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1 Introduction

We classify elliptic fibrations on the singular K3 surface X associated with the
Laurent polynomial
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In order to compute the Néron—Severi lattice, the Picard number, and other basic
properties of an algebraic surface, it is useful to identify an elliptic fibration on the
surface. Moreover, in view of different applications, one may be interested in finding
all the elliptic fibrations of a certain type. The fibrations of rank 0 and maximal
torsion lead more easily to the determination of the L-series of the variety (Bertin
2010). Those of positive rank lead to symplectic automorphisms of infinite order
of the variety. Lenstra’s Elliptic Curve Method (ECM) for finding small factors of
large numbers originally used elliptic curves on Q with a torsion-group of order 12
or 16 and rank > 1 on Q (Montgomery 1987; Atkin and Morain 1993). One way
to obtain infinite families of such curves is to use fibrations of modular surfaces, as
explained by Elkies (2007).

If the Picard number of a K3 surface is large, there may be an infinite
number of elliptic fibrations, but there is only a finite number of fibrations up to
automorphisms, as proved by Sterk (1985). Oguiso used a geometric method to
classify elliptic fibrations in Oguiso (1989). Some years later, Nishiyama (1996)
proposed a lattice-theoretic technique to produce such classifications, recovering
Oguiso’s results and classifying other Kummer and K3 surfaces. Since then, results
of the same type have been obtained by various authors (Kumar 2014; Elkies and
Schiitt 2014; Bertin and Lecacheux 2013).

Recently, the work of Braun et al. (2013) described three possible classifications
of elliptic fibrations on a K3 surface, shining a new light on the meaning of
what is a class of equivalence of elliptic fibrations. In particular, they proposed
a J)-classification of elliptic fibrations up to automorphisms of the surface and
a J,-classification of the frame lattices of the fibrations. For our K3 surface, the
two classifications coincide. Thus, it is particularly interesting to exhibit here an
J»-classification by the Kneser—Nishiyama method, since in general it is not easy to
obtain the 7 -classification. This topic will be explained in detail in Section 2.

Section 3 is devoted to a toric presentation of the surface X, following ideas of
Karp et al. (2013), based on the classification of reflexive polytopes in dimension 3.
More precisely, the Newton polytope of X is in the same class as the reflexive
polytope of index 1529. Since, according to Karp et al. (2013), there is an S4 action
on the vertices of polytope 1529 and its polar dual, there is a symplectic action of
S, on X. This action will be described on specific fibrations. One of them gives
the transcendental lattice Tx = (6) @ (2). We may use these fibrations to relate X
to a modular elliptic surface analyzed by Beauville in Beauville (1982). We also
describe a presentation of X found in Garbagnati and Sarti (2009), which represents
X as a K3 surface with a prescribed abelian symplectic automorphism group.

The main results of the paper are obtained by Nishiyama’s method and are
summarized in Section 4, Theorem 4.2.

Theorem 1.1. The classification up to automorphisms of the elliptic fibrations on
X is given in Table 1. Each elliptic fibration is given with the Dynkin diagrams



Classifications of Elliptic Fibrations of a Singular K3 Surface 19

characterizing its reducible fibers and the rank and torsion of its Mordell-Weil
group. More precisely, we obtained 52 elliptic fibrations on X, including 17
fibrations of rank 2 and one of rank 3.

Due to the high number of different elliptic fibrations, we give only a few cases
of computing the torsion. These cases have been selected to give an idea of the
various methods involved. Notice the case of fibrations #22 and #22b exhibiting
two elliptic fibrations with the same singular fibers and torsion but not isomorphic.
Corresponding to these different fibrations we give some particularly interesting
Weierstrass models; it is possible to make an exhaustive list.

2 Classification of Elliptic Fibrations on K3 Surfaces

Let S be a smooth complex compact projective surface.

Definition 2.1. A surface S is a K3 surface if its canonical bundle and its irregular-
ity are trivial, that is, if s ~ Og and h'°(S) = 0.

Definition 2.2. A flat surjective map £ : § — P! is called an elliptic fibration if:

1) the generic fiber of £ is a smooth curve of genus 1;
2) there exists at least one section s : P! — S for £.

In particular, we choose one section of £, which we refer to as the zero section.
We always denote by F the class of the fiber of an elliptic fibration and by O the
curve (and the class of this curve) which is the image of s in S.

The group of the sections of an elliptic fibration £ is called the Mordell-Weil
group and is denoted by MW(E).

A generic K3 surface does not admit elliptic fibrations, but if the Picard number
of the K3 is sufficiently large, it is known that the surface must admit at least
one elliptic fibration (see Proposition 2.3). On the other hand, it is known that a
K3 surface admits a finite number of elliptic fibrations up to automorphisms (see
Proposition 2.5). Thus, a very natural problem is to classify the elliptic fibrations on
a given K3 surface. This problem has been discussed in several papers, starting in
the Eighties. There are essentially two different ways to classify elliptic fibrations on
K3 surfaces described in Oguiso (1989) and Nishiyama (1996). In some particular
cases, a third method can be applied; see Kumar (2014). First, however, we must
introduce a different problem: “What does it mean to ‘classify’ elliptic fibrations?”
A deep and interesting discussion of this problem is given in Braun et al. (2013),
where the authors introduce three different types of classifications of elliptic
fibrations and prove that under certain (strong) conditions these three different
classifications collapse to a unique one. We observe that it was already known by
Oguiso (1989) that in general these three different classifications do not collapse to
a unique one. We now summarize the results by Braun et al. (2013) and the types of
classifications.
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2.1 Types of Classifications of Elliptic Fibrations
on K3 Surfaces

In this section we recall some of the main results on elliptic fibrations on K3 surfaces
(for example, compare Schiitt and Shioda 2010), and we introduce the different
classifications of elliptic fibrations discussed in Braun et al. (2013).

2.1.1 The Sublattice U and the [J,-Classification

Let S be a K3 surface and £ : § — P! be an elliptic fibration on S. Let F €
NS(S) be the class of the fiber of £. Then F is a nef divisor which defines the map
dir S — P(H'(S, F)*) which sends every point p € S to (so(p) : s1(p) © ... :
s,(p)), where {s;};=;., is a basis of H(S, F), i.e. a basis of sections of the line
bundle associated to the divisor F. The map ¢r| is the elliptic fibration £. Hence,
every elliptic fibration on a K3 surface is uniquely associated with an irreducible
nef divisor (with trivial self-intersection). Since & : § — P! admits a section, there
exists a rational curve which intersects every fiber in one point. Its class in NS(S)
is denoted by O and has the following intersection properties 0> = —2 (since O
is a rational curve) and FO = 1 (since O is a section). Thus, the elliptic fibration
£ : § — P! (with a chosen section, as in Definition 2.2) is uniquely associated with
a pair of divisors (F, O). This pair of divisors spans a lattice which is isometric to

U, represented by the matrix |:(1) (1)i|, (considering the basis F, F + O). Hence each

elliptic fibration is associated to a chosen embedding of U in NS(S).
On the other hand, the following result holds:

Proposition 2.3 (Kondo (1992, Lemma 2.1) and Nikulin (1980a, Corollary
1.13.15)). Let S be a K3 surface, such that there exists a primitive embedding
@ : U < NS(S). Then S admits an elliptic fibration.

Let S be a K3 surface with Picard number p(S) > 13. Then, there is a primitive
embedding of U in NS(S) and hence S admits at least one elliptic fibration.

A canonical embedding of U in NS(S) is defined as follows: Let us denote by
by and b, the unique two primitive vectors of U with trivial self-intersection. An
embedding of U in NS(S) is called canonical if the image of b; in NS(S) is a nef
divisor and the image of b, — by in NS(S) is an effective irreducible divisor.

The first naive classification of the elliptic fibrations that one can consider is the
classification described above, roughly speaking: two fibrations are different if they
correspond to different irreducible nef divisors with trivial self-intersections. This
essentially coincides with the classification of the canonical embeddings of U in
NS(S).

Following Braun et al. (2013) we call this classification the Jy-classification of
the elliptic fibrations on S.
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Clearly, it is possible (and indeed likely, if the Picard number is sufficiently
large) that there is an infinite number of irreducible nef divisors with trivial self-
intersection and also infinitely many copies of U canonically embedded in NS(S).
Thus, it is possible that there is an infinite number of fibrations in curves of genus 1
on S and moreover an infinite number of elliptic fibrations on S.

2.1.2 Automorphisms and the [J;-Classification

The automorphism group of a variety transforms the variety to itself preserving
its structure, but moves points and subvarieties on the variety. Thus, if one is
considering a variety with a nontrivial automorphism group, one usually classifies
objects on the variety up to automorphisms.

Let S be a K3 surface with a sufficiently large Picard number (at least 2). Then
the automorphism group of S is in general nontrivial, and it is often of infinite order.
More precisely, if p(S) = 2, then the automorphism group of S is finite if and only
if there is a vector with self-intersection either O or —2 in the Néron—Severi group.
If p(S) > 3, then the automorphism group of S is finite if and only if the Néron—
Severi group is isometric to a lattice contained in a known finite list of lattices, cf.
Kondo (1989). Let us assume that S admits more than one elliptic fibration (up to
the Jy-classification defined above). This means that there exist at least two elliptic
fibrations £ : § — P! and £’ : S — P! suchthat F # F’ € NS(S), where F (resp. F’)
is the class of the fiber of the fibration £ (resp. £’). By the previous observation, it
seems very natural to consider £ and £ equivalent if there exists an automorphism
of S which sends £ to £’. This is the idea behind the 7;-classification of the elliptic
fibrations introduced in Braun et al. (2013).

