Chapter 12

Equations with Three Space Variables

in Spherical Coordinates

I have answered three questions, and

that is enough.

Lewis Carroll

“Alice’s Adventures in Wonderland”

12.1 Domain 0 <r<oo, -1 < u<l,
0< ¢ <2m

Consider the time-fractional diffusion-wave equation with a source term in spher-

ical coordinates r, 6, and ¢:
8“T_a 82T_~_28T+ 1 0 SineaT
ot or?2 r Or  r?sinf 00 tolv}
1 0*T
+ (b 9 0’ 7t b
r2sin’ 0 3902} (r,6,¢:%)
0<r<oo, 0<O0<m 0<p<27m.

Change of variable . = cos leads to the equation
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0<r<oo, —-1<pu<l 0<¢p< 2T
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416 Chapter 12. Equations with Three Space Variables in Spherical Coordinates

In the subsequent text we will consider immediately Eq. (12.2). For this equation
the initial conditions are prescribed:

t=0: T=f(ru,q)), 0<a<?2, (12.3)
oT
t=0: 9t =F(r,u,p), l<a<2. (12.4)

As usually, the zero condition at infinity is assumed:

lim T'(r, u, ¢, t) = 0. (12.5)
T—00

The solution to the initial-value problem (12.2)—(12.5) is written as:

27

1 oo
T(r, o, 1) ///f 9.C.8) Gy (1 1y 0, 9, C, 6, 8) p dpdC db
0 —-10
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The fundamental solution G (r, u, ¢, p, ¢, ¢, t) is the solution to the following
problem:

+ Fp7C d) gF T)Uﬂ(p7p7§ d)a )depdCdd)
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o — . O\§
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/

/<1>p7<¢, )G (o pts 0o, Gy 6.t — ) 2 dpdCdgdr. (12,6
0

9°G; _ [9°G; 209G, 1 9 o\ OG; 1 o
ot { Oor? +r or +r2 ou (1 B ) ou +r2 (1—p?) 992 |’ (12.7)
_0- _ . 0(r—p)
t=0: gf = Po r2 6(M - C) 6(()0 - d))a 0<a<?2, (128)
t=0: aagtfzm l<a<2 (12.9)

Now we introduce the new looked-for function v = +/r G;. In terms of this
function, the initial value problem (12.7)-(12.9) is rewritten as

0%v 321)+131)_1 +13 (1_ 2)81)+ 1 0%v
- ' g 2 (1) g |

ote or2  r Or  4r? r2 O ou dp
(12.10)
P
t=0: v= r3?2 S(r—p)d(n—0_dp—¢), 0<a<?2, (12.11)
r=0: % o, l<a<2 (12.12)
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Next, we use the Laplace transform (2.1) with respect to time ¢, the finite
Fourier transform for 2m-periodic functions (2.72) with respect to the angular
coordinate ¢, the Legendre transform (2.75) with respect to the coordinate p,
and the Hankel transform (2.78) of the order n + 1/2 with respect to the radial
coordinate r. It should be emphasized that the order of integral transforms is
important. In the transforms domain we get

0471

e My, p, 6, 5) = j(; Tn1/2(p€) PI*(C) cos[m(p — )]

Inversion of all the integral transforms and bringing back to the fundamental
solution Gy = v/+/r gives [169]:

oo (1219

2n+1 (n—m)! m
Gr(r, 1y 0,0, Co 1) _”anz;)mzo n+m)!P" (1) P™(C)
x coslm / Eo (~a€21%) Jyorjo(r€) Juir jo(p6) €, (12.14)
0

where the prime near the summation symbol denotes that the term corresponding
to m = 0 in the sum should be multiplied by the factor 1/2.

Dependence of the fundamental solution (12.14) on the radial coordinate
r is presented in Fig. 12.1. The following nondimensional quantities have been
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Figure 12.1: Dependence of the fundamental solution to the first Cauchy problem
in an infinite medium in spherical coordinates on the radial coordinate r (k = 0.5,
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introduced: ;
3 r at/?
g f= p g 1 r= K= \/ .
Do P P
The fundamental solutions to the second Cauchy problem and to the source

problem are obtained in a similar way and are expressed as [169]

gF(T7ua<p7p7§a¢at) . 1 1 2n+1 (n_m)l
(g‘b(r7uu¢7p7<a¢ut)> B ﬂ'\/T’p Z Z 2 (n+m)'

