Chapter 8

Equations in Polar Coordinates

I'm very good at integral and differential calculus,
I know the scientific names of beings animalculous.

W.S. Gilbert
8.1 Domain 0 <7r < o0,0< p <27
(?;QT =a <(?;Z + i Zf + :2 gig) + ®(r, p,t), (8.1)
t=0: T=f(ry), O0<ac<?2, (8.2)
t=20: %sz(r,cp), l1<a<?2, (8.3)
lim T(r,p,t) = 0. (8.4)

The solution:

27 0o
T(r,p,t) = //f(/a ?)Gr(r, 0, p,0,t) pdpde
0 0

21w oo

t 2

+ 0/0/0/<I>(p,¢,7)g<1>(h<p,p,¢,t—T)pdpdcbdﬂ (8.5)
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254 Chapter 8. Equations in Polar Coordinates

where Gr(r,p,p,t) is the fundamental solution to the first Cauchy problem,
Gr(r,p,p,t) is the fundamental solution to the second Cauchy problem, and
Ga(r, p,p,t) is the fundamental solution to the source problem.

Consider the fundamental solution to the first Cauchy problem.

9°Gy  (0°Gy  10Gy 1 0°Gy
ot ¢ ( or? + r or + r2 Op? (8.6)
t=0: gf:po‘s(rr_p) Slp—¢), 0O<a<2, (8.7)
oGy
= N = < . .
t=0: Sf=0, 1<as<2 (8.8)

The Laplace transform with respect to time ¢ gives

1 8(r—p) G 10G; 1 0°G;
amx . a—1 _ _
s*Gy — 5" "po . Slp—¢)=a < ot T oo T2 a2 ) (8.9)

Next we use the finite Fourier transform (2.72) with respect to the angular coor-
dinate ¢ for 2m-periodic functions, thus obtaining

~ S(r — 82G:  19G:  n? -
s*GF — s po (rr 2 cos[n(p — @) =a < 8r2j + 8rf - ZQ g;ﬁ) . (8.10)

The Hankel transform (2.78) with respect to the radial variable r leads to the
solution in the transform domain

Tk Sa—l
G = poJn(pg) cos [n(p — ¢)] 5 (8.11)
s a&
The inverse integral transforms result in
4 - /
Gr(r, 0,0, 6,1) WZ cos [n(p — ¢)]
x / Ea (—a€%%) Ju(r€) Ju(p€) € de. (8.12)
0
Helmbholtz equation (o — 0)
Evaluating integral (A.35) from Appendix, we get
> In(r/va) Ku(p/va), 0<r<p,
Gr="3""cos[n(p - (8.13)
i I(p/Va) Ku(r/Va), p<r<oo,
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where I,,(r) and K, (r) are the modified Bessel functions. The sum in the right-
hand side of (8.13) can be evaluated analytically taking into account that [196)

o0

1
"I,(r) Kn(p) cos(ny) = 5 Ky (\/r2 + p2? — 2rpcos <p) )

n=0

Hence
Gy = Ko (VIr2 + o2 = 2rpcos(o — 9))/a) (8.14)

T 2am

Classical diffusion equation (a = 1)

It follows from (A.34) that

6= ' exp (_ it p2> i ‘cosln(e = &) 1n () (8.15)

2mat dat = 2at

Evaluating the sum in the right-hand side of (8.15) taking into account that [196]

o0

1 .
Z "I,(r) cos(ny) = 5 e cos P
n=0
we finally obtain [144]
% + p* = 2rpcos(p — ¢)
- — . 1
91 dmat P { 4at (8.16)

In a similar way we get the fundamental solutions to the second Cauchy
problem and to the source problem:

Gr(r, ¢, p,d,t) L&,
<g<1>(7’,<ﬂ7p7 ¢,t)> o WT;J cos [n(p — )]

T wot EQ)Q(—a§2tC¥)
X / <q0t°‘1Ea,a(—a§2t°‘)> I (1€) Jn(p€) € dE. (8.17)