Definition 2.4. The .7;-classification of the elliptic fibrations on a K3 surface is the
classification of elliptic fibrations up to automorphisms of the surface. To be more
precise: £ is Ji-equivalent to £’ if and only if there exists g € Aut(S) such that
E=Eog.

We observe that if two elliptic fibrations on a K3 surface are equivalent up
to automorphism, then all their geometric properties (the type and the number
of singular fibers, the properties of the Mordell-Weil group and the intersection
properties of the sections) coincide. This is true essentially by definition, since an
automorphism preserves all the “geometric” properties of subvarieties on S.

The advantages of the 7)-classification with respect to the Jy-classification are
essentially two. The first is more philosophical: in several contexts, to classify an
object on varieties means to classify the object up to automorphisms of the variety.
The second is more practical and is based on an important result by Sterk: the
Ji-classification must have a finite number of classes:

Proposition 2.5 (Sterk (1985)). Up to automorphisms, there exists a finite number
of elliptic fibrations on a K3 surface.
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2.1.3 The Frame Lattice and the [7,-Classification

The main problem of the [Jj-classification is that it is difficult to obtain a
J1-classification of elliptic fibrations on K3 surfaces, since it is in general difficult
to give a complete description of the automorphism group of a K3 surface and the
orbit of divisors under this group. An intermediate classification can be introduced,
the J,-classification. The 7,-classification is not as fine as the J;-classification,
and its geometric meaning is not as clear as the meanings of the classifications
introduced above. However, the J,-classification can be described in a very natural
way in the context of lattice theory, and there is a standard method to produce it.

Since the J,-classification is essentially the classification of certain lattices
strictly related to the elliptic fibrations, we recall here some definitions and
properties of lattices related to an elliptic fibration.

We have already observed that every elliptic fibration on § is associated with an
embedding 1 : U — NS(S).

Definition 2.6. The orthogonal complement of n(U) in NS(S), n(U)1¥®, is
denoted by Wg and called the frame lattice of £.

The frame lattice of £ encodes essentially all the geometric properties of £, as
we explain now. We recall that the irreducible components of the reducible fibers
which do not meet the zero section generate a root lattice, which is the direct sum
of certain Dynkin diagrams. Let us consider the root lattice (Wg);00t 0f We. Then
the lattice (We )00t 1s €xactly the direct sum of the Dynkin diagram corresponding
to the reducible fibers. To be more precise if the lattice Eg (resp. E7, Eg, D, n > 4,
A,, m > 3)is a summand of the lattice (Wg);oor, then the fibration £ admits a
fiber of type IT* (vesp. IV*, IIl*, I*_,, I,,+1). However, the lattices A; and A, can be
associated with two different types of reducible fibers, i.e. with I; and 1T and with I3
and 1V, respectively. We cannot distinguish between these two different cases using
lattice theory. Moreover, the singular non-reducible fibers of an elliptic fibration can
be either of type I; or of type II.

Given an elliptic fibration £ on a K3 surface S, the lattice Tr(€) := U ® (We)roo0t
is often called the trivial lattice (see Schiitt and Shioda 2010, Lemma 8.3 for a more
detailed discussion).

Let us now consider the Mordell-Weil group of an elliptic fibration £ on a
K3 surface S: its properties are also encoded in the frame W, indeed MW(E) =
We /(We)roor- In particular,

rank(MW(&)) = rank(Wg) — rank((Wg),o0r) and

(Mw(g))tors = (WS)root/(Wg)rootv

where, for every sublattice L C NS(S), L denotes the primitive closure of L in NS(S),
ie. L:= (L® Q) NNS(S).

Definition 2.7. The J,-classification of elliptic fibrations on a K3 surface is the
classification of their frame lattices.
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It appears now clear that if two elliptic fibrations are identified by the
J»-classification, they have the same trivial lattice and the same Mordell-Weil
group (since these objects are uniquely determined by the frame of the elliptic
fibration).

We observe that if £ and & are identified by the 7j-classification, then there
exists an automorphism g € Aut(S), such that £ = &’ o g. The automorphism
g induces an isometry g* on NS(S) and it is clear that g* : We — Wg is an
isometry. Thus the elliptic fibrations £ and £’ have isometric frame lattices and
so are J,-equivalent.

The J,-classification is not as fine as the J)-classification; indeed, if
h:Wg — Wgs is an isometry, a priori there is no reason to conclude that there
exists an automorphism g € Aut(S) such that g‘*Wg = h; indeed, comparing
the Ji-classification given in Oguiso (1989) and the J,-classification given in
Nishiyama (1996) for the Kummer surface of the product of two non-isogenous
elliptic curves, one can check that the first one is more fine than the second one.

The advantage of the J,-classification sits in its strong relation with the lattice
theory; indeed, there is a method which allows one to obtain the /,-classification
of elliptic fibration on several K3 surfaces. This method is presented in Nishiyama
(1996) and will be described in this paper in Section 4.1.

2.1.4 Results on the Different Classification Types

One of the main results of Braun et al. (2013) is about the relations among the
various types of classifications of elliptic fibrations on K3 surfaces. First we observe
that there exists two surjective maps Jp — Ji and Jy — J», which are in fact
quotient maps (cf. Braun et al. 2013, Formulae (54) and (57)). This induces a map
J1 — J» which is not necessarily a quotient map.

The Braun et al. (2013, Proposition C’) gives a bound for the number of
different elliptic fibrations up to the Jj-classification, which are identified by the
J»-classification. As a Corollary the following is proved:

Corollary 2.8 (Braun et al. (2013, Corollary D)). Let S, ) be a K3 surface such
that the transcendental lattice of S is isometric to [Zd Z . If (a, b, c) is one of the
c

following (1,0,1), (1,1,1), (2,0, 1), (2,1, 1), (3,0, 1), (3.1, 1), (4,0,1), (5.1,1),
6.1,1), 3,2, 1), then T ~ .

2.2 A Classification Method for Elliptic Fibrations
on K3 Surfaces

The first paper about the classification of elliptic fibrations on K3 surfaces is due
to Oguiso (1989). He gives a J-classification of the elliptic fibrations on the
Kummer surface of the product of two non-isogenous elliptic curves. The method
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proposed in Oguiso (1989) is very geometric: it is strictly related to the presence
of a certain automorphism (a non-symplectic involution) on the K3 surface. Since
one has to require that the K3 surface admits this special automorphism, the method
suggested in Oguiso (1989) can be generalized only to certain special K3 surfaces
(see Kloosterman 2006; Comparin and Garbagnati 2014).

Seven years after the paper (Oguiso 1989), a different method was proposed by
Nishiyama in Nishiyama (1996). This method is less geometric and more related
to the lattice structure of the K3 surfaces and of the elliptic fibrations. Nishiyama
applied this method in order to obtain a J,-classification of the elliptic fibrations,
both on the K3 surface already considered in Oguiso (1989) and on other K3
surfaces (cyclic quotients of the product of two special elliptic curves) to which the
method by Oguiso cannot be applied. Later, in Bertin and Lecacheux (2013),
the method is used to give a J,-classification of elliptic fibrations on a K3 surface
whose transcendental lattice is (4) @ (2).

The main idea of Nishiyama’s method is the following: we consider a K3 surface
S and its transcendental lattice Ts. Then we consider a lattice T such that: T is
negative definite; rank(7) = rank(7s) + 4; the discriminant group and form of T
are the same as the ones of T5. We consider primitive embeddings of ¢ : T — L,
where L is a Niemeier lattice. The orthogonal complement of ¢(7T') in L is in fact the
frame of an elliptic fibration on S.

The classification of the primitive embeddings of T in L for every Niemeier lattice
L coincides with the J,-classification of the elliptic fibrations on S. We will give
more details on Nishiyama’s method in Section 4.1.

Since this method is related only to the lattice properties of the surface, a priori
one cannot expect to find a J)-classification by using only this method.

Thanks to Corollary 2.8, (see Braun et al. 2013) the results obtained by
Nishiyama’s method are sometimes stronger than expected. In particular, we will
see that in our case (as in the case described in Bertin and Lecacheux 2013)
the classification that we obtain for the elliptic fibrations on a certain K3 surface
using the Nishiyama’s method is in fact a Jj-classification (and not only a J,-
classification).

2.3 Torsion Part of the Mordell-Weil Group
of an Elliptic Fibration

In Section 4.2, we will classify elliptic fibrations on a certain K3 surface, determin-
ing both the trivial lattice and the Mordell-Weil group. A priori, steps (8) and (9)
of the algorithm presented in Section 4.1 completely determine the Mordell-Weil
group. In any case, we can deduce some information on the torsion part of the
Mordell-Weil group by considering only the properties of the reducible fibers of
the elliptic fibration. This makes the computation easier, so here we collect some
results on the relations between the reducible fibers of a fibration and the torsion
part of the Mordell-Weil group.
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First, we recall that a section meets every fiber in exactly one smooth point, so a
section meets every reducible fiber in one point of a component with multiplicity 1
(we recall that the fibers of type I, II*, III*, IV* have reducible components with
multiplicity greater than 1). We will call the component of a reducible fiber which
meets the zero section the zero component or trivial component.

