Chapter 5

Equations with One Space Variable
in Polar Coordinates

You’'re either part of the solution or
you're part of the problem.

Eldridge Cleaver

5.1 Domain 0 < r < o0

5.1.1 Statement of the problem

‘?;QT - @g 4 i ‘Zf) + D 1), (5.1)
t=0: T=f(r), O<a<?2 (5.2)
t=0: %{:F(r), l<a<? (5.3)

Tim T(r1) = 0. (5.4)

The solution:

\8

f(p)Gy(r,pt pdp+/F )Gr(r, p,t) pdp
0 0

t oo
+//<1> 7)Go (1, p,t — 7) pdpdr. (5.5)
0 0
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The fundamental solutions to the first Cauchy problem G (r, p,t), to the sec-
ond Cauchy problem Gr(r, p,t) and to the source problem Gg (7, p, t) were obtained
in [148].

5.1.2 Fundamental solution to the first Cauchy problem

Gy 829f 1 0Gy
ote “ ( or? + r or )’ (5.6)
t=0: gf:poé(rr_p), 0<a<2, (5.7)
Gy
= N = < . .
t=0 ot 0, l<a<?2 (5.8)

It should be noted that the two-dimensional Dirac delta function in Cartesian
coordinates §(z) d(y) after passing to polar coordinates takes the form ,! d(r),
but for the sake of simplicity we have omitted the factor 27 in the solution (5.5)
as well as the factor .- in the delta term in (5.7). The condition at infinity (5.4)
will be implied in all the problems in infinite domains considered in this chapter.

The Laplace transform with respect to time ¢ and the Hankel transform of
order 0 with respect to the radial variable r (2.78) give

. a—1
T = pod . 5.9
gf Po 0(p§) e +a§2 ( )
The inverse integral transforms result in
gf(ra Py t) = Po / Ea (_a§2ta) JO<T§) JO (pg) §d§ (510)
0
It is convenient to introduce the following nondimensional quantities:
r \/ato‘/Q _ p2
r= , n=pf K= , Gr=" Gy 5.11
P P d Do d ( )
In this case -
Gy = [ Ea (=) o) Jo(r) (5.12)
0
Consider several particular cases of the solution (5.12).
Helmholtz equation (o — 0)
1 r 1
) 210<T)K0(), 0<F<l,
Gy = "“1 "i ’; (5.13)
2]0<)K0< )7 1 <7 <oo,
K K K

where Ip(z) and Ko(z) are the modified Bessel functions.
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Subdiffusion with @ = 1/2

i 17 , 147 N
= —u? - Io(, ), du 5.14
G 2/mK? /exp( “ 8&2u> O \an2u) o™ (5.14)

0
Classical diffusion equation (o = 1)
. 1 1+72 7

— = I () 5.15
G 2K2 exp( 4K ) 0\ 2k2 (5.15)

Wave equation (o = 2)
a) 0<k<l1

> 1
-1 S(r—1—
gy 2\/1—/@ o(r +I€)+2\/1+H (7 %)
0<7F<1-—k,
47rk2k’2r3/2 [E(k) - k”K(k)], 1-r<F<1l+s, (5.16)

1+r<T <00

- 1

= 5 r _— 1 _
9= o1 4 x 00 ®)
K 1 ~
drkr2e2 T\ ) Osr<r-1,
H —
+ A k2Ll 273/2 [E(k) - k/’lzK(/f)] , k—1<7<1+k, (5.17)
0, 14+ k<7 <00,

where K(k) and E(k) are the complete elliptic integrals of the first and second
kind, respectively,

B \/,%2 —(F=1)2
b= 2T ’

Dependence of the fundamental solution Gy on nondimensional distance 7 is
shown in Figs. 5.1 and 5.2 for various values of k and «. In what follows, three
distinguishing values of the parameter x are considered: 0 < Kk < 1, K = 1 and
K > 1. For a wave equation these values correspond to three characteristic events:
the wave front does not yet arrive at the origin, the wave front arrives at the origin,
and the wave front reflects from the origin.

=1-k2 (5.18)
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Figure 5.1: Dependence of the fundamental solution to the first Cauchy problem
in a plane on distance; k = 0.25 [148]
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Figure 5.2: Dependence of the fundamental solution to the first Cauchy problem
in a plane on distance; kK = 1
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5.1.3 Fundamental solution to the second Cauchy problem

0°Gr _ (0°Gp | 1 0GR
ot a( or? + r Or (5.19)
t=0: Grp=0, 1<a<2, (5.20)
oG 6(r—p)
t=20: = 1 < 2. 21
00 g =0 ses (5.21)
The solution:
Gr(r,p,t) = wot / Eq o (—a&t®) Jo(ré) Jo(p€) € d€. (5.22)
0
Wave equation (o = 2)
a) 0<k<l1
0, 0<r<1—x,
_ 1 B
Gr = ~K(k), 1—rk<T<1+k, (5.23)
RT\/T
0, 1+k <7 <o0.
b) k=1
1
~ K(k), 0<T<2,
Gp=1{ ™V (5.24)
0, 2 <7< o0.
c) k>1
1 1
K , 0<r<k-—1,
KA/ (k) SrSR
> = 1
r CK(k), k—1<F<l+r, (5.25)
KT/
0, 1+kr <7 <00,

where Gr = p?Gr /(wot), other nondimensional quantities are the same as in (5.11).
Dependence of the fundamental solution to the second Cauchy problem on
distance is shown in Figs. 5.3-5.5.
In the case of the wave equation (a = 2) the fundamental solution has jumps
at7T=1—kand at 7 =14k for 0 < K < 1, has a singularity at the origin ¥ =0
for k = 1, and has a singularity at 7 = x — 1 and a jump at ¥ = kK + 1 for Kk > 1.
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Figure 5.3: Dependence of the fundamental solution to the second Cauchy problem
in a plane on distance; k = 0.25 [148]
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Figure 5.4: Dependence of the fundamental solution to the second Cauchy problem
in a plane on distance; kK = 1
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Figure 5.5: Dependence of the fundamental solution to the second Cauchy problem
in a plane on distance; kK = 1.5 [148]