(12.15)

X Py () Py (C) cos[m(p — ¢)]

n lU()t Eoé72(—a€2ta)
’ O/ < qot® ' B o (—a&?t®) ) Tnt172(1€) Jnt1/2(p€) € dE. (12.16)

The nondimensional fundamental solutions

3 3

QF:p Gr and Go = p
’UJOt

o (12.17)

are shown in Figs. 12.2-12.4 and Figs. 12.5-12.7, respectively.
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Figure 12.2: Dependence of the fundamental solution to the second Cauchy prob-
lem in an infinite medium in spherical coordinates on the radial coordinate r
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Figure 12.3: Dependence of the fundamental solution to the second Cauchy prob-
lem in an infinite medium in spherical coordinates on the coordinate p (k = 0.5,
<p:07¢:07<:03f:06)
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Figure 12.4: Dependence of the fundamental solution to the second Cauchy prob-
lem in an infinite medium in spherical coordinates on the angular coordinate
(k=05 u=0,¢=0,(=0,7=0.6)
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Figure 12.5: Dependence of the fundamental solution to the source problem in
an infinite medium in spherical coordinates on the radial coordinate r (k = 0.5,
u=0,¢=0,(=0,7=0.6)
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Figure 12.6: Dependence of the fundamental solution to the source problem in an
infinite medium in spherical coordinates on the coordinate p (k = 0.5, p = 0,
$»=0,(=0,7=0.6)



12.2. Domain 0<r <R, -1<u<1, 0<p <27
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Figure 12.7: Dependence of the fundamental solution to the source problem in an
infinite medium in spherical coordinates on the angular coordinate ¢ (k = 0.5,

)UJ:OaQS:(LC:OaF:OG)

122 Domain 0<r< R, -1 < u<1,0< p <27

12.2.1 Dirichlet boundary condition

o~T {32T 2 0T 1 0
=a

oT
ote

1— 2

6r2+r(‘9r+r26u{( u)(f?u
1 0*T

+ r2 (1_,U'2) a(pg}+q)(r7ua907t)u

t=0: T:f(THU,,QD)7 0<OL§27

T
t=0: %t:F(r,u,go), 1<a<2,

r=R: T=g(uet).
The solution:

27 1

R
T(r, s, 1) = / / / (9 G 8) G (1o 19, 91 €. 6,8) p* dpdC do
0 —-10

(12.18)

(12.19)

(12.20)

(12.21)
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with the fundamental solutions obtained by the Laplace transform to with respect
time, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, the Legendre transform (2.75) with respect to the
coordinate p and the finite Hankel transform (2.84) with respect to the radial
coordinate r:

gf(T,,UNPa paC7¢7t) n )'
/ —m):
gF(T7#a<p7p7Ca¢vt) 7T\/T’pR2 ;nzonlzo 2n+ n—|—m)'
g@(ﬁ Hy @y Py Ca d)a t)
X P () P (€) cos[m(p — ¢)]
po Ea(— a§ Kt
X ’wot EQ)2<_a§ikta) 2
QOtailEa,a(_agikta) [Jé+1/2(R£nk)

Tnr1/2(rénk) Jnt1/2(pEnr) (12.23)

where &, are the positive roots of the equation J, 11 /2(R&uk) = 0.

The fundamental solution to the Dirichlet problem has the following form
[176]:

n

Gy o) = =" TS ST S an ) U B B )

n=0 k=1 m=0

x cos[m(p — )] JTH/Q(& ¢)

2 Jo
7 1o (Rk) nk Eaa (—a&lpt®) . (12.24)

Two known particular cases can be obtained from Eq. (12.24).
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Classical diffusion equation (o = 1)

n

|
Gy 0. 0nt) = = ZZ S Cn ) B )
n+1/2(r£nk:) o s2
x cos[m(p — )] JnH/Q(Rﬁnk) Enk exp (—a&pt) . (12.25)

This solution is presented in [20, 26].
Wave equation (o = 2)

[ e o) n

|
Gyl G0 = = V10 S22 S an 1) 0 R PO

0 k=1m=0

n+1/2(7’§nk)

<oostmle =0 ;T
n+1/2 n

sin (va&nit) - (12.26)

Dependence of nondimensional fundamental solution G4 on the coordinates
7, p and ¢ is displayed in Figs. 12.8-12.10. Here
R? r _ Vat/?

