Chapter 9

Axisymmetric Equations in Cylindrical

Coordinates

If an idea’s worth once, it’s

worth having twice.

Tom Stoppard
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278 Chapter 9. Axisymmetric Equations in Cylindrical Coordinates

Using the Laplace transform with respect to time ¢, the Hankel transform of order
zero (2.78) with respect to the radial coordinate r with £ being the transform
variable, and the exponential Fourier transform (2.20) with respect to the space
coordinate z with n being the transform variable, we obtain the fundamental
solutions:

gf(T7Z7P7<at) 1 oo 00 Po Ea [_a (§2 +772) ta]
gF<T7 Z, P, <a t) = o1t / / U}Qt Eax2 [_a (§2 + 772) ta}
Ga(r,2,p,(, 1) e 0 qota_l Eo o [_a (52 + 772) ta}

X Jo(r€) Jo(pg) cos[(z — ()n] £ dS dn. (9.6)

9.2 Domain 0<r<oo,0< z< o0

9.2.1 Dirichlet boundary condition

0T o?°T 10T 9T
ot (31"2 + r Or + 322> +&(r21), (07)
t=0: T=f(rz), 0<a<2, (9.8)
t=0: aT:F(nz)7 l<a<2, (9.9)
ot
z=0: T =g(rt), (9.10)
TILH;O T(r,z,t) =0, ZILH;O T(r,z,t) =0. (9.11)

The solution:

T(r,z,t) = (0, Q) Gy(r,z,p,¢,t) pdpd¢

+
S O —_ 0\8 0\8
0\8 0\8 0\8 0\8

F(pa C) gF(T727P7 g? t) Pdpdc

+

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
0

9(p,7)Gy(r,2,p,t — 7) pdpdr. (9.12)
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The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the Hankel transform of order zero (2.78) with respect to the radial
coordinate r, and the sin-Fourier transform (2.25) with respect to the space coor-
dinate z:

gf(7°727p7<at) 9 00 00 Po E, [_a (§2+772) ta]
gF<T7 29 Ca t) = T // th Ea,2 [_a (§2 + 772) ta]
Ga(r,2,p,C,1) 00 \qot* ! Eaa [—a (2 +n?)t*]

x Jo(r) Jo(p€) sin(zn) sin(¢n) £ A& dn. (9.13)

Fundamental solution to the Dirichlet problem

Gy(r.z,pt) = % //Ea,a a (& +1°) %]
0 0
x Jo(rg) Jo(pg) sin(zn) {nd€dn. (9.14)
The solution for p = 0 [160]
a—1 [e. el ]
Gy(r, 2,0,t) = 2ag°t //Ew a (& +n°)t*]
0 0

x Jo(r€) sin(zn) End€dn (9.15)

will be analyzed in detail. Passing to polar coordinates in the (n,£)-plane (n =
ocost, £ =osind), (9.15) is rewritten as

2 tozfl s
Gy = g0 /J3Ea7a(—a02t°‘)d0

™
0
/2
X / Jo(ro sin) sin(zo cos ) sinv cos dv. (9.16)
0

Substitution x = sin ¥ gives

™

1

2 tozfl

Gy = ago / 3Eaa ao?t®) dG/JO rox) sin( za\/l —a22)zdz. (9.17)
0 0
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Figure 9.1: Dependence of the fundamental solution to the Dirichlet problem for

a half-space on distance z for p =0, =0, 0 < a < 1 [160]

With taking into account the integral (A.39) from the Appendix we obtain

oo

2agot* 2 2

G, = (12 + 22) Eqy o(—ac"t?)
0

odo. (9.18)

sin r2 4+ 22
X (J\/ ) — 0 cos (0\/7“2 + 22)
V2 + 22

Dependence of the nondimensional solution G, = at**! G,/(27go) on nondimen-
sional spatial coordinate z = z /(\/ata/Q) is shown in Figs. 9.1 and 9.2 for r = 0.
As the numerical values of Qg for 0 < o <1and 1< a <2 are widely different,
the typical results for 0 < @ < 1 and 1 < a < 2 are presented in two figures using
different scales.

Constant boundary value of a function in a local area. Consider time-fractional
diffusion equation (9.1) with zero source, zero initial conditions and the constant
boundary value of a function in the area 0 < r < R:

To, 0<r<R,
z=0: T= (9.19)
0, R <r <oo.
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Figure 9.2: Dependence of the fundamental solution to the Dirichlet problem for
a half-space on distance z for p =0, =0, 1 < a < 2 [160]

The integral transforms allow us to obtain [160)

[ {1- Eal-a@ + e}
0

X Jo(Tg) Jl (Ré-)

2T0R

¢ Z . sin(zn) d¢ dn. (9.20)

Introducing polar coordinates in the (7, £)-plane and substituting = sin¥, we
arrive at

T = 210k / [1— Eq(—ac®t®)] do
7r

X /Jo(roz) Ji(Rox) sin(za\/l —z2)dz. (9.21)
0
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Taking into account the integral (A.42) from Appendix leads to the expression for
solution in the case r = 0:

T =T (1 : ) _ 2T /Ea(—aUQto‘)
™
0

V224 R
X {sin(za) — \/221 B2 sin(\/z2 + R2O'):| i do. (9.22)
Helmbholtz equation (o — 0)
Using (A.6), we obtain
T = TOR/Jo(rg) Jy(RE) e~ *VE+1/age, (9.23)
0

This equation can be simplified in the case r = 0 accounting for the appropriate
integral (A.38)

T="T, <e—z/¢“ - \/22‘1 RQe—W”RzN“) . (9.24)

Classical diffusion equation (o = 1)

Taking into account (A.26), the solution reads [141]

T = T°2R 7]0(@ J1(RE) {e_’zgerfe (Qjat - \/at§>
0

1 e*erfe ( y L \/at§> }dg. (9.25)

2v/a

In the case r = 0 after some algebra we get (see (A.15))

2 2
T =T, |erfe ( : ) g [VEEER (9.26)
2V at V22 + R2 2V at
Wave equation (o = 2)
For wave equation the solution has the simple form for r = 0:
a) vat <R
Ty, 0<z < /at
T= (9.27)
0, +at<z< oo,
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Figure 9.3: Solution to the Dirichlet problem with constant boundary value of a
function in a local area of a half-space (r = 0, k = 0.75) [160]

b) Vat > R
z
Tol1— , 0<z<Vat? - R2,
0( \/22+R2>
= Ty, Vat? — R? < z < \/at, (9.28)
0, Vat < z < 0.

Dependence of nondimensional solution T' = T'/T; on nondimensional space
coordinate Z = z/R is shown in Figs. 9.3 and 9.4 for typical values k = v/at®/? /R =
0.75 and k = 1.5, respectively.

9.2.2 Neumann boundary condition

0T 0*T 10T 0°T

ot~ ° (8r2 o T 322) +2(rz0), (9.29)
t=0: T =f(rz), 0<a<2, (9.30)
t=0: aT:F(r,z), l<a<?2, (9.31)

ot
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Figure 9.4: Solution to the Dirichlet problem with constant boundary value of a
function in a local areal of a half-space (r = 0, k = 1.5) [160]

or
=0: - = t 9.32
: o glr), (9.52)
Tll>rgo T(r,z,t) =0, zll>nolo T(r,z,t) =0. (9.33)

The solution:

oo

T(r,z,t) =

o\

/f (p, Q) Gy (r,2,p,¢,t) pdpdC
0

+

+
S O —_ 0\8
0\8 0\8 0\8

F(p,Q)Gr(r,2,p,(,t) pdpdC
[ 960,671 0u (0.6, = 1) pdpdcar
0

+ 9(p,7)Gy(r,2,p,t — 7) pdpdr. (9.34)

The Laplace transform with respect to time ¢, the Hankel transform of order zero
(2.78) with respect to the radial coordinate r, and the cos-Fourier transform (2.37)
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with respect to the space coordinate z lead to the following fundamental solutions

gf(r727p7<ﬂt) oo oo Po E(l [_a (§2+772) ta]
2
Gr(r,z,p,(,t) | = - // wot Eg 2 [—a (52 + 772) ta]
gqg.<7"7 Z, P, C’ t) 00 qota71 Ea,a [_a (52 + 772) tOé:I
x Jo(rg) Jo(p€) cos(zn) cos(¢n) £ dE dn. (9.35)

Fundamental solution to the mathematical Neumann problem. The diffusion-
wave equation in a half-space is considered under zero initial conditions and the
following boundary condition:

z2=0: — 5, =9 o(t). (9.36)

The solution
2agote~1 i
O //Ea o (€2 +n?) o]
0 0

x Jo(r€) Jo(p§) cos(zn) §dEdn (9.37)
in the case p = 0 [160]

a— 1 oo o0
G, 2.0.0) = 2 / / B [ (€2 + 7%) 2] Jo(ré) cos(zm) € d€ dn
0 0

(9.38)
can be simplified. Passing to polar coordinates in the (n,&)-plane (n = o cos,
& =osind)

2 tafl e
Gm = @90 /GQEQ’Q(—QGQtQ) do

™
0

/2
X / Jo(ro sindd) cos(zo cos¥) sind ddd, (9.39)
0

rewriting (9.39) as

2 tafl e
G = @90 /JQEQ,Q(—aJQta)dU

™
0

X O/Jo(raz) cos(za\/l —z2) /1 z_ 42 dz, (9.40)
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Figure 9.5: Dependence of fundamental solution to the mathematical Neumann
problem for a half-space on distance z for p = 0, r = 0 [160]

and taking into account (A.40), we get

2agot®" /OO 2 .
Gm = oE, o(—ac”t® sm( r2 + 22 O') do. 9.41
VY S ( )sin (V/ (9.41)

Dependence of nondimensional solution G,, = \/at't®/2G,, /(2mgo) on space
coordinate z = z/(v/at®/?) for r = 0 is shown in Fig. 9.5.