5.1.4 Fundamental solution to the source problem

The fundamental solution to the source problem is obtained in the similar way
and has the following form:

oo

Ga(r,p,t) = gt / oo (—a€%%) Jo(r€) Jo(p€) € de. (5.26)

0

Dependence of the fundamental solution G = p%Ga /(qot®~!) on distance is shown
in Figs. 5.6-5.8.

5.1.5 Delta-pulse at the origin

In the case of the first Cauchy problem we have

9T 9T 1T
ot _a(8r2 o 67")7 (5.27)
t=0: T:poé(r)7 0<a<2, (5.28)
2rr
T
t—0. T _g l<a<?2. (5.29)

ot
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Figure 5.6: Dependence of the fundamental solution to the source problem in a
plane on distance; k = 0.25 [148]
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Figure 5.7: Dependence of the fundamental solution to the source problem in a
plane on distance; £ = 1 [148]
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Figure 5.8: Dependence of the fundamental solution to the source problem in a
plane on distance; k = 1.5 [148]

The solution:
o

T - ;’;’T / B (—a€2%) Jo(r) € dé (5.30)
0
and -
2 /Ea JO 7”77)77d77a (531)
0
where "
r a
F= =Vat*?¢, T=" T 5.32
' Vate/?’ n=Vattle, Po (552
Helmholtz equation (o — 0)
1
T=_ KoF). (5.33)
2m

Here Ko(r) is the modified Bessel function.
Subdiffusion with @ = 1/2

1 1 N
T = 432 / . P <—u - Su) du. (5.34)
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Classical diffusion equation (o = 1)

1 7
T= — . .
4 P ( 4 > (5.35)
Wave equation (o = 2)

po O H(Jat—r)
27‘1\/(1(915 \/atz—rz ’

where H(z) is the Heaviside step function (see also [85]).

T = (5.36)

Now we investigate the behavior of the solution (5.31) at the origin. As for
large values of n we have (see (2.161)):

1

Bal=m)~ p1 oy

for n - 00, 0<a<2, (5.37)

only the fundamental solution to the classical diffusion equation has no singularity
at the origin. To investigate the type of singularity we rewrite the solution (5.31)
in the following form:

17 , 1 )
= QWO/[EQ(_W )_ F(l—a)(1+n2) JO(”?)ndU

27rF l—a / o(7m) ndn. (5.38)
0

The first integral in (5.38) has no singularity at the origin, while the second
one can be calculated analytically (see equation (A.28) from the Appendix) and
yields the logarithmic singularity at the origin

1
T~ Ko(r 2 .
27T (1 — ) o(7), 0<a<?2, (5.39)
or )
~9r(1— a) In7, 0<a<?2. (5.40)

Comparison of (5.40) and (5.33) allows us to substitute the condition 0 < a < 2
by 0 < a < 2. Equation (5.40), rewritten in terms of dimensional solution 7,

Po _
1 0< 2 5.41
2rateT(1 — ) nr Sa<s (5.41)

T~ —

is consistent with the behavior of the solution for small values of r obtained in [208].

Dependence of the nondimensional solution 7" on the similarity variable 7 is
shown in Fig. 5.9.
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Figure 5.9: Dependence of the solution on the similarity variable 7 (the first Cauchy
problem in a plane with the delta-pulse initial condition)

In the case of the second Cauchy problem with the delta-pulse initial condi-
tion the solution is expressed as

wol
= / Eo,2(—a€%t®) Jo(ré) € dé (5.42)
0
with T = at®* = T /wy.
The particular case of the solution (5.42) for the wave equation (a = 2) reads

1
, O0<r<l,
T=/{ 21y/1—-72 (5.43)

0, 1<7r<oo.

To investigate behavior of the solution (5.42) at the origin we recall that for
large values of 77 we have (see (2.162)):

1

T2 — o) for n 00, 1<a<2. (5.44)

Ea,2(_772) ~
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Figure 5.10: Dependence of the solution on the similarity variable 7 (the second
Cauchy problem in a plane with the delta-pulse initial condition)

Computations similar to those carried out above lead to

1

T~ = —a)

In7, l<a<?2. (5.45)
Hence, in the case of the second Cauchy problem with the delta-pulse initial con-
dition the solution also has its logarithmic singularity at the origin.

Dependence of nondimensional solution 7" on the similarity variable is de-
picted in Fig. 5.10.

The solution to the time-fractional diffusion wave equation with the source
term go ‘;S:T) 0(t) under zero initial conditions is expressed as

_ qota—l

T
2

Eq o (—a&t®) Jo(ré) € d€. (5.46)

It should be noted that due to (2.163)

for n - 00, 0<a<2. (5.47)

Hence, the solution (5.46) has no singularity at the origin for all 0 < o < 2.
Dependence of nondimensional solution T = atT'/qo on the similarity variable
is depicted in Fig. 5.11. It should be emphasized that solution (5.43), the same
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Figure 5.11: Dependence of the solution on the similarity variable 7 (the delta
pulse source problem in a plane with zero initial conditions)

both for the source problem and the second Cauchy problem, is approximated by
solutions (5.42) and (5.46) with o — 2 in different ways, in particular the solution
(5.42) has the logarithmic singularity at the origin, whereas the solution (5.46)
has no singularity.

