Chapter 4
Lectures on the Isometric Embedding

Problem (M",g) - IR", m = 5(n+1)

Marshall Slemrod

Abstract This work derives the basic balance laws of Codazzi, Ricci, and Gauss
for the isometric embedding of an n-dimensional Riemannian manifold into the
m = ’% (n + 1)-dimensional Euclidean space. It is shown how the balance laws
can be expressed in quasi-linear symmetric form and how weak solutions for the
linearized problem can be established from the Lax-Milgram theorem.

4.1 Introduction

Riemann introduced the notion of an abstract manifold with metric structure, his moti-
vation being the problem of defining a surface in Euclidean space independently of
the underlying Euclidean space. The isometric embedding problem seeks to establish
conditions for the Riemannian manifold to be a submanifold of a Euclidean space hav-
ing the same metric. For example, consider the smooth rn-dimensional Riemannian
manifold M" with metric tensor g. In terms of local coordinates x;, i = 1,2,...,n
the distance on M" between neighbouring points is

ds? = gijdxidx;, i, j=1,2,...n, 4.1.1)
where here and throughout the standard summation convention is adopted. Now let
IR” be m-dimensional Euclidean space, and let y : M" — IR” be a smooth map so
that the distance between neighbouring points is given by

ds® =dy.dy = y',y\dxjdx, (4.12)

where the subscript comma denotes partial differentiation with respect to the local
coordinates x; . Global embedding of M™ in IR" is equivalent to proving the existence
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of the smooth map y for each x € M". Isometric embedding requires the existence
of maps y for which the distances (4.1.1) and (4.1.2) are equal. That is,

gijdxidxj = y';yidxjdxy, (4.1.3)

or o
Yy = gk, (4.1.4)

which may be compactly rewritten as
Oiy - 0jy = gij, (4.1.5)

where

0

8x,- ’

0; (4.1.6)

and the inner product in IR” is denoted by the symbol “-”.

The classical isometric embedding of a 2-dimensional Riemannian manifold into a
3-dimensional Euclidean space is comparatively well studied and comprehensively
discussed in the book by Han and Hong [HHO6]. By contrast, the embedding of
n-dimensional Riemannian manifolds into n(n + 1)/2 Euclidean space has only
a comparatively small literature. When n = 3, the main results are due to Bryant
etal. [BGY83], Nakamura and Maeda [NM86, NM89], Goodman and Yang [GY88],
and most recently to Poole [Pool0]. The general, but related, case when n > 3 is
considered by Han and Khuri [HK12]. These studies all rely on a linearization of the
full nonlinear system (4.1.4) to establish the embedding y for given metric g;; of the
Riemannian manifold.

Applied analysts familiar with continuum mechanics and quasi-linear balance
laws might find a presentation of the embedding problem within the context of
symmetric quasi-linear forms appealing since there is an accompanying extensive
literature originating with Friedrichs [Fri56]. For this and related references, the
reader may consult Han and Hong [HHOG6]. It appears, however, that when the critical
Janetdimensionism = n(n+1)/2 the isometric embedding problem (M", g) — R"
has not yet been expressed in symmetric quasi-linear form. The purpose of these
self-contained notes is to demonstrate how this may be achieved using the Gauss,
Codazzi, and Ricci relations. The existence and uniqueness of a weak solution to
these equations is then proved by means of the Lax-Milgram theorem.

4.2 Basic Isometric Embedding Equations

Let (X, g) denote an n-dimensional Riemannian manifold with ascribed metric tensor
g. Suppose the manifold (X, g) can be embedded globally into IR". (The term immer-
sion is used when the embedding is local.) As stated in Sect.4.1, this assumption
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implies that there exist a system of local coordinates x;, i = 1,2,...n on X and
embeddings y;(x;), j = 1,2, ...m such that (4.1.5) holds.

As an example, consider the 2-dimensional Riemannian manifold viewed as a
surface in IR? and given by yl = X1, y2 = X3, y3 = f(x1, x2), for a smooth function
f. See Fig.4.1.

In introductory courses, Pythagoras’ theorem is used to write the distance along
the surface as

(ds)* = (dx1)? + (dx2)* + (df)?

2
= (dx1)* + (dx2)* + (8—fdx1 + a—fdxz
Oxy Oxa

2
= [1 + (8—f) ] (dx1)? +26—fa—fdx1dx2
Ox1 X1 OX2

2
+ [1 + (8—f) ] (dx2)?,
Oxo

and consequently the corresponding metric is

2——— =2g12, (912 =921), (4.2.1)
X2

(v % y°)

€2

T

Fig. 4.1 Embedding
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Now consider the inverse problem: given the metric as a positive-definite covariant
symmetric tensor, to find components y', y?, y3 that determine the surface. The
components y1 = X1, y2 = x; are known, so the question is, can the nonlinear
system of partial differential equations (4.2.1) be solved for f given ¢g? (The general
system is provided by (4.1.5).) For the example of the embedding of (M?, g) into
IR, the metric tensor may be displayed in the matrix form

g1 g12
g =
|:912 922:|

which shows that for the system (4.2.1), there is an equation for each component of
g. More generally, the symmetry of g reduces (4.1.5) to three equations for three
unknowns yl, y2, y2, leading to a determined system. On other hand, the embedding
of (M?, g) in IR? still has three equations but only two components y', y? of the
unknown vector y, (the overdetermined case), while the embedding of (M 2, g) into
IR* has three equations to determine four unknown components (y!, y2, y3, y*) (the
underdetermined case).

For an n-dimensional Riemannian manifold the components of the corresponding
metric tensor may be represented by the n x n symmetric matrix

gir -+ YGin
g = . “4.2.2)
gnl - Gnn

There are n(n 4+ 1)/2 entries on and above the diagonal, and we conclude in
general that the isometric embedding problem (recovering the “surface” from the
metric) is

underdetermined whenm > E(n + 1),

2
determined whenm = g(n +1),
overdetermined whenm < g(n + 1),
where m is the number of unknowns (yl , yz, ..., y"™),and n(n+1)/2 are the number

of equations. The crucial number
"t 1)
—(n
2

is called the Janet dimension.

Not too many solutions can be expected in the overdetermined case, and the ques-
tion of uniqueness has been pursued by several mathematicians. The underdetermined
case provides the flexibility of more unknowns than equations rendering superfluous
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Riemann’s concept of an abstract surface. Specifically, for m sufficiently large, the
manifold (M", g) embeds globally and smoothly into IR”, and (M", g) looks exactly
like a surface. The following theorem is the precise statement.

Theorem 4.2.1 (Nash [Nas56]) Let 3 < k < oo. A C*-Riemannian manifold
(M", g) has a C*-embedding into R" (globally) if

m=nGBn+11)/2, compact case,

m=n(n+1)Bn+11)/2, non-compact case.

Nash’s theorem has been improved but the main point to note is that results for
global embedding always refer to the underdetermined system. Global embedding
(smoothly) is in general not possible for determined systems, where the number of
equations equals the number of unknowns, and which conceptually is more familiar
in applied mathematics.

It is appropriate to quote from the following relevant section in the paper by S-T
Yau [Yau06]:

Section 3.13. Isometric embedding. Given a metric tensor on a manifold, the problem of
isometric embedding is equivalent to finding enough functions fi, ..., fy so that the metric
can be written as ¥ (df;)?. Much work was accomplished for two-dimensional surfaces (as
mentioned in Sect.2.1.2). Isometric embedding for general dimensions was solved in the
famous work of J. Nash. Nash used his implicit function theorem which depends on various
smoothing operations to gain derivatives. In a remarkable work, Gunther was able to avoid
the Nash procedure. He used only standard Holder regularity estimates for the Laplacian
to reproduce the Nash isometric embedding with the same regularity result. In his book,
Gromov was able to lower the codimension of the work of Nash. He called his method the
h-principle.

When the dimension of the manifold is n, the expected dimension of the Euclidean space
for the manifold to be isometrically embedded is n(n + 1)/2. It is important to understand
manifolds isometrically embedded into Euclidean space with this optimal dimension. Only
in such a dimension does it make sense to talk about rigidity questions. It remains a major
open problem whether one can find a nontrivial family of isometric embeddings of a closed
manifold into Euclidean space with an optimal dimension.....

Chern told me that he and Levy studied local isometric embedding of a three manifold
into six dimensional Euclidean space, but they did not write any manuscript on it. The major
work in this subject is due to E. Berger, Bryant, Griffiths, and Yang. They show that a generic
three dimensional embedding system is strictly hyperbolic, and the generic four dimensional
system is of principle type. Local existence is true for a generic metric using a hyperbolic
operator and the Nash-Moser implicit function theorem...

Remark 4.2.1 The theory of isometric embedding is a classical subject, but our knowledge
is still rather limited, especially in dimensions greater than three. Many difficult problems
are related to nonlinear mixed type equations or hyperbolic differential equations over closed
manifolds.