Constant boundary value of the normal derivative of a function in a local area.
The time-fractional diffusion equation with zero source and zero initial conditions
is considered under Neumann boundary condition with constant value of the nor-
mal derivative of a function in the domain 0 < r < R:

z=0:

, 0<r<R,
_or _ { 9o (9.42)

0z 0, R<r < oo.
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The integral transforms allow us to obtain

g

20R [ 1
T = “% /[1—Ea(—ao2ta)] do
s
0
1

g2
x / Jo(rox) Ji (Rox) cos(zovV/1 —a2) (9.43)
V1 — g2
0
Equation (9.43) is simplified for r = 0:
T = go (\/22 + R? — z) _ 29 /Ea(—ao%a)
T
0
X [cos(zo) - cos(\/z2 + RQJ)] 12 do. (9.44)
1%

Let us analyze several particular cases corresponding to the standard equa-
tions.

Helmholtz equation (e — 0)

oo

1
T = goR [ Jo(ré) Ju(RE) e~ *VEH1/a de. 9.45
% O/Om L(RE) et 10 (9.45)
This equation is simplified for r = 0:
T = gO\/a (efz/\/a _ e*\/z2+R2/\/a) ) (946)

Classical diffusion equation (a = 1)

The solution for the standard heat conduction equation was obtained by Parkus
[141] and has the following form:

T = 9°2R O/ Jo(ré) Ji(RE) {ezgerfc (25@ - \/at§>
— e*erfc (25 . + \/at§> } 2 d¢. (9.47)

In the case r = 0 we have:

V22 + R2
T = go{\/22+R2€rfC < o/t — zerfc <

+ 2\/‘: [exp <—j:t) — exp <— 224_;?2)} } (9.48)
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Wave equation (o = 2)

Vat
77— ) 9ok / F(z,r,z)dz, 0<z</at, (9.49)
0, Vat < z < oo,
where
1, r+vr2 - 22 <R,
1 <x2+r2—z2—1)
arccos . ,
Fz,r,z) =4 " 2rv/a? -2 (9.50)
Ir — Va2 — 22| < R<r+ Va2 — 22,
0, R<|r— Va2 - 22|
The solution simplifies for » = 0:
a) vat <R
go(Vat—z), 0<z< at
T= (9.51)
0, Vat < z < oo,
b) vat > R
9o (\/22+R2—z), 0<z<Vat? — R2,
T =9 go(Vat — 2), Vat? — R? < z < \Jat, (9.52)

0, Vat < z < .

Dependence of nondimensional solution T = T/(Rgo) on nondimensional
space coordinate Z = z/R is shown in Fig. 9.6 and Fig. 9.7 for » = 0 with x =
Vat®/? /R = 0.75 and x = 1.5, respectively. The plot of T versus 7 = r/R at the
boundary z = 0 is depicted in Fig. 9.8 for x = 0.75.

Fundamental solution to the physical Neumann problem. In this case the time-
fractional diffusion-wave equation with zero source and zero initial conditions is
considered under the physical Neumann boundary condition with the given flux
at the boundary:
0 o(r —
z=0: —Dp°* agp =g (r p)é(t)7 0<a<l,
z
(9.53)

=0: -1t =
i 0z go T

t), l<a<2.
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Figure 9.6: Dependence of solution on distance z for r = 0 (the Neumann boundary
condition with constant normal derivative of a function in a local area of a half-
space); £ = 0.75 [160]
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Figure 9.7: Dependence of solution on distance z for » = 0 (the Neumann boundary
condition with constant normal derivative of a function in a local area of a half-
space); r = 0, k = 1.5 [160]
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Figure 9.8: Dependence of solution on distance r for z = 0 (the Neumann boundary
condition with constant normal derivative of a function in a local area of a half-
space); k = 0.75 [160]

The solution reads:

_2
Gylr, 2, p,t) = 90

™

[ [ Eal-a €+ 2) 1) Jolre) da(og) costem € ac
00

(9.54)
For p = 0 the solution simplifies and after passing to the polar coordinates in the
(n, €)-plane we arrive at

2 T sin (V12 + 220
Gp(r,2,0,t) =~ /Ea (—ac®t®) v ) do (9.55)
™ \/7"2 + 22
0
Constant boundary value of the heat flux in a local area. Of particular interest
is the problem with the constant boundary value of the heat flux in the area
0<r<R:

1—a go, OST<R7
z=0: —-D = O0<a<l,
0, R <r <oo,

(9.56)

oT , 0<r<R,
1 :{go l<a<?2

0, R<r<oo,
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The solution has the following form:

2agORt//Ea,2 €2+77 ) %] Jo(r€) J1(RE) cos(zn) € dn.
0 0

(9.57)
For r = 0 we get
2a90t r 2
Eq 2 (—ac®t®) [cos(za) — cos (\/22 + RQO'):| do. (9.58)
0
In particular, for the standard wave equation (a = 2):
a) vat <R
ago, 0 <z < +/at,
_ J Vago vi (9.59)
0, Vat < z < oo;
b) Vat > R
0, 0<z<at—
T =< vago, +at—R<z</at, (9.60)
0, Vat < z < .

Dependence of nondimensional solution 7' = t*~17T/( Rgo) on nondimensional
spatial coordinate Z = z/R is shown in Fig. 9.9 for » = 0, whereas the plot of T
versus 7 = r/R at the boundary z = 0 is depicted in Fig. 9.10. In both cases
Kk = 0.75.

9.2.3 Robin boundary condition

o*T o?°T 10T 9T
ote (31"2 + r Or * 322> o), (6.61)
t=0: T =f(rz), 0<a<2, (9.62)

T
t=0: %t = F(r,z2), l<a<?2, (9.63)
oT

z2=0: ~ s + HT = g(r, 1), (9.64)
lim T'(r,z,t) =0, lim T(r,z,t)=0. (9.65)

T—00 Z—00
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Figure 9.9: Dependence of solution on distance z for = 0 (the Neumann boundary
condition with the constant flux in a local area of a half-space); k = 0.75
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Figure 9.10: Dependence of solution on distance r for z = 0 (the Neumann bound-
ary condition with the constant flux in a local area of a half-space); k = 0.75
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The solution:

oo

T(50) = [ [ 10.0650:20.6.0) pdpld
0

F(pa C) gF(T7Z7p7<ﬂt) Pdl)dc

oo

/‘I’ ¢, 7)Ga(r,2,p,(,t — 7) pdpd(dr
0

_|_

+

o O~ 0\8 o\
0\8 0\8 0\8

9(p,7)Gy(r,2,p,t — 7) pdpdr. (9.66)

The Laplace transform with respect to time ¢, the Hankel transform of order zero
(2.78) with respect to the radial coordinate r, and the sin-cos-Fourier transform
(2.40) with respect to the space coordinate z lead to the following fundamental
solutions:

Gr(r,z,p,¢ 1) , T po Eo [—a (&2 +n?) ]
gF(T7Z7p7<,t) = - // ’LUotEa’Q [—a (&2 +T]2) ta]
Go(r,z,p,(,t) 0 0 qot* ! Ep 0 [—a (52 + 772) ta]

X Jo E;gljﬁl(fg) [ cos(zn) + H sin(zn)]

x[ncos(¢{n) + H sin(¢n)] £ d€ dn. (9.67)

Fundamental solution to the mathematical Robin problem. The solution was
obtained in [179] and reads:

Gon(ry 2, prt) = 0 //Ea a (& +17) ]
0 0

" Jo(r&) Jo(pt)

4 H [ cos(zn) + H sin(zn)] & nd€ dn. (9.68)

Consider several particular cases of the solution (9.68).
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Classical diffusion equation (o = 1)