5.2 Evolution of the unit-box signal

5.2.1 First Cauchy problem

0T 09*°T 10T
pu— -4
ote (8r2 +T 67") (5.48)
To, 0<r<R,
t=0: T= 0<a<?2, (5.49)
0, R <r < oo,
t=0: %1;:0’ l1<a<2. (5.50)

The solution [162]:

T =ToR / E, (—a&?t™) Ji(RE) Jo(r€) dé. (5.51)
0
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It is convenient to introduce the following nondimensional quantities:

r Vat®/? T
= T = . 5.52
r " R T, (5:52)

Helmholtz equation (o — 0)

G R () e (D) (D) - ()5 ()]

1 /1 7 i
Hﬁ(ﬁ)KbQJ, 1< 7 < 0. (5.53)

Subdiffusion with o« = 1/2

0o 1

1 1 2 7+ T
T = v — 1 dx du. .54
4/12\/7T/ue /exp( 8/—12u> 0 <4m2u> v (5:54)
0

0

1
1 2+ T\
T = 42 /exp (— 12 ) Iy ( 02 ) dx. (5.55)
0

Wave equation (o = 2)

a) 0<k<l1

1, 0<7F<1—x,

27 rF—kK
T=q¢1-A 51 k K(k 1-— r<1
o<arcs1n\/1+r+ﬁ, )—|— A (k), k<7 <14k,

0, 1+r <7 <00
(5.56)

o Fo1
1-A i % k) + T IK®E), 0<i<2,
T = °<M%m 247 ) e KR 0T (5.57)

0, 2 <7< o00.
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c) 1<k<oo

r—1 1
1—Ap <arcsin\/::1;+17k>

1 1
— K , 0<r<k-—-1,
kT (k> =ren

T = 9 (5.58)
1—-Ap arcsin\/ - Lk
K+7+1
+ TR ®K), K—1<7<l+r,
T
0, 1+r <7 <o0.

where Ag (¢, k) is the Heuman Lambda function,
2
Ao, k) = _[E(R) Fo, k) + K(k) E(p. k) — K(k) F(e, )], (5.59)
F(p, k) and E(p, k) are elliptic integrals of the first and second kind, K(k) and
E(k) are complete elliptic integrals of the first and second kind, respectively, k

and k' are the same as in (5.18).
The solution (5.51) is shown in Figs. 5.12-5.14.

1.00 V\

a=1 / a=1.5
0.25 \
a=2
0.00 \
0.0 0.5 1.0 1.5 2.0 2.5

=

Figure 5.12: Evolution of the unit-box signal in a plane (the first Cauchy problem;
Kk =0.5) [162]
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Figure 5.13: Evolution of the unit-box signal in a plane (the first Cauchy problem;
k=1) [162]
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Figure 5.14: Evolution of the unit-box signal in a plane (the first Cauchy problem;
Kk =1.5) [162]
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5.2.2 Second Cauchy problem

0T o?°T 10T
ot~ ¢ (31"2 + r 87’) (5.60)
t=0: T=0, l<a<?, (5.61)

we, 0<r <R,

t=0: 6T: ’ l<a<2 (5.62)

ot 0, R <r < oo,

The solution [182]:
T = woRt / Eqo (—a&®t®) Ji(RE) Jo(ré) d€. (5.63)
0

Dependence of solution (5.63) on distance is shown in Figs. 5.15-5.17 for
various values of k and « (T = T/(wot), ¥ = r/R).

1.0
a=2
0.8 / ’/
0.6 a=1.5
T
0.4
a=1.05

0.2
0.0 S~——

0.0 0.5 1.0 1.5 2.0

=

Figure 5.15: Evolution of the unit-box signal in a plane (the second Cauchy prob-
lem; k = 0.5) [182]
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Figure 5.16: Evolution of the unit-box signal in a plane (the second Cauchy prob-
lem; k = 1)
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Figure 5.17: Evolution of the unit-box signal in a plane (the second Cauchy prob-
lem; k = 1.25) [182]
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5.2.3 Source problem

We consider the diffusion-wave equation

o°T 9’T 19T Q, 0<r<R,
= ot 5.64
ote a<3r2+r6r>+(){0, R <r < oo, ( )
under zero initial conditions. The solution has the following form [182]:
T = qoRt*™* / Eoo(—a&?t™) Jo(r&) Ji(RE) dE. (5.65)
0

Figures 5.18-5.20 show the solution (5.65) for various values of « and x (T =
tl_aT/(JQ).
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Figure 5.18: Evolution of the unit-box signal in a plane (the source problem;
Kk =0.5) [182]
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Figure 5.19: Evolution of the unit-box signal in a plane (the source problem; k = 1)
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Figure 5.20: Evolution of the unit-box signal in a plane (the source problem;
Kk =1.25) [182]
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5.3.1 Dirichlet boundary condition

‘?;QT —a @g + i Zf) + D, b), (5.66)
t=0: T=f(r), O0<a<?2 (5.67)
t=0: %{:F(r), l<a<? (5.68)
r=R: T=g(t). (5.69)

The solution:
R R
T(T,t):/f()gﬂp, pdp+/F )Gr(r,p,t) pdp
0 0

t R t
+0/0/<I>(p,7) g¢(r7p7t—7)pdpd7+o/g(7) Gy(ryt —7)dr. (5.70)

The fundamental solutions under zero Dirichlet boundary condition have the
form

Gy(r. p,t) ) = Po Bo(—a&it®) e To(6Ee)
Gr(rp,t) | = o> | wot Baa(—agit®) 0 J%’“(ngg’ k (5.71)
Ga(r,p,t) k=1 qot® ! B o(—a&it®)
with the sum over all positive roots of the zero-order Bessel function
Jo(RE,) = 0. (5.72)

They are obtained using the Laplace transform with respect to time ¢ and the
finite Hankel transform (2.96) with respect to the radial coordinate 7.