Every section (being a rational point of an elliptic curve defined over k(P'))
induces an automorphism of every fiber, in particular of every reducible fiber. Thus,
the presence of an n-torsion section implies that all the reducible fibers of the
fibration admit Z/nZ as subgroup of the automorphism group. In particular, this
implies the following (well-known) result:

Proposition 2.9 (cf. Schiitt and Shioda (2010, Section 7.2)). Let £ : S — P! be
an elliptic fibration and let MW (€)ors the torsion part of the Mordell-Weil group.
If there is a fiber of type II*, then MW (E)ors = 0.
If there is a fiber of type IIT*, then MW (&) ors < (Z/27.).
If there is a fiber of type IV*, then MW (E)ors < (Z./37).
If there is a fiber of type I* and n is an even number, then MW (€)ors < (Z/27,).
If there is a fiber of type I’ and n is an odd number, then MW (&)ors < (Z/4Z).

2.3.1 Covers of Universal Modular Elliptic Surfaces

The theory of universal elliptic surfaces parametrizing elliptic curves with pre-
scribed torsion can also be useful when finding the torsion subgroup of a few elliptic
fibrations on the list. It relies on the following definition/proposition.

Proposition 2.10 (See Couveignes and Edixhoven (2011, 2.1.4) or Shioda
(1972)). Let w : X — B be an elliptic fibration on a surface X. Assume 7w has
a section of order N, for some N € N, with N > 4. Then X is a cover of the
universal modular elliptic surface, Ey, of level N.

After studying the possible singular fibers of the universal surfaces above, one gets
the following.

Proposition 2.11. Let Ey be the universal modular elliptic surface of level N. The
following hold:

i) If N > 5, then Ey admits only semi-stable singular fibers. They are all of type
L, with m|N.

ii) The surface &, is a rational elliptic surface with singular fibers I, I, 1.

2.3.2 Height Formula for Elliptic Fibrations

The group structure of the Mordell-Weil group is the group structure of the rational
points of the elliptic curve defined over the function field of the basis of the fibration.
It is also possible to equip the Mordell-Weil group of a pairing taking values in
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Q, which transforms the Mordell-Weil group to a Q-lattice. Here we recall the
definitions and the main properties of this pairing. For a more detailed description,
we refer to Schiitt and Shioda (2010) and to the original paper (Shioda 1990).

Definition 2.12. Let £ : S — C be an elliptic fibration and let O be the zero section.
The height pairing is the Q-valued pairing, < —, — >: MW(E) x MW(E) — Q
defined on the sections of an elliptic fibration as follows:

<P,Q>= )((S)+P-0+Q'0—ZCOHW(P,Q)’

ceC

where y(S) is the holomorphic characteristic of the surface S, - is the intersec-
tion form on NS(S), C = {c € C such that the fiber £~!(c) is reducible} and
contr.(P, Q) is a contribution which depends on the type of the reducible fiber and
on the intersection of P and Q with such a fiber as described in Schiitt and Shioda
(2010, Table 4).

The value h(P) ;=< P,P >=2x(S) +2P-0 — ) _ .. contr.(P, P), is called the
height of the section P.

We observe that the height formula is induced by the projection of the intersec-
tion form on NS(S) ® Q to the orthogonal complement of the trivial lattice Tr(E)
(cf. Schiitt and Shioda 2010, Section 11).

Proposition 2.13 (Schiitt and Shioda (2010, Section 11.6)). Let P € MW (&) be
a section of the elliptic fibration € : S — C. The section P is a torsion section if and
only if h(P) = 0.

3 The K3 Surface X

The goal of this paper is the classification of the elliptic fibrations on the unique K3
surface X such that Tx ~ (6) & (2). This surface is interesting for several reasons,
and we will present it from different points of view.

3.1 A Toric Hypersurface and the Symmetric Group Sy

Let N be a lattice isomorphic to Z". The dual lattice M of N is given by Hom(N, Z);
it is also isomorphic to Z". We write the pairing of v € N and w € M as (v, w).
Given a lattice polytope ¢ in N, we define its polar polytope ¢° to be ©° =
{w eM|(v,w) > —1Vv € K}. If ¢° is also a lattice polytope, we say that ¢
is a reflexive polytope and that ¢ and ¢° are a mirror pair. A reflexive polytope
must contain 0; furthermore, 0 is the only interior lattice point of the polytope.
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Reflexive polytopes have been classified in one, two, three, and four dimensions. In
three dimensions, there are 4319 reflexive polytopes, up to an overall isomorphism
preserving lattice structure (Kreuzer and Skarke 1998, 2000). The database of
reflexive polytopes is incorporated in the open-source computer algebra software
(Stein et al. 2014).

Now, consider the one-parameter family of K3 surfaces given by

1 1 1 x z X z
x—l——+y+—+z+—+—+X+)—]+—+—+—+/\. (1)
X y z Yy Xx z Yy 7 X

This family of K3 surfaces was first studied in Verrill (1996), where its Picard—
Fuchs equation was computed. A general member of the family has Picard lattice
given by U & (6).

The Newton polytope ¢° determined by the family of polynomials in Equation 1
is a reflexive polytope with 12 vertices and 14 facets. This polytope has the greatest
number of facets of any three-dimensional reflexive polytope; furthermore, there is a
unique three-dimensional reflexive polytope with this property, up to isomorphism.
In the database of reflexive polytopes found in Stein et al. (2014), this polytope has
index 1529.

We illustrate its polar polytope ¢ next to ¢° in Figures 1 and 2.

Let us recall some standard constructions and notations involving toric varieties.
A cone in N is a subset of the real vector space Np. = N ® R generated by
nonnegative R-linear combinations of a set of vectors {vy,...,v,} C N. We
assume that cones are strongly convex, that is, they contain no line through the
origin. Note that each face of a cone is a cone. fan X consists of a finite collection of
cones such that each face of a cone in the fan is also in the fan, and any pair of cones
in the fan intersects in a common face. We say ¥ is simplicial if the generators of

Fig. 1 ¢ (reflexive polytope
2355)
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Fig. 2 ©° (reflexive polytope
1529)

each cone in ¥ are linearly independent over R. If every element of Ny belongs to
some cone in X, we say X is complete. A fan X defines a toric variety Vy. If the
fan is complete, we may describe Vy using homogeneous coordinates, in a process
analogous to the construction of P as a quotient space of (C*)". The homogeneous
coordinates have one coordinate z; for each generator of a one-dimensional cone
of 2.

‘We may obtain a fan R from a mirror pair of reflexive polytopes in two equivalent
ways. We may take cones over the faces of ¢ C Ny, or we may take the normal fan
to the polytope ¢° C Mg. Let ¥ be a simplicial refinement of R such that the one-
dimensional cones of ¥ are generated by the nonzero lattice points v, k = 1...¢q,
of ¢; we call such a refinement a maximal projective subdivision. Then the variety
Vs is an orbifold. Then in homogeneous coordinates, we have one coordinate z; for
each nonzero lattice point in ¢. We may describe the anticanonical hypersurfaces in
homogeneous coordinates using polynomials of the form:

q
p= > a0 )

x€0°NM k=1

Here the c, are arbitrary coefficients. Note that p has one monomial for each lattice
point of ©°. If the reflexive polytope ¢ is three-dimensional, Vy is smooth and
smooth anticanonical hypersurfaces in Vy are K3 surfaces (see Cox and Katz 1999
for details).

The orientation-preserving symmetry group of ¢ and ©° is the symmetric
group Sy4. This group acts transitively on the vertices of ©°. As the authors of Karp
et al. (2013) observe, by setting the coefficients c, corresponding to the vertices of
©° to 1 and the coefficient corresponding to the origin to a parameter A, we obtain a
naturally one-parameter family of K3 hypersurfaces with generic Picard rank 19:



Classifications of Elliptic Fibrations of a Singular K3 Surface 29

q
r=1 3 Tl +2a.. .z 3)

x€Evertices(0°) k=1

Equation 3 is simply Equation 1 in homogeneous coordinates.

If we view Sy as acting on the vertices of ¢ rather than the vertices of ©°, we
obtain a permutation of the homogeneous coordinates z;. The authors of Karp et al.
(2013) show that this action of Sy restricts to a symplectic action on each K3 surface
in the pencil given by Equation 3; in particular, we have a symplectic action of Sy
on X. In the affine coordinates of Equation 1, the group action is generated by an
element s, of order 2 which acts by (x,y,z) — (1/x,1/z,1/y) and an element s4 of
order 4 which acts by (x,y, z) — (x/y,x/z, x).

3.2 The K3 Surface X

Definition 3.1. Let X be the K3 surface defined by F = 0, where F is the
numerator of

1 1 1 x y vy z x z
x+-+y+-+z+-+-+=4+=+-+-+-.
X y z y x z Yy Z X

The K3 surface X is the special member of the family of K3 surfaces described in (1)
which is obtained by setting A = 0.

