Chapter 19
Balancing Conditions of Planar and Spatial
Mechanisms in the Algebraic Form

Nguyen Van Khang and Nguyen Phong Dien

Abstract This chapter deals with an approach to formulate balancing conditions
for the shaking force and shaking moment of planar mechanisms and spatial
mechanisms. In the Mechanism Theory, every Mechanism has p moving members
and a non-moving frame. According to tradition, a planar 8R-eightbar mechanism
is a multibody system with 7 moving bodies.

Keywords Mechanism ¢ Balancing condition ¢ Shaking force ¢ Shaking
moment

19.1 Introduction

Dynamic balancing of mechanisms is a classical problem of machine dynam-
ics [1-9]. Dynamic balancing of the moving links brings about a reduction of
the variable dynamic loads on the mechanism frame. In effect, this minimizes the
noise and wear, and improves the dynamic performance of the mechanism [3, 4].
The main objective of mass balancing is to completely eliminate or partially
reduce the resultant inertia force (shaking force) and the resultant inertia moment
with respect to the ground link (shaking moment) caused by all moving links
of a mechanism. Although different methods and solutions have been proposed
and reported, the balancing theory continues to develop and new approaches are
regularly being published. Summaries of much of the past work are given in refs.
[2-4]. Recently, the terminology “reactionless mechanism” has usually been used
in design and dynamic synthesis of mechanisms, e.g., [19, 20]. A mechanism is said
to be reactionless or dynamically balanced if the shaking force and the shaking
moment are completely eliminated for any arbitrary motion of the mechanism.
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In other words, no dynamic reaction forces and no dynamic reaction moments are
transmitted to the base during the motion.

In our opinion, the problem of shaking force and shaking moment balancing
consists of two aspects. The first is to find all feasible design solutions (mass
redistribution, using counterweights or adding supplementary members as cams,
gears, parallelogram chains, planetary gears, etc.) in order to compensate the
shaking force and shaking moment. For this purpose different approaches and
solutions have been developed and reported. Berkof [11] presented a review of the
methods based on the different movements of the counterweights for the shaking
force balancing. Feng [30] used the concept of inertia counterweight proposed
by Berkof [13] to carry out the dynamic balancing of a number of single degree
freedom mechanisms. The publications by Lowen et al. [7] and Kochev [16]
provide a critical review of the methods employing additional members for complete
shaking moment balancing. Arakelian and Smith [9] investigated the dynamic
balancing of single degree of freedom mechanisms by using the pantograph copying
properties. A number of other solutions for the complete shaking force and shaking
moment balancing can be found in the studies presented by Kochev [17], Wu and
Gosselin [21], Dresig et al. [14, 15], Arakelian [26-28], and Moore [32].

The second aspect is related to the formulation of balancing conditions which
are usually expressed in terms of the design variables (such as masses, moments
of inertia, and geometrical parameters of the links) of the mechanism. There are
several convenient ways to formulate balancing conditions of the shaking force.
For instance, the method of linearly independent vectors was proposed by Berkof
and Lowen [11] and later successfully employed by Kaufman and Sandor [12],
Feng [31] to obtain full force balancing conditions for linkages, the equivalence
method was proposed by Ye and Smith [18]. The method of principal vectors
was used by Shchepetilnikov [10] to investigate the static balancing conditions of
mechanisms. Because the shaking force is related to the first derivative of the total
linear momentum with respect to time, the linear momentum method can also be
used to establish balancing conditions of the shaking force [16, 31]. Conversely,
research on efficient methods for deriving balancing conditions of the shaking
moment has been less productive due to the complexity of the problem. It is well
known that the shaking moment of a mechanism is related to the first derivative
of the total angular momentum with respect to time. This relationship leads to
an approach for the formulation of balancing conditions of the shaking moment,
known as the angular momentum method. This method was used by several authors
such as Kochev [9, 10], Feng [31], and Nguyen [22-25]. Arakelian and Dahan [27]
formulated the moment balancing conditions of a multi-link planar mechanism by
minimizing the root-mean-square value of the resultant inertia moment. Another
recent approach to derive balancing conditions of planar multi-loop mechanisms
using the equivalent method is investigated by Chaudhary and Saha [6, 29].

In contrast to the rapid progress in balancing theory of planar mechanisms, the
development on the balancing theory of spatial mechanisms is still limited. Balanc-
ing methods of planar mechanisms cannot be directly applicable to spatial mecha-
nisms since kinematic and dynamic properties of spatial mechanisms are much more
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complicated. The literature on this respect therefore is little [22, 24, 33—41]. One of
the problems of the complete shaking force and shaking moment balancing of the
mechanism consist of the deriving the so-called balancing conditions. These bal-
ancing conditions will be used to determine the size and location of counterweights
or supplementary links which must be added to the initial mechanism, in order to
eliminate the shaking force and the shaking moment.

Using the methods of multibody dynamics, this chapter deals with an approach to
derive balancing conditions in the algebraic form for the shaking force and shaking
moment of planar and spatial multi-loop mechanisms. The developed methods are
suitable for the application of the widely accessible computer algebra systems such
as MAPLE' . In the examples, the conditions for complete shaking force and shaking
moment balancing of a planar multi-loop, multi-DOF mechanism and a spatial one-
DOF mechanism are given.

19.2 Balancing Theory of Constrained Multibody Systems

We consider a multibody system with holonomic and rheonomic constraints as a set
of p linked rigid bodies in a closed loop structure shown in Fig. 19.1.

The shaking force F and the shaking moment ﬁo referred to a fixed point O
of the considered system, which are caused by all moving bodies, can be expressed
in the form [1, 2, 22, 24]

* Rogq P
F =Nty (19.1)

body i+1

Uary,

% Xsi

Fig. 19.1 Coordinate frames and the center of mass of body i
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—* Rog L. (= — —
MO:__Z IS,--a),-—i— VsiXm;vegsil|. (192)

In Egs. (19.1) and (19.2) the following symbols are used:

m; mass of body i.
p number of bodies.
_r)Si position vector of center of mass S; of body i in the fixed coordinate frame
N Ro{x, y,z}.
U s; velocity vector of center of mass §; in the coordinate frame Ry.

W

I 5; mass inertia tensor of body i referred to S;.
@ angular velocity of body i with respect to the coordinate frame Ry.