The fundamental solution to the Dirichlet problem under zero initial condi-
tion is expressed as

aRgo 0Ga(r, p,t)

Gy(r,t) = — .
.‘1( ) % 8p p=R

(5.73)
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For numerical calculations the following nondimensional quantities are intro-
duced:

_ T _ 1% - \/ato‘/2 o R2
r=R PR F=Tgp o 9= O
R? R? R?
_ _ _ . 5.74
gr wot gr, Go goto-1 Go, Gy agoto1 Yy (5.74)

Dependence of the fundamental solution Gy on the nondimensional distance
r is shown in Figs. 5.21-5.22. Dependence of the fundamental solution Gr on
distance is presented in Figs. 5.23-5.25. Dependence of the fundamental solution
Go on distance is depicted in Figs. 5.26-5.28. The fundamental solution to the
Dirichlet problem G, is shown in Fig. 5.29.

10.0
a=1.75
8.0 ,/
a=1.5
6.0 0
o =
Gr a=05
4.0 /
a=1
0.0 \
0.0 0.2 0.4 0.6 0.8 1.0
7

Figure 5.21: The fundamental solution to the first Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, Kk = 0.25)
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Figure 5.22: The fundamental solution to the first Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, k = 0.5)

6.0

a=195

5.0 \
a=1.75

4.0

2.0
a=1.05

1.0

AN

0.0 0.2 0.4 0.6 0.8 1.0

g

Figure 5.23: The fundamental solution to the second Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, k = 0.25)
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Figure 5.24: The fundamental solution to the second Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, K = 0.5)
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Figure 5.25: The fundamental solution to the second Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, k = 0.75)
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Figure 5.26: The fundamental solution to the source problem in a cylinder under
zero Dirichlet boundary condition (p = 0.5, k = 0.25)
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Figure 5.27: The fundamental solution to the source problem in a cylinder under
zero Dirichlet boundary condition (p = 0.5, kK = 0.5)
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Figure 5.28: The fundamental solution to the source problem in a cylinder under
zero Dirichlet boundary condition (p = 0.5, kK = 0.75)
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Figure 5.29: The fundamental solution to the Dirichlet problem in a cylinder;
Kk =0.25
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Constant source strength. Here we consider the fractional diffusion-wave equa-

tion with constant source term Qo = const

T _ (0T 10T\
3t“_a or?2 r Or 0

under zero initial conditions

t=0: T=0, 0<a<?,
t=0 aT:o, l<a<?2
ot

and zero Dirichlet boundary condition

r=R: T=0,
having the solution [149]
Qo 2) Jo(rék)
T = - E, ta .
4a (7 Z —a 573’ J1(Rék)

Helmbholtz equation (o — 0)

Qo 2 2Qo 1 Jo(r&r)
= 4a (R* - Z 1+ aff & J(R&)’

Classical diffusion equation (o = 1)

2Q0 J
T = ff(j (R2 — r2) — ;}2%0 ;exp (—a{“,%t) 0(r)

The solution (5.81) is presented in [26].

Wave equation (o = 2)

2Q0 J
T = ffs (R?—1r?) — Q%J ; cos (va&it) 0(re)

& J1(RER)

& J1(R&k)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

The results of numerical calculations are shown in Figs. 5.30 and 5.31 with

T = aT/(QuR?).
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Figure 5.30: Dependence of temperature in a cylinder on distance (the constant
source strength; k = 0.5 [149]
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Figure 5.31: Dependence of temperature in a cylinder on distance (the constant
source strength; k = 1 [149]
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Dirichlet problem with constant boundary condition

o~T 8’T 19T
oo~ ¢ (31"2 T r 87’) ’ (5.83)
t=0: T=0, 0<a<?2, (5.84)
oT
0 ot 0, <a<?2, (5.85)
r=R: T=T,. (5.86)
The solution has the form:

- Jo(r&k)

T=Ty|1-2) E,(—a&t® ) 5.87

k=1

The solution (5.87) was obtained by Narahari Achar and Hanneken [126], but
their numerical analysis of this solution and conclusions from such an analysis
need improvement (see [149]). The results of numerical calculations according to
(5.87) are presented in Figs. 5.32-5.34 for typical values of the parameter x with
(T =T/To).