4.2.1 Preliminary Lemmas

In this section, we state and prove some lemmas of subsequent interest.
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Lemma4.2.1 Let X = X' x I C IR, where X' C IR*! is an open domain and
I is a connected open interval. Given smooth functions f : X x R" — R" and
Ag : X' — R", wheret € I, there exists a unique solution A : X — R" to the
system of ordinary differential equations

O A = f(-xlv Xn, A),
Aly, = = Ao(x") forx' e X/,

where 0y, = O, .

Proof The proof is just that of the standard existence-uniqueness theorem for ordi-
nary differential equations. Here, the independent variable x,, is “time”, ¢ is the initial
time where the data Ag(x”) is specified, x’ are parameters on which the data Ag(x”)
and prescribed f (x', x,, A) may depend, and A is the unknown function (dependent
variable) that is required to be determined.

Lemma 4.2.2 Let X C IR* be an open contractible domain and let f; : X x R" —
R” satisfy
) f,“ off = f Poof;
Ox;j T oar ) T oA

N 4.23)

for each (x, A) € X x R", where the Einstein summation convention is used here
and throughout unless otherwise stated. Then given xo € X and Ay € R", there
exists a unique solution A : X — IR" to the system

0iA = fi(x, A), A(xp) = Ay, 4.2.4)

where 0; = Oy,;, and x = (x1, ..., Xp).

Proof Lemma 4.2.1 establishes existence and uniqueness provided the system of
ordinary differential equations is consistent. But differentiation gives

0;0;A = 0; fj(x, A),
0j0;A = 0; fi(x, A),

and the required condition is given by
i fj(x, A) = 9 fi(x, A).
On expanding the partial derivatives, we obtain

of; o5, 0n" _ag o oat
ox; | OAb Ox; Oxj  OAP Ox;’
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which by (4.2.4) reduces to

af; 8 af; = afi df; 9fi b
Ox; (9Ab BA” ’
which is hypothesis (4.2.3) stipulated in the Lemma. (]

Remark 4.2.2 Lemma 4.2.2 is a nonlinear version of the Poincaré lemma, which
rather than the fundamental theorem of the calculus uses instead the existence and
uniqueness theorem of ordinary differential equations. In the standard Poincaré
lemma, the functions f; do not depend upon A and the statement

8)6/' a 8)6,'

implies the existence of a “potential” A with

0A“
a _
fl o 8)(,' ’
where
aZAa aZAa

8xj8xi - 8x,~8xj '

4.2.2 Riemannian Structure in Local Coordinates

We recall some standard results whose derivation and further discussion may be
found in most textbooks on differential geometry or tensor analysis.

Let (X, g) be an n-dimensional Riemannian manifold with metric g, and denote
the kth covariant derivative by V. This derivative permits differentiation along the
manifold, and for scalars ¢, vectors ¢; and second order tensors ¢;; is given respec-
tively by

Vi = k9, (4.2.5)
Vioj = ddj — Ty, (4.2.6)
Vidij = Ocdij — Tipdij — Thypbun 4.2.7)

where the Christoffel symbols are calculated from the metric g by the formula

1
Ftkj = zgkl (aigij — 0jgi1 — algij) . (4.2.8)
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The metric tensor with components g (upper indices) is the inverse of that with
components g;; (lower indices) so that

9 gp = 0, (4.2.9)
where 511‘ is the usual Kronecker delta of mixed order defined by

of =1, whenk =1, (4.2.10)
=0, whenk # 1. (4.2.11)

Kronecker deltas of upper and lower order are defined similarly.
It is well-known that the following identities hold between the above quantities:

Vigij =0, (4.2.12)

i =, 4.2.13)
Okgij = gipl“,fj + 9T (4.2.14)
Vid; = r,!jv,. (4.2.15)

The Riemann curvature tensor, Rfjk, defined in terms of Christoffel symbols by

I l I I P I P
Rl = 0;Ty; — kT, + 1% TF =T} T, (4.2.16)
is known to satisfy the operator identity
R 01 = =V Vid; + ViV;0;. (4.2.17)
By lowering indices, we have the covariant Riemann curvature tensor
Rijii = giq Rﬁd, (4.2.18)
or
Rijit = giq (akrl‘fj —aT{, + Tl T~ Ffpr,fj) , (4.2.19)
which possesses the minor skew-symmetries
Rijit = —Rjitt = — Rijik (4.2.20)

and the interchange (or major) symmetry

Rijit = Ryjj- (4.2.21)
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Cyclic interchange of indices leads to the first Bianchi identity;
Rijui + Riwj + Rigr = 0, (4.2.22)
and also to the second Bianchi identity;
Vs Riji + Vi Rijis + ViR = 0. (4.2.23)

Remark 4.2.3 (Special case n=2) When n = 2, the covariant Riemann curvature
tensor reduces to

Rijr = K (gikgij — gigjx) - (4.2.24)
where K is the Gauss curvature given by

Riju& & nin

K = -,
(gpqgrs - gprgqs) EP&In ns

(4.2.25)

for any vectors &, 7.

Remark 4.2.4 The mixed and covariant Riemann curvature tensors involve the first
derivatives of Christoffel tensors and therefore second derivatives of the metric g.
Consequently, the Gauss curvature is expressed in terms of first and second derivatives
of the metric. This is Gauss’ Theorema Egregium.

4.2.3 Non-commutativity of Covariant Derivatives of Vectors

We establish the operator identity (4.2.17) when applied to a vector. That is, we prove
the formula
ViVigi — ViV = Rfjkqbz, (4.2.26)

demonstrating that the second covariant derivative of a vector does not commute.
It follows from (4.2.6) to (4.2.7) that

ViVidi = 0500 — Tl b1 — D10k — U500 + TRTY.6p = 190,06, + T4 T) 6
= 001 — T f0p = Thi0kdp — T50j0g — T4.0,0i, (4.2.27)

since relation (4.2.7) yields
Vkr:l'j = akrfj - F;';(Fﬁ,j - F}"Jkrt{p'
Similarly, it may be shown that

Vi Vidi = 03di — VTl — TLOj6, — Thokgy — TL0,01. (4.2.28)
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on using the relation
V,Ti =0T} —ThT,, =TT},
Subtraction of (4.2.28) from (4.2.27) gives
ViVjdi — V;Vidi = Vil [ 0p — ViTjidp
= Rlp.
because by definition (4.2.16) we have

1 [ l Pl Pl
Rl = ol — 0,0} + 10Tl — A1

1

R

4.3 Isometric Immersion

As before, we let (X, g) be an n-dimensional Riemannian manifold with metric g.
An isometric immersion is a IR"-valued function y : (X, g) — (IR",.) when the
induced metric is the same as the original. That is, in terms of local coordinates
(x', x2, ..., x") there holds

0y - 0;y = gij, foreach 1 <i,j <n, “4.3.1)

where the dot “-” denotes the canonical Euclidean metric in the coordinate patch
Gl ..., y™) in R,

On letting ds be the distance between neighbouring points in IR”, when y is
known, we have from the Pythagoras theorem that

ds®> =8,y - 0jydxidx;.

On the other hand, the general distance formula for the abstract Riemannian
manifold (X, g) due to Riemann is given by

dS2 = gijdxidxj.

Itis then natural to ask under what conditions can the two expressions for the distance
be equated to determine a realization of the manifold.

We investigate this question by again first considering the case n = 2, m = 3. The
tangents to the surface (manifold) are given by d;y and d>y and span the tangent
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space at the point y(x) = (y'(x!,x?), y*(x!, x?), y3(x!, x?)). The unit normal
vector at this point is defined (up to a sign) by the usual vector cross product

O1y x Opy

01y x Dyl

In higher dimensions, although there is no cross-product, similar ideas may be used.
Indeed, on the manifold (X, ¢) the coordinate patch y = (y', ..., y™) generates the
collection of tangents

{O1y(x), ..., Ohy(x)}

that span the tangent space to the manifold. Define this tangent space to be 7y X and
note that it is n-dimensional. Let N, X denote the (m — n)-dimensional subspace
orthogonal and complementary to 7, X, and for each x choose a fixed orthogonal
basis of N, X given by

{Npp1(x), ..., Nm(0)},

where each N, r =n 4+ 1, ..., m, is assumed to depend smoothly on x.

4.3.1 The Second Derivative of an Immersion

Now, for each x, the vectors {01 y(x), ..., O, y(x), Npt1(x), ..., Ny (x)} comprise a
basis of IR”, and as such are linearly independent. Therefore, for each pair of indices
1 <1, j < n, the vector 8i2jy(x) can be written as a linear combination of these

base vectors. In other words, there exist unique coefficients I:f‘j, 1 <k < nand

Hi’;, n+ 1 < pu < m such that

.y () = T5 )0y () + H )N, (x), 432)
or in components,
05yP () = T @Oy () + HEONE,  p=1,....m. (4.3.3)
Since partial derivatives commute, the decomposition (4.3.2) implies
(ff/ - f’,%) Oy (x) + (H,.’]‘. - Hj”i) N, =0.