2 2. .2
go r+p°+z rp 1
m 1 2, 0, ) = - I ( )
Gm(r,2,0:1) = o, eXp( dat ) 0\ 2at {\/mt

_Hexp [(\/atH + Nzatﬂ erfc (\/atH + 25@) } (9.69)

Subdiffusion with o = 1/2

o0

2 2 2
9o 2 TPt pT Atz rp
( pt) 2y/nt P 8a/tu 0 dav/tu

0

1 z 2
X — Hex V2auHtY* + >
{ V2mautt/t P [( 2v/2aut!/4

1/4 z
x erfe (\/Qath + 2\/2aut1/4> }du. (9.70)

Wave equation (o = 2)

Under assumption p = 0, we obtain

gm(T7Z70,t)
vago [5 (\/at2 —r2 — z) — He H(Vat?—r2—z) 7
Vat? — r2
= 0<r<+at, 0<z<Vat?2—r2, (9.71)
0, Vat <r <oo, Vat?—1? <z < oo

Fundamental solution to the physical Robin problem. In this case the axisym-
metric time-fractional diffusion-wave equation is considered under zero initial con-
ditions and the physical Robin boundary condition

z2=0: —D};L“%gszngp:go ‘W;p) 5t), 0<a<l,
, : (9.72)
p=0: -1 agzp+ng:go (T;p)a(t), l<a<2

The Laplace transform with respect to time ¢ leads to the boundary condition

og* —
gp = go 5(r—p) a1

_ . a—1 *
z=0: s ng_i?z .

(9.73)
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Hence, the kernel (2.42) of the sin-cos-Fourier transform (2.40) with respect to the
spatial coordinate z will depend on the Laplace transform variable s,

ncos(zn) + s* L H sin(zn)

K(z,n,s) = , 9.74
o) =" iy (0.74)
and in the transform domain we obtain
~ a—1
= . n S
Gy = g0 Jo(p€) : (9.75)

VP (seT )2 s+ a(€ +0?)

Inversion of the Laplace transform in (9.75) depends on the value of a. For 0 <
a <1 we have [179]

oo oo t

_ 2ago a—1 2, .2\ «a
Gp(r,z,p,t) EJo(ré) Jo(pé) T Eaa[‘“@ "‘77)7—)}
0/0//

™

H? H
x{(t —7) " FEr 201-a {— 2 (t — 7')220‘} cos(zn) + ; (t—71)t—2e

2
+ E2—2a,2—2a |:_ H2 (t - 7_)2—20:| Sln('zn)} dr d£ dna (976)
n

whereas for 1 < a < 2 we get

™

Gp(ryz,p,t) = 2ago///§J0 (r€) Jo(p€) Eo [—a (€% +n°) 7*)]
0 0

Us Us 7
X (t = 7)**7° Faa—220—2 {— 72 (t— 7')2&2} cos(21) + I (t—7)*?

H2
X Eoq—2.a-1 {— e (t— 7')220‘} sin(zn)} dr d€dn. (9.77)
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9.3 Domain 0 <r<oo,0< z<L

9.3.1 Dirichlet boundary condition

%(;a ((?;1; + i Z;Z + ?;:;) + ®(r, 2, 1), (9.78)
t=0: T=Ff(rz), 0<a<?2, (9.79)
t=0: ‘Z —F(rz), l<a<?2, 9.80)
z=0: T=g(rt), (9.81)
z=L: T=gs(rt), (9.82)

lim T(r, z,1) = 0. (9.83)

The solution:

T(r,z,t) = f(p, Q) Gy (r, 2, p,¢,t) pdpdC

F(pa C) gF(T7Z7p7<ﬂt) Pdl)dc

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
0

+

+
T — . T Tt T Tt
Ot —g TT—g T Ty °T—y

91(p,7) Gg1 (7, 2, p,t — T) pdpdr

92(p, 7) Gga (1, 2, p,t — 7) pdpdr. (9.84)

The problem is solved using the Laplace transform with respect to time ¢, the
Hankel transform of order zero (2.78) with respect to the radial coordinate r, and
the finite sin-Fourier transform (2.44) with respect to the space coordinate z. For
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the fundamental solutions we obtain

gf'(T727P7 g? t) 0 oo E [ (52 +nk) ta]
gF(T727P7 Ca t) Z/ thEa2 (52 +nk) ta}
gtI)(T7Z7P7<at) k:10 qota 1E040‘ [_a (52 +n/€) to{}
x Jo(r§) Jo(p€) sin(zmk) sin(Cnk) £ dE, (9.85)
where
Nk = kLW (9.86)

The fundamental solutions to the first and second Dirichlet problems under
zero initial conditions are calculated as

ago ag@(ra Z, P, C7 t)

Gg1(r,2,p,t) = ’ , 9.87
nzpt) = 00 SBROL0ED) (987
ago ag@(ra 2y Py C? t) ’
Goo(r,z,p,t) = — . 9.88
iz == ROS0ED) (9.8%)
9.3.2 Neumann boundary condition
o*T o*r 19T  8*T

oo = (8r2 + . or + 322) + ®(r, 2, 1), (9.89)

t=0: T=f(rz2), 0<a<2, (9.90)

t=0: %sz(nz% l<a<?2, (9.91)
or

z=0: -— 95 = g1(r,t), (9.92)
oT

z2=1L: 5 = g2(r, t), (9.93)

lim T'(r, z,t) = 0. (9.94)

T—00
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The solution:

T(r,z,t) = f(p,Q)Gy(r,z,p,¢,t) pdpd¢

F(pa C) gF(T727P7 g? t) PdeC

+

/(I)(p, <7T) gq’(ra Z5 Py <7t - T) PdeC dTa
0

+

+
Tt — . T Tt T t—
Ot ~—g TT—g T Ty °T—y

gl(p? T) ggl(r7z7p7t - T) pdpdT7

+ 92(p, 7) Gga (1, 2, p,t — 7) pdpdr. (9.95)

Using the Laplace transform with respect to time ¢, the Hankel transform of
order zero (2.78) with respect to the radial coordinate r, and the finite cos-Fourier
transform (2.48) with respect to the space coordinate z, we get the fundamental
solutions to the first and second Cauchy problems and to the source problem:

gf(razapa<7t) 9 0o 00 Po Ea [_a (52 +T]7?:) ta}
gF(raZupuC7t) = L Z/ ’LUotEa,Q [_a’ (52 +T]7?:) ta}
gq:.(T’, Zy Py <7 t) h=0 0 qotail EO"O‘ [_a’ (52 + T]]?:) ta}
x Jo(r€) Jo(p§) cos(znk) cos(¢ni) & d§, (9.96)
where
km
N = I (9.97)

The fundamental solutions to the first and second mathematical and physical
Neumann problems under zero initial conditions are calculated as

a

gml(T,Z,Pa t) = g0 gcp(T,Z,p,C7t) P (998)
q0 ¢=0
a

gm?(razapa t) = g0 gq:.(T’,Z,p,C,t)’ 5 (999)
do ¢=L
a

Gp1(r, 2z, p,t) = 9o gf(r7z7p7<,t)‘ , (9.100)
Do ¢=0
a

Goo(r, 2, p,t) = %0 gf(r7z7p7<,t)‘ . (9.101)
Po ¢=L
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9.3.3 Robin boundary condition

o*T o?°T 10T  9*T

= P t .102
ote a(8r2+r 8r+322)+ (r,2,2), (9.102)
t=0: T=f(rz2), 0<a<2, (9.103)
t=0: %f = F(r,z), 1<a<?2, (9.104)
z2=0: —aT—&—HT:gl(r,t)7 (9.105)

0z
z=1L: ZT+HT:gg(T7t), (9.106)

z
lim T'(r, z,t) = 0. (9.107)

T—00

The solution:

T(r,z,t) = f(p,Q)Gy(r,z,p,¢,t) pdpd(

+

F(pa C) gF(T727P7 g? t) Pdpdc

/‘P(p,Cﬁ)Q@(r,z,p,Qt—T)pdpdCdT,
0

_|_

_|_
T — s T L T T Tt
Ot —g TT—g T Ty Ty

gl(pa T) ggl<r7z7p7t - T) pdpdT

92(p,7) Gy2(r, z, p,t — 7) pdpdr. (9.108)

Using the Laplace transform with respect to time t, the Hankel transform
of order zero (2.78) with respect to the radial coordinate r, and the finite sin-
cos-Fourier transform (2.52) with respect to the space coordinate z, we get the
fundamental solutions to the first and second Cauchy problems and to the source
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problem:
Gr(r,z,p, ¢, 1) y o Po Ea [ a (& +;) t°]
Gr(r.z,p. Gt | = Z/ wot Bz [—a (€2 +nf) t°]
g‘I)(T7 Z, P, <a t) k=t 0 Ota ! EO‘ <« [_a’ (52 + nl%) ta}
Ji J
U:E:i)p()(pg) [77 cos(zng) + Hsm(zmc)}
X |7 cos(Cng) + H sin(Cny )} ¢de, (9.109)

where 7y, are the positive roots of the transcendental equation

2Hmn

tan (Lny) = .
e

(9.110)

