
Optimization of Reinforced Concrete
Columns Subjected to Uniaxial Loading
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Abstract The distance from extreme compression fiber to neutral axis (c) is
depended to combinations of axial load and flexural moment capacities of reinforced
concrete (RC) columns. Since c is depended to different internal forces, the value
of c cannot be found without assuming the final design. Thus, it can be iteratively
searched in order to find the flexural moment capacity of columns under an axial
loading. By using the presented method, the solution with the minimum cost ensur-
ingmaximum flexural moment and axial load is found. A random search technique is
explained in this chapter for optimum design of uniaxial RC columns with minimum
cost. In optimization, design of RC columns is done by considering the design rules
described in ACI 318- Building Code Requirements for Structural Concrete. The
random search technique (RST) for optimization of RC uniaxial columns is effective
on finding optimum cross-sections and reinforcement design with minimum cost.

Keywords Reinforced concrete · Columns · Random search technique ·Optimiza-
tion · ACI-318 · Cost optimization

1 Introduction

In design of reinforced concrete (RC) structures, structural members are defined
according the architectural designs. The main goal of the design engineer is to find
the solution by considering security measures given in design codes, esthetic and
comfort requirements of people and economy in material. Although the architectural
projects limit the independent design of engineer, the design is done by assuming
the design variables between these limits. Then, the assumed design is modified
according to design codes if the dimensions of the member are not suitable to carry
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out internal forces resulting from static and dynamic sources. The economy of the
design is depended to the experience of design engineers. Although the cross-section
dimensions are precisely assumed for RC members, the required reinforcement bar
can never be provided as calculated since the bars in the market are constant in
size. For these reasons, optimization is important for RC members. This chapter
represents a numerical optimization technique for uniaxial RC columns. The design
variable of RC columns such as cross-sectional dimensions and amount of steel
bars (detailed design with diameter size and numbers) are randomly searched in
the presented method for the minimum material cost ensuring the ACI-Building
Code Requirements for Structural Concrete requirements. For several RC structural
members, several optimization methodologies have been proposed. The reviews of
several studies are presented in Sect. 2.

2 Literature Survey for Optimization of RC Members

The recent approaches contain optimization of RC structures (2D or 3D) or a detailed
optimization of a member of a RC structure. Metaheuristic based methods are the
leading ones for the last 15years in search several design variables of the optimized
RC member. The following contributions to the optimization science for RC appli-
cation are given in this section.

Coello et al. employed genetic algorithm in development of an optimization
approach for RC beams [1]. Genetic algorithm is also used in the approach of Rafiq
and Southcombe for optimization biaxial RC columns [2]. Several RC member was
optimized by genetic algorithm based approach of Koumousis and Arsenis [3]. The
detailed reinforcement design of RC frame structure employing genetic algorithm
was done by Rajeev and Krishnamoorthy [4]. By employing sequential quadratic
programing technique, shape optimization of RC members was done and genetic
algorithm was employed in cost optimization by Rath et al. [5]. By considering slen-
derness of the columns, RC frames was optimized by Camp et al. by employing
genetic algorithm and the optimization process was carried out by grouping several
members of RC structures [6]. Ferreira et al. optimally designed T-shaped RC beams
according to different design codes [7].

Genetic algorithm was also combined with other metaheuristic method inspired
from natural phenomena and these hybrid algorithms have been used in the optimiza-
tion of RCmembers. A hybrid algorithm, which is combination of genetic algorithm
and simulated annealing, was used by Leps and Sejnoha for optimum design of con-
tinues beams [8]. By considering lateral equivalent static earthquake loads at the
joints, Lee and Ahn optimized RC frame by using a genetic algorithm based method
and a database including possible desing of RC members [9].