We will use three elements of the symplectic group Sy: the three-cycle s3 given
by (x,y,2) — (v, z,x), the four-cycle s4 and the two-cycle s,.

We describe explicitly a first elliptic fibration, which gives the main properties
of X.

3.3 A Fibration Invariant by s3

We use the following factorizations

F=x+y+z+D@y+yz+zx)+ (x+y+z—3)xyz 4)

Fx+y+2)=0+y+z—D>xyz+ x+y+z+ D+ )+ 2)( +x).
)

If w = x+y+z, we see that w is invariant under the action of s3. If we substitute
w — x —y for z, we obtain the equation of an elliptic curve, so the morphism

E:X— P, (6)
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x,y, 0P w=x+y+z

is an elliptic fibration of X.
We use the birational transformation

v+ w+Du o vw+ 1) —i?
- u(w—3) °’ - v(w —3)

with inverse
u=—-((w-=-3x+w+1))(w-3)y+ w+1)),
v=(w=3)x+ w+D)*((w=3)y+w+1)
to obtain the Weierstrass equation
> 4+ (W 4 3)uv + (W — 1) v =i, 7

Notice the torsion points (u = 0,v = 0) and (u = 0,v = —(w* — 1)?) of order

3 and the 3 points of order 2 with u-coordinate _Tl (w? — 1)2,— (w—1)%, and

—(w+ 1)%.
We use also the Weierstrass form
E=n(n-w=3w+1") (n1-w+3w-1) ®)
with

u:‘l‘(n—(wz—l)z), v=%<§—( 2—i—3)17—|—(w2—1)3).

The singular fibers are of type Is for w = —1,1,00 and I, for w = 3,-3,0.
So the trivial lattice of this fibration is Tr(§) = U @ A®® @ A®*. Hence the
Picard number of X is 20 and rank(MW(£)) = 0. So X is a singular K3 surface.
This elliptic fibration is contained in the Shimada and Zhang (2001, Table 2 line 4)
and thus its transcendental lattice is (6) @ (2).

Moreover, all the fibers have split multiplicative reduction and thus the Néron
Severi group is generated by curves defined on Q.

Remark 3.2. We have already observed that X is a special member of the one-
dimensional family of K3 surfaces defined by Equation 1. Indeed, the transcendental
lattice of X is primitively embedded in U & (6) by the vectors (1, 1,0), (0,0, 1).

This gives the following proposition:

Proposition 3.3. The Néron—Severi group of the K3 surface X has rank 20 and is
generated by divisors which are defined over Q. The transcendental lattice of X is

20
Tx ~ .
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Remark 3.4. The equation (8) is the universal elliptic curve with torsion group
7,/27 x Z/6Z and is in fact equivalent to the equation given in Kubert (1976).Thus
this fibration can be called modular: we can view the base curve (P!) as the modular

curve Xp with I' = { (aZ) € Sh(Z),a=1mod6,c = 0mod6,b = Omod 2}.
c

By (5) we can easily obtain the equation
w—1x0z+ W+ DE+) 0+ @+ =0

and realize X by a base change of the modular rational elliptic surface & described
by Beauville in Beauville (1982). We can prove that on the fiber, the automorphism
s3 corresponds to adding a 3-torsion point.

3.4 A Fibration Invariant by s4

Ifr = Z)—x we see that ¢ is invariant under the action of s4. Substituting tzx for y
in F, we obtain the equation of an elliptic curve. Using standard transformations
(as in Kumar 2014(39.2); Atkin and Morain 1993 or Cassels 1991) we obtain the
Weierstrass model

V=u(@ =20+ 1) u+rt+ 1Y),

The point Q; = (u = 1(t + 1), v = 273(t + 1)?) is of order 4.

The point P, = (u = (t + 1)2 w=EFE+1)(+ 1)?) is of infinite order.

The singular fibers are 217 (r = 0,00) + I3 (t = —1) + 21, (t2 +t4+1= O) .

One can prove that on the fiber, s4 corresponds to the translation by a 4-torsion
point. Moreover, the translation by the point P, defines an automorphism of infinite
order on X.

Remark 3.5. If we compute the height of P, we can show, using Shioda formula,
Shioda (1990) that P, and Q, generate the Mordell-Weil group.

3.5 A Fibration Invariant by s,

Ifr = “ZX, we see that r is invariant under the action of s,. Substituting rz for y we
obtain the equation of an elliptic curve and the following Weierstrass model

v — (rz— l)vu =u(u—2r(r+1) (u—2r2(r+ 1))
The point (0, 0) is a two-torsion point. The point (2r (r + 1), 0) is of infinite order.

The singular fibers are
26 (r=0,00)+ I (r==1)+ L (r=1) +2I; (* — 14r + 1 = 0).
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Remark 3.6. From Elkies results (Elkies 2010; Schiitt 2010) there is a unique K3
surface X /Q with Néron—Severi group of rank 20 and discriminant —12 that consists
entirely of classes of divisors defined over Q. Indeed it is X. Moreover, in Elkies
(2010) a Weierstrass equation for an elliptic fibration on X defined over Q, is given:

4
¥ =2 —T5x + (4t — 242 + ;).

Remark 3.7. The surface X is considered also in a slightly different context in
Garbagnati and Sarti (2009) because of its relation with the study of the moduli
space of K3 surfaces with a symplectic action of a finite abelian group. Indeed,
the aim of the paper (Garbagnati and Sarti 2009) is to study elliptic fibrations
&G : S¢ — P! on K3 surfaces S¢ such that MW (E;) = G is a torsion group. Since
the translation by a section is a symplectic automorphism of Sg, if MW (Eg) = G,
then G is a group which acts symplectically on Sg. In Garbagnati and Sarti (2009)
it is shown how one can describe both a basis for the Néron—Severi group of Sg
and the action induced by the symplectic action of G on this basis. In particular,
one can directly compute the lattices NS(Sg)¢ and Qg := NS(Sg)*. The latter
does not depend on Sg but only on G and its computation plays a central role
in the description of the moduli space of the K3 surfaces admitting a symplectic
action of G (see Nikulin 1979; Garbagnati and Sarti 2009). In particular, the case
G = 7 /67 xZ/2Z is considered: in this case, the K3 surface S¢ is X, and the elliptic
fibration &; is (6). Comparing the symplectic action of Z/6Z x Z/27Z on X given
in Garbagnati and Sarti (2009) with the symplectic group action of Sy described
in Section 3.1, we find that the two groups intersect in the subgroup of order 3
generated by the map s3 given by (x,y,z) — (z,y, X).

4 Main Result

This section is devoted to the proof of our main result:

Theorem 4.2. The classification up to automorphisms of the elliptic fibrations on
X is given in Table 1. Each elliptic fibration is given with the Dynkin diagrams
characterizing its reducible fibers and the rank and torsion of its Mordell-Weil
group. More precisely, we obtained 52 elliptic fibrations on X, including 17
fibrations of rank 2 and one of rank 3.

We denote by r the rank(MW (&)), and we use Bourbaki notations for A,,, D,,, Ej
as in Bertin and Lecacheux (2013).

Outline of the Proof The proof consists of an application of Nishiyama’s method:
the details of this method will be described in Section 4.1. Its application to
our case is given in Section 4.2. The application of Nishiyama’s method gives
us a J»-classification, which coincides in our cases with a classification up to
automorphisms of the surface by Corollary 2.8.
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Table 1 The elliptic fibrations of X

l’l‘OOl NO . NI'OOI r MW (g)lors
E; 1 As DA C Eg A EgEg 1 (0
2 A C Eg As CEs |AAyE7Eg 0 | (0)
E8D16 3 AS @Al C ES A1D16 1 Z/ZZ
4 As @A, C D A DgEy 1 (0
5 As C Eg A C Dy |AJA\A Dy |0 | Z/27
6 Al C Eg A5 C D16 E7D10 1 (O)
E2Dyg 7 As ® A, CE; E.Dio 1 |Z/27
8 As @A, C Dy AlAIA\E7E; |1 | 7,)27,
9 A CE; As CE; | DsA Dy 1 \z/)2z
10 A CE As CE; | DsAsDyg 0 |z2/22
11 As C E; A CDy |AJADE; |1 |Z/2Z
12 As C E; Al C Dy |AJADgE; |0 |Z/27
13 A CE; As C Dyy | E;D¢D, 1 \z/)22
E7A17 14 As DA CE; Ay 1 \2/32
15 As @A, CAp AgE; 2 1 (0)
16 As C E; Al CAp |AA;s 2 1 (0)
17 As C E; Al CAp |AAs 1 (0
18 A CE As CApr | DeAp 1 (0
Dy, 19 As @A, C Dy ADg 1 (0)
D3, 20 As D A; C Dpp A1D4Dy, 1| 2/27
21 A; C Dy As C Dy, |A1DyDs 1 \2)27
D 22 As D A; C Dy A1DgDyg 1| 2/27
22(b) |As D A, C Dy A1DgDg 1 \z/22
23 A, C Dy As C Dy | A3DgDyg 1 | (z)2z)?
DoAjs 24 As @A, C Dy AlAs 2 | Z/27
25 As DA CApjs DoA7 2 1 (0)
26 As C Dy Al CAjis |AsAp 21 (0)
27 A} C Dy As CAjs |AjAgD; 1 (0
E¢ 28 A} CEs As CEs |A1AsE2 0 |Z/37
A E¢D7 |29 As @A CAy A3D7Eg 2 1 (0)
30 As C Es A; CD; |AlA;Ds 0 |Z/AZ
31 As C Es Al CAy; |AlAgD; 1 (0
32 A| CEs As CD; |AsAy 2 | Z/37
33 As C Dy Al C Ay |AgEs 3 (0)
34 A, C Dy As CAy;1 |AAsDsEg |1 | (0)
35 A, C Eg As C Ay |AZD; 1 (0
D 36 Ay C Dg As CDs |A;DyD? 1 | (Z/27.)?