The multibody system is completely balanced if the shaking force and the
shaking moment vanish at every position [1, 2]

%* H*

F =0, My=0. (19.3)
It follows that
R()d p
—Y mvg =0, (19.4)
dr p
Ro g4 p e
EZ (_I)Si . C_U)i + _r)s,» X m_v)g,) =0. (195)
i=1

Equations (19.4) and (19.5) can be rewritten in the matrix form as follows:

PR
EZ m;vs; = 0, (19.6)
i=1
il
I Z(ISiwi-i-mif'SiVSi) =0, (19.7)
i=1
where
Xsi 0 —zs ysi
rsi=|ysi|, Tsi=| zs¢ 0 —xg |. (19.8)
Zsi —ysi xsi O

For a f-DOF stationary multibody system described by n generalized coordinates g,
¢, -..,qy and n > f, position vector rg; can be expressed in form of generalized
coordinates
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rg,-:rsl-(ql,qz,...,qn), (izl, 2,...,p). (199)
Differentiating Eq. (19.9) with respect to time in the coordinate frame Ry yields

drg;,  Org; . .
= = X = i . 1910
Vs 5 7q q=Jn(qQq ( )

where J7;(q) is the translation Jacobi matrix

Oxs;  Oxg 0xs;
i 9 da
Jr i 0 i ) i a i
Ju(q) = oo = | 280 B O (19.11)
aq dq1  0q 9qn
dzsi Vasi 92si
dq1 dqa T qa
and q = [q1, q2, .-, q,l]T. By introducing ¢; as the rotation vector of body i, the
angular velocity w; is defined by
do; aQ;
= =g =Ju q, 19.12
@ =0 T g Y Jri (@) q (19.12)

where J;(q) denotes the rotation Jacobi matrix

dwy  Owiy dwix
2 9 0
aq)i 0w; aa)iy dwiy 8wiy
T = J0i B | dwy Doy Doy (19.13)
dq 09 01 9> 9Gn
dw;; Jw; dw;;
01 g T 9ga

Substitution of Eq. (19.10) into Eq. (19.6) yields

d 14
5 g [Z mJn (q)} q} = 0. (19.14)
i=1

Substituting Eqs. (19.10) and (19.12) into Eq. (19.7), one obtains
d P
1@ { |:Z1: (ISiJRi (@) + mirSiJTi(Q):| q} =0. (19.15)

Note that the inertia matrix Is; with respect to the fixed frame Ry can be written
in term of the matrix I(S’l) using the formula
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Iy = A;I§?A,-T, (19.16)
where A; denotes the direction cosine matrix of body i referred to the fixed frame
Ro, I(slz) is the matrix of the mass inertia tensor relative to the axes of the body-fixed

coordinate system R;{&;, n;, {;} (see Fig. 19.1).
It follows that

Lodri (@) = AT AT Iz (@) (19.17)

Since A; = A; (q) and 33;';1" = 0, it follows

(@) .
a(x),' ad Ai(x)i aw(t) :
Jri(Q = —— = (—) =A(qQ —— = AiJﬁg,)», (19.18)
9q 9q dq

where matrix J%(q) is defined by

i 3w(l)
I (@) = T (19.19)

Substitution of Eqs. (19.18) and (19.19) into Eq. (19.15) yields
d P N
ar { [Z AT Y (@) + miftsidn (q)} tl§ =0. (19.20)
i=1

It follows from Egs. (19.14) and (19.20) the general balancing conditions of a
multibody system

p
> mdn (@) =0, (19.21)

i=1

> [ATIS @ + miEsdi (@] = 0. (19.22)

i=1
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19.3 Balancing Conditions of Planar Mechanisms

19.3.1 Theory and Procedure for Deriving Dynamic
Balancing Conditions

19.3.1.1 General Balancing Conditions

We consider an arbitrary link of a multi DOF planar mechanism as depicted in
Fig. 19.2. The mechanism consists of a set of p moving links in a closed loop
structure with revolute joints. Parameters xg;, ys; are the coordinates of the center
of mass S; of link 7 in the ground-fixed coordinate frame {Oxy}, ¢; is the rotation
angle, £g;, ns; are coordinates of S; in the link-fixed coordinate frame {O;&;n;}.

From Eqgs. (19.1) and (19.2) the shaking force and the shaking moment transmit-
ted to the base from all moving links can be expressed in the form [15]

. d(& c_ d (.
Fi=—= > misi | F; =7 > migsi (19.23)
i=1 i=1

d

»
{ Z [m; (xsiysi — ysixsi) + JSi¢i]§ (19.24)
i=1

where m; denotes the mass and I5; the moment of inertia of the link about the axis
passing through S; and perpendicular to the plane of motion.

The planar mechanism can then be completely balanced if the shaking force and
the shaking moment vanish. This yields the following sufficient conditions

)4
> mii =0, (19.25)
i=1
14
[m; (xsiysi — ysixsi) + Isigi)] = 0, (19.26)
i=1
Fig. 19.2 Definition of y
parameters and coordinates
Ysi
link i+1
n
"
o) X

T,
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where r; = [xs, ysi]” and ¥; = [xs, ysi]’. Based on the general condition (19.25)
for the shaking force balancing, there are some ways to derive the balancing
conditions in form of algebraic expressions of parameters m;, Is;, £s; and ng; as
mentioned in the previous section. Conversely, it is more difficult to formulate the
dynamic balancing conditions of the shaking moment due to the presence of the
term Ig;¢; in Eq. (19.26).

19.3.1.2 Generalized Coordinates of the Second Type

Since the considered mechanism has only revolute joints, rotation angles
@; (i=1, 2,...p) can be chosen as generalized coordinates which describe the
motion of particular links. Angle ¢; is known as “the generalized coordinates of the
first type.” Now we introduce vector u

u= [coswl,singol,...,cosgpp,simpp]r, (19.27)
where elements v, (k =1, 2,...,2p) are trigonometric functions of ¢;. Logically,
elements u; are called “the generalized coordinates of the second type.” As can be

seen later, vector u can be used as the basis for developing a systematic procedure
for deriving balancing conditions of the shaking force and moment.

19.3.1.3 Procedure to Derive Balancing Conditions of the Shaking Force

Generally, the position vector of the center of mass S; can always be expressed in
term of vector u as

r; =e¢; + Cu, (19.28)
wherei=1,2, ..., pand e/ is a vector of constants. The elements of matrix C; (2 x
2p) are geometrical parameters and independent of u. Similarly, the loop equations
of the mechanism can be expressed in the compact matrix form

f(u) =d. (19.29)

In the cases of planar mechanisms articulated by revolute joints, Eq. (19.7) can be
rewritten in linear form with vector u

Du=d, (19.30)

where the elements of matrix D are geometrical parameters of the mechanism and
independent of u, vector d is constant. It follows that Eq. (19.28) can then be
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rewritten in term of a minimal set of elements u; of u. The following partitioning of
u from Eq. (19.30)

u= [V} (19.31)
w
leads to the following relationship
D'v + D"w =d. (19.32)

where vector v consists of elements from this set, and the dimension of vector w is
equal to the number of the loop equations. Matrix D" is chosen so that it is a square
and nonsingular matrix. When vectors v and w are assigned, an easily way to obtain
matrices D” and D" is by taking the partial derivatives

of of
D' = et V= p (19.33)
From Eq. (19.32) we find
w=(D")"'(d—-D") =b—Gy, (19.34)
where
G=D")'D’ b= D" 'd (19.35)
Differentiating Eq. (19.34) with respect to time yields
w = —Gv. (19.36)
Using Eq. (19.31) one can rewrite Eq. (19.28) in the following form
ri=e'+C/v+C'w, (19.37)
where matrices C;, C}’ are given by
C/ = % V= % (19.38)

and the vector of constant parameters e} is the remaining term from Eq. (19.15).
Substitution of Eq. (19.34) into Eq. (19.37) yields

ri=e'+C'b+ (C/ —C/G)v. (19.39)