gg: g r=

= 12.27
agote—1 79 R’ " R ( )

12.2.2 Neumann boundary condition

o“r 82T+2 3T+ 1 0 ( B 2) oT n 1 o*r +a( )
ot T or2 r dr 2 0p ) o r2 (1 — p?) dp? hHe b
(12.28)
t=0: T=f(ruyp), 0<a<?2 (12.29)
T

t=0: %t =F(rpe), 1l<a<2 (12.30)

or
r=R: o = g, 0, t). (12.31)

The solution:

N
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Figure 12.8: Dependence of the fundamental solution to the Dirichlet problem for

a sphere Gy (r, 11, ¢, ¢, ¢,t) on coordinates r and p for { =0, ¢ =0, ¢ =0, K = 0.5
[176]
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Figure 12.9: Dependence of the fundamental solution to the Dirichlet problem for

a sphere Gy (r, 11, ¢, ¢, ¢,t) on coordinates r and ¢ for ( =0, ¢ =0, p =0, K = 0.5
[176]
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Figure 12.10: Dependence of the fundamental solution to the Dirichlet problem

for a sphere Gy(r, i, v, ¢, ¢,t) on coordinates p and ¢ for ¢ =0, ¢ = 0, 7 = 0.75,
Kk =0.5 [176]

t 2r 1 R
+ ®(p, ¢, ¢,7) Ga(r, 1, 0, p, (b, t — 7) p* dpd( ddpdr
[11]
t 2w 1
+ 9(C, &, 7) Gy (1, p 0, ¢, b, — 7) dC g dr. (12.32)
/11

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢, the finite Fourier transform (2.72) for 2m-periodic functions with
respect to the angular coordinate ¢, the Legendre transform (2.75) with respect

to the coordinate pu and the finite Hankel transform (2.88) of the order n + 1/2
with respect to the radial coordinate 7:

Gr(rop, @,p,C,,1)
gF(r7 @5 P Ca d)a t)
g@(ra (229 Cv (rbv t)

X Py () Py (Q) cos[m(p — ¢)]

|
=1n=0 m=0 n+ m)
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Po Ea(‘“fikta)
X ’LUot Ea’g(—aggkta)
tha_l Ea,a <_a§721]gta)

where &,; are the positive roots of the equation J' nt1/2 (R¢,) = 0.
The fundamental solution to the mathematical and physical Neumann prob-
lems can be calculated as

gnk: Jn+1/2 (Tgnk) n+1/2 (pgnk:)

R
G (1, 1,0, C, 0, 1) = ai(; Go(r, 1, 0, p,ant)’ = (12.34)

R
Go(rop 0.6, = "DV Gy n 00| (12:35)
Po =R

12.3 Domain R<r<oo, -1 < u<1,
0< ¢ <27

12.3.1 Dirichlet boundary condition

o°T 82T+28T+ 1 0 (1- 2) oT
ote o2 r or 12 ou a ou
Lo b oy o £) (12.36)
7’2 (1 _ ‘LLQ) 8902 T7 /’1/7 (107 b N
t=0: T=f(r,u), 0<a<?, (12.37)
T
t=0: %t =F(rpe), 1l<a<2 (12.38)
r=R: T=g(u,et). (12.39)

The solution:
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t 27 1
[ [ [atc.omG,mmpcot-rdcasar (12.40)
0 0 -1
with the fundamental solutions [170]

gf(r7 Hs Py Py ga d)a t)

I & 2n+1 (n—m)!
gF(T7MaSD7p7<a¢at) = W\/TPZ Z 2 (n—i—m)’
P CNTREN NN e m=o
Eo(—ag?t®)

< P20 P(Q) cosfm(ip = o) [ wmzwm
0 qot®~ 1Eaa( alt®)

XJn+1/2(7’§) Yiy1/2(RE) = Yoy1/2(ré) Jnsr/2(RE)
P2y ya(RE) 4 V2, (RO

X | Jng1/2(08) Yog1/2(RE) = Yig1/2(pE) Jpy1/2(RE) | £dE (12.41)

obtained using the Laplace transform with respect to time ¢, the finite Fourier
transform (2.72) for 2m-periodic functions with respect to the angular coordinate
©, the Legendre transform (2.75) with respect to the coordinate p and the We-
ber transform (2.108), (2.111) of the order n + 1/2 with respect to the radial
coordinate r.