8.2 Domain 0 <r< R,0< p <27
8.2.1 Dirichlet boundary condition

o°T 2T 10T 1 0T
- D(r, ot 1
(975“ a < (97"2 + r 67" + T2 6902> + (T7 QO, )7 (8 8)
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t=0: T=f(r), 0<a<?2, (8.19)
t=0: %sz(ngo), l<a<2, (8.20)
r=R: T=g(p,t). (8.21)

The solution:

T(r,p,t) f(p,d) Gy (r,0,p,0,t) pdpde

F(p,¢)Gr(r,p,p,¢,t) pdpdo

+

R
/(I)(p7¢77—) g@(r7<pap7¢7t_7—)pdpd¢d7'
0

9(¢,7) Gg(r, 0,0, t — 7) dgdr. (8.22)

+

+
o O~ O\:‘m o\§
Sy Oy O O~

The fundamental solutions are obtained using the Laplace transform with respect
to time t, the finite Fourier transform with respect to the angular coordinate ¢
(2.72) for 2m-periodic functions and the finite Hankel transform (2.84) with respect
to the radial coordinate r:

gf(r7 ®5 P d)? t) 9 0o 0o Do Ea(_agrzbk:ta)
gF<r7 @, p, d)a t) = TR2 ZIZ ’wot Ea72(_a£721kta)
gq) (T’, 907 P7 ¢7 t) =0 k=l qotail Ea,a(_agikta)

1 (RE )2 cos[n(p — @), (8.23)

where &, are the positive roots of the transcendental equation
Jn(REnk) = 0. (8.24)

The fundamental solution to the Dirichlet problem has the following form:

2090t ! o, —
Gy(r, o, 0,t) = — a0 ZIZEOMI (_a&%kta)

TR
n=0 k=1

J/(Rény) cos [n(p — 9)]. (8.25)
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8.2.2 Neumann boundary condition

0T o*T 10T 1 8°T
ote ¢ (31"2 + r Or * r2 34,02> e e (8.26)
t=0: T=f(r), 0<a<?2, (8.27)
t=0: %sz(ngo), 1<a<?2, (8.28)
oT
r=R: o = g(p, t). (8.29)

The solution:

T(r,p,t) f(p,d) Gy (r,0,p,0,t) pdpde

F(p,¢)Gr(r,p,p,¢,t) pdpdo

+

R
/(I)(p7¢77—) g@(r7§05p7¢7t_7—)pdpd¢d7'
0

+

+
T — . T Ty Sty
Sty Sy O S —

9(¢,7) Gg(r, 0,0, t — 7) dgpdr. (8.30)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform with respect to the angular coordinate ¢
(2.72) for 2m-periodic functions and the finite Hankel transform (2.88) with respect
to the radial coordinate r:

gf (T7 22 d)u t) 1 Po
gF (T7 P Py d)a t) = 7TR2 ’lUOt
Ga (1,0, p, 4, 1) qot* ! /T'()

[ PoBa(—agt?)
Z ’LUot Ea’g(—afikta)
T\ ot Baja(—ag2t®)

ggzl«]n (Tgnk) JIn (ank)
(RQS’Zk) —n?) [Jn(R&nk)]

200
+WZ

/
n=0

5 cos [n(p — )], (8.31)
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where £, are the positive roots of the transcendental equation
J!(Rén) = 0. (8.32)

The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions are expressed as

R
Gun(rp6,0) = P Ga(rop, )] (8.33)
q0 p=R
aRgo
gp(rﬂ907¢7 t) = gf(ra Pa%t) (834)
Po p=R
8.2.3 Robin boundary condition
0T 9*°T 19T 1 8T
oo = <8r2 + . or + 2 6902> + ®(r, p,t), (8.35)
t=0: T=f(ry), 0<a<2, (8.36)
t=0: %{:F(r,(p), l<a<?, (8.37)
r=R: or + HT = g(p,t). (8.38)
or
The solution:
27 R
T(r,p,t //f ?) G (1., p,0,) pdpdg
0 0
2r R
+ [ [ F6.0)600000.6.0) pdpas
0 0
t 2r R
+ [ [ 20,0760 00,0~ 1) pdpdsar
00 0
t 2w
+ //g r, 0,0t —7)dodr. (8.39)
0 0

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform with respect to the angular coordinate ¢
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(2.72) for 2m-periodic functions and the finite Hankel transform (2.92) with respect
to the radial coordinate r:

G (r, 0,0, 1) y o o Po Ea(—ag3t)

gF(T7 P Py d)? t) = T Z/Z thEOé,Q(_a’grzbkta)

g‘f—' (T7 @, p, d)a t) =0 k=l qota_l Eaﬂ(_agikta)
ZkJn(rgnk) Jn<p§nk)

(R2E2 + B2, — n2) [ (Rew)? P O (8.40)

where £, are the positive roots of the transcendental equation

The fundamental solution to the mathematical Robin problem under zero initial
conditions is calculated as

R
gg(ra%¢7 t) = @it g@(ru Pa‘P7t) . (842)
do o=R

8.3 Domain R<r <oo, 0< ¢ <27

8.3.1 Dirichlet boundary condition

%C;Z =a <?;rj; + i (ZZ; + r12 6852) + O(r, 0, t), (8.43)
t=0: T=f(re), 0<a<2, (8.44)
t=0: ?;‘tr —F(r,p), l<a<2, (8.45)
r=R: T=g(pt), (8.46)

lim T(r, ¢, t) = 0. (8.47)

T—00
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The solution:

2w oo

T(r,p,t) = //f(p,cb) Gr(r,p,p,0,t) pdpde

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_
o\§

_|_
Tt~
Tty Tty Tty

/q)p7¢7 g®T@aPa¢at—T)pdpd¢dT
R

9(¢,7) Gg(r, 0,0, t — 7) dgpdr. (8.48)

+
o\“

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform for 2m-periodic functions with respect to
the angular coordinate ¢ (2.72) and the Weber transform (2.108), (2.111) with
respect to the radial variable 7:

Gr(r,p,p:9:1) o po Ea(—a&?t®)
gF (T, @, P, ¢7 t) Z / thEa 2 afzta)
g@(ra§07p7 ¢7 t) QOta 1Ea a( §2to¢)

J2(RE) + Y2(RE) cos [n(p — )]

In(p8) Yn(RE) — Yo (p€) Jn(RE)| £ dE. (8.49)

The fundamental solution to the Dirichlet problem under zero initial conditions
reads:

a a—1 00
gg(?“7 2 d)a t) = - 2 g7ort2 Z/ / Ea,a (_a§2ta) CcoS [n(SD - d))]
n=0 0
T (r) Ya(RE) = Ya(r) Ju(RE) o 550

JA(RE) + Y (RE)
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8.3.2 Neumann boundary condition

0T 9?T 10T 1 0T
ot ¢ (37’2 + r or + r2 3902} Termet), (®.51)
t=0: T=f(ry)), 0<a<2, (8.52)
T
t=0: %t:F(r,ga), l<a<?, (8.53)
orT
= M —_ = t . 4
r=~R gy = 9(#:1), (8.54)
lim T'(r,¢,t) = 0. (8.55)
T—>00
The solution:
27 oo

T(r,0,1) = / / (0. 8) Gy (ry 0, 91 6,1) pdpded
R

)
3

_|_

+

S O O~

O\§ O\§ 53\8
:0\8

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T) pdpd(de

_|_

9(p,7)Gy(r, 0, ¢, t — 7) dopdr. (8.56)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform for 2m-periodic functions with respect to
the angular coordinate ¢ (2.72) and the Weber transform (2.108), (2.113) with
respect to the radial variable r:

gf(r7§07p7 ¢7 t) 1 00 e’} Do Ea(_agzta)

gF(TaSD7P7 ¢7 t) = T ZI/ th Ea,Q(_aé-Qta)

g@(ﬂ%ﬂv ¢7 t) =0 0 qotail Ea,a(_agzta)

In(r€) Yy (RE) — Y (r§) J (RE)
[T (RE)]? + [Yy (RE)]?

x [ (0€) YiL(RE) = Ya(p€) T, (RE)) € de. (8.57)

cos [n(p — ¢)]
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The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions have the following form:

a—1 X
Gunlr 0 6,1) = 293 / Eaa (—ag) cos [n(io — 9)
n=0 0
Ju(r€) Y(RE) - Ya(r€) JL(RE)

(RO + V(RO (8.58)