(continued)

33
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Table 1 (continued)

Lroot No. Nroot r | MW(E)ors
DsAZ |37 |As DA, CAg A1A9Ds 2 | Z)2Z
38 |As C Ay A CAy |A3A;Dg 2 1 (0)
39 |As C Ay A CDg |AAsAD, |1 |Z/27
40 |A; C A As CDs |A7Ag 2 1 (0)
D2AZ |41 |As DA CA; A7D? 1 |Z/4Z
42 A5 CA; A CA; |AAsD? 2 | (0)
43 | As C Ay Ay CDs |AA3A:Ds |1 |Z/4Z
A} 44 |As DA C A A2 2 |Z/3Z
45 |A) CAg As CAg | AyAgAg 2 1 (0)
Aoy 46 |As DA C Ay Als 2 10
A}, 47 |As@®A CAn AsAL 2 | (0)
48 |As CAp Al CAp |AdAy 2 1 (0)
D4AY |49 | As = As A; CAs |A3AZD, 1 |Z/27
50 |As =As Ay C Dy |AjA} 0 |Z/27 X 7/67
A} 51 |As C Ag A] CAs |AAL 2 1(0)

Remark 4.2. The fibration given in Section 3.3 is # 50 in Table 1, the one given in
Section 3.4 is # 41, the one given in Section 3.5 is # 49, the one given in Remark 3.6
is #1. The fibrations of rank 0 may be found also in Shimada and Zhang (2001).

Remark 4.3. We observe that there exists a primitive embedding of Ty >~ (6) & (2)
in U(2) & (2) given by the vectors ((1,1,1),(0,—1,1)). Thus, X is a special
member of the one-dimensional family of K3 surfaces whose transcendental lattice
is isometric to U(2) & (2). The elliptic fibrations on the generic member Y of this
family have already been classified (cf. Comparin and Garbagnati 2014), and indeed
the elliptic fibrations in Table 1 specialize the ones in Comparin and Garbagnati
(2014, Table 4.5 and Section 8.1 case r = 19), either because the rank of the
Mordell-Weil group increases by 1 or because two singular fibers glue together
producing a different type of reducible fiber.

4.1 Nishiyama’s Method in Detail: An Algorithm

This section is devoted to a precise description of Nishiyama’s method. Since the
method is very well described both in the original paper (Nishiyama 1996) and in
some other papers where it is applied, e.g. Bertin and Lecacheux (2013) and Braun
et al. (2013), we summarize it in an algorithm which allows us to compute all the
results given in Table 1. In the next section we will describe in detail some peculiar
cases, in order to show how this algorithm can be applied.
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Definition 4.4. A Niemeier lattice is an even unimodular negative definite lattice
of rank 24.

There are 24 Niemeier lattices. We will denote by L an arbitrary Niemeier lattice.
Each of them corresponds uniquely to its root lattice L;oof.

In Table 2 we list the Niemeier lattices, giving both the root lattices of each
one and a set of generators for L/L;o. To do this we recall the following notation,
introduced in Bertin and Lecacheux (2013):

S =Y di+a +a) 5 =

_2e1+3ept4e3t6es+Ses+4de n = _ (2e1t3ert4es +6€4 +5e5+44eq+3e7)
3 =

0 =y Y —j+ Va8 =% (X0 ids + 10— 2)diy + 31di)
3 g( Y2 id; + Lid,- 1+2(l—2)d1)

Ne =

Now let us consider a K3 surface S such that p(S) > 12. Let us denote by Ty its
transcendental lattice. We describe an algorithm which gives a J,-classification of
the elliptic fibration on S.

(1) The lattice T: We define the lattice T to be a negative definite lattice such that
rank(7) = rank(7s) + 4 and the discriminant group and form of T are the same
as the ones of Ts. The lattice T is not necessarily unique. If it is not, we choose
one lattice with this property (the results obtained do not depend on this choice).

(2) Assumption: We assume that one can choose 7 to be a root lattice.

(3) The embeddings ¢: Given a Niemeier lattice L we choose a set of primitive
embeddings ¢ : T <> L, not isomorphic by an element of the Weyl group.

(4) The lattices N and N;,: Given a primitive embedding ¢ we compute the
orthogonal complement N of ¢(T) in Lyoo, i.e. N := ¢(T) oot and Nyogy its
root lattice.

(5) The lattices W and W;,,: We denote by W the orthogonal complement of ¢ (T)
inL,ie W := qS(T)J-L and by W its root lattice. We observe that Nyoor =
Wioot and N — W with finite index.

(6) The elliptic fibration £s: The frame of any elliptic fibration on S is a lattice W
obtained as in step 5. Moreover, the trivial lattice of any elliptic fibration on S is
of the form U @ Nyoor = U ® W;oor Where W0 and Ny are obtained as above.
Hence, we find a J,-classification of the elliptic fibration on S. In particular
every elliptic fibration on S is uniquely associated with a primitive embedding
¢ : T — L. Let us denote by &, the elliptic fibration associated with ¢.

(7) The singular fibers: We already observed (cf. Section 2.1) that almost all the
properties of the singular fibers are encoded in the trivial lattice, so it is clear
that every Nyoot (= (¢(T) J-Ll'w)r(,ot) determines almost all the properties of the
reducible fibers of &.

(8) The rank of the Mordell-Weil group: Let ¢ be a given embedding. Let r :=
rank(MW (&y)). Then r = rank(NS(S)) — 2 — rank(Nroor) = 20 — rank(7s) —
rank(Nroot) .

(9) The torsion of the Mordell-Weil group: The torsion part of the Mordell-Weil
group is Wroot/ Wroot(C W/N) and can be computed in the following way: let
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Table 2 The Niemeier lattices L: Lyoor and L/ Lyoo;

Lioot L/Lroot

Ej ((0))

EsD6 Z/2Z = (816)

E3Dw | (2/22)* = (1} + 810,15 + 1% + 810)
E7A17 Z/6Z = (n7 + 3ou17)

Doy Z/2Z = (854)

D}, (Z/22)° = (83 + 62615 +52)

D3 @22y = (5 +5 + 5;”,55” +62 +50 50 +357 + 59
D9A15 Z/8Z = (89 + 2(115)

Eg (Z/3Z)2 ( [e)) + 77(2) + 77(3) (1) + 77(3) + 77(4))

A]1E6D7 Z/12Z= (Ol]] +176+87)

D} Z/22)* = (52 + 5, + 35,60 + 52 + i

50 4 3‘2) 459,50 45 450y
DA | Z)27 x ZJ10Z = (3, + 505(2) 8 + o) +2a)
D22 7/47.x 7,/87 = (8" + 5§2 + 244" 5(” + 252 + oV + o)
A 737 % 7,/97. = (3a” + 3a)”, ag“ + 2a§2) + 20:;3))
Aip,  (2/62) x 2)22 = (56" + 202 + o®) + 5,
5o + 30 <2’ + 205(3) + 40! + 84,
30:(1) + 3a(4) +84)

Al (Z)77)* = (" + 20:(2) +og + 6o o) + 60l + 20 +ap)
DS (Z)27)° = (5§” +60, i=1,...,5 Y0 s

A24 Z/SZ = (5&24)

A%, Z/13Z = (20Y + 307)

A z/52) = (o’ + o + o’ + 40 + 4o,

(l)+ (2)+4a(3)+ (5)+4 (6)
(l) +4a(3) +0((4) +4(x(5) _,’_a(ﬁ))

AS (Z/47)* = (Sagl) +35, c,a3 such that (c, ..., cg)
is a cyclic permutation of (2001011))

Al (Z/32)° = (203" + Y12, cie? such that (ca. .. ., c12)
is a cychc permutatlon of (11211122212))

A (Z)27)"* = (1) + Zl 5 C a2 such that (cz, ..., c24)

is a cyclic permutation of (00000101001100110101111))
— Ay =L

[ 4+ Lot be a non-trivial element of L/ L. If there exist k 7% 0 and u € Ly
such that k(I + 1) € Nyoo, then [+ u € W and the class of [ is a torsion element.

Remark 4.5. Tt is not always true that the lattice T can be chosen to be a root lattice,
and the method can be applied with some modifications without this assumption,
see Braun et al. (2013). Since everything is easier under this assumption and in
our case we can require that 7 is a root lattice, we described the method with the
assumption (2). In particular, if T is not a root lattice, then one has to consider the
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primitive embeddings of T in L, but one cannot use the results in Nishiyama (1996,
Sections 4 and 5), so the points (3), (4), and (5) are significantly more complicated.

4.2 Explicit Computations

Here we apply the algorithm described in Section 4.1 to the K3 surface X.