The fundamental solutions to the first and second mathematical Robin prob-
lems under zero initial conditions have the following form:

Gra(r,2,,1) = 2 G20, G 1| (9.111)
Gra(r,2,p:1) = " G2, .C.0)| . (9.112)
94 Domain 0 <r< R, —oc0o < z < 00
9.4.1 Dirichlet boundary condition
o°T o*r 10T 0*T
ot (31"2 *, or * 322> + 3 nd), (3-113)
t=0: T=f(rz), 0<a<2, (9.114)
t=0: %{:F(r,z), l<a<2, (9.115)
r=R: T=g(z1t), (9.116)
lim T(r,z,t)=0. (9.117)
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The solution:

é\g é\g
\8 8\8 O\?d O\DJ

T(r, z,1t) F(p: Q) Gy(r,z,p,¢,t) pdpdC

+

F(pa C) gF(T7Z7p7<at) pdpd(

+

T~ ‘O\w

!
8

R
/‘I)(p7 Ca T) g@(T’,Z,p,C,t - T)pdpdCdT
0

+

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.118)

The Laplace transform with respect to time ¢, the finite Hankel transform of order
zero (2.96) with respect to the radial coordinate r with &, being the transform
variable, and the exponential Fourier transform (2.20) with respect to the space
coordinate z with 7 being the transform variable lead to the following fundamental
solutions:

gf(TaZaPaCﬂf) 1 0o ® Po E, [_a (5]% +772) ta}
gF(ra Zy Py <7 t) = 7TR2 Z ’wot Ea72 [_a (513 + 772) ta}
Ga(r,2,p,C,1) oo \ ot ! Eaa [—a (62 +17) 9]
Jo(r&k) Jo(p&k) _
X Ly (REW)? cos[(z — {)n] dn, (9.119)

where £ are the positive roots of the transcendental equation
Jo(R&) = 0. (9.120)

The fundamental solution to the Dirichlet problem under zero initial condi-
tions is expressed as

agnt®1L o 7
gg(r7 2, gv t) = g?TtR Z / Eo‘va [_a (513 + 772) ta}
k=1_"
X &k Jo (1) cos[(z — {)n] dn. (9.121)

J1(REy)

Constant boundary value of temperature in a local area. In this case the time-
fractional heat conduction equation in a long cylinder is considered under zero
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initial conditions and the following boundary condition:

T07 |Z|<l7
r=R:.: T=
0, |z] > L.

The solution of this problem was obtained in [191]:

2T0 &k Jo(rér)
(21 /Z (& +n*) n Ji(RE)

x {1—Eq[~a (5,% + 772) t*] } sin(ln) cos(zn) dn.

It should be emphasized that the relation [212]

oo

2 Z o &k Jo(rér) _ Jo(rB)

R & (& — B*) Ju(R&) — Jo(RB)
for B = in can be rewritten as

oo

2 &k Jo(rée) _ Io(rn)
R = (& +n?) Ju(Rs)  To(Rn)

Hence, (9.123) takes the form

Ty T Iy(rn) sin(in) cos(zn 2T0 &k Jo(rék)
Tnat) = / 0 /Z (€ + 1) J1 (R&r)

m ) To(Rn)
in(!
x Ea[-a (g +o7) 1) ”>;°S<Z’7> a

(9.122)

(9.123)

(9.124)

At the boundary surface r = R, the first integral in (9.124) satisfies the boundary

condition (9.122), whereas the second one equals zero.
9.4.2 Neumann boundary condition

0T o*T n 10T N 0T (2, 1)
e or2 r or 022 n&b),
t=0: T=f(rz), 0<a<?2,
oT
=0: = <
t=0 ot F(r, z), 1<a<2,

or
= N = t
r=R: = g(at),

lim T(r, z,t)=0.

z—+o0

(9.125)
(9.126)

(9.127)

(9.128)

(9.129)
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The solution:

T(r,zt) = F(p: Q) Gy(r,z,p,¢,t) pdpdC

+

é\g é\g
\8 8\8 O\?d O\DJ

F(pa C) gF(T727P7 g? t) pdpdg

+

O — . T

R
[0 Galr 2.t = 1) papacar
0

+

9(¢,7)Gy(r, z,¢, t — ) dC dr. (9.130)

!
8

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.100) with respect to the radial coordinate r, and the exponen-
tial Fourier transform (2.20) with respect to the space coordinate z lead to the
following fundamental solutions:

s(rzp.C.t) = 1, [ Eu (~arft) cos(z = Ol

o0

po & 2 2y a1 J0(rék) Jo(pk) -
+7TR2];/E04 [—a (& +n°) t] o(RE) cos[(z — {)n]dn  (9.131)

— 00

or, taking into account (2.186), as

_ Po Q. |z —¢|
gf(T,ZaPaC7t)— RQ\/atQ/QM(Q’\/atoz/2>

o & < o oy Lo Jo(r€k) Jo(pér) -
+7TR2kZ_1 /Ea [—a (& +n?) t7] o(REW)]? cosl[(z — {)n]dn, (9.132)

-0
where & are the positive roots of the transcendental equation

Ji(R&R) = 0. (9.133)
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Similarly,

gF (7”7 Z,y Py Ca t) th / Ea,2 a772ta) COS[(Z - C)W] d77

wot e T Jo(r&) J,
préé Eop [~a (& +n%)t°] OEJi’&ég]”f’”cos[(z—omdn (9.134)

or (see (2.187))

wot! /2 a a _|z=(
t) = W - 2 - 5T
gF(r7Z7p7<7 ) R2\/a, 27 27 \/ata/Q

e 2 [ Ba atet ) ] T colle = vl 0135

and

ta—l ®
gcb(ra 2,0, G, t) = q(;_RQ /Ea,a (—a772ta) COS[('Z - C)“?] dn

taloo

2\ a1 J0(76k) Jo (P& B
WRQ Z_:ZOEM - ) ] R cos[(z — C)nldy  (9.136)

or, taking into accout (2.188),

_ qot*/*! a o [z=(
gcp(T,Z,PaCﬂf) = RQ\/a W(_27 2’_\/(175“/2)
th“ ' B 2y 4a1 Jo(r&k) Jo(pk) _
Z 4Eaa n°) t*] o(RE) cos[(z — {)n]dn. (9.137)

The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions are expressed as

G(r, 2,6, 8) = 9 Go(r,2,0,C,0)| (9.138)
q0 p=R
aRgo
Gp(r, z,¢,t) = Gr(r,z,p, (1) . (9.139)
Dbo p=R
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9.4.3 Robin boundary condition

0T o?°T 10T 9T
ot~ ¢ (31"2 o or * 322> + 3 nd), (3.140)
t=0: T=f(rz), 0<a<2, (9.141)
t=0: %{:F(r,z), l<a<2, (9.142)
r=R: 2T+HT:g(z,t)7 (9.143)
r
zgrinoo T(r,z,t) =0. (9.144)

The solution:

T(r,z,1) f(p,Q)Gy(r,z,p,¢,t) pdpd¢

é\g é\g
\8 8\8 o\bd o\m

+

F(pa C) gF(T7Z7p7<ﬂt) pdpd(

+

O\w O\w

R
[ 6.7 600206t = ) pdpdcar
0

+

9(¢,7)Gy(r, z,¢, t — ) dC dr. (9.145)

|
8

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.104) with respect to the radial coordinate r, and the exponen-
tial Fourier transform (2.20) with respect to the space coordinate z lead to the
following fundamental solutions:

Gy(r,2,p,¢,1) Lo e poBalmalgrn)e]
Gririzipot) | = 32 [ |t Baa a6t +a7) e
g‘I)(T7Z7p7<ut) ST qotail EO‘!O‘ [_a’ (5]% +772) t(l}

& Jo(rée) Jo(pék)
G+ H? [Jo(R&)
where £ are the positive roots of the transcendental equation

EeJ1(REK) = HJo(RE). (9.147)

cos[(z — {)n)] dn, (9.146)
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The fundamental solution to the mathematical Robin problem under zero
initial conditions is calculated as

G, G, 1) = 9 G2 p 1) (9.148)
q0 p=R

9.5 Domain 0 <r< R,0< z<

9.5.1 Dirichlet boundary condition

‘Z;f —q (‘?;f 4 i ‘Z 4 ‘ZZ) +B(r, 2, 0), (9.149)
t=0: T=f(rz), 0<a<2, (9.150)
t=0: %zzF(r7z)7 1<a<?2, (9.151)
r=R: T=g/z1), (9.152)
z2=0: T=ga(rt), (9.153)

zli>nolo T(r,z,t) =0. (9.154)