This can be written as
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r=e; + B,’V, (1940)

where
e, = €'+ C/'b, (19.41)
B, = C! — C'G. (19.42)

Note that the elements of vector e; and matrix B; are geometrical parameters of the
mechanism and independent of v. Differentiating Eq. (19.40) with respect to time
yields

i = B;v. (19.43)

Substituting Eq. (19.43) into Eq. (19.25) leads to
P
i=1

As a result, the balancing conditions for the shaking force reduce to the algebraic
form

> mB; =0. (19.45)

If the mechanism has p moving links and r loop equations, then vector w contains
r elements whereas matrix B; has the dimension of 2 x (2p — r). From Eq. (19.45)
we obtain 2 (2p — r) balancing conditions in form of algebraic expressions of inertia
and geometrical parameters.

19.3.1.4 Procedure to Derive Balancing Conditions
of the Shaking Moment

The general balancing condition of the shaking moment according to Eq. (19.4)
contains two terms. The first term is

p
hy = Z m; (Xsiysi — YsiXsi)- (19.46)
i=1

We note that

XsiVsi — ysiksi = 1} I* Iy, (19.47)
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0 1

where I* =
-10

p
h = Zm,-riTI* I;.
i=1
Substitution of Egs. (19.40) and (19.43) into Eq. (19.48) yields

p
hl = Zm,-(e,» + B,’V)TI* B,V

i=1

14 14
=v' (Z mB/T* B,-) v+ (Z mie] T* Bi) v
i=1 i=1

=v'S;v+klv,

where
P P
Si =) mBT*B:, ki =) me/T*B,
i=1 i=1
Now we consider the second term of Eq. (19.26)

p
hy = Z Isi;.
i=1

One can verify that

(;bi — u(lz)itg) _ ug)it(ll),

where u
matrix form as

@ _
1

. T .

. ul? 017
bi=1 o .0 |-

u, —10]| i,

Substitution of Eq. (19.53) into Eq. (19.51) yields

P rool" - (i)
u 0 I u .
hy = ! ' L | = u'Hu,

where H is a 2p x 2p matrix defined by

i|. With the use of this relationship, Eq. (19.46) leads to

485

(19.48)

(19.49)

(19.50)

(19.51)

(19.52)

= cos¢; and ug) = sing;. Equation (19.52) can also rewritten in the

(19.53)

(19.54)
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0 Igg 0 O 0 0
—Isg; 0 0 O 0 0
0 0 0 Ip 0 0
H= 0 0 —Iyp O 0 0 (19.55)

0

Matrix H can be partitioned in four sub-matrices corresponding to vectors v und w
as follows:

H; H,
H= |2 (19.56)
H; H,

where H; isa (2p — r) x (2p — r) matrix, H is a (2p — r) X r matrix of zero, Hj is a
r x (2p — r) matrix of zeros and Hy a r x r matrix. Then Eq. (19.54) takes the form

H 07(V : .
=Vl WI'|— —||=|=VHV+WHW. 19.57
= ] [ 0 HJ [W} 1V + WH, (19.57)
Substitution of Egs. (19.34) and (19.35) into Eq. (19.57) yields

hy = v'H v + (b — Gv) H, (—GV)
=v' (H; + G'"H,G) v — (b"H4G) v
=v/S,v+klv. (19.58)
where matrix S, and vector k; are defined by

S, =H, + G'TH,G, (19.59)

k! = -b'H,G. (19.60)

Using Eqgs. (19.49) and (19.58), the general balancing condition of the shaking
moment can be written in the matrix form as

VIS +S) v+ (ki + k) v=0. (19.61)

Finally, the balancing conditions for the shaking moment reduce to the algebraic
form

Si+S, =0, ki+ky,=0. (19.62)
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where matrices S; and S, have the dimension of (2p — r) x (2p — r) and ky, k; are
vectors of 2p — r elements. With the use of Eq. (19.40) we obtain a set of balancing
conditions for the shaking moment in term of inertia and geometrical parameters
of the mechanism, such as m;, £g;, ns; and Is;. In summary, the following steps are
required to realize the proposed procedure:

Formulating r loop equations and p position vectors of the mass centers of

moving links according to Eqgs. (19.28) and (19.30).

Selecting the elements of vector w from elements of vector u based on the

following rule: The number of elements in w is equal to r, and matrix D" must

be a square and nonsingular matrix.

Calculating matrices D¥ and D" using Eq. (19.33), C;, C! using Eq. (19.38),

Matrix G and vector b using Eq. (19.35), matrices B; and vectors e; (i=1, 2,
.., p) using Egs. (19.41) and (19.42).

Substituting the expressions of matrices B; into Eq. (19.45) to obtain the

balancing conditions for the shaking force.

Determining the elements of matrices H; and Hy according to Eqgs. (19.55) and

(19.56).

Calculating matrix S; and vector k; using Eq. (19.50), matrix S, using Eq.

(19.59) and vector k; using Eq. (19.60).

Substituting the expressions of Si,S;, k; and k; into Eq. (19.62) to get the

balancing conditions for the shaking moment.

19.3.2 Application Example

A planar 8R-eightbar mechanism depicted in Fig. 19.3 is a multi degrees-of-freedom
and multi-loop planar mechanism with seven moving links, where links 1, 4, and 6
are the driving links.

Fig. 19.3 Kinematic diagram of a planar 8R-eightbar mechanism
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19.3.2.1 Formulation of Loop Equations
As shown in Fig. 19.2, the origin of the ground-fixed coordinate frame coincides

with joint O of pivot link 1, and O; denotes the origin of the link-fixed coordinate
frame of link i. The loop equations of the mechanism can be written in the form

lycos @) + [ cos @y + 131 cos @3 — [4 cOS 4 — I5COS 5 = Xp
lysing) + Lysing, + 31 sings — [y singg — I5sings = ya (19.63)
l1cos @y + r cos @y + I3 cos o3 — Ig cos g — 7 cos 7 = xp '
lysing) + Lsingy + [3sings —lgsingg — l7sing; = yp
where /; denotes the length of link i, x5, ya and xg, yg are coordinates of the fixed
points A and B in the fixed coordinate frame {Oxy} respectively. According to Eq.
(19.27), vector u is given by
u = [cos @1, sing;, cos @y, sing,, ..., cosgs, sing;]’ (19.64)
According to Eq. (19.30), vector d are then determined from Eq. (19.63)
d = [xa, ya, x8, ysl" (19.65)