As just mentioned, the set {0; y(x), ..., Ny} is a basis in IR”, and therefore we have
the symmetries
Iy =14, (4.3.4)
Hi‘]‘. = H]“l 4.3.5)
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The notation I:f‘j is intentional since it will be proved in Sect. “The Coefficients

f‘f‘j” that the coefficients are precisely the Christoffel symbols Ff‘j defined in (4.2.8).
It will then follow from (4.2.7) that in terms of the covariant derivative, the relation
(4.3.2) can be expressed as

Vi0;y(x) = Hl{(x)N,(x). (4.3.6)

The Coefficients I:lkj
We prove that in expressions (4.3.2) a:nd (4.3.3) for the tangent direction of the second
derivatives 8?]. y(x), the coefficients I" lkj are precisely the Christoffel symbols Flkj On

taking the scalar product of both sides of (4.3.2) with the tangent vector 9, y(x), and
after noting that d, y(x) - N, (x) = 0, we obtain

0Fy(x) - Ogy(x) = IOy (x) - Oy y(x) (4.3.7)
- Fugkq

The last equation follows since y(x) is an immersion and therefore
Iy (x) - g y(x) = gig- (4.3.8)
Differentiation with respect to x; of relation (4.3.8) yields the identity
0i9jq = 8 nE Oqy +0;y- @zqy,
which by (4.3.7) reduces to

0igjq(x) =T gkg (x) + T grj (x). (4.3.9)

This expression, together with the symmetry (4.3.4) of Fl D is now used in definition
(4.2.8) to give

1
rl’.‘j — Egkl (9ig1j + 0jgi1 — Oigij)
Ly (=p =P [P 7 r? )
— 29 (Fugpj 19+ Tjigpt + Tji9pi = Viggpj — Fl/g”")
1
= (rl’ Mgpj 205 + T8 g gpi — Tha gp; — T/ " gpz)
=k

<

which establishes the assertion. Note that these derivations have employed the
formula (4.2.9).
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Henceforth, the superposed tilde is removed from the coefficient l:fj in the decom-
position (4.3.2).

The Coefficients Hi’;.

Let us further consider the decomposition (4.3.2). The assumed orthogonality of the
set {01y(x), ..., Np(x)}, and in particular that of the set {N,,+1(x), ..., Ny (x)}, so
that

Ny(x) - Ny(x) = b, (4.3.10)

enables us to write

8,-2jy(x) “Ny(x) = Hi/;(x)Nu(x) - Ny (x)
= Hf;(x) (4.3.11)

The tensors Hlf} (x), p=n+1,...,m,asalready shownin (4.3.5), are symmetric
with respect to i, j and form the second fundamental form. The first fundamental
form is given by the tensor g.

4.3.2 Decomposition of First Derivative of N, (x)

In this section, the first derivative of the normals N, (x) is treated analogously to
that of the decomposition of the first derivative of the tangent vectors expressed by
(4.3.2). We prove

Lemma 4.3.1 There exist functions (the induced connection on the normal bundle
over the embedding)
AV = _A/;i (4.3.12)

i

such that ‘
OiN, = —g H}D;y + AN, (4.3.13)

whose component version is given by

OiNP = —g/ HRO;yP + AUNP,  p=1,....m. (4.3.14)

i

Proof The normals N, are postulated to form an orthonormal set in IR" so that
differentiation of (4.3.10) gives

0=3; (Ny-N,) =N, -9N,+N,-ON,. (4.3.15)
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Moreover, because the tangents and normals form a full set of orthonormal vectors
that span IR", we have the decomposition

&N, = Bl/ua, Y+ AN, (4.3.16)
which on scalar multiplication by N, and use of (4.3.10) leads to

Ny - 9iNy = A%No - Ny = A%60 = A

v
i i’

Ny - OiN, = A3;No - Ny = A6y = Al
Upon substitution in (4.3.15), we conclude that
v e _
AV 4+ Al =0, (4.3.17)
as stated in the Lemma.
On the other hand, we also have
Ny - Oy =0, Yu, k, (4.3.18)

and on recalling (4.3.10) and (4.3.11), we deduce that
0= gjkai (N/t : aky)

= gjk (aiN/l, Oy + Ny, - aizky)

= ¢/* (0N, - Oy + HY)

= g/ (Ohy - 0,yB!, + HY,)

= 9" (9o BY, + HY)

_ nl ik rpit

- Bi/" + g] Hik’
where we again recall the relation g/* Gkp = 5{;. We conclude that

B), = —g/*H], (4.3.19)

which after substitution in (4.3.16) and in conjunction with (4.3.17) proves the
Lemma. .

4.3.3 The Second Partial Derivatives of Normal Vectors

In this section we establish the well-known Codazzi and Ricci equations as a
consequence of the property that second partial derivatives of the normal vectors



4 Lectures on the Isometric Embedding Problem ... 91

commute. The Gauss equations are derived in the next section after further discus-
sion of the Codazzi equations.
Now, differentiation of (4.3.13) gives

0; (V) = =05 (9™ Hls0,v) + 0 (AL N,)
= ~0; (97 H}}) gy = " 0%, v + (9,47, ) No + AZ0; N,

which after substitution from (4.3.2) to (4.3.13) leads to

9j (0:Nu) = —9; (gqufZ) gy — ¢*" Hj, (Flfqaky + HJVqN”)
+ (0540, ) Ny + AL (=g Hy 0,y + AN, ).

On collecting terms in the tangential and normal directions, we rewrite the last
equation as

0 (ONy) = = (8 (977 Hly ) + g T Hls + g7 AT, HY ) 0,y
j n
(9545 — " Hi HY, + AT ) N,
But the second derivatives of the normal commute, so that
9j (O:;N,) = 0; (0jN,) (4.3.20)
and from the terms in the tangent direction, we can read off the Codazzi equations
Iz kd i _ 7
9 (gquip) + 9" Ty, + 9P AL H Y = 0 (9”‘111,,,)
pk4 pri Pg AV v
+ 9" H; + 9" A H
4.3.21)

Similarly, terms in the normal direction lead to the Ricci equations

AV P4 P v N AV _ 9. AV _ P4l v N 4V
9jAy; — P H HY + Al AL = 0] — g™ Hj H) + ALAY. (43.22)

The more traditional form of the Codazzi equations is recovered by the following
simple computation. On differentiation of (4.2.9), we obtain

0=0; (gpqur)
=0 (9") gpr + 9770; (9pr) »
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which after multiplying by ¢"* and appealing to (4.2.9) leads to

0=0; (g”q)gprg + 99710 (9pr)
=0, (97) 65 + 9" 9" 0; (9pr) (4.3.23)
=0; (g‘q)+g *gP10; (9py - Ory) (4.3.24)
=0, (¢") +9"9" ( py-arywpyﬁfry),

where (4.3.1) is used. We now conclude from (4.3.2) in conjunction with the orthog-
onality relations (4.3.18) and (4.2.9) that

9 (9°7) = —g"* g™ (F’},,(‘?ky Oy + 0py - F’;,aky) (4.3.25)
= —g"SgP4 (F’;pgrk + F’j?rgkp)
= (Pht) - (14 0)
= —g"Tj, = ¢"T7,. (4.3.26)
We perform the differentiation of the first term on the left and right of the Codazzi

equations (4.3.21), and then substitute from (4.3.26) after suitably changing indices
to obtain

g"10;Hl\ + (_gsqrfY _ grprjr) Hl! + g”ijkHi‘;’, +gPIAYHY, =

i

gP10; H;Lp + (_gsq Fi[; — g F;]r) H;Lp + gpk Fiqk Hj#p + gP4 AZ/' H]Zi .
Multiplication of both sides of the last equation by g, together with (4.2.9) yields

I P ok q ph kpda i
0jHio = TjoHjy = 9409 T Hyy + 999" Uy Hyy + Ay Hyyj =
/ p Iz q gk kd i
OiHj, — UL H) — 9909 P T H, + gqag” Ti Hy, + A) HY
By virtue of the symmetry g7 = g””, and by changing dummy superscripts, the
third and fourth terms on either side cancel to give
djHj, — i Hl + Al HY = 0 Hj — T Hi + A HY:

The usual form of the Codazzi equations is now obtained by the subtraction of
F5 HY » from both sides of the last equation. This gives

o;HE, —r” H”—FPH“ + A7, H”._aH“ r”H“ —r”H“ + AJHY

aj 26} o7

(4 3.27)
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We apply the formula (4.2.7) for the covariant derivative of a second order tensor
to write

bo_ 5. gk P P gk
VjHia - a/I_Ii(x - Fin[l:Oz - 1-‘ajl_lip’
B g gk p P ok
ViH;, = 8,Hja — I‘jiHI/ja — Ty Hj,
and use the symmetry of the Christoffel symbols and of the coefficients Hi’; to derive
the Codazzi equations in the form
ViH, = ViH, + A} H; — A} Hy; = 0. (4.3.28)
Remark 4.3.1 (The hypersurface) When the manifold is a hypersurface, we have
m = n + 1 and there is only one normal N, |, sincen +1 <v <m =n+ 1. But

Np+1 is a unit vector so that
Npt1 - Npy1 =1,

and consequently
OiNp+1+ Nyy1 = 0. (4.3.29)

The appropriate member of the system (4.3.13) is
OiNp+1 = —g”qH,-r;,Haqy + A?:il)iNnJr],
which after using (4.3.29) and the orthogonal set 1y, ..., Ny+1 leads us to

1
0= Nn+1 . a1']\]11—}-1 = A’(;tr])i’

An+1

(n+1)i
. _ JZ
by applying the skew-symmetry AZ,. = —A,
Codazzi equations simplify to

and therefore = 0. The conclusion, which can be alternatively derived

implies that for a hypersurface the
/

ViH/ — ViHj‘a =0. (4.3.30)

Remark 4.3.2 (Determined case for hypersurfaces) When dealing with hypersur-

faces in the determined case, we have m = n(n + 1)/2 = (n+ 1) so thatn = 2 and
m = 3. This is the classical case of (M2, g) embedded into R.