The solution:

T(r,z,t) = f(p, Q) Gy (r, 2, p,¢,t) pdpdC

F(pa C) gF(T7Z7p7<ﬂt) Pdl)dc

R
/‘I)(p,<77') gcp(r,z,p,c,t - T)pdpdCdT
0

+

+
S O O —_ 0\8 0\8

gl(<77-) gg1 (Ta Z, <7t - T) dC dr

+ 92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.155)

S Sty S S O —

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.96) with respect to the radial coordinate r, and the sin-Fourier
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transform (2.25) with respect to the space coordinate z allow us to obtain the
fundamental solutions:

gf(T’,Z,p,C,t) E [ (§k+77 ) }

gF(raZupuC7t) = 7_;132 Z/ thEaz (§k+n ) ]
g@(razapa<7t) k:10 qota 1E04a [_a (51% +772) ta]
- Jogf’zgzgffk) sin(zn) sin(Cn) d, (9-156)

where & are the positive roots of the transcendental equation
Jo(RE&) = 0. (9.157)

The fundamental solutions to the Dirichlet problems under zero initial con-
ditions are expressed as

G (r, 2, 1) = — “F001 92 2.0 68| (9.158)
’ qo ap p=R
ago2 3gq>(1", 2y P g? t) ‘
Gy, (1,2, p, 1) = . 9.159
L e I (9.159)
9.5.2 Neumann boundary condition
o*T o?°T 10T 9T
ote (31"2 + r Or * 322> + o), (6.160)
t=0: T=f(rz), 0<a<2, (9.161)
t=0: %sz(nz% l<a<2, (9.162)
oT
r=R: o = g1(z, 1), (9.163)
oT
z=0: — 9 = g2(r,t), (9.164)
lim T(r,z,t) =0. (9.165)

Z—00
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The solution:

T(r,z1) f(p: Q) Gr(r,z,p, ¢ t) pdpd(

+

F(pa C) gF(T727P7 g? t) PdeC

R

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
0

+

+
S O O~ _ 0\8 0\8

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

+ 92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.166)

O\DU 0\8 0\8 O\m O\m

The Laplace transform with respect to time ¢, the finite Hankel transform of order
zero (2.100) with respect to the radial coordinate r, and the cos-Fourier transform
(2.37) with respect to the space coordinate z allow us to obtain the fundamental
solutions.

The fundamental solution to the first Cauchy problem under zero Neumann
boundary condition is

oo
— 4p0 2
Ge(r,z,p,Ct) = /Ea (—an t ) cos(zn) cos(¢n)dn

mR?
0

+

j;zz/fs 0 (& + ) 1]

k=17

y Jo(rék) JO(szk) cos(zn) cos(Cn) dn (9.167)

[Jo(RE)]

_ P a z+¢ o |e=
gf(T,ZaPaCﬂf) - RQ\/ata/Q |:M<2’\/ata/2>+M(27\/ata/2>:|

fg;Z/E @ (& + ) ]

k=1

_|_

cos(zn) cos(¢n)dn, (9.168)
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where & are the positive roots of the transcendental equation
J1(R&) = 0. (9.169)

The fundamental solution to the second Cauchy problem under zero Neu-
mann boundary condition is

4wtOo
Or(r2,p.C.t) = %) [ Eua (~art?) cos(en) cos(Cn)d
0

+j1;§;z/fsa2 @ (& +i7)1°]

k=17

Jo(r&r) Jo(pEk)
o (REW)? cos(zn) cos(¢n)dn (9.170)

or

1—a/2
gF(T727/77Cat):w0t |:W<_;é’2_a._ Z+§>

R2\/a 27 ate/2
2 =CI\ ], dwot o~ [
A GRS B 3 ERSIC RIS
=10
Joz&zl)tfézg]pfk) cos(zn) cos(¢n) dn. (9.171)
0

The fundamental solution to the source problem under zero Neumann bound-
ary condition is

4 ta 1 ®
Ga(r, 2., 1) = 0 /&a an?t®) cos(zn) cos(Cr) dn
0

+4CI0t“ 1 / §k+77) o]

k=1

Jo(r€k) Jo(pSk)
LJo(RER)2 cos(zn) cos(¢n)dn (9.172)
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or

qot/21 a « z+C
t) = wi-% %
g®(7°727p7<a ) RQ\/a 27 27 \/ata/Q

aa [z—( dgotot S T N
+W(_2’2;_\/ata/2”+ ©R? I;/Eava [—a (& + ) 7]
]

o« Jo(r&k) Jo(pEr)

cos(zn) co dn. .
Jo(RE) (2n) cos(¢n) dn (9.173)

The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions are expressed as

R
G, (r, 2,60 = P Go(r,2,p,C, 1) (9.174)
q0 p=R
Gon (r, 2, p t) = 1902 g@(T,Z,P,C7t)’ ) (9.175)
qo0 ¢=0
_ aRgo
gpl (T7Z7Ca t) - gf(T’,Z,p,<7t) b (9176)
Po p=R
Gyu(r2..0) = "7 2G| (9.177)
Po ¢=0
9.5.3 Robin boundary condition
0T o*r 10T 0*T
= P t 1
oo a(aﬂ Tror T az2) Fens. (O47%)
t=0: T=f(rz2), 0<a<2, (9.179)
t=0: %{:F(r,z), l<a<?, (9.180)
r=R: (;T + H\T = g1(2,1), (9.181)
r
z2=0: _or + HoT = go(r,t), (9.182)
0z
lim T(r, z,t)=0. (9.183)

z—+o0
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The solution:

T(T7Z7t) = f(p7<) gf(T,Z,p,C7t)pdpdC

+ F(PaC)gF(T7Z7P7<at)PdeC
R
/‘I)(p,<77') gcp(r,z,p,c,t - T)pdpdCdT
0

+

+
S O O —_ 0\8 0\8

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.184)

Tt — 5 Ty Ty Tty TT—x

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.104) with respect to the radial coordinate r, and the sin-cos-
Fourier transform (2.40), (2.42) with respect to the space coordinate z result in
the following fundamental solutions:

Gy(r,2,p,(,1) w oof  PoBa[—a(&f+n?)te]

4 2 2)

Otz Ct) | = o> [ | wntBos[-a(@ )]
0

TR2 —
Go(r, z,p, (1) - Qo1 Eg o [—a (6 + ) t*]

& Jo(ré&e) Jo(p€k) ncos(zn) + Hy sin(zn)
G+HE [ Jo(R&)) n? + H3

x [n cos(Cy) + Ho sin(gn)} dn. (9.185)

The fundamental solutions to the first and second mathematical Robin prob-
lems under zero initial conditions are expressed as

R

gml(r7z7<at) = arrgo1 g@(r727p7<ut) ) (9186)
qo0 p=R

ng(T 2 ) 902 g@(razuPuC7t)’ (9187)
qo ¢=0



312 Chapter 9. Axisymmetric Equations in Cylindrical Coordinates

9.6 Domain 0<r< R,0<z<L

9.6.1 Dirichlet boundary condition

o*T o*r 19T  0*T

ore — * (aﬂ T T az2) (20, (9.188)
t=0: T=f(rz), 0<a<2, (9.189)
t=0: %zzF(r7z)7 l<a<2, (9.190)
r=R: T=gi(z1), (9.191)
z2=0: T =ga(rt), (9.192)
z=L: T=g3(rt). (9.193)

The solution:

L R
T(r,z,t) = //f(pyC)gf(r,zap,éyt)pdpdé
0 0
L R
+ F(p,Q)Gr(r,2,p,(,t) pdpd
/]
t L R
+ O(p,(,7)Ga(r,2,p,(,t —7) pdpdCdr
/1]
t L
+ gl(C7T)ggl(T,Z,C7t—T)dCdT
/]
t R
+//gz(p,T)ggz(hz,p,t—T)pdpdT
0 0
t R
+ 93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.194)
/]

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.96) with respect to the radial coordinate r with & being the
transform variable, and the finite sin-Fourier transform (2.44) with respect to the
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space coordinate z with 7, being the transform variable allow us to obtain the
fundamental solutions:

Gr(r,z,p,C,1) | o po Eo [—a (& +7,) t°]
gF<T7 2,5 Py Ca t) = R2L kz Z wot Ea72 [_a (5/% + 777211) ta]

Go(r,2,p, (1) N ot Boo [—a (€2 +02,) t°]
Jo(rée) Jo(p€r) . .
X 1 (R )2 sin(2nm) sin((nm), (9.195)

where £ are the positive roots of the transcendental equation

mm

Jo(R&k) =0 and 7, = I (9.196)