Vector w and v is selected from the original vector u as follows:

w = [cos @4, singy, cos g, singg]” (19.66)

v =[cos@|, ..., sings, cosgs, sings, cos s, sing;]” (19.67)

Note that there are other possibilities to choose the elements of w in order to obtain
a nonsingular matrix D*. With vectors v and w given by Eqgs. (19.66) and (19.67),
matrices D" and D" are calculated from Eq. (19.63) by using Eq. (19.33)

110L0I; 0 —s 0 0 0
0L0L Ol 0 —ls 0 0

D' = 19.68
LO0LOLK O O O =70 ¢ )
0L0LOL 0O 0 0 —L

-1, 0 0 O
0 -4 0 O
D" = 19.
0 0 - O (19.69)
0 0 0 -l

From Eq. (19.69) we get
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1/, 0 0 0
0 -1/, 0 0
0 0 -1/l 0
0 0 0 -1/

o = (19.70)

19.3.2.2 Balancing Conditions of the Shaking Force

Matrix G and vector b are calculated using the obtained matrices D", D" and vector
d as follows:

l L L L
B O -0 B0 F000
g=| 0 0 0 - 0F00 b:[_x_A _vA _am _y_B]T_
Lo -20o -5 00020/ bl s
6 6 6
0 - o-2 9o -Looot
I3 I le ls

(19.71)

Now we can determine matrices C;, C!" and vector €} related to vector r; using
Eq. (19.28). For example, for i = 1:

= [SSlCOS(PI_USISiHQDI} C = |:§s1 —n5100000000]
ESlsin(pl—i-nSlcosq)l e ns1 551 00000000 |’

cv 00007 ., _ToO
710000 7ol

Fori = 7 we get

S [XB + lg cos s + E57 cos @7 — 77 5in §07]
yB + lg singg + Eg7sin @y + ng7cos @7 |

Cv_ 00000000&57—7]57 CW_ OOZGO eu_ XB
771000000000y £ |77 T [0004 ] T |ys ]’

Then, matrices B; (i=1, 2, ..., 7) are calculated using Eq. (19.42). Finally, by
substituting matrices B; into Eq. (19.45), we find balancing conditions of the shaking
force as follows:

ml% +M2+M3+M4% +m5+m6%+m7=0 (19.72)
1 4 6
ESZ S4 556
I’f’lzl— + m3 +I’ﬂ4l— +I’)’ls+m6l— +m; =0 (19.73)
2 4 6
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I l
5 ks b B (19.74)
l3 l3 l4 l3 l6
,m§g+w%(1_§§)=o (19.75)
l4 lS
;m§§+wn(1—§i)=o (19.76)
l6 l7
PO IR S | Y (19.77)
11 14 16
my 32 o, 5 4 I8 (19.78)
lz 14 l6
I
my 1S3 4, 2L TS0 (19.79)
PR R (19.80)
l4 lS
mg 156 _ 1T o, (19.81)
16 17

19.3.2.3 Balancing Conditions of the Shaking Moment

Since matrices B; (i=1, 2, ..., 7) are known and vectors of constants e; are given
by Eq. (19.41), matrix S; and vector Kk; can be easily calculated using Eq. (19.50).
Matrix H takes the same form as Eq. (19.55) for p = 7. By partitioning of matrix
H related to Eq. (19.56), we obtain sub-matrices H; and Hy. Then, matrix S, and
vector k; are calculated using Eqs. (19.59) and (19.60). By substituting the obtained
expressions of S1,S,, ki ,k; into Eq. (19.62), the balancing conditions of the shaking
moment are then derived in the following form

I I I
mIAH%+m2+m3+m4xi+%+m5+m6xg+%+m7=0 (19.82)

1 1 6
I I
mydy + my + mydl + % + ms 4+ mAl + % +m;=0 (19.83)
1 6
I31 o s , o Iss
m3As + N myAy + 7 + ms | + mehg + 7 +m; =0 (19.84)
3 4 6

I
myA2 + % +ms(1—Xs) =0 (19.85)
4
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I

2 S2
mzkz + —

5

I
I’l’l3l§ + S3

7

I
mﬁké+%+m7(l—k7)=0
6

I I
+m3+m4ki+%+ms+mﬁké+%+m7=0
4 lﬁ

B I I
+%(m4ki+%+ms)+mﬁk§+%+m7=0
3 4 6

I I
m4ki+%+mskﬁ+§+ms(l—2ks)=0

4 5
22 4 s PO 1-217) =0
m66+E+m77+E+m7(_ 7) =
2, Iss
m4l4+—2—m4k4=O
[
4
5 Ise
m6k6+—2—m616=0
ls

Ns1 = 7s2 = Ns3 = N4 = 155 = Ngg = NNs7 = 0

where A; = % fori=1,2,...,7.

In the case that S; is positioned along the link line, that is, ng; = 0 for i =
1,2,...,7, the balancing conditions for the shaking force and shaking moment of
the 8R-eightbar mechanism, Eqgs. (19.72)-(19.93), are reduced into the following

set of equations

miA; +my (1 —242) =0,
moAs + mz + msAs + md; =0,
m3A; + mslsl;—; +m7d; =0,
mgAy +ms (1 —As) =0,
mgAe +m7 (1 — A7) =0,

Isi
mik?—l—liz—m,-ki =0 fori=1,2,4,56.7,
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(19.86)

(19.87)

(19.88)

(19.89)

(19.90)

(19.91)

(19.92)

(19.93)

(19.94)

(19.95)

(19.96)

(19.97)

(19.98)

(19.99)
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Table 19.1 Initial P 0
parameters of the 8R-eightbar Link/ |4 (m) Eg’ m) | ng; (m) m? (ke) A?
mechanism 1 0.08 |0.04 0.01 2.4 0.5
2 0.20 |0.07 0.025 3.5 0.35
3 035 |0.15 0.035 3.6 0.428
4 0.12 |0.05 0015 |22 0.4167
5 0.15 |0.08 0.01 2.4 0.5333
6 0.12 |0.06 0.02 2.0 0.5
7 0.15 |0.1 0.02 2.7 0.6667
miA3 + Is—j — m3As — l3—lm5/\5 (1 — 13—1) =0, (19.100)
[2 Is Is

where Eqs. (19.94)—(19.98) are the balancing conditions of the shaking force and
Egs. (19.99)—(19.100) are the balancing conditions of the shaking moment of the
fully force balanced mechanism.