Gy(r, 0, 6,1) = 2“902 / Eo (~a2) cos[n(p — 6)]

Jn(r€) Y(RE) = Ya(r€) JL(RE) |

L REE + ViR (8.59)

8.3.3 Robin boundary condition

T 0T 10T 1 0T
ot (87’2 + r Or + r2 8(,02> +o(rprt), (8.60)
t=0: T=f(re), 0<a<2, (8.61)
T
t=0: %t:F(r,ga), l<a<?, (8.62)
T
r=R: 0 + HT = g(p, t), (8.63)
or
ILm T(r,p,t) =0. (8.64)

The solution:
21 oo
T(r,p,t) = //f(p,cb)gf(r,%maﬁi)pdpdaﬁ

2m

o

/F rpupe6,t) pdpdd
R

+
T~
o\§

/<I> 9,6 7) G (1,0, p, bt — ) pdpddr
R
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t 2w

4 O/ 0/ 9(6,7) Gy (10, 6, t — ) d dr. (8.65)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform for 2m-periodic functions with respect to
the angular coordinate ¢ (2.72) and the Weber transform (2.108), (2.115) with
respect to the radial variable r:

G (r, 0, p: 0,1) Y Eo(—a&?t®)
gF (T7 @, p, d)a t) = - Z ! / th Ea,2<_a’§2ta) Cos [n((p - d))]
g@(ra<p7p7 ¢7 t) =0 0 QOtOéil Ea,a(_a€2ta)

o In(rOEY(RE) — HY, (RE)] = Y (rE) (€, (RE) — H Jn(RE)]
€Y (RE) — HY,(RE)]? + [§77,(RE) — HJn(RE)J?

< { I (pE)[EV(RE) — HY(RE)] ~ Yalp€)e 1 (RE) — HIL(RE)JEdE.  (3.66)

The fundamental solution to the mathematical Robin problem under zero initial
conditions is written as:

a—1 o]
gg(ru ®, ¢7 t) = 2a90t2 Z //O ECMQ (_a§2ta) cos [n(‘ﬂ - d))]
n=0

™

T (r&)[€Y! (RE) — HY,(RE)] — Y (ré)[€J (RE) — HJ, (RE)]
X €Y (RE) — HY,(RE)J2 + [€J7, (RE) — HJ,(RE)]2 £d¢. (8.67)

8.4 Domain 0 < 7r < 00, 0 < ¢ < g

8.4.1 Dirichlet boundary condition

ol <‘;€ ot ‘Z;{) +0(r,p.1), (3.68)
t=0: T=f(rv), 0<a<2, (8.69)
t=0: %f:F(r,(p), l<a<?, (8.70)
p=0: T=gl(rt), (8.71)

p=¢po: T =gart), (8.72)
lim T'(r,¢,t) = 0. (8.73)

T—00
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The solution:

Yo 00

T(r,0,1) = / / (0. 8) Gy (ry 0, 91 6,1) pdpded
0 O

+ F<p7¢) gF(TaSD7P7¢7t)pdpd¢

_|_

/CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T)pdpd(de
0

_|_

O O O~ O\E
S g O —g T —5 “—y

91(p,7) Ggy (1,0, p,t — ) pdpdr

92(p,7) Ggo (1,0, p,t — 7) pdpdr. (8.74)

To obtain the fundamental solutions we use the Laplace transform with respect to
time ¢, the finite sin-Fourier transform (2.44) with respect to the angular coordi-
nate ¢ and the Hankel transform (2.78) with respect to the radial variable r with
v = nm/pg. Thus, we get [190]

gf(r7§07p7 ¢7 t) 9 0o X® Do Ea(_agzta)

gF(raSD7p7 ¢7 t) = ©o Z / th Ea,Q(_aé-Qta)

g@(ﬂ%ﬂv ¢7 t) =t 0 qotail Ea,a(_agzta)

x sin (”;f) sin (";Tf) T oo (7€) T (06) € . (3.75)

The fundamental solution to the first Dirichlet problem under zero initial condi-
tions is expressed as