4.4 The Gauss and Codazzi Equations

This section further discusses the derivation of equations obtained in the previous
section.
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We commute partial derivatives and then use (4.3.2) to obtain
0=0 () - 9 (%)
= 0 (T50py + HiN,) = 05 T,y + HN,)
P a2 2
= (aTl; = 9;Tk) 0y + T,y = T3,y

o+ (O Y} — 0t ) Ny + HEON,, = HY 03N, @4.1)
On appealing again to (4.3.2) and also to (4.3.13), we can reduce (4.4.1) to

p P p q 4 q
0= (0T, = 0,1} ) 0py + 5 (T, 00y + HN,) = T (1,045 + HY,N,.)
1 1
+ (akHij - ajHik) Ny
+H! (—quH,ﬁ;a,,y + AZkN,,) — Hj; (—g" Hly0py + A, jN,,)
_ p p qpp q P JT— JTa—
= [akrij =0Ty + Ty = Ty — 9™ (Hij P Hyy — Hj - qu)] Opy
14
j

P i P i n 7 1 v Al
+ [0l — T+ OcHl — 0, HY + HY AL, — HEAL N, (442)

where the last expression has been separated into tangential and normal components.
In consequence, the orthogonality relation (4.3.18) implies that each component must
vanish. We have

_ Lo gl o P g P i 1 p
0= 6](1'11-]- — 8,Hl.k + Finkp — Fikij + Hil;Aﬂk — illchyj
— M LM Pk P oyt
= OcHl; — 0;Hjy + T H] — T H] + Hj A}, — HiAy, (44.3)

where the antisymmetry relation (4.3.17) for the vectors A Z  isemployed. The system
(4.4.3) is the previously derived Codazzi equations.
From the tangential component in (4.4.2), we have

_ p TP q P q P W gk B gk
0= I:akrij =0Ty + 1Ty, — T, — g™ (Hij Hp, — Hy - qu)] ;
which upon noting the expression (4.2.16) for the Riemann curvature tensor becomes
Bt ooty
g™ (—thj/k - Hij ) Hkq + Hj - qu) =0,
from which follows the Gauss relation

Hf; - Hy — Hj; - Hj, = Rigjk, (4.4.4)
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on recalling the antisymmetry Ry;jx = —R;qjk, and that summation over repeated
superscripts is implied.

4.5 Summary for (M", g) - (IR", .)

We summarise the conclusions obtained so far. Notice that A’ . are components of
vectors for j = 1,2,3, ..., n with the indices v, u accounting only for the dimen-
sionsn+ 1 < u,v <m.

A necessary condition for the existence of an isometric embedding is that there
exist functions

H“ H]“l, AZi__AZw I<i,j<nn=1<pv=<m,

such that the Gauss equations hold

m
B opph Hoph)
Z (HikHjl - H; ij) = Rijkl, “4.5.1)
p=n-+1

along with the Codazzi equations

OcHf; + A HY —TGH, — T HE = 0jHy + Ay T8 HY T3 HY L (45.2)

and the Ricci equations

1 n
DAY — O AL + ALAT — AV AT, _qu(Hlij"q—H H"). (4.5.3)

The Ricci system (4.5.3) can be expressed in covariant form by the addition and
subtraction of the term
q pv
r ij Auq
to obtain

n n o _ 1 m
ViAl, — VAU + AV AT — AT AT = gP (Hlij”q ijHi’;). (4.5.4)

4.6 Reconstruction of an Isometric Embedding

In this section we state and sketch of the proof of a theorem giving necessary and
sufficient conditions for the existence of an isometric embedding. We have
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Theorem 4.6.1 Consider a simply connected n-dimensional Riemannian manifold
X with coordinates (x1, . .., x") and Riemannian metric g(=gij). Letl <i, j <mn,
and suppose there exist symmetric functions Hi’;. =H ]“l and anti-symmetric functions

vio nt+t1=<uv<m,

AL =—A)

such that Eqs. (4.5.1)—(4.5.3) are satisfied.
Then there exist functions Ny+1, ..., Ny : X — IR" and a functiony : X — R"
for which the following formulae hold

N/L “Ny = 6/u/, (4.6.1)
N, -9y =0, (4.6.2)
8iy . 8jy = Gij, (463)
and
al?j y = rfjaky + Hi‘;N , (4.6.4)
OiN, = —g/*H},0;y + Al;N,. (4.6.5)

Remark 4.6.1 The theorem states that the conditions on Hi/; , A/Vu. together with
(4.6.1)—(4.6.3) are both necessary and sufficient for the embedding (M", g) —
(IR", ), X = M"; thatis, the conditions are necessary and sufficient for the existence

of vector functions y(x).

Sketch of Proof

Let {e1,..., ey} be the standard orthonormal basis of IR”. For a fixed point
xo € X, define {01y(x0), ..., 0ny(x0), Nyt1(x0), - - ., Np(xo} to satisfy (4.5.3)—
(4.6.2). As a possible choice, we set N, (xo) = e, and y(xo) = 0, and select
{01y(x0), ..., Ony(x0)} to be a linear combination of {eq, ..., e,} such that (4.6.2)
holds at xg.

Remark 4.6.2 When g;; (xo) = J;j, we may choose

NM(-XO):eﬂ9 n+1§/j/§m’
Opy(x0) =ep, 1<p=n

Let ¢, = 0,y(x0), and observe that (4.6.4)—(4.6.5) form a total differential sys-
tem for the unknown IR"-valued function {¢y, ..., &,, Ny+1, ..., N;y}. This con-
clusion may be checked by first differentiating equations (4.6.4) and (4.6.5) to show
that the compatibility conditions obtained by constructing partial derivatives are
consequences of the Gauss equations (4.5.1), Codazzi equations (4.5.2), Ricci equa-
tions (4.5.3), and the original equations (4.6.4) and (4.6.5). In consequence, and by
Lemma 4.2.2, we conclude that there exists a unique solution (the “potential” ¢ )
that extends the initial data specified at x.
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Moreover, the differentials of Egs. (4.6.1)—(4.6.3) are consequences of (4.6.4) and
(4.6.5). Therefore, they hold not only at xp but also on all of X.

Finally, the symmetry of the right side of (4.6.4) implies 0;¢; = 0;¢;, and
consequently by Lemma 4.2.2, there exists a unique IR"-valued function y on X
such that

y(x0) =0, and Oiy=4¢;, 1=<i=<n.

The proof of Theorem4.6.1 is complete. ]

4.6.1 Examples

It is important that the number of independent equations matches the number of
independent unknowns. The following examples illustrate this aspect, and also serve
as introduction to a counting process developed by Blum.

Example 1. (M2, g) - (IR, .)

In this example, we have n =2 andm = 3 sothatl <i, j,k <2and p =v = 3.
The second fundamental form therefore can be represented as the matrix

H}) H3

H= [ o 132} ) (4.6.6)
Hy, Hy,

Furthermore, since n = 2, we may use (4.2.24) to write

Ripip =K (911922 - 9122)
= K detg, detg > 0.
where K is the Gauss curvature. Consequently, the Gauss equations (4.4.4) reduce

to the single equation
Hj H} — HjjH}), = K detg. (4.6.7)

Upon slight rearrangement, the Codazzi equations (4.5.2) become

1 B _ P gk P gk P gt P gk
OcHl; — 0jH), =T/ HY, + T HL — T8 HY — T8 H] (4.6.8)

ip’
which on specialisation to the example under consideration reduce to

MH} — 0 HYy = ..., (4.6.9)
nHY, — 01 Hs, (4.6.10)
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Consequently, there are three equations (4.6.7), (4.6.9) and (4.6.10) in the three
unknowns H131, H132, H232.

On employing the Gauss equations (4.6.7) to eliminate one of the unknowns, we
obtain a quasi-linear system. Accordingly, the Gauss relation becomes a “constitu-
tive relation”.

Example 2. (M3, g) - (IR, .)