19.3.2.4 Numerical Study

A numerical calculation is implemented to verify the correctness of the obtained
balancing conditions. The geometry and mass distribution parameters of the links
are given in Table 19.1, where m?, £3, n% and A? = &2/I; denote the initial
parameters. The other geometry parameters are: x4 = 0.17 (m), xg = 0.3 (m),
YA =YB = 0.03 (m)and 131 =0.07 (m)

Upon assuming that parameter ng; = 0 for i = 1,2,...,7, the remaining five
conditions (19.94)—(19.98) contain a set of 14 variables m; and A;. We can establish
a balancing scheme with counterweights by keeping the parameters of links 3 and
5,1.e., m3Az = mglg, msds = mg)tg, and solving parameters of the other links from
these conditions as follows:

l
mA = —mg (1 — /\g) —mg)tg (1 - %) —my,
3

I
mydy = —m (1= A2) — m2AL (1 - %) ,
3

l
i = <l (128 ko = = (a8 AL ) <o

[
oty = — (mgxg + mg)tgi—;) .

It follows that parameters A1, A,, A4, A¢ and A7 will take negative values since
0< )&g <land 0 < )L(S) < 1. As a result, the centers of mass Sy, S», S4, S¢ and S7
must be positioned at the other side of joints Oy, O, O4, Og and O7 respectively.
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Fig. 19.4 A balancing scheme using five counterweights for the full force balancing

Table 19.2 Parameters of the force balanced the 8R-eightbar mechanism with

counterweights

Counterweights
Linki | &5 (m) | ns (m) | m; (kg) (with counterweight) | e; (m) | m; (kg)
1 —0.0891 | 0.0 10.4 0.128 | 8.0
2 —0.0725 | 0.0 8.5 0.172 |5.0
3 0.15 0.0 3.6 0.0 0.0
4 —0.0187 | 0.0 7.2 0.049 |5.0
5 0.080 0.0 24 0.0 0.0
6 —0.1425 0.0 8.0 0.210 | 6.0
7 —0.0350 | 0.0 7.7 0.108 |5.0

For this purpose, a balancing scheme with five counterweights attached to the
corresponding links as shown in Fig. 19.4 is suggested. Using the same way, we can
establish other force balancing schema by assigning the parameters of two arbitrary
links and calculating parameters of the other links from Eqgs. (19.94)—(19.98).

The mass m; and the distance e; of the counterweight C; attached to link i

can then be easily calculated by applying the relationship m;A; = m?A? — m; + <
The mass distribution parameters of the links and counterweights of the fully force
balanced mechanism are given in Table 19.2.

Figure 19.5 shows two components of the shaking force produced by the initial
mechanism and the force balanced mechanism. The numerical results verified that
the shaking force is completely eliminated during the motion of the force balanced
mechanism.

In the next step, the moment balancing conditions, Egs. (19.99) and (19.100),
will be taken into account for canceling the shaking moment of the fully force
balanced mechanism. The moments of inertia of links of the full force balanced
mechanism are as follows: 121 = 0.2, 122 = 0.35, 123 = 0.11, 124 = 0.09,
19: = 0.08, I% = 0.41, I, = 0.15 (kg mz). A number of balancing schema using
additional members were applied to balance the shaking moment at any rotating
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Fig. 19.5 Shaking forces of the unbalanced mechanism and the fully force balanced mechanism.
(Rotating speeds of the cranks 1, 4 and 6 are assumed to be the same value of 300 rpm)

Fig. 19.6 A balancing scheme of the shaking moment of the fully force balanced mechanism

speed of the driving links, e.g., [12, 14, 15]. A well-known balancing scheme
with counter-rotating balancers in Fig. 19.6 is used to verify the correctness of
the conditions of moment balancing. The required moment of inertia of link 3 is
calculated using Eq. (19.100) with the parameters given in Table 19.2, that yields
Is3 = 0.133 (kg m?). This value can be attained by mass redistribution for link 3.
As shown in Fig. 19.6, gears 11, 15, and 19 are mounted on the rotation axis
of the input cranks 1, 4, and 6, respectively. They mesh with planetary gears 10,
14, and 18 mounted on links 2, 5 and 7 respectively. Using this balancing scheme,
the additional balancing moments will be produced to balance correspondingly the
inertia moments of all links. In other words, the shaking moment can be balanced,
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while the shaking force is still fully balanced. For brevity, the transmission ratios of
the gear-pairs of the considered balancing scheme are chosen as follows:

rs T2 T ro _ra _ns 1

_—_—:17—_—____

rg r3 Iy rn ris rig 2
According to Fig. 19.6, the kinematic relationship of gear-pair 1011 is
"10(/310 + 1’1191311 - ("10 + "11) 92’1 =0, leo = ¢72, (19.101)

where r; is the rolling circle radius of ith gear. Using Eq. (19.101) we obtain
710 710
Isuipn = Isu (— + 1) 1 — Isii—¢2. (19.102)
i1 1

Isio@10 = Isi0@2, (19.103)

where Is; is the moment of inertia of ith gear. Using Egs. (19.102), (19.103) and the
balancing condition (19.99) we obtain the following balancing condition for link 2
with the additional planetary gear

1 r
myA3 + 7 (lsz + Is10 — rﬂfsu) —mAy = 0. (19.104)
2 1

By the same way, the balancing conditions with the additional gears for links 5 and
7 can be formulated as follows:

1 r
msA3 + = (155 + Js14 — ﬁJms) —msAs =0, (19.105)
15 ris
2 1 T8
miA; + 2 (1S7 + Jsis — EJSW) —mgAy = 0. (19.106)
7

The moment of inertia of gear-pairs 10-11, 14-15, and 18-19 can then be chosen in
order to satisfy Egs. (19.104)—(19.106). Using Eq. (19.99), the moment of inertia of
the gear-pairs 8-9, 12—13, and 16—17 can be determined by the similar way. Their
values are given in Table 19.3.

Figure 19.7 shows the numerical results for the shaking moment of the fully
moment balanced mechanism, where the input speeds of cranks 1, 4 and 6 are ¢; =

Table 19.3 Moments of inertia of the gears

Gear i 8 9 10 11 12 13 14 15 16 |17 18 19
Is; (kgm?) 10.02 1.0 10.05 042 [0.05 |0.51 |0.05 023 0.1 1.56 |0.05 |05
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Fig. 19.7 The shaking moment (curve 1) of the fully moment balanced mechanism as a sum of
the first term (curve 2) and the second term (curve 3)
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Fig. 19.8 Shaking moments of the unbalanced and the fully moment balanced mechanism

¢4 = ¢ = 31.4 (rad/s). The results shown in Fig. 19.8 demonstrated that the

shaking moment of the 8R-eightbar mechanism is eliminated after balancing.

