The capacity is Cap (x,D) = g(r) = 1/r(p(®)) + 1/r(p (12 —1)) expressed
in the mass ¢ used on the first ray, namely t = m(x). It is easy to see, that this
function has two global minimal solutions.

3. This example shows that no unique optimal solution can be guaranteed. The last
resort is provided by the observation made in Lemma 4.1. If a set is optimal
on its own B-K path system, it can be found by the Lagrange method, and it is
optimal with respect to the original problem. Also let us recall Remark 3 which
helps to sort out non-optimal sets. Since if we find a weight system P’ over L on
which the candidate set D* is not optimal then it can not be optimal.

5 The Exit Time

We are going to find optimal sets which maximize E, (F) with x € F, where
x € I and u (F) < M fixed. In order to find an optimal set we try to maximize
simultaneously R (D,,, F) where D, is the level set of the Green function G (x, y)
of volume m, 0 < m < M. We defer the statement of the result to the end of this
section to avoid repetition of technical notation. As in Sect. 4 we assume that the
boundary points of the optimal set are inside the edges, i.e., e-separated from the
endpoints.

From now on we work on the reduced path system and weights are defined by
the optimal flow. The path system is {/;}_, , denote z; = ; N dF. Let

e, = E;i (z;) = E(T|Zy = x)

the exit time on the path /; of the random walk Z, on /; determined by the weights
on /;. Denote m; = my, the volume of the path /; and R; = R, the resistance of it.

Definition 5.1 The local Green function (Green kernel) G (g” (x,y)) is defined
by the transition probabilities P” (x, y) of the random walk, killed on exiting the set
F C T is the following:

o0
G (x.y) =) Pl (x.y).
n=1
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g (xy) =G (6, y) /n ().

In the following we summarize some known facts about the Green function and
the exit time of random walks (for more details see [11]). It is know that

E.(F)=Y g yn@).

yEF
Furthermore, on the graph and on the cable system for any w € F

G" (x,w) = g" (x,w)dp (w),

E (F) = /F g" (x.w)dp (w), (5.1)
where
g’ (x,w) = R(H,,0F),
where H,, = {v 1gf (o, v) > g (x, w)} is the super-level set with boundary of

the equipotential surface B,,. (Let us remark here that g” on the cable system is
linear extension of g’ on the graph.) On the other hand we know that in the path
decomposition we have for a given /; that the Green kernel g7’ (x, w) = gi’ (x,w) =
R; (w, z;) and similarly to (5) we have that

o = [ &t Gwdion = [Riwz ),

R _R(x.F) _R(B,.0F)

R Ri(x,z) Ri(w.z)

consequently for all path /;

gF (x,w) =R(By,F) = gri w,z) = —gl “x,w). (5.2)

i

Since the path system splits each edge, we have

dp(w) = ) dpi (w). (53)
i:wel;
where in general diu; = P (I;) di and in particular P (/;) = +-. Here z;’s are not

necessarily different. In the next step we shall join the paths Wthh have common
endpoints, i.e., the boundary crossing edge is shared by them.

E (F) = /F g (Y dp(y) = Z /, " (x,y) dpi (v) (5.4)

—ZZ/g (x.y) dpi ()

z i3z li
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As earlier we should handle with care the paths ending at the same vertex (sharing
a boundary crossing edge). The weights split on edges and hence the measure on
vertexes add up as in (5.3)

dp. () = Y dwi(2),

i:z€ByNI;
while for z € By N [;
F F R z
g (xy) =g (v,x) = Eg'(y,X)

R R
= = _
= RS (v, %) RS (x,y)

As a consequence of (5.4), (5.2) and the notation

e = /1 & () dpie ).

we have that

B =Y 3 [df tydu0) - ) p

ceaFizel;

As aresult we have the following observation.

Lemma 5.2 For the set F the exit time E (F) has the form
E.(F)=R) &
x l Rl .
We introduce the following notations: C = Cap (x, F) = 1/R (x, F)

5161
= Z ylela (pz = =,
!

e

[\

G
C = —, = —,
! R, Vi C
where 6, is such that y;R; = (1 + §;) ¢; holds.

Theorem 5.3 If F is optimal for Problem 1, then it satisfies for all the B-K path |
and its endpoint z € I N OF that

Ry (x,2) u (2)

(1 n (pl)l/z = const.

The proof is deferred to the Appendix.
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As in case of the capacity problem, the obtained solution is not necessarily
optimal or unique, since it is only a necessary and not a sufficient condition for
optimality in general (see Remark 4 2. and 3.).

Appendix

Proof of Proposition 4.2 Let us recall that we assume that D is an optimal set and
slightly change its boundary along the border crossing edges. We consider the
Lagrange function with multiplier A € R :

Capf (Dg, F) + Au (Dg) .

Denote & = & (x,y) : wy = (&, x,y) € dD forming the perturbation vector £ = [£/].
Let z; = dF N [ be the endpoint of the path [ at the boundary of F.

ad
% |:Z Cap; (w.z1) + Ap (Ds):| .
]

Setting the derivative zero and using r; = R’ (w;, z;) we have that

o
|

=% |:Z Cap; (W, 21) + Ap (DE):|
0 [1
G [ A 1}

R’ (xy,
_ M T+ ()
l

for all path [ € L and
1! (1, y1) 1y = const

is a necessary condition for the optimality. |

Proof of Theorem 5.3 We consider the variational problem

max E, (F').
i p(Fy <M

Assume that F is optimal with a path system L and the probability P on it. As in the
case of the capacity we perturb F in a small neighborhood. The maximal solution
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should satisfy for a suitable A and for all path [ that

0
35 (B () + A ()] = 0

0 ep _ d ep _
. [RZP:R_,, —HL,LL(F)} = [RZ,,:(RP +)m,,)} =0,

where s, is the length of / and we use y; for the volume of the path . Let E = ) 1‘%

the density of u is u(z) = ili—’;|sl, where s is the arc length parametrization of
w (s;) = z. Furthermore, ;; = p (z;) and the density of resistance is p (z;) =
1/u(z;), then the derivative is as follows

0 e 0 0
(2 (i) - () o asa

One can find that
0 8 1 20 @)
(8_szR) T om Yy L =R
P R, !

and
d
——e = r(ws,z) i (w(s)) ds
8sz 8 S
s1 st
= [ pw @
St Jo K
= p(z) s
0 d e Msz
T g 2
as; as; Rl Pa) = l

It is trivial that e; < Ry, so the defined §; is nonnegative. Furthermore,

d (zz)

—FE = 8ie

95, 1er.
0
—E,(F)= 2'O(ZI)E +Rp(Zl)51 e +Au(z) =0
asl Rl l

2 2

R'O (Zzl) E+ p (Zzl) 8;e; = const.
R; R;
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