The fundamental solutions to the Dirichlet problems under zero initial con-
ditions are expressed as

Gor(r, 2, 1) = — “Fo01 9Ga(r. 2. 1)) (9.197)
qo (9p p=R
ago2 5gq>(7‘7 Z,5 Py Ca t) ’
Gg2(r,2,p,t) = , 9.198
st = " L0 (9198)
ggS(T7 Z, P, t) _ _a903 (9g<[>(7"7 Z;5 P Ca t) ’ ) (9199)
qo0 ¢ ¢=L
9.6.2 Neumann boundary condition
o*T o*r 19T  0*T
&a‘a(&2+rar+aﬂ)+®m%ﬂ’ (9200
t=0: T=f(rz), 0<a<2, (9.201)
t=0: %{:F(r,z), l<a<2, (9.202)
oT
r=R: o = g1(z, 1), (9.203)
oT
z=0: — 9s = g2(r,t), (9.204)
or

=1L: = t). 2
c=r: O =gy (9.20)
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The solution:

L R
1020 = [ [ 160.0650200.0.0 pdpac

0 0
L R

+ F(p,Q)Gr(r,2,p,(,t) pdpd
/]
t L R

+ (I)(pa<77-)g¢’(razapa<7t_T)pdpdCdT
/1]
t L

+ gl(<77')ggl(7’,2,<7t—T)dCdT
/]
t R

+ 92(p,7) Ggo (1,2, p,t — 7) pdpdr
/]
t R

+ 93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.206)
/]

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.100) with respect to the radial coordinate r with & being the
transform variable, and the finite cos-Fourier transform (2.48) with respect to the
space coordinate z with 7, being the transform variable lead to the fundamental
solutions:

gf(ra Z, pa C? t) 4 0o 0o Po Ea [_a (5]% + 777211) ta}
gF(raZupuC7t) = RQL Z Z/ thEa,Q [_a (&]?: +7772n) ta}
Go(r, 2, p, (1) FE0m=0 N ot B [—a (€ +n2,) t°]
Jo(r&k) Jo(pér)
X cos(2Mm) cos(CNm ), 9.207
o (R (21m) cos(Cm) ( )
where & are the nonnegative roots of the transcendental equation
JU(RE) =0 and 1y, = ”ZT. (9.208)

Recall that Eq. (9.208) has also the zero root & = 0.
The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions are expressed as

alRgo1

gml(r727<at) = g®<r727p7<at) 9 (9209)

q0 p=R
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_ @ago2

ng(Tazapat) - g@(razuPuC7t)’ 3
q0 ¢=0
a
ng(ﬁZvPvt) = g0 gq:.(T’,Z,p,C,t)’ ;
qo ¢=L
aR
gpl(r7z7§a t) = gon gf(T,Z7p7 ga t) 5
Po p=R
a
Gpa(r, 2, p,t) = 902 gf(TaZaPaQt)’ )
Do ¢=0
a
gp3(r7 2z, P, t) = 903 gf(T’, 2 <7 t)’
Po ¢=L
9.6.3 Robin boundary condition
o~T 0T n 10T n o*T + o N
=a T,z
ote or2 r or 022 R

t=0: T=f(rz), 0<a<2,
oT

t=0: at:F(r,z), 1<a<?2,
r=R: sz + H1T = gi(z,1),
z2=0: —(ZZ + HoT = ga(r,t),
z=1L: gf + HoT = g3(r,t).

The solution:

T(r,z,t) = (0, Q) Gy(r,z,p,¢,t) pdpd(

F(pa C) gF(T727P7 g? t) PdeC

+
Tt — . T Tt
T — T —y TT—y

R
/‘I)(p,<77') gcp(r,z,p,c,t - T)pdpdCdT
0

315

(9.210)

(9.211)

(9.212)

(9.213)

(9.214)

(9.215)
(9.216)
(9.217)
(9.218)
(9.219)

(9.220)
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+

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

92(p,7) Ggo (1,2, p,t — T) pdpdr

93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.221)

+
O\w O\w O\u-
Tt ~— 5 T TT—n

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.104) with respect to the radial coordinate r with & being the
transform variable, and the finite sin-cos-Fourier transform (2.52) with respect
to the space coordinate z with 7, being the transform variable result in the
fundamental solutions:

Gy (r,2,p,C, 1) | o po B [—a (& +n5,) t°]
gF(ra Z5 Py C? t) = R2L Z Z_l thEOé,Q [_a (5]% + 77727'7,) ta]
gCI’ (T, 25 P, C7 t) h=tm= QOtOéil EO&,OA [_a (5]% + 777211) ta]
y & Jo(rée) Jo(p€r) Nm cos(21m) + Hasin(zn,,)
G+HY  [Jo(RE&)? 2, + Hi + [
5 [ 7 c0S(Cim) + Hoy sin((nm)} : (9.222)

where &, and 7,,, are the nonnegative roots of the transcendental equations

2H277m

& J1(RE) = HiJo(RE) and tan(Lim) = 1, 1.

(9.223)

The fundamental solutions to the mathematical Robin problems under zero
initial conditions are expressed as

aR
Gon1 (1, 2,C,1) = N Go(r, 2, p, 1) (9.224)
q0 p=R
a
gm?(razapa t) = J02 gq>(r,z,p,<,t)’ ’ (9225)
q0 ¢=0
a
G (r, 2, p, 1) = ;’03 Ga (1, 2, p, m)’ . (9.226)
0

¢=L
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9.7 Domain R<r < oo, —00o < z < o0

9.7.1 Dirichlet boundary condition

%C;Z =a ((?;Z + i (ZZ; + ?;Zj;) + ®(r, 2, 1), (9.227)
t=0: T=f(rz2), 0<a<2, (9.228)
t=0: %{:F(r,z), l<a<?2, (9.229)
r=R: T=g(z1), (9.230)

TangQT(r,z,t) =0, lerinoo T(r,z,t) = 0. (9.231)

The solution:

T(r, z,t) F(p: Q) Gy(r,z,p,¢,t) pdpdC

F(pa C) gF(T7Z7p7<ﬂt) pdpd(

+

+
- O\w é\g é\g

/<1> (p,,7) Ga (12, p, ot — 7) pdpdC dr
R

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.232)

g3 8\8 B— g F—y

+
S

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢, the Weber transform of order zero (2.108), (2.117) with respect
to the radial coordinate r with & being the transform variable, and the exponential
Fourier transform (2.20) with respect to the space coordinate z with 7 being the
transform variable:

Gs(r,z,p, ¢, 1) X po B [—a (€2 4 n?) t°]
gF(T7 z, P, C, t) = o / / wot Ea’g [—a, (52 + 772) toz}
Go(r,z,p,(,t) =0 0\ got* 1 Eq a0 [—a (52 + 772) toﬂ
Jo(r&)Yo(RE) — Yo(ré)Jo(RE)
X COS[(Z - C)U] Jg(Ré“) + Y2(R§)
x[Jo(p€) Yo (RE) = Yop€) Jo (RE)] € dé . (9.233)
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The fundamental solution to the Dirichlet problem under zero initial condi-
tions has the form

a— 1 o0 o0
Gy(r, 7 ¢ 1) = =) L/'J/fz%a 0 (€2 + 1) 1]

0

Jo(r§)Yo(RE) — Yo(r§)Jo(RS)

J2(RE) + Y2 (RE) cos((z — ¢)n] € d€ dn. (9.234)

9.7.2 Neumann boundary condition

o*T o*r 19T  0*T
&a‘a(&2+rar+aﬂ)+®maw’ (6.235)
t=0: T=f(rz2), 0<a<2, (9.236)
t=0: %sz(nz% l<a<2, (9.237)
oT
= M —_ = t 2
r=R: =S =gz, (9.239)
Tlggo T(r,z,t) =0, Zl}rfoo T(r,z,t) =0. (9.239)

The solution:

T(r,z,1) (0, Q) Gy(r,z,p,¢,t) pdpd¢

é\g é\g
8 —3 8\8 :0\8 — g

+

F(pa C) gF(T7Z7p7<at) pdpd(

+

O\w O\w

/@ma)%WzmcrwmmmmT
R

+

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.240)

The Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.119) with respect to the radial coordinate r and the exponen-
tial Fourier transform (2.20) with respect to the space coordinate z result in the
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following fundamental solution:
Gr(r,2,p,¢,t) Lo P Eq [ a (€2 + %) t*]
gF<T7Z7p7<at) = o / / th Ea 2 (§2 +772) ta}
Ga(r,2,p,(,t) 0\ qot* ! Bao [—a (€ +1?) t°]

Jo(r&)Y1(RE) — Yo(ré)J1(RE)

x cos[(z — O)n] le(Rg) + Y12(R§)

x[Jo(p€) Y1 (RE) = Yo(p€) T1(RE) | € de . (9.241)