19.4 Balancing Conditions of Spatial One-DOF Mechanisms

19.4.1 Theory and Procedure for Deriving Balancing
Conditions

19.4.1.1 The General Balancing Conditions of Spatial One-DOF
Mechanisms

This section presents a method to algebraically derive the balancing conditions for
shaking force and shaking moment of spatial one-degree-of freedom mechanisms.
Let g be the independent generalized coordinate which describes the position of the
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mechanism. According to Egs. (19.10) and (19.12), the velocity vs; and the angular
velocity w; are given by

vsi = Jri(@)q (7). (19.107)

w; = Jri(9)q(1), (19.108)

where J7;(¢) and Jg;(g) are 3 x 1 Jacobian matrices and can be written in the form

T
JTi = [x_/gi )’/S, Zg[]Ts JRi = I:S;x S;y S;Z:I ’ (19109)

where the prime represents the derivative with respect to the generalized coordinate
q and s, s;y, s;; are three components of rotational vector ¢; for link i (see
Sect. 19.2).

We recall that the inertia matrix Ig; is defined with respect to the fixed coordinate
frame {Oxyz} as shown in Fig. 19.9. The elements of matrix Ig; are time dependent

I'xx Iixv Il

Is; = Iiyx Liyy

Iizx Izzy

ixz
iyz

I (19.110)
Iizz

Using Eqgs. (19.107) and (19.108), Egs. (19.6) and (19.7) take the following form

d p
d—tg[zm,» JT,-(q):| q§ =0, (19.111)
i=1

Zsj

link i-1

Xsi
X /

Fig. 19.9 Definition of coordinates
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d P
@ { [Z LsiJri(q) + mits; Jn(q)] é]} =0. (19.112)
i=1

The use of Egs. (19.109)—(19.112) yields

d n
(é + gfd_) > mixly =0, (19.113)
4 i=1
L ad\
A > miy =0, (19.114)
i=1
G+ P Xn:mz’:o (19.115)
dC[ i<s; .

i=1
n

.. d
(q + Zd_) > [mi (vsid: — zsiv'ss) + Lty + TigSly + Tisl,] = 0. (19.116)
i=1

(a+

(q + q ) Z m; 'xSLyS[ yStxsl) + II xslx + Izzysl} + Itzzs,z] = 0. (19118)

<

) Z m; zS,xSl xs,zsl) + I,\xslx + I,yvsl) + I,yslz] =0, (19.117)

This yields the general conditions for complete balancing of spatial mechanisms

; mixy; = 0, ; mys = 0, ; mize; = 0, (19.119)
Dy =0,y miyly =0, ) mizl,
i=1 i=1 i=1

n

Z [mi (y55zn/5’i - ZSiy/Si) + Iixxs;x + Ims + IlXZSlZ] =0 (19.120)
i=1
> [mi (zsidsy — x5i2) + LSty + TiyShy + Tiyesl] = 0 (19.121)
i=1
Z [mi (xSinl ySlxsl) + ]zz)cslx + Izzys + Itzzs ] =0 (19.122)

i=1

19.4.1.2 Algebraic Balancing Conditions of the Shaking Force
The position vector rs; with respect to the fixed coordinate frame is given by

I's; = Toi —+ Airg), (19123)
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where 1), is position vector of origin O; in the fixed coordinate frame {Oxyz} and rgi)

is position vector of S; in the moving coordinate frame {O;&;1,;¢;} shown in Fig. 19.9.
i T
rfvi) = [&si nsi &si] - (19.124)

. T .
The coordinates of the center of mass §;, rs; = [XSi Vsi ZSi] , can be rewritten as
[14, 15]

Xsi=e€g+ajz ys =€ +blz g =¢+¢c/z, i=1,2..n (19125

where the vectors a;, b; and ¢; consist of components which are independent of ¢,
the elements of vector z are functions of the generalized coordinates which describe
the motion of particular links, e;, e; and e; are constant values.

Analog to Eq. (19.125), the loop equations of the mechanism may be written in
the matrix form

Dz=1f D=[D;, Dy . (19.126)

Here the matrix D and the vector f include the components which are geometrical
parameters and independent of g. A partitioning of vector z from Eq. (19.126)

2= [V] (19.127)
w
leads to the following relation
Dyv + Dpw = f. (19.128)

The matrix Dy is chosen so that it must be a square matrix and nonsingular. The
dimension of vector w and the number of the loop equations are equal. By solving
Eq. (19.128) with the vector of variables w, we get

w=D;' (f-Dyv). (19.129)

Using Egs. (19.127) and (19.129), the coordinates of the center of mass S; and their
derivatives can be expressed in terms of the reduced vector of variables v as

Xoi =€+ 8V, ysi= ey + hlv, zg = e, + K]V (19.130)

d d d
Xgi = gfé . Vi = h?é, g = k?d—;, (19.131)
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where

_ - T _ T -1 T _ -
g = azI lH DII D;, h] =b/,—b/; D' Dy, K =c] 111 DII Dy

exi = e +alH Lf e\,=e —i—blHDI_Ilf, e = e —i—clHDH f,
(19.132)

where vectors a;, a;i, b1, b, €1, ¢ include elements which are independent of g.
Substituting Eq. (19.131) into balancing conditions (19.119), we obtain

(imgl>d—v—0 (Zm,hT)——o (Zn:m,kT)dvzo. (19.133)

Finally, the algebraic balancing conditions for shaking force take the compact matrix
form

Xn:migf =0, Xn:mih? =0, imik{ =0. (19.134)
i=1 i=1 i=1

19.4.1.3 Algebraic Balancing Conditions of the Shaking Moment

To extract the conditions for the shaking moment balancing, some additional
transformations are required. The substitution of Egs. (19.130) and (19.131) into
Egs. (19.120)—(19.122) yields

d n
u{d_v Tsl_q + Z Wstx + IUQSW + liczs :z) =0, (19.135)

i=1
Tsz_ + Z LSy + IWVS + IiyzS;z) =0, (19.136)

dv dv &
ugd—q + vTS3£ + ( oS + I,Zys + I ) =0, (19.137)

i=1

where

n

T T
ul = E m; (eyk] —ezh]), uj = E m; (eqg] — exk!),

i=1
up =) mi(eqh! —eyg]). (19.138)

and skew-symmetric matrices
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n n
T T T T
S| = Zmi (hk/ —kh/), S, = Zmi (kig] —gk/).
i=1 i=1

S; =Y mi(gh! —hg!). (19.139)
i=1

Analog to Eq. (19.125), the elements of the rotational vector ¢; can be rewritten as
[14, 15]

— X T X T _ox T
Six = S T2, Siy = 8, + 152, S = 5, + 132, (19.140)

where the vectors ry;, ry; and r3;include components which are independent of ¢, the

values s;;, sj.; and s; are constant. The corresponding derivatives are given by
dz dz dz
/o _ T 1 W T r T
Siy = rli@’ S[y - rzid_qa S, = r3,'d_q- (19.141)

With the vector of variables z, the elements of the inertia matrix I; may be rewritten
in the matrix form as