Three dimensional RC frame structure under excitation of dead, live, snow and
earthquake load was optimized by the method of Balling and Yao [10]. Ahmadkhan-
lou and Adeli proposed an optimization method with two stages for optimization of
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RC slab. The neural dynamics model [11, 12] for the optimum solution of continuous
variables and perturbation technique modify the values to practical ones were used
in the optimization method [13]. Barros et al. developed expressions for the bending
moment, steel area and ratio for singly or doubly RC beams for optimum design
[14]. Optimum cost design of pre-stressed concrete bridges were done by Sirca Jr.
and Adeli [15]. RC continuous beams were optimized by using a genetic algorithm
based method and selecting design variables from a database in the study of Govin-
daraj and Ramasamy [16]. By combining genetic algorithm and discretized form of
the Hook and Jeeves method, a hybrid algorithm was used in the optimization of RC
flat slab buildings [17]. RC frames were optimized by the genetic algorithm based
method of Govindaraj and Ramasamy [18]. Single-bay multi-story and multi-bay
single story RC frames were optimized by Guerra and Kiousis [19]. A multi objec-
tive optimization approach for RC frames was developed by Paya et al. by employing
a metaheuristic method called simulated annealing [20]. Two heuristic methods such
as random walk and descent local search and two metaheuristic methods such as the
threshold accepting and the simulated annealing based optimization was proposed
for optimization of RC frames of bridges [21].

Generally RC member optimization studies consider the minimization of the
cost. Several studies considered the value of embedded CO2 emission. Two dif-
ferent approaches using simulated annealing algorithm [22] and big bang-big crunch
optimization [23] were used for the optimization of RC frames in order to reduce
cost and embedded CO2 emission.

Gil-Martin et al. developed a reinforcement sizingdiagramapproach forRCbeams
and columns [24]. Barros et al. investigated the optimum depth and reinforcement
of RC beam in rectangular shape [25]. According to Eurocode 2, Fedghouche and
Tiliouine optimized singly reinforced T-shaped RC beams by employing genetic
algorithm [26].

Several approaches employingmetaheuristic algorithms such as simulated anneal-
ing [27, 28], harmony search [29], big bang-big crunch [30] and charged system
search [31] have been used in the optimization of RC retaining walls. The music
inspired metaheuristic algorithm called harmony search have been used in the opti-
mization of several RCmembers such as continuous beams [32], T-shaped RC beams
[33], columns [34] and frames [35]. Kaveh and Sabzi optimized RC frames by using
several metaheuristic algorithms [29]. Optimum design of RC beams were done by
Kaveh and Sabzi and big bang-big crunch was employed in their approach [36].
Rama Mohan Rao combined several algorithms such as simulated annealing and
tabu search for optimization of hybrid fiber-reinforced composite plates [37]. A ran-
dom search technique for the optimization of RC beams [38] and columns [39] was
developed. In the following section, random search technique for optimization of RC
columns is summarized.
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3 Random Search Technique for Optimum Design
of RC Columns

ARCcolumnwith a cross-sectional dimension and reinforcements can carry different
combination of axial force and flexural moment. This reason is resulting from the
change of stresses on the cross-section and location of steel reinforcements. Thus, the
distance from the extreme compression fiber to the neutral axis (c) changes according
to loading conditions. In design of RC members, a reinforcement ratio is calculated
for a constant cross-section. When the cross-section is assumed, the reinforcements
for the axial force can be found and the flexural moment capacity can be calculated
according to the value of c For the ratio of reinforcements the moment capacity may
be very different than the required one. In order to find the closest flexural moment
value to the required one optimization techniques must be used.

The presented method; random search technique is numerical algorithm which
iteratively search the best design of RC member according to design constraints,
member loadings and objectives. The objective of the optimization is explained as
material cost in this chapter. ACI-318 Building Code Requirements for Structural
Concrete [40] rules were taken into consideration.

As mentioned in the introduction section of the chapter, design engineers are
depended to architectural project. For that reason or esthetics of the building, the
cross-section dimensions are limited with the ranges. These ranges may be also
selected as practical dimensions for shortening the optimization process. Also, ranges
for steel reinforcement must be used to shorten the optimization process and consider
the supplying of the steel bars. The bar with big diameter sizes may not be found
near to the construction. For that reason, the price of the steel may increase because
of transportation costs.

Generally, concrete is a cheapmaterial comparing to steel but cost ratio of concrete
to steel may change according to the region of the construction yard. Transportation
and import costs play a great role in this factor. Also, if the travel time of the concrete
form facility to construction yard is long, the use of admixture may increase the cost
of the concrete. For that reason, numerical optimization of RCmember must be done
by considering specific conditions. Mathematic optimum result may not be optimum
for all specific conditions.