In this example, we have 1 < i, j <3 and 4 < pu, v < 6, and the Gauss equations
(4.4.4) reduce to

6
> (HilltchHl - Hil;Hjl-Lk) = Riju, (4.6.11)
p=4

where the six non-zero components of the Riemann curvature tensor are

R1212, Ri1313, R2323, R1223, Ri1332, Ri231. (4.6.12)

We are left, therefore, with six non-trivial Gauss equations, the remainder being
identically satisfied.
The second fundamental form may be expressed as the matrix array of 6 indepen-
dent entries for each pu:
H{, H{, H|;
1 M M3
/g 1 Iz
Hy Hy Hiy |, (4.6.13)
g g Iz
Hy Hy Hi

from which it can be seen that the Codazzi equations (4.5.2) are just a statement

about cross derivatives along rows (or columns since Hi‘; is symmetric). Apparently,

there are 3 equations across each row, but the couplings

OHY, — 3HY, = ...,
OHyy, —H) =...,

after subtraction yield
32H3H1 — 83H;1 =...

Thus instead of 9 couplings for each i, there are only 8. In consequence,as . = 4, 5, 6
there are 24 Codazzi equations. In summary, we have
1. Equations

(a) 6 Gauss equations.
(b) 24 Codazzi equations.
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(c) 9 Ricci equations.
(d) Thus, there are a total of 39 equations.

2. Unknowns

(a) 6 x 3 = 18 independent components Hi’; of the second fundamental form.
(b) 3 x 3 =9 coefficients A?, = —Al.
(c) Thus, there are a total of 27 unknowns.

We conclude that there are more equations than unknowns despite the embedding
problem (M3, g) — (]R6, -) being determined (m = n(n + 1)/2;n = 3, m = 6),
which implies that not all equations are independent in the Gauss, Codazzi, Ricci
system.

4.6.2 Blum’s Counting Process

The rather painful counting process illustrated in the previous examples is examined
in a series of papers published in the 1940s and 1950s by R. Blum [Blu55, Blu46,
Blu47] and further described in the excellent survey by Goenner [Goe77].

The description in [Goe77, p. 143] of Blum’s counting result for the embedding
(M", g) — R", -) may be paraphrased as follows.

Theorem 4.6.2 When the Gauss equations (4.4.4) are satisfied, and Goenner’s
matrices M and N, defined below, are of maximal rank, then (i) for 0 < p =
m—n < n(n—2)/8 all Codazzi and Ricci equations are consequences of the Gauss
equations; (ii) forn(n —2)/8 < p=m —n < n(n — 1)/2 a system of

1(2—1)[ — —2)}
3nn p 8nn

Codazzi equations are independent. The remainder of the Codazzi equations and all
the Ricci equations are a consequence of the independent Codazzi system and of the
Gauss equations.

Goenner’s matrices M and N are given by
mrkin L sisr _sisivmt + Lisi — sisiyHt + Lol — sishan | 5k
abcde — E(cd_cd) eb+§(ef_€c) db+§(d€_dc) ch [ “a>
.. 1 . . L 1 . . . 1 . . o
Nabea = 5004 = 007 Hay + 5 (0400 = 5300 Hag + 5 (530, — 046) Hi.

Of course even these definitions are not particularly enlightening, and Goenner has
given results that are easier to state but which we will not repeat here. Also since the
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above notation may be confusing, we note that M, N are the coefficient matrices in
systems (4.2.5) and (4.2.6) of Goenner, i.e.,

m
pkij Ap ulj

Z Mabcdecktj 0’ Z abcd 1/!] =0.

p=n+1 p=n+1

The matrix M has %("'ZH) (g) rows and % pn(n2 — 1) columns, the matrix N has

g(";l) ("gl) rows and () (5) columns. Notice that

Muku Nuu 5k

abcde — “'bede
BEj o ApME] gk Bij o g Bij o g
Nbcde — “'bdec — "'becd’ Nbcde - bced’ Nbcde - bdce*

A useful example is given by the case n = 3, m = 6, p = 3. In this case, the
symmetries in N/ b] ¢ Yield that only non-zero terms are of the form N, iJ 2123 and the

equations
NHI
Z bcd l/lj =0
p=n+1
become
0 H> H°
H* 0 H°|K =0,
H* H> 0
where

A h 4 S 5 15 16 g6 16 T - _
K = (K53, Ks13. Ksi12, Keoss Keiss Koz Kaazs Kdis, Kipp) ™, e, NC=0.

But row operations reduce the coefficient matrix N to obtain

H* 0 0
0 H> 0 |,
0 0 H°

and the condition on N of Blum is just that H*, HY, H® each be of full rank 3. The
matrix N is 9 x 9 as predicted by Blum’s theorem and the matrix M is 3 x 24. We

can write the system
m

pkij _
Z Mabcdeckl/
p=n+1
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in the form
[H* H> H® H* H> HS H* H> H°|C = 0.

In this representation the three repetitions for C{LB are not accounted for and hence
the vector C has 27 entries instead of the 24 predicted by Blum’s theorem. If any one
of the H* has full rank 3 then M will have full rank 3.

The example “(M3,g) — (R, )" in Sect.4.6.1, for which m = 6,n = 3 and
p = 3, satisfies the condition in category (ii) of the above theorem which gives.

1
- x3x1<3<3,
8
and there are
24 3
—X3Xx8X|——=|=21
8 8

independent Codazzi equations. All the Ricci equations are implied by these indepen-
dent Codazzi equations and the Gauss equations. Thus, Blum’s count gives 21 inde-
pendent Codazzi equations, whereas the elementary count conducted in the example
produced 24 Codazzi equations.

The discrepancy is explained by observing that the elementary counting omitted
to include the three equations in Bianchi’s second identity. Substitution of the Gauss
equations in these three equations gives three more relations between derivatives
of the second fundamental forms and consequently there are only 21 and not 24
independent Codazzi equations.

Combined with the 6 Gauss equations there are 27 equations for the 27 unknowns
consisting, as already shown, of 18 entries of the second fundamental forms and 9
coefficients AZk' Nevertheless, it is unclear how even local existence can be proved
for this system.

In the determined system, we have m = n(n + 1)/2, and category (ii) of Blum’s
theorem again applies with p = n(n — 1) /2 so that there are n?(n*—1)(3n—2)/24
independent Codazzi equations. Under the maximal rank condition, the Codazzi and
Gauss equations imply the Ricci equations.

Sketch of the Proof of Blum’s Theorem Whenn =3, m = 6

Throughout this section, unless otherwise stated, the summation convention is sus-
pended for repeated indices p.
Step 1

Particular forms of the covariant Codazzi equations (4.3.28) are

ViHyy = V3Hy, + AjsHy) — A Hyy =0, (4.6.14)
ViH, = VaHYy + Ay Hyy — Ay H3) =0, (4.6.15)
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which by subtraction yield the equation

VoHY| — V3Hy, + A3 Hy, — Ajo HS = 0. (4.6.16)

We conclude that the Codazzi equations (4.6.16) are implied by the pair (4.6.14)
and (4.6.15) so that for n = 3, m = 6 the number of independent Codazzi equations
is reduced by 3.

Step 2
Next, we rewrite the Codazzi equations (4.3.28) as
eljiij,'/;{ + GljiAZijVj =0, (4.6.17)

where ¢; . is the standard Einstein alternating tensor given by

€ijk = +1, when i, j, k, is an even permutation of 1, 2, 3,
= -1, when i, j, k, is a odd permutation of 1, 2, 3,

=0, otherwise .

Let cof A be the cofactor of the entry A in the matrix [A]. Then we have
cof HY = 16" etmnH! HY (4.6.18)
il = 2 ijk€lmn ey iy, 0.

and consequently

1
\Y} (COf Hil;) = EGijkﬁlmn (lelfn) Hjl'lm

1
+ EeijkelmnH]gq (Vlem) (4.6.19)
= qjkelmanm (Vlngl) , no sum on /4, (4.6.20)

where the last expression is obtained by interchange of suffixes j <> k, m < n.
After a further interchange of suffixes, the Codazzi equations (4.6.17) may be
written as

€tmn Vi Hjy, + €tmn A}, Hiy = 0, (4.6.21)
ctmnViH},, + etmn Ay, Hjy = 0, (4.6.22)

and substituting these relations in (4.6.19) yields

1 1
\Y} (COin/;) + Eei/kelm”AZnnglH]/'lm Eeijkqm"AZm leH]fm =0,
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where there is no sum on p. The interchange m <> n, j <> k in the last expression
then gives

Vi (cof H}}) + €ijxeimn A}, Hy Hyy, = 0. (4.6.23)

Now sum over p to obtain

6 6
SV o H) e S AL =0 (4620
u=4 =4

Next, define the second order Ricci tensor R to be
1
Rps = ZepjkesiqRiqjkv (4.6.25)

which can be concisely written in matrix form as

Ri1 Rz Ris R>323 Rozz1 Rz
R=| Ry Ry R |=| Rzt Rzz1 Rz |. (4.6.26)
R31 R3 Rs33 Ry312 R3112 R

It then follows from the Gauss equations (4.6.11) that

6
1
Rps = Zepjkesiq Z (H]qujHl - HIZH]Nq) (4.6.27)
p=4
1 6
= S€nikesqi > HiHL (4.6.28)
n=4
6
= > cof Hjy, (4.6.29)
n=4

and on substituting in (4.6.24) to eliminate the cofactor term, we obtain

6
ViRii + €ijk€mni ZAZm ]”IH,ﬁ’n =0, i=1,223. (4.6.30)
u=4

It is easy to infer from the second Bianchi identity (4.2.23) that the first term on
left in the last equation vanishes, i.e.,

Vi (Ry) = Vi (Ry) = Vi (R3) = 0.
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The second term on the left of (4.6.30) is zero as Aﬁk is skew-symmetric in y, v
(see (4.3.12)). Consequently, the left side of (4.6.30) is identically zero. The combi-
nation, therefore, of the Codazzi and Gauss equations leads to three trivial relations
which reduce the number of independent Codazzi equations by an additional 3.
Step 3.