— T — 5T — T

Iixx =1z dix;m Iixy =1 dixy» Iixz =1z dixzy
— 5T — oT — 5T

Iiyx =1z diyx» Iiyy =17 diyy» Iiyz =1Z diyza (19142)
— 4T — 5T — 5T

IiZ)C =17 diZ)C’ Iizy =17 diZ}” IiZZ =17 dizm

where all elements in the vectors djyy, diyy, dixz, diyx, diyy, diyz, dizy, dizy, diz; are inde-
pendent of the generalized coordinate g. By using Eqs. (19.141), (19.142) and
introducing the new matrices

H; = dior], + diyrd; + diox?l,
H, = djy.r], + dyyrl, + dyp.rl, (19.143)
H; = di,, !, + dipyrl, + dioxl,

the third term in Egs. (19.135)—(19.137) may be expressed in the matrix form as

n

d

Z (TixeSiy =+ TiyS7y + TixzS?,) =z'H, —Z, (19.144)
; ’ dg

i=1

3 / ' 'y = o', 19.14
Z (Liasiy + Liysiy + Ly.si,) =z 2dg’ (19.145)
i=1

. / / / T dz
Z (Iizxsix + I'Zysiy + Iizzsiz) =z H——. (19.146)

dg

i=1
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The matrix H; can be partitioned in four sub-matrices corresponding to the vector
of variables v und w in Eq. (19.128) as follows:

H; =

[H,1 Hj,

L ji=1,2,3. (19.147)
Hj3 Hj4:| g

By using Eqgs. (19.129) and (19.147), the following relation is found from Egs.
(19.144)—(19.146)

T dv
g — | V| [ HiHe g
Jdg w Hj3 Hj4 i—:

T _ _ (19.148)
=V [Hjl + (Dy'Dy) " (HuDy "Dy — Hjz) — szDn'DI] @
_1pT _
+(Dnlf) (Hj3 - Hj4DHIDI) ?ch]'
By introducing the vector uj’."
—1pT - ;
()" = (Dy'f) (K3 —HuD;'Dy).j=1,2,3 (19.149)
and the matrices S]* G=1,2,3)
i\ 7 - -
S’ =H; + (D;'Dy) (HiyDy'D; — Hj3) — HpD ' Dy, (19.150)
Equations (19.135)—(19.137) take the compact form
% rdv T * dv .
j 7)) — S;+S’)—=0,j=1, 2, 3. 19.151
(u.l+u]) dq+v(l+l)dq J ( )

Finally, the following algebraic balancing conditions for shaking moment are found
from Eq. (19.151)

wtu =0 S+S=0,=1023. (19.152)

Equations (19.134) and (19.152) can be used to derive the dynamic balancing
conditions in form of algebraic expressions for spatial one-DOF mechanisms.

19.4.2 Application Example

In the following example we introduce the application of the balancing theory
described above to a spatial slider crank mechanism shown in Fig. 19.10. The
configuration of the mechanism is also prescribed by rotation angles ¢, § and y.
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z m

¢

Fig. 19.10 A spatial slider crank mechanism

The angle ¢ is chosen as the independent generalized coordinates ¢ = ¢. The loop
equations of the mechanism can be expressed in the form

h+licos¢p —lhcosy =0,

19.153
—lisingcosa + L sinysinf —d =0, ( )

where [; denotes the length of link i.
The direction cosine matrix A; of link i referred to the fixed coordinate frame
{Oxyz} are given by

sin @ sin o —cosg sina —cos«o
A} = | sinpcosa cosgpcosa —sina (19.154)
cos ¢ sin ¢ 0

siny cos B cosycosf sinf
Ay, = | sinysinf cosysinf —cosf (19.155)
—cosy sin y 0

According to the elements of matrices Aj,A;, we choose the vector z with the
following form

7= [cos @, cos B, cos y, sing, sin B, sin y, sin y cos j,

sin y sin B, cos y cos 8, cos y sin f, I]T (19.156)
T
= (21,22, 23, 24, 25, 26> 27+ 28+ 29, 210+ 211)
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For brevity, we assume that the center of mass S, of link 2 is positioned along the
link line, the center of mass S is positioned in the plane of axes &, and 7,. Then,
ns2 = 0, &s1 = Cs» = 0. The coordinates of the center of mass S; (i=1, 2, 3) are
expressed in term of the vector z as

xs1 = [—nsisine 00 & sinc 0000000]z

Ys1 =[n51cosa00—§51coso{OOOOOOO]Z

51 =h+[£1 0075 0000000]z
x2=[000/sine00£,0000]z

ys2=[000 1 cosa 000 &5, 000]z (19.157)
Z50=h~+[,0-£,00000000]z
x3=[0007sinca00,0000]z

¥s3 =000~/ cos 0004, 000]z
z53=h+[,0-5L00000000]z

It can be shown that the loop equations in Eq. (19.153) have the form

[110—12 0 000 O 000} z=_|:d:| (19.158)

00 0 ljcose000—-,000 h

The reduced vector of variables v and the vector of eliminated variables w are
selected from the original vector z as follows:

v = [cos ¢, cos B, sing, sinf, siny, siny cosp, cosy cos B, cosysinf, 1]”
(19.159)

w = [cosy, siny sinB]" (19.160)
The matrices Dy, Dy and Dy;! in Eq. (19.128) are given by

L 0 0 000 00O -1, 0 _ 110
Di=| ! ,Dp = 2 D' = ——
0 0 ljcose 000 00O 0 — L [01

(19.161)

19.4.2.1 Conditions of the Shaking Force Balancing

With the known coordinates of the center of masses from Eq. (19.157) and matrices
Dy, DI_I1 from Eq. (19.161), vectors g;, h;, and k; can be determined according to
Eq. (19.132) without any difficulty. Then, by substituting all these results into Eq.
(19.134), we get the following conditions for the complete shaking force balancing
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—mng; sine = 0

(mi€s1 + maly + mali)sin o =0

mzész + m312 = O

minsicos a =0 (19.162)

mis1 + mal ( - %) =0

mi sy cos a + mal; ( — %) cos ¢ =0

By simplifying the expressions in Eq. (19.162), the balancing conditions for shaking
force of the mechanism are reduced into three equations f; =0, f, =0, f3 =0, in
which

fi=ns1, h=més +mly +msly, f3 =ms + msly. (19.163)

These conditions may be satisfied by internal mass redistribution or adding counter-
weights mounted on the links as shown in Fig. 19.11.

A simple numerical simulation is implemented in order to verify the correctness
of these conditions for the static balancing. Parameters of the initial mechanism
are given as follows: m; =7.0 (kg), my = 12.5 (kg), m3 = 10.5 (kg), /; =0.1 (m),
I, =0.3 (m), h=0.1 (m), d =0.15 (m), £5; =0.01 (m), ns; =0.02 (m), 5, =0.05
(m), ns» =0 (m). Using the conditions according to Eq. (19.163) we can determine
the size and the location of the counterweights (see also Fig. 19.11): m{§$, = 4.77
(kg m), m3&g, = 3.78 (kg m). Figure 19.12 simultaneously shows three components
of the shaking force produced by the unbalanced mechanism and the full force
balanced mechanism. The results verified that the shaking force of the force
balanced mechanism is completely eliminated and there is no forces transmitted
to the base during the motion of the mechanism.