Figure 5.32: Dependence of temperature in a cylinder on distance (the constant
boundary condition; x = 0.5 [149]
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Figure 5.33: Dependence of temperature in a cylinder on distance (the constant
boundary condition; £ = 1 [149]
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Figure 5.34: Dependence of temperature in a cylinder on distance (the constant
boundary condition; x = 1.5 [149]
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5.3.2 Neumann boundary condition

o*T o*°T 10T
ot (37’2 + r 31") +&(r, 1), (5.88)
t=0: T=f@r), O<a<2 (5.89)
t=0: T _Fe), 1<a<o (5.90)
ot
oT
r=R: o = g(t). (5.91)

The solution:

R R
/f )Gr(r,p,t pdp+/F(p)gF(7’,p,t)pdp
0 0

t R ¢
+ //q) T)Ga(r p,t—T)pdpd7'+/g(T)gg(r,t—T)dT. (5.92)
00 0

The fundamental solutions under zero Neumann boundary condition have the form

Gy(r,p,t) ) Po
Gr(r,p,t) | = R2 wot
g®<r7p7t) qotail/r(a)
po Eo(—apt™) Jo(rEe)Jo(pEs)
+ o 2| wot Bas(—agitr) | Jgk(ngf " (5.93)

F=1\ gote1 Eo.o(—a&?t®)
with sum over all positive roots of the first-order Bessel function
J1(R&) = 0. (5.94)

The solutions were obtained using the Laplace transform with respect to time
and the finite Hankel transform (2.100) with respect to the radial coordinate.

Dependence of the fundamental solution G; on nondimensional distance r is
shown in Figs. 5.35-5.36. Dependence of the fundamental solution G on distance
is presented in Figs. 5.37-5.39. Dependence of the fundamental solution G¢ on
distance is depicted in Figs. 5.40-5.42. The nondimensional quantities are the
same as in (5.74). For k = 0.25 the fundamental solutions under zero Dirichlet
and Neumann boundary conditions behave very similarly (the solutions do not
“feel” the boundary condition), but for k = 0.5 and x = 0.75 there appears
significant difference.



122 Chapter 5. Equations with One Space Variable in Polar Coordinates

10.0

w 7

0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.35: The fundamental solution to the first Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, k = 0.25)
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Figure 5.36: The fundamental solution to the first Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, kK = 0.5)



5.3. Domain 0 <r <R 123

6.0

a=195

5.0 \
a=1.75

4.0

2.0
a=1.05

1.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.37: The fundamental solution to the second Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, K = 0.25)
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Figure 5.38: The fundamental solution to the second Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, kK = 0.5)
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Figure 5.39: The fundamental solution to the second Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, Kk = 0.75)
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Figure 5.40: The fundamental solution to the source problem in a cylinder under
zero Neumann boundary condition (p = 0.5, k = 0.25)
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Figure 5.41: The fundamental solution to the source problem in a cylinder under
zero Neumann boundary condition (p = 0.5, k = 0.5)
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Figure 5.42: The fundamental solution to the source problem in a cylinder under
zero Neumann boundary condition (p = 0.5, k = 0.75)
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Fundamental solution to the mathematical Neumann problem

G (0%Gm 110G,
ote ( or? + r Or ) ’ (5.95)
t=0: G, =0, 0<a<?2, (5.96)
0Gm

=0: = < .

t=20 ot 0, l<a<?, (5.97)
0Gm
r=R: oy = 90 o(t). (5.98)
The solution reads:
2agot® ! 1 > 9 Jo(r&k)

Gm(r,t) = +»§ Eo.o (—a&it® . 5.99
(’l‘ ) R F(OZ) p 5 ( agk ) JO(ng) ( )

The solution (5.99) is shown in Figs. 5.43 and 5.44, where G, = Rt'~°G,,/(ago)-

_ a=2
25 a=175
2.0
G

15 a=1
1.0 \

=4
0-5 a=0.5
0.0

0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.43: The fundamental solution to the mathematical Neumann problem for
a cylinder; k = 0.5
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Figure 5.44: The fundamental solution to the mathematical Neumann problem for

a cylinder; Kk =1

Constant boundary value of the normal derivative. In the case when a constant
boundary value of the normal derivative is considered,

orT
=R: = 5.100
r or = 90 ( )
the solution has the following form [174]:
2agot® go | 2 Jo(r€k)
T= — -2 E, to‘ 5.101
RT(14+a) R E: ~at QJMR&) (5:101)

The particular case of (5.101) corresponding to the classical diffusion equation
(av = 1) coincides with the corresponding solution presented in [26].

The results of numerical calculations are presented in Fig. 5.45 and Fig. 5.46
with T =T/(goR).

Fundamental solution to the physical Neumann problem

0°G,  (0°G, 109G,

ot < o2 T oo (5.102)
t=0: G,=0, O0<a<2 (5.103)
t=0: % _0, 1<a<o, (5.104)

ot
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Figure 5.45: Dependence of temperature in a cylinder on distance (the constant
normal derivative of temperature at the boundary; x = 0.5)
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Figure 5.46: Dependence of temperature in a cylinder on distance (the constant
normal derivative of temperature at the boundary; k = 1)
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Figure 5.47: The fundamental solution to the physical Neumann problem for a

cylinder; kK = 0.5

oG,

r=R: Dp" o, —900(t),  0<a<l, (5.105)
r
a—lagp
r=R: I 9 = go 0(¢), l<a<2. (5.106)
r
The solution
2ago - 2 Jo(ré)
G,(r,t) = 1+ E, (—a&;t® 5.107
is shown in Figs. 5.47 and 5.48 with G, = RG,/(ago)-
Constant heat flux at the boundary
0T 0’T 19T
= -1
ote ~ <6r2 + r 67") (5.108)
t=0: T =0, 0<a<2, (5.109)
or
t=0: =0, 1 <2 5.110
ot ’ Sess ( )
oT
r=R: Dp" oy =90 0<a<l, (5.111)
T
r=R: 104*13 =go, l<a<2 (5.112)

or
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Figure 5.48: The fundamental solution to the physical Neumann problem for a
cylinder; k =1

The solution [174]:

_ 2agot = _ L e2qa Jo(Tgk)
T="" 1+;Ea,g( alt )Jo(Rék) . (5.113)

The results of numerical calculations of the solution (5.113) are presented in
Fig. 5.49 and Fig. 5.50 with 7' = t*~1T/(goR).