It is convenient to introduce extra notation with respect to the covariant Codazzi
(4.6.17) and Ricci (4.5.4) equations as follows;

Cro = €k ViH]\ +€iju Al HY ; =0, (4.6.31)
Ky, = €ijcVIAy; +eijkAn AL — gM e HY HYL (4.6.32)

Covariant differentiation of (4.6.31) yields
ViV H + eije (VeAL ) HY + el (VeHZ, ) =o0. (4.6.33)
The Codazzi equations (4.6.31) enable the last term to be expressed as
€ijkViHy; = —eijk A} HY,
and (4.6.33) then is reduced to

ik Vi ViH!: + €iji (va“ ) Hy; — €ikAlLHD AV = 0.

i i

The interchange of indices i — j — k — i in the last term leads to the further

reduction
ViV HYL + e HE (el — Al AT ) =0, (4.6.34)

i
But from (4.2.26), we may derive the commutation relation

I B pl gkt
VijHi<)z - v/kaai - Riijla’

which may be expressed as

.. gt 1 1%
€ijkViVjiHi, = RijH,

= 9" Rijig H}p

— P, . v v

=g e,ijl-kquH[ﬁ‘a,

where Gauss’ equations (4.5.1) are employed in the derivation of the last line of the
previous equation.

Finally, on appealing to the formula for the commutativity of €;x ViV Hlf;, and
the Gauss equations, we find from (4.6.34) that

HKY, = 0. (4.6.35)
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The maximal rank condition on Hll]’. implies (4.6.35) has a unique solution
Kiyu =0, (4.6.36)

and the 9 Ricci equations are satisfied.

4.7 Symmetrization of the Codazzi Equations

The required symmetrization is achieved by using the Codazzi equations to derive a
certain matrix equation.

On noting the skew-symmetric relation (4.3.12), we may rewrite the Codazzi
equations (4.6.17) in the slightly different form

iV H) + eljiA’;,.H;k =0, 4.7.1)
a subset of which is
ViH[; — V;H}| + A} H}; — A Hl{ = 0. 4.7.2)

The Codazzi equations (4.7.1) may now be used to eliminate the covariant deriv-
ative on the right of the identity (4.6.19) to obtain

1 1
H_ .. beoght gy . I Hopyv
Vicof Hlf = — = eijxeimn Al Hjy, Hil, = > eijieimn ALy, Hf, Hjj

m n
= —¢ijk€mn ALy, H) Hip (4.7.3)
Now let
W = det HJ. (4.7.4)

so that by standard algebra of determinants, we have

DPWH

A 4.7.5)
OHj OH}

1
mn?

= 6jimlenI'I

which together with the expression (4.6.18) enables the identity (4.6.23) to be written
as

PWH
¢jimexinVi (Hppy) Hp; + € jimexin Hiny Vi (Hyk) =—2—0— A} Hj.
J J OH!,0H,,
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Terms on the left may be simplified on further appeal to (4.7.5) to give

W + OW Gt = W
OHLOHY, ™ oHNoH) N T T omHfonf, e

and consequently,

Pwr i Pwr

I = —— AP HY no sum on /. 4.7.6)
ok Vi jk Tt Sontik H

oHLoHY, OH}OH,

The next part of the construction of a matrix equation involves the multiplication
of (4.7.2) by

2w
to obtain
2wh p OPwWH "
- Wvlf]ﬂ +WV1HH
r;wr HY 4 o> ALHY =0, (47.7)

T oghagh Sl T i
8H”8ij v 8Hi18ij

We combine the systems (4.7.6) and (4.7.7) into the matrix array of equations
given by

Pwh
0 0 HY 0 OHTOH, H
82WU V il + il Jjk V il
0 — ST AT Ll gH Pwh N H"
BH”BHJ.k il W 0 Jjk

P wh AN H,U
SoFagi Avn
8Hil 6Hlm ! Ik

+ Fond A Kok Hoggh
(—A} Hjj + A} H))

OH[OH,
=0. (4.7.8)
We examine in detail the terms in this matrix equation and for this purpose intro-

duce further notation. For example, the block matrices in the matrix coefficient of
V, are given by

Pwr P Pwh
OHTOHf; DHDOH], Tt OHLOHT,

wo_ 82W/1. aQW/l (c)ZW/A,

Ly = | oufony oufonh - omLomh | (4.7.9)
Pwr Pwr

ﬁ o« o PP ﬁ
OH},0H;, OH330H3; 349
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m_Pwr W W
OHI,OHY,  OH3,0HI|  OHL,O0HY
Pwr Pw Pwr
T oHoH", oHILOH! OHLOH!
(lel) — 12 12 22 12 32 12 , (4.7.10)
PwH Pwh PwH
L OH[ROHY,  OHypOHs;  OHHROHY dg,3
so that the 12 x 12 composite matrix Bg defined as
0 LY
Bl = [ T 2} 4.7.11)
2 I ’
(L) 0
is symmetric, and the second term on the left in (4.7.8) involving V, becomes
BYV,U*,
where ’
T _ (gr gt gt gk gk gk g
(U ) = (Hu’ Hyy, Hyy, Hyy, Hp, His, '-H33) : (4.7.12)

The matrices Bl“ appearing in the coefficient of V; are defined in a manner similar
to (4.7.11).

Every coefficient matrix in (4.7.8) is symmetric including that for / = 1, but a
separate argument is used to check the first coefficient matrix in the first term on the
left of (4.7.8). This matrix, denoted by Bg' , 1S written as

. 0 0 033 093
By=|qog __ 2w |= |:03><9 — (L ] , (4.7.13)
OH[OH, 0/3x9
where
r_o*wr Pw PWH ]
OHI\OH[, OH[50H, OHI50H]
Pwr Pwr Pwr
OHI'OHY, OH[OH, OHLOHL
Lg — 11 12 12 12 33 12 (4.7.14)
82 WH 82 WH
L OH{ 0H}; OHYOHL, |

Consequently, in terms of the vector U* given by (4.7.12), the Codazzi system
(4.7.8) may be expressed as

ByViU" + B/'V,U" + Q" =0, (4.7.15)
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where QF, the third term on the left of (4.7.8), is given explicitly by the 12-
dimensional vector

PWH Al it
angonf, An ik

(4.7.16)
(—Ay H)) + A HY)

L
Ql = 9ZWH
Tl I3
0H}, E)ij

4.8 Symmetrization of the Linearized Codazzi Equations

4.8.1 Remarks on linearization

Let € > 0 be a small positive parameter, and suppose that a small perturbation in the
variable y; is given by
yi = Yi + €, (4.8.1)

with corresponding small perturbations in other quantities given , for example, by

Hi‘]f = Hi’; + eHil;-, (4.8.2)
Al = Al + Al (4.8.3)
T =T+ ey (4.8.4)

In these expansions, the superposed dot is intended to suggest differentiation with
respect to €.