2agot® ! & nmw . nmw T
ggl (7‘7 22 t) = 90 2 Z ( ) s ( 90) /Ema (_a§2ta)
0

Yop~ = \¥o %0

X Ty )00 (1) T 0o (P€) € dE. (8.76)

The fundamental solution to the second Dirichlet problem under zero initial con-
ditions is obtained from (8.76) by multiplying each term by (—1)"**.
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8.4.2 Neumann boundary condition

0T 09*°T 10T 1 92T
gt = <8r2 + - or + 2 8902> + O(r, 0, t), (8.77)
t=0: T=f(ry), 0<a<2, (8.78)
t=0: %sz(r,go% l<a<?2, (8.79)
10T
=0: - = t .
2 0 r 6(,0 gl(ra )7 (8 80)
10T
Y=o : r 84,0 - 92<T7 t), (881)
ILm T(r,p,t) =0. (8.82)
The solution:
Yo 0

T(r,p,t) = //f(p,aﬁ) Gr(r, @, p,¢,t) pdpde

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_

/CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T)pdpd(de
0

_|_

o\“ o\“ o\“ o\g =)
0\8 0\8 o\g 0\8 o

91(p,7) Ggy (r, 0, p,t — ) pdpdr

+ 92(p, 7) Gy, (1,0, pst — 7) pdpdr. (8.83)

To obtain the fundamental solutions we use the Laplace transform with respect
to time ¢, the finite cos-Fourier transform (2.48) with respect to the angular co-
ordinate ¢ and the Hankel transform (2.78) with respect to the radial variable r
with v = n7/@g. As a result, we get [190]

gf(T7(P,p,§lj),t) oo pOE ( a§2t“)

9 00
gF(T7 P Py d)a t) = 0 Z / ’LUotEa 2 afzto‘)
0 —
gCD (T7 @, p, d)a t) =0 0 Ota ! Ea a( a£2ta)
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nwY nmwo
X COS o cos o Tz 100 (T1€) T 100 (PE) § dE. (8.84)

The fundamental solution to the first mathematical Neumann problem under zero
initial conditions has the form [190]:

2ag0t® ! o=, nmwe Vi 9
Gmi(r, o, p,t) = cos E, o (—a&™t®
1 ) Yop T;J %o J ( )
X J’I’Lﬂ/tp(] (Té-) Jn‘n’/gpo (pg) §d§ (885)
Classical diffusion equation (o = 1)
Using (A.34) from the Appendix, we obtain [20, 144]
2, 2
9o T+ p
t) = -
1 rp > rp nmwY
I ( ) I, ( ) . 8.86
X[Q 0\ 2at +; /70 \2qt) ©o (8:86)
Wave equation (a = 2)
2\/ago " nrg
Gy, (1,0, p,t) = cos< U(r, p), 8.87
ety = YIS eos (") wir (5.57)
where
a) Vat <p
0, 0<r<p—+at,
_ 1 r2 4+ p2 — at?
U(r,p) = 2 /rp Prr/po—1/2 < %p > . p—iat <r < p+./at,
0, p++at <r < oo;
b) Vat=p

1
U(r,p) =4 2VTP
0, 2p < r < oo

r
Pnﬂ/@o*l/? (2p>a O<T<2p7
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c) vat>p

1 nmw? ) at? —r? — p2

— cos oo — )
TP 0 [eot/2 2rp
0<r<at—np,
U(r, p) = 1 r? + p? — at?
Pﬂﬂ/tpo*l/? ;
2\/rp 2rp
Vat —p <r < p+/at,

0, p+at <r < oo,

where P,(r) and Q,(r) are the Legendre functions of the first and second kind,
respectively.