4.2.1 Stepl

From Proposition 3.3, we find that the transcendental lattice of X is

60
Tx = .
) (0 2)
According to Nishiyama (1996), Schiitt and Shioda (2010) and Bertin and

Lecacheux (2013), Tx(—1) admits a primitive embedding in Eg and we can take T
as its orthogonal complement in Eg, that is

T=As DA

4.2.2 Step2

We observe that T is a root lattice.

423 Step3

We must find all the primitive embeddings ¢ : T <> L, not Weyl isomorphic.
This has been done by Nishiyama (1996) for the primitive embeddings of Ay in A,
D, E; and for the primitive embeddings of A5 @ A; into E7 and Eg. So we have to
determine the primitive embeddings not isomorphic of As @ A in A,, and D,,. This
will be achieved using Corollary 4.7 and Lemma 4.10. First we recall some notions
used in order to prove these results.

Let B be a negative-definite even lattice, let a € Byoo a root of B. The reflection
R, is the isometry R, (x) = x+ (a - x) a and the Weyl group of B, W (B), is the group
generated by R, for a € Byoq.

Proposition 4.6. Let A be a sublattice of B. Suppose there exists a sequence of roots
X1, X2, ..oy Xy ofAJ-B with x; - x;41 = & and eiz = 1 then the two lattices A @ x| and
A & x,, are isometric by an element of the Weyl group of B.

Proof. First we prove the statement for n = 2. Since the two sublattices A & (x;)
and A @ (—x,) are isometric by R,, we can suppose that x; - x, = 1 (i.e. & = 1).
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Then x; + x, is also a root and is in AL, So the reflection Ry, +x, is equal to /; on
A. Let g := Ry, o Ry 4, then g € W(B) is equal to I; on A. Moreover g (x2) =
Ry, (x2 + ((x1 + x2) - x2) (x1 + x2)) = x1, and so g fits. The case n > 2 follows by
induction. O

Corollary 4.7. Supposen > 9, p > 6, up to an element of the Weyl group W (D,,)
orW (Ap) there is a unique primitive embedding of As ® Ay in D, or A,.

Proof. From Nishiyama (1996) up to an element of the Weyl group there exists one
primitive embedding of As in D, or A,. Fix this embedding. If M is the orthogonal
of this embedding then M,y is D,—¢ or A,—6. So for two primitive embeddings of
A1 in M;r We can apply the previous proposition. O

We study now the primitive embeddings of As @& A; in Dg (which are not
considered in the previous corollary, since the orthogonal complement of the unique
primitive embedding of As in Dg is (—6) & (—2)2).

We denote by {g;, | <i < n} the canonical basis of R”".

We can identify D,, (—1) with D,,, the set of vectors of Z" whose coordinates have
an even sum.

First we recall the two following propositions, see, for example, Martinet (2002).

Proposition 4.8. The group Aut(Z") is isomorphic to the semi-direct product
{£1}" % S,,, where the group S, acts on {x1}" by permuting the n components.

Proposition 4.9. Ifn # 4, the restriction to D, of the automorphisms of 7" induces
an isomorphism of Aut (Z") onto the group Aut (D,). The Weyl group W (D,) of
index two in Aut (D)) corresponds to those elements which induce an even number
of changes of signs of the ¢;.

Lemma 4.10. There are two embeddings of As @ A, in Dg non-isomorphic up to
W (Dg) .

Proof. Letds = ¢+ e and ds—;y] = —&;— + &; with 2 < i < 8 a basis of Dg. We
consider the embedding

As — (d7,ds, ds, dy d3).

By Nishiyama’s results (Nishiyama 1996), this embedding is unique up to an
element of W(Dg) and we have (As)?s = (Zle &) D (x7) B (d;) withx; = g7+¢s.
We see that +x; and +d,; are the only roots of (As)LDS.

We consider the two embeddings

As ® Ay < (d7,ds, ds,ds.d3) ® (x7)
As ® Ay = (d7,ds, ds,ds.d3) ® (dy).
Suppose there exists an element R’ of W(Dg) such that R'(x;) = d; and R’ (45) =

As, we shall show that R’ (d}) = +x7. If z := R’ (d}), then as R’ is an isometry
z-di = R'(dy) - R'(x7) = d; - x; = 0. Moreover, z € (A5)J")8 and so 7z = 4x7.
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Since R’ (As) = As, we see that R[4, is an element of O (As), the group of
isometries of As. We know that O (As) /W (As) ~ Z /27, generated by the class of
,LLId7 <—>d3,d6<—>d4,d5<—>d5.

Thus, we have R[4, = p € W (As) or R'|4; = pp with p € W (A5) . We can also
consider p as an element of the group generated by reflections R, of Dg with u € As.
So, for v in (As)LD8 we have R,(v) = v if u € As and then p (v) = v.

Let R = p~ 'R’ then R = R’ on (As)'?s . Since R’ (d;) = £x; and R (x7) = d;
we have R'|(, o) = (67 — €3.68 — —&7) or (67 — &7, 5 — —¢g) . Also we have
R|(81.62,...,£6> =1g0re; < &7-;.

In the second case R corresponds to a permutation of &; with only one sign minus;
thus, R is not an element of W (Dg) .

424 Step4

For each primitive embedding of A5 @ A} in Ly, the computations of N and Nyet
are obtained in almost all the cases by Nishiyama (1996, Section 5). In the few cases
not considered by Nishiyama, one can make the computation directly. The results
are collected in Table 3, where we use the following notation. The vectors x3, x7, z¢
in D, are defined by

x3:=d,_3+2d,» +d,_| +d,,

X7 :=dp—7 + 2(dp—6 + dp—s + dyp—s + dy—3 + dy2) + dp—1 + dy,
Xy i= 2(dy—6 + dy—s + dy—s + dy—3 + dy—) + dy—1 + dp,

26 i= dy—s + 2dp—y + 3dy—3 + 4d,—y + 3d,— + 2d,,

% = dy—s + 2dy—4 + 3d,—3 + 4dy 2 + 2d,— + 3d,,

and the vectors x, y in E, are

x:=e+e +2e;+ 24+ es5, y:=e1 + 2er + 2e3 + 3eq + 2e5 + e.

4.2.5 Step 5 (An Example: Fibrations 22 and 22(b))

In order to compute W we recall that W is an overlattice of finite index of N; in fact,
it contains the non-trivial elements of L/L.,, which are orthogonal to ¢ (A5 & Ay).
Moreover, the index of the inclusion N < W depends on the discriminant of N.
Indeed |[d(W)| = |d(NS(X))| = 12, so the index of the inclusion N — W is
VIdWN)|/12.

As example we compute here the lattices W for the two different embeddings of
As @ Ay in Dg (i.e., for the fibrations 22 and 22(b)). Thus, we consider the Niemeier
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Table 3 The orthogonal complement of the primitive embeddings A5 @ A; in Lo

No. | Primitive Embedding Orthogonal Complement
(1) 1) 1
(el e e 46" + 66l + 8¢ + 126V +
) ) ) () o |9
® (e 10e5” + 8ef” + 6e5 + 3¢
) @ <e(,2) ..... eéz)> 52 <e(,3), cee eé3)>
(ORO) oD
5 <1, e, o, 2et! + 365" + 4e + 6l + ®
® <e§2> 5el + ey + 3¢ + 2¢;”

) @ <x(2) 2 D §2)> o

e0,.e)

4de; + 6ey + 8ez + 12e4+
10e5 + 8eq 4+ 6e7 + 3es >
(di,...,dis)

X7, d(),.“,d3,
4 (dig, dis, ....di1) @ {d1) (26)€B< 2d2+d1>®<61’“.’68>

2e1 + 3ep; + de; + 6e4+
5 L €3, ..., d ,
{e1, e3 es) @ (dis) | (v) @ <€8 Ses + deg + 3er + 268>
{dis) @ (x3, di3.....d1)
6 <d16, d14,...,d11)®(€1) (ZG)®(X7.d9,...,d1)®(x, e, 24,...,68)

3 {e1, e3,..., e) @ (es) e

e (e s
7 a 8e,  + bes’ + dey” + 2ey
GB(el ; (d... dlo)ea(e?),...,e;z))

8 | {diw, ds,....ds) ®(d1) | (z6) ® {x &) B (s +x7+2d +d) D
i o )

0 <e§l), egl), ey eél) < 2e(1) + 33(1) + 4e3l)+ >€B
o) <e§2) Gegl) + Se(l) + 4e(|) + 36(”
M) @ <x(2) S 9)@
{di,....d)
< M 0 0 < ) 26(1” +2ey) + 3¢+ >€B
0\ 4""’22) ‘”+3e‘”+2‘”+ o
®<el x(z) &P (2)>EB {di,....dw)
D 0 )
) <€11)’ NOR eé”> < (1) i 2;1) 1 ji?l)i 360 > © (do) ®
@ (d1o) (e .. (2)> & (x5, dr,....dr) ® YD)
o o o < 26(1)+2 M43, (1)+ >€B
0 <2 cey) ., e > " e (1)+3€(1)+2e<1)+€§1)
® (d\o) ( <2>> @ (do) @ (3. o, ....dh)

x(l)’ e(l)’
13 |{dio, ds,....ds) ® <€(11)> (x7, ds, dp, di) ® <e(1) 0 )@
PRI

(.. )@ ()