5.3.3 Robin boundary condition

o*T o*T 10T
gra =0 <8r2 + . 37‘) + o(r, t), (5.114)
t=0: T=f(r), O0<a<?2, (5.115)
T
t=0: ?% —F(r), 1<a<2 (5.116)
orT

r=R: HT+ 9t =g(t). (5.117)
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Figure 5.49: Dependence of temperature in a cylinder on distance (the constant
heat flux at the boundary; k = 0.5)
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Figure 5.50: Dependence of temperature in a cylinder on distance (the constant
heat flux at the boundary; k = 1
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The solution:

R R
10,0 = [ 10 Gs:0.0)pdp+ [ F(o)Grlrpt) o
0 0

t R t
+ //(I)(p,T)g@(T,p,t—T)pdpdT—‘r/g(T)gg(T,t—T)dT. (5.118)
00 0

The fundamental solutions [186]

gf(r7 P t) 9 00 Do Ea(_aglzta)
Gr(rpt) | = po D | wot Baa(—agit?)
Go(r, p,1) "\ gt ! B (—aglt®)
& Jo(rée) Jo(pér) (5.119)
G+H>  J5(RE) '
with sum over all positive roots of the transcendental equation
ErJ1(RE:) = HJo(REx) (5.120)

are obtained using the Laplace transform with respect to time ¢ and the finite
Hankel transform (2.104) with respect to the radial coordinate r.

The fundamental solution to the mathematical Robin problem under zero
initial condition is expressed as

Gy(r,t) = T Garpt)| (5.121)

40 p=R

Dependence of the fundamental solution G¢ on nondimensional distance r is
shown in Figs. 5.51-5.52 (H = RH, Gy = RQQf/po). The fundamental solution Gr
is depicted in Figs. 5.53-5.55 with Gr = R?Gr/(wot). The fundamental solution
Go is presented in Figs. 5.56-5.58 for various values of o, x and H, where Gp =
R?t'=%Gg /qo. The fundamental solution to the mathematical Robin boundary
value problem under zero initial conditions G,(r,t) is shown in Figs. 5.59 and 5.60
with G, = RG,T'~/(ago). The fundamental solutions under Robin boundary
conditions for k = 0.25 do not “feel” the boundary condition, but for x = 0.5 and
k = 0.75 there appears significant difference between solutions under Dirichlet,
Neumann and Robin boundary conditions.
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Figure 5.51: The fundamental solution to the first Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.25, H = 1) [186]
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Figure 5.52: The fundamental solution to the first Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.5, H = 1) [186]
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Figure 5.53: The fundamental solution to the second Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.25, H = 1) [186]
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Figure 5.54: The fundamental solution to the second Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.5, H = 1) [186]
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Figure 5.55: The fundamental solution to the second Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, kK = 0.75, H = 1) [186]
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Figure 5.56: The fundamental solution to the source problem in a cylinder under
zero Robin boundary condition (p = 0.5, x = 0.25, H = 1) [186]
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Figure 5.57: The fundamental solution to the source problem in a cylinder under
zero Robin boundary condition (p = 0.5, k = 0.5, H = 1) [186]
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Figure 5.58: The fundamental solution to the source problem in a cylinder under

zero Robin boundary condition (p = 0.5, k = 0.75, H = 1) [186]
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Figure 5.59: The fundamental solution to the Robin problem for a cylinder under

zero initial conditions (k = 0.5, H = 1) [186]
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Figure 5.60: The fundamental solution to the Robin problem for a cylinder under
zero initial conditions (a = 1.75, k = 1) [186]
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54 Domain R < r < oo

5.4.1 Dirichlet boundary condition

o*T o*T 10T

gra =@ <8r2 + . 37‘) + o(r, t), (5.122)
t=0: T=f@r), O<a<2 (5.123)
t=0: %f:p@; l<a<?, (5.124)
r=R: T=g(t). (5.125)

The zero condition at infinity is also assumed:

lim T(r,t) = 0. (5.126)
T—00

The solution:

/f )Gr(r,p,t Pdp+/F )Gr(r, p,t) pdp
R R

t oo t
+ //@ 7)Ga (1, p, t )pdpdT+/g(T) Gy(r,t —71)dr.  (5.127)
0 R 0

The fundamental solutions under zero Dirichlet boundary condition,

Gi(r, p,t) o po Eo(—ag?t®) To(r) Yo(BE) — Yo(re) Jo(RE)
gmw>:/ wot Eo,»(~ag?t?) °wé&ﬁ%@f§
g<I> (T7 P, t) 0 q()tail Eoz,a(_atha)

X [Jo(pg) Yo(RE) = Yo(pg) Jo(Re)| € e, (5.128)

are obtained using the Laplace transform with respect to time ¢ and the Weber
transform (2.108), (2.117) with respect to the radial coordinate r.