For the physical Neumann problem, the boundary condition at ¢ = 0 is
formulated in terms of the normal component of the heat flux:

1\ ,0G, _ sr—p)
= . — = < .
v=0 TDRL o5 g = 6(t), 0<a<l, (8.88)
1 _
p=0: -— I'J“laGp1 =go o =p) o(t), l<a<2. (8.89)
r dp r

The solution is expressed as

2040 < nw 7
gpl(T7 @5 Py t) = g0 Z/ COS ( 90090) /Ea (_a§2ta)
0

pop =

X Jn‘n’/gpo(rg) Jnﬂ/tpo (p§)§d§ (890)

The fundamental solutions (8.85) and (8.90) are shown in Fig. 8.1 and Fig. 8.2,
respectively, for ¢ = 0.
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2.5

2.0

a=1.5
a=1
Gml
1.0 /a =0.5

0.5

0.0 —_—
0.0 0.5 1.0 1.5 2.0 2.5

r

Figure 8.1: Dependence of the fundamental solution to the mathematical Neumann
problem in a wedge on the radial coordinate [190]

2.5
a=115

2.0

15 /
a=085
1.0 /

0.5

gpl

0.0
0.0 0.5 1.0 1.5 2.0 2.5

r

Figure 8.2: Dependence of the fundamental solution to the physical Neumann
problem in a wedge on the radial coordinate [190]
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85 Domain 0 <r< R, 0< ¢ < g

8.5.1 Dirichlet boundary condition

oo = (s £ on b 2 ) FBOR0, D
t=0: T=f(rp), 0<a<2, (8.92)
t=0: %{:F(r,@, l<a<?, (8.93)

r=R: T=g(pt), (8.94)
0=0: T=grt), (8.95)
p=wo: T=gs(rt). (8.96)

The solution:

T(r,p,t) = f(p,®) Gs(r, 0, p,0,t) pdpde

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_

R
/(I)p7¢7 g®T@aPa¢at—T)pdpd¢dT
0

g1 (¢7 T) ggl (7", @, ¢7t - T) d¢ dr

_|_

_|_
S L Ot O O S5 —%
St~ T T8 T “T— 5 “T—x

92(p,7) Ggs (1,0, p,t — ) pdpdr

_|_

93(0,7) Ggs (1,0, p, t — 7) pdpdr. (8.97)

The problem is solved using the Laplace transform with respect to time ¢, the finite
sin-Fourier transform (2.44) with respect to the angular coordinate ¢ and the finite
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Hankel transform (2.84) with respect to the radial variable r with v = nw /. For
the fundamental solutions we get [188]

Gr(r,0,p, 0, o = Po Ba(—a&lt®)

gF(ra<p7p7 b, t) = Z Z wot Ea72(_a€721kta)

gCI’ (T, ©, P, ¢7 t) k= qota_l Ea7a<_a§721kta)

% sin (nmp) sin (mr(b) nm/po (rgnk) nw/po (2p£nk:)7 (898)
%o %o {JJM/W (ank)}

where £, are the positive roots of the transcendental equation

an/<po(R§nk) = 0. (899)

For the sake of simplicity, we have used the notation &,; for the roots (not

gnﬂ/cpmk)'
The fundamental solutions to the first and second Dirichlet problem under
zero initial conditions have the following form [188]

G (10 6t) = — 12 S Eoo (—a€2,%) sin ("”90) i (Wb)

n=1k=1 ¥o ¥o

gnk Jnﬂ'/cpo (T’Snk) .

: 8.100
T (REk) (8.100)

dat* ! & nT o nmwp
g2 r, p7 - aa CL£2 e Sln( )

% Jnﬂ'/ﬁpo(rg’nk) nﬂ/ipg(pgnk)

) (8.101)
i (BEur)|

The fundamental solution to the third Dirichlet problem is obtained by multiplying
each term in (8.101) by (—1)"*1.
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8.5.2 Neumann boundary condition

0T o?°T 10T 1 0°T
ot (31"2 + r or + r2 34,02> 2t (8.102)
t=0: T=f(ry), 0<a<2, (8.103)
t=0: 2{:F(r,<p), l<a<2, (8.104)
oT
r=R: or = g1(p, 1), (8.105)
10T
= M — = t 1
¥ 0 r 6(,0 92(T7 )a (8 06)
10T
e g3(r,t). (8.107)
The solution:
wo R
T(0.0) = [ [ 160.0)91(r0.0.6:0) pdps
00

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_
O\é}
o\:a

R
/q)p7¢7 g®T@aPa¢at—T)pdpd¢dT
0

_|_
Tt~
o\§

g1 (¢7 T) ggl (Ta ©, ¢7 t— T) d(yb dr

+
o\N
O\E

92(p,7) Ggs (1,0, p,t — ) pdpdr

_|_
T~
St~

+ 93(p,7) Gy (1,0, p,t — T) pdpdr. (8.108)