The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions have the following form:

Gn (26 agy o 1Eaa a (& +n%) 7]
(gp(r,z,Ct )_ //< a (& +n?) 1] )

—oo 0

Jo(r&)Y1(RE) — Yo(r§)J1(RS)

J2(RE) + Y2(R) cos[(z — ¢)n] A& dn. (9.242)
9.7.3 Robin boundary condition
o o°r + Lor + o°T + O( t) (9.243)
ote or?2 r or 022 ot '
t=0: T=f(rz2), 0<a<2, (9.244)
t=0: 2€:F(r,z), l<a<2, (9.245)
r=R: _or + HT = g(z,1), (9.246)
or
ILm T(r,z,t) =0, Erin T(r,z,t) = 0. (9.247)
The solution:
1(20) = [ [ 160.065(n 200,60 papac
—o© R
+ //F(PaogF(T7Z7P7<at)Pde<
—o0 R
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8

o0

t
+ 0///@(p,(,r)@p(r,z,p,(,t—T)pdpd(dr
t

—oo R
+ [
0

o0
The fundamental solutions are obtained using the Laplace transform with
respect to time ¢, the Weber transform of order zero (2.108), (2.121) with respect to
the radial coordinate r and the exponential Fourier transform (2.20) with respect
to the space coordinate z:

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.248)

Elﬁ\

gf'(razapa<7t) 1 0o 00 po Eq [_a (52 +772) ta]
gF<T7 2y <a t) = o / / th Ea,? [_a (&2 + 772) ta]
Ga(r,2,p,(,1) o 0 qota_l Eu o [_a (52 + 772) ta]

Yo(ré)[§J1(RE) + HJo(RE)] — Jo(rg)[€Y1(RE) + HYo(RS)]
[§J1(RE) + HJo(RE)]? + [EY1(RE) + HYo(RE)?
< {Yo(r)[e 1 (RE) + HIo(RE)] — Jo(r€) €Y1 (RE) + HYo (RE)] |
x cos[(z — ¢)n] £ A& dn. (9.249)

The fundamental solution to the mathematical Robin problem under zero initial
condition is expressed as

oo o0

Gy(r,z,¢,t) agoto‘ / /Ea o= §2 +n )t“} cos[(z — {)n]

0

Yo(ré)[§J1(RE)+H Jo(RE)|— Jo(r§)[§Y1 (RE) + HYo(RE)]

€1 (RE) + HI(RE)? + Vi (RE) + HYp(RO)2 0o (9:250)

9.8 Domain R<r <oo,0< z < o0

9.8.1 Dirichlet boundary condition

o*T o?°T 10T  9*T

g = (8r2 + . or + 322) + ®(r, 2, 1), (9.251)
t=0: T=f(rz2), 0<a<2, (9.252)
t=0: aT:F(r,z), 1<a<?2, (9.253)

ot
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r=R: T=g(z1), (9.254)
z=0: T =ga(rt), (9.255)
Tlggo T(r,z,t) =0, zll>nolo T(r,z,t) =0. (9.256)

The solution:

T(r,z1) f(p: Q) Gr(r,z,p, ¢ t) pdpd(

+

F(pa C) gF(T727P7 g? t) PdeC

+

/‘b p,¢,7)Ga(r, z,p,(,t —T) pdpd{ dr
R

_|_

o O — . T T3 0\8

gl(C7T) ggl (T, Z, C7t - T) dC dr

S— g g F—y m\g

T3

92(p;7) Gy (r, 2, p,t = 7) pdpdr. (9.257)

]

Using the Laplace transform with respect to time ¢, the Weber transform
of order zero (2.108), (2.117) with respect to the radial coordinate r, and the
sin-Fourier transform (2.25) with respect to the space coordinate z we obtain

(
gf(T’,Z,p,C,t) 5 00 00 po Eo [_a (52 +772) ta]
gF(T,z,p,C7t) = - // ’LUotEa’Q [—a (52 +772) toz}
Go(r,z,p,(,t) 00 qot* 1 Ep [—a ({2 + 772) t“}
Jo(ré)Yo(RE) — Yo(ré) Jo(RE)

J§(RE) + Y (RE)
x[Jop€)Yo(RE) = Yo(p€)Jo(RE)] € ag dn. (9.258)

The fundamental solution to the first Dirichlet problem under zero initial condi-
tions has the following form

4 ja1 0o 00
ggl(r7z7§3 t) a901 / /ané &2 +n ) ]
0 0

Jo(r&)Yo(RE) — Yo(ré)Jo(RE)
J5 (RE) + Y3 (RS)

x sin(zn) sin({n)

sin(zn) sin(¢n) £ dE dy, (9.259)
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whereas the fundamental solution to the second Dirichlet problem is calculated as

ago2 ag@(r7z7p7 g? t)‘
Gy (ry2,p, 1) = . 9.260
i (9.260)
9.8.2 Neumann boundary condition
0T o?°T 10T 9T
otr (31"2 o or * 322> + 3 nd), (3.261)
t=0: T=f(rz2), 0<a<2, (9.262)
t=0: %{:F(r,z), l<a<?, (9.263)
orT
r=R: — o = g1(z, ), (9.264)
oT
z=0: — 5 = g2(r,t), (9.265)
TILH;O T(r,z,t) =0, ZILHC}O T(r,z,t) =0. (9.266)
The solution:
106 = [ [ £6.0)65(r20.6.0) pdpdg
0 R
+//F(pac)gF(r7Z7p7gat)pdpdc
0 R
t oo oo
+ [ [ [e0.cnGatrzpct - pdpacar
00 R
t oo
+ //gl(C7T)ggl(T,Z,C7t—T)dCdT
00
t oo
+ //gz(p, 7) Gy, (r,2,p,t — 7) pdpdr. (9.267)
0 R

The Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.119) with respect to the radial coordinate r and the cos-Fourier
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transform (2.37) with respect to the space coordinate z result in the following
fundamental solution:

Gy(r,z,p,C,t) 5 oo po Eo [—a (§2 4 n?) to]

2
gF<r7 2 Cut) = T // wotEO‘vz [_a (52 + 772) t(l]
gq:.(?", Z, P7 ga t) 00 qota71 Eog,a [_a (52 + 772) t‘l]

Jo(r&)Y1(RE) — Yo(r§)J1 (RS)

x cos(zm) cos(¢n) J2(RE) + Y2(RE)

x[Jo(p€) Y (RE) = Yo(p€) J1 (RE)] € dé an. (9.268)

The fundamental solutions to the first and second mathematical and physical
Neumann problems under zero initial conditions have the following form:

gml(r Gt 40,901 e 1E0404 (52 +n ) } >
<gp1(r,z7<, ) //< a (&% +n?) t°]

Jo(r&)Y1(RE) — Yo(ré)J1(RE)

J2(RE) + Y2(Re) cos(zn) cos(¢n) dE dn. (9.269)

Gma(r,2,p,8) = 0 Ga(r, 2, ., t)‘ : (9.270)
q0 ¢=0

Gpa(r, 2, p,1) = 0% gf<r,z,p,<,t>] - (0.271)
Po ¢=0

9.8.3 Robin boundary condition

(Z;Z =a (?;f + i (ZZ + (?311;> + ®(r, 2, 1), (9.272)
t=0: T=f(rz2), 0<a<2, (9.273)
t=0: %{:F(r,z), l<a<2, (9.274)
r=R: —ZZ + 1T = g1(2,t), (9.275)
2=0: —‘ZZ + HT = go(r, 1), (9.276)

lim T'(r,z,t) =0, lim T'(r,z,t) = 0. (9.277)

T—00 Z—00
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The solution:

T(r, z,t) f(p,¢)Gr(r,2,p,(,t) pdpd(
F(pac) gF<T7Z7p7<at)PdpdC

[ 906,671 602006t = ) pdpdcar
R

+

_|_
S O O~ 0\8 0\8
Ty O g g T —y :a\g

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

+ 92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.278)

The Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.121) with respect to the radial coordinate r and the sin-cos-Fourier
transform (2.40), (2.42) with respect to the space coordinate z give:

Gy(r,2,p,¢s ) , e P Eo [-a (€ +n?) ]
Gt | = 2 [ [ | st Bas (e o)
gqg.<7"7 Z, P, C’ t) 00 qota71 Eog,a [_a (52 + 772) tOé:I

Yo(ré)[§J1(RE) + HiJo(RE)] — Jo(r)[€Y1(RE) + H1Yo(RE)]
[§J1(RE) + H1Jo(RE)]? + [§Y1(RE) + H1Yo(RE)]?