Before the random search of design variables of RC columns, several design
constants given in Table1 are defined. These design constants are length of column
(l), clear cover (cc), maximum aggregate diameter (Dmax), elasticitymodulus of steel
(Es), specific gravity of steel (γs), specific gravity of concrete (γc), yield strength of
steel (fy), compressive strength of concrete ( f ′

c), cost of the concrete perm
3 (Cc), cost

of the steel per ton (Cs). Also, loading conditions such as axial force (N), shear force
(V) and flexural moment (M) are defined. In the Fig. 1, the loading of the column is
shown.
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Table 1 Design constants of
the optimization problem

Definition Symbol

Length of column (l) l

Clear cover cc
Range of reinforcement φ

Range of shear reinforcement φv

Max. aggregate diameter Dmax

Yield strength of steel fy
Comp. strength of concrete f ′c
Elasticity modulus of steel, Es

Specific gravity of steel, γs

Specific gravity of concrete γc

Cost of the concrete per m3 Cc

Cost of the steel per ton Cs

Fig. 1 Loadings of column N

MV

bw

l
h

The ranges of design variables are also defined. The design variables are breadth
of column (bw), height of the column (h), number and diameter size of longitudi-
nal reinforcement bars in two lines (including web reinforcements) and diameter
size and distance of shear reinforcements. In Fig. 2, the design variables are shown.
Symmetrical design is done for upper and lower section of the column.

After the design constants, loadings and ranges of design variables are defined,
cross-section dimensions (bw and h) are randomly defined by considering the selected
range. For productivity of the column in the construction yard, dimensions are
assigned with productivity values which are multiple of a value. The ductile fracture
conditions given inEq. (1) and (2) are checked for randomly selected dimensions. The
first condition is a shear force criterion with two inequalities while second condition
is related with the axial capacity of columns.
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h

bw

shear reinforcement

web reinforcement

longitudinal reinforcement
line 1

longitudinal reinforcement
line 2

Fig. 2 Design variables

V <

{
0.2f ′cAc
5.5Ac

(1)

N < 0.5f ′cAc (2)

In Eqs. (1) and (2), Ac represents the cross-sectional area (bwh) of column. If
these conditions are not suitable for selected cross-section, bw and h are iteratively
randomized.

After cross-section dimension supporting ductility conditions, reinforcement
design is started. Number and diameter size of the longitudinal reinforcement are
randomly defined for upper and lower faces of column. In order to carry flexural
moment in opposite directions, the same reinforcements were used for both faces
of column. ACI-318 rules are checked for the orientation of reinforcement bars. If
needed, the reinforcements are positioned in two lines. Placement condition defined
in ACI-318 [40] for columns are shown in Eq. (3). φaverage is the average of the
diameter sizes in a line where the placement condition is checked. aφ is the clear dis-
tance between reinforcements. The reinforcements are iteratively randomized until
placement condition is satisfied.

aφ >

⎧⎨
⎩
1.5φavarage
40 mm
4
3Dmax

(3)

In the methodology, web reinforcements are also assigned with randomization.
Also,minimumandmaximum reinforcement conditions are also checked.Reinforce-
ment ratio (ρ), which is calculated by the ratio of all longitudinal reinforcements to
cross-sectional area, must be between 0.01 and 0.06. If the limit conditions are not
satisfied, iterative randomization of reinforcements continue.

After all design variable related with axial forces are randomly assigned with a
practical value, the distance from extreme compression fiber to neutral axis (c) is
scanned for axial force capacity. Then, flexural moment capacity of random design
is found. If the flexural moment capacity is lower than the required one or more than
a defined percentage of the required value, the iterations are repeated. In the present
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method used in the optimization of the numerical example, this percentage is taken
as 100%. For every 500 iteration, it is iteratively increased with 1%.

After the random design of cross-section and longitudinal reinforcement, the
design of shear reinforcements was done. Iteratively, diameter sizes are assigned
with the values within the range and the required distance of shear reinforcement
(stirrups) are found according to nominal shear strength of concrete (Vc) and nominal
shear strength of reinforcement (Vs) given in Eqs. (4) and (5), respectively.