Tt~
Tt~

The problem is solved using the Laplace transform with respect to time ¢, the finite
cos-Fourier transform (2.48) with respect to the angular coordinate ¢ and the finite
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Hankel transform (2.88) with respect to the radial variable r with v = nw /. For
the fundamental solutions we get [188]

gf(ru907p7 ¢7 t) 9 Po

gF(Ta<P7P7 ¢7 t) = 2 ’UJOt
wo R

Ga (1,0, p, 4, 1) qot* ! /T'(a)

Po Ea(‘“&%kta)

Z wot Ea,g(—aﬁikta) cos (n7r<p> cos (nﬂ-d)>
1 ¥o

¥0
thail Ecua <_a§721kta)

4 oo
_|_
®o

I
n=0

§721k Jn‘n’/gpo (rgnk) Jn‘n’/gpo (pgnk)

) (8.109)
202 2 2
|:R gnk - ("77/900) :| [an/<po (Rgnk)]
where £, are the positive roots of the transcendental equation

The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions have the following form

_ aRgo

Gm1(r, ¢, ¢,t) = g@(h%p,d),t)‘ , (8.111)
90 =R
ago2
Gma(r, 0, p,t) = Qr,,,,t’ : 8.112
2nppt) = Galnep o t)] (8.112)
agos
ng(r,go7p7 t) = gcb(ra%/L 0, t)‘ s (8-113)
P40 bd=po
aR
gpl (T; ®, ¢7 t) = Jo1 gf (7’7 @, p, d)a t)‘ 5 (8114)
Po =R
Gpa(r, o, pyt) = "0 Qf(mp,p,qb,t)‘ , (8.115)
P Po ¢=0
agos
gpg(ﬂ ®, P, t) = gf(ra%/% ¢7 t)’ . (8116)
P Po P=w0
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8.6 Domain R<1r < oo, 0< ¢ < gy

8.6.1 Dirichlet boundary condition

0T T 19T 1 8T
ota _a<8r2 +r o +r2 8902> + O(r, 0, t), (8.117)
t=0: T=f(re), 0<a<2, (8.118)
t=0: ?;;:F(r,w), l<a<2, (8.119)
r=R: T=glpt), (8.120)
p=0: T=ga(rt), (8.121)
p=wpo: T =gsrt). (8.122)

The solution:

T(r,p,t) = f(p,d) Gy (r,0,p,0,t) pdpde

_|_

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

/(I)(p7¢77—) g@(r7§05p7¢7t_7—)pdpd¢d7'
R

+

g1 (¢7 T) ggl (Ta ©, ¢7 t— T) d(yb dr

+

+
O O O oY~ O\é} o\é}
P g Py T 6 5 P — g F— g

92(p,7) Gy, (1,0, p,t — 7) pdpdT

93(p,7) Ggs (1,0, p, t — 7) pdpdr. (8.123)

The problem is solved using the Laplace transform with respect to time ¢, the
finite sin-Fourier transform (2.44) with respect to the angular coordinate ¢ and
the Weber transform (2.108), (2.111) with respect to the radial variable r with
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v = nw /. For the fundamental solutions to the first and second Cauchy problems
and to the source problem under zero Dirichlet boundary condition we get

gf(T7 ®5 Py d)a t) 9 o X Po Ea(_a€2ta)

Gr(r,p,p,0,t) | = o Z wot Eoo(—a&?t®) sin (n;w)
0 — 0

g@(ﬁ @, p, d)a t) =t 0 q0t0‘71 Ea,a(_aéata)

% sin <TL7T¢) Jnﬂ'/cpo (7’5) Ynﬂ/cpg (R&) - Ynﬂ'/cpo (T&) Jnﬂ'/cpo (RS)
%o T /oo (RE) + Y2, (RE)

nm/eo /%0
X |:Jn7r/<po (pg) Ynﬂ'/ipo (R&) - Ynﬂ'/%o (pg) Jnﬂ'/ipo (R&):| gdf (8124)