The fundamental solution to the Dirichlet problem has the form

B agot 1\/R m)'
Go(r, i, 0,¢,0,t) = — m2r nZOﬂIZO n—|—m)!
X P (u) P(¢) cos[m /Ea,a (—ag?t®)
0
o Tn1/2(r) Va2 (BE) = Yo jo(r) g jo(BE) (12.42)

T2, 0(RE) + Y2, o (RE)

Figure 12.11 presents the dependence of the fundamental solution to the
second Cauchy problem on the radial coordinate with Gr = R3Gp/(twp). The
fundamental solution to the source problem Go = R3Gs/(qot® 1) is depicted in
Figs. 12.12-12.13. The fundamental solution to the Dirichlet problem is presented
in Fig. 12.14 with G, = tG,/go.
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Figure 12.11: Dependence of the fundamental solution to the second Cauchy prob-
lem for a solid with a spherical hole Gg(r, i, ¢, p, ¢, ¢,t) on the radial coordinate r
forp=0,0=0,p/R=2,(=0, ¢ =0, and k = 0.5 [170]
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Figure 12.12: Dependence of the fundamental solution to the source problem for a
solid with a spherical hole Gg (7, i, @, p, ¢, ¢, t) on the radial coordinate r for u = 0,
©=0,p/R=2,(=0,¢=0, and x = 0.5 [170]
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Figure 12.13: Dependence of the fundamental solution to the source problem for
a solid with a spherical hole Gg (r, 11, ¢, p, ¢, &,t) on the coordinate u for r/R = 2,
©=0,p/R=2,(=0,¢=0, and k = 0.5 [170]
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Figure 12.14: Dependence of the fundamental solution to the Dirichlet problem
for a solid with a spherical hole G4 (r, i, ¢, ¢, ¢,t) on the coordinate y for r/R = 2,
©=0,(=0,¢=0,and k = 0.5 [170]
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12.3.2 Neumann boundary condition

0T 62T+28T+1 0 (1- 2)8T
ote o2 r or  r?2ou a ou
1 o*T
P t 12.4
a1 ) s ) R (12.43
t=0: T=/f(rue), 0O0<a<2 (12.44)
t=0: %sz(r,m@), l<a<2, (12.45)
T
r=R: _?37“ = g(p, @, t). (12.46)

The solution is obtained using the Laplace transform with respect to time t, the
finite Fourier transform (2.72) for 27-periodic functions with respect to the angular
coordinate ¢, the Legendre transform (2.75) with respect to the coordinate y and
the Weber transform (2.108), (2.113) of the order n+1/2 with respect to the radial
coordinate r:

T(r,p, p,1)

o\:‘w

1 oo
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®(p, ¢, 0.7) Go (1, s 0, p, €, b, t — 7) p* dpd( dgpdr

+
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o

I
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—
m—y

2m
0

with the fundamental solutions

gf(r7 My @5 Py ga d)a t)

1l K = 2n+ 1 (n—m)!
gF(T7M,SD7p7<,¢,t) _W\/TPT;M; 2 (n+m)'
g@(ny’a(pvf%gad)at)

+ g C ¢7 gg (T7 My Py ga d)a t— T) dg d(,b dT7 (1247)
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Po Ea <_a§2ta)
’LUot Ea,g(—af%a)
tha_l Ea,a(_agta)

x Py (p) Py (¢) cos[m(p — ¢)]
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XJn+1/2(r§) n+1/2<R§) n+1/2(r§) n+1/2(R§)
1RO+ [¥iaaRO]

[Jn+1/2(/’§) n+1/2(R§) n+1/2(/’§) n+1/2(R€):|§d§ (12-48)

The fundamental solutions to the mathematical and physical Neumann problems
have the form

gm(r7 s P, ga d)a t) - (lgo\/R _ m)[
<gp(7°7ﬂa%<,¢,t) ) B 7T2\/T nZOnIZO 2 + n—|—m)'

oo ta_lEaa g2t
< P20 PG cosim( — 0) [ ( al—a >>
0

E,(—alt®)
Jn+1/2(T€) n+1/2(R€) n+1/2(7’§) n+1/2(R§)

dé€. (12.49)
{Jé+1/2 <R£)} + |:Yn+1/2 (R§)}
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