Dependence of the fundamental solution G; = R2G;/po on nondimensional
distance 7 = r/R with p = p/R and k£ = y/at*/R is shown in Fig. 5.61. The
fundamental solution Gr = R2Gr/(wot) is presented in Figs. 5.62 and 5.63. The
fundamental solution to the source problem under zero Dirichlet boundary condi-
tion Go = R?Ga /(qot® 1) is depicted in Figs. 5.64 and 5.65.
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Figure 5.61: The fundamental solution to the first Cauchy problem in a body with
a cylindrical hole under zero Dirichlet boundary condition (p = 2, k = 0.5)
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Figure 5.62: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Dirichlet boundary condition (p = 2, K = 0.5)
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Figure 5.63: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Dirichlet boundary condition (p =2, k = 1)
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Figure 5.64: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Dirichlet boundary condition (p = 2, k = 0.5)
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Figure 5.65: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Dirichlet boundary condition (p =2, k = 1)

Fundamental solution to the Dirichlet problem

R e
t=0: G, =0, 0<a<?2, (5.130)
t=0: a;qzo, l<ac<2, (5.131)

r=R: G,=god(t). (5.132)

The solution [157]:

2agot® 1 T
6,(r,t) = =" [ Bun(-agt)
0
Jo(r&)Yo(RE) — Yo(r€)Jo(RE)
Jg (RE) + Y (RE)
The fundamental solution G, = tG, /go is shown in Fig. 5.66. The plot of solution
for @ = 2 in Fig. 5.66 needs additional discussion. If we consider the axisymmetric
Cauchy problem for the wave equation in a plane with initial value T'(r,0) =
d(r — R), then the nondimensional solution for 0 < £ < 1 has the form
1
= 4]
2v/1 — kK

¢de. (5.133)

Gs (F—1+k) §5(F—1—k)+ (a “tail”) (5.134)

_|_
2vV1+ &k
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Figure 5.66: The fundamental solution to the Dirichlet problem for a body with a
cylindrical hole (p =2, k = 1) [157]

(see (5.16)). The first term in Eq. (5.134) presents the delta peak traveling in the
direction of origin, the second term corresponds to the delta peak propagating in
the direction of infinity, and the third term describes a “tail” behind the wave
fronts. In the case of a cylinder with radius R (0 < r < R) the signaling problem
for the wave equation with the Dirac delta boundary condition T(R,t) = §(t)
in the case 0 < xk < 1 has a solution containing the delta peak traveling in the
direction of origin and a portion of “tail” behind the wave front:

1

gg:\/l—n

0(F—1+k) + (a “tail”). (5.135)

Similarly, in the case of an infinite medium with cylindrical cavity (R < r < 00) the
corresponding solution to the signaling problem contains the delta peak traveling
in the direction of infinity and also a portion of “tail” behind the wave front:

§(F—1—k) + (a “tail”). (5.136)

It should be noted that coefficients of delta functions in (5.135) and (5.136) are
twice as large as those in (5.134) (the initial delta pulse does not split in two
parts). The “tails” in (5.135) and (5.136) cannot be calculated analytically as in
(5.134), but can be estimated numerically.
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Figure 5.67: Dependence of the solution on distance (the Dirichlet problem for an
infinite medium with cylindrical hole with constant boundary condition; k = 1)
[157]

Constant boundary value of temperature. In this case equations (5.129)—(5.131)
are considered under the boundary condition

r=R: T=T1T,. (5.137)
The solution has the following form [157]

o, €)Y (RE) — Yo(ré)Jo(RE) d
T—T 4+ 7To/Ea ) Jo( §)J§((R§))+Y§((I§2)o( ¢) ; (5.138)
0

and is displayed in Fig. 5.67 with T'=T'/Ty.
Recall that the solution to the corresponding problem for the classical heat
conduction equation is well known [26, 48]:

L Jo(r€)Yo(RE) — Yo(r€) Jo(RE) dé
T=To+ 0/exp (—a&’t) J2(RE) + Y2 (RE) . (5.139)

5.4.2 Neumann boundary condition

8T 2T 19T
e = <6r2 + m) + ®(r, 1), (5.140)
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t=0: T=f(r), 0<a<2, (5.141)
t=0: g‘tr —F(r), l<a<2, (5.142)
oT

r=r: =T —g0) (5.143)

Tlggo T(r,t)=0. (5.144)

The solution:
T(rt) =/f(p)gf(hp,t)pdwr/F(p)gF(hp,t)pdp
R R
t oo t

+ O/IZq)(p,T) g¢(r,p,t—7)pdpdr+/g(7) Gy(r,t—T)dr. (5.145)

0

The fundamental solutions under zero Neumann boundary condition have the
following form:

Gr(r,p,t) 0o po Eo(—a&?t™) J v (R v (R
Gr(r,p,t) =/ wot Bq 2(—a&?t®) O(TS)JI;((RE));YTQ((gé)l( *
g<I> (T7 P, t) 0 lIOtOﬁl Ea,a(_agzta)

x [ Jo(p€) Yi(RE) — Yo(p€) J1 (Re)| € de (5.146)

and are obtained using the Laplace transform with respect to time ¢ and the Weber
transform (2.108), (2.119) with respect to the radial coordinate r.