(continued)
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No. | Primitive Embedding

Orthogonal Complement

2e; + 3e; + des+
14 L €4y, e
(e, e4 es) D (er) < 604 -+ Ses + deg + 3¢, > & (a1 a)
dg,...,ay7,
15 (al,...,a5)®(a7) (el,...,e7)®<Zf=1jaj—6ag,>
a7 + 2ag
281 +3€2+4€3+
16 ,e3, ...,
fer esvves) @ o) (y>@< 6e4+5e5+466+3e7>
(a] +2a2, a3,.,.,a17)
2e1 + 2ey + 3e3+
17 s €4y, ,
<62 “ 67) @ (al) < 464 + 365 + 26(, + e7 €1>®
(a1 + 2a, a3, ...,a17)
6 .
18 {ar,..., as) & (er) (x, e, 64,...,67)®<Zj=ljaj’>
ar,...dpy

19 | (dos, doa,....d1o) ® {d)

(26) & {x7) @ (x7 + dy + 2d3,d5, ... di7)

d" + 24" +d" + 1,

M ()
<d12,d10,...,d7 () () (1) ®
20 @(d(“ E?) A 7(;)15 ) W
i (a2, a3} e (") e (")
N (afy. aty).....a" (e (. d. ... .a")e
(2) 2) 2 (2 (2)
o (a (¢} @ (. a.....a?)
1) 1) (1) 1~ (1
” (. d....d G e (W) e
M) @ @ 3 3
o (d) (a2, d?) e (a.....d)
n (@) e (e
) o (a2, )@ (... .d)
, @A) alalsle]e
@ @ @ @) 3 3
® (d§ ) e (d). )
24 | {dy, d7,...,ds) ® (dy) (z6) ® (x7, di +2d>) ® {ay, ..., ais5)
6 .
Zj:l]aj — 6ag,
25 |{ai,....as) ® (a7) (d1»~-~,d9)®< a7+2ag,>
dg, ..., a5
ay + 2a,,
26 | (do, dy,....ds) ® (1) <z6>@<d1,dz,x7)e< P >
as,...,dis
Z‘ézljaﬁ
27 |Aai,...,as) ® {do) (ds) ® (x3, dg.....d1) ® B ! B
Ty e-sU15
<e<1> o0 o0 &)+ e + 26 + e, o
28 P53 % e P P P

® (eéz)

3 3 4 4
<e§),...,eg)>®<ei),...,eg)>®(y(1))

(continued)

41



M.J. Bertin et al.

Table 3 (continued)

No. | Primitive Embedding Orthogonal Complement
6 .
29 |Aaiy,...,as) ® {(a7) < Zj:]ja'i — 6as, >®
a7 + 2ag, ag, ag, an
(di,....d7) ®{er.....e6)
30 |{er, es,....e6) D (dr) | () D (de) @ (x3,ds,....d1) ® (a1.....a11)
31 (61,63...,66)63(&1) (y)@(dl,...,d7)€B(a1+2a2, a3,...,a11)
@
(

32 (d7, d5, e ,dz) ® (61) (26) (xé) @ (x, €, €4, €5, 86)
®{ai,....an)
33 (d7, d5,...,d2)®(a1) (zd@(xé)@(el,...,eﬁ)@
a + 2ay,
as,...,day
34 (al,.,.,a5)®(d7) (dﬁ)@(x;l,, d4,...,d|)
6 .
@(el,...,e6>®< Zf=”“”>
ar,...,djy
35 |[{a1,....as) @ {e1) (x. e, e4, €5, €6) D (d1,....d7) ®
<Z](-)=ljaj,a7, e ,(l11>
(a0 d....aP o) e, i) e
® < dﬁf) <2> d(2> d(z), d$2)> ® < a9 dgt))

() (1)
_ja” —6a?,
37 <a(ll),...,a§1)>@<a(71)> lja s >@

36

(1) +2a (1)’ (1)
(a 2),~ (2)> <d17---7d6)
6 . (D
! 2 D —1ia; s
38 <a(ll), ..,a?)@(a(l )) (di,....ds) ® (11) 1(1)/ 0 )@
, dg 5 Qg
( @ + 2a2 s agz), .. (2)>
39 <a$l), ..,a(51)>@ (ds) <ZJ6 ja®, o, ag)? a;1)>® (ds)
@ (x3, ds, dz, d\) & (a(z) (2))

1) + 2a(1) 2) 0)
40 (ds,...,d1)®<a1 > (z6) ® (1) (1) @( s, dg )

b @[] [ + 3 @ )

J=

@(di”,...,d§">€9(d§z),.. d(z))

42 (agl), ..,a(;))@(agz)) (Zf 1]d(1 s a(71 >€B< zz +2a (2)
ofa"... .d")e (dgza C}g?)
2,6 ljaa)’ a§1)> ® (dil))@

(%1), d‘” d(”>®<a§2),...,a§2)>

§Z6 ljal(l), agl) + 2a§1)> D

13 | {a,...a") @ (d)

44 <a(11), .. ,a§1)> (&) (agl))

J

O, )@ )

(continued)
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Table 3 (continued)
No. | Primitive Embedding Orthogonal Complement

6 . (1) ) )
(1) (1) 2 dimija; a” +2a,
3 <‘11 ’’’’’ as >®<"1> < M af >@< oo
a,’, a as’,...,ag
oul.....a)

46 (a1 ..... a5) @ (a7) (Zf=1ja,- - 603,617 + 2“81 ag, ... 6124)

6 . (D (1)
a M a Z’:l]aj] ~ay e @
47 <a1) ..... a5>€B<a7)> a§)+2ag), €9<1) ,,,,, a12>
20 20
R ) @
6 .
) ) ® di—ijaj a” +2a;,
48 <01 ,,,,, as >®<01 > IR A We @
a;’, ..., a, as’,..., ay,
@ ©)]
0 0) ©) a” +2a,, & 3)
49 <a1 ,,,,, as )EB <a1 > 22) ©) 2 e | (a] ) as >
as ., day , ds

@ <a§4) ..... a(54)> @ (dl ..... d4)
50 )@ () | (ds) @ () @ () @ a0
D (a?) ,,,,, a(53)> D (a@ ,,,,, a(54)

() (2)
1) O ) 6 . () a,’ + 2a;”,
51 <a1 ~~~~~ as >®<al > <Zj=1]aj >€B (12) 2(2) (&)
a, a

.....

3 3 4 4
(aﬁ ) ag)>€B(aﬁ) ..... aé)

lattice L such that Loy >~ Dg and we denote the generators of L/L as follows:

—2 —@3 —(1 —@3 (1 2
vy = 8;1) —|—88( ) +83( ),Uz = 88( ) +5;2) +88( ), V3 1= 88( : +88( ) +82(33)'

Fibration #22: We consider the embedding ¢; : As & A; < L such that
01(AsBA)) = (dgl), dél), d;l), dil), d;l)) &) (dﬁl)). The generators of the lattice N are
described in Table 3 and one can directly check that N >~ (—6) & A; @& Dg & Ds.
So, |d(N)| = 6-2° and the index of the inclusion N < W is 22 = /6 -2°/12. This
implies that there is a copy of (Z/27Z)* C (Z/27)* which is also contained in W
and so in particular is orthogonal to ¢1(As @ Ay).

We observe that v, is orthogonal to the embedded copy of A5 @ Aj, v, and v; are
not. Moreover v, — vs is orthogonal to the embedded copy of A5 @ A;. Hence v; and
vy — v3 generates W/N >~ (Z/%)z_ We just observe that v, —v3 € W is equivalent
mod W,y to the vector wy 1= 85(;2) + 8;3) € W,s0 W/N ~ (Z/27)* ~ (v, w;). We
will reconsider this fibration in Section 4.3 comparing it with the fibration #22b.
Fibration #22(b): We consider the other embedding of A5 @ A; in Ly, i.€. ¢ :
As @ A <> Lsuch that g, (As @A) = (d\",d",d", d",d\") & (V).

The generators of the lattice N is described in Table 3 and one can directly check
that N ~ (—6) @A ®Dg @ Dg. As above this implies that W/N ~ (Z/27)* which is
generated by elements in L/ L, which are orthogonal to ¢,(As @ Ay). In particular,
v — vy and vy — U3 megthoggal to 2 (AsDA)sov—v, €W andﬁ\v{z —v3 eW.

Moreover, v; — v3 = 8;2) + 8§3) mod Wie. So, denoted by wy 1= 82(;2) + 8é3), we
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have that W/N ~ (v; — vy, w;). We will reconsider this fibration in Section 4.3
comparing it with the fibration #22.

4.2.6 Step6

We recalled in Section 2.1 that each elliptic fibration is associated with a certain
decomposition of the Néron—Severi group as a direct sum of U and a lattice,
called W. In step 5 we computed all the admissible lattices W, so we classify
the elliptic fibrations on X. We denote all the elliptic fibrations according to their
associated embeddings; this gives the first five columns of the Table 1.

4.2.77 Step7

Moreover, again in Section 2.1, we recalled that each reducible fiber of an elliptic
fibration is uniquely associated with a Dynkin diagram and that a Dynkin diagram is
associated with at most two reducible fibers of the fibration. This completes step 7.