4.8.2 Linearization of the Codazzi Equations

We now linearize (4.7.2) and (4.7.1) in the sense that after substitution from (4.8.2)—
(4.8.4) all terms of order higher than the first in € are neglected. Moreover, in the
linearization it is convenient to remove the overbar without risk of confusion. Then,
in view of the definition of the covariant derivative (see (4.2.5)—(4.2.7)), linearization
of (4.7.2) and (4.7.1) respectively yields

ViH] — ViH}, + A} Hjj + Al H}] — Al H}

vl
IS ~q rrh ~q i ~q prit ~ gl _ -
_Alll iyl - 1—‘i]I_Ilq - l—‘llli'q + F”qu + FllHiq = 0, (485)

1

and

 ea n g y .
cuji (V5 Al = T4, 1l = T4 HE ) + i (AL HY, + ALHY) =0, (48.6)
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which by interchange of indices becomes
cuan (V1 Ffs, — T Hly = T8 Hlty ) + xn (Al Hiy + AL i) = 0. (487)

On multiplying (4.8.7) by €;im H, kl; and suspending summation over the repeated
index p, we obtain

€jim€kin H,ftj (Vz Hh,

— I} Hyy, =T, Hrifq) + exin Hjyetji (Al Hy, + Al

ng vn

Hzlin) =0,
(4.8.8)

which on recalling (4.7.5), we rewrite as

DPwH

SHFOHE. (AL, Hj + AL H}7) = 0.
i19Hmn

2
(V[I:I“ 77 gt 19 K ) + ﬂ
mn Im*'ng n""mgq 8H,',;8Hrlrfn

(4.8.9)

Next, consider the particular equation (4.8.5), which after multiplication by

62 WH

—_— no sum on /4
o J
8H”8ij

becomes
PwH oy OPWH
- ViH 4 ————
oyl I Hogrh
8Hi18ij ! 8Hﬂ8ij
DPWH ( i .
-~ (A" HY + A" HY — A" HY,
At 11 11 1111
3Hi13ij vit vit veet

o NG P gl i i) —
— AL = Pl D HG 4 T HE + T =0, (48.10)

The linearized Codazzi system (4.8.9) and (4.8.10) may be concisely expressed
by introducing the definitions

2 L . .
O (ALnHjy + AL, HYY)

: DHTOH,
0" = Pwh \H v s g% Al v K oryv ’ (4.8.11)
GHT O, (A Hl — A HY + A HE + AL HE)
PWH G i G pyh
. " oH[oH],, (FlmH"q + Flnlleq)
St = ’ , (4.8.12)

Pwh g ol TG gl g pplt g pri
~ oH[oHT, (Filqu + I Hyyy + Ty Hy, + FllHiq)
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when the system may be written as the single matrix equation
B{V,U" + B/'V;U" + Q" + §V" =0, (4.8.13)

where Bl“ is defined analogously to (4.7.11), and U* is the linearization of the vector
(4.7.12).

4.9 The Ricci Equations

We next discuss the Ricci equations (4.5.3), and without loss of generality' set

AZl =0, (4.9.1)
and (4.5.2) simplify to
DAY, = g (prH;q - HZ"[,Hl”q) , (4.9.2)
DA = g (H{;ng - H;‘le"q) . (4.9.3)
We note that AI‘;Z, AZ3 are therefore completely determined by their data on a
plane x| = constant = —L and on the set H j”k. Accordingly, we may introduce the
substitutions

X1
Aa(rr. ) = Afp(-Loxaxn) + [ o™ (sl 1, — Y, ) d

p
(4.9.4)
X1
AZ3(x1,x2, x3) = AZ3(—L,x2,x3) + gl (H{LpHéjq — Héllel’q) dxy,
—L
(4.9.5)

in the expression (4.7.16) for the matrix Q to eliminate explicit dependence on
Aﬁl. Observe that dependence on A51 is reduced to dependence on data provided
on x; = —L. This data, of course, must be consistent with the additional Ricci
equations.

"Deane Yang pointed out this equality to me and called it a “gauge condition”. An analogy with
continuum mechanics might be setting the pressure equal to zero on the surface of a water wave.
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4.10 The Full Nonlinear System

We emphasize analogies with continuum mechanics by restating the full nonlinear
system in terms employed by that theory.
The balance laws are given by the quasi-linear Codazzi equations (4.7.15):

ByV\U" + B/'V,U" + Q" =0,

where from (4.7.12) we have U* € R'? for each = 4, 5,6, and Q" is given by
(4.7.16).
The constitutive relations are provided by the Gauss equations (4.5.1)

ok Hpph )
Z (HikHjl - H ij) = Rijki, (4.10.1)
"

together with constitutive relations for A‘V‘l given by (4.9.1), (4.9.4), and (4.9.5).
According to Blum’s theorem [Blu55], when the elements H /”k form a full rank
matrix, there are 27 independent equations in 27 unknowns HJ and A}, since the
Ricci equations follow from the Gauss and Codazzi equations. Observe, however,
that relations (4.9.4) and (4.9.5) do not completely eliminate the terms A’ljl in favour
of the terms Hi’; , because initial data on x; = —L still enter into the values of Aﬁl.

4.11 The Linearized Ricci Equations

In the notation of Sect.4.8.1, the linearized Ricci equations (4.9.1), (4.9.4), and
(4.9.5) are given by )
Azl =0, 4.11.1)

X1

{gre (rif, 13, — b},
L

Aly(x1, %2, x3) = Ay (=L, x2, x3) +/ »

p

X1

Al3(x1, X2, x3) = Aj3(—L, X2, x3) +/_L {qu (Hflszyq — Hy, Hy,

+ g7 (Fift Hy, + HY, B3, - B H, — HH, ) dad,
+ g7 (HlL Hy, + HY, Y, — B HY, — HHY, )

(4.11.3)

When Azz(—L,xz,x3) and AZ3(—L,x2,x3) vanish on the boundary of the
domain, their contribution to (4.11.2) and (4.11.3) is zero. Furthermore, the
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integral terms in (4.11.1) and (4.11.3) are bounded by Kvol (£2), where

L

K = 13" 20 sup [HIP+supllg”|| sup [HNHY ] 2 p.
Q.. Q Q. j.k

W Jok

and in consequence, we obtain

Proposition 4.11.1 The quantities AZZ and AZ3 satisfy the bounds

|A”,| < Kvol()'3, (4.11.4)
|Als] < Kvol()'/°, (4.11.5)

Proof of (4.11.4)
Typical terms in the relation (4.11.2) may be expressed as

X1
a(xi, x2,x3) = /_L g (Hl“sz”q) dx},
X1 .
L
b(x1,x2,x3) = /_L gPd (prszq) xi,

where there is no sum on p, q.
The Cauchy-Schwarz inequality applied to the first expression leads to the bounds

, X1 ) 1/2 X1 5 ) 1/2
sup|Hf1'DH2”q| (/ dxl) (/ |gP9| dxl)
Q —L —L

L 1/2
sup 1, 15, 2L ( / ) |g"’q|2dxi) ,

IA

la(xy, x2, x3)|

IA

and consequently, on noting that the term on the right is independent of x1, we have

L L L 2
/ / / la(xy, x2, x3)|2dx1dx2dx3 <412 (sup |H1“pH2"‘I|)
—LJ-rJ-L Q

L L L
x / / / 1§74 |* dx'| dxpdxs,
—LJ—-LJ—-L

/’ .
lall 2@ = 2L sup |HY, Hy g7 120

or

A similar argument gives

L
|b(x1, x2, x3)| < sup Ig”qHz”,,I/ |HY, (x], x2, x3)| dx,
Q —L
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where the expression on the right is again independent of x.
Thus we conclude that

L

2
Ib(x1. x2, x3)]* < 2L (SUP |9qu2Vq) / |H1N,,|2(x{,x2, x3) dx},
Q L

from which follows

L L L
/ / / |b(x1, x2, x3)|* dxidxadxs < 4L* sup|gP Hy, |*
—LJ—-LJ-L Q

L pL oL
x/ / / |H1”p(xi,xz,X3)|2dxidx2dX3,
—LJ—-LJ—-L

which leads to the final bound

1612y = 2L Sup 97 Hy) | HY )l 20 -

4.12 The Linearized Gauss Equations

In view of the notation adopted in Sect. 4.8.1, the linearized Gauss equations become

> (Hi*,iH;; + H 1Y) — B Y~ Hi’;ka) = Riju- (4.12.1)
o
The system (4.12.1) consists of 6 equations in the 18 components Hl’; We say

Hi‘; is non-degenerate in the neighbourhood of x = 0 when 6 of the components of

Hf; can be solved in terms of the remaining 12 components and R; k- A sufficient
condition for non-degeneracy is provided by [BGY 83, Theorem F'] which establishes
non-degeneracy when at least one component of the Riemann curvature tensor R;jx;
is non-zero.

Accordingly, let us assume that the set Hi’; is non-degenerate in a neighbourhood
of x = 0. This implies that the vector

U=|0°%], (4.12.2)

where U#, defined in (4.7.12), can be written as

U =CH + DR. (4.12.3)
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In this relation, H denotes the distinguished 12 components of the set H K i3 and R
denotes the 6 non-trivial elements corresponding to the perturbed Riemann curvature
tensor. It follows that U € IR°, H € R'2, R € R, and therefore in (4.12.3), C
represents a 36 x 12 matrix, while D represents a 36 x 6 matrix.