Fig. 19.11 Full force m}
balanced mechanism with z £%
counterweights
my X y T,
0 X
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Fig. 19.12 Comparing shaking forces between the unbalanced mechanism and the full force
balanced mechanism

19.4.2.2 Conditions of the Shaking Moment Balancing

To derive the conditions for the shaking moment balancing, the angular velocities
of the links with respect to the fixed coordinate frame must be determined. Based
on theory of multibody kinematics, these angular velocities can be calculated from
the known matrices of the direction cosines A; as follows:

@ =AATi=1 2, 3. (19.164)
Using Eq. (19.164), we get
Wiy cos o Wy y’ sin
o= |wy |=|sina [¢, @a=|wy [=|y cosB | ¢,
Wiz 0 w7, ,3/

W3y 0
w=|w; [=|0]¢ (19.165)

w3; 0

7 _ dy r__ dB
where y’ = 3. B =G5
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Upon assuming that axes &;, 7;, {; of the link-fixed coordinate frame are principal
axes. The inertia matrix Igfl) of link i about the center of mass S;, referred to these
principal axes, can be written in the simplified form

. Igg 00
=01, 0|i=123 (19.166)
0 0 I,-;;

By comparing elements of w; in Eq. (19.165) with elements of Jg; in Eq. (19.109),
we obtain

/ _ / _ 7 o3 ! —

s;, =cosa, s5 =y'sinf, 5 =0,

/ — : / — / ] —_

s, = sina, s5 = —y’cos B, sy = 0, (19.167)

/! /! / /!
51, =0, s, =p. 53, =0.

So, the expressions in the left-hand side of Eqs. (19.144)—(19.146) can be estab-
lished. With vector z according to Eq. (19.156) we find that

uzy—uz =1, -z, =4,

. 19.168
gy = —sing, 7112, = cos ¢, ( )

Now we can determine matrices H; = [hl%) ], H, = [hg)], and H; = [h;j) ] as
follows:

O _ 1 _ an _ 1 _ 1
h%d = _h4d =lyecosa, hyg=—hgy =3 (12rm + I?IZ)C _1255)7
he 1o = _hlo),s = 1 (Lyy — bss — It . every other b =0.

2 _ 2 _ : 2 _ 2 _ 1
hljl = —h42,1 =Ly sine, hyy = —hyy = 5 (b —122)rm —Ixt)
h(é.; = —h(g.g = % (1255 — Dy + 12;;) , every other hl(] =0

hgé = —hg = D¢, h% = —hézg = Iy — I¢e, every other hs) =0.
By partitioning of matrix H; related to Eq. (19.147), we obtain sub-matrices Hj;,

Hj>, Hj3, H. Then, vectors u; and u?, the matrices §; and S} can be formulated by
using Eqgs. (19.138), (19.139), (19.149), and (19.150), for example

Uy = [_mlhﬂsl sine, 0, mihgsi sin o + mohly (1 - %)
2

T
sina, 0,0, myh (1 - iﬁ) 0, 0, 0}
2
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h T
= |:0, 0, 0, 0, O, i (Izgg —Izn,,—lzgg) , 0,0, 0i| .
2

Finally, according to Eq. (19.152) we obtain the non-zero elements of vectors u; +u_;‘
and matrices S; + S} in the form

ky = mihng, cosa —mydly 3 Sﬁ (1 ESZ) - % (Lge — Ly — Dozt
2

ky = | mihés) + mzhll( EIS?Z) — (Izgg by —12;;)i| cos o

ks = [myhés + myhly (1 - %)] sin«

ky = myh&s (1 - %) + % (lgs — by — bee)

ks = mydly 3 552 sina + msdlsina, kg = mzdgs22 + mzdl, — % (1255 - Iz,m)

ky = [ml (551 + ’7§1) + mal (1 - ES_Z) - ﬁ (IZEE Ty — 12§§) + 11;;] cos o

13
kg = [ml (84 +n3) + m212 <1 ‘%2) + Ilgg] sin o
kg = mali&s (1 - %) + 3 212 (bee — oy — Icg)
klO = I:mﬂlésg (1 — gﬂ) b ([255 — Iz,m):l COoSs

153
kit = hge — hyy + hee, kiz = mihngsi sin «, ki3 = D
(19.169)

Note that the above obtained expressions are original and can be further simplified.
Now we choose o = /2, ng; = 0 and let I,,, = I»., the expressions k; in Eq.
(19.169) are reduced as follows:

fo = mabfs — m2§§2 — Do, f5 = mks + maly (l — %)

myésl) 2 2 & (19.170)
fo = =57 +msly, fi = mi&g + mali ( ) +lige, fs = Dt
The shaking moment is completely balanced if the values of f; (i =4, 5,...,8)in
Eq. (19.170) vanish simultaneously. It is clearly shown that these conditions cannot
be completely satisfied by adding counterweights, since the values of f3 are not equal
to zero in any case. These conditions are mainly of theoretical interest. However, Eq.
(19.170) provide the necessary tool for the minimization of the shaking moment.
Another way for solving the problem is the simultaneous minimization of the
shaking force and shaking moment based on Egs. (19.163) and (19.170). From the
conditions

fi—min (i=1, 2,...,8)
one can choose a set of optimizing values for geometrical and inertia parameters of

the links: m1, ma, ms, Es1, Es2, Lice, Iagg, Iony, Ircc. This problem will be considered
in the future investigation.
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19.5 Conclusions

This chapter provided an approach to derive the dynamic balancing conditions of
planar and spatial mechanisms. The following conclusions have been reached:

Based on theory of multibody dynamics, the algebraic balancing conditions for
the shaking force and shaking moment of planar and spatial mechanisms have
been established.

A specialized code has been developed on the MAPLE" environment for this
study. It can be concluded that the proposed method is suitable for the application
of the widely accessible computer algebra systems such as MAPLE’.

The proposed method is illustrated for a planar 8R-eightbar mechanism having
multi degrees-of-freedom and multi-links is an appropriate object to demonstrate
the suggested procedure. Based on the obtained balancing conditions of the
shaking force, a number of balancing schema with counterweights can be
established by assigning the parameters of two arbitrary links and determining
parameters of the other links.

The proposed method is illustrated by using a spatial slider crank mechanism. In
the application of balancing techniques using counterweights and supplementary
links [35-37] for spatial mechanisms, the proposed method may provide a helpful
tool to obtain exactly the balancing conditions and therefore we can get better
balancing results. This will be the subject of future work.

Acknowledgment The work discussed in this chapter was completed with the financial support
given by the National Foundation for Science and Technology Development of Vietnam.
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