4.2.8 Step 8

In order to compute the rank of the Mordell-Weil group it suffices to perform the
suggested computation, so r = 18 — rank(N;y). This gives the sixth column of
Table 1.

For example, in cases 22 and 22(b), the lattice N;ox coincides and has rank 17,
thus » = 1 in both the cases.

429 Step9

In order to compute the torsion part of the Mordell-Weil group one has to identify
the vectors v € W/N such that kv € N,y for a certain nontrivial integer number
k € Z; this gives the last column of Table 1. We will demonstrate this procedure
in some examples below (on fibrations #22 and #22(b)), but first we remark that in
several cases it is possible to use an alternative method either in order to completely
determine MW (E),ors Or at least to bound it. We already presented the theoretical
aspect of these techniques in Section 2.3.

Probably the easiest case is the one where r = 0. In this case MW(E) =
MW (E)ors- Since r = 0, this implies that rank(N,oot) = 18 = rankN, so N = Nyt.
Hence W/N = W/Nyoo, thus every element w € W/N is such that a multiple
is contained in Ny, i.e. every element of W/N contributes to the torsion. Thus,
MW(E) = W/N = W/Nyoo- This immediately allows to compute the torsion for
the 7 extremal fibrations #2, 5, 10, 12, 28, 30, 50.
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Fibration #50 Nyooy ~ AD> ® AP (r = 0) The lattice N = Nyoor is AP? ® AS?, then
|d(N)| = 2363 and |W/N| = 2 x 6. Moreover W/N C L/Lioo =~ (Z/6Z)* x 7./ 27Z.
This immediately implies that W/N = Z/6Z x Z/2Z.

Fibration #1 N, >~ A @ E§92 (fibers of special type, Proposition 2.9) The
presence of the lattice Eg as summand of Ny, implies that the fibration has a fiber
of type II* (two in this specific case). Hence MW (&) oy is trivial.

Fibration #29 N,,o« >~ A3 @ D7 @ Es (fibers of special type, Proposition 2.9) By
Proposition 2.9 if a fibration has a fiber of type IV*, then the Mordell-Weil group is
a subgroup of Z/3Z. On the other hand, a fiber of type D7, i.e., I can only occur in
fibrations with 4 or 2-torsion or trivial torsion group. Therefore MW (€) oy is trivial.
Fibration #25 Ny, ~ A7@® Dy (the height formula, Section 2.3.2) Suppose there is
a non-trivial torsion section P. Then, taking into account the possible contributions
of the reducible fibers to the height pairing, there is 0 < i < 7 such that one of the
following holds:

4 = +1lor4 =

i(8 — i) i(8 — i)
5 g T1E5/4

After a simple calculation, one sees that neither of the above can happen and
therefore the torsion group MW (&) 18 trivial.

Fibration #22 N,,n >~ A; & Dg & Dg We already computed the generators
of W/N in Section 4.2.5, W/N =~ (Z/27)*> ~ ({(vi,w,). A basis of Ny is
(") @ (d)im...5=23 S0

20, = d\" + 24" 43" + 4d" + 54" + 64" + 24'" + 34"
7

3
+ 3 | + a4 +2( D a
i=2 j=1

and 201 & Nyor since d\” + 24" + 3d\" + 4d\" + 54" + 64" +24'" + 34" is
not a multiple of xgl). Vice-versa

2wy € DY ® DY) € Negor.
Thus MW(E) = Z x 7./ 27.

Fibration #22(b) Nyyot >~ A1 @ Dg & Dg Similarly, we consider the generators of
W/N ~ (Z/2Z)* ~ (v; — vy, w,) computed in Section 4.2.5. A basis of Ny is

2wy ¢Nroot and 2w, € Nigot-

Thus also in this case MW (E) = Z x Z/27.
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4.3 Again on Fibrations #22 and #22 (b)

As we can check in Table 1 and we proved in the previous sections, the fibrations
#22 and #22(b) are associated with the same lattice N and to the same Mordell-Weil
group. However, we proved in Lemma 4.10 that they are associated to different
(up to Weyl group) embeddings in the Niemeier lattices, so they correspond to
fibrations which are not identified by the J,-fibration and in particular they cannot
have the same frame. The following question is now natural: what is the difference
between these two fibrations? The answer is that the section of infinite order, which
generates the free part of the Mordell-Weil group of these two fibrations, has
different intersection properties, as we show now in two different ways and contexts.
Fibration #22: We use the notation of Section 4.2.5. Moreover we fix the following
notation: @{ = xgl) and G)?) = dl.(’), i=1,...8,j =2,3 are, respectively, the non
trivial components of the fibers of type I, I}, and I}, respectively.

The class P := 2F + O — vy is the class of a section of infinite order of the
fibration, generating the free part of MW(E) and the class Q := 2F + O — w; is the
class of the 2-torsion section of the fibration. The section P meets the components
@{, ®%, @% and Q meets the components 0L @%, @%. We observe that h(P) = 3/2
and 2(Q) = 0 which agree with Schiitt and Shioda (2010, Formula 22) and the fact
that Q is a torsion section, respectively. We also give an explicit equation of this
fibration and of its sections, see (10).

Fibration #22(b): We use the notation of Section 4.2.5. Moreover we fix the

following notation: ®% = dil) and ®,@ = dl.(/), i = 1,...8,j = 2,3
are respectively the non-trivial components of the fibers of type I, Ij, and I},
respectively. The class Q := 2F 4+ O — w» is the class of the 2-torsion section

of the fibration. Observe that Q meets the components e, @%, @%. The class
P=2F+0+v —v,—0]-0}-0;-0;-02-0%}-6]

is the class of a section of infinite order, which intersects the following components
of the reducible fibers: ®], ©2, @]. This agrees with the height formula. We also
give an explicit equation of this fibration and of its sections, see (11).

Remark 4.11. The generators of the free part of the Mordell-Weil group is clearly
defined up to the sum by a torsion section. The section P& Q intersects the reducible
fibers in the following components ©], ©2, ©3 (this follows by the group law on the
fibers of type I, (or III) and I}).

Remark 4.12. Comparing the sections of infinite order of the fibration 22 and the
one of the fibration 22(b), one immediately checks that their intersection properties
are not the same, so the frames of the elliptic fibration 22 and of elliptic fibration
22(b) are not the same and hence these two elliptic fibrations are in fact different
under the 7,-classification.

We observe that both the fibrations #22 and #22(b) specialize the same fibration,
which is given in Comparin and Garbagnati (2014, Section 8.1, Table r = 19,
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case 11)). Indeed the torsion part of the Mordell-Weil group, which is already
present in the more general fibrations analyzed in Comparin and Garbagnati (2014),
are the same and the difference between the fibration 22 and the fibration 22(b)
is in the free part of the Mordell Weil group, so the difference between these two
fibrations involves exactly the classes that correspond to our specialization.

Here we also give an equation for each of the two different fibrations #22 and
#22(b). Both these equations are obtained from the equation of the elliptic fibration

#8 (9). So first we deduce an equation for #8: Let ¢ := (W_”l)z. Substituting v by

¢ (w— 1)% in (7), we obtain the equation of an elliptic curve depending on ¢, which
corresponds to the fibration #8 and with the following Weierstrass equation

Ec:ﬂz=a(a2+6c2(x—c3(c—4)(4c—1)). )
Fibration #22 Putting n’ = Cz(le), B = %, ¢ = 225, 1in (9) we obtain
Ey:y* =x(x*—n' (n? —6n') + 1) x + 16n") (10)

with singular fibers of type 2Ij(n = 0,00) + I, + 2I;. We notice the point P =
(' = 1)?n', =20 (n"* — 1))) of height 2, therefore P and Q = (0,0) generate
the Mordell-Weil group of E,;. To study the singular fiber at n’ = oo we do the
transformation N’ = ﬁ,y = [%,x = i and P = (ay, f1) withay = (V' — 1> N
and f; = —2N"> (N> — 1) . We deduce that the section P intersects the component
of singular fibers at 0 and co with the same subscript, so this fibration corresponds
to fibration #22.

Fibration #22(b) Putting n = 2. B = *“=1 ¢ = 3% in (9) we obtain

E,,:yz=x(x2+2n(n2+3n+4)+n4) (11)

with singular fibers of type 2I;(n = 0,00) + I, + 2I;. We notice the point P =
(4, 2(n + 2)2) of height % therefore P and Q = (0, 0) generate the Mordell-Weil
group of E,. Since P does not meet the node of the Weierstrass model at n = 0,
the section P intersects the component ® of the singular fiber for n = 0, so this
fibration corresponds to #22(b).

Remark 4.13. Let us denote by & and &, the elliptic fibrations #9 and #21,
respectively. They satisfy Tr(Ey) =~ Tr(&1) and MW(Ey) ~ MW(&;1), but & is
not Jp-equivalent to &; since, as above, the infinite order sections of these two
fibrations have different intersection properties with the singular fibers. Indeed these
two fibrations correspond to different fibrations (Comparin and Garbagnati 2014,
Case 10a) and case 10b), Section 8.1, Table » = 19) on the more general family of
K3 surfaces considered in Comparin and Garbagnati (2014).
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