Vc =
√
f ′c
6

bwd (4)

Vs = Avfyd

s
(5)

Av and s represents shear reinforcement area and distance between them. d is the

effective depth of the concrete. Also, the Vs value must not exceed 0.66
√
f ′
cbwd.

In that situation, the objective function is penalized with a very big value. Also,
the calculated results are compared with the minimum shear reinforcement (Av,min)
value and maximum shear reinforcement distance (smax) defined in Eqs. (6) and (7),
respectively. The result of shear reinforcements with the minimum cost is taken into
consideration and the results modified according to Eqs. (6) and (7).

(Av)min = 1

3

bws

fy
(6)

smax

{
≤ d

4 if Vs ≥ 0.33
√
f ′
cbwd

≤ d
2 if not

(7)

After a suitable design is found, the maximummaterial cost which is the objective
function of the optimization is calculated. The objective function which is minimized
is given in Eq. (8). The parameters used in Eq. (8) are listed in Table2.

Table 2 Parameters of
objective function

Definition Symbol

Material cost of the beam per unit meter C

Gross area of cross-section Ag

Area of nonprestressed longitudinal reinforcement Ast

Area of shear reinforcement spacing s Av

Length of shear reinforcement spacing s ust
Material cost of the concrete per m3 Cc

Material cost of the steel per ton Cs

Specific gravity of steel γs
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min C = (Ag − Ast)Cc + (Ast + Av

s
ust)lγsC (8)

The objective function is calculated by repeating the optimization process for
several iteration numbers and design with the minimum cost is found. The flowchart
of the optimization methodology is given Fig. 3.

Also, the strength of material such as fy and f
′
c may taken as a design variable,

but in construction of a structure, using different material types may not be practical.
Themethodology is applied for different loading condition of axial force and flexural
moment in Sect. 4.

4 Numerical Example

The optimum design of uniaxial columns was investigated for different flexural
moment and axial force values. Design constant, shear force value (V) and ranges of
design variables used in the numerical examples are given in Table3.

In the calculations, the compressive stress block to neutral axis depthwas assumed
as equivalent rectangular. The β1 value, which is a factor relating depth of equivalent
rectangular stress block, was calculated as given in Eq. (9).

β1 = 0.85 17MPa < f ′c ≤ 28MPa
β1 = 0.85 − 0.0071428(f ′c − 28) f ′c > 28MPa

(9)

If the value of β1 is lower than 0.65, β1 is taken as 0.65. The elasticity modulus
of concrete was calculated by using Eq. (10).

Ec = 4700
√
f ′c (10)

In searching of design variables, the values of bw and h were chosen from (or
rounded to) values which are divisible to 50mm in order to produce a RC structure
member practical in construction yard. Because of constant size of steel reinforce-
ments, even integers are assigned for the diameter sizes. The optimum results of
several M-N cases (Table4) are given in Table5.

The optimum cross-section dimensions of Case 1 such as bw and h are 250 and
300mm, respectively. In this case, reinforcement positioned in one line is suitable
to carry the internal forces. Two reinforcements with the minimum diameter range
(16mm) is found for the optimum results. Also, cross-section dimensions are found
as the range minimums. For that reason, the most shear reinforcement is needed for
Case 1 since the nominal shear strength of concrete (Vc) is low for the design with
small cross-section dimensions. The total material cost of the Case 1 is 19.61$ as
seen in Table5.

In Case 2, the optimum height of the column is 450mmwhile bw is 250mmwhich
is also minimum value as found as Case 1. In order to carry more flexural moment,
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Fig. 3 Flowchart of the
methodology
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Table 3 Design constant, shear force value and ranges of design variables

Description Value

Length of column (l) 3m

Clear cover, cc 30mm

Max. aggregate diameter, Dmax 16mm

Yield strength of steel, fy 420MPa

Comp. strength of concrete, f ′c 25MPa

Elasticity modulus of steel, Es 200,000MPa

Specific gravity of steel, γs 7.86 t/m3

Specific gravity of steel, γc 2.5 t/m3

Cost of the concrete per m3 40$

Cost of the steel per ton 400$

Shear force, V 100kN

Range of web width, bw 250–400mm

Range of height, h 300–600mm

Range of reinforcement φ 16–30mm

Range of shear reinforcement φv 8–14mm

Table 4 N-M cases for numerical example

Case N (kN) M (kNm)

1 500 100

2 1000 200

3 1500 300

4 2000 400

5 2500 500

6 3000 600

h value is increasing. Longitudinal reinforcements are also found asminimum values
for allowed range. The total cost of the optimum design is 28.05$ for Case 2.