<{Yo(re)lg 1 (RE) + Hiho(RE)] — Jo(r) €A (RE) + HiYo(Re)]}

o 1 cos(zn) + Hasin(zn)

02 + H2 [77 cos((n) + Hz sin(Cn)} £dgdn. (9.279)

The fundamental solution to the first mathematical Robin problem under zero
initial conditions has the form

40,901ta 1 T 2
gml(r Ca ) Eaa g +T]) ]
[ o
o

0
Yo (ré§)[€J1(RE) + HiJo(RE)] — Jo(r§)[€Y1(RE) + H1Yo(RS)]
[€J1(RE) + HiJo(RE)]? + [EY1(RE) + HiYo(RE)]?

M cos(zn) + Haysin(zn)

02+ H2 [?7008(07) + Hy sin(Cn)} ¢ dédn. (9.280)



9.9. Domain R<r<oo,0<z<L 325

The fundamental solution to the second mathematical Robin problem is calcu-
lated as

Gona(r, 2, p,t) = P Go(r, 2, p,C, )| (9.281)
q0 ¢=0

99 Domain R<r<oo,0<z<L

9.9.1 Dirichlet boundary condition

o*T o*r 19T  0*T
= P t .282
ot (3T2+r(‘9r+322)+ (258, (9.282)
t=0: T=f(rz), 0<a<2, (9.283)
t=0: %{:F(r,z), l<a<2, (9.284)
r=R: T=g(z1), (9.285)
z=0: T =ga(rt), (9.286)
z=L: T=gs(rt), (9.287)
lim T'(r, z,t) = 0. (9.288)

T—00

The solution:

T(r,z,t) = f(p, Q) Gy (r, 2, p,¢,t) pdpdC

+

F(p,¢)Gr(r,2,p,¢,t) pdpd

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
R

_|_

+
Tt — . T T Tt Tt
?J\g O\h o\h pd\g ;U\S

gl(C7T) ggl (7", Z, C7t - T) dC dr

92(p,7) Ggo (1,2, p,t — 7) pdpdr
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t oo
+ //gg 7) Gy (1,2, p,t — 7) pdpdr. (9.289)
0 R

Using the Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.117) with respect to the radial coordinate r, and the finite sin-
Fourier transform (2.44) with respect to the space coordinate z we obtain

Q(TZ/LCt) , o Pobe [—a (&% + ) t°]
Gr(r,z,p,(,t) | = L Z/ thEaz a (& +ny,) t°]
Go(r,z,p,(,t) =0\ gt 'EBao [—a (€2 +n2)t%]

. . Jo(rg)Yo(125) = Yo(r) Jo (L2
X sin(znm) sin({nm) of g)Jg((Rg—&— Y(%((éé)()( ’
(R¢)

x| Jo(p€) Yol RE) — Yo(p€)Jo(RE)] € de, (9.290)

where 7, = mx/L.
The fundamental solution to the first Dirichlet problem under zero initial
conditions has the form

4 a1 oo %
Gpr(r2,Ct) = =" S [ B [a (€4 2) ]
0

m=1

Jo(r&)Yo(RE) — Yo(r€) Jo(RE)

J2(RE) + Y2(RE) sin(21),) sin((rm) € dE, (9.291)

whereas the fundamental solutions to the second and third Dirichlet problems are

calculated as
ago2 ag‘b (T7 Z,y Py C’ t)

Gga(r, 2, p,t) = 00 ac ‘ c:o’ (9.292)
Gg3(r, 2, p,t) = —a§§3 89¢(r,52p, &) ‘ o (9.293)
9.9.2 Neumann boundary condition
T (P e, s
t=0: T=f(rz2), 0<a<2, (9.295)
t=0: T _pus, 1<a<o (9.296)

ot
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oT
= M — = t 2
r R or gl(za )7 (9 97)
oT
z=0: — 95 = g2(r,t), (9.298)
oT
z 2 93(T7 )a (9 99)
lim T'(r, z,t) = 0. (9.300)
r—00

The solution:

T(T7Z7t) = f(p7<) gf(T,Z,p,C7t)pdpdC

F(pa C) gF(T7Z7p7<at) Pdl)dc

+

[ 906,671 Gu (206, = 1) pdpdcar
R

+

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

_|_

C it T —h T T Tt T
B g B S O P P,

92(p,7) Ggo (1,2, p,t — 7) pdpdr

+ 93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.301)

Using the Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.119) with respect to the radial coordinate r, and the finite cos-
Fourier transform (2.48) with respect to the space coordinate z, we obtain

Grrzp GO\ e PoBala(€4un) ]
Gr(r,z,p,C,t) | = I Z // wot Eq 2 [—a (62 4 nZ) t°]
Ga(r,2,p.,1) "0 ot Baa [—a (6 47, 1]
Jo(r§)Y1(RE) — Yo(ré)J1(RE)

JE(RE) + Y{(RE)

x[o(p€) Y1 (RE) = Yo(p€) 11 (RE)| € a, (9.302)

where 7, = mn/L.

X €08(2Mm) cos(Cnm)
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The fundamental solutions to the first mathematical and physical Neumann
problems under zero initial conditions have the form

gml (7’7 2, Ca t) 4a901 t*— 1 Ea a | — (52 + nm) ]
gpl (T, 2, gv t) B Z / < (52 ) } )

Jo(ré)Y1(RE) — Yo(r§)J1 (RE)

B(RE) +vE(Re) ) coCim) 48 (9:303)

whereas the fundamental solutions to the second and third mathematical and
physical Neumann problems are calculated as

ng(T’ 25 P ) 1402 ¢‘(T7'Z7p7 ¢ t)‘ ) (9304)
q0 ¢=0
gm?)(r 2 ) @903 g‘b(ra Z, P, C7t)’ 9 (9305)
q0 ¢=L
Gralr 2, p,t) = gf(r,z,p,at)’ : (9.306)
Po ¢=0
Gps(r, 2, p.t) = 9% gf(r,z,p,at)‘ - (9.307)
Po ¢=L
9.9.3 Robin boundary condition
o o°r + Lor + o°T + O( t) (9.308)
ote or?2 r or 022 ot '
t=0: T=f(rz), 0<a<2, (9.309)
t=0: %sz(nz% l<a<2, (9.310)
T
r=R: o + H\T = g1(2,t), (9.311)
or
z2=0: _or + HoT = go(r,t), (9.312)
0z
T
z2=1L: 0 + HoT = go(r,t), (9.313)
0z
lim T'(r, z,t) = 0. (9.314)

T—00
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The solution:

T(T7Z7t) = f(p7<) gf(T,Z,p,C7t)pdpdC

St~
By

F(p,¢)Gr(r,2,p,¢,t) pdpd(

+ +
Tt~ T

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
R

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

+
Tt~
St Tt Ty

92(p,7) Ggo (1,2, p,t — 7) pdpdr

_I_
Ot~
e

+

Ot~

/93 7) Gy (1,2, p,t — 7) pdpdr. (9.315)
R

Using the Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.121) with respect to the radial coordinate r, and the finite sin-cos-
Fourier transform (2.52) with respect to the space coordinate z we get

Gs(r,z,p, ¢, 1) W o po Eo [—a (€2 +12,) t°]

2 2 «
gF<T7Z7p7<at) = L Z / thEOL? (& +T]m)t }
Ga(r,2,p,C 1) "0\ ot B o [—a (62 +n3,) 9]

Yo(ré)[§J1(RE) + HiJo(RE)] — Jo(ré)[EY1(RE) + HyYo(RE)]
[€J1(RE) + H1Jo(RE)]? + [§Y1(RE) + H1Yo(RE)]?

X{YO(Tf)[§J1 (RE) + HiJo(RE)] — Jo(r&)[EY1(RE) + H1Y0(R§)]}

Nm, €O8(2M, ) + Ha sin(2n,)

o i ot | cos(Cm) + Fasin(Gm) | €€, (9:316)
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where 1, are the positive roots of the transcendental equation

2H277m

tan(Lny,) = .
M — H3

(9.317)

The fundamental solution to the first mathematical Robin problem under zero
initial conditions has the form

m=1

dagont®t S T
G (r,z,G,t) = "0 3 / Eoo [~a (€ +72) 1]
0

Yo(ré)[€J1(RE) + HiJo(RE)] — Jo(r§)[Y1(RE) + H1Yo(RE)]
[€J1(RE) + H1Jo(RE)]? + [§Y1(RE) + HiYo(RE)]?

" Nm, c08(27m ) + Ha sin(zn,)

o 1 s ot [ Cos(Cm) + Hasin(Gm) [ €06, (9318)

the fundamental solutions to the second and third mathematical Robin problems
are calculated as

__ ago2

Grna (1, 2,9, ) = "2 G (1, 2, p. . t)‘ , (0.319)
q0 ¢=0

G (1, 2, p, 1) = 903 %(r,z,p,w‘ : (9.320)
4q0 ¢=L
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