4.13 The Closed Symmetric System for the Linearized
Problem and Quasi-linear Problem

With reference to the symmetrized and linearized Codazzi equations (4.8.13), let us
set

By 0 0]
Bo=| 0 By 0 [,
| 0 0 BS ]
(B} 0 0]
B=|0 B 0|,
| 0 0 B
Q‘4 S4
o0=|01|. S§=|$], (4.13.1)
Q‘6 S6

and use this notation to write (4.8.13) as
BoViU + BiV;U + QO + 8§ = 0. (4.13.2)

Observe that since Q depends linearly on the sets Hl/; and A", as givenin (4.8.11),
we may introduce matrices E, F to represent the dependence by

O =EU + FA, (4.13.3)

where U € R3¢, Ae IR, E is a 36 x 36 matrix, and F is a 36 x 6 matrix.
Upon substitution of (4.12.3) in (4.13.3) we obtain

Q=E(CH+DR)+FA
=GH+JR+FA, (4.13.4)

where G = EC isa36 x 12 matrix, and J = E D is a36 x 36 matrix. In consequence,
the system (4.13.2) has the form

BoVi (CH + DR) + B;V; (CH+DR) + GH +JR+ FA+$=0, (4.13.5)
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which after rearrangement becomes

BoCViH + BiCV;H + (ByViC + B;V,C + G) H
+ BoVi(DR) + BiV;(DR)+ JR+ FA+ §=0. (4.13.6)

We multiply (4.13.6) on left by the 12 x 36 matrix C” to obtain the equivalent
but compact form

AoViH + AViH+BH+CTFA+A =0, (4.13.7)
where
Ao = CTByC,
A = cTBC,

B=CT(ByViC+ B/V,C+G),
A =CT (ByVi(DR) + B,Vi(DR) + JR +§).

The linearized Ricci equations (4.11.2) and (4.11.3) with
Ajp(=L, x2,x3) = Aj5(=L, x2,x3) =0
next give
Al =0, (4.13.8)

. x
A (x1, x2,x3) = /_L {g”q (H{"[,H,”q - Hll;in/q)

P P P
1=12,3. (4.13.9)

+ g7t (L Hyy + 1Y By — B Y — HE ) e,

Insertion of (4.13.8) and (4.13.9) into (4.13.7) yields a symmetric system of 12
equations in the 12 unknowns H which are weakly non-local due to (4.13.9). The
relations (4.11.4) and (4.11.5), however, indicate that the non-locality is very weak.

Remark 4.13.1 (Non-linear problem) The derivation just described is for the lin-
earized system, but examination of the individual steps in the argument shows that
for the non-linear problem the same procedure also yields a quasi-linear system of
12 equations.
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4.14 The Weak Form of the Closed System

The purpose of previous sections is to formulate the theory in a manner suitable for
proofs of existence and uniqueness in the embedding problem, which are developed
in this Section.

Define the linear operator £ in terms of the general variable H by

LH=AViH+ AV, H+BH+CTFA, 4.14.1)

where A is defined by (4.13.8) and (4.13.9).

We wish to consider the weak form of equations associated with the operator L.
For this purpose, let (-, -) denote the inner product on the space L?(€2, R!?) and let
the function V e C§°(<2, IR'?). The weak form of the equation

LH=—A

is then given by R
(L*V,H)=—(V, A), (4.14.2)

where L£* is the adjoint operator to £. We conclude from (4.14.2) that (L*V, H )
defines a bilinear form on HO1 (2, IR12).

The proofs of existence and uniqueness rely upon the Lax-Milgram theorem (see,
for example, [Yos65]) stated here for convenience.

Theorem 4.14.1 (Lax-Milgram Theorem). Let X be a Hilbert space and C(x, )
a (possibly complex) bilinear functional defined on the product space X x X. Let
I - lx and (-, -)x denote the norm and inner product on X. Suppose that

@) 1CO6LY| <vlxlxlvlx,  (boundedness)
@) C(x,x) = 5||X||%(, (coerciveness)

for positive constants 0, . Then there exists a uniquely determined bounded linear
operator T with bounded inverse T~ such that whenever x, 1 € X there holds

Clx, TY) = (x, ¥)x,
ITIx <67',  IT7Yx <7

To apply the Lax-Milgram theorem to the weak equation (4.14.2), we set X =
Hg(Q,R'?), and let C(x, ©) = (L*x, ¥). Note, however, that Condition (i) holds
but not Condition (ii). To overcome this difficulty, we introduce additional terms
to (4.14.2) that regularize the equation. Let € > 0 be an arbitrary positive constant.
Then the regularized problem is given by

(L*V, H) +e(@V,0H) = —(V, A) — e(OV, OA), (4.14.3)



4 Lectures on the Isometric Embedding Problem ... 117
in which we employ the notation
3
1 2\ _ vl a2
(ov ,av)_/QZ@v -9V dx,
j=1

where we recall the (, -, ) denotes the Euclidean inner product in R'Z. We now let the
bilinear form C, be defined by the expression on the left of (4.14.3). Upon assuming
the weaker coerciveness estimate

(L*H, H) = 51l HII} 5 g oy (4.14.4)

for some positive constant J;, we have

(i) 1C(V, )| <yIVIxIIHIx,

(ii) Co(H.H) = 81l H|}5 g go) + c(OH. OH).

The Lax-Milgram theorem clearly applies to the regularized problem and shows
that a solution H, = T. A exists to (4.14.3) and satisfies

(L*V, Ho) + €@V, 0H) = —(V, A) — e(dV, DA), (4.14.5)
or alternatively
(L*V, H) — €@V, H) = —(V, A) — €@V, DA), (4.14.6)
forall V € HO1 (2, R?). Accordingly, on setting V = I:I; in (4.14.5), we obtain
(L*He, H)) + ¢(@H,, 0H.) = —(He, A) — e(@He, OA). (4.14.7)
The first term on the left of (4.14.7) may be bounded from below using assumption

(4.14.4), while terms on the right may be bounded from above using the Cauchy-
Schwarz inequality. These operations lead to the bounds

~ 5 ~ 5 ~
| ”HEHLz(Q,]RlZ) + 6”8H€”L2(Q‘]Rl2) =< ||He||L2(Q,]R]2)||A||L2(Q,]Rl2)

+ 6||3ﬁ5 “LZ(Q,IRlz) ||3A ”LZ(Q,IRIZ) .
(4.14.8)

The arithmetic-geometric mean inequality in the form

1 3
b < -—a’+ =b?,
a _3a +4
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applied to terms on the right then yields

U Hel 3o g g2y + € (gnaHEniz(Q,Rn) - §||A||iz(Q,Rn))

~ €
=< ”HE”[AZ(Q,]RIZ)||A||L2(Q’IR12) + Z”aA”iZ(Q,]Rlz)
o1, 5 2 2 € 2
S 3 ”He”LZ(Q,]R]Z) + E ”A ||L2(§2,]R12) + Z ”aA”LZ(Q,IRIZ)’
which after rearrangement gives
01 =~ o 1 2 € 2
S M@ r = 55 1872 r) + 71981720 gy (4.14.9)

We conclude that FI; is bounded independently of ¢ when A € Hé(Q), and
consequently H, hasa weakly convergent subsequence (also denoted by H,) so that

H — H, inL*Q,R?).
We now pass to the limit as € — 0 in (4.14.6) and for all V € C§°(£2) obtain the
relation R
(L*V,H) =—(V, ),

which proves the existence of a weak solution H. Its uniqueness follows from the
coercivity assumption (4.14.4).
Let us summarize the result in the following theorem.

Theorem 4.14.2 Suppose the operator L defined by (4.14.1) satisfies the coercivity
condition R R

(L*H, H) = 01| H|)}5 g g,
for some §1 > 0. Then the weak form of the linearized isometric embedding problem
(4.14.2) has a unique solution for all A € HO1 (2).

The next step is to apply Theorem 4.6.1 to the system (4.14.2), (4.14.6) and
(4.14.7). Assume first that the (undotted) embedding is perturbed in a small neigh-
bourhood of the point x = 0 chosen as the origin of a system of normal coordinates
where the Christoffel symbols F?j vanish. When the small neigbourhood is taken
to be the box —L < x; < L, i = 1,2, 3, the quantity A, defined by (4.13.8) and
(4.13.9) that satisfies the bounds (4.11.4) and (4.11.5), becomes negligible in the box
and do not enter into the coercivity computations. Accordingly, we have

Theorem 4.14.3 When the quadratic form

HT (—01 Ay — 81 A + B) H (4.14.10)
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is positive-definite (or negative-definite) at x = 0 there exists a unique weak solution
to the linearized isometric embedding equations (4.14.2), (4.13.8), and (4.13.9).

The parameters entering into the 12 x 12 symmetric coefficient matrix
1
— 0o — 014 + 5 (B" + B) (4.14.11)

are Hi’;, 01 Ag, 01A1, Or Az, 03A3, A;z, A;’B all evaluated at x = 0. In conse-
quence, the classical chain rule may be applied to Ag, Aj, Az, Az to show that
the parameters in the coefficient matrix reduce to H,./;.', o H], Ay, Als evaluated
at x = 0. We therefore conclude that

(i) The Gauss relations provide 12 independent Hj;.

(ii) The differentiated Gauss relations provide 15 independent 0O, H;J’J. (See, for
example, Poole [Poo10].)

(iii) There are 6 independent A;VLZ’ A;VLS'

Hence there are 12415+ 6 = 33 free parameters entering into the 12 x 12 matrix
(4.14.11) resulting in considerable simplification.
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