Dependence of the fundamental solution G = R2G ¥ /po on nondimensional
distance 7 = r/R with p = p/R and k = y/at*/R is shown in Figs. 5.68 and 5.69.
The fundamental solution Gr = R2Gr/(wot) is presented in Figs. 5.70 and 5.71.
The fundamental solution to the source problem under zero Neumann boundary
condition Gy = R*Gg/(qot®~ ") is depicted in Figs. 5.72 and 5.73. For x = 0.5 the
fundamental solutions under zero Dirichlet and Neumann boundary conditions are
very similar (do not “feel” the boundary condition), but for x > 1 the solutions
under Dirichlet and Neumann boundary conditions are significantly different.
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Figure 5.68: The fundamental solution to the first Cauchy problem in a body with
a cylindrical hole under zero Neumann boundary condition (p = 2, k = 0.5)
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Figure 5.69: The fundamental solution to the first Cauchy problem in a body with
a cylindrical hole under zero Neumann boundary condition (p =2, k = 1)
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0.6

a=1.95 a=2

0.5 T /
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g_F 0.3 a=1.75
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1.0 1.5 2.0 2.5 3.0
f

Figure 5.70: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Neumann boundary condition (p = 2, k = 0.5)

0.4
a=2
0.3 ’/
Gr 0.2

/ a=175
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0.0

1.0 1.5 2.0 2.5 3.0 3.5 4.0
T

Figure 5.71: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Neumann boundary condition (p = 2, k = 1)
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a=1.75

a=1

aZ05 \\\‘\\.
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Figure 5.72: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Neumann boundary condition (p = 2, k = 0.5)
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Gy 02
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Figure 5.73: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Neumann boundary condition (p =2, k = 1)
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Fundamental solution to the mathematical Neumann problem

9°Gm  (0*Gm | 1 0Gn
ote —a( or? + r or ) (5.147)
t=0: Gn=0, O0<a<2, (5.148)
t—0: 99—y 1ca<o2 (5.149)
ot
OGm,
r=R: op = 90 o(t). (5.150)

The solution

£

(5.151)

2090750‘ LT o Jo(rE) Y3 (RE) — Yo(r€) J1 (RE)
Gm(r:t) = 0/ Eo,o(~ag’t?) J2(RE) + Y2(RE) 4

is depicted in Fig. 5.74 with G,,, = tG,/(Rgo)-

0.8

0.6

Figure 5.74: The fundamental solution to the mathematical Neumann problem for
a body with a cylindrical hole (p = 2, kK = 1) [157]
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Figure 5.75: Dependence of the solution on distance (an infinite medium with a
cylindrical hole and constant boundary value of normal derivative; kK = 1) [175]

Constant boundary value of normal derivative

oT
r=R: = —go = const.

or
The solution [157]

2% [ 2] Jo(rEYi(RE) — Yo(ré)Jy (RE) d€
r=- wo/[l‘E“(‘““ 1 Rre +viere e
0

is shown in Fig. 5.75 (T =T/(Rgo)).

Fundamental solution to the physical Neumann problem

G, _ (a?gp 1 agp>

ot or? r Or
t=0: G,=0, 0<a<2,
t=0: %9 _0 1<a<o
ot
oG,

r=R: DL®

RL g, :*905(15), O0<a<l,

(5.152)

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)
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0
r=R: Io‘flargp =—god(t), 1<a<2
The solution

Jo(r&)Y1(RE) — Yo(r§)J1 (RS)
JE(RE) + Y (RS)

Gp(r,t) = _ 2ag0 Ea(—a§2t“)

™

Constant boundary value of the heat flux

_o,0T

r=R: Dp, =—g0, 0<ac<l
oT

r=R: 1! =—go, l<a<?2.
or

The solution

_ QG%t/}hz (—agt®) OUfﬁﬁU%)—YGUQJﬂRQ(M
0

JR(RE) + Y (Re)

is shown in Fig. 5.76 with T'= RT/(agot).

0.8
a=2
0.6
T o =195
/
0.4
a=1 a=175
0.2 ///
a=0
(1:2\
0.0
1.0 1.5 2.0 25 3.0

dé.

(5.158)

(5.159)

(5.160)

(5.161)

(5.162)

Figure 5.76: Dependence of the temperature on distance (the constant heat flux

at the boundary of a body with a cylindrical hole) [175]
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5.4.3 Robin boundary condition

o*T 0T 10T
gra =0 (37,2 + . 8r> + O(r, t), (5.163)
t=0: T=f(r), 0<a<2, (5.164)
t=0: ‘g:F(m l<a<2, (5.165)
T
r=R: 0 + HT = g(t), (5.166)
or
rlggo T(r,t) =0. (5.167)
The solution:
T(rt) =/f(p)gf(r,p,t)pdwr/F(p)gF(r,p,t)pdp
R R
t oo t

+ O/Zq)(p,r) gq>(r,p,t—7)pdpd7'+0/g(7') Gy(r,t —T)dr. (5.168)

The fundamental solutions under zero Robin boundary condition

gf(T’, P t) o) Do Ea (_a€2ta)
Gr(r,p,t) :/ wot Eq o(—a&?t®)
Ga(r,p,t) 0\ ot Eq o (—ag?t®)

" Yo(r) [§J1(RE) + HJo(RE)] — Jo(r€) [EY1(RE) + HY(RE)]
[€J1(RE) + H Jo(RE)]” + [£Y1(RE) + HYo(RE))?

< {Yo(p€) [€T1(RE) + HJo(RE)] — Jo(p€) [€Y1(RE) + HYo(RE)] } €d€ (5.169)

are obtained using the Laplace transform with respect to time ¢ and the Weber
transform (2.108), (2.121) with respect to the radial coordinate r.

The fundamental solution to the mathematical Robin problem under zero
initial conditions has the following form:

o0
- 2agot> !

Gy(r,t) = Ea,a(—a§2ta)
3
" Yo(ré) [§J1(RE) + HJo(RE)] — Jo(ré) [€Y1(RE) + HYo(RE)]

) 5 €d¢. (5.170)
(€N (RE) + HJo(RE)]™ + [Y1(RE) + HYo(RE)]
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