The fundamental solutions to the Dirichlet problems under zero initial conditions
are calculated as

a—1 X x
ggl (T, @, ¢7 t) = - 4ag72<1;0 Z/Ea,a(_a§2ta) sin (nﬂ—(p> sin (an{))
n=1 0

¥o ®o

% Jnﬂ'/cpo (7’5) Ynﬂ/cpg (RS) - Ynﬂ/cpg (T&) Jnﬂ'/cpo (R&)

¢de, 8.125
Jsﬂ/% (R&) + Yn27f/</>o (R¢) ( :
ago2 3gq>(1", @ Py d)a t) ’
Gga(r, 0, p,t) = , 8.126
nlrpspt) = oo S0 00| (8.126)
agos 8g¢>(ru ©, P, ¢7 t) ‘
Gga(r,p,p,t) = — . 8.127
93( ¥ P ) quo a¢ d=v0 ( )
8.6.2 Neumann boundary condition
0T o?°T 10T 1 0°T
gra = (81"2 + - or + 2 8902) + O(r, 0, t), (8.128)
t=0: T=f(ry), 0<a<2, (8.129)
t=0: %{:F(r,(p), l<a<?, (8.130)

oT
r=R: ~ o = g1(p, 1), (8.131)
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10T

' 0 r 6(,0 92(T7 )a (8 3 )
10T

PR, = g3(r,1). (8.133)

The solution:

T(r,p,t) = f(p,d) Gy (r,0,p,0,t) pdpde

_|_

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

/CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T)pdpd(de
R

+

g1 (¢7 T) ggl (T’, ©, ¢7 t— T) d(yb dr

_|_

_|_
O O O o~ O\é} o\é}
P g Py T 6 5 P — g F— g

92(p,7) Ggs (1,0, pst — ) pdpdr

93(p,7) Gy (r, 0, p, t — 7) pdpdr. (8.134)

The problem is solved using the Laplace transform with respect to time ¢, the
finite cos-Fourier transform (2.48) with respect to the angular coordinate ¢ and
the Weber transform (2.108), (2.113) with respect to the radial variable r with
v = n7 /. For the fundamental solutions to the first and second Cauchy problems
and to the source problem under zero Neumann boundary condition we get

gf(r7 @, p, d)u t) 9 50 fe%s) Do Ea(_a§2ta)

gF(TaSD7P7 ¢7 t) = © Z // th Ea,2<_a’§2ta) COS (n;mp)
0 — 0

g@(ﬂ%ﬂv ¢7 t) =0 0 QOtail Eoz,a(_a€2ta)

% oS <TL7T¢) Jnﬂ'/cpo (7’5) YTZT[’/(PO (R&) - Ynﬂ'/cpo (T&) J’n’/ﬂ'/(po (RS)
%0 L (RO + 1Y (RE)P

x [Jnﬂ/@o (pﬁ) Y'nl,‘n'/gpo (RE) — Ymr/sﬂo (pﬁ) Jr/rn'/gpo (Rg)} §d¢. (8~135)
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The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions have the following form:

Gm1 (1,0, ¢, 1) = dagont™™ Z//Ea,a(—aSQt“)cos <nmp> cos (nWQS)

LU ——, , %o %o

J"”/ipo (Tf) nﬂ'/(po (Rf) mr/cpo (7’5) nﬂ/gao (RS)

de, 8.136

] ou (RO + 1Y), (RE) ¢ (8.136)

Grna(r, 0, p1) = 2% Ga(r, 0. p, </>,t)‘ ; (8.137)
P 4o $=0

Guns(r 0, prt) = 3g¢(T7<P,P,¢,t)‘ : (8.138)
P 4o =0

Gp1(r, 0, 9,1) 4a901 Z /E —ag?t®) cos( ;f) cos (n(;roqb)

Jnﬂ’/gﬂo (r§) nﬂ/@o (Rg) 717T/<P0 (Té-) n‘n’/(po (Ré-)

[ joo (B + [V (RE)]? dg, (8.139)

gp2(r ©, P, ) 902 gf(ﬂ%@ ¢7t)’ ) (8140)
P Po $=0

gp3( @5 Py ) 14903 gf(h ®5 Py d)at)‘ . (8141)
PPo P=wo
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