In Case 3, increase of height of the column is also seen according to previous
cases. Single line design of steel reinforcement is also possible for Case 3 in order to
position the required optimum steel reinforcements. But in Case 3, the longitudinal
reinforcements are not assigned with minimum range size.

In Case 4, the optimum height of the column is the maximum allowed value.
In that case, the reinforcements or the breadth of the column must be increase.
The breadth of the column has effective on placing more reinforcements in a line,
but using the reinforcements in two lines for a section with 300mm breadth is the
optimum solution. By the increase of the cross-section dimensions, optimum shear
reinforcement is getting lower and the distance between stirrups are increasing. The
same shear reinforcement is optimum for the last three cases (Case 4–6).
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Table 5 The optimum results of design variable

Case 1 Case 2 Case3 Case 4 Case 5 Case 6

bw (mm) 250 250 300 300 400 400

h (mm) 300 450 500 600 600 600

Bars in upper or lower section (line 1) 2�16 2�16 1�22
+1�16

1�20
+1�18

1�22
+1�20

3�20
+2�18

Bars in upper or lower section (line 2) – – – 1�20 1�20 1�16

Web reinforcement in a face – 1�16 1�16 1�18 1�16 1�16

Shear rein. diameter (mm) �8 �8 �8 �8 �8 �8

Shear rein. distance (mm) 120 190 220 270 270 270

Optimum cost ($) 19.61 28.05 36.11 46.19 55.12 67.11

For Cases 5 and 6, the cross-section is assigned with the range maximums. For
these cases, the longitudinal moments were positioned in two lines. The cost of
Case 5 and 6 are 55.12$ and 67.11$, respectively. In Case 6 comparing to Case 5,
the longitudinal reinforcements are significantly increasing because of the limit of
cross-sectional dimensions.

In the conclusion section, results for additional M-N combinations were given in
several grafts in order to discuss the results of the proposed method. The optimum
results were searched for flexural moment values between 100 kNm and 700kNm
by 100kNm differences. In that cases, five different axial force value (500, 1000,
1500, 2000 and 2500kN) were used.

5 Conclusion

The optimum cost of different M-N combinations are plotted in Fig. 4. As seen in
the graph, the optimum costs are near to each other for 400 kNm flexural moment.
This situation is also observed for flexural moment more than 400kNm, but not
for 500kN axial force. For the flexural moments below 400kNm, ACI-318 rules
are critical constraints in design. Especially for 2000 and 2500kN axial force, the
optimum costs for flexural moment between 100 and 300kNm are nearly equal to
each other.

In Fig. 5, the optimum total reinforcement ratio of longitudinal reinforcements to
cross-sectional area are plotted for M-N combinations. As seen in the Fig. 5, ranges
of design variables are more critical than the minimum required reinforcement ratio
defined as 0.01 in ACI-318 for 500kN axial force and 100kNm flexural moments.
In the cases with 500kN axial force, the optimum cost and total reinforcement ratios
are very big compared to other axial force values. Since the compressive forces are
low in the section, these forces are not so effective to reduce tensile forces resulting
from flexural moments. To carry tensile stresses, steel reinforcement bars are needed.
In most flexural moment cases of 2500kN axial force, minimum reinforcements are
optimums while big cross-sections are enough to carry compressive forces.
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By using the presented approach, optimum solutions of RC uniaxial columns
can be found for different M-N combinations. As seen in the optimum results,
cross-sectional area of column was enlarged in order to carry more internal forces.
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This situation is originated from the big cost difference of steel and concrete. The
proposedmethod can assign reinforcements in two lines in order to ensure positioning
rules about adherence between steel and concrete. Because of this ability, the opti-
mum results are ready for production in construction yards without modification. In
M-N combination with low internal forces, longitudinal reinforcements are posi-
tioned in single line. This results shows the effectiveness of the proposed method.
As a conclusion, random search technique for the optimization of RC columns is a
feasible approach.
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